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Abstract. This paper studies the effect of anisotropy on sharp or diffuse interfaces models.
When the surface tension is a convex function of the normal to the interface, the anisotropy

is said to be weak. This usually ensures the lower semicontinuity of the associated energy. If,

however, the surface tension depends on the normal in a nonconvex way, this so-called strong
anisotropy may lead to instabilities related to the lack of lower semicontinuity of the functional.

We investigate the regularizing effects of adding a higher order term of Willmore type to the
energy. We consider two types of problems. The first one is an anisotropic nonconvex generaliza-

tion of the perimeter, and the second one is an anisotropic nonconvex Mumford-Shah functional.

In both cases, lower semicontinuity properties of the energies with respect to a natural mode
of convergence are established, as well as Γ-convergence type results by means of a phase field

approximation. In comparison with related results for curvature dependent energies, one of the

original aspects of our work is that, in the context of free discontinuity problems, we are able to
consider singular structures such as crack-tips or multiple junctions.
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1. Introduction

Anisotropic sharp interface models involve a surface tension density depending on the orientation
of the unknown interface. It thus contains preferable directions, leading to crystalline surfaces due
to the formation of facets, corner or wrinkling. When the surface tension is a convex function of the
normal to the interface, the anisotropy is said to be weak, and the associated variational problem or
the underlying PDE is in general well-behaved. If however, the anisotropy is strong, which means
that the surface tension is a non convex function of the normal, the problem becomes unstable
since several directions might be forbidden. From a mathematical standpoint, it corresponds
to a loss of ellipticity of the underlying set of PDEs, or a lack of lower semicontinuity of the
associated energy. It naturally arises in many applications such as phase transitions or epitaxial
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growth [23, 19, 51, 39]. In the context of fracture mechanics, tearing experiments on brittle thin
sheets with strongly anisotropic surface energy lead to observed crack path which happen to be
inconsistent with those analytically predicted (see e.g. [27] and references therein).

From a variational point of view, which is the one adopted in the present work, a generic and
formal way to formulate strongly anisotropic interfacial problems consists in minimizing an energy
functional of the form

Γ 7→ E(Γ) :=
∫
Γ

φ(νΓ) dHd−1,

among all possible (d− 1)-dimensional hypersurfaces Γ ⊂ Ω (say without boundary) subjected to
suitable external constraints. In the previous expression, Ω ⊂ Rd is a bounded open set with d = 2,
3, Hd−1 stands for the (d− 1)-dimensional Hausdorff measure, νΓ is a normal vector to Γ (which
is well defined provided Γ is smooth enough) and φ : Rd → R+ is a continuous, 1-homogeneous,
even but not necessarily convex surface tension. Minimizing this kind of interfacial energies might
lead to the formation of microstructures due to fast oscillations of minimizing sequences {Γn}n∈N.
Indeed, it might be energetically convenient to allow the normals νΓn

to highly oscillate between
finitely many fixed directions, in such a way that the sequence of sets {Γn}n∈N ‘weakly converges’
to a limit (generalized) set Γ whose energy is strictly lower than the value of the infimum. This is
a typical behavior of variational problems lacking lower semicontinuity.

A possible remedy consists in relaxing the original energy E , i.e., replacing it by its lower
semicontinuous envelope E with respect to a natural topology for which the energy is coercive. In
the formal framework described above, it consists in replacing φ by its convex envelope φ∗∗ (see
e.g. [28] when Γ is the boundary of a set) so that

E(Γ) =
∫
Γ

φ∗∗(νΓ) dHd−1.

The so-called relaxed problem now becomes well-posed in a suitable mathematical framework, in
the sense that minimizing sequences for E converges to (generalized) solutions of E and inf E =
min E . From a mathematical point of view, the relaxation procedure is perfectly satisfactory
because high oscillations of minimizing sequences are ruled out. However, it has the drawback of
modifying the underlying physics by suppressing the possible nucleation of new facets orientated
within the nonconvex region.

Another possibility is to add a higher order term of curvature type (the so-called Willmore
energy). This penalizes spatial oscillations and regularizes the problem. It leads to a regularized
energy functional as in [23]

Γ 7→ E(λ)(Γ) :=

∫
Γ

φ(νΓ) dHd−1 + λ

∫
Γ

|HΓ|2 dHd−1,

where λ > 0 is a (fixed) weight parameter, and HΓ = (divΓνΓ)νΓ is the mean curvature vector of
Γ. Although not obvious, it is expected that the presence of the higher order term HΓ improves
the compactness properties of minimizing sequences {Γn}n∈N for E(λ), so that Γn should now
converge in a stronger way to some (generalized) set Γ, making it possible to pass to the limit
in the nonconvex term, without appealing to any type of relaxation. Let us point out that the
behavior of (volume-constrained) minimizers for small λ has been investigated in [50, 11, 34, 35].
See also [22] for the application of this idea in a different context.

The first objective of the present work is to investigate the lower semicontinuity properties of
this type of problems when Γ = ∂E is the boundary of a set E. Set

F(E) := E(1)(∂∗E) =

∫
∂∗E

φ(νE) dHd−1 +

∫
∂∗E

|HE |2 dHd−1. (1.1)

Postponing precise definitions to the next sections, our first main result is the following lower
semi-continuity result, see Theorem 1.1.

Theorem 1.1. Let {En}n∈N be a sequence of sets of finite perimeter in Ω converging in L1 to a
set E of finite perimeter in Ω. If VE has bounded first variation in L2

µE
(Ω;Rd), then

lim inf
n→∞

F(En) ≥ F(E).
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Remark 1.2. Let us point out that this result, just like Theorem 1.3 and Theorem 1.4, comes
with a compactness statement which is transparent from the proof. However since we need to
assume a priori some regularity of the limit set we do not include it.

Another important question for such sharp interface variational problems is the approximation
by means of phase field models. This has a long history, going back to [33] where a so-called
Modica-Mortola (or Allen-Cahn) approximation is proposed to approximate the classical perimeter
functional in the sense of Γ-convergence. Regarding the variational approximation of the sum of
the isotropic perimeter and Willmore functionals, a phase field approximation result has been
established in [43, 38] answering a long standing conjecture of De Giorgi (see also [28] in the case
of weakly anistropic surface energies). Following [51, 28], we investigate here the case of strongly
anisotropic surface energies. Let φε be a suitable smooth approximation of φ, see (3.6). We
introduce the phase field energy functional Fε : H

2(Ω) → R by

Fε(v) =
1

c0

∫
Ω

φε (∇v)
(
ε

2
|∇v|2 + 1

ε
W (v)

)
dx+

1

c0

∫
Ω

1

ε

(
−ε∆v + 1

ε
W ′(v)

)2

dx. (1.2)

Here W (z) = (1 − z2)2 is the standard double-well potential and c0 =
∫ 1

−1

√
2W (z) dz. In the

absence of the second term, and if the surface tension φ ≡ 1, the first contribution of the energy
corresponds exactly to the classical Modica-Mortola Γ-convergence approximation of the perimeter
functional. It is established in [28] that the first term alone gives rise in the limit to the relaxed
anisotropic perimeter ∫

∂∗E

φ∗∗(νE) dHd−1,

where φ∗∗ is the convex hull of φ. The second contribution in the energy functional Fε is exactly
the same as in [43]. It corresponds to a phase field approximation of the Willmore energy∫

∂∗E

|HE |2 dHd−1.

Again in [28], it is established that if φ is convex, Fε Γ-converges to F provided ∂E is C2.
Let us point out that following [51], in the first term of Fε, the anisotropy is carried out by

multiplying the Modica-Mortola energy density by φε(∇v). It is argued in [51] that this is crucial
in order to have an interfacial layer independent of the orientation which is then compatible with
the optimal profile of the curvature term. This is in contrast with other phase field models such
as [41, 52]. See also [14] for a thorough review of phase field approximations of curvature energies.

Our second main result, Theorem 1.3, corresponds to a generalization of the result [28] to general
anisotropies φ.

Theorem 1.3. Let d = 2, or d = 3, let Ω be a bounded open subset of Rd and let E be a set of
finite perimeter in Ω such that VE has bounded first variation in L2

µE
(Ω;Rd).

(i) Lower bound: If {vε}ε>0 ⊂ H2(Ω) is such that vε → 1E − 1Ω\E in L1(Ω), then

F(E) ≤ lim inf
ε→0

Fε(vε).

(ii) Upper bound: If additionally ∂E is a C2-hypersurface, there exists a sequence {v̄ε}ε>0 in
H2(Ω) such that v̄ε → 1E − 1Ω\E in L1(Ω) and

F(E) = lim
ε→0

Fε(v̄ε).

For both Theorem 1.1 and Theorem 1.3, we strongly rely on the existing results on lower semi-
continuity and phase field approximations [48, 43] which are naturally expressed in the language
of varifolds. With these results at hand, the proofs of both theorems are quite short (and might
be seen as warm ups for the free-discontinuity counterparts, see below). The main observation
we are making and which seems to have remained unnoticed so far, see e.g. [28], is that varifold
convergence together with rectifiability of the limit imply convergence of the anisotropic perimeter
term. This is the analog of the property that for sequences of functions, strong convergence is
equivalent to the fact that the generated Young measures are Dirac masses, see [42]. The lower
bound in Theorem 1.3 rests on a locality property for the mean curvature of varifolds in order
to compare the curvature of ∂E with the curvature of the limit varifold (which has natural semi-
continuity properties), see [4, 48, 26]. Moreover, as can already be seen for d = 2 in [7], the
relaxation of F must be non-local and a good understanding of its structure for d = 3 is still
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missing. The restriction on the regularity on ∂E in the upper bound of Theorem 1.3 comes from
the difficulty of approximating varifolds in energy by smooth sets. This is a common limitation in
this setting, see [43, 32]. See however [44] for some recent progress on this question.

The second type of sharp interface models with curvature penalization we are interested in,
are motivated by applications to fracture mechanics involving brittle materials with strongly
anisotropic surface energies, see [27].

In a two-dimensional antiplane setting (d = 2), the variational approach to fracture introduced
in [20, 9] is based on the global minimization of a Mumford-Shah type functional

u 7→MS(u) :=

∫
Ω\Ju

|∇u|2 dx+

∫
Ju

φ(νJu
) dH1, (1.3)

where u ∈ SBV 2(Ω) is a scalar function corresponding to an antiplane displacement, and the
crack is assimilated to the jump set Ju of u. In the isotropic case, φ ≡ 1, we recover the classical
Mumford-Shah energy. Under external loadings and/or boundary conditions, the direct method
in the calculus of variations easily leads to the existence of minimizers for MS in the case of weak
anisotropy, i.e. if φ is a convex function. In addition, a phase field approximation result due to
Ambrosio-Tortorelli has been established in [5, 18].

If however, φ is nonconvex, the problem might develop spatial oscillations as explained above.
Therefore, the existence of minimizers for MS and the variational approximation by means of an
Ambrosio-Tortorelli type functional is not guaranteed anymore because of a lack of lower semi-
continuity of MS. Once more, a possible remedy is to penalize spatial oscillations by introducing
a curvature term inside the free energy. Contrary to the previously described problem, the crack
Ju has no reason to be a boundaryless 1-dimensional set so that one has to account both for
possible endpoints (the so-called crack-tips) as well as multiple junctions in Ju. The following
curvature dependent Mumford-Shah functionals has been introduced in [15, 12] in the context of
image reconstruction (in the isotropic case),

Ĝ(γ)(u,C, P ) :=

∫
Ω\C

|∇u|2 dx+

∫
C

(φ(νC) + |HC |2) dH1 + γH0(P ). (1.4)

Here γ > 0 is a weight parameter, C is a finite union of curves with endpoints P and u ∈ H1(Ω\C).
Notice in particular that this implies that if we consider u ∈ SBV 2(Ω), then Ju ⊂ C. This
formulation is closer in spirit to the orginal strong formulation of the Mumford-Shah functional in

[37] than its weak counterpart (1.3). Existence of minimizers for Ĝ(γ) (with an extra fidelity term)
has been obtained in [15] and a phase field approximation has been proposed in [12]. However,
as opposed to the phase field approximation in (1.2), the curvature was approximated by the
more nonlinear term div

( ∇v
|∇v|

)
. While this greatly simplifies the analysis, the question of an

approximation through a phase field model more similar to (1.2) was raised in [12, Section 7]. One
of the main objectives of this paper is to answer positively this question. Since we will build upon
[48, 43], it is more natural for us to work in the SBV framework. We thus introduce the sharp
interface energy,

G(γ)(u) :=

∫
Ω\Ju

|∇u|2 dx+

∫
Ju

(φ(νJu
) + |HJu

|2) dH1 + γH0(PJu
),

We will restrict ourselves to functions u ∈ SBV 2(Ω) with a jump set Ju made of a finite family of
curves. Here PJu

denotes the finite set of endpoints of the curves in Ju (counting both multiple
junctions and true endpoints). We first prove in Theorem 4.4 below a lower semicontinuity result
for G(γ). To some extent it can be seen as an alternative proof, but under a more restrictive set
of assumptions, of the results from [15, 12]. While we include it mostly for presentation purposes,
as it illustrates in a simpler setting some of the ideas behind the proof of the lower bound for
the phase field approximation, let us make the following observation. Since, in the notation of
(1.4) we assume that Ju = C, such a lower semicontinuity property can only hold provided the
coefficient γ is small enough (as in the statement of Theorem 4.4). Here smallness depends only on
the smoothness of Ju\PJu

, the mutual distances between the points in PJu
as well as the distance

of PJu
from ∂Ω. Indeed, if two points in PJu

are very close to each other, it can be energetically
favorable to add a small jump set connecting these points (and thus paying the distance between
them) rather than having two crack-tips (which come with a fixed cost of 2). In the language of
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(1.4) this amounts to C ̸= Ju. This is somewhat related to the relaxation phenomenon for the
elastica studied in [7] and already mentioned above. Besides [48] the main ingredient for this lower
semicontinuity results is Lemma 4.3 which states that if a varifold with curvature in L2 contains a
set with singular curvature, then either its length or its Willmore energy should be bounded from
below. Interestingly, the proof relies mostly on the monotonicity formula even though the energy
we consider is anisotropic.

We present now the phase field approximation of G(γ) that we consider. It is an anisotropic
variant of the one proposed in [12, Section 7]. The idea is to have a first phase field variable
v as in the Ambrosio-Tortorelli model and a second phase field variable w to approximate the
point energy H0(PJu). We first point out that as observed in [12], since the optimal profile
of the classical Ambrosio-Tortorelli functional is not H2, it is not suited for the approximation
of curvature energies. Following [12], we thus consider a Modica-Mortola approximation with a
penalization of the size of the set {v = −1}. In the language of (1.1) this amounts to require that
|E| → 0. Another possible solution would be to detect the jump set of u through the derivative of
the optimal profile for the Modica-Mortola energy as very recently suggested in [13]. Let us now
discuss the point energy. For this we repeat the heuristics from [11, 12]. For every β > 0, let us
consider the functional

Fβ(E) =

∫
∂E

(β−1 + β|HE |2)dH1.

By the Cauchy-Schwarz inequality and Gauss-Bonnet formula, we have

Fβ(E) ≥ 2

∫
∂E

|HE |dH1 ≥ 4π (1.5)

with equality if and only if E is a ball of radius β. We thus consider for βε → 0 a phase field
approximation of Fβε as in (1.2) and set

Gε,β(w) =
1

c0β

∫
Ω

(
ε

2
|∇w|2 + 1

ε
W (w)

)
dx+

β

c0ε

∫
Ω

(
−ε∆w +

1

ε
W ′(w)

)2

dx.

For all (u, v, w) ∈ H1(Ω)× [H2(Ω)]2, we then introduce the following energy functional

G(γ)
ε (u, v, w) =

1

4

∫
Ω

(1 + v)2|∇u|2 dx+
1

2c0

∫
Ω

φε (∇v)
(
ε

2
|∇v|2 + 1

ε
W (v)

)
dx

+
1

8c0

∫
Ω

1

ε

(
−ε∆v + 1

ε
W ′(v)

)2

(1 + w)2 dx (1.6)

+
γ

4π
Gε,βε

(w) +
1

ηε

∫
Ω

(1− v)2 dx+
1

ηε

∫
Ω

(1− w)2 dx,

where ε > 0, ηε > 0 and βε > 0 are infinitesimal parameters which satisfy the following scaling
laws as in [12]

lim
ε→0

ε| log ε|
βε

= lim
ε→0

βε
ηε

= 0.

Notice that just like ∇u is not penalized in the regions where v = −1 (as in the classical Ambrosio-
Tortorelli approximation), the curvature of Ju, which is approximated by the term on the second
line of (1.6), is not penalized in the regions where w = −1. This is essential in order to approximate
jump sets with crack tips or multiple junctions.

As in the case of the perimeter, we need to assume some regularity of the admissible jump sets
Ju. We assume here that Ju is the finite disjoint union of C2 curves possibly intersecting at their
endpoints PJu . At each of these end points, Ju has an infinite curvature. We further assume that
at multiple junctions the sum of the tangent vectors vanishes. This means that the generalized
curvature (in the sense of varifolds) has a Dirac mass at all points of PJu

. Unfortunately, the case
of multiple junctions with zero curvature is more delicate and remains out of reach at the moment,
see Remark 4.1. Our main result is then (see Theorem 1.4 and (2.11) for the definition of A(Ω))

Theorem 1.4. Let u ∈ A(Ω).
(i) Lower bound. There exists γ0 = γ0(u) > 0 such that for all γ ∈ (0, γ0) the following

property is satisfied: for all {(uε, vε, wε)}ε>0 ⊂ H1(Ω)× [H2(Ω)]2 such that (uε, vε, wε) → (u, 1, 1)
in [L1(Ω)]3 we have

G(γ)(u) ≤ lim inf
ε→0

G(γ)
ε (uε, vε, wε).
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(ii) Upper bound. There exists a sequence {(ūε, v̄ε, w̄ε)}ε>0 in H1(Ω) × [H2(Ω)]2 such that
(ūε, v̄ε, w̄ε) → (u, 1, 1) in [L1(Ω)]3,

G(γ)(u) = lim
ε→0

G(γ)
ε (ūε, v̄ε, w̄ε).

The restriction on γ in Theorem 1.4 has its root in the use of Lemma 4.3 just as in the derivation
of Theorem 4.4, see the discussion above. The main idea in the proof of Theorem 1.4 is contained
in Proposition 4.5. It states that if the phase field variable wε is not uniformly close to 1 (say in a
ball B), then the phase field energy involving wε inside B

Gε,βε
(wε, B) =

1

c0βε

∫
B

(
ε

2
|∇wε|2 +

1

ε
W (wε)

)
dx+

βε
c0ε

∫
B

(
−ε∆wε +

1

ε
W ′(wε)

)2

dx

must be bounded from below by 4π. This is sharp as seen from (1.5). The difficulty actually lies in
extending the geometric argument leading to (1.5) to the phase field energy Gε,β . The argument
rests on a blow-up argument around a point x0 ∈ Ω such that wε(x0) is far away from 1. Using
the results of [43], one shows that

lim inf
ε→0

Gε,βε
(wε, B) ≥ 2

∫
R2

|HV | dµV , (1.7)

for some 1-rectifiable integral varifold V in R2, with square-integrable first variation. Using the
monotonicity formula as in [40], it is not hard to bound the right-hand side from below by 4
which is unfortunately not sharp as already noticed in [40]. This is related to derivation of Li-
Yau inequalities for varifolds through monotonicity formula which are sharp for d = 3 but not
for d = 2, see [25, 40, 36]. Let us point out that in order to prove that the limit varifold V
is non-trivial, we use in Step 2 of the proof of Proposition 4.5 a variant of the argument from
[40] but at the ε−level. Going back to the optimal lower bound in (1.7) the question is thus to
generalize the Gauss-Bonnet formula for 1-rectifiable integral varifolds inR2 with square-integrable
first variation. Although such objects are expected to enjoy good geometric properties (see e.g. [2]
where it is proved that 1-rectifiable, integral stationary varifolds are a locally finite sum of segments
with constant multiplicities inside each of the segments), the generalization of the Gauss-Bonnet
formula to varifolds seems to be a serious issue. In the 2014 preprint [30], a sharp lower bound
on the mean curvature for m-rectifiable integral varifolds in Rn with p-integrable first variation is
obtained under the critical assumption 2 ≤ p = m = n−1 (see [29, Theorem 24.1]). Unfortunately,
our case does not fit within this set of assumptions since p = 2, n = 2 and m = 1. For that reason,
we dedicate an Appendix in which we derive the Gauss-Bonnet formula (Theorem 5.1) needed for
our purpose by closely following and adapting the arguments from [30] to our specific situation.
The main point is to prove a Lusin type property of the Gauss map, see Proposition 5.3 and [45, 46]
for related results. Since our goal is much more modest than in [30] (restricting in particular to
1−dimensional varifolds), our proofs are often shorter and the notation lighter than those from
[30]. We hope that our Appendix could also help shed light on [30] which seems to have remain
relatively unnoticed, see e.g. [40].

