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Abstract. This paper addresses the asymptotics of functionals with linear growth depending on
the Riesz s-fractional gradient on piecewise constant functions. We consider a general class of
varying energy densities and, as s → 1, we characterize their local limiting functionals in the sense
of Γ-convergence.

1. Introduction

Nonlocal functionals represent a powerful alternative to local models, providing a framework to
capture long-distance interactions without relying on the existence of gradients. Such a distinctive
attribute has proven particularly valuable in multiple applications, where classical local models may
fall short. Among others, we mention image processing for advanced edge detection and denoising [6,
15, 44, 49], data science and machine learning for elucidating data point relationships [7, 9, 19, 47],
and mechanical modeling for accurately describing long-range effects in elasticity [1, 14, 42, 52, 57,
58, 59, 60].

A first approach to nonlocal problems was given in terms of fractional Sobolev spaces W s,p(Rn)
for s ∈ (0, 1) and p ∈ [1,+∞), characterized in terms of the Gagliardo seminorm [u]s,p, see [36]
for an overview. In the case p = 1, a first notion of fractional perimeter has been introduced
in [20] in terms of the Gagliardo seminorm of indicator functions [1E ]s,1, extending the traditional
theory of Caccioppoli perimeter [5]. This led to the development of an extensive theory of, e.g.,
nonlocal minimal surfaces [20, 25, 40], fractional mean curvature flows [24, 26, 29], and nonlocal
free discontinuity problems [23, 27, 28, 39, 41]. The asymptotic analysis of the Gagliardo perimeter
for s→ 1 or s→ 0 has been developed in [4, 38, 51].

As noticed in [55], fractional Sobolev spaces do not relate directly to any notion of fractional
gradient, and may thus be inadequate for the treatment of space-dependent energy densities. As a
workaround, in recent applications to elasticity and image processing [8, 12], nonlocality has instead
been expressed in terms of the Riesz fractional gradient ∇su (see Definition 2.1 below), studied
in [48, 55, 56]. The Riesz fractional gradient represents a rather natural nonlocal replacement of a
gradient as, among others, it possesses good representation formulas in terms of Riesz potentials,
as well as useful integration by parts formulas, expressed through a fractional divergence operator
divs (cf. Definition 2.1). The Riesz fractional gradient has been thoroughly studied in variational
problems, with focus on lower semicontinuity, relaxation, and Γ-convergence [10, 13, 33, 50] under
superlinear growth. We further refer to [11, 31, 34] for the nonlocal-to-local analysis as s→ 1.

When coming to the case p = 1, it has been pointed out in [30, 31] that Gagliardo spaces are not
suitable for the definition of a nonlocal version of functions with bounded variation. Such an issue
has been addressed in [18, 30, 31], where the space BV s(Ω) of functions with s-fractional bounded
variation in an open set Ω ⊆ Rn has been introduced by exploiting the fractional divergence
operator. This led to the definition of a weak s-fractional gradient Dsu ∈ Mb(Ω;Rn) for u ∈
BV s(Ω). Lower semicontinuity and relaxation issues for functionals with linear growth defined

2020 Mathematics Subject Classification. 49J45, 26A33, 35B27, 35R11, 26B30, 49Q20.
Key words and phrases. fractional calculus, fractional gradient, fractional variation, Γ-convergence, Caccioppoli

partitions, homogenization.

1



2 S. ALMI, M. CAPONI, M. FRIEDRICH, AND F. SOLOMBRINO

on BV s(Rn) have been discussed in [54]. The associated notion of finite fractional s-perimeter has
been studied extensively in [31]. In particular, the authors show that in the nonlocal-to-local limit
s→ 1 this notion Γ-converges to the classical Caccioppoli perimeter.

The goal of the present paper is to initiate a systematic study of Γ-convergence in fractional
spaces of bounded variations in the limit as s→ 1, identifying for which scaling of s a local model
is recovered. Inspired by the seminal papers [2, 3], we focus here on the sequence of functionals

Fk(u) =

∫
Ω
ψk

(
y,

dDsku

d|Dsku|
(y)

)
d|Dsku|(y) (1.1)

defined on piecewise constant functions u : Rn → T with finite sk-fractional variation, where T ⊂ R
denotes a finite set. As in [2, 3], our motivation comes from the fact that many problems in physics
can be characterized by the formation of partitions which can be described variationally by means
of local or nonlocal interfacial energies, e.g., different orientations in liquid crystals or different fluid
densities in the theory of Cahn-Hilliard. Compared to the classical setting of [2, 3], the advantage of
dealing with fractional gradients is already apparent in the formulation of the problem: fractional
gradients are well-defined on low regularity functions and no Geometric Measure Theory tools are
required for the definition of (1.1). Under suitable constitutive assumptions on the densities ψk

and the parameter sk, our main result shows that the Γ-limit of Fk is a local functional coinciding
with the one identified in [3] for Caccioppoli partitions, see Theorem 3.1.

The class of admissible densities ψk is given by continuous functions in Rn × Rn, convex and
positively 1-homogeneous in the second variable, and uniformly bounded from above and below by a
norm in Rn. Moreover, we require a uniform approximation condition (A) which allows to uniformly
approximate ψk(x, ξ) in terms of finite sums of functions of the form bik(x)φ

i
k(ξ), i = 1, . . . , N , with

bik ≥ 0 uniformly continuous, and φi
k convex and positively 1-homogeneous. The precise definition

of the admissible class can be found in Section 3. Here, we only remark that our framework covers
particularly the setting of almost periodic functions considered in [3]. The parameter sk converges
to 1 under the additional compatibility condition (3.1) involving the radius of uniform continuity rbik
of the maps bik, as defined in (2.1). As we discuss in Remark 3.5, the convergence rate in (3.1)
simplifies in the homogenization setting ψk(x, ξ) = ψ( x

εk
, ξ), while similar rates already appeared

in the mathematical literature concerning fractional gradients [1].
The main idea behind the Γ-limif inequality is based on the relation between the Riesz fractional

gradient ∇su and the gradient of the Riesz potential v = I1−su, namely ∇v = ∇su for u ∈ C1
c (Rn),

see Proposition 2.9 below. In Proposition 5.3 we show that such a property indeed extends, in
a suitable sense, to u ∈ BV s(Ω) ∩ L∞(Ω), as we can find w ∈ BV (Ω) with Dw = Dsu. This
allows to reformulate Fk in terms of BV -functions. The use of an anisotropic Coarea Formula
in Proposition 5.6 enables us to recover piecewise constant BV -competitors without substantially
changing the energy in the limit k → ∞. At this state, to conclude the lower bound, we can use
the Γ-liminf inequality in [3], or more precisely the one in [43] covering a more general class of
densities.

We emphasize that for the lower bound the uniform approximation condition (A) is not needed,
but it is essential for the Γ-limsup inequality. For the latter, a strategy could be to apply Propo-
sition 5.3 the reverse way, building functions in BV s from the limiting BV -function. Yet, the
construction of piecewise constant competitors would require a Coarea Formula in BV s(Ω), a tool
which is not available unfortunately, see [30, Theorem 3.11 and Corollary 5.6]. Hence, we follow
another path which consists in showing that recovery sequences for the classical variation [3, 43]
are also compatible with the fractional variation. For the approximating densities as in (A), this
is achieved by the combination of convexity, Riesz potential, and a duality approach, moving the
Riesz operator I1−sk to the weight functions bik appearing in (A). When passing to the limit, the
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scaling (3.1) between sk and the oscillation parameter rbik
is necessary to control the error terms

quantified, loosely speaking, by ∥I1−skbik − bik∥L∞ , see Lemma 5.8.
To the best of our knowledge, the present paper is a first step towards a comprehensive the-

ory of Γ-convergence for fractional energies involving linear growth and nonlocal-to-local effects.
An interesting generalization consists in developing the stochastic counterpart of the variational
analysis presented in this work. Future research will also be devoted to the extension of our Γ-
convergence result to the case of functionals defined on the whole BV s(Ω), thus moving towards the
BV -theory of [22]. In this context, let us highlight that our use of Caccioppoli partitions simplifies
the formulation of the limit energy drastically, as it only weights the interfaces of the partition
and also introduces an a priori L∞-bound on the functional space. The latter is crucially exploited
in our arguments, both for compactness (cf. Theorem 3.1(1) and Proposition 4.2) and for cut-off
constructions (see Proposition 2.21). Indeed, the s-fractional variation of u ∈ BV s(Ω) is compared
with the s-fractional variation of ηu over Rn, after the multiplication by a cut-off function η. The
error produced by this operation is due to a fractional version of Leibniz’ rule, and is controlled in
terms of the L∞-norm of u.

The paper is organized as follows. Section 2 is devoted to some preliminaries, in particular the
Riesz fractional s-gradient and s-variation. In Section 3 we present our setting and formulate the
main result. Then, Section 4 addresses the proof of compactness, and eventually Section 5 contains
the proof of the Γ-convergence result. Some auxiliary results are collected in Appendix A.

2. Preliminaries

2.1. Notation. For all x ∈ Rn and r > 0, let Br(x) ⊂ Rn denote the open ball of radius r centered
at x. When x = 0, we simply write Br, and we set Sn−1 := ∂B1. For all x ∈ Rn and r > 0, let
Qr(x) ⊂ Rn denote an open cube centered at x with sides parallel to the coordinate axes. For all
ν ∈ Sn−1 we fix an orthogonal matrix Rν ∈ Rn×n satisfying Rνen = ν, and for all x ∈ Rn and r > 0
we define Qν

r (x) := RνQr(x). When x = 0, we simply write Qν
r .

Let Ln denote the n-dimensional Lebesgue measure and Hn−1 the (n−1)-dimensional Hausdorff
measure. We set ωn := Hn−1(Sn−1). Given a measurable set E ⊆ Rn, let 1E : Rn → {0, 1} denote
its characteristic function. Given two open set A,B ⊂ Rn, we write A ⊂⊂ B if there exists a
compact set K such that A ⊂ K ⊂ B. Given two sets A,B ⊆ Rn, we denote their symmetric
difference by A△B := (A \B) ∪ (B \A).

