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Abstract. We study the variational behavior of the total inverse mean curvature of curves with prescribed
boundary in the half-plane. We characterize the existence of critical points with prescribed area. We show
that such critical points are strongly stable. As an application, we prove a local minimality property.

1. Introduction

The Heintze-Karcher inequality in the Euclidean space states that, given a bounded domain Ω ⊆ Rn
with smooth boundary and with positive mean curvature H, it holds that

(1.1) |Ω| 6 n− 1

n

∫
∂Ω

1

H
.

Moreover, equality in (1.1) holds if and only if Ω is an Euclidean ball. Using dilations, (1.1) is equiva-
lent to the following optimization problem: spheres, and only spheres, minimize the total inverse mean
curvature among closed, strictly mean-convex hypersurfaces enclosing the same volume. Inequality (1.1)
was first proved by Heintze and Karcher [14]. Later on, Ros [26] gave another proof of (1.1) in spaces
with nonnegative Ricci curvature by means of Reilly’s formula [24]. Owing to (1.1), he provided a new
proof of Alexandrov theorem [1, 2], i.e. a closed, embedded, constant mean curvature hypersurface in Rn is
a round sphere, highlighting a link between the Heintze-Karcher inequality and the isoperimetric problem.

Recently, various generalizations of the Heintze–Karcher inequality have been established. By means
of the Aleksandrov-Bakelman-Pucci (ABP) method (cf. e.g. ([13]), Xia and Zhang [28] reproved (1.1)
in spaces of nonnegative Ricci curvature, while Brendle [6] proved a Heintze-Karcher inequality in some
warped products to obtain an Aleksandrov theorem. Similar results have been achieved by Li and Xia [21]
in sub-static manifolds, and have been recently improved by Borghini, Fogagnolo and Pinamonti [5, 12].
Other versions of (1.1) have been obtained in weighted manifolds [23] and in metric measure spaces [18].

A relevant proof of the Heintze-Karcher inequality was given by Montiel and Ros [22] in space forms.
Their approach, employing a clever fibration of Ω by geodesic segments, provides another effective proof of
the Alexandrov theorem. These ideas were adapted by Delgadino and Maggi [9] to extend the Alexandrov
theorem to the measure-theoretic framework: connected sets of finite perimeter with finite volume and
constant distributional mean curvature are Euclidean balls. As a by-product, the authors extend (1.1) to
strictly mean convex sets in an appropriate viscosity sense, e.g. allowing the presence of outward corners.

Moreover, Montiel and Ros’ argument paved the way for studying free-boundary Heintze-Karcher in-
equalities and their applications in the setting of capillarity. Motivated by the study of the equilibrium
shape assumed by a droplet of small volume on a flat homogeneous substrate, Delgadino and Weser
[10] obtained suitable Heintze-Karcher inequalities for smooth hypersurfaces with free-boundary in the
half-space, and characterized spherical caps as the optimal configurations. A similar analysis has been
recently performed in [8] in a non-smooth setting. These examples (see also [15, 16, 17]) further highlight
the connection between the Heintze–Karcher inequality and the isoperimetric problem.
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In this paper, we show that the aforementioned symmetries between the the Heintze-Karcher inequal-
ity and the isoperimetric problem break down when we consider problems with constrained boundary.
Precisely, we consider the problem of minimizing the total inverse curvature

F(γ) =

∫
γ

1

H
,

among positively curved curves γ : [0, 2L] → R2
+ with prescribed boundary {(−x0, 0)} ∪ {(x0, 0)} and

enclosing a prescribed area. We call them admissible curves. Here R2
+ = {(x, y) : y > 0}. Precisely, if

x0,A0 > 0 are fixed, denoting by A(γ) the area enclosed by γ in R2
+, our optimization problem reads as

(1.2) inf F(γ), γ(0) = (x0, 0), γ(2L) = (−x0, 0) A(γ) = A0.

We propose a variational approach to the problem, with the aim of characterizing its equilibrium con-
figurations and studying their stability properties. The starting point is the identification of the correct
notion of variation associated with (1.2). Accordingly, we say that a variation is admissible when it in-
duces a deformation of admissible curves. Among all admissible variations, the natural class to consider
in connection with (1.2) is that of area-preserving admissible variations, namely those which preserves
the enclosed area. Were (1.2) consistent with the corresponding isoperimetric problem under the same
boundary constraints - as it is in the free-boundary setting - we would expect its critical points to be
one-dimensional spherical caps, i.e. circular arcs. We show that this is not the case. Indeed, stationary
curves under area-preserving admissible variations are given explicitly by γ = (x, y) : [0, 2L]→ R2, where

x(s) = −κ
2

(
σ

π + σ
sin

(
π + σ

σ
arcsin

(
s− L
κ

))
+

σ

π − σ
sin

(
π − σ
σ

arcsin

(
s− L
κ

)))
y(s) =

κ

2

(
σ

π + σ
cos

(
π + σ

σ
arcsin

(
s− L
κ

))
+

σ

π − σ
cos

(
π − σ
σ

arcsin

(
s− L
κ

)))
+

πx0

σ tanσ

(1.3)

Here L = L(x0,A0) is half the length of γ, and moreover

σ = π

√
x0

L+ x0
, κ =

L

sin (σ)
.

These configurations are uniquely determined by the data of the problem, namely x0 and A0. Even more
surprisingly, the existence of such configurations is governed by a specific compatibility condition among
the parameters. In fact, the existence and uniqueness of such configurations are equivalent to the relation

(1.4) A0 >
3

2
πx2

0.

Heuristically, this threshold expresses the fact that equilibrium configurations cannot undergo excessive
stretching.

x

y

x

y

Figure 1. Two equilibrium configurations with same boundary condition and different
enclosed area. The configuration on the left-hand side is closer to the treshold (1.4)
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The characterization of critical points, as well as the derivation of (1.4), follows by imposing the
vanishing of the first variation of F , which we compute in Proposition 2.2, under area-preserving admissible
variations. This leads to the Euler-Lagrange equation

(1.5) 2 + ∆γ(H−2) = λ on γ,

where ∆γ is the Laplace-Beltrami operator on γ and λ is the Lagrange multiplier emerging by the area
constraint, and to the first-order boundary condition

(1.6) γ meets the horizontal axis tangentially.

It is worth noting that, although circular arcs solve (1.5) for λ = 2, they are ruled out by the boundary
tangency condition prescribed by (1.6). Moreover, the correct Lagrange multiplier is uniquely determined
by the relation

(1.7) λ =
2L

L+ x0
,

and the first-order variational analysis of F is equivalent to that of the penalized functional

F − λA

under arbitrary admissible variations, as we show in Theorem 3.8. This fact is consistent with what
happens to the n-dimensional area functional under volume constraints (cf. [3]). The characterization of
critical points further exploits a Steiner-type symmetrization argument, which we explain in Section 3.2:
optimal configurations must be symmetric with respect to the vertical axis. Our critical points yield a
class of counterexamples to the validity of (1.1) when inward corners are allowed. Indeed, the domain Ω
whose boundary consists of γ(x0,A0) and its reflection across the horizontal axis, satisfies

A(Ω) =
1

λ

(
2(π2 − σ2)σ + (π2 + σ2) sin 2σ

2(π2 − σ2)σ + (π2 − σ2) sin 2σ

)∫
∂Ω̄

1

H
>

1

2

∫
∂Ω

1

H
,

because (1.7) implies that λ < 2 (Remark 3.12). This fact prevents the generalization of (1.1) to sets with
strictly positive mean curvature everywhere but in a discrete set. Subsequently, we address the problem
of the stability of critical points, that is, the second-order properties of the total inverse curvature. The
starting point is the computation of the second variations of F (Proposition 4.1) and of its penalized
version F − λA (Corollary 4.4), evaluated at the equilibrium configurations. Precisely, let V be any
admissible variation of a fixed critical point. We denote by

X :=
∂V
∂t

∣∣∣∣
t=0

and X ′ :=
∂2V
∂t2

∣∣∣∣
t=0

its velocity vector and acceleration vector respectively. Assume that γ is parametrized by arc-length. Let
ϕ, ϕτ , ψ, ψτ be such that

(1.8) X = ϕN + ϕτ γ̇ and X ′ = ψN + ψτ γ̇,

where N = γ̇⊥. We show that the second variations of F and F − λA are given respectively by

(1.9)
d2F(V(·, t))

dt2

∣∣∣∣
t=0

=

∫ 2L

0

(
2Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+ λ

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds+

[
ψ̇

H2

]2L

0

and

(1.10)
d2(F − λA)(V(·, t))

dt2

∣∣∣∣
t=0

=

∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+

[
ψ̇

H2

]2L

0

.

Remarkably, the second variation of the penalized functional, apart from the boundary contribution,
depends solely on the normal component of the velocity X, in contrast to what happens for F . This
highlights a further analogy with the area functional (cf. [3]). The correct notions of stability for F
and for F − λA are then formulated by means of (1.9) and (1.10) (Definition 4.6). Namely we impose,
respectively, the non-negativity of (1.9) under area-preserving admissible variations, and of (1.10) under
arbitrary admissible variations. Yet, as with the area functional (cf. [3]), the second-order behaviors of
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F and F − λA are no longer equivalent. In fact, as we prove in Proposition 4.7, the stability of F under
area-preserving variations coincides with the stability of F − λA under admissible variations satisfying∫ 2L

0
ϕds = 0,

which we call first-order area-preserving admissible variations. As a byproduct of this equivalence, we
deduce that the stability of F − λA under arbitrary variations is indeed a more restrictive condition.
Nevertheless, we are able to show that the equilibrium configurations are stable in this strengthened
sense (Theorem 5.8). This provides an interesting contrast with the behavior of the area functional under
volume constraints, where circles are indeed unstable critical points for the relevant penalized functional
(cf. [3]). By (1.10), the study of the sign of the second variation of F − λA relies on the validity of a
sharp weighted Hardy-type inequality of the form

(1.11) µW1

∫ 2L

0

2ϕ̇2

H
ds 6

∫ 2L

0

(
2ϕ̈2

H3
+ (2− λ)Hϕ2

)
ds,

for some µW1 > 0, where ϕ belongs to the functional space

W1 =
{
ϕ ∈W 2,2(0, 2L) : ϕ(0) = ϕ(2L) = 0, ϕ̇(0) = ϕ̇(2L) = 0

}
We refer to [4, 11, 19, 20, 27] for some accounts on weighted Hardy-type inequalities. The spaceW1 arises
naturally imposing that variations are admissible. We prove the well-posedness of (1.11) in Proposition 5.3,
and we reduce the problem to determine the smallest positive constant µ for which the problem

(1.12)


(

2

H3
ϕ̈

)′′
+ µ

(
2

H
ϕ̇

)′
+ (2− λ)Hϕ = 0 on (0, 2L),

ϕ(0) = ϕ(2L) = 0,

ϕ̇(0) = ϕ̇(2L) = 0

admits a non-trivial solution (Proposition 5.7). This equivalence follows from a variational analysis of
(1.11), from which (1.12) emerges as the relevant Euler–Lagrange equation. In Theorem 5.8, we show
that µW1 > 1. The proof of this fact relies on the explicit characterization of the general solution to the
first equation in (1.12) (Section 5.3). In turn, the behavior of a solution depends on whether µ is less
than, equal to, or greater than the threshold value

x0

L+ x0
+ 2

√
x0

L+ x0
.

Consequently, the analysis of (1.12) must take these different cases into account. Combining (1.10) with
(1.11), the fact that µW1 > 1 and the fact that H is strictly positive and bounded on [0, 2L], the second
variation of F − λA admits the uniform lower bound

d2(F − λA)(V(·, t))
dt2

∣∣∣∣
t=0

> C‖ϕ‖2W 2,2(0,2L),

for some C = C(x0,A0). Our results can therefore be summarized in the following statement.

Theorem 1.1. Let x0,A0 > 0 be fixed. The following facts hold.

(i) F admits a critical point under area-preserving admissible variations if and only if (1.4) holds. In
this case, it is unique, and it is explicitly given by (1.3). We denote it by γ(x0,A0).

(ii) There exists C̃ = C̃(x0,A0) such that, if V is an admissible variation of γ(x0,A0), then

d2(F − λA)(V(·, t))
dt2

∣∣∣∣
t=0

> C̃‖ϕ‖2W 2,2(0,2L),

where λ is as in (1.7) and ϕ is as in (1.8). In particular, γ(x0,A0) is a stable critical point of
F − λA under arbitrary admissible variations.

(iii) If V is an area-preserving admissible variation of γ(x0,A0) and ϕ is as above, then

d2F(V(·, t))
dt2

∣∣∣∣
t=0

> C̃‖ϕ‖2W 2,2(0,2L).

In particular, γ(x0,A0) is a stable critical point of F under area-preserving admissible variations.
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Finally, as an application of Theorem 1.1, we prove a local minimization property of equilibrium con-
figurations when compared to sufficiently C2-small normal graphs (Theorem 6.1).

The paper is organized as follows. In Section 2 we collect some preliminaries about planar curves
(Section 2.1), and we provide the first variation formula for the total inverse mean curvature (Section 2.2).
In Section 3 we characterize critical points. Namely, we introduce admissible curves and variations
(Section 3.1), we perform the Steiner’s symmetrization argument (Section 3.2), we find out the equilibrium
configurations (Section 3.3), we prove their stationarity (Section 3.4) and we prove the bijection between
their length and their enclosed area (Section 3.5). In Section 4 we compute the second variation formulas
for F and F−λA (Section 4.1), and we introduce and relate the relevant notions of stability (Section 4.2).
In Section 5 we show the stability of critical points. Namely, we prove the existence of an optimal constant
as in (1.11) (Section 5.1), we deduce (1.12) (Section 5.2), we find the general solution of the first equation
in (1.12) (Section 5.3) and we show that µW1 > 1 (Section 5.4). Finally, In Section 6 we prove the local
minimality property.

2. Preliminaries

In the following, we let R2
+ = {(x, y) ∈ R2 : y > 0} and ∂R2

+ = {(x, y) ∈ R2 : y = 0}. If (ξ, η) ∈ R2,

we set (ξ, η)⊥ = (η,−ξ). If a > 0 and f : [0, a]→ R, we may denote its derivative by ḟ , f ′, f (1) or df
ds . We

denote the right derivative of f at 0 by df
ds

∣∣∣
s=0+

.

