NESTED SUPERPOSITION PRINCIPLE FOR RANDOM MEASURES AND

THE GEOMETRY OF THE WASSERSTEIN ON WASSERSTEIN SPACE

ALESSANDRO PINZI AND GIUSEPPE SAVARE

ABSTRACT. We study the geometric structure of the space of random measures Pp (P, (X)),
endowed with the Wasserstein on Wasserstein metric, where (X, d) is a complete separable
metric space. In this setting, we prove a metric superposition principle, in the spirit of ,
that will allow us to recover important geometric features of the space.
When X is R, we study the differential structure of Pp,(P,(R%)) in analogy with the simpler
Wasserstein space Pp(R%). We show that continuity equations for random measures involving
the abstract concept of derivation acting on cylinder functions can be more conveniently
described by suitable non-local vector fields b : [0, T] x R? x P(RY) — R?. In this way, we can
e characterize the absolutely continuous curves on the Wasserstein on Wasserstein space;
e define and characterize its tangent bundle;
e prove a superposition principle for the solutions to the standard non-local continuity
equation in terms of solutions of interacting particle systems.
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1. INTRODUCTION

The study of measure-valued solutions to the continuity equation in Euclidean spaces,
(11) Bt,ut + diV('Ut/it) = 0, (O [O,T] X Rd — Rd, e € T(Rd),

has become of central interest in the last decades, in particular for its connections to optimal
transport and to Wasserstein gradient flows [JKO98|, |[AGS08|. A crucial role is played
by the so-called superposition principle (see also , ), that represents
solutions of the continuity equation as time marginals of a probability measure concentrated on
the associated characteristics system of ODEs, that is

(1.2) A€ P(C([0,T],RY)) s.t. Aace. visin AC([0,T],R?) and solves 4(t) = v, (y(t)).

It was first proved by L. Ambrosio for studying well-posedness of a Lagrangian system for ODE
under non-smooth assumptions of the vector field, started by the seminal work , and
then extended from Sobolev to BV in ; we also refer the reader to the subsequent works
|CD08; BCD21} [BCK24].

The superposition principle actually holds in much greater generality, substituting the ground
space R? with a general (complete, separable) metric space X. A first result in this setting was
proved by for absolutely continuous curves of measures in P, (X), the space of probability
measures on X endowed with the p-Wasserstein metric: such evolution can be represented in
terms of measures over p-absolutely continuous curves in X. This result was useful to prove the
equivalence of definitions for Sobolev spaces on metric measure space, in particular for the one

using test-plans, that were introduced in . For a further understanding of the
topic, we refer the reader to [AILP24)].

The superposition result was then refined by taking into account the non-smooth ‘differential
structure’ of the space: thanks to the concept of derivations, introduced in (see also
14]), we may give meaning to and , and the superposition result still holds. These kinds
of results can be found in , in which they work on a metric measure space (X, d, m), and in
, working on general metric spaces, also comparing it with a Smirnov-type decomposition
for normal metric currents, [Smi93; [PS12; PS13|. It is worth citing also these kinds of results
obtained on Wiener spaces , or in a stochastic setting , that aimed to

prove existence and uniqueness for Lagrangian flows associated to Sobolev and BV coefficients.
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One of the main application of these results is to study the geometry of the Wasserstein space.
In |[AGS08, Chapters 6-8], the authors extensively studied the geometry of the Wasserstein
space (P,(R?),W,): the (static) optimal transport problem, with generic convex costs; the
characterization of absolutely continuous curves and geodesics on the Wasserstein space; the
characterization of the OT problem in terms of the continuity equation (the so-called Benamou-
Brenier formulation); the characterization of its tangent bundle; etc...

In this paper, one of the main goals is to reproduce this theory for the continuity equation
for measures on P,(R?) and for corresponding evolutions in the Wasserstein on Wasserstein
space (Pp(P,(R%)), W,). For a generic metric space (X, d), the set P,(P,(X)) is defined as the
collection of random measures M € P(P(X)) that satisty

| wpdasto = [ [ @ewodut@adn) <+,
P(X) PX)JX

for some (and then all) zp € X. Then, the Wasserstein on Wasserstein distance is defined as

(1.3) WE(M, N) := inf {[P(X) ) W (p,v)d(p,v) : I € T'(M, N)} ,

for all M, N € P,(P,(X)), where I'(M, N) C P(P(X) x P(X)) is the set of couplings between
M and N. In [PS25| (see also [EP25; BPS25]), we study the structure of solutions to the static
problem for p = 2 and X Hilbert space and we show its link with the theory of totally
convez functionals, that allows (surprisingly) to recover many features of convex analysis in this
infinite dimensional and non-linear setting.

In the present paper, we focus on the dynamic aspects of the Wasserstein on Wasserstein
space:

(1) its absolutely continuous curves and geodesics (Section , under the solely general
assumption that (X, d) is a complete and separable metric space;

(2) its ‘differential structure’, i.e. the description of absolutely continuous curves in terms of
an abstract continuity equation for random measures, Sections [4| and [5}, when X = R¢;

(3) the description of its tangent bundle Tan P, (P, (R%)), Section again when X = R%.

One of the main tools we develop to pursue these objectives is a nested superposition principle:
it comes both in the metric form (in the spirit of [Lis07]) and its differential form (in the
spirit of [AGS08| Theorem 8.2.1]). The term nested, comes from the particular structure of the
space considered. Indeed, we will prove that starting from an absolutely continuous curve of
random measures (My);epo,71 € C([0,T], P(P(R?))) (possibly arising as a solution of a continuity
equation), we can lift it to two “dynamic” measures: the first one, A € P(C([0,T], P(R?))), is a
measure on curves of probability measures on P(R%), the second one, £ € P(P(C([0,T],R%))),
is a law on random curves in R?.

We describe such a nested superposition principle in both the metric and the differential
setting, in the symplified case of of the evolution of a particle system.

Interacting N-particle systems. Consider an interacting system of N € N particles in
X := R4, described by a vector z(t) = (z1(t), -+ ,xn(t)) € XV; the velocity of each particle
x;(t) is expressed by v(t,z;(t), (t)), where v : [0,T] x X x X — X is a smooth (for the easy
of presentation) vector field symmetric in the last N components, i.e. denoting by Sy the usual
symmetric group of permutations of {1,..., N}, it holds

v(t,z,x) = v(t,x,0(x)) Vo &Sy, o(x1,...,2N) = (To),- s To(n))-
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Given any initial position ¢y = (21,0,...,ZN,0) € XN of the N particles, there exists a unique
solution  : [0,7] — X* whose components solve

{a'ci(t) = o(t, mi(t), 2(t))

(1'4) 331(0) = Ti,0

The evolution can also be described either by time-dependent flow map X : [0,7] x XV —
XN such that X (t,zg) = x(t) = (x1(t),...,2n(t)), or by the point-to-curve evolution map
: XY — C(0,7),X") such that I'(z¢) = =(-) = X(-,z9). Both these maps are invariant
with respect permutations of the initial distribution of particles.
Suppose that we describe a distribution on the initial configurations of particles by assigning
a symmetric probability measure m € P(X®), thus satisfying oxm = m for all permutations
o € Sy. The above maps X, I, can be used to describe the evolution of m driven by the system
(T4):
(1) for all t € [0,T], my := (X(t,-))gm € P(XY) is a curve of probability measures that
solves the continuity equation

(15) &gmt + divm(vtmt) = O,

where v : [0, 7] x X~ — X* whose components are v;(t,z) = v(t, z;, T);
(2) n:=Tym € P(C([0,T], X")) is a probability measure over curves of XV, concentrated
over curves x(-) that solve the system (1.4));
(3) the canonical isomorphism between C([0,T], X~) and C([0,T], X)¥ allows us to define
a probability measure 8 € P(C([0,T], X)™).
Thanks to the invariance with respect to permuations, it is natural to consider the projected
evolution in the quotient space X~ /Sy, that we can identify with the space of uniform discrete
measures of the form + vazl 0,. To this aim, for every space X, we introduce the function

1 N
(1.6) J: XN 5 PX) J(x,...,xN) = v ;(5

and we transform the measures (m;),n, @ under the action of the corresponding versions of J:

(1) starting from the curve (m;) of measures in X~ we obtain the curve of probability
measures over probability measures (that we call (law of) random measures)

(1.7) M, :=Jam, € P(P(X)), tel0,T];
(2) starting from 1 and using the map g’ : C([0, T]; XV) — C([0, T]; P(X)) defined as
J'[x)(t) := J(x(t)) for every x € C([0,T); X),

we get A = J’,m € P(C([0,T], P(R?)));
(3) starting from 6 and using the map J in the space X := C([0,T],X) we obtain £ :=
J40 € P(P(C([0,T),R%))).
Thanks to the symmetry assumption, the original structure that we had between the measures
(m¢)eejo,r); M, and O is maintained, and no information have been lost about the evolution.

Moreover, interpreting v(t, z, ) as the restriction to discrete probability measures of a nonlocal
vector field b : [0,7] x R? x P(R?) — R via the formula

(1.8) v(t,z,x) = b(t, z,J(x)),

we can provide intrinsic differential characterizations of M, A, £ as follows:
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(1) the curve of random measures (M;).c[0,) solves an abstract continuity equation (see

Example [4.15))
(19) 8tMt + diV:p(tht) = 0,

in duality with smooth cylinder functions (see (L.15) and Section [d]). The latter are
functions F': P(X) — R of the form F(u) = ¥([y ¢1dp, ..., [y oxdp) and admit a
Wasserstein gradient defined as

Vi F(, 1) = iajqf (/X brdp, . /X q’)kdu) V(@) V(wp) € X x P(X).

(2) the probability measure A € P(C([0,T],P(X))) is concentrated over curves (pit)icjo,1]
solutions of the non-local continuity equation on X given by

(1.10) O + divx (be (-, pe)pae) = 0.

We can think that each p; is an empirical measure associated to a group of NV particles
following the flow given by b.

(3) the probability measure £ € P(P(C([0,T], X))) is concentrated over dynamic measures
A € P(C([0,T], X)) that, in turn, are concentrated over solutions of

Y() = b(t,¥(t), (er)#A),

where (e;)A is the marginal at time ¢ of A\. This means that A is the collective
distribution of the trajectories of single particles evolving according to the system ([1.4)).

Nested superposition principles. Our goal is to recover the same structure for general
evolution of laws of random measures, also including the general setting of a complete and
separable metric space (X, d) for the metric-variational aspects (we use the shorthand Crp(X)
for C([0,T],X) for any space X):

e a (absolutely) continuous curve of random measures (M;)cjo,7] € Cr(P(P(X))) (see
223

e a probability measure over (absolutely) continuous curves of measure A € P(Cp(P(X)));

e a law of random measures over (absolutely) continuous curves £ € P(P(Cr(X))).
There is a natural hierarchy “¢ =— A = M,;” between these objects, in the sense
that any measure £ € P(P(Cr(X))) naturally induces a A € P(Cp(P(X))), which in turn
induces a curve (M;);ejo.7] € Cr(P(P(R?))). This relation can be described from the standard
viewpoint of Bayesian sampling schemes. Recall that, for a general random probability measure
M € P(P(X)), the associated sampling procedure is: first draw p € P(X) with law M; then,
conditional on p, draw z € X with law pu.

In particular, we will apply this scheme to the three objects introduced above. Given t € [0, T

we have:

o~ M w~A A~ g
and, conditionally,
T p~p Y| p~ g YIA~A

where p € P(X), p = (u)ep,r) € Cr(P(X)), A € P(Cr(X)), v € Cr(X) and z,y € X.
Therefore,
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(i) given a sample (), ) from the third model, a sample from the second model is

(L.11) pi=EQ), y=ely) =0l),
where E : P(Cr(X)) = Cr(P(X)) is defined as E(X) := ((et)#)‘)te[o - In other words,
A= E#S;
(ii) given a sample (u,y) from the second model, we recover a sample from the first model
as

=y, T =y
In other words, M; := (e¢) %A, where e;(p) := pu;
(iii) Clearly, we could also pass directly from £ to My, by defining
pi=-e o E(XN), z:=n~(t).

Notice also that E; :=¢; 0 E : P(Cr (X)) — P(X) coincides with the push forward of
the evaluation map at time ¢, (e;)g. Then, M, := (Ey)4£ = ((e)y)4£, is obtained by a
nested push-forward construction.

In Section [3] we show that such a hierarchy can be reversed, preserving relevant regularity
and structural properties. More precisely, given a curve of random measure (M;)icjo,1] €
ACE(P,(P,(X))), p > 1, we show that there exist A € P(Cp(P(X))) and £ € P(P(Cr(X)))
consistent with the hierarchical structure above and satisfying the additional properties that are
summarized in the following theorem, whose complete proof is a byproduct of Sections (3.2

Theorem 1.1 (Nested metric superposition and minimal energy liftings). Let (X, d) be a
complete and separable metric space and p > 1. Let M = (My)icpo.1) € ACT(Pp(Pp(X))).
Then, there exist A € P(Cp(P(X))) and £ € P(P(Cr(X))) satisfying:

(1) (er) A = M, for allt € [0,T], A-a.e. p is in ACH(P,(X)), and

T T
(1.12) |t wae= [ [k, 0dedr:

(2) (B )L = M, for allt € [0,T], L-a.e. X\ € P(Cp(X)) is concentrated over ACH(X),
and

T T
(113 |tk war= [ [ [ deaemaeon
0 0
(3) A= ExL and there exists a A-measurable map G : Or(P(R?)) — P(Cr(RY)) such that
£ =GxA and E(G(p)) = p for A-a.e. p.

In the particular case of the Euclidean setting, we can further leverage the fine-grained
information encoded in the continuity equation (1.9). The corresponding main result when
X =R? is a byproduct of Sections and 5| and can be summarized as follows (we keep the
notation for the evaluations maps e, E, Fy, ¢; introduced above).

Theorem 1.2 (Nested superposition principle for the random continuity equation in R). Let
X =R and let M = (My)iepo,1) € Cr(P(P(X))) and b: [0,T] x X x P(X) — X be a Borel
non-local vector field satisfying the integrability condition

/OT//|b(tvﬂf’#)ldu(x)th(u)dt < +o0.

Assume that (M ,b) satisfy the continuity equation (1.9)
(114) 3tMt + diV(P(tht) = 0 te (O,T),
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is satisfied in duality with cylinder functions (see Definition , in the sense that for any
F € Cyl}(P(X)) it holds
d

(19) G [ Fean = / . [ e Vi Flapdu@aMitu) - in 7'0.7).

Then, there exists A € P(Cr(P(X))) and £ € P(P(Cr(X))) such that:
(1) (er)pA = My for any t € [0,T], and A-a.e. p belongs to ACT(P(X)) and solves

615#,5 + diV(bt('aMt)//’ft) =0 n .@/((O,T) X X)

(2) (E)xL = M, and L-a.e. A € P(Cr(X)) is concentrated over absolutely continuous
curves 7y that are solutions of

A(t) = b(t, 1, (er)wA) in (0,T).
(3) A=E48.

Links with the Wasserstein on Wasserstein geometry. As a consequence of Theorems
and we obtain important geometric properties of (P, (P, (X)), W,). In particular:
(1) When (X,d) is a complete, separable, and geodesic we characterize geodesics in
(Pp(Pp(X)), Wp,) as superposition of laws of random geodesics of X, see Section
The geodesics are also related to optimal couplings and optimal random couplings
presented in [PS25] (in the Hilbertian case with p = 2) and in Section
(2) Absolutely continuous curves of random measures (M;)ieo,7] in ACH(Pp(Pp(R))) can
be represented as solutions to the continuity equation driven by a unique non-local
vector field b : [0, T] x R? x P(RY) — R? satisfying suitable variational and integrability
conditions, see Section 4.2
(3) We can fully justify the definition of the cotangent space of P,(P,(R%)) at M as the
closure of the Wasserstein gradient of cylinder functions (see and Section :
L*’ (M:R%)
(1.16) CoTanyy P (P, (RY)) 1= {VWF . Fe Cylc(T(Rd))} :

where the measure M € PRI x P(R?)) is defined as

= | o HORAMGD), T4 B) = | utayani

for all Borel sets A C R? and B C P(R). In fact, its corresponding tangent space in
LP(M : R%) obtained by the duality map from L¥ to LP is generated by all the non-local
vector fields of minimal velocity, thus representing the infinitesimal behaviour of all
the absolutely continuous curves according to the previous point (2). In this way, we
reproduce the results in [AGS08, Chapter 8.4] at the level of random measures.

A remarkable corollary of the above results is the Benamou-Brenier like formula for the
p-Wasserstein distance on random measures (see also [HM25| for a similar setting):

Theorem 1.3 (Benamou-Brenier formula). Let p > 1. For all Mo, My € P,(P,(R%)) it holds
(1.17)

WE (Mo, My) = min{/o /9>/R |be (2, ) [Pdpu(x)dM(p)dt - M € ACP(0,1; P, (P,(RY)),

M(O) = M(), M(l) = Ml, atMt +diVjP(tht) = 0}
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Other results and literature. The Wasserstein on Wasserstein metric has been studied in
recent years, mostly to quantify convergence properties for non-parametric statistical problems
[Ngul6} |(CL24]. In the recent paper |[BVK25|, the authors use the gradient flow theory on
the L?-Wasserstein on Wasserstein space to solve learning tasks (e.g. the multi-classification
problem) through the minimization of suitable functions defined over random measures. For
this aim, it was crucial to define a notion of tangent space, a continuity equation, and their
link with absolutely continuous curves. In this paper, we completely characterize these objects,
extending some of their results, even in the case P,(P,(R%)) with p > 1.

In [AKPR25| the authors prove a metric superposition principle in the spirit of [Lis07] for
absolutely continuous curves of stochastic processes with respect to the adapted Wasserstein
metric [BBP24]. The strong relation between the iterated Wasserstein space and the one
of filtered processes endowed with the adapted Wasserstein metric has been highlighted in
[BPS25|, where they study a Monge-Brenier theorem for the static iterated optimal transport
in the N-iterated 2-Wasserstein space. We plan to further develop the techniques presented in
this paper for the study of the geometry of the N-iterated p-Wasserstein space, with possible
applications to the space of filtered processes.

In [Pin25a], the first author studies the nested superposition principle adding the requirements
that all the random measures are absolutely continuous with respect to suitable reference random
measures ) € P,(P,(R?)) (see also [Del22; [Del24]), with applications to the study of the metric
measure space (P,(R?), W,, Q). The same technique is then applied to the Wasserstein space
over a compact Riemannian manifold, and a version of Theorem is proved in this setting as
well.

In Theorem claim (1) can be seen as a particular case of the main result of [ST17], under
the hypotheses

T
(1.18) / / / |b¢ (2, ) [Pdpu(x)dMy (p)dt < +o00, My € Py(RY),
0o Jemd) Jrd

for some p > 1. Indeed, as shown in [Sod23], the local Lipschitz constant in the space
(Pp(R%), W,) of a cylinder function F : P(R?) — R is given by

([ wwremrae)”

Exploiting it and our definition of derivation (see Definition [4.3]), one can rewrite our setting
only using the metric properties needed to apply the results in [ST17]. Anyway, the differences

are in the fact that we do not need the additional integrability assumption (actually, in [Pin25b)]
il
of probability measures, we can perform the other lifting as well, as in Claims (2) and (3).

A similar result to Theorem [1.2] was already obtained in [LSZ22]. In addition to a non-
local vector field, they have also two operators o : [0,7] x R? x P(RY) — R4 and ~ :
[0,7] x R x P(R?) — R¥*?  that describe diffusive terms associated with two independent

Brownian motions. The novelties in the present paper are various:

it is relaxed to the integrability of ), and exploiting the particular structure of the space

e to directly apply the result of [LSZ22|, one should ask the p-integrability assumption
for the vector field b, as in ;

e the proof of Claim (1) is proved identifying P(R%) with R* in both cases. On the
other hand, to prove Claim (2), in [LSZ22] the authors reproduce the approximation
procedure that is commonly used to prove superposition results. Here, we propose a
different approach, based on using as a black-box the finite dimensional superposition
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principle to perform a measurable selection, that will give us, as a byproduct, Claim
(3). In doing this, we need to prove that the set of curves of measures that are solutions
of the continuity equation O¢p; + div(be(-, ue)pe) = 0 is Borel, and similarly for the
set of A € P(Cr(R?)) that are concentrated over solutions of 4(t) = by (y(t), (er)x7)-
These measurability results are the main results in Section and may have their own
independent interest;

e we use this specific setting as a tool to study the geometry of the Wasserstein on
Wasserstein space. In particular, Theorem put in relation the purely-metric setting
of the Wasserstein on Wasserstein space with the non-local continuity equations of the
form Oy + div(be(+, ue)pe) = 0, that have been intensively studied in recent years, e.g.
[BF21; [BF24; |CSS23} |CSS25a].

Regarding uniqueness, in Section |§| we assume p > 1, My € Tp(Rd) and b such that
(1'19) /d , ‘b(t,xo,,u,o) _b(tﬂxlvul)lpdﬂ—(xoﬂxl) < L(t)sz(Mm:ul)a
R4 xR

for all pg, 1 € Pp(RY) and some optimal coupling 7 between o and pq, with L € L1(0,T).
Under this Lipschitz assumption, we show uniqueness of M, A and £ that start from M,. As
already pointed out in [CD18; [LSZ22], if the vector field is Lipschitz in «, uniformly with respect
to (¢, 1), then well-posedness for the interacting particle system easily follows by standard
techniques, from which uniqueness of the previous objects follows. On the other hand, this is
less trivial assuming only : our proof actually shows that such a Lipschitz property is rigid
enough to imply that the map supp(u) 3 @ + by(x, p) is L(¢)-Lipschitz for any p € P,(R?), and
now we can proceed by proving uniqueness of the interacting particle system by the previously
cited techniques.

Plan of the paper. In Section [2] we recall the main known ingredients that we need to
develop our results. In particular, we fix natural (Polish) topologies over the space of probability
measures over a Polish space, the space of continuous curves and all their possible combinations,
that will be fixed for the rest of the paper.