The paper is organized as follows. In Section 2, we introduce notation and the mathematical
background needed for our subsequent analysis. Section 3 is devoted to the study of strongly
anisotropic perimeters with curvature penalization. Theorem 1.1 provides a lower semicontinu-
ity property of the functional F , while Theorem 1.3 shows a Γ-convergence type approximation
result by means of the phase field energy Fε. In Section 4, we carry out the analysis of the
strongly anisotropic Mumford-Shah energy with curvature penalization. Theorem 4.4 shows a
lower semicontinuity result of G(γ) for small enough weight parameter γ > 0. Theorem 1.4 gives

a Γ-convergence type results of G(γ) by means of the phase field energy G(γ)
ε . Eventually, the

Appendix is devoted to show the generalized Gauss-Bonnet formula, Theorem 5.1, for varifolds.

2. Preliminaries

2.1. Radon measures. The Lebesgue measure in Rd is denoted by Ld, and the k-dimensional
Hausdorff measure by Hk. We will write ωk for the Lk-measure of the k-dimensional unit ball in
Rk.
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Let X be a locally compact metric space and Y be an Euclidean space. We denote by M(X;Y )
(or simply M(X) if Y = R) the space of bounded Radon measures in X. By the Riesz representa-
tion Theorem, M(X;Y ) can be identified with the topological dual of C0(X;Y ), the space of all
continuous functions f : X → Y such that {|f | ≥ ε} is compact for all ε > 0. Similarly, the space
of Radon measures Mloc(X;Y ) (or simply Mloc(X) if Y = R) is identified with the topological
dual of the space Cc(X;Y ) of all continuous functions f : X → Y compactly supported in X.

Let Ω ⊂ Rd be an open set, µ ∈ Mloc(Ω) be a non negative Radon measure and 1 ≤ k ≤ d.
The k-dimensional density of µ at x ∈ Ω is defined by

Θk(µ, x) := lim
ϱ→0

µ(Bϱ(x))

ωkϱk

provided the limit exists.

2.2. Rectifiable sets. A set M ⊂ Rd is countably Hk-rectifiable if there exist countably many
Lipschitz functions fi : R

k → Rd, i ∈ N, such that

Hk

(
M \

(⋃
i∈N

fi(R
k)

))
= 0.

IfHk(M) <∞, thenM admits an approximate tangent space, denoted by TxM , atHk-a.e. x ∈M ,
see [3, Theorem 2.83]. We denote by Θk(M,x) := Θk(Hk M,x) the k-dimensional density of M
at x and recall the Besicovitch-Mastrand-Mattila Theorem which states that Θk(M, ·) = 1 Hk-a.e.
in M , while Θk(M, ·) = 0 Hk-a.e. in Rd \M , see [3, Theorems 2.56 and 2.63].

It is known that the previous definition of rectifiability is equivalent to require that Hk-almost
every M can be covered by a countable union of k-dimensional C1-submanifolds. If one further
assume the submanifolds to be of class C2, then the set M is said to be C2-rectifiable.

2.3. Sets of finite perimeter. Let Ω ⊂ Rd be an open set. A Lebesgue measurable set E ⊂ Rd

is said to have finite perimeter in Ω if D1E ∈ M(Ω;Rd). In that case, we have

D1E = νEHd−1 ∂∗E,

where ∂∗E is the reduced boundary of E (a countably Hd−1-rectifiable set), and νE is the ap-
proximate inner unit normal to E (see [3, Theorem 3.59]). We denote by P (E,Ω) = |D1E |(Ω) =
Hd−1(∂∗E ∩ Ω) the perimeter of E in Ω.

2.4. Varifolds. Let us recall several basic ingredients of the theory of (co-dimension 1) varifolds
(see [49] for a detailed description). We denote by Gd−1 the Grassmannian manifold of all (d− 1)-
dimensional linear subspaces of Rd. The set Gd−1 is identified with the set of all orthogonal
projection matrices onto (d− 1)-dimensional linear subspaces of Rd, i.e., d×d symmetric matrices
A such that A2 = A and tr(A) = d − 1, in other words, matrices of the form A = Id − e ⊗ e for
some e ∈ Sd−1.

A (d − 1)-varifold in Ω is a Radon measure on Gd−1(Ω) := Ω × Gd−1. The class of (d − 1)-
varifolds in Ω is denoted by Vd−1(Ω). The weight measure of V ∈ Vd−1(Ω) is the nonnegative
measure µV ∈ Mloc(Ω) defined by µV (B) = V (B×Gd−1) for all Borel sets B ⊂ Ω. We define the
first variation of a (d− 1)-varifold in V in Ω as the first order distribution

δV (ζ) =

∫
Gd−1(Ω)

Dζ(x) · S dV (x, S) for ζ ∈ C1
c (Ω;R

d) .

The varifold V is said to have bounded first variation in Ω, if the distribution δV extends to a
bounded Radon measure in Ω. In that case, the Besicovitch differentiation Theorem shows that
δV splits into

δV = −HV µV + σ,

where HV ∈ L1
µV

(Ω;Rd) is the generalized mean curvature of V and σ ∈ M(Ω;Rd) is singular

with respect to µV . We say that V has bounded first variation in Lp
µV

(Ω;Rd), p ≥ 1, if σ = 0 and

HV ∈ Lp
µV

(Ω;Rd).

Let M ⊂ Ω be a countably Hd−1-rectifiable set, and θ : M → R+ be a locally Hd−1-integrable
(multiplicity) function. A particular class of varifolds is that of (d − 1)-rectifiable varifolds V =
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v(M, θ) which can be written as∫
Gd−1(Ω)

Φ(x, S) dV (x, S) :=

∫
M

Φ(x, TxM)θ(x) dHd−1(x) for Φ ∈ Cc(Gd−1(Ω)).

In that case, the weight measure is given by µV = θHd−1 M . We will denote by νV an approx-
imate unit normal to the rectifiable set M . Let us point out that since we mostly work in the
framework of (unoriented) varifolds, all quantities involved will not depend on the choice of the
normal. If further θ ∈ N Hd−1-a.e. in M , then V is called (d− 1)-rectifiable integral varifold. We
will sometimes denote by VM = v(M, 1), µM = µVM

and, if VM has bounded first variation in Ω,
by HM := HVM

the generalized mean curvature of VM .
If M = ∂∗E for some set E of finite perimeter in Ω, we write VE = V∂∗E , µE = µ∂∗E , and

HE = H∂∗E .

Let us recall the following monotonicity formula, see [40, Theorem 2.2], which will be used
throughout the paper.

Lemma 2.1. Let Ω ⊂ R2 be an open set and V ∈ V1(Ω) be a (non zero) 1-rectifiable integral
varifold with bounded first variation in Lp

µV
(Ω;R2), with p > 1. Then, for every x0 ∈ Ω and r > 0

with Br(x0) ⊂ Ω, Θ1(µV , x0) exists and

Θ1(µV , x0) ≤
µV (Br(x0))

2r
+

1

2

∫
Br(x0)

|HV | dµV . (2.1)

Moreover, if Ω = R2 and µV (R
2) <∞, then

µV (Br(x0))

r
≤
∫
R2

|HV | dµV . (2.2)

Proof. The fact that Θ1(µV , x0) exists for any x0 follows from [49, Corollary 17.8]. Formulas (2.1)
and (2.2) can be inferred from the proof of [40, Theorem 2.2] (though not stated under this form).
For the reader’s convenience we include some details. By [40, (18)], for every x0 ∈ Ω and 0 < r < R
with BR(x0) ⊂ Ω,

µV (Br(x0))

r
+

1

r

∫
Br(x0)

HV (x) · (x− x0) dµV (x) ≤
µV (BR(x0))

R

+

∫
BR(x0)

HV (x) ·
(
x− x0
R

− x− x0
|x− x0|

1BR(x0)\Br(x0)

)
dµV (x).

On the one hand, keeping R > 0 fixed and letting r → 0, since HV ∈ Lp
µV

(Ω;R2) with p > 1 yields
(2.1).

On the other hand, if Ω = R2 and µV (R
2) <∞, we can now keep r > 0 fixed and let R → ∞.

Since HV ∈ L1
µV

(R2;R2), we obtain by dominated convergence

µV (Br(x0))

r
≤ −1

r

∫
Br(x0)

HV (x) · (x− x0) dµV (x)−
∫
R2\Br(x0)

HV (x) ·
x− x0
|x− x0|

dµV (x)

≤
∫
R2

|HV | dµV ,

leading to (2.2). □

Let us next state the following version of the Sobolev-Michael-Simon inequality (see [1, Theorems
7.1 and 7.3]).

Theorem 2.2. There exists a universal constant c1 > 0 such that the following property is satisfied:
let Ω ⊂ R2 be an open set and V ∈ V1(R

2) be a 1-rectifiable integral varifold with bounded first
variation in L1

µV
(R2;R2). Setting

γ :=

∫
Ω

|HV | dµV ,

then, for every compactly supported Lipschitz function ζ : Ω → R.

(1− c1γ) sup
Supp(V )

|ζ| ≤ c1

∫
G1(Ω)

|S · ∇ζ(x)| dV (x, S).
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We finally recall the main result of [43] which will be at the basis of our forthcoming phase-field
approximation analysis. Although not stated in this form, a careful reading of [43, Theorem 4.1
& Theorem 5.1] yields the following statement. Let us consider the standard double well potential
W : R → R defined by

W (z) = (1− z2)2 for z ∈ R,

and set

c0 =

∫ 1

−1

√
2W (z) dz =

4
√
2

3
. (2.3)

Theorem 2.3. Let d = 2, 3 and Ω be a bounded open subset of Rd. Given vε ∈ H2(Ω), we define
the measures

µε =
1

c0

(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
Ld, αε =

1

c0ε

(
−ε∆vε +

1

ε
W ′(vε)

)2

Ld,

the function

ξε =
ε

2
|∇vε|2 −

1

ε
W (vε)

and the varifold Vε as∫
Gd−1(Ω)

Φ(x, S) dVε(x, S) =

∫
Ω

Φ (x, Id− νε ⊗ νε) dµε, Φ ∈ Cc(Gd−1(Ω)).

where νε : Ω → Sd−1 are Borel extensions of ∇vε
|∇vε| on {∇vε = 0}. Assume that

sup
ε>0

{µε(Ω) + αε(Ω)} <∞.

Then, up to a subsequence, there exist α ∈ M+(Ω) and V ∈ Vd−1(Ω) such that Vε ⇀ V weakly*
in M(Gd−1(Ω)), µε ⇀ µV , αε ⇀ α weakly* in M(Ω) and ξε → 0 in L1

loc(Ω). Moreover, V is a
(d− 1)-rectifiable integral varifold with bounded first variation in L2

µV
(Ω;Rd) and

|HV |2µV ≤ α. (2.4)

2.5. Curves. Let Ω be an open subset of R2. We consider the class of 1-dimensional sets Γ ⊂ Ω
which are made of a finite union of curves of class C2 without self-intersections and that intersect
only at their endpoints. Specifically, there exist C2 mappings γ1, . . . , γN : [0, 1] → Ω such that
γ̇i ̸= 0 and, setting Γi = γi([0, 1]),

Γ =

N⋃
i=1

Γi. (2.5)

We denote by PΓ =
⋃N

i=1{γi(0), γi(1)} the set of all end points of the curves Γi. Given p ∈ PΓ,
there is I ⊂ {1, . . . , N} with #(I) ≥ 1 such that p ∈

⋂
i∈I Γi. Up to a change of orientation, we

can assume that
p = γi(0) for i ∈ I.

For i ∈ I, let γ̇i(0) be the tangent vector to Γi at p. We assume that (see Remark 4.1)1

vp :=
∑
i∈I

γ̇i(0) ̸= 0. (2.6)

The class of all sets Γ satisfying (2.5) and (2.6) is denoted by C (Ω).

Let VΓ be the varifold associated to such a set Γ ∈ C (Ω) (which is a rectifiable set). A classical
computation shows that the first variation of VΓ is given by

δVΓ(ζ) = −
N∑
i=1

∫
Γi

HΓi · ζ dH1 −
∑
p∈PΓ

ζ(p) · vp for ζ ∈ C1
c (Ω;R

2),

where HΓi
(x) = d

dt

(
γ̇i(t)
|γ̇i(t)|

)
is the classical curvature of Γi at the point x = γi(t) ∈ γi(]0, 1[). In

other words, VΓ has bounded first variation which can be represented by the measure

δVΓ = −
N∑
i=1

HΓi
H1 Γi −

∑
p∈PΓ

vpδp.

1If, for some i ∈ I, Γi is a loop, i.e. γi(0) = γi(1), then γ̇i(0) should be replaced by γ̇i(0)− γ̇i(1) in (2.6).
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Condition (2.6) can thus be interpreted as a nonzero curvature in the sense of varifolds at all
intersection points of the curves Γi’s.

The following elementary lemma describes the tangent measures to H1 Γ for Γ ∈ C (Ω). We
omit the proof.

Lemma 2.4. Let Γ ∈ C (Ω). For all x0 ∈ Ω and ϱ > 0, we define the blow-up measure λx0,ϱ of
H1 Γ by ∫

R2

ζ dλx0,ϱ :=
1

ϱ

∫
Γ

ζ

(
y − x0
ϱ

)
dH1(y) for ζ ∈ Cc(R2)

and

Θ(Γ, x0) := lim
ϱ→0

H1(Γ ∩Bϱ(x0))

2ϱ
.

Then, λx0,ϱ ⇀ λ0 weakly* in Mloc(R
2) as ϱ→ 0, where

(i) if x0 ∈ Ω \ Γ, then λ0 = 0 and Θ(Γ, x0) = 0;
(ii) if x0 ∈ γi(]0, 1[) for some (unique) i ∈ {1, . . . , N}, then λ0 = H1 T where T = Rγ̇(t0) is

the tangent line to γi(]0, 1[) at x0 = γi(t0), and Θ(Γ, x0) = 1;
(iii) if x0 ∈ PΓ, then λ0 =

∑
i∈I H1 Li and Li = R+γ̇i(0) is the half-line tangent to Γi at the

point x0 = γi(0) and Θ(Γ, x0) =
#(I)
2 .

The following result is a consequence of Taylor’s expansion of the length function.

Lemma 2.5. For every Γ ∈ C (Ω), there exists ϱ0 = ϱ0(Γ) > 0 such that for every x0 ∈ PΓ and
0 < ϱ ≤ ϱ0,

Bϱ(x0) ∩ PΓ = {x0}, H1(Γ ∩Bϱ(x0)) ≤ 2ϱΘ(Γ, x0) + ϱ2Θ(Γ, x0) sup
Γ\PΓ

|HΓ|. (2.7)

Proof. Since both sides of (2.7) are additive in the number of curves meeting at x0, it is enough
to consider the case where Γ is a single curve. We may further assume that x0 = 0 and that γ is
an arc-length parametrization of Γ, i.e. setting L = H1(Γ), γ ∈ C2([0, L];R2) satisfies |γ̇| = 1 on
[0, L] and γ(0) = 0. We thus need to show the existence of ϱ0 > 0 such that for every ϱ ∈ (0, ϱ0),

H1(Γ ∩Bϱ) ≤ ϱ+ ϱ2 sup
t∈(0,L)

|γ̈(t)|. (2.8)

Let ϱ0 > 0 be small enough so that Γ ∩ Bϱ0 has one connected component. In particular, for
every 0 < ϱ < ϱ0, denoting by ℓ(ϱ) = H1(Γ ∩Bϱ), we have

Γ ∩Bϱ = γ([0, ℓ(ϱ)), Γ ∩ ∂Bϱ = {γ(ℓ(ϱ))}.
Moreover, since γ ∈ C2([0, L];R2), then ℓ is an increasing function of class C2 on (0, ϱ0). Deriving
the equation |γ(ℓ(ϱ))|2 = ϱ2 with respect to ϱ yields

γ̇(ℓ(ϱ)) · γ(ℓ(ϱ))ℓ̇(ϱ) = ϱ for ϱ ∈ (0, ϱ0). (2.9)

Recalling that γ is an arclength parametrization of Γ and that ℓ is increasing, we get

ϱ ≤ |γ(ℓ(ϱ))||γ̇(ℓ(ϱ))|ℓ̇(ϱ) = ϱℓ̇(ϱ),

hence ℓ̇(ϱ) ≥ 1. Moreover, passing to the limit in (2.9) as ϱ → 0 yields |γ̇(0)|2ℓ̇(0)2 = 1, hence

ℓ̇(0) = 1. As a consequence, using Taylor expansion, we get that for ϱ ∈ (0, ϱ0),

ℓ(ϱ) = ℓ(0) + ϱℓ̇(0) +

∫ ϱ

0

(ϱ− s)ℓ̈(s) ds = ϱ+

∫ ϱ

0

(ϱ− s)ℓ̈(s) ds. (2.10)

In order to estimate ℓ̈, we derive (2.9) which leads to

1 = ℓ̇2 (1 + γ(ℓ) · γ̈(ℓ)) + γ(ℓ) · γ̇(ℓ)ℓ̈ in (0, ϱ0).

Using (2.9) and recalling that ℓ̇ ≥ 1, we obtain for every s ∈ (0, ϱ0)

s

ℓ̇(s)
ℓ̈(s) = γ(ℓ(s)) · γ̇(ℓ(s))ℓ̈(s) ≤ −ℓ̇(s)2γ(ℓ(s)) · γ̈(ℓ(s))

≤ ℓ̇(s)2|γ(ℓ(s))||γ̈(ℓ(s))| = ℓ̇(s)2s|γ̈(ℓ(s))|.
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Since ℓ̇(0) = 1, we can further reduce ϱ0 in such a way that ℓ̇(s)3 ≤ 2 for every s ∈ (0, ϱ0), which
implies that

ℓ̈(s) ≤ 2|γ̈(ℓ(s))| for s ∈ (0, ϱ0).

Inserting inside (2.10) yields
ℓ(ϱ) ≤ ϱ+ ϱ2 sup

s∈(0,ϱ0)

|γ̈(ℓ(s))|,

which completes the proof of (2.8), hence of the lemma. □

2.6. Functions of bounded variation. Given an open set Ω ⊂ Rd, the space of functions of
bounded variation is defined by

BV (Ω) = {u ∈ L1(Ω) : Du ∈ M(Ω;Rd)}.
We shall also consider the subspace SBV (Ω) of special functions of bounded variation made of
functions u ∈ BV (Ω) whose distributional derivative can be decomposed as Du = ∇uLd + (u+ −
u−)νuHd−1 Ju. In the previous expression, ∇u is the Radon-Nikodým derivative of Du with
respect to Ld, and it is called the approximate gradient of u. The Borel set Ju is the (approximate)
jump set of u. It is a countably Hd−1-rectifiable subset of Ω oriented by the (approximate) normal
direction of jump νu : Ju → Sd−1, and u± are the one-sided approximate limits of u on Ju according
to νu. Finally we define

SBV 2(Ω) = {u ∈ SBV (Ω) : ∇u ∈ L2(Ω;Rd) and Hd−1(Ju) <∞}.
In the sequel, we will be interested only in the two-dimensional case d = 2, and in the smaller

class of functions
A(Ω) := {u ∈ SBV 2(Ω) : Ju ∈ C (Ω)}. (2.11)

3. Strongly anisotropic perimeters with curvature

Let d = 2 or d = 3 and Ω ⊂ Rd be bounded open set. Let us consider an even and continuous
anisotropy function φ : Sd−1 → R+ satisfying

1

C
≤ φ(z) ≤ C for z ∈ Sd−1, (3.1)

for some C ≥ 1. Since φ is an even function, the function φ̃ : Gd−1 → R+ given, for every
S = Id− e⊗ e ∈ Gd−1 (with e ∈ Sd−1), by

φ̃(S) := φ(e) (3.2)

is well defined and continuous.

For every Lebesgue measurable set E with finite perimeter in Ω, we consider the following energy
functional

F(E) =


∫
Ω∩∂∗E

(
φ(νE) + |HE |2

)
dHd−1 if VE has bounded first variation in L2

µE
(Ω;Rd),

= ∞ otherwise.

3.1. Lower semi-continuity. We start with the question of lower semicontinuity for F with
respect to the following (natural) convergence.

Definition 3.1. A sequence {En}n∈N of Lebesgue measurable subsets of Ω converges to the
Lebesgue measurable set E ⊂ Ω if 1En → 1E strongly in L1(Ω), or equivalently, if Ld(En△E) → 0.

We now address the

Proof of Theorem 1.1. There is no loss of generality to suppose that

lim inf
n→∞

F(En) <∞.

At the expense of extracting a subsequence, we can thus assume that the lim inf above is a limit and
that supn F(En) <∞. In particular, for each n ∈ N, denoting by Vn := VEn the varifold associated
to En and by µn := Hd−1 ∂∗En the weight measure of Vn, then {Vn}n∈N is a sequence of (d−1)-
rectifiable integral varifolds in Ω with bounded first variation in Ω satisfying δVn = −HEn

µn for
some HEn

∈ L2
µn

(Ω;Rd). In addition, according to (3.1),

sup
n∈N

∫
Ω∩∂∗En

(
1 + |HEn

|2
)
dHd−1 <∞.
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By Allard’s integral compactness theorem, see e.g. [49, Theorem 42.7 & Remark 42.8], we infer
that, up to a subsequence, Vn ⇀ V weakly* in M(Gd−1(Ω)) for some (d − 1)-rectifiable integral
varifold V ∈ Vd−1(Ω). Thus, there exist a countably Hd−1-rectifiable set M and a positive integer
valued Hd−1-summable function θ such that for every Φ ∈ Cc(Gd−1(Ω)),∫

Gd−1(Ω)

Φ(x, S) dV (x, S) =

∫
Ω∩M

θ(x)Φ(x, TxM) dHd−1(x),

where TxM is the approximate tangent space to M at x. Moreover, as µn ⇀ µV weakly* in M(Ω)
and δVn = −HEn

µn ⇀ δV weakly* in M(Ω;Rd), using a standard lower semicontinuity result,
see e.g. [3, Example 2.36], we get that δV = −HV µV for some HV ∈ L2

µV
(Ω;Rd) and∫

Ω

|HµV
|2 dµV ≤ lim inf

n→∞

∫
Ω

|HEn
|2 dµn.

