FIRST ORDER EQUATION ON RANDOM MEASURES AS
SUPERPOSITION OF WEAK SOLUTIONS TO THE MCKEAN-VLASOV
EQUATION
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ABSTRACT. The goal of this paper is to define an evolution equation for a curve of random
probability measures (My),ejo,7] C P(P(R?)) associated to a non-local drift b : [0, 7] x R% x
P(R?) — R? and a non-local diffusion term a : [0,7] x R? x P(R?) — Sym_ (R4*?). Then,
we show that any solution to such an equation on random measures can be lifted twice: to
a superposition of solutions to a non-linear Kolmogorov-Fokker-Planck equation and to a
superposition of weak solutions to the McKean-Vlasov equations. Finally, we exploit this
nested superposition result to show how existence and uniqueness can be transferred from
the equation on random measures to the associated non-linear Kolmogorov-Fokker-Planck
equation and to the McKean-Vlasov equation, assuming uniqueness of the linearized version
of KFP. As a tool, we will introduce integral metrics over the spaces of probability measures
P(RY) and P(P(R4)) in duality with smooth functions.
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1. INTRODUCTION

The superposition principle plays an important role in many evolution problems: its first
version was proved by L. Ambrosio (see [AGS08, Theorem 8.2.1]), and relates the Eulerian
(continuity equation) and the Lagrangian description (system of ODEs) of the flow led by a
vector field v : [0, 7] x R? — RY. It was introduced to study the well-posedness of ODEs (in a
selection sense) under non-smooth assumptions on the vector field [Amb04; |ACO08], extending
the celebrated work by R. Di Perna and P.L. Lions [DL89|. It is a useful tool in many other
contexts (e.g. optimal transport), and for this reason, it has been extended to more abstract
spaces (see e.g. [ST17]).

Let us recall the following two versions of the superposition principle:

(A) the stochastic superposition principle proved in [Fig08; [Trel6; [BRS21], that in the
spirit of the Ambrosio’s superposition principle, relates weak solutions of a stochastic
differential to the associated linear Kolmogorov-Fokker-Planck equation (see also §2.3);

(B) the nested superposition principle proved in [PS25al], where the authors defined an
abstract continuity equation for a curve of random measures (M;);ej0.r) C P(P(R?))
that can be written either as superposition of solutions to a non-local continuity equation
Orpe + div(be(+, ) pue) = 0 or as superposition of solutions to an interacting particle
systems dX; = by (X, Law (X))dt.
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In this paper, we want to prove a new nested superposition principle for random measures
(which in particular is an extension of (B)) that relies on the stochastic superposition principle
(A). To be more specific, consider a non-local vector field b : [0,7] x R? x P(R%) — R¢ and
a non-local diffusion term o : [0, 7] x R? x P(RY) — R¥*™  and define a := oo ". The term
non-local highlights their dependence on the measure variable. For any p € P(R?), define the

operator
d

1 hy
L}, 0,9 Zbl o) (@) + 5 Y 4 (@, 1)05,0(),

1,0=1
for all ¢ € Cg (R?). The stochastic superposition principle shows there is a correspondence

(possibly non 1-1) between curves of probability measures (u¢)sejo,r] C P(R?) that solve (in a
distributional sense) the non-linear Kolmogorov-Fokker-Planck equation

(1.1) O = (L 4,)" b

and weak solutions to the McKean-Vlasov equation (or equivalently solutions of the associated
non-linear martingale problem [SV06])

(12) dXt = bt(Xt, LaW(Xt))dt + O't(Xt, LaW(Xt))th
We will introduce an evolution equation over random measures P(P(R?)) that can be seen
either as a superposition of solutions to or as a superposition of weak solutions to (1.2)). To

this aim, we define an operator Ky, q, actlng on cylinder functions Cyl1 ?(P(RY)) (see Definition
they will play the role of smooth test functions), so that the equation d; M; = Koy an My 18

Well defined (see Definition , where (Mj)ieo,r) C P(P(R?)). Then, the main result of this
paper can be summarized as follows.

Theorem 1.1. Let b: [0,T] x R x P(R?) — R? and a : [0,T] x R x P(R?) — Sym  (R4*4)
be Borel measurable maps. Let M = (My);ep0.1) € C([0,T], P(P(R?))) be such that

|bt x :u‘ |at(~T7M)|
1.3) oM, =XK; M, d dp(z)dM(p)dt < 4o0.
( ) tE T e, e AT / /:P(Rd /Rd 1+\x| 1—|-|as|2 ( ) t( )

Then, there exist A € P(C([0,T],P(R?))) and £ € P(P(C([0,T],R%))) liftings of M, in the
sense that (e;)sA = M; and (Et)ﬁS M; (see ([A16)) for all t € [0,T] satisfying:

(1) A-a.e. p= (p)iepo,r € C([0,T], P(RY)) solves and it satisfies
(14) // /d |bt X Mt ‘at(m,ﬂt”dﬂt(l’)dtd/\(u) < +OO7
R

1+ || L+ [af?
(2) L-a.e. X € P(Cr(R?) is a martingale solution of (L.2) (see Deﬁmtzon and it
satisfies
bt (ves () M), lae (e, (€)M
1.5 /// + dtdA(v)dL(X) < 4005
(5) L+ |yl L |yef? A

(3) By = A (see (4.16)) and there exists a map Gpq : C([0,T], P(RY)) — P(C([0,T],R?))
such that (Gpq)3A = £ and E(Gpo(p)) = p for A-a.e. p.
Conversely:
(i) given £ € P(P(C([0,T],R9))) satisfying the condition in (2), then E4£ € P(C([0,T], P(RY)))
satisfies the condition in (1);
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(ii) given A € P(C([0,T], P(R?))) satisfying the condition in (1), then the curve of random
measures defined by M, = (e)s A, satisfies (|1.3]).

This theorem is followed by a uniqueness scheme: indeed, under suitable assumptions, we
can prove that uniqueness for the equation on random measures is equivalent to uniqueness of

(L.1) and (1.2) (see Proposition [5.6).

The advantages of this approach are many:

e the equation 0;M; = XK, o, My shares interesting properties. Firstly, it is linear in M.,
making it an infinite-dimensional linearized version of the Kolmogorov-Fokker-Planck
equation. Secondly, it is a first order equation, in the sense that the operator Xy, 4,
satisfies the Leibniz rule Ky, o, (FG) = FKs, ,0,G + GKp, 0, F';

e in principle, it can be used to study well-posedness for and , in a selection
sense, under low-regularity for the coefficients, in analogy with the original works by
Ambrosio (for the deterministic case) and Figalli-Trevisan (for the stochastic case).

Of course, there is no free lunch: the first thing to do to pursue the previous way for
well-posedness is to find a good class of curves of random measures in which to look for existence
and uniqueness, under suitable assumptions on the coefficients, that must be understood as well.
To find such a class seems to be a challenging problem, due to the infinite-dimensionality of the
space P(R?) and the lack of a nice reference measure on it, which prevents the application of
standard finite-dimensional techniques. This aspect is worth further investigating, for example
endowing the space P(R?) with a Gaussian-regular measure (see [PS25b|).

The well-posedness for McKean-Vlasov equation attracted many researchers in recent years
[BR24; |CD22]. In [BR24], the authors grouped the results of a series of papers in which they
studied the McKean-Vlasov equation, mainly exploiting the theory developed by A. Figalli and
D. Trevisan. In particular, in [BR23|, they showed how the uniqueness of a linearized version of
the McKean-Vlasov equation is useful to gather uniqueness for the original equation. In §5,
Assumption [5.3] is a fundamental assumption on uniqueness of the linearized McKean-Vlasov,
and it is exploited as in [BR23] to prove the uniqueness scheme.

Other approaches for the well-posedness of the McKean-Vlasov equation (recovering also
strong uniqueness) are through uniform continuity assumptions on the coefficients [De 20} [PR25
CF22|. In particular, some Lipschitz/Holder continuity assumptions are done w.r.t. the state
and the measure variable. To do so, several distances are considered in the measure variable. In
§3, we introduce a new natural distance, in duality with C* functions, and the case with ¢ = 2
will be an important tool for the proof of Theorem It would be interesting to understand if
other metric-like discrepancies of order 2 between probability measures (e.g. [HT19; BMQ25;
BB24]) may give a metric characterization of the equation 0;M; = K, .0, Mz, as in [PS25a,
Section 3 & 4].

A similar result to our main theorem was already obtained in [LSZ22|, where they considered
a more general equation, putting a stochastic noise at the level of equation , raising an
operator K, at the level of random measures, of diffusive nature. The novelties of this paper
are both in the approach, that relies on a measurable selection argument (see and in the
integrability assumptions; indeed, we only require integrability of

bt(xv M) at(xv M)
1.6 d ——,
(1.6) 1+lz] ™ Typ

while they could perform the liftings only under LP-assumptions of a and b, with p > 1 (see also
[Reh23|). Moreover, we also show the uniqueness equivalences under the uniqueness assumption
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for the linearized Kolmogorov-Fokker-Planck equation, that allows one to recover uniqueness
under uniformly (w.r.t. the variable u) Lipschitz assumption in the variable = (see Lemma .

Outline of the paper. In Section [2| we fix the main spaces we are going to use in the
paper, in particular fixing some natural topologies on them. Then, we recall the stochastic
superposition principle, introducing the linear Kolmogorov-Fokker-Planck equation and the
martingale problem. It will be the notion of solution that we use for stochastic differential
equations, that is equivalent to weak solutions.

In Section (3| we introduce the distance D, over probability measures, in duality with C’g
functions with controlled norm. We will see that they are complete metrics that induce the
narrow topology. With the same idea, we define distances over P(P(R?)) in duality with smooth
cylinder functions (see Definitions and [3.5) and we show that they all induce the narrow
over narrow topology over P(P(R?)) (see §2.1.4).

In Section |4] we introduce the operator Xy, ., acting on cylinder functions and associated
to the non-local drift term b : [0,7] x R? x P(RY) — R? and the non-local diffusion term
a:[0,T] x R x P(RY) — Sym, (R?¥9). Then we prove the nested stochastic superposition
principle, Theorem in several steps: first, we show Claims (i) and (ii); then, we prove the
existence of A satisfying Claim (1), embedding P(R?) (endowed with the distance Dy introduced
in Section [3) in R*°, in which we transfer the equation to use the superposition principle in R>
proved in [AT14]; then, we show the existence of £ that satisfies Claims (2) and (3), using a
measurable selection argument. The non-trivial part is to prove the measurability of the set
KFP(b,a) and MP(b,a) (see Definition [4.3)).

Finally, in Section [5] we show how uniqueness can be transferred from the equation on
random measures to the non-linear Kolmogorov-Fokker-Planck and to weak solutions of the
McKean-Vlasov equation.