In Section [3] we prove Theorem[I.1} introducing the method used for the proof in Section
that shows how the optimal transport problem between random measures M, N € P,(P,(R?))
can be seen as a minimum problem either over couplings IT € P(P(R?) x P(R?)) or over random
couplings P € P(P(R? x R?)). In Section we then apply Theorem to study the geodesics
of the Wasserstein on Wasserstein space P, (P,(R?)).

In Section |4 we introduce the continuity equation on random measures, that follows either
the dynamics of a family of derivations defined over cylinder functions or the dynamics led by a
non-local vector field. In this setting, we prove Claim (1) in Theorem following the strategy
developed in [AT14]. This result, together with Theorem will allow us to characterize
absolutely continuous curves of random measures as solutions of a continuity equation, in
Section In Section we define the tangent and cotangent spaces of P,,(P,(RY)) at a fixed
random measure M, and we give a characterization of it in terms of non-local vector fields of
minimal energy solving the continuity equation. Finally, we prove a representation result for
derivations as non-local vector field, see Theorem

In Section we complete the proof of Theorem [I.2] using a similar strategy used for
Theorem In particular, we first show the measurability of the sets CE(b) and SCE(b) (see
Deﬁnition that we exploit to apply a measurable selection argument to define the map Gy.

In Section [6] we study the case of a Lipschitz non-local vector field, in the measure variable.
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In the appendices, we collect some technical results. In particular: in Appendix [A] we recall
the definitions and properties of Lusin and Souslin sets, together with a measurable selection
theorem; in Appendix [B|a natural topological-metric structure of R* is highlighted, and
its relation to the space of probability measures as well; in Appendix [C| some results about
curves in P(R*) and P(P(R?)) are collected; in Appendix |§| we show some results concerning
measurability on the space of probability measures.
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2. PRELIMINARIES

Here’s a list of the main notations used throughout the paper.

Ch(X), (Cp(X;R™)) continuous and bounded functions from X to R (resp. R™)
Ce(X), (Co(X;R™)) cont. functions with compact support from X to R (resp. R")
Ck(RY), (CF(RE;R™)) k-times differentiable functions in C,.(R%) (resp. C.(R%;R™))
LP(o;RY), functions R%valued that are p-integrable in a measure space (X, )
M4 (Y) finite positive Borel measures on Polish space Y

P(Y) Borel probability measures on a Polish space Y

M(Y) signed Borel measures with finite total variation on Y’

M(Y;R?) Borel measures on Y with values in R? and finite total variation
Pr(Y) see Def.

Lh(Lh) Lebesgue measure on R (resp. [0,77)

Cr(X) continuous curves from [0,77] in a topological space X

ACr(X) absolutely continuous curves from [0, 7] to a metric space X
ACH(X) absolutely continuous curves with finite p-energy

Dy sup distance in Cp(X) w.r.t. the distance d

ap, Gp see Def. and

Apy Ay see Def. and (3.3)

A, see

Po(X) prob. measures on a metric space (X, d) with finite p-moment
W4 p-Wasserstein distance on P,(X) built on the distance d

led Wi a1, i.e. 1-Wasserstein distance built on truncated distance
W, Wp,w,, distance on random measures (see

W1 Wl,Wl,d’ the Wasserstein distance built over VAVLd

et evaluation at time t of a curve

et the evaluation at time ¢ of a curve of measures (it )cfo,7) € Cr(P(X))
E, (et)4, i.e. push-forward with respect to the map e,

CylL(P(R%)) see Def.

Cylj (P(R%)) see Def.

VwF see Def.

M see Remark
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M, ® dt, M, ® dt see §2.3.1
CE(b), SPS(b) see Def.

In this section, we introduce the notation about spaces of measures and spaces of curves that
we will use in the following. We will reserve the notation (X, d) for a reference complete and
separable metric space and we will use the letter Y to denote a generic space which typically
arise from suitable, possibly iterated, topological, metric or measure-theoretic constructions
starting from (X, d). We take some care to distinguish notions which solely depend on the
(Polish) topology 7y of Y from concepts that also depend on the choice of a metric dy on Y.

2.1. Spaces of curves.

2.1.1. Space of continuous curves. Let (Y, 7y) be a Polish topological space. We will denote
with Cp(Y) := C([0,T],Y) the space of continuous curves y : [0,7] — Y, naturally endowed
with the compact-open topology.

Such a topology can be metrized as well, resulting as Polish (see [Sri08, Theorem 2.4.3] for
separability): it is sufficient to choose the usual sup-metric

(2.1) D(y,,y,) := S[l(l)pﬂéy(yl(t),yz(t)) Vyi,yy € Cr(Y).
telo,

associated with any metric dy over Y that induces its topology 7y . Clearly, by using a bounded
metric dy, we may assume that D is bounded as well.
We will denote by e; : Cr(Y) — Y the (continuous) evaluation map e:(y) := y(¢).

2.1.2. Space of absolutely continuous curves in metric spaces. Let us collect some definitions
and results about absolutely continuous curves taking values in the (complete, separable) metric
space (X, dx): note that, in this case, the metric matters, not only its induced topology.

Definition 2.1 (Absolutely continuous curves). A curve x : [0,T] — X is said to be absolutely
continuous, and we write © € ACT(X), if there exists a function g € L*(0,T) such that

(2.2) dx(z(t), z(s)) < /tg(r)dr whenever 0<s<t<T.

If g € LP(0,T), for some p € (1,+00], we say that y € ACH(X).
The space ACY.(X), for p € [1,+00] is a Borel subsets of Cr(X) (see Appendix [C].
Proposition 2.2. Let x € ACp(X). Then the limit

d t

s—t |t — 3|
exists for Ll-a.e. t € [0,T] and it provides the smallest g such that [2.2) is satisfied. We will
omit the subscript dx when it will be clear from the context.

(2.3)

Definition 2.3 (p-action of a curve). Let € Cp(X) and p € [1,+00). The p-action of x is
defined as

(2.4) ay(x) = /O l&|P(t)dt  if & € ACT(X),

400 otherwise.
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2.1.3. Geodesics. A (minimal, constant speed) geodesic in (X,dy) is a curve = € C([0,1], X)
that satisfies

(2.5) d(z(t), z(s)) = |t — s|d(x(0),z(1)) for every s,t € [0,1].

Observe that in it is enough to require <, since any strict inequality somewhere would
contradict the triangle inequality.

We denote by Geo(X) C C([0,1],X) the closed (thus Borel) subset of constant speed
geodesics.

We say that X is a geodesic space if for all z,y € X there exists & € Geo(X) such that
2(0) = 2 and (1) = y. In a geodesic space, using a measurable selection argument (see
Theorem , one can always find a Souslin-Borel measurable map

(2.6) geo : X x X — Geo(X)

that selects a constant speed geodesic given the starting and ending points. Moreover, if the
geodesic property is enforced with uniqueness, i.e. if for all z,y € X there exists a unique
@ € Geo(X) such that (0) = x and x(1) = y, then the map geo is uniquely defined and Borel
measurable (see [Bog07, Lemma 6.7.1]).

Finally, for all ¢t € [0,1], we denote by geo, : X x X — X the map e; o geo, that is the
evaluation at time ¢ of geo.

2.2. Spaces of measures.

2.2.1. Narrow topology over the spaces of measures. Let (Y, Ty) be a Polish space. We denote
by B(Y) the Borel o-algebra generated by 7v. We denote with P(Y) the set of Borel probability
measures on Y. More generally, we introduce the sets M, (Y), M(Y) = M(Y,R), and M(Y,R%),
that are, respectively, the set of all positive finite measures, the set of all signed measures with
finite total variation, and the set of all measures taking values in R? with finite total variation.
Recall that the total variation |v| € M, (Y) of a measure v € M(Y;R?) is defined as

+oo
[V[(A) := sup{z lv(E,)| : UE” =A ENEj=0asi ;éj}.
n=1

Note that P(Y) C M, (Y) C M(Y). The space M(Y;R9) is endowed with the narrow topology
Tn, i.e. the coarsest topology under which the functions let M(Y;R%) > v [¢- dv are
continuous for all ¢ € Cp(Y;R?). P(Y) and M, (V) are closed subsets of M(Y).

Recall that, given a measurable function f : Z; — Zs, where (Z;, 8;) are general measurable
spaces, and a measure u € My (Z;), we denote with fyp € M, (Z2) the push-forward measure,
defined as

fen(S) = p(f7H(S)) VS €8s

Under the Polish assumption on the ambient space Y, the narrow topology is completely
characterized by the narrow convergence |Bog07, Theorem 8.9.4(ii)]: given v,,,v € M(Y;R9),
we say that v, narrowly converges to v (we write v, — v) if

/¢~dun%/¢>~du Vo € Cy(Y;RY).
Y Y

A nice characterization of compactness in the narrow topology has been given by Prohorov
(see e.g. [Bog07, Theorem 8.6.2]). The theorem is stated for measures in M(Y;R%), and it is
also true for P(Y) and M, (Y"), since they are closed subsets of M(Y).

Theorem 2.4. Let T C M(Y;R?). Then the following are equivalent:
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(1) F is relatively compact in the narrow topology;
(2) F is equi-bounded in total variation and equi-tight, i.e.
sup [V|(Y) < 400 and Ve >0 3K, CY compact s.t. sup|v|(Y \ K;) < e.
vedF vedF
Hereafter, unless otherwise stated, these spaces will always be equipped with the narrow
topology; this, in turn, generates the corresponding Borel g-algebra.

2.2.2. Wasserstein metric. Assume now the reference space is endowed with a (complete and
separable) metric, and we refer to it with (X,dx). Given p > 1, we introduce the space

Pp(X) = {O’ ePX) : /X d% (z,z) do(x) for some z € Y} .

The set P,(X) is endowed with the p-Wasserstein metric defined as

W) 4 (01,02) := min {/X . d% (z1,z0) dm(z1,22) @ TE F(O’l,a'g)} ,
X

where T'(o1, 03) is the collection of all the transport plans (or couplings) 7 with marginals oy
and o9, i.e. all the probability measures 7 € P(X x X) satisfying 7(A x X) = 01(A) and
m(X x B) = 02(B) for all A, B € B(X). When the distance dx is clear from the context, we
will simply write W,,. (P,(X),W,) is a complete and separable metric space.

By Kantorovich duality we have:
(2.7)

Wh(o1,02) = SUP{/ ¢doy +/ Ydoz 1 ¢, € Cp(X), d(z1) +P(22) < dp($1,$2)}-
X X

In the particular case p = 1, the duality formula can be rewritten as

(2.8) Wl(ol,og)zsup{/XQSdal—/ngdag : ¢ELip1(X)},

where Lip; (X) is the family of real Lipschitz functions with Lipschitz constant less or equal
than 1.

When dx is bounded, then P,(X) = P(X) and every metric W), 4, metrizes the narrow
topology in P(X).

Remark 2.5. So far, given (X,dx) a complete and separable metric space, we introduced the
Polish space P(X) (for which we only care about the narrow topology Tn) and the Wasserstein
spaces Pp(X) for any p > 1, inducing the Wasserstein topology 7, = Tw,. When dx is unbounded,
it is well-known that 7, is strictly finer than the restriction of Tn to Pp(X). However, since
Pp(X) is a Borel subset of P(X) and thus o Lusin space with respect to the narrow topology,
and the p-Wasserstein topology is finer, then thanks to [Sch75, Corollary 2, pp. 101] the induced
Borel o-algebras B(P,(X)) coincide.

2.2.3. Laws of random probability measures. Given a Polish space (Y, 7y ), the main objects of
our study will be the so-called laws of random probability measures, or just random measures,
M e P(P(Y)). Since P(Y) is a Polish space, we observe that

e over P(P(Y)), we consider the narrow topology, induced by the underlying (Polish)
narrow topology over P(Y). If dy is any bounded metric inducing 7y, the narrow

topology on P(P(Y")) is induced by the bounded Wasserstein metric Wy := Wy w, ;.
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e When a (complete, separable) metric dy is assigned on the underlying space Y, then
we can endow Tp(Tq(Y)), with p,q > 1, with the Wasserstein on Wasserstein metric
Wop.q = Wpw, ., - We will only deal with the case p = ¢, and we use the notation
Wy =Wy p = p,Wp

Thanks to Remark [2.5] it is equivalent to consider a random measure M € P(P(Y)) concentrated
over P,(Y) or a random measure M € P(P,(Y)), since the Borel o-algebras induced on P,(Y")
by the narrow topology concides with the Borel o-algebra induced by the LP-Wasserstein metric.
In particular, we can always work with random measures M € P(P(Y")), possibly specifying
later that it is concentrated over measures with finite p-moments.

It is worth highlighting a structure that will appear often in the following: given two Polish
spaces Y, Z and a Borel map f:Y — Z, we can define

F:=f:PY)—P2)
Fy = fy : P(P(Y)) = P(P(2)),

that are Borel maps with the topologies we considered (see Proposition . A property of
this nested push-forward is the following: for all M € P(P(Y)) and g : Z — [0, +o0]

(2.10) / / 2 dFM(v /:P(Y /go y) du(y) dM ().

Remark 2.6. Any random measure M € P(P(Y)) can also be identified through the measure

= [u®é,dM(u) € P(Y x P(Y)), i.e. the only measure for which, for all Borel g :
Y x P(Y) — [0, +00) bounded it holds

(2.11) /mj( " gy, 1) dM (y, / / g(y, ) dp(y) AM ().

Remark 2.7. The narrow topology is Polish when restricted either to P(Y) or M (Y) (see
Section and Lemma . On the other hand, the narrow topology over M(Y) and
M(Y;R?) cannot be metrized. However, the narrow topology is metrizable when restricted to
sets of measures with bounded total variation, in analogy with the weak (and weak™) topology on
Banach spaces (see [Bréll, Chapter 3]). Thanks to this fact, we obtain that the space M(Y; RY)
is a Lusin space (see Appendiz , which will allow us to recover some useful properties about
Borel measurability in these spaces.

,dy *

(2.9)

2.3. Curves of measures.

2.3.1. Continuous curves. Here we specialize the notation of 2.1.1] to the Polish spaces P(Y’) or
P(P(Y)), where (Y, 7) is a Polish space.

In both the spaces Cp(P(Y)) and Cr(P(P(Y))), the compact-open topology is Polish. Indeed,
using the distances described above, the compact-open topology over Cp(P(Y)) is induced by
the sup distance Dy, , where Wy = Wl, 4 and d is a bounded distance inducing 7 (notice that

Wi # Wi A 1). Similarly, for Cp(P(P(Y))), its compact-open topology is induced by the sup
distance Dy, , where Wl = W1 W

These dlstanceb are just a possible choice for inducing such topologies, but these specific
choices will be useful for our purposes.

Following Remark[2.6] it is important to notice the identification between any curve of random
measures (My)cpo,r] € Or(P(P(X))) with the measure M; ® dt € My ([0,T] x X x P(X)),
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defined through the integration formula

(2.12) /ftxu Mt®dt (t,x,pu) = //?(X)/ftx,ud,u x) dMy(p) dt,

for all f:[0,T] x X x P(X) — [O 1] Borel measurable. Similarly, we introduce the measure
M; ® dt6M+([O T) x P(X)) as
(2.13) / (t, ) d(M; ® dt)(t, p) = / / g(t, ) dMy () dt,

for all g : [0,T] x P(X) — [0, 1] Borel measurable.

2.3.2. Topology over P(Cr(Y)). Given (Y, 7) a Polish space, the natural topology over P(Cr(Y))
is the narrow topology with the compact-open as ground topology. With this topology, the
space P(Cr(Y)) is Polish as well, and a convenient metric that induces it is given by Wi p_,

where d is any bounded distance inducing 7 (in particular, again we can take d=dA1 where d
is any distance on Y inducing 7).

2.3.3. Absolutely continuous curves. Let (X,d) be a complete and separable metric space.
Consider the metric spaces (Py(X), W,) and (P, (P4(X)), W, o), where p, ¢ € [1,+00). To avoid
confusion in the following, we restate the definition of the action of a curve in these cases.

Definition 2.8. Let p,q € [1,+00) and p = (t)efo,r] € Cr(Py(X)). The p-action of w is
defined as

(2.14) Ap,q(p) == {

In the case p = q, we simply denote A, = Ap .

Jo Bl 1 dt i e ACT(P,(X))

400 otherwise

Definition 2.9 (Absolutely continuous curves of random measures). Let p,q,r € [1,4+00) and
M = (My)icjo,r) € Cr(Pp(Py(X))). Its r-action is then defined as
T | )
M| t)de M € ACT (P, (P (X
(215) Ar,p,q(M) = fo | |Wp7q( ) Zf ' T( I( q( )))
400 otherwise

In the case p = q =r, we simply denote Ap = A, p, 4.

In this paper, we will always deal with the case p = ¢ = r. A fundamental theorem for our
analysis is a lifting result due to [Lis07].

Theorem 2.10. Let (X,d) be a complete and separable metric space and p € (1,4+00). Let
1= (p)scio,r) € ACH(Py(X)). Then, there exists a lifting X € P(Cr(X)) such that

(1) (er)yA = pu for any t € [0,T], where e,(x) = x(t) for any x € Cr(X);

(2) X is concentrated over ACY.(X) and

(2.16) /ap(w) dA\(x) = Ap(p) < +oc.

On the other hand, for any p € [1,400), given A € P(Cp(X)) concentrated over absolutely
continuous curves, with (eg)sA € Pp(X), the curve p := ((e¢)§\)iecjo,r) belongs to ACH(P,(X))
and it satisfies

(217 il (6 < [ 1270 (@)
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for L-a.e. t € (0,T).

Remark 2.11. Putting together the formulas (2.16) and (2.17)), we can see that a lifting A as
in the first part of the Theorem, is of minimal energy among all the possible lifting satisfying
only the first condition.

2.3.4. Continuity equation over R?. Given a Borel time-dependent vector field v : [0, T] x R% —
R?, we say that a curve of measure g = (pu1)¢ejo,r) € Cr(P(R?)) solves dypuy + div(veps) = 0 if
fOT [ |vo(t,z)| dpg(x) dt < +oo and for all ¢ € CL((0,T) x R?) it holds

T
(2.18) /O [ Olt.2) + V(t.) - vlt.) (o) dt = 0,

Thanks to [AGS08| Lemma 8.1.2], it is not restrictive to assume that ¢ — p; is continuous.
If the vector field is smooth enough to have that the ordinary differential equation given by

w(t) = v(t, z(t))
(2.19) {w(O) .

admits a unique solution [0,7] > t — X4(z) for any Z € R?, it holds that the unique solution
of the continuity equation starting from po € P(R9) is

(2.20) pe = (X¢)gtto.

A similar scheme is still valid in a non-smooth setting. The so-called finite dimensional
superposition principle, highlights it in a completely non-smooth setting (see e.g. [ACO08]).

Theorem 2.12 (Finite dimensional superposition principle). Let v : [0,T] x R* — R? be a
Borel vector field and p € Cr(P(R?)) be satisfying and fOTf |v| dp dt < +o0. Then
there exists a superposition solution A € P(Cr(R%)) satisfying

(1) (er)gA = pt for allt € [0,T];

(2) MACT(RY)) =1 and A-a.e. © € ACT(R?) solves the integral formulation of

z(t) = x(0) —l—/o v(s,xz(s))ds Vte€[0,T).

Conversely, given A € P(Cr(R?)) satisfying (2) and

T
// lo(t, (1)) dtdA() < +oo,
0
then the curve of measures ji := (e¢)g A solves the continuity equation.

The structure of this result is very similar to the one of the lifting described in Theorem
2.10 The main difference is that the first result cares in selecting a minimal energy lifting,
while the second takes in account the leading velocity vector field of the evolution. This finite
dimensional superposition principle will play a fundamental role in the proof of Theorem [T.2]

2.4. Recap. Given a Polish space (Y, 7), we fixed a Polish topology on the following spaces:
(i) Cr(Y), seef2.1.1 .
(i) P(Y), M4 (Y) and M(Y,R?), see [2.2.1
ili) Cp(P(Y)) and Cp(P(P(Y))), see[2.3.1
) Y

(iii
(iv) P(Cr(Y)), see2.3.2




SUPERPOSITION FOR RANDOM MEASURES AND GEOMETRY OF THE WOW SPACE 17

Dealing with a specific metric structure (X, d), so that we care about the distance itself and
not just its induced topology, we defined some subspaces of the spaces mentioned above. In
some cases, they can be seen using a more general notation.

Definition 2.13. Let Y be a Polish space and F : Y — [0,400] a Borel function. Define the
set

(2.21) Pr(Y) = {u ePy) : /YF(y) du(y) < —|—oo} :

Notice that, thanks to Lemma Pr(Y) is a Borel subset of P(Y). When F' is lower
semicontinuous, we can also say that Pr(Y) is an F, set, i.e. it is union of closed sets.
Then, given a metric space (X, d), we have:
(v) for any p > 1, Pp(X) = Pp(X), with F(z) := dP(z,z) for some € X. Its natural

metric is W), see

(vi) for any p,q > 1, Pp(Py(X)) = Pr(P(X)) C P(P(X)), with F(u) = WP(u,dz), for some
T € X. Its natural metric is W, 4, see

(vii) as in Remark an object A € P(Cp(X)) satisfying

//OT P(£) dtdA(@) < +o0

can be simply identified by writing A € P, (Cr (X)), where a,, is the finite energy of a
continuous curve, see Definition
Regarding the sets of absolutely continuous curves, notice that thanks to Lemma and
Remark we have:
(viii) AC%(X) C Cr(X) is a Borel subset, for p > 1;
(ix) ACTL(P4(X)) C Cr(P(X)) is a Borel subset, for ¢ > 1 and p > 1;
(x) ACH(P,(P4(X))) C Cr(P(P(X))) is a Borel subset, for p,g > 1 and r > 1.