Since 1En
→ 1E strongly in L1(Ω) and µn = Hd−1 ∂∗En = |D1En | we have supn |D1En | (Ω) <∞

and consequently D1En
⇀ D1E weakly* in M(Ω;Rd). Moreover, µn = |D1En

|⇀ µV weakly* in
M(Ω) and therefore

µE = Hd−1 ∂∗E = |D1E | ≤ µV .

Since in addition VE has bounded first variation in L2
µE

(Ω;Rd), according to [29, Theorem 1]
(see also [47, Theorem 5.1] and [48, Theorem 3.1] in dimension d = 2), we infer that ∂∗E is
C2-rectifiable. Then [48, Corollary 4.3] implies that, Hd−1-a.e. in ∂∗E, we have HV = HE , hence∫

Ω∩∂∗E

|HE |2 dHd−1 ≤
∫
Ω

|HV |2dµV ≤ lim inf
n→∞

∫
Ω∩∂∗En

|HEn
|2 dHd−1. (3.3)

We now consider the anisotropic perimeter term. Notice first that by [3, Proposition 2.85] we
have the locality of the approximate tangent spaces: TxM = Tx(∂

∗E) for Hd−1-a.e. x ∈ ∂∗E. Let
now ζ ∈ Cc(Ω) be such that 0 ≤ ζ ≤ 1 in Ω. Then, the function (x, S) ∈ Gd−1(Ω) 7→ ζ(x)φ̃(S)
belongs to Cc(Gd−1(Ω)) so that by varifold convergence,

lim inf
n→∞

∫
Ω∩∂∗En

φ(νEn
) dHd−1 ≥ lim inf

n→∞

∫
Gd−1(Ω)

ζ(x)φ̃(S) dVn(x, S)

=

∫
Gd−1(Ω)

ζ(x)φ̃(S) dV (x, S) =

∫
Ω

ζ(x)φ̃(TxM) dµV (x)

≥
∫
Ω∩∂∗E

ζ φ(νE) dHd−1. (3.4)

Passing to the supremum with respect to all ζ as above and gathering (3.3) together with (3.4)
yields ∫

Ω∩∂∗E

(
φ(νE) + |HE |2

)
dHd−1 ≤ lim inf

n→∞

∫
Ω∩∂∗En

(
φ(νEn

) + |HEn
|2
)
dHd−1.

This proves the desired semicontinuity property of F . □

Remark 3.2. In dimension d = 2, the following elementary argument avoiding geometric measure
theory can be used (see e.g. [7] or [12, Lemma 2.1]).

We first recall that if γ ∈ H2([0, 1];R2) is a closed curve and Γ = γ([0, 1]), denoting by κ := |H|
the mean curvature of Γ, we have by the Gauss-Bonnet Theorem, Cauchy-Schwarz and Young’s
inequalities

2π ≤
∫
Γ

κ dH1 ≤ H1(Γ)
1
2

(∫
Γ

κ2 dH1

) 1
2

≤ 1

2

∫
Γ

(1 + κ2) dH1
(3.1)

≤ C

2

∫
Γ

(φ(ν) + κ2) dH1,

hence ∫
Γ

(φ(ν) + κ2) dH1 ≥ 4π

C
and

∫
Γ

κ2 dH1 ≥ 4π2

H1(Γ)
. (3.5)

In order to have compactness and lower semicontinuity for the natural topology, we need to
extend a bit the definition of F as follows. For (E,Γ) such that ∂E ⊂ Γ with Γ =

⋃
i∈I Γ

i and Γi

are closed loops which can only intersect tangentially, we set

F(E,Γ) =
∑
i∈I

∫
Γi

(φ(ν) + κ2) dH1.
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Let now (En,Γn) be such that supn F(En,Γn) <∞. By the first inequality in (3.5),

#(In)
4π

C
≤
∑
i∈In

∫
Γi
n

(φ(ν) + κ2) dH1 = F(En,Γn),

so that #(In) is uniformly bounded with respect to n. By the second inequality in (3.5) we
see that H1(Γi

n) are bounded from above and below. Up to translations, we thus find that the
parametrizations γin are bounded in H2([0, 1];R2) and thus converging weakly in that space (and
also strongly in H1([0, 1];R2)) to some curves γi. We then find

lim inf
n→∞

F(En,Γn) ≥
∑
i∈I

∫
Γi

(φ(ν) + κ2) dH1.

Moreover, the sequence {1En
}n∈N is bounded in BV (Ω) and thus, up to a further subsequence,

En converges to some set E. Since H1 Γn ≥ H1 ∂En, by lower semicontinuity of the perimeter
we find,

H1 Γ ≥ H1 ∂E.

This proves that ∂E ⊂ Γ and concludes the proof of the compactness and lower semicontinuity.

3.2. Phase field approximation. Given v ∈ H2(Ω), we consider the following phase-field ap-
proximation of F based on [51, 28]: for ε > 0 and

√
εrε → 0,

Fε(v) =
1

c0

∫
Ω

φε (∇v)
(
ε

2
|∇v|2 + 1

ε
W (v)

)
dx+

1

c0

∫
Ω

1

ε

(
−ε∆v + 1

ε
W ′(v)

)2

dx ,

where φε extends φ from the sphere to Rd as proposed in [28, Section 2] to handle regions of Ω
where ∇v = 0 and φ

( ∇v
|∇v|

)
cannot be defined. More precisely, for z ∈ Rn,

φε(z) = φ

(
z√

r2ε + |z|2

)
and φ = ξφ+ (1− ξ)

minSd−1 φ

4
(3.6)

where 0 ≤ ξ ≤ 1 is a cut-off function satisfying ξ = 1 in Rd \ B1/2, ξ = 0 in B1/4 and |∇ξ| ≤ 4.
As proved in [28], such definitions ensure that φ is Lipschitz continuous (with Lipschitz constant
L > 0) with

1

4C
≤ φε(z) ≤ C for all z ∈ Rd, (3.7)

hence ∫
Ω

φε (∇v)
(
ε

2
|∇v|2 + 1

ε
W (v)

)
dx ≥ 1

4C

∫
Ω

(
ε

2
|∇v|2 + 1

ε
W (v)

)
dx. (3.8)

Furthermore, ∣∣∣∣φε(z)− φ

(
z

|z|

)∣∣∣∣ ≤ Lrε
2|z|

for all z ̸= 0. (3.9)

Remark 3.3. Let us point out that in [28] the stronger hypothesis rε = O(ε) is assumed compared
to ours

√
εrε = o(1). From the upper bound construction one could actually conjecture that the

sharpest condition should be εrε = o(1).

3.2.1. Proof Theorem 1.3: the lower bound inequality. We first prove the following intermediate
statement.

Lemma 3.4. Assume that supε Fε(vε) < ∞. Then, in the notation of Theorem 2.3, up to a
subsequence, there exist V ∈ Vd−1(Ω) such that Vε ⇀ V weakly* in M(Gd−1(Ω)) and µε ⇀ µV .
Moreover, V is a (d−1)-rectifiable integral varifold with bounded first variation in L2

µV
(Ω;Rd) and

lim inf
ε→0

Fε(vε) ≥
∫
Ω

(φ(νV ) + |HV |2) dµV . (3.10)

Proof. Let

K = sup
ε>0

Fε(vε) <∞.

We rewrite the energy as (recall the definitions of µε and αε from Theorem 2.3)

Fε(vε) =

∫
Ω

φε(∇vε) dµε + αε(Ω).
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According to (3.8), we get that the sequence {µε(Ω) + αε(Ω)}ε>0 is bounded so that Theorem 2.3
applies. In particular, up to a subsequence, Vε ⇀ V , where V is a (d−1)-rectifiable integral varifold,
and there exist a countably Hd−1-rectifiable set M and a positive integer valued Hd−1-summable
function θ such that µV = θHd−1 M and∫

Gd−1(Ω)

Φ(x, S) dV (x, S) =

∫
M

θ(x)Φ(x, TxM) dHd−1(x), Φ ∈ Cc(Gd−1(Ω)).

Moreover,

ξε =
ε

2
|∇vε|2 −

1

ε
W (vε) → 0 in L1

loc(Ω). (3.11)

We infer from (3.8) that for all ε > 0,

K ≥
∫
Ω

φε(∇vε)
(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
dx ≥ 1

4Cε

∫
Ω

W (vε) dx

hence, by Hölder inequality, ∫
Ω

√
W (vε) dx ≤ 2

√
KC|Ω|ε.

Combining (3.9) and Young inequality we then get∫
Ω

φε(∇vε)
(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
dx ≥

∫
Ω

φε(∇vε)|∇vε|
√
2W (vε) dx

≥
∫
{∇vε ̸=0}

φ

(
∇vε
|∇vε|

)
|∇vε|

√
2W (vε) dx− Lrε

2

∫
Ω

√
2W (vε) dx,

and thus

lim inf
ε→0

∫
Ω

φε(∇vε)
(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
dx

≥ lim inf
ε→0

∫
{∇vε ̸=0}

φ

(
∇vε
|∇vε|

)
|∇vε|

√
2W (vε) dx . (3.12)

Note that νε = ∇vε
|∇vε| on {|∇vε| ≠ 0}, while φ(νε)µε = φ(νε)

εc0
W (vε)Ld on {∇vε = 0}. Recalling

(3.1), we get by (3.11) that for all ζ ∈ Cc(Ω) with 0 ≤ ζ ≤ 1,∣∣∣∣∣ 1c0
∫
{∇vε ̸=0}

φ

(
∇vε
|∇vε|

)
|∇vε|

√
2W (vε)ζ dx−

∫
Ω

φ (νε) ζ dµε

∣∣∣∣∣
≤ C

c0

∫
Ω

∣∣∣∣|∇vε|√2W (vε)−
(
ε

2
|∇vε|2 +

1

ε
W (vε)

)∣∣∣∣ ζ dx
=
C

c0

∫
Ω

(√
ε

2
|∇vε| −

√
W (vε)

ε

)2

ζ dx ≤ C

c0

∫
Supp(ζ)

|ξε| dx→ 0 , (3.13)

where we used, in the last inequality, that for a, b ≥ 0, |a − b| ≤ a + b and thus (a − b)2 ≤
|a− b|(a+ b) = |a2 − b2|. Thanks to (3.2), (3.12), (3.13), and by convergence of varifolds, we have

lim inf
ε→0

1

c0

∫
Ω

φε(∇vε)
(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
dx

≥ lim inf
ε→0

∫
Ω

φ (νε) ζ dµε ≥ lim
ε→0

∫
Gd−1(Ω)

ζ(x)φ̃(S) dVε(x, S) =

∫
Gd−1(Ω)

ζ(x)φ̃(S) dV (x, S) .

Passing to the supremum with respect to all ζ yields

lim inf
ε→0

1

c0

∫
Ω

φε(∇vε)
(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
dx ≥

∫
Ω

φ̃(TxM) dµV =

∫
Ω

φ(νV ) dµV .

The corresponding lower bound on the curvature term is a direct consequence of (2.4). This
concludes the proof of (3.10). □
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We now complete the proof of the lower bound in Theorem 1.3. There is no loss of generality
in assuming that

lim inf
ε→0

Fε(vε) <∞.

Thus, up to a subsequence (not relabeled), we can assume that the lim inf is actually a limit. We
may thus apply Lemma 3.4. By the lower bound estimate in the Modica-Mortola Theorem (see
[33]), we have

µV = θHd−1 M ≥ Hd−1 ∂∗E. (3.14)

By the locality of the approximate tangent spaces together with (3.14) yields∫
Ω

φ(νV ) dµV ≥
∫
Ω∩∂∗E

φ(νE) dHd−1. (3.15)

This shows the lower bound inequality for the anisotropic interfacial term. Since VE has bounded
first variation in L2

µE
(Ω;Rd), according to [29, Theorem 1] (see also [47, Theorem 5.1] and [48,

Theorem 3.1] in dimension d = 2), we infer that ∂∗E is C2-rectifiable. Thus, (3.14) and [48,
Corollary 4.3] imply that HV = HE Hd−1-a.e. in ∂∗E, hence by (3.14), we infer that∫

Ω∩∂∗E

|HE |2 dHd−1 =

∫
Ω∩∂∗E

|HV |2 dHd−1 ≤
∫
Ω

|HV |2 dµV . (3.16)

Combining (3.10), (3.15) and (3.16) leads to

lim inf
ε→0

Fε(vε) ≥
∫
Ω∩∂∗E

(
φ(νE) + |HE |2

)
dHd−1 = F(E).

This corresponds to the desired lower bound. □

3.2.2. Proof of Theorem 1.3: the upper bound inequality. Let q : t ∈ R 7→ tanh(t
√
2) be the optimal

profile, i.e. the unique solution of the ODE{
−q′′ +W ′(q) = 0 in R

q(±∞) = ±1,
(3.17)

which also satisfies
q′ =

√
2W (q) in R. (3.18)

As in [16, Lemma 4.1] (see also [17]) we fix a cut-off function ζ ∈ C∞
c (R; [0, 1]) such that

ζ(t) = 1 for t ∈ [−1, 1], ζ(t) = 0, for |t| ≥ 2.

Given λ > 1 to be fixed later, we introduce the scaling parameter

δε := λε| log ε|. (3.19)

and set

qε(t) = ζ

(
2t

δε

)
q

(
t

ε

)
+ (sign t)

(
1− ζ

(
2t

δε

))
, t ∈ R. (3.20)

We first prove two elementary properties of qε which will be useful in the forthcoming recovery
sequence construction.

Lemma 3.5. For every λ > 1, we have

lim
ε→0

∫ δε

−δε

ε

2
|q′ε|2dt = lim

ε→0

∫ δε

−δε

1

ε
W (qε)dt =

c0
2
. (3.21)

Moreover,

lim
ε→0

∫
|t|≥δε/2

(
ε

2
|q′ε|2 +

W (qε)

ε

)
dt = 0. (3.22)

Proof. Since

qε(t) = ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 1 in R+

we get by (3.18)

q′ε(t) =
2

δε
ζ ′
(2t
δε

)(
q
( t
ε

)
− 1

)
+

1

ε
ζ
(2t
δε

)
q′
( t
ε

)
=

(
q
( t
ε

)
− 1

)[
2

δε
ζ ′
(2t
δε

)
−

√
2

ε
ζ
(2t
δε

)(
1 + q

( t
ε

))]
.
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Using that for t ∈ [δε/2, δε],∣∣∣∣1− q
( t
ε

)∣∣∣∣ ≤ 2e−
√

2
2

δε
ε = 2e−

√
2

2 λ| log ε| ≤ ε
√

2
2 λ, (3.23)

we obtain (because λ > 1)

sup
δε
2 ≤t≤δε

(
ε

2
|q′ε(t)|2 +

W (qε(t))

ε

)
≤ C

(
ε

(
1

δ2ε
+

1

ε2

)
+

1

ε

)
ελ,

for some constant C > 0 independent of ε. A similar estimate holds in [−δε,− δε
2 ], and it leads to

(3.22).

On the other hand, by (3.18)∫ δε/2

−δε/2

ε

2
|q′ε(t)|2dt =

∫ δε/2

−δε/2

W (qε(t))

ε
dt

=
1

2

∫ δε/2ε

−δε/2ε

√
2W (q(s))q′(s)ds. (3.24)

Since δε/2ε = λ| log ε|/2 → ∞, the right-hand side of (3.24) tends to c0/2 (recall (2.3)) as ε → 0.
In combination with (3.22) this completes the proof of the lemma. □

Lemma 3.6. There exists ε0 ∈ (0, 1) satisfying: for all p > 1, there exists λ > 1 such that∫ δε

−δε

∣∣∣∣−εq′′ε +
1

ε
W ′(qε)

∣∣∣∣2 dt ≤ εp, ∀ε ∈ (0, ε0).

Proof. For all t ∈ R+, we compute thanks to (3.17)

q′′ε (t) =
4

δ2ε
ζ ′′
(2t
δε

)(
q
( t
ε

)
− 1

)
+

4

δεε
ζ ′
(2t
δε

)
q′
( t
ε

)
+

1

ε2
ζ
(2t
δε

)
q′′
( t
ε

)
=

4

δ2ε
ζ ′′
(2t
δε

)(
q
( t
ε

)
− 1

)
+

4

δεε
ζ ′
(2t
δε

)
q′
( t
ε

)
+

1

ε2
ζ
(2t
δε

)
W ′
(
q
( t
ε

))
.

Using (3.18), we find

− εq′′ε (t) +
1

ε
W ′(qε(t)) =

4ε

δ2ε
ζ ′′
(2t
δε

)(
1− q

( t
ε

))
− 4

√
2

δε
ζ ′
(2t
δε

)(
1− q

( t
ε

)2)
− 1

ε

[
ζ
(2t
δε

)
W ′
(
q
( t
ε

))
−W ′

(
ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 1

)]
.

Using the explicit expression ofW ′, we now rewrite the term inside the brackets on the right-hand-
side of the previous equality as

ζ
(2t
δε

)
W ′
(
q
( t
ε

))
−W ′

(
ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 1

)
= 4ζ

(2t
δε

)(
q
( t
ε

)
− 1

){
q
( t
ε

)(
q
( t
ε

)
+ 1

)
−
[
ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 1

] [
ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 2

]}
so that

− εq′′ε (t) +
1

ε
W ′(qε(t)) =

(
1− q

( t
ε

)){4ε

δ2ε
ζ ′′
(2t
δε

)
− 4

√
2

δε
ζ ′
(2t
δε

)(
1 + q

( t
ε

))
+
4

ε
ζ
(2t
δε

)[
q
( t
ε

)(
q
( t
ε

)
+ 1

)
−
(
ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 1

)(
ζ
(2t
δε

)(
q
( t
ε

)
− 1

)
+ 2

)]}
.

A similar computation holds in R−. In any case, we see that

−εq′′ε (t) +
1

ε
W ′(qε(t)) = 0 if |t| ≤ δε/2 or |t| ≥ δε, (3.25)
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while, recalling (3.23),

sup
δε
2 ≤|t|≤δε

∣∣∣∣−εq′′ε (t) + 1

ε
W ′(qε(t))

∣∣∣∣ ≤ Cελ
√

2
2

(
1

λ2ε| log ε|2
+

1

λε| log ε|
+

1

ε

)
,

for some constant C > 0 independent of ε and λ. Hence, for all p > 1, there exists λ > 1
independent of ε such that

sup
δε
2 ≤|t|≤δε

∣∣∣∣−εq′′ε (t) + 1

ε
W ′(qε(t))

∣∣∣∣ ≤ εp/2 (3.26)

and the conclusion follows from (3.25) and (3.26), after integration over the interval [−δε, δε]. □

Let sd := sdist(·, ∂E) be the signed distance to ∂E with the convention that sd ≤ 0 in E and
sd ≥ 0 in Rd \ E. Since ∂E is of class C2, there exists δ > 0 such that sd is of class C2 in Uδ,
where Uδ = {x ∈ Rd : dist(x, ∂E) < δ}. We finally set

v̄ε(x) = qε(sd(x)) and µ̄ε =
1

c0

(
ε

2
|∇v̄ε|2 +

1

ε
W (v̄ε)

)
Ld

so that vε is constant equal to ±1 outside Uδε and Supp(µ̄ε) ⊂ Uδε .
In particular we have

∥v̄ε − (1E − 1Ω\E)∥L1(Ω) ≤ CLd(Uδε) ≤ Cλε| log ε|

so that v̄ε → 1E − 1Ω\E in L1(Ω).
We now prove the convergence of the energy. Since the convergence of the curvature type term

1

c0

∫
Ω

1

ε

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

dx→
∫
Ω∩∂E

|HE |2 dHd−1

follows as in e.g. [8, 16], we do not include the details. See also Step 6 of the proof of the upper
bound construction for Theorem 1.4 where similar computations are done. We thus turn to the
proof of

lim sup
ε→0

∫
Ω

φε(∇v̄ε) dµ̄ε ≤
∫
∂E

φ(νE) dHd−1. (3.27)

For t ∈ R, let Γt = {sd = t} so that ∇sd = νΓt
on Γt for |t| small enough. Since ∇v̄ε = q′ε(sd)∇sd

and |∇sd| = 1, we use the co-area formula to infer

c0

∫
Ω

φε(∇v̄ε) dµ̄ε =

∫ δε

−δε

(
ε

2
|q′ε(t)|2 +

1

ε
W (qε(t))

)(∫
Γt

φε(q
′
ε(t)νΓt

) dHd−1

)
dt.

Since φε ≤ C and for |t| ≤ δε

Hd−1(Γt) ≤ (1 + C|t|)Hd−1(∂E) ≤ CHd−1(∂E) (3.28)

we have by (3.22)

lim sup
ε→0

∫
|t|≥δε/2

(
ε

2
|q′ε(t)|2 +

1

ε
W (qε(t))

)(∫
Γt

φε(q
′
ε(t)νΓt

) dHd−1

)
dt

≤ CHd−1(∂E) lim sup
ε→0

∫
|t|≥δε/2

(
ε

2
|q′ε|2 +

1

ε
W (qε)

)
dt = 0.