2. PRELIMINARIES

2.1. Canonical topology over spaces of measures and the space of continuous curves.
Let (X, 7) be a Polish space, i.e. for which there exists a distance d that induces the topology 7
and makes it a complete and separable space. The collection B(X) denotes the Borel o-algebra
of X, i.e. the o-algebra generated by the topology 7.

2.1.1. Space of continuous curves. The space of continuous curves from [a, ] to X, denoted by
C([a,b],Y) is naturally endowed with the compact-open topology. Its topology can be metrized
as well, resulting as Polish (see [Sri08, Theorem 2.4.3] for separability): indeed, considering a
distance d over X that induces its topology 7, the compact open topology is metrized by the
sup-distance over curves, i.e.
(2.1) Dy(xy,2) := sup d(xi(t),z2(t)) Vay,xe € C([a,b]; X).
te[0,T]

It will be useful, in this context, to consider a bounded distance d that induces the compact-open
topology. In particular, given any distance d inducing 7, defining the truncated one, i.e. d=dA 1,
we have that the compact-open topology over C([a,b], X) is induced by D as well.

Fixing a distance d that induces the topology of X, the set of absolutely continuous curves
denoted by AC([a,b], X) is defined as the collection of continuous curves = (2¢);e[q,p) for
which there exists a function g : (a,b) — [0, +00] that is in L!(a,b) and satisfying

¢
d(zs,z¢) < / g(r)dr foralla<s<t<b.
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For absolutely continuous curves, there always exists the metric derivative, i.e.
|2]q(t) := lim d(z¢yn, x4)
h—0

exists for a.e. t € (a,b). Moreover |&|(-) € L (a,b) and it is (pointwise) the smallest function g
that can be considered in the definition.
When a = 0, the space C([0,b], X) will be denoted as Cp,(X).

2.1.2. Spaces of measures. We will denote with P(X) the space of Borel probability measures
over X. More generally, we denote by M (X), M(X) and M(X;R™), respectively, the space of
finite positive measures, signed measures and R"-valued measures, in both the last two cases
with finite total variation, where for a given v € M(X;R"™), its total variation is

“+o0
(2.2) lv|(A) = sup{z lv(A4,)] : UA” =A ANAj=0asi 7&]}

Notice that P(X) C M4 (X) C M(X). In particular, we will endow M(Y;R"™) with the narrow
topology, so that P(X) and M, (X) are endowed with the subspace topology, and actually are
closed subsets.

The narrow topology over M(X; R™) is the smallest topology for which the functional

M(X:R™) 5 v s /qu(x)-du(x)

is continuous for all ¢ € C(X;R"™), i.e. bounded and continuous functions over X taking values
in R™. It is important to recall that:

(a) the spaces P(X) and M, (X), endowed with the narrow topology, are Polish;
(b) the space M(X;R™) is not Polish, but is still a Lusin space (see e.g. [PS25a, Remark
2.4)).

Recall the push-forward operation defined over positive measures: if f : (Z1,F1) — (Z2, F2)
is a function between two generic measurable spaces and u is a measure defined over (Z1,F1),
then fyp is a measure over (Z, F3) defined as

Jn(E) = p(f~(E)) VE €T,

Notice that, together with what we introduced §2.1.1] we fixed canonical topologies over
P(C([a,], X)) and C([a, ], P(X)).

The following measurability result will be useful in the following, and for its proof we refer
for example to [PS25al, Appendix D].

Lemma 2.1. Let g: X — [0,+00] and f : X — R™ be Borel measurable maps. Then:
(i) the map

G M (Y) = [0, 400, Glu) = /Y g du

is Borel. In particular, the set {5 € My (Y) : [y gdu < +oo} is Borel measurable;
(ii) for any p > 1, the set

{(1,v) € My (Y) x M(V3R") : f € LP(u), v = fuu}

is Borel, considering the product topology over Mo (Y) x M(Y; R™).
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2.1.3. 1-Wasserstein distance. Let d be a bounded distance that induces the prescribed topology
over X. The associated 1-Wasserstein distance, denoted Wi, over the space of probability
measures is defined as

Wi a(pe1, p2) = inf {/ d(z1,z2)dm(x1,22) @ TE H(ul,ug)} for all py, uae € P(X),
XxX

where TI(u1, u2) is the collection of all the transport plans 7 between py and po, i.e. all the
probability measures 7 € P(X x X) satisfying m(A x X) = p1(A) and 7(X x B) = ps(B) for all
A, B € B(X). If the distance considered is not bounded, we can always replace it by d=dn1,
that is still a distance that induces the same topology.

The 1-Wasserstein distance associated with the truncated distance (Z, ie. Wl, 4» induces the
narrow topology over P(X).

Another important feature of the 1-Wasserstein distance is its dual formulation: for all
1, pto € P(R?), it holds

(2.3) le(i(ul,,ug) = sup {/X oduy — /X ¢dus ¢ € Cp(X), ¢ 1-Lipschitz w.r.t. (f} .

We will make use of this formulation to define different distances inducing the narrow topology
over P(R?) (see : in this particular case it holds

Wi ar(p, p2) = Sup{/Rd Gdpy — /Rd ddpz = ¢ € Ci(RY), Voo < 1},

where C}(R?) denotes the class of C!-functions such that ¢(z) — 0 and V¢(x) — 0 when
|z| = +o0.

2.1.4. Space of random measures. An important space in this paper is the one of random
measures over R?, i.e. the space of probability measures over probability measures P(P(R%)).
Since P(R?) with the narrow topology is Polish, we may endow P(P(R?)) with the topology
described in the previous subsection, that we will call narrow over narrow topology. Moreover,
given any bounded distance D over P(RY) that induces the narrow topology, we know that
W1, p induces the narrow over narrow topology.

2.2. A note on filtrations and measurability. In this subsection, we introduce what is
usually called the natural filtration over the space of continuous curves Cr(X) := C([0,T]; X),
where X is a Polish space. In particular, the following lemma shows that it is equivalently
generated by the collection of all the evaluations at time s € [0,¢] or just by the restriction of
the curve in the interval [0, ¢], considering the topologies introduced in the previous subsection.

Lemma 2.2. Let (X, 7) be a Polish space and consider
Cs CT(X) - X, 65(7) = 7(5)a |[O,s] : CT(X) - CS(X)v [0,s] (’Y) = ’7|[0,s]~

Endow Cy(X) with its natural topology and the associated Borel o-algebra for any t € [0,T].
Then, for all t € [0,T], the smallest o-algebra on Cr(X) that makes measurable es for all
5 € [0,t] coincides with the smallest o-algebra that makes measurable |1 4. Such o-algebra will
be indicated with F;, and the collection (Ft)iepo, 1 95 commonly called the natural filtration of

Cr(X).

Proof. Let F; := o(es : s € [0,T]) and F;, = o(|j0,5)- The inclusion F; C F, is immediate, since

es = el o ljo,g) for all s € [0,t], where e Ci(X) — X is the evaluation at time s < ¢ for

curves defined up to time ¢.
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Regarding the other inclusion, endow X with a distance d that makes it complete and separable,
and Cy(X) with the sup distance, and notice that for all balls B, (%), with ¥ € C(X), it holds

(B3 = (7 € Cr(X) : max d(3(s).3(s)) <}

)

=J{reorn(x) : max d(y(s),7(s)) <7 - 1/k}

E>1
=J{velr(x) : swp d(v(9),4(q) <7v—1/k}
k>1 q€[0,t]NQ

=UJ N {reorX) : dx(9),7(a) <r—1/k}

k>1¢€0,t]NQ
=J (] DeorX) : e(y) € Broyw(3(a)} € Fe.
k>14¢€[0,tjNQ
Since Cy(X) is separable (see [Sri08, Theorem 2.4.3]), it has a countable basis for the topology

made of balls, and then we can conclude that |[_()}t] (A) € F for all A C Ci(X) open. Then (g 4

is F;-measurable, i.e. .’}'”t C F;. O

Lemma 2.3. Lett € [0,T] and G a countable basis for the topology of C;(R?). Define the set
of Fy-measurable simple functions

(24) V= Span@{]lE;l(A) : AE.At}, where Ay :{UBk : neN, BkESt}.

k=1
Then, for any probability measure o € P(Cr(R?)), the set 8; is dense in LP(c,F;) for any
p € [1,400).
Proof. 1t suffices to show that we can approximate 15 for any B € J;. In particular, there
exists B € B(Cy(R?)) such that B = [;g,(B) and 15(7) = 1z(|p0.4(7))-
Consider now the space L? (Cy(R), (E;)sr, B(C(R?))). By outer regularity, it is not hard to
prove that A} := Spang{l4 : A € A;} is dense in LP(Cy(R?), B(C¢(RY)), (|j0,4)¢¢). Then,
there exists f, = Zj\]:l qinla,,, with N €N, ¢;, € Q and A;, € A; such that

p

N
qu,n]lAj,n(ho,t] (1) = 15(p.n()| da(v)

=1

dmw:/ l9n(7) — 1 5(7)Pdat),
Cr(R%)

0 |n—nmwmwma=/

Ci(RY) Cr(RY)
N

Z Qj,n]l|[;)}t](Aj,n)(’Y) —15(y)
1

/cTaRd) =

with g, =), qj77l]l|[’()}t](A_7‘n,) € V.. O

2.3. Martingale problem, KFP equation and superposition principle in R%. In this
subsection, working in the Euclidean space, we recall the definition of the martingale problem
associated with a second order operator L, introduced in [SVO06], the associated Kolmogorov-
Fokker-Planck equation on probability measures, and the superposition principle that links
them, for which we rely on |Fig0§|, [Trel6].

Here, we will deal with Borel functions

(2.5) a:[0,T] x R* — Sym_ (R™>9), b:[0,T] x RY — R,
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where Sym +(]RdXd) are the positive definite square matrices of size d. To them, we can associate
for any ¢ € [0,T] the differential operator

(26) Ly, ®() 1= () - Vo(a) + gau(a) : V2(a) Yo € CF(R,

where A : B := Z . A;;B;j is the scalar product between matrices. Then, we can define the
KFP equations and the martingale problem associated to the operator L.

Definition 2.4. Let p = (1) eo,r) € Cr(P(RY)). We say that the Kolmogorov-Fokker-Planck
equation Oypy = Ly, , pu is satisfied if

2.7) / /B 1be(2)] + ag(2)|dpe (@)t < +00 VR >0,

and for all € € C1((0,T)) and ¢ € C2(RY) it holds

(2.9 [ e [ swanwa=- [ o [ aoinwa

Notice that, as shown in [Trel6, Remark 2.3], it is not restrictive to assume that the curve p
is narrowly continuous, and it actually satisfies

(2.9) //&frxdur dr—/ftxd,ut /fsxd,us //mear (r, x)dp,(x)dr,

forall 0 <s<t<Tand f € CH%([0,T] x RY).

