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Abstract. For any fixed Q ∈ N, we construct a positive measure on the space of positively oriented
2-vectors in R4, whose barycenter is a simple 2-vector, yet which cannot be approximated by weighted
Gaussian images of Lipschitz Q-graphs. The construction extends to positively oriented m-vectors in Rn

whenever n− 2 ≥ m ≥ 2. This geometric obstruction implies that the approximation result established in
[20] is sharp: all Q ∈ N are indeed necessary to ensure the density of weighted Gaussian images of Lipschitz
multigraphs in the space of positive measures with simple barycenter. As an application, we prove that for
every Q ≥ 1 and p ≥ 2 there exists a non-polyconvex Q-integrand whose associated energy is weakly lower
semicontinuous in W 1,p. This also provides new insight into the question posed in [20, Remark 1.14].

1. Introduction

Given a function ψ : R(n−m)×m → [0,∞) and an integer Q ∈ N, we define the ψ-energy of a weakly
differentiable Q-valued map f : B ⊆ Rm → AQ(Rn−m) as

(1.1) Eψ(f) =

ˆ
B

Q∑
i=1

ψ
(
(Df(x))i

)
dx =:

ˆ
B
ψ̄(Df(x)) dx.

Although this definition depends on the value of Q, we will omit this dependence from the notation for
simplicity. This energy was studied by De Rosa, Lei and Young in [20], and the definition is well posed,
as it is invariant under permutations of {1, . . . , Q}. Geometrically, Eψ(f) is relevant as it represents the
ψ-anisotropic energy of the Q-valued graph of f , interpreted as a current.

The functional Eψ is a particular case of a broader class of energies associated with Q-integrands,
introduced by De Lellis, Focardi, and Spadaro in [12, Section 0.1]. A Q-integrand is a function F :

(Rn−m)Q × (R(n−m)×m)Q → [0,∞) satisfying for every permutation σ of {1, ..., Q} the invariance

F (a1, ..., aQ, X1, ..., XQ) = F (aσ(1), ..., aσ(Q), Xσ(1), ..., Xσ(Q)).

Thus, such integrand induces an anisotropic energy functional on Q-valued maps via

F : f ∈ Lip(B;AQ(Rn−m)) 7→
ˆ
B
F
(
(f(x))1, . . . , (f(x))Q, (Df(x))1, . . . , (Df(x))Q

)
dx.

While the integrand ψ̄ defined in (1.1) is indeed a Q-integrand, the converse is not generally true: not
every Q-integrand arises from a scalar function ψ as in (1.1).

In the study of existence and regularity of minimizers [3, 4, 11, 15, 17, 23, 28, 29, 34]—and more
generally, of critical points—for anisotropic geometric variational problems, it is essential to impose
suitable ellipticity conditions on the anisotropic integrands; see, for instance, the survey [18].

For Q = 1, the notions of polyconvexity and quasiconvexity for ψ are classical in the nonlinear analysis
literature; see [31, Definition 4.2]. Polyconvexity corresponds to convexity in the space of d-vectors, as
clarified in [20, Remark 1.4], and plays a central role in the regularity theory of anisotropic minimal
graphs [21, 22, 26, 39, 41]. Quasiconvexity, on the other hand, is equivalent to the lower semicontinuity
of the energy Eψ under growth conditions, and is therefore fundamental in establishing the existence of
minimizers. We refer the reader to the foundational works by Acerbi and Fusco [1], Fonseca [24], and
Fonseca and Müller [25], and to the books [9, 31, 32] for details.

It is by now classical that polyconvexity implies quasiconvexity, but the converse fails in general. In
particular, Šverák [37], and independently Alibert and Dacorogna [2], in the Q = 1 setting constructed
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a continuous function ψ : R2×2 → [0,∞) that is quasiconvex but not polyconvex, see also [27]. Earlier
examples of quasiconvex quadratic forms on R3×3 that are not polyconvex can be found in [6, 35, 40].
However, it is known that every quasiconvex quadratic form on R2×2 is polyconvex [35, 40], which
highlights the significance of the counterexamples in [37, 2]. In general, constructing explicit quasiconvex
integrands is not an easy task, see [38].

The gap between polyconvexity and quasiconvexity is intimately related to the existence of positive
measures on positively oriented 2-vectors in R4 whose barycenter is a simple 2-vector, but which cannot
be approximated by weighted Gaussian images of Lipschitz graphs. We refer the reader to [32, Chap-
ters 4, 5, 6] for an extensive discussion on Young measures that are not gradient Young measures, and the
connection with quasiconvexity. As it will become clearer after Section 2, polyconvexity and quasiconvex-
ity correspond to Jensen-type inequalities for different classes of measures. For a polyconvex integrand,
Jensen inequality holds for every probability measure on the positively oriented simple 2-vectors with
simple barycenter. Quasiconvexity imposes Jensen inequality only for measures generated by gradients,
that is, measures that are limits of weighted Gaussian images of Lipschitz graphs. Hence a positive
measure with simple barycenter which is not generated by Lipschitz graphs can be potentially used to
show the existence of quasiconvex integrands which are not polyconvex.

For every Q ∈ N, the analogues of polyconvexity and quasiconvexity for Q-integrands were introduced
and studied by De Lellis, Focardi, and Spadaro [12], building on earlier work by Mattila [30]. The main
result of [12] establishes the equivalence between the quasiconvexity of continuous Q-integrands and the
lower semicontinuity of the associated energy functionals. As in the classical case, quasiconvexity is
thus the appropriate notion to ensure the existence of minimizers among Q-valued maps. Already in
[30, Introduction], Mattila raised the question of the relationship between these ellipticity conditions for
Q-integrands.

One of the main results of this paper is to show that, analogously to classical 1-integrands, the lower
semicontinuity of the energy functional associated to a lower semicontinuous Q-integrand does not imply
polyconvexity. We state below the theorem, referring the reader to Section 2 for the relevant notation
and terminology:

Theorem 1.1. Let m = 2 and n = 4. For every Q ≥ 1 and p ≥ 2 there exists a non-polyconvex
Q-integrand whose associated energy is weakly lower semicontinuous in W 1,p.

We do not claim that the integrand in Theorem 1.1 is quasiconvex. As previously mentioned, in
the case of continuous Q-integrands, quasiconvexity is equivalent to weak lower semicontinuity of the
associated energy [12, Theorem 0.2]. However, continuity of the integrand is not guaranteed in our
setting, where the integrand is constructed as an envelope (4.2) that may in general only be lower
semicontinuous. Consequently, the quasiconvexity of the resulting envelope, in the sense of Definition 2.2,
is not a consequence of the lower semicontinuity of the energy proved in Theorem 1.1, and remains unclear
in general. We establish instead a slightly different property of the constructed integrand (see Property A),
which is sufficient to prove the lower semicontinuity of the associated energy in Theorem 1.1. For this
reason we formulate Theorem 1.1 directly in terms of lower semicontinuity of the associated energy. In
particular, the theorem shows that polyconvexity is not necessary for lower semicontinuity of the energy
in the Q-valued framework; see also the discussion below and Section 4.5.

Theorem 1.1 relies on our main technical contribution, which we state below, that establishes the
existence, for any fixed Q ∈ N, of a measure on positively oriented 2-vectors in R4, with simple barycenter,
that cannot be approximated by weighted Gaussian images of Lipschitz Q-graphs. We again refer the
reader to Section 2 for the related notation:

Theorem 1.2. For any fixed Q ∈ N, there exists a measure µ on the positively oriented Grassmannian

G̃r
+
(2, 4) whose barycenter is parallel to the simple 2-vector e1 ∧ e2, with the following property. The

measure µ cannot be approximated (in the weak-* topology) by weighted Gaussian images of Q-graphs
associated to Q-valued Lipschitz functions f : B ⊆ R2 → AQ(R2) with f⌞∂B ≡ Q[0].

Theorem 1.2 should be compared with [20, Theorem 1.5], where De Rosa, Lei, and Young proved that
every measure supported on positively oriented m-vectors in Rn, whose barycenter is a simple m-vector,
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can be approximated by weighted Gaussian images of Lipschitz Q-valued graphs, with Q possibly tending
to +∞. Our result thus shows that [20, Theorem 1.5] is sharp: in some cases it is necessary to allow Q
to tend to +∞ for the approximation to hold.

The applications of [20, Theorem 1.5] were twofold. First, it was crucial in the proof of [20, The-
orem 1.16], establishing that polyconvexity of geometric integrands is necessary for the validity of the
rectifiability theorem for anisotropic stationary varifolds proved by De Philippis, De Rosa, and Ghiraldin
[16, Theorem 1.2]. This strengthened the earlier result [19, Theorem A], which showed the necessity of
quasiconvexity for rectifiability. Second, [20, Theorem 1.5] played a central role in proving that a classical
integrand ψ is elliptic for multigraphs—i.e., the function ψ̄ defined in (1.1) is a quasiconvex Q-integrand
for every Q ∈ N—if and only if ψ is polyconvex; see [20, Theorem 1.8].

We stress that [20, Remark 1.14] remains an open question: whether there exists Q ∈ N such that,

for every continuous integrand ψ ∈ C0(R(n−m)×m, [0,∞)), the condition that ψ̄ defined in (1.1) is a
quasiconvex Q-integrand implies that ψ is polyconvex. As discussed above, this question is closely tied
to the approximability of a measure on the oriented Grassmannian with simple barycenter by means of
Gaussian images of Lipschitz Q-valued maps with Q bounded.

At the level of measures, Theorem 1.2 shows that such an approximation with any fixed Q fails: for
every fixed Q we exhibit a positive measure with simple barycenter which is not a weak-* limit of weighted
Gaussian images of Lipschitz Q-graphs. Therefore, for any fixed Q, Q-quasiconvexity does not provide all
the Jensen inequalities needed for polyconvexity. This gives a geometric reason why the use of arbitrarily
large Q in [20, Theorem 1.8] is essential. The remaining difficulty is analytic: one would need a precise
characterization, within the restricted class of integrands of the form ψ̄, of the relevant quasiconvex
envelope. The natural candidate envelope discussed in Section 4 may be merely lower semicontinuous,
and hence may lie outside the continuous framework of [12]. A further obstruction is specific to the

multivalued setting. The natural envelope is defined on pairs (a,X) ∈ AQ(Rn−m × R(n−m)×m), and it
is not clear whether it can be represented by an integrand depending only on the gradient variable, let
alone by an integrand of the form ψ̄. This reflects the fact that, for Q-valued maps, the differential alone
does not determine the first-order Taylor approximation. These obstructions are discussed further in
Remark 4.14.

Structure of the paper. In Section 2, we collect the necessary preliminaries and fix the notation.

In Section 3, we prove Theorem 1.2, the first main result of the paper. More precisely, we construct

a measure µ on the positively oriented Grassmannian G̃r
+
(2, 4), whose barycenter is a simple 2-vector,

and which cannot be approximated–for fixed Q ∈ N–by weighted Gaussian images of Lipschitz Q-graphs.

While our construction is carried out in dimensions (2, 4), it can be extended to G̃r
+
(m,n) for every

n− 2 ≥ m ≥ 2, as outlined in Remark 3.7.

This result is the multivalued graphical analogue of a theorem by Burago and Ivanov [7, Theorem 4],

which demonstrates the existence of measures on the oriented Grassmannian G̃r(2, 4) that cannot be
approximated by weighted Gaussian images of surfaces bounded by simple planar curves. In particular,
Theorem 1.2 shows that the approximation theorem [20, Theorem 1.5] is sharp: although [20] establishes

that every positive measure on G̃r
+
(m,n) with simple barycenter can be approximated by Gaussian

images of Lipschitz multigraphs, this approximation requires allowing arbitrary values of Q. Beyond
their intrinsic geometric significance, such filling results have key applications to the study of ellipticity
conditions for anisotropic integrands. Indeed, [20, Theorem 1.8] depends crucially on [20, Theorem 1.5],
just as the equivalence between elliptic and convex hulls in [7, Theorem 3] implies the approximation
result [7, Theorem 2].

In Section 4 we construct a non-polyconvex Q-integrand with associated energy that is lower semi-
continuous. To this aim, we first define a 1-integrand ψ on R2×2, which vanishes on (and only on) the
support of the measure µ constructed in Theorem 1.2. Then we would like to characterize the quasi-
convex envelope of the associated Q-integrand ψ̄. However, carrying this out is technically challenging.
The key difficulty is that the usual explicit candidate A for the quasiconvex envelope (4.2)—in the spirit
of Dacorogna’s formula for quasiconvex envelopes of 1-integrands (see [9, Section 6.3], [8])—produces a
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Q-integrand that in general may be just lower semicontinuous, rather than continuous. As discussed
in greater detail in Remark 4.9, if a sequence of Q-matrices with Q distinct values of multiplicity one
converges to a Q-matrix supported on the same value with multiplicity Q, there may be a lower semicon-
tinuity gap. Indeed the class of competitors for the envelope (4.2) evaluated at the limit is strictly larger
than the class of competitors for the envelope evaluated along the sequence. As a result, the continuous
framework developed in [12] cannot be directly applied. We thus undertake a careful analysis of the
envelope A of the integrand ψ, culminating in Theorem 4.10. In this result, we show that the integrand
A gives rise to a weakly lower semicontinuous energy on W 1,p for every p ≥ 2.

The potential loss of continuity motivates us to introduce a slight variation of quasiconvexity: Prop-
erty A. For lower semicontinuous integrands with the same type of dependence as A, this condition is
essentially equivalent to weak lower semicontinuity of the associated energy functional, as shown in Propo-
sition 4.11. In general, this condition is weaker than the quasiconvexity introduced in [12]. Nonetheless,
when the Q-integrand is continuous, Property A is equivalent to quasiconvexity.

A key technical tool we use in the proofs of Section 4 is the piecewise affine approximation Lemma 5.1,
proved in Section 5. Inspired by [10], it provides an approximation of the energy of a Lipschitz Q-valued
map by Q-valued functions that are piecewise affine outside a set of arbitrarily small measure. This
lemma is instrumental in our study of quasiconvex envelopes for Q-integrands and we believe it is of
independent interest.

Acknowledgment. Both authors were funded by the European Union: the European Research
Council (ERC), through StG “ANGEVA”, project number: 101076411. Views and opinions expressed
are however those of the authors only and do not necessarily reflect those of the European Union or
the European Research Council. Neither the European Union nor the granting authority can be held
responsible for them.

2. Notation and preliminaries

Let n,m ∈ N with n > m. Throughout the paper we will mostly focus on m = 2, n = 4.

We will use B to denote the unit open ball in Rm, while B(x, r) denotes the open ball of center x and
radius r in Rn. We let D denote the unit cube (−1

2 ,
1
2)
m in Rm and D(x, r) = x+(− r

2 ,
r
2)
m. We will also

denote by {ei}i=1,...,n the standard basis in Rn, and eij = ei ∧ ej .
Furthermore, for every x ∈ Rm we denote by [x] the Dirac mass in x.

2.1. Currents. We recall some basic definitions of the theory of currents, referring to [36] for additional
material.

We denote by
∧mRn the set of m-vectors in Rn and with G̃r(m,n) the oriented Grassmannian of

oriented m-planes in Rn. We also use (
∧mRn)+ to denote the subset of

∧mRn of m-vectors whose
projection on Rm ⊂ Rn is positively oriented. An m-current T is an element in the dual of the space
C∞
c (Rn;

∧mRn) =: Dm(Rn) of differential m-forms on Rn. The boundary of a current T is the (m− 1)-
current defined by ∂T (η) := T (dη) for every η ∈ Dm−1(Rn). The mass of the m-current T is defined as
M(T ) := sup{T (η) : η ∈ Dm(Rn), |η| ≤ 1}. We define a rectifiable m-current T ∈ Rm(Rn) as a couple
T = (M, θω), where M is an m-rectifiable set in Rn, θ : M → R is a locally Hm-integrable positive
function (the multiplicity) and ω : M →

∧mRn is an Hm-measurable function (the orientation) such
that for Hm-a.e. point x ∈ M , ω(x) can be expressed in the form v1 ∧ · · · ∧ vm, where v1, . . . , vm form

an orthonormal basis for TxM ∈ G̃r(m,n), the approximate tangent space to M at x. The orientation

field is TM : M → G̃r(m,n). We will often identify G̃r(m,n) with unit simple m-vectors in
∧mRn by

identifying TxM with ω(x). We define an integer-rectifiable m-current (integral current) T ∈ Im(Rn) as a
rectifiable m-current T = (M, θω) where θ takes only integer values. As a particular instance of integral
current, for every oriented m-dimensional rectifiable surface Σ in Rn we denote the fundamental class of
Σ, i.e., the multiplicity-one integral current associated to Σ, with JΣK := (Σ, ω) ∈ Im(Rn), where ω(x) is
an m-vector representing the oriented tangent space TxΣ to Σ at x.