Using (3.9) and (3.28), we thus find

c0 lim sup
ε→0

∫
Ω

φε(∇v̄ε) dµ̄ε = lim sup
ε→0

∫ δε
2

− δε
2

(
ε

2
|q′ε(t)|2 +

1

ε
W (qε(t))

)(∫
Γt

φε(q
′
ε(t)νΓt

) dHd−1

)
dt

≤ lim sup
ε→0

∫ δε
2

− δε
2

(
ε

2
|q′ε(t)|2 +

1

ε
W (qε(t))

)(∫
Γt

φ(νΓt
) dHd−1

)
dt

+ CLHd−1(∂E) lim sup
ε→0

rε

∫ δε
2

− δε
2

(
ε

2
|q′ε|2 +

1

ε
W (qε)

)
1

|q′ε|
dt.
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For the first right-hand side term we have by (3.21)

lim sup
ε→0

∫ δε
2

− δε
2

(
ε

2
|q′ε(t)|2 +

1

ε
W (qε(t))

)(∫
Γt

φ(νΓt
) dHd−1

)
dt

≤ lim sup
ε→0

(
sup
|t|≤δε

∫
Γt

φ(νΓt) dHd−1

)∫ δε
2

− δε
2

(
ε

2
|q′ε|2 +

1

ε
W (qε)

)
dt = c0

∫
∂E

φ(νE) dHd−1.

For the second right-hand side term, since |q′ε(t)| =
√

2W (qε(t))/ε for |t| ≤ δε/2, we find

rε

∫ δε
2

− δε
2

(
ε

2
|q′ε|2 +

1

ε
W (qε)

)
1

|q′ε|
dt = rεε

∫ δε
2

− δε
2

|q′ε| dt ≤ 2εrε → 0.

This concludes the proof of (3.27). □

4. Strongly anisotropic Mumford-Shah functional with curvature

We extend the analysis of the previous section to the approximation of the Mumford-Shah
functional with curvature penalization. In this section we set the dimension d = 2 and consider
Ω ⊂ R2 a bounded open set. For γ > 0 and u ∈ A(Ω) we define the anisotropic Mumford-Shah
functional with curvature penalization by

G(γ)(u) =

∫
Ω

|∇u|2 dx+

∫
Ju

(φ(νu) + |HJu |2) dH1 + γH0(PJu). (4.1)

Here φ : Sd−1 → R+ is a continuous anisotropy function satisfying (3.1) as in Section 3. By
definition (4.1) of the energy, if G(γ)(u) < ∞ then u ∈ SBV 2(Ω) and Ju ∈ C (Ω) is a finite union
of C2-curves whose intersection points PJu

have a nonzero curvature in the sense of varifolds.

Remark 4.1. If the jump set Ju is made of three line segments intersecting at a single point, say
0, with an angle 2π/3 (the so-called triple junction configuration), and u is constant inside each
connected components of the complementary of Ju (see Figure 1), it is known that the varifold
v(Ju, 1) associated to Ju is stationary, i.e., it has zero curvature in the sense of varifolds. However,
it is not clear whether the point 0 should be counted in the point energy (4.1) as a junction point,
or if it should not as a point of zero generalized curvature.

Ju

u = 0

u = −1 u = 1

Figure 1. The triple junction configuration

In the context of our phase-field approximation, see Subsection 4.2 (with Ω = B1 and φ ≡ 1 to
simplify), the construction of the upper bound provided in Subsection 4.2.2 leads to the existence
of a recovery sequence {(ūε, v̄ε, w̄ε)}ε>0 such that

G(γ)
ε (ūε, v̄ε, w̄ε) → 3 + γ.

The question of deciding whether the point 0 should be counted or not in the point energy is related
to the possibility of improving the upper bound by constructing a sequence {(ûε, v̂ε, ŵε)}ε>0 such
that

G(γ)
ε (ûε, v̂ε, ŵε) → 3.

See [14, Section 2.3] for a related discussion.
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Thanks to the generalized curvature assumption (2.6) we can prove the following density im-
provement for 1-rectifiable integral varifolds with square integrable first variation, whose support
contains a curve in the class C (Ω). Roughly speaking it states that, after a blow-up, if a stationary
varifold V0 supported on a cone C0 with vertex 0 has a weight measure bounded from below by
H1 Γ0, where Γ0 =

⋃
i Li ∈ C (Ω) is made of finitely many lines starting at 0 and with nonzero

generalized curvature, then C0 ⊃ Γ0 ∪ ℓ where ℓ is an additional half line starting at 0 or C0 = Γ0

and V0 has multiplicity larger than 2 on some half line Li. This is an essential ingredient to obtain
the lower bound for the energy of points.

Figure 2. Blow up at x0 ∈ PΓ.

Lemma 4.2. Let Γ ∈ C (Ω) and V be a 1-rectifiable integral varifold in Ω ⊂ R2 with first variation
in L2

µV
(Ω;R2) and such that µV ≥ H1 Γ. Then, for every x0 ∈ PΓ,

Θ1(µV , x0) ≥ Θ1(Γ, x0) +
1

2
. (4.2)

Proof. Without loss of generality we may assume that x0 = 0. For simplicity we write µ := µV .
We recall that by [49, Corollary 17.8], since V is a 1-rectifiable integral varifold with bounded first
variation in L2

µ(Ω;R
2), the density function exists and is finite at every x ∈ Ω and in particular

Θ(µ) := Θ1(µ, 0) = lim
ϱ→0

µ(Bϱ)

2ϱ
<∞ .

We perform a blow-up at the point 0 ∈ PΓ. Let Vϱ be the blow-up of V as defined in [49, Definition
38.1], i.e.

⟨Vϱ,Φ⟩ :=
1

ϱ

∫
G1(R2)

Φ

(
y

ϱ
, S

)
dV (y, S) for Φ ∈ Cc(G1(R

2)).

We set µϱ := µVϱ
. Then {Vϱ}ϱ>0 is a sequence of 1-rectifiable integral varifolds with bounded first

variation. Since for every R > 0 and ϱ > 0;

µϱ(BR) =
µ(BRϱ)

ϱ
= 2R

µ(BRϱ)

2Rϱ
,

by definition of Θ(µ) we find that for every ϱ small enough,

µϱ(BR) ≤ R(2Θ(µ) + 1). (4.3)

Let us compute the first variation of Vϱ. For all R > 0 and ζ ∈ C1
c (BR;R

2),

δVϱ(ζ) = δV (ζϱ) = −
∫
BR

HV · ζϱ dµ,

where ζϱ(·) = ζ (·/ϱ) ∈ C1
c (BRϱ;R

2). As a consequence of the Cauchy-Schwarz inequality and
(4.3), we find for 0 < ϱ ≤ 1 small enough,

|δVϱ(ζ)| ≤ ∥HV ∥L2
µ(BR;R2)∥ζϱ∥L2

µ(BR;R2)

≤ ∥HV ∥L2
µ(BR;R2)∥ζ∥L∞(BR;R2) µ(BRϱ)

1/2

≤ C∥HV ∥L2
µ(BR;R2)∥ζ∥L∞(BR;R2)ϱ

1/2,
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for some constant C = C(R,Θ(µ)) > 0. This yields

∥δVϱ∥(BR) ≤ C∥HV ∥L2
µ(BR;R2) ϱ

1/2. (4.4)

Thus, by (4.3), (4.4) and Allard’s compactness Theorem, see [49, Theorem 42.7 & Corollary 42.8],
there exists a decreasing subsequence {ϱj}j∈N ↘ 0 and a 1-rectifiable integral varifold V0 with
locally bounded first variation in R2 such that Vϱj

⇀ V0 weakly* in Mloc(G1(R
2)). By (4.4),

δV0 = 0, hence V0 is a stationary varifold in R2. According to [49, Theorem 19.3], we deduce that
V0 = v(C0, ψ) is a cone (centered at the origin) in the sense that C0 is a countably 1-rectifiable
set invariant under all homotheties x 7→ t−1x, t > 0, and ψ is a positive integer valued locally
H1-integrable function on C0 with ψ(x) = ψ(t−1x), for x ∈ C0 and t > 0. Since we are in R2, this
means that C0 is the union of countably many half lines {ℓj}j∈J such that ψ = ψj ∈ N \ {0} is
constant on ℓj . Notice that since 2Θ(µ) = 2Θ1(C0, 0) =

∑
j∈J ψj , then #(J) ≤ 2Θ(µ) < ∞ and

C0 is actually made of finitely many half lines.
Recalling Lemma 2.4-(iii) (and notation therein) together with the inequality µ ≥ H1 Γ, we

deduce that ∑
j∈J

ψjH1 ℓj = µV0
≥ H1

(⋃
i∈I

Li

)
.

In particular
⋃

i∈I Li ⊂
⋃

j∈J ℓj , hence I ⊂ J and Li = ℓi for i ∈ I. We may write

Θ(µ) = Θ1(Γ, 0) +
1

2

∑
i∈I

(ψi − 1) +
1

2

∑
j∈J\I

ψj . (4.5)

By (2.6), the curvature of
⋃

i∈I Li is the sense of varifolds is not equal to zero and thus we cannot

have µ = H1 Γ. As a consequence, at least one of the two sums at the right-hand side of (4.5)
is not equal to zero. This concludes the proof of (4.2). □

The following result will be instrumental to derive a lower bound inequality for the point energy
of the phase-field approximation of the Mumford-Shah functional with curvature penalization (see
Theorem 1.4).

Lemma 4.3. Let Ω ⊂ R2 be a bounded open set and Γ ∈ C (Ω). There exists γ0 = γ0(Γ) > 0 such
that the following property holds: if X ⊂ Ω is a finite set, and V ∈ V1(Ω \ X) is a 1-rectifiable
integral varifold with bounded first variation in L2

µV
(Ω \X;R2) satisfying

µV ≥ H1 Γ, (4.6)

then, for every γ ∈ (0, γ0),∫
Ω\X

(φ(νV ) + |HV |2) dµV ≥
∫
Γ

(φ(νΓ) + |HΓ|2) dH1 + γH0(PΓ\X).

Proof. We first notice that for x0 ∈ Γ \ (X ∪ PΓ) and ϱ > 0 such that Bϱ(x0) ∩ (X ∪ PΓ) = ∅,
the associated varifold VΓ is integral with bounded first variation given by δVΓ = −HΓH1 (Γ ∩
Bϱ(x0)). Thus, using (4.6), [48, Corollary 4.3] ensures that HV = HΓ H1-a.e. on Γ, hence∫

Bϱ(x0)

(φ(νV ) + |HV |2) dµV ≥
∫
Γ∩Bϱ(x0)

(φ(νΓ) + |HΓ|2) dH1. (4.7)

Define

ϱ̄ = 4γ(inf φ)−1, (4.8)

and let γ0 = γ0(Γ) > 0 be small enough so that for every γ ∈ (0, γ0),

ϱ̄ ≤ ϱ0, Bϱ̄(x) ⊂ Ω, Bϱ̄(x) ∩ (PΓ\{x}) = ∅ for x ∈ PΓ,

where ϱ0 = ϱ0(Γ) > 0 is given by Lemma 2.5. We claim that for every x0 ∈ PΓ\X,∫
Bϱ̄(x0)

(φ(νV ) + |HV |2) dµV ≥
∫
Γ∩Bϱ̄(x0)

(φ(νΓ) + |HΓ|2) dH1 + γ. (4.9)

Assuming the validity of (4.9), a covering argument together with (4.7) leads to the conclusion.
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The rest of the proof is devoted to the proof of (4.9). Without loss of generality we may assume
that x0 = 0 and that∫

Bϱ̄

(φ(νV ) + |HV |2) dµV <

∫
Γ∩Bϱ̄

(φ(νΓ) + |HΓ|2) dH1 + γ (4.10)

since otherwise there is nothing to prove. By (4.6) in Bϱ̄\{0} and the locality properties of the
first variation and the approximate normal, we have∫

Bϱ̄

|HV |2 dµV ≥
∫
Γ∩Bϱ̄

|HΓ|2 dH1 and

∫
Bϱ̄

φ(νV ) dµV ≥
∫
Γ∩Bϱ̄

φ(νΓ) dH1

so that (4.10) implies ∫
Bϱ̄

φ(νV ) dµV ≤
∫
Γ∩Bϱ̄

φ(νΓ) dH1 + γ (4.11)

and ∫
Bϱ̄

|HV |2 dµV ≤
∫
Γ∩Bϱ̄

|HΓ|2 dH1 + γ. (4.12)

Since V is a 1-rectifiable integral varifold in Ω\X, we have µV = θH1 M for some H1-rectifiable
set M ⊂ Ω and some H1-integrable function θ : M → N. Moreover, by (4.6), Γ ⊂ M and
Θ1(µ, ·) = θ ≥ 1 H1-a.e. on Γ. Since νΓ = νV H1-a.e. on Γ,∫

Bϱ̄

φ(νV ) dµV −
∫
Γ∩Bϱ̄

φ(νΓ) dH1

=

∫
Γ∩Bϱ̄

(θ − 1)φ(νΓ) dH1 +

∫
(M\Γ)∩Bϱ̄

θφ(νV ) dH1

≥ (inf φ)

(∫
Γ∩Bϱ̄

(θ − 1)dH1 +

∫
(M\Γ)∩Bϱ̄

θ dH1

)
= (inf φ)

(
µV (Bϱ̄)−H1(Γ ∩Bϱ̄)

)
.

Thus, (4.11) implies

µV (Bϱ̄)−H1(Γ ∩Bϱ̄) ≤ (inf φ)−1γ. (4.13)

Recalling (4.6), we can apply Lemma 4.2 and find

Θ1(µV , 0) ≥ Θ1(Γ, 0) +
1

2
.

Thanks to the monotonicity formula (2.1), this leads to

Θ1(Γ, 0) +
1

2
≤ Θ1(µV , 0) ≤

µV (Bϱ̄)

2ϱ̄
+

1

2

∫
Bϱ̄

|HV | dµV ,

which we rewrite as

1 ≤ µV (Bϱ̄)−H1(Γ ∩Bϱ̄)

ϱ̄
+

H1(Γ ∩Bϱ̄)− 2ϱ̄Θ1(Γ, 0)

ϱ̄
+

∫
Bϱ̄

|HV | dµV .

Combining (2.7) and (4.13), this yields

1 ≤ γ

ϱ̄ inf φ
+ ϱ̄Θ1(Γ, 0) sup

Γ\PΓ

|HΓ|+
∫
Bϱ̄

|HV | dµV .

Recalling the definition (4.8) of ϱ̄, we can restrict γ0 > 0 so that for every γ ∈ (0, γ0),

ϱ̄Θ1(Γ, 0) sup
Γ\PΓ

|HΓ| ≤
1

4
. (4.14)

After simplification and using the Cauchy-Schwarz inequality, we obtain

1

2
≤

(∫
Bϱ̄

|HV |2 dµV

) 1
2

µV (Bϱ̄)
1
2 .

By (4.13), (2.7), (4.14) and Lemma 2.4-(iii), we have

µV (Bϱ̄) ≤ C1Θ
1(Γ, 0)ϱ̄,
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for some universal constant C1 > 0, so that∫
Bϱ̄

|HV |2 dµV ≥ 1

4C1Θ1(Γ, 0)ϱ̄
.

On the one hand, recalling (4.12), we find

γ +

∫
Γ∩Bϱ̄

|HΓ|2 dH1 ≥
∫
Bϱ̄

|HV |2 dµV ≥ 1

4C1Θ1(Γ, 0)ϱ̄
.

On the other hand, using that H1 Γ ≤ µV and thus∫
Γ∩Bϱ̄

|HΓ|2 dH1 ≤ C1ϱ̄Θ
1(Γ, 0) sup

Γ\PΓ

|HΓ|2,

we get

γ + C1ϱ̄Θ
1(Γ, 0) sup

Γ\PΓ

|HΓ|2 ≥ 1

4C1ϱ̄Θ1(Γ, 0)
. (4.15)

Recalling once more our choice ϱ̄ = 4γ(inf φ)−1, we can further reduce γ0 in such a way that (4.15)
is violated for all γ < γ0. This concludes the proof of the lemma. □

4.1. Lower semicontinuity. We now prove a lower semicontinuity property of the Mumford-
Shah functional G(γ) in the presence of curvature penalization. Since a more general result has
been already obtained (with a simpler proof, see Remark 3.2) in [12, Theorem 3.2], the motivation
for including Theorem 4.4 rather lies in its proof. Indeed, it can be seen as a streamlined version
of the phase-field counterpart in Theorem 1.4.

Theorem 4.4. For all u ∈ A(Ω), there exists γ0 = γ0(u) > 0 such that for any γ ∈ (0, γ0), the
following property holds: for all sequence {un}n∈N in A(Ω) such that un → u in L1(Ω),

G(γ)(u) ≤ lim inf
n→∞

G(γ)(un).

Proof. Assume without loss of generality that lim infn G(γ)(un) < ∞, and extract a subsequence
(not relabeled) such that the liminf is a limit. In particular, according to (3.1),

sup
n∈N

{∫
Ω

|∇un|2 dx+H1(Jun)

}
<∞.

By Ambrosio’s compactness and lower semi-continuity Theorem, [3, Theorems 4.7 & 4.8], ∇un ⇀
∇u weakly in L2(Ω;R2),

lim inf
n→∞

∫
Ω

|∇un|2 dx ≥
∫
Ω

|∇u|2 dx (4.16)

and
lim inf
n→∞

H1(Jun
) ≥ H1(Ju). (4.17)

Let Vn = v(Jun , 1) ∈ V1(Ω) be the varifold associated to Jun . Up to a further subsequence, we
have Vn ⇀ V weakly* in M(G1(Ω)) for some V ∈ V1(Ω). Since µVn = H1 Jun , we get from
(4.17) that

µV ≥ H1 Ju. (4.18)

Since supn H0(PJun
) < ∞, up to a further subsequence, we can suppose that H0(PJun

) = m is
independent of n, and thus

PJun
= {zn1 , . . . , znm}.

Up to a new subsequence, still not relabeled, there exist z1, . . . , zm ∈ Ω (not necessarily pairwise
distinct) such that zni → zi for all 1 ≤ i ≤ m. Let X = {z1, . . . , zm} ∩ Ω and ϱ > 0 small enough
so that

Bϱ(z) ⊂ Ω, Bϱ(z) ∩X = {z} for z ∈ X.

Set
Aϱ := Ω \

⋃
z∈X

Bϱ(z).

Note that {Vn}n∈N is a sequence of 1-rectifiable integral varifolds in Aϱ with bounded first variation
in L2

µVn
(Aϱ;R

2) satisfying, by (3.1),

µVn(Aϱ) +

∫
Aϱ

|HVn |2 dµVn ≤ H1(Jun) +

∫
Jun

|HJun
|2 dH1 ≤ G(γ)(un).
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We obtain from Allard’s compactness Theorem (see [49, Theorem 42.7 & Corollary 42.8]) that V
is a 1-rectifiable integral varifold in Aϱ with bounded first variation in L2

µV
(Aϱ;R

2). Since ϱ is
arbitrary, we deduce that V is a 1-rectifiable integral varifold in Ω\X with bounded first variation
in L2

µV
(Ω \X;R2). Thus, by varifold convergence, we have for all ζ ∈ Cc(Aϱ) with 0 ≤ ζ ≤ 1,

lim inf
n→∞

∫
Ω

φ(νun) dH1 ≥ lim inf
n→∞

∫
Aϱ

φ̃(S)ζ(x) dVn(x, S)

=

∫
Aϱ

φ̃(S)ζ(x) dV (x, S)

=

∫
Aϱ

φ(νV )ζ(x) dµV (x).

Passing to the supremum with respect to all ζ ∈ Cc(Aϱ; [0, 1]) yields

lim inf
n→∞

∫
Ω

φ(νun
) dH1 ≥

∫
Aϱ

φ(νV ) dµV . (4.19)

Concerning the curvature term, since µVn ⇀ µV weakly* in M(Aϱ) and δVn = −HJun
µn ⇀ δV =

−HV µV weakly* in M(Aϱ;R
2), using a standard lower semicontinuity result (see e.g. [3, Example

2.36]), we get that ∫
Aϱ

|HµV
|2 dµV ≤ lim inf

n→∞

∫
Aϱ

|HVn
|2 dµVn

. (4.20)

Recalling that H0(PJun
) = m ≥ H0(X), we deduce from (4.16), (4.19) and (4.20) that

lim inf
n→∞

G(γ)(un) ≥
∫
Ω

|∇u|2 dx+

∫
Aϱ

(
φ(νV ) + |HV |2

)
dµV + γH0(X).

Letting ϱ→ 0,

lim inf
n→∞

G(γ)(un) ≥
∫
Ω

|∇u|2 dx+

∫
Ω\X

(
φ(νV ) + |HV |2

)
dµV + γH0(X).

The conclusion then follows from (4.18) and Lemma 4.3. □

4.2. Phase field approximation. Following [12], we consider infinitesimal parameters ηε → 0
and βε → 0 such that

ε| log ε|
βε

→ 0,
βε
ηε

→ 0. (4.21)

Let ε > 0 and β > 0. For w ∈ H2(Ω) and Borel sets A ⊂ Ω, we define (recall the definition
(2.3) of c0)

Gε,β(w,A) =
1

c0β

∫
A

(
ε

2
|∇w|2 + 1

ε
W (w)

)
dx+

β

c0ε

∫
A

(
−ε∆w +

1

ε
W ′(w)

)2

dx.