Definition 2.5. Let A € P(Cr(R%)). We say that it is a solution to the martingale problem
associated to L, if

T
(2.10) L] 0+ ) e (o deire) < 400 ¥R >0,
cr®4) Jo
and for all ¢ € C}(0,T) and ¢ € C2(RY) it holds
(2.11) [0,T) 3 t = X;2(7) := £(D)(7e) — /0 §(r)e(r) +&£(r) Lrd(yy)dr

is a martingale in the filtered space (Cr(R?), (Fy)ieo,r) A), where Fy = o(e, 11 € [0,1]).

Again, using density of the span of separated variables functions, it is not difficult to see

that if A satisfies (2.10) and (2.11]), then it holds that
t
(212) [O’T] St th(,Y) = f(t/Yt) - f(07’)/0) - / atf('f", 77‘) + Lb,,.7arf(r; ’YT)dT
0

is a martingale for each f € C12([0, 7] x R?).

In this work, we will always deal with solutions of some martingale problem, but it is
important to recall their connection with solutions to stochastic differential equations. Let
o :[0,T] x R% — R¥™ m > 1, be such that ¢ = oo . Then X is a martingale solution
associated with Ly, 4, if and only if there exists a probability space (2, F,P) and two continuous
processes (X¢)ief0,7], (Bt)iefo,r] defined on it, and respectively taking values in R and R™,
such that B is a Brownian motion, the law of X is A and it satisfies
(2.13)

T
dXt = bt(Xt)dt + O't(Xt)dBt and VR>0 E /(lbt(Xt)| + |at(Xt)D1BR(Xt)dt < +00.
0
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In particular, uniqueness of solutions of the martingale problem is equivalent to the uniqueness

in law of solutions to (2.13]).

In the following lemma, we evaluate the quadratic variation of these martingales, whose proof
was already given in [Trel6| Corollary A.4], but we show it here for completeness.

Lemma 2.6. For any f € C12([0,T] x RY) and any martingale solution X\ associated to Ly,
the quadratic variation of the martingale th is given by

(2.14) [XTu( / V(5,7s) " as(:)V f(s,7s)ds

Proof. Let ay(y) := fot Vf(s,7s) " as(7s)Vf(s,7s)ds. It suffices to show that (X{)2 — ay is a
local martingale. The key observation is the following equality:

(215) thvat (fQ)(t,ZL') - 2f(t, x)th,atf(tvx) = Vf(tvvt)—rat(’yt)vf(ta ’Yt)
Let

X = th’ <Pt('7) = f<t77(t)>7 gt(’Y) = (atf + th,atf) (th(t))v Ny = thZ'
Then, it holds

t ot t
=2 -|-/ / Ll drds — 2<pt/ lsds
0o Jo 0

=N, + /0 (3tf2 + waasfz)(s,'y(s))ds + 2/0 ls (/ Lpdr — <pt> ds
+2 / FA) Ouf + Ly, 1) (5,7(5))ds

t t t
Nt — 2/ L <90t — s — / E,dr) ds —|—/ agds.
0 s 0

We conclude observing that N; = th “isa martingale, and applying [Trel4, Lemma 2.10] we
have that ¢t — fg Ly (Lpt — s — f; Zrdr) ds is a local martingale, since it is not hard to prove

that fo J ()N (y)dt < +o0. O

In |Fig08; [Trel6}; [BRS21], they proved the so-called superposition principle, linking solutions
to the martingale problem with solutions of the Kolmogorov-Fokker-Planck equation. Here we
state its more general version, specifically referring to [BRS21, Theorem 1.1].

Theorem 2.7. Let b: [0,7] x R = R? and a: [0,T] x R* = Sym_ (R**?) be Borel functions,
and Ly := Ly, 4, their associated opemtor as in ([2.6). Let (pi)ieo,r) € Cr(P(R?)) be a solution
to Opr = L py satisfying, together with , the additional integrability assumption

(2.16) / /]Rd Jos (@ |1++||bt§) O dpig(@)t < +oo.

Then there exists A € P(Cr(R?)) solution of the martingale problem associated with L, such
that p1; = (e¢)gA.

Conversely, if X € P(Cr(R?)) is a solution of the martingale problem, then p := (e,)y\ is a
solution for the Kolmogorov-Fokker-Planck equation.
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Notice that (2.16) is satisfied if the following stronger assumption holds:

|bs ( lag(z)]
2.17 d dt .
(2.17) / /Rdum 1 [ @)t < oo

3. INTEGRAL METRICS

In this section, we introduce new integral metrics (see [Zol84]) over the space of probability
measures and of random measures of R?. They seem to be quite natural to work in our setting,
but we think they could have independent interest. Anyway, we didn’t find any previous
literature about them.

3.1. Integral metrics over P(R?) in duality with smooth functions. We will use the
notation C§(R?) to denote functions ¢ € C*(RY) such that ¢ and all its derivatives of order at
most £ tend to 0 as |x| — +00. Moreover,

[¢llce == max ||V®J¢Hoo* max sup |V ¢(z)],
Jj=0,. J=0,...8 pcRrd

where |V®i¢(x)| is the 2-norm of all the entries of the tensor.

Definition 3.1 (Integral metric over positive measures). Let £ > 1 be an integer number. For
all p,v € M4 (R?) we define

(3.1) Dcoz(u, V) :=sup { ’/Rd ody — /]Rd odv

Shortly, we will more often use the notation Dy for ch.

. e CLRY, [dller < 1}.

Proposition 3.2. The following properties hold for any £ > 1:
(1) Dy is a distance over M, (R9);
(2) Dy is a complete metric that metrizes narrow convergence. In particular, (P(R?), D)
is a complete and separable metric space;
(3) there exists a countable subset 8 C CL(RY) satisfying ||¢|lce < 1 for any ¢ € 8¢, such
that

(3.2) Dy (1, ) = sup { ‘ /R i /]R oo

: ¢€Sg}.

Proof. (1) The symmetry and the triangular inequality are trivial. If Dy(p,v) = 0, then [ ¢dp =
[ ¢dv for all ¢ € C{(R?). Using a regularization argument, we obtain that [ ¢du = [ ¢dv for
any bounded Borel functions, which implies p = v.

(2) Let p, € M, (R?) be a Cauchy sequence w.r.t. D,. We first prove that u, is tight,
ie. for all € > 0 there exists R > 0 such that u,(Bf;) < ¢ for any n € N. Indeed, by
contradiction, assume that there exists ¢ > 0 such that for all j € N there exists n(j) 6 N for
which fi,,;)(B5) > €. In particular, there exists R(j) > j such that u,;)(Br) \ Bj) > 5. Now,
consider a function ¢; € C%(R?) satisfying

@Elon BR(j)\Bj, (ﬁjEOOD Bj/QUBsR(j)7 ||¢j||ce <1.

Such functions exist at least for j > m, where m is big enough and depends only on the required
regularlty £. Then, consider 7i € N such that Dy(un, pr) < /4 for all n > @. So,

- hmmeg(,un(j) W) > hmmf/(bjdun /(b]dun > = —hmbup/@duﬁ = g,

4 Jj——4o0
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obtaining a contradiction. Having tightness, we know that there exists u € M, (R?) such that
tn — p narrowly. It is easy to see that u, — p narrowly implies Dy(pn, u) — 0. Indeed, if

pin — p narrowly, we know that the truncated Wasserstein distance Wiy |.ja1(pin, ) — 0, so
considering m,, € T'(11y,, 1) realizing it, it holds

/ pdpin — / cbdu’ H¢ﬁ:§<1 / |p(x y)|dmn(z,y)

< / &yl A 2o (2,y) < 2Wy 0 5 0.

Dy (pin, ) = sup
lollca <1

Then, notice that for any ¢ > 1 it holds

Dy(pin, pr) < D1(pins ).

In particular, we proved that u,, — p narrowly if and only if Dy(uy,, 1) — 0.
(3) It suffices to notice that the Banach space (C§(R?), | - [|c¢) is separable. O

We can also consider an integral metric adding stronger conditions on the test functions. We
define it just for the case £ = 2, but it can be easily generalized. Let C’g,w(Rd) be the space of
weighted C2-functions, defined as the closure of C?(R%) with respect to the norm

(3-3) Illez , = gl + (L +1-DVlloo + |1+ [*)VF2¢llo

The space C’g,w (R?) is Banach and separable. We can then consider the weighted integral metric
defined by

Daulptsv) =Des(1,) i= sup{‘ [ o~ [ o
; Rd R

=sup{/Rd¢du—/Rd¢du

The analogous of Proposition can be proved for this distance.

: (rb € Cg,w(Rd)a H¢||C(2)w = 1}
(3.4)

€ CHRY, olcg, <1}

Proposition 3.3. The following hold:

(1) Da,, is a distance over M, (R?);

(2) Da., is a complete metric that metrizes narrow convergence. In particular, (P(R%), Da )
is a complete and separable metric space;

(3) there exists a countable subset 85, C C2(RY) satisfying 9llcz <1 for any ¢ € 824,
such that

(35) D2,w(ﬂ; V) = sup {

3 fbdu*/Rd b

. d) € Sgﬁw} .

Proof. The proof of Claims (1) and (3) is the same as the one of Proposition The proof
of Claim (2) follows its same line, but we must be careful in the choice of the test function
considered to obtain a contradiction. So, as before consider p,, € M (R%) a Cauchy sequence
with respect to Dy . We are done if we prove that it is tight. By contradiction, assume that
there exists € > 0 such that for all j € N there exists n(j) € N for which ,un(])( <) >e. In
particular, there exists R(j) > j such that p,; (BR(J) \ B ) > < for all j € N.

