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ABSTRACT. We study the isoperimetric problem for capillary hypersurfaces with a general
contact angle 0 € (0, 7), outside arbitrary convex sets. We prove that the capillary energy of
any surface supported on any such convex set is larger than that of a spherical cap with the
same volume and the same contact angle on a flat support, and we characterize the equality
cases. This provides a complete solution to the isoperimetric problem for capillary surfaces
outside convex sets at arbitrary contact angles, generalizing the well-known Choe-Ghomi-

Ritoré inequality, which corresponds to the case 6 = 7.

1. INTRODUCTION

Let C C RY be a closed convex set with nonempty interior. Given a set of finite perimeter
E CRM\ Cand ) € (—1,1) we define the capillary energy as

Jrnc(E) := P(E;RN\ C) - \#N "1 (9*EN C).

Here, for any Borel set G, P(E;G) = #V~1(0E*NG) and 9*E is the reduced boundary of E
(for the definitions and the relevant properties see [2, 21]). The capillary energy has a natural
physical motivation as it models a liquid drop supported on a given substrate and we refer
to [12] for a comprehensive introduction to the topic.

For every m > 0 we consider the isoperimetric problem

Ic(m) :=inf{Jyc(E): ECRY\C, |E|=m}. (1.1)

When the convex set C is bounded the problem (1.1) has a minimizer, and if C is in addition
smooth, then the minimizer is smooth up to a small singular set and the free boundary
OF \ C meets the surface 9C with a contact angle § = arccos A given by the classical Young’s
law [25, 10]. We also mention the recent work related to Allard type regularity for critical
sets [22]. When the convex set is unbounded the problem (1.1) might not admit a minimizer.
This happens for instance when C = € x R C R3, with C the epigraph of a parabola. In
this case, as a consequence of our main Theorem 1.1, minimizing sequences slide upwards to
infinity along the boundary of C and the isoperimetric profile (1.1) agrees with the profile
given by the half-space. In the case A = 0 the problem for unbounded general convex sets C
is studied in [14].

The issue we want to address here is to find the convex sets C for which the value of (1.1)

is the smallest. In the case A = 0 the problem reduces to the relative isoperimetric inequality
1
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outside convex sets proven by Choe-Ghomi-Ritoré in [8]: using the tools developed in [7]
they show that the half-space gives the lowest value for (1.1) . On the other hand, rather
surprisingly the capillary case with general A # 0 has remained open until now as all the
methods devised for the relative isoperimetric problem do not seem to be applicable to (1.1).
In this paper, we solve the problem completely for general A € (—1,1) by adopting a different
approach.

In order to state our main result we denote the half-space by H = {x € RY : 2 - ey < A}
and by B?* the (solid) spherical cap

B ={z€Bi:x-ex>\}.

Notice that at the points of B* N 9H the angle between the outer normal to B* and ey
equals f) = arccos \. More in general, given any m > 0, we let B*[m] denote the spherical
cap contained in R \ H having volume m and such that the angle between the outer normal
and ey at points of B* N 9H is #). Our main result is the following.

FIGURE 1. Droplet supported on a convex polyhedron

Theorem 1.1. Let A € (—1,1) and let C be a closed convex set. For every set of finite
perimeter E C RN \ C such that |E| = m we have

Irnc(E) > Jyu(BNm]). (1.2)

Moreover the equality holds if and only if E is isometric to BMm) and E sits on a flat part
of the boundary of C.

In the case where C has empty interior the capillary energy must be defined as in (4.10).

We highlight also that we do not assume any regularity on C. In particular, the theorem
above applies to the case where C is an infinite wedge and shows that the capillary energy
of a droplet sitting outside a wedge and wetting its ridge has energy strictly larger than a
spherical cap lying on a flat surface, a fact that, to the best of our knowledge, was not proven
before.
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Instead, the capillary isoperimetric problem inside a convex wedge for A = 0 was studied
in [20] where it is proved that the minimizer of the capillary energy is a portion of a ball
centered at the ridge of the wedge. The same result holds also for critical points, as a
consequence of the generalized Heinze-Karcher inequality proven in [16]. Instead, Theorem 1.1
implies that the capillary isoperimetric problem outside a convex wedge has the opposite
behavior, as explained before.

As we already mentioned, the case A = 0 of Theorem 1.1 is the relative isoperimetric
inequality due to Choe-Ghomi-Ritoré [8], see also [15] for the rigidity, i.e., the characterization
of the equality case for general, possibly nonsmooth convex sets. We also refer to [19] for an
alternative proof of the same inequality and to [18] for the problem in higher codimension.

In order to prove Theorem 1.1 we need to introduce some novel ideas, that will be explained
in more detail in Section 1.1 below. Indeed, the approach based on normal cones developed
n [7, 8] for the case A = 0 (and further refined in [15]) gives only information on the free
boundary 0F\ C, while the contact region 0 ENC remains invisible. In order to overcome this,
we develop the ABP-method for the capillary isoperimetric problem outside convex sets. The
ABP approach was originally introduced by Cabré for the standard isoperimetric inequality
and extended to the relative isoperimetric problem outside convex sets (the case A = 0) in [19].
Here we tackle the general case A # 0. As we will explain in the next subsection, the core
of ABP-method relies on a subtle estimate on the measure of the set of subdifferentials of
the function u solving problem (1.3) below. Such an estimate turns out to be significantly
difficult to obtain and requires new insights.

We next give an overview of the ABP-argument which we use in the proof of Theorem 1.1.

1.1. Overview of the proof. The proof of Theorem 1.1 is based on the ABP-method applied
to the Neumann problem (1.3). We note that in the context of isoperimetric problems this
method was used first time by Cabré in [3, 4] and further generalized in [5, 9]. A variant of
this method has been used recently in [24] to prove the stability of the isoperimetric inequality
for the capillary energy in a half space (see also [17] and the recent preprint [6] for a stronger
quantitative version of the same isoperimetric inequality).

In this paper we develop the ABP-method for the capillary isoperimetric problem outside
convex sets. Let us sketch the proof and outline the main challenges of the argument.

By scaling we may reduce to the case |E| = |B*|. Assume for simplicity that the set E is
regular in which case we denote it by £ = Q. To be more precise we assume that Q2 C RV \ C
is a bounded Lipschitz domain with |Q| = |B*|, such that ¥ = 9Q\ C and T' = 9Q N C are
smooth embedded manifolds with a common boundary denoted by . Let u : 2 — R be the
solution of the Neumann boundary problem

Au=c in €
du=1 on X (1.3)
Ou=—-X on I,
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where A € (—1,1) and the constant

AN () Do(®)
= ] = ol (14)

is the one prescribed by the compatibility condition. We point out that in the case Q = B
up to an additive constant u(z) = 3|z|? and ¢ = N.

Let us now consider the points x € Q where |[Vu(z)] < 1 and such that the tangent
hyperplane to the graph of u at x is also a supporting hyperplane. More precisely, we set

Q:= {z €Q: |Vu(z)| <1and u(y) —u(z) > Vu(z)- (y —z) forall y € Q}. (1.5)

Clearly it holds V2u(x) > 0 for all z € Q. In order to carry on the ABP-argument one needs
to show the following crucial estimate

Vu(@)] > B (1.6)

by somehow exploiting the Neumann boundary conditions in (1.3) and the geometry of C.
Once (1.6) is proven, the claim then follows by using the Area Formula, the arithmetic-
geometric mean inequality and recalling the value of ¢ in (1.4)

. Au)N Ic(@N\Y
Q| = |B < [Vu(Q g/detvzudatg/( dmﬁ(’ Q.

The above chain of inequalities gives the conclusion as
Jyu(B) = N|B* = N|Q]|.

The case of a general set of finite perimeter E follows by an approximation argument. In
fact, a more refined approximation argument allows us also to characterize the equality case,
see Lemma 4.3.

It is then clear that the most relevant estimate is (1.6) which turns out to be challenging
to prove. Indeed, the inclusion B* C Vu(ﬁ) does not hold in general and we need to develop
a more subtle argument to overcome the problem. The same estimate was already proven
in [19] in the case A = 0 by reformulating the problem in terms of suitable restricted normal
cones to the graph of w in the spirit of [7]. However their argument does not generalize to the
case A # 0.