We adopt standard notation for Lebesgue spaces on measurable subsets E ⊆ Rn. According to
the context, we use ∥ · ∥Lp(E) to denote the norm in Lp(E) for all 1 ≤ p ≤ ∞. Given an open set

Ω ⊆ Rn and k ∈ N, we denote by M(Ω;Rk) the space of Rk-valued Radon measures on Ω, and by
Mb(Ω;Rk) the subspace of finite Radon measures. Given µ ∈ M(Ω;Rk), we denote by |µ| ∈ M(Ω)

its total variation, and by dµ
d|µ| ∈ L1

loc(Ω, |µ|;Rk) the Radon-Nikodym derivative of µ with respect

to its total variation |µ|.
Given an open set Ω ⊆ Rn and a function u ∈ L1

loc(Ω), let Du denote the distributional derivative
of u in Ω. The space of functions of bounded variation in Ω is defined as BV (Ω) := {u ∈ L1(Ω) :
Du ∈ Mb(Ω;Rn)}, and we set BVloc(Ω) := {u ∈ L1

loc(Ω) : Du ∈ M(Ω;Rn)}.
Let b : Rn → R be a uniformly continuous function. We define its radius of uniform continuity

rb : (0,∞) → (0, 1] for all η > 0 as

rb(η) := sup {δ ∈ (0, 1] : |b(x)− b(y)| ≤ η for all x, y ∈ Rn with |x− y| ≤ δ} . (2.1)

2.2. Riesz fractional s-gradient and s-divergence. We start by recalling the notion of Riesz s-
fractional gradient and Riesz s-fractional divergence, for s ∈ (0, 1), firstly introduced in [30, 55, 57].
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Let s ∈ (0, 1) be fixed. We define

µs :=
2sΓ(n+s+1

2 )

π
n
2 Γ(1−s

2 )
∈ (0,∞), (2.2)

where Γ denotes the Gamma function. Notice that

lim
s→1−

µs
1− s

=
n

ωn
=

1

Ln(B1)
. (2.3)

Definition 2.1. For all ψ ∈ C1
c (Rn) we define the Riesz s-fractional gradient ∇sψ : Rn → Rn as

∇sψ(x) := µs

∫
Rn

(ψ(y)− ψ(x))(y − x)

|y − x|n+s+1
dy for all x ∈ Rn. (2.4)

For all Ψ ∈ C1
c (Rn;Rn) we define the Riesz s-fractional divergence divsΨ: Rn → R as

divsΨ(x) := µs

∫
Rn

(Ψ(y)−Ψ(x)) · (y − x)

|y − x|n+s+1
dy for all x ∈ Rn.

As observed in [30, Section 2], the nonlocal operators ∇sψ and divsΨ are well-defined, in the
sense that the above integrals converge for all x ∈ Rn. Moreover, these operators satisfy the
following Lp-type estimates.

Proposition 2.2. Let p ∈ [1,∞]. For all ψ ∈ C1
c (Rn) and Ψ ∈ C1

c (Rn;Rn) we have

∥∇sψ∥Lp(Rn) ≤
2ωnµs

s(1− s)2s
∥ψ∥1−s

Lp(Rn)∥∇ψ∥
s
Lp(Rn), (2.5)

∥divsΨ∥Lp(Rn) ≤
2ωnµs

s(1− s)2s
∥Ψ∥1−s

Lp(Rn)∥∇Ψ∥sLp(Rn). (2.6)

The estimates for p = ∞ can be found in [31, Lemmas 2.2 and 2.3], while analogous estimates
for p ∈ [1,∞), with slightly different constants, are obtained in [31, Propositions 3.2 and 3.3]. For
the reader’s convenience, we give a sketch of the proof in Appendix A.

As shown in [30, Lemma 2.5] and [57, Section 6], the nonlocal operators ∇s and divs satisfy the
following integration by parts formula.

Proposition 2.3. For all ψ ∈ C1
c (Rn) and Ψ ∈ C1

c (Rn;Rn) it holds∫
Rn

∇sψ(y) ·Ψ(y) dy = −
∫
Rn

ψ(y) divsΨ(y) dy. (2.7)

We next recall the Leibniz-type formulas involving the Riesz s-fractional gradient and the Riesz
s-fractional divergence. To this end, we introduce the following nonlocal operators.

Definition 2.4. For all ψ, ϕ ∈ C1
c (Rn) we define the nonlocal operator ∇s

NL(ψ, ϕ) : Rn → Rn as

∇s
NL(ψ, ϕ)(x) := µs

∫
Rn

(ϕ(y)− ϕ(x))(ψ(y)− ψ(x))(y − x)

|y − x|n+s+1
dy for all x ∈ Rn. (2.8)

For all Ψ ∈ C1
c (Rn;Rn) and ϕ ∈ C1

c (Rn) we define the nonlocal operator divsNL(Ψ, ϕ) : Rn → R as

divsNL(Ψ, ϕ)(x) := µs

∫
Rn

(ϕ(y)− ϕ(x))(Ψ(y)−Ψ(x)) · (y − x)

|y − x|n+s+1
dy for all x ∈ Rn. (2.9)

As before, the integrals (2.8) and (2.9) converge for all x ∈ Rn, and the following Lp-type
estimates hold.
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Proposition 2.5. Let p ∈ [1,∞]. For all ψ, ϕ ∈ C1
c (Rn) and Ψ ∈ C1

c (Rn;Rn) we have

∥∇s
NL(ψ, ϕ)∥Lp(Rn) ≤

4ωnµs
s(1− s)2s

∥ψ∥L∞(Rn)∥ϕ∥sLp(Rn)∥∇ϕ∥
1−s
Lp(Rn),

∥divsNL(Ψ, ϕ)∥Lp(Rn) ≤
4ωnµs

s(1− s)2s
∥Ψ∥L∞(Rn)∥ϕ∥sLp(Rn)∥∇ϕ∥

1−s
Lp(Rn).

The proof of Proposition 2.5 is analogous to that of Proposition 2.2 and is therefore omitted. As
observed in [30, Lemmas 2.6 and 2.7], the following two Leibniz-type formulas hold.

Proposition 2.6. For all ψ, ϕ ∈ C1
c (Rn) and Ψ ∈ C1

c (Rn;Rn), we have

∇s(ψϕ)(x) = ψ(x)∇sϕ(x) +∇sψ(x)ϕ(x) +∇s
NL(ψ, ϕ)(x) for all x ∈ Rn, (2.10)

divs(Ψϕ)(x) = Ψ(x) · ∇sϕ(x) + divsΨ(x)ϕ(x) + divsNL(Ψ, ϕ)(x) for all x ∈ Rn. (2.11)

We conclude this subsection by recalling the relation between the Riesz s-fractional gradient
and the classical gradient, as well as between the Riesz s-fractional divergence and the classical
divergence. To this end, we introduce the notion of the α-Riesz potential for α ∈ (0, n). We define

γα :=
2απ

n
2 Γ
(
α
2

)
Γ
(
n−α
2

) =
n− α

µ1−α
∈ (0,∞),

where we note that µs in (2.2) can also be defined for s ∈ (1− n, 0]. In view of (2.3), we have

lim
α→0+

αγα = ωn. (2.12)

Definition 2.7. Let µ ∈ M(Rn) be a Radon measure satisfying∫
Rn

d|µ|(y)
(1 + |y|)n−α

<∞. (2.13)

For α ∈ (0, n), we define the α-Riesz potential Iαµ : Rn → R as

Iαµ(x) :=
1

γα

∫
Rn

dµ(y)

|y − x|n−α
for a.e. x ∈ Rn.

When µ = f Ln, we simply write Iαf instead of Iαµ.

The operator Iα is well-defined in view of the following result.

Proposition 2.8 ([53, Theorem 1.1, Chapter 2]). Let µ ∈ M(Rn) be a Radon measure satisfy-
ing (2.13). Then, Iαµ(x) is well-defined for a.e. x ∈ Rn and Iαµ ∈ L1

loc(Rn).

As shown in [55, Theorem 1.2] and [30, Proposition 2.2], the following relations hold between ∇s

and ∇, and between divs and div.

Proposition 2.9. For all ψ ∈ C1
c (Rn) we have

∇sψ(x) = ∇I1−sψ(x) = I1−s∇ψ(x) for all x ∈ Rn.

For all Ψ ∈ C1
c (Rn;Rn) we have

divsΨ(x) = div I1−sΨ(x) = I1−s divΨ(x) for all x ∈ Rn.

For additional properties of the Riesz s-fractional gradient and s-divergence, we refer the reader
to [30, 31, 55, 56, 57].
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2.3. Riesz fractional s-variation. In this subsection, we recall the definition of the Riesz s-
fractional variation, s ∈ (0, 1), originally introduced in [30], which relies on formula (2.7). We
begin by introducing the notion of the weak s-fractional gradient.

Definition 2.10. Let Ω ⊆ Rn be an open set, s ∈ (0, 1), p ∈ [1,∞], and u ∈ Lp(Rn). We say that
u has a weak s-fractional gradient in Ω if there exists a function v ∈ L1

loc(Ω;Rn) such that∫
Ω
v(y) ·Ψ(y) dy = −

∫
Rn

u(y) divsΨ(y) dy for all Ψ ∈ C1
c (Ω;Rn). (2.14)

By definition, when it exists, the weak s-fractional gradient is unique. Moreover, in view of
Proposition 2.3, every function ψ ∈ C1

c (Rn) admits a weak fractional gradient in Rn, which coincides
with the Riesz s-fractional gradient. Therefore, with a slight abuse of notation, we denote the weak
s-fractional gradient of u by ∇su.

Remark 2.11. We point out that, in order to define the weak s-fractional gradient of u in Ω,
we need that u is defined on the whole of Rn and satisfies a suitable integrability condition at
infinity. Otherwise, the second integral in (2.14) would not be well-defined, since divsΨ does not
have compact support.

As a consequence of [31, Proposition 3.2(iii) and Corollary 3.6], we have the following result.

Proposition 2.12. Let s ∈ (0, 1) and u ∈ L∞(Rn) with Du ∈ Mb(Rn;Rn). Then, u has a weak
s-fractional gradient ∇su ∈ L1

loc(Rn;Rn), and

∇su = I1−sDu in Rn.

Moreover, for all R > 0 we have

∥∇su∥L1(BR) ≤
2ωnR

1−sµs
(1− s)2s

|Du|(B3R) +
21+sω2

nR
n−sµsΓ(1− s)

s
∥u∥L∞(Rn). (2.15)

Remark 2.13. Let us state the behavior of the constants appearing in (2.15) as s → 1−, which
will play a crucial role in the proof of the Γ-limsup inequality. By (2.3) and the fact that xΓ(x) → 1
as x→ 0+ we have

lim
s→1−

2ωnR
1−sµs

(1− s)2s
= n, lim

s→1−

21+sω2
nR

n−sµsΓ(1− s)

s
= 4nωnR

n−1.

We are now in a position to define the notion of s-fractional variation.

Definition 2.14. Let Ω ⊆ Rn be an open set, s ∈ (0, 1), p ∈ [1,∞], and u ∈ Lp(Rn). We define
the s-fractional variation of u in Ω as

V s(u,Ω) := sup

{∫
Rn

u(y) divsΨ(y) dy : Ψ ∈ C1
c (Ω;Rn), ∥Ψ∥L∞(Ω) ≤ 1

}
.