Now, consider p € C?([0,2]) such that p(r) = 0 for all r € [0,1], p(r) = 1 in a neighborhood of
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r = 2, p non-decreasing. We use it to build the following test functions ¢; € C2(R?):

N@) if || < 7,
1 if [z € (4, R(j))

3.6 ¢i(x) = pj(|z]) :=

(3.6) (x) = pj(|z) p(3_ R\f(v]|)> if 2| € [R(4),3R(j))
0 if |z| > 3R(j

Computing p}(r) and pj(r), one can show that

3117l e Ml
|P;(7')| < ” ]1(1 )(T)a P;’(T)| < Tﬂ(%,Jroo)(T)'

This takes us to the estimates on ¢;:

3llp" Moo 3vd — 1| [loc +911P"lloo ¢

IVe;5(@)l < == L o0y (12 [VE2¢;(2)] < FE L qooy(l2)-

Fixing then C := 18|p" |l + 6vd — 1||p'||s, independent of j, and considering the test
functions f;(z) := ¢’($) , it holds that f; is a competitor in the supremum for Ds ,,, satisfying
fi(x) = & for all |$| € (j,R(j)), 0< f; <& and fj(z) =0 for all |z| < % Fixing then n € N
such that Dj y (fin, ptn) < 17 for all n > i, we reach a contradiction:

E > Hminf Dy o (pin 5y, pn) > hmlnf/fjd,un(]) /fjdun > 2— — hmsup/fjdun -

j——+oo Jj—r+o0

O

Thanks to these distances, we introduce a natural correspondence between the probability
measures and the space R>, for which we recall that there are two natural metrics to consider:

e the metric

(3.7) Doo(z,y) :=sup |zn, — yn| A 1,
neN

inducing the uniform convergence;
e the topology 7, induced by the element-wise convergence, i.e. x — y if x,, — y, for all
n € N, induced by the distance

. ‘xn - yn| A 1
(3.8) doo(z,y) := Z —n
neN
The topological space (R*, 7,,) is Polish.

Such a space is strictly related to the space of probability measures when endowed with the
smooth metrics Dy: fix £ > 1 and say that S; = {16, 2., ...} as the countable subset given

by Proposition (3.2)), (3). Then
Lo P(RY) — R*®
n= (L<P1,z (:u)v L<.02,e (/J), s )

is an isometry between (P(R?), Dy) and (1¢(P(R?)), Do ). We are mainly interested in the case
£ = 2 and this construction will be fundamental for the proof of our main theorem, and for this

(3.9)
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reason, we introduce also the map
low @ P(RY) — R™

3.10
( ) o= (Lw(w) (,u), L[P(w) (,u), cee ),
1 2

where 83 ,, = {(pgw), goéw), ... } is the countable set of test functions introduced in Proposition
Anyway, in the next subsection, we define similar distances on the space of random measures,
for which we need this correspondence for generic ¢ > 1.

3.2. Integral metrics over P(P(R?)) in duality with smooth cylinder functions. We
define smooth integral metrics over P(P(R?)), and the main result of this subsection is to prove
that they induce its natural topology, using the identification with R*® presented above. These
distances will not play a role in the following, but are in the same spirit of the ones presented
above and we believe they have an independent interest.

Definition 3.4 (Cylinder functions). Let h,¢ > 0. A functional F : P(R?) — R is said to
belong to Cyl™*(P(R)) if there exists k € N, U € CM(R¥) and ® = (¢1,...,dr) € CLRY,RF)
such that

(3.11)  F(p) =9 (La(pn), La(u) = (Lo, (1), Lo (1), Lo, (1) = /Rd ¢i(x)dp(x).

If ® € CLRL,RF) and W € CP(RF), then we say that F € Cyl"*(P(R)).
Notice that, if ¥ o Le € Cyl®*(P(R?)), we can also consider ¥ € CF(RF). Moreover,

Cylg“(P(RY) < Cyly (P(RY)).
Given a function ¥ € Cf(R¥), for all h > 0 define the seminorms

k k
[P]cn := S;]é?k (Z Z 0, 3”‘1’(1/”) ;

=1 ip=1
where we use the convention that [¥]co = ||¥]|co-

Definition 3.5. Let h,¢ > 1. For any M, N € P(P(R?)), define

D0 (M, N) := sup { / Fd(M —N) : k>1, F = Vo Lg € Cyl"(P(R?)),
P(R?)

(3.12) U e CMRY), @ = (¢1,...,¢1) € CL(RERF),
[Wos <1 for all j < b, 1]cr < 1}.

For all h,f > 1, Dy ¢ p is a distance: positivity, symmetry, and triangular inequality are
straightforward, while ®, (M, N) =0 = M = N is a byproduct of the proof of Proposition
B3

Before proceeding, let us notice that, thanks to the map ¢, defined in (3.9)), this distance is
strictly related to the distance over P(R>°) defined as
(3.13)

Dz (M, ) = sup{ /

for all M, N € P(R*).

Vomd(M —N) : k>1,¥ e CHRF), [¥]cs < Lfor j < h},

oo
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Lemma 3.6. For h,¢ > 1, in (3.12)) we can consider the supremum only for ® = (p1.0,...,Pke),
where {©1,0, 02,0, ..} = 8¢ from Proposition i.e.

Dpop(M,N) = sup { / FAM —N) : k>1, F=U(Ly, ..., Lo, ),
(3.14) PR

e CLRY), [0 < 1) < h}.

In particular, it holds

(3.15) D p(M,N) =D re ((e)s M, (1e)sN),

where vy is defined as in .

Proof. immediately follows from the density of 8, in C§(R?) and then is an easy
consequence of and the definitions of Dy, ¢ p, Dp ree and ¢. O
A first easy but fundamental lemma is the following.

Lemma 3.7. Let £ > 1. Then, the distance D1 ,p is metrically equivalent to the Wasserstein
distance built on Dy, in fact

(3.16) Wip,(M,N) <D 9(M,N) <2W; p,(M,N) YM,N € P(PR?)).
In particular, D1 43 induces the narrow over narrow topology of P(P(R?)).

Proof. From Lemma [3.6] we know that ©1,¢,9(M,N) = D1 ree((e)sM, (1¢)3N). By [PS25al
Lemma C.4], we have
(3.17)

Wip_ (M,N) = Sup{/ Vomd(M —N):keN, U eCHRY), [|¥]o < 1/2, [¥]er < 1}.
R(x)

We conclude by noticing that
D1e0(M, N) =Dy ree ((10)sM, (L0)sN), Wi, (M, N) = Wi p_ ((te)gM, (10)eN),
because 1 is an isometry between (P(R%), D) and (1o(P(R%)), Do ). O

Finally, we can state the main result of this section, that quantifies the discrepancies between
the distances Dy, ¢, when h varies, from which it follows that they all induce the narrow on
narrow topology over P(P(R%)).

Proposition 3.8. Let h > 2 and £ > 1. Then, there exists a constant C > 0 such that for all
e € (0,C) it holds

C
(3.18) @h,g’T(M, N) < @hfl,g’?(M, N) < g@h’g,?(M, N) +2¢  for all M,N € T(?(Rd))

In particular, (P(P(R?)),Dpep) is a complete metric space, and its induced topology is the
narrow over narrow one. Moreover, the constant C is independent from h and £ as well.

Proof. For simplicity, we will denote ¢; := ; ¢ for any i € Nand Ly o, (1) := (Lo, (1), - - - Loy, (1))
The first inequality in (3.18]) is trivial, so we concentrate on the second one. To this aim, we
introduce the following auxiliary distances for all 7 > 0: for all M, N € P(P(R?))

D) 5 (M, N) := sup{/ VoL, dM—N):k>1¥eCHR,
(3.19) P
[V]e; <1 Vi<h—1, [¥]en < r},
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The main idea is that DEIT}JP — ®p_1,0p as 7 — +oo and the limit can be uniformly
quantified. Indeed, consider any competitor ¥ € CP~1(RF) for the supremum that defines
Dp_1.0,p (see [3.14)) and let p*) € C=(R¥) satisty: supp p® € B(0,1), pi® >0, [ p®dLk =1,
P (y) = wi f(|y]) for some f € C1([0,1)) and wy € (0,+0c). Notice that the constant wy, is
the normalizing constant, so that [ p(*)dL* = 1, which implies that wy = (fol tF=1f(t)dt)~!. In
particular, let us carefully choose the function f so that we have a bound from above of wy: let
f € CY([0,1)) such that it is non-increasing, f(t) =1 for all ¢ € [0,1], f > 0. Consider now,
ty € (3,1) such that f(tx) = &, then

1 g R | tk 1
— = T f(t)dt > tTf(t)dt > — t" N dt =
il A ICLEY N (VRS Y P
so that wy, < k22F.
Consider now ¥, = \Il*pgk)(x), where pgk)(m) =
hold:
o ||U— U | <eforall e >0
e ||U.]|oo < ||¥|lco <1 and more generally, since all the derivatives of order at most A — 1
can be transferred on the function ¥, we have [¥.]cs < [¥]cs <1forall j <h-—1,
since for all y € R¥ and j < h — 1

& p®) (x/¢), for which the following properties

k
> 100,90 < [ S 1000, oy — )y < [V
il,...,ijzl ’Ll, ,7,J'_1

e regarding p(®) it holds

1
0,p) (x) = kH@m(k)(w/&), 10:p™ loe < will oo,

so that for all y € R”, it holds

k k k
iyein=1 1=14da,...,0
k
<y Z / iy -+ 0, 9y — )| g np< )’dy
11=112,...,ip=1

k

:/Rk Z |0i -+ 03, ¥ (y — )| <Z€kl+1

i1=1

(Y /
w\)«w

EViwr |l 'l oo k32kv Moo
<ttt S [ sty < el 07

9 9
111

where V}, is the k-dimensional volume of the unit ball of Rk and the last inequality follows
from the bound wy < k22*. Recalling that Vj;, = W the quantity k32*V}, — 0 as

k — o0, which implies that there exists a constant C' > 0 such that k32*V,| f/|| < C
for all k € N (such a sequence attains its maximum value for k£ = 30). Putting everything
together, for all € > 0, it holds

[Pe]on < —.

o |Q
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Notice that for all M, N € P(P(R?)) it holds

‘/ W o Ly pdM — / U, o L,M,dM‘ <e
P P
and
D) p(M,N) < 1Dp05(M,N) Vr>1,
since if U is a competitor for @ﬁ:%’?(M, N), then ¥/r is a competitor D09 (M, N). Then,
fixing € € (0,C), follows from the following chain of inequalities:

Dp_1.09(M,N) = sup {/ VolLpedM—N):k>1,0eC R, [¥)es <1 Vj<h-— 1}
P
§2€+sup{/ V. 0Lpod(M—N):k>1,¥ecCYRY), [W]es <1 Vj<h-— 1}
P
<2£+Sup{/ UolLy,dM—N):k>1,¥eCHR, [¥]e; <1 Vi<h-—1, [¥en < S}
P

- C
—2c + D%, (M, N) < 2 + =00 (M. N).

We conclude proving the last statement by induction on h. If A = 1, it follows from Lemma
Let h > 2 and assume that (P(P(R?)),Dp_1,,p) is a complete metric space that induces
the narrow over narrow topology. We conclude proving that (M, )n,en C P(P(RY)) is a Cauchy
sequence for D ¢ if and only if it is so for D,_1 ¢ p. The sufficiency follows from the first
inequality in (3.18). On the other hand, assume (M, )nen C P(P(RY)) is a Cauchy sequence

w.r.t. Dppp. Let & > 0 and consider 7 € N such that Dy, 9 (M,, My,) < 2 for all n,m > 7.
Then, using (3.18]) with /4, it follows that for all m,n > n

4C €
D109 (Mp, Mp,) < ?Qh,Z,T(Mn;Mm) + 3 <e.
At this point, it is easy to conclude that ®j, , p is a complete distance and it induces the same
topology of Dp_1.¢,7. O
4. EQUATION ON RANDOM MEASURES AND NESTED SUPERPOSITION PRINCIPLE

In this section, we introduce an evolution equation for random measures associated with the
Borel functions

(4.1) a:[0,T] x R x P(R?) — Sym_ (R*9),  b:[0,7] x R? x P(RY) — R<.