For all Borel set A ⊂ Ω and all (u, v, w) ∈ H1(Ω)× [H2(Ω)]2, we define (recall the definition (3.6)
of φε)

G(γ)
ε (u, v, w,A) =

1

4

∫
A

(1 + v)2|∇u|2 dx

+
1

2c0

∫
A

φε (∇v)
(
ε

2
|∇v|2 + 1

ε
W (v)

)
dx+

1

8c0

∫
A

1

ε

(
−ε∆v + 1

ε
W ′(v)

)2

(1 + w)2 dx

+
γ

4π
Gε,βε

(w,A) +
1

ηε

∫
A

(1− v)2 dx+
1

ηε

∫
A

(1− w)2 dx.

and

G(γ)
ε (u, v, w) = G(γ)

ε (u, v, w,Ω).

The rest of this subsection is devoted to show the Γ-convergence type result, Theorem 1.4.
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4.2.1. Proof of Theorem 1.4: the lower bound. Let {(uε, vε, wε)}ε>0 ⊂ H1(Ω) × [H2(Ω)]2 be a
sequence such that (uε, vε, wε) → (u, 1, 1) in [L1(Ω)]3 where u ∈ A(Ω). We can further assume
that

lim inf
ε→0

G(γ)
ε (uε, vε, wε) <∞

otherwise, there is nothing to prove. Up to extraction of a (not relabeled) subsequence, we can
suppose that the liminf above is a limit and that

sup
ε>0

G(γ)
ε (uε, vε, wε) ≤ Λ, (4.22)

for some constant Λ > 0. As in Theorem 2.3, we define the measures

µε =
1

c0

(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
L2,

and for νε a Borel extension of ∇vε/|∇vε| on {∇vε = 0}, the varifolds Vε as∫
G1(Ω)

Φ(x, S) dVε(x, S) =

∫
Ω

Φ (x, Id− νε ⊗ νε) dµε for Φ ∈ Cc(G1(Ω)).

We have that µε = µVε
and, by the energy bound (4.22) together with (3.1),

µε(Ω) ≤ 2CΛ.

For later use, we also define

fε := −ε∆vε +
1

ε
W ′(vε) and αε :=

1

c0ε
f2εL2. (4.23)

By weak* compactness of Radon measures, up to a further (not relabeled) subsequence, we deduce
that Gε(uε, vε, wε, ·) ⇀ m and µε ⇀ µ weakly* in M(Ω) some nonnegative Radon measures m,
µ ∈ M+(Ω), and Vε ⇀ V weakly* in M(G1(Ω)) for some V ∈ V1(Ω). Moreover, µV = µ and by
lower semicontinuity, we have

lim inf
ε→0

G(γ)
ε (uε, vε, wε) ≥ m(Ω). (4.24)

It is thus enough to show that

m(Ω) ≥
∫
Ω

|∇u|2 dx+

∫
Ju

(φ(νu) + |HJu
|2) dH1 + γH0(PJu

).

We first prove the following alternative which states that, either wε is uniformly close to 1 in
a ball B, or the energy Gε,βε(wε, B) is bounded away from zero by a specific positive constant
related to the Gauss-Bonnet formula (see Theorem 5.1 in the Appendix). It will be instrumental
in the forthcoming analysis since it will lead to the point energy at all junction and end points of
the jump set. Notice that a crucial point is to show that after blow-up the limit varifold is not
trivial. This is obtained by combining some of the estimates from [43] in order to argue as in [40]
but for the diffuse interface model.

Proposition 4.5. Let x0 ∈ Ω and r > 0 be such that Br(x0) ⊂ Ω and let {wε}ε>0 ⊂ H2(Ω) be a
sequence satisfying wε → 1 in L1(Ω). Then either

lim inf
ε→0

Gε,βε(wε, Br(x0)) ≥ 4π (4.25)

or

∥wε − 1∥L∞(Br/2(x0)) → 0.

Proof. We assume without loss of generality that x0 = 0, r = 1 and we set B = B1. If
lim infεGε,βε

(wε, B) = ∞, there is nothing to prove. If lim infεGε,βε
(wε, B) < ∞, we can as-

sume, up to a subsequence (not relabeled), that the liminf is a limit and that the sequence
{Gε,βε(wε, B)}ε>0 is bounded. We use the notation

f̄ε = −ε∆wε +
1

ε
W ′(wε), µ̄ε =

1

c0

(
ε

2
|∇wε|2 +

1

ε
W (wε)

)
L2 B and ᾱε =

1

c0ε
f̄2εL2 B

so that for some Λ̄ > 0,

Gε,βε
(wε, B) =

1

βε
µ̄ε(B) + βεᾱε(B) ≤ Λ̄.
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In particular we have∫
B

f̄2ε dx = c0εᾱε(B) ≤ c0
ε

βε
Gε,βε

(wε, B) and µ̄ε(B) ≤ βεGε,βε
(wε, B). (4.26)

Let us suppose that

lim sup
ε→0

∥wε − 1∥L∞(B1/2) > 0.

Then, there exist τ ∈ (0, 1), a (not relabeled) subsequence and points xε ∈ B1/2 such that

|wε(xε)− 1| ≥ τ for ε > 0.

Let δε = ε/βε → 0 (by (4.21)) and define, for all y ∈ B1/2βε
,

ŵε(y) = wε(xε + βεy), f̂ε(y) = βεf̄ε(xε + βεy).

We also set

µ̂ε :=
1

c0

(
δε
2
|∇ŵε|2 +

1

δε
W (ŵε)

)
L2 B1/2βε

,

α̂ε :=
1

δεc0

(
−δε∆ŵε +

1

δε
W ′(ŵε)

)2

L2 B1/2βε
,

and

ξ̂ε̂ :=
1

c0

(
δε
2
|∇ŵε|2 −

1

δε
W (ŵε)

)
.

Then f̂ε = −δε∆ŵε +
1
δε
W ′(ŵε) and

µ̂ε(R
2) + α̂ε(R

2) = Gδε,1(ŵε, B1/2βε
) ≤ Gε,βε(wε, B) ≤ Λ̄. (4.27)

Step 1. Let us show that there exists a constant θ0 ∈ (0, 1) (only depending on Λ̄ and τ) such
that

µ̂ε(Bδε) ≥ θ0δε. (4.28)

We may assume that µ̂ε(Bδε) ≤ δε otherwise there is nothing to prove. We perform a second
blow-up by setting for all z ∈ B1/2ε,{

w̃ε(z) = ŵε(δεz) = wε(xε + εz),

f̃ε(z) = δεf̂ε(δεz) = εf̄ε(xε + εz).

Changing variables and using (4.26), we get that∫
B1

f̃2ε dz =

∫
Bε(xε)

f̄2ε dx ≤ c0Λ̄δε → 0

and, by the assumption µ̂ε(Bδε) ≤ δε,∫
B1

(
1

2
|∇w̃ε|2 +W (w̃ε)

)
dz = c0

µ̂ε(Bδε)

δε
≤ c0.

By Sobolev embedding, this entails that the sequence {w̃ε}ε>0 is bounded in L6(B1). Using that

−∆w̃ε = f̃ε −W ′(w̃ε) in B1,

we have by elliptic regularity together with the Sobolev embedding that there is a universal constant
C > 0 such that

∥w̃ε∥C0,1/2(B1/2)
≤ C∥w̃ε∥H2(B1/2) ≤ L,

where L > 0 is a constant depending on Λ̄. Since by hypothesis |w̃ε(0) − 1| ≥ τ we find that for
c = min{ 1

4L2 ,
1
2}

|w̃ε − 1| ≥ τ/2 in Bcτ2 .

This implies

δ−1
ε µ̂ε(Bδε) ≥

1

c0δ2ε

∫
Bcτ2δε

W (ŵε) dz =
1

c0

∫
Bcτ2

W (w̃ε) dy ≥ πc2τ6

4c0
,

concluding the proof of (4.28) for the choice θ0 ≤ min{πc2τ6

4c0
, 1}.
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Step 2. We next show that

lim sup
ε→0

µ̂ε(B1) > 0. (4.29)

We argue by contradiction by assuming that

µ̂ε(B1) → 0. (4.30)

Using the monotonicity formula [43, Lemma 4.2] we can argue as in [40, Theorem 2.2] but at the
ε-level. We have for 0 < ϱ < R < 1/(2βε),

R−1µ̂ε(BR)− ϱ−1µ̂ε(Bϱ) = −
∫ R

ϱ

s−2

∫
Bs

ξ̂ε dy ds+
1

c0

∫ R

ϱ

1

s3

∫
∂Bs

δε(y · ∇ŵε(y))
2 dH1(y) ds

+
1

c0

∫ R

ϱ

1

s2

∫
Bs

f̂ε(y)(y · ∇ŵε(y)) dy ds

≥ −
∫ R

ϱ

s−2

∫
Bs

ξ̂ε dy ds−
1

c0

∫ R

ϱ

1

s2

∫
Bs

|f̂ε(y)||y||∇ŵε(y)| dy ds.

Arguing as in [43, Proposition 4.3, pp. 695], we infer that∫ R

0

1

s2

∫
Bs

|f̂ε(y)||y · ∇ŵε(y)| dy ds ≤
∫
BR

|f̂ε(y)||y · ∇ŵε(y)|
|y|

dy

≤
∫
BR

|f̂ε||∇ŵε| dy

≤
(

1

δε

∫
BR

|f̂ε|2 dy
) 1

2
(∫

BR

δε|∇ŵε|2 dy
) 1

2

≤
√
2c0α̂ε(BR)

1
2 µ̂ε(BR)

1
2 .

This yields

R−1µ̂ε(BR)− ϱ−1µ̂ε(Bϱ) +
√
2α̂ε(BR)

1
2 µ̂ε(BR)

1
2 ≥ −

∫ R

ϱ

s−2

∫
Bs

ξ̂ε dy ds.

We may now invoke [43, Proposition 4.6, (54)] and [43, Proposition 3.6] to get the existence of
some M > 2 and C > 0 such that for all γ ∈ (0, 1/M) and all δε ≤ ϱ ≤ R ≤ 1,∫ R

ϱ

s−2

∫
Bs

ξ̂ε dy ds ≤
∫ R

ϱ

s−2

∫
Bs

ξ̂ε,+ dy ds

≤ C

{∫ R

ϱ

s−2+γ µ̂ε(B2s) ds+ δ2ε α̂ε(B3)

∫ R

ϱ

s−Mγ−2 ds+ δε

∫ R

ϱ

sγ−2 ds

}

≤ C

{∫ R

ϱ

s−2+γ µ̂ε(B2s) ds+ δ2ε α̂ε(B3)ϱ
−Mγ−1 + δεϱ

γ−1

}

≤ C

{∫ R

ϱ

s−2+γ µ̂ε(B2s) ds+ δ1−Mγ
ε α̂ε(B3) + δγε

}
.

In conclusion, we have for every 0 < δε ≤ ϱ ≤ R ≤ 1

R−1µ̂ε(BR)− ϱ−1µ̂ε(Bϱ) +
√
2α̂ε(BR)

1
2 µ̂ε(BR)

1
2

≥ −C

(∫ R

ϱ

s−2+γ µ̂ε(B2s) ds+ δ1−Mγ
ε α̂ε(B3) + δγε

)
. (4.31)

We then define

ϱε = sup{ϱ ∈ (δε, 1) : ϱ−1µ̂ε(Bϱ) ≥ θ0}.
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By (4.28) and (4.30), we have ϱε → 0. Setting ϱ = ϱε in (4.31) and using (4.27), we find that for
every R ∈ (ϱε, 1],

R−1µ̂ε(BR) ≥ θ0 −
√
2Λ̄

1
2 µ̂ε(BR)

1
2 − C

(
2θ0

∫ R

ϱε

s−1+γ ds+ Λ̄δ1−Mγ
ε + δγε

)
≥ θ0 −

√
2Λ̄

1
2 µ̂ε(B1)

1
2 − C

(
Rγ + Λ̄δ1−Mγ

ε + δγε
)
.

Recalling (4.30), we can pass to the limit as ε → 0 to get that θ0 ≤ CRγ which leads to a
contradiction provided we choose R = R(θ0) > 0 small enough. We have thus reached the desired
contradiction which proves that (4.29) holds.

Step 3. We may now apply Theorem 2.3. We thus find that µ̂ε ⇀ µV̂ and α̂ε ⇀ α̂ weakly* in

Mloc(R
2) where V̂ ∈ V1(R

2) is a 1-rectifiable integral varifold in R2 with bounded first variation
in L2

µV̂
(R2;R2). Moreover, by Step 2 and in particular (4.29), we have∫

R2

(1 + |HV̂ |
2) dµV̂ ≥ µV̂ (R

2) > 0,

while, using |HV̂ |2µV̂ ≤ α̂ together with (4.27)∫
R2

(1 + |HV̂ |
2) dµV̂ ≤ lim inf

ε→0

{
µ̂ε(B1/2βε

) + α̂ε(B1/2βε)

}
≤ lim inf

ε→0
Gδε,1(ŵε, B1/2βε

) ≤ lim inf
ε→0

Gε,βε(wε, B) ≤ Λ̄.

We can thus apply the generalized Gauss-Bonnet formula, Theorem 5.1, which yields∫
R2

(1 + |HV̂ |
2) dµV̂ ≥ 2

∫
R2

|HV̂ | dµV̂ ≥ 4π

and proves (4.25). □

Let us denote by X the set of all points x ∈ Ω such that there exists a sequence {rk}k∈N ↘ 0+

with

lim inf
ε→0

Gε,βε(wε, Brk(x)) ≥ 4π for k ∈ N.

Note that if x ∈ X, then m(Brk(x)) ≥ γ for all k ∈ N, hence letting k → ∞, m({x}) ≥ γ. As a
consequence, X is a finite (and thus H1-negligible) set.

We next establish that V is 1-rectifiable and integral away from X.

Lemma 4.6. The varifold V is a 1-rectifiable integral varifold in Ω\X with bounded first variation
in L2

µ(Ω\X;R2) and, for all open set A ⊂ Ω,

m(A \X) ≥ 1

2

∫
A\X

(φ(ν) + |HV |2) dµ. (4.32)

In particular, V = v(M, θ), where M = Supp(µ) is a relatively closed 1-rectifiable subset in Ω \X,
θ = Θ1(µ, ·) and µ = θH1 M .

Proof. Let B be an open ball such that B ⊂ A \X. By definition of X and Proposition 4.5, we
have wε → 1 uniformly in B and thus, given δ > 0

inf
B
wε ≥ 1− δ

for ε > 0 small enough. We recall that αε is the ‘curvature’ measure defined in (4.23). According
to the energy bound (4.22), we get

1

2

∫
B

φε(∇vε) dµε +
(2− δ)2

8
αε(B) ≤ G(γ)

ε (uε, vε, wε, B) ≤ Λ.

We are thus in position to apply Lemma 3.4 which implies that V is a 1-rectifiable integral varifold
in B with bounded first variation in L2

µ(B;R2). Writing µ = θH1 M for some 1-rectifiable set

M ⊂ B and some integer-valued H1-integrable function θ, by (3.10),

m(B) ≥ lim inf
ε→0

G(γ)
ε (uε, vε, wε, B) ≥ 1

2

∫
B

φ(νV ) dµ+
(2− δ)2

8

∫
B

|HV |2 dµ.
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Letting δ → 0 leads to

m(B) ≥ 1

2

∫
B

(
φ(νV ) + |HV |2

)
dµ.

According to the Besicovitch covering Theorem, µ-almost all of the open set A \ X can be
covered by countably many pairwise disjoint such closed balls {Bj}j∈N. We then have

m(A \X) ≥ m

⋃
j∈N

Bj

 =
∑
j∈N

m(Bj)

≥
∑
j∈N

1

2

∫
Bj

(
φ(νV ) + |HV |2

)
dµ =

1

2

∫
A\X

(
φ(νV ) + |HV |2

)
dµ.

Taking A = Ω, we then obtain that V is a 1-rectifiable integral varifold in Ω\X with bounded first
variation in L2

µ(Ω\X;R2). We infer from [49, Remark 17.9] that V = v(M, θ), whereM = Supp(µ)

is a relatively closed 1-rectifiable subset in Ω \ X and θ = Θ1(µ, ·). In particular we may write
(globally) that µ = θH1 M . □

In order to establish the lower bound for the point energy, we need to analyze more carefully
the limit varifold V inside balls where wε is uniformly close to 1. The following result states that
the phase-field variable vε converges locally uniformly to 1 away from the support of V (see [24,
Proof of Theorem 1] in the setting of the Allen-Cahn equation).

Lemma 4.7. We have vε → 1 locally uniformly in Ω \ (X ∪ Supp(µ)).

Proof. Let x0 ∈ Ω \ (X ∪ Supp(µ)) and r > 0 be such that Br(x0) ⊂ Ω \ (X ∪ Supp(µ)). In
particular, by definition of X and Proposition 4.5, we have wε → 1 uniformly in Br(x0). If

lim sup
ε→0

∥vε − 1∥L∞(Br/2(x0)) > 0,

arguing as in the proof of Proposition 4.5 (with ε instead of δε, and vε instead of ŵε), we obtain
that

lim sup
ε→0

µε(Br/2(x0)) > 0,

hence x0 ∈ Supp(µ) which is impossible. Therefore vε → 1 uniformly in Br/2(x0). Now if K is a
compact subset of Ω \ (X ∪ Supp(µ)), it can be covered with a finite number of such balls, hence
showing that vε → 1 uniformly in K. □

As a consequence, we get that the (integer) multiplicity of V is actually even. While this result
might be well-known to experts in the field, we could not find a proof in the literature and thus
decided to include it. The proof is based on a careful inspection of [43, Proposition 5.2], see also
[24, Theorem 1].

Proposition 4.8. The multiplicity function satisfies θ ∈ 2N∗ H1-a.e. on Supp(µ).

Proof. Step 1. We start by performing a blow-up at all rectifiability points of M = Supp(µ)\X as
in [43, Section 5]. Let x0 ∈M such that M admits an approximate tangent line at M , i.e.,

lim
ϱ→0

1

ϱ

∫
R2

Φ

(
y − x0
ϱ

)
dµ = θ0

∫
T

Φ dH1 for Φ ∈ Cc(R2),

where, by Lemma 4.6, θ0 = θ(x0) ∈ N and T ∈ G1. Note that H1 almost all points of M
satisfy this property. Our aim is to prove that θ0 is an even number. In the sequel, to simplify
notation, we assume that T = e⊥2 , where e1 = (1, 0) and e2 = (0, 1). For (x, y) ∈ R2, we denote
by Π(x, y) := (x, 0) the orthogonal projection onto T . Let

B± = {x = (x1, x2) ∈ B1 : ±x2 > 0}.

Fix R > 0 such that B2R(x0) ⊂ Ω \X. Since µε ⇀ µ and αε ⇀ α weakly* in M(Ω), using the
metrizability of the weak* topology of Mloc(R

2) on bounded sets, we can find sequences εj → 0
and ϱj → 0 such that, setting

ε̃j :=
εj
ϱj
, ṽj(y) := vεj (x0 + ϱjy), f̃j(y) := ϱjfεj (x0 + ϱjy) for y ∈ BR/ϱj ,



CURVATURE PENALIZATION OF STRONGLY ANISOTROPIC INTERFACES MODELS 29

and 
µ̃j :=

1
c0

(
ε̃j
2 |∇ṽj |

2 + 1
ε̃j
W (ṽj)

)
L2 BR/ϱj

,

α̃j :=
1

c0ε̃j
f̃2j L2 BR/ϱj

,

ξ̃j :=
ε̃j
2 |∇ṽj |

2 − 1
ε̃j
W (ṽj),

then

−ε̃j∆ṽj +
1

ε̃j
W ′(ṽj) = f̃j in BR/ϱj

,

and ε̃j → 0, ṽj → 1 in L1(B2) and locally uniformly on B± by Lemma 4.7, µ̃j ⇀ µ0 := θ0H1 T

weakly* inM(B2), ξ̃j → 0 strongly in L1(B2) and α̃j → 0 strongly inM(B2). Moreover, according

to [43, Propositions 3.6 & 4.7], there exists Λ̃ > 0 such that

µ̃j(Bϱ(x)) ≤ Λ̃ϱ (4.33)

for all j ∈ N, all x ∈ B1 and all ε̃j ≤ ϱ ≤ 1.

Let ν̃j : Ω → Sd−1 be a Borel extension of ∇ṽj/|∇ṽj | on {∇ṽj = 0} and Ṽj ∈ V1(B1) be defined
as ∫

G1(Ω)

Φ(x, S) dṼj(x, S) =

∫
B1

Φ (x, Id− ν̃j ⊗ ν̃j) dµ̃j for Φ ∈ Cc(G1(B1)).

According to Theorem 2.3 and the above convergences, we infer that Ṽj ⇀ V0 weakly* inM(G1(B1))
for some stationary 1-rectifiable integral varifold V0 in B1 with µV0

= µ0 = θ0H1 T . In particular,
since µ0(∂B1) = θ0H1(T ∩ ∂B1) = 0,

Ṽj(G1(B1)) = µ̃j(B1) → µ0(B1) = V0(G1(B1)),

and we obtain that Ṽj ⇀ V0 weakly* in [Cb(G1(B1))]
′. In the sequel, we omit ∼ in order to simplify

notation.