We also recall the notions of push-forward and slicing of a current. Given an integer-rectifiable m-
current T = (M, θω) and a Lipschitz function f : Rn → R, we define the slice of T by f at H1-a.e.
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t ∈ R by ⟨T, f, t⟩ := (Mt, θtωt) where Mt = f−1(t), θt = (θ⌞Mt)χ{∇Mf ̸=0} and ωt = ω⌞ ∇Mf
|∇Mf | . For

H1-a.e. t ∈ R the slice ⟨T, f, t⟩ is well-defined and is an integral (m− 1)-current. Given a Lipschitz map
f : U ⊆ Rm → V ⊆ Rn with V open, if f is proper, i.e. it satisfies f−1(K)∩ spt(T ) is a compact subset of
U whenever K is a compact subset of V , the push-forward of T ∈ Rℓ(Rm) by f is the rectifiable ℓ-current
on Rn defined by f♯T (η) =

´
M θ(x)⟨(η(f(x)), (df♯ω)(x)⟩ dHℓ(x) for every η ∈ Dℓ(V ), where df♯ denotes

the standard push-forward of ℓ-vectors induced by the 1-form df .

Lastly, for a rectifiable m-current T = (M, θω) ∈ Rm(Rn), we define the weighted Gaussian image

γT ∈ M(G̃r(m,n)) of T as the pushforward P♯(θHm⌞M) of the measure θHm⌞M under the orientation

field P :M → G̃r(m,n).

2.2. Multivalued maps. For a given integer Q ≥ 1 we define the space of Q-points in Rn as

AQ(Rn) :=

{
Q∑
i=1

[xi] : xi ∈ Rn for every i = 1, . . . , Q

}
,

equipped with the following distance G. Given two Q-points x =
∑

i[xi], y =
∑

i[yi] ∈ AQ(Rn) we denote

G(x, y) = min
σ∈PQ

√∑
i

|xi − yσ(i)|2,

where PQ denotes the group of permutations of {1, . . . , Q}. We can identify AQ(Rn) with the configu-

ration space (Rn)Q/Sym(Q). Whenever clear from the context, we simply write AQ instead of AQ(Rn).
Translations are well-defined in AQ only by points of full multiplicity. Given x ∈ Rn we denote by
τxy =

∑
j [yj + x] the translation by the point Q[x] ∈ AQ.

Following the intrinsic approach of [14], a Q-valued function is a map from an open set U ⊆ Rm to the
metric space (AQ,G). Continuous, Lipschitz, Hölder and Lebesgue measurable functions from U to AQ

are defined in the usual way. A multigraph Tf is the graph of the Q-valued function f , defined by

Tf = {(x, y) ∈ U × Rn, y ∈ spt(f(x))};
note that for all x, spt(f(x)) has cardinality at most Q.

Given f : U → AQ and x ∈ U , we say that f is differentiable at x0 ∈ U if there exist Q matrices Li
such that the first order Taylor approximation

Tx0f(x) =
∑
i

[Li · (x− x0) + fi(x0)]

satisfies G(f(x), Tx0f(x)) = o(|x − x0|) and Li = Lj if fi(x0) = fj(x0). The point
∑

i[Li] is called the
differential of f at x0 and will be denoted Df(x0) =

∑
i[Dif(x0)] for Li = Dfi(x0). Let us make the

relevant observation that the differential Df(x0) of a Q-valued function f does not uniquely determine
its first-order approximation Tx0f . To overcome this ambiguity, the differentials Dfi(x0) need to be
associated to the values fi(x0). This will be the reason of introducing Definition 4.1.

A selection of a Q-valued map f : U → AQ on a set U ′ ⊆ U ⊆ Rm is a family of single-valued maps

f1, . . . , fQ : U ′ → Rn such that f(x) =
∑Q

i=1[fi(x)] for every x ∈ U ′. We say the selection is local if
|U \ U ′| > 0, while it is global if |U \ U ′| = 0. Measurable Q-valued functions always admit a global
measurable selection. In general, this is not the case if one requires more regularity on the function and
on the selection.

A measurable Q-valued function f : U → AQ is in the Sobolev class W 1,p (1 ≤ p ≤ ∞) if there exists
φ ∈ Lp(U ; [0,+∞)) such that

(i) x 7→ G(f(x), T ) ∈W 1,p(U) for all T ∈ AQ;
(ii) |D G(f, T )| ≤ φ a.e. in U for all T ∈ AQ.

As for classical Sobolev maps, an important feature of Sobolev Q-valued functions is the existence of
the approximate differential (in the sense above) Df almost everywhere. Moreover, the map Df is

Lp integrable, meaning that
√∑

i |Dfi|2 ∈ Lp(U). A sequence fk ∈ W 1,p(U,AQ) converges weakly to
f ∈ W 1,p(U,AQ) for k → ∞, (and we write fk ⇀ f) in W 1,p(U,AQ), if

´
G(fk, f)p → 0, for k → ∞
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and supk
´
|Dfk|p < ∞. There is an alternative and extrinsic way of defining Sobolev Q-valued maps

as originally proposed by Almgren [5]. This is done by means of Almgren’s bi-Lipschitz embedding.
Almgren’s bi-Lipschitz embedding is an injective and Lipschitz map ξ : AQ → RN for some N =
N(n,Q), such that Lip(ξ) ≤ 1 and Lip(ξ−1⌞ξ(AQ)) ≤ C(n,Q). Moreover, there exists a retraction map

ρ : RN → ξ(AQ) which is the identity on ξ(AQ). We refer to [5] and [14, Theorem 2.1] for the proof of

existence of such ξ. Then, f ∈W 1,p(U,AQ) if and only if ξ◦f ∈W 1,p(U,RN ). Thanks to this embedding,
compactness, traces and other properties of a Sobolev function f can be expressed in terms of ξ ◦ f . For
instance, the trace of f ∈ W 1,p(U,AQ) is defined through Almgren’s embedding: f = g on ∂U in the
trace sense if ξ ◦ f = ξ ◦ g on ∂U in the classical Sobolev trace sense.

We also define a notion of affine Q-valued maps. An affine Q-valued map is a map of the form

u(x) =
J∑
j=1

qjJaj +AjxK,
J∑
j=1

qj = Q,

with ai ̸= aj for i ̸= j. Its differential is Du =
∑J

j=1 qjJAjK.

A Lipschitz multigraph naturally supports an integral current [13, Definition 1.10]. This can be defined
using [13, Lemma 1.1], which ensures that, for every Lipschitz Q-valued function f : U → AQ(Rn−m)
defined on a measurable subset U of Rm, there exists a countable measurable partition (Ui)i∈N ⊆ U and

a local selection of Lipschitz functions f ij : Ui → Rn−m for j = 1, . . . , Q, such that f⌞Ui =
∑Q

j=1[f
i
j ].

Assuming that each f ij is proper, one can define the integral current Tf associated to the multigraph Tf
as

Tf := (·, f(·))♯JUK :=
∑
i,j

(·, f ij(·))♯JUiK.

We further refer to [14, 13, 12] for the relevant results concerning Q-valued functions.

2.3. Anisotropic integrands. We now recall some notions concerning anisotropic energies defined on
multigraphs, following [12].

Definition 2.1. A measurable map F : (Rn−m)Q × (R(n−m)×m)Q → R is a Q-integrand if for every
permutation σ ∈ PQ it holds

F (a1, ..., aQ, X1, ..., XQ) = F (aσ(1), ..., aσ(Q), Xσ(1), ..., Xσ(Q)).

In particular, we can evaluate a Q-integrand as above on elements (a,X) ∈ AQ(Rn−m × R(n−m)×m),

meaning that F (a,X) is the value of F at a selection representing (a,X) in (Rn−m×R(n−m)×m)Q. With a

slight abuse of notation in the following we will not distinguish between elements in (Rn−m×R(n−m)×m)Q

and AQ(Rn−m × R(n−m)×m) when evaluating Q-integrands. In particular, given a weakly differentiable
Q-valued map f : Rm → AQ(Rn−m), the expression F (f,∇f) is well-defined almost everywhere. We then
define the notion of quasiconvexity and polyconvexity considered in [12].

Definition 2.2. A locally bounded Q-integrand F : (Rn−m)Q × (R(n−m)×m)Q → R is quasiconvex if for

every Q-valued affine map u(x) =
∑J

j=1 qj [aj +Xj · x] with aj ̸= ai for i ̸= j and
∑J

j=1 qj = Q, it holds

(2.1) F (u(0),∇u(0)) ≤
 
D
F (a1, . . . , a1︸ ︷︷ ︸

q1

, . . . , aJ , . . . , aJ︸ ︷︷ ︸
qJ

,∇f1(x), . . . ,∇fJ(x))dx,

for every collection of maps fj ∈ Lip(D,Aqj (Rn−m)) satisfying fj⌞∂D = qj [aj +Xj ·]⌞∂D.

Here and in the following, with a slight abuse of notation, with f⌞∂D = [a +X ·]⌞∂D for a ∈ Rn−m
and X ∈ R(n−m)×m we mean that for every x ∈ ∂D it holds f(x) = [a+X · x].

Definition 2.3. Let τ(n−m,m) :=
∑min{n−m,m}

j=1

( n−m
j

)
(mj ) and define ad : R(n−m)×m → Rτ(n−m,m) as

ad(X) = (X, adj2(X), . . . , adjmin{n−m,m}(X)), where adjkX stands for the matrix of all k × k minors of
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X. A Q-integrand F : (Rn−m)Q × (R(n−m)×m)Q → R is said to be polyconvex if for every a ∈ (Rn−m)Q
there exists a convex function ga : (Rτ(n−m,m))Q → R such that

F (a,X1, . . . , XQ) = ga(ad(X1), . . . , ad(XQ)).

Remark 2.4. The definition of polyconvexity in Definition 2.3 can equivalently be expressed in terms of
simple m-vectors. Given X ∈ R(n−m)×m, set

M(X) :=

(
idm×m
X

)
∈ Rn×m.

We then define
∧
M(X) as the wedge product of the columns of M(X). Then

∧
M(X) ∈ (

∧mRn)+, its
e1 ∧ · · · ∧ em-component is equal to 1, and its remaining coordinates, up to the signs fixed by the chosen
basis of

∧mRn, are precisely the minors of X. For elements in (R(n−m)×m)Q, this construction is applied
componentwise:

(X1, . . . , XQ) 7→ (
∧
M(X1), . . . ,

∧
M(XQ)).

Hence, after fixing the order and sign of the coordinates, there exists a linear projection P :
∧mRn →

Rτ(n−m,m), which satisfies P (
∧
M(X)) = ad(X). Moreover, considering the affine subspace K = {v ∈

(
∧mRn)+ : v · e1 ∧ · · · ∧ em = 1}, P⌞K is a bijection whose inverse is affine and assigns to x ∈ Rτ(n−m,m)

the unique m-vector in K whose remaining coordinates are x. Thus, requiring the existence of a convex
function ga : (Rτ(n−m,m))Q → R such that

F (a,X1, . . . , XQ) = ga(ad(X1), . . . , ad(XQ)),

is equivalent to require the existence of a convex function g̃a defined on ((
∧mRn)+)Q such that

F (a,X1, . . . , XQ) = g̃a(
∧
M(X1), . . . ,

∧
M(XQ)).

Indeed, given ga one could define g̃a by g̃a(v1, . . . , vQ) := ga(Pv1, . . . , PvQ), while given g̃a one can
define ga in terms of the inverse of P⌞K as ga(x1, . . . xQ) = g̃a((P⌞K)−1x1, . . . , (P⌞K)−1xQ). The two
expressions for F then coincide since

g̃a(
∧
M(X1), . . . ,

∧
M(XQ)) = ga(P

∧
M(X1), . . . , P

∧
M(XQ)).

Lastly, since P is linear and (P⌞K)−1 is affine, one can check that the convexity of g̃a is equivalent to the
convexity of ga.

The notion of quasiconvex Q-integrand is particularly relevant, as in the case of continuous integrands
satisfying growth conditions it is equivalent to the lower semicontinuity of the associated energy. Indeed,
by [12, Theorem 0.2] the following characterization holds.

Theorem 2.5 ([12]). Let p ∈ [1,+∞), U ⊆ Rm be a bounded open set and F : (Rn−m)Q×(R(n−m)×m)Q →
R be a continuous Q-integrand. If F is quasiconvex and satisfies for some C > 1:

0 ≤ F (a,X) ≤ C(1 + |a|q + |X|p) ∀(a,X) ∈ (Rn−m)Q × (R(n−m)×m)Q,

where q = 0 if p > m, q = p∗ if p < m and q ≥ 1 is any exponent if p = m, then the associated energy

F : f ∈ Lip(U,AQ(Rn−m)) 7→
ˆ
U
F (f,∇f)

is weakly lower semicontinuous in W 1,p(U,AQ(Rn−m)). Conversely, if F is weakly∗ lower semicontinuous
in W 1,∞(U,AQ(Rn−m)), then F is quasiconvex.

As in the single-valued case, showing that an integrand is quasiconvex is not easy in general, while
polyconvexity may be easier to check. By [12, Theorem 0.5], we have the following implication.

Theorem 2.6 ([12]). Every locally bounded polyconvex Q-integrand is quasiconvex.
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Theorem 1.1 is one of the main results of this paper and, by Theorem 2.5, provides an indication that
the reverse implication in Theorem 2.6 does not hold. However, it is not a counterexample to the reverse
implication in Theorem 2.6 since, as noted in the introduction, the integrand we construct in Theorem 1.1
is only semicontinuous: it is not proved to be either quasiconvex or continuous. Hence the theory of [12]
does not apply. In this respect, the desired counterexample should be a Q-integrand analogue of the
classical results for 1-integrands due to Šverák [37] and Alibert–Dacorogna [2], who exhibited a continuous
1-integrand ψ : R2×2 → R that is quasiconvex, for graphs of single-valued Lipschitz functions, but not
polyconvex.

We now compare Definition 2.2 and Definition 2.3 with [20, Definition 1.7] and [20, Definition 1.9]
respectively. The latter are tailored to the study of anisotropic integrands on rectifiable currents. Given
a 1-integrand ψ : R(n−m)×m → R, we denote

ψ̄(X) =

Q∑
j=1

ψ(Xj), for all X1, . . . , XQ ∈ R(n−m)×m,

which can be extended in the trivial way to (Rn−m)Q × (R(n−m)×m)Q. It is easy to see that this defines
a Q-integrand.

If Ψ :
∧mRn → (0,+∞) is a 1-homogeneous function, an energy EΨ on rectifiable currents can be

defined as follows: for every T = (E, θω) ∈ Rm(Rn) set

EΨ(T ) =

ˆ
E
θ(x)Ψ(ω(x)) dHm(x).