According to the Kolmogorov-Fokker-Planck equation and the martingale problem presented
in Section we introduce the operator

(4.2) Ly od(t,z, p) == %at(x,,u) 1 V®2(x) + by, 1) - Vo(x),

for any ¢ € CZ(R?). It is also useful to define the following objects: given p = (p1)iecpo,1] €
Cr(P(RY)) and A € P(Cr(RY)), for any ¢ € CZ(R?) let

Ly, 0,0() = %at(w’ﬁ‘t) 1 VE29(x) + by, ) - Vo(a),

Ll),‘hatgb(x) = %at(x, (et)gA) = V®2¢(x) + by(x, (et)gA) - V().

(4.3)
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Notice that, for any ¢ € CZ, it holds

1
(4.4) [ Lo.ad(t, z, p)| < §|V®2¢|Ia(t7x,u)| +[Volb(t, z, p)l,

and similarly for the operator written in the forms L 0, @ and th a, @
The non-local nature of the operator L leads to an operator that acts on cylinder functions:
for all ¢ € [0,T] we define the operator Xy, ,, acting on cylinder functions Cyl1 2(P(RY)) as

:Kbt,at Za \II L<I> Lb a¢z(t X M)
(4.5)

= ZaiW(L¢<u))(bt(x, 1) - Vei(z) + %at(ﬂc,u) LV (@),

for all F = Wo L € Cyl,*(P(R?Y)). Tt is well defined, i.e. it does not depend on the
representation chosen for the cylinder function F', since it is uniquely determined by the
expressions

Z“’ (Lol Vo) = V. (Llema (L= e8)).

+
Za V(Lo (p))V220,(z) = VE2 (flkk—o F((1 —E)u—&-séw)) .

Definition 4.1. Let a and b as in [{.1)) and M = (M;)icpo,7] € Cr(P(P(RY))). We say that it
solves the equation O;My = X, , My if

T
(4.6) /0 /:P/BR la(t, z, p)| + |b(t, z, p)|dp(x)dM(p)dt < 400 VR >0,

and for any F = W o Ly € CylL?(P(RY)) and & € CL(0,T) it holds

T T
@n [ e | Fonga=— [ [ [ %, Fendang

The assumption that the curve t — M, € P(P(R?)) is continuous is not restrictive for our
purposes, as we will always assume the stronger integrability condition

ot 2, p)|  [b(t,, )]
4, y |
- / //]Rd T+ 14 dp()dMy(p)dt < +oo

Lemma 4.2. Let a and b be as above and M = (My)iejo,r) C P(P(RY)) such that [0,T] 5 t —
M; € P(P(R?)) is Borel measurable and satisfies and (4.7). Then, there exists a curve
(My)sepo,r) € ACT(P(P(RY)), Wi p, ) such that My = M, for a.e. t € [0,T]. In particular,
(Mt)te[o)’f] € Op(P(P(R?))) and is the unique continuous representative for M.

Proof. For any F = ¥ o Lg € Cyll”, the function ¢t — [ F(u)dM(p) is in W(0,T), with
distributional derivative

k
e [ S 0(Lal0) [ Lnati(t.omdn(e)dbil) € L'0.7).

R
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Then, there exists Ir C (0,T) such that for any s,t € Ir

/F VM (1 /F )dM( //Zaqf (Lo(u /Lb@(bi(r,x,u)du(x)dMT(u)dr.

Consider now I := (\pce [r with € satisfying the following properties:
o FF=Wo Ly € C implies that ¥ € F;, for some k € N countable such that ¥ : R — R is
continuously differentiable satisfying ||¥||co, [¥]cr < 1 and
Wi b, (M, Kf) = sup sup /\P(ﬂk(g))d(ﬁ— ]\N/)(g)
keN TeF,,
See |[PS25al, Remark C.7] for the existence of the Fy’s;
o F'=Uo Ly implies that ® = (¢1, ..., ¢x) for some k € N and 83, = {¢1,92,¥3,---}
introduced in Proposition (3). Using the notation introduced in in this case
we write Lo = Ly .
These properties imply that € is countable, so I C (0,T) has full Lebesgue measure. In
particular, defining ¢ := 19, as in (3.10), for any s,¢ € I it holds

Wh,D,., (Ms, M) = W1 p__ (t§Ms, 1M;) = sup sup /\If(ﬂk(g))d(LﬁMs — LﬁMt)(g)
keNTeF,

=sup sup /\II(L%(,u)7 ooy Ly () d (Mg — My) ()
kEN T T

t k
—sup sup / / ICUE) /R Liapilr, i) A, () dr

keENTeT,

(r, @, )| \b(r,x,u)l
du(z)dM, (w)dr,
///Rd T+ T 1+ pul)dM () dr

thanks to ( and the facts that for all ¥ € Jy, it holds [¥]c:r < 1 and for all ¢; € 82,
we have H(l —|— |x|)V<pZHOO < 1 and ||(1+ |x\ )V®20,|loc < 1. In particular, by complete-

ness of (P(P(R?)), W1 p, ), there exists (M,) € AC(P(PR?)), W, ,D»..,); Which satisfies the
requirements by construction. (|

Let us highlight some features of the operator X: for simplicity we get rid of the time variable,
considering two Borel measurable maps a : R x P(R?) — Sym_ (R?*?) and b : R? x P(RY) — R?
and the operator

1
Kool Za W (Lo (1)) (bz, p) - Voi(w) + Sala, p) - VE0i(a) ),
forall F=ToLg € Cyli’Q(‘J’(Rd)). It is not hard to verify that the operator X , satisfies the
Leibniz rule, that is

(4.9) Kp.o(FG) = FKp oG + GKp o F,

which is a prerogative of first-order operators. Indeed, we may see the equation 0; M; = Ko, an M

as a first order equation on the space of probability measures, but to do so it is important to
understand that the natural geometry to consider on P(R%) cannot be the one given by the
Wasserstein on Wasserstein distance, but it should be a second order metric that naturally puts
probability measures in duality with two times differentiable functions, as it can be seen in the
proof of Lemma [4.2| or later in the proof of the superposition result. To conclude, in P(P(R?))
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we see two different levels for the possible geometries to put on it: the inner and the outer one,
as it can be seen in Definition 3.5
We proceed by showing how this equation on random measures is linked to the KFP equation

and the martingale problem introduced in Section In particular, we link the following
objects through a superposition principle:

(1) a curve of random measures M = (My)seo.r) € Cr(P(P(R?))) solution of 0, M, =

5.0, Mt, according to Definition
(2) a probability measure A € CP(CT(fP(Rd))) such that

|b(t, z, pe)] |a(t,x,pt)|
4.1 d dAdt 00
(4.10) // 1+ |z| 1+ |z)? pelw)dAdH () < +

and A-a.e. p = (p)ejo,r) is a solution of Oy = (Ly; , )", according to Definition

2.4

(3) a random measure over curves £ € P(P(Cr(R?))) satisfying

[0(t, e, (ea)g M| lalt, e, (e)s M)
4.11 + dtd\(y)dE(N) < +oo
(4.11) /// T+ ] T+ )2 (7)dL(A)

and L-a.e. A € P(Cr(RY)) is a solution to the martingale problem associated to the
operator Lg‘hb” according to Definition

To this aim, it will be crucial to define the following subsets.

Definition 4.3. Let b:[0,7] x R? x P(R?) — R? and a: [0,T] x R? x P(R?) — Sym,, (R4*)
be Borel measurable functions. The set KFP(b,a) C Cp(P(RY)) is the subset of the solutions to
the non-local Kolmogorov-Fokker-Planck equation, i.e.

(4.12)
[be( po)| - Jae(, o)
KFP(b, a) = dpy(x)dt S — (LF v L
() { () //R T+le] T 14 fop GHe@)dt < roo, G = Ly o)t
The set MP(b,a) C P(Cr(R?)) is the subset of solutions to the non-local martingale problem,
i.e.
(4.13)

be(yes (ee)g A | lae(e, (en)s )]
MP(b,a) := { A € P(Cr(RY)) // [0 + dtd\(v) < +o0,
(b-a) { { L+ |y L+ )2 )

A is a sol. of the martingale problem associated to Lb at}

It is important to stress here the relation between a probability measure A € MP(b,a) and
solutions of some stochastic differential equation. As pointed out in if the map a arises
from some o : [0,7] x R? x P(RY) — R¥>*™ m > 1, as a =00, then A € MP(b, a) if and only
if there exists a probability space (2, F,P), an R™-valued Brownian motion (B)c[o,r] on it

and an R%valued continuous process (Xt)te[o,r) whose law coincides with A, and in particular
(er)sA = Law(Xy) for all ¢ € [0, 77, so that it satisfies

(414) dXt = bt (Xta La,W(Xt))dt + Ut(Xt7 LaW(Xt))dBt

and

(4.15) E

/T |bt(Xt,LaW(Xt))| |at(Xt,LaW(Xt))\ < 400
0

1+ | X L+ X
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Now, we show that there is a natural hierarchy between the objects presented above. Let us
first introduce the following operators:

E:P(Cr(RY) = Cr(PRY), E(N) := ((e0)sN)tefo, 175
(4.16) E; : P(Cr(RY) — PRY),  Ei(\) = (er)s,
¢, : Cp(P(RY)) = RY, ep(p) = pu.

Proposition 4.4. Let b: [0,T] x R x P(R?) = R and a : [0,T] x R? x P(R?) — Sym , (R¥*4)
be Borel measurable maps.

The functional E maps MP(b,a) into KFP(b,a). In particular, if £ € P(P(Cr(RY))) is concen-
trated over MP(b,a), then A := E4€ € P(Cr(P(R?))) is concentrated over KFP (b, a).

Proof. Let A € MP(b,a) and p, := (e;)yA. The integrability condition is clearly satisfied. On
the other hand, notice that, directly by definition Ly, , ¢(x) = L}’ , ¢(x) for any z € R* and

bt,at

¢ € C3(RY). Then, for any ¢ € C1(0,T) and ¢ € C2(R?), for any t € [0, 7] define, as in (2.11)),

XPOA() = E()p() — /0 & ()p(w) +&(r) Ly, 0, & (v )dr.