3. NESTED LIFTING FOR AN ABSOLTUELY CONTINUOUS CURVE OF RANDOM MEASURES

Let (X,d) be a complete and separable metric space, T € X and p > 1. The goal of this
section is to study the structure of absolutely continuous curves of random measures valued in
Pp(Pp(X)), ie. M = (My)icio,m) € ACH(Pp(Pp(X))). Referring to the previous section for all
the topological and metric notions, let us fix the notation that will be used for the rest of this
section:

a generic element of P,(X) will be indicated as p;

a generic element of P,(P,(X)) will be indicated as M;

a generic element of Cp(X) will be indicated as & = (l"t)te[o 05

a generic element of ACY.(P,(X)) will be indicated as g := (f1¢)efo0,1);

a generic element of ACT.(P,(P,(X))) will be indicated as M := (Mj);c[o,77;
following the notation of Definition a generic element of Pz (Cr(X)) will be
indicated as A, where

(3.1) Ty (@) = (7, 0) + ap<cc>
for a fixed € X. Note that Pz, (Cr (X)) C P,, (Cr(X)), because in addition we are
asking that the marginal at time ¢ = 0 (and then every marginal) is in P,(X). We also

introduce the notation

(3.2) A€ PRN(Cr(X)) C Pa, (Cr(X))
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for the liftings that, in addition, satisfy the minimality condition (2.16) too, i.e.
T
P (Cr(X)) = {)\ € Pa, (Cr(X)) : /ap(:c)d)\(m) :/ |)\|7”(t)dt}7
0

where A = ((et)ﬁ)‘)te[O,T]'

Using again Definition we also introduce two sets of probability measures, that are,
respectively, Borel subsets of P(Cp(P(X))) and P(P(Cr(X))):

e AePy (Cr(P(X))), where
(3.3) Ap(p) = W (o, ) + Ap(p).

In particular, each A € Pz (Cr(P(X))) is concentrated on ACH(P,(X)) and (e)zA €
Pp(Pp(X)) for all ¢t € [0,T7;
o £€ Py (P(Cr(X))) where

(3.4) A0\ = / a,d\ = / (%, 20)d\ (@) + / ap(@)dA(x).

Notice that each £ € Py (P(Cr(X))) is concentrated on the set Pz, (Cr(X)).

In this section, we prove Theorem that links M € ACH(P,(P,(X))) with A € fPﬁp(CT(fP(X)))
and £ € Py (P(Cr(X))). To better understand the strategy of the proof, in the next subsection
we expose it in an easier scenario.

3.1. Couplings. We discuss briefly how, given My, M; € P,(P,(X)), we can associate to them:
e a coupling IT € P, (P, (X) x P,(X)) = Pr(P(X) x P(X)), with
F(M? V) = Wzlyj(lu’v 55) + W;%](Vv 65)7
i.e. it is the p-Wasserstein space built over the product metric space P,(X) x P,(X).
We say that IT € T'(My, M;) if its marginals are My and My;
e a random coupling, i.e. a probability measure B € P, (P,(X x X)) = Pp(P(X x X)),
with
Pr) = / (2, 7) + @, 7) ) dr(2.3).
We say that P € RI'(My, M;) if Pﬁl‘B = My and Pﬁz‘ﬁ = M, where
(3.5) P :P(X x X) = P(X), P'(r)=rpjn.
The plan II € P, ((PP(X ) X Pp(X )) is simply selected as a W,-optimal plan between M, and
M, , i.e. such that its marginals are My and M;, and it realizes the distance W,,.
Given such II € P,(Py(X) x P,(X)), we build P € P,(Py(X x X)) by defining a map

Q :Pp(X) x Pp(X) = Pp(X x X) that for any pair p, v € Pp(X) gives (in a measurable way)
an optimal plan Q(u,v) € I'o(u, v). To define such @, let

P:P(X x X) = P(X) x P(X)
™ = (ph PP

This map is continuous, so it is Borel. Consider the space of optimal couplings

(3.6)

(3.7) PPUX x X) = {7r €Py(X x X) : /dp(x,y)dw(ﬂc,y) = Wg(p;w,pgw)} .
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Notice that the map P : PoP*(X x X) — Pp(X) x P,(X) is Borel and surjective, since for any
couple (p,v) € Pp(X) x Pp(X) there exists an optimal coupling. Then thanks to the measurable
selection theorem |A.10] there exists a (Souslin-Borel measurable, see Appendix |A]) right inverse
P~'. Then, let Q := P~! and define
Qs : :PP<TP(X> X :Pp(X)) - :Pp(?p(X X X))
I = P:=Q4ll

By construction, each *J3 obtained in this way is concentrated on the set of optimal couplings

(ngt(X x X). Finally, we have that 8 € RI'(My, M;). Summing up, we have this result.

(3.8)

Proposition 3.1. Let My, My € P,(P,(X)). Then, there exist II € T'(My, M1) and P €
RT'(My, My) such that

(3.9) WE(Mp, My) = /
PX)xP(X)

WP (1, v)dTI(p, v) = /? - /X () (),

Whenever (3.9) is satisfied, we say that II € To(Mo, M) and P € RTo(Mo, My).

This result shows the strategy we will follow to prove our nested superposition principle
(both the metric and the differential one) and will play an important role for characterizing the

geodesics of (Pp(P,(X)), W,) for p > 1 (see §3.6).

3.2. From AC(P(P)) to P(AC(P)). A similar strategy can be applied to the case of an
absolutely continuous curve M € ACY(P,(P,(X))).

Notice that we can always associate to M a measure A € Pz (Cr(P(X))), using Theorem
with (Y,d) = (P,(X), W),), here is the specific statement.

Proposition 3.2. For any curve M = (M;)e0,1) € ACP(Py(Py(X))) there eists a lifting
AePy, (Cr(Pp(X))) such that

(3.10) (e)sA = M, and /Ap(u)dA(u):/O VI8, ()t < +oc,

where ey (p) = iz

As in the general case of Theorem the measure A is possibly non-unique. Any possible
selection A will be indicated as Lift(M), i.e. Lift(M) := {A € Pz, (Cr(Pp(X))) : (3.10) holds}.
The Proposition [3.2] can be restated as: if M € ACL(P,(P,(X))), then Lift(M) # 0.

3.3. From P(AC(?P)) to P(P(AC)). In this subsection, we want to define a map that associates
an element £ € Py (P(Cr(X))) to A € Pz (Cr(P(X))). First, we need to define the map
E:P(Cr(X)) = Cr(P(X))

(3.11) PR ((et)u/\)

t€[0,T]

Lemma 3.3. For all A € P(Cr (X)), it holds E[N] € Cp(P(X)) and the map E is continuous.
Moreover, E is surjective from Tgﬁ“(CT(X)) (see (3.2))) to ACE(Pp(X)), i.e.

(3.12) E(Pq, (Cr(X))) = E(PE™(Cr(X))) = ACH(P,(X)).
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Proof. Consider the distances Dy, and Wi p, respectively, on Cr(P(X)) and P(Cr(X)) to
induce their topologies (see :i where d := d A1 and W, = Wl, 4+ We prove that the map E
is 1-Lipschitz with these choices.

For all A € P(Cr(X)) and for all sequence t, € [0, 7] converging to ¢, it holds

Wy (e (en,)i) < [ dn,)JaA() =0
as n — 400 by the dominated convergence theorem. Considering A, p € fP(CT(X )), we have

Dw, ,(E, Elp]) = S W, j((en)sA, (er)sp) < Wi p, (A p),

because (e;)y is a contraction, indeed saying that IT is a W, p,-optimal coupling between A and
p we have that

W, a((e0e, (e0)so) g/d(xg,xf)dn(xl,wZ) < /Dcz(azl,mQ)dH(mz,a:2) —Wyn, (M p).

Regarding the second part of the statement, first of all we need to prove that E is well defined:
consider A € Py, (Cr(X)), then

W2 seo (e < [ @aaine < [ ([ s )
< |t—s|p1/St/|d:|p(r)d/\(:c)dr.

Moreover, (eg)yA € Pp(X). Putting everything together, the curve ((et)ﬂ)\)te[o 7] is in
ACH(Pp(X)), and by the Lebesgue theorem, for a.e. ¢ € [0,T] it holds

lim W;d((et+h)ﬁ>‘v (er
h—0 |h|P

A
LA [ el @ir) < o

and in particular A, (E[M]) < foT ap()dA(x). The surjectivity from ng‘pi“(CT(X)) to ACEL.(P,(X))
is implied by Theorem [2.10] O

The goal is to find a measurable right inverse of the map F, in particular we would like
to apply Theorem Recall that we know that E defined in is not surjective: for
example, consider two distinct points xo, 21 € X and define py := (T — )0y, + t0,, for ¢t € [0,T].
It is clear that g = (pt)ico,r) € Cr(P(X)), but it cannot be lifted to any measure P(Cr(X)).

The situation is nicer if we restrict E as a map E': (Pg‘pi“ (Cr(X)) = ACE(Py(X)), which is
surjective thanks to Lemma [3.3]

Theorem 3.4. There ezists a Souslin-Borel measurable (see Appendia: map G : ACL(Pp(X)) —
Tg‘;}“(CT(X)) such that E o Glp] = p for any p € ACL(P,(X)), i.e. G(p) is a lifting of p.
Moreover, for any p € ACY(P,(X)) it holds

(3.13) [ al@)i(Glul) @) = Ay
In particular, the following map is well defined:
Gy : Pz (Cr(P(X))) = Py, (P(Cr(X)))

3.14
( ) A — L= GuA
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Proof. The subset ng‘;“(C’T (X)) is a Borel subset of P(Cr (X)), thanks to Lemma The same
holds for the subset ACH(P,(X)) C Cr(P(X)). Then, because E is a surjection, we can apply
Theorem to obtain a Souslin-Borel measurable map G : ACH(P,(X)) — TIE“;“(CT(X))
such that £ o G[u] = p for all p € ACH(P,(X)).

Given A € P; (Cr(P(X))), thus concentrated on ACY.(P,(X)), thanks to Proposition and
Corollary since G is Souslin-Borel measurable, we have that £ := GyA is a probability
measure over Borel sets of P(Cr(X)). It remains to show that £ € Py, (P(Cr(X))). First of
all, given = € X, it holds

//dpa:xod)\ )AL\ // (2, 7)dpo () dA (2 /W (110, 62)dA (12) < +00.

Then
//ap YA ()AL (N / //\m\m JAS(A)dt
(3.15)
_ / / / (24 (Clu]) ()dA () dt = / / alfy dA()dt < +oc,
0 0
where the last equality follows from G[u] € (P‘E“;“(C’T(X)) for all p € ACH(P,(X)). O

Remark 3.5. Looking closely at the previous proof, the last step highlights why it is important
to invert the map E from the domain Tgit(C'T(X)), instead of Pg,(Cr (X)), otherwise, we could
not conclude that the measure £ belongs to Py (P(Cr(X))).

3.4. From P(P(AC)) to AC(P(P)). We conclude our construction by discussing the natural
projection from £ € Py (P(Cr(X))) to ACH(Pp(Pp(X))). We use the nested push-forward

described in (2.9) using the evaluation map. For any t € [0,T], we define the maps

P(Cr(X)) = P(X)  €:P(P(Cr(X))) = Cr(P(P(X)))

(3.16) A (e, L ((By)sL)

te[0,T]°

Proposition 3.6. Let £ € Py, (P(Cr(X))) and define My := (E;)3L for any t € [0,T]. Then,
M = (My)iepo,r) € ACY(Pp(Pp(X))) and it holds

(3.17) NI, (#)dt < / / (& [P (£)dA(@)dE(N) < +o0
for a.e. t € (0,T). In particular
(3.18) /0 T|M|§7Np(t)dt < / / 0y (@)dA(@)dL(N) < +o0.

Proof. First, notice that M € Cp(P(P(X))), since £ € P(P(Cr(X))). Now, we have to prove
that Mo € P,(Pp(X)) and [ [M[}, (t)dt < +oo. First of all,

/W” 11, 02)dMo (1 /Wp eo)ih, 2)dL(N) < //d”(xoj)d)\(a:)dﬂ(/\) < 400,
which implies that My € P,(Pp(X)). Then

Wit M) < [ W (B B ) ) = [ W (e (e ) s
PxP
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S//d(mt,xs)pd/\(w)dﬂ()\) <|t—sPt /://|:b|§(r)d)\(a:)d£()\)dr,

where we used d(xy, x5) < f; |&|4(r)dr, Holder inequality and Fubini’s theorem. This implies
that (M;)iepo, 1) is absolutely continuous, and by Lebesgue theorem it holds

[M [}, (t) < / / |2[5(t)d\(x)dL(N)  for ae. t € (0,T). O

3.5. Composition of maps. In this section, we analyze the relations between the (possibly
multivalued) map Lift, and the maps Gy and €.

Proposition 3.7. The composition € o (Gy) o Lift, represented by the following diagram

£ e Py (P(Cr(X))
Gn[ \

AePy (P(Cr(X)))

LiftH

M € ACE(Pp(Pp(X))) [ ¢ M € ACE(P,(Pp(X)))

¢

is the identity, i.e. € o Gyo Lift(M) = M for any M € ACH(P,(P,(X))). In other words,
given M € ACT(P,(Pp(X))), for any A € Lift(M) and defining £ := GyA, it holds €(£) = M.

Proof. Let M € ACY,. (pr(Tp(X))) and apply to it the maps following the diagram above. Then
for any F': P(X) — [0, 4+00] Borel and for any ¢ € [0, 7], it holds

/ F(u)d((E)p€) () = / F((e) NS\ = / F((e)s(G (1)) dA(p)
P(X)
- / F(u)dA () = / F(u)dM, (p),
P(X)

where the second equality in the second line comes from £ = GyA, the third one follows from

(et)s 0 G = Ey o G = ¢, since E o G =1id, and the last one is a consequence of (¢;)yA = M;. O

Proposition 3.8. Let A € Py (Cr(Py(X)) and define £ = Gy, M = €(£) and take any
Apg € Lift(M), according to the following diagram

£ € Py (P(Cr(X)))

]

A€ Py (Cr(P(X))) ¢ An € P g, (Cr(P(X)))

(M € ACh(,(7,(X)))]
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Then, both A and Ang are lifting of M, i.e. (e,)sA = (e¢)pAns = My for allt € [0,T], and for
a.e. t€0,T] it holds

(3.19) 88, 0 = [ il Oddar() < [l (10N,

Proof. For all t € [0,T] and for all F': P,(X) — [0, +00) bounded Borel, we have

[ Fuarw = [ Fla(E),9) / F((e)N)ae) = [ F((e)N)d(G:A)0)
:/F((et) /F 1) dA ( /F A) ().

For the second part, notice that
s ) < [ W nan ) < o= sp= [ [ lapeyinan
for any A’ € Py, (Cr(P(X)) with marginal M, at any time ¢ € [0,7]. This implies that
BP0 < [IaP@dn) and (NP0 < [P (0dAar (i)

for a.e. t € [0,T]. Moreover, thanks to Proposition [3.2] we have that
[ [ i = [ wreoa

Proposition 3.9. Let £ € Py (Pp(Cr(X))). Define M = €(L), take any A € Lift(M) and
define £5 = GyA, according to the following diagram

£ € Py (P(Cr(X))) Lr € Py, (Cr(P(X)))

}m

¢ AePy (Cr(P

S Hm

| M € ACE(P,(P,(X)))|

O

Then (E.)3& = (Ey)s£a = My for all t € [0,T], and moreover

(3.20) w1, (0= [ [ el areiisa < [ [laPoi@ie,

for a.e. t €(0,T).

Proof. The first part follows the same strategy above. Regarding the second part, from ([3.15)
and Proposition [3.8] we know that for any s < ¢

/// |l (r)drdA(2)da (A // |l (r)drdA(p /|M|P
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Using Lebesgue theorem, we easily obtain that for a.e. ¢ € [0,7] it holds

//|m|f’ t)d\(x)dLa (N /W’ t)dA(p) = |M3, (t)dt

Moreover, from Proposmon for a.e. ¢t € [0, 7] it holds |M|p t)dt < [ [ |a[5(t)dA(@)dL(N).
]

3.6. Geodesics of random measures. In this subsection, we want to give a characterization
for the geodesics in the space of random measures (P, (P, (X)), W,). Assume that (X,d) is a
complete, separable and geodesic metric space. It is well known that, under these assumptions
on X, the space (P,(X),W,) is geodesic as well, for p > 1 (see e.g. [ABS24, Theorem 10.6]).
Reiterating it, we already know that (P,(P,(X)), W,) is geodesic.

With the notation introduced in §2.1.3] thanks to Corollary [A.9] we define
GEO : P(X x X) — P(C([0,1], X)), GEO(r) := geoym,

(3.21) GEO, : P(X x X) = P(X), GEO(r) := (geo,)y.

Notice that, since geo is not Borel measurable in general, we cannot use Proposition to
conclude that GEO (and GEO,) is measurable. One way to deal with this would be to obtain
GEO again using a measurable selection argument. For the sake of the presentation, we do
not enter into details and we stick with the previous definitions, that work well whenever the
geodesics are uniquely determined so that geo and GEO are Borel measurable.

On the other hand, we denote by geop : Pp(X) x P,(X) — Geo(Pp(X)) the map defined in
in the geodesic space P, (X). Similarly, geo, 5 is its evaluation at time ¢, for all ¢ € [0,1].

First, we show how a geodesic connecting two given random measures My, My € Pp(P,(X))
can be obtained either from II € T'o(My, M;) or P € RTg(My, M) (see .

Lemma 3.10. Let My, M € Pp(P,(X)). If P € RUo(Mo, M), then M¥ := (GEO,):R is a
geodesic in (P,(Pp(X)),W,) connecting My and M.

IfII € To(Mo, My), then M := (geo, p, 411 s a geodesic in (Pp(Py(X)), Wy,) connecting Mo
and M.

Proof. Regarding the first claim, for all 0 < s <t < 1, it holds
Wyr3 MF) < [ [ d(geo, (o), ge0, (e, dn (o, ) B(m)

—(t— ) / / @ (2, y)dn (. ) dB(m) = (t — 5)PWE (Mo, My ).

Similarly for the second claim:
Wy M) < [ W (g0, (1,1, 800y 1, ) 1)
(=97 [ W2n )M ) = (0~ W (Mo, M)

O

The next proposition completely characterizes geodesics in terms of their liftings £ €
P(P(C([0,1], X))) and A € P(C([0, 1], P(X))).

Proposition 3.11. Let M = (My)c(0,1) € C([0,1], Pp(Pp(X))). The following are equivalent
(1) M is a geodesic in (Pp(Pp(X)), W,);



SUPERPOSITION FOR RANDOM MEASURES AND GEOMETRY OF THE WOW SPACE 25

(2) there exists £ € P(P(C([0,1], X)) lifting of M, concentrated over A € P(C([0,1], X))
that are, in turn, supported over Geo(X), and such that (E1)3£ € RI'o(Mo, M1), where
(3.22) EO,I : T(C([O, 1],X)) — ?(X X X), EO,l()\> = (6()7 el)n)\;
(8) there exists A € P(C([0,1], P(X))) lifting of M that is supported on Geo(P,(X)) and
such that (o, e1)yA € T'o(Mo, Mn).
Proof. (1) = (2): M being a geodesic implies that M € ACY(P,(P,(X))). Then, consider any
£ e P(P(C([0,1], X))) built as in Proposition and we show it shares the wanted properties.
By construction, it is a lifting of M. Regarding the geodesic property, it holds

D(Mo, M) // (o, 21)dA(@)dL(A //(/ | (r T) @)L
1 [oresmorm [, v

where the last equality follows from the fact that M is a geodesic and the second last one
from Proposition The previous computation forces all inequalities to be equalities. In
particular, the first implies that (Eo1)s£ € RT'o(Mo, M), while the second and the third one
imply, respectively, that for £-a.e. A and for M-a.e. x, it holds

d(xo,xl):/ |&|(r)dr and |&| is constant,

that together imply that € Geo(X).

(2) = (3): define A := E4£. It is immediate to verify that, if A € P(C([0, 1], X)) is supported
over Geo(X) and (eg, e1)gA is optimal, then p := E(X) € Geo(P,(X)). We conclude observing
(e0,e1)sA = P;((Eo,1):L), where P is defined as in (3.6).

(3) = (1): thanks to Proposition and the assumptions, it holds

WE (M, M) < / wapeyar < [ / alfy () drdA(u)

= [ W0, ) a0 = Wy, M),
Reasoning as above, it implies that M is a constant speed geodesic in (P,(Pp(X)), Wp). O

The previous result can be improved when X = R? (for simplicity, but the same holds
whenever X is a Polish space for which there is uniqueness of geodesics), showing that all the
objects involved are unique whenever we restrict ourselves to either [0,¢] or [¢, 1], for ¢ € (0, 1),
giving a non-branching property for geodesics of random measures.

First we need the operation of composition of random couplings, following [AGS08, Lemma
5.3.2].

Proposition 3.12. Let X be a Polish space, and My, Ma, Mg € P(X). Let P12 € RI'(My, Ms)
and Pa,3 € RT'(Ma, Ms). Then, there exists P123 € P(P(X x X x X)) such that

(3.23) Pu1’2‘131,2,3 = P1,2, Pf’3‘131,2,3 =Py 3,
where, for all i,7 =1,2,3
ij . i,j _ ]
PYPX x X x X) = P(X x X),  PY(0) =p,70.
In particular, Pﬁ1’3‘}3172,3 € RT'(My, M3).
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Proof. The proof again uses a measurable selection argument. Let A C P(X x X) x P(X x X)
be the Borel subset defined as

A={(m0) eP(X x X) xP(X x X) : pgw :péo}.
Define the map
= (P2, PP P(X x X x X) = A, P(0) = (p;%0,p;°0).

It is Borel thanks to Proposition Moreover, thanks to [AGS08|, Lemma 5.3.2 & Remark
5.3.3], the map P is surjective. Thus, we can apply Theorem to obtain a Souslin-Borel
measurable map Q : A — P(X x X x X) that is a right-inverse of P.

Now, consider the disintegration of ‘B 2 and ‘B 3, respectively, with respect to the maps Pt
and P2, to obtain that

RUP :/:P‘B1,2,uth(M)v Ba,3 :/93(132,3,#th(#)’

where P12, € P(P(X x X)) is concentrated over couplings = for which piﬂ' = u, for M-
a.e. pu € P(X), and similarly for B2 3,. Notice that, for M;-a.e. p, the product measure
PB1,2,u ®Pa 3, is concentrated over A. Thus, we can define

(3.24) P23 :=Qy (/ B2, @ Pa3,,dM (1 ) / Qp (PB1,2,u @ Paz,u) dMe(p),
It is not hard to show that By 5 3 shares the wanted properties. O

Theorem 3.13. Let M = (My)icp0,1] € C([0, 1], Pp(Pp(R?))) be a geodesic in (P (P, (R%)), W,,).
Then, for everyt € (0,1), RTo(Moy, My) (resp. RTo(M;, M1)) contains a unique optimal random
coupling Bo, (resp. Pi1)-

Moreover, there exists a unique £o; € P(P(C([0,t],R?))) (resp. £.1 € P(P(C([t,1],R%))))
lifting of (Ms)seo, (resp. (Ms)sepe,)) satisfying property (2) in Proposition .