2.1. Planar curves. Let L > 0 be fixed. We say that γ = (x, y) ∈ C1
(
[0, 2L],R2

)
is a regular

parametrization, or a regular curve, if |γ̇(s)| > 0 for any s ∈ [0, 2L]. The support of a regular parametriza-
tion, γ([0, 2L]), is an immersed curve of class C1. Notice that γ is an embedding if and only if it is injective.
In the following, we shall identify a regular curve with its parametrization. A curve is parametrized by
arc-length if |γ̇| ≡ 1. The tangent and normal bundles of γ are spanned respectively by

(2.1) τ(s) :=
γ̇(s)

|γ̇(s)|
and N(s) :=

γ̇(s)⊥

|γ̇(s)|
for any s ∈ [0, 2L].

The curvature of γ is defined by

H(s) :=

〈
γ̇(s), γ̈⊥(s)

〉
|γ̇(s)|3

for any s ∈ [0, 2L].

We say that a parametrization is counterclockwise if H(s) > 0 for any s ∈ [0, 2L], and that it is strictly
counterclockwise if H(s) > 0 for any s ∈ [0, 2L]. We write dγ to denote integration with respect to the
1-dimensional Hausdorff measure. We recall that

(2.2)

∫
γ

(f ◦ γ) dγ =

∫ 2L

0
f(s)|γ̇(s)| ds for any f ∈ C1[0, 2L].

The following lemma collects some formulas which will be needed in the following.

Lemma 2.1. Let γ ∈ C3([0, 2L],R2) be a regular curve parametrized by arc-length. Then, the following
holds.

(2.3) γ̈ = −Hγ̇⊥ and ˙̇γ̇ = −H2γ̇ − Ḣγ̇⊥.

Proof. As |γ̇| ≡ 1, we recall that
〈
γ̇, γ̈

〉
= 0 and H =

〈
γ̇, γ̈⊥

〉
. In particular, γ̈ = −Hγ̇⊥. Moreover,〈

˙̇γ̇, γ̇
〉

=
d

ds

〈
γ̈, γ̇

〉
− |γ̈|2 = −|γ̈|2 = −H2 and

〈
˙̇γ̇, γ̇⊥

〉
=

d

ds

〈
γ̈, γ̇⊥

〉
−
〈
γ̈, γ̈⊥

〉
= −Ḣ,

whence (2.3) follows. �

2.2. A general first variation formula. Let S ⊆ Rn be a smooth, embedded, two-sided hypersurface
with boundary ∂S. We say that S is strictly mean-convex if H > 0 on S, where H is the non-averaged
mean curvature of S. If S is strictly mean-convex, we denote by

F(S) =

∫
S

1

H
dS

the inverse total mean curvature of S, where dS denotes integration with respect to the (n−1)-dimensional
Hausdorff measure. We denote by ∇S and ∆S the Levi-Civita connection and the Laplace-Beltrami
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operator of S, respectively. When S encloses a bounded region Ω, we denote by N its outer unit normal,
and by V (S) the Lebesgue measure of |Ω|. A smooth map V : Rn × [−tV , tV ] → Rn is called a variation
of S if it satisfies the following properties:

(i) V(p, 0) = p for any p ∈ S;

(ii) the set St = V(S, t) is a smooth, embedded, two-sided hypersurface for any t ∈ [−tV , tV ];

(iii) V(p, t) = p for any p ∈ ∂S and any t ∈ [−tV , tV ].

Here, a variation fixes the boundary. For any p ∈ S and any t ∈ [−tV , tV ], we define

X(p) =
∂V(p, t)

∂t

∣∣∣∣
t=0

.

Clearly, X ≡ 0 on ∂S. If S encloses a bounded region, then also St encloses a bounded region for any
sufficiently small t. In this case, it is well-known (cf. [25]) that

(2.4)
dV (St)

dt

∣∣∣∣
t=0

=

∫
S
〈X,N〉 dS.

In particular, when V (St) ≡ V (S),

(2.5)

∫
S
〈X,N〉 dS = 0.

With respect to the first variation of F , the following holds.

Proposition 2.2. Let S ⊆ Rn be a smooth, embedded, two-sided, strictly mean-convex hypersurface with
boundary ∂S. Let V be a variation of S. Then

(2.6)
dF(St)

dt

∣∣∣∣
t=0

=

∫
S

(
∆S(H−2) +

|h|2

H2
+ 1

)
〈X,N〉 dS +

∫
∂S
H−2〈∇S〈X,N〉, η〉 d∂S,

where d∂S denotes integration with respect to the (n− 2)-dimensional Hausdorff measure, |h| is the norm
of the second fundamental form of S and η is the conormal outward unit vector of S.

Proof. We know by [25, Lemma 1.26] that

(2.7)
∂H(V(·, t))

∂t

∣∣∣∣
t=0

= XTH −∆S〈X,N〉 − |h|2〈X,N〉,

where XT = X − 〈X,N〉N . Denote by Jac(V(·, t)|S) the Jacobian of V(·, t)|S . Recall (cf. [25]) that

(2.8)
∂ Jac(V(·, t)|S)

∂t

∣∣∣∣
t=0

= divS X,
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where divS is the tangential divergence of S. The area formula and the divergence theorem yield

dF(St)

dt

∣∣∣∣
t=0

=
d

dt

∣∣∣∣
t=0

∫
S

Jac(V(·, t)|S)

H(V(·, t))
dS

=

∫
S

(
∂(H(V(·, t))−1)

∂t

∣∣∣∣
t=0

+
1

H

∂(Jac(V(·, t)|S))

∂t

∣∣∣∣
t=0

)
dS

(2.8)
=

∫
S

(
− 1

H2

∂(H(V(·, t))
∂t

∣∣∣∣
t=0

+
1

H
divS X

)
dS

(2.7)
=

∫
S

(
− 1

H2
XTH +

1

H2
∆S〈X,N〉+

|h|2

H2
〈X,N〉+

1

H
divS X

)
dS

=

∫
S

(
divS

(
H−2∇S〈X,N〉

)
− 〈∇S(H−2),∇S〈X,N〉〉+

|h|2

H2
〈X,N〉

)
dS

+

∫
S

(
XT (H−1) +H−1 divS XT +H−1 divS (〈X,N〉N)

)
dS

=

∫
∂S
H−2〈∇S〈X,N〉, η〉 d∂S −

∫
S

divS
(
〈X,N〉∇S(H−2)

)
dS

+

∫
S

(
∆S(H−2) +

|h|2

H2
+ 1

)
〈X,N〉 dS +

∫
S

divS
(
H−1XT

)
dS

=

∫
S

(
∆S(H−2) +

|h|2

H2
+ 1

)
〈X,N〉 dS +

∫
∂S
H−2〈∇S〈X,N〉, η〉 d∂S. �

Remark 2.3. Recall that, when n = 2, |h|2 = H2. In particular, if γ : [0, 2L] → R2 is a a smooth,
embedded curve parametrized by arc-length and with H > 0, then (2.6) reads as

dF(γt)

dt

∣∣∣∣
t=0

=

∫ 2L

0

(
d2
(
H−2

)
ds2

+ 2

)
〈X,N〉 ds+H−2(2L)

d〈X,N〉
ds

∣∣∣∣
s=2L

−H−2(0)
d〈X,N〉
ds

∣∣∣∣
s=0

.

3. Critical points

3.1. Admissible curves and variations. Let x0 > 0 and L > 0 be fixed. We say that a curve γ = (x, y)
is admissible if it satisfies the following properties:

(i) γ ∈ C∞([0, 2L],R2) is a regular, strictly counterclockwise embedding;

(ii) γ(0) = (x0, 0) and γ(2L) = (−x0, 0);

(iii) y(s) > 0 for any s ∈ (0, 2L).

Any admissible curve encloses a bounded, simply connected, open region in R2
+, that we denote by Ω.

The boundary of Ω, ∂Ω, is the union of γ with the segment (−x0, x0) × {0}. As γ is counterclockwise,
then N defined as in (2.1) is the outer unit normal to Ω ∩ R2

+, and H(s) is the curvature of ∂Ω at γ(s).
We denote by A(γ) the area of Ω. The divergence theorem implies that

(3.1) A(γ) =

∫ 2L

0
x(s)ẏ(s) ds =

1

2

∫ 2L

0
(x(s)ẏ(s)− ẋ(s)y(s)) ds.

Finally, we say that an admissible curve is vertically symmetric if it is symmetric with respect to the
vertical axis. The notion of admissible curve carries a natural notion of admissible variation. Precisely, a
smooth map V : [0, 2L]× [−tV , tV ]→ R2 is called an admissible variation of γ if the following properties
hold:

(i) V(·, 0) = γ;

(ii) γt = (xt, yt) := V(·, t) is an admissible curve for any t ∈ [−tV , tV ].

Let V(s, t) be an admissible variation. We define the velocity and acceleration of V repectively by

X(s) =
∂V(s, t)

∂t

∣∣∣∣
t=0

, X ′(s) =
∂2V(s, t)

∂t2

∣∣∣∣
t=0

for any s ∈ [0, 2L].

We say that a variation is:
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(i) normal if X(s) = 〈X(s), N(s)〉N(s) for any s ∈ [0, 2L];

(ii) geodesic if V(s, t) = γ(s) + tX(s);

(iii) area-preserving if A(γt) = A(γ) for any t;

(iv) first-order area-preserving if
∫
∂Ω〈X,N〉 = 0.

If in the above definitions the interval [−tV , tV ] is replaced by [0, tV ], we call V a one-sided admissible
variation. One-sided variations are motivated by the fact that admissible curves must lie in the upper
half-plane. We introduce two relevant classes of admissible geodesic variations, which will suffice to
characterize critical points of F under area-preserving variations. We need the following lemma.

Lemma 3.1. Let γ be an admissible curve parametrized by arc-length. Let tV > 0. Set

(3.2) V(s, t) = γt(s) = γ(s) + tX(s) s ∈ [0, 2L], t ∈ [−tV , tV ],

where X ∈ C∞([0, 2L], R2) satisfies X(0) = X(2L) = 0. If tV > 0 is sufficiently small, V is an admissible
variation provided that yt > 0 on (0, 2L) for any t ∈ [−tV , tV ].

Proof. Notice that V(0, t) = (x0, 0) and V(2L, t) = (−x0, 0). Moreover,

(3.3) |γ̇t|2 = 〈γ̇ + tẊ, γ̇ + tẊ〉 = 1 + 2t〈Ẋ, γ̇〉+ t2|Ẋ|2

and

(3.4) 〈γ̇t, γ̈⊥t 〉 = 〈γ̇ + tẊ, γ̈⊥ + tẌ⊥〉 = H + t
(
〈γ̇, Ẍ⊥〉+ 〈γ̈⊥, Ẋ〉

)
+ t2〈Ẋ, Ẍ⊥〉.

In particular, if t is sufficiently small, γt is a regular, smooth, strictly counterclockwise parametrization.
Since γ is an embedding, then γt is an embedding when t is small. Therefore, V is an admissible variation
provided that yt > 0 on (0, 2L). �

In the above generality, it may happen that an arbitrary choice of X leads to non-admissible variations.
There are two relevant choices that lead to admissible variations.

Example 3.2. Choose X ∈ C∞c (0, 2L). Then V is admissible. By the above considerations, it suffices
to show that yt > 0 on (0, 2L). If X ≡ 0 the claim is trivial. Assume ‖X‖L∞([0,2L],R2) > 0. Let ε > 0
be such that suppX ⊆ [ε, 2L− ε]. Since y is continuous and positive on (0, 2L), there exists c3 > 0 such
that y(s) > c3 for any s ∈ [ε, 2L− ε]. Therefore

yt = y + tX > c3 − |t|‖X‖L∞([0,2L],R2),

and the claim follows when t is small.

Example 3.3. Choose X ≡ (f, 0) for any f ∈ C2[0, 2L] such that f(0) = f(2L) = 0. Then yt = y > 0 on
(0, 2L), and V is trivially admissible.

Following [3], we can construct area-preserving variations sufficiently close to first-order area-preserving
variations. Although the following result is essentially [3, Lemma 2.1], we prove it for the sake of com-
pleteness.

Lemma 3.4. Fix x0 > 0 and L > 0. Let γ : [0, 2L] → R2 be an admissible curve parametrized by arc-
length. Let V be a first-order area-preserving admissible variation of γ. Denote by X and X ′ its velocity
and acceleration respectively. There exists an area-preserving admissible variation Ṽ, with velocity X̃ and
acceleration X̃ ′, such that

(3.5) X̃ = X on [0, 2L] and X̃ ′ = X ′ on

[
0,
L

2

]
∪
[

3L

2
, 2L

]
.

Proof. Denote by Ω the open set enclosed by γ. Let ψ̂ ∈ C∞c
[
L
2 ,

3L
2

]
be such that

∫ 2L
0 ψ̂ ds 6= 0. For t, u

small, set V(·, t, u) = γ + tX + uψ̂N . Notice that

A (V(·, t, u)) =
1

2

∫
0,2L

〈
γ + tX + uψ̂N,N + tẊ⊥ + u

d

ds

(
ψ̂N⊥

)〉
ds,

whence A (V(·, 0, 0)) = |Ω|. Moreover, recalling that X(0) = X(2L) = 0 and since V is first-order
area-preserving,

∂A(V(·, t, u))

∂t

∣∣∣∣
(t,u)=(0,0)

=

∫ 2L

0
〈X,N〉 ds = 0
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and
∂A(V(·, t, u))

∂u

∣∣∣∣
(t,u)=(0,0)

=

∫ 2L

0
ψ̂ ds 6= 0.

Therefore, the implicit function theorem implies the existence of δ > 0 and g ∈ C∞[−δ, δ] such that

g(0) = 0, ġ(0) = 0 and A(V(·, t, g(t))) = |Ω| for any t ∈ [−δ, δ]. Set Ṽ(·, t) = γ + tX + g(t)ψ̂N . By

construction, Ṽ is area-preserving. Moreover, (3.5) holds. Te proof that Ṽ is admissible, up to choosing t
small, follows arguing as in Example 3.2. �

3.2. Total inverse curvature under Steiner’s symmetrization. In the following, we prove that we
can reduce to consider vertically symmetric critical points. Let γ be an admissible curve. Denote by
Hγ(x, y) its curvature at (x, y). We denote by Ω the bounded domain enclosed by γ and set

ȳ = max{y ∈ R : (x, y) ∈ Ω}.