As in the case of the weak s-fractional gradient, the function u must be defined on the whole
of Rn in order to define the s-fractional variation of u in Ω. As shown in [30, Theorem 3.2] for
the case Ω = Rn and p = 1 (see also [32, Section 1] for the general case), one can exploit the
Riesz representation theorem to obtain the following relation between the s-fractional variation
and vector-valued Radon measures.

Proposition 2.15. Let Ω ⊆ Rn be an open set, s ∈ (0, 1), p ∈ [1,∞], and u ∈ Lp(Rn). Then, u
has finite s-fractional variation in Ω if and only if there exists a Radon measure Dsu ∈ Mb(Ω;Rn)
satisfying ∫

Ω
Ψ(y) · dDsu(y) = −

∫
Rn

u(y) divsΨ(y) dy for all Ψ ∈ C1
c (Ω;Rn). (2.16)

In particular, we have

V s(u,A) = |Dsu|(A) for all open sets A ⊆ Ω.



RIESZ FRACTIONAL GRADIENT FUNCTIONALS DEFINED ON PARTITIONS 7

Remark 2.16. Clearly, a similar result holds true if u ∈ Lp(Rn) satisfies

V s(u,A) <∞ for all open sets A ⊂⊂ Ω.

In this case, there exists a Radon measure Dsu ∈ M(Ω;Rn) such that (2.16) holds.

From now on, with a slight abuse of notation, we use |Dsu|(Ω) to denote the s-fractional variation
of u in Ω. We conclude this subsection by recalling some properties of the s-fractional variation.
The first one is a simple consequence of Propositions 2.3 and 2.15.

Proposition 2.17. Let Ω ⊆ Rn be an open set, s ∈ (0, 1), p ∈ [1,∞], and u ∈ Lp(Rn). If u has a
weak s-fractional gradient ∇su ∈ L1(Ω;Rn), then u has finite s-fractional variation in Ω and

Dsu = ∇suLn in Mb(Ω;Rn).

The second result, stated in [31, Proposition 3.12], allows to estimate the s0-fractional variation
of a function u ∈ L1(Rn) in terms of its s-fractional variation for s ∈ (s0, 1).

Proposition 2.18. Let s ∈ (0, 1). Assume that u ∈ L1(Rn) has finite s-fractional variation in Rn.
Then, for all s0 ∈ (0, s), the function u also has finite s0-fractional variation in Rn, and

|Ds0u|(Rn) ≤ sµ1+s0−sω
s0
s
n (n+ 2s0 − s)

s−s0
s |Ds1B1 |(Rn)

s−s0
s

s0(n+ s0 − s)(s− s0)
∥u∥

s−s0
s

L1(Rn)
|Dsu|(Rn)

s0
s . (2.17)

Remark 2.19. Let us state the behavior of the constant appearing in (2.17) as s→ 1−, which plays
a crucial role in the proof of the compactness result. Since 1B1 ∈ BV (Rn), by [31, Theorem 4.9]
we have that 1B1 has finite s-fractional variation in Rn and

lim
s→1−

|Ds1B1 |(Rn) = |D1B1 |(Rn) = Hn−1(∂B1) = ωn.

Thus, for all s0 ∈ (0, 1), there holds

lim
s→1−

sµ1+s0−sω
s0
s
n (n+ 2s0 − s)

s−s0
s |Ds1B1 |(Rn)

s−s0
s

s0(n+ s0 − s)(s− s0)
=
µs0ωn(n+ 2s0 − 1)1−s0

s0(n+ s0 − 1)(1− s0)
∈ (0,∞).

We also recall the following result concerning the lower semicontinuity of the s-fractional variation
as s→ 1−.

Proposition 2.20. Let Ω ⊆ Rn be an open set and let (sk)k ⊂ (0, 1) be such that sk → 1 as
k → ∞. Let (uk)k ⊂ L∞(Rn) and u ∈ L∞(Ω) satisfy

uk → u strongly in L1(Ω) as k → ∞, sup
k∈N

∥uk∥L∞(Rn) <∞. (2.18)

Then,

|Du|(Ω) ≤ lim inf
k→∞

|Dskuk|(Ω).

Proof. The proof follows the one of [31, Theorem 4.13(i)], where the authors assume that

uk → u strongly in L1
loc(Rn) as k → ∞, sup

k∈N
∥uk∥L∞(Rn) <∞.

However, a closer inspection of their proof, together with the fact that |Du|(Ω) depends only on the
values of u in Ω, shows that the same argument applies under the weaker assumption (2.18). □

We conclude with the following approximation result for functions u ∈ L∞(Rn) with finite s-
fractional variation. The proof is similar to that of [30, Theorems 3.7 and 3.8], and is postponed
to Appendix A.
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Proposition 2.21. Let Ω ⊆ Rn be an open set and s ∈ (0, 1). Assume that u ∈ L∞(Rn) satisfies

|Dsu|(A) <∞ for all open sets A ⊂⊂ Ω.

Then, there exists a sequence (uk)k ⊂ C∞
c (Rn) such that

uk → u strongly in L1
loc(Rn) for all p ∈ [1,∞) as k → ∞,

Dsuk = ∇suk Ln ⇀ Dsu weakly* in M(Ω;Rn) as k → ∞.

2.4. The functional setting. In this subsection, we introduce the functional framework used
from Section 3 on. Let T ⊂ R be a collection of M distinct ordered real numbers, that is

T := {c1, . . . , cM} ⊂ R with c1 < c2 < · · · < cM .

We recall the definition of the space of T -valued functions of bounded variation, see e.g. [2, 3].

Definition 2.22. Let Ω ⊆ Rn be an open set. We define

BV (Ω;T ) := {u : Ω → T measurable : Du ∈ Mb(Ω;Rn)}.
We recall some properties of the space BV (Ω;T ) that will be used throughout the paper. For

further details, we refer the reader to the monograph [5]. Let u ∈ BV (Ω;T ) be fixed. For each
i ∈ {1, . . . ,M}, the set Ei := {x ∈ Ω : u(x) = ci} has finite perimeter in Ω, and we can write

u =

M∑
i=1

ci1Ei a.e. in Ω.

The jump set of u is defined as

Su :=

M⋃
i=1

∂∗Ei ∩ Ω,

where ∂∗ denotes the reduced boundary of a set of finite perimeter. For Hn−1-a.e. x ∈ Su there
exist two different indices i, j ∈ {1, . . . ,M} and ν ∈ Sn−1 such that

lim
r→0+

Ln(Br(x) ∩ Ei)

Ln(Br(x))
= lim

r→0+

Ln(Br(x) ∩ Ej)

Ln(Br(x))
=

1

2
,

lim
r→0+

Ln({y ∈ Br(x) ∩ (Rn \ Ei) : (y − x) · ν > 0})
Ln(Br(x))

= 0,

lim
r→0+

Ln({y ∈ Br(x) ∩ (Rn \ Ej) : (y − x) · ν < 0})
Ln(Br(x))

= 0.

The triplet
(u+(x), u−(x), νu(x)) := (ci, cj , ν)

is uniquely determined for Hn−1-a.e. x ∈ Su, up to a change of sign of νu(x) and an interchange of
u+(x) and u−(x).

When Ω ⊂ Rn is a bounded open set with a Lipschitz boundary, by [3, Lemma 3.3], we can
derive the following extension property for the space BV (Ω;T ).

Proposition 2.23. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary and u ∈ BV (Ω;T ).
Then, there exists a function v ∈ BV (Rn;T ) such that

v = u a.e. in Ω, |Dv|(∂Ω) = 0.

Finally, we define the space of T -valued functions with finite s-fractional variation in Ω.

Definition 2.24. Let Ω ⊆ Rn be an open set and s ∈ (0, 1). We define

BV s(Ω;T ) := {u : Rn → T measurable : V s(u,Ω) <∞}.
We point out that every function u ∈ BV s(Ω;T ) is defined on the whole of Rn, and that the set

Ω refers only to the domain where the s-fractional variation of u is finite.
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3. Main result

In this section, we state the main result of the paper, which is Theorem 3.1. We begin by
introducing the class of densities under consideration. Let us fix two constants 0 < λ ≤ Λ < ∞.
We define G(λ,Λ) as the class of functions ψ : Rn × Rn → [0,∞) satisfying:

(i) ψ is continuous on Rn × Rn;
(ii) for every x ∈ Rn, the map ξ 7→ ψ(x, ξ) is positively 1-homogeneous and convex;
(iii) λ|ξ| ≤ ψ(x, ξ) ≤ Λ|ξ| for all (x, ξ) ∈ Rn × Rn.

Let (ψk)k ⊂ G(λ,Λ) be a fixed sequence. We require the following uniform approximation
condition for the sequence (ψk)k:

(A) For every δ > 0, there exists a natural number N ∈ N, depending only on δ, such that for
all k ∈ N there exist two families of functions (bik)

N
i=1, (φ

i
k)

N
i=1 with the following properties:

(A1) for all i ∈ {1, . . . , N}, the functions bik : Rn → [0,∞) are uniformly continuous,
bounded, and satisfy

sup
k∈N

∥bik∥L∞(Rn) <∞;

(A2) for all i ∈ {1, . . . , N}, the functions φi
k : Rn → [0,∞) are positively 1-homogeneous,

convex, and satisfy

sup
k∈N

∥φi
k∥C(Sn−1) <∞;

(A3) we have∣∣∣∣∣ψk(x, ν)−
N∑
i=1

bik(x)φ
i
k(ν)

∣∣∣∣∣ ≤ δ for all (x, ν) ∈ Rn × Sn−1 and for all k ∈ N.

Note that the functions bik and φi
k in general depend on δ which is omitted in the notation. We also

say that a function ψ ∈ G(λ,Λ) satisfies the uniform approximation condition (A) if the constant
sequence ψk := ψ, k ∈ N, satisfies the uniform approximation condition (A). A prototype of a
function ψ ∈ G(λ,Λ) satisfying condition (A) is given by

ψ(x, ξ) :=
N∑
i=1

bi(x)φi(ξ) for all (x, ξ) ∈ Rn × Rn,

where bi : Rn → [0,∞) are bounded and uniformly continuous, and φi : Rn → [0,∞) are convex and
positively 1-homogeneous. We refer the reader to Remark 3.4 below for a more detailed discussion
of condition (A).

We further fix a sequence (sk)k ⊂ (0, 1) such that sk → 1 as k → ∞. We assume that the
sequences (ψk)k and (sk)k satisfy the following compatibility condition. For given δ > 0, let (bik)

N
i=1,

k ∈ N, be the family of functions given by the uniform approximation condition (A), and let rbik
denote the radius of uniform continuity of bik defined in (2.1). We assume that

(1− sk) log(rbik
(η)) → 0 as k → ∞ for all i ∈ {1, . . . , N}, η > 0, and δ > 0. (3.1)

Clearly, this condition is satisfied for a constant sequence satisfying the uniform approximation
condition (A). Further clarification on the compatibility condition (3.1) can be found in Remark 3.5
below.