In order to deal with the case of general \’s, we proceed as follows. We first show that the
(variational) solution to (1.3) is a viscosity supersolution to the same problem, in the sense
of Definition 2.1. The latter definition is stronger than the one given in [11] and therefore
the supersolution property in the above sense does not follow from known results. Using this
property we are able to relate the subdifferentials of u in €2 with the subdifferentials of the

restriction of u to I' proving the following inclusion, see Lemma 2.4,

Br C Vu(Q), (1.7)
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where B3 = J,cr{€ € Jru(z) : [¢| <1 and £ ve(x) > A}, with ve(z) the outer normal to
C at z and Jru(x) the subdifferential at x of the restriction of u to I'; that is,

Jru(z) = {¢ € RY : u(y) —u(x) > € (y—z) for ally € r}.
The inclusion (1.7) leads to the proof of (1.6) provided we are able to show that
1B} > | B for any v: K — R, with K C 9C compact. (1.8)

In fact, it is enough to prove (1.8) only for discrete sets K C JC, see Lemma 3.3. Note
that property (1.8) has nothing to do with Neumann problem (1.3) and it only depends on
the geometry of C. By a simple argument based on symmetry one can easily see that closed
convex sets satisfy (1.8) for A = 0, see Section 3. However, the case A # 0 is considerably
more difficult.

In fact, due to the aformentioned discretization procedure, proving (1.8) is equivalent to

showing that, given any convex partition Ap,..., Ay of RY, with A; the subdifferential at x;
of a function v : {x1,...,z} C 9C — R, then
k
dlAin{ee By v > A > |BY, (1.9)
i=1

where v; is the exterior normal to C at x;.

A To

FIGURE 2. An example of partition with the half-line property. The grey
regions represent A; N{{ € By : £-v; > A}

The proof of the above inequality is a difficult geometric problem that we solve completely
in Section 3, see Theorem 3.1. Let us just mention here that the convexity of C is used
only to prove that the subdifferentials satisfy the following half-line property: if & € A; then
€+ ty; € A; for all t > 0. The arguments of Section 3 show that in fact (1.9) hold for any
finite partition of RY into essentially disjoint sets satisfying the above half-line property.

2. PRELIMINARY RESULTS

In this section we set up the tools and show some preparatory results that we will need
later for the ABP argument. To this aim, in Section 2.1 we establish the crucial viscosity
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supersolution property for the variational solutions of the Neumann problem (1.3). In Sec-
tion 2.2 we introduce a useful notion of restricted subdifferential which enables us to reduces
the inequality (1.6) to a property of the convex set C.

As we mentioned in the introduction, we will first prove the relative isoperimetric inequality
for regular sets. In order to emphasize this we always denote E = ) when the set is assumed
to be regular, i.e., it satisfies

C C RY is a closed convex set of class C2 (2.1)

and

Q c RN\ C is a bounded Lipschitz open set such that ¥ := 9Q \ C

2.2
is a (N — 1)-manifold with boundary of class C2. (22)

We call the boundary X the free interface and denote I' := 92 N C, which we call the wetted
region which is also an embedded C?-regular (N — 1)-manifold with boundary. Note that T
and ¥ share the same boundary, which we denote by v := ¥NC and which by the assumption
is a (N — 2)-manifold of class C?. We call 7 the contact set of ¥ with C. Moreover, we will
throughout the section assume |Q| = |B?| if not otherwise mentioned.

We will denote by vq and vc the outer unit normal to 92 and to dC, respectively. We
also denote by vs; = v the outer unit normal field on ¥, which by our assumptions admits
a continuous extension at 7, still denoted by vs;. We also set vr = —v¢ on I'. Note that the
Lipschitz regularity of Q yields

vr-vy > —1 on 7.

Finally, we define the e-neighborhood of a generic set ' ¢ RY as (F). := B. + F = {z €
RV : dist(x, F) < e}.

2.1. The Neumann problem. In this section we consider the Neumann problem (1.3) under
the assumptions (2.1) and (2.2). In addition, we assume that 2 is connected. Note that even
in this case 2 is still merely a Lipschitz domain and therefore the high regularity of u up to
the boundary is not granted. However, it turns out that we only need the solution to attain
the boundary values in the viscosity sense, for which Holder continuity up to the boundary
is enough. To this aim we consider the variational solution of the problem (1.3) which by
definition is a function v € H'(2) such that it holds

/Vu'Vgoda::—/apd;r—l—/ god#HN 1
Q Q o0

for all o € H'(Q2), where c is given by (1.4) and

g=lonX¥ and g=-XA onI\~. (2.3)
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Since € is bounded and Lipschitz regular, g is bounded and we have the compatibility condi-
tion (1.4) which can be rewritten as

al = / gdat
o0

there exists a unique (up to an additive constant) variational solution of (1.3). Moreover,
by standard elliptic regularity theory the variational solution is Holder continuous up to the
boundary, see for instance [23].

Let us proceed to the notion of viscosity solution. In fact, since we need only the concept
of viscosity supersolution for the ABP-argument, we reduce to that. Here is the definition we
need.

Definition 2.1. A lower semicontinuous function u : Q — R is a viscosity supersolution
of (1.3) if whenever w — o has a local minimum at xo € Q for p € C2(RY), then

—Ap(zg) > —c if ©o €Q,
Ausp(z0) =120 if wo € X\,
Aupp(wo) +A 20 if o €'\,

max{0Oysp(r0) — 1,0up0(x0) + A} 2 0 if zo € 7,
where Oy, p(x0) = Vo(x0) - vs(x0) and Ou.o(xo) = V(o) - vr(zo).
We can now prove the main result of the section.

Proposition 2.2. Let Q, C be as in (2.1) and (2.2). Then the variational solution of (1.3)
s a viscosity supersolution in the sense of Definition 2.1.

Proof. Since the equation is satisfied classically in €2 and the Neumann boundary conditions
are achieved in a classical sense at 00 \ 7, it will be enough to check the property on ~. To
this aim, assume that ¢ € C?(RY) and g € 7 are such that (u — ¢)(x) > 0, with equality
achieved only at zy. We start by showing that

max{—Ap(zo) + ¢, Oy, p(x0) — 1,0 p(x0) + A} > 0. (2.4)
We argue by contradiction, assuming that
max{—Ap(z0) + ¢, s p(0) — 1, Oupip(x0) + A} < 0.
By continuity we may find a small ball B,.(z() such that
—Ap+c<0 in By(xo) and Ovp—g <0 on (02N By(x9))\ 7,
with g defined in (2.3). Then, setting w :=u — ¢, h:== —c+ Ay, f =0, (u — p) = g — O,
we have that w is a variational solution of
—Aw="h in QN B,(zo),
dw=f in 90 N B, (xp),
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that is,
/ Vw - Vipde = / hpde+ [ fodaeN—1 (2.5)
Q Q o0

for all v € H'(Q) with ¢ = 0 in Q\ B,(z0). Let us now choose 9 := min{w — ¢,0} and note
that for € > 0 small enough

Y =min{w —¢,0} =0 in Q\ B,(z9).

Then, (2.5) combined with the fact that A~ > 0in QN B,(z¢) and f > 0 in 92N B,(xg), yield

/ ‘V(min{w—s,O})’Qda::/ hd)dx—i-/ fd#N"1 <0
Q QNByr(z0) OQNBy(z0)

and in turn min{w —€,0} = 0 in Q. This is impossible since w — ¢ < 0 in a neighborhood of
xo. Thus (2.4) is established.

The inequality (2.4) is not good enough, since we only want information on the boundary.
We thus claim that in fact

max{0,, p(xo) — 1, 0up(x0) + A} > 0. (2.6)

To this aim we observe that for any xg € v there exists a ball B,.(z) C RN\ Q with 29 € 0B,.(z)
(it is enough to take a ball contained in C and tangent to xg, which is possible by the C?
assumption on C). By translating and dilating we may assume for simplicity that Z = 0 and
that 7 = 1. We perturb the test function ¢ by a functions ¥, € C*(R" \ {0}) that we define
as
Yulw) = (el = 1)
q g3/2

where ¢ > 0 is a large number to be chosen. Then by the exterior ball condition we have
that ¢g(x) < 0 for z € Q while since zg € 0By it holds ¥4(x¢) = 0. Moreover by a direct
computation we see that

NG 1

Atpg(z0) 2 °5~ and  |[Viyg(zo)| = NG

for ¢ sufficiently large. We define a new test function

pq(r) = p(x) + Pg(2) .