Since γ is admissible, Ω is convex. Therefore, there exist two functions f, g ∈ C∞(0, ȳ) such that f is
convex, g is concave and

Ω = {(x, y) ∈ R2 f(y) < x < g(y), 0 < y < ȳ}.
We define the Steiner’s symmetrization Ω̃ of Ω by

Ω̃ =
{

(x, y) ∈ R2, −h(y) < x < h(y), 0 < y < ȳ
}
, where h =

g − f
2

.

Notice that −h is convex and h is concave, whence Ω̃ is convex. Let us consider a regular parametrization
γ̃ of ∂Ω ∩ R2

+. By construction, γ̃ is admissible provided that is strictly counterclockwise. To this aim,
let (x, y) ∈ γ. We assume first that x > 0. Being γ̃ a graph over the vertical axis,

Hγ̃(x, y) =
f̈(y)− g̈(y)

2

(
1 +

(
ḟ(y)−ġ(y)

2

)2
) 3

2

> min

{
f̈(y)

(1 + ḟ(y)2)
3
2

,
−g̈(y)

(1 + ġ(y)2)
3
2

}
= min{Hγ(−x, y), Hγ(x, y)},

and in particular Hγ̃(0, ȳ) > Hγ(0, ȳ). Arguing similarly when x < 0, we conclude that Hγ̃ > 0, whence
γ̃ is an admissible curve. Moreover, it is vertically symmetric by construction. We show that Steiner’s
symmetrization preserves the volume and decreases the total inverse curvature.

Proposition 3.5. Fix x0 > 0. Let γ be an admissible curve. Let γ̃ be its Steiner’s symmetrization. Then
A(γ̃) = A(γ). Moreover, F(γ̃) < F(γ) unless γ̃ = γ.

Proof. By Fubini’s theorem, A(γ̃) = A(γ). To conclude, we are left to show that, if γ̃ 6= γ, then

F(γ̃) =

∫ ȳ

0

4

f̈(y)− g̈(y)

1 +

(
ḟ(y)− ġ(y)

2

)2
2

dy <

∫ ȳ

0

(
(1 + ḟ(y)2)2

f̈(y)
− (1 + ġ(y)2)2

g̈(y)

)
dy = F(γ).

To this aim, we consider the function Φ : R× (0,+∞) −→ R defined by

Φ(z, w) =
(1 + z2)2

w
for any (z, w) ∈ R× (0,+∞).

A simple computation reveals that, for any (z, w) ∈ R× (0,+∞),

traceD2Φ(z, w) =
4 + 12z2

w
+

2(1 + z2)2

w3
and detD2Φ(z, w) =

8(1 + z2)3

w4
.

Since w > 0, D2Φ is positive definite, and therefore Φ is strictly convex. Hence, the thesis follows. �

3.3. A family of candidate critical points. In this section we detect the candidate critical points.
We begin with the following rigidity statement.

Proposition 3.6. Let x0 > 0 and L > 0 be fixed. Then there exist a unique λ > 0 and a unique vertically
symmetric admissible curve γ = (x, y) parametrized by arc-length, such that ẏ(0) = ẏ(2L) = 0 and

(3.6) 2 +
d2(H−2)

ds2
= λ on [0, 2L],
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if and only if 3x0 < L. In these cases,

(3.7) λ = λ(x0, L) =
2L

L+ x0
,

and moreover

x(s) = −κ
2

(
σ

π + σ
sin

(
π + σ

σ
arcsin

(
s− L
κ

))
+

σ

π − σ
sin

(
π − σ
σ

arcsin

(
s− L
κ

)))
y(s) =

κ

2

(
σ

π + σ
cos

(
π + σ

σ
arcsin

(
s− L
κ

))
+

σ

π − σ
cos

(
π − σ
σ

arcsin

(
s− L
κ

)))
+

πx0

σ tanσ

for any s ∈ [0, 2L], where

(3.8) κ =
L

sin
(
π
√

x0
L+x0

) and σ = π

√
x0

L+ x0
.

In the following, we denote such admissible curves by γ(x0, L).

Proof. We divide the proof into some steps.
Step 1. Assume that there exist λ and γ as in the statement. Let A ∈ R be such that 2 + 2A = λ. Then

d2

ds2

(
1

H2

)
= 2A,

whence there exist B,C ∈ R such that

H(s) =
1√

As2 +Bs+ C
for any s ∈ [0, 2L].

By assumption, γ is vertically symmetric, so that

(3.9) H(s) = H(2L− s) for any s ∈ [0, L].

Notice that

H(s)−2 −H(2L− s)−2 = As2 +Bs−A(2L− s)2 −B(2L− s)
= A(4Ls− 4L2) +B(2s− 2L)

= 2AL(2s− 2L) +B(2s− 2L)

= (2s− 2L)(2AL+B).

Therefore, (3.9) holds if and only if 2AL+B = 0. In this case,

H(s) =
1√

As2 − 2ALs+ C
.

Notice that A 6= 0, since otherwise γ would be a part of a circle with center on the vertical axis, and in
this case ẏ(0) 6= 0. Moreover, C > 0, since H(0) > 0.
Step 2. We claim that A < 0. Indeed, assume by contradiction that A > 0. As H(L) > 0, we have
C −AL2 > 0. Notice that

As2 − 2ALs+ C = A

(
s2 − 2Ls+

C

A

)
= A

(
(s− L)2 +

C −AL2

A

)
.

Since C−AL2

A > 0, there exists a unique κ > 0 such that κ2 = C−AL2

A . Conversely, given A > 0, L > 0

and κ > 0, there exists a unique C > 0 such that κ2 = C−AL2

A . Therefore we may adopt the parameters
(κ,A,L) without loss of generality. In this way,

H(s) =
1√
A
· 1√

(s− L)2 + κ2
for any s ∈ [0, 2L].

Set

θ(s) =

∫ s

0
H(l) dl.

Then

θ(s) =
1√
A

log

(
s− L+

√
(s− L)2 + κ2

−L+
√
L2 + κ2

)
for any s ∈ [0, 2L].
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As γ is parametrized by arc-length, it is well-known that

(3.10) ẋ(s) = cos θ(s) and ẏ(s) = sin θ(s) for any s ∈ [0, 2L].

Since γ is vertically symmetric, then ẏ(L) = 0, so that θ(L) = π. In particular,

π = θ(L) =
1√
A

log

(
k

−L+
√
L2 + k2

)
,

whence

θ(s) =

 log
(
s− L+

√
(s− L)2 + κ2

)
− log

(
−L+

√
L2 + κ2

)
log κ− log

(
−L+

√
L2 + κ2

)
π =

(
1 +

arcsinh
(
s−L
κ

)
arcsinh

(
L
κ

) )π
for any s ∈ [0, 2L]. Set τ = arcsinh

(
L
κ

)
. Then

cos θ(s) = cos

(
π +

π

τ
arcsinh

(
s− L
κ

))
= − cos

(
π

τ
arcsinh

(
s− L
κ

))
.

Via the change of variable

(3.11)
s− L
κ

= sinh l, ds = κ cosh l,

we infer that

x(2L)− x(0) =

∫ 2L

0
cos θ(s) ds

(3.11)
= −κ

∫ τ

−τ
cos
(π
τ
l
)

cosh l dl

= −κ

[
π
τ cosh(l) sin(πτ l)

1 + π2

τ2

+
cos(πτ l) sinh(l)

1 + π2

τ2

]τ
−τ

=
2L

1 + π2

τ2

.

On the other hand, x(2L)− x(0) = −2x0 < 0, a contradiction.

Step 3. By the previous step, A < 0. Since C > 0, then AL2−C
A > 0, and there exists a unique κ > L

such that κ2 = AL2−C
A . Conversely, given A < 0, L > 0 and κ > L, there exists a unique C > 0 such that

κ2 = AL2−C
A . Arguing as above, we change parameters accordingly. Notice that

As2 − 2ALs+ C = A

(
(s− L)2 +

C −AL2

A

)
= (−A)

(
k2 − (s− L)2

)
for any s ∈ [0, 2L].

In this way,

H(s) =
1√
−A
· 1√

k2 − (s− L)2
for any s ∈ [0, 2L].

Set again

θ(s) =

∫ s

0
H(l) dl.

Then

θ(s) =
1√
−A

arcsin

(
s− L
k

)
+

1√
−A

arcsin

(
L

k

)
for any s ∈ [0, 2L].

Arguing as above, θ(L) = π, whence
1√
−A

=
π

arcsin
(
L
k

)
and

θ(s) =

(
1 +

arcsin
(
s−L
k

)
arcsin

(
L
k

) )π for any s ∈ [0, 2L].
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Set σ = arcsin
(
L
k

)
. Then

cos θ(s) = cos

(
π +

π

σ
arcsin

(
s− L
κ

))
= − cos

(
π

σ
arcsin

(
s− L
κ

))
.

Since γ is vertically symmetric, x(L) = 0. Recalling (3.10), and via the change of variable

(3.12)
s′ − L
κ

= sin l, ds′ = κ cos l,

we infer that

x(s) =

∫ s

L
cos θ(s′) ds′

= −κ
∫ arcsin( s−Lκ )

0
cos
(π
σ
l
)

cos l dl

= −κ
2

∫ arcsin( s−Lκ )

0
cos
((π

σ
+ 1
)
l
)
dl − κ

2

∫ arcsin( s−Lκ )

0
cos
((π

σ
− 1
)
l
)
dl

= −κ
2

[
σ

π + σ
sin

((
π + σ

σ

)
l

)
+

σ

π − σ
sin

((
π − σ
σ

)
l

)]arcsin( s−Lκ )

0

− κ

2

(
σ

π + σ
sin

(
π + σ

σ
arcsin

(
s− L
κ

))
+

σ

π − σ
sin

(
π − σ
σ

arcsin

(
s− L
κ

)))
.

Therefore, imposing the boundary condition x(0) = x0 and noticing that

sin

(
π + σ

σ
arcsin

(
−L
κ

))
= − sin (π + σ) =

L

κ
,

sin

(
π − σ
σ

arcsin

(
−L
κ

))
= − sin (π − σ) = −L

κ
,

we deduce that

(3.13) x0 = x(0) =
Lσ2

π2 − σ2
.

Since 0 < L < k, (3.13) is equivalent to

arcsin

(
L

κ

)
= π

√
x0

L+ x0
,

which in turn admits a solution if and only if 3x0 < L. In such cases,

κ =
L

sin
(
π
√

x0
L+x0

) , σ = π

√
x0

L+ x0
and λ =

2L

L+ x0
.

We proved that, assuming that 0 < 3x0 < L, there exists at most one couple γ and λ as in the statement.
Step 4. To prove existence it suffices to verify that the curve of the previous step is a solution. To this
aim, we just need to find y. Notice that

sin θ(s) = sin

(
π +

π

σ
arcsin

(
s− L
κ

))
= − sin

(
π

σ
arcsin

(
s− L
κ

))
.
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Changing variables as in (3.12), and recalling that y(0) = 0,

y(s) =

∫ s

0
sin θ(s′) ds′

= −κ
∫ arcsin( s−Lκ )

−σ
sin
(π
σ
l
)

cos l dl

= −κ
2

∫ arcsin( s−Lκ )

−σ
sin
((π

σ
+ 1
)
l
)
dl − κ

2

∫ arcsin( s−Lκ )

−σ
sin
((π

σ
− 1
)
l
)
dl

=
κ

2

[
σ

π + σ
cos

((
π + σ

σ

)
l

)
+

σ

π − σ
cos

((
π − σ
σ

)
l

)]arcsin( s−Lκ )

−σ

=
κ

2

(
σ

π + σ
cos

(
π + σ

σ
arcsin

(
s− L
κ

))
+

σ

π − σ
cos

(
π − σ
σ

arcsin

(
s− L
κ

)))
+

πx0

σ tanσ
.

The remaining properties are straightforward, and the thesis follows. �

3.4. Two equivalent notions of stationarity. Fix x0 > 0 and L > 0. Let γ be an admissible curve.
We recall that

F(γ) =

∫
γ

1

H
dγ.

For any λ ∈ R, we also introduce the penalized functional

F(γ)− λA(γ).

Definition 3.7. Fix x0 > 0. Let γ be an admissible curve.

1. We say that γ is an area-preserving critical point of F if

dF(V(·, t))
dt

∣∣∣∣
t=0

= 0 (respectively > 0)

for any area-preserving admissible (respectively one-sided admissible) variation V of γ.
2. We say that γ is a critical point of F − λA if

d(F − λA)(V(·, t))
dt

∣∣∣∣
t=0

= 0 (respectively > 0)

for any admissible (respectively one-sided admissible) variation V of γ.

The next result shows that the admissible curves of Proposition 3.6 are the unique critical points of
both problems.

Theorem 3.8. Fix x0 > 0 and L > 0. The following holds.

(i) F admits a vertically symmetric area-preserving critical point γ of length 2L if and only if 3x0 < L.
In these cases, γ = γ(x0, L) and it is unique.

(ii) F − λA admits a vertically symmetric critical point γ of length 2L if and only if 3x0 < L and
λ = λ(x0, L). In these cases, γ = γ(x0, L) and it is unique.

Proof. We start proving (i). Assume that 3x0 < L. Then we can consider the curve γ(x0, L) given by
Proposition 3.6. Let V(·, t) = γt = (xt, yt) be an area-preserving admissible variation of γ(x0, L). By
Proposition 2.2 and Proposition 3.6, it holds that

dF(V(·, t))
dt

∣∣∣∣
t=0

=

∫ 2L

0

(
2 +

d2(H−2)

ds2

)
〈X,N〉 ds+H−2(2L)

d〈X,N〉
ds

∣∣∣∣
s=2L

−H−2(0)
d〈X,N〉
ds

∣∣∣∣
s=0

= λ(x0, L)

∫ 2L

0
〈X,N〉 ds+H−2(2L)

(
d〈X,N〉
ds

∣∣∣∣
s=2L

− d〈X,N〉
ds

∣∣∣∣
s=0

)
(2.5)
= H−2(2L)

(
d〈X,N〉
ds

∣∣∣∣
s=2L

− d〈X,N〉
ds

∣∣∣∣
s=0

)
X(0)=X(2L)=0

= H−2(2L)
(〈
Ẋ(2L), N(2L)

〉
−
〈
Ẋ(0), N(0)

〉)
ẏ(0)=ẏ(2L)=0

= H−2(2L)

(
∂2yt(s)

∂t∂s

∣∣∣∣
(t,s)=(0,0)

− ∂2yt(s)

∂t∂s

∣∣∣∣
(t,s)=(0,2L)

)
.
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Notice that yt(0) = yt(2L) = 0 and yt(s) > 0 for any s ∈ [0, 2L] and any t ∈ [−tV , tV ]. Therefore ẏt(0) > 0
and ẏt(2L) 6 0 for any t ∈ [−tV , tV ]. Since ẏ0(0) = ẏ0(2L) = 0, we conclude that

∂2yt(s)

∂t∂s

∣∣∣∣
(t,s)=(0,0)

=
∂2yt(s)

∂t∂s

∣∣∣∣
(t,s)=(0,2L)

= 0,

whence

dF(V(·, t))
dt

∣∣∣∣
t=0

= 0.

