CURVATURE PENALIZATION OF STRONGLY ANISOTROPIC INTERFACES
MODELS AND THEIR PHASE-FIELD APPROXIMATION
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ABSTRACT. This paper studies the effect of anisotropy on sharp or diffuse interfaces models.
When the surface tension is a convex function of the normal to the interface, the anisotropy
is said to be weak. This usually ensures the lower semicontinuity of the associated energy. If,
however, the surface tension depends on the normal in a nonconvex way, this so-called strong
anisotropy may lead to instabilities related to the lack of lower semicontinuity of the functional.
We investigate the regularizing effects of adding a higher order term of Willmore type to the
energy. We consider two types of problems. The first one is an anisotropic nonconvex generaliza-
tion of the perimeter, and the second one is an anisotropic nonconvex Mumford-Shah functional.
In both cases, lower semicontinuity properties of the energies with respect to a natural mode
of convergence are established, as well as I'-convergence type results by means of a phase field
approximation. In comparison with related results for curvature dependent energies, one of the
original aspects of our work is that, in the context of free discontinuity problems, we are able to
consider singular structures such as crack-tips or multiple junctions.
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1. INTRODUCTION

Anisotropic sharp interface models involve a surface tension density depending on the orientation
of the unknown interface. It thus contains preferable directions, leading to crystalline surfaces due
to the formation of facets, corner or wrinkling. When the surface tension is a convex function of the
normal to the interface, the anisotropy is said to be weak, and the associated variational problem or
the underlying PDE is in general well-behaved. If however, the anisotropy is strong, which means
that the surface tension is a non convex function of the normal, the problem becomes unstable
since several directions might be forbidden. From a mathematical standpoint, it corresponds
to a loss of ellipticity of the underlying set of PDEs, or a lack of lower semicontinuity of the
associated energy. It naturally arises in many applications such as phase transitions or epitaxial
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growth [23] [19] 51 B9]. In the context of fracture mechanics, tearing experiments on brittle thin
sheets with strongly anisotropic surface energy lead to observed crack path which happen to be
inconsistent with those analytically predicted (see e.g. [27] and references therein).

From a variational point of view, which is the one adopted in the present work, a generic and
formal way to formulate strongly anisotropic interfacial problems consists in minimizing an energy
functional of the form

F— &) = / o(vr) dHIL,
r

among all possible (d — 1)-dimensional hypersurfaces I' C  (say without boundary) subjected to
suitable external constraints. In the previous expression, @ C R% is a bounded open set with d = 2,
3, H%! stands for the (d — 1)-dimensional Hausdorff measure, vr is a normal vector to I' (which
is well defined provided I is smooth enough) and ¢ : R? — R¥ is a continuous, 1-homogeneous,
even but not necessarily convex surface tension. Minimizing this kind of interfacial energies might
lead to the formation of microstructures due to fast oscillations of minimizing sequences {I'y, } neN.
Indeed, it might be energetically convenient to allow the normals v, to highly oscillate between
finitely many fixed directions, in such a way that the sequence of sets {T';, }nen ‘weakly converges’
to a limit (generalized) set I' whose energy is strictly lower than the value of the infimum. This is
a typical behavior of variational problems lacking lower semicontinuity.

A possible remedy consists in relaxing the original energy &, i.e., replacing it by its lower
semicontinuous envelope £ with respect to a natural topology for which the energy is coercive. In
the formal framework described above, it consists in replacing ¢ by its convex envelope ¢** (see
e.g. [28] when I is the boundary of a set) so that

E(F):/Fcp**(yp)dﬂdfl.

The so-called relaxed problem now becomes well-posed in a suitable mathematical framework, in
the sense that minimizing sequences for £ converges to (generalized) solutions of £ and inf & =
min €. From a mathematical point of view, the relaxation procedure is perfectly satisfactory
because high oscillations of minimizing sequences are ruled out. However, it has the drawback of
modifying the underlying physics by suppressing the possible nucleation of new facets orientated
within the nonconvex region.

Another possibility is to add a higher order term of curvature type (the so-called Willmore
energy). This penalizes spatial oscillations and regularizes the problem. It leads to a regularized
energy functional as in [23]

[ EMT) = /

o(vr) dH + )\/ |Hp|? dH1,
T T

where A > 0 is a (fixed) weight parameter, and Hr = (div' vp)vr is the mean curvature vector of
I". Although not obvious, it is expected that the presence of the higher order term Hr improves
the compactness properties of minimizing sequences {I',}nen for EM | so that T',, should now
converge in a stronger way to some (generalized) set ', making it possible to pass to the limit
in the nonconvex term, without appealing to any type of relaxation. Let us point out that the
behavior of (volume-constrained) minimizers for small A has been investigated in [50, 1T} 34} B5].
See also [22] for the application of this idea in a different context.

The first objective of the present work is to investigate the lower semicontinuity properties of
this type of problems when I' = 9F is the boundary of a set E. Set

F(E):= 5(1)(8*E):/ w(yE)cmd—lJr/ |Hp|? dH. (1.1)
O E O*E
Postponing precise definitions to the next sections, our first main result is the following lower

semi-continuity result, see Theorem (1.1

Theorem 1.1. Let {E,}nen be a sequence of sets of finite perimeter in Q converging in L to a
set E of finite perimeter in Q. If Vg has bounded first variation in LiE(Q; RY), then

liminf F(E,) > F(E).

n— oo
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Remark 1.2. Let us point out that this result, just like Theorem [I.3] and Theorem comes
with a compactness statement which is transparent from the proof. However since we need to
assume a priori some regularity of the limit set we do not include it.

Another important question for such sharp interface variational problems is the approximation
by means of phase field models. This has a long history, going back to [33] where a so-called
Modica-Mortola (or Allen-Cahn) approximation is proposed to approximate the classical perimeter
functional in the sense of I'-convergence. Regarding the variational approximation of the sum of
the isotropic perimeter and Willmore functionals, a phase field approximation result has been
established in [43], B8] answering a long standing conjecture of De Giorgi (see also [28] in the case
of weakly anistropic surface energies). Following [51) 28], we investigate here the case of strongly
anisotropic surface energies. Let ¢. be a suitable smooth approximation of ¢, see (3.6). We
introduce the phase field energy functional . : H2(2) — R by

2
Fe(v) = l/ e (Vo) <6|VU|2 + 1VV(U)) dx + l/ ! (—EAU + 1W’(v)> dz. (1.2)
¢ Jo 2 € co Jo € €
Here W(z) = (1 — 2?)? is the standard double-well potential and ¢y = f_ll V2W(z)dz. In the
absence of the second term, and if the surface tension ¢ = 1, the first contribution of the energy
corresponds exactly to the classical Modica-Mortola I'-convergence approximation of the perimeter
functional. It is established in [28] that the first term alone gives rise in the limit to the relaxed
anisotropic perimeter

/ ‘P**(VE) dr}_ldfl7
o*E

where ¢** is the convex hull of ¢. The second contribution in the energy functional F, is exactly
the same as in [43]. It corresponds to a phase field approximation of the Willmore energy

/ |2 dH1,
o*FE

Again in [28], it is established that if ¢ is convex, F. [-converges to F provided OF is C2.

Let us point out that following [51], in the first term of F., the anisotropy is carried out by
multiplying the Modica-Mortola energy density by ¢-(Vv). It is argued in [51] that this is crucial
in order to have an interfacial layer independent of the orientation which is then compatible with
the optimal profile of the curvature term. This is in contrast with other phase field models such
as [411, 52]. See also [14] for a thorough review of phase field approximations of curvature energies.

Our second main result, Theorem[I.3] corresponds to a generalization of the result [28] to general
anisotropies .

Theorem 1.3. Let d = 2, or d = 3, let Q be a bounded open subset of R and let E be a set of
finite perimeter in Q such that Vg has bounded first variation in LZE (;RY).
(i) Lower bound: If {v:}eso C H?*(Q) is such that v. — 1 — 1g\g in L'(S2), then

F(F) < liminf F.(v,).
e—0

(ii) Upper bound: If additionally OF is a C*-hypersurface, there exists a sequence {¥.}eo in
H?(Q) such that v — 1g — 1o\ in L*(Q) and

F(E) = ;%fg(ﬂe).

For both Theorem and Theorem we strongly rely on the existing results on lower semi-
continuity and phase field approximations [48], [43] which are naturally expressed in the language
of varifolds. With these results at hand, the proofs of both theorems are quite short (and might
be seen as warm ups for the free-discontinuity counterparts, see below). The main observation
we are making and which seems to have remained unnoticed so far, see e.g. [28], is that varifold
convergence together with rectifiability of the limit imply convergence of the anisotropic perimeter
term. This is the analog of the property that for sequences of functions, strong convergence is
equivalent to the fact that the generated Young measures are Dirac masses, see [42]. The lower
bound in Theorem rests on a locality property for the mean curvature of varifolds in order
to compare the curvature of OF with the curvature of the limit varifold (which has natural semi-
continuity properties), see [4, 48] [26]. Moreover, as can already be seen for d = 2 in [7], the
relaxation of F must be non-local and a good understanding of its structure for d = 3 is still
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missing. The restriction on the regularity on 0F in the upper bound of Theorem comes from
the difficulty of approximating varifolds in energy by smooth sets. This is a common limitation in
this setting, see [43], 32]. See however [44] for some recent progress on this question.

The second type of sharp interface models with curvature penalization we are interested in,
are motivated by applications to fracture mechanics involving brittle materials with strongly
anisotropic surface energies, see [27].

In a two-dimensional antiplane setting (d = 2), the variational approach to fracture introduced
in [20, @] is based on the global minimization of a Mumford-Shah type functional

u > MS(u) :z/ |Vu|2dx—|—/ o(vy,)dH", (1.3)
Q\Ju Ju

where u € SBV?(Q) is a scalar function corresponding to an antiplane displacement, and the
crack is assimilated to the jump set J, of u. In the isotropic case, ¢ = 1, we recover the classical
Mumford-Shah energy. Under external loadings and/or boundary conditions, the direct method
in the calculus of variations easily leads to the existence of minimizers for M .S in the case of weak
anisotropy, i.e. if ¢ is a convex function. In addition, a phase field approximation result due to
Ambrosio-Tortorelli has been established in [5] [1§].

If however, ¢ is nonconvex, the problem might develop spatial oscillations as explained above.
Therefore, the existence of minimizers for MS and the variational approximation by means of an
Ambrosio-Tortorelli type functional is not guaranteed anymore because of a lack of lower semi-
continuity of M.S. Once more, a possible remedy is to penalize spatial oscillations by introducing
a curvature term inside the free energy. Contrary to the previously described problem, the crack
Jy, has no reason to be a boundaryless 1-dimensional set so that one has to account both for
possible endpoints (the so-called crack-tips) as well as multiple junctions in J,. The following
curvature dependent Mumford-Shah functionals has been introduced in [I5, [I2] in the context of
image reconstruction (in the isotropic case),

6(7)(1;,0, P):= /

Q\Cc
Here v > 0 is a weight parameter, C' is a finite union of curves with endpoints P and u € H*(Q\C).
Notice in particular that this implies that if we consider v € SBV?(Q), then J, C C. This
formulation is closer in spirit to the orginal strong formulation of the Mumford-Shah functional in
[37] than its weak counterpart (L.3)). Existence of minimizers for GO (with an extra fidelity term)
has been obtained in [I5] and a phase field approximation has been proposed in [12]. However,
as opposed to the phase field approximation in , the curvature was approximated by the
more nonlinear term div(‘g—z). While this greatly simplifies the analysis, the question of an
approximation through a phase field model more similar to was raised in [I2] Section 7]. One
of the main objectives of this paper is to answer positively this question. Since we will build upon
[48 [43], it is more natural for us to work in the SBV framework. We thus introduce the sharp
interface energy,

|Vul? do + /C(cp(uc) +|Hg|?) dH + ~vHO(P). (1.4)

HdH! + vHO(Py,),

GO () := / Vul? do + / (o(vs.) +|Hy,
O\, T

We will restrict ourselves to functions u € SBV?(Q) with a jump set J,, made of a finite family of
curves. Here Py, denotes the finite set of endpoints of the curves in .J, (counting both multiple
junctions and true endpoints). We first prove in Theorem below a lower semicontinuity result
for G, To some extent it can be seen as an alternative proof, but under a more restrictive set
of assumptions, of the results from [15] [12]. While we include it mostly for presentation purposes,
as it illustrates in a simpler setting some of the ideas behind the proof of the lower bound for
the phase field approximation, let us make the following observation. Since, in the notation of
(1.4) we assume that J, = C, such a lower semicontinuity property can only hold provided the
coefficient + is small enough (as in the statement of Theorem [4.4)). Here smallness depends only on
the smoothness of J,\P,, the mutual distances between the points in P;, as well as the distance
of Py, from 0. Indeed, if two points in Pj, are very close to each other, it can be energetically
favorable to add a small jump set connecting these points (and thus paying the distance between
them) rather than having two crack-tips (which come with a fixed cost of 2). In the language of
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this amounts to C # J,. This is somewhat related to the relaxation phenomenon for the
elastica studied in [7] and already mentioned above. Besides [48] the main ingredient for this lower
semicontinuity results is Lemma which states that if a varifold with curvature in L? contains a
set with singular curvature, then either its length or its Willmore energy should be bounded from
below. Interestingly, the proof relies mostly on the monotonicity formula even though the energy
we consider is anisotropic.

We present now the phase field approximation of G() that we consider. It is an anisotropic
variant of the one proposed in [12 Section 7]. The idea is to have a first phase field variable
v as in the Ambrosio-Tortorelli model and a second phase field variable w to approximate the
point energy H°(P;,). We first point out that as observed in [I2], since the optimal profile
of the classical Ambrosio-Tortorelli functional is not H?, it is not suited for the approximation
of curvature energies. Following [I2], we thus consider a Modica-Mortola approximation with a
penalization of the size of the set {v = —1}. In the language of this amounts to require that
|E| — 0. Another possible solution would be to detect the jump set of u through the derivative of
the optimal profile for the Modica-Mortola energy as very recently suggested in [13]. Let us now
discuss the point energy. For this we repeat the heuristics from [I1), 12]. For every § > 0, let us
consider the functional

FE) = [ (57 plHs
OF
By the Cauchy-Schwarz inequality and Gauss-Bonnet formula, we have

FE) > 2/ |Hp|dH' > 4n (1.5)
OF

with equality if and only if £ is a ball of radius 5. We thus consider for 5. — 0 a phase field
approximation of %< as in (1.2]) and set

G p(w ﬂ/ (|v 1+ W( ))d +— (—5Aw+ “W' (w ))2da:.

Co&€

For all (u,v,w) € H*(2) x [H?(2)]?, we then introduce the following energy functional

G (u,v,w) = 1/(1+U)2|vu|2dx+i/% (Vo) <E|Vv|2+1W(v)> da
4 0 2C0 Q 2 )
L[l —EA’U—‘er/(v) 2(1—&—w)2 dx (1.6)
8co Jq € €
+1G55 (w)+i/(lfv)QdIJri/(l—w)de,
dr 7 Ne Jo Ne Jo

where € > 0, . > 0 and B. > 0 are infinitesimal parameters which satisfy the following scaling
laws as in [12]

e|loge| _0

. B
lim = lim —
e—0  fe =0 1),

Notice that just like Vu is not penalized in the regions where v = —1 (as in the classical Ambrosio-
Tortorelli approximation), the curvature of J,,, which is approximated by the term on the second
line of , is not penalized in the regions where w = —1. This is essential in order to approximate
jump sets with crack tips or multiple junctions.

As in the case of the perimeter, we need to assume some regularity of the admissible jump sets
Jy,. We assume here that .J, is the finite disjoint union of C? curves possibly intersecting at their
endpoints Py, . At each of these end points, J,, has an infinite curvature. We further assume that
at multiple junctions the sum of the tangent vectors vanishes. This means that the generalized
curvature (in the sense of varifolds) has a Dirac mass at all points of P;,. Unfortunately, the case

of multiple junctions with zero curvature is more delicate and remains out of reach at the moment,
see Remark Our main result is then (see Theorem and (2.11)) for the definition of A(£2))

Theorem 1.4. Let u € A(Q).