By construction it holds ¢, < ¢ in Q and ¢4(x0) = ¢(x0), hence zg is still a local minimum
for u — 4. Thus

—Apy(zo) +c < —g —Ap(xg) +¢<0

when ¢ is large. Therefore, for ¢ large, from (2.4) we obtain (2.6) with ¢ replaced by ¢,.
Finally, letting ¢ — oo, since Vpg(xo) — Ve(zg) we obtain (2.6). This concludes the
proof. O
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2.2. Subdifferentials and restricted subdifferentials. We need some notation in order
to proceed. Given X C RY, a function u : X — R, a subset Y C X and a point € Y we
define the subdifferential Jyu(z) as

Jyu(z) = {¢ € RY : u(y) —u(z) > € (y—x) forally € Y}.
We note that Y may even be a discrete set.

Remark 2.3. Note that if Y is compact and u is continuous in Y, then

U Jyu(z) =RN.

Indeed, for any € € RN, we may find ¢ > 0 so large that sup ( —c+&-x—u(x)) <0. Setting
€Y

to:=sup{t>0: —c+&- v+t <u(z) forallz €Y},

we clearly have —c+ & - +tg = u(Z) for some T €Y and —c+&-y+to < u(y) forally €Y;
that is, £ € Jyu(z).
Moreover, note that for any x,2’ € Y the intersection Jy(x) N Jy(z') is contained in a

hyperplane orthogonal to x' — x.

Let Q, I and ¥ be as in (2.1) and (2.2). As we will see, in order to prove the crucial
inequality (1.6), it turns out that all relevant information of w (the solution of (1.3)) is
contained in its restriction to I'. In fact, it has to do with the boundary conditions rather
than with the PDE. To this aim, we define the following union of restricted subdifferentials
for functions defined on compact subsets of the boundary of C, v: K C 9C —» R

By = | J{¢ € Jkv(z): ¢ <1and & vo(z) > A}, (2.7)

reK
where A € (—1,1). The following crucial lemma allows us to rewrite the information on the
Neumann boundary conditions in (1.3) in terms of a condition on the restricted subdifferentials

just introduced.

Lemma 2.4. Let Q, ¥ and C be as in (2.1) and (2.2). Let u be the variational solution
of (1.3). Then, denoting by ur the restriction of u to I', it holds

@2} c Vu(Q)
where By is as in (2.7), with v = ur, and Q is defined in (1.5).

Proof. Recall that u is continuous up to the boundary and by Proposition 2.2 it is a viscosity
supersolution of (1.3) in the sense of Definition 2.1. Fix £ € Q%{)F. Then £ € Jru(xg), for some

20 €T, |¢] < 1 and € - ve(zg) > A. We need to show that ¢ € Vu(€), which by (1.5) means
that £ € Jou(x) for some T € Q.

First we claim that § € Jqu(xo). Indeed, assume the opposite, that is

u(y) > u(zo) + & (y —z0) = p(y)  forall yeQ.
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In particular, zg is the minimum point of u — ¢ and since u is a viscosity supersolution and

V(xg) = &, see Definition 2.1, we have

f'VF(.%'Q)—I-)\ZO if.l‘()EF\’y,
max{{ - vs(zo) — 1, -vr(xg) + A} >0 if zp €.

From the above condition, since |{| < 1 we have that & - vp(zg) + A > 0, which is impossible
since & € @é‘r and so § - vr(xo) = =& - ve(xo) < —A. Therefore £ € Jqu(zo).

By the above it holds that the inequality u(y) > ¢(y) is not true for all y € 2. This means
that ¢ = min g (u(y) — ¢(y)) < 0. In turn we have that the graph of ¢ + ¢ touches from
below the graph of u at some point z € 2. Clearly z & I, since £ € Jru(zg) and ¢ < 0
imply ¢(y) + ¢ < u(y) for all y € I'. On the other hand, if Z € X, again by the supersolution
property, we would have that £ - vx(Z) > 1, which is impossible as || < 1. Therefore = € (,
which implies £ = Vu(z), as desired. O

3. THE MAIN GEOMETRIC ESTIMATE

By Lemma 2.4 we know that if |8} | > |B*|, where ur is the restriction of u on I' and 3;)_
is as in (2.7), with v = wup, then we have inequality (1.6). As we will show in this section,
the above estimate on restricted subdifferentials holds in fact for generic continuous functions
v: K — R | where K is any compact subset of C and not just for up. This in turn means
that such a property pertains solely to the convexity of the set C. Precisely, we will show the

following.

Theorem 3.1. Let C C RY be any closed convex set with nonempty interior and of class C*
and let A € (—=1,1). If K C 9C is compact and v : K — R is any continuous function, then

85| > |B, (3.1)
where BN = {x € By : x-ey > A} and B) is defined in (2.7).

It turns out that the crucial property in establishing the above estimate is the following
half-line property satisfied by the subdifferentials of functions defined on subsets of 9C, which
is a consequence of the mere convexity of C.

Lemma 3.2. Let C C RY be a closed convez set with nonempty interior and of class C, let
K CcoC andletv: K - R. If £ € Jgv(x) for some x € K, then

€+ tve(z) € Jrv(x) for all t > 0.
Proof. 1f € € Jgv(x), then
v(y) —v(z) > & (y —x) forall y € K.
By convexity it holds vc(z) - (y — z) < 0 for all y € K. Therefore for any ¢ > 0 it holds
v(y) —v(z) = (E+tre(@) - (y—z) forall ye K,
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that is € + tvc(z) € Jrv(x). O

The next useful observation is that by discretization we can reduce the proof of (3.1) to the
case of functions v defined on finite subsets of C, as shown in the following lemma. To this
aim we recall that a sequence {C,,} of closed sets of RY converges in the Kuratoswki sense to

a closed set C' if the following conditions are satisfied:

(i) if @, € C), for every n, then any limit point of {z,} belongs to C;

(ii) any = € C is the limit of a sequence {z,} with z,, € C),.
One can easily see that C,, — C in the sense of Kuratowski if and only if dist(-,C,) —
dist(-, C) locally uniformly in R¥.

Lemma 3.3. Let C C RY be a closed conver set with nonempty interior and with C* bound-
ary, and fir X € (—1,1). Assume that (3.1) holds for all v : K — R, whenever K C 0C is
finite. Then, (3.1) holds for all continuous v : K — R, whenever K C 0C is compact.

Proof. Fix a compact subset K of 0C and a continuous function v : K — R. Let K,, C K
be a sequence of discrete sets such that K, — K in the Kuratowski sense. We define the
function vy, : K, — R as the restriction of v on K, i.e., v,(z) = v(zx) for z € K,,.

We claim that

X, > lim sup X@,\/ pointwise in By VN e (\1). (3.2)
v n vn

We argue by contradiction, by assuming that for some A\ € (A, 1) and for some £ € By \ @{)\,
along a (non relabelled) subsequence £ € @f,‘;; i.e., there exist x, € K, such that & €
JK, vn(2n) and & - vo(x,) > N. Up to extracting a further (non-relabelled) subsequence we
may assume that z, — x for some x € K. Clearly, we also have { - ve(z,) — & - ve(x), so

that
¢ ve(z) >N (3.3)
Fix now y € K. Then, by Kuratowski convergence there exists a sequence y,, — y such that

yn € K, for all n. Since § € Jg, vp(zy), we have

vn(yn) > Un(xn) + § ' (yn - .’Bn) :

Passing to the limit and noticing that v, (z,) — v(x) and v, (y,) — v(y), we infer £ € Jxv(x).
Recalling (3.3), we get in particular & € B;, which is a contradiction. This establishes (3.2),

which in turn implies

|B) > limsup |B) | VN € (A1), (3.4)

by Fatou’s lemma.

By assumption for any n we have the estimate

B, | > |B]. (3.5)
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Let us then prove that there exists a constant C' independent of n such that
BY | >|B) | —C(N = X))  forall X € (\A+4), (3.6)

where § = (1 — \)/4. For any n and ¢t € (0,1 — \) we define A; (dropping the dependence on
n) as
A= |J {6 € I, on(@) : & vole) = A+ 1)
Q?EKn
and we set for r > 0

@f]mr = U ng}mr($) = U {£ € Ik, vn(x) : |§] <7 and £ ve(x) >t}.
zeKy reKy,
For any © € K, the set B} .(z) is the intersection of a fixed bounded set with the half
space { - vc(x) > t}. As a consequence the function ¢ — |B)!] is decreasing and Lipschitz
continuous (with constant possibly depending on the cardinality of K,). Moreover, at points

of differentiability it holds

d

p Bott| = N1 (A N B,) (3.7)
for all » > 0.