Thanks to the operator
∧
M previously introduced, the restriction of Ψ to the positively oriented unit

simple m-vectors can be seen as a 1-integrand on R(n−m)×m. If we let ψ : R(n−m)×m → (0,∞) with
ψ(X) := Ψ(

∧
M(X)) for all X, by the area formula for Q-valued graphs [13, Corollary 1.11] we haveˆ

U
ψ̄(∇f) = EΨ(Tf )

for any Lipschitz Q-valued function f : U ⊆ Rm → AQ(Rn−m). It is therefore interesting to study the
quasiconvexity of ψ̄ as it relates to the lower semicontinuity of the functional EΨ defined on Q-valued
graphs. This is indeed the focus of [20]. Hence, the notion of polyconvexity considered in [20] refers to
the classical polyconvexity [31, Definition 4.2] of ψ, requiring the existence of a 1-homogeneous convex
function Ψ : (

∧mRn)+ → R such that ψ = Ψ ◦
∧
M.

Surprisingly, in [20, Theorem 1.8] it is proved the following:

Theorem 2.7 ([20]). Let ψ ∈ C0(R(n−m)×m, [0,+∞)). Then ψ is polyconvex if and only if ψ̄ is a
quasiconvex Q-integrand for every Q ∈ N.

Intuitively, our Theorem 1.1 indicates that Theorem 2.7 is a peculiarity of “geometric” Q-integrands,
and not extendable to general Q-integrands. One could hope to use our non-approximability Theorem 1.2
to show that Theorem 2.7 fails if the value Q is fixed, however there is a fundamental obstruction in doing
so, that we discuss in Remark 4.14.

3. A non-approximable Grassmannian measure: Proof of Theorem 1.2

In the rest of the paper, for the sake of exposition we are going to assume n = 4 and m = 2, though
all results generalize to any n − 2 ≥ m ≥ 2, as explained in Remark 3.7. We recall that we will often

identify
∧2R4 with the Grassmannian G̃r(2, 4). We recall that we denote by eij the elements ei ∧ ej of

the canonical basis of
∧2R4, where e1, . . . , e4 is the canonical basis of R4.

The goal of this section is to prove Theorem 1.2. The proof is inspired by [7, Theorem 4], where
Burago and Ivanov show how to construct a measure µ which cannot be approximated by means of
smooth surfaces. We instead study the corresponding question with approximation by means of Lipschitz
multigraphs.
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The measure will be defined as the sum of three atoms. The choice of the supporting 2-vectors is
rather delicate, as we need them to satisfy several constraints: the barycenter must be parallel to e12, the
scalar products with e12 need to be strictly positive, and they all need to have the same norm in order to

be able to use the identification of
∧2R4 with G̃r(2, 4). Indeed, this identification requires the 2-vectors

to be unit length, and in order to preserve the property of the barycenter, we need to renormalize the
2-vectors with the same constant.

On top of these requirements, in order to use the measure µ in combination with Proposition 3.5 to
prove Theorem 1.2, we need to find a linear transformation of R4 that preserves the barycenter property
and the positive orientation, but maps two of the 2-vectors to be almost parallel to e12 and one of them to
be almost parallel to e43. With all these constraints in mind, we make the following Ansatz, considering
the simple 2-vectors:

v1 =
(
δe1 +

1
2

(
e3 + ε2δe2

))
∧
(
δe2 +

1
2

(
e4 + ε2δe1

))
,

v2 =
(
δe1 − 1

2

(
e3 + ε2δe2

))
∧
(
δe2 − 1

2

(
e4 + ε2δe1

))
,

v3 =
1
2

(
e4 + ε2δe1

)
∧
(
e3 + ε2δe2

)
,

(3.1)

where the parameters ε, δ > 0 will be chosen later, and we assume ε to be small. Note that, for every
ε, δ > 0, the barycenter condition v1 + v2 + v3 = 2δ2e12 is satisfied, since

v1 + v2 = 2δ2e12 +
1
2(e3 + ε2δe2) ∧ (e4 + ε2δe1) = 2δ2e12 − v3.

One can also check by an explicit calculation that there exist Xi ∈ R2×2 and ci > 0 such that it holds

(3.2) vi = ci
∧
M(Xi), for i = 1, 2, 3.

We check this on v1, since for v2 the computation is analogous and for v3 it is trivial. We have

v1 = δ2(1− ε4

4 )e12 +
1
4ε

2δ(−e13 + e24) +
1
2δ(e14 − e23) +

1
4e34.

We define

X1 =
1

δ(4− ε4)

(
2 −ε2

−ε2 2

)
,

so that computing
∧
M(X1) yields∧

M(X1) = e12 +
ε2

δ(4−ε4)(−e13 + e24) +
2

δ(4−ε4)(e14 − e23) +
1

δ2(4−ε4)e34,

which coincides with 4
δ2(4−ε4)v1. We now aim to find δ as a function of ε such that:

∥v1∥ = ∥v2∥ = ∥v3∥,

where the norm is the Euclidean norm induced on
∧2R4 by the standard orthonormal basis eij (introduced

at the beginning of the section). Since the expressions of v1 and v2 differ only by the sign of symmetric
terms, we have ∥v1∥ = ∥v2∥. Moreover we can explicitly compute:

(3.3) ∥v1∥2 =
(
1− ε4

4

)2
δ4 +

(
1
2 + ε4

8

)
δ2 + 1

16 ,

and

(3.4) ∥v3∥2 = 1
4

(
ε8δ4 + 2ε4δ2 + 1

)
.

We can now equate (3.3) with (3.4), and letting t = δ2, we get the quadratic equation:

(16− 8ε4 − 3ε8) t2 + (8− 6ε4) t − 3 = 0,

which admits two distinct real solutions if and only if the discriminant

∆ = 64
(
4− 3ε4

)
> 0, ⇔ 0 < ε <

(
4
3

) 1
4 .

On the same interval the quadratic coefficient 16−8ε4−3ε8 is positive, hence we have exactly one positive
root.
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We conclude that, for every 0 < ε <
(
4
3

)1/4
, there exists a unique δ(ε) > 0 such that ∥v1∥ = ∥v2∥ = ∥v3∥

and the value is:

δ(ε) =

√√√√6ε4 − 8 +
√
(8− 6ε4)2 + 12

(
16− 8ε4 − 3ε8

)
2
(
16− 8ε4 − 3ε8

) =

√
−8 + 16 +O(ε4)

32 +O(ε4)
=

1

2
+O(ε4).

As mentioned above, since v1 and v2 are not almost parallel to e12, we will consider the linear trans-
formation R = diag(1, 1, ε, ε), that maps v1,v2,v3 respectively to

w1 =
(
δe1 +

1
2

(
εe3 + ε2δe2

))
∧
(
δe2 +

1
2

(
εe4 + ε2δe1

))
,

w2 =
(
δe1 − 1

2

(
εe3 + ε2δe2

))
∧
(
δe2 − 1

2

(
εe4 + ε2δe1

))
,

w3 =
1
2

(
εe4 + ε2δe1

)
∧
(
εe3 + ε2δe2

)
.

(3.5)

It is straightforward to compute the following norms and scalar product, which are going to be useful:

⟨w1, e12⟩ = δ2
(
1− ε4

4

)
=

1

4
+O(ε4),(3.6)

∥w1∥2 =
(
1− ε4

4

)2

δ4 +
(ε2
2

+
ε6

8

)
δ2 +

ε4

16
=

1

16
+O(ε2),(3.7)

⟨w3, e34⟩ = −ε
2

2
, ∥w3∥2 =

1

4

(
ε2 + ε4δ2

)2
=
ε4

4
+O(ε6).(3.8)

Definition 3.1. The oriented plane associated to e12, respectively e43, will be called horizontal (or
h-plane), respectively vertical (or v-plane). We let PH , PV denote the orthogonal projection on the h-

plane, v-plane respectively. Given ε > 0, an oriented plane π ∈ G̃r(2, 4) is said to be ε-horizontal (resp.
ε-vertical) if PH⌞π (resp. PV ⌞π) is an orientation-preserving map, and its inverse is (1 + ε)-Lipschitz.

We explicitly observe that an ε-horizontal (resp. ε-vertical) oriented plane is positively oriented with
respect to the oriented plane e12 (resp. the oriented plane e43). Note that this is equivalent to say that
the scalar product of the 2-vectors associated to such planes with e12 (resp. with e43) is positive.

The following lemma will be useful for checking Definition 3.1 on the 2-vectors wi defined in (3.5):

Lemma 3.2. Let v be a simple 2-vector in
∧2R4 associated to an oriented plane π.

If v satisfies

(3.9) ⟨v, e12⟩ ≥ (1 + ε)−1∥v∥.
then π is ε-horizontal. Analogously, if v satisfies

(3.10) ⟨v, e43⟩ ≥ (1 + ε)−1∥v∥,
then π is ε-vertical.

Proof. Without loss of generality we assume ∥v∥ = 1. We will prove just the first statement, as the
second one is equivalent, up to a rotation.

Let θ1 ≤ θ2 ∈ [0, π/2) be the principal angles between the oriented planes v and e12. Since v and e12
are unit simple 2-vectors, we have:

(3.11) ⟨v, e12⟩ = cos θ1 cos θ2,

which combined with (3.9) implies that cos θ1 cos θ2 ≥ (1+ε)−1. Recalling that cos(θi) ∈ [0, 1] for i = 1, 2,
this in turn implies that cos(θi) ≥ (1 + ε)−1 for i = 1, 2.

In an appropriate orthonormal basis the restriction PH⌞π is represented by the diagonal matrix(
cos θ1 0
0 cos θ2

)
.

Because cos θi > 0, PH⌞π is invertible. Moreover ∥(PH⌞π)−1∥ = min{cos θ1, cos θ2}−1 ≤ 1 + ε. □
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Thanks to Lemma 3.2, it is easy to observe that, for ε small, the oriented plane associated with w3 is
ε-vertical, while those associated with w1, w2 are ε-horizontal. Indeed, by (3.6),(3.7) and (3.8), it holds

(3.12) ⟨w3, e43⟩ =
ε2

2
≥ (1 + ε)−1∥w3∥, ⟨w1, e12⟩ =

1

4
+O(ε4) ≥ (1 + ε)−1∥w1∥.

Remark 3.3. Given an ε-horizontal plane π1, since the map (PH⌞π1)−1 is (1 + ε)-Lipschitz, then the
Jacobian satisfies J(PH⌞π1)−1 ≤ (1 + ε)2.

Given an ε-vertical plane π2, then the map PH⌞π2 is
√
3ε-Lipschitz, and hence has Jacobian bounded

by 3ε. Indeed, for every x ∈ π2 we use the orthogonal decomposition

(3.13) |x|2 = |PHx|2 + |PV x|2.

Since π2 is ε-vertical, we have that (PV ⌞π2)−1 is (1 + ε)-Lipschitz, which implies

(3.14) |PV x| ≥ |x|
1 + ε

.

Inserting (3.14) into (3.13) we obtain the desired bound:

|PHx|2 ≤ |x|2
(
1− 1

(1+ε)2

)
= |x|2 · ε(2 + ε)

(1 + ε)2
≤ 3ε|x|2.

Analogously, the map (PV ⌞π2)−1 is (1+ε)-Lipschitz, hence the Jacobian satisfies J(PV ⌞π2)−1 ≤ (1+ε)2,
and the map PV ⌞π1 is

√
3ε-Lipschitz, and hence has Jacobian bounded by 3ε.

We now fix f ∈ Lip(B,AQ(R2)) with f⌞∂B ≡ Q[0]. We consider Tf as defined in Section 2.2 and in
this section we drop the subscript f in Tf as the function f will be fixed. Let sptT ⊆ R4 denote the
support of T. If needed, we extend f on R2 \ B as Q[0], and consequently T. Let T0 denote the subset
of points p ∈ sptT of integer density for T admitting a tangent plane.

Note that |(sptT) \ T0| = 0 since f is Lipschitz, see [14, Theorem 1.13], and TpT0 is well-defined for
every p ∈ T0. We define

Th := {p ∈ T0 : TpT0 is ε-horizontal}, Tv := {p ∈ T0 : TpT0 is ε-vertical},
TH := T⌞Th, TV := T⌞Tv, TM := T−TH −TV .

(3.15)

We notice that TH and TV are well-defined, since T is a rectifiable current and Th and Tv are measurable
subsets of T0. Moreover, by definition the tangent planes in TV are positively oriented with respect to the
v-plane. Given p ∈ R4 and r > 0, we also denote B□

r (p) = T□⌞Br(p), where the symbol □ ∈ {V,M,H}.
We remark that since f is Lipschitz, then sptT (and consequently sptTV and sptTH) are bounded.

This follows since G(f(0), f(x)) ≤ Lip(f) for every x ∈ B, and thus spt(f(x)) is contained in a fixed ball
of R2 depending only on f(0) and Lip(f).

Lemma 3.4. There exists a universal constant β > 0 with the following property. For ε = ε(Q) > 0

small enough in (3.15), if M(BV
r (p)) ≥ βr2 and M(BV

2r(p)) ≤ β(2r)2, then M(BM
2r (p)) ≥

β
2 r

2.

Assuming Lemma 3.4, we prove a global estimate on the mass of the vertical part.

Proposition 3.5. For ε = ε(Q) > 0 small enough in (3.15), there exists a universal constant C > 0
such that M(TM ) ≥ CM(TV ).

Proof. We can assume without loss of generality that M(TV ) > 0. The proof follows from a covering
argument and Lemma 3.4. Fix β, ε > 0 small as in Lemma 3.4. For every p ∈ Tv let r(p) be the supremum
of the radii r such that M(BV

r (p)) ≥ βr2. Note that r(p) is uniformly bounded from above (since sptTV

is bounded as f is Lipschitz). Moreover, by Lebesgue differentiation theorem, there exists T ′
v ⊆ Tv such

that M(TV ⌞(Tv \ T ′
v)) = 0 and r(p) > 0 for every p ∈ T ′

v.
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By Vitali’s 5-times covering lemma [36, Lemma 3.4] applied to the family {B2r(p)(p) : p ∈ T ′
v}, we find

a countable set I of indices and a sub-family {B2ri(pi)}i∈I of pairwise disjoint balls, where ri := r(pi),
such that

(3.16)
⋃
p∈T ′

v

B2r(p)(p) ⊆
⋃
i∈I

B10ri(pi).

By definition of r(p) it holds M(BV
ρ (p)) ≤ βρ2 for every ρ > r(p). In particular, we can apply Lemma 3.4

to the balls BV
ri(pi) and obtain

M(BM
2ri(pi)) ≥

β

2
r2i ≥

1

200
M(BV

10ri(pi)),

where the second inequality follows from the choice of the radii in the cover. Using (3.16) we conclude
M(TM ) ≥ 1

200M(TV ). □

Proof of Lemma 3.4. We assume wlog p = 0. Assume that M(BV
r ) ≥ βr2 and M(BV

2r) ≤ β(2r)2. Assume
by contradiction that

(3.17) M(BM
2r ) ≤

β

2
r2.

Step 1: We estimate from above the mass of the horizontal part of the graph.

We start recalling that the projection PH restricted to an ε-horizontal plane is a bijection with inverse
being an orientation-preserving (1 + ε)-Lipschitz map, see Definition 3.1.

Fix ρ ∈ (r, 2r). By the formula for the pushforward of a current [36], for every η ∈ D2(R2) it holds

(3.18) (PH)♯B
H
ρ (η) =

ˆ
Th∩Bρ

⟨η(PH(x)), (dPH(x))♯ω(x)⟩dµT(x),

where ω is the orientation of T and µT is the surface measure associated to the current T. Since on Th
the tangent planes to T are all ε-horizontal, one can estimate thanks to Remark 3.3 |(dPH(x))♯ω(x)| ≥
(1 + ε)−2 ≥ 1− 2ε for every x ∈ Th. Thus, since by duality sup|η|≤1,η∈D2(R2)⟨η, ω⟩ = |ω| for every vector

field ω : R2 →
∧2R2, by the previous estimate and taking the sup|η|≤1,η∈D2(R2) in (3.18) we get

M((PH)♯B
H
ρ ) ≥ (1− 2ε)

ˆ
Th∩Bρ

dµT(x) = (1− 2ε)M(BH
ρ ).