(i) Lower bound. There exists 79 = Yo(u) > 0 such that for all v € (0,70) the following
property is satisfied: for all {(ue,ve,we)}eso C HY(Q) x [H2(Q)]? such that (ue,ve, we) — (u,1,1)
in [LY(Q)]? we have

G (u) < lim inf G (ue, v, we).
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(ii) Upper bound. There exists a sequence {(iic, Ve, We)}eso in HY(Q) x [H?(Q)]? such that
(Ue, Ve, we) — (u, 1,1) in [Ll(Q)]37

G (u) = lim G (4, v, w.).
e—0

The restriction on v in Theorem[I.4] has its root in the use of Lemmal[£.3]just as in the derivation
of Theorem [£.4] see the discussion above. The main idea in the proof of Theorem [T-4]is contained
in Proposition It states that if the phase field variable w, is not uniformly close to 1 (say in a
ball B), then the phase field energy involving w, inside B

1 € 1 B. / 1 2
G, o B)= — Z|Vw|? + =W (w,) | de + == —eAw, + -W'(w.) | d
st m) = o [ (Svud o Dt Jar 22 [ (“etues 2w ) o
must be bounded from below by 4. This is sharp as seen from (|1.5)). The difficulty actually lies in
extending the geometric argument leading to (1.5) to the phase field energy G g. The argument
rests on a blow-up argument around a point 2y € Q such that w(xg) is far away from 1. Using
the results of [43], one shows that

liminf G, g. (we, B) > 2/ |Hy | duy, (1.7)
e—0 R2

for some 1-rectifiable integral varifold V in R?, with square-integrable first variation. Using the
monotonicity formula as in [40], it is not hard to bound the right-hand side from below by 4
which is unfortunately not sharp as already noticed in [40]. This is related to derivation of Li-
Yau inequalities for varifolds through monotonicity formula which are sharp for d = 3 but not
for d = 2, see [25], [40, B6]. Let us point out that in order to prove that the limit varifold V
is non-trivial, we use in Step 2 of the proof of Proposition 4.5 a variant of the argument from
[40] but at the e—level. Going back to the optimal lower bound in the question is thus to
generalize the Gauss-Bonnet formula for 1-rectifiable integral varifolds in R? with square-integrable
first variation. Although such objects are expected to enjoy good geometric properties (see e.g. [2]
where it is proved that 1-rectifiable, integral stationary varifolds are a locally finite sum of segments
with constant multiplicities inside each of the segments), the generalization of the Gauss-Bonnet
formula to varifolds seems to be a serious issue. In the 2014 preprint [30], a sharp lower bound
on the mean curvature for m-rectifiable integral varifolds in R"™ with p-integrable first variation is
obtained under the critical assumption 2 < p = m = n—1 (see [29, Theorem 24.1]). Unfortunately,
our case does not fit within this set of assumptions since p = 2, n = 2 and m = 1. For that reason,
we dedicate an Appendix in which we derive the Gauss-Bonnet formula (Theorem needed for
our purpose by closely following and adapting the arguments from [30] to our specific situation.
The main point is to prove a Lusin type property of the Gauss map, see Proposition and [45], 46]
for related results. Since our goal is much more modest than in [30] (restricting in particular to
1—dimensional varifolds), our proofs are often shorter and the notation lighter than those from
[30]. We hope that our Appendix could also help shed light on [30] which seems to have remain
relatively unnoticed, see e.g. [40].

The paper is organized as follows. In Section 2, we introduce notation and the mathematical
background needed for our subsequent analysis. Section 3 is devoted to the study of strongly
anisotropic perimeters with curvature penalization. Theorem provides a lower semicontinu-
ity property of the functional F, while Theorem shows a I'-convergence type approximation
result by means of the phase field energy F.. In Section 4, we carry out the analysis of the
strongly anisotropic Mumford-Shah energy with curvature penalization. Theorem shows a
lower semicontinuity result of G() for small enough weight parameter v > 0. Theorem gives
a D-convergence type results of G() by means of the phase field energy gé”). Eventually, the
Appendix is devoted to show the generalized Gauss-Bonnet formula, Theorem [5.1] for varifolds.

2. PRELIMINARIES

2.1. Radon measures. The Lebesgue measure in R? is denoted by £¢, and the k-dimensional
Hausdorff measure by H¥. We will write wy, for the £F-measure of the k-dimensional unit ball in
RE.
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Let X be a locally compact metric space and Y be an Euclidean space. We denote by M(X;Y)
(or simply M(X) if Y = R) the space of bounded Radon measures in X. By the Riesz representa-
tion Theorem, M(X;Y") can be identified with the topological dual of Co(X;Y"), the space of all
continuous functions f : X — Y such that {|f| > e} is compact for all £ > 0. Similarly, the space
of Radon measures Mioc(X;Y) (or simply Mio.(X) if Y = R) is identified with the topological
dual of the space C.(X;Y") of all continuous functions f : X — Y compactly supported in X.

Let © ¢ R? be an open set, 1€ Mioe(Q2) be a non negative Radon measure and 1 < k < d.
The k-dimensional density of p at x € € is defined by

. — i M Be(2))
@ (,U,,l') T Ll)l_I)I}) Wka

provided the limit exists.

2.2. Rectifiable sets. A set M C R? is countably H*-rectifiable if there exist countably many
Lipschitz functions f; : R¥ — R, i € N, such that

oo )

If H*(M) < oo, then M admits an approximate tangent space, denoted by T, M, at H*-a.e. x € M,
see [3, Theorem 2.83]. We denote by ©% (M, x) := ©F(H* L_ M, x) the k-dimensional density of M
at = and recall the Besicovitch-Mastrand-Mattila Theorem which states that ©%(M,-) = 1 H*-a.e.
in M, while ©%(M,-) = 0 HF-a.e. in R?\ M, see [3, Theorems 2.56 and 2.63].

It is known that the previous definition of rectifiability is equivalent to require that H*-almost
every M can be covered by a countable union of k-dimensional C'-submanifolds. If one further
assume the submanifolds to be of class C2, then the set M is said to be C2-rectifiable.

2.3. Sets of finite perimeter. Let O C R? be an open set. A Lebesgue measurable set £ C R?
is said to have finite perimeter in Q if D1 € M(Q; R?). In that case, we have

Dlg =vpgHY L O*E,

where 9*E is the reduced boundary of E (a countably H? !l-rectifiable set), and vg is the ap-
proximate inner unit normal to E (see [3, Theorem 3.59]). We denote by P(E,Q) = |D1g|(R2) =
HIL(0*E N Q) the perimeter of E in (2.

2.4. Varifolds. Let us recall several basic ingredients of the theory of (co-dimension 1) varifolds
(see [49] for a detailed description). We denote by G4—1 the Grassmannian manifold of all (d — 1)-
dimensional linear subspaces of R%. The set Gg4_; is identified with the set of all orthogonal
projection matrices onto (d — 1)-dimensional linear subspaces of R%, i.e., d x d symmetric matrices
A such that A% = A and tr(A) = d — 1, in other words, matrices of the form A = Id — e ® e for
some e € S471L.

A (d — 1)-varifold in Q is a Radon measure on Gg_1(f) := Q2 x Gg4_1. The class of (d — 1)-
varifolds in Q is denoted by V4_1(Q2). The weight measure of V € V4_1(Q) is the nonnegative
measure py € Mioc(Q2) defined by uy (B) = V(B x G4_1) for all Borel sets B C 2. We define the
first variation of a (d — 1)-varifold in V in € as the first order distribution

5V(C):/G o D¢(z)-SdV(x,S) for ¢ € CLH(LRY).

The varifold V is said to have bounded first variation in €2, if the distribution 6V extends to a
bounded Radon measure in 2. In that case, the Besicovitch differentiation Theorem shows that
0V splits into

oV = _HVNV + o,
where Hy € L}, (€;R) is the generalized mean curvature of V and o € M(€;R?) is singular

with respect to py. We say that V' has bounded first variation in Lf (R4, p>1,if 0 =0 and
Hy € LﬁV(Q;Rd).

Let M C € be a countably H% '-rectifiable set, and § : M — R* be a locally H? '-integrable
(multiplicity) function. A particular class of varifolds is that of (d — 1)-rectifiable varifolds V =
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v(M,0) which can be written as

/ O(x,5)dV(z,S) ::/ ®(x, T, M)0(x) dH¥ 1 (z)  for ® € C.(Gy_1(Q)).
Ga-1(9) M
In that case, the weight measure is given by uy = H% 1 M. We will denote by vy an approx-
imate unit normal to the rectifiable set M. Let us point out that since we mostly work in the
framework of (unoriented) varifolds, all quantities involved will not depend on the choice of the
normal. If further # € N H?l-a.e. in M, then V is called (d — 1)-rectifiable integral varifold. We
will sometimes denote by Vyy = v(M, 1), par = py,, and, if Var has bounded first variation in €,
by Hp := Hy,, the generalized mean curvature of V.

If M = 0*F for some set E of finite perimeter in €2, we write Vg = Vy«g, ug = po+g, and
HE = Ha*E.

Let us recall the following monotonicity formula, see [40, Theorem 2.2], which will be used

throughout the paper.

Lemma 2.1. Let Q C R? be an open set and V € V1(Q) be a (non zero) 1-rectifiable integral
varifold with bounded first variation in LY (Q;R?), with p > 1. Then, for every xo € Q and r > 0

with B, (zo) C Q, O (uy,z0) exists and

B, (x 1
O (uv.0) < PN L 2 iy (2.1)
27‘ 2 Br(ﬂ?o)
Moreover, if @ = R? and py (R?) < oo, then
B, (x
woABeood) < [ vl . (2.2)
r R2

Proof. The fact that ©(uy, zo) exists for any zg follows from [49, Corollary 17.8]. Formulas
and can be inferred from the proof of [40, Theorem 2.2] (though not stated under this form).
For the reader’s convenience we include some details. By [40], (18)], for every 2o € Qand 0 <r < R
with ER({E()) C Q7

NV(BT(xo)) + 1

/ Hy () - (z — xo) duv (z) < #v (Br(zo))
Br(mo) R

r — X r — X
Hy(z) - - 15, (s vy | d .
* /B’R(zo) V(x) < R ‘x - :C()| Br(ro)\Br( 0)> MV(x)

On the one hand, keeping R > 0 fixed and letting r — 0, since Hy € L, (€ R?) with p > 1 yields

&1).
On the other hand, if Q@ = R? and puy (R?) < 0o, we can now keep 7 > 0 fixed and let R — oo.
Since Hy € L}LV (R%* R?), we obtain by dominated convergence

B, (x 1 r—x
pv (Br(70)) < _,/ Hy (z) - (z — x0) dpy () — / Hy(z) 22 quy(2)
r T JB,(z0) R2\B,(xo) |~T - T/o\
< / [Hy | dpy,
R2

leading to (2.2)). O

Let us next state the following version of the Sobolev-Michael-Simon inequality (see [I, Theorems
7.1 and 7.3)).

Theorem 2.2. There exists a universal constant c; > 0 such that the following property is satisfied:
let © C R? be an open set and V € V1(R?) be a 1-rectifiable integral varifold with bounded first
variation in L, (R* R?). Setting

’Vii/ |Hv | dpy,
Q

then, for every compactly supported Lipschitz function ¢ : Q — R.

(1—c) swp | <er /G oI5 TNV @.5).

Supp(V)
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We finally recall the main result of [43] which will be at the basis of our forthcoming phase-field
approximation analysis. Although not stated in this form, a careful reading of [43] Theorem 4.1
& Theorem 5.1] yields the following statement. Let us consider the standard double well potential
W : R — R defined by

W(z)=(1-2%?% forzcR,
and set

1
co :/ V2W (2) dz = 43ﬁ. (2.3)
-1

Theorem 2.3. Let d = 2,3 and Q be a bounded open subset of RY. Given v. € H?(Q), we define
the measures

_1[e 2, 1 d _ 1 Lo ’ d
e = o (2|Vvs| + EW(UE)> LY a.= e ( eAv. + 5T/V (UE)) LY
the function
€ 1
& = §|V”s|2 - EW(UE)
and the varifold V. as

/ B(z, S) dV.(z, S) = / B (@ 1d—v. ©v.)dpe, ® € Co(Gar().
Ga-1(22) Q

where v. : Q — S971 are Borel extensions of éi; on {Vv. = 0}. Assume that
sup{pe(Q) + a:(Q)} < 0.
e>0

Then, up to a subsequence, there exist « € MT(Q) and V € V4_1(Q) such that V. — V weakly*
in M(Ga-1(Q)), pe = pv, ac — o weakly* in M(Q) and & — 0 in Ll (Q). Moreover, V is a
(d — 1)-rectifiable integral varifold with bounded first variation in L7, (€; R%) and

|HV|2NV S . (24)

2.5. Curves. Let Q be an open subset of R?. We consider the class of 1-dimensional sets I' C 2
which are made of a finite union of curves of class C? without self-intersections and that intersect
only at their endpoints. Specifically, there exist C?> mappings v1,...,vn : [0,1] — Q such that
4 # 0 and, setting T'; = 7,([0, 1]),

T = LNJ T;. (2.5)

We denote by Pr = Uﬁv:l{%(O),'yi(l)} the set of all end points of the curves I';. Given p € Pr,
there is I C {1,..., N} with #(I) > 1 such that p € [),.; ;. Up to a change of orientation, we
can assume that

el

p="(0) foriel.
For i € I, let 4;(0) be the tangent vector to I'; at p. We assume that (see Remark [4.1))]
vp =Y _i(0) #0. (2.6)
iel
The class of all sets T' satisfying (2.5)) and (2.6)) is denoted by €'(2).

Let V1 be the varifold associated to such a set I' € €'(€2) (which is a rectifiable set). A classical
computation shows that the first variation of Vi is given by

N
Ve (¢) =—Z/F Hr,-CdH' = Y ((p)-v, for ( € CHR?),
1=1 @

pEPr

where Hr,(z) = & (le&) is the classical curvature of I'; at the point x = ~;(t) € 7,(]0,1]). In

other words, V1 has bounded first variation which can be represented by the measure

N
§Vo ==Y HpH'LT; = Y 0,0,

=1 pEPr

£, for some i € I, T; is a loop, i.e. 7;(0) = ;(1), then 4;(0) should be replaced by 4;(0) — 4;(1) in (2.6).
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Condition (2.6)) can thus be interpreted as a nonzero curvature in the sense of varifolds at all
intersection points of the curves I';’s.

The following elementary lemma describes the tangent measures to H! LT for T' € €(£2). We
omit the proof.

Lemma 2.4. Let ' € €(Q). For all xy € Q and ¢ > 0, we define the blow-up measure Ay, , Of
HILT by
1 Yy—x
Cg = (P50 )i for e Cu®)
R2 oJr o
and
TN By(w0)
O(T o) o= lim = R0
Then, Agy.o — Ao weakly* in Mioe(R?) as o — 0, where
(i) if kg € Q\T, then \g =0 and O(T,zp) = 0;
(i) if zo € 7:(]0,1]) for some (unique) i € {1,..., N}, then \g = H' LT where T = R (ty) is
the tangent line to v;(]0,1]) at zo = vi(to), and O(T,zg) = 1;
(iil) if zg € Pr, then A\g = ZieIHl L L; and L; = R*4;(0) is the half-line tangent to T'; at the

point xg = v;(0) and O(I',zg) = @

The following result is a consequence of Taylor’s expansion of the length function.
Lemma 2.5. For every I’ € €(Q), there exists oo = 0o(T') > 0 such that for every xo € Pr and
0< 0 < ©0;

By(xo) NPr ={zo}, 'Hl(F N By(0)) < 200(T, z9) + 92@(I‘, xo) s\up |Hrp|. (2.7)
I\Pr

Proof. Since both sides of are additive in the number of curves meeting at zg, it is enough
to consider the case where I' is a single curve. We may further assume that ¢ = 0 and that ~ is
an arc-length parametrization of T, i.e. setting L = H!(T'), v € C*([0, L]; R?) satisfies || = 1 on
[0, L] and v(0) = 0. We thus need to show the existence of gy > 0 such that for every o € (0, go),

H(T'NB,) <o+0® sup [5(1)]. (2.8)
te(0,L)

Let 0o > 0 be small enough so that I' N B,, has one connected component. In particular, for
every 0 < o < g9, denoting by £(g) = H(T' N B,), we have

I'NB,=7([0,£(e),  T'NIB, = {y(¢(e))}-

Moreover, since v € C?([0, L]; R?), then ¢ is an increasing function of class CZ on (0, gp). Deriving
the equation |y(£(0))|? = 0® with respect to ¢ yields

$(€(0) - v((0))i(0) = 0 for g € (0, 00)- (2.9)
Recalling that « is an arclength parametrization of I" and that ¢ is increasing, we get
0 < () (4(e))IE(0) = ol (o),

hence é(g) > 1. Moreover, passing to the limit in (2.9) as ¢ — 0 yields |"y(0)\2l5(0)2 = 1, hence
£(0) = 1. As a consequence, using Taylor expansion, we get that for g € (0, o),

. e 4
£(0) = £(0) + 0£(0) + / (0—s)l(s)ds =p+ / (0 — s)l(s)ds. (2.10)
0 0
In order to estimate ¢, we derive (2.9) which leads to

L= (1L+~(0)-5(0) +7(0) - 4O in (0, 00).
Using (2.9) and recalling that ¢ > 1, we obtain for every s € (0, go)

S - .

= l(s) = y(U(s)) - H(Us))E(s) < —L(s)*v(E(s)) - 5 (L(s))

£(s)
< A (EsDIF(Es))] = £(s)sl5(6(s)))-
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Since £(0) = 1, we can further reduce gy in such a way that £(s)? < 2 for every s € (0, o), which
implies that

i(s) < 25(6(s)|  for s € (0, e0).