Step 2. We next analyze more accurately the proof of [43, Proposition 5.2] to describe the
multiplicity θ0. Given τ ∈ (0, 1), δ > 0 and Λ > 0 as in (4.33), let ω = ω(δ, τ,Λ) > 0 and
L = L(δ, τ) > 1 be given by [43, Proposition 5.5]. As in [24, 43], we introduce the set2

Aj :=
{
z ∈ B1 : |vj(z)| ≤ 1− τ and

|ξj |(Bϱ(z)) +

∫
Bϱ(z)

εj |∇vj |2
√
1− (νj)22 dx ≤ ωϱ

for εj ≤ ϱ with Bϱ(z) ⊂ B1

}
.

By a careful inspection of the proof of [43, (88), Proposition 5.5], we see that for every z = (x, ȳ) ∈
Aj , there exists s = s(z) ∈ {±1} such that

s(x, ȳ)vj(x, ȳ + y) ≥ 1− τ

2
for y ∈ [−3Lεj ,−Lεj ] and

s(x, ȳ)vj(x, ȳ + y) ≤ −1 +
τ

2
for y ∈ [Lεj , 3Lεj ]. (4.34)

According to [43, Formula (96)], we have

µj(B1 \Aj) → 0. (4.35)

Moreover, as in [24, Formula (5.9)], we additionally have

H1
(
Π
(
B1 ∩ {|vj | ≤ 1− τ} \Aj

))
→ 0. (4.36)

We proceed as in [43, Proposition 5.2]. Given x ∈ T ∩ B1, we consider a maximal subset
X = {x} × {y1, . . . , yK} of Aj ∩ Π−1({x}) with |z − z′| ≥ 3Lεj for z ̸= z′ ∈ X. We observe that
K = Kj(x). Morever, by [43, pp. 713],

Kj(x) ≤ θ0, Aj ∩Π−1({x}) ⊂ {x} ×
K⋃

k=1

(yk − Lεj , yk + Lεj)

2Note that our definition of Aj differs from that in [43], since we do not require the additional condition

αj(Bϱ(z)) ≤ ωϱβ0 . It turns out that this condition is only useful in dimension 3 and is irrelevant in dimension 2 so

that Aj reduces to the same definition as in [24] (see Formulas (69) and (81) in [43]).
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and
1

εj

∫
{x}×(yk−Lεj ,yk+Lεj)

W (vj) dH1 ≤ c0
2

+ δ for k ∈ {1, . . . ,K}.

Summing up with respect to k yields

1

εj

∫
Π−1({x})∩Aj

W (vj) dH1 ≤ c0
2
Kj(x) + θ0δ.

We introduce the set

Gj := Π(Aj) \Π
(
B1 ∩ {|vj | ≤ 1− τ} \Aj

)
.

On the one hand, by Fubini,

1

εj

∫
Aj∩(Gj×R)

W (vj) dx =
1

εj

∫
Gj

(∫
Π−1({x})∩Aj

W (vj) dH1

)
dH1

≤ c0
2

∫
Gj

Kj(x) dH1(x) + Cδθ0. (4.37)

On the other hand,

1

εj

∫
Aj\(Gj×R)

W (vj) dx =
1

εj

∫
Π(Aj)\Gj

(∫
Π−1({x})∩Aj

W (vj) dH1

)
dH1

≤
(
θ0c0
2

+ θ0δ

)
H1(Π(Aj) \Gj) (4.38)

≤ Cθ0H1(Π(Aj) \Gj) ≤ Cθ0H1
(
Π
(
B1 ∩ {|vj | ≤ 1− τ} \Aj

))
.

Gathering (4.37) and (4.38), we obtain

µj(Aj) ≤
2

c0εj

∫
Aj

W (vj) dx+
1

c0
|ξj |(B1)

≤
∫
Gj

Kj(x) dH1(x) + Cθ0

(
δ +H1

(
Π
(
B1 ∩ {|vj | ≤ 1− τ} \Aj

))
+ |ξj |(B1)

)
.

Recalling that Kj(x) ≤ θ0 and using (4.35)–(4.36), we obtain (recall that ξj converges strongly to
0 in L1(B1))

2θ0 = θ0H1(T ∩B1) = µ0(B1) ≤ lim inf
j→∞

µj(B1) = lim inf
j→∞

µj(Aj)

≤ lim inf
j→∞

∫
Gj

Kj(x) dH1(x) + Cθ0δ ≤ lim sup
j→∞

∫
Gj

Kj(x) dH1(x) + Cθ0δ

≤ θ0 lim sup
j→∞

H1(Gj) + Cθ0δ ≤ 2θ0 + Cθ0δ.

By a diagonal argument we may find a sequence δj → 0 such that∫
Gj

Kj(x) dH1(x) → 2θ0

and

H1(B1 ∩ T \Gj) → 0. (4.39)

As a consequence ∫
Gj

|θ0 −Kj(x)| dH1(x) → 0.

Thus, up to a subsequence, (θ0 −Kj(x))1Gj
(x) → 0 for H1-a.e. x ∈ T ∩ B1. By (4.39) and since

both θ0 and Kj are integer, Egorov’s Theorem ensures the existence of a closed set C0 ⊂ T ∩ B1

and j0 ∈ N such that H1(C0 ∩Gj) > 0 and Kj ≡ θ0 on C0 ∩Gj for all j ≥ j0.

Step 3. In this final step we prove that for j large enough, Kj ∈ 2N in Gj ∩C0. By the previous
step this would conclude the proof of θ0 ∈ 2N. Since vj → 1 locally uniformly on B±, for all η > 0,
there exists j1 = j1(η) ∈ N such that for all j ≥ j1,

vj(x, y) > 1− τ for (x, y) ∈ B1 with |y| > η. (4.40)



CURVATURE PENALIZATION OF STRONGLY ANISOTROPIC INTERFACES MODELS 31

By Step 2 and using slicing properties of Sobolev functions, for all j ≥ j0 and for H1 a.e. x ∈
C0 ∩Gj , we have Kj(x) = θ0 and

y 7→ vj(x, y) ∈ H2(B1 ∩Π−1({x})).
Let j ≥ max(j0, j1) and fix such a point xj . Set K = Kj(xj) and, to simplify notation, let

v̄j(y) = vj(xj , y), y ∈ R

which is continuous. By (4.34), the intermediate value Theorem and since xj ∈ Gj ,

∅ ≠ {|v̄j | ≤ 1− τ} = Π−1({xj}) ∩Aj ⊂
K⋃

k=1

(yk − Lεj , yk + Lεj), (4.41)

where we recall that X = {xj} × {y1, . . . , yK} ⊂ {|v̄j | ≤ 1 − τ} is the maximal set introduced in
Step 2.

For k = 1, . . . ,K, let sk ∈ {±1} be given by (4.34). By (4.40) and (4.41), we see that s1 = 1
while sK = −1. To conclude the proof let us show that for k = 1, . . .K − 1, sk+1 = −sk. Since
the proof is the same for every k, it is enough to check it for k = 1. We claim that s2 = −1. Since
s1 = 1 we have by (4.34) that v̄j(y) ≤ −1+τ/2 for y ∈ [y1+Lεj , y1+3Lεj ]. If s2 = 1, by (4.34) we
would have v̄j(y) ≥ 1− τ/2 for y ∈ [y2 − 3Lεj , y2 − Lεj ]. Since v̄j is continuous, this would imply
that y1 + 3Lεj < y2 − 3Lεj as well as the existence of ȳ ∈ [y1 + 3Lεj , y2 − 3Lεj ] with v̄j(ȳ) = 0.

As ȳ ∈ {|v̄j | ≤ 1− τ} but ȳ /∈
⋃K

k=1(yk − Lεj , yk + Lεj) we reached a contradiction with (4.41).
Finally an elementary counting argument shows that K is an even number as claimed. □

Together with (4.24), the following result completes the proof of the lower bound.

Lemma 4.9. There holds

m(Ω) ≥
∫
Ω

|∇u|2 dx+

∫
Ju

(φ(νu) + |HJu
|2) dH1 + γH0(PJu

).

Proof. Arguing as in [10] (see also [6]), we have for all open set A ⊂ Ω,

2H1(Ju ∩A) ≤ lim inf
ε→0

∫
A

1

c0

(
ε

2
|∇vε|2 +

1

ε
W (vε)

)
dx = lim inf

ε→0
µε(A),

and thus
µ ≥ 2H1 Ju.

By Proposition 4.8, the 1-rectifiable integral varifold V has even multiplicity. Thus, owing to
Lemma 4.3, it is enough to show that

m(Ω) ≥
∫
Ω

|∇u|2 dx+
1

2

∫
Ω\X

(
φ(νV ) + |HV |2

)
dµ+ γH0(X).

Since the Radon measures L2, µ (Ω \ X) and H0 X are mutually singular, it suffices to
establish the following lower bounds for the Radon-Nikodým derivatives

dm

dL2
≥ |∇u|2 L2-a.e. in Ω, (4.42)

dm

dµ
≥ 1

2

(
φ(νV ) + |HV |2

)
µ-a.e. in Ω \X, (4.43)

dm

dH0 X
≥ γ on X. (4.44)

By definition of X, (4.44) is immediate, while (4.43) results from (4.32). Concerning the bulk
part (4.42), let us consider a Lebesgue point x0 ∈ Ω of ∇u such that dm

dL2 (x0) exists and is finite.

Note that L2 almost all points in Ω satisfy these properties. Let {ϱj}j∈N ↘ 0+ be such that
m(∂Bϱj

(x0)) = 0 for all j ∈ N. Arguing as in [10] (see also [6]), we infer that

m(Bϱj
(x0)) = lim

ε→0

1

4

∫
Bϱj

(x0)

(vε + 1)2|∇uε|2 dx ≥
∫
Bϱj

(x0)

|∇u|2 dx.

Dividing the previous inequality by πϱ2j and letting j → ∞ yields

dm

dL2
(x0) = lim

j→∞

m(Bϱj (x0))

πϱ2j
≥ lim

j→∞

1

πϱ2j

∫
Bϱj

(x0)

|∇u|2 dx = |∇u(x0)|2.
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The proof of Lemma 4.9 is now complete. □

4.2.2. Proof of Theorem 1.4: the upper bound. In this section we discuss the Γ-lim sup inequality
following the construction of [16, Lemma 4.1]. We use the same notation as in Section 3.2.2. Recall
in particular the definition of qε in (3.20).

Since we assume that Ju ∈ C (Ω), then Ju =
⋃N

i=1 Γi where Γi = γi([0, 1]) for some γi ∈
C2([0, 1];R2). Let {p1, . . . , pM} = PJu and R > 0 be such that for i ∈ {1, . . . ,M}, BR(pi)∩PJu =
{pi}. For t > 0, we denote the t-neighborhood of Ju by

Ut = {x ∈ R2 : dist(x, Ju) < t},
and we consider the signed distance to ∂U2δε

dε(·) = sdist(·, ∂U2δε) = dist(·, Ju)− 2δε

with the convention that dε < 0 in U2δε and dε > 0 in R2 \ U2δε . Note in particular that
−2δε ≤ dε < 0 in U2δε , and that dε → dist(·, Ju) ≥ 0 uniformly in R2.

Figure 3. Definition of vϵ (left) and wϵ (right) according to offsets of Ju and PJu
.

Figure 4. Profile of vϵ (left) and wϵ (right) accross the respective dotted lines in Figure 3.

We now define our candidate recovery sequence by setting

ūε(x) =


0 if dε(x) ≤ − 3δε

2 ,
2dε(x) + 3δε

δε
u(x) if − 3δε

2 < dε(x) < −δε,

u(x) if dε(x) ≥ −δε.

Using that Ju = {dε = −2δε}, we get that ūε ∈ H1(Ω). In addition, since

{dε < −δε} ⊂ {dε < δε} ⊂ {x ∈ R2 : dist(x, Ju) < 3δε} = U3δε

whose Lebesgue measure tends to zero, we get that ūε → u in L1(Ω).

We next define
v̄ε(x) = qε(dε(x)) for x ∈ R2,

which satisfies |v̂ε| ≤ 1 in Ω, v̄ε ∈ H1(Ω) and v̂ε → 1 in L1(Ω). Notice that in general we do not
have v̄ε ∈ H2(Ω) because of the junction points PJu

. A simple mollification argument allows to
approximate v̄ε by smooth functions so that we will ignore this issue.
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In order to define the last phase-field function w̄ε related to the junction points, we set

dβε = | · | − βε = sdist(·, ∂Bβε
).

We then define for x ∈ R2,

w̄ε(x) =

M∑
i=1

qε(d
βε(x− pi)).

We immediately check that |w̄ε| ≤ 1 in Ω, w̄ε ∈ H2(Ω) and w̄ε → 1 in L1(Ω).

We now evaluate separately each terms of the energy Gγ
ε .

Step 1. First of all, since v̄ε = 1 on {dε > δε}, we have

1

ηε

∫
Ω

(1− v̄ε)
2 dx =

1

ηε

∫
{dε≤δε}

(1− v̄ε)
2 dx ≤ 1

ηε
L2({dε ≤ δε}) ≤

1

ηε
L2(U3δε).

Since Ju ∈ C (Ω), its H1 measure coincides with its 1-Minkowski content. Thus

L2(Ut)

2t
→ H1(Ju) as t→ 0,

and using (4.21) together with the definition (3.19) of δε yields

1

ηε

∫
Ω

(1− v̄ε)
2 dx ≤ 6λε| log ε|

ηε

|U3δε |
6δε

→ 0. (4.45)

Step 2. We introduce the radii

R±
ε = βε ± δε

which satisfy, according to (4.21),

R±
ε

δε
→ ∞

so that we can assume that for ε > 0 small enough

R ≥ 2βε ≥ R+
ε ≥ R−

ε ≥ 4δε.

Since dβε(x − pi) = |x − pi| − βε > δε for all x ∈ R2 \
⋃M

i=1BR+
ε
(pi), we deduce that w̄ε = 1 on

R2 \
⋃M

i=1BR+
ε
(pi). We thus obtain thanks to (4.21),

1

ηε

∫
Ω

(1− w̄ε)
2 dx ≤

M∑
i=1

|BR+
ε
(pi)|
ηε

≤ πM
(βε + λε| log ε|)2

ηε
→ 0. (4.46)

Step 3. Next, using that v̄ε = −1 on {dε < −δε}, we infer that∫
Ω

(v̄ε + 1)2|∇ūε|2 dx ≤ 4

∫
{dε≥−δε}

|∇u|2 dx ≤ 4

∫
Ω

|∇u|2 dx. (4.47)

Step 4. We now address the point energy. Since dβε(x − pi) = |x − pi| − βε > δε for all x ∈
R2 \

⋃M
i=1BR+

ε
(pi) and d

βε(x− pi) = |x− pi| − βε < −δε for all x ∈
⋃M

i=1BR−
ε
(pi), we deduce that

w̄ε = 1 in R2 \
⋃M

i=1BR+
ε
(pi) and w̄ε = −1 in

⋃M
i=1BR−

ε
(pi). It is thus enough to show that

lim sup
ε→0

Gε,βε

(
w̄ε, BR+

ε
(pi) \BR−

ε
(pi)

)
≤ 4π for 1 ≤ i ≤M. (4.48)

Without loss of generality we may assume that pi = 0. We now compute separately the two
terms in Gε,βε

(
w̄ε, BR+

ε
\BR−

ε

)
. Note that

∇w̄ε(x) = q′ε(|x| − βε)
x

|x|
for x ∈ BR+

ε
\BR−

ε
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so that, using polar coordinates we have

1

βε

∫
B

R
+
ε
\B

R
−
ε

(
ε

2
|∇w̄ε|2 +

1

ε
W (w̄ε)

)
dx

=
2π

βε

∫ R+
ε

R−
ε

[
ε

2
|q′ε(r − βε)|2 +

1

ε
W (qε(r − βε))

]
r dr

≤ 2π

(
1 +

δε
βε

)∫ δε

−δε

[
ε

2
|q′ε(r)|2 +

1

ε
W (qε(r))

]
dr → 2πc0, (4.49)

where we used the scaling assumption (4.21) and Lemma 3.5.
For the other term we notice that since ∇dβε(x) = x

|x| for all x ∈ BR+
ε
\BR−

ε
, we have

−ε∆w̄ε +
1

ε
W ′(w̄ε) = −εq′′ε (dβε) +

1

ε
W ′(qε(d

βε))− εq′ε(d
βε)∆dβε in BR+

ε
\BR−

ε
.

Moreover, using that ∆dβε(x) = 1
|x| for x ∈ BR+

ε
\BR−

ε
, we obtain

βε
ε

∫
B

R
+
ε
\B

R
−
ε

(
−ε∆w̄ε +

1

ε
W ′(w̄ε)

)2

dx

=
2πβε
ε

∫ R+
ε

R−
ε

∣∣∣∣−εq′′ε (r − βε) +
1

ε
W ′(qε(r − βε))− ε

q′ε(r − βε)

r

∣∣∣∣2 r dr
=

2πβε
ε

∫ δε

−δε

∣∣∣∣−εq′′ε (r) + 1

ε
W ′(qε(r))− ε

q′ε(r)

r + βε

∣∣∣∣2 (r + βε) dr.

By Lemma 3.6,

βε
ε

∫ δε

−δε

∣∣∣∣−εq′′ε (r) + 1

ε
W ′(qε(r))

∣∣∣∣2 (r + βε) dr ≤
βε(δε + βε)ε

p

ε
→ 0,

hence

lim sup
ε→0

βε
ε

∫
B

R
+
ε
\B

R
−
ε

(
−ε∆w̄ε +

1

ε
W ′(w̄ε)

)2

dx

= lim sup
ε→0

2πβε
ε

∫ δε

−δε

∣∣∣∣ε q′ε(r)r + βε

∣∣∣∣2 (r + βε) dr ≤ lim sup
ε→0

2πεβε
βε − δε

∫ δε

−δε

|q′ε(r)|2 dr.

Finally by (3.21) together with the scaling laws (4.21), we obtain that

lim sup
ε→0

2πεβε
βε − δε

∫ δε

−δε

|q′ε(r)|2 dr = lim sup
ε→0

2π

1− δε
βε

∫ δε/2

−δε/2

ε|q′ε(r)|2 dr = 2πc0.

This yields

lim sup
ε→0

βε
ε

∫
B

R
+
ε
\B

R
−
ε

(
−ε∆w̄ε +

1

ε
W ′(w̄ε)

)2

dx ≤ 2πc0, (4.50)

and gathering (4.49) and (4.50) concludes the proof of (4.48).

Step 5. We now address the jump term. Since ∇v̄ε = q′ε(dε)∇dε and |∇dε| = 1 a.e. in Ω, we infer
that∫

Ω

φε (∇v̄ε)
(
ε

2
|∇v̄ε|2 +

W (v̄ε)

ε

)
dx =

∫
{|dε|≤δε}

φε(q
′
ε(dε)∇dε)

(
ε

2
|q′ε(dε)|2 +

W (qε(dε))

ε

)
dx.

We proceed as in the proof of (3.27). Indeed, using the co-area formula, (3.7), (3.22), H1({dε =
t}) ≤ CH1(Ju) for |t| ≤ δε and the fact that ε

2 |q
′
ε|2 = 1

εW (qε) on [−δε/2, δε/2], we find that

lim sup
ε→0

∫
Ω

φε (∇v̄ε)
(
ε

2
|∇v̄ε|2 +

W (v̄ε)

ε

)
dx

= lim sup
ε→0

∫ δε
2

− δε
2

ε|q′ε(t)|2
(∫

{dε=t}
φε(q

′
ε(t)∇dε) dH1

)
dt.
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Now for |t| ≤ δε/2 we have by (3.9),∫
{dε=t}

φε(q
′
ε(t)∇dε) dH1 ≤

∫
{dε=t}

φ(∇dε) dH1 +
Lrε

2|q′ε(t)|
H1({dε = t})

≤
∫
{dε=t}

φ(∇dε) dH1 + C
Lrε

|q′ε(t)|
H1(Ju).

As

lim sup
ε→0

rε

∫ δε
2

− δε
2

ε|q′ε|dt ≤ 2 lim sup
ε→0

rεε = 0,

we obtain from (3.21)

lim sup
ε→0

∫
Ω

φε (∇v̄ε)
(
ε

2
|∇v̄ε|2 +

W (v̄ε)

ε

)
dx = lim sup

ε→0

∫ δε
2

− δε
2

ε|q′ε(t)|2
(∫

{dε=t}
φ(∇dε) dH1

)
dt

≤ lim sup
ε→0

(∫ δε
2

− δε
2

ε|q′ε(t)|2dt

)
sup
|t|≤δε

∫
{dε=t}

φ(∇dε) dH1

≤ c0 lim sup
ε→0

sup
|t|≤δε

∫
{dε=t}

φ(ν{dε=t}) dH1.