Let Ω ⊂ Rn be an open set. For all s ∈ (0, 1) and u ∈ L1(Ω), we define the (possibly empty) set
of all extensions v ∈ BV s(Ω;T ) of u as

As(u,Ω) := {v ∈ BV s(Ω;T ) : v = u a.e. in Ω}
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(recall that a function in BV s(Ω;T ), introduced in Definition 2.24, is defined on the whole space
Rn). For all k ∈ N, we consider the functional Fk : L

1(Ω) → [0,∞], defined as

Fk(u) :=

 inf
v∈Ask (u,Ω)

∫
Ω
ψk

(
y,

dDskv

d|Dskv|
(y)

)
d|Dskv|(y) if Ask(u,Ω) ̸= ∅,

∞ otherwise.

(3.2)

Our goal is to study the Γ-limit of (Fk)k with respect to the strong topology of L1(Ω).
To this end, for all x ∈ Rn, i, j ∈ {1, . . . ,M}, ν ∈ Sn−1, r > 0, and k ∈ N we consider the

minimization problem

mk(ci, cj , Q
ν
r (x))

:= inf

{∫
Qν

r (x)
ψk

(
y,

dDu

d|Du|
(y)

)
d|Du|(y) : u ∈ BV (Qν

r (x);T ), u = ux,νi,j on ∂Qν
r (x)

}
,

where the function ux,νi,j : Rn → T is defined as

ux,νi,j (y) :=

{
ci if (y − x) · ν > 0,

cj if (y − x) · ν < 0.
(3.3)

Here, and in the following, the equality u = ux,νi,j on ∂Qν
r (x) is always meant to hold in the sense of

traces, or by a classical argument, in a neighborhood of ∂Qν
r (x).

Moreover, we consider the associated cell formulas

ψ′(x, ci, cj , ν) := lim sup
r→0+

lim inf
k→∞

mk(ci, cj , Q
ν
r (x))

rn−1
, (3.4)

ψ′′(x, ci, cj , ν) := lim sup
r→0+

lim sup
k→∞

mk(ci, cj , Q
ν
r (x))

rn−1
. (3.5)

The main result of this paper is the following Γ-convergence result.

Theorem 3.1. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary. Let (ψk)k ⊂ G(λ,Λ)
and let (sk)k ⊂ (0, 1) satisfy sk → 1. Let (Fk)k be defined as in (3.2).

(1) Compactness. Let (uk)k ⊂ L1(Ω) be such that

sup
k∈N

Fk(uk) <∞.

Then, there exist a not relabeled subsequence and a function u ∈ BV (Ω;T ) such that

uk → u strongly in L1(Ω) as k → ∞.

(2) Γ-convergence. Assume that (ψk)k satisfies the uniform approximation condition (A)
and that (sk)k satisfies the compatibility condition (3.1). Then, there exists a not relabeled
subsequence such that for all x ∈ Ω, i, j ∈ {1, . . . ,M}, and ν ∈ Sn−1

ψ′(x, ci, cj , ν) = ψ′′(x, ci, cj , ν) =: ψ0(x, ci, cj , ν),

where ψ′ and ψ′′ are computed along this subsequence. Moreover, for this subsequence, the
sequence of functionals (Fk)k Γ-converges with respect to the strong topology of L1(Ω) to
the functional F0 : L

1(Ω) → [0,∞], defined as

F0(u) :=


∫
Su∩Ω

ψ0

(
y, u+(y), u−(y), νu(y)

)
dHn−1(y) if u ∈ BV (Ω;T ),

∞ otherwise.
(3.6)
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Remark 3.2. The compactness result in Theorem 3.1(1) does not require the uniform approxima-
tion condition (A) or the compatibility condition (3.1). In particular, these conditions are needed
only in the proof of the Γ-limsup inequality, while the Γ-liminf inequality holds for any sequences
(ψk)k ⊂ G(λ,Λ) and (sk)k ⊂ (0, 1) with sk → 1 as k → ∞.

The proof of Theorem 3.1(1) is presented in Section 4, while that of Theorem 3.1(2) is given in
Section 5. As a consequence of Theorem 3.1 and the Urysohn property of Γ-convergence, see [35,
Proposition 8.3], we deduce the following corollary.

Corollary 3.3. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary. Let (ψk)k ⊂ G(λ,Λ)
satisfy the uniform approximation condition (A) and let (sk)k ⊂ (0, 1) satisfy sk → 1 as k → ∞
and the compatibility condition (3.1). Let (Fk)k be defined as in (3.2). Assume that for all x ∈ Ω,
i, j ∈ {1, . . . ,M}, and ν ∈ Sn−1 we have

ψ′(x, ci, cj , ν) = ψ′′(x, ci, cj , ν) =: ψ0(x, ci, cj , ν).

Then, (Fk)k Γ-converges with respect to the strong topology of L1(Ω) to the functional F0 defined
by (3.6).

Remark 3.4 (The uniform approximation condition (A)). (a) A prototype example of a se-
quence (ψk)k ⊂ G(λ,Λ) arises in the context of homogenization, where

ψk(x, ξ) := ψ

(
x

εk
, ξ

)
for all (x, ξ) ∈ Rn × Rn, (3.7)

with ψ ∈ G(λ,Λ) and (εk)k ⊂ (0,∞) a sequence satisfying εk → 0. In this setting, the
sequence (ψk)k satisfies the uniform approximation condition (A) if and only if ψ satisfies
the approximation condition (A).

(b) The approximation condition (A) holds when ψ ∈ G(λ,Λ) is periodic in x ∈ Rn with respect
to a fixed full-rank lattice L ⊂ Rn. Indeed, in this case, ψ can be seen as a function defined
on Tn(L)× Rn, where Tn(L) denotes the n-dimensional torus Rn/L. Since ψ is uniformly
continuous on Tn(L)× Sn−1, for every δ > 0 there exists rδ > 0 such that

|ψ(x, ν)− ψ(y, ν)| < δ for all x, y ∈ Tn(L) with |x− y| < rδ and ν ∈ Sn−1.

Let (Brδ(x
i))Ni=1 be an open cover of Tn(L), and let (bi)Ni=1 be a partition of unity subordi-

nate to this cover. Define

φi(ξ) := ψ(xi, ξ) for all ξ ∈ Rn and i ∈ {1, . . . , N}.
Then ψ satisfies the approximation condition (A) with families (bi)Ni=1, (φ

i)Ni=1 since∣∣∣∣∣ψ(x, ν)−
N∑
i=1

bi(x)φi(ν)

∣∣∣∣∣ ≤
N∑
i=1

bi(x)
∣∣ψ(x, ν)− ψ(xi, ν)

∣∣ ≤ δ

for all (x, ν) ∈ Tn(L)× Sn−1.
(c) With a similar argument as in (b), we can also consider functions ψ ∈ G(λ,Λ) which are

almost periodic in x ∈ Rn uniformly in ξ ∈ Rn in the following sense: there exists a sequence
(ψh)h ⊂ G(λ,Λ), with each ψh periodic in x ∈ Rn with respect to a fixed lattice Lh (possibly
depending on h), such that

∥ψ − ψh∥C(Rn×Sn−1) → 0 as h→ ∞.

Remark 3.5 (The compatibility condition (3.1)). (a) In the homogenization setting described
in Remark 3.4(a), if the function ψ ∈ G(λ,Λ) satisfies the approximation condition (A)
with families (bi)Ni=1, (φ

i)Ni=1, then one can define the family (bik)
N
i=1 as bik(x) := bi(x/εk) for

x ∈ Rn, k ∈ N, and i ∈ {1, . . . , N}, and thus

rbik
(η) = εkrbi(η) for all k ∈ N, i ∈ {1, . . . , N}, and η > 0.
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In this case, the compatibility condition (3.1) is equivalent to requiring

(1− sk) log εk → 0 as k → ∞. (3.8)

This condition ensures that the sequence (εk)k does not vanish too quickly in comparison
to the rate at which (sk)k converges to 1.

(b) We point out that conditions similar to (3.8) appear in the literature in the context of
fractional gradients and homogenization. For example, a similar assumption is made in [1,
Eq. (3.1)], in the context of Γ-convergence of discrete dislocation fractional energies, where
the roles of 1 − sk and εk are played by parameters α and ρα, respectively. Furthermore,
in [16, Eq. (8)], concerning the homogenization of quadratic fractional energies of Gagliardo-
type, the authors require

1− sk
ε2k

→ 0 as k → ∞,

which in particular implies (3.8).

Let us focus on the homogenization case introduced already in Remark 3.4(a). For all x ∈ Rn,
i, j ∈ {1, . . . ,M}, ν ∈ Sn−1, and r > 0, we define

m(ci, cj , Q
ν
r (x))

:= inf

{∫
Qν

r (x)
ψ

(
y,

dDu

d|Du|
(y)

)
d|Du|(y) : u ∈ BV (Qν

r (x);T ), u = ux,νi,j on ∂Qν
r (x)

}
,

where ux,νi,j is the function defined in (3.3).

Lemma 3.6. Let ψ ∈ G(λ,Λ) and let (εk)k ⊂ (0,∞) be such that εk → 0 as k → ∞. Assume that
for all x ∈ Rn, i, j ∈ {1, . . . ,M}, and ν ∈ Sn−1 the following limit exists and it is independent of
x:

lim
t→∞

m(ci, cj , Q
ν
t (tx))

tn−1
=: ψhom(ci, cj , ν). (3.9)

Then, for all r > 0 and x ∈ Rn it holds that

lim
k→∞

mk(ci, cj , Q
ν
r (x))

rn−1
= ψhom(ci, cj , ν).

In particular, for all x ∈ Rn, i, j ∈ {1, . . . ,M}, and ν ∈ Sn−1 we have

ψ′(x, ci, cj , ν) = ψ′′(x, ci, cj , ν) = ψhom(ci, cj , ν).

Proof. Let u ∈ BV (Qν
r (x);T ) be such that u = ux,νi,j on ∂Qν

r (x). We define

uk(y) := u(εky) for y ∈ Qν
r/εk

(x/εk).

Then, uk ∈ BV (Qν
r/εk

(x/εk);T ) and uk = ux,νi,j on ∂Qν
r/εk

(x/εk). By the change of variable y′ = y/εk
we have∫

Qν
r (x)

ψ

(
y

εk
,
dDu

d|Du|
(y)

)
d|Du|(y) = εn−1

k

∫
Qν

r/εk
(x/εk)

ψ

(
y′,

dDuk
d|Duk|

(y′)

)
d|Duk|(y′).