Inserting inside (2.10)) yields

l(o) <o+0° sup [¥(L(s))],
SE(O7Q0)

which completes the proof of (2.8]), hence of the lemma. O

2.6. Functions of bounded variation. Given an open set  C R?, the space of functions of
bounded variation is defined by
BV(Q) = {ue LYQ): Duec M(Q;RY)}.

We shall also consider the subspace SBV () of special functions of bounded variation made of
functions u € BV () whose distributional derivative can be decomposed as Du = Vul? + (ut —
uT ), HY L J,. In the previous expression, Vu is the Radon-Nikodym derivative of Du with
respect to £, and it is called the approximate gradient of u. The Borel set J, is the (approximate)
jump set of u. It is a countably H?~!-rectifiable subset of ) oriented by the (approximate) normal
direction of jump v, : J, — S9!, and u™ are the one-sided approximate limits of u on .J,, according
to v,. Finally we define

SBVZ(Q) = {u e SBV(Q): Vue L*(Q;R?) and H?1(J,) < oo}

In the sequel, we will be interested only in the two-dimensional case d = 2, and in the smaller
class of functions
AQ) :={ue SBV*Q): J, € €(Q)}. (2.11)

3. STRONGLY ANISOTROPIC PERIMETERS WITH CURVATURE

Let d =2 or d = 3 and Q C R be bounded open set. Let us consider an even and continuous
anisotropy function ¢ : S9! — Rt satisfying

1
ol <p(z)<C  for z € S (3.1)
for some C' > 1. Since ¢ is an even function, the function ¢ : G4_1 — R7 given, for every
S=Id—e®e € Gg_1 (with e € S?1), by
@(5) == p(e) (32)
is well defined and continuous.

For every Lebesgue measurable set E with finite perimeter in 2, we consider the following energy
functional

/ (¢(ve) + |Hp|?) dH?™" if Vi has bounded first variation in L2 (€; R?),
F(E) = QNO*E

= 00 otherwise.

3.1. Lower semi-continuity. We start with the question of lower semicontinuity for F with
respect to the following (natural) convergence.

Definition 3.1. A sequence {E,},cn of Lebesgue measurable subsets of ) converges to the
Lebesgue measurable set £ C Qif 15, — 1g strongly in L(Q), or equivalently, if £4(E,,AE) — 0.

‘We now address the

Proof of Theorem[I.1 There is no loss of generality to suppose that
lim inf F(E,) < co.
n—oo

At the expense of extracting a subsequence, we can thus assume that the lim inf above is a limit and
that sup,, F(E,) < co. In particular, for each n € N, denoting by V;, := Vg, the varifold associated
to B, and by p, := H4" 1L 9*E, the weight measure of V,,, then {V,,},,en is a sequence of (d— 1)-
rectifiable integral varifolds in € with bounded first variation in Q satisfying 6V,, = —Hpg,, iy, for
some Hp, € L7 (;R%). In addition, according to [33),

sup/ (1+|Hg,|?) dH" < .
neN JQNo*E,
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By Allard’s integral compactness theorem, see e.g. [49, Theorem 42.7 & Remark 42.8], we infer
that, up to a subsequence, V,, = V weakly™ in M(G4-1(2)) for some (d — 1)-rectifiable integral
varifold V' € V4_1(92). Thus, there exist a countably H?~!-rectifiable set M and a positive integer
valued H%!-summable function 6 such that for every ® € C.(Gg_1(f)),

/ O(x,S)dV(z, S) :/ 0(z)®(x, T, M) dH " (2),
Gi-1(2) QNM

where T, M is the approximate tangent space to M at x. Moreover, as u,, — py weakly* in M(Q)
and 0V,, = —Hpg, j1, — 6V weakly* in M(Q;R?), using a standard lower semicontinuity result,
see e.g. [3, Example 2.36], we get that 6V = —Hy uy for some Hy € L2 (£;R?) and

/IHWIQduv Sliminf/ |Hg, > djn.
Q n—o00 Q

Since 1, — 1 strongly in L'(Q2) and p, = H¥ 1L O*E,, = () < o0
and consequently D1p, — D1g weakly* in M(Q; R?%). Moreover, p, = |D1g,| — py weakly* in
M(Q) and therefore

122%

r=H"'L0"E = |D1g| < py.
Since in addition Vg has bounded first variation in L2 (€;R?), according to [29, Theorem 1]
(see also [47, Theorem 5.1] and [48, Theorem 3.1] in dimension d = 2), we infer that 0*FE is
C2%-rectifiable. Then [48, Corollary 4.3] implies that, H% !-a.e. in 9*E, we have Hy = Hg, hence

/ |Hp|? dH4! g/ |HV\2duV§1irginf |Hg, |? dH. (3.3)
QNO*E Q oo Jono* B,

We now consider the anisotropic perimeter term. Notice first that by [3l Proposition 2.85] we
have the locality of the approximate tangent spaces: T, M = T, (0*E) for H% '-a.e. z € 0*E. Let
now ¢ € C.(2) be such that 0 < ¢ <1 in . Then, the function (z,S) € Gg4-1() — ((z)@(S)
belongs to C.(G4—1(2)) so that by varifold convergence,

lim inf o(vg, ) dH > liminf C(x)@(S) dVy(z, S)

n—oo Qﬁ[‘)*En n— oo Gd I(Q)

— [ @) dv(e.s) - /c (T M) duy ()
Ga-1(22)

v a-1 .
> [ cetmant (34

Passing to the supremum with respect to all ¢ as above and gathering (3.3)) together with ((3.4)
yields

n—oo

/ (p(vp) + |Hg|?) dH* ! < liminf/ (p(vE,) + |Hg, [?) dH*
Qo E QNo*E,
This proves the desired semicontinuity property of F. d

Remark 3.2. In dimension d = 2, the following elementary argument avoiding geometric measure
theory can be used (see e.g. [7] or [I2, Lemma 2.1]).

We first recall that if v € H?([0,1]; R?) is a closed curve and T' = ([0, 1]), denoting by & := |H|
the mean curvature of I', we have by the Gauss-Bonnet Theorem, Cauchy-Schwarz and Young’s
inequalities

27T§/Iid7‘[1 < HY(T)2 (/ nde1> < %/( K2 dH' < - 2 (p(v) + k%) dH",
r r r

r
hence

Nyl s T 2l > 4m*
/F(sﬁ(VHn)dH 25 d /F dH 77{1( 3 (3.5)

In order to have compactness and lower semicontinuity for the natural topology, we need to
extend a bit the definition of F as follows. For (E,I') such that 9F C I" with I = | J;,; I'* and I
are closed loops which can only intersect tangentially, we set

F(E,T) Z/ 2y dHt.

i€l
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Let now (E,,T';,) be such that sup, F(E,,T',) < co. By the first inequality in (3.5]),
47
#10 G <Y [ (o)) = F(E T

so that #(I,) is uniformly bounded with respect to n. By the second inequality in we
see that H1(I'Y) are bounded from above and below. Up to translations, we thus find that the
parametrizations ¢, are bounded in H?([0, 1]; R?) and thus converging weakly in that space (and
also strongly in H1([0, 1]; R?)) to some curves *. We then find

liminf F(E,,T),) > Z/ 2 dH?.

n—oo
el

Moreover, the sequence {1g, }nen is bounded in BV (€2) and thus, up to a further subsequence,
E,, converges to some set E. Since H! LT > H! L_JE,, by lower semicontinuity of the perimeter
we find,

H'LT >HLOE.

This proves that OF C I' and concludes the proof of the compactness and lower semicontinuity.

3.2. Phase field approximation. Given v € H?(f)), we consider the following phase-field ap-
proximation of F based on [51], 28]: for £ > 0 and /er. — 0,

2
1 € 1 1 1 1
F-(v) = o /Q v: (Vo) <2|VU|2 + €W(v)> dr + o Joz <—€AU + EW’(’U)) dr ,
where . extends ¢ from the sphere to R? as proposed in [28, Section 2] to handle regions of
where Vv = 0 and ¢(5%) cannot be defined. More precisely, for z € R",

Vol
e:(x) = (JT) and §=gp+(1-TEE (3.6)

where 0 < ¢ < 1 is a cut-off function satisfying £ = 1 in R\ By, £ = 0in Byjy and |VE| < 4.
As proved in [2§], such definitions ensure that @ is Lipschitz continuous (with Lipschitz constant
L > 0) with

— < < d ,
4C_g0€(z)_0 for all z € RY, (3.7)
hence
/go Vo) (E1Vol? + 2w ) de > — §|W|2+3W(v) d (3.8)
Q € 2 g 4C 2 S ’ '
Furthermore,
z Lr.
we(z) — @ ()‘ < —  forall z#0. 3.9
ElRPE (39

Remark 3.3. Let us point out that in [28] the stronger hypothesis r. = O(g) is assumed compared
to ours y/ere = o(1). From the upper bound construction one could actually conjecture that the
sharpest condition should be er. = o(1).

3.2.1. Proof Theorem[I.3 the lower bound inequality. We first prove the following intermediate
statement.

Lemma 3.4. Assume that sup, F-(ve) < oo. Then, in the notation of Theorem up to a
subsequence, there exist V€ Vg_1(Q) such that V. =V weakly® in M(G4-1(Q)) and p. — py.
Moreover, V is a (d—1)-rectifiable integral varifold with bounded first variation in LZV (% RY) and

limiélf]:e(ve) > /(gp(yv) + |Hy ) dpy . (3.10)
E—r QO

Proof. Let

K =sup F.(ve) < 0.
e>0

We rewrite the energy as (recall the definitions of u. and a. from Theorem [2.3))

Fe(ve) = /Q@E(VUE) due + a:(£2).
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According to (3.8)), we get that the sequence {1i-(Q) + @ (Q)}e0 is bounded so that Theorem
applies. In particular, up to a subsequence, V. — V', where V is a (d—1)-rectifiable integral varifold,
and there exist a countably H? !-rectifiable set M and a positive integer valued H¢~!-summable
function 6 such that puy = 6H* ' LM and

/ Bz, S)dV (2, 8) = | 02)0(x, TuM)dH1(2), € Cu(Gu1(Q).
Ga-1(9) M

Moreover,
1
= §|vv5|2 — W () 0 in L, (). (3.11)
We infer from (3.8) that for all € > 0,
€ 1
K > £ 3 a =3 2 7W 6 > — W E
_/QQD(VQ))<2|V’U|+E (v)x 406/ (v

hence, by Holder inequality,
/ VW (ve)de < 24/ KC|Qle.
Q

Combining (3.9) and Young inequality we then get
€ 1
0e(Vve) | = |V + =W (v.) ) do > @E(Vv€)|VUE|\/2W(v€) dx
Q 2 g
L
/ ( ) |Voe|v/2W (ve) dz — e / vV 2W (ve) de,
{Vv:#0} ‘VUE‘

v

and thus

. € 5 1

liminf | ¢ (Vove) §|Vv5| +EW(U5) dx
Q

e—0
.. Vo,
> lim inf @ |Voe|/2W (ve) da . (3.12)
(o2} \ Vel

e—0

Note that v, = \gﬁi on {|Vve| # 0}, while p(ve)pe = E(C'/;)W( L% on {Vve = 0}. Recalling
(3.1)), we get by (3.11)) that for all ¢ € C.(Q) with 0 < <1,

i/ cp( Ve > [Vve|\/2W (ve Cdxf/ (ve) Cdpe
co Jivu.20r \ Ve
1
< ;/ ’vugx/zvv(vg) - (EWEZ + W(vg)) ‘ ¢da
0 JQ

<\[|v _J¥ )> Cda < C/supp@) | dz — 0, (3.13)

where we used, in the last inequality, that for a, b > 0, |a — b < a + b and thus (a — b)? <
la — b|(a +b) = |a? — b?|. Thanks to (3.2)), (3.12), (3.13)), and by convergence of varifolds, we have

e—0 Co

1 1
lim inf —/ we(Vue) <€|Vv5|2 + W(UE)) dx
Q 2 €

> liminf [ () Cdpe > liny )RS Ve S) = [ (@)p(S)dV(w,5)
e—0 Q e—0 Ga_1(Q) Ga_1(Q)

Passing to the supremum with respect to all ¢ yields

e—0 CO

1 1
liminf — [ ¢ (Vo) (;j|V”ug|2 + ET/V(v(.;)> dx > / (T M) duy = / o(vy) duy .
Q Q Q

The corresponding lower bound on the curvature term is a direct consequence of (2.4). This
concludes the proof of (3.10)). O
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We now complete the proof of the lower bound in Theorem There is no loss of generality
in assuming that
lim inf F. (ve) < 0.
e—0

Thus, up to a subsequence (not relabeled), we can assume that the liminf is actually a limit. We
may thus apply Lemma By the lower bound estimate in the Modica-Mortola Theorem (see
[33]), we have

py = O0HT LM > HITLL O E. (3.14)
By the locality of the approximate tangent spaces together with (3.14)) yields
/ o(vy)duy > / o(vp) dH. (3.15)
Q QNO*E

This shows the lower bound inequality for the anisotropic interfacial term. Since Vg has bounded
first variation in L? (Q;R?), according to [29, Theorem 1] (see also [47, Theorem 5.1] and [48,
Theorem 3.1] in dimension d = 2), we infer that 9*E is C2-rectifiable. Thus, and [48]
Corollary 4.3] imply that Hy = Hg H% '-a.e. in 9*E, hence by , we infer that

/ ‘HE‘Qd,Hd_lz/ |Hvl2d7'[d_1 S/ |Hvl2d,uv. (316)
QNo*E QNo*E Q

Combining (3.10), (3.15) and (3.16) leads to

lim inf F. (ve) > / (p(vp) + |Hg|?) dH™ = F(E).
e—0 QNo*E

This corresponds to the desired lower bound. U

3.2.2. Proof of Theorem: the upper bound inequality. Let q : t € R +— tanh(tv/2) be the optimal
profile, i.e. the unique solution of the ODE

) , _ .
{(Es o wn a1
which also satisfies
q =+/2W(q) in R. (3.18)
As in [I6, Lemma 4.1] (see also [I7]) we fix a cut-off function ¢ € C°(R;[0,1]) such that
C(t)=1 forte[-1,1], (({)=0, for|t|>2.

Given A > 1 to be fixed later, we introduce the scaling parameter

0c := Ael|logel. (3.19)

and set

G (t) = ¢ (?) ¢ (Z) + (sign #) (1 ¢ (?)) . teR. (3.20)

We first prove two elementary properties of g. which will be useful in the forthcoming recovery
sequence construction.

Lemma 3.5. For every A > 1, we have

. e . 5 1 o
t [ Sl =ty [ Wlada = 3. (321
Moreover,
lim (5|q;|2 + W(q)> dt = 0. (3.22)
20 Jjt26./2 \2 €

Proof. Since

g (t) = C(?) (qC) - 1) +1 inR*
we get by
w0 = £(3) (ot 1)+ (e ()
- (o)1) [2e() -2 ()]
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Using that for ¢ € [6./2, 6],

1- Q(t)’ < 2e7FE = 9o FMlogel < FN (8:23)

we obtain (because A > 1)
€ iz, Wie(t) 1 1 LY .\
e eV ) « B T -
Lss<ut}i5 <2|q5(t)| + a <Cle 52 + = + )
2 UX0¢

for some constant C' > 0 independent of €. A similar estimate holds in [—d,, —%E], and it leads to
(13.22)).

On the other hand, by (3.18]
0:/2 5e/2 "
/ g|qé(t)|2dt —_ / W(QE( ))dt

—6./2 —6./2 €
1 b /2¢e
= 7/ V2W (q(s))q (s)ds. (3.24)
2 —b./2¢e
Since 6. /2e = A loge|/2 — oo, the right-hand side of tends to co/2 (recall (2.3)) as e — 0.
In combination with this completes the proof of the lemma. O

Lemma 3.6. There exists €9 € (0,1) satisfying: for all p > 1, there exists A\ > 1 such that

O
.
Proof. For all t € RT, we compute thanks to

20 = 5 (00) 1)+ (e () + () ()
= () (1) 1)+ G () z<(w (o))

Using (3.18)), we find

—eat + 2w = 5 (3) (1-0()) - 520 () (1-a(2))

G (D) - () (o) 1)+ 1))

Using the explicit expression of W', we now rewrite the term inside the brackets on the right-hand-
side of the previous equality as

< (o(9) - («5) (o) 1) )
R ICORDICOICORS
GO ) [ (6 ) )

—eq/ () + %W’(qs(t)) = <1 - q(i)) {;‘gc”(Z) - 4(;?4’(?:) (1 - q(z))

G O () ) - (G () ) ) (G (o) 1) 2]}

A similar computation holds in R™. In any case, we see that

2

1
—eq/ + —W'(ge)| dt <P, Ve €(0,29).