Note that we do not have cancellations in (PH)♯B
H
ρ , as all the tangent planes in TH are positively oriented

with respect to the h-plane. Recalling that T is the current associated to the Q-valued graph of f , we
deduce that BH

ρ projects onto the h-plane with multiplicity at most Q. We conclude that

(3.19) Qπρ2 ≥ M((PH)♯B
H
ρ ) ≥ (1− 2ε)M(BH

ρ ).

Step 2: We estimate from below the mass of the vertical projection of the graph.

By the assumption M(BV
r ) ≥ βr2, we can argue as in Step 1 to show that for every ρ ∈ [r, 2r] it holds

(3.20) M((PV )♯B
V
ρ ) ≥

3

4
βr2.

Indeed, we recall that the projection PV restricted to an ε-vertical plane is a bijection with inverse being
an orientation-preserving (1 + ε)-Lipschitz map, see Definition 3.1. By the formula for the pushforward
of a current we have

(PV )♯B
V
ρ (η) =

ˆ
Tv∩Bρ

⟨η(PV (x)), (dPV (x))♯ω(x)⟩dµT(x),

where ω, µT are as above. Since on Tv the tangent planes to T are all ε-vertical, by Remark 3.3 one can
estimate |(dPV (x))♯ω(x)| ≥ (1 + ε)−2 ≥ 1 − 2ε for every x ∈ Tv. Thus, taking the sup over forms in
D2(R2) with norm bounded by 1 and using the assumption of the Lemma, we conclude (3.20) as follows:

M((PV )♯B
V
ρ ) ≥ (1− 2ε)M(BV

ρ ) ≥ (1− 2ε)βr2 ≥ 3

4
βr2

by taking ε smaller than a universal constant.
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Furthermore, we have

M((PV )♯B
M
ρ ) ≤ M(BM

ρ ) ≤ M(BM
2r ) ≤

β

2
r2

M((PV )♯B
H
ρ ) ≤ 3εM(BH

ρ ) ≤ 3ε
Qπ(2r)2

1− 2ε
≤ 24πQεr2,

where in the last line we considered ε ≤ 1/4 and used (3.19), the formula for the mass of the push-
forward and that the Jacobian of PV restricted to a ε-horizontal plane is bounded by 3ε, see Remark 3.3.
This, combined with T⌞Bρ − BM

ρ − BH
ρ = BV

ρ , the subadditivity of the mass and the linearity of the
pushforward, yields

(3.21) M((PV )♯(T⌞Bρ)) ≥ M((PV )♯B
V
ρ )−M((PV )♯B

M
ρ )−M((PV )♯B

H
ρ ) ≥ r2(β4 − 24πQε),

and the right-hand side is positive taking ε small depending on Q.

Step 3: We bound from below the mass of the mixed part, deriving a contradiction with (3.17).

For a.e. ρ ∈ (r, 2r), we have that M(∂(PV )♯(T⌞Bρ)) is finite. This, combined with the fact that
(PV )♯(T⌞Bρ) is a 2-dimensional integer multiplicity current in the 2-dimensional v-plane, allows to apply
the decomposition result [36, Theorem 27.6] to (PV )♯(T⌞Bρ).

We consider the current (PV )♯(T⌞Bρ) with orientation ω(x) given by the induced orientation of

(PV )♯(TxT) for x ∈ sptT ⌞Bρ. Denoting θ̃ the (non-negative) density of such current, we define θ as

the signed multiplicity of the current with orientation fixed to e43, i.e. θ = θ̃ ω · e43, and we extend it
to zero on the whole v-plane outside spt(PV )♯(T⌞Bρ). We consider the following 2-dimensional finite
perimeter sets in the v-plane:

Uj := {θ ≥ j}, Vj := BR \ Uj = {θ ≤ j − 1}, for j ∈ Z,
where BR is a large ball containing the support of (PV )♯(T⌞Bρ). Hence ∂Uj ⊂⊂ BR for every j ≥ 1 and
∂Vj ⊂⊂ BR for every j ≤ 0. Moreover, up to choosing R even bigger, we can guarantee that

|Uj | ≤ |Vj | for every j ≥ 1, and |Uj | ≥ |Vj | for every j ≤ 0.

In particular, denoting with Pj = P (Uj , BR) = P (Vj , BR) the relative perimeter of the set Uj in BR, we
conclude from the isoperimetric inequality that there exists a universal constant c > 0 such that

(3.22) P 2
j ≥ c|Uj | for every j ≥ 1, and P 2

j ≥ c|Vj | for every j ≤ 0.

By [36, Theorem 27.6] it holds:

∂((PV )♯(T⌞Bρ)) =
∑
j≥1

∂JUjK −
∑
j≤0

∂JVjK, and M(∂(PV )♯(T⌞Bρ)) =
∑
j∈Z

Pj ,

Moreover1

M((PV )♯(T⌞Bρ)) =
ˆ
BR

∑
j≥1

χ{θ≥j} + χ{θ≤−j} dH2 =
∑
j≥1

|Uj |+
∑
j≤0

|Vj |.

Combining the previous two displayed equations with (3.22), we thus estimate

(3.23) M(∂(PV )♯(T⌞Bρ))
2 ≥

∑
j∈Z

P 2
j ≥ c

∑
j≥1

|Uj |+
∑
j≤0

|Vj |

 = cM((PV )♯(T⌞Bρ)).

Let L□
ρ (p) = M(⟨T□, dp, ρ⟩), for □ ∈ {H,V,M}, be the mass of the slice of T□ by the (Euclidean)

distance function to p. By the coarea formula [36, Lemma 28.5] it holds

(3.24)

ˆ 2r

r
L□
ρ (p) dρ ≤ M(B□

2r(p)).

Moreover we explicitly observe that, since T = Tf , then ∂T = QJ∂BK, which is entirely contained in the
h-plane. Hence (PV )♯(∂T) = 0 and we deduce that

(3.25) (PV )♯(∂(T⌞Bρ)) = (PV )♯
(
(∂T)⌞Bρ) + ⟨T, dp, ρ⟩

)
= (PV )♯⟨T, dp, ρ⟩.

1We recall that the characteristic function χE of a set E is defined as χE(x) = 1 if x ∈ E and χE(x) = 0 if x /∈ E.
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Combining (3.21), (3.23), (3.25), and using the subadditivity of the mass, we get

(3.26) r
√
c(β/4− 24Qπε) ≤ M(∂PV ♯(T⌞Bρ)) = M((PV )♯(∂(T⌞Bρ))) = M((PV )♯⟨T, dp, ρ⟩)

≤
∑

□∈{V,H,M}

M((PV )♯⟨T□, dp, ρ⟩) ≤ LVρ + LMρ +
√
3εLHρ ,

where in the last line we used again the fact that PV restricted to an ε-horizontal plane is
√
3ε-Lipschitz

(as proved in Remark 3.3) and argued as in (3.19). Integrating this inequality from r to 2r and using
(3.24), we get

M(BV
2r) +M(BM

2r ) +
√
3εM(BH

2r) ≥ r2
√
c(β/4− 24Qπε).

On the other hand, by (3.19) we have M(BH
2r) ≤ 8πQr2, and by assumption M(BV

2r) ≤ 4βr2. Therefore,
choosing ε = ε(Q) > 0 small enough dependently on Q, and β > 0 small enough (independent on Q), we
arrive at

M(BM
2r ) ≥ r2(

√
c(β/4− 24πQε)− 8πQ

√
3ε− 4β) > βr2,

which contradicts (3.17) and thus concludes the proof. □

Remark 3.6. In view of the proof of Theorem 1.1, we explicitely observe that Lemma 3.4 and Proposi-
tion 3.5 hold, with identical proofs, for the current Tf associated to any f ∈ Lip(Ω,AQ(R2)) on a bounded

Lipschitz domain Ω ⊆ R2 with constant boundary trace f⌞∂Ω ≡
∑J

j=1 qj [aj ], where
∑J

j=1 qj [aj ] ∈
AQ(R2). Indeed, the boundary datum enters the proof only through (3.25), and

∂Tf =

J∑
j=1

qj J∂Ω× {aj}K

is supported in finitely many horizontal translates R2 × {aj} of the h-plane, so that (PV )♯(∂Tf ) = 0
still holds. Moreover, the shape of the domain plays no role: (3.19) only uses that Tf projects onto the
h-plane with multiplicity at most Q, and sptTf is bounded since f is Lipschitz on a bounded domain.

Remark 3.7. We remark that Theorem 1.2, and hence the consequent Theorem 1.1, can be generalized

to elements in G̃r(m,n) for n − 2 ≥ m ≥ 2. Indeed, in this case, for any π1 ∈ G̃r(m,n) there exists

an m-plane π2 ∈ G̃r(m,n) such that π1 ∩ π2 is (m − 2)-dimensional and the orthogonal complement
of π1 ∩ π2 in π2 is contained in π⊥1 . Thus, by replacing the h-plane and v-plane with π1, π2, one can
still obtain (3.25), and one can show analogous bounds for the Jacobians as in Remark 3.3. Although
the Lipschitz bounds of the vertical projection of an ε-horizontal plane will hold just on a 2-dimensional
subspace of the ε-horizontal plane, this is enough to deduce the required smallness of the Jacobian and in
the estimate (3.26). For the latter, we observe that ⟨TH , dp, ρ⟩ will now be an (m−1)-dimensional integer

current, hence the tangential Jacobian will always be small, as every tangent (m−1)-plane of ⟨TH ,dp, ρ⟩
will have at least one direction which is orthogonal to π1 ∩ π2. On the contrary, this argument clearly

fails in the codimension-one case G̃r(n− 1, n). This is not a surprise, as in codimension one Minkowski
existence Theorem [33] guarantees that weighted Gaussian images of Lipschitz graphs are dense in the

space of positive measures on G̃r(n − 1, n). Hence Theorem 1.2 fails, and the notions of polyconvexity
and quasiconvexity coincide with the notion of convexity [9]. In particular, Theorem 1.1 fails as well.

With the previous results in hand we are able to prove Theorem 1.2.

Proof of Theorem 1.2. We first show a similar result for an atomic measure supported on the 2-vectors
w1, w2, w3 defined in (3.5), and then conclude the proof of the theorem via an affine transformation.

Throughout the proof, we will denote with Pvi , Pwi ∈ G̃r(2, 4) the oriented 2-plane associated to vi, wi
for i = 1, 2, 3.

Consider the atomic measure on G̃r(2, 4) defined by

µ0 :=
Q|B|
2δ2

3∑
i=1

∥wi∥[Pwi ].
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Consider UV ⊆ G̃r
+
(2, 4) the interior of the set of ε-vertical planes and UM the complement of the

ε-horizontal and ε-vertical planes. Consider the open sets

WH := {π ∈ G̃r(2, 4) : ⟨π, e12⟩ > (1 + ε)−1}, WV := {π ∈ G̃r(2, 4) : ⟨π, e43⟩ > (1 + ε)−1},
which, by Lemma 3.2, consist of ε-horizontal and ε-vertical planes respectively. Since for ε small the
inequalities in (3.12) are strict (for w3, strictness amounts to εδ2 < 1), it holds Pw1 , Pw2 ∈ WH and
Pw3 ∈WV ⊆ UV . In particular µ0(UV ) > 0 and, since UM ∩ (WH ∪WV ) = ∅ and WH ∪WV is open, also
UM ∩ (WH ∪WV ) = ∅, whence µ0(UM ) = 0.

For a given Q-valued Lipschitz map f : B → AQ(R2) with f⌞∂B ≡ Q[0], let Tf be the Q-valued graph
associated to f and denote with γTf

the weighted Gaussian image of Tf . Then Proposition 3.5 implies
that γTf

(UM ) ≥ CγTf
(UV ). We deduce that µ0 cannot be approximated by Gaussian images of the form

γTf
. Indeed, if we had γT

fk
⇀ µ0 for a sequence fk, then by lower (resp. upper) semicontinuity of the

mass of open (resp. closed) sets under weak-* convergence we would get the contradiction

0 < Cµ0(UV ) ≤ C lim inf
k→+∞

γT
fk
(UV ) ≤ lim inf

k→+∞
γT

fk
(UM ) ≤ lim sup

k→+∞
γT

fk
(UM ) ≤ µ0(UM ) = 0.

Note that the renormalization Q|B|
2δ2

ensures that the Gaussian measures have the same barycenter as µ0.

Then consider the atomic measure µ on G̃r(2, 4):

µ :=
Q|B|
2δ2

3∑
i=1

∥vi∥[Pvi ] =
Q|B|
2δ2

∥v1∥
3∑
i=1

[Pvi ].

We aim to show that µ cannot be approximated by Gaussian images of Lipschitz Q-valued maps defined
on B, which would conclude the proof of the theorem.

Let R = diag(1, 1, ε, ε), identified with the linear map R4 → R4, which we recall satisfies R(Pvi) = Pwi

for i = 1, 2, 3. More precisely, recalling that vi = u1i ∧ u2i , with u1i , u
2
i ∈ R4 defined in (3.1), and the

definition of wi in (3.5), we have

wi = (Ru1i ) ∧ (Ru2i ).

This in particular implies that the tangential Jacobian of the linear map R with respect to Pvi is:

(3.27) JPvi
R =

∥(Ru1i ) ∧ (Ru2i )∥
∥u1i ∧ u2i ∥

=
∥wi∥
∥vi∥

.

In the following, we warn the reader that we will compute push-forwards sometimes in the sense of
currents and sometimes in the sense of measures. There is no risk of confusion, as for every instance
the correct interpretation depends on the object we push-forward. This will also determine whether we
obtain tangential Jacobians in the equations.

For every rectifiable current T = (T, θω), we claim that

(3.28) γR♯T = R♯γ(JTR)T,

where JTR denotes the tangential Jacobian of the linear map R on T . Indeed, recall that R♯T =
(R(T ), (θ ◦ R−1)ω̃), where ω̃(Rx) is the orientation of the plane TRxR(T ) = R(TxT ) induced by the
orientation ω(x) of TxT . By the definition of Gaussian image and the area formula we have

γR♯T = (R(P ◦R−1))♯((θ ◦R−1)H2⌞R(T )) = (R(P ◦R−1))♯(R♯((JTR) θH2⌞T )) =

= R♯

(
((P ◦R−1) ◦R)♯((JTR) θH2⌞T )

)
= R♯P♯((JTR) θH2⌞T ) = R♯γ(JTR)T.

Moreover, in the case of a current Tf associated to the Q-valued graph of f , it holds

(3.29) R♯Tf = Tεf

Indeed, if f =
∑Q

j=1[fj ] is a local selection of f at y ∈ B then sptTf is locally around y given by⋃Q
j=1{(y, fj(y))} ⊆ R4 and its tangent space (defined for a.e. y ∈ B) is given by the union of the planes

identified by
∧
M(∇fj(y)). Thus, the tangent planes in R♯Tf are locally the union of planes associated

to the 2-vectors
∧
M(∇(εf)) and thus one can explicitly compute R♯Tf .
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Finally, by the very definition of push-forward, for every P ∈ G̃r(2, 4) it holds

(3.30) R♯[P ] = [R(P )].

We now assume by contradiction that there exists a sequence of Lipschitz functions fk : B → AQ(R2)

with fk⌞∂B ≡ Q[0] and such that

γT
fk
⇀ µ =

Q|B|
2δ2

3∑
i=1

∥v1∥[Pvi ],

In turn, by (3.27) this implies that

2δ2

Q|B|
γ(JT

fk
R)T

fk
⇀

3∑
i=1

∥v1∥ · (JPvi
R) [Pvi ] =

3∑
i=1

∥vi∥ · (JPvi
R) [Pvi ] =

3∑
i=1

∥wi∥[Pvi ],

where the first convergence holds since the tangential Jacobian is continuous as the tangent plane varies
continuously. Combining this convergence with (3.28), (3.29) and (3.30), we deduce the following contra-
diction with the non-approximability of µ0:

γT
εfk

= γR♯Tfk
= R♯γ(JT

fk
R)T

fk
⇀ R♯

(Q|B|
2δ2

3∑
i=1

∥wi∥[Pvi ]
)
=

= Q|B|
2δ2

3∑
i=1

∥wi∥R♯[Pvi ] =
Q|B|
2δ2

3∑
i=1

∥wi∥[Pwi ] = µ0.