Similarly, there exists a unique Aoy € P(C([0,t], P(R?))) (resp. Arq € P(C([t,1],P(RY)))))
lifting of (Ms)seo, (resp. (Ms)sepe,)) satisfying property (3) in Proposition .

Proof. Let Po, € RI'o(Mo, M;) and B;1 € RTg(M, M1) be any optimal random coupling.
Applying Proposition we obtain P 1 € P(P(RY x R? x R?)) satisfying

(3.25) P Born =Por, PP Forn =PBra, Boa = P Pora € RT (Mo, My).
Exploiting the geodesic property, we can also show that o1 € RT'o(Mo, M):

1
P

W, (Mo, My) < </ (& — ylPdr (@, y)dPo (v )>; _ (/ 1 —x3|pd0(x1,mg,mg)d‘pw,l(ﬁ))

(// |1 — x2[PdO(z1, 2, 23)dFBo,e,1( ) <// (22 — 237 d0(zy, 22, 23)0 01 (0 )) 1

=W, (Mo, My) + Wy (M, My) = Wy (Mo, My).

An important property is also hidden in the previous computation: since the last inequality
is actually an equality, we know that for PBo1-a.e. 6 € P(R? x R? x R?) and for f-a.e.
(z1,x2,x3), the three points are aligned, in the sense that there exists a € (0,1) such that
xo —x1 = axs — x1). Moreover, using again the geodesic property, it is not hard to show that



SUPERPOSITION FOR RANDOM MEASURES AND GEOMETRY OF THE WOW SPACE 27

a = t. In particular, for Po,1-a.e. 0 € P(R? x R? x RY) and for f-a.e. (x1,x2,z3), it holds

_ —(1—t .
xy = 221 and x5 = w Thus, define the functions

To — tl’g

1—-1t

To — 1-—t X

l3(z1,22) := <1’171172, %
Thanks to the previous observations, we can conclude that P, = Pﬁl’Z‘Bo,tJ = Pﬁl’2 ((Ll)ﬁ‘ﬁm),
that makes us conclude that P ; is unique, since it has been chosen independently of P ;.
Similarly, the uniqueness for 3, ; is implied by P 1 = 2 3 ((L3)sPBo.t)-

The uniqueness of £y ; follows from Proposmlonmand observing that the required properties
force it to be equal to P ‘13(”7 where

(1 (g, x3) 1= ( ,xg,xg) , Lii=(£)y: P(RY x RY) — PR x R x RY),

) , Lg:= (f3)y : P(RY x RY) — P(R? x RY x RY).

POt =2t O R xR — O([0,8],RY), p™! (21, 22) =[5 (1 — s)21 + sw2].
The uniqueness of Ag; now follows, and similarly, the same holds for £;; and Ay ;. O

3.7. Barycenters. In this subsection, we apply our result to show that, if M € ACL(P(P(X))),
then the curves of its barycenters is in ACY(P(X)).

Definition 3.14. Let M € P(P(X)). The barycenter of M is the measure bar[M] € P(X)
defined such that it satisfies

(3.26) /X F(@)d(bar[M / / F@)dp(z)dM (p)

for all Borel functions f: X — [0, +00].

Recalling the definition of M € P(X x P(X)) given in Remark we notice that the first

marginal of M is indeed bar[M]. Now, we show a nice property of the barycenter with respect
to the nested push-forward described in (2.9).

Lemma 3.15. Let X,Y be two Polish spaces, M € P(P(X)) and f : X — Y a Borel map.
Define the map F' : P(X) = P(Y) as the push-forward of f, i.e. F = f;. Then it holds

(3.27) bar[FyM] = fy(bar[M]).
Proof. Let N = FyM. For all g : Y — [0, +00] Borel measurable, thanks to , it holds

/Y (y)d bar[N /y . / y)dv(y)dN (v /? N / 2)dM (1)

- /X o (2))d( bar{M]) (z) = /y o(y)dfy (bar[N]) ().
[}

Given a curve M = (My);cp0,7] € Cr(P(P(X))), we indicate with bar[M] = (bar[M]):cjo,1) €
Cp(P(X)) the curve of the barycenters.

Proposition 3.16. If M € ACY.(P,(Py(X))), then m := bar[M] € AC}(P,(X)), and, for
a.e. t€(0,T), it holds

(3.28) raff, ( //|m|p HAN@)AL(N) = [V, (¢).
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Proof. For all t € [0,T], bar[M,] € P,(X), indeed

/Xd (z, Z)d bar[M](x // dP (z, z)dp(x)dMe(pn) < +oo.

Consider £ € Py, (P(Cr(X))) defined as £ := (Gy) o Lift(M). Define the map
(B, Es) - P(Cr(X)) = P(X x X)
X = (er, €5)gA,

and P, = (B, Bs);& € P(P(X x X)). Notice that the barycenter of 9, ., indicated as
m,s € P(X x X), is a coupling between bar[M;] and bar[M,]: using Lemma indeed
bar[(E:)pL] = (e;)y(bar[£]), and same for s. Thus, we have

WP (bar[M,], bar[M, //d” z,y)dm(z,y)dPy,s(m)

://dp(%,%)dx(fy)ds(A) < |t—s|p_1/s //I#I”(T)dk(’v)dﬂ(k)dr

which implies that m := bar[M] € ACp(P,(X)), and using Lebesgue theorem, it holds

(3.29) jrinff, ( //\wl” JA(z)dL(N) = |NI[5, (1) for ae. t€[0,T).

4. CONTINUITY EQUATION ON RANDOM MEASURES

4.1. Derivations, continuity equation and a first superposition result. Derivations are
the natural objects that can be used to define an abstract continuity equation over a metric
space X, see |ST17]. Here, we adapt this definition in the case X = P(R%), endowed with the
narrow topology.

Definition 4.1 (Cylinder functions and Wasserstein gradient). A functional F : P(R?) — R
is called a Cl-cylinder function if there evists k € N, ® = (¢1,...,¢) € CHREGRF) and
U € CHRF) such that

Its Wasserstein gradient is then defined as
k
(4.2) VwF(z,p) =Y 0¥ (Le(n) Vi(z) Vo €R?, Vue PRY).

i=1
The collection of all the cylinder functions is called CylL(P(R®)). If F = Wo Ly with ® € C}(RY)
and ¥ € CL(R¥), we say that F € Cyli(P(RY)).

Notice that, when F € Cyll(P(R%)), we can consider the outer function ¥ € C!(RF).
Moreover, we have the inclusion Cyl}(P(R?%)) C Cyl; (P(R?)).

Remark 4.2. Since Vg F(z,p) =V, <%|€:0 F(1-e)pu+ 5(51)), the Wasserstein gradient
does not depend on the representation chosen for F.
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Definition 4.3 (LP derivations). Let M € P(P(RY)) and p > 1. An LP(M)-derivation is a
linear operator B : CylL(P(R%)) — LP(M) such that

(4.3) B[FG] = GB|F] + FB|G] M-a.c.

and there exists a non-negative function ¢ € LP(M) such that

(44)  [BIFI(w] < c)IVwF(m)llpw gy YF € Cyle(PRY)), for M-a.e. p€ P(RY),
where p' is the conjugate exponent of p.

We will extensively work with families of LP-derivations: to be more specific, let (M).e[0,7) C
P(P(R?)) be a Borel family of random measures and (B¢)sepo,1] a family of LP(M;)-derivations
such that (,u) — B:[F](u) is Borel measurable for all F € Cyll(P(RY)) and there exists a
non-negative function ¢ € LP(M; ® dt) (recall the notation introduced in such that

T
(4.5) |Be[Fl()| < ct(WIVwF | () Mt ® dt-a.e.  and / - A (u)dMy(p)dt < +o0.
0o Jor

We will refer to such a kind of family of derivations as LP(M; ® dt)-derivations. Notice that,
since all the measures involved are probability measures, an LP(M)-derivation is also an
L9(M)-derivation for each g € [1, p].

Remark 4.4. Thanks to , given a representative of c, there exists N C P(R?) such that
MN) =0 and |B[F](p)| < c(@)|[VwF ()l o () < +00 for all F' € Cyll(P(RY)) and p € N°.
Similarly for LP (M ® dt)-derivations, exploiting ([.5), there exists N c P(RY) x [0, T] such that
My @ dt(N) = 0 and |By[F)()| < er(10l]w F o)y < +00 for all F € Cy1(P(RD)) and
(1, t) € Ne.

Definition 4.5 (Continuity equation on random measures). Let (M;):epo,1) be a continuous

curve of Borel probability measures over P(R?), i.e. (My)icpo,r) € Cr(P(P(RY))). Let (By)iepo,r)
be a family of L*(My)-derivations, according to ([4.5). We say that the continuity equation

(46) %Mt + diVj) (BtMt) =0

is satisfied if
(4.7) vF e CrlP®Y) % [ FGo M) = [ BiFIGam)

in the sense of distributions in (0,T), where P is short for P(RY).

Remark 4.6. The assumption that the curve t — M; is continuous, is not restrictive. Indeed,
if such curve is just Borel measurable, thanks to Lemma we can always find a (unique)
continuous representative of it.

Before proceeding, we state and prove two technical, but useful, lemmas.

Lemma 4.7 (Chain rule). Let M € P(P(R?)) and B be an L*(M)-derivation. Then, for all
F e CylX(P(RY)) of the form F = W(Le(p)) as in (1), for M-a.e. u € P(RY) it holds

k
(4.8) B[F|(n) = Z&‘IJ(%(M))B[%J(M)-
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Proof. Thanks to the Leibniz rule, by linearity and induction holds when W is a polynomial.
When ¥ is not a polynomial, consider (p,,) a sequence of polynomial approximating ¥ uniformly
on compact sets, together with its first derivatives. By the boundedness of ® and its first
derivatives, we conclude. ([l

Lemma 4.8. Let (M;)icjo,r) € Cr(P(P(R?))) and A € P(Cr(P(RY))) such that (er)sA = M,
for all t € [0,T]. Let p > 1. Let (By)icjor) be a family of LP(M; ® dt)-derivations and
ce LP(M; ®dt) as in 4.5). Then the functions

(4.9) (t,p) = By[Fl(er()), (t,p) = cf (ee(p))

are LY. ® A-measurable and well-defined. Moreover, for LY @ A-a.e. (t,u) and for all F €
Cyl}(P(R%)), it holds

(4.10)  |Be[F](ee(p))| < ct(et(ll’>)|VWF('ﬂet(p’)HLP'(e,,(u)) < +00, /O ce(er(p))dt < +oo.

Proof. The functions in are composition of measurable maps, so they are measurable.
Now, consider N as in Remark and define the function

E: [O,T] x Cp(P(RY)) — [0,T] x P(RY)
(tv /J’) = (tvﬂt)v

where we mean that p = (ut)icjo, 1), 50 that p; = e;(p). Notice that Eﬂ(Ll ®A) =dt ® My, so
E- 1(N) is a negligible set w.r.t. £ ® A, which implies (4.10)). To conclude, notice that

// () dtdA(p / /cp we)dA(p)dt = / /cp YdM(p)dt < 4o0.

Now, we prove a first superposition result in terms of derivations. Our proof strongly relies
on the techniques developed in [AT14]: indeed, we embed the space P(R?) in R>, where an
infinite-dimensional version of Theorem holds (see Appendix .

We are going to use a similar notation as for the purely metric setting:

v = (Ve)teo,r) € Cr(R);

S ?(C’T(Rd));

b= ()i, € Ot (?(Rd));

M € P(P(R?));

M = (My)iepo,r) € Cr(P(P(RY)));
A e iP(CT(fP(Rd)));

L£e iP(‘P(CT(Rd))).

Theorem 4.9. Let M = (My);c(0.1] be a continuous curve of probability measures over P(R?).
Let (Bt)epo,r) be a Borel family of derivations and c € LY(M; ® dt) as in with p = 1.
Assume that (My)ic(o,m) satisfies the continuity equation 0; My 4 dive(B;My) = 0 in the sense
of Definition . Then there exists a probability measure A € U’(CT(TP(Rd)), such that
o (¢)yA =M, for allt € [0,T);
o for A-a.e. curve (jit)icpo,r) and a.e. t € [0,T], By[F|(ut) and ci(pe) are well defined
and it holds

]

T
(4.11) / ce(pe)dt < 400 and  Oppr + div (Btut) =0 for A-a.e. (t)iepo,m
0
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in the sense of distributions in duality with C} functions, i.e. for all p € C}(R?) and
Y€ Ce(0,T)

T
(1.12) [ [ v wswann=— [ sz

Proof. Step 1: here we use the result presented in Appendixl Let A = {¢1, ¢2,...} C CL(RY)
and ¢ as in Appendix [B] i.e.

o ¢y, is Lipschitz with respect to |- | A1 for all £ € N. In particular, || Vgl < 1 for all
keN;

e Span(A) dense in C}(R9), i.e. functions that, together with their first derivatives,
converge to 0 at infinity;

o Wilin,v) = Wi a1 (i1, v) = supy faa dxd(pt — v);
and

(4.13) L PRY) - R®, u(p) = (Lg, (1), Lgy (1), - - .)-

Step 2: define my := ¢z M;. We prove that (m;) € ACp(P(R*), Wi p__) (see (B.1)).
For any s,t € [0,T], consider II;; an optimal transport plan between M; and M realizing
Wi (My, M) =W, W, (M, My). Then (¢, t)4I1, s is a transport plan between m; and m,, so that

Wi p.. (me,my) < / Do (%,y) d(t 0)eTL,o(z,y) = / sup Lo, (1) — Ly (v)] A 1 dL,o(11, )

:/Sllip|L¢k(,LL)*L¢k( )|dHtS wm, v /Wl M,V )dHt s(ua ) Wl(MtaMs)v

and we are done thanks to Lemma
Step 3: define, component-wisely, the vector field v : [0,T] X R® — R™ as

# oy ) BilLe, ] (%) if x € «(P(RY))
(4.14) v () = {0 if x ¢ o(P(RY)).
Notice that

/ /w‘“ x) |dmy (x)dt /OTAIBt[L¢k}(ut)Ith(u)dtg/OT/Tct(u)th(M)dK+oo,

and for any Cyhnder function F : R* — R, i.e. such that there exists n € N for which

F(x) = F(z1,...,,), it holds (thanks to Lemma [4.8)
i /Rm F(x)dny(x) = — / NAMi(n) = 2 / (Lgu (1), -+ Ly, (1)) AMy (1)
=" [ OiF (Lo, (1), Lo, (1) BilLoJ(ue)dMy(p) = | VF(x)- (vf”, ... vf")dm (x).

Then, we can apply Theorem to obtain the existence of a measure L € (P(CT (Ree, doo))
satisfying

(er)sl = my
and L-a.e. 4 € Cr(R*°) is weakly absolutely continuous with

—(t) = v (5(2)),

in the sense that each component 5*) of the curve is in AC([0,7],R) and £5*) = v,gk) (7(2)).
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Step 4: we prove that for L-a.e. 7, ¥ € ACr(«(P(RY)), D). In particular, for every
€ [0, 7], %(t) € «(P). First, observe that for L-a.e. 7, ¥(t) € «(P(R?)) for any t € QN [0, 7).
Fix t € [0,T] N Q, then

L({7 : 3() € (PRY))}) = me(«(P(RT) =1,
so we conclude because [0, 7] N Q is countable.
Now, for L-a.e. (’y(t))te[o ) ¥ € ACT(R*®,Dy). In fact, L-a.e. curve 4 and for any
s,t € 10,T], it holds

Da30,46)) =500 i) ~ )] A1 < 500 [ PG < [ sup o) G

S

Moreover, notice that

// sup\v(” () |drdL(¥ / /sup|v(" (%) |dL(7 dr—/ /sup|v(" )|dm,.(x)dr
/ /sup\vT () |dM,.(p)dr </ /cr YAM,.(p)dr < +o0,

where we used that sup,, |v.(n)(¢(p))| = sup,, | Br[Le, ] ()| < ¢r(p). This implies that for L-a.e.
7 it holds that

T
/ sup [v™ (3,)]dr < +o0
0 n

and thanks to the inequalities above, we have that for L-a.e. 7, ¥ € AC7(R*, Dy,). The above
properties show that for L-a.e. 7, 5(t) € ¢(P(R?)) for any ¢ € [0, 7], thanks to Lemma

Step 5: thanks to the previous step, A is concentrated over Cr(t(P), Do), thus, thanks
to Lemma it can be seen as a probability measure over it, with its natural induced
compact-open topology. Now, consider the function

0 : Cr(U(P), Do) — Cr(P(RY))

(4.15) ) L
o= =0 ().

It is well-defined, and thanks to the previous considerations we are allowed to define A := ©4L,
because L is concentrated over curves that are absolutely continuous with respect to D, and
in particular on curves that are continuous with respect to it.

By the properties of L and the fact that e; 0 ©(7) = ¢~ 1(5(t)), it is straightforward that
(e¢)sA = M, so that we can apply Lemma and then for A-a.e. (1¢)¢cjo, 1) it holds

(4.16) G || ov@)di(@) = Loy () = Bl )

in the sense of distribution in (0,7, for all £ € N.
By the density of Span(A) in C!(R?), it is immediate to prove that, if a curve u = (1t)eelo,m)
satisfies (4.16)), then (4.11]) holds.

4.2. Correspondence between AC curves and solution to the continuity equation. In
this subsection we find a natural correspondence between solutions to the continuity equation
associated with a family of LP-derivations, and curves in ACY(P,(P,(R%))).
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Proposition 4.10 (From CE to AC). In the setting of Theorem assume p > 1, My €
Pp(Pp(RY)) and

T
(4.17) | [ tminnar < +oc.

i.e. (Bt)iejo.r) s a family of LP(My) derivations. Then, the probability measure A given by
Theorem is concentrated over p € ACH(P,(R?)) and

T T
(4.18) / |2l (B)dt < / A (up)dt < 400 for A-a.e. p.
0 0
In particular, A € iP;Lp(CT(fP(Rd))) and M € ACE(P,(P,(RY))).

Proof. Thanks to the hypothesis My € P,(P,(R?)), we already know that

/W,?(uo, 03)dA(p) < +oo0.

Moreover, thanks to Lemma [£.8 and Fubini’s theorem, it holds that

[ [ tasea= [ [ o< o,

so it is left to prove that A-a.e. p is in ACT(P,(R?)) and (4.18) holds.
Case p = 1: let ¢ € C}(R?) with ||[V¢||s < 1. Then for any s < ¢ it holds

[ ot =ny < [ B < [ etuar

so that passing to the supremum w.r.t. ¢ on the left hand side, we have W1 (us, py) < f: cr(pr)dr,
which implies (£.18). Then, A € Pz, (Cr(P(R?))) by definition and M € ACL(P1(P1(R%)))
easily follows.

Case p > 1: for A-a.e. p, we find a vector field v : [0, T]xR? — R? for which 9y pus+div(vepy) =
0 is satisfied. We know that A-a.e. p solves the continuity equation dyp; + div(Biue) = 0, in
the sense that for all ¢ € CL(0,T) and ¢ € C}(R?) it holds

T T T
(4.19) /0 & (pg)dt < 400 and /0 ' (t) /Rd o(x)dp(z)dt = 7/0 Y (t)Be[Lg)(11e)dt.

Fix a curve gt = (u¢)sejo,r] € Cr(P(R?)) with such properties and let 8 be the collection of real
valued functions from [0, 7] x R? defined as
8 :=Span ({(t,2) = ¢(t)Vw F(z, ) : ¥ € C([0,T]), F € Cyl(P(R'))}).

Define the functional
n T

(4.20) B R, B(H) = Z/ V(8 B[] ()t
k=10

where the general form for H is H(t,z) = >, ¥x(t)Vw Fi(z, 1t). We have:

e B is linear (due to the linearity of all the B;’s) and well defined, i.e. it does not depend
on the representation chosen for H € 8 indeed if

H=> GO)VwGi(w,im) =Y ¥x(t)Vw Fi(, 1),

=1 k=1
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this implies that for each t € [0,T] the Wasserstein gradient of the cylinder function

w0 GG (1) — >k Yi(t) Fr(p) is null in gy, Then by linearity of the integral and
of each By, it holds

m T

n T
; / (O B[ ) (1)t — Zj / G0 B G (o) dt
T m n
= ‘/(; B; ZCZ(I‘,)Gz — Zwk(t)Fk
=1 k=1
< / colp) ||V (Zg(t)Gi—Zwmt)Fk) (- )
=1

k=1
e for any H € §, it holds

(et )dt

dt = 0;

L ()

T v
|B(H)| < ( ; Cf(ﬂt)dt> | Loy @t -

This implies that, by Hahn-Banach theorem, B can be extended to a continuous and linear
functional on the set LP (u; ® dt; R?) and it can be represented by a Borel measurable vector
field v : [0, 7] x R? — R?. In particular, v satisfies

T ’
(4.21) |[vlle(p@dire) < (/ cf(,uﬂdt) and B(H / /R (t,z) - H(t,z)dp(x)dt,
0 d

for all H € 8. This implies that 8t,ut+div(vtut) = 0, indeed for all w E CH0,T) and ¢ € CH(R?),
considering function H(t,z) := 1 (t)Ve(z) and substituting in (4.21)), we have

/ / o) dpn(a / () Bl L) (o)l

——B(H) = - / v(t) [ vlt.2) - Volw)dula)at.