1
—eq! (t) + gW’(qg(t)) =0 if|t| <6:/2or [t| > I, (3.25)



while, recalling (3.23]),
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1 NG 1 1
sup | e () + LWl <t>)\ <o (
e <|t|<6. €

1
A2e|loge|? * Ae| log € * 5> ’
for some constant C' > 0 independent of € and A. Hence, for all p > 1, there exists A > 1
independent of € such that

sup
% <Jt|<é.

1
el () + LW (0)| < (3.26)
and the conclusion follows from (3.25|) and (3.26)), after integration over the interval [—d.,d.]. O
Let sd := sdist(-, 0F) be the signed distance to OF with the convention that sd < 0 in F and
sd > 0in RY\ E. Since OF is of class C?, there exists 6 > 0 such that sd is of class C? in Us,
where Us = {x € R? : dist(x,0E) < 6}. We finally set
Ve () = g-(sd(2))

1
and 1. = —

E\val? + 2 wip d
o <2Vv€ +€W(v5)>£

so that v, is constant equal to &1 outside Us. and Supp(fic) C Us. .
In particular we have
[0 — (1 — 1o\ B)|| 11 (0) < CLY(Us.) < CAe|loge|
so that v — 1g — 1o\ g in LY(Q).

1

2
1
(—EA’UE + W’(v€)> dx — |Hpg|? dH!
Co Ja € € QNOE

follows as in e.g. [8] [16], we do not include the details. See also Step 6 of the proof of the upper
bound construction for Theorem where similar computations are done. We thus turn to the
proof of

We now prove the convergence of the energy. Since the convergence of the curvature type term
1

lim sup / (V) dii. < / o(vp) dH. (3.27)
e—0 Q OF
Fort € R, let Ty = {sd = t} so that Vsd = vr, on I'; for |t| small enough. Since Vi, = ¢/(sd)Vsd
and |Vsd| = 1, we use the co-area formula to infer

5
_ _ € 5 1 B
o [ ovoddn = [ (S0P + W) ([ oo ant ) a
Q —6e 2 e r,
Since ¢. < C and for [t| < 6.

HIHT,) < (1 + CltYHIH(OE) < CHIY(OE) (3.28)
we have by (3.22)
lim sup
e—0

/ME/2 (;q;(t)2+ iW(qE(t))> (/F sas(q;(t)upt)de) ”

1
< CHIL(OE) limsup/ <E|qé|2 + W(qs)> dt = 0.
=0 Jig2o./2 \2 €
Using (3.9) and (3.28)), we thus find

Se
z 1

co hmsup/ (V) dpie = limsup/ (E|qé(t)|2 + W(qg(t))) (/ (,Og(q;(t)yrt)d']_[d—l> dt

e=0  Jq =0 J_2 2 € r,

Se

z 1
< limsup/ <€|qg(t)|2 + W(qs(t))> (/ cp(l/pt)d”;’-ld1> dt
=0 J_2s 2 € r,

e
2
+ CLHY(OE) 1imsup7°5/6

€ ;9 1 1
Z W

—_dt.
qL|

e—0
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For the first right-hand side term we have by (3.21)
5 1
. € _
s [ (Sl + 2vao)) ([ ot ant)as
e—0 —2% 2 € T,

de
z 1
<nmsup<sup / so(Vn)de1> / (€|q;|2+W<qs>> dt=co [ olve)ani.
e=0 " \ <. JTy —5 \2 € o

e
2

For the second right-hand side term, since |¢.(¢)| = /2W (¢ (t))/e for [t| < 6./2, we find
e Se
2 fe 1 1 z
ra/ ~|gL? + =W(q.) —dt = 7"55/ lg-| dt < 2er. — 0.
~32\2 € q.| o

This concludes the proof of (3.27]). O

4. STRONGLY ANISOTROPIC MUMFORD-SHAH FUNCTIONAL WITH CURVATURE

We extend the analysis of the previous section to the approximation of the Mumford-Shah
functional with curvature penalization. In this section we set the dimension d = 2 and consider
Q2 C R? a bounded open set. For v > 0 and u € A(Q) we define the anisotropic Mumford-Shah
functional with curvature penalization by

gm(u):/ |Vu|2dx+/ (p(va) + |Hy, |2) dHY + vHO(Py,). (4.1)
Q u

Here ¢ : S?~! — Rt is a continuous anisotropy function satisfying (3.1 as in Section By
definition (&.1)) of the energy, if GO (u) < oo then v € SBV?(Q) and J, € €(Q) is a finite union

of C2-curves whose intersection points P, have a nonzero curvature in the sense of varifolds.

Remark 4.1. If the jump set J,, is made of three line segments intersecting at a single point, say
0, with an angle 27/3 (the so-called triple junction configuration), and u is constant inside each
connected components of the complementary of J, (see Figure , it is known that the varifold
v(Jy, 1) associated to J, is stationary, i.e., it has zero curvature in the sense of varifolds. However,
it is not clear whether the point 0 should be counted in the point energy as a junction point,
or if it should not as a point of zero generalized curvature.

Ju

FIGURE 1. The triple junction configuration

In the context of our phase-field approximation, see Subsection (with Q@ = By and p =1 to
simplify), the construction of the upper bound provided in Subsection leads to the existence
of a recovery sequence { (i, U, W) }e>o such that

G (e, ve,We) = 3+7.

The question of deciding whether the point 0 should be counted or not in the point energy is related
to the possibility of improving the upper bound by constructing a sequence {(i., ¥, Ws)}e>0 such
that

GO (e, b, 1) — 3.

See [I4], Section 2.3] for a related discussion.
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Thanks to the generalized curvature assumption we can prove the following density im-
provement for 1-rectifiable integral varifolds with square integrable first variation, whose support
contains a curve in the class € (2). Roughly speaking it states that, after a blow-up, if a stationary
varifold V) supported on a cone Cy with vertex 0 has a weight measure bounded from below by
H' LTy, where I'y = |J, L; € €(Q) is made of finitely many lines starting at 0 and with nonzero
generalized curvature, then Cy D I'g U ¢ where ¢ is an additional half line starting at 0 or Cy = 'y
and Vj has multiplicity larger than 2 on some half line L;. This is an essential ingredient to obtain
the lower bound for the energy of points.

supp py

Ly} A\ To=L1ULyULg
FIGURE 2. Blow up at xzg € Pr.

Lemma 4.2. LetT' € € () and V be a 1-rectifiable integral varifold in Q C R? with first variation
in LiV(Q; R?) and such that py > HLLT. Then, for every xo € Pr,

1
@l(ﬂv,iﬁo) Z @1(F, (E(]) + 5 (42)

Proof. Without loss of generality we may assume that o = 0. For simplicity we write p := py .
We recall that by [49, Corollary 17.8], since V' is a 1-rectifiable integral varifold with bounded first
variation in Li(Q; R?), the density function exists and is finite at every z €  and in particular

ol o i(Bo)
O(p) = ©'(1,0) = lim oy <%
We perform a blow-up at the point 0 € Pr. Let V, be the blow-up of V' as defined in [49] Definition
38.1], i.e.

(V,, ®) = 1/ ) (ys> dV(y,S) for ® € C.(G1(R2)).
0 JG(R?) 4

We set 1, := pry,. Then {V,},~0 is a sequence of 1-rectifiable integral varifolds with bounded first
variation. Since for every R > 0 and ¢ > 0;
#(Bry) 11(Bry)
Bgr) = =2R
MQ( R) 2RQ ;

by definition of ©(u) we find that for every g small enough,

o(Br) < R(26() +1). (4.3)
Let us compute the first variation of V,. For all R > 0 and ¢ € C}(Bg; R?),

5VQ(<) = 5V(<g) = 5 Hy - CQ du,

where (,(-) = ((-/0) € CL(Bro;R?). As a consequence of the Cauchy-Schwarz inequality and
(4.3]), we find for 0 < ¢ < 1 small enough,

10Vo(O < Hv Lz rm2)ICellLz (Brir2)
1/2

A

< N Hvllzz(Brr2)lIC] 2 (BRiR2) M(BRo)

ClHv |22, (Brm) €] L (w2 0",

IN
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for some constant C' = C(R,©(u)) > 0. This yields
18V, l|(Br) < CllHv |12 (8:m2) 0'/*. (4.4)

Thus, by , and Allard’s compactness Theorem, see [49, Theorem 42.7 & Corollary 42.8],
there exists a decreasing subsequence {g;}jen N\, 0 and a Il-rectifiable integral varifold Vy with
locally bounded first variation in R? such that Vo, — Vo weakly™* in Mioe(G1(R?)). By ,
§Vo = 0, hence Vj is a stationary varifold in R?. According to [49, Theorem 19.3], we deduce that
Vo = v(Co, ) is a cone (centered at the origin) in the sense that Cj is a countably 1-rectifiable
set invariant under all homotheties z — ¢!z, t > 0, and 9 is a positive integer valued locally
H!-integrable function on Cy with +(z) = ¢ (t~1z), for x € Cy and t > 0. Since we are in R?, this
means that Cy is the union of countably many half lines {;};c; such that ¢ = ¢; € N\ {0} is
constant on £;. Notice that since 20(u) = 201(Cp,0) = > jes ¥y, then #(J) < 20(u) < oo and
Cy is actually made of finitely many half lines.

Recalling Lemma (iii) (and notation therein) together with the inequality u > H! LT, we

deduce that
S M Lt =y, > H L (U LZ-> :
jeJ iel
In particular ;e Li C U;e s ¢, hence I C J and L; = ¢; for i € I. We may write

O(u) = O1(T,0) + % S -1)+ % 3 4y (4.5)

il jeNI

By (£2.6), the curvature of | J;; L; is the sense of varifolds is not equal to zero and thus we cannot
have y = H! L_T. As a consequence, at least one of the two sums at the right-hand side of ([4.5))
is not equal to zero. This concludes the proof of (4.2)). O

The following result will be instrumental to derive a lower bound inequality for the point energy
of the phase-field approximation of the Mumford-Shah functional with curvature penalization (see
Theorem [1.4])).

Lemma 4.3. Let Q C R? be a bounded open set and I' € € (). There exists vo = 7o(I') > 0 such
that the following property holds: if X C Q is a finite set, and V € V1(Q\ X ) is a 1-rectifiable
integral varifold with bounded first variation in Liv (Q\ X;R?) satisfying

then, for every v € (0,70),

o)+ 8y Py iy = [ (o) + B a3 (Pr\X),
Q\X r

Proof. We first notice that for 2o € I'\ (X UPr) and ¢ > 0 such that B,(zo) N (X UPr) = 0,
the associated varifold Vr is integral with bounded first variation given by 6Vr = —HprH!' L (I'N
B,(z0)). Thus, using (&.6]), [48, Corollary 4.3] ensures that Hy = Hp H'-a.e. on I, hence

/ (o) + Hy ) dyay > / (p(vr) + [Hr[?) dH. 47)
By (o) I'NB,(zo)
Define

0 = 4y(inf )7, (4.8)

and let 79 = 40(I") > 0 be small enough so that for every v € (0,7),
0< 00, Bzx)CQ, Bzx)Nn(Pr\{z})=10 for x € Pr,
where oo = 0o(T") > 0 is given by Lemma We claim that for every g € Pr\X,

[t sl [ (o) + Py at o (49)
Bg(zo) I'NBz(xo)

Assuming the validity of (4.9)), a covering argument together with (4.7) leads to the conclusion.
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The rest of the proof is devoted to the proof of (4.9). Without loss of generality we may assume
that zg = 0 and that

/ (o) + [Hy 2) dy < / (p(or) + | Hp ) dH" + (4.10)

o NB;
since otherwise there is nothing to prove. By (4.6) in B;\{0} and the locality properties of the
first variation and the approximate normal, we have

[Pz [ mPad ad [ otwvydiz [ i
_ _ B T

By NB, o NB,

so that (4.10) implies

/ o(vv)duy < / o(vr) dH" + (4.11)
B§ FﬂB@
and
/ |HV|2de§/ |Hp|* dH' + 7. (4.12)
B I'nB;

Since V is a 1-rectifiable integral varifold in \ X, we have py = 0H! L M for some H!-rectifiable
set M C € and some H'-integrable function § : M — N. Moreover, by (4.6), I ¢ M and
O (p,) =0 >1H'ae. onT. Since vr = vy Hl-ae onT,

[ etwrduy = [ onyan

. T'NB;

= / (0 — Dp(vr) dH + / Op(vy) dH?
I'NB, (M\T')NB,;

> (inf ) </ (0 —1)dH! +/ 9dH1>
I'nB; (M\I')NB;

= (inf ) (v (Bg) — H'(I' N By)) .-
Thus, implies
v (Bg) — M1 By) < (inf @) 1. (4.13)
Recalling , we can apply Lemma and find

1
©'(uy,0) > ©(T,0) + 3

Thanks to the monotonicity formula (2.1)), this leads to

1 B; 1
O'(r,0)+ 5 < 0 uy.0) < W2 o 2 iy,
2 20 2 /5,

which we rewrite as
B;) —HY T NB; HYT N B,) —2004(T,0
:U‘V( Q) - ( Q) + ( .Q) _ 4 ( ) +/ |HV|d,UV
0 0 _
Combining (2.7)) and (4.13)), this yields

1< 1 50"I,0) sup |HF|+/ \Hy | duy.
oinf I\ Pr -

1<

B,

BQ
Recalling the definition (4.8)) of g, we can restrict vy > 0 so that for every v € (0, 7o),
1
56 (I',0) sup [Hr| < . (4.14)
I\ Pr 4

After simplification and using the Cauchy-Schwarz inequality, we obtain

1

1 2
5 < </ |HV|2de> pv (Bg)Z.
B,

e

By (4.13), (2.7)), (4.14) and Lemma (iii)7 we have
MV(BE) < Cl@l(rvo)év

Nl
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for some universal constant C; > 0, so that

1
Hy12d >
/Q,' vy 2 5T 00

4

On the one hand, recalling (4.12), we find

1
H2d1>/ Hyl?d S —
7Jr/rmgg ofdit 2 [V dey 2 e oy,

e

On the other hand, using that H' L_T' < py and thus
/ |Hr|? dH' < C1601(T,0) sup |Hr|?,
I'NB, M\Pr
we get

1
C100(T,0 H —_

1

(4.15)

Recalling once more our choice g = 4v(inf ¢) !, we can further reduce 7o in such a way that (4.15) -
is violated for all v < 7. This concludes the proof of the lemma.

4.1. Lower semicontinuity. We now prove a lower semicontinuity property of the Mumford-
Shah functional G() in the presence of curvature penalization. Since a more general result has
been already obtained (with a simpler proof, see Remark in [I2, Theorem 3.2], the motivation
for including Theorem [£.4] rather lies in its proof. Indeed, it can be seen as a streamlined version
of the phase-field counterpart in Theorem [T.4]

Theorem 4.4. For all u € A(Q), there exists yo = Yo(u) > 0 such that for any v € (0,7), the
following property holds: for all sequence {uy,}nen in A(Q) such that w, — u in L1(Q),

G () < liminf G (u,,).
n—oo

Proof. Assume without loss of generality that liminf,, G (u,) < co, and extract a subsequence
(not relabeled) such that the liminf is a limit. In particular, according to (3.1)),

sup {/ |V, | dx—|—7-l1(Jun)} < o0.
Q

neN

By Ambrosio’s compactness and lower semi-continuity Theorem, [3, Theorems 4.7 & 4.8], Vu,, —
Vu weakly in L?(Q; R?),

liminf/ |V, |? de/ |Vul|? de (4.16)
and
liminf H'(J,, ) > H(Ju). (4.17)
n—oo

Let V,, = v(Jy,,1) € V1(Q) be the varifold associated to J,,,. Up to a further subsequence, we
have V,, = V weakly* in M(G1(f2)) for some V € V1(Q). Since py, = H'L J,,, we get from

(4.17) that
py > H L, (4.18)

Since sup,, H(P,, ) < oo, up to a further subsequence, we can suppose that H°(P;, ) = m is
independent of n, and thus

n?

Pjun = {Z{L, ey Z:Ln}
Up to a new subsequence, still not relabeled, there exist z1,. .., 2, € Q (not necessarily pairwise
distinct) such that 2" — z; for all 1 < i < m. Let X = {z1,...,2,} NQ and ¢ > 0 small enough
so that
By(z) CQ, By(s)NX ={z} forzeX.

Ap =0\ U B,(2)

zeX
Note that {V}, }en is a sequence of 1-rectifiable integral varifolds in A, with bounded first variation
in LfLVn (A,; R?) satisfying, by (3.1)),

AMMQf/Hﬁf@wSWUM+/ \H,, [?
J.