If V is just an area-preserving one-sided admissible variation, we proceed as above, noticing that in this
case we can just conclude that

∂2yt(s)

∂t∂s

∣∣∣∣
(t,s)=(0,0)

> 0 and
∂2yt(s)

∂t∂s

∣∣∣∣
(t,s)=(0,2L)

6 0,

so that

dF(V(·, t))
dt

∣∣∣∣
t=0

> 0.

Therefore, γ(x0, L) is an area-preserving critical point of F . To show uniqueness, let γ be a vertically

symmetric area-preserving critical point of length 2L. Let ϕ ∈ C∞c (0, 2L) be such that
∫ 2L

0 ϕds = 0. By
Lemma 3.4 and Example 3.2, we find an area-preserving admissible variation such that X = ϕN . Then

(3.14) 0 =
dF(V(·, t))

dt

∣∣∣∣
t=0

=

∫ 2L

0

(
2 +

d2(H−2)

ds2

)
ϕds.

By (3.14), there exists λ ∈ R such that

2 +
d2(H−2)

ds2
= λ

on [0, 2L]. Let f ∈ C2[0, 2L] be such that f(0) = 0, f(2L) = 0, ḟ(0) = 1 and ḟ(2L) = 0. By Lemma 3.4
and Example 3.3, there exists an area-preserving admissible variation such that X = (f, 0). Then, arguing
as above and by (3.14),

0 =
dF(V(·, t))

dt

∣∣∣∣
t=0

= H−2(2L)
(〈
Ẋ(2L), N(2L)

〉
−
〈
Ẋ(0), N(0)

〉)
= −ẏ(0).

Therefore ẏ(0) = 0. Similarly, ẏ(2L) = 0. By Proposition 3.6, we conclude that γ = γ(x0, L) and that
3x0 < L is necessary, and (i) follows. The proof of (ii) is a straightforward adaptation of the above. �

3.5. Uniqueness of critical points with prescribed area. The statement of Theorem 3.8 ensures
existence of critical points with prescribed length 2L, provided that 0 < 3x0 < L. In this subsection, we
prove that it is equivalent to prescribe the enclosed area. Indeed, for critical points, these two quantities
are in bijection, as the next proposition shows.

Proposition 3.9. Fix 0 < 3x0 < L. Let A0(x0, L) be the area enclosed by γ(x0, L). Then

(3.15) A0(x0, L) =
L+ x0

2π

 π
√

x0
L+x0

sin
(
π
√

x0
L+x0

)


2L+ (2L+ x0)
sin
(

2π
√

x0
L+x0

)
2π
√

x0
L+x0

 .

In particular,

∂A0(x0, L)

∂L
> 0, inf

L>3x0
A0(x0, L) = lim

L→3x0
A0(x0, L) =

3

2
πx2

0.

In conclusion, for any A0 >
3
2πx

2
0, there exists a unique L = L(x0,A0) > 3x0 such that A0 = A0(x0, L).
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Proof. First we prove (3.15).

A0(x0, L)
(3.1)
=

∫ 2L

0
x(s)ẏ(s) ds

= − κσ

2π + 2σ

∫ 2L

0
sin

(
π + σ

σ
arcsin

(
s− L
κ

))
sin

(
π +

π

σ
arcsin

(
s− L
κ

))
ds

− κσ

2π − 2σ

∫ 2L

0
sin

(
π − σ
σ

arcsin

(
s− L
κ

))
sin

(
π +

π

σ
arcsin

(
s− L
κ

))
ds

=
κσ

2π + 2σ

∫ 2L

0
sin

(
π + σ

σ
arcsin

(
s− L
κ

))
sin

(
π

σ
arcsin

(
s− L
κ

))
ds

+
κσ

2π − 2σ

∫ 2L

0
sin

(
π − σ
σ

arcsin

(
s− L
κ

))
sin

(
π

σ
arcsin

(
s− L
κ

))
ds,

where σ is defined in (3.8). We change variables as in (3.12), and obtain that

A0(x0, L) =
κ2σ

2π + 2σ

∫ σ

−σ
sin

((
π + σ

σ

)
l

)
sin
(π
σ
l
)

cos l dl

+
κ2σ

2π − 2σ

∫ σ

−σ
sin

((
π − σ
σ

)
l

)
sin
(π
σ
l
)

cos l dl

=
κ2σ

4π + 4σ

(∫ σ

−σ
sin2

((
π + σ

σ

)
l

)
dl +

∫ σ

−σ
sin

((
π + σ

σ

)
l

)
sin

((
π − σ
σ

)
l

)
dl

)
+

κ2σ

4π − 4σ

(∫ σ

−σ
sin2

((
π − σ
σ

)
l

)
dl +

∫ σ

−σ
sin

((
π + σ

σ

)
l

)
sin

((
π − σ
σ

)
l

)
dl

)
=

κ2σ2

2(π + σ)2

∫ π+σ

0
sin2 (ζ) dζ +

κ2σ2

2(π − σ)2

∫ π−σ

0
sin2 (ζ) dζ

+
πκ2σ

2(π2 − σ2)

∫ σ

−σ
sin

((
π + σ

σ

)
l

)
sin

((
π − σ
σ

)
l

)
dl.

First,

κ2σ2

2(π + σ)2

∫ π+σ

0
sin2 (ζ) dζ =

κ2σ2

4π + 4σ
− k2σ2

8(π + σ)2
sin 2σ

Similarly,

κ2σ2

2(π − σ)2

∫ π−σ

0
sin2 (ζ) dζ =

κ2σ2

4π − 4σ
+

k2σ2

8(π − σ)2
sin 2σ

Finally,

πκ2σ

2(π2 − σ2)

∫ σ

−σ
sin

((
π + σ

σ

)
l

)
sin

((
π − σ
σ

)
l

)
dl

=
πκ2σ

4(π2 − σ2)

∫ σ

−σ
cos 2l dl − πκ2σ

4(π2 − σ2)

∫ σ

−σ
cos

(
2π

σ
l

)
dl

=
πκ2σ

4(π2 − σ2)
sin 2σ.

In conclusion,

A0(x0, L) =
πκ2σ2

2(π2 − σ2)
+
πκ2σ(π2 + σ2)

4(π2 − σ2)2
sin 2σ

=
L+ x0

2π

 π
√

x0
L+x0

sin
(
π
√

x0
L+x0

)


2L+ (2L+ x0)
sin
(

2π
√

x0
L+x0

)
2π
√

x0
L+x0

 .

(3.16)
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In particular,

∂A0(x0, L)

∂L
=

(
4Lπ2

cos
(
π
√

x0
L+x0

)
sin
(
π
√

x0
L+x0

) + (3L+ 4x0)
((

L+x0
x0

)
sin
(

2π
√

x0
L+x0

)
+ 2π

√
L+x0
x0

))

8
(
L+x0
x0

) 3
2

sin2
(
π
√

x0
L+x0

) .

By L > 3x0, sin
(
π
√

x0
L+x0

)
> 0, cos

(
π
√

x0
L+x0

)
> 0 and sin

(
2π
√

x0
L+x0

)
> 0, whence ∂A0(x0,L)

∂L > 0.

Therefore, infL>3x0 A0(x0, L) = limL→3x0 A0(x0, L), and the expression of the latter follows from (3.15).
The last claim is clear from the above. �

Thanks to Proposition 3.9, we can re-state Theorem 3.8 as follows.

Corollary 3.10. Fix x0 > 0 and A0 > 0. The following facts hold.

1. F admits a vertically symmetric area-preserving critical point γ with enclosed area A0 if and only
if A0 >

3
2πx

2
0. In these cases, γ = γ(x0, L(x0,A0)) and it is unique.

2. F−λA admits a vertically symmetric critical point γwith enclosed area A if and only if A0 >
3
2πx

2
0.

In these cases, γ = γ(x0, L(x0,A0)) and it is unique.

Remark 3.11. Fix x0 > 0. In view of Proposition 3.9, in the following we may equivalently fix L > 3x0

or A0 >
3
2πx

2
0. In both cases, we tacitly mean that A0 = A0(x0, L) and L = L(x0,A0) respectively.

Remark 3.12. Fix 0 < 3x0 < L. Recall that

H(s) =
π

σ
√
κ2 − (s− L)2

.

Therefore

F(γ(x0, L)) =
κσ

π

∫ 2L

0

√
1−

(
s− L
κ

)2

ds
(3.12)

=
κ2σ

π

∫ σ

−σ
cos2 l dl =

κ2σ

2π
(2σ + sin 2σ) .(3.17)

In particular,

A(γ(x0, L))
(3.16)

=
πκ2σ2

2(π2 − σ2)
+
πκ2σ(π2 + σ2)

4(π2 − σ2)2
sin 2σ

(3.17)
=

1

λ

(
2(π2 − σ2)σ + (π2 + σ2) sin 2σ

2(π2 − σ2)σ + (π2 − σ2) sin 2σ

)
F(γ(x0, L)).

4. Second variation and stability

In this section we introduce various notions of stability for the functionals F and F − λA.

4.1. Second variation formulas. We begin computing the second variation formula for F when evalu-
ated at critical points.

Proposition 4.1. Fix 0 < 3x0 < L. Let γ = γ(x0, L) be the unique critical point of Theorem 3.8. Let
λ = λ(x0, L) be as in (3.7). Let V be a one-sided admissible variation of γ. Let ϕ,ϕτ , ψ, ψτ ∈ C∞[0, 2L]
be such that

(4.1) X(s) = ϕ(s)N(s) +ϕτ (s)γ̇(s) and X ′(s) = ψ(s)N(s) +ψτ (s)γ̇(s) for any s ∈ [0, 2L].

Then

d2F(V(·, t))
dt2

∣∣∣∣
t=0+

=

∫ 2L

0

(
2Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds

+ λ

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds+

[
ψ̇ − 2ϕ̇ϕ̇τ

H2

]2L

0

.

(4.2)
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If in addition V is an admissible variation, then ϕ̇(0) = ϕ̇(2L) = 0, ψ̇(0) 6 0 and ψ̇(2L) > 0, whence

d2F(V(·, t))
dt2

∣∣∣∣
t=0

=

∫ 2L

0

(
2Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+ λ

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds+

[
ψ̇

H2

]2L

0

>
∫ 2L

0

(
2Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+ λ

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds.

(4.3)

Proof. As usual, we set γt = V(·, t) for any t ∈ [0, tV ]. As γt(0) = (x0, 0) and γt(2L) = (−x0, 0),

(4.4) ϕ(0) = ϕτ (0) = ψ(0) = ψτ (0) = ϕ(2L) = ϕτ (2L) = ψ(2L) = ψτ (2L) = 0.

Define α(s, t) = 〈γ̇t(s), γ̇t(s)〉 and β(s, t) = 〈γ̇t(s), γ̈t(s)⊥〉 for any t ∈ [0, tV ]. For the sake of notational

simplicity, we set α̇0 = ∂α(·,t)
∂t

∣∣∣
t=0+

and α̈0 = ∂2α(·,t)
∂t2

∣∣∣
t=0+

, and accordingly for β. Notice that α(s, 0) ≡ 1

and β(s, 0) = H(s) for any s ∈ [0, 2L]. Then

(4.5)
∂2
(
α2β−1

)
∂t2

∣∣∣∣∣
t=0+

=
∂

∂t

(
2α
∂α

∂t
β−1 − α2∂β

∂t
β−2

)∣∣∣∣
t=0+

=

(
2

(
∂α

∂t

)2

β−1 + 2α
∂2α

∂t2
β−1 − 4α

∂α

∂t

∂β

∂t
β−2 − α2∂

2β

∂t2
β−2 + 2α2

(
∂β

∂t

)2

β−3

)∣∣∣∣∣
t=0+

=
2α̇2

0

H
+

2α̈0

H
− 4α̇0β̇0

H2
− β̈0

H2
+

2β̇2
0

H3

=
2α̈0

H
− β̈0

H2
+

2

H

(
α̇0 −

β̇0

H

)2

,

so that

(4.6)
d2F(V(·, t))

dt2

∣∣∣∣
t=0+

=

∫ 2L

0

∂2

∂t2

(
〈γ̇t, γ̇t〉2

〈γ̇t, γ̈⊥t 〉

)∣∣∣∣
t=0+

ds
(4.5)
=

∫ 2L

0

2α̈0

H
− β̈0

H2
+

2

H

(
α̇0 −

β̇0

H

)2
 ds.

We compute the integrand appearing in (4.6). Notice that

∂α

∂t
= 2

〈
∂γ̇t
∂t
, γ̇t

〉
,

∂2α

∂t2
= 2

〈
∂2γ̇t
∂t2

, γ̇t

〉
+ 2

〈
∂γ̇t
∂t
,
∂γ̇t
∂t

〉
,

∂β

∂t
=

〈
∂γ̇t
∂t
, γ̈⊥t

〉
+

〈
γ̇t,

∂γ̈⊥t
∂t

〉
,

∂2β

∂t2
=

〈
∂2γ̇t
∂t2

, γ̈⊥t

〉
+ 2

〈
∂γ̇t
∂t
,
∂γ̈⊥t
∂t

〉
+

〈
γ̇t,

∂2γ̈⊥t
∂t2

〉
.

Therefore, recalling that N = γ̇⊥ and γ̈⊥ = Ṅ = Hγ̇ (cf. (2.3)),

α̇0 = 2
〈
Ẋ, γ̇

〉
,

α̈0 = 2
〈
Ẋ ′, γ̇

〉
+ 2
〈
Ẋ, Ẋ

〉
,

β̇0 = H
〈
Ẋ, γ̇

〉
−
〈
Ẍ,N

〉
,

β̈0 = H
〈
Ẋ ′, γ̇

〉
+ 2
〈
Ẋ, Ẍ⊥

〉
−
〈
Ẍ ′, N

〉
.