In the last line we used that ∇dε = ν{dε=t} on {dε = t}. Writing {dε = t} as a double graph on
Ju away from PJu we see that

lim sup
ε→0

sup
|t|≤δε

∫
{dε=t}

φ(ν{dε=t}) dH1 = 2

∫
Ju

φ(νu)dH1

so that finally

lim sup
ε→0

∫
Ω

φε (∇v̄ε)
(
ε

2
|∇v̄ε|2 +

W (v̄ε)

ε

)
dx ≤ 2c0

∫
Ju

φ(νu) dH1. (4.51)

Step 6. It remains to address the curvature term. Let Ωε = Ω\
⋃M

i=1BR−
ε
(pi). We first notice that

w̄ε = −1 in
⋃M

i=1BR−
ε
(pi) and that v̄ε is locally constant and equal to ±1 in Ωε ∩ {|dε| > δε}.

Therefore

1

ε

∫
Ω

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

(1 + w̄ε)
2 dx ≤ 4

ε

∫
Ωε∩{|dε|≤δε}

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

dx.

Moreover, we recall that we assumed that Ju ∈ C (Ω) and thus Ju =
⋃N

i=1 Γi where Γi = γi([0, 1])
for some γi ∈ C2([0, 1];R2). In particular for every ε small enough we may write

Ωε ∩ {|dε| ≤ δε} =

N⋃
i=1

Ωi
ε

with,

dε(x) = dist(x,Γi)− 2δε for x ∈ Ωi
ε.

Moreover, in each Ωi
ε the orthogonal projection ΠJu on Ju coincides with the orthogonal projection

on Γi and is uniquely defined. We may thus decompose the integral as

4

ε

∫
Ωε∩{|dε|≤δε}

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

dx =

N∑
i=1

4

ε

∫
Ωi

ε

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

dx.

We claim that for every i = 1, . . . , N ,

lim sup
ε→0

4

ε

∫
Ωi

ε

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

dx ≤ 8c0

∫
Γi

|HΓi |2dH1. (4.52)

After summation over i this would yield

lim sup
ε→0

∫
Ω

1

ε

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

(1 + w̄ε)
2dx ≤ 8c0

∫
Ju

|HJu
|2 dH1. (4.53)
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We now prove (4.52). In Ωi
ε we have |∇dε| = 1 and

−ε∆v̄ε +
1

ε
W ′(v̄ε) = −εq′′ε (dε) +

1

ε
W ′(qε(dε))− εq′ε(dε)∆dε

so that

4

ε

∫
Ωi

ε

(
−ε∆v̄ε +

1

ε
W ′(v̄ε)

)2

dx =
4

ε

∫
Ωi

ε

(
−εq′′ε (dε) +

1

ε
W ′(qε(dε))− εq′ε(dε)∆dε

)2

dx.

We now notice that by Lemma 3.6, and the co-area formula,

1

ε

∫
Ωi

ε

(
−εq′′ε (dε) +

1

ε
W ′(qε(dε))

)2

dx

=
1

ε

∫ δε

−δε

(
−εq′′ε (t) +

1

ε
W ′(qε(t))

)2

H1({dε = t} ∩ Ωi
ε) dt ≤ Cεp−1 → 0,

hence

lim sup
ε→0

1

ε

∫
Ωi

ε

(
−εq′′ε (dε) +

1

ε
W ′(qε(dε))− εq′ε(dε)∆dε

)2

dx = lim sup
ε→0

ε

∫
Ωi

ε

(q′ε(dε)∆dε)
2
dx.

Using the co-area formula again we find

ε

∫
Ωi

ε

(q′ε(dε)∆dε)
2
dx =

∫ δε

−δε

ε|q′ε(t)|2
∫
Ωi

ε∩{dε=t}
|∆dε|2 dH1 dt

≤

(∫ δε

−δε

ε|q′ε(t)|2dt

)(
sup
|t|≤δε

∫
Ωi

ε∩{dε=t}
|∆dε|2 dH1

)
.

Thanks to (3.21), in order to conclude the proof of (4.52), we are left with the proof of

lim sup
ε→0

sup
|t|≤δε

∫
Ωi

ε∩{dε=t}
|∆dε|2 dH1 ≤ 2

∫
Γi

|HΓi
|2 dH1. (4.54)

For this we notice (see [21, Appendix B]) that for x ∈ Ωi
ε ∩ {dε = t},

|∆dε(x)| ≤
|HΓi(ΠJu(x))|

1± (2δε + t)|HΓi
(ΠJu

(x))|
≤ (1 + Cδε)|HΓi

(ΠJu
(x))|.

Writing Ωi
ε ∩ {dε = t} as a double normal graph over Γi then leads to (4.54).

Step 7. Gathering finally (4.45), (4.46), (4.47), (4.48), (4.51) and (4.53), we infer that

lim sup
ε→0

G(γ)
ε (ūε, v̄ε, w̄ε) →

∫
Ω

|∇u|2 dx+

∫
Ju

(1 + |HJu |2) dH1 + γH0(PJu) = G(γ)(u),

which completes the proof of the upper bound. □

5. Appendix: the Gauss-Bonnet formula for varifolds

The aim of this Appendix is to give a self contained proof of a generalized Gauss-Bonnet formula
for 1-rectifiable integral varifolds with square integrable bounded first variation. The proof below
follows the lines of the arguments in [30, Theorem 24.1], in a simplified setting.

Theorem 5.1. Let V ∈ V1(R
2) be a 1-rectifiable integral varifold in R2 with bounded first varia-

tion in L2
µV

(R2;R2) and such that

0 <

∫
R2

(1 + |HV |2) dµV <∞. (5.1)

Then,

|δV |(R2) =

∫
R2

|HV | dµV ≥ 2π. (5.2)
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To simplify notation, we write in the sequel µ = µV and H = HV . By [49, Remark 17.9], we
can write V = v(M, θ), where M = Supp(µ) is a closed H1-rectifiable set and θ :M → N \ {0} is
an H1-integrable function. In particular

µ = θH1 M.

For later use, we define the measure ψ = |δV | = |H|µ and we also set

α = ψ(R2) =

∫
R2

|H| dµ. (5.3)

Remark 5.2. It is not enough to assume that V has bounded first variation since e.g. for a square,
V = v(∂(0, 1)2, 1), we have µV = H1 ∂(0, 1)2 and

δV = (e1 + e2)δ(0,0) + (e2 − e1)δ(1,0) + (e1 − e2)δ(0,1) − (e1 + e2)δ(1,1),

where e1 = (1, 0) and e2 = (0, 1), hence |δV |(R2) = 4
√
2 < 2π.

The proof of Theorem 5.1 is based on a Lusin type property for the Gauss map (see Proposition
5.3 below). This result, which is the two-dimensional version of [30, Theorem 21.16], will be proven
in Subsection 5.1.

Let us fix some notation. Given a vector ν = (ν1, ν2) ∈ S1, we write ν⊥ = (−ν2, ν1) and
⟨ν⊥⟩ = Vect(ν⊥). For all (x, ν) ∈ R2 × S1, we denote by ΠS1(x, ν) = ν (resp. ΠR2(x, ν) = x) the
projections onto S1 (resp. R2).

Proposition 5.3. Let N ⊂M be such that H1(N) = 0 and

B =
{
(x, ν) ∈M × S1 : M ⊂ {y ∈ R2 : (y − x) · ν ≥ 0}

}
. (5.4)

Then
H1
(
ΠS1

(
(N × S1) ∩B

))
= 0.

Before proving Theorem 5.1, let us check the following property satisfied by the set B:

Figure 5.

Lemma 5.4. Let us consider the set B defined in (5.4), then

B ⊂
{
(x, ν) ∈M × S1 : TxM exists and TxM = ⟨ν⊥⟩

}
. (5.5)

Proof. Let (x, ν) ∈ B and assume without loss of generality that x = 0. As in the proof of Lemma
4.2, we perform a blow-up at the point 0. Given ϱ > 0, let Vϱ ∈ Mloc(G1(R

2)) be the 1–varifold
defined by

⟨Vϱ,Φ⟩ :=
1

ϱ

∫
G1(R2)

Φ

(
y

ϱ
, S

)
dV (y, S) for Φ ∈ Cc(G1(R

2)).

Up to a subsequence {ϱj}j∈N ↘ 0, there exists a stationary 1-rectifiable integral varifold V0 such
that Vϱj

⇀ V0 weakly* in Mloc(G1(R
2)). Moreover, by [49, Theorem 19.3], V0 = v(C,ψ) where C

is an H1-rectifiable cone and ψ : C → N\{0} is a locally H1-integrable function with ψ(x) = ψ(tx),
for all x ∈ C and t > 0. We furthermore claim that

C = Supp(µV0) = ⟨ν⊥⟩. (5.6)

Indeed, on the one hand (0, ν) ∈ B so that for every ϱ > 0, Supp(µVϱ
) = ϱ−1M ⊂ {y ∈ R2 : y ·ν ≥

0} and we deduce that C = Supp(µV0
) ⊂ {y ∈ R2 : y · ν ≥ 0} as well. On the other hand, the set



38 J.-F. BABADJIAN, B. BUET AND M. GOLDMAN

C being an H1-rectifiable cone in R2, there exists a finite collection of half-lines {R+ui}Ii=1 with
I ≤ 2Θ1(µ, 0) such that

C =

I⋃
i=1

R+ui,

where ψ|R+ui
= ψi ∈ N\{0} is constant and ui ∈ R2 satisfy ui ·ν ≥ 0. Let ζ ∈ C1

c (R
2) be a scalar

function satisfying ζ(0) = 1 then

δV0(ζν) =

∫
C

divC(νζ)ψ dH1 =

I∑
i=1

ψiν · ui
∫
Li

ui · ∇ζ dH1 = −
I∑

i=1

ψiui · ν.

Recalling that V0 is stationary, ψi ≥ 1 and ui · ν ≥ 0, we deduce that ui · ν = 0 for all i ∈ N.
Therefore,

C ⊂ ⟨ν⊥⟩ and µV0 = ψ+H1 (R+ν⊥) + ψ−H1 (R−ν⊥)

for some ψ± ∈ N \ {0}. Using again the stationarity of V0, we have 0 = δV0 = (ψ−−ψ+)ν⊥ which
actually yields ψ+ = ψ−. Thus µV0 = ψH1 ⟨ν⊥⟩ for some ψ ∈ N \ {0}, hence C = ⟨ν⊥⟩, which
shows (5.6). Therefore, M admits an approximate tangent line at 0 given by T0M = ⟨ν⊥⟩, and it
implies the desired inclusion (5.5). □

Proof of Theorem 5.1. We first record that, as a consequence of Lemma 2.1, and Young inequality,
there exists R0 > 0 such that for all x ∈M ,{

ϱ ≤ µ(Bϱ(x)) for all ϱ ∈ (0, R0],

µ(Bϱ(x)) ≤ αϱ for all ϱ > 0,
(5.7)

where we recall that α is defined in (5.3). As a consequence of the lower density estimate in (5.7)
we obtain the compactness of M . Indeed, let us consider a maximal set M ′ = {xi}i∈I ⊂ M such
that |xi − xj | ≥ 2R0 for all i, j ∈ I with i ̸= j. By maximality, we must have that

M ⊂
⋃
i∈I

B2R0
(xi). (5.8)

Moreover, BR0(xi) ∩BR0(xj) = ∅ for all i, j ∈ I with i ̸= j. Thus, by (5.1) and (5.7),

R0#(I) ≤
∑
i∈I

µ(BR0
(xi)) = µ

(⋃
i∈I

BR0
(xi)

)
≤ µ(M) = µ(R2) <∞,

which shows that I is a finite set. Thus, by (5.8), the closed set M is bounded hence compact.

Step 1. We now prove a coarea formula, see (5.10). Since H ∈ L2
µ(R

2;R2), by [47, Theorem 5.1]

combined with [48, Theorem 3.1] (see also [29, Theorem 1]) we have that M is C2-rectifiable so
that there exists a countable collection {Mi}i∈N of C2 curves with H1(M\

⋃
iMi) = 0. Moreover,

by [48, Corollary 4.2], see also [4, Theorem 2] or [29, Theorem 1], we have the following locality
property of the mean curvature

H = HMi H1-a.e. on M ∩Mi. (5.9)

Fix i ∈ N and let γi : [0, Li] → R2 be an arc-length parametrization of Mi. Arguing as in [30,
Lemma 21.3], for every Borel set A ⊂ {(x, ν) ∈M × S1 : TxM = ⟨ν⊥⟩}, we have∫

Mi

H0({ν ∈ S1 : (x, ν) ∈ A})|HMi
(x)| dH1(x)

=

∫ Li

0

H0({ν ∈ S1 : (γi(t), ν) ∈ A})|γ̈i(t)| dt

=

∫ Li

0

1A(γi(t), γ̇i(t)
⊥)|γ̈i(t)| dt+

∫ Li

0

1A(γi(t),−γ̇i(t)⊥)|γ̈i(t)| dt.

Moreover, by the generalized area formula, see e.g. [3, Theorem 2.91],∫ Li

0

1A(γi(t),±γ̇i(t)⊥)|γ̈i(t)| dt =
∫
S1

[∫
{t∈[0,Li]: γ̇i(t)=ν}

1A(γi(t),±γ̇i(t)⊥) dH0(t)

]
dH1(ν),
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hence∫
Mi

H0({ν ∈ S1 : (x, ν) ∈ A})|HMi
(x)| dH1(x) =

∫
S1

H0({x ∈Mi : (x, ν) ∈ A}) dH1(ν).

Let us decompose the H1-rectifiable set M as M = N ∪
⋃

iAi where N ⊂ M is H1-negligible,
and Ai ⊂ Mi for all i ∈ N with Ai ∩ Aj = ∅ if i ̸= j. Using the locality of the mean curvature
(5.9), we get that ∫

Ai

H0({ν ∈ S1 : (x, ν) ∈ A})|H(x)| dH1(x)

=

∫
Mi

H0({ν ∈ S1 : (x, ν) ∈ A ∩ (Ai × S1)})|HMi
(x)| dH1(x)

=

∫
S1

H0({x ∈Mi : (x, ν) ∈ A ∩ (Ai × S1)}) dH1(ν)

=

∫
S1

H0({x ∈M : (x, ν) ∈ A ∩ (Ai × S1)}) dH1(ν).

Summing up the previous equality and using that N =M \
⋃

iAi is H1-negligible yields for every
Borel set A ⊂ {(x, ν) ∈M × S1 : TxM = ⟨ν⊥⟩},∫

M

H0({ν ∈ S1 : (x, ν) ∈ A})|H(x)| dH1(x)

=

∫
S1

H0({x ∈M : (x, ν) ∈ A}) dH1(ν)

−
∫
S1

H0({x ∈M : (x, ν) ∈ A ∩ (N × S1)}) dH1(ν). (5.10)

Specifying (5.10) with A = B defined in (5.4), and using Proposition 5.3, we get that∫
M

H0({ν ∈ S1 : (x, ν) ∈ B}) |H(x)| dH1(x) =

∫
S1

H0({x ∈M : (x, ν) ∈ B}) dH1(ν). (5.11)

Step 2. We first prove that for every ν ∈ S1,

H0({x ∈M : (x, ν) ∈ B}) ≥ 1. (5.12)

Indeed, let ν ∈ S1. Since M is compact, the continuous function y 7→ y · ν reaches its minimum at
some x̄ ∈ M that is, for all y ∈ M , (y − x̄) · ν ≥ 0, which shows that (x̄, ν) ∈ B, and establishes
(5.12). We then show that for all x ∈M ,

H0({ν ∈ S1 : (x, ν) ∈ B}) ≤ 1. (5.13)

Indeed, let x ∈ M . According to (5.5), we always have that H0({ν ∈ S1 : (x, ν) ∈ B}) ≤ 2.
If H0({ν ∈ S1 : (x, ν) ∈ B}) = 2, it implies by definition of B that M ⊂ x + ⟨ν⊥⟩ =: L. By
locality of the mean curvature (see [4, Theorem 2]), we get that H = HL = 0 H1-a.e. on M so
that δV = −Hµ = 0 and V is a stationary varifold in R2. Applying the Constancy Theorem
(see [49, Theorem 41.1]), we infer that M = L and θ is constant on M , which implies that
µ(R2) = θH1(L) = ∞. We thus reach a contradiction with (5.1) and deduce the validity of (5.13).

Finally, gathering (5.11), (5.12) and (5.13), we obtain∫
R2

|H| dµ ≥
∫
M

|H| dH1 ≥
∫
M

H0({ν ∈ S1 : (x, ν) ∈ B})|H(x)| dH1(x)

=

∫
S1

H0({x ∈M : (x, ν) ∈ B}) dH1(ν) ≥ H1(S1) = 2π,

concluding the proof of (5.2). □



40 J.-F. BABADJIAN, B. BUET AND M. GOLDMAN

5.1. Lusin property of the Gauss map. The aim of this section is to prove Proposition 5.3.
Let us start by introducing some notation. Given sets C ⊂ R2 × S1 and A ⊂ R2, we define

C|A = (A× S1) ∩ C ⊂ R2 × S1, C[A] = ΠS1(C|A) ⊂ S1.

We recall the definition (5.4) of the set B.

Proof of Proposition 5.3. With the previous notation, our aim is to show that if N ⊂M is such that
H1(N) = 0, then H1(B[N ]) = 0. By [3, Remark 2.54], it is enough to prove that H1

∞(B[N ]) = 0,
where H1

∞ is the infinite pre-Hausdorff measure, see [3, Definition 2.46].
Since H1(N) = 0, then µ(N) = ψ(N) = 0. By outer regularity, for each ε > 0, there exists an open
set U ⊃ N such that µ(U) + ψ(U) ≤ ε. Let λ = 2−55−1, we claim that there exists a constant
c > 0 such that the family

F =
{
Bϱ(x) : x ∈ ΠR2(B|N), 0 < ϱ ≤ λR0, Bϱ/λ(x) ⊂ U

and H1
∞(B[B5ϱ(x)]) ≤ c (µ(Bϱ(x) + ψ(Bϱ(x))

}
is a covering of ΠR2(B|N), i.e.

ΠR2(B|N) ⊂
⋃

Bϱ(x)∈F

Bϱ(x). (5.14)

Indeed, let x ∈ ΠR2(B|N) so that, in particular, x ∈ N ⊂ U . As U is open, we have Bϱ/λ(x) ⊂ U
for ϱ ∈ (0, λR0) small enough. Applying Lemma 5.8 below to the function r 7→ g(r) = ψ(Br(x)),
we may possibly decrease ϱ ∈ (0, λR0) in such a way that

ψ(Bϱ/λ(x)) ≤
2

λ
(ϱ+ ψ(Bϱ(x))) ≤

2

λ
(µ(Bϱ(x)) + ψ(Bϱ(x))), (5.15)

where the last inequality follows from (5.7). By Lemma 5.6 below, (5.7) and (5.15), there exists a
constant c > 0 such that

H1
∞(B[B5ϱ(x)]) = H1

∞(B[B2−5 ϱ
λ
(x)]) ≤ cψ(B ϱ

λ
(x)) ≤ 2c

λ
(µ(Bϱ(x)) + ψ(Bϱ(x))),

which concludes the proof of (5.14).
By Vitali’s covering Theorem, there exists a countable subfamily G = {Bϱi

(xi)}i∈N ⊂ F such
that the elements of G are pairwise disjoint and

ΠR2(B|N) ⊂
⋃
i∈N

B5ϱi
(xi).

This implies that

B|N ⊂
⋃
i∈N

B|B5ϱi
(xi),

and thus,

B[N ] ⊂
⋃
i∈N

B[B5ϱi
(xi)].

Then, we have

H1
∞(B[N ]) ≤

∑
i∈N

H1
∞(B[B5ϱi

(xi)]) ≤ c
∑
i∈N

(µ+ ψ)(Bϱi
(xi)) ≤ c(µ+ ψ)(U) ≤ cε.

Since ε is arbitrary, it yields H1
∞(B[N ]) = 0 as claimed.

Remark 5.5. In the proof above, we avoided the analog of [30, Lemma 21.13, Lemma 21.14,
Lemma 21.15]. Moreover, compared to [30, Theorem 21.16], we have at our disposal the mono-
tonicity formula (5.7) which shows that the density Θ1(µ, ·) is uniformly bounded. In particular,
it avoids a truncation argument as well as the analog of [30, Section 22].

We now adapt the proof of [30, Lemma 21.12] to show the following measure estimate used in
the proof above. We recall that c1 > 0 is the constant of the Sobolev-Michael-Simon inequality
(see Theorem 2.2) and α is defined by (5.3).

Lemma 5.6. There exists a constant c = c(c1, α) > 0 such that for all x0 ∈ ΠR2(B|N) and all
0 < R ≤ R0,

H1
∞(B[B2−5R(x0)]) ≤ cψ(BR(x0)) . (5.16)
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Proof. We introduce the following notation

γ = ψ(BR(x0)) =

∫
BR(x0)

|H| dµ . (5.17)

Using that H1
∞(B[B2−5R(x0)]) ≤ H1

∞(S1) ≤ 2π, there is no loss of generality in assuming that
γ satisfies condition (5.20) so that Lemma 5.7 below applies. Let ∆ > 0 be the constant given by
that Lemma.

Let us consider a maximal subset A ⊂ B[B2−5R(x0)] ⊂ S1 such that |v − v′| ≥ 1 for every v,
v′ ∈ A with v ̸= v′. We then have

B[B2−5R(x0)] ⊂
⋃
v∈A

B1(v), #(A) ≤ κ, (5.18)

for some universal constant κ > 0. We claim that for every v ∈ A, if (x̄, v) ∈ B|B2−5R(x0) and
(x, ν) ∈ B|B2−5R(x0) with |v − ν| < 1 then

|v − ν| ≤ c∆γ, (5.19)

for some universal constant c > 0.