4 Un

Set

< Q(V)(un).
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We obtain from Allard’s compactness Theorem (see [49, Theorem 42.7 & Corollary 42.8]) that V'
is a l-rectifiable integral varifold in A, with bounded first variation in L> (A,;R?). Since ¢ is
arbitrary, we deduce that V' is a 1-rectifiable integral varifold in 2\ X with bounded first variation
in L2 (Q\ X;R?). Thus, by varifold convergence, we have for all ¢ € C.(4,) with 0 < ¢ <1,

2%

lim inf / o(vy,)dH' > liminf / @(8)¢(x) dVy, (z, S)
n—oo Q n—oo AQ

— [ s avia.s)

e

- /A P )¢ () dav ().

e

Passing to the supremum with respect to all ¢ € C.(4,;[0,1]) yields

liminf [ @(v,,)dH? 2/ p(vv) duy . (4.19)
n—oo O Ag

Concerning the curvature term, since uy, — wy weakly* in M(A,) and §V,, = —Hj, pin — 0V =
—Hy py weakly* in M(A4,; R?), using a standard lower semicontinuity result (see e.g. [3, Example
2.36]), we get that

/|HHV|2duV§liminf/ |Hy, |* duv, . (4.20)
Ag n—oo Ag

Recalling that H°(P;, ) =m > H°(X), we deduce from (4.16), ([£.19) and ([4.20) that

lirginfgm(un)Z/ \Vu\zdx+/ (p(v) + [ Hy [2) dpy +~HO(X).
n o0 Q o

Letting 0 — 0,
lim inf G (u,,) > / |Vu|? da +/ (p(vv) + [Hy ) duy +vHO(X).
Q Q\X

n—oo

The conclusion then follows from (4.18]) and Lemma O

4.2. Phase field approximation. Following [12], we consider infinitesimal parameters n. — 0
and 8. — 0 such that
1
elloge] — 0, Pe — 0. (4.21)
Be e
Let ¢ > 0 and 8 > 0. For w € H?(Q2) and Borel sets A C (2, we define (recall the definition

£3) of co)

1 £ 1 B 1 2
. A)=— ~|Vw]? + =W — —eA -w’ :
Ge p(w, A) e /A (2| wl|® + E (w)) dx + ) ( eAw + 6 (w)) dx

For all Borel set A C 2 and all (u,v,w) € H*(2) x [H%(Q)]?, we define (recall the definition ({3.6))
of )

1
G (u, v, w, A) = 1 / (1+v)?|Vu|? dx
A

1 £ p 1 1 1 1 2
[ oo (Vo) SV 4 =W ~ [ 2 (—crv+ W 1+ w)?
+2CO/A<,0 (Vo) (2 v + 2 (v))daz—i—gco A5( eAv - (U)) (1+w)*dz

gl 1 2 1 2
+ =G w, A) + /1—1} dx + 1—w)*dx.
A 5755( ) ne A( ) ne A( )

and
G (u, v, w) = G (u, v, w, Q).
The rest of this subsection is devoted to show the I'-convergence type result, Theorem
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4.2.1. Proof of Theorem [1.4} the lower bound. Let {(uc,ve,we)}eso € HY(Q) x [H(Q)]? be a
sequence such that (ue,ve,w.) — (u,1,1) in [LY(Q)]? where u € A(2). We can further assume
that

lim inf QE(”’) (Ue, Ve, We) < 00
e—0

otherwise, there is nothing to prove. Up to extraction of a (not relabeled) subsequence, we can
suppose that the liminf above is a limit and that

sup G (ug, vz, we) < A, (4.22)
e>0
for some constant A > 0. As in Theorem we define the measures
1 (e 1
Me = a <2VU52 -+ EW(’Ug)) [:2,

and for v, a Borel extension of Vv, /|Vu.| on {Vv. = 0}, the varifolds V; as

/ @(x,S)dVE(x,S):/(I)(x,ld—ya®z/g)du5 for & € C.(G1(Q).
G1(Q) Q

We have that p. = py, and, by the energy bound (4.22)) together with (3.1),
pe () < 2CA.

For later use, we also define

g

1 1
fe = —eAv. + =W'(ve) and o = — f2L2 (4.23)
9 Co€

By weak* compactness of Radon measures, up to a further (not relabeled) subsequence, we deduce
that G (ue,ve,we, ) = m and pe — p weakly™ in M(Q) some nonnegative Radon measures m,
pE MH(Q), and V. = V weakly* in M(G1(Q)) for some V € V(). Moreover, py = p and by
lower semicontinuity, we have

lim iglf G (ug, ve, we) > m(Q). (4.24)
e—

It is thus enough to show that

m(Q) > /Q |Vul|? dm+/ (o) + [Hyp,|?) dH' ++vH (Ps,).

T

We first prove the following alternative which states that, either w, is uniformly close to 1 in
a ball B, or the energy G g.(we, B) is bounded away from zero by a specific positive constant
related to the Gauss-Bonnet formula (see Theorem in the Appendix). It will be instrumental
in the forthcoming analysis since it will lead to the point energy at all junction and end points of
the jump set. Notice that a crucial point is to show that after blow-up the limit varifold is not
trivial. This is obtained by combining some of the estimates from [43] in order to argue as in [40]
but for the diffuse interface model.

Proposition 4.5. Let 2o € Q and r > 0 be such that B,(zg) C Q and let {w.}es0 C H3(Q) be a
sequence satisfying w. — 1 in L*(Q)). Then either

lim iglf Ge . (We, By(x0)) > 4w (4.25)
e—

or
||we - 1HL°°(BT/2(7CO)) — 0.

Proof. We assume without loss of generality that zp = 0, » = 1 and we set B = B;. If
liminf, G. g (ws, B) = o0, there is nothing to prove. If liminf. G. g (w., B) < 0o, we can as-
sume, up to a subsequence (not relabeled), that the liminf is a limit and that the sequence
{Ge . (we, B)}e>0 is bounded. We use the notation

_ 1 1 1 1 =
fe = —eAw. + —W'(we), jie = — (E|Vw€|2 + W(w5)> L2LB and a.=—f2L°LB
€ co \ 2 e CoE
so that for some A > 0,
1 _
Ga,,é’g (wEaB) = 7:[]8(3) + ﬁs&a(B) <A

Be
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In particular we have

/ f2dx = coca.(B) < co
B

Let us suppose that

3

3 Ge 3. (we, B) and fie(B) < B:G. 5. (we, B). (4.26)

limsup [[we — 1|L=(B, ) > 0.
e—0
Then, there exist 7 € (0,1), a (not relabeled) subsequence and points z. € By /2 such that
|we(xze) — 1] > 7 for e > 0.
Let 6. = ¢/B. — 0 (by (4.21))) and define, for all y € B /25_,
UA}E(Z/) = wg((EE + ﬂey)a fs(y) = ﬁsf_s(ms + 5sy)~

We also set

. 1 [(6e,_ . 1 N
He = a <2|VU)5|2 + (SEW(ws)> c? I—Bl/2/35’
. 1 N 1 TR ? 2
Qe = 3oco —0: AW, + FEW (ws) L I—Bl/2557
and 5
> 1 [ ~ 12 1 n
&= g <2|vwe - 5€W(w6)) :
Then f. = —5.Aw. + éW/(wE) and
1o(R?) + &-(R?) = G 1 (1o, By j25.) < G p, (w2, B) < A. (4.27)

Step 1. Let us show that there exists a constant 6y € (0,1) (only depending on A and 7) such
that

fic(Bs.) > 0o6-. (4.28)

We may assume that [i.(Bs.) < 0. otherwise there is nothing to prove. We perform a second
blow-up by setting for all z € B /s,

12)5(2) = 1[)5((;52’) = ’LUE(:IZE + 52’)7
fo(2) = 6. f2(8:2) = e felae +e2).
Changing variables and using (4.26]), we get that

ffdz:/ f2dx < coAd. — 0
B Be (<)

and, by the assumption fi.(Bs,) < de,

1 (B
/ (2|V@Dg|2 + W(uig)> dz = o (5 o) < ¢p.
B [

By Sobolev embedding, this entails that the sequence {w.}.~¢ is bounded in L(B;). Using that
~Ade = fo — W'(iw.) in By,

we have by elliptic regularity together with the Sobolev embedding that there is a universal constant
C > 0 such that

[@ellcorrzp, ) < Cllwel2(s, ) < L,

where L > 0 is a constant depending on A. Since by hypothesis |@.(0) — 1| > 7 we find that for
c= min{é, %}
|we — 1] > 7/2 in Bg,e.
This implies
1 nc?r6

1
571AEB > — be)dz = — D) dy > )
ez g [ Wegd= o [ Wz T

cr26¢

concluding the proof of (4.28) for the choice 6y < min{ ne’r’ , 1}

4(;0




26 J.-F. BABADJIAN, B. BUET AND M. GOLDMAN

Step 2. We next show that
lim sup fic(B;1) > 0. (4.29)

e—0

We argue by contradiction by assuming that
fie(B1) — 0. (4.30)

Using the monotonicity formula [43], Lemma 4.2] we can argue as in [40, Theorem 2.2] but at the
e-level. We have for 0 < p < R < 1/(25,),

Rie(Br) — 0 ' ie(By) = — /QRSQ / Eodyds +— / / y - Vibo(y))* dH () ds

+1 /fe (y - Vibe (y)) dy ds

Co

/ o, s / 3 [ Vbl dyds

Arguing as in [43, Proposition 4.3, pp. 695], we infer that

B ; . [ @)lly - Vide(y)]
|5 [ vawayas < [ TR,

< / oIV dy
Br

Y )
—/ o dy /5E|vms|2dy
65 Br Br

V2¢04.(Br)? fic(Br)*.

v

IN

N

IN

Nl

IN

This yields
-1 —1x 1 1 R —2 £
R (Br) — 07 ie(By) + V3. (Br) (Bt = = [ 572 [ ayas
Y B

We may now invoke [43| Proposition 4.6, (54)] and [43, Proposition 3.6] to get the existence of
some M > 2 and C > 0 such that for all v € (0,1/M) and all §; < p < R <1,

R . R A
/ 572/ Eodyds < / 572/ &+ dyds
o By o By

R R R
< C{/ T2 1. (Bas) ds + 62 O{E(Bg)/ s~Mr=2 ds—i—(se/ §172 ds}
e e e
R
< C {/ T2 1. (Bas) ds + 626 (Bz)o M7 + 65971}
e
<

R
C {/ s fic(Bas) ds + 51 M,YOZE(Bg) + 57}
0
In conclusion, we have for every 0 < 0. < p< R<1
R jie(Br) = 0™ ' fie(Bo) + V24<(BR)? i (Br)*?
R
>-C (/ 572V 1. (Bas) ds + 0L MG (Bs) + 5g> . (4.31)
e

‘We then define
0- =sup{o € (6:,1) : 0 ' f1ic(B,) > b}
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By (4.28)) and (4.30)), we have g. — 0. Setting ¢ = g, in (4.31)) and using (4.27)), we find that for
every R € (o, 1],

R™Yji.(Br) = 6o — V2A* fi.(Bp)

S

R
-C (290/ s ds + AL MY + 5g>

>0y — V2R3 ji.(B1)% — C (RY + AsL M7 4 67).
Recalling (4.30), we can pass to the limit as ¢ — 0 to get that 6y < CR" which leads to a
contradiction provided we choose R = R(y) > 0 small enough. We have thus reached the desired
contradiction which proves that (4.29) holds.
Step 3. We may now apply Theorem We thus find that . — py and G — & weakly™ in
Mioe(R2) where V € V1 (R2) is a 1-rectifiable integral varifold in R? with bounded first variation
in LZV (R% R?). Moreover, by Step 2 and in particular (4.29)), we have

[ 1P dg = g (R2) > 0

while, using |Hy |?puy < é& together with (4.27)

/ (1+ |Hy [?) dpg < liminf {1 (By ja5.) + G<(Byjap.y }
R2 e—0
< ligri)iglf Gs. 1 (e, Byj2p.) < hgij(?f Gep.(we, B) <A

We can thus apply the generalized Gauss-Bonnet formula, Theorem which yields

[ @it 22 [ |Holdug > 4r
R? R2
and proves (4.25). O

Let us denote by X the set of all points z € 2 such that there exists a sequence {ry }ren \ 0
with
lim '(1)qf Ge . (We, By, (x)) > 4m  for k € N.

E—r

Note that if € X, then m(B,, (z)) > v for all k € N, hence letting k¥ — oo, m({z}) > 7. As a
consequence, X is a finite (and thus H!-negligible) set.

We next establish that V' is 1-rectifiable and integral away from X.

Lemma 4.6. The varifold V is a 1-rectifiable integral varifold in Q\ X with bounded first variation
n Li(Q\X; R?) and, for all open set A C (),
1

m(A\X) > 5 /A P+ 1A d (4.32)

In particular, V = v(M, 0), where M = Supp(u) is a relatively closed 1-rectifiable subset in Q\ X,
0 =0 u,-) and p=0H L M.

Proof. Let B be an open ball such that B € A\ X. By definition of X and Proposition |4.5, we
have w. — 1 uniformly in B and thus, given 6 > 0

infw, >1-96
B

for € > 0 small enough. We recall that a. is the ‘curvature’ measure defined in (4.23). According
to the energy bound (4.22)), we get

1 (2-9)2 )
3 we(Vue) due + 3 a:(B) < G (ug, ve, we, B) < A.
B

We are thus in position to apply Lemma[3.4] which implies that V is a 1-rectifiable integral varifold
in B with bounded first variation in Li(B;RQ). Writing p1 = 0H' L_ M for some 1-rectifiable set
M C B and some integer-valued H!-integrable function 6, by (3.10]),

— 1 2—9)?
m(B) > liminf G (u., ve, we, B) > f/ e(vy)du+ ( ) / |Hy |* dp.
e—0 2 B 8 B
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Letting § — 0 leads to
— 1
m(B) = 5 [ (o) + 1HvP?) .

According to the Besicovitch covering Theorem, p-almost all of the open set A \ X can be
covered by countably many pairwise disjoint such closed balls {B;}en. We then have

m(A\X)>=m | |J B, | =>_ m(B))

JEN jEN
1 1
> Zﬁ/ (p(vv) + |Hv|?) du = 5/ (p(vv) + [Hv|?) dp.
i 2B A\X

Taking A = €, we then obtain that V' is a 1-rectifiable integral varifold in 2\ X with bounded first
variation in L2 (2\ X; R?). We infer from [49, Remark 17.9] that V = v(M, 0), where M = Supp(u)

is a relatively closed 1-rectifiable subset in Q \ X and 6 = ©!(u,-). In particular we may write
(globally) that p = 0H' L M. O

In order to establish the lower bound for the point energy, we need to analyze more carefully
the limit varifold V inside balls where w, is uniformly close to 1. The following result states that
the phase-field variable v, converges locally uniformly to 1 away from the support of V' (see [24]
Proof of Theorem 1] in the setting of the Allen-Cahn equation).

Lemma 4.7. We have ve — 1 locally uniformly in Q \ (X U Supp(u)).

Proof. Let xg € Q\ (X U Supp(p)) and 7 > 0 be such that B,(zg) C Q\ (X U Supp(u)). In
particular, by definition of X and Proposition we have w. — 1 uniformly in B,.(zg). If

limsup [[ve — 1B, 5(z0)) > 0,
e—0

arguing as in the proof of Proposition (with € instead of d., and v, instead of 1. ), we obtain
that

limsup 1 (B, j2(20)) > 0,

e—0
hence z¢ € Supp(p) which is impossible. Therefore ve — 1 uniformly in B, /2(320). Now if K is a
compact subset of @\ (X U Supp(u)), it can be covered with a finite number of such balls, hence
showing that v. — 1 uniformly in K. 0

As a consequence, we get that the (integer) multiplicity of V is actually even. While this result
might be well-known to experts in the field, we could not find a proof in the literature and thus
decided to include it. The proof is based on a careful inspection of [43] Proposition 5.2], see also
[24] Theorem 1].

Proposition 4.8. The multiplicity function satisfies 6 € 2N* H'-a.e. on Supp(u).

Proof. Step 1. We start by performing a blow-up at all rectifiability points of M = Supp(u)\X as
in [43, Section 5]. Let 2o € M such that M admits an approximate tangent line at M, i.e.,

im > [ @ (y - x()) dp = 00/ DdH! for d € C.(R2),
0200 Jr2 0 T

where, by Lemma 0o = 0(xzo) € N and T € G;. Note that H' almost all points of M

satisfy this property. Our aim is to prove that 6y is an even number. In the sequel, to simplify

notation, we assume that T' = ey, where e; = (1,0) and ey = (0,1). For (z,y) € R?, we denote

by II(z,y) := (x,0) the orthogonal projection onto T'. Let

B = {x = (x1,29) € By : 429 > 0}.