Since A € MP(b,a), t — X5%? is a martingale in the filtered space (Cp(R%), (Ft)efo,m), A) (see
Definition [2.5)), then

/ €(00(z) + (LY o o@da)dt = [ ~X5*()ar= [ X5 ()ar=0
Rd

O

Proposition 4.5. Let b: [0,T] x R x P(R?) — R and a : [0,T] x R? x P(R?) — Sym , (R¥*9)
be Borel measurable functions.

Let A € P(Cr(P(RY))) be satisfying and concentrated over KFEP(b,a). Then the curve of
random measures M € Cr(P(P(R?))), defined by My, := (e;)sA, satisfies and solves the
equation Oy My = K, 0, Mz, according to Definition .

Proof. First of all, thanks to and Fubini’s theorem, it holds

la(t, =, p1)| | [b(t,z, 1)
+ d dM, dt =
/ L LS A e

latt, o)l [b(t @, )
d dtdA )
// /Rd 1+ |z? 1+ || it () (1) < +o0

Now, let £ € C1(0,T) and F = W o Lg € Cyll?(P(R%)), then

/Tw) [ P e = /OTS’(t) [ Flaniude
// ()W (La (p1r))dtdA(p)
-/ / w(Lalu) g ([ ool (o)) dedio

- / w(a(u)) ([ 2 6i0)din(o) ) dud
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// Za U(La(pt)) (/R Lb,a@(t,x,ut)dut(:p)) dtdA(p)
_ _/O /ﬁ(t);&\lf(l@(ﬂt)) (/]Rd Lb,a(bi(t,.%',,ll/t)dut(x)) dA(p)dt
_ /OT /g(t)éaiw(m(u)) /R | Loati(t, @, p)du(z)dMe(p)dt

T
—— [ €0) [ %o F o m)autarids i
0
O

Corollary 4.6. Let b:[0,T] x R x P(RY) = R? and a : [0,T] x R? x P(R?) — Sym, (R**?)
be Borel measurable functions.

Let £ € P(P(Cr(RY))) be satisfying and concentrated over MP(b,a). Then the curve of
random measures M € Crp(P(P(RY))), defined by M := (Ey)sA, satisfies and solves the
equation Oy M; = K, 0, Mz, according to Definition .

Proof. Noticing that E; = E o ¢, it follows from Propositions [£.4] and [4.5] O

To summarize: we proved that there is a natural hierarchy between the objects M, A and £
listed above, that is £ =— A — M. In the next subsections, we will show that we can also
go in the opposite direction.

4.1. Superposition principle: from M to A. Here, we show that the result of Proposition
can be inverted, i.e. given a curve of random measures M € Cr(P(P(R?))) solving the
equation 9;M; = K, , M;, we show it is possible to obtain a measure A € P(Cr(P(R?)))
concentrated over KFP(b, a) such that (e;)yA = M, for all t € [0,T.

Theorem 4.7. Let M = (M;);cjo,) € Cr(P(P(R?))). Let b: [0,T] x R x P(R?) — R? and

a:[0,7] x RY x P(R?) — Sym, (R¥*?) be Borel measurable functions and assume that

and are satisfied. Then, there exists (possibly non-unique) A € P(Cr(P(R?))) satisfying:
(1) (er)sA = M, for allt € [0,T];

(2)
|b(t, @, pe)| \ (t,z, pue)|
d dtdA ;

(8) A is concentmted over KFP(b,a), in particular A-a.e. p = (ut)iejo,r) solves the
Kolmogorov-Fokker-Planck equation Oy = (L{ft at) It -

Proof. Step 1: let 82, = {¢1,9¢2,...} as in Proposition (3) and define ¢ = 19,4, :
P(RY) — R™ as in , keeping in mind that it is an isometry between (P(R?), D¢z ) and

(1(P(RY)), Ds). Let ]\Z = 1y M, for any t € [0,T]. Then, (M)te[O,T] € ACp(P(R*), W1 p..),
indeed considering any II; , € I'(M,, M) optimal for the distance W, Dy, then

Wh Doo(Mn /D z,y)d(e, )31l s(z,y) /D2w p, v)dIy s (p,v) = W1 p, , (My, My),

so we conclude thanks to Lemma .2
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Step 2: on R* we define, component-wisely, the vector field

411 WP {fRdbtu,u) Vior(w) + ga(w, 1) s VEop(@)dp(x) ifz=u(p)
b 0 otherwise.

Then, for any ¢ € C1(0,T) and F € Cyli (R®), i.e. F(z) = U(z,...,x;) for some k € N and
U € CL(R¥), it holds

T o T
/0 £(t) / P(x)dl (2)dt = / /T U(Lg, (s -+ L (1)) M (1)t

T k
- [ [ AT / bl ) Vi) + gl p) s Vo) du(e)aMy ()t
/ /ZN Lo ()0 (1)) dMy (1)t

_ /O £(t) / V() - vy (z)dMy (z)dt,

which means that ]\Z solves the continuity equation 8&\2 + divge (vt]\Z) = 0 (see |[AT14,
Section 7]. Then there exists a measure A € P(Cp(R*, 7)), where 7, is the element-wise
convergence topology over R> (see (3.8), satisfying

. (et) A =M, forany t € [0,T7;
e A-ae 7€ ACp(R™, 7,), i.e. each component is in AC7(R), and it solves
07D =v{(3,) VieN, for ae. t€0,T).

Step 3: we prove that A-a.e. 7 is such that 5(t) € o(P(RY)) for all ¢ € [0,T]. To this aim, it
is sufficient to prove two things:

e A-ae. 7 is such that 5(t) € «(P(RY)) for all ¢ € [0,T] N Q;
e A-ae. ¥isin ACTH(R*, D).

Then, we conclude simply by completeness of (R>, D) and the closedness of +(P(R%)) in it.
The first part is simply obtained noticing that for all ¢ € [0,7] N Q it holds

A ¢ 40 € (PERY)) = M ((PE®Y)) = 1

Regarding the second statement, for A-a.e. 4 and for all s,¢ € [0,7] it holds

t
Doo(3(t),7(s)) = sup [Tu(t) — n(s)| A1 < Sup/ 0™ (5(r))|dr < / sup [0{") (7(r))|dr
neN neN s neN

// sup |vi™ (3(r))|drdA (5 / /sup|v z)|dM,(z)dr
0 neN neN

S/ /ilég/w ‘br(x,u) . Vgpn(x)| + Q‘ar(az,u) : v®2<pn(x)‘du(x)

|b z /.L Iar(xaﬂﬂ
M .
< [ [l et oyang i < o

and it holds
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In particular, for A-a.e. 7, the term fo sup,, |v(n)( (r))]dr < 400, which concludes the proof of
the claim.
Step 4: the function

O : Cr((P(RY), Dao) =Cr(P(RY),
F et = T A ()]

is well-defined, together with A := @ﬁK € P(Cr(P(R?))), thanks to the previous step. Let’s
verify that A satisfies the requirements. The fact that (e;)sA = M, is straightforward from the

definition of ]\Z and (et)uj\ = ]\Z Then, it follows

b (@, pt)| |at($aﬂt)\ / // |be(z, )| |at($,ﬂ)‘
dpy (2)dtdA (p () dM, (1)t .
// / T+ 2] 1+ [aP Tt o] 1 o @AMt < Fo0

Regarding the last part, let £ € CL(0,T) and ¢y, € 83,. Then, consider a function ¥ € C}(R)
such that W(z) = z for all = € [~1,1], so that, defining F(z) = ¥(z}) € CylL(R>), it holds

/‘/ (z)dpe(z )dt+/OT£( )/L;;, o, Pk (@) dpe ()dt
/‘/ 5'(15)‘1’( wk(w)dut(x)) dt

/ OV Loy () [ bloon) - Vipu(a) + jeulop) s v%m)dut(x)dt]m(u)

dA(p)

’ t)F(ﬁ(t))dH/O EBVEG®) - vi(5(0)dt| dAF) =

Selecting £ € A C CL(0,T), with A dense subset in the unit ball of C3(0,T) w.r.t. the norm
| - lc1, this implies that for A-a.e. g = (f¢)¢ejo,7, it holds

T
5'(t)/<p(z)dut(x)dt: 7/0 {(t)/Lg)atga(x)dut(a:)dt VE e A, Yo € 8.

By density of A in C§(0,T) and 8, in C3,,(R?) (that in particular contains CZ(R?)), for
A-ae. p it holds Oy = (L) ,,)* it O

4.2. Nested superposition principle: from A to £. The goal here is to invert the result
of Proposition defining a measure £ € P(P(Cr(R?))) concentrated over MP(b, a) given a
measure A € P(Cr(P(R?))) concentrated over KFP(b,a), so that E4€ = A. The strategy is
to use a measurable selection argument to define a map G : KFP(b,a) — MP(b, a) that is a
right-inverse for £ and that we can use to define £ := GyA. To do so, it is crucial to prove the
Borel measurability of the subsets KFP(b,a) C C7(P(R%)) and MP(b,a) C P(Cr(R?)).

Proposition 4.8. Let b: [0,7] x R? x P(R?) — R? and a : [0,T] x R x P(RY) — Sym (Rdx4)
be Borel measurable functions. Then, the subset KFP(b,a) C Cr(P(RY)) is Borel.