(4.7)

By (4.1),

(4.8) Ẋ = ϕṄ + ϕ̇N + ϕτ γ̈ + ϕ̇τ γ̇ = Hϕγ̇ + ϕ̇N −HϕτN + ϕ̇τ γ̇ = (ϕ̇−Hϕτ )N + (ϕ̇τ +Hϕ) γ̇
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and

Ẍ = (ϕ̇−Hϕτ ) Ṅ +
(
ϕ̈− Ḣϕτ −Hϕ̇τ

)
N + (ϕ̇τ +Hϕ) γ̈ +

(
ϕ̈τ + Ḣϕ+Hϕ̇

)
γ̇

=
(
Hϕ̇−H2ϕτ

)
γ̇ +

(
ϕ̈− Ḣϕτ −Hϕ̇τ

)
N −

(
Hϕ̇τ +H2ϕ

)
N +

(
ϕ̈τ + Ḣϕ+Hϕ̇

)
γ̇

=
(
ϕ̈− 2Hϕ̇τ − Ḣϕτ −H2ϕ

)
N +

(
ϕ̈τ + 2Hϕ̇+ Ḣϕ−H2ϕτ

)
γ̇.

(4.9)

Similarly, we have

Ẋ ′ =
(
ψ̇ −Hψτ

)
N +

(
ψ̇τ +Hψ

)
γ̇,

Ẍ ′ =
(
ψ̈ − 2Hψ̇τ − Ḣψτ −H2ψ

)
N +

(
ψ̈τ + 2Hψ̇ + Ḣψ −H2ψτ

)
γ̇.

(4.10)

Inserting (4.8), (4.9) and (4.10) in (4.7), we get

α̇0 = 2ϕ̇τ + 2Hϕ,

α̈0 = 2ψ̇τ + 2Hψ + 2 (ϕ̇−Hϕτ )2 + 2 (ϕ̇τ +Hϕ)2

= 2ψ̇τ + 2Hψ + 2ϕ̇2 − 4Hϕ̇ϕτ + 2H2ϕ2
τ + 2ϕ̇2

τ + 4Hϕϕ̇τ + 2H2ϕ2,

β̇0 = Hϕ̇τ +H2ϕ− ϕ̈+ 2Hϕ̇τ + Ḣϕτ +H2ϕ

= 2H2ϕ+ 3Hϕ̇τ + Ḣϕτ − ϕ̈,

β̈0 = Hψ̇τ +H2ψ + 2 (ϕ̇−Hϕτ )
(
ϕ̈τ + 2Hϕ̇+ Ḣϕ−H2ϕτ

)
− 2 (ϕ̇τ +Hϕ)

(
ϕ̈− 2Hϕ̇τ − Ḣϕτ −H2ϕ

)
−
(
ψ̈ − 2Hψ̇τ − Ḣψτ −H2ψ

)
= 2H2ψ + 3Hψ̇τ + Ḣψτ − ψ̈

+ 2ϕ̇ϕ̈τ + 4Hϕ̇2 + 2Ḣϕϕ̇− 6H2ϕ̇ϕτ − 2Hϕτ ϕ̈τ + 2H3ϕ2
τ

− 2ϕ̈ϕ̇τ + 4Hϕ̇2
τ + 2Ḣϕτ ϕ̇τ + 6H2ϕϕ̇τ − 2Hϕϕ̈+ 2H3ϕ2.

In particular,

∂2
(
α2β−1

)
∂t2

∣∣∣
t=0

=
2α̈0

H
− β̈0

H2
+

2

H

(
α̇0 −

β̇0

H

)2

=
4ψ̇τ
H

+ 4ψ +
4ϕ̇2

H
− 8ϕ̇ϕτ + 4Hϕ2

τ +
4ϕ̇2

τ

H
+ 8ϕϕ̇τ + 4Hϕ2 − 2ψ

− 3ψ̇τ
H
− Ḣψτ

H2
+

ψ̈

H2
− 2ϕ̇ϕ̈τ

H2
− 4ϕ̇2

H
− 2Ḣϕϕ̇

H2
+ 6ϕ̇ϕτ +

2ϕτ ϕ̈τ
H

− 2Hϕ2
τ

+
2ϕ̈ϕ̇τ
H2

− 4ϕ̇2
τ

H
− 2Ḣϕτ ϕ̇τ

H2
− 6ϕϕ̇τ +

2ϕϕ̈

H
− 2Hϕ2 +

2

H

(
ϕ̇τ +

Ḣϕτ
H
− ϕ̈

H

)2

= 2ψ +
ψ̈

H2
+
ψ̇τ
H

+
d(H−1)

ds
ψτ + 2Hϕ2 + 2

d(H−1)

ds
ϕϕ̇+

2ϕϕ̈

H
+

2ϕ̈2

H3

+ 2Hϕ2
τ +

2ϕ̇2
τ

H
+

2ϕτ ϕ̈τ
H

− 2
d(H−1)

ds
ϕτ ϕ̇τ − Ḣ

d(H−2)

ds
ϕ2
τ

− 2ϕ̇ϕτ + 2ϕϕ̇τ −
2ϕ̇ϕ̈τ
H2

− 2ϕ̈ϕ̇τ
H2

+ 2
d(H−2)

ds
ϕ̈ϕτ .

(4.11)
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Now we compute the integral of the right-hand side of (4.11). Regarding the terms involving ψ and ψτ ,∫ 2L

0

(
2ψ +

ψ̈

H2

)
ds =

∫ 2L

0

(
2ψ − d(H−2)

ds
ψ̇

)
ds+

[
ψ̇

H2

]2L

0

(4.4)
=

∫ 2L

0

(
2 +

d2(H−2)

ds2

)
ψ ds+

[
ψ̇

H2

]2L

0

(3.6)
= λ

∫ 2L

0
ψ ds+

[
ψ̇

H2

]2L

0

,

(4.12)

and moreover,

(4.13)

∫ 2L

0

(
ψ̇τ
H

+
d(H−1)

ds
ψτ

)
ds =

∫ 2L

0

d

ds

(
ψτ
H

)
ds

(4.4)
= 0.

For what concerns ϕ and ϕτ , notice first that

(4.14)

∫ 2L

0

(
2Hϕ2 + 2

d(H−1)

ds
ϕϕ̇+

2ϕϕ̈

H
+

2ϕ̈2

H3

)
ds

(4.4)
=

∫ 2L

0

(
2Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds.

Moreover, ∫ 2L

0

(
2Hϕ2

τ+
2ϕ̇2

τ

H
+

2ϕτ ϕ̈τ
H

− 2
d(H−1)

ds
ϕτ ϕ̇τ − Ḣ

d(H−2)

ds
ϕ2
τ

)
ds

(4.4)
=

∫ 2L

0

(
2Hϕ2

τ +
4ϕ̇2

τ

H
+

4ϕτ ϕ̈τ
H

− Ḣ d(H−2)

ds
ϕ2
τ

)
ds

(4.4)
=

∫ 2L

0

((
2 +

d2(H−2)

ds2

)
Hϕ2

τ +
4

H

d(ϕτ ϕ̇τ )

ds
+ 2H

d(H−2)

ds
ϕτ ϕ̇τ

)
ds

(3.6)
= λ

∫ 2L

0
Hϕ2

τ ds+

∫ 2L

0

(
4

H

d(ϕτ ϕ̇τ )

ds
+ 4

d(H−1)

ds
ϕτ ϕ̇τ

)
ds

= λ

∫ 2L

0
Hϕ2

τ ds+

∫ 2L

0

d

ds

(
4ϕτ ϕ̇τ
H

)
ds

(4.4)
= λ

∫ 2L

0
Hϕ2

τ ds.

(4.15)

Finally, ∫ 2L

0

(
− 2ϕ̇ϕτ + 2ϕϕ̇τ −

2ϕ̇ϕ̈τ
H2

− 2ϕ̈ϕ̇τ
H2

+ 2
d(H−2)

ds
ϕ̈ϕτ

)
ds

(4.4)
=

∫ 2L

0

(
−4ϕ̇ϕτ + 2

d(H−2)

ds
ϕ̇ϕ̇τ + 2

d(H−2)

ds
ϕ̈ϕτ

)
ds−

[
2ϕ̇ϕ̇τ
H2

]2L

0

=

∫ 2L

0

(
−4ϕ̇ϕτ + 2

d(H−2)

ds

d(ϕ̇ϕτ )

ds

)
ds−

[
2ϕ̇ϕ̇τ
H2

]2L

0

(4.4)
= −

∫ 2L

0
2ϕ̇ϕτ

(
2 +

d2(H−2)

ds2

)
ds−

[
2ϕ̇ϕ̇τ
H2

]2L

0

(4.4),(3.6)
= λ

∫ 2L

0
2ϕϕ̇τ ds−

[
2ϕ̇ϕ̇τ
H2

]2L

0

.

(4.16)

Substituting (4.12), (4.13), (4.14), (4.15), (4.16) in (4.6), we get (4.2). To conclude, assume that V is
admissible. We know from the proof of Theorem 3.8 that 0 is, respectively, minimum and maximum point
of ẏt(0) and of ẏt(2L). Therefore〈

Ẋ(0),
∂

∂y

〉
,

〈
Ẋ(2L),

∂

∂y

〉
= 0,

〈
Ẋ ′(0),

∂

∂y

〉
> 0 and

〈
Ẋ ′(0),

∂

∂y

〉
6 0.
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Recalling that γ̇(0) = γ̇(2L) = (1, 0) and N(0) = N(2L) = (0,−1), and by (4.4), we get ϕ̇(0) = ϕ̇(2L) = 0,

ψ̇(0) 6 0 and ψ̇(2L) > 0, and the thesis follows. �

The second variation formula for the area is well-known. We prove it for the sake of completeness.

Proposition 4.2. Fix x0 > 0 and L > 0. Let γ : [0, 2L] → R2 be an admissible curve parametrized by
arc-length. Let V be a one-sided admissible variation of γ. Let ϕ,ϕτ , ψ ∈ C∞[0, 2L] be as in (4.1). Then

(4.17)
d2A(V(·, t))

dt2

∣∣∣∣
t=0+

=

∫ 2L

0
Hϕ2 ds+

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds.

Proof. Notice that

∂2

∂t2

(
1

2

〈
γt, γ̇

⊥
t

〉)∣∣∣∣
t=0+

=
∂

∂t

(
1

2

〈
∂γt
∂t
, γ̇⊥t

〉
+

1

2

〈
γt,

∂γ̇⊥t
∂t

〉)∣∣∣∣
t=0+

=

(
1

2

〈
∂2γt
∂t2

, γ̇⊥t

〉
+

〈
∂γt
∂t
,
∂γ̇⊥t
∂t

〉
+

1

2

〈
γt,

∂2γ̇⊥t
∂t2

〉)∣∣∣∣
t=0+

=
1

2

〈
X ′, N

〉
+
〈
X, Ẋ⊥

〉
+

1

2

〈
γ, Ẋ ′⊥

〉
.

Moreover,

1

2

∫ 2L

0

〈
γ, Ẋ ′⊥

〉
ds

(4.4)
= −1

2

∫ 2L

0

〈
γ̇, X ′⊥

〉
ds =

1

2

∫ 2L

0

〈
X ′, N

〉
ds.

Recalling (4.8), 〈
X ′, N

〉
= ψ,〈

X, Ẋ⊥
〉

= Hϕ2 +Hϕ2
τ + ϕϕ̇τ − ϕ̇ϕτ ,

whence, from (3.1) we get

d2A(V(·, t))
dt2

∣∣∣∣
t=0+

=

∫ 2L

0

∂2

∂t2

(
1

2

〈
γt, γ̇

⊥
t

〉)∣∣∣∣
t=0+

ds

=

∫ 2L

0

(〈
X ′, N

〉
+
〈
X, Ẋ⊥

〉)
ds

(4.4)
=

∫ 2L

0
Hϕ2 ds+

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds. �

Remark 4.3. Proposition 4.2 applies not only to critical points, but to any admissible curve.

Combining Proposition 4.1 and Proposition 4.2, we obtain the second variation of F − λA when eval-
uated at critical points.

Corollary 4.4. Fix 0 < 3x0 < L. Let γ = γ(x0, L) be the unique critical point of Theorem 3.8. Let
λ = λ(x0, L) be as in (3.7). Let V be an admissible variation of γ. Let ϕ,ψ ∈ C∞[0, 2L] be as in (4.1).
Then

d2 (F − λA) (V(·, t))
dt2

∣∣∣∣
t=0

=

∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+

[
ψ̇

H2

]2L

0

>
∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds.

(4.18)

Remark 4.5. Differently from (4.3), the integral part of the second variation of F−λA depends uniquely
on ϕ, the normal component of the velocity vector field of the variation. A similar phenomenon occurs
when dealing with the area functional (cf. [3]).
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4.2. Different notions of stability. Owing to the second variation formulas of the previous section, we
formulate the following notions of stability.

Definition 4.6. Fix 0 < 3x0 < L. Let γ = γ(x0, L) be the unique critical point of Theorem 3.8.

(i) We say that γ is an area-preserving stable critical point of F if

(4.19)
d2F(V(·, t))

dt2

∣∣∣∣
t=0

> 0 for any area-preserving admissible variation V of γ.

(ii) We say that γ is a stable critical point of F − λA if

(4.20)
d2(F − λA)(V(·, t))

dt2

∣∣∣∣
t=0

> 0 for any admissible variation V of γ.

(iii) We say that γ is a first-order area-preserving stable critical point of F − λA if

(4.21)
d2(F − λA)(V(·, t))

dt2

∣∣∣∣
t=0

> 0 for any first-order area-preserving admissible variation V of γ.

Properties (4.19) and (4.20) of the above definition are, respectively, the natural notions of stability
associated with F and F − λA. On the other hand, property (4.20) is clearly stronger than property
(4.21), since stability is tested on a wider class of variations. With the next proposition, we show that
properties (4.19) and (4.21) are actually equivalent.

Proposition 4.7. Fix 0 < 3x0 < L. Let γ = γ(x0, L) be the unique critical point of Theorem 3.8. The
following are equivalent.