Fix R > 0 such that Bar(zg) C 2\ X. Since p. — p and a, — a weakly® in M(Q), using the
metrizability of the weak* topology of Mie.(R?) on bounded sets, we can find sequences ; — 0
and p; — 0 such that, setting

B g <
£ = j7 0 (y) := v, (xo + 05y),  [i(y) := 0 fe; (w0 + 05y) fory € Bry,,,
J
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and
iy = & (31902 + 2W(5))) £2 L Bry,,,
&= = f7 2L Bpy,,,
& = FIVil? = LW (zy),

then

1 -
—EjAf}j + ng(ﬂ]) = fj in BR/gj7
J
and &; — 0, ¥; — 1 in L'(Bs) and locally uniformly on B* by Lemma fij = po i=60H' LT
weakly* in M(Bz), & — 0 strongly in L' (Bs) and a; — 0 strongly in M(Bs). Moreover, according
to [43, Propositions 3.6 & 4.7], there exists A > 0 such that
f1j(By(x)) < Ao (4.33)
forallje N,allz € By and all §; <o < 1.
Let 7; : @ — S~ be a Borel extension of V9;/|V©;| on {V#; = 0} and V; € V;(Bj) be defined
as

/ ®(x,S)dVj(z,S) = / ¢ (z,Id — 0, @ ;) djp;  for @ € Co(G1(B1)).
Gl(Q) Bq

According to Theorem and the above convergences, we infer that V; — V weakly* in M(G1(By))

for some stationary 1-rectifiable integral varifold V in By with uy, = po = oM LLT. In particular,
since po(0B1) = 0gHY (T NOB;) = 0,

Vi(G1(By)) = ji;(B1) = po(B1) = Vo(G1(B1)),

and we obtain that V; — V weakly* in [C,(G1(B1))]’. In the sequel, we omit ~ in order to simplify
notation.

Step 2. We next analyze more accurately the proof of [43] Proposition 5.2] to describe the
multiplicity 6y. Given 7 € (0,1), § > 0 and A > 0 as in (4.33)), let w = w(d,7,A) > 0 and
L=1L(4,7)>1 be given by [43, Proposition 5.5]. As in [24, [43], we introduce the seiﬂ

Aj = {z € By : |vj(2)| £1—7 and

61(Bo(2) + /

By(z

&V *y/1 = ()3 de < wo
)

for e; < p with B,(z) C Bl}.

By a careful inspection of the proof of [43, (88), Proposition 5.5], we see that for every z = (z,7) €
Aj, there exists s = s(z) € {£1} such that

s(x, gvj(z,g+y) > 1— g for y € [-3Lej, —Lej] and
s(z,y)vj(z,y+y) < -1+ g for y € [Lej,3Le;].  (4.34)

According to [43, Formula (96)], we have

Moreover, as in [24, Formula (5.9)], we additionally have
Hl(H(B1 A {Jv;| g1fT}\Aj)) - 0. (4.36)

We proceed as in [43] Proposition 5.2]. Given & € T N By, we consider a maximal subset
X =A{x} x{y1,...,yx} of A;NI~ ({z}) with |z — 2/| > 3Le; for z # 2’ € X. We observe that
K = K,(x). Morever, by [43, pp. 713],

K
Ki(@) <00, A; NI ({a})  {ab x | (e — Lejope + Ley)
k=1

?Note that our definition of A; differs from that in [43], since we do not require the additional condition
aj(Bg(z)) < wePo. Tt turns out that this condition is only useful in dimension 3 and is irrelevant in dimension 2 so
that A; reduces to the same definition as in [24] (see Formulas (69) and (81) in [43]).
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and )
- W(Uj)d"HIS%OJr(S for k € {1,..., K}.

€5 J{z}x(yr—Lej,yn+Lej)
Summing up with respect to k yields
1
- W(v;) dH < 2K () + 0o6.
€j Ju-1(fepna, 2
We introduce the set

On the one hand, by Fubini,

1 1
— Wv;)de = — / W(v;)dH* | dH!
€5 JA;n(G, xR) €j Ja; \JI-1({z}H)n4;
< @ / K, (x) dH (z) + C560. (4.37)
Gj
On the other hand,
1 1 ) )
— W(wj)de = — W(v;)dH" | dH
Py J , J
i Ja\ (G xR) €7 NG, \Ji-r({=}hna,
0
< (()26‘)+905>H1(H(Aj)\aj) (4.38)

< COHMNII(A)\ G;) < C’Go’H,l(H(Bl A {jo;] <1—7}\ Aj)).

Gathering (4.37) and (4.38), we obtain
2 1
pi(Aj) < — [ W(v;)de + —|§|(B1)
CoEy Aj Co

< /Gj K;(z) dH'(z) + Cby (54—7—[1(11(31 N{lv;] <1 _T}\Aj)) + \§j|(31)> .

Recalling that K;(z) < 6y and using (4.35)—(4.36)), we obtain (recall that &; converges strongly to
0in L'(By))

20p = oM (T N By) = po(By) < liminf ;(B1) = lim inf p1;(A4;)

<liminf [ K;(z)dH'(z) + Cyd < limsup / K;(z) dH!' (z) + Co6

J—00 G, j—o0
< G limsup H'(G;) + COod < 200 + COy0.
Jj—oo

By a diagonal argument we may find a sequence d; — 0 such that
G

and
HY(B1NT\Gj)—0. (4.39)
AS a consequence

/ 100 — K ()| dH () = 0,

Thus, up to a subsequence, (6o — K;(x))1g,(z) — 0 for H'-a.e. 2 € TN By. By (4.39) and since
both 6y and K are integer, Egorov’s Theorem ensures the existence of a closed set Cy C T'N By
and jo € N such that H'(Co N G;) > 0 and K; = 6y on Cy NG, for all j > jo.

Step 3. In this final step we prove that for j large enough, K; € 2N in G; N Cy. By the previous
step this would conclude the proof of 8y € 2N. Since v; — 1 locally uniformly on B* for all > 0,
there exists j; = j1(n) € N such that for all j > ji,

vi(z,y) >1—71 for (z,y) € By with |y| > . (4.40)
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By Step 2 and using slicing properties of Sobolev functions, for all j > jo and for H' a.e. x €
Co N Gj, we have K;(x) = 6y and

y > v;(z,y) € H*(By N1 ({x})).
Let j > max(jo,j1) and fix such a point z;. Set K = K;(z;) and, to simplify notation, let
vi(y) =vi(zj,y), yER
which is continuous. By (4.34)), the intermediate value Theorem and since z; € G,

K
0#{loyl <1—-7}=11"({z;}) N A; € |J (wr — Lej, e + Ley), (4.41)

k=1
where we recall that X = {z;} x {y1,...,yx} C {|v;] <1 — 7} is the maximal set introduced in

Step 2.

For k =1,..., K, let s € {£1} be given by (4.34). By (4.40) and (4.41)), we see that s; = 1
while sy = —1. To conclude the proof let us show that for k = 1,... K — 1, sp41 = —sg. Since
the proof is the same for every k, it is enough to check it for £k = 1. We claim that s = —1. Since

s1 = 1 we have by that v;(y) < —1471/2fory € [y1 + Lej, y1 +3Lej]. If s = 1, by we

would have v;(y) > 1—17/2 for y € [y2 — 3Lej,y2 — Le;|. Since v; is continuous, this would imply

that y1 +3Le; < y2 — 3Le; as well as the existence of § € [y1 + 3Le;, y2 — 3Le;| with 7;(g) = 0.

Asge{|o;| <1—7)but ¢ Up, (yr — Lej, yp + Le;) we reached a contradiction with ([{41).
Finally an elementary counting argument shows that K is an even number as claimed. O
Together with , the following result completes the proof of the lower bound.

Lemma 4.9. There holds
m(@) > [ [Vdo+ [ (o) +1H D dH 1P,
Q J

Proof. Arguing as in [10] (see also [6]), we have for all open set A C ,
o 1 (e 1 o
2H (J, N A) < lll;Il}(I;lfA . <2|VU5|2 + 5VV(UE)) dx = lllarigélf pe(A),

and thus

> 2H LT,
By Proposition [I.8] the 1-rectifiable integral varifold V' has even multiplicity. Thus, owing to
Lemma 4.3} it is enough to show that

2 1 2
m@ > [ [Vldo+ g [ (PO HHUP) d 4 H0(X),

Since the Radon measures £2, L (Q\ X) and H°L_ X are mutually singular, it suffices to
establish the following lower bounds for the Radon-Nikodym derivatives

dm .
e > |Vul? L*ae. inQ, (4.42)
1
(277: > 3 (ap(uv) + |Hv|2) pra.e. in Q\ X, (4.43)
dm
_— > . .
L X 2 v onX (4.44)

By definition of X, is immediate, while (4.43) results from . Concerning the bulk
part ([£.42)), let us consider a Lebesgue point z¢ € € of Vu such that $% (z0) exists and is finite.
Note that £? almost all points in €2 satisfy these properties. Let {o;}jen N\ 0T be such that
m(0B,;(x¢)) = 0 for all j € N. Arguing as in [I0] (see also [6]), we infer that

1
m(BQj(xO)):g%Z/B ( )(fu5+1)2|Vus|2da:2/B ( )|Vu|2d:c.
o o o o

Dividing the previous inequality by WQ? and letting j — oo yields

dm . m(B,, (z0)) . 1 ) )
S 7> — .
iC2 ; > > jhm el |Vu|® de = |Vu(zg)]
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The proof of Lemma [£.9] is now complete. O

4.2.2. Proof of Theorem[1.4: the upper bound. In this section we discuss the I'-limsup inequality
following the construction of [I6, Lemma 4.1]. We use the same notation as in Section Recall
in particular the definition of ¢. in (3.20)).

Since we assume that J, € €(Q), then J, = Uf\;lfi where T'; = 7;([0,1]) for some ~; €
C%([0,1]; R?). Let {p1,...,pm} = Py, and R > 0 be such that for i € {1,..., M}, Br(p;) NP, =
{p:}. For t > 0, we denote the t-neighborhood of .J,, by

Uy = {x € R?: dist(x,J,) < t},

and we consider the signed distance to OUss,
de(+) = sdist(-, OUss, ) = dist(+, Jy,) — 20

with the convention that d. < 0 in Uss. and de > 0 in R? \ Ugs.. Note in particular that
—26. < d. < 0in Uys,_, and that d. — dist(-, J,) > 0 uniformly in R2.

We(z)

| — pi|

FIGURE 4. Profile of 7. (left) and w, (right) accross the respective dotted lines in Figure

We now define our candidate recovery sequence by setting

0 if d.(z) < — 3=,
2d. 30, .

au(z) = %u(@ i~ 8 < d.(z) < 0.,
u(x) if de(x) > —0..

Using that J, = {d. = —2.}, we get that 4. € H'(). In addition, since
{d. < —6.}y c{d. < 6.} C {x € R?*: dist(x,J,) < 30.} = Uss.
whose Lebesgue measure tends to zero, we get that @, — u in L1(€).

We next define
V() = ge(de(w)) for x € R27
which satisfies [9.] < 1 in Q, . € HY(Q) and 9. — 1 in L*(Q). Notice that in general we do not
have 0. € H?(Q) because of the junction points P;,. A simple mollification argument allows to
approximate 7. by smooth functions so that we will ignore this issue.
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In order to define the last phase-field function w, related to the junction points, we set
d% = || — B. = sdist(-,0Bg.).
We then define for 2 € R?,

M
() = 3 ae(d (& = ).
i=1
We immediately check that |w.| <1 in Q, @, € H?(Q2) and w. — 1 in L}(Q).

We now evaluate separately each terms of the energy G7.

Step 1. First of all, since v, = 1 on {d. > J.}, we have
1 ., 1 . 1, 1 .,
— [ (1-9v)de = — (1=0.)%de < —L({de < 0:}) < —L(Uss,)-
Ne Ja Ne J{d.<é.} Ne Tle

Since J,, € €(Q), its H! measure coincides with its 1-Minkowski content. Thus

2
%ﬁm — HY(J,) ast—0,
and using (4.21]) together with the definition (3.19) of J. yields
1 el l ]
L (1= )2de < Dellosel Uss] (4.45)
Ne Ja Ne 60e

Step 2. We introduce the radii

RE =B. £6.
which satisfy, according to (4.21]),
R* .
00
de

so that we can assume that for € > 0 small enough
R >2B. > R} > R > 46..

Since d%(x — p;) = |z — pi| — B > 6. for all z € R?\ Uf\il B+ (pi), we deduce that w. = 1 on
R?\ vail B+ (p;i). We thus obtain thanks to (4.21)),

M
1 B i el 2
/(1w€)2dISZRi(MgﬂM(5ﬁE|Og€DHO. (4.46)
Ne Jo 1 Ne Tle

Step 3. Next, using that 7. = —1 on {d. < —d.}, we infer that

/(58 +1)?|Va.* dr < 4/ |Vu|? de < 4/ |Vu|? dx. (4.47)
Q {dsZ*(;s} Q

Step 4. We now address the point energy. Since d’(z — p;) = |z — p;| — B. > 0. for all = €
R?\ Uf\il B+ (p;) and dPe(z—p;) = | —pi| — B < =0, forall z € Ui\il By (pi), we deduce that
w. =1in R?\ Uf\il Bp+(pi) and w. = —1 in U?il Bp—(pi). It is thus enough to show that

lim sup G g, (u’)g,BRJr (pi) \ Bg- (p,)) <4r for1<i< M. (4.48)
e—0 c N
Without loss of generality we may assume that p; = 0. We now compute separately the two
terms in Ge g, (1115, B+ \BR;). Note that
T

V@E(m):qé(|z|—ﬂe)m forIEBR?\BR;
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so that, using polar coordinates we have

1 1
—/ (;WwEQ + W(w€)> dzx
& Bps\Br c
o [T (e 1
= [ Sl = P+ Wt 5| rar
55 RZ- 2 13
e e, o 1
<27 (14 — —lgt (M) + =W(ge(r)) | dr — 2mwcy, (4.49)
55 —5 2 3
where we used the scaling assumption (4.21) and Lemma
For the other term we notice that since Vd’ (x) = fo7 for all z € By \Bp-, we have

1 1
—eAw, + gW’(ms) = —eq!(d%) + gW’(qE(dﬁs)) —eq/(d%)Ad’  in Bpy\Bp-.

Moreover, using that Ad’:(z) = X for z € Bp+\Bg-, we obtain

||

2
&/ (sAms + 1W’(w5)> dx
13 BR;F\BR; g

27 /Rj
= /.

2
rdr

6Qé(r - /BE)

—eq(r = )+ T (aelr — ) -

_ 27mBe /6E
== n

el ) + W) - = D)

56(56 + ﬁs)gp s

(r+ Be)dr < 5

hence

B I S
lim sup — —eAw. + -W'(w.) | dz
e—0 € Bt \BRE €

. 27 e /55 AGRE ) 2mefe /55 V1o
= limsu g—= r =+ Be) dr < limsu r)|* dr.
a—>0p € —5. T+ Be ( BE) o a—)Opﬁa — 0¢ —6. |q6( )|
Finally by (3.21) together with the scaling laws (4.21)), we obtain that
2 de 9 6:/2
lim sup mepe gL (r)|* dr = lim sup 7T5 / elgL(r)|? dr = 27co.
e—0 B — 0c —3. e—0 - 572 0c/2
This yields
B S S
limsup — —eAw, + -W'(w,) | dx < 2wy, (4.50)
e—0 € B +\B, - €

and gathering (4.49) and (4.50) concludes the proof of (4.48)).

Step 5. We now address the jump term. Since Vo, = ¢.(d.)Vd. and |Vd| =1 a.e. in Q, we infer
that

[ (grmap+ H e = [ v (SR + D) e

We proceed as in the proof of (3.27)). Indeed, using the co-area formula, (3.7), (3.22), H'({d. =
t}) < CH(J,) for |t| < 6. and the fact that 5|qL|> = LW (g) on [—6./2,0./2], we find that

limsup/ e (V) (€|VUE|2 + VV(UE)) dx
O 2 9

e—0
Se
z
= limsup/ elaz () (/ wa(q;(t)Vda)dH1> dt.
e=0 J 2= {d.=t}
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Now for |t| < d./2 we have by (3.9),

Lr.
/ P=(qe(t)Vd:) dH! - < / (Vo) dH + =W ({de = 1))
{d.=t} {(d.=t} 2|qL(t)]
< / o(Vd.)dH! +C f’"a H(J,).
{d.=t} gL (t)]

As

e

2
lim sup rs/ elgl|dt < 2limsupr.e = 0,
S e—0

e—0 -

we obtain from (3.21)

de

limsup/ e (VT:) (E|VUE|2 + VV(UE)) dx = limsup/ ’ elqL(t)? (/ w(Vd.) d’H1> dt
e—0 Q 2 € e—0 —2e {d.=t}

s
< lim sup (/ eqé(t)th> sup / ©(Vd.) dH*
es0 \J_ss t1<s. J{d.=t)

< ¢glimsup sup / ©(Vid.=t}) dH!.
{dszt}

e0 |t|<s.