Hence,

mk(ci, cj , Q
ν
r (x)) = εn−1

k m

(
ci, cj , Q

ν
r
εk

(
x

εk

))
,

which gives

lim
k→∞

mk(ci, cj , Q
ν
r (x))

rn−1
= lim

k→∞

(εk
r

)n−1
m

(
ci, cj , Q

ν
r
εk

(
r

εk

x

r

))
= ψhom(ci, cj , ν),

and concludes the proof. □
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Example 3.7. A simple case in which condition (3.9) holds is when ψ ∈ G(λ,Λ) is periodic in
x ∈ Rn with respect to a fixed full-rank lattice L, see [17, Eq. (11)]. Moreover, as observed in
Remark 3.4(b), in this case ψ satisfies the approximation condition (A). Hence, if (εk)k satisfies
the compatibility condition (3.8), we may apply Corollary 3.3 to deduce that the sequence (Fk)k,
defined by (3.2) with densities (ψk)k as in (3.7), Γ-converges with respect to the strong topology
of L1(Ω) to the functional F0 given by (3.6), where the limit density ψ0 = ψhom is given by
formula (3.9).

4. Compactness

This section is devoted to the proof of Theorem 3.1(1). We begin by showing the following result,
which allows us to pass from uniform bounds on the fractional variation in Ω to uniform bounds
on the fractional variation in Rn.

Lemma 4.1. Let Ω ⊆ Rn be an open set, s ∈ (0, 1), p ∈ [1,∞], and u ∈ Lp(Rn). For all ψ ∈ C1
c (Ω)

with ∥ψ∥L∞(Ω) ≤ 1 we have

|Ds(uψ)|(Rn) ≤ |Dsu|(Ω) + 6ωnµs
s(1− s)2s

∥u∥Lp(Rn)∥ψ∥1−s
Lp′ (Rn)

∥∇ψ∥s
Lp′ (Rn)

. (4.1)

Proof. We fix Ψ ∈ C1
c (Rn;Rn) with ∥Ψ∥L∞(Rn) ≤ 1. By Propositions 2.2, 2.5, 2.6, and Hölder’s

inequality, we have∫
Rn

u(y)ψ(y) divsΨ(y) dy

=

∫
Rn

u(y) divs(ψΨ)(y) dy −
∫
Rn

u(y)∇sψ(y) ·Ψ(y) dy −
∫
Rn

u(y) divsNL(Ψ, ψ)(y) dy

≤
∫
Rn

u(y) divs(ψΨ)(y) dy +
6ωnµs

s(1− s)2s
∥u∥Lp(Rn)∥ψ∥1−s

Lp′ (Rn)
∥∇ψ∥s

Lp′ (Rn)

≤ |Dsu|(Ω) + 6ωnµs
s(1− s)2s

∥u∥Lp(Rn)∥ψ∥1−s
Lp′ (Rn)

∥∇ψ∥s
Lp′ (Rn)

.

By taking the supremum over all Ψ ∈ C1
c (Rn;Rn) with ∥Ψ∥L∞(Rn) ≤ 1 we obtain (4.1). □

We are now in a position to prove our compactness result. We show the following result which
will readily imply Theorem 3.1(1).

Proposition 4.2. Let Ω ⊆ Rn be an open set and let (sk)k ⊂ (0, 1) be such that sk → 1 as k → ∞.
Let (uk)k ⊂ L∞(Rn) satisfy

sup
k∈N

(
∥uk∥L∞(Rn) + |Dskuk|(A)

)
<∞ for all open sets A ⊂⊂ Ω.

Then, there exist a not relabeled subsequence and a function u ∈ L1(Ω) ∩BVloc(Ω) such that

uk → u strongly in L1(Ω) as k → ∞.

Proof. Let (Ωj)j be a sequence of open bounded sets with smooth boundaries such that

Ωj ⊂⊂ Ωj+1 for all j ∈ N,
⋃
j∈N

Ωj = Ω,

and let ψj ∈ C1
c (Ωj+1), j ∈ N, satisfy

0 ≤ ψj ≤ 1 in Ωj+1, ψj = 1 in a neighborhood of Ωj .

By using Lemma 4.1 with p = ∞, for all k ∈ N we have

|Dsk(ukψj)|(Rn) ≤ |Dskuk|(Ωj+1) +
6ωnµsk

sk(1− sk)2sk
∥uk∥L∞(Rn)∥ψj∥1−sk

L1(Rn)
∥∇ψj∥skL1(Rn)

. (4.2)
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We fix s0 ∈ (0, 1). By Proposition 2.18, there exists k0 ∈ N such that uk has finite s0-fractional
variation in Rn for all k ≥ k0. Moreover, by using also Young’s inequality with exponents p = sk

s0
and p′ = sk

sk−s0
, Remark 2.19, and the estimate (4.2), we can find a constant C > 0, independent

of k ∈ N, such that for all k ≥ k0

|Ds0(ukψj)|(Rn) ≤ C

(
sk − s0
sk

∥ukψj∥L1(Rn) +
s0
sk

|Dsk(ukψj)|(Rn)

)
≤ C

(
sk − s0
sk

∥ukψj∥L1(Rn) +
s0
sk

|Dskuk|(Ωj+1)

)
+ C

6s0ωnµsk
s2k(1− sk)2sk

∥uk∥L∞(Rn)∥ψj∥1−sk
L1(Rn)

∥∇ψj∥skL1(Rn)
.

Thus, thanks to (2.3), we can find a constant Cj > 0, independent of k ∈ N, such that for all k ≥ k0

|Ds0(ukψj)|(Rn) ≤ Cj

(
∥uk∥L∞(Rn) + |Dskuk|(Ωj+1)

)
.

We can then apply [30, Theorem 3.16] to obtain the existence of a subsequence (kh,j)h and a
function uj ∈ L1(Rn) satisfying

ukh,jψj → uj strongly in L1
loc(Rn) as h→ ∞.

In particular, we get

ukh,j → uj strongly in L1(Ωj) as h→ ∞.

Moreover, by Proposition 2.20 we have

|Duj |(Ωj) ≤ lim inf
h→∞

|Dskh,jukh,j |(Ωj) <∞,

which gives that uj ∈ BV (Ωj). By a diagonal argument, we can find a subsequence (kh)h ⊂ N
and function u ∈ BVloc(Ω) such that ukh → u strongly in L1

loc(Ω) as h → ∞. Finally, since
supk∈N ∥uk∥L∞(Rn) <∞, we deduce that u ∈ L1(Ω) and uk → u strongly in L1(Ω) as k → ∞. □

We can finally prove Theorem 3.1(1).

Proof of Theorem 3.1(1). Let (uk)k ⊂ L1(Ω) be such that

sup
k∈N

Fk(uk) <∞.

Then, since (ψk)k ⊂ G(λ,Λ), for all k ∈ N there exists vk ∈ Ask(uk,Ω) such that

∥vk∥L∞(Rn) + |Dskvk|(Ω) ≤ max
i∈{1,...,M}

|ci|+
1

λ
(Fk(uk) + 1) .

By Proposition 4.2, we can find a not relabeled subsequence and u ∈ L1(Ω) ∩BVloc(Ω) satisfying

vk = uk → u strongly in L1(Ω) as k → ∞. (4.3)

Moreover, by Proposition 2.20 we derive that

|Du|(Ω) ≤ lim inf
k→∞

|Dskvk|(Ω) <∞. (4.4)

By combining (4.3) and (4.4), we conclude that u ∈ BV (Ω;T ) and that uk → u strongly in L1(Ω)
as k → ∞. □
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5. Γ-convergence

In this section, we prove the Γ-convergence result stated in Theorem 3.1(2). To this end, we first
prove the lower bound in Proposition 5.7, and then the upper bound in Proposition 5.9.

We begin by recalling the following Γ-convergence result for the local case. Let Ω ⊆ Rn be an
open set and let A(Ω) denote the collection of all open subsets A ⊆ Ω. We consider the family of
localized functionals Ek : L1(Ω)×A(Ω) → [0,∞], defined as

Ek(u,A) :=


∫
A
ψk

(
y,

dDu

d|Du|
(y)

)
d|Du|(y) if A ∈ A(Ω) and u ∈ BV (A;T ),

∞ otherwise.
(5.1)

Theorem 5.1. Let (ψk)k ⊂ G(λ,Λ). Then, there exists a not relabeled subsequence such that for
all x ∈ Rn, i, j ∈ {1, . . . ,M}, and ν ∈ Sn−1 we have

ψ′(x, ci, cj , ν) = ψ′′(x, ci, cj , ν) =: ψ0(x, ci, cj , ν), (5.2)

where ψ′ and ψ′′ are computed along this subsequence. Moreover, for this subsequence, given an
open and bounded set Ω ⊂ Rn with Lipschitz boundary, the sequence of functionals (Ek( · ,Ω))k
defined by (5.1) Γ-converges with respect to the strong topology of L1(Ω) to the functional F0( · ,Ω),
where the localized functional F0 : L

1(Ω)×A(Ω) → [0,∞] is defined by

F0(u,A) :=


∫
Su∩A

ψ0

(
y, u+(y), u−(y), νu(y)

)
dHn−1(y) if A ∈ A(Ω) and u ∈ BV (A;T ),

∞ otherwise.

In the case of the homogenization of a density ψ ∈ G(λ,Λ) that is periodic in x ∈ Rn with
respect a fixed lattice L, a proof of Theorem 5.1 can be found in [3, Theorem 4.2]. In the general
(nonperiodic) case, we refer to [43, Theorem 2.3, Lemma 6.3, and Lemma 7.5], where this result
is proved in the more general setting of functionals defined on piecewise rigid functions. The only
difference is that the cell formulas (3.4) and (3.5) are defined using balls instead of cubes, and that
in the present setting the analog of the estimate in [43, Lemma 7.5] holds in any space dimension
and is much simpler as compactness in the space of piecewise constant function with values in T
is obtained in a straightforward way. The existence of a subsequence for which (5.2) holds for all
x ∈ Rn can be obtained by applying [43, Theorem 2.3] with Ω = Bh, for h ∈ N, and then using
a diagonal argument. We point out that, by construction, for all x ∈ Rn, i, j ∈ {1, . . . ,M}, and
ν ∈ Sn−1 we have

ψ0(x, ci, cj , ν) = ψ0(x, cj , ci,−ν) = ψ̂0(x, (ci − cj)ν),

for a function ψ̂0 : Rn×Rn → R which is positively 1-homogeneous in the second variable. Moreover,
thanks to [5, Theorem 5.11] (see also [5, Theorem 5.14] and [37, Proposition 3.3]) the function ψ̂0

is convex in the second variable. By arguing as in [21, Lemma A.7], we further obtain that

λ|ξ| ≤ ψ̂0(x, ξ) ≤ Λ|ξ| for all (x, ξ) ∈ Rn × Rn. (5.3)

In particular, if ψ̂0 is also continuous on Rn × Rn, then ψ̂0 ∈ G(λ,Λ).
From now on, we fix the subsequence given by Theorem 5.1 for which (5.2) holds.