□

4. A non-polyconvex Q-integrand defining a lower semicontinuous energy

The aim of this section is to prove Theorem 1.1. In the rest of the paper, we adopt the follow-
ing convention: indices of sequences are written as superscripts (e.g., uk), while indices of elements of
decompositions are written as subscripts (e.g., aj).

4.1. Definition of the candidate integrand A. We consider the 2-vectors v1, v2, v3 (of equal norm)
introduced in (3.1) and define ψ : R2×2 → R as follows{

ψ(X) = 0 if
∧
M(X) is positively proportional to vi for some i = 1, 2, 3,

ψ(X) = ∥
∧
M(X)∥ otherwise.

Note that
∧
M(X) is positively proportional to vi for some i = 1, 2, 3, if and only if

∧
M(X) = λ

∧
M(Xi)

for some i = 1, 2, 3 and λ > 0, where the matrices Xi have been introduced in (3.2).

Definition 4.1. Given p ∈ AQ(Rℓ) for ℓ ∈ N, we define a maximal decomposition of p as:

p =

J∑
j=1

qj [pj ], with pj ̸= pi for every j ̸= i.

The tuple (q1, . . . , qJ) is unique up to permutations. We say that two points p, p′ ∈ AQ(Rℓ) have the
same maximal multiplicities if they admit a maximal decomposition of the form

p =

J∑
j=1

qj [pj ] and p′ =

J∑
j=1

qj [p
′
j ].

Definition 4.2. Consider (a,X) ∈ AQ(R2 × R2×2) with maximal decomposition
∑J

j=1 qj [(aj , Xj)]. For

a given bounded open set U ⊆ R2 we let

(4.1) T (a,X,U) :=

J∑
j=1

τ(aj+Xj ·)W
1,∞
0 (U,Aqj (R

2))
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denote the family of all the functions φ ∈ Lip(U,AQ(R2)) which admit a decomposition φ =
∑J

j=1 φj
with φj ∈ Lip(U,Aqj (R2)) and satisfy

φj⌞∂U = qj [aj +Xj ·]⌞∂U.
In particular, for every j = 1, . . . , J it holds φj ∈ T (qj [(aj , Xj)], U).

Consider the following Q-integrand, in the sense of Definition 2.1, defined on AQ(R2 × R2×2):

(4.2) A(a,X) := inf

{ 
D
ψ̄(∇φ) : φ ∈ T (a,X,D)

}
,

where we recall that ψ̄(Y ) =
∑Q

i=1 ψ(Yi) if Y =
∑Q

i=1[Yi] ∈ AQ(R2×2), and the family T (a,X,D) has
been defined in (4.1).

Note that it is not clear whether A can be written in the form ψ̄′ for a 1-integrand ψ′ : R2×2 → R. Thus,
A does not fall in the framework studied in [20]. It would be interesting to show that A (or a suitable
modification) falls in the framework considered in [20]. We discuss this in more detail in Remark 4.14.

Remark 4.3. We note that the value of A is invariant under translations and rescalings of the domain
D, that is, for every (a,X) ∈ AQ(R2 × R2×2), x0 ∈ R2 and λ > 0 it holds

A(a,X) = inf

{ 
x0+λD

ψ̄(∇φ) : φ ∈ T (a,X, x0 + λD)

}
.

Indeed, if f ∈ W 1,∞
0 (x0 + λD,AQ) then f̃ := λ−1f(x0 + λ·) ∈ W 1,∞

0 (D,AQ). A change of variable in
(4.2) allows to conclude.

Remark 4.4. Thanks to the definition of the family T , it is possible to link the definition (4.2) with the
classical Dacorogna’s formula for the quasiconvex envelope of a functional, see [9]. Indeed, for a given

(a,X) ∈ AQ(R2 × R2×2) with maximal decomposition (a,X) =
∑J

j=1 qj [(aj , Xj)], we can write

A(a,X) := inf


 
D

J∑
j=1

ψ̄
(
τXj∇φj

)
: φj ∈W 1,∞

0 (D,Aqj ) for j = 1, . . . , J

 .

The dependence of the integrand on a is hidden into the choice of the maximal multiplicity for (a,X).

Remark 4.5. For any (a,X) ∈ AQ(R2 × R2×2) the value of A is constant in the subset of points

(b,X) ∈ AQ(R2×R2×2) having the same maximal multiplicities of (a,X). Indeed, consider b ∈ (R2)Q such

that (a,X), (b,X) admit maximal decompositions
∑J

j=1 qj [(aj , Xj)] and
∑J

j=1 qj [(bj , Xj)] respectively.

Then for every j = 1, . . . , J, it holds τ(bj−aj)qj [aj+Xj ·] = qj [bj+Xj ·]. Thus, every element in T (a,X,D)

differs from an element in T (b,X,D) by translations of elements of its maximal decomposition. Since ψ
depends only on the gradient variable, by (4.2) we conclude that A(a,X) = A(b,X).

Remark 4.6. For every q ≤ Q, let Aq be the functional defined as in (4.2) on Aq. Consider (a,X) ∈
AQ(R2 ×R2×2) with maximal decomposition

∑J
j=1 qj [(aj , Xj)]. Since in the definition of T (a,X,D) the

selections of each map in τ(aj+Xj ·)W
1,∞
0 (U,Aqj (R2)) are decoupled and the extension ψ̄ is linear, it holds

(4.3) A(a,X) =
J∑
j=1

Aqj (qj [(aj , Xj)]).

4.2. Basic properties of the integrand A. We are going to use the following interpolation result, in
the spirit of [14, Lemma 2.15].

Lemma 4.7. There exists a constant C(Q) > 0 with the following property. Let r > 0, σ ∈ (0, 1) and
consider g ∈ Lip(∂D(1+σ)r,AQ) and f ∈ Lip(∂Dr,AQ) with Lipschitz constant Lg, Lf respectively. Then
there exists h ∈ Lip(D(1+σ)r \Dr,AQ) with Lipschitz constant Lh such that h⌞∂D(1+σ)r = g, h⌞∂Dr = f
and

(4.4) Lh ≤ C
(
Lf + Lg +

1

σr
sup
x∈∂Dr

G(f(x), g((1 + σ)x))
)
.
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Proof. By a scaling argument we can consider r = 1. We denote ψ = ξ ◦ g and φ = ξ ◦ f , where
ξ : AQ → RN is Almgren’s bi-Lipschitz embedding recalled in Section 2.2, and consider the retraction

ρ : RN → ξ(AQ). Denote by Lψ, Lφ the Lipschitz constant of ψ,φ respectively. Consider two Lipschitz
extensions ψ̄, φ̄ to the whole R2 of the functions ψ,φ respectively, which can be chosen to have Lipschitz
constants Lψ, Lφ. For every x ∈ D1+σ \D, we define

(4.5) Φ(x) = 2∥x∥∞−1
σ ψ̄(x) + (1− 2∥x∥∞−1

σ )φ̄(x)

and then h = ξ−1 ◦ ρ ◦ Φ. It is immediate to check that h⌞∂D = f, h⌞∂D(1+σ) = g, we only need to
bound the Lipschitz constant of h. Since ξ is bi-Lipschitz and ρ is a retraction, it is enough to bound
the Lipschitz constant of Φ.

For x ∈ R2 we denote xin ∈ ∂D and xout ∈ ∂D1+σ the projection of x on ∂D, and on ∂D1+σ,
respectively. For every x, y ∈ D1+σ \D, we estimate

|Φ(x)−Φ(y)| =
∣∣∣2∥x∥∞−1

σ (ψ̄(x)−ψ̄(y))+2∥x∥∞−2∥y∥∞
σ ψ̄(y)+(1−2∥x∥∞−1

σ )(φ̄(x)−φ̄(y))−2∥x∥∞−2∥y∥∞
σ φ̄(y)

∣∣∣
≤ 2∥x∥∞−1

σ Lψ|x− y|+ (1− 2∥x∥∞−1
σ )Lφ|x− y|+

∣∣∣2∥y∥∞−2∥x∥∞
σ (ψ̄(y)− φ̄(y))

∣∣∣
≤

(
Lψ + Lφ

)
|x− y|+ 2|x− y|

σ

∣∣∣ψ̄(y)− ψ̄(yout) + ψ̄(yout)− φ̄(yin) + φ̄(yin)− φ̄(y)
∣∣∣

≤
(
Lψ + Lφ

)
|x− y|+ 2|x− y|

σ
((Lψ + Lφ)

√
2σ + max

z∈∂D
|ψ((1 + σ)z)− φ(z)|)

≤ C
(
Lg + Lf +

1

σ
max
z∈∂D

G(f(z), g((1 + σ)z))
)
|x− y|,

where in the last line the constant C > 0 depends on Almgren’s bi-Lipschitz embedding.

□

We now study the continuity properties of A. Crucially, our integrand A turns out to be, in general,
only lower semicontinuous and not continuous.

Lemma 4.8. The integrand A defined in (4.2) is lower semicontinuous on AQ(R2 × R2×2). Moreover,

for every sequence {(ak, Xk)}k∈N of points in AQ(R2 × R2×2) with the same maximal multiplicities of

(a,X) ∈ AQ(R2 × R2×2) such that G((ak, Xk), (a,X)) → 0 as k → +∞, it holds

(4.6) lim
k→+∞

A(ak, Xk) = A(a,X).

Furthermore, the integrand A satisfies for some C = C(Q) > 0

(4.7) A(a,X) ≤ C(1 + ∥X∥2).

Proof. Fix (a,X) ∈ AQ(R2 × R2×2) with maximal decomposition (a,X) =
∑J

j=1 qj [(aj , Xj)]. We first

observe that for every f ∈ Lip(D,R2) of Lipschitz constant Lf , then

(4.8)

ˆ
D
ψ(∇f) ≤

ˆ
D
∥
∧
M(∇f)∥ ≤ C

ˆ
D
(1 + ∥∇f∥2) ≤ C(1 + L2

f ),

where C > 0 is a dimensional constant. In particular, (4.7) follows from this estimate testing the definition

of A with
∑J

j=1 qj [aj +Xj ·].
Consider then a sequence (ak, Xk) in AQ(R2×R2×2) converging to (a,X). For k large enough (depend-

ing on minj ̸=i |(aj , Xj)− (ai, Xi)| > 0) there exists a maximal decomposition of (ak, Xk) of the following
form

(4.9) (ak, Xk) =

Jk∑
j=1

qkj [(a
k
j , X

k
j )],

where Jk ≥ J and (up to a permutation) there exist indices i0 = 0, i1, . . . , iJ−1, iJ = Jk such that
qkij−1+1 + · · ·+ qkij = qj for all j = 1, . . . , J .
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Set σk := G((a,X), (ak, Xk)) → 0 as k → +∞ and denote u0 :=
∑J

j=1 qj [aj + Xj ·] and uk :=∑Jk

j=1 q
k
j [a

k
j +Xk

j ·]. In particular we get that ∥Xk∥ ≤ ∥X∥+ σk, and

(4.10) G(u0(x), uk(x)) ≤ σk, ∀x ∈ ∂D.

For every j = 1, . . . , J , let hkj ∈ Lip(D1+σk \ D,Aqj ) denote the interpolation produced by Lemma 4.7
between

(4.11) qj [aj +Xj ·]⌞∂D1+σk and

ij∑
i=ij−1+1

qki [a
k
i +Xk

i ·]⌞∂D,

and denote hk =
∑J

j=1 h
k
j . By (4.10) and the triangular inequality, for x ∈ ∂D it holds

G(uk(x), u0((1 + σk)x)) ≤ σk + σk∥X∥.

Therefore, denoting Lk the Lipschitz constant of hk, the estimate (4.4) implies

(4.12) Lk ≤ C
(
1 + ∥X∥

)
.

For δ > 0 let φk ∈ T (ak, Xk, D) be such that A(ak, Xk) ≥
ffl
D ψ̄(∇φ

k) − δ. By definition of T , the

function φk admits a decomposition φk =
∑Jk

i=1 φ
k
i , with φ

k
i ∈ Lip(D,Aqki

). In particular, by (4.9) the

function φk admits a decomposition

φk =
J∑
j=1

φ̃kj where

ij∑
i=ij−1+1

φki =: φ̃kj ∈ Lip(D,Aqj ) for every j = 1, . . . , J.

We define the following function on D1+σk

ηk =

J∑
j=1

(hkjχD1+σk
\D + φ̃kjχD).

By (4.12), the function ηk is Lipschitz and satisfies ηk⌞∂D1+σk = u0⌞∂D1+σk , thus η
k ∈ T (a,X,D1+σk).

By the choice of φk, (4.8) and (4.12), we can estimate

(4.13) A(ak, Xk) ≥
 
D
ψ̄(∇φk)− δ = |D1+σk |

 
D1+σk

ψ̄(∇ηk)−
ˆ
D1+σk

\D
ψ̄(∇hk)− δ

≥
 
D1+σk

ψ̄(∇ηk)− C|D1+σk \D| (1 + L2
k)− δ ≥

 
D1+σk

ψ̄(∇ηk)− Cσk(1 + ∥X∥2)− δ.

Since ηk ∈ T (a,X,D1+σk), by the definition of A and Remark 4.3, we get

A(ak, Xk) ≥ A(a,X)− Cσk(1 + ∥X∥2)− δ.

We conclude the lower semicontinuity of A by letting k → +∞ and using that δ is arbitrary.

The continuity of A on the subset of AQ(R2 × R2×2) consisting of points with the same maximal
multiplicities of (a,X) follows essentially the same argument as before. The only difference is that, since
the maximal multiplicities of (a,X) and (ak, Xk) now coincide, we can interpolate between u0 on D
and uk on D1+σk by means of a map hk, which admits a decomposition into J maps in Aq1 , . . . ,AqJ

respectively. This allows to reproduce (4.13), starting from A(a,X), to establish the reverse inequality
and thus the desired (4.6).

□

Remark 4.9. We observe that the continuity of the integrand A is not expected in general. For instance
A(Q[(0, 0)]) can be in general strictly smaller than the constant value A(a, 0) evaluated on all (a, 0) ∈
AQ(R2 × R2×2) with the same maximal multiplicities (q1, . . . , qJ), if J > 1. Indeed the family of test
functions in (4.2) for A(Q[0, 0]) is strictly larger than the one for A(a, 0), up to a translation. And it is
easy to approximate (0, 0) ∈ AQ(R2 × R2×2) with a sequence (ak, 0) as above.
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This obstruction also occurs if one tries to prove upper semicontinuity of A, following the proof of
Lemma 4.8, but reversing the roles of the maps in (4.11). More precisely, consider the case where the
maximal decomposition of (a,X), (ak, Xk) satisfies (4.9) and there exists j ∈ {1, . . . , J} such that ij ̸= 1.
Assume for simplicity that i1 > 1. Then a test function φ ∈ T (a,X,D) can be decomposed as J maps
φ1, . . . , φJ , each valued in Aqj . But the map φ1 in general does not admit a Lipschitz decomposition

into i1 Lipschitz maps, each in Aqk1
, . . . ,Aqki1

. In particular, the resulting map ηk does not belong to

T (ak, Xk, D1+σk) since it does not admit the correct decomposition in D1+σk . Therefore we cannot
conclude the reverse inequality of (4.13).

4.3. Lower semicontinuity of the energy associated to A. The main goal of the section is showing
the following result.

Theorem 4.10. The lower semicontinuous Q-integrand A on AQ(R2 ×R2×2) defined in (4.2) gives rise
to the following energy on W 1,p(D,AQ(R2)) for every p ≥ 2

F(u) =

 
D
A(u(x),∇u(x)) dx ∀u ∈W 1,p(D,AQ(R2)),

which is weakly lower semicontinuous in W 1,p(D,AQ(R2)).

We refer to Section 2.2 for the relevant notions regarding Sobolev Q-valued functions. A crucial step
of the proof of Theorem 4.10 is to show that A satisfies the following property.