Thanks to [AGS08, Theorem 8.3.1], we conclude that g € ACT(P,(RY))

T T T
[ it e < [ [ ot ordude < [ i <+
0 P o Jrd 0

Then, A € ‘J’AP(C’T(?(RCI))) and M € ACL(P,(P,(R%))) follow, respectively, from Lemma
and Proposition ]

4.2.1. Non-local vector fields. Before proceeding, we introduce the notion of non-local vector
field, and we see how it is connected to the one of derivation. As for derivations, we introduce
‘LP-non-local vector fields’. We will use the notation M and M; ® dt introduced in Remark

and §2.3.1]
Definition 4.11 (LP-non-local vector fields). Let M € P(P(R?)) and p > 1. We say that
b:RYx P(RY) — R is an LP(M)-non-local vector field if

(4.22) /? / b Pdia()AM () < +oo.
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As for derivations, we will often work with a family of non-local vector field, indexed by time
t € [0,T]. In particular, given a Borel family of random measures (M¢)sep0,r) C P(P(R?)), an

e (]\Z ® dt)-non-local vector field is a Borel measurable function b : [0, 7] x R? x P(RY) — R4
such that

T
(4.23) / /fp g |b(t, x, w) |Pdp(z)d M (p)dt < 4o0.

Definition 4.12. Let (M;);e0.r) C P(P(RY)) be a curve of random measures and b : [0, T] x

R? x P(RY) — R? an LP(Z\Z ® dt) non-local vector field. We say that 0; My + dive (b M) = 0
holds, if for all F € CylL(P(R%)) it holds

d

(4.24) G| et = [ [ GwPG.- e pdute)adip),
dt P(R) P JRA

in the sense of distribution in (0,T).

Remark 4.13. Notice that a non-local vector field always induces a derivation. To be more
specific, let M € P(P(R?)) and b : RY x P(RY) — RE be an LP(M) non-local vector field, then
for M-a.e. € P(R?), the following quantity defines an LP(M)-derivation

(4.25) BOWE) = [ | bavn) - Fow Flo, ) duta)
where a feasible ¢ is given by
() = 116G, 1)l Lo )

The same relation holds between LP(Z\Z ® dt)-non-local vector field and LP(M; ® dt)-derivations.
In particular, in the context of Definition if p>1 and My € P,(P,(R?)), then thanks to
Proposition[].10, it always holds that

(4.26) |M|p [P(Rd) /]Rd by (x, p)|Pdp(z)dM(p) < +o00  for a.e. t € [0,T).

Lemma 4.14. Let (My);ej0.r) C P(P(R?)) be a curve of random measures and b : [0,T] x R% x
P(RY) — R an LP(M;®dt) non-local vector fields, with p > 1, satisfying OM; +dive (b M) = 0.
Then, [@.24) is satisfied also for F € Cylj(P(R%)).

Proof. Let ¥ € C}(R*) and ¢; € C}(R?) for i < k. Consider a cut-off function p € C}(R?) such
that 0 < p <1, p(x) =1 for all |z|] <1 and p =0 for all |x| > 2. Then, for all R > 1 define

pr(x) := p(x/R), ¢; r(x) = ¢i(pr(x)) and Fr = V(Lg, ..., Lg, ) € Cyli(fP(Rd)). We know
that for all £ € C1(0,T) it holds

T
[ ew )y Frt800100 = [6) [ [ o) o duteans

so we want to pass to the limit on both sides as R — +o00. Regarding the LHS:

/OT /‘J’(Rd p)AM; ()t — /oT El(t) /TP(JRd) Pl

<U1AH Y [ [ [ 60no) - a0

thanks to dominated convergence theorem. Regarding the RHS:
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—0

T
[ €0 [ [ o) (FwFate.n) - Vi Fle ) duto)dd o) ds
0 P JRA

again by dominated convergence theorem, since Vyy Fr(z, ) = Vw F(x, 1) pointwise in (x, u),
and the domination is given by 2||¢]|co Zle 10:V || oo ||V i || so |06 (- 1) | Lo (1) - O

Example 4.15. The curve (My)e(o,1) introduced in (1.7) solves the continuity equation OM; +
dive (b M;) = 0, with b as in (1.8)). Indeed, using the notation z = (x1,...,zy5) € (RHN for
all F = Vo Lg € CylL(P(RY)) we have

d d
Gt o, FPIEMe(00) = /W ( qul (7). 72% $z>dmt 2
7Z/RdN Za ‘ll Lq> )V(b](‘rl) bt(xu )dmt( )

:Z/ﬂw » 9,9 (Lo (1(x))) Vi (x) - bz, v(z))d[e(z)](x)dmy ()

:/’ Vow e, 1) - by (a, 1) dpa(e) dM ().
P(RY) JRA

Consider now an absolutely continuous curve of random measures M € ACH.(P,(P,(R?))),
our goal is to build a non-local vector field such that the curve solves the continuity equation
associated to it. Before proceeding, we need to define some useful objects in the following:

e given a curve M € Op(P(P(R?))), define =M € M, ([0, T] x R% x P(R?)) such that for
all F:[0,T] x R? x P(R?) — [0, 1] Borel measurable, it holds

T
(4.27) /F(t, z, ) dZM (t,z, 1) = /0 /fP /]Rd F(t,x, p)dp(x)dM(p)dt.

It coincides with the measure already indicated as ]\Z ® dt, we just use this in some
contexts for the sake of notation;

e given a measure £ € P(P (CT(Rd))), define the measure Z* € M, ([0, 7] x Cr(R?) x
P(Cr(R?))) such that for all H : [0, T] x Cr(R?) x P(Cr(R4)) — [0, 1] Borel measurable,
it holds

(4.28) / H(t 7, =S (7, \ / / / H(t, 7, A () dC(A)dt.

Proposition 4.16 (From AC to CE). Let M = (M;)icjo,r) € ACL(Pp(Pp(R?))) for some

p > 1. Then, there exists an LP(M; ® dt) non-local vector field b : [0, T], xR? x P(R?) — R4
such that

(1.29) [ [ el au@adsio) = 1318, ) for ace. t e 0.7),

and satisfying the continuity equation OM; + dive (b M) = 0, in the sense of (4.24]).
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Proof. Using the results of Section let Apg € Lift(M) and £ := Gy(Am) € Py (P(Cr Rd)))
and consider the measures 2™ and = defined above. Thanks to propositions |3.7 - and |3.9] we

have
/ //Ivlp 1)dA(7)dLE(\)dt = / (BT (1t < +oc.

which implies that the map (t,7,\) = D(t,v) := 5(t) is in L?(Z2%;R?) (see Lemma |C.2).
Consider the map

€:[0,T] x Cr(R?) x P(Cr(RY)) — [0,T] x RY x P(R)
(7, A) = (£,7(1), (ex)gA),

and notice that ZM = &,Z°. Then, thanks to [ABS24, Lemma 17.3] (see also Remark [5.11)),
there exists a function b : [0, 7] X Rd x P(RY) — R such that

(4.30)

(4.31) &(D =%) =bp =M.

We show that b is the non-local vector field we are looking for: indeed
(4.32)

/ / 1b(t, 2, ) Pd ()M, ()t = / Ib(t, , ) [PAZM (8, 1)t < / S(OPAZS(t, 7, ) < +oo,
R4

again thanks to [ABS24, Lemma 17.3]. Moreover, for any v € C1(0,T) and F = o Lg €
Cyl} (P(R%)), it holds

|| F(u);th(u)dt: [ ¢ OF@aEM o) - / W (OF (e, V=S (1,7, 0)
[ [ | v ([ aow..... [ atman) damien
-1/ TW)éai\P(L@((et)uA))wi(wt» 5(t) dtdr(7)dL(N)
- [HOVwE (). () - d(D 2 k.0
- [ o0V F @) -4 2V k)

T
0 P JR4

where in the second last equality we exploited the definition of € and the characterization of b

given by (4.31). Putting together (4.26]), (4.32) and Proposition (3.6)), then (4.29) follows. O

Remark 4.17. Notice that, thanks to , the vector field we built is minimal in an LP-sense,
and because of the strict convezity of | - [P for p > 1, such vector field is unique, in the sense
that any other LP(M; ® dt)-non-local vector field b satisfying Oy My + div(p(BtMt) =0 and
coincides with b for =M -a.e. (t,x,pu) € [0,T] x R? x P(R?).

A consequence of the characterization of absolutely continuous curves with curves that solve
a continuity equation, is a Benamou-Brenier-type formula for random measures.
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Theorem 4.18 (Benamou-Brenier formula). Let p > 1. For all Mo, My € P,(P,(R%)) it holds

(4.33) Wo(Mo, M) :mm{/ol/?/w |be (2, 1) [Pdpu(2) dM (p)dt = Dp M, + diva (b My) :0}.

Proof. Thanks to (4.26]), all the competitors for the right-hand side satisfy the inequality

wio. M) < [ [ i pdnte)ann e

On the other hand, Lemma gives the existence of a constant speed geodesic (Mj);ep0,1] €
C(]0,1],P,(P,(R%))). Then, Proposition gives the existence of a non-local vector field
b:[0,1] x R? x P(R?) — R? satisfying 9;M; + divp(b;M;) = 0 and ([#.29), from which it follows
that the curve (M;) and the non-local vector field b are optimal fo. |

4.3. The tangent and cotangent bundle to P,(P,(R%)). In this subsection, we define the
tangent and cotangent bundle as closure in a suitable Lebesgue space of the Wasserstein gradient
of cylinder functions. Then, following the same argument of [AGS08| §8.4] we characterize the
non-local vector fields of minimal energy (see Remark as elements of the tangent bundle.

Before proceeding, let us recall the duality pairing map between Lebesgue spaces: given any
measurable space (X, F) endowed with a finite positive measure o, then for any p € (1, +00)
the duality pairing is defined as

V(@)P2V(z) i V(z)#0

(4.34) jp i LP(o:RY) — LY (o3 RY), 4, (V) (2) = .
0 otherwise

Definition 4.19. Let p € (1,+00) and M € P,(P,(R?)) and recall the definition of M e
P(RY x P(RY)) from Remark . Then we define, respectively, the cotangent and the tangent
space of Pp(Pp(RY)) at M as

(4.35)  CoTany Pp(Py(R)) := Clos, s 70 {ViwF : F € Cyl(P(RY))} C LV (M;RY);

(4.36)  Tany Py(Py(RY)) := Clos, .z 1 (VW F) : F € Cyl(P(RY))} C LP(M;R%).

Notice that the tangent and the cotangent space are in duality by the maps j, and j,, i.e.
Tanps P, (Pp(RY)) = j, (CoTanys Pp(Py(RY))) and CoTanys Pp(Pp(R)) = jip(Tanps Pp(Pp(RY))).

Remark 4.20. The tangent space could be defined only considering infinitely-smooth cylinder
functions, that is

Tany Pp(Py(RY)) = Clos, grpa) L (Vw (W o Le)) - k €N, ¥ € CZ(RY), ® € CX(RERY) ],
since any CL function can be uniformly approzimated by functions in C°.

Lemma 4.21. Let p > 1, M € P,(P,(R?)) and b € LP(M;R?). Then b € Tany, Pp(Pp(RY)) if
and only if ||b+ b’HLp(M;Rd) > ”b”LP(M;Rd) for all b € LP(M;RY) such that (', w) = 0 for all
w € CoTanys P, (P, (RY)).

In particular, for every b € LP(M; RY) there exists a unique element I1(b) € Tanys Pp(P,(RY)) in
the set of vector fields b’ € Lp(]T/f; RY) satisfying (b,w) = (b',w) for all w € CoTany; P, (P,(RY))
and IL(b) is the element of minimal norm in this class.



SUPERPOSITION FOR RANDOM MEASURES AND GEOMETRY OF THE WOW SPACE 39

Notice that the condition that (',w) = 0 for all w € CoTany; P,(P,(R?)) is equivalent to ask
that (', Vi F) = 0 for all F € Cyl (P(R?)), which, consistently with our notation, can be
written in the compact form dive(b'M) = 0.

Proof. As in |[AGS08, Lemma 8.4.2], by convexity of the LP-norm to the power p and the fact
that pj,(b) belongs to its subdifferential at the function b, we have that [|b+ ||}, > ||b]|z»
for all ¥’ satistying divep(b'M) = 0 if and only if (j,(b),b’) = 0 for all &’ as before, and by
the Hahn-Banach theorem this happens if and only if j,(b) € CoTany, pr(iPp(Rd)). This is
equivalent to say b = j, (j,(b)) € Tanps P, (P,(RY)). The last part follows from the fact that the
class of vector fields b’ satisfying (b,w) = (V',w) for all w € CoTanys P,(P,(RY)) is closed and
convex, so that by strict convexity of the LP-norm there exists a unique element of minimum
norm in it and by the previous characterization it belongs to Tanys Pp(P,(R9)). O

Proposition 4.22. Let M = (M,);cj0,r) € Cr(P(P(R?))) such that My € Pp(Pp(R?)) and

b:[0,T] xR x P(RY) — R? be an LP(M; @ dt)-non-local vector field. Assume that the continuity
equation Oy My + dive (b My) = 0 holds, in the sense of Definition . Then My € Pp(P,(RY))
for all t € [0,T] and the following are equivalent:

(1) by € Tanpy, Pp(Pp(RY)) for a.e. t € [0,T];
(2) [pay Jpa 1be(@, )Pdp(e)dM (p) < M5 (t) for a.e. t € [0,T];
(3) Jo Sy Jao oe(x, w)Pdp(@)dMy(u)dt = [ M, (#)dt
Proof. The equivalence between (2) and (3) follows from (4.26). Regarding (1) = (2), consider

b be the LP (]\Z ® dt)-non-local vector field given by Proposition The goal is to show that
b, = b, for ae. t € [0,T], as functions of LP Mt ). By (4.29) and (| -, it holds that

(4.37) // by (22, 1) [Pdpu(ax) d M (o // |bt(z, p)|Pdp(x)dMi(p)  for a.e. ¢t €10,T].

Moreover, the curve (My);cpo,7], by assumption and by construction of b, satisfies the continuity
equations 0;M; + divep(b;M;) = 0 and 9 M, + diVy(BtMt) = 0, which implies that for all
¢ € CH0,T) and F € Cyl (P(R?)) it holds

T T
/ 0 / by - Vo FdM, di = / £(t) / by - Vo Fd, dt.
0 Ré x P(R4) 0 RdxP(RE)

Localizing this equality in time, it holds
/ by - Vi FdM, :/ by - VwFdM, for ae. t €0,T],
R4 x P(R4) R4 x P(R4)

and together with ([4.37)), since b; € Tanyy, P, (P, (R?)) for a.e. t € [0,T], we can apply Lemma
to conclude that by(z, ) = by (x, p) for My-a.e. (x,u) and for a.e. t € [0,T].
Regarding (2) = (1), let us introduce the auxiliar space

V := Clos s zm.gay Span {j, (E(E)Vw F(z, 1)) : £ € CcH0,T), F € Cylc(fP(Rd))} .
Following the argument of Lemma [4 it is not hard to prove that a non-local vector field
v: [0, T]x R x P(R?) — R belongs to V if and only if ||v+v'||L» > ||v]|z» for all v’ € LP(EM;RY)
satisfying

T
/ (1) / Vo (s 1) - o' (t, 2, ) dpa(e)dMy ()t = 0.
0 P(RA) JRA
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Thus, if we assume condition (2), because of its equivalence to (3) and the minimality given by
Remark it holds b € V. Thus we conclude proving that v € V = v, € Tanyy, Pp(P,(R?))
for a.e. t € [0, T]. This easily follows by a pointwise argument: fix two sequences of functions
&, € CH0,T) and F,, € Cyl.(P(R?)) such that j,(£, Vw F,) — v in LP(EM;R4). Up to consider
a subsequence, it holds that

jp(ganF’rL)(ta Yy ) = |€n(t)|p_2£n(t)‘VWFn(a ')‘p_ngFn<'7 ) — U<t7 K ) in Lp(z/\Z)v
for a.e. t € [0, 7). In particular, fixing a time ¢ € [0,7] for which the one above holds, the
sequence of cylinder functions F; ,, € Cyl.(P(R?)) defined by F ,(x, i) := &, (t) Fy(z, p) is such

that j,(VwF.n) = v in LP(Z\Z). By definition of tangent space, this proves that if v € V, then
v € Tanypy, Pp(Pp(RY)) for a.e. t € [0, 7). O

4.4. Derivations and vector fields. In this subsection, we show that any family of derivations
(Bt)tefo,) is induced by a family of non-local vector fields, as in Remark whenever the
continuity equation 9;M; + divey (B M;) = 0 is satisfied.

Theorem 4.23. Let (My);e0.1) € Cr(P(P(RY))) and (Bi)ieo,r) an LP(M; ® dt)-derivation,

such that OM; + dive(B:M;) = 0. Then there exists an LP(M; ® dt)-non-local vector field
b:[0,T] x R? x P(RY) such that for M; @ dt-a.e. (u,t) it holds

(4.38) BilFl(u) = | b(t.@,n)- VwF (@, p)du(z), VF e Cyl.(P(RY)).

The proof of this result is very similar to the one of Proposition Indeed, putting together
Proposition and Proposition we have a vector field v : [0, 7] x R? x P(R?) — R? such
that for any F € Cyl}(P(R%)) and for a.a. t € (0,T), it holds

[ vttwn) - Ve nau@adtn) = [ BAF) M.
P JRA P

The non-trivial part is to localize this equality with respect to the variable u, to prove (4.38]).
In the proof, we are going to see how this localization can be done in various steps, mainly in
steps 2 and 3 below.

Proof of Theorem[].23. Step 1: superposition and nested metric lifting. Using first Proposition
and then Theorem we obtain a probability measure £ € Py (P(Cr(R?))) that satisfies:

(i) (Et)sL = My;

(i) L-a.e. A € P(Cr(RY)) is such that p; := (e;)sA solves the continuity equation (4.11)),

since EyL = A;

(i) [y [ [P ()dA()dL(N)dt < +o0.
Consider its associated measure Z¢ € M, ([0, 7] x Cr(R?) x P(Cr(R?))) as in ([4.28).
Step 2: localization step. Consider the function F : (¢,7,)\) = (t,7(t),\) € [0,T] x R? x
P(Cr(R?)), and notice that F;=2¢ = %M where Z%M ¢ M ([0,T] x R? x P(Cp(RY))) is
defined such that for each G : [0,7T] x R? x P(Cp(R%)) — [0, 1] Borel measurable it holds

/ Gt 2, \)AZEM (1,2, \) = /O ! / / Gt ~4(t), \AA(y)dL ().

Since the function ¥ € LP(Z*), then thanks to [ABS24, Lemma 17.3], it holds that there exists
a function b € LP(Z%M;R9) such that

Fy(D =€) (dt, dx,d\) = b(t, 2z, \) ESM (dt, dx, d)),
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where D(t,v, ) = 4(t) as before. .
Claim: for L-a.e. A, py = (e4)sA solves Oppiy + divy (b(t, x, N)jue) =
Indeed, for any F : P(Cr(R%)) — [0, 1] Borel measurable, 1) € C}(0, T) and ¢ € CH(R?) it holds

[ |[ e [ owan

T
= [ro| [ e [ T(Rd)¢(v(t))d>\(’7)dt] ag() =

dg(\) =

T
——/FA /0 /CTRd) (ANt | de)
. / FO)G()V6((1)) - d (DES) (£.7, )
. / FO)G(0)VH() - Bt 2, \EEM (1,2, \)
T
= [P |- [ o) [ Vota)-Btw (ot 2

Step 3: definition of the non-local vector field. Define the continuous map G : [0,7] x R? x
P(Cr(RY)) — [0,T] x R x P(RY) as

§(t,2,A) = (t,z, (er)s),

and notice that §;= =M .— =M At this point, consider the disintegration of =

the Borel map (¢, x, u) — :f;\ﬁ, that is well-defined ZM-almost everywhere. Then define the

non-local vector field as

Z5M wrt. G, ie.

b(t,z,p) = /b(s z, \)dE; Aﬁ(s zZ,A),

which is measurable thanks to the measurability of b and of the disintegration (t,z, pu) —
(see Lemma|D.1)). By construction, it’s easy to verify that b € LP(EM;R9).

Step 4: representation for the disintegration Ef;\z For any t € [0,T], disintegrate the

measure £ with respect to the map F; = (e;)y, to obtain that there exists a family of probability
measures {£¢ .} ep®ay C P(P(Cr(R?))) such that

Sy
P(RY)
=M

Then E;,7, = 6, ® 6, ® £y ,, for EM-ae. (t, 2, ). Indeed for any G : [0,T] x R x P(Cp(RY)) —
[0, +00] Borel measurable map, we have

/GdEEvM :/OT/ (/G(t,x, )\)d((et)u)\)(ac)> de(\)dt
:/OT [/?(Rd) (/Rd /G(t,x,x)dst,u(x)du(x)> th(u)] dt
/ U G(t,x,)\)dSt,u(A)} d=M (t,z, 1)

—£,.M
—t,x,p
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_ / [ / / / s, 2, \) d6y()d6, (2)d L0 o (N | dEM (2,2, ),
-M

so we conclude by mean of the uniqueness of the disintegration. In particular, for Z* -a.e.
(t, 2, ), it holds

(4.39) b(t, x, p) = / b(t, 2, \)dLs . (N).