In the last line we used that Vd. = vyg.—y on {d. = t}. Writing {d. = t} as a double graph on
Jyu, away from P;, we see that

limsup sup / e(V{d.=ty) dH' = 2/ (v, )dH!
€0 [t|<d. J {do=t} Ju
so that finally
W(s
limsup/ e (V) (€|V178|2 + (UE)> dx < 200/ o(v) dH . (4.51)
e—0 0 2 € Ju

Step 6. It remains to address the curvature term. Let Q. = Q\ Uf\il Bp-(pi). We first notice that
we = —1 in U£1 Bp-(p;) and that v, is locally constant and equal to £1 in Q. N {|d:|[ > 4.}
Therefore

1 1 2 4 ! ’
f/ (—EA’UE + Wl(’l)e)) 1+ 'LDE)Q dx < 7/ (_EAUE + Wl(vE)) dz.
e Jq € € Ja.n{|d.|<6:} €

Moreover, we recall that we assumed that J,, € €(Q2) and thus J, = Uf\il I'; where I'; = ~;([0, 1])
for some v; € C2([0,1]; R?). In particular for every e small enough we may write

N
Q.n{ld| <6} =[]

i=1
with,
d.(x) = dist(x,T;) — 20, for z € QL.
Moreover, in each Q¢ the orthogonal projection I ;, on J,, coincides with the orthogonal projection
on I'; and is uniquely defined. We may thus decompose the integral as

4 1 2 N4 1 2
L (-ean+ ) dw=32 [ (et o)
€ Ja.n{|d.|<s.} € o1 € €

We claim that for every i =1,..., N,

: 4 /
limsup —
e—=0 € Jq

After summation over 4 this would yield

1 2
(—gmg + €W’(v€)) dr < 860/ |Hr,|?dH*. (4.52)
T

i
€

1 1 2
1imsup/ - <5A@5 + EW’(@E)> (1 +w.)%dx < 800/ |Hj, |2 dH". (4.53)
Q Ju

e—0
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We now prove ([4.52)). In Q% we have |Vd.| = 1 and

1 1
—eAD, + EW’(T)E) = —eq/(d.) + EW’(qg(dE)) —eqL(d:)Ad.

so that
4 1 2 4 1 2
- / <€AT15 + W’(T/E)> de = = / <5qg(d6) + =W (qe(d.)) — eq;(ds)Ad6> dz.
19 Qé 13 19 Q; 13

We now notice that by Lemma [3.6) and the co-area formula,

i/ﬂ (sqé'(ds) - iW'(qe(dg))>2dx
- i/_i (_qu(t) * iWI(qam))Q H' ({de =t} N QL) dt < C=P~ — 0,

hence

. 1 /
lim sup —
e—=0 € Jq

Using the co-area formula again we find

O
e/ (q.(d)Ad.)? do / g|q;(t)|2/ A2 dH! dt
Q s Qi {d.=t}

K3
= €

[
</ &:|q;(t)|2dt> <sup / |Ad.|? d?-l1> :
—. lt|<s. Join{d. =t}

Thanks to (3.21)), in order to conclude the proof of (4.52)), we are left with the proof of

e—0

2
(—sqg(de) + éW’(qE(dE)) —sq;(ds)Ad5> de = limsupe/ (q;(dE)Ads)2 dz.
Q

i i
€ €

IN

limsup sup / |Ad. |2 dH" < 2/ |Hrp,|* dH*. (4.54)
Qin{d.=t} T

e0  [t|<6.

For this we notice (see [21, Appendix B]) that for x € QL N {d. = t},

|Hp, (11, (z))]
=1z (26 + )| Hr, (L, (@)] = (1+Cé.)|Hr, (I, (2))]-

|Ad. ()

Writing Q% N {d. = t} as a double normal graph over T'; then leads to (4.54).

Step 7. Gathering finally (4.45), (4.46), (4.47), (4.48), (4.51) and (4.53)), we infer that

lim sup gﬁ) (Ue, Ve, We) — / |Vu|? d +/ 1+ |Hy, |2)dH' ++vHO(P;,) = g (u),
Q

e—0

u

which completes the proof of the upper bound. O

5. APPENDIX: THE GAUSS-BONNET FORMULA FOR VARIFOLDS

The aim of this Appendix is to give a self contained proof of a generalized Gauss-Bonnet formula
for 1-rectifiable integral varifolds with square integrable bounded first variation. The proof below
follows the lines of the arguments in [30, Theorem 24.1], in a simplified setting.

Theorem 5.1. Let V € V1(R?) be a 1-rectifiable integral varifold in R? with bounded first varia-
tion in L (R*R?) and such that
0< / (1+ |Hy|?) duy < oc. (5.1)
R2

Then

g

5V|(R2) = /R \Hy | duy > 2. (5.2)
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To simplify notation, we write in the sequel p = py and H = Hy. By [49, Remark 17.9], we
can write V = v(M, 0), where M = Supp(u) is a closed H!-rectifiable set and 6 : M — N\ {0} is
an H!-integrable function. In particular

pw=0H"L_ M.
For later use, we define the measure ¢ = |6V | = |H|u and we also set
o= (R = [ |H|dp. (5.3)
R?2

Remark 5.2. It is not enough to assume that V' has bounded first variation since e.g. for a square,
V =v(8(0,1)%,1), we have uy = H'L9(0,1)? and
OV = (e1+ €2)d(0,0) + (e2 — €1)0(1,0) + (e1 — €2)d(0,1) — (€1 + €2)d(1,1)5
where e; = (1,0) and es = (0, 1), hence |§V|(R?) = 4v/2 < 27.
The proof of Theoremis based on a Lusin type property for the Gauss map (see Proposition

below). This result, which is the two-dimensional version of [30, Theorem 21.16], will be proven
in Subsection (.11
1 _

Let us fix some notation. Given a vector v = (vi,12) € S, we write v+ = (—vg,11) and
(vt) = Vect(vt). For all (z,v) € R? x 8!, we denote by Ilg:(z,v) = v (resp. IIr2(z,v) = ) the
projections onto S! (resp. R?).

Proposition 5.3. Let N C M be such that H'(N) =0 and
B:{(m,l/)EstleC{yERQ:(y—x)-uZO}}. (5.4)

Then
H' (Is: (N x SY) N B)) = 0.

Before proving Theorem let us check the following property satisfied by the set B:

g2 (B)
FIGURE 5.

Lemma 5.4. Let us consider the set B defined in (5.4)), then
B C {(w,u) €M xS': T,M exists and T,M = <VL>}. (5.5)

Proof. Let (x,v) € B and assume without loss of generality that £ = 0. As in the proof of Lemma
4.2 we perform a blow-up at the point 0. Given ¢ > 0, let V, € Mjoe(G1(R?)) be the 1-varifold
defined by
(V,, ®) = 1/ ) (ys) dV(y,S) for ® € C.(G1(R?)).
0 JGi(R?) 0

Up to a subsequence {0;}jen \, 0, there exists a stationary 1-rectifiable integral varifold Vj such
that V,, — Vi weakly* in Moc(G1(R?)). Moreover, by [49, Theorem 19.3], Vo = v(C, 1)) where C
is an H!-rectifiable cone and ¢ : C' — N\ {0} is a locally H!-integrable function with ¢(z) = ¥ (tx),
for all x € C and t > 0. We furthermore claim that

C = Supp(pv,) = (V™). (5.6)
Indeed, on the one hand (0,v) € B so that for every o > 0, Supp(uy,) = 0 'M C {y € R?: y-v>
0} and we deduce that C' = Supp(uy,) C {y € R?*: y-v > 0} as well. On the other hand, the set
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C being an H!-rectifiable cone in R?, there exists a finite collection of half-lines {R*wu;}!_; with
I <20 (u,0) such that

I
C= U R+’LLZ',
i=1
where ¥|g+,, = 1; € N\ {0} is constant and u; € R? satisfy u;-v > 0. Let ¢ € C}(R?) be a scalar
function satisfying ¢(0) = 1 then

I
5VO(C1/):/CdiV ngd?-[1 ZI/JZV ul/ ui~VCd”H1=—Zd)iui~u
i=1

Recalling that Vj is stationary, ¥; > 1 and u; - v > 0, we deduce that u; - v = 0 for all € N.
Therefore,

Ccvh) and py, =¢vTH'L(RYvY) +o HIL (R )
for some ¢* € N\ {0}. Using again the stationarity of Vj, we have 0 = 6V, = (¢~ — ¢ )v* which
actually yields ¥+ = 1~. Thus py, = YH! L (v1) for some ¢ € N\ {0}, hence C = (v1), which
shows (5.6). Therefore, M admits an approximate tangent line at 0 given by ToM = (v+), and it
implies the desired inclusion . O

Proof of Theorem[5.1 We first record that, as a consequence of Lemma[2:1] and Young inequality,
there exists Ry > 0 such that for all x € M,

{g < (By(x))  forall g € (0, Ry,

5.7
w(Bo(z)) < ap forall p>0, (5.

where we recall that « is defined in (5.3]). As a consequence of the lower density estimate in ([5.7))
we obtain the compactness of M. Indeed, let us consider a maximal set M’ = {x;};c; C M such
that |z; — zj| > 2Ry for all 4, j € I with ¢ # j. By maximality, we must have that

M C | Bag, (). (5.8)
il
Moreover, Bg,(z;) N Bg,(x;) =0 for all 4, j € I with i # j. Thus, by (5.1) and (5.7),

Ro#(I) <Y p(Br,(x:)) = (UBRO x) p(M) = p(R?) < oo,

el icl
which shows that [ is a finite set. Thus, by (5.8)), the closed set M is bounded hence compact.

Step 1. We now prove a coarea formula, see . Since H € Li(R2;R2), by [47, Theorem 5.1]
combined with [48, Theorem 3.1] (see also [29, Theorem 1]) we have that M is C2-rectifiable so
that there exists a countable collection {M;};en of C? curves with H'(M\ U, M;) = 0. Moreover,
by [48, Corollary 4.2], see also [4, Theorem 2] or [29, Theorem 1], we have the following locality
property of the mean curvature

H=Hy,  H'-ae. on MnNM,. (5.9)

Fix i € N and let 7; : [0, L;] — R? be an arc-length parametrization of M;. Arguing as in [30}
Lemma 21.3], for every Borel set A C {(z,v) € M x St : T, M = (v1+)}, we have

/M‘ HO({v € St (x,v) € AY)|Hypy, (z)| dH (2)

L;
- / HO({w € 81+ (vu(t),v) € AD)[5u(t)] di
L;

:/0 ”1A(7i(t)77'i(t)i)|7"i(t)|dt+/0 La(ya(8), s () D) s 1) dt.

Moreover, by the generalized area formula, see e.g. [3l Theorem 2.91],

L;
/ L4 (3a(8), 7 () D) 0) it = / [ / 14(3(8), £5: (1)) cm%)] ' (),
0 st | Jieeo,L:): 41 ()=}
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hence

. HO({v e St (x,v) € AY)|Hyy, (x)] dH () = . HO({x € M;: (x,v) € A})dH (v).

Let us decompose the H!-rectifiable set M as M = N U|J; A; where N C M is H'-negligible,
and A; C M, for all i € N with A; N A; = 0 if i # j. Using the locality of the mean curvature
(5.9), we get that

/ HO({v € S': (x,v) € AY)|H(z)|dH (z)
A;

= HO{v e S': (z,v) € AN (A; x SH}Y|Hyy, ()| dH ()

M;

= [ H'{z e M;: (z,v) € AN (A; x SH}) dH (v)
Sl

= H'{zeM: (z,v) € AN (A4; x SH}) dH (v).
Sl

Summing up the previous equality and using that N = M \ |J,; 4; is H'-negligible yields for every
Borel set A C {(z,v) € M x S': T,M = (v)},

/M HO{v e S': (z,v) € A})|H(z)| dH (z)
= [ H{zeM: (x,v) € A})dH ' (v)
sl

— | H'{zeM: (z,v) € AN(N xSH}) dH ' (v). (5.10)
Sl

Specifying (5.10) with A = B defined in (5.4), and using Proposition we get that

/ H'({v € S : (z,v) € B}) |H(z)|dH (z) :/ H({x € M : (z,v) € B})dH'(v). (5.11)
M S1

Step 2. We first prove that for every v € S,
H({z e M : (z,v) € B}) >1. (5.12)

Indeed, let v € S!. Since M is compact, the continuous function y + y - v reaches its minimum at
some T € M that is, for all y € M, (y — Z) - v > 0, which shows that (Z,v) € B, and establishes
(5.12). We then show that for all z € M,

H'{veS': (z,v)e B}) <1. (5.13)

Indeed, let x € M. According to (5.5), we always have that H°({vr € S' : (z,v) € B}) < 2.
If H'({v € S' : (z,v) € B}) = 2, it implies by definition of B that M C x + (v*+) =: L. By
locality of the mean curvature (see |4, Theorem 2]), we get that H = H; = 0 H'-a.e. on M so
that 6V = —Hp = 0 and V is a stationary varifold in R%2. Applying the Constancy Theorem
(see [49, Theorem 41.1]), we infer that M = L and 6 is constant on M, which implies that
w(R?) = OH' (L) = oo. We thus reach a contradiction with and deduce the validity of (5.13).

Finally, gathering (5.11)), (5.12)) and (5.13]), we obtain
/ |H|dp > / |H|dH" 2/ H({v € S : (z,v) € B})|H(x)| dH (z)
R2 M M
= [ H{zeM: (z,v) € B})dH'(v) > H'(S') = 2n,

S1

concluding the proof of (5.2)). O
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5.1. Lusin property of the Gauss map. The aim of this section is to prove Proposition [5.3]
Let us start by introducing some notation. Given sets C C R? x S! and A C R?, we define

Cl|A=(AxS")YNnC cR? xS C[A] =TIg: (C|A) C S'.
We recall the definition (5.4) of the set B.

Proof of Proposition[5.3. With the previous notation, our aim is to show that if N C M is such that
H1(N) =0, then H!(B [ ]) = 0. By [3, Remark 2.54], it is enough to prove that H! (B[N]) =0,
where H._ is the infinite pre-Hausdorff measure, see [3, Definition 2.46].

Since H*(N) = 0, then u(N) = 1(N) = 0. By outer regularity, for each & > 0, there exists an open
set U D N such that u(U) + ¢(U) < e. Let A = 275571 we claim that there exists a constant
¢ > 0 such that the family

F= {Bg(z) . 2 € Tlpa(B|N), 0< ¢ < ARy, Bya(z) CU

and ML (B[Bs,(2)]) < ¢ (1u(By(x) + ¥(By(x)) |
is a covering of IIrz(B|N), i.e
Mr2(BIN) € | Bylx). (5.14)
By (z)eF

Indeed, let = € IIg2(B|N) so that, in particular, z € N C U. As U is open, we have B, 5(z) C U
for o € (0, ARp) small enough. Applying Lemma below to the function r — g(r) = ¥(B,(x)),
we may possibly decrease g € (0, ARy) in such a way that

U(Boa(®) £ 30+ B(B,(0) < 3 (1(B,(0) + U(Bo(a), (515)

where the last inequality follows from (5.7). By Lemma below, (5.7) and (5.15)), there exists a
constant ¢ > 0 such that
Hoo (B[Bso(2)]) = Hoo (B[By-s¢ (2)]) < cyp(Be (z)) <

which concludes the proof of (5.14]).
By Vitali’s covering Theorem, there exists a countable subfamily G = {B,, (z;)}}ien C F such
that the elements of G are pairwise disjoint and
g2 (B|N) C | J B, ().
ieN

S (1(By () + ¥ (By()),

y\w

This implies that
B‘N c U B|B5Qi(xi)a

i€EN
and thus,
B[N] € | BBy, (@:)].
i€EN
Then, we have
N <D HL(B[Bsg, (1)) < ¢ > (n+¥)(Bo, () < elp+ ) (U) < ce.
€N iEN

Since ¢ is arbitrary, it yields H1 (B[N]) = 0 as claimed.

Remark 5.5. In the proof above, we avoided the analog of [30, Lemma 21.13, Lemma 21.14,
Lemma 21.15]. Moreover, compared to [30, Theorem 21.16], we have at our disposal the mono-
tonicity formula which shows that the density ©1(y,-) is uniformly bounded. In particular,
it avoids a truncation argument as well as the analog of [30], Section 22].

We now adapt the proof of [30, Lemma 21.12] to show the following measure estimate used in
the proof above. We recall that ¢; > 0 is the constant of the Sobolev-Michael-Simon inequality
(see Theorem and « is defined by (5.3)).

Lemma 5.6. There exists a constant ¢ = c(c1, ) > 0 such that for all xg € IIg2(B|N) and all
0<R< Ro,

Hoo(B[Ba-s (w0)]) < cty(Br(x0)) - (5.16)
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Proof. We introduce the following notation

= (Br(o)) = / | dy (5.17)

Br(zo)
Using that H1 (B[Bay-sr(70)]) < HL (S') < 2m, there is no loss of generality in assuming that
~ satisfies condition ([5.20) so that Lemma below applies. Let A > 0 be the constant given by
that Lemma.