5.1. Γ-liminf inequality. We begin by recalling the following classical result for the space of
functions of bounded variation on an open bounded set Ω ⊂ Rn with Lipschitz boundary. Since
the proof is standard, it is postponed to Appendix A.

Lemma 5.2. Let Ω ⊂ Rn be a bounded open set.

(1) Assume that Ω has a Lipschitz boundary. Let (wk)k ⊂ BV (Ω) be such that

sup
k∈N

|Dwk|(Ω) <∞.
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Then, there exist a not relabeled subsequence, a sequence (ak)k ⊂ R, and a function w ∈
BV (Ω) satisfying

wk − ak → w strongly in L1(Ω) as k → ∞, (5.4)

Dwk ⇀ Dw weakly* in Mb(Ω;Rn) as k → ∞. (5.5)

(2) Let (wk)k ⊂ BVloc(Ω) be such that

sup
k∈N

|Dwk|(A) <∞ for all open sets A ⊂⊂ Ω.

Then, there exist a not relabeled subsequence and a function w ∈ BVloc(Ω) satisfying

Dwk ⇀ Dw weakly* in M(Ω;Rn) as k → ∞. (5.6)

As observed in Proposition 2.9, given s ∈ (0, 1) and a function u ∈ C1
c (Rn), there exists a function

v ∈ C1(Rn), given explicitly by v = I1−su, such that

∇su = ∇v in Rn. (5.7)

This observation plays a central role in proving Γ-convergence results for energies involving the
fractional gradient, by exploiting the known Γ-convergence results for analogous energies depending
on the classical gradient, see e.g. [50]. We now want to show that property (5.7) can be extended
to the setting of the s-fractional variation.

Proposition 5.3. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary. Assume that
u ∈ L∞(Rn) has finite s-fractional variation in Ω. Then, there exists a function w ∈ BV (Ω) such
that

Dw = Dsu in Mb(Ω;Rn).

Proof. Let u ∈ L∞(Rn) be a function with finite s-fractional variation in Ω, and let (uk)k ⊂ C∞
c (Rn)

be the sequence provided by Proposition 2.21. We define the sequence of functions

wk := I1−suk, k ∈ N,

where I1−s denotes the Riesz potential of order 1− s.
Thanks to Propositions 2.9 and 2.17 we have

Dwk = Dsuk ⇀ Dsu weakly* in M(Ω;Rn) as k → ∞.

By the Banach-Steinhaus theorem, it follows that

sup
k∈N

|Dwk|(A) <∞ for all open sets A ⊂⊂ Ω.

Hence, we can apply Lemma 5.2(2) to obtain the existence of a not relabeled subsequence and a
function w ∈ BVloc(Ω) such that

Dwk ⇀ Dw weakly* in M(Ω;Rn) as k → ∞.

Hence,

Dw = Dsu in Mb(Ω;Rn),

which yields |Dw|(Ω) < ∞. Since Ω ⊂ Rn is a bounded open set with Lipschitz boundary, by
Poincare’s inequality we conclude that w ∈ BV (Ω). □

As a consequence of Proposition 4.2 and Proposition 5.3, we derive the following result, which
will be used in the proof of the Γ-liminf inequality.
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Lemma 5.4. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary. Let (sk)k ⊂ (0, 1) be
such that sk → 1 as k → ∞. Assume that (uk)k ⊂ L∞(Rn) satisfies

sup
k∈N

(
∥uk∥L∞(Rn) + |Dskuk|(Ω)

)
<∞.

Then, there exist a not relabeled subsequence and a sequence (wk)k ⊂ BV (Ω) such that

wk − uk → 0 strongly in L1(Ω) as k → ∞,

Dwk = Dskuk in Mb(Ω;Rn) for all k ∈ N.

Proof. By Proposition 4.2 there exist a not relabeled subsequence and a function u ∈ BVloc(Ω)
such that

uk → u strongly in L1(Ω) as k → ∞.

Moreover, by Proposition 2.20 we have

|Du|(Ω) ≤ lim inf
k→∞

|Dskuk|(Ω),

which gives that u ∈ BV (Ω). In view of Proposition 5.3, for all k ∈ N there exists a function
vk ∈ BV (Ω) such that

Dvk = Dskuk in Mb(Ω;Rn).

By applying Lemma 5.2(1) to the sequence (vk)k, we can find a not relabeled subsequence, a
sequence (ak)k ⊂ R, and a function v ∈ BV (Ω) satisfying

vk − ak → v strongly in L1(Ω) as k → ∞, Dvk ⇀ Dv weakly* in Mb(Ω;Rn) as k → ∞.

Let us fix Ψ ∈ C∞
c (Ω;Rn). By using [31, Proposition 4.4], as k → ∞ we get∣∣∣∣∫

Rn

uk(y) div
sk Ψ(y) dy −

∫
Ω
u(y) divΨ(y) dy

∣∣∣∣
≤ ∥divsk Ψ− divΨ∥L1(Rn) sup

k∈N
∥uk∥L∞(Rn) + ∥ divΨ∥L∞(Ω)∥uk − u∥L1(suppΨ) → 0.

Hence, ∫
Ω
u(y) divΨ(y) dy = lim

k→∞

∫
Rn

uk(y) div
sk Ψ(y) dy

= − lim
k→∞

∫
Ω
Ψ(y) · dDskuk(y)

= − lim
k→∞

∫
Ω
Ψ(y) · dDvk(y)

= −
∫
Ω
Ψ(y) · dDv(y) =

∫
Ω
v(y) divΨ(y) dy.

Therefore, there exists a constant a ∈ R such that

u = v + a in L1(Ω).

Let us define

wk := vk − ak + a ∈ BV (Ω), k ∈ N.
Then,

uk − wk → u− v − a = 0 strongly in L1(Ω) as k → ∞,

Dwk = Dvk = Dskuk in Mb(Ω;Rn) for all k ∈ N,

as required. □
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We point out that, if uk ∈ BV sk(Ω;T ), and we apply Proposition 5.3, then the new functions wk

do not necessarily belong to BV (Ω;T ) since wk does not take values in T . To solve this issue, we
use the following anisotropic version of the coarea formula, which can be found in [46, Theorem 3].

Proposition 5.5. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary, let ψ ∈ G(λ,Λ), and
u ∈ BV (Ω). Then,∫

Ω
ψ

(
y,

dDu

d|Du|
(y)

)
d|Du|(y) =

∫ ∞

−∞

∫
∂∗{u<t}∩Ω

ψ(y, ν{u<t}(y)) dHn−1(y) dt.

As a consequence of Proposition 5.5, we obtain the following result, which allows us to pass from
a sequence (wk)k ⊂ BV (Ω) to a sequence (zk)k ∈ BV (Ω;T ) without substantially increasing the
energy Ek defined in (5.1).

Proposition 5.6. Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary and (ψk)k ⊂ G(λ,Λ).
Assume that (uk)k ⊂ BV (Ω) and u ∈ BV (Ω;T ) satisfy

uk → u strongly in L1(Ω) as k → ∞.

Then, for all ε ∈ (0, 1) there exists a sequence (vεk)k ∈ BV (Ω;T ) such that

(1− ε)

∫
Ω
ψk

(
y,

dDvεk
d|Dvεk|

(y)

)
d|Dvεk|(y) ≤

∫
Ω
ψk

(
x,

dDuk
d|Duk|

(y)

)
d|Duk|(y) for all k ∈ N,

and satisfying

vεk → u strongly in L1(Ω) as k → ∞. (5.8)

Proof. We define

wk := min{max{uk, c1}, cM} in Ω for all k ∈ N.
Then, (wk)k ⊂ BV (Ω) and∫

Ω
ψk

(
y,

dDwk

d|Dwk|
(y)

)
d|Dwk|(y) ≤

∫
Ω
ψk

(
y,

dDuk
d|Duk|

(y)

)
d|Duk|(y) for all k ∈ N. (5.9)

Moreover, since u ∈ BV (Ω;T ), we have

wk → min{max{u, c1}, cM} = u strongly in L1(Ω) as k → ∞. (5.10)

By using the anisotropic coarea formula of Proposition 5.5, we have∫
Ω
ψk

(
y,

dDwk

d|Dwk|
(y)

)
d|Dwk|(y) =

∫ cM

c1

∫
∂∗{wk<t}∩Ω

ψk(y, ν{wk<t}(y)) dHn−1(y) dt

=
M∑
i=2

∫ ci

ci−1

∫
∂∗{wk<t}∩Ω

ψk(y, ν{wk<t}(y)) dHn−1(y) dt.

Let us fix ε ∈ (0, 1). We set

θ := min
i∈{2,...,M}

(ci − ci−1).

We claim that for all i ∈ {2, . . . ,M} there exist tik ∈ [ci−1 +
εθ
2 , ci −

εθ
2 ] such that {wk < tik} has

finite perimeter in Ω and

(ci − ci−1 − εθ)

∫
∂∗{wk<tik}∩Ω

ψk(y, ν{wk<tik}
(y)) dHn−1(y)

≤
∫ ci

ci−1

∫
∂∗{wk<t}∩Ω

ψk(y, ν{wk<t}(y)) dHn−1(y) dt. (5.11)
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Indeed, if (5.11) is false for a.e. t ∈ [ci−1 +
εθ
2 , ci −

εθ
2 ], then we get

(ci − ci−1 − εθ)

∫
∂∗{wk<t}∩Ω

ψk(y, ν{wk<t}(y)) dHn−1(y)

>

∫ ci

ci−1

∫
∂∗{wk<t}∩Ω

ψk(y, ν{wk<t}(y)) dHn−1(y) dt,

which leads to a contradiction by integrating on [ci−1 +
εθ
2 , ci −

εθ
2 ]. Thus,

(1− ε)
M∑
i=2

(ci − ci−1)

∫
∂∗{wk<tik}∩Ω

ψk(y, ν{wk<tik}
(y)) dHn−1(y)

≤
M∑
i=2

(ci − ci−1 − εθ)

∫
∂∗{wk<tik}∩Ω

ψk(y, ν{wk<tik}
(y)) dHn−1(y)

≤
∫
Ω
ψk

(
y,

dDwk

d|Dwk|
(y)

)
d|Dwk|(y). (5.12)

For all k ∈ N we define the sets

E1
k := {wk < t2k}, Ei

k := {tik ≤ wk < ti+1
k } for i ∈ {2, . . . ,M − 1}, EM

k := {wk ≥ tMk },
and the functions vεk : Ω → T as

vεk :=
M∑
i=1

ci1Ei
k
.