(i) γ is an area-preserving stable critical point of F .
(ii) γ is a first-order area-preserving stable critical point of F − λA.

Proof. First we prove (ii) =⇒ (i). Let V be an area-preserving admissible variation of γ. Let the
functions ϕ,ϕτ , ψ ∈ C∞[0, 2L] be as in (4.1). As A(V(·, t)) is constant in t, (2.4) and (4.17) yield

(4.22)

∫ 2L

0
ϕds = 0 and

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds = −

∫ 2L

0
Hϕ2 ds,

whence

d2F(V(·, t))
dt2

∣∣∣∣
t=0

(4.3)
=

∫ 2L

0

(
2Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+ λ

∫ 2L

0

(
ψ +Hϕ2

τ + 2ϕϕ̇τ
)
ds+

[
ψ̇

H2

]2L

0

(4.22)
=

∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+

[
ψ̇

H2

]2L

0

(4.18)
=

d2(F − λA)(V(·, t))
dt2

∣∣∣∣
t=0

> 0.

To prove (i) =⇒ (ii), let V be a first-order area-preserving admissible variation of γ. Let Ṽ be the
area-preserving variation of Lemma 3.4. Then

d2(F − λA)(V(·, t))
dt2

∣∣∣∣
t=0

(3.5),(4.18)
=

d2(F − λA)(Ṽ(·, t))
dt2

∣∣∣∣∣
t=0

=
d2F (Ṽ(·, t))

dt2

∣∣∣∣∣
t=0

> 0,

an the thesis follows. �

5. Stability of critical points

In this section, we show that the critical points emerging from Theorem 3.8 are stable critical points of
F −λA, i.e. the strongest sense of stability proposed in Definition 4.6. This fact constitutes a remarkable
difference with the case of the area functional. Indeed, spherical caps in Rn may be stable for volume-
preserving variations of the area functional but unstable for general variations of the perturbed functional
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associated with the area functional (cf. [3]). Our approach consists in providing sharp lower bounds of
the form

(5.1) µW

∫ 2L

0

2ϕ̇2

H
ds 6

∫ 2L

0

(
2ϕ̈2

H3
+ (2− λ)Hϕ2

)
ds,

where ϕ belongs to a chosen functional space W. The nature of the information we can infer from (5.1)
depends on the choice of W and on µW .

Example 5.1 (Stability). Let V be an admissible variation of γ with velocity vector field X = ϕN+ϕτ γ̇.
We already know that ϕ(0), ϕ(2L) = 0 and ϕ̇(0), ϕ̇(2L) = 0. Therefore, setting

W1 =
{
ϕ ∈W 2,2(0, 2L) : ϕ(0), ϕ(2L) = 0, ϕ̇(0), ϕ̇(2L) = 0

}
,

if (5.1) holds with µW1 > 1, then Corollary 4.4 implies that γ is a stable critical point of F − λA.

Example 5.2 (One-sided area-preserving stability). Let V be a one-sided, first-order area-preserving

admissible variation of γ. Let ϕ be as in (4.1). Then ϕ(0), ϕ(2L) = 0 and
∫ 2L

0 ϕ = 0. Therefore, setting

W2 =

{
ϕ ∈W 2,2(0, 2L) : ϕ(0) = ϕ(2L) = 0,

∫ 2L

0
ϕ = 0

}
,

if (5.1) holds with µW2 > 1, then Corollary 4.4 and Proposition 4.7 imply that

(5.2)
d2F(V(·, t))

dt2

∣∣∣∣
t=0+

> 0

for any area-preserving one-sided admissible variation V of γ. Although improperly, we may refer to (5.2)
as one-sided area-preserving stability.

Being interested in stability, we mainly focus on Example 5.1. Indeed, although possibly interesting, the
one-sided stability proposed in Example 5.2 is not necessary to minimality (roughly speaking, the second
derivative of a function at a boundary minimum point may be either positive or negative). Throughout
this section, we may adopt the notation

r =
2

H3
, q =

2

H
, p = (2− λ)H.

5.1. Existence of minimizers for (5.1). Fix 0 < 3x0 < L. Let γ = γ(x0, L) be the unique critical point

of Theorem 3.8. Consider the space S = W 2,2(0, 2L) ∩W 1,2
0 (0, 2L). We endow it with the norm

‖u‖2S = ‖u‖2W 2,2(0,2L) = ‖u‖2L2(0,2L) + ‖u̇‖2L2(0,2L) + ‖ü‖2L2(0,2L).

Denote by W any closed subspace of S. Set

a(u, v) =

∫ 2L

0

2u̇v̇

H
ds, b(u, v) =

∫ 2L

0

(
2üv̈

H3
+ (2− λ)Huv

)
ds for any u, v ∈ W.

Consider

(5.3) µW = inf
u∈W,u6=0

b(u, u)

a(u, u)
.

First, we show that (5.3) attains its minimum.

Proposition 5.3. Let W be any closed subspace of S. Then, there exists u ∈ W \ {0} such that

µW =
b(u, u)

a(u, u)
.

In particular, µW > 0.

Proof. Since S is a closed subspace of W 2,2(0, 2L), it is a reflexive Banach space. Since W is closed, it is
a reflexive Banach space as well. By definition, µW > 0. Let (uh)h ⊆ W be a minimizing sequence. Since
a and b are 2-homogeneous, we assume that a(uh, uh) = 1 for any h. Up to a subsequence,

b(uh, uh) 6 µW + 1.

We claim that there exists c1 > 0 such that

(5.4) c1‖u‖2S 6 ‖u‖2L2(0,2L) + ‖ü‖2L2(0,2L) for any u ∈ S.
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Indeed, let u ∈ S. As u(0) = u(2L) = 0, then
∫ 2L

0 u̇ ds = 0. Therefore, by Poincaré-Wirtinger’s inequality
(cf. [7]), there exists c2 > 0 such that

‖u̇‖L2(0,2L) 6 c2‖ü‖L2(0,2L),

and (5.4) follows. Therefore, there exists c̃ > 0 such that

b(uh, uh) > min

{
min
[0,2L]

2

H3
, min

[0,2L]
(2− λ)H

}(
‖uh‖2L2(0,2L) + ‖üh‖2L2(0,2L)

) (5.4)

> c̃‖uh‖2S

In particular, (uh)h is bounded. By reflexivity, up to a subsequence, there exists u ∈ W such that:

(i) uh → u uniformly on [0, 2L];
(ii) u̇h → u̇ uniformly on [0, 2L];
(iii) üh → ü weakly in L2(0, 2L).

Since

v 7→
∫ 2L

0
(2− λ)Hv2 ds, v 7→

∫ 2L

0

2v̇2

H
ds and v 7→

∫ 2L

0

2v̈2

H3
ds

are, respectively, continuous with respect to the strong convergence of L2(0, 2L), continuous with respect
to the strong convergence of L2(0, 2L), and lower-semicontinuous with respect to the weak convergence
of L2(0, 2L), we conclude that a(u, u) = 1, and

µW 6 b(u, u) 6 lim inf
h→∞

b(uh, uh) = µW . �

5.2. Euler-Lagrange equations and regularity. Next, we characterize µW in terms of the Euler-
Lagrange equation associated with (5.1). Indeed, if u ∈ W is a minimizer of (5.3), then u minimizes the
functional

v 7→ b(v, v)− µWa(v, v) =

∫ 2L

0

(
2v̈2

H3
− µW

2v̇2

H
+ (2− λ)Hv2

)
ds, v ∈ W.

Therefore it satisfies the Euler-Lagrange equation

(5.5)

∫ 2L

0
(rüv̈ − µWqu̇v̇ + puv) ds = 0, for any v ∈ W.

Proposition 5.4. Let W be a closed subspace of S satisfying

(5.6)

{
ϕ ∈ C∞c (0, 2L) :

∫ 2L

0
ϕds = 0

}
⊆ W.

Assume that u ∈ W solves (5.5). Then u ∈ C∞[0, 2L].

Proof. Set f = −µW q̇u̇− µWqü− pu. Then f ∈ L2(0, 2L). By (5.6) and (5.5),

T (ϕ) :=

∫ 2L

0
rüϕ̈ ds−

∫ 2L

0
fϕ ds = 0 for any ϕ ∈ C∞c (0, 2L) such that

∫ 2L

0
ϕds = 0.

Let ϕ ∈ C∞c (0, 2L). Let ψ ∈ C∞c (0, 2L) be such that
∫ 2L

0 ψ ds 6= 0, and set

ϕ0 = ϕ−
∫ 2L

0 ϕds∫ 2L
0 ψ ds

ψ

Then
∫ 2L

0 ϕ0 ds = 0, so that

0 = T (ϕ0) = T (ϕ)−
∫ 2L

0 ϕds∫ 2L
0 ψ ds

T (ψ) =

∫ 2L

0
rüϕ̈ ds−

∫ 2L

0

(
f +

T (ψ)∫ 2L
0 ψ dσ

)
ϕds.

In particular, rü ∈ W 2,2(0, 2L), whence u ∈ H4(0, 2L). Bootstrapping this argument, u ∈ H2k(0, 2L) for
any k ∈ N. By [7, Theorem 8.8], u ∈ C∞[0, 2L]. �
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Let u ∈ C∞[0, 2L] be any solution to (5.5). Then, we integrate by parts (5.5) to get

(5.7)

∫ 2L

0

(
(rü)′′ + µW (qu̇)′ + pu

)
v ds+ [rüv̇]2L0 = 0 for any v ∈ W.

In particular, since we are assuming (5.6), there exists ν ∈ R such that

(5.8) (rü)′′ + µW (qu̇)′ + pu = ν on (0, 2L).

5.3. Solutions to (5.8). In this section we find the general solution to

(5.9) (rü)′′ + µ (qu̇)′ + pu = ν on (0, 2L),

where µ > 0 and ν ∈ R. We begin by finding the general solution to its homogeneous counterpart, namely

(5.10) (rü)′′ + µ (qu̇)′ + pu = 0 on (0, 2L),

Proposition 5.5. Let µ0 = − x0
L+x0

+ 2
√

x0
L+x0

. Then, the following facts hold.

(i) Assume that µ < µ0. Then any solution to (5.10) is a linear combination of the functions

(5.11) u1 = cosαθ sinhβθ, u2 = sinαθ coshβθ, u3 = sinαθ sinhβθ, u4 = cosαθ coshβθ,

where

(5.12) α =
1

2

√
µ+

x0

L+ x0
+ 2

√
x0

L+ x0
, β =

1

2

√
−µ− x0

L+ x0
+ 2

√
x0

L+ x0
.

(ii) Assume that µ = µ0. Then any solution to (5.10) is a linear combination of the functions

(5.13) u1 = sinαθ, u2 = cosαθ, u3 = θ sinαθ, u4 = θ cosαθ.

(iii) Assume that µ > µ0. Then any solution to (5.10) is a linear combination of the functions

(5.14) u1 = sin (α− γ) θ, u2 = sin (α+ γ) θ, u3 = cos(α− γ)θ, u4 = cos(α+ γ)θ,

where

(5.15) γ =
1

2

√
µ+

x0

L+ x0
− 2

√
x0

L+ x0
.

Proof. Fix z ∈ C, and set u : [0, 2L]→ C by u(s) = sin zθ(s). Then(
ru′′
)′′

+ µ
(
qu′
)′

+ pu =
(
2H−3(sin zθ)′′

)′′
+ µ

(
2H−1(sin zθ)′

)′
+ (2− λ)H sin zθ

=
(
2zH−3(H cos zθ)′

)′′
+ µ (2z cos zθ)′ + (2− λ)H sin zθ

=
(
−z
(
H−2

)′
cos zθ − 2z2H−1 sin zθ

)′′
+
(
−2µz2 + 2− λ

)
H sin zθ

=
(
−z
(
H−2

)′′
cos zθ − 2z3 cos θ

)′
+
(
−2µz2 + 2− λ

)
H sin zθ

(3.6)
=
((
z(2− λ)− 2z3

)
cos zθ

)′
+
(
−2µz2 + 2− λ

)
H sin zθ

=
(
2z4 − (2µ+ 2− λ)z2 + (2− λ)

)
H sin zθ,

where we used the fact that θ̇ = H and H(H−2)′ = 2(H−1)′. In the same way, v : [0, 2L]→ C defined by
v(s) = cos zθ(s) satisfies(

rv′′
)′′

+ µ
(
qv′
)′

+ pv =
(
2z4 − (2µ+ 2− λ)z2 + (2− λ)

)
H cos zθ.

In particular, u and v solve (5.10) provided that

(5.16) 2z4 − (2µ+ 2− λ)z2 + (2− λ) = 0.

In this case, also the real and imaginary part u and v solve (5.10). When µ < µ0, the four solutions to
(5.16) are ±α ± iβ and ±α ∓ iβ. Hence, the functions u1, . . . , u4 given in (5.11) are solutions to (5.10).
When instead µ > µ0, the four solutions to (5.16) are ±α ± γ and ±α ∓ γ, and the functions given in
(5.14) are solutions to (5.10). Finally, when µ = µ0, (5.16) admits two real solutions, ±α. In particular,
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the functions u1 and u2 given in (5.13) are solutions. We claim that u3 and u4 are solutions too. To this
aim, since µ = µ0,

(5.17) 4α2 = 4

√
x0

L+ x0
and 2− λ+ 2µ = 4

√
x0

L+ x0
.

Therefore,(
ru̇′′
)′′

+ µ
(
qu̇′
)′

+ pu =
(
2H−3(θ sinαθ)′′

)′′
+ 2µ

(
H−1(θ sinαθ)′

)′
+ (2− λ)Hθ sinαθ

=
(
2H−3(H sinαθ + αHθ cosαθ)′

)′′
+ 2µ (sinαθ + αθ cosαθ)′ + (2− λ)Hθ sinαθ

=
(
−
(
H−2

)′
sinαθ + 4αH−1 cosαθ − α

(
H−2

)′
θ cosαθ − 2α2H−1θ sinαθ

)′′
+ 4µαH cosαθ +

(
−2µα2 + (2− λ)

)
Hθ sinαθ

=
((

2− λ− 6α2
)

sinαθ + α
(
2− λ− 2α2

)
θ cosαθ

)′
+ 4µαH cosαθ +

(
−2µα2 + (2− λ)

)
Hθ sinαθ

= 2α
(
2− λ− 4α2 + 2µ

)
H cosαθ +

(
2α4 − (2µ+ 2− λ)α2 + (2− λ)

)
Hθ sinαθ

(5.16)
= 2α

(
−4α2 + 2− λ+ 2µ

)
H cosαθ

(5.17)
= 0,

whence u3 is a solution. Similarly, u4 is a solution too. We are left to prove that the above solutions

are linearly independent. To this aim, let Aij = u
(i−1)
j (0) for i, j = 1, . . . , 4. Then u1, . . . , u4 are linearly

independent if and only if detA 6= 0. Assume first that µ < µ0 and u1, . . . , u4 are the functions given by
(5.11). We recall that

u1 = cosαθ sinhβθ, u2 = sinαθ coshβθ, u3 = sinαθ sinhβθ, u4 = cosαθ coshβθ.