The idea is to show that in fact the Lipschitz constant is independent of n. To this aim,
we fix ¢ € K, and study the set

Aulw) = {€ € T, onle) : € vola) = A+ 1.
Assume that £ € Ay(z), so in particular £ € Jg, v,(x). By Lemma 3.2 for every s > 0 it holds
&+ sve(x) € Ji, vp(x), so &+ sva(z) € Aips(x). Therefore for every s > 0 it holds
A(z) + sve(x) C Aps().
Then, it holds #N 1 (As(z) N Biy4) < #HN (A4 s(x) N Britrs). Therefore, the function

t— %Nil(At N Bl+t> = Z %Nfl(At(m) N B1_|_t)
Q?GKn

is non-decreasing. Notice that the equality holds true since for any z,2’ € K, one has
HN"L(Ay(z) N Ag(2")) = 0. Indeed by Remark 2.3 A;(z) N Ay(x) C Jx,vn(z) N I, vn (') is
contained in a hyperplane orthogonal to 2/ — z and neither vc(z) nor ve(2') can be parallel
to 2’ — x. Integrating (3.7) we have

20 26 26
_ _ d
/6 #N I(Ath1+t)dt§/6 #HN I(AtﬂBl+25)dt:—/6 %|@3ﬁ+25|dt§|32|.

By the mean value theorem there is ¢ € [, 26] such that #" 1 (4;NB, ;) < C = 2NT2Qy /(1—
A). In turn, using the monotonicity obtained above, we have

HN (AN B)<C  forall t€]0,6].

The claim (3.6) then follows by integrating (3.7) from ¢t = 0 to ¢t = X — A. Finally the
statement of the lemma follows from (3.4), (3.5) and (3.6) and letting A" — . O
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Thanks to the previous result we are reduced to consider discrete functions defined on finite
subsets K C JC. In this situation, there are only finitely many subdifferentials Jxv(x) and
it is also immediate that they are essentially disjoint, i.e., they have disjoint interiors. Hence,
by Remark 2.3 and Lemma 3.2 the subdifferentials Jxv(x) for x € K form a finite partition of
the space RV made of sets having the half-line property. As we will see, Theorem 3.1 follows
from these properties only, but the argument is rather involved in the general case. However,
the situation becomes particularly simple in the Choe-Ghomi-Ritoré case A = 0.

Proof of Theorem 3.1 for A = 0. By Lemma 3.3 it is enough to consider functions defined
on finite sets. Let K = {z1,...,x,} be any finite subset of 9C and let v : K — R. Recall that

n
U Jxv(z;) = RY and that the sets Jxv(z;) have disjoint interiors. Moreover Lemma 3.2
i=1
implies that they have the half-line property
¢ e Jgv(z) = {+tve(x;) € Jgv(x;) for allt > 0. (3.8)

Now, up to a set of Lebesgue measure zero, we may split Jxv(z;) = Jgv(z;)t U Jgv(z;),
where
Jrvo(z)T = {€ € Jgv(z;) : +&-ve(z) > 0}.
Let us then fix £ € Jgv(x;)” and denote 7 = —¢ - vc(x;) > 0. Then by (3.8) the symmetric
point € = & 4 27vc(z;) belongs to Jxv(x;)t and has the same norm as €. Hence |Jxv(z;)* N
Biy| > YJgv(z;) N Byl In turn,

- 1 — 1
0 _ E N+ § . _
‘@v| = - ‘JKU({/CZ) N Bﬂ > 5 - ‘JKU({/UZ) N Bl‘ = §‘B1|7 (39)
which is the desired estimate. OJ

Remark 3.4. Combining the previous proof with the ABP argument skeched in the intro-
duction and rigorously developed in the next section, we recover an ABP-proof of the relative
isoperimetric inequality outside convex sets obtained by Choe, Ghomi and Ritoré in [8]. Note
that an ABP-argument for the same inequality has been already provided in [19]. However, in
their argument our crucial estimate (3.9) is replaced by a geometric estimate based on normal
cones and inspired by the techniques in [7], see [19, Proposition 2.4].

We turn to the general case. To this aim let K = {z1,...,x,} be any finite subset of C
and let v : K — R be any function. It is obvious that Theorem 3.1 follows if we show that

%Nfl( | {€ € 9B, N Jxv(@) : € vo(a) > A}) > HNL({€€0B, € ey > A},
zeK
for all p € (0,1). By rescaling, this inequality is equivalent to

5’€N_1( U {€ € 0B1NJgvy(x) : € ve(x) > )\'}> > A" ({€ € 0By Een > N}, (3.10)
zeK
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where we have set N = % € R, v, = 7. Note that (3.10) is trivially satisfied if A’ > 1 or
N < —1.

Therefore, we are ultimately bound to show that for any function v : K — R and any finite
set K C dC we have

%N_l( U {£€e By NJgv(x): & -ve(r) > )\}) > %N_l({g €OBy: E-ey > )\}) . (3.11)
rzeK

In the case A < 0, it will be in fact be convenient to rewrite the previous inequality as

7 (J 1 e aBinTku(@): € vo(e) < A}) SHT{E OB g en <A} (312)
rzeK

as %N_l(UxeK{é € 0B NJgv(zx): & -ve(r) = )\}) =0.

Proof of Theorem 3.1. From the previous discussion it is enough to consider functions
defined on finite subsets of 9C. Let us fix K = {z1,z9,...2,} C 9C and v : K — R. Then,
keeping in mind Remark 2.3, we have that the sets A; defined as

A :=int{€ e RN : € € Jxv(az;)}
are disjoint and
N = RN\ UNA; satisfies [N = 0. (3.13)
Moreover, as they are obtained as a finite intersection of open half-spaces, we have
HNHDA;NOB,) =0  foralli=1,...,n and all g > 0. (3.14)

Thus, for any £ € U; A; we can define the associated normal

v(€) = vo(wi),

where 7 is such that £ € A;. Recall that by the half-line property stated in Lemma 3.2, we
have

EecAi=E+tv(§)e A forallt>0. (3.15)
For A € (—1,1) denote r = 7(\) := v/1 — AZ and define
OB, ={£€0B,\N:£-v(€) <0} and OB ={¢€dB,\N:&-v(€) >0}
Now observe that, by the half-line property, for every ¢ € RV \ 11 we have
v(E+tr(€)) =v(g) Vt>0. (3.16)

In particular, if & € B;, then the symmetric point £ := & — 2(¢ - v(€))v(€) € B;. Thus,
#HN1(OB7) < #N-1(0B;}) and in turn, since #N 1 ({& € 0B, \N : £ -v(€) = 0}) = 0, we
conclude that

#N"LOB) < %%Nfl(aBr) <#N"Y0B). (3.17)

We now distinguish the two cases A < 0 and A > 0.
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The case A < 0. Let us set
Sy ={£€ B\ N: & -v() <A}
and
e(\) = #HNTL({E€ 0B e < A}).
By the discussion above it is enough to prove (3.12), which may be rewritten as

#HNTLS)) < p(N) for all X\ € (—1,0).

In fact, as mentioned in the introduction, we will show that the above inequality holds for
any finite collection of open sets (A;) satisfying (3.13), (3.14), and (3.15).
Let us fix € > 0 and prove that for all A € (—1,0) it holds

HNTL(Sy) < p(N) +¢. (3.18)

By continuity (3.18) holds when A is close to —1. Let us assume by contradiction that there
exists A < 0 such that

HNTH(S)) = p(N) +e and #HVH(Sy) < p(N) 4 forall N € [-1,)). (3.19)
We define the map ¥ : Sy — 0B,
V(E) =&+ (= Vr2 =1+ (& v(6)2 = (- v(9)) v(€).