Property A. Let F be a Q-integrand on AQ(R2 × R2×2). We say that F satisfies Property A if the

following holds. Let (a,X) ∈ AQ(R2×R2×2) with maximal decomposition
∑J

j=1 qj [(aj , Xj)] with aj ̸= aj′

for j ̸= j′. In particular, there exists r > 0 such that the graph of x 7→
∑J

j=1 qj [aj +Xj x] coincides in
Dr with the union of J affine planes with multiplicities, at positive distance one from the other in Dr.
Then, for every f =

∑J
j=1 fj ∈ T (a,X,Dr) such that for every x ∈ Dr the sets spt(fj(x)) are pairwise

disjoint for different indices j, it holds

(A) F (a,X) ≤
 
Dr

F (f,∇f).

In the proof of Theorem 4.10 we will actually show that the integrand A defined in (4.2) enjoys the
following slightly stronger property:

Property B. Let A be the Q-integrand on AQ(R2 × R2×2) defined in (4.2). We say that A satisfies
Property B if the following holds. For every (a,X) ∈ R2 × R2×2 and for every q ≤ Q and function
f ∈ T (q[(a,X)], D), it holds

(B) Aq(q[(a,X)]) ≤
 
D
Aq(f,∇f),

where the q-integrand Aq is defined in Remark 4.6.

We note that, thanks to Remark 4.6, once Property B is established, it follows that the integrand A
satisfies Property A. Indeed, assuming Property B and arguing as in Remark 4.3, for every λ > 0 and
q ≤ Q it holds

Aq(q[(a,X)]) ≤
 
Dλ

Aq(f,∇f), ∀f ∈ T (q[(a,X)], Dλ).

Then, since for every x ∈ Dr, spt(fj(x)) are disjoint for different indices j, by Remark 4.6 it holds

A(f(x),∇f(x)) =
∑J

j=1A
qj (fj(x),∇fj(x)) and the same holds for A(a,X). Thus, applying (B) to each

Aqj we get (A).

Proof of Theorem 4.10. We divide the proof in two steps.

Step 1: We show that F is weakly lower semicontinuous inW 1,p(D,AQ(R2)), assuming that the integrand
A satisfies Property A. The proof of this step essentially follows the proof of [12, Theorem 0.2], specifically
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the part showing the sufficiency of quasiconvexity for lower semicontinuity of the energy, and is based on
the blow-up procedure introduced in [25]. We recall briefly the main steps of the proof, highlighting the
main differences with the reference [12].

In order to show the lower semicontinuity of the functional F , we consider p ∈ [2,+∞) and a sequence
vk converging to u weakly in W 1,p(U,AQ) (in the sense recalled in Section 2.2). Note that, by (4.7),
the integrand A satisfies A(a,X) ≤ C(1 + ∥X∥p) for every p ≥ 2. By [12, Lemma 1.5], one can replace
vk by uk such that: the functions uk are in W 1,∞(U,AQ) and are converging to u weakly in W 1,p,

there exists limk F(uk) and the functions uk are equi-integrable, meaning that there exists a function
φ : [0,+∞] → [0,+∞] superlinear at infinity such that

sup
k

ˆ
U
φ(|∇uk|p) < +∞.

To conclude, it is sufficient to show that F(u) ≤ limk F(uk), which is, in turn, implied by showing that

(4.14) A(u(x),∇u(x)) ≤ dµ

dL 2
(x)

holds on a set of full measure Ũ , where µ is (up to subsequences) the weak-∗ limit of the measures

A(uk,∇uk)L 2⌞U , see [25]. The set Ũ is chosen in the reference [12] so that some density conditions for

uk, u hold on it. In particular, u is differentiable at every point x ∈ Ũ . The proof of (4.14) follows from
two claims, as in [12, Theorem 0.2].

Claim 1: Let x0 ∈ Ũ and (u(x0),∇u(x0)) with maximal decomposition
∑J

j=1 qj [(aj , Xj)]. We assume

J > 1, as otherwise the arguments below simplify. Denote δ = minj ̸=j′ |aj − aj′ | > 0 and choose

0 < α ≤ min{1, δ/(8Q|∇u|(x0) )}, with α = 1 if |∇u|(x0) = 0. Then, there exist ρk → 0 and {wk}k∈N ⊆
Lip(D(x0, ρk),AQ) such that:

(a) wk admits a decomposition wk =
∑J

j=1[w
k
j ] with wkj ∈ Lip(D(x0, ρk),Aqj ), and for every x ∈

D(x0, ρk) it holds G(wk(x), u(x0)) ≤ 2αmax{|∇u|(x0), δ/(8Q)} ρk and also G(wk(x), u(x0))2 =∑J
j=1 G(wkj (x), qj [aj ])2;

(b)
ffl
D(x0,αρk)

Gp(wk, Tx0u) = o(ρpk);

(c) limk→+∞
ffl
D(x0,αρk)

A
(
wk,∇wk

)
= dµ

dL 2 (x0).

Note the difference from [12, Theorem 0.2] in item (c). We recall the main steps of the proof.

As in [12, Theorem 0.2], we can find radii ρk satisfying the following conditions:

sup
k

 
D(x0,ρk)

φ(|∇uk|p) < +∞,

 
D(x0,αρk)

A
(
uk,∇uk

)
→ dµ

dL 2
(x0),

 
D(x0,ρk)

Gp(uk, u) = o(ρpk) and

 
D(x0,ρk)

Gp(uk, Tx0u) = o(ρpk).(4.15)

Set rk = 2α max{|∇u|(x0), δ/(8Q)}ρk and consider the retraction ϑk : AQ → Brk(u(x0)) ⊂ AQ con-

structed in [14, Lemma 3.7]. We define wk := ϑk ◦ uk, and check that the claim holds.

Indeed, (a) follows since ϑk takes values in Brk(u(x0)) ⊂ AQ. As for (b), the choice of rk implies that
ϑk ◦ Tx0u = Tx0u on D(x0, αρk) since

(4.16) G(Tx0u(x), u(x0)) ≤ |∇u(x0)| |x− x0| ≤ |∇u(x0)|αρk ≤
rk
2
.

We can then argue exactly as in [12, Theorem 0.2] to show that Ak :=
{
wk ̸= uk

}
satisfies |Ak| = o(ρ2k).

We thus show item (c), since by the definition of Ak it holds∣∣∣∣∣
 
D(x0,αρk)

A
(
uk,∇uk

)
−
 
D(x0,αρk)

A
(
wk, Dwk

)∣∣∣∣∣
≤ 1

α2ρ2k

ˆ
Ak

(
A
(
uk,∇uk

)
+A

(
wk, Dwk

))
≤ C

ρ2k

ˆ
Ak

(
1 + |Dwk|p + |∇uk|p

)
.
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By the previous estimate and the equi-integrability of ∇uk, ∇wk we conclude using [12, Lemma 1.6].

Using Claim 1, one can “blow-up” the functions wk, as shown in the following claim.

Claim 2: For every γ > 0, there exist {zk}k∈N ⊆ Lip(Dα,AQ), with the following properties. For each

k ∈ N, zk admits a decomposition zk =
∑J

j=1 z
k
j in Lipschitz functions zkj ∈ Lip(Dα,Aqj ) such that, for

every x ∈ Dα, spt(z
k
j (x)) are disjoint for different indices j. Moreover, zk ∈ T (u(x0),∇u(x0), Dα) and

(4.17) lim sup
k→+∞

 
Dα

A
(
zk,∇zk

)
≤ dµ

dL 2
(x0) + γ.

To show Claim 2, as in [12, Theorem 0.2], one starts with the functions wk of Claim 1. Since they have

the same multiplicity of u at x0, we can blow-up. Let ζk :=
∑J

j=1 ζ
k
j with the maps ζkj ∈ Lip(Dα,Aqj )

defined by ζkj := τajρ
−1
k τ−ajw

k
j (x0 + ρk·).

Note that for every j = 1, . . . , J and x ∈ Dα, it holds

(4.18) G(ζkj (x), qj [aj ]) ≤ 1
ρk
G
(
wkj (x0 + ρkx), qj [aj ]

)
≤ 2αmax{|∇u|(x0), δ/(8Q)} ≤ δ

4
.

In particular, for every x ∈ Dα, spt(ζ
k
j (x)) are disjoint for different indices j. By a change of variable,

one also gets ζkj → qj [aj +Xj ·] in Lp(Dα,Aqj ) and

 
Dα

A
(
ζk,∇ζk

)
=

 
D(x0,αρk)

A
( J∑
j=1

τajρ
−1
k τ−aj [w

k
j ],∇wk

)
.

For every x ∈ D(x0, αρk), the maximal multiplicities of τajρ
−1
k τ−aj [w

k
j (x)] and wkj (x) coincide. Since

spt(wkj (x)) are disjoint for different j, also the maximal multiplicities of wk(x) and
∑J

j=1 τajρ
−1
k τ−aj [w

k
j (x)]

coincide for every x ∈ Dα. By Remark 4.5 we get
 
D(x0,αρk)

A
( J∑
j=1

τajρ
−1
k τ−aj [w

k
j ],∇wk

)
=

 
D(x0,αρk)

A(wk,∇wk).

Therefore, by item (c) in the previous claim we conclude

lim
k→+∞

 
Dα

A
(
ζk,∇ζk

)
=

dµ

dL 2
(x0).

The rest of the proof of Claim 2 follows as in [12, Theorem 0.2], and amounts to employ Lemma 4.7
to match the boundary data Tx0u⌞∂D. The only difference is that we first define zkj ∈ Lip(Dα,Aqj )

for j = 1, . . . , J interpolating between ζkj ⌞Drα and qj [aj + Xj ·]⌞∂Dα, and then zk =
∑J

j=1 z
k
j ∈

T (u(x0),∇u(x0), Dα). Here, the parameter r ∈ (0, 1) is chosen as in [12, Theorem 0.2]. We now check
that for every x ∈ Dα, spt(z

k
j (x)) are disjoint for different indices j. If x ∈ Drα, then zkj (x) = ζkj (x)

and spt(ζkj (x)) are disjoint for different indices j. Consider now x ∈ Dα \ Drα. By definition of the

interpolation Φ in (4.5), we can estimate for every P ∈ Aqj

G(hkj (x), P ) ≤ Lip(ξ−1)|ρ ◦ Φ(x)− ξ(P )| = Lip(ξ−1)|ρ ◦ Φ(x)− ρ ◦ ξ(P )| ≤ Lip(ξ−1)|Φ(x)− ξ(P )|

≤ Lip(ξ−1)Lip(ξ)
(
α−2∥x∥∞
(1−r)α max

y∈Dα

G(ζkj (y), P ) + (1− α−2∥x∥∞
(1−r)α ) max

y∈Dα

G(qj [aj +Xj y], P )
)

≤ Lip(ξ−1)Lip(ξ)max
{
max
y∈Dα

G(qj [aj +Xj y], P ), max
y∈Dα

G(ζkj (y), P )
}
.

Considering P = qj [aj ] and up to choosing a smaller α, we conclude that

G(hkj (x), qj [aj ]) ≤ C(Q)2αmax{|∇u|(x0), δ
8Q} ≤ δ

4 ,

which implies that the supports are pairwise disjoint.

By Claim 2, we can test (A) with every zk, deducing

A
(
u(x0),∇u(x0)

)
≤ lim sup

k→+∞

 
Dα

A
(
zk,∇zk

)
≤ dµ

dL 2
(x0) + γ,
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which implies (4.14) by letting γ → 0 and concludes the proof.

Step 2: We show that the integrand A defined in (4.2) satisfies Property A. This is obtained by proving
that the integrand A satisfies Property B, that is (B) holds for every q ≤ Q and every function f ∈
T (q[(a,X)], D). Since the argument below does not depend on the particular value of q we choose, we fix
q = Q. We fix (a,X) ∈ R2 × R2×2 and, with an abuse of notation, we denote (a,X) = Q[(a,X)] ∈ AQ.

Fix f ∈ T (a,X,D) and δ > 0. We first note that the energy of f can be approximated by the energy
of almost piecewise affine functions. In fact, denoting with L the Lipschitz constant of f , by Lemma 5.1,
we find an L′(L,Q)−Lipschitz function g ∈ T (a,X,D) for which there exist K ∈ N pairwise disjoint
cubes Dℓ ⊆ D and points (aℓ, Xℓ) ∈ AQ(R2 × R2×2) such that

|D \
K⋃
ℓ=1

Dℓ| ≤ δ, g⌞Dℓ =: gℓ is affine and gℓ ∈ T (aℓ, Xℓ, Dℓ),

where Xℓ = ∇gℓ, and gℓ is the Taylor expansion of f at a differentiability point for f in Dℓ. Moreoverˆ
D
A(f,∇f) ≥

ˆ
D
A(g,∇g)− δ.

We are thus left to show (B) for the function g.

We denote Dℓ = xℓ + rD for xℓ ∈ D, and recall that r ∈ (0, δ). In particular it holds

(4.19)

ˆ
D
A(g,∇g) ≥

K∑
ℓ=1

ˆ
Dℓ

A(g,∇g) =
K∑
ℓ=1

ˆ
Dℓ

A(g,Xℓ).

Since gℓ is affine, for every x ∈ R2, the point (gℓ(x),∇gℓ(x)) has the same maximal multiplicities of
(aℓ, Xℓ). Thanks to Remark 4.5 it thus holds A(gℓ(x), Xℓ) = A(aℓ, Xℓ) and (4.19) becomes

(4.20)

ˆ
D
A(g,∇g) ≥

K∑
ℓ=1

|Dℓ|A(aℓ, Xℓ).

For every ℓ = 1, . . . ,K we consider φℓ ∈ T (aℓ, Xℓ, Dℓ) such that

(4.21) A(aℓ, Xℓ) ≥
 
Dℓ

ψ̄(∇φℓ)− δ.

Note that g⌞∂Dℓ = φℓ⌞∂Dℓ. Therefore, the following Q-valued map is in Lip(D,AQ):

φ := g χD\
⋃K

ℓ=1D
ℓ +

K∑
ℓ=1

φℓ χDℓ .

By (4.20) and (4.21) we get

ˆ
D
A(g,∇g) ≥

K∑
ℓ=1

(ˆ
Dℓ

ψ̄(∇φℓ)− δ|Dℓ|
)
≥
ˆ
D
ψ̄(∇φ)− Cδ,

where the positive constant C depends on L′, and thus on f . Since (a,X) = Q[(a,X)] and φ⌞∂D =
Q[a+X ·]⌞∂D, then φ ∈ T (a,X,D). Hence we deduce from the previous inequality and the definition of
A (4.2), that ˆ

D
A(g,∇g) ≥ A(a,X)− Cδ.

Since δ was arbitrary, we conclude (B) and thus the proof.

□

An interesting consequence of the previous result is the following characterization. We consider a
bounded, open set U ⊆ R2.
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Proposition 4.11. Assume that a lower semicontinuous integrand F on AQ(R2 × R2×2) satisfies

F (a,X) = F (b,X),

for all (a,X), (b,X) ∈ AQ(R2 × R2×2) with the same maximal multiplicities.
(4.22)

Then, if the associated energy F(f) =
´
U F (f,∇f) is weakly−∗ lower semicontinuous in W 1,∞(U,AQ),

the functional F satisfies Property A.

Conversely, if F satisfies Property A and for some p ≥ 2,

F (a,X) ≤ C(1 + ∥X∥p),
then the associated energy F is weakly lower semicontinuous in W 1,p(U,AQ).

Proof. Weak−∗ lower semicontinuity implies Property A. We assume that the functional F is weakly−∗
lower semicontinuous in W 1,∞(U,AQ). We fix (a,X) ∈ AQ(R2 × R2×2) with a maximal decomposition∑J

j=1 qj [(aj , Xj)] and aj ̸= ai for j ̸= i. Let x0 ∈ U and define the affine function u(x) :=
∑J

j=1 qj [aj +

Xj (x− x0)] =
∑J

j=1 uj(x). We can assume without loss of generality that x0 = 0 ∈ U . Let Dr ⊆ U for
some r > 0. Note that for r small we can ensure that the graph of u over Dr is the union of J affine
planes with multiplicities, at positive distance one from the other. Consider a Lipschitz test function
w =

∑J
j=1wj ∈ T (a,X,Dr) such that for every x ∈ Dr the sets spt(wj(x)) are pairwise disjoint for

different indices j, as in the statement of Property A.