By construction (vεk)k ⊂ BV (Ω;T ) and

{vεk < t} = {wk < tik} for all t ∈ (ci−1, ci) and i ∈ {2, . . . ,M}. (5.13)

In particular, by applying again Proposition 5.5 and using (5.9) and (5.12), we get

(1− ε)

∫
Ω
ψk

(
y,

dDvεk
d|Dvεk|

(y)

)
d|Dvεk|(y)

= (1− ε)

∫ cM

c1

∫
∂∗{vεk<t}∩Ω

ψk

(
y, ν{vεk<t}(y)

)
dHn−1(y) dt

= (1− ε)
M∑
i=2

(ci − ci−1)

∫
∂∗{wk<tik}∩Ω

ψk

(
y, ν{wk<tik}

(y)
)
dHn−1(y)

≤
∫
Ω
ψk

(
y,

dDuk
d|Duk|

(y)

)
d|Duk|(y).

To show (5.8), we first observe that (5.10) implies the existence of a not relabeled subsequence
such that, for all i ∈ {2, . . . ,M} and for a.e. t ∈ (ci−1, ci), we have

1{wk<t} → 1{u<t} = 1{u<ci} strongly in L1(Ω) as k → ∞. (5.14)

In particular, for all i ∈ {2, . . . ,M} we can find si ∈ (ci−1, ci−1 +
εθ
2 ) and ri ∈ (ci − εθ

2 , ci) such
that (5.14) holds. Then,∫

Ω
|1{wk<tik}

(x)− 1{u<ci}(x)| dx

= Ln({wk < tik}△{u < ci}) ≤ Ln({wk < ri} \ {u < ci}) + Ln({u < ci} \ {wk < si})

≤
∫
Ω
|1{wk<ri}(x)− 1{u<ci}(x)|dx+

∫
Ω
|1{wk<si}(x)− 1{u<ci}(x)|dx,
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where we used that si < tik < ri. By (5.14) this yields

1{wk<tik}
→ 1{u<ci} strongly in L1(Ω) as k → ∞ for all i ∈ {2, . . . ,M}.

Therefore, by Fubini’s theorem and (5.13) we derive∫
Ω
|vεk(x)− u(x)| dx =

∫ cM

c1

∫
Ω
|1{vεk<t}(x)− 1{u<t}(x)|dx dt

=
M∑
i=2

(ci − ci−1)

∫
Ω
|1{wk<tik}

(x)− 1{u<ci}(x)| dx→ 0 as k → ∞.

By the Urysohn property, we conclude the proof. □

We can finally prove the Γ-liminf inequality.

Proposition 5.7 (Γ-liminf inequality). Let Ω ⊂ Rn be a bounded open set with Lipchitz boundary.
Let (ψk)k ⊂ G(λ,Λ) and (sk)k ⊂ (0, 1) be such that sk → 1 as k → ∞. Let (Fk)k be defined as
in (3.2). Assume (5.2). Let (uk)k ⊂ L1(Ω) and u ∈ BV (Ω;T ) be such that

uk → u strongly in L1(Ω) as k → ∞. (5.15)

Then,

lim inf
k→∞

Fk(uk) ≥ F0(u).

Proof. Let (uk)k ⊂ L1(Ω) and u ∈ BV (Ω;T ) satisfy (5.15). Without loss of generality, we may
assume that

lim inf
k→∞

Fk(uk) = lim
k→∞

Fk(uk), sup
k∈N

Fk(uk) <∞.

In particular, for all k ∈ N there exists vk ∈ Ask(uk,Ω) such that∫
Ω
ψk

(
y,

dDskvk
|dDskvk|

(y)

)
d|Dskvk|(y) ≤ Fk(uk) +

1

k
, (5.16)

which yields

∥vk∥L∞(Rn) + |Dskvk|(Ω) ≤ max
i∈{1,...,M}

|ci|+
1

λ

(
sup
k∈N

Fk(uk) + 1

)
<∞.

By Lemma 5.4, we can find a not relabeled subsequence and (wk)k ⊂ BV (Ω) such that

wk → u strongly in L1(Ω) as k → ∞, Dwk = Dskvk in Mb(Ω;Rn) for all k ∈ N.

This gives ∫
Ω
ψk

(
y,

dDskvk
d|Dskvk|

(y)

)
d|Dskvk|(y) = Ek(wk,Ω) for all k ∈ N, (5.17)

where Ek is the local functional defined in (5.1).
Let ε ∈ (0, 1) be fixed. By Proposition 5.6 applied to (wk)k ⊂ BV (Ω) and u ∈ BV (Ω;T ), we

can find (zεk)k ⊂ BV (Ω;T ) such that

(1− ε)Ek(zεk,Ω) ≤ Ek(wk,Ω), zεk → u strongly in L1(Ω) as k → ∞.

Thus, thanks to Theorem 5.1 and (5.16)–(5.17) we get

(1− ε)F0(u) ≤ (1− ε) lim inf
k→∞

Ek(zεk,Ω) ≤ lim inf
k→∞

Ek(wk,Ω) ≤ lim
k→∞

Fk(uk).

By sending ε→ 0+ we conclude. □
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5.2. Γ-limsup inequality. We now focus on the proof of the Γ-limsup inequality. The strategy
is to exploit the uniform approximation condition (A) to reduce the problem to the case where

the densities have the form ψk(x, ξ) =
∑N

i=1 b
i
k(x)φ

i
k(ξ). We then use the Riesz potential to pass

from the fractional variation to the classical total variation. This last step relies on the following
convergence result.

Lemma 5.8. Let α ∈ (0, n), R > 1, and φ ∈ C1
c (BR). Let b : Rn → R be a uniformly continuous

and bounded function, and let rb be the radius of uniform continuity of b defined in (2.1). Then,
for all η > 0 we have

∥Iα(bϕ)− bϕ∥L∞(Rn) ≤ max

{
(3R)α − rb(η)

α,
αRα

n

}
ωn

αγα
∥b∥L∞(Rn)∥ϕ∥L∞(BR)

+

∣∣∣∣1− ωnrb(η)
α

αγα

∣∣∣∣ ∥b∥L∞(Rn)∥ϕ∥L∞(BR) +
ωnrb(η)

αη

αγα
∥ϕ∥L∞(BR)

+
ωnrb(η)

α+1

(α+ 1)γα
∥b∥L∞(Rn)∥∇ϕ∥L∞(BR). (5.18)

In particular, if (αk)k ⊂ (0, n) satisfies αk → 0 as k → ∞, and (bk)k is a sequence of uniformly
continuous and bounded functions satisfying

sup
k∈N

∥bk∥L∞(Rn) <∞, αk log(rbk(η)) → 0 as k → ∞ for all η > 0, (5.19)

then
lim
k→∞

∥Iαk(bkϕ)− bkϕ∥L∞(Rn) = 0. (5.20)

Proof. Let η > 0 be fixed. For all x ∈ Rn we define

b1η(x) :=
1

γα

∫
Brb(η)

(x)

b(y)ϕ(y)

|x− y|n−α
dy, b2η(x) :=

1

γα

∫
Rn\Brb(η)

(x)

b(y)ϕ(y)

|x− y|n−α
dy.

For all x ∈ B2R we have BR ⊂ B3R(x), which implies

|b2η(x)| ≤
1

γα

∫
B3R(x)\Brb(η)

(x)

|b(y)||ϕ(y)|
|x− y|n−α

dy ≤ ((3R)α − rb(η)
α)

ωn

αγα
∥b∥L∞(Rn)∥ϕ∥L∞(BR).

Moreover, for all x ∈ Rn \B2R and y ∈ BR we get

|x− y| ≥ |x| − |y| ≥ R.

Thus, for x ∈ Rn \B2R

|b2η(x)| ≤
ωnR

α

nγα
∥b∥L∞(Rn)∥ϕ∥L∞(BR).

Hence,

∥b2η∥L∞(Rn) ≤ max

{
(3R)α − rb(η)

α,
αRα

n

}
ωn

αγα
∥b∥L∞(Rn)∥ϕ∥L∞(BR). (5.21)

Moreover, for all x ∈ Rn we can write

b(x)ϕ(x) =
1

γα

∫
Brb(η)

(x)

b(x)ϕ(x)

|x− y|n−α
dy + b(x)ϕ(x)

(
1− ωnrb(η)

α

αγα

)
.

Thus, by using (2.1) we have

|b1η(x)− b(x)ϕ(x)| ≤
∣∣∣∣1− ωnrb(η)

α

αγα

∣∣∣∣ ∥b∥L∞(Rn)∥ϕ∥L∞(BR) +
1

γα

∫
Brb(η)

(x)

|b(y)ϕ(y)− b(x)ϕ(x)|
|x− y|n−α

dy

≤
∣∣∣∣1− ωnrb(η)

α

αγα

∣∣∣∣ ∥b∥L∞(Rn)∥ϕ∥L∞(BR) +
ωnrb(η)

αη

αγα
∥ϕ∥L∞(BR)
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+
ωnrb(η)

α+1

(α+ 1)γα
∥b∥L∞(Rn)∥∇ϕ∥L∞(BR). (5.22)

By combining (5.21) and (5.22) we get (5.18).
Finally, for all η > 0, by (2.12), (5.18), and (5.19) we get

lim sup
k→∞

∥Iαk(bkϕ)− bkϕ∥L∞(Rn) ≤ η∥ϕ∥L∞(BR),

which gives (5.20). □

We can finally prove the Γ-limsup inequality.

Proposition 5.9 (Γ-limsup inequality). Let Ω ⊂ Rn be a bounded open set with Lipschitz boundary.
Let (ψk)k ⊂ G(λ,Λ) satisfy the uniform approximation condition (A). Let (sk)k ⊂ (0, 1) satisfy
sk → 1 as k → ∞ and the compatibility condition (3.1). Assume (5.2). Then, for all functions
u ∈ BV (Ω;T ) there exists a sequence (wk)k ⊂ L1(Ω) satisfying

wk → u strongly in L1(Ω) as k → ∞, lim sup
k→∞

Fk(wk) ≤ F0(u).

Proof. Let u ∈ BV (Ω;T ) be fixed. By Proposition 2.23 there exists a function v ∈ BV (Rn;T ) such
that

v = u a.e. in Ω, |Dv|(∂Ω) = 0.

For ε > 0 let Ωε ⊂ Rn be a bounded open set with Lipschitz boundary satisfying

Ω ⊂⊂ Ωε, |Dv|(Ωε \ Ω) < ε. (5.23)

By Theorem 5.1, there exists (vεk)k ⊂ BV (Ωε;T ) such that

vεk → v strongly in L1(Ωε) as k → ∞, lim sup
k→∞

Ek(vεk,Ωε) ≤ F0(v,Ω
ε). (5.24)

In particular, since (ψk)k ⊂ G(λ,Λ), the sequence (vεk)k ⊂ BV (Ωε;T ) satisfies

sup
k∈N

|Dvεk|(Ωε) <∞.