The geometric meaning of the map is the following: let o¢ be the half-line {£ +tv () : t > 0}.
Then & € Sy if and only if o¢ intersects 0B, at two points (see Figure 3), and in this case

U(¢) is the intersection point closer to &.

g¢

By

02\ TV(&)

£

FIGURE 3. The meaning of the radius r and the definition of ¥. Note that
£-v(€) < A <0 if and only if the half-line o¢ intersects B,. Note also that

JY 7€) = cos(01)/ cos(62).
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An elementary calculation shows that indeed |¥(§)| = r and that, also by (3.16),

V(&) - w(¥(&)) = ¥()-v(€) <0

for all £ € S).

Note also that ¥ is smooth and thus we may calculate its tangential (N — 1)-Jacobian
J\]I,V ~1. By a tedious but straightforward computation, recalling also that & — v/(€) is locally
constant, we get for all £ € S,

e vl
V=T (€ 00

For a “geometric” interpretation of this fomula, see Figure 3.

Ty N =

We now compute #V~1(¥(S))) using the Area formula (see for instance [2, Theorem 2.91]):

N-1 _ N—-1 N-1 _ r|§ - v(§)] N-1
#H (T(Sy)) = /SA Jg ddt = 5 \/r2 —1r e u(g))2 d#t

:/ %N—l({feSA: rle- v Zt}) dt,
0 V2 =1+ (& v(9)?
where the last equality follows by the layer-cake formula.

Notice that % > 1 for all £ € S, while for ¢t > 1

tvV1—7r2

rl€- vl >t isequivalent to £-v(§) > =:{(t),

VP =1+ (& () T =

where we used also that £-v(£) < 0 for £ € S). Recalling that »r = v/1 — A\? we may write the
latter condition as

§‘V(§)Zf(t):\/t2+t);\72_l-

Note that £(1) = —1, lim; o0 £(t) = A, and £(+) is increasing, so that —1 < £4(¢) < A for all
t € (1,400). Therefore, we have

HYTH(W(Sy)) = /1 TN ({5 €Sh: & v() > f(t)}) dt + #N(S))
- / TN ({g € 0By : A >E-v(€) > e(t)}) dt +#N1Sy)  (3.20)
1

_ / - (71 (S3) — V1 () ) e+ V().
1

By the contradiction assumption (3.19) it holds
HNTL(S\) = p(A\) +e  and %N_l(Sg(t)) <o) +e

for all ¢ > 1 and therefore by (3.20)

AL 0) > [ (o) = b)) e+ o) e (3.21)
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A direct computation of the last integral seems to be tricky. However, we can overcome the
difficulty by the following geometric argument: we pick any point £ € 9C and consider the
trivial situation v : {Z} — R. Without loss of generality we may assume that vc(Z) = en.
In this case, we have only one subdifferential A; = R™, the map v(¢) introduced above
trivialises to the constant map ey, the set Sy and the map ¥ are replaced respectively by
Sy={£€0B;:¢-ex <A} and

V(E) =€+ (— V2 =1+ (€ en)?—(E-en))en.

It is immediate to verify that in this case U(Sy) = {£ € 8B, : &-ey < 0} and thus, by
applying (3.20) to T and Sy, we get

[ o)~ pten) a0 = 2608,

Combining with (3.21) yields

HN-1(W(Sy)) > %%N_l(aBT) be

which contradicts the first inequality in (3.17) as W(S)) C 9B, . Hence, we have (3.18) and
the conclusion follows from the arbitrariness of e.
The case A > 0. The argument for this case is “symmetric” to the previous one. To this

aim, let us set

St = {E€ OB\ € u(€) > \}
and

TN =" ({£€0B1: ey > A}
Recalling (3.11), it is enough to prove that for any small € > 0
FHNTHST) > T (\) — ¢ for all A € (0,1)
and as before, we argue by contradiction by assuming that there exists A > 0 such that
HVNTH(ST) =T (N) —e and #HNTH(SS) > T (V) —e forall N € (A, 1). (3.22)
We define the map UF: S} — 0B,,
W) =&+ (V2 =1+ (6 w(€)? = (€ v(9)) v(©).-

The geometric meaning of the map is the following: let o, be the half-line {{—tv(£) : ¢ > 0}.

Then £ € S;\r implies that o intersects OB, at two points and T (£) is the intersection point
closer to €. This time, we claim that

OB} c wH(S}). (3.23)

Indeed, let & € B;". Then, the half-line {¢/+tv(¢') : ¢ > 0} intersects OB; at one point £ such
that £-v(£') > A\. By the half-line property (3.15), & and £ belong to the same subdifferential



18 NICOLA FUSCO, VESA JULIN, MASSIMILIANO MORINI, AND ALDO PRATELLI

and thus v(¢') = v(€). Therefore, by the very definition of U+ we have ¥*(¢) = ¢ and
thus (3.23) follows. In turn, recalling (3.17), it follows that

1

FHNT(TT(SY)) > 55t€N*1(aBT). (3.24)

Arguing as before, by the Area and layer-cake formulas, observing that U™ is injective, we
get
FN (T ( SH)) / F¢N-1 {§€S+ ré- (f) Zt}) dt .
V=14 (- v(©)?
Now for t > 1, #@/(S))Q > t is equivalent to
tA
(&) <) = ——

where A < /(t) < 1 for all ¢ € (1,400). Arguing as in the previous case, we may write

(%Nl(\lﬁ(sj)):/l ((%N*(S;) FHN - 1(SZt)))dt+5¢€N*1(Sj)

and, using the contradiction assumption (3.22), we arrive at

VIS < [ (67O — D) di ot 3) — e = 3N 0B -
1
contradicting (3.24). O

4. THE CAPILLARY ISOPERIMETRIC INEQUALITY OUTSIDE CONVEX SETS

In this section we finally prove Theorem 1.1. We will need the following approximation
lemmas whose delicate and technical proofs are postoponed until the final Appendix.

Lemma 4.1. Let C C RY be a closed convex set with nonempty interior. Let E C RN \ C
be a bounded set of finite perimeter. Then there exist a sequence of smooth closed convex sets
C,. and a sequence of open sets 0, C RN \ C,,, satisfying the following properties:

(i) C,, — C in the Kuratowski sense;

(ii) Q, is a bounded Lipschitz domain s.t. ¥, := 0Q,\C,, is a (N —1)-manifold with boundary
of class C'*°;

(iii) [QAE| =0 asn — oo, 9, C {x: dist(z,0F) }
(iv) P(QMRN \Cy) — P(E;RN \ C);
(v) #N-1(00Q, N C,) = #N"LO*ENC) and H#VN-1L(0Q, N C,) = #VN-1L(O*ENC) in

the sense of measures.

Remark 4.2. Note that if E C RN\ C is a bounded set of finite perimeter and Q,, C, are
the approximating sets given in the previous lemma, then clearly

J,\7cn (Qn) — J)\,C(E) .
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Next approximation lemma is needed to deal with the characterization of the equality case
in Theorem 1.1.

Lemma 4.3. Let C C RY be a closed convex set with nonempty interior. Let Q C RV \ C be
a minimizer of problem (1.1) for some m > 0. Then there exist a sequence of smooth closed
conver sets C,, and a sequence of open sets Q, C RN\ C,, satisfying properties (i)—(v) of
Lemma 4.1 with E replaced by 2, and in addition:

(vi) if x € 0Q\ C, B,(x) C RN\ C, and B, () N Tsing = 0, where Sging C 0N\ C is the set
of singular points of 9Q\ C, then 9Q, N B,(x) converge to OQ N B,(z) in C™.

Proof of Theorem 1.1. For simplicity, we consider here the case when C has nonempty
interior. The extension to the general case is described in Remark 4.4. We start by showing
the inequality (1.2) if C and E = Q C RY \ C satisfy (2.1) and (2.2), respectively, and € is
connected.

By scaling we may assume m = |B*|. Let u : & — R be the variational solution of the
Neumann boundary problem (1.3) and denote its restriction to I' C 9C by up. Let @i‘r be the
set defined in (2.7), with v = up, and let Q be the set defined in (1.5). Then by Lemma 2.4
and Theorem 3.1 we have

V()] > |B),] > |BY.