Proof. Let Y :=[0,7T] x R? x P(R?) and define

. b
B {1,501 € M (V) X MOYVSRY  MOYVSRO) st € L)
X
(4.18)
e DR, = = M}
e &L R 2= b 1= T p
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and

KFP(b,a) := {(,:L,ﬁ,ﬁ) € B st. Ve e CH0,T), Vo € C2(RY) / &) (z)dflt, x, p) =
(4.19) . Y
—/Yf(t)(1+ z[)Vo(x) - di(t, 2, u) — g/yf(t)(H lez)V‘g’%(x):dﬁ(mx,u)}-

We endow M, (V) and M(Y;R") with the narrow topology, so that M (V) x M(Y;R?) x

M(Y; R¥*9) is endowed with the product topology. Then, we claim that @(b, a) is a Borel
subset of the product: indeed the integral equality is a closed condition, since all the integrals
involved in (4.19) are continuous functions, and B is Borel thanks to Lemma Now, define
the maps

M (Y) x M(Y3RY) x MY R — M (Y), 7 (4, 0,9) = jo
(4.20) . T
3 CoORY) = My(Y), () = dt @ (e 9 3,) = [ 6 e,

0

The projection map 7!| 5 is continuous and injective, thus it maps Borel sets in Borel sets (see
e.g. [Bog07| for a detailed description or [PS25a;, Appendix A] for a quick overview). TIt can
be easily seen that the function s is continuous and injective. Then, we conclude proving that
KFP(b,a) = ' (n'(KFP(b, a))):

o let (Ht)te[O,T] € KFP(bv a)a then (ﬂﬂ)vﬁ) = (K/(/J’)a %m”(u’)a ﬁ“(“)) € KFP(bv a)’
indeed clearly the conditions on the densities are verified and

|b t € :u | (t’xaﬂ)‘ / / |b t < Mt |a(t7xvut)|
d t x dp(z)dt < +o0,
/ 1+ 7] 1+ |22 (s ) e L4 [7] 1+ |22 e()

02/ /(;5 Ydpe (x dt+/ /ng b(t, x, pe)dpe (x)dt

/ /V®2¢ a(t, z, pe)dpe (z)dt
//Wg wmmwﬁ/wfwmuwmmww
1 / / Rdg(t)V®2¢(x) : a(ty v, 1) dpy(2) 5, (1)t
/f (1)) (6,2, 1) + /k YWo(x) - b(t, 2, p)d (5()) (t, . 1)

/g (OVE26(x) : alt, 2, p)d(s(w)) (1, 2, )

= [ e®ota)datt.om+ [ OO+l Vote) - ot
+5£ﬁ@O+MHV&M@:M@Lu%

for all ¢ € C1(0,T) and ¢ € C?(R%);
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e vice versa, let pu € k1 (wl(@(b, a))), which means that (x(p), %mn(u), ﬁﬁ(u)) €

@(b, a), and we conclude that p € KFP(b, a) thanks to the same computations made
in the previous case. O

Proposition 4.9. Let b: [0,T] x R x P(R?) = R and a : [0,T] x R? x P(R?) — Sym , (R¥*4)
be Borel measurable functions. Then, the subset MP(b,a) C P(Cr(R?)) is Borel.

Proof. Step 1: let us start by fixing the notation. Let A € MP(b, a), by (4.13) and Definition
for all £ € C1(0,T) and ¢ € C2(R?) it holds

Frs XEM () = XE9 (7, 0) o= E(0)() — /O £(r)d(n) + €LY o, d(1)dr

is a martingale in the filtered space (Cr(R?), (F;)ic(0,7], Fr, A). The integrability conditions
ensure that Xf¢ € L*(\), so that the martingale condition can be rewritten as follows:

Ve e CH0,T), Vo € C*(RY), VO < s <t <T,VH : Cr(R?) — [0,1] Fs-meas.

(4.21) /C o HO) (X577 () = XE92 (7)) dA(7) = 0.

To prove measurability of MP(b, a), it is first necessary to show that such a condition can be
asked to hold for a countable number of £, ¢, s, ¢, H. Before proceeding, it will be useful the
following (uniform in time) estimate, that follows from (4.4)):

X5 )] < (T + DEller ]l
T
+ l€llso /0 [b(r, e, (er) M VO] + lar, 3, (e)e MV Sldr

1+ Ol ory  IT+NOP I on )’

where b*(t,7) := b(t, v, (e;)3A) and similarly for a*. In particular, for every ¢ € C(0,T) and
¢ € C%(R?), the right hand side is finite for A-a.e. v because A € MP(b, a).

Step 2: it is sufficient to check for a countable amount of £ and ¢. Indeed, consider
Dy € C5(0,T) and Dy € CF,,(R?) dense and countable subsets. Notice that, by linearity of

the integral and of the operator Ll}"t#lt’ for any &,& € CL(0,T) and ¢y, ¢ € C2(RY) it holds

(4.22)

S(T+3)Elc19llez, (1 * H

X0 () = XSO () 1+ XPEA (7)A€ P(Cr(RY), 7 € Cr(RY).

Assume that ([.21)) holds for all £ € Dy and ¢ € Da,,. Then, for any £ € CL(0,T) and
¢ € C2(RY), consider &, € Dr and ¢, € Da,, such that &, — & and ¢, — ¢ uniformly in their
respective domains, so that for all 0 < s <t < T and H : Or(R?) — [0, 1] F,-measurable, it
holds

[HEEEA ) - X§¢’A(7))dA(v)‘ _ ' [ HOHXS 6002 5) = X260 ()arr)

< [ RSO )y O ) ()

< (@ +3) ( (supI6allcs ) 16w —€llcs + lellcr o —dlcs,. )
neN ’
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(i [ [ M0 o €00

L+ [y L+ [yef?

Step 3: it is sufficient to check (4.21)) for s < ¢ with s,# € QN [0,T]. Indeed, consider any
0 < s <t <T and assume that (4.21)) holds for two sequences of times s,, < t,, satisfying s,, \ s,
tn — t. Then, consider any £ € Dr, ¢ € Dy, and H : Cr(RY) — [0, 1] Fs-measurable, so that H
is also ¥, -measurable for any n € N. By continuity of £ and ¢, and by fo |Lb 0, @(yr)|dr < +o0
for A-a.e. 7, it holds that X§** — X$%* and Xff A 5 X5 for A-a.e. v, dominated by the
right-hand side of (4.22)), which is in L!'(\). Finally, we can apply dominated convergence
theorem to obtain

0= / H(y) (X527 () = XEPA () dA(y) — H(y) (X7 () = XE22 (7)) dA()-
Cr(R%) Cr(R%)

Step 4: it is sufficient to check (4.21) with a countable family of step functions H, that
depends only on s € [0,7] N Q. First of all, notice that for all £, ¢ and A, thanks to the
Burkholder-Davis-Gundy inequality (see |Kal97, Theorem 18.7]) and Lemma we have the

following (uniform in time) estimates for the L2(\)-norm of X%,

/|Xf¢”\|2d)\ < /ts[%%] |XE9M2dN < c/[XfW]TdA
€0,

(4.23) —c / / E6)V6T () - ar (e, (e0)eA) - V() dtdA(~)

<clgla+apvold, [ [0 i) < o,
Yt

Now, for any s € [0, 7] consider the subset Vy given by Lemma that is countable and dense
in L2(\,J5) for all X € P(Cr(R?)). Given £ € Dy, ¢ € Doy, 0 < s < t < T rational times,
it suffices to check for any H € V,. Indeed, let H : Or(R?) — [0, 1] Fs-measurable; in
particular, H € L?(\,J5), so it exists H,, € V, such that || H,, — Hl||z2¢x) — 0, so that

A ,
< Hy — Hl| 21X = X522 | 120

[ (- ) (xf - xe i
Cr(R%)

ag (v, (e
ananLQ(Aﬂ\/ma I+ lahvol [ / feebie el gan ) - o

and if an(Xf¢’)‘ — X8»2)d\ = 0 for all n € N, we also have ([4.21)) for a generic H that is
bounded and Fs-measurable.
Step 5: to recap, we can write MP (b, a) as

(4.24) MP(b,a) = ) N (] MP(b,a;&, 6,5, H),

£€DT, 5,t€]0,T]NQ, HEV,
€Dpd s<t
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where
MP(b, a;&, ¢, s,t, H) := {)\ € P(Cr(RY)) -
b (ve, (e0)sA)| | ae(ye, (e0)sM)]
4.25 + dtdA < 400,
(4.25) // L+ [l L+ [ye)? @

[ HEOEEA0) - XA @) iAG) = o}.
Cr(R%)

So, we are left with the proof of Borel measurability of the sets MP(b, a; &, ¢, s,t, H). Define the
Polish space Z := C7(R%) x P(Cr(R%)) endowed with the product topology, and the natural
injection from P(Cr(RY)) to P(Z) as

(4.26) R:P(Cr(RY)) = P(Z), R\ := ARy
Then, for any &, ¢, s, t and H as in (4.24]) define
MD := {A €M, / / o e (en)a M| falr s (Cr)iM g, 5y 3 < 4oe,
1+ || L+ |y

[ HOIEE ) = XA @) a0 = o}.

Since, for all r € [0,7T], the map Z > (v,A) = (¥», (er)gA) is continuous (and in particular
measurable) for all r € [0, 7], then also the map

b T ™ ) ITy T )\
oA H/ b, 3, ()] Ja(r, 3, (e)s M,
1+ || 1+ |y[?

is measurable (see, e.g., [Bog07, §3.4]). Moreover, looking at the definition of X5%*(v), it is not
hard to realize that also

(1, A) = X9 (7)

is measurable for any ¢ € [0,T]. Then, thanks to Lemma the set MP is Borel. Then, we
conclude noticing that MP (b, a; &, ¢, s,t, H) = 8 1(MP). O

We are ready to prove the main theorem of this section, that we call nested superposition
principle for SDE.

Theorem 4.10 (Nested superposition principle for SDE). Let b : [0,7] x R x P(R?) — R4
and a: [0,T] x R? x P(R?) — Sym  (R¥*?) be Borel measurable. Then there exists a Souslin-
Borel measurable map Gy, : KFP(b,a) — P(Cr(R?)) satisfying Im(Gp,) C MP(b,a) and
EoGyo(p) = p for all p € KFP(b,a), i.e. Gyq is a right-inverse for Elypp,q)-

In particular, if A € P(Cp(P(R?))) is concentrated over KFP(b,a), then £ := (Gpq)sA €
P(P(Cr(RY))) is well-defined, it is concentrated over MP(b,a) and it satisfies E4€ = A.

Proof. The restriction map
E|Mp(b,a) : MP(b, CL) — KFP(b, a)

is well-defined, thanks to Proposition [£.4] Moreover, because of the finite dimensional su-
perposition for SDE, i.e. Theorem it is surjective. Then, thanks to Propositions
and we can apply [Bog07, Theorem 6.9.1] to obtain a Souslin-Borel measurable map
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Gy : KFP(b,a) — P(Cr(R?)) satisfying the requirements. Then, thanks to the universal mea-
surability of Souslin sets (see [Bog07, Chapter 6]), the measure £ := (G q)sA is a well-defined
Borel measure, and by the properties of G , it satisfies the requirements. O

Finally, putting all the results of this section together, we have a proof for the nested
stochastic superposition principle, Theorem

Proof of Theorem[1.1] The existence of A and property (1) come from Theorem Then, the
existence of £, together with the properties (2) and (3), is a consequence of Theorem On
the other hand, (i) and (ii) follow, respectively, from Proposition [4.4] and Proposition 4.5 O

5. UNIQUENESS SCHEME

In this section, we show how uniqueness can be transferred between the main objects of
Theorem [1.1} M € C7(P(P(R%)), A € P(Cr(P(RY))) and £ € P(P(Cr(RY))).

A first result in this direction is a consequence of the nested superposition principle for SDEs.