Figure 6. Geometric illustration of |v⊥ · ν| ≤ 24∆γ, with x0 = 0 and R = 1

Since |v−ν| < 1, we have in particular that ν · v > 0. Up to an axial symmetry, we may assume
without loss of generality that ν ·v⊥ ≤ 0. We first check thatM intersects the purple region region
in Figure 6. More precisely, thanks to Lemma 5.7 below related to (x̄, v), we may find a point
z ∈M ∩BR/2(x̄) such that

(z − x̄) · v⊥ ≥ 2−3R, (z − x̄) · v ≤ ∆γR.

Moreover, by definition of B and since x and z ∈M , we also have

(x− x̄) · v ≥ 0 and (z − x) · ν ≥ 0 .

It remains to check that the existence of such a z ∈ M allows one to bound the angle between ν
and v as suggested in Figure 6, where the maximal angle ω between ν and v corresponds to the
case z in the top right corner of the purple region and (z − x) · ν = 0. From the above properties
of z and recalling that x, x̄ ∈ B2−5R(x0) so that |x̄− x| ≤ 2−4R, we infer

(z − x) · v⊥ = (z − x̄) · v⊥ + (x̄− x) · v⊥ ≥ 2−3R− |x̄− x| ≥ 2−3R− 2−4R = 2−4R ,

and
(z − x) · v = (z − x̄) · v + (x̄− x) · v ≤ ∆γR .

As ν · v⊥ ≤ 0 and 0 ≤ ν · v ≤ 1, we consequently have

0 ≤ (z − x) · ν = ((z − x) · v)(v · ν) + ((z − x) · v⊥)(v⊥ · ν)
≤ ∆γR+ 2−4R(v⊥ · ν),

hence
|v⊥ · ν| ≤ 24∆γ .

Using again that ν · v ≥ 0,

|ν − v|2 = 2(1− ν · v) = 2
1− (ν · v)2

1 + ν · v
= 2

(ν · v⊥)2

1 + ν · v
≤ 2(ν · v⊥)2 ≤ (c∆γ)2
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where c > 0 is a universal constant, and we conclude the proof of (5.19). As a consequence of
(5.19), we find that for every v ∈ A we have

diam(B[B2−5R(x0)] ∩B1(v)) ≤ 2c∆γ.

Recalling (5.18), this concludes the proof of (5.16). □

The proof of Lemma 5.6 relies on the following result, which is an adaptation of [30, Lemma
21.8]. The idea is to find a level set of the function y 7→ (y−x) ·ν (where (x, ν) ∈ B) corresponding
to a height of order at most γR which intersects a ‘large’ portionM , and such that the first variation
of the restricted varifold to this level set does not have too much mass. Thanks to Lemma 5.10
below this would imply that the same level set intersects the balls B2−3R(x ± 2−2Rν⊥). Let
ε0 = ε0(α, 2

−4) > 0 be given by Proposition 5.9 with τ = 2−4 and ĉ = ĉ(c1, α) > 0 be the constant
appearing in (5.35) below.

Lemma 5.7. There exists ∆ = ∆(c1, α) > 0 such that for all x0 ∈ ΠR2(B|N) and all 0 < R ≤ R0,
if γ > 0 (defined in (5.17)) satisfies

γ ≤ min

{
1

2c1
, ε0,

ε0
4ĉ

}
, (5.20)

then the following property holds: for (x, ν) ∈ B|B2−5R(x0), there exist z± ∈ M ∩ BR/2(x) such
that

±(z± − x) · ν⊥ ≥ 2−3R and (z± − x) · ν ≤ ∆γR.

Proof. Let (x, ν) ∈ B|B2−5R(x0), and assume without loss of generality that (x, ν) = (0, e2). Let
f : BR(x0) → R+ be the nonnegative Lipschitz function defined by

f(z) = max{z2, 0}.

By definition of B, for all z ∈M , f(z) = z2 = (z − x) · ν ≥ 0 and

∇Mf(z) = ΠTzMDf(z) = (τ(z) · e2)τ(z), (5.21)

where τ(z) ∈ TzM ∩ S1.

Step 1. We first note that B5R/6 ⊂ BR(x0). We now claim that∫
B4R/5

1

f + γR
|∇Mf | dµ ≤ c̄, (5.22)

for some constant c̄ = c̄(α, c1) > 0. Indeed, adapting [30, Lemma 20.6], we consider a cut-off
function η ∈ C∞

c (R2; [0, 1]) such that η = 1 in B4R/5, Supp(η) ⊂ B5R/6 and |∇η| ≤ c/R. Since
f + γR > 0, we can define

u =
1

f + γR
, φ = η2u, g = log(f + γR) in BR(x0).

These functions are Lipschitz continuous in BR(x0) and we have

∇Mφ = 2ηu∇Mη + η2∇Mu, ∇Mu = − 1

(f + γR)2
∇Mf, ∇Mg =

1

f + γR
∇Mf.

In particular, |∇Mg|2 = −∇Mu·∇Mf so that∇Mφ·∇Mf = 2ηu∇Mη·∇Mf−η2|∇Mg|2. Therefore,
rearranging terms, we find∫

B5R/6

η2|∇Mg|2 dµ =

∫
B5R/6

2ηu∇Mη · ∇Mf dµ−
∫
B5R/6

∇Mφ · ∇Mf dµ. (5.23)

Regarding the first term at the right-hand side of (5.23), we estimate it using that u|∇Mf | ≤
|∇Mg|, |∇Mη| ≤ c/R and µ(B5R/6) ≤ αR (thanks to (5.7) together with x = 0 ∈ M). Thus,
Young’s inequality shows that∫

B5R/6

2ηu∇Mη · ∇Mf dµ ≤ c

R
+

1

4

∫
B5R/6

η2|∇Mg|2 dµ, (5.24)
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where c = c(α) > 0 only depends on α. For the second term at the right-hand side of (5.23), we
recall (5.21) and using that µ is supported in M ,

−
∫
B5R/6

∇Mφ · ∇Mf dµ = −
∫
B5R/6

(∇φ · τ)(τ · e2) dµ

= −
∫
B5R/6

divM (φe2) dµ =

∫
B5R/6

H · e2φdµ ≤ γ∥φ∥L∞
µ (B5R/6). (5.25)

Next applying the Sobolev-Michael-Simon inequality, Theorem 2.2, to the Lipschitz function φ
which is compactly supported in B5R/6, we infer

∥φ∥L∞
µ (B5R/6) ≤ 2(1− c1γ)∥φ∥L∞

µ (B5R/6) ≤ 2c1

∫
B5R/6

|∇Mφ| dµ,

where we used that γ ≤ 1/(2c1) thanks to assumption (5.20). Using that γRu ≤ 1 and γR|∇Mu| ≤
|∇Mg|, we find γR|∇Mφ| ≤ 2η|∇Mη|+ η2|∇Mg|. Hence, since η ≤ 1, |∇Mη| ≤ c/R and 2c1γ ≤ 1,
we find again thanks to Young’s inequality and µ(B5R/6) ≤ αR,

2c1γR

∫
B5R/6

|∇Mφ| dµ ≤ c+

∫
B5R/6

η|∇Mg| dµ ≤ c+
R

4

∫
B5R/6

η2|∇Mg|2 dµ, (5.26)

where c = c(c1, α) > 0. Collecting estimates (5.23), (5.24), (5.25) and (5.26), we deduce that∫
B4R/5

|∇Mg|2 dµ ≤
∫
B5R/6

η2|∇Mg|2 dµ ≤ c

R
,

where c = c(c1, α) > 0. Using Hölder inequality and once again µ(B5R/6) ≤ αR, this proves∫
B4R/5

|∇Mg| dµ ≤ c̄, (5.27)

for some constant c̄ = c̄(c1, α) > 0, and thus also (5.22).

Step 2. Let Es = BR(x0)∩M ∩{f < s} and let ε0 > 0 given by Proposition 5.9 (with τ = 2−4)
below in (5.36) so that in particular, ε0R < 2−4R ≤ µ(B2−4R) by (5.7). We then define

t0 = sup {s > 0 : µ(Es ∩B2−4R) ≤ ε0R} <∞ ,

so that for all t > t0,

µ(Et0 ∩B2−4R) ≤ ε0R ≤ µ(Et ∩B2−4R). (5.28)

As in [30, Theorem 20.9], we prove that

t0 ≤ cγR, (5.29)

for some constant c = c(c1, α) > 0. To this aim, we consider the Lipschitz function ĝ : BR(x0) →
R+ defined by

ĝ = max{log(t0 + γR)− log(f + γR), 0} = (log(t0 + γR)− g)1Et0
≥ 0

so that |∇M ĝ| = |∇Mg| in Et0 and ∇ĝ = 0 in BR(x0) \ Et0 . Since B2−4R ⊂ BR(x0), by (5.20)
together with (5.28), we have

µ(Et0 ∩B2−4R) ≤ ε0R,

∫
Et0

∩B2−4R

|H| dµ ≤ ε0.

We can thus apply Proposition 5.9 to the function ĝ, the set W = Et0 ∩ B2−4R and τ = 2−4, and
get that

sup
B2−5R∩M

ĝ ≤ Λ

∫
B2−4R

|∇M ĝ| dµ.

On the other hand, by (5.27), ∫
B2−4R

|∇M ĝ| dµ ≤ c̄.

In particular we have ĝ ≤ Λc̄ on M ∩ Et0 ∩B2−5R i.e.

log(f + γR) ≥ log(t0 + γR)− Λc̄ on M ∩ Et0 ∩B2−5R,
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and passing to the exponential yields

f + γR ≥ e−Λc̄(t0 + γR) ≥ e−Λc̄t0 on M ∩ Et0 ∩B2−5R.

Finally, since f ≥ 0 in M , 0 ∈M and f(0) = 0, then infM∩Et0
∩B2−5R

f = 0 and

γR ≥ inf
M∩Et0

∩B2−5R

(f + γR) ≥ t0e
−Λc̄.

This concludes the proof of (5.29) with c = eΛc̄.

Step 3. We now set s1 = log(t0 + γR) and s2 = log(t0 + γR) + c̄
ε0

with c̄ > 0 given by (5.27).
For s ≥ s1, we introduce

Ês = BR(x0) ∩M ∩ {g < s} = Ees−γ , Vs = V (Ês ×G1) and µs = µVs
= µ Ês ,

so that Vs is a 1-rectifiable integral varifold in B1. In particular, we have Ês1 = Et0 and for every
s ∈ (s1, s2), using (5.28) with t = es − γR > es1 − γR = t0, we obtain

µs(B2−4R) = µ(Et ∩B2−4R) ≥ ε0R. (5.30)

Regarding the first variation δVs, g is smooth and we can apply the slicing Theorem for varifolds, [1,
Theorem 2, Section 4.10], together with (5.27) to infer that δVs is a Radon measure and moreover,∫ s2

s1

|δVs|(B4R/5) ds ≤
∫ s2

s1

|δV |(B4R/5 ∩ Ês) ds+

∫
B4R/5

|∇Mg| dµ

≤ (s2 − s1)|δV |(B4R/5) +

∫
B4R/5

|∇Mg| dµ ≤ (s2 − s1)γ + c̄,

where we used that B4R/5 ⊂ BR(x0) and the definition (5.17) of γ in the last inequality. We recall

that s2 − s1 = c̄
ε0
. Therefore, by the mean value formula there exists s∗ ∈ (s1, s2) such that

|δVs∗ |(B4R/5) ≤
1

s2 − s1

∫ s2

s1

|δVs|(B4R/5) ds ≤ γ + ε0. (5.31)

According to (5.29), we have

f + γR ≤ es∗ ≤ es2 = (t0 + γR)e
c̄
ε0 ≤ ∆γR in Ês∗ , (5.32)

where ∆ = (c+ 1)e
c̄
ε0 only depends on α and c1, so that by (5.22),∫

Ês∗∩B4R/5

|∇Mf | dµ ≤ ∆γR

∫
Ês∗∩B4R/5

1

f + γR
|∇Mf | dµ ≤ c∆γR. (5.33)

Notice that from (5.21), for x ∈M and τ ∈ TxM ∩ S1, we have

|ΠTxM −ΠRe1 |2 = 2(τ · e2)2 = |∇Mf(x)|2,

and thus (5.33) yields∫
B4R/5

|ΠTxM −ΠRe1 | dµs∗ =

∫
B4R/5

|∇Mf | dµs∗ ≤ c∆γR. (5.34)

Applying Lemma 5.10 with R1 = 2−4R, R2 = 2−3R and L = 2−2R, and noticing that

K =
⋃

t∈(0,2−2R)

B2−3R(te1) ⊂ B4R/5,

we get using (5.20), (5.30), (5.31) and (5.34),

µs∗(B2−3R(2
−2Re1)) ≥ µs∗(B2−4R)−

R

4

(
|δVs∗ |(B4R/5) +

25

R

∫
B4R/5

|ΠTxM −ΠRe1 | dµs∗

)

≥ ε0R− R

4
(γ + ε0)− 8c∆γR ≥ ε0

2
R− ĉγR, (5.35)

for some constant ĉ = ĉ(c1, α) > 0. According to our choice of γ in (5.20), we have γ ≤ ε0
4ĉ so that

µs∗

(
B2−3R(2

−2Re1)
)
≥ ε0

4
R > 0.
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Since by (5.32), Ês∗ ⊂ {g < s∗} ⊂ {f ≤ ∆γR} we infer that

µ
(
{f ≤ ∆γR} ∩B2−3R(2

−2Re1)
)
≥ µ

(
Ês∗ ∩B2−3R(2

−2Re1)
)
= µs∗

(
B2−3R(2

−2Re1)
)
> 0

and eventually, any element z ∈ {f ≤ ∆γR} ∩B2−3R(2
−2Re1) ∩ Supp(µ) ̸= ∅ satisfies

z ∈M ∩BR/2, z1 ≥ 2−3R and z2 = f(z) ≤ ∆γR,

which completes the proof of the lemma. □

5.2. Some technical results. The following result is a simplified variant of [30, Lemma 21.1].

Lemma 5.8. Let g : R → R+. Then, for every t > 0 and every λ ∈ (0, 1), there exists 0 < r ≤ t
such that

g(r/λ) ≤ 2λ−1(r + g(r)).

Proof. Set f(r) = r+ g(r) for r > 0. Assume that the conclusion does not hold for some t > 0 and
λ ∈ (0, 1) so that for all r ∈ (0, t],

f(r) = r + g(r) <
λ

2
g(r/λ) .

For each n ≥ 0, we define rn = λnt ≤ t 1so that,

f(rn+1) <
λ

2
g(rn) ≤

λ

2
f(rn),

and thus, by induction,

f(rn) ≤
(
λ

2

)n

f(t) =
rn
t2n

f(t).

Let n be large enough so that f(t)2−n < λt, we get a contradiction with the fact that f(rn) ≥
rn. □

The following result states a Poincaré-Sobolev type inequality on varifolds, for Lipschitz func-
tions vanishing on a large part of the domain. Notice that it also follows from [30, Theorem 9.1]
(or [31, Theorem 10.1]) which we partially reproved in our situation for the reader’s convenience.

Proposition 5.9. For every τ ∈ (0, 1), there exists ε0 = ε0(α, τ) > 0 such that the following
property holds: let x ∈ M , r ∈ (0, R0], g : Br(x) → R+ and W ⊂ Bτr(x) be a Borel set. Suppose
that

g = 0 on M ∩Bτr(x) \W, µ(W ) ≤ ε0r,

∫
W

|H| dµ ≤ ε0.

Then

sup
M∩B τr

2
(x)

g ≤ Λ

∫
Bτr(x)

|∇Mg| dµ,

for some constant Λ > 0 only depending on α.

Proof. Set Q = 1, M = 2 and let Λ = Λ(2) > 0 be the constant given by [31, Corollary 7.11]. Fix

ε0 < min

{
τ

2
,
Λ−1τ

2
,Λ−1

}
. (5.36)

We define the (vector) Radon measure T ∈ M(Br(x)×R;R2) by

⟨T, ζ⟩ =
∫
Br(x)

ζ(y, g(y)) · ∇Mg(y) dµ(y) for all ζ ∈ Cc(Br(x)×R;R2).

We then have that

|T |(Br(x)×R) = |T |(Br(x)×R+) =

∫
Br(x)

|∇Mg| dµ. (5.37)

Next, for s ∈ R+, we introduce the Borel set Fs = {g > s} ⊂W and, as in [31, Definition 5.1],
we define the distributional V –boundary of Fs as

V ∂Fs := δV Fs − δ(V (Fs ×G1)) ∈ D′(Br(x);R
2),

i.e.

V ∂Fs(ζ) =

∫
Fs

H · ζ dµ−
∫
Fs

divMζ dµ for ζ ∈ C∞
c (Br(x);R

2).
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Then, by [31, Theorem 8.30] (see also [1, Theorem 2, Section 4.10]) and (5.37), V ∂Fs is a Radon
measure for a.e. s ∈ R+ and the following coarea formula holds:∫

Bτr(x)

|∇Mg| dµ = |T |(Bτr(x)×R+) =

∫ +∞

0

|V ∂Fs|(Bτr(x)) ds . (5.38)

Let s ∈ R+ such that V ∂Fs is a Radon measure and furthermore assume that s < supM∩B τr
2

(x) g.

Then, M ∩ Fs ∩B τr
2
(x) ̸= ∅ and by continuity of g, there exists a small ball Bϱ(z) ⊂ Fs ∩B τr

2
(x)

with z ∈M ∩ Fs ∩B τr
2
(x) and ϱ ≤ R0. By (5.7), µ(Bϱ(z)) ≥ ϱ > 0 and consequently

µ(Fs ∩B τr
2
(x)) > 0 . (5.39)

We now apply the relative isoperimetric inequality, [31, Corollary 7.11], with U = Bτr(x), B =
∂Bτr(x), E = Fs, Q = 1 and M = 2. By our choice of ε0 in (5.36), as Fs ⊂W then in particular

µ(Fs ∩Bτr(x)) ≤ ε0r ≤ min
{τr

2
,Λ−1 τr

2

}
and

∫
Fs

|H| dµ ≤ ε0 ≤ Λ−1

so that the assumptions of [31, Corollary 7.11] are met and we get thanks to (5.39)

Λ|V ∂Fs|(Bτr(x)) ≥ µ(Fs ∩B τr
2
(x))0 = 1.

Therefore, integrating over s from 0 to supM∩B τr
2

(x) g and applying (5.38), we obtain

Λ

∫
Bτr(x)

|∇Mg| dµ ≥ sup
M∩B τr

2
(x)

g,

and the proof is complete. □

The next result is a specific version of [30, Lemma 21.6].

Lemma 5.10. Let W = v(M, θ) ∈ V1(R
2) be a 1-rectifiable varifold with bounded first variation.

For every R2 > R1 > 0 and every L > 0, let

K =
⋃

t∈(0,L)

BR2
(te1).

Then,

µW (BR2
(Le1))− µW (BR1

) ≥ −L
(
|δW |(K) +

2

R2 −R1

∫
K

|ΠRe1 −ΠTxM | dµW

)
,

where ΠTxM denotes the projection onto the line TxM .

Proof. Let χ ∈ C∞
c (R2; [0, 1]) be a cut-off function with 1BR1

≤ χ ≤ 1BR2
, Supp(χ) ⊂ BR2 and

|∇χ| ≤ 2/r with r = R2 −R1. For t ∈ (0, L), we define

φ(t) =

∫
R2

χ(x− te1) dµW (x).

We compute for t ∈ (0, L)

φ′(t) = −
∫
R2

∇χ(x− te1) · e1 dµW (x).

For x ∈M , let τ ∈ S1 ∩ TxM and ν ∈ S1 such that ν · τ = 0, then

−φ′(t) =

∫
R2

(∇χ(x− te1) · τ)(τ · e1) dµW (x) +

∫
R2

(∇χ(x− te1) · ν)(e1 · ν) dµW (x).

If ξ = χ(· − te1)e1 we get that for x ∈ R2,

divMξ(x) = (Dξ(x)τ) · τ = −(∇χ(x− te1) · τ)(τ · e1)
so that, by definition of the first variation of V ,∣∣∣∣∫

R2

(∇χ(x− te1) · τ)(τ · e1) dµW (x)

∣∣∣∣ = ∣∣∣∣∫
R2

divMξ dµW

∣∣∣∣ ≤ |δW |(K),

where we used that Supp(ξ) ⊂ BR2
(te1) ⊂ K and |ξ| ≤ 1.

For the second term we notice that since e1 = ΠRe1(e1) we have

(e1 · ν)ν = e1 −ΠTxM (e1) = (ΠRe1 −ΠTxM )(e1)
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and consequently∣∣∣∣∫
R2

(∇χ(x− te1) · ν)(e1 · ν)dµW (x)

∣∣∣∣ ≤ 2

r

∫
K

|(e1 · ν)ν| dµW ≤ 2

r

∫
K

|ΠRe1 − ΠTxM | dµW .

In conclusion, we obtain that for t ∈ (0, L),

|φ′(t)| ≤ |δW |(K) +
2

r

∫
K

|ΠRe1 −ΠTxM | dµW .

Since φ(0) ≥ µW (BR1
) and φ(L) ≤ µW (BR2

(Le1)), the conclusion follows. □
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