Set zj(y) := τ−(aj+Xj y)wj(y), so that zj⌞∂Dr ≡ qj [0], and extend zj as an r-periodic map to the whole

R2. We consider vkj (y) = τaj+Xj y (k
−1zj(ky)) and v

k =
∑J

j=1 v
k
j for k ∈ N. We replace vkj by uj outside

Dr.

Note that vkj ⇀ uj weakly−∗ in W 1,∞(Dr,Aqj ) as uniformly Lipschitz and converging in L∞. Thus,
by the lower semicontinuity of F we get

(4.23)

ˆ
Dr

F (u,∇u) ≤ lim inf
k→+∞

ˆ
Dr

F (vk,∇vk).

Since u is affine, the maximal multiplicities of (u,∇u) = (u,X) are the same as those of (a,X). By (4.22)
and (4.23) we have

(4.24) |Dr|F (a,X) =

ˆ
Dr

F (u,∇u) ≤ lim inf
k

ˆ
Dr

F (vk,∇vk).

We now estimate the right-hand side in (4.24). First, for k sufficiently large and for every x ∈ Dr,
spt(vkj (x)) are pairwise disjoint for different indices j. Then, by definition the maximal multiplicities

of vkj (x/k) and wj(x) coincide for all x ∈ Dr. Since ∇vk is r
k -periodic in Dr and so are the maximal

multiplicities of vk, by periodicity and a change of variable we get

(4.25)

 
Dr

F (vk,∇vk) =
 
Dr/k

F (vk,∇vk) =
 
Dr/k

F (w(k ·),∇vk) =
 
Dr

F
(
w,

J∑
j=1

τXj∇zj
)
,

where in the second equality we used (4.22). Since τXj∇zj = ∇wj by construction, we concludeˆ
Dr

F (vk,∇vk) =
ˆ
Dr

F (w,∇w),

which, paired with (4.24), yields the conclusion.

Property A implies weak lower semicontinuity. Assume that the integrand F satisfies Property A.
The result follows from Step 1 in the proof of Proposition 4.10 once we show that for every sequence
{(ak, Xk)}k∈N ⊆ AQ(R2×R2×2) with the same maximal multiplicities of (a,X), if G((ak, Xk), (a,X)) → 0

then F (ak, Xk) → F (a,X). This convergence was used in Step 1 in the proof of Proposition 4.10 to deduce
(4.14).

Let
∑J

j=1 qj [(aj , Xj)],
∑J

j=1 qj [(a
k
j , X

k
j )] be a maximal decomposition for (a,X), (ak, Xk) respectively,

and let u0, u
k be the affine functions defined by

∑J
j=1 qj [aj +Xj ·],

∑J
j=1 qj [a

k
j +Xk

j ·] respectively. Note
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that, since (4.14) needs to be checked at differentiability points of u, we can assume that aj ̸= ai for
j ̸= i.

By lower semicontinuity of F , it suffices to show that

F (a,X) ≥ lim sup
k→+∞

F (ak, Xk).

To do so, we argue as in Lemma 4.8. Note that, for k sufficiently large, there exists r > 0 such that, for
each j, the graph over D2r of the affine map x 7→ akj + Xk

j x is contained in a tubular neighborhood of
the graph of x 7→ aj +Xjx. Moreover, these neighborhoods are pairwise disjoint for distinct indices j.

Let σk = G((a,X), (ak, Xk)). We build an interpolating function hk between u0⌞∂Dr and u
k⌞∂D(1+σk)r

by Lemma 4.7 with the following properties: it admits a decomposition hk =
∑J

j=1 h
k
j matching the

decomposition of u0, u
k; the graph of each hkj is contained in the tubular neighborhood of the graph of x 7→

aj +Xjx and they are thus pairwise disjoint for different j. Arguing as for (4.12), the Lipschitz constant

of hk is uniformly bounded as k → +∞. We define on D(1+σk)r the map φk = u0χDr + hkχD(1+σk)r\Dr
.

Since φk ∈ T (ak, Xk, D(1+σk)r), using (A) we conclude

F (ak, Xk) ≤
 
D(1+σk)r

F (φk,∇φk) ≤ F (a,X) + Cσk

for a positive constant C. Sending k → +∞ we conclude.

□

We conclude this section with the following lemma which relates the quasiconvexity introduced in [12]
and Property A for integrands satisfying (4.22).

Lemma 4.12. Consider a Q-integrand F on AQ(R2 × R2×2) satisfying (4.22). If F is lower semicon-
tinuous, quasiconvexity of F implies Property A. If F is continuous, quasiconvexity and Property A are
equivalent.

Proof. Let (a,X) ∈ AQ and (a,X) =
∑J

j=1 qj [(aj , Xj)] with aj ̸= ai for j ̸= i. We first note the following.

Consider (b,X) ∈ AQ admitting a decomposition of the form

(b,X) =
J ′∑
j=1

q′j [(bj , Xj)], bj ̸= bi for j ̸= i,

where J ′ ≥ J and (up to a permutation) there exist indices i0 = 0, i1, . . . , iJ−1, iJ = J ′ such that
q′ij−1+1+ · · ·+q′ij = qj for all j = 1, . . . , J . Then, if F is lower semicontinuous it holds F (a,X) ≤ F (b,X),

while if F is continuous it holds F (a,X) = F (b,X). Indeed, let {(ak, X)}k∈N ⊆ AQ be a sequence with
the same maximal multiplicities of (b,X) and converging to (a,X). By semicontinuity of F and (4.22)
we conclude that F (a,X) ≤ lim infk F (a

k, X) = F (b,X). If F is continuous we have instead F (a,X) =
F (b,X). Consider then w ∈ Lip(Dr,AQ) such that for every x ∈ Dr the sets spt(wj(x)) are pairwise
disjoint for different indices j. If F is lower semicontinuous, for every x ∈ Dr where w is differentiable it
holds F (w(x),∇w(x)) ≥ F (a,∇w(x)), from which we can conclude that the quasiconvexity (2.1) implies
Property A. If F is continuous, F (w(x),∇w(x)) = F (a,∇w(x)) and the two properties are equivalent. □

4.4. Proof of the main result. We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We show that the Q-integrand A defined in (4.2) is not polyconvex. Recall that
the simple 2-vectors vi = ci

∧
M(Xi), i = 1, 2, 3 introduced in (3.1), where c1 = c2 = δ2(4 − ε4)/4 and

c3 = ε4δ2/2 satisfy v1 + v2 + v3 = 2δ2e12 = 2δ2
∧
M(0), that is,

∧
M(0) is equal to the following convex

combination:

(4.26)
∧
M(0) =

3∑
i=1

θi
∧
M(Xi), where θi := ci/2δ

2,
3∑
i=1

θi = 1.
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We fix a ∈ (R2)Q and f ∈ T (a, 0, D) with Lipschitz constant L. We recall the notation T0,T
H ,TM ,TV

introduced in Section 3, where we again drop the dependence of T from f . Recall that each point p ∈ T0
is an integer density point for T admitting a tangent plane. We also recall that w1, w2 are ε-horizontal
while w3 is ε-vertical. Moreover, the 2-vectors vi are such that R(Pvi) = Pwi for i = 1, 2, 3, where
R = diag(1, 1, ε, ε).

By the definition of ψ we can estimate

(4.27)

ˆ
D
ψ̄(∇f) ≥ M(T⌞{p ∈ T0 : TpT0 ̸= Pvi for i = 1, 2, 3}).

Indeed, consider a point p ∈ T0 of density θ(p). We denote p = (x, y) ∈ R2 × R2. If θ(p) < Q, then

f(x) = θ(p)[y] + z

with y ∈ R2, z ∈ AQ−θ(p)(R2) and d(y,sptz) > 0. In particular, choosing a ball B centered at x with a
small enough radius, we can ensure

d(y, spt z) ≥ 3(Q− 1)Ldiam(B) > 0,

so that by [14, Proposition 1.6] the function f admits in B a decomposition into two L-Lipschitz functions
f1 ∈ Lip(B,Aθ(p)), f2 ∈ Lip(B,AQ−θ(p)) with disjoint graphs. Since there exists the tangent plane to

T0 at p, it also holds ∇f1(x) = θ(p)[X] for some X ∈ R2×2. If at such p the tangent plane to T0 is
different from Pv1 , Pv2 , Pv3 , then ψ̄(∇f1(x)) = θ(p)∥

∧
M(X)∥. The same conclusion is straightforward if

θ(p) = Q, as no decomposition is required. This implies (4.27) since ∥
∧
M(X)∥ ≥ 1 for every X ∈ R2×2.

We now claim that a quantitative lower bound can be established for the right-hand side of (4.27). We
denoteG := R♯T, which is still a multivalued graph, see (3.29), and G0 := R(T0). We also denoteGNS :=

G⌞{p ∈ G0 : TpG0 ̸= Pwi for i = 1, 2, 3}, and Gi = G⌞{p ∈ G0 : TpG0 = Pwi} for i = 1, 2, 3, which are
well-defined as restrictions of a rectifiable current on measurable subsets of the support. Bounding the
tangential Jacobian from above by 1, by the area formula

M(GNS) ≤ M(T⌞{p ∈ T0 : TpT0 ̸= Pvi for i = 1, 2, 3}).

Moreover, since G = GNS +G1 +G2 +G3, by the linearity of the pushforward it holds γG = γGNS +∑3
i=1 γGi . In particular, since e12 =

1
Q

´
ω dγG(P ), we deduce that∑

i=1,2

ˆ
ω · e34 dγGi(P ) =

ˆ
ω · e43 dγGNS (P ) +

ˆ
ω · e43 dγG3(P ).

Since the pushforward of a measure is mass-preserving, we have |γGNS |(G̃r(2, 4)) = M(GNS) and

|γGi |(G̃r(2, 4)) = M(Gi). Recalling the definition (3.5), we have w1 · e34 = w2 · e34 = ε2

4 and w3 · e43 = ε2

2 ,
so that the previous equality reads

ε2

4∥w1∥
∑
i=1,2

M(Gi) =
ε2

2∥w3∥
M(G3) +

ˆ
ω · e43 dγGNS (P ).

By |ω · e43| ≤ 1 for γGNS -a.e. P , we conclude

(4.28) 0 ≤ 2∥w1∥
∥w3∥

M(G3)−
∑
i=1,2

M(Gi) +
4∥w1∥
ε2

M(GNS).

On the other hand, since projecting on the h-plane the multivalued graph G does not produce cancella-
tions, it holds

(4.29) Q ≤ M(G) =
∑

i=1,2,3

M(Gi) +M(GNS).

Summing left-hand sides and right-hand sides of (4.28) and (4.29), we get(
1 +

2∥w1∥
∥w3∥

)
M(G3) +

(
1 +

4∥w1∥
ε2

)
M(GNS) ≥ Q.
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Since w3 is ε-vertical it holds M(G3) ≤ M(GV ), so that using Proposition 3.5 and Remark 3.6 we arrive
at

Q ≤ 1

C

(
1 +

2∥w1∥
∥w3∥

)
M(GM ) +

(
1 +

4∥w1∥
ε2

)
M(GNS)

Finally, since the planes associated to w1, w2, w3 are either ε-horizontal or ε-vertical, it holds M(GM ) ≤
M(GNS). All in all, we have concluded a quantitative lower bound for (4.27), which concludes the proof
of the claim.

Thanks to the claim, by the very definition of A we conclude that A(a, 0) > 0. On the other hand,

denoting X̃i = (Xi , . . . , Xi) ∈ (R2×2)Q for i = 1, 2, 3, we see that A(a, X̃i) = 0, as follows testing the

definition (4.2) with f =
∑Q

j=1[aj + Xi ·]. This implies that the integrand A is not polyconvex, as

otherwise by Remark 2.4, there would exist a convex function g̃a defined on ((
∧mRn)+)Q such that

A(a,X1, . . . , XQ) = g̃a(
∧
M(X1), . . . ,

∧
M(XQ)),

which, by (4.26), would imply

A(a, 0) ≤
3∑
i=1

θiA(a, X̃i) = 0,

which in turn would contradict A(a, 0) > 0. This concludes the proof. □

Remark 4.13. Referring to the previous proof, we note that, even if the integrand A is degenerate at
every point (a, X̃i) ∈ AQ with X̃i = (Xi , . . . , Xi) ∈ (R2×2)Q for i = 1, 2, 3, we can always modify it to

produce a nondegenerate Q-integrand Ã, which is not polyconvex but whose associated energy is lower
semicontinuous. Indeed, for (a,X) ∈ AQ(R2 ×R2×2) we could set Ã(a,X) := A(a,X) + δ ∥X∥. This is a
nondegenerate Q-integrand (since ∥X∥ = G(

∑Q
j=1[Xj ], Q[0])) which is not polyconvex for δ small enough,

as follows from the fact that
∑3

i=1 θiA(a, X̃i) < A(a, 0). On the other hand, it is immediate to check that

Ã satisfies Property B thanks to the convexity of the norm.

4.5. Concluding remarks. In this final subsection we provide some observations and questions that
arose during the preparation of the work.

Remark 4.14. The envelope (4.2) provides a nonhomogeneous Q-integrand. It is not clear if it is possible
to construct an integrand which depends on the gradient variable only. For all X ∈ (R2×2)Q one could
try to define the space of test functions as T (X,D) =

⋃
a∈(R2)Q T (a,X,D), but for such a choice it is

not clear whether the quasiconvexity of the envelope (4.2) holds. To be precise, Step 2 in the proof of
Theorem 4.10 fails, since it is not clear that φℓ⌞∂Dℓ = g⌞∂Dℓ and that the global competitor φ can be
defined.

Even more interesting would be to strengthen Theorem 1.1 to define a 1-integrand AQ which is not
polyconvex and such that the associatedQ-integrand ĀQ is quasiconvex. If this were the case, Theorem 1.1
would also answer the question posed in [20, Remark 1.14]. One could imagine to define AQ as follows.
For every X ∈ R2×2

(4.30) AQ(X) := inf
q≤Q

{
1

q

 
B
ψ̄(∇f) : f ∈ T (q[X], B)

}
.

It is not difficult to see, following the proof of Theorem 1.1, that for every Q ∈ N the 1-integrand AQ
is not polyconvex. Yet, it is not clear whether the energy functional associated to ĀQ is weakly lower
semicontinuous2, that is the validity of Theorem 4.10. The issue lies again in Step 2 in the proof of
Theorem 4.10, as we now sketch. Let X ∈ R2×2, Q ∈ N be such that

(4.31) inf

{ 
B
ψ̄(∇f) : f ∈ T (Q[X], B)

}
< inf

{ 
B
ψ̄(∇f) : f ∈ T ((Q− 1)[X], B)

}
,

i.e., AQ(X) < AQ−1(X). If such X,Q did not exist, by [20, Theorem 1.8] the function ψ would be
polyconvex. Now, consider a piecewise affine function g, and suppose that at a Lebesgue point x for

2Note that, if that were true, a standard regularization by convolution would allow to find a smooth 1-integrand ψQ,
close to AQ and not polyconvex, but with ψ̄Q quasiconvex (see [7, p. 479]).
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∇g it holds ∇g = q[X] +
∑J

j=1 qj [Xj ], with q < Q and Xj ̸= X. We need to approximate the energy

ĀQ(∇g(x)) = qAQ(X)+
∑

j qjAQ(Xj), as we did in (4.21). Since AQ(X) < AQ−1(X), aQ-valued function

f is needed to approximate the value AQ(X) using (4.30). As there is left the term
∑

j qjAQ(Xj)
to approximate, we need to add to f at least one more value. Therefore, in order to approximate
ĀQ(∇g(x)), we need a function φ taking at least Q + 1 values. However, since in (4.30) we are only
allowed to use q-valued maps with q ≤ Q, φ is not an admissible competitor. Hence we cannot conclude
the last inequality of the proof of Theorem 4.10. This argument also highlights that we cannot exclude
that for every 1-integrand ψ the envelope

sup{ξ ≤ ψ : the associated Q-integrand ξ̄ is quasiconvex}

coincides with the polyconvex envelope of ψ.