Lemma 5.1. Let b: [0,7] x RY x P(R?) = R? and a : [0,T] x R? x P(R?) — Sym, (R9*9)
Borel measurable maps. The following are equivalent:
(1) for all M € P(P(R?)) there exists at most one curve M = (My)ejo,r) € Cr(P(P(R?)))
satisfying and My = M;
(2) for all M € P(P(RY)) there exists at most one A € P(Cr(P(R?))) concentrated over
KFP(b,a) and satisfying and (e0)sA = M;
(3) given £, £2 € P(P(Cr(R?))) concentrated over MP(b,a) and satisfying and
(Eo)sL! = (Eo)3£?%, then Ey&' = E4L? as elements of P(Cr(P(RY))).
In particular, if one of the above conditions holds with existence for some M, then existence for
the other conditions is satisfied as well and for M-a.e. i € P(RY) the following hold:

(a) there exists a unique curve of measures p = (u¢)¢cjo,r) € KFP(b,a) with po = 1i;
(b) there exists A € MP(b,a) with (eo)sA = 1 and given \',\? € MP(b,a) satisfying
(e0)s At = (e0)gA? =T, then (er)sA! = (e)yA? for all t € [0,T].

Proof. (2) = (3): thanks to Proposition Al := Ey&' and A% := E4£? are concentrated
over KFP(b, a), and because of , they satisfy as well. Then, A' = A? if by uniqueness
assumption.

(3) = (2): assume that A',A%2 € P(Cr(P(R?))) satisfy the conditions in (2). Thanks
to Theorem there exist £!, £2 € P(P(Cr(R?))) satisfying the conditions in (3), and we
conclude by noticing that Al = Ey€! = E,£2 = A2

(2) = (1): let M*, M? € C7(P(P(R?))) satisfying the conditions in (1). We can lift both
to A1, A? € P(Cr(P(R?))) thanks to Theorem It is easy to see that both the liftings satisfy
the conditions in (2), so that they coincide, from which it follows M} = (e¢)yA' = (e;)yA? = M?
for all ¢t € [0, T].

(1) = (2): let M € P(P(R?)) and assume A, A? satisfies the conditions in (2). Disintegrating
both of them with respect to ¢y, we obtain

Ai:/ ALdM (),  fori=1,2,
P(R4)

where, for M-a.e. T, say i € N¢, Ay € P(Cr(P(R?))) is concentrated over KFP(b,a) N {p :
to = i}, that in particular is non-empty. We are done if we show that, for all @ € N¢, such a set
is a singleton. Assume p', u? € KFP(b,a) N {p : po = 11}, and consider the curves of random
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measures My := i, for i = 1,2, that both solves the equation 0,M; = Xj, , M;. Using the
assumption with initial random measure §;, we conclude that p' = p?.

We conclude noticing that (a) and (b) are byproducts of this argument. O

As already observed in [Trel6, pp. 11], the presence of the diffusion term does not allow us
to conclude uniqueness of martingale solutions only assuming the solution of the associated
Kolmogorov-Fokker-Planck equation is uniquely determined by the starting measure. Here, also
the non-local nature of the problem is an obstacle for proving the uniqueness of £ € P(P(Cr(R%)))
assuming uniqueness of A € P(Cr(P(R))). In particular, we need to adapt [Trel6, Proposition
2.6] to the following.

Lemma 5.2. Let b: [0,7] x R x P(R?) — R? and a : [0,T] x R? x P(R?) — Sym  (R¥*9) be
Borel measurable maps. Let 0 < s < T and A € MP(b,a). Then:
o the measure (|;s,77):A € P(C([s, T],R?)) is a martingale solution associated to Lét,at in
the interval [s,T;
o let p: C([0,T),R%) — [0,+00) be a bounded probability density with respect to A\ and
assume it is Fg-measurable. Then (pM)|s ) = (ls,1)5(pA) € P(C([s,T],RY)) is a
martingale solution associated to the operator Lb)\t,at in the interval [s, T.

Proof. Tt is an immediate consequence of |[Trel6l, Proposition 2.6]. O

In view of the previous lemma, we make the following assumption on the coefficients b and a.

Assumption 5.3. For all p € KFP(b,a), for all s € [0,T] and for all i < ps such that
i € P(RY) and j—is € L>(us), there exists at most one i € C([s, T), P(R?)) such that jis = i,
fir << py for allt € [s, T, % € L>(uy) and Ofiy = (Lyy, ,, )" fit-

We are asking for uniqueness for the linearized Kolmogorov-Fokker-Planck problems associated
to L;ft’at, fixing u € Cp(P(R?)). It is quite a natural strategy to study the uniqueness of the
linearized version of the KFP equation to then obtain uniqueness of the non-linear one (see e.g.
[BR23]).

The previous assumption can be restated in terms of uniqueness for suitable equations on
random measures, as the following shows.

Lemma 5.4. The following are equivalent:

(i) Assumption[5.5;

(ii) for all u € KFP(b,a), for all s € [0,T] and for all M € P(P(R%)) concentrated
over {p € P(RY) : pu < us,ﬁ € L% (us)}, there exists at most one (Mt)te[sﬂ €
C([s, T], P(P(RY))) satisfying My = M and 9, M, = ﬂcgf’ant in [s,T], where bi'(x) :=
b(t,z,ut) and similarly for at* (in particular, they do not depend on the variable i,
since it is fized by the given curve).

Proof. (ii) = (i): it follows by considering the starting random measures M := Oji-
(i) = (ii): it is a consequence of Theorem [4.7| with the coefficients b* and a*. O

The following shows a case in which Assumption [5.3|is satisfied.

Lemma 5.5. Let b: [0,7] x R x P(R?) — R? and a : [0,T] x R? x P(RY) — Sym, (R9*9)
be Borel measurable maps. Assume that b is bounded and that there exists a bounded map
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o :[0,T] x R? x P(RY) — RI*4 such that a = oo ' . Moreover, assume that there exists L > 0
such that

(51) \U(t,m,,u) - J(t,y,,u)| + |b(t,1’,/i) - b(tvya/u’” < L|£K - y|?
for all (t, ) € [0,T] x P(R?) and x,y € RY. Then b and a satisfy Assumption .

Proof. 1t is an immediate consequence of [SV06, Theorem 6.4]. g

More generally, the assumptions of the previous lemma can be relaxed to whatever case
implies that for all u € Cr(P(R?)), the coefficients defined by the maps (¢,z) ~ b(t,z, 1)
and (t,x) — a(t,z, py) imply the well-posedness of the Kolmogorov-Fokker-Planck equation
associated with them. Finally, we can refine Lemma [5.1l We adopt the obvious notation
KFP(, 71(b, a) for the curves of probability measures (u¢);c[s,r) that solves 9y = (Ly, , ) e in
[s, T] and satisfy the integrability condition in integrating between s and T'. The similar
notation MP 5 1) (b, a) is used for the set of martingale solutions.

Proposition 5.6. Letb: [0,T] xR xP(R?) — R? and a : [0, 7] xR x P(R?) — Sym , (R9*9) e
Borel measurable maps. Assume they satisfy Assumption|5.5 Then the following are equivalent:
(1) for all s € [0,T) and M € P(P(RY)) there ewists a unique curve M = (My)ies 1) €
C([s, T, P(P(R?))) satisfying O, My = K, , My in [s,T), the integrability condition in
(integrating between s and T) and My = M;

(2) for all s € [0,T) and for all M € P(P(R?)) there exists a unique A € P(C([s, T], P(R?)))
concentrated over KFP, 11(b,a), and satisfying (integrating between s and T') and
(es)gh = M;

(2°) for alls € [0,T] and i € P(RY) there exists a unique curve of measures p = (ti¢)se(s, 1] €
KFPs 1)(b, a), with ps = 1;

(3) for all s € [0,T) and for all M € P(P(R?)) there exists a unique £ € P(P(C([s, T],R%)))
concentrated over MP/, 11(b,a), and satisfying (integrating between s and T') and
(E)s&t = M;

(8°) for all s € [0,T) and i € P(R?) there exists a unique X € MP; )(b, a), with (es)y\ = Ti.

Proof. By Lemma[5.1] the following are trivial: (1) <= (2), (3) = (2) and (2) = (2).

(3') = (3): the existence follows noticing that for all s € [0,7] the map G, : 1 —
M € P(C([s, T],R%)) is well-defined (and Borel measurable as a consequence of [Bog07, The-
orem 6.7.3]), where M is the martingale solution given by (3’). Then, £ := (G,)yM €
P(P(C([s,T),R?))) satisfies the requirements. Regarding the uniqueness, let £ be as in (3) and
consider its disintegration with respect to the map Es, so that

R ()
P(RY)
and by (3) it follows that £ = 0.
(2’) = (2): it follows from a similar reasoning.
(2) = (3): fix s € [0,T), T € P(RY) and AL, \2 € MP, 7(b, @), with (es)sA! = (es)sA2 = .
Thanks to Lemma we know that p; 1= (e;)s\! = (e¢)yA? for all ¢ € [0, 77, so that they are mar-
tingale solutions with respect to the same operator Lj’  , where g = (1¢)se(s, 1) € KFP[s 17(b, a).

be,ae?

Now, we prove by induction on n € N that Vs <t; < --- <t, <T, VAi,..., A, € B(RY)
(52) )\l(etl € Alv' .5 €, S An) = )\2(et1 S Al, BRI~ S An),
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that will make us conclude that A\' = A2, When n = 1, (5.2)) follows by the fact that
the marginals of A' and A\? coincide. Now, consider s < t; < -+ < t, < the1 < T and
VAi,..., Ay, Apyg € B(R?). By induction,

a:=A(ey, € A1, ... e, € Ap) = N(ey, € Aq,y...yep, € Ay).
If @ = 0, then we are done. Otherwise, define the function p : C([s, T]; R?) — [0, +00) as

p(’}/) = é H ]]‘Ai (eti (7))a

that corresponds to the density of A and A? conditioned with respect to {e;, € Aj,...,e;, €
An}. Notice that p is Fy, -measurable and consider the measures n' = (|j, 17)s(pA') and
n? := (|it,,,1))8(pA?). We can conclude that (e, )sn' = (eq,)sn?, exploiting with a general
Borel set B € B(R?) in place of A,,. Moreover, (e;);n' and (e;);n? are absolutely continuous
w.r.t. u for all ¢ € [t,, T| and their density is controlled by 1/a. Then, thanks to Lemma
and Assumption we can assess that (e;)s(pA!) = (er)s(pA?) for all t € [t,,T]. In particular,
it holds

/\1(et1 S Al; <6, € Anyetn+1 S A7L+1)
«

= [(ethrl )ﬁ (p)‘l)] (An—i-l)

N(ey, € A,... e, € Apyer,,, € Ay
(e )e(pA2)] (Apg) = (00 €A1 e s € Ani1)

«

]

Remark 5.7. The previous proposition can be localized, in the sense that we may substitute
M € P(P(RY)) and 1 € P(R?), respectively, with M concentrated over a given set A C P(R?)
and i € A.
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