Therefore we have

91 = 1B < [Vul@)] < [ detVPuds
Q
(Au)N Do\ 5 - (Iac@\"
< — 2 < : .
/ﬁ v an ) = {"on ) ¥

Jau = N|B = N|Q]|,

Since

the inequality (1.2) follows.
We now remove the connectedness assumption, that is we consider C and E = Q ¢ RV \C
satisfying (2.1) and (2.2). Decomposing 2 = U}" ;€2;, where Q; are the connected components,

and setting m; := [€2;|, we have
Ine(@) =) Ie@) =) LHaBNmi]) > Jau(BAm]), (4.2)
=1 i=1

where the last inequality follows from strict concavity of the map m + Jy m(B*[m]). The
general case of a bounded set E of finite perimeter now follows by approximation, using
Lemma 4.1 and Remark 4.2. And finally, the case of a possible unbounded set follows by
approximating E in L' with a sequence E,, C R \ C such that P(E,) — P(FE), since this
implies that P(E,; RV \ C) and #"~1(8*E, N C) converge to P(E; R\ C) and #"V~1(0*EN
C), respectively.
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We now analyse the case of equality. Assume that E is a set of finite perimeter with
|E| = m = |B*| for which equality in (1.2) holds. In particular, E is a minimizer of the
isoperimetric problem (1.1) and therefore it coincides (up to negligible sets) with an open
set €2, see for instance [13]. Moreover, by the same argument as in (4.2), we know that  is
connected.

Let ©, and C,, be the two approximating sequences provided by Lemma 4.3, and denote
the connected components of ), as Q% with i =1, 2, ..., K,, where |QL| > |Q¢| for every

i. Let now w,,; be the variational solution of

(4.3)
Oytupi =—\ on I

where ©f = 90! \ C,, T¢ := 99! N C,,. Arguing as in the first part of the proof (see (4.1)),
for every 1 <1i¢ < K,, we have

BN < (B | < |V i(Q0)] < /A det V2u,, ; dz

Qi
" | (4.4)
(Auy, )N (Ine, (U a0 (e, (UYL
< i d < y~n _ Q’L < y~n _ Ql
< e < SRS < SS9

where
Q= {z e Jﬁlum(x) # 0 and Vupi(z) € B} .
Summing up the inequality we deduce

Kn Ky
; 1 i N=1 1 N-1
NG, () =D Jnc, (@) = NIBNV ) |QL'F > NIBMNv Qv (4.5)
i=1 i=1

Note that by properties (iii), (iv) and (v) of Lemma 4.1 we have that |Q,| — || = |B*| and

Inc, () = Jac(Q) = Jyc(BY) = N|BY, (4.6)

and combining this with the last inequality in (4.5) we deduce that |} — |B*|, while
Zfi"z Q% | — 0. Therefore, up to replacing ,, with 2}, we may from now on assume that €2,
is connected, and we simply write u,, and ﬁn in place of u, 1 and ﬁn’l.

Let us observe that (up to additive constants), we may assume that the functions u,, vanish
at points x,, of ﬁn uniformly far from 0€2,. Thus, we have

un(y) > Vup(xy,) - (y — zy) > —diam (,) for all y € Q,,,

where we used the fact that |Vu,(z,)| < 1. Thus the u,’s are uniformly bounded from
below. Since they solve the equation Aw, = ¢,, with ¢, uniformly bounded, it follows from
a standard Harnack inequality that

sup [|un | Lo () < +oo  for all @' cC Q.
n
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In turn, recalling also (4.6) and by standard elliptic regularity, we may assume that there
exists u € C*°(Q2) such that up to extracting a (non relabelled) subsequence

Au=N inQ and u, —»ucC®®) forall @ cC Q.

Note now that by (4.6), the inequalities in (4.4) (with K, = 1) become equalities in the limit
for w. In particular, |§n| — |Q| = |B*| and since |Q,AQ| — 0, we have (up to a non relabelled

subsequence)
Xg — X almost everywhere. (4.7)
N
Thus, by Fatou Lemma applied to the positive functions % — det V?u,,, we may pass to

the limit in (4.4) to conclude that

2 _ (AU)N
/QdetV udav—/Q NN dzx

and, in turn, since det Vu < (%)N =1,

detVu=1 in Q.

The above equality in the arithmetic-geometric mean inequality implies that all the eigenval-
ues of V?u are equal to 1 in Q. Thus, V?u = I in © and in turn by the connectedness of €,
there exist g € RY and b € R such that

1
u(z) = 5]33 —20l* +b forallz e Q. (4.8)

Note also that since [Vuy| < 1 in Q, and recalling (4.7), we have also that |Vu| < 1 in © and
thus (4.8) implies Q C By (zo).

We now study the boundary conditions satisfied by u. To this aim, let By.(z) ¢ RV \ C,
with z € 9Q and Ba,(2) NXging = 0, where Xy, is the possibly empty singular set of 9Q\ C.
By (vi) of Lemma 4.3 we have that 9, N Ba,(x) converge in C* to dQ N Ba.(z). Since
by (4.3)

/ Vun-V<p:—cn/ pdx
Bar (2)NQy, Bar (2)NQy,

(4.9)
+/ @d#N"t for all p € Hi (B, (),
0Q,NBo, ()

and since 0€2, N By, (x) are uniformly Lipschitz boundaries, by a standard Harnack Inequality
up to boundary we have that, up to possibly replacing w,, by @, := u, + d,, d,, € R, we have

SUP [|tin|| Lo By, (x)n02) < +00-
n

In turn, by a Caccioppoli Inequality argument and exploiting that Trace Theorem holds on

0, N B3 ( with uniform constants, we deduce
2

z)

sup ||ﬁn||H1(QnﬂBr($)) < +oo.
n
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Thus we may extend each 4, to the whole B,(z), in such a way that
sup | tn|| gr1(B, (2)) < +00.
n

Hence, up to a not relabelled subsequence, i, — @ weakly in H'(B,(z)), with Vi = Vu in
QN By(x). Therefore, we can pass to the limit in (4.9) to get

/ Vu-Vo =—-N goda:+/ edd#N =t for all p € C°(B,(x)),
B, (z)NQ B, (z)N2 QN B, (x)

which yields d,u = 1 on Q2 N B,(x) and thus on 90 \ (C U X;,4) by the arbitrariness of
B,.(x). In turn, since 1 = d,u(x) = (z — xg) - vo(z) for all z € 90\ (C U Xyjy4) and recalling
that Q C Bi(zo), we have necessarily 9Q \ (C U Xgng) C 0Bi(zg). Hence, X4y =  and
00N\ C C 9By (xp).

Note now that, since C,, — C in the Kuratowski sense, it follows that the boundaries
9C,, are locally equi-Lipschitz. Consequently, for every ball B,(x) such that B,(x) N oQ =
(T'\7)NB, (), we eventually obtain B,.(z)NdQ, = (I'n\v,)NB,(z), allowing us to extend each
uy to functions @, € H'(B,) having uniformly bounded H'-norms. Hence, up to extracting
a subsequence (not explicitly relabeled), we may assume i, — @ weakly in H(B,(z)), where
@ = u within QN B, (z). Proceeding similarly to before, we deduce that d,u = —\ almost
everywhere on I' \ .

Take now a point & € I' \ v and introduce the half-space

H:={yeRY: (y—x0) vc(@) > \}.

Considering that —\ = d,u(z) = (T — o) - vo(Z) = —(Z — xo) - vc(Z), we infer that C must
be contained within RY \ H, and that the boundary OH is tangent to C exactly at the point
#. Additionally, for any non-tangential direction v € SN~ satisfying v - vc(#) > 0, all points
along the half-line £+tv, ¢t > 0, within the ball B;(z) lie entirely within Q. Indeed, otherwise
this half-line would intersect 92 at a point belonging to B; \ C, leading to a contradiction
to the fact that 9Q \ C C 9Bi(xp). Thus, we conclude Bi(xzo) N H C Q. Finally, as the
set Bi(xg) N H is a spherical cap isometric to B* and since |[Q2| = |B*|, we deduce that
Q) = Bi(xg) N H, concluding the proof of the theorem. O

Remark 4.4. Let us here describe how the proof of Theorem 1.1 can be extended to the case
of a convex set C with empty interior. First of all, we point out that in this case the capillary

energy must be defined as follows
IolE) = PIERYAC) = A [ (T () + T () 26 (4.10)
C

where Tri(XE) denote the traces of the characteristic function x, on both sides of C, see
for instance [2, Theorem 3.77]. Then, inequality (1.2) immediately follows by approximating
C with convex sets with nonempty interior. Concerning the equality case, it can be obtained
as in the proof for the nonempty interior case, since both Lemma 4.1 and 4.3 extend to the
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empty interior case. For Lemma 4.1, this is readily obtained with a further approximation
of C. A direct argument to extend Lemma 4.3 is to argue exactly as in the proof presented
in the Appendiz, replacing C by its e-neighborhood C., and Q by Q. = Q\ C. where Q is a
solution of problem (1.1) in RN \ C.