Remark 4.15. We lastly present a comment on Property A, which replaces the quasiconvexity property
of Definition 2.2 introduced in [12]. As observed in Remark 4.9, we cannot expect in general the conti-
nuity of A. Hence the weak lower semicontinuity of the associated energy functional is not equivalent to
quasiconvexity of A. As shown in Proposition 4.11, under the assumption (4.22), the weak lower semi-
continuity of the energy turns out to be equivalent to Property A, which thus seems to be the natural
ellipticity condition for the existence of energy minimizers in this context. Moreover, when the integrand
A is in addition continuous, Property A is equivalent to the quasiconvexity of A by Lemma 4.12, and our
results match with those of [12].

5. An almost-polyhedral approximation result

The aim of this last section is to establish the following approximation result, which we used in Sec-
tion 4. Essentially, we show that the energy associated to the integrand A defined in (4.2) for any
Lipschitz multivalued function f can be recovered through an approximating sequence of uniformly Lip-
schitz functions that are piecewise affine outside a set of small measure. Actually, the same proof works
for every integrand F with bounded growth satisfying the assumptions of Proposition 4.11.

Lemma 5.1. Let (a,X) ∈ AQ(R2 × R2×2). Consider f =
∑J

j=1 fj ∈ T (a,X,Dr) L-Lipschitz, for

r ∈ (0, 1) such that the sets spt(fj(x)) are pairwise disjoint for different indices j. Then there exists a

sequence of L′-Lipschitz functions {gk}k∈N ⊆ T (a,X,Dr), with L′ = L′(L,Q) > 0, with the following

properties. For every k ∈ N there exists Lk ∈ N and pairwise disjoint cubes {Dk
ℓ }
Lk
ℓ=1 ⊆ Dr such that

|Dr \
Lk⋃
ℓ=1

Dk
ℓ | ≤

3

k
,

gk⌞Dk
ℓ = Tzf⌞D

k
ℓ for some point z ∈ Dk

ℓ of differentiability for f , for every ℓ = 1, . . . , Lk.

(5.1)

Moreover, it holds

(5.2) lim
k→+∞

ˆ
Dr

A(gk,∇gk) =
ˆ
Dr

A(f,∇f).

In order to prove Lemma 5.1, we first introduce the following notation. Consider an open bounded set
Ω ⊆ R2 . For r > 0, we define an r-cubic subdivision of Ω, if it exists, any finite union U of disjoint open
cubes contained in Ω whose side lengths are integer multiples of r, and such that |Ω \ U | = 0. We can
then show the following intermediate result, which is reminiscent of [10, Lemma 4.2, 4.3].

Lemma 5.2. Let U ⊆ R2 open and bounded, and f : U → AQ(R2) be L-Lipschitz. For every δ ∈ (0, 1)

there exists r ∈ (0, δ) and an r-cubic subdivision {D(zℓ, r)}ℓ=1,...,Nδ
of a set Dδ ⊆ U such that

|U \Dδ| ≤ δ,(5.3)

D(zℓ, 3r) ⊂⊂ U, for every ℓ = 1, . . . , Nδ(5.4)
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and for each ℓ = 1, . . . , Nδ there exists an affine function gℓ : R2 → AQ(R2) such that

gℓ = Tzf for some point z ∈ D(zℓ, r) of differentiability for f ,(5.5)

sup
D(zℓ,r)

G(f, gℓ) ≤ δr,(5.6)

∣∣∣{G(∇f,∇gℓ) > α} ∩D(zℓ, r)
∣∣∣ ≤ δ

α
r2, ∀α ∈ (0,+∞).(5.7)

Moreover, if
∑J

j=1 qj [(aj , Xj)] is a maximal decomposition for (f(z),∇f(z)), then f admits a Lipschitz

decomposition in D(zℓ, 3r) of the form

(5.8) f =

J∑
j=1

fj , with fj ∈ Lip(D(zℓ, 3r),Aqj ) for every j = 1, . . . , J.

Also, given F ∈ L1(U), the points z in (5.5) can be chosen so that

(5.9) F (z) ≤
 
D(zℓ,r)

F + δ for every ℓ = 1, . . . , Nδ.

Proof. Fix δ > 0. Choose r0 = r0(δ) > 0 and a set D0 ⊂⊂ U such that D0 is the closure of the union
of pairwise disjoint translations of the square (0, r0)

2. Assume in addition that each square composing
D0 satisfies (5.4) and that |U \ D0| ≤ δ/2. Then, for every r such that r0 ∈ rN, there exists an r-
cubic subdivision of D0 made of I0(r) cubes. We denote {D(zℓ, r)}ℓ∈I0(r) the elements of such a r-cubic
subdivision of D0. We define I(r) ⊆ I0(r) as the set of indices ℓ ∈ I0(r) such that there exists an affine
function gℓ : R2 → AQ(R2) coinciding with Tzf for some z ∈ D(zℓ, r) and satisfying

sup
D(zℓ,3r)

G(f, gℓ) ≤ δr,

 
D(zℓ,3r)

G(∇f,∇gℓ) ≤ δ.

We then let

(5.10) Dδ :=
⋃

ℓ∈I(r)

D(zℓ, r).

As (5.4), (5.5) and (5.6) hold by construction, we are left to prove (5.3) and (5.7) for Dδ, and to control
the multiplicities of f, g.

We start by choosing radii r(z) depending on the point z ∈ D̊0 in the interior of D0. First of all, for

every z ∈ D̊0 there exists r(z) such that D(z, 4r(z)) ⊆ D0 ⊆ U and we can furthermore take r(z) < δ.
Then, since f is Lipschitz, by Rademacher’s Theorem for multivalued functions [14, Theorem 1.13] for
a.e. z ∈ D0 the Taylor expansion Tzf of f at the point z is well-defined and satisfies

G(f(y), Tzf(y)) = o(|z − y|).

In particular, for a.e. z ∈ D̊0 there exists r(z) > 0 such that D(z, 4r(z)) ⊆ D0 and

(5.11) G(f(y), Tzf(y)) ≤
δ

16
|y − z|, for all y ∈ D(z, 4r(z)).

We set r(z) = 0 for all z at which f is not differentiable. Since almost every point z ∈ D0 is a Lebesgue
point for ∇f , there exists a possibly smaller r(z) > 0 such that

(5.12)

 
D(z,ρ)

G(∇f,∇f(z)) ≤ δ

16
, ∀ 0 < ρ ≤ 4r(z).

Additionally, denoting
∑J(z)

j=1 qj [aj ] a maximal decomposition of f(z), for r(z) small we can ensure that

(5.13) |aj − aj′ | ≥ 3L(Q− 1) diam(D(z, 4r(z))), ∀j ̸= j′.

If F ∈ L1(U) is given, we further require z to be a Lebesgue point of F with respect to cubes of side
length less than r(z). Outside a null set, for every z ∈ D0 there exists r(z) > 0 such that for every cube
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D′ ⊂ U with z ∈ D′ and side length smaller than r(z) it holds F (z) ≤
ffl
D′ F + δ. We choose r small

enough so that the set A(r) :=
{
z ∈ D̊0 : r(z) ≤ r

}
satisfies

(5.14) |A(r)| ≤ δ

2
.

This can be done as A(r) ↘
⋂
r≥0A(r) as r → 0, which has zero measure.

We now prove that the radius r chosen above satisfies the conclusions of the lemma. To this end, we
first claim that

(5.15) for each ℓ ∈ I0(r), if D(zℓ, r) ̸⊆ A(r), then ℓ ∈ I(r).

Indeed, assume there exists z ∈ D(zℓ, r) \ A(r) and let gℓ := Tzf. In particular, r(z) > 0, hence f is
differentiable at z. By definition of A(r) and (5.11) we get

sup
D(zℓ,3r)

G(f, gℓ) ≤ sup
D(z,4r)

G(f, Tzf) ≤ δr.

Similarly, using (5.12) we get 
D(zℓ,3r)

G(∇f,∇gℓ) ≤
16

9

 
D(z,4r)

G(∇f,∇f(z)) ≤ δ.

Therefore, ℓ ∈ I(r) and we conclude the proof of (5.15).

Property (5.15) immediately implies that I(r) ̸= ∅, since for δ < |U | we have |D0| > |A(r)| by (5.14).
The validity of (5.3) for our choice of r follows from |U \D0| ≤ δ/2 and the following estimate:

|D0 \Dδ| (5.10)=

∣∣∣∣⋃ℓ∈I0(r)\I(r)
D(zℓ, r)

∣∣∣∣ (5.15)

≤ |A(r)|
(5.14)

≤ δ

2
.

Then, using (5.12), for every ℓ ∈ I(r) and α > 0 we get∣∣∣{G(∇f,∇gℓ) > α} ∩D(zℓ, r)
∣∣∣ ≤ δ

α
r2,

which shows (5.7). As noted before, the properties (5.4), (5.5) and (5.6) hold by construction.

Moreover, by (5.5), the function gℓ is affine and (gℓ(x),∇gℓ(x)) has the same maximal multiplicities

of (f(z),∇f(z)) at every point x ∈ R2. Denoting
∑J

j=1 qj [aj ] a maximal decomposition for f(z), by

definition of r(z) the property (5.13) is satisfied and thus by [14, Proposition 1.6] the function f admits a

decomposition in D(z, 4r(z)) as f =
∑J

j=1 fj , with fj L−Lipschitz taking value in Aqj and with disjoint

supports. In particular, since D(zℓ, 3r) ⊆ D(z, 4r(z)), the same decomposition holds in D(zℓ, 3r), showing
that (5.8) holds. Lastly, since z ∈ D(zℓ, r) and r < r(z), by the choice of r(z) it holds F (z) ≤

ffl
D(zℓ,r)

F+δ

and we conclude (5.9) and thus the proof.

□

We can now conclude the proof of Lemma 5.1.

Proof of Lemma 5.1. Let (a,X) ∈ AQ(R2 × R2×2) and fix an L-Lipschitz function f ∈ T (a,X,Dr) with

Lipschitz decomposition
∑J

j=1 fj . Let
∑J

j=1 qj [(aj , Xj)] be a maximal decomposition for (a,X). Note
that by the assumption on the supports of fj , aj ̸= ai for j ̸= i. We divide the proof in two steps.

Step 1: We modify the functions produced by Lemma 5.2 in order to match the boundary data. For each
k ∈ N, let {gkℓ }ℓ=1,...,Nk

denote the affine functions produced by Lemma 5.2 for the choice f, δ = 1/k,

with each gkℓ defined on an element of an rk-cubic subdivision {D(zkℓ , rk)}ℓ=1,...,Nk
of a set Dk ⊆ Dr,

with rk ≤ 1/k. Since mini ̸=j minx∈Dr dist(spt(fi(x)), spt(fj(x))) > 0, it holds Tzf =
∑J

j=1 Tzfj at

every differentiability point z ∈ Dr for f . Thus, by (5.5) the affine function gkℓ admits a decomposition

into J affine functions gkℓ,j = Tzfj ∈ Lip(R2,Aqj ). In view of (5.6), for k large enough and for every
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x ∈ D(zkℓ , rk), spt(g
k
ℓ,j(x)) are disjoint for different indices j. In particular, (5.6) implies that for k large

enough it holds

(5.16) sup
x∈D(zkℓ ,rk)

G2(f, gkℓ ) =
J∑
j=1

sup
x∈D(zkℓ ,rk)

G2(fj , g
k
ℓ,j) ≤ (rk/k)

2.

For every j = 1, . . . , J we define hkℓ,j as the function interpolating between fj on ∂D(zkℓ , rk) and g
k
ℓ,j on

D(zkℓ , (1− 1/k)rk) constructed by Lemma 4.7 for the choice σ = 1
k−1 , r = (1− 1

k )rk. In order to estimate

the Lipschitz constant of hkℓ,j , we first note that for every x ∈ ∂Drk and thanks to (5.16) it holds

G
(
fj(x+ zkℓ ), g

k
ℓ,j((1− 1

k )x+ zkℓ )
)

≤ G
(
fj(x+ zkℓ ), fj((1− 1

k )x+ zkℓ )
)
+ G

(
gkℓ,j((1− 1

k )x+ zkℓ ), fj((1− 1
k )x+ zkℓ )

)
≤ L

rk
k

+
rk
k
.

Thus, by (4.4) we conclude that hkℓ,j is L
′−Lipschitz, for a constant L′ not depending on k.

We define the following maps on Dr:

gk :=
J∑
j=1

[
fjχDr\Dk +

Nk∑
ℓ=1

(
hkℓ,jχD(zkℓ ,rk)\D(zkℓ ,(1−

1
k
)rk)

+ gkℓ,jχD(zkℓ ,(1−
1
k
)rk)

)]
.

By definition the function gk coincides with gkℓ on D(zkℓ , (1 − 1
k )rk) and it has the same trace of f on

∂D(zkℓ , rk), thus it is L′-Lipschitz in Dr. Moreover, since gk admits a Lipschitz decomposition with the

same multiplicities as the global decomposition of f , it holds gk ∈ T (a,X,Dr).

By (5.3), and since Nk ≤ 1
r2k
, it holds

(5.17)

∣∣∣∣∣Dr \
Nk⋃
ℓ=1

D(zkℓ , (1− 1
k )rk)

∣∣∣∣∣ ≤ 1

k
+

∣∣∣∣∣
Nk⋃
ℓ=1

D(zkℓ , rk) \D(zkℓ , (1− 1
k )rk)

∣∣∣∣∣
≤ 1

k
+Nkr

2
k(1− (1− 1

k )
2) ≤ 3

k
,

thus the function gk satisfies the properties listed in (5.1) for k large enough. Lastly, thanks to (5.17) and
(5.11) we have gk → f in measure. Similarly, by (5.7) we conclude that ∇gk → ∇f in measure. Passing
to a subsequence we also get (gk,∇gk) → (f,∇f) pointwise a.e. in Dr.

Step 2: We now show (5.2) for the functions gk built in the previous step. By the pointwise convergence
a.e. and lower semicontinuity of A we already have that lim infk→+∞A(gk,∇gk) ≥ A(f,∇f) outside a
set of zero measure. In particular, Fatou’s lemma impliesˆ

Dr

A(f,∇f) ≤ lim inf
k→+∞

ˆ
Dr

A(gk,∇gk).

To conclude (5.2) it is sufficient to show the reverse inequality. To do so, we note that, in the above
construction of gk, we can apply Lemma 5.2 with F = A(f,∇f), since by the bounds (4.7) it holds
A(f,∇f) ∈ L∞(Dr) ⊂ L1(Dr). We fix k ∈ N and ℓ ∈ {1, . . . , Nk}. Since gkℓ = Tzf on D(zkℓ , rk) for

some z ∈ D(zkℓ , rk), the pairs (g
k
ℓ (x),∇gkℓ (x)) and (f(z),∇f(z)) have the same maximal multiplicities for

every x ∈ D(zkℓ , rk) and moreover ∇gkℓ = ∇f(z). Therefore, by Remark 4.5 it holds A(gkℓ (x),∇gkℓ (x)) =
A(f(z),∇f(z)) in D(zkℓ , rk). By (5.9) we conclude

(5.18)

 
D(zkℓ ,rk)

A(gkℓ ,∇gkℓ ) = A(f(z),∇f(z)) ≤
 
D(zkℓ ,rk)

A(f,∇f) + 1

k
.

Summing over ℓ, and using the fact that Dr \
⋃
ℓD

k
ℓ has vanishing measure together with the uniform

Lipschitz bounds and (4.7), we obtain the desired reverse inequality. □
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