Step 5: conclusion. We are left to prove that the non-local vector field b satisfies (4.38)).
From Step 2 and the properties of £, we know that for £-a.e. \, for any ¢ € C1(0,T) and
¢ € CHRY), it holds

T T
/ B0 BULy) (e)pN)dt = — / ¥(2) / o(x)d((e0)e\) (2)dt
0 0 Rd
T
_ / (1) / B(t, 2. 0) - Vo()d((e)s\) (x)dt.
0 R4

which implies, thanks to Lemma that for all F' € Cyl}(P(R%)) it holds
Bt[F]((et)ﬁ/\) = /d B(taxa )‘) : VWF(x7 (et)ﬁ/\)d((et)ﬂ)‘) ($)7
R

for a.e. t € [0,7] and £-a.e. A\. At this point, for a.e. t € [0,T] and M;-a.e. u € P(RY), we can
integrate both sides w.r.t. £, ,: since (e;)sA = p for £, ,-a.e. A, the left hand side is constant,
while on the right hand side, we can switch the order of integration to obtain, thanks to (4.39)),
that

BilFl0 = [ ( / B(t,x,»dst,um) VP du(a) = [ bt - TP, mda(o)
for a.e. M; ® dt-a.e. (u,t) and for all F € Cyll(P(R%)). O

5. NESTED SUPERPOSITION PRINCIPLE

The main goal of this section is to prove Theorem The strategy is similar to the one used
in Section |3| to prove Theorem In particular, given a Borel measurable non-local vector
field b : [0, 7] x R? x P(R?) — R?, the main objects of our study are:

(i) a curve of random measures M = (M;);cjor) € Cr(P(P(RY))) for which b is an
LI(J\Z ® dt)-non-local vector field and such that, according to Definition it holds
(51) 8,5Mt + diVjJ(tht) = O7

(ii) a probability measure A € P(Cr(P(R?))) satisfying ffOTf |b(t, z, pe)|dpe (z)dtdA () <
+00 and concentrated over curves of measures p = (1)o7 € Cr(P(R?)) that solves
(5.2) Oppue + div(be (-, pu) pe) = 05

(iii) a probability measure £ € P(P(Cr(R?))) satisfying [ [ a1(7)dA(7)dL(A) < +oo (see
Definition and concentrated over A € P(Cr(R?)) that, in turn, are concentrated
over v € ACr(R?) that are solutions of

(5.3) F(t) = b(t, v, (€)gA)-
We introduce two sets associated with a generic non-local vector field, that will play a
fundamental role in the proof of Theorem [1.2
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Definition 5.1. Let b : [0,T] x R? x P(R?) — R? be a Borel map. Then, the set CE(b) C
Cr(P(R?)) of solutions to the continuity equation driven by the non-local vector field b is defined

by
CE(b) := {(Ht)te[o,T] € Cr(P(RY)) : // |be (2, pue) | dpae (2)dt < 400,
(5.4)
Oepte + div(be(-, pue) i) = 0}~
The set SPS(b) C P(Cr(R?)) of superposition solutions of the particle systems (5.3)) is defined
by
SPS(b) := {\ €P(Cr(RY)) //|bt ¢ A)|[dA(y)dt < +o0,
)\(ACT(Rd)) =1, 4(t) = be(y, (€r)gA) L%p ® A-a.e.}.

Note that the properties of A € P(Cr(P(R?))) and £ € P(P(Cr(R?))) listed in and
can be summarized by saying that A is concentrated over CE(b) and £ is concentrated over
SPS(b). A crucial point will be the Borel measurability of these sets, for which we refer to
Proposition [5.7] and Proposition [5.8]

Let us start noticing that the hierarchy described in the introduction between general objects
M € Op(P(P(RY))), A € P(Cr(P(R?))) and £ € P(P(Cr(R?))), is preserved when we require
them to satisfy the conditions listed above. Before proceeding recall that

E:P(Cr(RY) = Cr(PRY),  E(N) = ((er)s\)eefo, 17
¢t : Cr(P(RY) = P(RY), er(p) = s By : P(Cr(RY)) — P(RY), Ep(N) = (er):A

Proposition 5.2. If A € SPS(b), then E()\) € CE(b). In particular, if £ € P(P(Cr(R?))) is
concentrated over SPS(b), then A := Ex£ € P(Cr(P(R?))) is concentrated over CE(b).

Proof. Let A € SPS(b) and 44 := (et)sA. Then for any £ € C1(0,T) and ¢ € CL(R?), it holds

/ "o | o@du@a = [ e [ etoaxea=— [ | L Vo) - 3(BdtdN)

T T
—— [ et [ Vot bt eonarmar = [ ew) [ Vo) bta (o

(5.5)

O
Proposition 5.3. Let A € P(Cr(P(R?))) be concentrated on CE(b) and such that

//OT/bt(ffvﬂt)dm(x)dtd/\(u) < +o0.

Then the curve of random measures defined as M; := (e)sA, solves the continuity equation
O My + divep (b My) = 0, in the sense of Definition ,

Proof. Let £ € C1(0,T) and F = U(Lg) € Cyl}(P(R?)), then

/o /md wdMy(u)dt = /OT 5’(t)/F(ut)dA(u)dt
://0 gty (/¢1dﬂt,...,/¢kdut) dtdA(p)
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/ / Zazw La(u)) / V() - by (2, ) dpae () dtdA (1)
= _/ f(t)/ Vw F(z, pg) - be(z, g )dpg (x)dA(p)dt
0 Rd

T
— [ - [ VPl o ()b )t

Corollary 5.4. Let £ € P(P(ACT(RY))) be concentrated on SPS(b) and such that

//OT/W% (e0)sN)]dA(y)dtde < +o0.

Then the curve of random measures defined as My := (Ey)3£, solves 0y My + dive (b My) = 0.
Proof. Simply notice that E; = ¢; o E, and we conclude thanks to Propositions 5.2 and [5.3] O

5.1. Superposition: from M to A. Here, similarly to Section [3} we would like to somehow
invert the result of Proposition i.e. to define a measure A € P(Cr(P(RY))) concentrated
over CE(b) starting from a curve M € Cr(P(P(R?))) that solves the continuity equation
O My + divep (b M) = 0. This is a simple consequence of the superposition theorem for
derivations.

Theorem 5.5. Let M = (My)icjo,r) € Cr(P(P(RY))) and b: [0,T] x R x P(R?) — R? be an

Ll(l\z ® dt)-non-local vector fields, according to Definition |{.11]
Assume that the continuity equation Oy My + dive(bsMy) = 0 is satisfied. Then there exists a
measure A € P(Cp(P(RY))) that is concentrated over CE(b) and (e;)yA = M for all t € [0,T).

Proof. Consider the family of L'(M; ® dt)-derivations induced by the family of non-local vector
fields b, i.e.

(5.6) Bi[F)() == / bt ) Ve wdu(r) 9E € Oyl (P(RY),

that is well-defined M;-a.e. and for almost all ¢ € (0,7, since

T
(5.7 ][ bt mldae)an e < -+
P(RY) JRA

It is an L'(M; ® dt) family of derivations, so we can apply Theorem to obtain A €
P(Cr(P(R?))) such that (e;)sA = M, for all ¢t € [0,T] and A-a.e. = (11)ie[o,7] satisfies

d

G L o@n@) = BilLel(u) = [ bt Votw)do)
for all ¢ € C1(R?), in the sense of distributions in (0, T). O

5.2. Nested superposition: from A to £. Here, we want to invert the result of Proposition
i.e. to build a measure £ € P(P(Cr(R?))) concentrated over SPS(b) to a given measure
A € P(Cr(P(RY))) concentrated over CE(b). Let us introduce some notations: we will denote

(5.8) Y :=[0,7] xR x P(RY),  Z:=[0,T] x Cr(R?) x P(Cr(RY)).
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Then, we define the maps
k Op(PRY) = Mo (Y),  k(p) = dt® (11 6,
R:P(Cr(RY) = M4 (Z), R\ :=LL@A® 6.

For a fixed Borel non-local vector field b : [0, 7] x R? — P(R?) — R, we define the subset
CE(b) € M, (Y) x M(Y;R?) as

CE(b) := {(i1,7) € My (Y) x M(Y3RY) © i€ Im(k), be L' (),
U= b, Oyt + div(d) =0},

(5.9)

(5.10)

where the equation 9 + div(¥) = 0 must be understood as
¥ € CUO.T) xBY) [ dg(t.a)dntt,n ) + [ Vuklti) - doit.z,n) =0,
and, lastly, define the set SPS(b) € M (Z) as

SPS(b) := {x €My (Z) : A eIm(R), A(([0,T] x ACT(RY) x P(RY))) =0,
(5.11)
D e L'()), /|i) —bo E|d\ = 0},

where D(t,~,\) = D(t,), according to Lemma for all (¢,7v,A) € Z, and

(5.12) E:Z = [0,T] xR x P(RY),  E(t,y,\) = (t,7(t), (e:)3\).

Notice that E coincide with the map & already defined in , we just call it E here for the
sake of notation.

The proof of the nested superposition principle relies on the measurability of the sets CE(b),
SPS(b), CE(b) and SPS(b), for which the following lemma will be fundamental.

Lemma 5.6. The maps k and K are continuous and injective. In particular, Im(x) C M4 (Y')
and Im(R) C M (Z) are Borel subsets.

Proof. The two functions are clearly continuous, and the injectivity follows by uniqueness of
the disintegration with respect to the projection on the time variable. The last part of the
statement follows from Lemma [A2] and the definition of Lusin set. |

Proposition 5.7. Let b:[0,T] x R? x P(R?) — R be Borel. It holds
(5.13) CE(b) = k(x' (CE(b))),

where ' (fi,0) = fi is the projection on the first coordinate. Moreover, the set CAE(b) C
My (Y) x M(Y;R?) is Borel and, in particular, CE(b) C Cr(P(R?)) is Borel.

Proof. Thanks to Lemma Lemma [D.13] and Lemma the sets
Br:={peM(Y) : pelm(s), be L'(3)}
B :={(f1,7) e M. (Y) x M(Y;R?) : i€ Im(k), b€ L'(i), ¥ = bji}

are Borel, respectively, in M, (V) and M (Y) x M(Y;R?). Moreover, notice that B; = 7! (B).
Then, the set

CE®) == {(i,7) € M4(Y) x M(Y3RY) : be LY(a), ¥ = b, dpfu + div(p) = 0}
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is Borel, since it is a relatively closed subset of B. Notice that the projection on the first
coordinate restricted to B, i.e. wt|g: B — M, (Y), is continuous and injective, then it satisfies
mH(B') € B(M4(Y)) for all B’ C B Borel set (see Lemma and Corollary |A.3)). Thus,

we conclude proving (5.13): if u € CE(b), then (rk(p),bk(p)) € CE(b); on the other hand, if
p € k1wt (CE(b))), then (f,2) = (k(p),br(p)) € CE(b), which implies that
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which means that p = (it):e[o, 1) satisfies the continuity equation, and so p € CE(b). O

Proposition 5.8. Let b:[0,T] x R? x P(R?) — R be Borel. It holds
(5.14) SPS(b) = &~1(SPS(b)).
Moreover, the set SPS(b) € M_.(Z) is Borel and, in particular, SPS(b) € P(Cr(R?)) is Borel.

Proof. The set SPS(b) is Borel thanks to Lemma Lemma Lemma and Lemma
and we conclude by proving (5.14). If A € SPS(b), then calling A = £(\) we have:

e since \ is concentrated over ACT(R?), it holds X(([O,T] x ACp(R?) x P(R?))¢) = 0;

e [|D—bo Eld\ =0 is equivalent to 4(t) = b(t,(t), (e:)sA) Lk @ A-a.e.;

e thanks to the previous point, D € L'(}) is equivalent to [ [ |b(t,~(t), (e:)s\)|dAdt <

+00.

So, &(\) € SPS(b). On the other hand, if A € R 1(SPS(b)), then X := R(\) € SPS(b), which
means that

o A((ACT(RH)¢) =

. 'y( ) = b(t,y(¢), (et)un) for M-a.e. (t,7,m). Since A = L1 ® A ® 8, we have that

F(t) = b(t, (1), (er)sA) £F ® A-ace;
e thanks to the previous point,

//|b (er)gA)|dAdt = /|D|d/\<+oo

Thus, A € SPS(b) and the proof is concluded. O

Now, everything is set to prove the following theorem.

Theorem 5.9. Let b : [0,T] x R? x P(R?) — R be Borel measurable. Then, there exists
a Souslin-Borel measurable map Gy, : CE(b) — P(Cr(RY)) satisfying Im G, C SPS(b) and
E o Gy(p) = p for all p € CE(D).

In particular, if A € P(Cr(P(R?))) is concentrated over CE(b), then the measure £ := (Gp)yA €
P(P(Cr(RY))) is well defined and concentrated over SPS(b), satisfying E4£ = A.
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Proof. Notice that, thanks to Proposition the map
E|SPS(b) : SPS(b) — CE(b)
is well defined. Moreover, thanks to the finite dimensional superposition principle, Theorem

2.12] it is surjective. Indeed for all u € CE(b) there exists a lifting A € P(Cr(R%)) such that
(et)4A = pe, A is supported over a.c. curves that solves 4(t) = b(t, v, p) and

[ [ o, comirme = [ [ oo, w)lduode < o

In other words, A € SPS(b). Then, thanks to Proposition and Proposition we can apply
Theorem [A.10] to obtain a Souslin-Borel measurable map Gy, : CE(b) — SPS(b), thanks to which
we can define £ := (Gy)3A, because of Corollary Moreover, being G}, a right-inverse of E,
we also have the equality A = Ey£, so it preserves the hierarchy shown in Proposition g

5.3. Universality in the measurable selection. In this subsection, we show a possible
universal decomposition for a measurable selection map Gy, highlighting the dependence on the
non-local vector field b in it.

We will use the same notations of the previous subsection introduced in (5.8)-(5.12)), but here it
will be fundamental to introduce also the following sets:

CE = {(1,?) € M4(Y) x M(Y3R?) = € Im(k), Op+divi=0, < j},
(5.15) SPS:= {)\ EM4(Z) : AeIm(R), A(([0,T] x ACr(R?) x P(Cr(R%)))%) =0,

DeL'()\), w:Y—=Rist. D=voFE X—a.e.}.

These sets are strictly related to the sets CE(b) and SPS(b) (see (5.10) and ( (611)), the
difference is that they allow a general Borel field b instead of an a priori ﬁxed one.
Indeed, for any element (ji, 7) € CE there exists a Borel non-local vector field v : [0, T] x R% x
P(R?) — R? such that © = vji. Moreover, since fi € Im(k), there exists a curve u € Cp(P(R?))
such that i = k(u), and by the first condition, it also holds that Ops + div(ve(-, pe)pe) = 0.
We remark that the presence of ¥ is also telling which vector field (defined fi-a.e.) drives the
continuity equation. In particular, CE is formally the union of all CAE(b) as b varies.
Regarding the other set, any A € SPS can be represented as A= L'®\® 4, for some
A € P(Cr(RY)), and by the other conditions it holds that \ is concentrated over absolutely
continuous curves that solve the ordinary differential equation 4(¢) = vy (7y(t), (er)sA). As before,
SPS is formally the a union of all SISS(b) as b varies.

At this point, for all b: [0,7] x R? x P(R?) — R? Borel measurable we have the following
commutative diagram:

SPS(b) —2— SPS
(5.16) El la
CE(b) —2— CE
where o o
E(N) = (BN, By (DX)),  kp(f1) = (r(p), br(p)).

In the following, we show that we can obtain a right inverse G : CE — SPS of the map é,
performing again a measurable selection. Then, we infer that G o k,(CE(b)) C K(SPS(b)) for
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any measurable b, giving the diagram

SPS(b) «* - SPS
(5.17) Tg

CE(b) —2— CE
Then, composition 81 o G o Ky will be a right inverse of E|sps,. This strategy is an alternative
proof for Theorem providing a more refined right inverse of the map FE|sps,. Moreover, the
measurable selection map G is universal, in the sense that it does not depend on b.

In the following, we make rigorous this strategy step by step, starting with a more general
result that will be useful but could be of independent interest.

Lemma 5.10. Let R, S be Polish spaces, e : S — R Borel measurable and f : S — R% a Borel
function. Let A\ € M, (S) be such that f € L*()\). Assume that

H(es(fA)lesA) = H(FAIN),

[ |dv|? d
H(v|w) ::/ 1—|—‘d: dp + vt VZi/L-i—VL with vt L .

Then, calling v : R — R® a version for the density of eg(fA) wr.t. eg, we have that

where

f=voe A-a.e.

Proof. First of all, notice that

I (es(FA)|ex) = /R VIT oPd(esN), H(FAIN) = /S NaEayiehy

Consider the disintegration of A with respect to the map e, i.e. the family of probability
measures {A; }zer C P(S) such that

)\:/R)\zd(eﬁ)\)(xL Mle ({a}) = 1.

/f )dAs(

which is well-define ez A-a.e. because f € L*(\) and Borel measurable thanks to Corollary [D.6 -
Claim: v =0 egM-a.e.

To prove the claim, it suffices to prove that ¥ is a density for ej(f\) w.r.t. egA. For any

g: R — R? it holds

/R 9(w) - des(FN) () = /ﬂ 9e(®)) - F()dAM(y) = /R ( /S 9(e(®)) - f(y)d/\z(y)> d(es\) (@)

~ [ st ([ 16100 0) e = [ sopitneno),

Now, for simplicity, we call H(z) = /1 + |z|?. Then it always holds

I (e () ex) = /R H(5(@))d(es\) (« / (/ F )i )(emm

Define the map
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g/R/SH(f(y))dA d(eg\)(x /H =F(fAIN),

where we used Jensen inequality. By hypothesis, we have equality, and by strict convexity of
G the equality can hold if and only if for (eyA)-a.e. € R, f is constant \;-a.e. In particular,
f is constant A.(,)-a.e., for A-a.e. y € S, and looking in the definition of v, we conclude that

v(e(y)) = f(y) Aae. |
Remark 5.11. It is known that the same conclusion of the previous lemma is obtained if
(518) [ 1elrdten) = [ 1frax

R s

forp € (1,400). Unfortunately, this argument fails when p =1, as the following counterezample
shows. Indeed, under the same assumptions of the lemma, but assuming only with p =1,
it is stz’ll true that eﬂn < egA. Anyway, it is not said that |f| = |voe|: take S = R?*, R =R,
A=z [0 i1y T 9{[0 xqy €@ y) =, flz,y) =1/2is 2 <0 and f(z,y) = 3/2 if 2 > 0.
Then ) 5

n:i= f)\ = Zj{[lo,l]x{fl} + Zg{[lo,l]x{l}’ eﬁ)\ = egn = L[lo’l],

which means that v = 1. Moreover, it’s easy to verify that

1t 1 ['3
/IfIdA 2/0 de+2/0 5d% leg| (R),

but it does not hold that |f| = |voe| for A-a.e. y € S. So, when p =1, we can only conclude
that
|f]

[voel

voe A-a.e.

f=

In view of this, our result is a version of the result for p > 1, when we only have f € L*. of
course, the function H( ) =V 1+ 22 can be substituted with any strictly convex function H
satisfying im,_, 1 oo H(2)/x < +00.

Thanks to this lemma, we can then rewrite the set SPS as

SPS := {x EMy(2) : Aem(R), A(([0,T] x ACr(R?) x P(Cr(RY)))¢) =0,

(A (DA) \Eu/\ /\/1+|D|2d)\ De LY X)}.

Indeed, thanks to Lemma , the constraint that there exists v : Y — R? such that D = vo F
A-a.e. can be rewritten by

(5.20) %(Eﬁ (DX) \Eﬁ /\/1+ \DJ2dA.

We are now ready to prove the following.

(5.19)

Theorem 5.12. The sets CE C M (Y) x M(Y;R%) and SPS ¢ My (Z), and the map & are
Borel measurable. Moreover,

(5.21) €lgpg 1 SPS — CE

is surjectwe. In particular, there exists a Souslin-Borel measurable map G- CA]? — SPS such that
€0§ =idgy. Moreover, for all b:[0,T] x R? x P(R?) — R? Borel, it holds &(SPS(b)) = CE(b)
and G(CE(b)) C SPS(b).
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Proof. Step 1: the set CE is measurable, since Oyt + divy = 0 is a closed condition, ¥ < [i is
a Borel condition (see Corollary and Im(k) is Borel measurable (see Lemma [5.6)).
The set SPS is Borel since: the set Im(8) is Borel thanks to Lemma from Lemma
we have that the evaluation on Borel sets is Borel and D € Ll(;\) is a Borel condition; the
map M4 (Z) 3 A — DX € M(Z; R%) is Borel measurable (see Corollary , as well as the
push-forward operation through E (see Proposition . Then the equality is a Borel
condition, again by Lemma and the fact that H is Jomtly Ls.c. (see [AFPO0, Chapter 2]).
Step 2: as before, & is the composmon of Borel measurable, thanks to Corollary 2| and
Proposition [D-8] thus it is Borel measurable.
Moreover, it maps SPS in CE: let A € SPS and (f1,7) := &()). Since A € Im(8), there exists
A € P(Cr(RY)) such that A = £}, ® A ® 8y, which 1mphes that EQN) =LL o (u® (5M) where
pe = (er)gA for all t € [0,T]. Moreover, the equality (5.20) implies (see Lemma the
existence of a vector field b: [0, 7] x R? x P(RY) — R? such that D = bo E for 5\—a.e. (t7 Y, M)-
By definition of &€ and again by Lemma U = bji. Regarding the continuity equation, for all
€€ CH(0,T) x RY), it holds

/a tmd,u—l—/viftxdu—/a £(t,y(t) d)\+/vw§tv D(t,~)d\

// t))dtdA(y) = 0.
Then, & maps SPS in CE.

Step 3: given b: [0,7] x R? x P(RY) — R? and A € SPS(b) of the form A = L1 © A ® 6y,
for some A € P(Cr(RY)), using the same notation of the previous step we have

0= [ gettodn+ [ Vaste oo = [ Zeawiid+ [ Vastea)- Dieyis
= [ teaai+ [ Vas(e ) b, (s

T T
:/0 /gﬁ(m(t»wdﬂfo /fo(tﬁ(t))~b(t,7(t),(et)u)\)d)\dt
T T
:/O /gtf(t»ff)dut(w)dtJr/o /Vmé“(t, ) - b(t, z, ) dpdt,

i.e. E(SPS(b)) C CE(b). The equality follows from the surjectivity, which we prove in the next
step.

Step 4: we are left to prove the surjectivity of the map &. For any (f1,0) € CE, we have that
fi is of the form £} @ (us ® 8, ) for some (11¢)iepo, 7] € Cr(P(RY)), and py solves the continuity
equation Oypy + div(be (-, e )pie) = 0, where b is a density for & w.r.t. ji. Then we can use the
finite dimensional superposition principle (Theorem to obtain A € P(C7(R?)) that is in
SPS(b). It is not hard to verify that A := &(\) € SPS and &()) = (fi, 7).