Then,

u̇1 = H (−α sinαθ sinhβθ + β cosαθ coshβθ) , u̇2 = H (α cosαθ coshβθ + β sinαθ sinhβθ) ,

u̇3 = H (α cosαθ sinhβθ + β sinαθ coshβθ) , u̇4 = H (−α sinαθ coshβθ + β cosαθ sinhβθ) .

Moreover,

ü1 = Ḣ (−α sinαθ sinhβθ + β cosαθ coshβθ) +H2
(
−2αβ sinαθ coshβθ +

(
β2 − α2

)
cosαθ sinhβθ

)
,

ü2 = Ḣ (α cosαθ coshβθ + β sinαθ sinhβθ) +H2
(
2αβ cosαθ sinhβθ +

(
β2 − α2

)
sinαθ coshβθ

)
,

ü3 = Ḣ (α cosαθ sinhβθ + β sinαθ coshβθ) +H2
(
2αβ cosαθ coshβθ +

(
β2 − α2

)
sinαθ sinhβθ

)
,

ü4 = Ḣ (−α sinαθ coshβθ + β cosαθ sinhβθ) +H2
(
−2αβ sinαθ sinhβθ +

(
β2 − α2

)
cosαθ coshβθ

)
.

Finally, recalling that θ(0) = 0,

˙̇u̇1(0) =
(
Ḧ(0) +H(0)3

(
β2 − 3α2

))
β,

˙̇u̇2(0) =
(
Ḧ(0) +H(0)3

(
3β2 − α2

))
α,

˙̇u̇3(0) = 6H(0)Ḣ(0)αβ.

Therefore,

A =


0 0 0 1

H(0)β H(0)α 0 u̇4(0)

Ḣ(0)β Ḣ(0)α 2H(0)2αβ ü4(0)(
Ḧ(0) +H(0)3

(
β2 − 3α2

))
β
(
Ḧ(0) +H(0)3

(
3β2 − α2

))
α 6H(0)Ḣ(0)αβ ˙̇u̇4(0)

 .
In particular,

detA = H(0)β
(

6H(0)Ḣ(0)2α2β − 2H(0)2
(
Ḧ(0) +H(0)3

(
3β2 − α2

))
α2β

)
−H(0)α

(
6H(0)Ḣ(0)2αβ2 − 2H(0)2

(
Ḧ(0) +H(0)3

(
β2 − 3α2

))
αβ2

)
= −4H(0)6α2β2

(
α2 + β2

)
.



26 J. POZUELO, S. VERZELLESI, AND G. VIANELLO

Since H(0), α, β 6= 0, we conclude that detA 6= 0. Assume instead that µ > µ0 and u1, . . . , u4 are the
functions given by (5.14). Set z1 = α− γ and z2 = α+ γ. Then z1, z2 ∈ R, z1 6= z2 and

u1 = sin z1θ, u2 = sin z2θ, u3 = cos z1θ, u4 = cos z2θ.

Therefore

u̇1 = Hz1 cos z1θ, u̇2 = Hz2 cos z2θ, u̇3 = −Hz1 sin z1θ, u̇4 = −Hz2 sin z2θ.

Moreover,

ü1 = Ḣz1 cos z1θ −H2z2
1 sin z1θ, ü2 = Ḣz2 cos z2θ −H2z2

2 sin z2θ,

ü3 = −Ḣz1 sin z1θ −H2z2
1 cos z1θ, ü4 = −Ḣz2 sin z2θ −H2z2

2 cos z2θ.

Finally,

˙̇u̇1(0) =
(
Ḧ(0)−H(0)3z2

1

)
z1, ˙̇u̇2(0) =

(
Ḧ(0)−H(0)3z2

2

)
z2,

˙̇u̇3(0) = −3H(0)Ḣ(0)z2
1 , ˙̇u̇4(0) = −3H(0)Ḣ(0)z2

2 .

Therefore,

A =


0 0 1 1

H(0)z1 H(0)z2 0 0

Ḣ(0)z1 Ḣ(0)z2 −H(0)2z2
1 −H(0)2z2

2(
Ḧ(0)−H(0)3z2

1

)
z1

(
Ḧ(0)−H(0)3z2

2

)
z2 −3H(0)Ḣ(0)z2

1 −3H(0)Ḣ(0)z2
2

 .
In particular,

detA = H(0)z1

(
−3H(0)Ḣ(0)2z3

2 +H(0)2
(
Ḧ(0)−H(0)3z2

2

)
z3

2

)
−H(0)z2

(
−3H(0)Ḣ(0)2z1z

2
2 +H(0)2

(
Ḧ(0)−H(0)3z2

1

)
z1z

2
2

)
−H(0)z1

(
−3H(0)Ḣ(0)2z2

1z2 +H(0)2
(
Ḧ(0)−H(0)3z2

2

)
z2

1z2

)
+H(0)z2

(
−3H(0)Ḣ(0)2z3

1 +H(0)2
(
Ḧ(0)−H(0)3z2

1

)
z3

1

)
= −H(0)6z1z2

(
z2

1 − z2
2

)2
.

Since H(0), z1, z2 6= 0 and z1 6= z2, we conclude that detA 6= 0. Finally, assume that µ = µ0 and u1, . . . , u4

are the functions given by (5.13). Recall that

u1 = sinαθ, u2 = cosαθ, u3 = θ sinαθ, u4 = θ cosαθ.

Then,

u̇1 = αH cosαθ, u̇3 = H sinαθ + αHθ cosαθ, u̇4 = H cosαθ − αHθ sinαθ.

Moreover,

ü1 = αḢ cosαθ − α2H2 sinαθ,

ü3 = Ḣ sinαθ + 2αH2 cosαθ + αḢθ cosαθ − α2H2θ sinαθ,

ü4 = Ḣ cosαθ − 2αH2 sinαθ − αḢθ sinαθ − α2H2θ cosαθ.

Finally,

˙̇u̇1(0) = Ḧ(0)α−H(0)3α3,

˙̇u̇3(0) = 6H(0)Ḣ(0)α,

˙̇u̇4(0) = Ḧ(0)− 3H(0)3α2.

Therefore,

A =


0 1 0 0

H(0)α u̇2(0) 0 H(0)

Ḣ(0)α ü2(0) 2H(0)2α Ḣ(0)

Ḧ(0)α−H(0)3α3 ˙̇u̇2(0) 6H(0)Ḣ(0)α Ḧ(0)− 3H(0)3α2

 .
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In particular,

detA = −H(0)α
(

2H(0)2Ḧ(0)α− 6H(0)5α3 − 6H(0)Ḣ(0)2α
)

−H(0)
(

6H(0)Ḣ(0)2α2 − 2H(0)2Ḧ(0)α2 + 2H(0)5α4
)

= 4H(0)6α4.

Since H(0), α 6= 0, we conclude that detA 6= 0. �

As we will see, the study of stability requires to solve (5.8) only when ν = 0. Nevertheless, we find a
particular solution to (5.9) for an arbitrary ν ∈ R for the sake of completeness.

Proposition 5.6. The following facts hold.

(i) If µ 6= 1, then

uν(s) =
ν

(2− λ)(1− µ)
H(s)−1

solves (5.9).
(ii) If µ = 1, then

uν(s) =
ν

2λ
θ(s)(s− L)

solves (5.9).

Proof. Assume first µ 6= 1. For any A ∈ R, set uA = AH−1. Then

(rüA)′′ + µ (qu̇A)′ + puA = A
(
H−3

(
2H−1

)′′)′′
+Aµ

(
H−1

(
2H−1

)′)′
+A(2− λ)

= A

(
H−3

(
H
(
H−2

)′)′)′′
+Aµ

(
H−2

)′′
+A(2− λ)

= A
(
H−2

(
H−2

)′′
+H−3H ′

(
H−2

)′)′′
+Aµ(λ− 2) +A(2− λ)

= A

(
(λ− 2)H−2 − 1

2

((
H−2

)′)2
)′′

+A(2− λ)(1− µ)

= A
(

(λ− 2)
(
H−2

)′ − (H−2
)′ (

H−2
)′′)′

+A(2− λ)(1− µ)

= A(2− λ)(1− µ),

whence uA satisfies (5.9) provided that A = ν
(2−λ)(1−µ) . Assume instead µ = 1. For any α ∈ R, set

uA = A(s− L)θ. Recall that

(5.18)
(
H−2

)′
= −2σ2

π2
(s− L) = − 2x0

L+ x0
(s− L) = −(2− λ)(s− L),

where σ is as in (3.8). Then

(rüA)′′+ (qu̇A)′ + puA = 2A
(
H−3 ((s− L)θ)′′

)′′
+ 2A

(
H−1 ((s− L)θ)′

)′
+A(2− λ)(s− L)θH

= 2A
(
H−3 (θ + (s− L)H)′

)′′
+ 2A

(
H−1θ + s− L

)′
+A(2− λ)(s− L)θH

= 2A
(

2H−2 + (s− L)H−3Ḣ
)′′

+ 4A− 2AθH−2Ḣ +A(2− λ)(s− L)θH

= A
(

4H−2 − (s− L)
(
H−2

)′)′′
+ 4A+AθH

(
H−2

)′
+A(2− λ)(s− L)θH

(5.18)
= A

(
4H−2 − (s− L)

(
H−2

)′)′′
+ 4A

= A
(

3
(
H−2

)′
+ (2− λ)(s− L)

)′
+ 4A

(5.18)
= 2Aλ,

whence uA satisfies (5.9) provided that A = ν
2λ . �
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5.4. Stability. Let γ = γ(x0, L) be the unique critical point of Theorem 3.8. We are in position to prove
that γ is a stable critical point of F − λA. We recall once more that, if V is a two-sided admissible
variation of γ and if ϕ is as in (4.1), then ϕ̇(0) = ϕ̇(2L) = 0. Therefore, following Example 5.1, we solve
(5.3) when

(5.19) W1 =
{
ϕ ∈W 2,2(0, 2L) : ϕ(0) = ϕ(2L) = 0, ϕ̇(0) = ϕ̇(2L) = 0

}
.

Notice that W1 is a closed subspace of S satisfying (5.6). The minimum µW1 , as well as a corresponding
minimizer, can be found as follows.

Proposition 5.7. Let µW1 be as in (5.3). Then µW1 is the minimal µ > 0 with the property that

(5.20)


(rü)′′ + µ (qu̇)′ + pu = 0 on (0, 2L),

u(0) = u(2L) = 0,

u̇(0) = u̇(2L) = 0

admits a non-trivial solution. Moreover, any solution to (5.20) with µ = µW1 is a minimizer of (5.3).

Proof. By Proposition 5.3, (5.3) has a minimizer, say u ∈ W1. In particular, u(0) = u(2L) = 0 and
u̇(0) = u̇(2L) = 0. Moreover, since C∞c (0, 2L) ⊆ W1, u solves (5.8) with ν = 0. Therefore, u solves (5.20)
with µ = µW1 . Assume by contradiction that there exists 0 6 µ̃ < µW1 and ũ ∈ W1 such that ũ solves
(5.20) with µ = µ̃. Multiplying the first equation by ũ, integrating over (0, 2L) and integrating by parts,
we get that

b(ũ, ũ)− µ̃a(ũ, ũ) = 0,

but then µ̃ 6 µW1 , a contradiction. Similarly, any solution to (5.20) with µ = µW1 minimizes (5.3). �

Theorem 5.8. Fix 0 < 3x0 < L. Let γ = γ(x0, L) be the unique critical point of Theorem 3.8. Then

µW1 = µW1

(
x0

L+x0

)
> 1. In particular, there exists CW1 = CW1

(
x0

L+x0

)
> 0 such that

(5.21)

∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds > CW1‖ϕ‖2W 2,2(0,2L)

for any ϕ ∈ W1, so that γ is a stable critical point of F − λA.

Proof. By Proposition 5.7, µW1 is minimal with the property that (5.20) has a solution. Denote such
solution by u. First we show that µW1 > µ0. Assume not by contradiction. Then µW1 satisfies either
µW1 < µ0 or µW1 = µ0. Assume first that µW1 < µ0. Therefore, by Proposition 5.5, there exists
a, b, c, d ∈ R such that

u = a cosαθ sinhβθ + b sinαθ coshβθ + c sinαθ sinhβθ + d cosαθ coshβθ,

where α and β are as in (5.12). Since θ(0) = 0 and u(0) = 0, then d = 0, so that

u̇ = H
[
− aα sinαθ sinhβθ + aβ cosαθ coshβθ + bα cosαθ coshβθ

+ bβ sinαθ sinhβθ + cα cosαθ sinhβθ + cβ sinαθ coshβθ
]
.

Since u̇(0) = 0 and H(0) 6= 0, then aβ + bα = 0. Since α 6= 0, then b = −aβ
α , whence

u = a

(
cosαθ sinhβθ − β

α
sinαθ coshβθ

)
+ c sinαθ sinhβθ,

u̇ = aH

(
−
(
α+

β2

α

)
sinαθ sinhβθ

)
+ cH (α cosαθ sinhβθ + β sinαθ coshβθ) .

Moreover, as u(2L) = u̇(2L) = 0, θ(2L) = 2π, H(0) 6= 0 and α 6= 0, then
a (α cos 2πα sinh 2πβ − β sin 2πα cosh 2πβ) + cα sin 2πα sinh 2πβ = 0

a
(
−
(
α+ β2

α

)
sin 2πα sinh 2πβ

)
+ c (α cos 2πα sinh 2πβ + β sin 2πα cosh 2πβ) = 0.