Let us consider a maximal subset A C B[By-sg(70)] C S* such that [v — v'| > 1 for every v,
v’ € A with v # v'. We then have

B[By-sg(w)] C | Bi(v),  #(A) <+, (5.18)
vEA
for some universal constant £ > 0. We claim that for every v € A, if (Z,v) € B|Bs-sg(xo) and
(z,v) € B|Bs-sg(x0) with |[v —v| < 1 then
v —v| < cAy, (5.19)

for some universal constant ¢ > 0.

i v
i
i N,
i
[
2w S,
Ay < Axy
! S |
f i z
0<(2—2)-v< Ay :Il sinw < Ay
(z—%)-vt>272 ) i .
2 o3 i

FIGURE 6. Geometric illustration of |vt - v| < 2*A~y, with 2o =0 and R =1

Since |v —v| < 1, we have in particular that v-v > 0. Up to an axial symmetry, we may assume
without loss of generality that v-v+ < 0. We first check that M intersects the purple region region
in Figure @ More precisely, thanks to Lemma below related to (Z,v), we may find a point
z € M N Bg/o(7) such that

(z— ) vt >273R, (z—1Z) v <AvR.
Moreover, by definition of B and since z and z € M, we also have

(x—2Z)-v>0 and (z—xz)-v>0.
It remains to check that the existence of such a z € M allows one to bound the angle between v
and v as suggested in Figure [B] where the maximal angle w between v and v corresponds to the
case z in the top right corner of the purple region and (z — x) - ¥ = 0. From the above properties
of z and recalling that x, T € By-sp(z0) so that |z — x| < 27*R, we infer
(z—x)vt=0G-2) vt +@-2)- vt >23R-|z—2|>23R-2""R=27"R,

and

(z—z) v=(2-2)- v+ (@ —z) - v<AYR.
Asv-vt <0and 0 <v-v <1, we consequently have

0 (z—x)-v=(_z—2)v)(v-v)+ ((z—2z) v (" V)

AYR+27*R(vt - v),

IN A

hence
ot v < 2%Ay.
Using again that v-v > 0,
1— (v-v)? (v-vt)?

2 1\2 2
=l =20 —v-v) = 20— Ty S 2t (edy)
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where ¢ > 0 is a universal constant, and we conclude the proof of (5.19). As a consequence of
(5.19), we find that for every v € A we have

diam(B[Ba-sr(z0)] N B1(v)) < 2cAx.
Recalling (j5.18)), this concludes the proof of (|5.16)). O

The proof of Lemma relies on the following result, which is an adaptation of [30, Lemma
21.8]. The idea is to find a level set of the function y — (y —x)-v (where (z,v) € B) corresponding
to a height of order at most v R which intersects a ‘large’ portion M, and such that the first variation
of the restricted varifold to this level set does not have too much mass. Thanks to Lemma
below this would imply that the same level set intersects the balls By sp(z £ 272Rvt). Let
g0 = eo(,27%) > 0 be given by Propositionwith 7=2"%and ¢ = &(c1, @) > 0 be the constant
appearing in below.

Lemma 5.7. There exists A = A(cq, ) > 0 such that for all xg € lIg2(B|N) and all0 < R < Ry,
if v >0 (defined in (5.17) ) satisfies

€0

1
7<min{2617£0746}7 (520)

then the following property holds: for (x,v) € B|By-sg(wo), there exist z£ € M N Bpja(x) such
that

+(zF —z)- vt >27%R and (2 —z)-v < AyR.

Proof. Let (z,v) € B|Ba-sr(z), and assume without loss of generality that (z,v) = (0,e2). Let
f: Br(zg) — R™T be the nonnegative Lipschitz function defined by

f(z) = max{z,,0}.
By definition of B, for all z € M, f(z) =22 = (2 —x)-v > 0 and
VM f(2) = T, Df(2) = (7(2) - e2)7(2). (5.21)
where 7(2) € T,M NS!,

Step 1. We first note that Bsr/s C Br(xo). We now claim that

1
VM fldu < g, 5.22
L, R (5.22)

for some constant ¢ = &(a,c1) > 0. Indeed, adapting [30, Lemma 20.6], we consider a cut-off
function 1 € C°(R?;[0,1]) such that n = 1 in Bygys, Supp(n) C Bsgrse and [Vy| < ¢/R. Since
f+~R >0, we can define

1 2
U=—-—- =n“u, =lo +~R) in Bgr(xg).
Fior P g=la(f+9k) r(%0)
These functions are Lipschitz continuous in Br(zg) and we have
1
VMp = 2quVMy + *VMu, VMy=—————_vVMyf M= vMy.
(f +7R)? f+oR

In particular, |[VMg|2 = —VMy. VM f so that VM- VM f = 2puV M. VM f—n2|VMg|2. Therefore,
rearranging terms, we find

/ n2|VMg|2d,u:/ QanMn-VMfdu—/ VMp . VM fap. (5.23)
Bsr/s Bsry/s Bsr/s

Regarding the first term at the right-hand side of (5.23), we estimate it using that u|VM f| <
VMgl [VMp| < ¢/R and u(Bsgss) < aR (thanks to (5.7) together with = 0 € M). Thus,
Young’s inequality shows that

c 1
/ 2quV i VY fdp < 5+ 1/ n? VMgl dp, (5.24)
Bsry/e Bsrye
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where ¢ = ¢(a) > 0 only depends on «. For the second term at the right-hand side of (5.23), we
recall (5.21)) and using that u is supported in M,

—1/ va~vamF:f/“ (V- 7)(r - e2) ds
Bsr/s

Bsr/s
= —/ div™ (peq) dp =/ H - expdp <@Lz (Bsrye)- (5:25)
Bsrye Bsgr/e

Next applying the Sobolev-Michael-Simon inequality, Theorem to the Lipschitz function ¢
which is compactly supported in Bsg/q, we infer

Il B < 20 = el <200 [ 1VMldu

Bsr/e

where we used that v < 1/(2¢;) thanks to assumption (5.20). Using that yRu < 1 and yR|VMu| <
|VMg|, we find yR|VM | < 2n|VMn| + 7% VMg|. Hence, since n < 1, |[VMy| < ¢/R and 2¢;7 < 1,
we find again thanks to Young’s inequality and pu(Bsg/s) < R,

R
2cwR/ VMol dp < c+/ n|VMgldu < e+ Z/ n*|VMg|? dp, (5.26)
Bsrye Bsr/e B

5R/6

where ¢ = ¢(¢q, @) > 0. Collecting estimates ((5.23)), (5.24), (5.25) and (5.26)), we deduce that

/ |VMg|? dp < / PV gl du < =,
Byrys Bsry/e R

where ¢ = c(c1,a) > 0. Using Hélder inequality and once again p(Bsr/s) < aR, this proves

[ Mgl (5.27)
Byrys

for some constant ¢ = &(c1, @) > 0, and thus also (5.22)).
Step 2. Let E; = Br(wg) N M N{f < s} and let g9 > 0 given by Proposition [5.9] (with 7 = 27%)
below in so that in particular, egR < 27*R < ju(Ba-ap) by (5.7). We then define
to=sup{s>0: p(FEsN Byg-1p) < eR} < o0,
so that for all ¢t > ¢,
w(Ey, N By-ag) < egR < p(Ey N By-apg). (5.28)
As in [30, Theorem 20.9], we prove that

to < VR, (5.29)

for some constant ¢ = ¢(¢1, @) > 0. To this aim, we consider the Lipschitz function § : Br(zg) —
R™ defined by

g = max{log(to + vR) — log(f +vR),0} = (log(to +vR) — 9)1g,, >0

so that [VMg| = [VMg| in E, and Vg = 0 in Br(zo) \ Ey,. Since By-1r C Bg(xo), by (5.20)
together with (5.28]), we have

(B, N By-ag) < o R, |H|dp < eo.
EigNBy—ap

We can thus apply Proposition to the function g, the set W = E;, N By-ap and 7 = 274, and
get that

sup ggA/ VMg dp
By-ap
On the other hand, by (5.27)),
|VMgldu < .
By-ap

In particular we have § < A¢ on M N Ey, N By-sp i.e.
log(f +~R) > log(to + vyR) — A¢ on M N E;, N By-spg,
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and passing to the exponential yields
f+YR>e 2ty +~vR) > e Mty on MN E, N By-spg.
Finally, since f > 0in M, 0 € M and f(0) = 0, then infyne,,nB f =0 and

2-5R

R> inf R) > toge e,
gl _MOEtZIrgBTSR(fﬂW ) = toe

This concludes the proof of (5.29) with ¢ = .
Step 3. We now set s; = log(to + vR) and sy = log(to +vR) + % with ¢ > 0 given by (5.27)).
For s > s, we introduce
Ey=Br(zo))"MN{g<s}=FEe_,, Vi=V0L(E,xG;) and p,=py, =plLE,,
so that V; is a 1-rectifiable integral varifold in B;. In particular, we have Esl = E,, and for every
s € (s1,82), using (5.28)) with ¢t = e®* — yR > e°* — yvR = ty, we obtain
MS(BQ*‘;R) = /,L(Et N B2—4R) Z EoR. (530)

Regarding the first variation §Vj, g is smooth and we can apply the slicing Theorem for varifolds, [I,
Theorem 2, Section 4.10], together with (5.27)) to infer that 6V; is a Radon measure and moreover,

/ 6V, |(Bagys) ds < / 0V|(Barys N ) ds + / VMg dy

s1 S1 Burys
< (52— 51)|6V|(Banys) + / VMgl dp < (52— s1)7+ 6,
Byrys

where we used that Byp/s C Br(ro) and the definition (5.17)) of v in the last inequality. We recall
that so — s1 = % Therefore, by the mean value formula there exists s. € (s1, s2) such that

1 52
|§Vg* (B4R/5) S 59— 51 / |(SV.;|(B4R/5) ds S Yy + €o. (531)
S1
According to (5.29), we have
f+yR<e’ <e” =(th+ vR)e% <AYR in E, (5.32)

where A = (¢ + 1)6% only depends on « and ¢y, so that by (5.22]),

1
VM fldu < AR
/ES*OB4R/5 Es*ﬁB4R/5 f + ’YR

Notice that from (5.21)), for x € M and 7 € T, M N S!, we have
‘HTmM - 1_[R€1 |2 = 2(T : 62)2 = |va($)|2,

VM fldp < eAvR. (5.33)

and thus (5.33) yields
[ M= tn e, = [ 19Vl dp, <carm (5.34)
Byrys Byrys
Applying Lemma with Ry = 27*R, Ry = 273R and L = 272R, and noticing that
K= U By-sp(ter) C Barys,
t€(0,2-2R)

we get using (5.20), (5.30)), (5.31) and (5.34]),

5

"R

(Barys)

Tz, ar — HRe, | dps,
Biry/s

_ R
fis. (Ba-2g(27°Re1)) > pis. (Bo-ap) — 1 <|5V5*

R
> eoR — (7 +20) — 8eAYR > %OR — &yR, (5.35)
for some constant ¢ = é(c1, a) > 0. According to our choice of v in (5.20]), we have v < ¢ so that

Us., (Bzst(Q_QRel)) > %R > 0.
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Since by (5.32), Es. C {g < s.} C {f < AyR} we infer that
1 ({f < AYR} N By-sr(27%Rey)) > p (Es* N B2*3R(272R61)> = is, (Ba-3g(27*Rey)) >0
and eventually, any element z € {f < AyR} N By-sp(272Rey) N Supp(p) # 0 satisfies
z2€ M N Brjp, 212> 23R and 2z = f(2) < AYR,
which completes the proof of the lemma. O
5.2. Some technical results. The following result is a simplified variant of [30, Lemma 21.1].

Lemma 5.8. Let g: R — R™. Then, for every t > 0 and every X € (0,1), there exists 0 < r <t
such that

9(r/X) < 2271 (r + g(r)).

Proof. Set f(r) =r+g(r) for r > 0. Assume that the conclusion does not hold for some ¢ > 0 and
A € (0,1) so that for all r € (0, ¢],

A
fr)=r+4g(r) <59(r/A).
For each n > 0, we define r,, = A"t <t 1so that,

Flrnn) < So(ra) < 5 f(ru).

and thus, by induction,

A" Tn
< — = — .
ren) < (3) 160 = 45260
Let n be large enough so that f(¢)2™" < At, we get a contradiction with the fact that f(r,) >
T O

The following result states a Poincaré-Sobolev type inequality on varifolds, for Lipschitz func-
tions vanishing on a large part of the domain. Notice that it also follows from [30, Theorem 9.1]
(or [BIL Theorem 10.1]) which we partially reproved in our situation for the reader’s convenience.

Proposition 5.9. For every 7 € (0,1), there exists g = eo(a,7) > 0 such that the following
property holds: let z € M, v € (0, Ry, g : By(z) = RT and W C B,.(x) be a Borel set. Suppose
that

g=0o0on MNB(x)\W, pnW)<egr, / |H|dp < .
w
Then

sup g < A/ VMgl dp,
MﬂB% () B, (z)

for some constant A > 0 only depending on «.

Proof. Set @ =1, M =2 and let A = A(2) > 0 be the constant given by [31} Corollary 7.11]. Fix

A—l
o < min{;ZT,A_l}. (5.36)

We define the (vector) Radon measure T € M(B,(z) x R;R?) by
2.0 = [ o) Vo) duty) for al ¢ € CulB ) x i),

We then have that
[T1(B (o) x B) = [T1(B. (o) x Re) = [ [9¥g]dp. (5.37)

B, (z)
Next, for s € R4, we introduce the Borel set F; = {g > s} C W and, as in [3I], Definition 5.1],
we define the distributional V-boundary of Fy as
VOF, := 6V L F, —6(VL(F, x Gy)) € D'(B,(z); R?),
ie.

Vc’)FS(C):/FH-Cdu—/Fdingdu for ¢ € C°(B,(z); R2).
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Then, by [31, Theorem 8.30] (see also [I, Theorem 2, Section 4.10]) and (5.37), VOF} is a Radon
measure for a.e. s € Ry and the following coarea formula holds:

+oo
/ VM g| dp = |T|(Boo () x Ry) = / VOE,|(B,(x)) ds . (5.38)
Brr(z 0

Let s € Ry such that VOF; is a Radon measure and furthermore assume that s < supynp., (2) 9-
2

Then, M N Fs N Bzz(x) # () and by continuity of g, there exists a small ball By(2) C Fs N Bzr (z)
with z € M N FyN Bz (z) and ¢ < Ry. By (5.7), p(B,y(2)) > ¢ > 0 and consequently

w(FsN Bzx(z)) > 0. (5.39)
We now apply the relative isoperimetric inequality, [31, Corollary 7.11], with U = B,.(x), B =
0B, (z), E=Fs, Q@ =1 and M = 2. By our choice of ¢ in (5.36]), as Fx C W then in particular

w(Fs N Brp(x)) < gor < min{%,A‘lg} and / |H| dp < eg < AL
Fy

so that the assumptions of [31, Corollary 7.11] are met and we get thanks to
AJVOE,|(Byr(x)) > pl(Fy O Ba (2))° = 1.
Therefore, integrating over s from 0 to sup,;n Bz (2) g and applying , we obtain
A/ \VMgldp> sup g,
Brr(z) MNBzr(z)
and the proof is complete. O
The next result is a specific version of [30, Lemma 21.6].

Lemma 5.10. Let W = v(M,0) € V1(R?) be a 1-rectifiable varifold with bounded first variation.
For every Ry > Ry > 0 and every L > 0, let

K= |J Br,l(ter).
te(0,L)

Then

7

2
pov (B (L))~ e (B) = L (10W106) + 12 [ e, = el dy ).
Ry — Ry Jg
where Il1, ps denotes the projection onto the line T, M.

Proof. Let x € C°(R?;[0,1]) be a cut-off function with 15, < x < 1g,_, Supp(x) C Bg, and
Vx| <2/r with r = Ry — Ry. For t € (0, L), we define

o) = [ o= ter) (o).
R2
We compute for ¢ € (0, L)
o' (t) = 7/ Vx(z —tey) - ex duw ().
R2
For xz € M, let 7 € S'NT, M and v € S! such that v -7 = 0, then

—'(t) = /RQ(VX(Z’ —tey) - 7)(7-e1)dpw(x) + /R2 (Vx(z —ter) -v)(er - v) duw ().

If £ = x(- — ter)e; we get that for z € R?,
divMe(x) = (DE(x)T) -7 = —(Vx(z — te)) - 7)(T - e1)
so that, by definition of the first variation of V,
'/ (Vx(xz —ter) - 7)(7 - e1) duw (z)| = '/ divad,uW‘ < [oW|(K),
R? R?

where we used that Supp(¢) C Bg,(te;) C K and [¢| < 1.
For the second term we notice that since e; = Ilge, (€1) we have

(e1-v)v=-e1 —p,pm(e1) = (Mre, — Hrar)(e1)
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and consequently

\ [ e = ter) o) ) 0

2 2
< 2 [ e vl < 2 [ e, — Tl duaw,
T JK " JK

In conclusion, we obtain that for ¢ € (0, L),

2
/(0] < 18WICK) + > [ Mae, = Tirarldpy.

Since ¢(0) > pw (Br,) and ¢(L) < pw (Bgr,(Le1)), the conclusion follows. O
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