Step 5: we can finally apply Theorem to obtain the existence of § : CE — SPS
satisfying the requirements. Then, we are only left to prove that G(CE(b)) c SPS(b), for which
it is sufficient to show that é|;§S(CAE(b)) = SPS(b)). LeAt (j1, ) € CE(b) with i = LL® (11: ®6,,,)
for some p = (p)eo,r) € Cr(P(R?)) and consider A € SPS such that &(\) = (4, 9). Since



SUPERPOSITION FOR RANDOM MEASURES AND GEOMETRY OF THE WOW SPACE 51

SPS C Im(R), there exists A € P(Cp(R?)) such that A = £1. ® A ® 5. Moreover, since

% (Eﬁ(m)\ﬁ:ﬁx) _ (f)m) ,
we have that there exists a Borel measurable function v : [0, 7] x R? x P(R?) — R? such that
D =voE for Mae. (t, L 7). In particular, A € SPS(v), and thanks to Lemmawe have
that €(\) = (2,7) € CE( ). By assumption (fi,?) € CE(b), thus it holds b = v for ji-a.c.

(t,x, ). Since i = Eﬁ)\ we have that bo E = vo E = D A-almost everywhere. In particular
A € SPS(b). 0

We are now ready to conclude the argument we presented above, stating the main result. Let
b:[0,7] x R* x P(R?) — R? be a Borel measurable map. Define M, ,(Y) := {i € M4 (V) :
be L'(ii;R?)} and the map
Vit My (V) = My (Y) x M(Y;RY)

i (i ),
which is a Borel map thanks to Corollary Then, the map k; introduced in (5.16)), is

given by kp = V4 o K, resulting Borel measurable. Recall that the (left) inverse of £ is given by
A= 7r2
#-

(5.22)

Corollary 5.13. The function £ ' o G o k, maps CE(b) to SPS(b) and is a right inverse of
the map E|cgw), i.e. Eo A loGok = idcr)- In particular, for any A € P(Cr(P(R?)))
concentrated over CE(b), the random measure £ := (R o0 Go ko) is concentrated over SPS(b)
and satisfies the properties of Theorem[1.39

Proof. For simplicity, let us call Gy := &' o Go kp. First of all, notice that x; = V3 o k is well
defined and maps p € CE(b) in (i, 7) € CE(b) NIm(x). Then, § selects a measure A € SPS
such that &(\) = (71, D).
Since G(CE(b)) C SPS(b), then A := §(rky () € SPS(b). We need to show that A := & 1(\) €

SPS(b). All the needed checks are pretty straightforward:

e since \ = WﬂQ;\, we have that A(ACr(R%)) = 0;

e for M-a.e. (t,7,n) it holds D(t,~) = b(t,v(t), (e;)sn), which immediately implies that

D(t,v) = b(t,y(t), (er)g\) for L1 @ N-a.e. (t,7);

o [ S 1ot i, (e)sN)dA()dE = [ D]dA < +oo.
Thus, we conclude that G, maps CE(b) in SPS(b). We are left to show that Gy, is a right inverse
of E. Let A = Gy(p), then for all f : [0,7] x R — [0, +oc] Borel, it holds

/ft'y YdA(y /ft7 NAA(t, v, 1) = /ftxdutx,u /ftxd,ut()d
where A = &(\) and ji = B4\ = L1 ® (u ®6,,,). In particular, (e;)yA = i for all ¢ € [0,T]. O

6. EXISTENCE AND UNIQUENESS: THE LIPSCHITZ CASE

In this section, we are going to prove a uniqueness result for the solution of the continuity
equation 9y M; + divy (b M;) = 0, under a Lipschitz assumption of the vector field b with respect
to the variables (x, ) € R x P(RY).

Here we state first a useful lemma, and then the main uniqueness theorem of this section,
whose proof is divided into several parts and postponed to the next subsection.
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Lemma 6.1. Let p > 1. Let M = (My)e0,r) € Cr(P(P(RY))) and b : [0,T] x R x P(R?) — R
an LP(J\A/E ® dt)-non-local vector field (see Deﬁm’tz’on satisfying 0 My + dive (b My) = 0.
The following properties hold:

(i) if My is concentrated over P,(R?), then the same holds for My for allt € [0,T);

(ii) if Mo € Pp(P,(RY)), then My € Pp(P,(RY)) for all t € [0,T].

Proof. (i) Consider A € P(C7(P(RY))) given by Theorem Thanks to (4.23) and the
properties of A, we have that for A-a.e. p = (1¢)se0,7] € Cr(P(R?)) it holds

T
/ / 16(¢, @, 1) Pdjae (2)dt < +oc,
0 R4

and Oy + div(by (-, e )pe) = 0. Moreover, since (¢g)yA = My, we have that pg € P,(R?) for
Mpy-a.e. po. Then, for any (j¢)¢cjo,r) With these properties, consider \ € P(Cr(R?)) given by
Theorem [2.12] so that

Wm0 < [ [r@axis = [ [ b opoa0s
:/ot /Rd b(s, @, ps) |Pdps (x)ds < +o0

and given a transport plan mo; realizing W) (10, p4t), we have

60 [ @ <2 [ oo yPdmaen) + [ i) <+
Rd R x R4 R4
which gives that M; is concentrated over P,,(R%). Property (ii) follows from Proposition O

Theorem 6.2. Let p > 1. Let M = (My);ej0,7) € Cr(P(P(R?))) and b: [0,T] x RY x P(R?) —
R? an LP(M; ® dt)-non-local vector field satisfying:
(1) for any o, 1 € Pp(RY) there exists a W-optimal plan m between po and py such that

(6'2) /d , ‘b(t,fL‘o, 1“’0) - b(t, xlvul)lpdﬂ—(xoﬂ xl) < L(t)sz(Mm:ul)a
R4 xR

with L € L*(0,T);
(2) O, My + divp(byM;) = 0 and My = M € P(P(R?)) is concentrated over P,(R%).
Then:

(i) there ezists a unique A € P(Cr(P(RY))) concentrated on CE(b) and such that (o)A =
M;
(ii) there ezists a unique £ € P(P(Cr(R?))) concentrated on SPS(b) and such that (Ep)3L =
M.
In particular, M € Cp(P(P(R?))) is the unique solution of O M; + dive(b;M;) = 0 satisfying
My =M.

It is worth commenting on the existence for solutions of the continuity equation for random
measures: it can be recovered under Lipschitz assumptions in the spirit of our theorem (see
[CLOS22; BF21]) or even under just Carathéodory assumptions (see [BF24]). Indeed, if
given a non-local vector field b : [0,7] x R? x P(R?) — R? we can prove existence for
Ogpiy + div(bs (-, p)pt¢) = 0 for any starting measure py € P(R?), then using a measurable
selection argument and the disintegration theorem, for any My € P(P(R%)) we can prove
existence for A € P(Cr(P(R?))) concentrated over CE(b) and such that (eo)sA = My. At
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this point, the superposition principle gives existence for: (M;)iepo, 7] € Cr(P(P(R?))) solving
Oy My + dive (b M;) = 0 starting from My; and £ € P(P(Cr(R?))) concentrated over SPS(b)
and such that (Ep)3£ = M.

. Proof of Theorem [6.2l Even if point (¢) follows from point (i), we prove it first using a
more classical argument. Consader A € P(Cr(P(RY))) given by Theorem We will prove
uniqueness for the trajectories

(63) ﬁtpt + d.iV(bt('7 Mt),u/t) =0

for any fixed starting point 7 € P,(RY). Indeed, given u, u' € Cr(P(RY)) two solutions of
(6.3), thanks to [AGS08, Theorem 8.4.7 and Remark 8.4.8], We can differentiate in time the
quantity WP (12, 1), to obtain that, given a W-optimal plan 7rt ! between ud and g}

d _
@Wﬁ(#gvui) = p/ |20 — @1 [P~ (wo — 1) - (b(t, w0, 1) — b(t, w1, 7)) dr)" (w0, 1)
R4 xR

< PP (0, i) ( [ ez, - b(t,xl,@)V’dw?’l(xo,xl)) < LW (. ).

Using Gronwall lemma, we conclude that for any 7z € P,(R%) there exists a unique By €
Cr(P(R?)) solution of (6.3). Thus, we have the following representation

(6.) A= [ )

implying the uniqueness result of the theorem.

Using this result, we can already prove the uniqueness of 9; M; +divp(b; M) = 0 given a starting
point M € P(P(R?)) concentrated over P,(R?). Indeed, if we had two different solutions M"
and M", Theorem . would give us two different A°, A1 € P(Cr(P(RY))) satisfying property
(i) of Theorem [6.2] which is a contradiction.

We are left with the proof of (i), that, similarly to the proof of (), passes again through the
uniqueness of superposition solutions A € SPS(b) with a fixed starting point (eg)sA = 1 € P,(RY).
In particular, we will see how the Lipschitz assumption in Theorem [6.2] implies a Lipschitz
assumption in the variable space € RY, giving uniqueness of trajectories at the particle level.
Before proceeding, we need some preliminary results, that are the extension to the case p > 1
of (a part of) [CSS25a, Lemma 6.1, Theorem 6.2 and Theorem 7.6].

Lemma 6.3. Let o, 1 € Pp(RY) and © € T(uo, p1). Assume po has finite support S =
{Z1,...,ZNn} with 0 := min{|Z;, — Z;| : i #j} and

w\o,

sup {|ly — | : (z,y) € supp7} <
Then m is Wy-optimal, i.e. WEF(puo,p1) = [ |y — x|Pdm(z,y).
Proof. Tt is sufficient to prove that the support of 7 satisfies the c-cyclical monotonicity property,

with ¢(z,y) := |z — y|P. Consider {(x;,y;)}", C supp~, with 2o := z,,. Then

n

n
K} p
Zuifl —4il? — |z —yil” > Zl [||$11 — x| — | —yin - (2) ] =0,
i=

i=1
because (x;,y;) € supp 7, thus |z; — y;| < 6/2, and
i1 — il = i1 — @i+ — i > |wim1 — x| — |2 —ys| >0 —6/2=14/2.
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O

Lemma 6.4. Let pg, i1 € Pp(RY) be two measures with finite support, © € T'(uo,p1) and
pe = (x')ym, where x*(zo, 1) := (1 — t)xo + tx1. Then the following properties hold:

(i) for every s € [0,1] there exists 6 > 0 such that for every t € [0,1] with |t —s| < ¢

7t = (x5, x")ym is a W), optimal plan between ps and p,. Moreover

(6.5) WP (sta. i) = |t — sIP / (2o — 21 [Pdr (20, 21):

(ii) there exist 0 = to < --- < tx = 1 such that for every k = 1,..., K, plp, 1, 5 a
constant speed geodesic w.r.t. W, and

(6.6) Wh (s, ptr) = |7 — s|p/|z0 —x1|Pdr(xo, 1) Vs, r € [ti—1,tk];

(iii) the length of the curve t v py, w.r.t. Wy, is ([ |z — 1‘1|pdﬂ'(l‘o,1'1))l/p.
Proof. Tt is the very same of [CSS25a, Theorem 6.2]. O

Lemma 6.5. Let b : RY x P, (RY) — R be such that for all pg,p1 € Pp(R?) and some
W,-optimal plan m € T'(po, 1) it holds

(6.7) /|b(x0,,uo) —b(x1, p1)|Pdr(zo, 21) < L/ |x1 — xo|Pdm(x0, 1),

for some L € (0,400). Then (6.7) holds for any transport plan m € T'(po, f11).

Proof. The proof is divided in two steps: first we prove the result for measures that are supported
on finite sets, and then we use an approximation procedure to extend the result to all measures.

Step 1: assume that pug, 1 have finite support and consider a generic transport plan
m € T'(po, 1) Let 0 =ty < --- < tx = 1 be as in Lemma so that (x"-1,x" )7 is a
Wp-optimal plan between (x**~1)ym and (x'*)ym. It is also the unique optimal plan, see [AGS08|
Lemma 7.2.1 and Theorem 7.2.2]. Then

(/ |b(o, po)—b(x1, 1) |Pdm (o, 551)) 1/p

K 1/p

< Z </ ‘b(XtIPlv (thil)ﬁﬂ) - b(xtk7 (th)ﬁﬂ—)pdﬂ(xovxl))
k=1
K K

< ZLWP((X%*)W,X?“W) = ZL(tk —tr_1) / |x1 — zo|Pdm(xo, 21)
k=1 k=1

= L/ |21 — zo|Pdm(zo, x1).

Step 2: let u? € P(RY) (resp. p? € P(R?)) have finite support and be such that
Wo(ug, po) —= 0 (resp. Wp(u, 1) — 0). Let nf € T'(uf, po) and 77 € T'(p1, uf) be Wy-optimal
plans for which (6.7) is satisfied. Exploiting [ABS24} Proposition 8.6], let o, € P((R%)*) be
such that

12 _,.n 23 _ 34 _.n
Py On =Tg, Py On =T, Py On = T,
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where p% is the projection on both i-th and j-th coordinates. In particular, pé‘lan € T(uy, 1)
and converges to m w.r.t. W),. Indeed, rearranging the coordinates of o™, we have a transport
plan between 7 and (p1,pa)40”™, which is (ps, ps, p1,pa)go™ € T'(w, (p1, pa)so™), and
Wh(m, (p1,p4)30") < /(Rd)4 [y2—y1|P+lys—ya|Pdo" (y1, Y2, y3, ya) = WE (g, o) +Wr (pt, p1) — 0.

Then, using the notation (y1,v2,y3,y4) € (R%)*, we have

1/p
(/b(anMO) - b($17u1)|pdﬂ($o,$1)> = [1b(y2, o) — b(y3, 1)l Lr (o, R4

<|Ib(y2; o) = by, o) |ze + [1b(y1, 16) — b(ya, p) e + 1[0(ya, pu1') — b(y3, 1)l e

1/p
<LVP | Wy (i, o) + Wy (pl, 1) </|$1 — zo|Pdpy Un(fﬂo,ﬂfl)) ],

where in the last inequality we used the fact that (| - ) holds for pti 20, = p and p§’4o'n =77,
and pﬁ 40, is any transport plan between uf and u7, that are finitely supported so that (6.7)
holds as well, thanks to Step 1. Then, we conclude passing to the limit as n — +oo. O

The next result shows how the Lipschitz property along all the possible transport plans
implies a Lipschitz property in space. For a proof, we refer to |[CSS25b, Theorem 4.8, (1)].

Lemma 6.6. Let b: R? x P(RY) — R? be satisfying the hypothesis of Lemma . Then, for
all p € Py(RY), the map b(-, ) : supp p — R? is L-Lipschitz.

Now, we can proceed to prove point (ii) in Theorem Notice that all the previous lemmas
apply to any non-local vector field (x,u) — b(t,x,p), for any ¢ such that L(t) < +oo (in
particular for a.e. t € (0,7)). So, for a.e. t € (0,T) and for every u € P,(R?), the map
b(t,-, 1) : supp u — R is L(t)-Lipschitz.

Now, let A € SPS;, and consider v,v1 € supp A that satisfy ;(¢t) = b(t,7:(t), (er)gA), ¢ = 0, L.
Thanks to Lemma for i = 0,1, we know that (e;)sA € Pp(RY) for any t € (0,7T) and
vi(t) € supp(et)yA, because v; € supp A. Then, for a.e. t € (0,T)

h0(8) = 1 (F =2(20() =1 (0) - (bt:20(0), (0)s) = bt (D), (e0)s )
2L (1)~ 12(0)*

Thus, using Gronwall lemma and the continuity of the curves ~yy and 71, we have vg = -1, which
implies that, defining i := (eg)sA, it holds

(6.8) - / 5, di(®)

where vz € C7(R?) is the unique curve in the support of X solving () = b(t,y(t), (e:)s )
starting from v(0) = Z € R?. Then, considering £ € P(P(Cr(R?))) given by Theorem L-a.e.
A € P(Cr(RY)) must be of the form (6.8), so that
(6.9) e/ o 3T,

P

giving the uniqueness of £ satisfying (Ep)y& = M.
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Remark 6.7. The same proof works, in the case p = 2, only assuming monotonicity of the
vector field b, i.e. that for any po, 1 € P2(RY) there exists a Wo-optimal plan 7 between 1o
and py such that

(6.10) /(ffo — 1) - (b(t, 20, o) — b(t, @1, 1)) dm(wo, 21) < LYW (0, 1),

with L € LY(0,T). Indeed, thanks to the aforementioned [CSS25a; |CSS25b], the same proofs
work under this hypothesis.

APPENDIX A. LUSIN SETS, SOUSLIN SETS AND MEASURABLE SELECTION THEOREM

Here we collect some results from [Sch73] and [Bog07] about Lusin and Souslin sets, that are
persistently used throughout the paper. In particular, we recall (without proof) the universal
measurability of Souslin subsets and a measurable selection theorem.

Definition A.1 (Lusin sets). A subset L C X of a Hausdorff topological space (X, 1), is said to
be a Lusin set if there exists a Polish space (Y, 7') and a continuous and bijective map i : Y — L.
The space X is said to be a Lusin space if it is a Lusin set.

Lusin spaces shares many interesting properties. Here we list the ones that are useful for our
presentation and we suggest [Sch73| Chapter 2] for further reading.

Lemma A.2. Let (X,7) be a Lusin space. Then L C X is a Lusin set if and only if it is a
Borel set. In particular, the same holds when (X, ) is Polish.

A direct consequence of the definition of Lusin set and the previous lemma is the next corollary.

Corollary A.3. Let (X,7) and (Y,7') be Lusin spaces and f : Y — X continuous and injective.
Then, f(B) C X is Borel for any B C'Y Borel.

Lemma A.4. Let (X,7) be a Hausdorff topological space and L, C X a sequence of Lusin sets
of X. Then |J Ly is a Lusin set.

Definition A.5 (Souslin sets). A subset S C X of a Hausdorff topological space (X, T) is said
to be a Souslin set if there exist a Polish space Y and a continuous map f:Y — X such that
f(Y)=S5. The space X is said to be a Souslin space if it is a Souslin set.

Let 8(X) be the class of all Souslin subsets of X and 8(X) be the o-algebra generated by S(X).

An important tool to better understand the structure of the Souslin subsets of a given space,
is the so-called A-operation (or Souslin operation). In the following theorem, we see how they
are connected.

Theorem A.6. Let (X,7) be a Hausdorff topological space. Every Souslin subset S € S(X)
can be obtained from closed sets by means of the A-operation, i.e. for any S € §(X) there exists

a class of closed sets {Cp, .. n.}, where (n1,...,ny) is any possible finite sequence, such that
—+o0
(Al) S = U ﬂ Cnl,...,nk~
(n;)eN> k=1

Moreover, the set S(X) is closed under the A-operation.

Remark A.7. Within this theorem, one can think that 8(X) = 8(X), but it is known to be false.
A consequence of the theorem is that 8(X) is closed under countable union and intersection.
The problems are given by the complement operation: indeed, [Bog07, Corollary 6.6.10], if both



SUPERPOSITION FOR RANDOM MEASURES AND GEOMETRY OF THE WOW SPACE 57

S and S¢ are Souslin, then S is a Borel subset, and by [Bog07, Theorem 6.7.10] we know that
there exists a Souslin set that is not Borel.

Now, we show that the Souslin-measurable sets are universally measurable.

Proposition A.8. Let (X,7) be a Hausdorff space and v a Borel, positive and finite measure
over X. Then, the o-algebra B,, of all the p-measurable subsets is closed under the A-operation.
In particular, 8(X) C B, for all Borel, positive and finite measure p, and we say that the
Souslin o-algebra is universally measurable.

In particular, we can use any Souslin-Borel measurable map to define a push-forward of a
Borel measure and obtain a Borel measure, as the next Corollary shows.

Corollary A.9. Let X,Y be two Souslin topological spaces. Let u € M, (X) be Borel measure
on X and f : X =Y be a Souslin-Borel measurable map, i.e. f~1(B) € 8(X) for any B € B(Y).
Then v := fyp € M (Y) is a well-defined measure overY .

Finally, we state a version of the measurable selection theorem, see [Bog07, Theorem 6.9.1].

Theorem A.10. Let X and Y be two Souslin topological spaces. Let F': X — Y be a surjective
Borel map. Then, there exists a (S(Y), B(X))-measurable map G : Y — X that is a right-inverse
of F, i.e. F(G(y)) =1y for anyy €Y. In addition, the image of G belongs to $(X).

APPENDIX B. THE EXTENDED METRIC-TOPOLOGICAL STRUCTURE OF R*

In this section, we describe some properties of the space R, i.e. the space of real sequences
X = (Zp)nen, endowed with two different structures:
e the metric
(Bl) Doo(Xv Y) ‘= sup |xn - yn‘ AT,
neN

inducing the uniform convergence;
e the topology 7, induced by the element-wise convergence, which is the topology given
by the metric

Tp — Yn| A1
(BQ) dOO(Xa y) = Z %a

neN
that is complete, and thus the topological space (R, 7, ) is Polish. We will always
consider on R*> the Borel o-algebra generated by 7.
This structure is related to (P(RY), Wy). Let A = {¢1, da,... } € CL(R?) be satisfying:
(i) ér 1-Lipschitz w.r.t. |- | A1, in particular ||V¢g|leo <1 for all k € N;
(ii) Span(A) dense in C&(R%);
(iii) Wi (1, v) = supy, [pa Gud(p — v).
The existence of such family is justified from the fact that the countable class of functions

Al = {¢kn($) = (|x—:17k\ A 1) *p1, k,n € N}

satisfies the third condition, where {z;} C R? is a countable and dense subset of R%, p(z) is a
mollifier and p.(z) = Zp(£). On the other hand, the unit ball of C§(R?), endowed with the

g
C'-norm, is separable. Now, define

(B3) CPRY S R, () = (Lo, (1), Loa () -.)-
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Lemma B.1. The map ¢ is an isometry between (P(RY), W1) and (((P(R?)), Doo). In particular,
L(P(R?)) is bounded and closed w.r.t. Do, while it is Borel but not closed with respect to T,,.

Proof. The fact that ¢ is an isometry comes from of A, which tells us
Dec (), (1)) = sup|Lg,, (1) = Lo, (V)| A1 =sup |Lg, (1) = L, (V)| = Wi, v).
n n

Then, the set +(P(R?) must be bounded and closed w.r.t. Ds,. On the other hand, consider
the sequence of measures fi,, := d,, , with z,, € R? such that |x,| — +00. Then, ¢(u,,) — 0, i.e.
t(1n) converges element-wise to 0, but the sequence given by all zeros is not in ¢(P(R?)), thus
t(P(R?)) is not closed in 7,,. Anyway, ¢ is continuous when endowing P(R?) with the narrow
topology and R with 7,,. Since it is also injective and (R*°,7,,) is Polish, then ((P(R?)) is
Borel because it is Lusin (see Lemma and Corollary . ]

We proceed by introducing the cylinder functions for R°°, the continuity equation over R>°
and the superposition principle. For the proofs, we refer to [AT14}, Chapter 7).