The above is a linear, homogeneous system in the variables a and c. We denote its coefficient matrix by
M . Since u 6= 0, then (a, b) 6= (0, 0). Therefore, the determinant of M vanishes. But

detM = α2 cos2 2πα sinh2 2πβ − β2 sin2 2πα cosh2 2πβ +
(
α2 + β2

)
sin2 2πα sinh2 2πβ

= α2 sinh2 2πβ − β2 sin2 2πα.
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Therefore, as α, β 6= 0, detM = 0 if and only if(
sin 2πα

α

)2

=

(
sinh 2πβ

β

)2

.

However, this is impossible, because, as α, β > 0,(
sin 2πα

α

)2

< 4π2 and

(
sinh 2πβ

β

)2

> 4π2,

and so µW1 > µ0. Instead, assume that µW1 = µ0. By Proposition 5.5, there exist a, b, c, d ∈ R such that

u = a sinαθ + b cosαθ + cθ sinαθ + dθ cosαθ.

Since θ(0) = 0 and u(0) = 0, then b = 0, so that

u̇ = aαH cosαθ + cH sinαθ + cαHθ cosαθ + dH cosαθ − dαHθ sinαθ.

Since u̇(0) = 0 and θ(0) = 0, then aαH(0) + dH(0) = 0. But H(0) 6= 0, whence d = −aα, and

u = a (sinαθ − αθ cosαθ) + cθ sinαθ,

u̇ = aα2Hθ sinαθ + cH (sinαθ + αθ cosαθ) .

As u(2L) = u̇(2L) = 0, θ(2L) = 2π and H(0) 6= 0, then{
a (sin 2πα− 2πα cos 2πα) + c (2π sin 2πα) = 0,

a
(
2πα2 sin 2πα

)
+ c (sin 2πα+ 2πα cos 2πα) = 0.

Again, if M is the coefficient matrix of the above system, then detM = 0. But

detM = sin2 2πα− 4π2α2 cos2 2πα− 4π2α2 sin2 2πα = sin2 2πα− 4π2α2.

But since α 6= 0, detM = 0 if and only if (
sin 2πα

2πα

)2

= 1,

which is impossible. Therefore, µW1 > µ0. By Proposition 5.5, there are a, b, c, d ∈ R such that

u = a sin z1θ + b sin z2θ + c cos z1θ + d cos z2θ,

where z1 = α− γ, z2 = α+ γ and γ is as in (5.15). Since u(0) = 0 and θ(0) = 0, then d = −c, whence

u̇ = H (az1 cos z1θ + bz2 cos z2θ − cz1 sin z1θ + cz2 sin z2θ) .

By u̇(0) = 0 and H(0) 6= 0, az1 + bz2 = 0. Since z2 6= 0, b = −az1
z2

, whence

u = a

(
sin z1θ −

z1

z2
sin z2θ

)
+ c (cos z1θ − cos z2θ) ,

u̇ = aH (z1 cos z1θ − z1 cos z2θ) + cH (−z1 sin z1θ + z2 sin z2θ) .

As u(2L) = u̇(2L) = 0, θ(2L) = 2π, then{
a (z2 sin 2πz1 − z1 sin 2πz2) + c (z2 cos 2πz1 − z2 cos 2πz2) = 0,

a (z1 cos 2πz1 − z1 cos 2πz2) + c (−z1 sin 2πz1 + z2 sin 2πz2) = 0.

Again, detM = 0. But

detM = −z1z2 sin2 2πz1 + z2
2 sin 2πz1 sin 2πz2 + z2

1 sin 2πz1 sin 2πz2 − z1z2 sin2 2πz2

− z1z2 cos2 2πz1 + 2z1z2 cos 2πz1 cos 2πz2 − z1z2 cos2 2πz2

= 2z1z2 (cos 2πz1 cos 2πz2 − 1) +
(
z2

1 + z2
2

)
sin 2πz1 sin 2πz2

=
(
α2 − γ2

)
(cos 4πα+ cos 4πγ − 2) +

(
α2 + γ2

)
(cos 4πγ − cos 4πα)

= −2γ2 cos 4πα+ 2α2 cos 4πγ − 2α2 + 2γ2

= 2γ2 (1− cos 4πα)− 2α2 (1− cos 4πγ)

= 4γ2 sin2 2πα− 4α2 sin2 2πγ.
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Therefore detM = 0 if and only if

(5.22)

(
sin 2πα

α

)2

=

(
sin 2πγ

γ

)2

.

Assume by contradiction that µW1 6 1. Notice that, since µ > µ0,

(5.23) µW1 −
x0

L+ x0
> 2

(
− x0

L+ x0
+

√
x0

L+ x0

)
> 0,

where the last inequality follows since x0
L+x0

6 1. Therefore

(α+ γ)2 = α2 + γ2 + 2αγ

=
1

4

2µW1 +
2x0

L+ x0
+ 2

√(
µW1 +

x0

L+ x0

)2

− 4x0

L+ x0


=

1

4

2µW1 +
2x0

L+ x0
+ 2

√(
µW1 −

x0

L+ x0

)2


(5.23)
= µW1 .

In particular, since α, γ > 0, then α + γ =
√
µW1 6 1. Moreover, as γ < α, then γ ∈

(
0, 1

2

)
. Set

f(x) =
(

sin 2πx
x

)2
. Notice that f ′(x) =

(
2 sin 2πx

x

) (
2πx cos 2πx−sin 2πx

x2

)
. But 2πx cos 2πx − sin 2πx < 0 on(

0, 1
2

)
, whence f is strictly decreasing, and hence injective, on

(
0, 1

2

]
. In particular, α ∈

(
1
2 , 1
)
, since

otherwise the injectivity of f on
(
0, 1

2

]
and the fact that α 6= γ would contradict (5.22). Since α ∈

(
1
2 , 1
)
,

then 1−α ∈
(
0, 1

2

)
, and moreover, since α+γ 6 1, then 1−α > γ. Finally, α ∈

(
1
2 , 1
)

implies 1
α2 <

1
(1−α)2

.

In conclusion, (
sin 2πα

α

)2

<

(
sin 2πα

1− α

)2

=

(
sin 2π(1− α)

1− α

)2

6

(
sin 2πγ

γ

)2

,

a contradiction with (5.22). Therefore, µW1 > 1. The rest of the thesis follows by Corollary 4.4. �

5.5. One-sided area-preserving stability. As already pointed out, we do not enter in the case de-
scribed in Example 5.2. We limit to detect the relevant boundary value problem associated with it.

Proposition 5.9. Let

W2 =

{
ϕ ∈W 2,2(0, 2L) : ϕ(0) = ϕ(2L) = 0,

∫ 2L

0
ϕ = 0

}
.

Let µW2 be as in (5.3). Then µW22 is the minimal µ > 0 with the property that

(5.24)



(rü)′′ + µ (qu̇)′ + pu = ν on (0, 2L),

u(0) = u(2L) = 0,

ü(0) = ü(2L) = 0∫ 2L

0
u ds = 0.

admits a non-trivial solution for some ν ∈ R. Moreover, any solution to (5.24) with µ = µW2 is a
minimizer of (5.3).

Proof. By Proposition 5.3, (5.3) has a minimizer, say u ∈ W22. In particular, u(0) = u(2L) = 0 and∫ 2L
0 u ds = 0. Moreover, recall that there exists ν ∈ R such that u solves (5.8). Finally, by (5.7) and (5.8),

and recalling that r(0) = r(2L) > 0,

ü(0)v̇(0) = ü(2L)v̇(2L) for any v ∈ W.

In particular, ü(0) = ü(2L) = 0. Therefore, u solves (5.20) with µ = µW2 . The rest of the proof follows
as in the proof of Proposition 5.7. �
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6. Local minimality

This section is dedicated to show that given x0, L > 0 with 3x0 < L, the critical point γ(x0, L) found
in Proposition 3.6 is a local minimizer of F − λA with respect to normal geodesic variations. The proof
of this fact strongly relies on the lower bound for the second variation of F −λA given in Proposition 5.7.
We recall that

W1 =
{
ϕ ∈W 2,2(0, 2L) : ϕ(0) = ϕ(2L) = 0, ϕ̇(0) = ϕ̇(2L) = 0

}
.

Theorem 6.1. Fix x0,A0 > 0 with 3
2πx

2
0 < A0. Let γ = γ(x0, L(x0,A0)) be the critical point given by

Theorem 3.8. Let λ = λ(x0, L(x0,A0)) be the constant given in (3.7). Let W1 be as in (5.19). Then,
there exists ε = ε(x0,A0) > 0 such that for all ϕ ∈ W1 ∩ C2[0, 2L] with ϕ 6≡ 0 and

‖ϕ‖C2(0,2L) 6 ε,

it holds that

(F − λA)(γ) < (F − λA)(γ + ϕN),

that is, γ is a minimizer for F − λA among small normal geodesic variations of γ. In particular, if
A(γ) = A(γ + ϕN), then

F(γ) < F(γ + ϕN),

that is, γ is an area-preserving minimizer of F

Proof. Fix ϕ ∈ W1 ∩ C2[0, 2L], and set V(s, t) = γ(s) + t ϕ(s)N(s). As usual, denote by γt = V(·, t) =
(xt, yt) and by Ht the curvature of γt. Consider the Lagrangian function

L (q, z, r) =
(z2

1 + z2
2)2

z1r2 − z2r1
− λ

2
(q1z2 − q2z1) where q = (q1, q2), z = (z1, z2), r = (r1, r2).

By the definition of F − λA, we have

(F − λA)(γt) =

∫ 2L

0
L (γt(s), γ̇t(s), γ̈t(s)) ds.

Let q(s), r(s) and z(s) be such that

(6.1) γt(s) = γ(s) + t q(s), γ̇t(s) = γ̇(s) + t r(s) and γ̈t(s) = γ̈(s) + t z(s).

From now on, we will omit the dependence on s for the functions that appear along the proof, when this
does not create confusion. By the definition of γt, q = ϕN . Then a simple computation allows us to find
the components of r and z:

r1 = ϕ̇ẏ + ϕÿ r2 = −ϕ̇ẋ− ϕẍ
z1 = ϕ̈ẏ + 2ϕ̇ÿ + ϕ˙̇ẏ z2 = −ϕ̈ẋ− 2ϕ̇ẍ− ϕ˙̇ẋ.

(6.2)

Denote by U := (q, r, z). Thanks to (6.1), we can apply the Taylor expansion formula with Lagrange
remainder to L (γt, γ̇t, γ̈t), for t = 1, deducing that, for a suitable τ = τ(s) ∈ (0, 1),

L (γ1, γ̇1, γ̈1) = L (γ, γ̇, γ̈) + 〈∇L (γ, γ̇, γ̈), U〉+
1

2

〈
∇2L (γτ , γ̇τ , γ̈τ )U,U

〉
= L (γ, γ̇, γ̈) + 〈∇L (γ, γ̇, γ̈), U〉+

1

2

〈
∇2L (γ, γ̇, γ̈)U,U

〉
+ 〈RτU,U〉,

(6.3)

where Rτ := 1
2

(
∇2L (γτ , γ̇τ , γ̈τ )−∇2L (γ, γ̇, γ̈)

)
. We now observe that

(6.4)

∫ 2L

0
〈∇L (γ, γ̇, γ̈), U〉 ds = 0,

because γ is critical for F − λA, and, by the expression for the second variation of F − λA at γ provided
by (4.18), we also deduce that

(6.5)
1

2

∫ 2L

0

〈
∇2L (γ, γ̇, γ̈)U,U

〉
ds >

∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds.

Therefore, integrating (6.3) and applying (6.4) and (6.5), we infer that

(6.6) (F − λA)(γ1) > (F − λA)(γ) +

∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+

∫ 2L

0
〈RτU,U〉 ds.
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We estimate the second integral on the right hand side of (6.6). First we observe that

(6.7) |〈RτU,U〉| 6 |RτU | |U | 6 |Rτ | |U |2 .
Moreover, by the definition of U , there exists C1 = C1(x0,A0) > 0 with the property that, for every s,

(6.8) |U(s)| 6 C1 sup{|ϕ(s)|, |ϕ̇(s)|, |ϕ̈(s)|},
and so in particular, for some C2 = C2(x0,A0) > 0,

(6.9) ‖U‖C0[0,2L] 6 C2‖ϕ‖C2[0,2L] 6 C2 ε.

Consider K := {(γt(s), γ̇t(s), γ̈t(s)) : s ∈ [0, 2L] and 0 6 t 6 1}. Recalling that (γ(s), γ̇(s), γ̈(s)) + t U(s),
by the estimate (6.9), if we take ε > 0 small enough, we can choose C3 = C3(x0,A0) > 0 such that

‖∇3L ‖C0(K) 6 C3.

Hence, we have

(6.10) |Rτ (s)| = 1

2
|∇2L (γτ (s), γ̇τ (s), γ̈τ (s))−∇2L (γ(s), γ̇(s), γ̈(s))| 6 C3

2
|U(s)|.

Thus, (6.7) in combination with (6.10) and (6.8) ensure that, for some C4 = C4(x0,A0) > 0,∫ 2L

0
〈RτU,U〉 ds 6

C3
1 C3

2

∫ 2L

0
sup{|ϕ|, |ϕ̇|, |ϕ̈|}3ds 6 C4 ‖ϕ‖C2[0,2L] ‖ϕ‖2W 2,2(0,2L).(6.11)

Expression (6.11) together with (5.21) gives that∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+

∫ 2L

0
Rτ (s) ds > CW1‖ϕ‖2W 2,2(0,2L)

(
1− C4

CW1

‖ϕ‖C2[0,2L]

)
,

and consequently, if we pick ε sufficiently small,∫ 2L

0

(
(2− λ)Hϕ2 − 2ϕ̇2

H
+

2ϕ̈2

H3

)
ds+

∫ 2L

0
Rτ (s) ds >

CW1

2
‖ϕ‖2W 2,2(0,2L) > 0.(6.12)

Loading (6.12) inside (6.6) we finally conclude that

(F − λA)(γ) 6 (F − λA)(γ1) = (F − λA)(γ + ϕN) whenever ‖ϕ‖C2[0,2L] 6 ε.

Clearly, if (F − λA)(γ) = (F − λA)(γ + ϕN) for some ϕ satisfying ‖ϕ‖C2[0,2L] 6 ε, then (6.6) and (6.12)
imply that ‖ϕ‖W 2,2(0,2L) = 0, i.e., ϕ ≡ 0. �
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