5. APPENDIX

In this section we give the proofs of the two approximation lemmas that were used to prove

the main theorem.

Proof of Lemma 4.1. Let B be a ball such that £ CC Bgr and assume without loss of
generality that the interior of C contains the origin. Moreover, we can assume without loss
of generality that #N~1(9* E'n C) > 0, since otherwise the claim is obvious.

Given o > 0 we begin by constructing a sequence of smooth convex sets Ck ¢ RY, with
C c C¥,

(1+0)CN Bg C CEN Bg. Up to slightly dilating C¥ if needed, we may always assume that
HN L@ ENICK) =0  forall k,o. (5.1)

converging to C, := (1 4+ 0)C in the Kuratowski sense as k — oo and such that

We consider the signed distance function sdgk(z) from OCE, which is a C* function in
OF = {z: sdck (7) > —nk} for some n¥ > 0. Consider the smooth convex sets Ck | := {z :
sdgk(z) < s} for s > —nk.

To approximate E we first extend XE} to a function u € BV (RY), with compact
rRN\C

support, such that |Du|(0C) =0, 0 < u < 1, see [2, Proposition 3.21] or [21, Theorem 13.8].
Note that for all t € (0,1), {u >t} \ C = E. For any ¢ > 0,t € (0,1) we set Uy = {z :
ue(x) > t}, where u. = g. * u, for a standard mollifier g.. Note that for a.e. ¢ € (0,1) there
exists a sequence ¢, converging to zero such that
lim U, ANMu >t} =0, lim P(Uc,.)=P({u>t}),
n—00 n—oo
1 (5.2)
oU., + C {x s dist(z, 0{u > t}) < —} ,
n
see [2, Theorem 3.42].
Consider now the C* map x +— (sdck (%), us(z)) defined for all z € OF. By Sard’s theorem
we have that

rank(va?(x)) =2 on {z:sdck(x) =s, uc,(z) =t} for a.e. (s,t) € (0,00) x (0,1).
Vu, (x) c

Keeping in mind that #~1(6*E N C) > 0, and provided that ¢ is small enough, a simple
argument shows that there exists 6 > 0 such that for any ¢ € (0,1) and s € (0,9) the
intersection {sdcx = s} N {ue, =t} is not empty for all n sufficiently large. Hence, we may
fix from now on ¢ € (0, 1) satisfying (5.2) and such that for a.e. s € (0,0) the above rank
condition holds for all n. Therefore for a.e. s € (0,0) the open set QF = U, \Ck, is

0,En,S

a Lipschitz domain such that 9QF \ Cf;s is a C'°° manifold with boundary. Note that for

0,En,S
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any o and k we have that for a.e. s, #N"1(0*E N 8C§,s) = 0. Therefore for all such s, we
have

Jim P05, B\ Cr) = lim P(Uei BY\ G

(5.3)
= P(E;RV\ C; ) = P(E\ C; ;RV\ Cy ).
From the above convergence and the continuity of the trace operator for BV functions, see [2,
Theorem 3.88] we have that
lim #N~1(o0k

e 0\en,s
where the last equality follows from the fact that #N~1(0*E N 801375) = 0. Observe now
that, since C]O‘;S converge to Clg in the Kuratowski sense, as s — 0, we have in particular that
HNTLLOCE S HNTLOCE, see for instance [13, Remark 2.2]. Therefore, thanks to (5.1)
we conclude that #N"H(ENaCE ) - #N"YENOCE) = #N~1(9*(E\ C&) N OCE). Thus
we have

NoCg,) =#""1(0"(E\ Cy ) NOC;,) = #"H(ENICE,), (5.4)

lim P(E\ Cg ;R\ C7 ) = P(E\ C5;RY\ CF)
S— ’

[ XE

(5.5
lim HN L (E\ CE )noack ) =#N"1o"(E\ Ck)nack). )
s ’ ’
By a similar argument, if o > 0 is such that #N~1(9*E N d(1 + ¢)C) = 0, we have
lim P(E\ C};RY\ C}) = P(E\ Cy; R\ Cy),
klim HNHO(E\ Clé) N 8013) = #N"1(90*(E\ Cy) NOC,).
— 00
Finally, we note that by monotone convergence
lim P(E\ Co; RY\ C,) = lim P(E; RY\ C,) = P(E;RV \ C). (5.7)
o—r o—
By scaling, this is equivalent to say that
- -1 N _ N
lim P(((1+0)"'E) \ C;RY\ C) = P(E;RY\ C).
Therefore, the trace Theorem again implies that
lim #N~1(0*(E\ C,) NdC,)
o—0 (58)

= lim (14 0)N 3N (0" (1 + 0)"1E) \ C) N 9C) = #¥ 19" ENC).

o—0
From this equality, together with (5.3)-(5.7) we conclude, by a diagonal argument, that there
exist sequences s, — 07, k, — oo and 0, — 0" such that, setting Q, = Qﬁz’emsn, C, =

Ch» sns (1)=(iv) and the first part of (v) hold. Concerning the second part of (v), namely, the
weak* convergence of V11 (0Q,, N C,) to # V1L (9* ENC), it easily follows by observing
that, from (5.3) and the continuity of the trace operator, for every ¢ in a countable dense

subset of C.(RY) we can generalise (5.4) as

lim pla) a7 V@) = [ () a3tV ),
e Joqk - NOCE ENACE

9,En,S
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and in the same way we get the analogous generalisations of (5.5)—(5.8). Thus, we conclude
again by a diagonal argument. O

We now prove the second approximation lemma.

Proof of Lemma 4.3. We start by observing that by the classical regularity for volume-
constrained perimeter minimizers 92 \ C is smooth outside a (relatively closed) singular set
Ysing of Hausdorff dimension at most N — 8. Moreover, since {2 is a A-minimiser of the
capillary energy (see for instance [13]), it can be shown that €2 is open and satisfies the
following perimeter density estimates: there exist cg, 79 > 0 such that for all x € 9 and for
all r € (0,79)

#HN 109N B(z)) > corV L. (5.9)

Note that this estimate in particular implies that € is bounded, so we can take a ball Bp
such that 2 CC Bpg; moreover, we assume without loss of generality that the interior of C
contains the origin of RV.

Let C’; C RN, 6 >0and k €N, be a family of smooth convex sets extactly as in the proof
of Lemma 4.1, satisfying in particular (5.1).

We consider the signed distance function sdgy (z) from OCE, which is a C* function in
OF = {x: sdck (z) > —nk1 for some 7% > 0. Consider the smooth convex sets C(’f,’s = {x:
sdgk(z) < s} for s > —nk.

Note that if €2 is an open set of finite perimeter satisfying (5.9), then by [1, Theorem 5] we
have that the outer (N — 1)-dimensional Minkowski content of 02 coincides with P(€); that
is,

P(Q) = lim el (CPARD) :
0—0F 0
Thus, by the coarea formula, the above equality may be rewritten as
P(Q) = lim 1/QP({s,dQ < t})dt, (5.10)
0—0% 2 Jo
where sdq stands for the signed distance function from 9€2. For € > 0 set sdg := pe * sdq,
where p. is a standard mollifier, and note that by the Dominated Convergence Theorem

/ |Vsdg)| dz — LY ((Q), \ Q)
{0<sdg <p}

as € — 0. Therefore, by (5.10) and again the Coarea Formula, we have for any sequence

em — 0T
1

lim lim P({sdgm < 3}) dt = P(Q).
n—o0 m—oo J n

In turn, by Fatou’s Lemma, the lower semicontinuity of the perimeter and by Sard’s Theorem,
we obtain that for almost every ¢ € (0, 1) we have

n—oo m—oo

{Sd?{” < %} is smooth  and liminflimian({sdgm < %}) = P(Q). (5.11)
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For any m,n we consider the C> map x — (sd¢x (z),nsdg" (7)) defined for all z € Ok. By
Sard’s theorem we have that

rank(ﬁi%ﬁf@)) =2on {z: sdck () = s, nsdg" (v) = t} for a.e. (s,t) € (0,00) x (0,1).