Definition B.2 (Cylinder functions of R*®). We say that a function F : R® — R is a cylinder
function, and we write F € Cyl'(R™), if there exists k € N and ¥ € C'(R¥) bounded and with
bounded derivatives, such that

(B.4) F(x) =9 (mi(x)) = U(x1,...,25) Vo eR™.
Its gradient is then defined as
(B.5) VF(x) = (019 (m(x)),..., 0P (mk(x)),0,0,...).

Definition B.3 (Continuity equation over R*). Let v : [0,T] x R>® — R> be a Borel vector
field (w.r.t. 7,) and (m¢)ico,r) C P(R®) a weakly™ continuous curve of probability measures
over R*®. Then, we say that the continuily equation Oym; + div(vum;) = 0 holds if

T
(B.6) / /|v§k)|dmtdt <400 VkEN,
0
where the superscript k indicates the k-th component of v, and
d
(B.7) &/det = /VF-vtdmt, VF € Cyl'(R>)

in the sense of distribution of (0,T).

Definition B.4. The set AC,,([0,T],R>®) C C([0,T], (R*,Ty)) is the set of T-continuous
curves v : [0,T] — R that are element-wise absolutely continuous.

Theorem B.5 (Superposition principle over R>). Let v : [0,T] x R — R* and (m¢)e(o,7)
as in the previous definition, satisfying Oymy + div(vymy) = 0. Then there exists a probability
measure L € P(Cy,([0,T],R*>)) such that (e;)sL = my, it is concentrated over AC,([0,T],R>)
and for \-a.e. 7, it holds

(B.8) —5®(t) =P (3) vk eN.
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APPENDIX C. MEASURABILITY IN THE SPACE OF CURVES

We collect here some results concerning measurability properties of subsets of Cr(Y'), where
Y is a Polish space and Cr(Y) is endowed with the distance Dy where d is a distance on YV
generating its topology.

Lemma C.1. For any p € [1,400), the space ACY(Y') is a Borel subsets of Cr(Y), both
endowed with the sup distance.

Proof. By Theorem 10.2, [ABS24|, the functional a,, is lower semicontinuous (their proof can be
easily extended to the case p € (1,400) using again Lemma 10.1, [ABS24]). Then, the sublevel
sets are closed, and by the definitions above we can write ACP as the union of the sublevel sets
at level n € N. Then it is F,, and so it is Borel. Regarding the case p = 1, we refer to [AGS14}
§2.2] |

Lemma C.2. Let D : [0,T] x Cr(R%) — (RU {:too})d defined as the pointwise and component-
wise lim sup of the discrete derivatives, i.e.
Vi (t+h) —;(t)

(D(t,v))j = lim sup —

. j=1,....d
h—0 h J

Then, the function D is Borel measurable and for all A € P(Cr(RY)) concentrated over
ACT(PRY)), D(t,y) € RY for LL @ A-a.e. (t,7).

Proof. Being the limsup of continuous functions, D is Borel. The last property follows from
the fact that for A-a.e. v and a.e. t € (0,T), the derivative of v in ¢ exists and is finite. g

C.1. Curves in R*>. Here we show a measurability result, linking the two spaces of continuous
curves on R* with respect to the two topologies presented in Appendix ie. Cp(R*, Dy)
and Cp(R*, 7). In particular, we will need the following result.

Lemma C.3. Let ¢ : P(RY) — R™ be as in (B.3). The set Or(1(P(R?)), Do) is a Borel subset
of Or(R*,7,). Moreover, the Borel o-algebra generated by its subspace topology induced by

Cr(R*, Dy) coincides with the Borel o-algebra generated by the subspace topology induced by
Cr(R*®, 7).

Proof. The space ((P(R%)), Do) is Polish, since it is isometric to (P(R%), W), then the same
holds for Cr(:(P(RY)), Dy,), with its natural compact-open topology, that we call 7. Such a
topology is clearly stronger than the subspace topology induced by the larger (Polish) space
Cr(R*, 1), that we denote by T, so that the map

id: (Cr((P), Do), T) — (Cr(R®,74), Tw)

is continuous and injective, i.e. C7(t(P), D), as a topological subspace of Cp(R*, 7,,) is Lusin
by Definition and then Borel by Lemma[A:2] To conclude, notice that both the topology
over Cr(u(P), Do) makes it a Lusin space and they are comparable; then the induced Borel
o-algebras coincide by [Sch73| Corollary 2, pp. 101]. O

C.2. Curve of random measures.
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Lemma C.4. For any mg,my; € P(R*>) it holds
(C.1)
Wi p,, (mg,my) = sup{/ Fd(mp —my) : F(x) € Cyli(Roo)7 F 1-Lip w.r.t. DOO}

k
Z@m” < 1}.
=1 S

Proof. We prove the first inequality, while the second one will be a byproduct of our argument.
The > inequality is trivial, so we focus on the other one. Define the projection functions

" R 5 R, 7"(x) = (21,...,2,,0,0,...)
pn (R HR”? pn(x) - (xla"'axn)'
Notice that Wi p_ (ngo,ﬂ'gml) < Wi p. (mg,m). Moreover, for all m € P(R*), we have

:sup{/ Uompd(my —my): k€N, ¥ e CHRY), || V] < 1/2,

7'm — m weakly in duality with C,(R>,7,). Indeed, for any x € R>®, 7" (x) = x, so for any
F € Cy(R*°, 1), by the dominated convergence theorem, it holds

/ F(x)d(n}'m)(x) = / F(r™(x))dm(x) — / F(x)dn(z).

Moreover, Do is Ty ® T, Ls.c.: indeed consider x(™), y(") € R respectively, converging
component-wise to x and y, then

lim inf Do (x™, y™) =lim inf sup |z{" — i A1

n—-+00 n——+oo jEN

> lim inf sup |a:§”) - y](n)| Al =supl|z; —y;| A1,
j<m

n——+00 j<m

for any m € N, and for its arbitrariness we conclude.
Consider a sequence of W1 p_ -optimal plans II, € T'o(m}'mo, wﬁ’ml). By the convergence of the
marginals and the fact that (R, 7,,) is a Polish space, we have that the set of measures {II,, }
is tight, which implies that

V(ng) I(ng;) - anj — II € I'(mg, my ),

where the convergence is weakly in duality with C,(R* x R, 7 ® 7). Then, by 7, ® 7,-l.s.c.
of Do, we have
Tk

lim inf W1 p__ (m, mo,ﬂgkjml) zljminf/Doo(x, y)dll,, (x,y)

j—+oo Jj—+oo
> [ Dyl y) = Wi, o,m),
and by arbitrariness of (ny) we conclude that liminf,,_, y o Wi p_, (ngo, ﬂélml) > Wi p., (mg,my).
Together with what was proved before, we have that

(C?) lim ngDoo (W;lmo,ﬂgml) = WLDoo (m07m1).

n—-+oo

Now, for any z,y € R" define D, (,y) := sup,;<,, |z; — y;| A 1 and notice that

Wi b, (mo,m1) =sup Wy p_, (mj'mo, my'my) = sup Wi p,, (m3'mo, m3'm;)
neN neN

~ s A v - [ v |

neN {veCl(R™):¥ D, 1-Lip}
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= sup /\II(W”(X))d(mg —m)(x).
n,¥ as above

The proof is then concluded by the fact that R* 5 z — U(7™(z)) is the general expression for
a cylinder function from R* — R, and it is Do, 1-Lipschitz if and only if R" 3 z — ¥(x) is D,,
1-Lipschitz. This is equivalent to ask that

> 10:v]
i=1

Moreover, up to considering a translation, we can substitute the condition on oscillation with
I |loo < 1/2, which concludes the proof. O

<1 and osc¥:=max¥ —minV¥ < 1.

o0

In particular, the previous lemma characterizes Lipschitzianity with respect to D, of cylinder
functions over R*° through conditions on the function ¥ that represents it, that is

n

> 10y

i=1

F =Von"is Dy 1-Lipschitz <= <1and osc¥ < 1.

oo

The following shows how to use the previous lemma to have a duality formula for Wi using
only duality with cylinder functions.

Proposition C.5. The following duality formula holds for the distance W, = Wi v, - for all
M, N € P(P(R?)) we have

(C.3) Wi (M, N) = sup

[ Fware - [ Fwavw)
FeCylL(P(RY)), Lip(F)<1JP(RY)

P(R4)
where the Lipschitz constant has to be intended w.r.t. the W, distance.

Proof. Tt follows easily by Lemma indeed, thanks to (C.1)), we can conclude

W, Wl(Mv N)=Wip. (4M,4N) = sup Fd(uyM — 4N)
, oo

—sup{ [ W00 L M) [ W0, L, ()iM0)

noticing that if F € Cyl'(R>) and it is Do, 1-Lipschitz then, again by the fact that ¢ is an
isometry, we have that W(Lg, (1), . .., Ly, (1)) € CylL(P(R?)) is W; 1-Lipschitz. O

Remark C.6. We actually proved a stronger result: the Wasserstein distance Wi w, between
M and N can be recovered by the cylinder functions depending only on the functions (Lg, )nen,
where (¢n)nen C CL(R?) are 1-Lipschitz functions from R? to R (w.r.t. |-| A1) such that

Wi at(p,v) =sup | ¢p(z)d(p — v) ().
neN JRd
Moreover, the last equality in the proof of Lemma[CZ)
Wi p,, (mg,mp) = sup/\Il(p"(x))d(mO —my)(x),

n,¥
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is telling us that for any n € N, we can consider a countable family F,, of 1-Lipschitz functions
(w.r.t. D,,) such that the sup is realized taking F € F,,. Defining the countable family F .= UF,
and taking in considerations what has been said above, we have that

(C.4) Wi N) = sup [ o FU 9 L )M = N) ).

Lemma C.7. Let (M)icpo,r] C P(P(R?)) and (By)iejo,r) be an L*(M; ® dt)-derivation such
that ([.7) holds. Then there exists a curve t — M, such that My = M; for a.e. t € [0,T] and
(My) € ACr(P(PR?)), W1) C Cr(P(P(RY))).

Proof. For any F € Cyll(P(R%)), the map [0,7] > t ~ [ F(u)dM(u) is WH(0,T) with
distributional derivative [ B[F](pu)dM;(p). In particular, there exists Ir C (0,7) of full
Lebesgue measure such that for all s,t € Ip

/ FdM, — / FdM, = / t / B, [F)(p)dM, () dr.

Consider € C Cyl(P(R%)) the countable set in the supremum of (C.4)) and take the full Lebesgue
measure set I = Npeelp. Then for any s,t € I we have

Ws (M, M —sup/F Ly,,...,L, )d(Mt—Ms)

=y [ [ P () o )0 )

Fec

:sup//B w)dM,.( dr<//c,« YdM,.dr,
Fee

where the last inequality follows from the fact that |F(z) — F(y)| < Dn(x,y) < sup;<, |zi — yil,
which implies that the 1-norm in R™ of the gradient of F' is bounded by 1, i.e.

Y 0iF(x)| <1 Vo eR™

i=1

This implies that Vo € R? and Yy € P(R?)

|VwF(J),/,6)| < Z |8iF(L1111 (:U)v RN Li/)n (U))vaz| < Z |aiF(L¢1 (M)’ B Lll)n (M))l <1,

i=1 i=1

following also from the fact that for all n € N, 1, is | - | A 1 1-Lipschitz, so in particular they

are 1-Lipschitz w.r.t. the usual Euclidean norm | - | in R
Then, there exists a curve of random measures ¢ — M, that is absolutely continuous w.r.t.
W1W1 and M; = M, for all t € I. O

APPENDIX D. MEASURABILITY IN THE SPACES OF MEASURES

In this section, we state some general results of Borel measurability in the spaces M (Y),
M(Y,R%) and their product, where Y is a Polish space. In M (Y) and M(Y,R¢) we consider
the weak topology in duality with C} functions, and the product topology over product spaces.
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D.1. Equivalence between c-algebras over M (Y). Let (Y, 7) be a Polish space. The goal
of this subsection is to prove that the Borel o-algebra of M (Y'), endowed with the narrow
topology, is the same as the smallest o-algebra § that makes measurable the evaluation on Borel
sets, i.e. such that for any Borel set A C Y the map M (Y) 3 u— p(A) € R is S-measurable.

Lemma D.1 (Measurability of u — [ gdu). Let Y be a Polish space. For each Borel map
g:Y = [0,4+00]

G M (Y) = [0, 400, Glu) = [{ g du

is a Borel function. In particular, the set

Py(Y) = {,u ePy) : / gdp < +oo}
Y
is a Borel subset of P(Y).
Proof. Define

H:={h:Y - R : his Borel and bounded, y — / h du is Borel}.
%

Obviously H contains Cp(Y). Moreover, H is closed under monotone limits, indeed if H >
h,, — h monotonically, then by dominated convergence theorem, for any p € M (Y)

H(u) ::/Yhdu: lim Yhnd,u,

n——+oo

so H is the pointwise limit of Borel functions, thus it is Borel, which implies that h € H. Then
we can apply [Bog07, Theorem 2.12.9, (iii)] to conclude that h € H for any bounded and Borel
function h : Y — R. Then, by monotone convergence theorem, we conclude that G is a Borel
function approximating g pointwise with g, := g A n. g

Lemma D.2. The narrow topology over X := M, (Y) is metrizable.

Proof. Thanks to |Bog07], Theorem 8.3.2, the narrow topology over M, (Y) is induced by the
norm

(D.1) leell B := sup {/Y(bdu : ¢ € Lip,(Y), LIP(¢) < 1}.

Before moving to the main goal of this section, we need a general lemma.

Lemma D.3. Let Z be a Polish space. Then B(Z) is the smallest o-algebra under which
continuous functions from Z to R are measurable.

Proof. Let C C Z be a closed subset. Define the continuous function d¢(z) := inf{dz(y, z) :
y € C'}. Notice that C = 65" ({0}). Let 8 be the smallest o-algebra on Z such that all continuous
functions from Z to R are measurable. For sure 8 C B(Z). On the other hand, for any closed
set C' C Z, we have that C = d;'({0}) € 8, so B(Z) C 8. O

We will use this lemma with Z = M (Y'), where Y is a Polish space. To this aim, define the
class of functions

F={F: M (Y)>R : F(p) = /fd,u7 feCy¥)}.
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Lemma D.4. Let C be the collection of all narrowly continuous functions from M4 (Y) to R.
Let 85 (resp. 8¢) be the smallest o-algebra over M (Y') that makes measurable the functions in
F (resp. C). Then 8 = 8¢ = B(M(Y)).

Proof. The fact that B(M(Y)) = 8¢ follows from the previous lemma. Regarding 8+, trivially
we have 85 C S8e. On the other hand, notice that the countable class of functions €y C &,
introduced in [AGS08| Remeark 5.1.1], is sufficient to describe the narrow topology T of M (Y).
This means that T coincides with the smallest topology that makes continuous the functions in
eo. Then

BM4(Y))=0(r) =0 ({F((a,b)) : FE€Cy a<b, a,beQ}) C 8.
(|

Proposition D.5. Let Y be a Polish space and 8 be the smallest o-algebra on M (Y) that
makes measurable the functions p— p(A) for any A € B(Y). Then 8 coincides with B(M4(Y)).

Proof. Thanks to Lemma it holds that 8 € B(M4(Y)). On the other hand, the integral
of step functions is 8-measurable, and then also p — [ fdu is measurable for any f € Cy(Y).
This implies that 85 C §, and thanks to the previous lemma we are done. (|

Corollary D.6. Let X be a topological space and X > x — p, € M (Y) be a map taking
values in My (Y). Then

x> [y 18 Borel <= x> pu,(A) is Borel VA € B(Y).

This corollary directly shows the measurability of the family of measures given by the
disintegration theorem, that we recall here for completeness.

Theorem D.7. Let Y, X be Polish spaces, w € My (Y) and e: Y — X a Borel function. Define
0 :=espu € M (X). Then there exists a family {jz}zex C P(Y') such that
(i) x v+ pi(A) is Borel measurable for any A € B(Y);
(i) pldz) = [x pa(dy)do(z);
(ii3) p. is concentrated on e=1({z}) for f-a.e. z € X.
Moreover, such a disintegration is unique, in the sense that if another family {u! }.cx satisfies
these properties, then p, = p!. for 6-a.e. v € X.

D.2. Measurability of sets and maps.

Proposition D.8 (Measurability of p +— fyu). Let X,Y be two Polish spaces and f : X —Y
be a Borel measurable map. Then fy : My (X) — M (Y) is Borel measurable. The same
holds for the restriction fy : P(X) — P(Y). If, additionally, f is continuous, we have that
fi : M(X;RY) — M(Y;RY) is continuous, and in particular Borel measurable.

Proof. By Corollary the map p — fip is measurable if and only if for all B € B(Y') the
map > fyu(B) is measurable. By Lemma we conclude, since A = f~1(B) € B(X) and

fou(B) = p(f~1(B)) = /X 1 ady

is measurable. For the second part, simply notice that f;|p(x) maps P(X) to P(Y).

Thanks to [Bré11, Proposition 3.2], we only need to show that M(X;R?) 5 p+— [, ¢d(fypn) €
R is continuous for all ¢ € Cy,(Y;R?). We conclude noticing that [, ¢d(fyp) = [y ¢ o fdu,
which is continuous since ¢ o f € Cp(X;R?). O
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Theorem D.9 (Measurability of u— fu). Let Y be a Polish space. Let f :Y — [0,400] be a
bounded and Borel map. Then the map

FiML (V) 5 ML (Y), F(u) = fa
is Borel, endowing M (Y) with the weak topology w.r.t. the duality with Cy(Y') functions.

Proof. Thanks to Corollary it suffices to prove that for all A € B(Y'), the map p — fA fdp
is measurable. We are done by Lemma with g(y) = f(y)1a(y). O

Corollary D.10. Assume that f : Y — [0, +00] is Borel. Then the map
FiMyp (V) 5 M(Y), Fu) = fa
is Borel, where My ¢(Y) :={u € My (Y) : f € L' (u)} is endowed with the subspace topology.

Proof. We know that M ;(Y") is a Borel set. Define Fy(p) := (f Ak)u for all p € My ;(Y),
k € N. Then Fj, pointwise converges to F’; indeed, (f Ak)y — fApforall pe My (V). O

Corollary D.11. Assume f:Y — R is Borel. Then the following map is Borel
FMyp(Y) = M(Y),  F(p) = fp
Proof. Notice that for all p € My ((Y), F(n) = Fi(p) — F_(p), where Fy (1) = fap. d
Corollary D.12. Assume f:Y — R? is Borel. Then the following map is Borel
F My p (V) = M(Y5RY),  Fu) = fpu
Proof. Notice that M(Y; R?) is homeomorphic to M(Y)4. O

Lemma D.13 (Measurability of the condition v = fu). Let Y be a Polish space. For each
Borel map f:Y — R% and any p > 1, the following set is Borel measurable:

Dy = {(p,v) e ML (Y) x M(Y3R?) = f e LP(u), v= fu}.

Proof. The condition f € LP(u) is a Borel condition thanks to the previous lemma.
Regarding the condition v = fu, thanks to the equivalence (i) <= (ii) in [Bog07, Theorem
8.10.39], we have that M(Y,R9) is countably separated, i.e. there exists a countable set of
continuous and bounded functions {h,, : Y — R} such that for all vy, v, € M(X,R%)

/hn~du1:/hn~dV2Vn€N = U] = Us.
X X
Then, we can rewrite
@f:{(ﬂ,l/)ejthr(Y)XM(Y;Rd) o feLP(p), / hn-du:/ hy - f du Vn}.
Y Y

Notice that the function M(Y,R%) 3 v +— [h, - dv is continuous, while on the function
M4 (X) 2 pr [hy- f dusome comments must be done: written like this it is not well defined,
because f could be not bounded. Replace it with the function

Hy (p) = J(hy - e = (hn - )= dp if feL'(u)
I +00 otherwise

This is a Borel function, because {u : f € L'(u)} is a Borel set and thanks to the previous
lemma the two functions [(h, - f)+ dp are Borel and we are done. |
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Proposition D.14 (Measurability of the condition v < p). Let Y be Polish. Then
{(1v) € ML (V) x M4 (V) v < i}
is a Borel subset of M (Y) x M4(Y).

Proof. The proof follows the same line of Lemma with some more refinements.
Recall that the condition v < p is equivalent to

Ve >030 >0 : VBe B(X), u(B)<d = v(B)<e.
Thanks to the outer regularity of any finite Borel measure, it is equivalent to require
Ve>036 >0 : VAC X open, pu(B) <§d = v(B) <e.

Define the functional

Tswl) = s u(d),
ACX open,u(A)<s

and notice that, thank to what has already been said,
v [ = inf&"fi(ym) =0.
ne n

Then, we are done if we prove that (u,v) — Fs(v|u) is Borel. We prove that, for all § > 0, such
function is actually l.s.c. in the couple (i, v). Notice that such functional can be rewritten as

—00 ifegl
F = A) + —o0 A ’ = i
s(v|u) ACi}llgpen ((A) + X(~o0,8 (1(A))) xr(z) {0 ifzel
Now notice that

e v— v(A)is ls.c. for any A C X open:
e the function x — x(_o5)(2) is L.s.c. and non-decrasing. This, together with the lower
semi-continuity of y +— u(A), implies that 1+ X(o0,5)(14(A)) is lower semicontinuous.

Then, Fs(v|p) is the supremum of l.s.c. functionals, which implies that it is l.s.c. as well. In
particular, it is a Borel map. (|

Corollary D.15. Given X Polish, the set
{(,v) € M4 (X) x M(X;RY) v < pu}
is a Borel subset of M (X) x M(X;R%).

Proof. The condition v < p is equivalent to |v| < pu, where v is the total variation measure of
v. We conclude thanks to the previous Lemma and the fact that M(X;R?) 3 v+ || € M, (X)

is Borel (see Remark 2.4, |[AILP24]). O
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