Since by the minimality of ©, we have #¥~1(0Q N C) > 0, a simple argument shows that
there exists ¢ > 0 such that for any ¢t € (0,1) and s € (0,6) the intersection {sd¢x(z) =
s} N{nsdg"(z) =t} # 0 for all m,n sufficiently large. Hence we can fix ¢t € (0,1) satisfying
(5.11) such that the above rank condition holds for all s € (0,6)\ Z and for all m, n sufficiently
large, where Z is a negligible set. Note that possibly replacing Z with a larger (not renamed)
neglibile set we may also assume that

HNHO0QNOCL,) =0 forall s € (0,6)\Z. (5.12)

At this point, we may also extract subsequences m;,n; such that
m; t
lim P({sd; i< —}) = P(Q). (5.13)
Jj—o00 ng

For any s € (0,9) \ Z and j sufficiently large, we can define
Em; t
0k ;. = {sdg" < nj} \CE .
Note that (5.12) and (5.13) imply that for all s € (0,6) \ Z, we have

lim P(QF; sRV\ CL,) = PRV \CL,)=PQ\CE;RV\CL,). (5.14)

; 0,7,89 0,8)
j—o0
From the above convergence and the continuity of the trace operator we have that

lim #N (9% ; ,NOCE ) =#" "1 (0(Q\ Ck,)noCk,) =# """ (QnoCk,), (5.15)

0,7,S
j%m 7]7

where the last equality follows from (5.12).

We can argue exactly as in the second part of the proof of Lemma 4.1, to infer that (5.5)—
(5.8) hold. From these equalities, together with (5.14) and (5.15), by a diagonal argument,
that there exist sequences k; — 00, sj,0; — 0, with s; € (0,0) \ Z, such that Q; := Qiﬁ_’j’sj
and C; := Cfg.,sj satisfy (i)—(v) with F replaced by €.

Finally, property (vi) follows by observing that if € 0Q \ Xy and sdg is smooth in
By, (z), then sd;mj — sdg in C*°(B(x)), which in turn easily implies (vi). O

AKNOWLEDGMENTS

N. F., M. M. and A. P. were supported by PRIN Project 2022E9CF89, Geometric Evolution
Problems and Shape Optimization (GEPSO), PNRR Italia Domani, financed by European
Union via the Program NextGenerationEU. N. F., M. M. and A. P. are members of the Gruppo
Nazionale per 1Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA), which



CAPILLARY ENERGY OUTSIDE CONVEX SETS 27

is part of the Istituto Nazionale di Alta Matematica (INdAAM). V. J. was supported by the
Academy of Finland grant 314227.

1]
2]
8]
(4]

8]

9
[10]
[11]
12
13]
[14]

[15]

[16]
17)
18]
[19]

[20]

REFERENCES

L. AMBROSIO, A. COLESANTI, AND E. VILLA, Quter Minkowski content for some classes of closed sets,
Math. Ann., 342 (2008), pp. 727-748.

L. AMBROSIO, N. Fusco, AND D. PALLARA, Functions of bounded variation and free discontinuity prob-
lems, Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York, 2000.
X. CABRE, Partial differential equations, geometry and stochastic control, Butl. Soc. Catalana Mat., 15
(2000), pp. 7-27.

——, Elliptic PDE’s in probability and geometry: symmetry and regularity of solutions, Discrete Contin.
Dyn. Syst., 20 (2008), pp. 425-457.

X. CABRE, X. Ros-OTON, AND J. SERRA, Sharp isoperimetric inequalities via the ABP method, J. Eur.
Math. Soc. (JEMS), 18 (2016), pp. 2971-2998.

D. CArAzzATO, G. PASCALE, AND M. POZZETTA, Quantitative isoperimetric inequalities in capillarity
problems and cones in strong and barycentric forms, 2025. https://arxiv.org/abs/2507.07686.

J. CHOE, M. GHOMI, AND M. RITORE, Total positive curvature of hypersurfaces with convex boundary,
J. Differential Geom., 72 (2006), pp. 129-147.

———, The relative isoperimetric inequality outside convex domains in R™, Calc. Var. Partial Differential
Equations, 29 (2007), pp. 421-429.

E. CinTI, F. GLAauDO, A. PRATELLI, X. R0OS-OTON, AND J. SERRA, Sharp quantitative stability for
isoperimetric inequalities with homogeneous weights, Trans. Amer. Math. Soc., 375 (2022), pp. 1509-1550.
G. DE PHILIPPIS AND F. MAGGI, Regularity of free boundaries in anisotropic capillarity problems and the
validity of Young’s law, Arch. Ration. Mech. Anal., 216 (2015), pp. 473-568.

P. Dupuis AND H. IsHIl, On oblique derivative problems for fully nonlinear second-order elliptic PDEs
on domains with corners, Hokkaido Math. J., 20 (1991), pp. 135-164.

R. FINN, FEquilibrium capillary surfaces, vol. 284 of Grundlehren der mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], Springer-Verlag, New York, 1986.

I. Fonseca, N. Fusco, G. LEONI, AND M. MORINI, Global and local energy minimizers for a nanowire
growth model, Ann. Inst. H. Poincaré C Anal. Non Linéaire, 40 (2023), pp. 919-957.

N. Fusco, F. Macci, M. MoRrINI, AND M. NOVACK, Rigidity and large volume residues in exterior
isoperimetry for convex sets, Adv. Math., 453 (2024), pp. Paper No. 109833, 27.

N. Fusco AND M. MORINI, Total positive curvature and the equality case in the relative isoperimetric
inequality outside conver domains, Calc. Var. Partial Differential Equations, 62 (2023), pp. Paper No. 102,
32.

X. Jia, G. WANG, C. X1A, AND X. ZHANG, Heintze-karcher inequality and capillary hypersurfaces in a
wedge, 2023. ArXiv preprint 2209.13839.

L. KREUTZ AND B. SCHMIDT, A note on the winterbottom shape, Proc. Roy. Soc. Edinburgh Sect. A,
Published online (2024), pp. 1-14.

B. KRUMMEL, Higher codimension relative isoperimetric inequality outside a convex set, 2017. ArXiv
preprint 1710.04821.

L. Liu, G. WANG, AND L. WENG, The relative isoperimetric inequality for minimal submanifolds with
free boundary in the Euclidean space, J. Funct. Anal., 285 (2023), pp. Paper No. 109945, 22.

R. L6PEZ, Capillary surfaces with free boundary in a wedge, Adv. Math., 262 (2014), pp. 476-483.



28 NICOLA FUSCO, VESA JULIN, MASSIMILIANO MORINI, AND ALDO PRATELLI

[21] F. MAGGI, Sets of finite perimeter and geometric variational problems: an introduction to Geometric
Measure Theory, vol. 135 of Cambridge Studies in Advanced Mathematics, Cambridge University Press,
2012.

[22] L. D. Masi, N. EDELEN, C. GASPARETTO, AND C. L1, Regularity of minimal surfaces with capillary
boundary conditions, Comm. Pure Appl. Math., 78 (2025), pp. 2436-2502.

[23] R. NITTKA, Regularity of solutions of linear second order elliptic and parabolic boundary value problems
on Lipschitz domains, J. Differential Equations, 251 (2011), pp. 860-880.

[24] G. PASCALE AND M. POZZETTA, Quantitative isoperimetric inequalities for classical capillarity problems,
Calc. Var. Partial Differential Equations, 63 (2024), pp. Paper No. 225, 49.

[25] J. E. TAYLOR, Boundary regularity for solutions to various capillarity and free boundary problems, Comm.
Partial Differential Equations, 2 (1977), pp. 323-357.

DIPARTIMENTO DI MATEMATICA E APPLICAZIONI, UNIVERSITA DI NAPOLI FEDERICO II, ITALY

E-mail address: n.fusco@unina.it

MATEMATIIKAN JA TILASTOTIETEEN LAITOS, JYVASKYLAN YLIOPISTO, FINLAND

E-mail address: vesa.julin@jyu.fi

DIPARTIMENTO DI SCIENZE MATEMATICHE FISICHE E INFORMATICHE, UNIVERSITA DI PARMA, ITALY

E-mail address: massimiliano.morini@unipr.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI Pisa, ITALY

E-mail address: aldo.pratelli@unipi.it