For all k ∈ N we define

wε
k(x) :=

{
vεk(x) if x ∈ Ωε,

c1 if x ∈ Rn \ Ωε.
(5.25)

Then, we have that (wε
k)k ⊂ BV (Rn;T ) and

sup
k∈N

|Dwε
k|(Rn) ≤ sup

k∈N
|Dvεk|(Ωε) + (cM − c1)Hn−1(∂Ωε) <∞. (5.26)

By Propositions 2.12 and 2.17, we deduce that wε
k ∈ BV sk(Ω;T ) for all k ∈ N and

Dskwε
k = ∇skwε

k Ln = I1−skDwε
k Ln in Mb(Ω;Rn). (5.27)

Moreover, in view of (2.15) and Remark 2.13, we can find a constant C > 0, independent of k ∈ N,
such that

|Dskwε
k|(Ω) ≤ C(1 + |Dwε

k|(Rn)) for all k ∈ N. (5.28)

Let δ > 0 be fixed and let (bik)
N
i=1, (φ

i
k)

N
i=1 ∈ C(Rn) be the families of functions given by assump-

tion (A). By exploiting (5.27) we have

φi
k

(
dDskwε

k

d|Dskwε
k|
(y)

)
|Dskwε

k|(y) = φi
k(D

skwε
k) = φi

k(∇skwε
k)Ln in Mb(Ω;Rn). (5.29)

Moreover, since Dwε
k ∈ Mb(Rn;Rn) all k ∈ N, we derive that φi

k(Dw
ε
k) ∈ Mb(Rn) for all i ∈

{1, . . . , N}. In particular, by (5.25)

φi
k(Dw

ε
k) = φi

k(Dv
ε
k) = φi

k

(
dDvεk
d|Dvεk|

)
|Dvεk| in Mb(Ω

ε;Rn). (5.30)
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Thus, for all k ∈ N we get (see Proposition 2.8)

I1−skφi
k(Dw

ε
k) ∈ L1

loc(Rn) for all i ∈ {1, . . . , N}, (5.31)

and by (5.27) and Jensen’s inequality for sublinear functions of measures (see [45, Theorem 1])

φi
k(∇skwε

k) = φi
k(I1−skDwε

k) ≤ I1−skφi
k(Dw

ε
k) a.e. in Rn for all i ∈ {1, . . . , N}. (5.32)

Let us fix a function ϕ ∈ C1
c (Ω

ε) such that 0 ≤ ϕ ≤ 1 in Ωε and ϕ = 1 on Ω. By us-
ing (A), (5.28), (5.29), and (5.32), for all k ∈ N we get∫

Ω
ψk

(
y,

dDskwε
k

d|Dskwε
k|
(y)

)
d|Dskwε

k|(y)

≤
N∑
i=1

∫
Ω
bik(y)φ

i
k

(
dDskwε

k

d|Dskwε
k|
(y)

)
d|Dskwε

k|(y) + δ sup
k∈N

|Dskwε
k|(Ω)

≤
N∑
i=1

∫
Ω
bik(y)φ

i
k(∇skwε

k(y)) dy + Cδ(1 + sup
k∈N

|Dwε
k|(Rn))

≤
N∑
i=1

∫
Rn

bik(y)ϕ(y)I1−skφi
k(Dw

ε
k)(y) dy + Cδ(1 + sup

k∈N
|Dwε

k|(Rn)). (5.33)

Thanks to Fubini’s theorem, recalling that φi
k(Dw

ε
k) ∈ Mb(Rn), the identity

N∑
i=1

∫
Rn

bik(y)ϕ(y)I1−skφi
k(Dw

ε
k)(y) dy =

N∑
i=1

∫
Rn

I1−sk(bikϕ)(y) dφ
i
k(Dw

ε
k)(y) (5.34)

holds for all k ∈ N. Moreover, by using again (A), (5.30), and the fact that ϕ ∈ C1
c (Ω

ε) with
0 ≤ ϕ ≤ 1 in Ωε, we get

N∑
i=1

∫
Rn

I1−sk(bikϕ)(y) dφ
i
k(Dw

ε
k)(y)

≤
N∑
i=1

∫
Ωε

bik(y)ϕ(y)dφ
i
k(Dw

ε
k)(y) + sup

k∈N
|Dwε

k|(Rn)
N∑
i=1

∥φi
k∥C(Sn−1)∥I1−sk(bikϕ)− bikϕ∥L∞(Rn)

≤
N∑
i=1

∫
Ωε

bik(y)φ
i
k

(
dDvεk
d|Dvεk|

)
d|Dvεk|(y) + sup

k∈N
|Dwε

k|(Rn)
N∑
i=1

∥φi
k∥C(Sn−1)∥I1−sk(bikϕ)− bikϕ∥L∞(Rn)

≤ Ek(vεk,Ωε) + δ sup
k∈N

|Dvεk|(Ωε) + sup
k∈N

|Dwε
k|(Rn)

N∑
i=1

∥φi
k∥C(Sn−1)∥I1−sk(bikϕ)− bikϕ∥L∞(Rn).

(5.35)

Thanks to (A) and (3.1), we can apply Lemma 5.8 to deduce that

lim
k→∞

(
N∑
i=1

∥φi
k∥C(Sn−1)∥I1−sk(bikϕ)− bikϕ∥L∞(Rn)

)
= 0. (5.36)

Therefore, by combining (5.24) with (5.26) and (5.33)–(5.36), for all ε, δ > 0 we have

lim sup
k→∞

∫
Ω
ψk

(
y,

dDskwε
k

d|Dskwε
k|
(y)

)
d|Dskwε

k|(y)

≤ F0(v,Ω
ε) + Cδ(1 + sup

k∈N
|Dwε

k|(Rn)) + δ sup
k∈N

|Dvεk|(Ωε).



24 S. ALMI, M. CAPONI, M. FRIEDRICH, AND F. SOLOMBRINO

By sending δ → 0, for all ε > 0 we obtain by (5.26)

lim sup
k→∞

Fk(w
ε
k) ≤ lim sup

k→∞

∫
Ω
ψk

(
y,

dDskwε
k

d|Dskwε
k|
(y)

)
d|Dskwε

k|(y)

≤ F0(v,Ω
ε) ≤ F0(u) + Λε,

where the last step follows from (5.23) and (5.3). Sending ε → 0 we can eventually conclude by a
diagonal argument. □
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Appendix A. Auxiliary results

This appendix is devoted to the proofs of Proposition 2.2, the approximation result of Proposi-
tion 2.21, and Lemma 5.2. We begin with the Lp-type estimates for the Riesz fractional gradient
and divergence.

Proofs of Proposition 2.2. We only prove (2.5) for p ∈ [1,∞), since the other estimates follow by a
similar argument.

Let p ∈ [1,∞) be fixed. We recall the following Minkowski’s inequality(∫
Rn

(∫
Rn

|f(x, y)|dy
)p

dx

) 1
p

≤
∫
Rn

(∫
Rn

|f(x, y)|p dx
) 1

p

dy,

which holds for all measurable functions f : Rn × Rn → R. Then, we have

∥∇sψ∥Lp(Rn) ≤ µs

∫
Rn

∥ψ( · + h)− ψ( · )∥Lp(Rn)

|h|n+s
dh

≤ µs

(
∥∇ψ∥Lp(Rn)

∫
BR

1

|h|n+s−1
dh+ 2∥ψ∥Lp(Rn)

∫
Rn\BR

1

|h|n+s
dh

)

=
ωnR

1−sµs
1− s

∥∇ψ∥Lp(Rn) +
2ωnµs
sRs

∥ψ∥Lp(Rn).

By minimizing on R > 0 we derive (2.5). □

To prove Proposition 2.21, we begin by recalling some preliminary results. First, we show that
any function ψ ∈ L∞(Rn) ∩ C1(Rn) admits a weak s-fractional gradient, which can be expressed
by formula (2.4). The key observation is that formula (2.4) does not require ψ to have compact
support. Consequently, the integration by parts formula (2.7) can also be extended to all functions
ψ ∈ L∞(Rn) ∩ C1(Rn) without the assumption of compact support.
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Lemma A.1. Let s ∈ (0, 1) and ψ ∈ L∞(Rn) ∩ C1(Rn). Then, ψ has a weak s-fractional gradient
v ∈ L1

loc(Rn;Rn) and

v(x) = µs

∫
Rn

(ψ(y)− ψ(x))(y − x)

|y − x|n+s+1
dy for all x ∈ Rn. (A.1)

Proof. We fix s ∈ (0, 1) and ψ ∈ L∞(Rn)∩C1(Rn), and we consider the function v defined in (A.1)
Notice that v(x) is well-defined for all x ∈ Rn and v ∈ L1

loc(Rn;Rn). Indeed, for all R > 0 and
x ∈ BR we have

|v(x)| ≤ µs

∫
BR(x)

|ψ(x)− ψ(y)|
|x− y|n+s

dy +

∫
Rn\BR(x)

|ψ(x)− ψ(y)|
|x− y|n+s

dy

≤ ωnR
1−sµs

1− s
∥∇ψ∥L∞(B2R) +

2ωnµs
sRs

∥ψ∥L∞(Rn).

We claim that for all functions Ψ ∈ C1
c (Rn;Rn) we have∫

Rn

v(y) ·Ψ(y) dy = −
∫
Rn

ψ(y) divsΨ(y) dy.

We follow the lines of the proof of [30, Lemma 2.5]. For all Ψ ∈ C1
c (Rn;Rn) we have∫

Rn

v(x) ·Ψ(x) dx = µs

∫
Rn

∫
Rn

(ψ(x)− ψ(y))(x− y)

|x− y|n+s+1
dy ·Ψ(x) dx

= µs lim
ε→0+

∫
Rn

∫
Rn\Bε(x)

(ψ(x)− ψ(y))(x− y)

|x− y|n+s+1
·Ψ(x) dy dx

= −µs lim
ε→0+

∫
Rn

∫
Rn\Bε(y)

ψ(y)(x− y) · (Ψ(x)−Ψ(y))

|x− y|n+s+1
dx dy

= −µs
∫
Rn

∫
Rn

ψ(y)(x− y) · (Ψ(x)−Ψ(y))

|x− y|n+s+1
dx dy = −

∫
Rn

ψ(y) divsΨ(y) dy.

Thus, v ∈ L1
loc(Rn;Rn) is the weak s-fractional gradient of ψ in Rn. □

In the following result, we extend the fractional Leibniz formula (2.10) to all functions ψ, ϕ ∈
L∞(Rn) ∩ C1(Rn).

Lemma A.2. Let s ∈ (0, 1). For all functions ψ, ϕ ∈ L∞(Rn) ∩ C1(Rn) the nonlocal operator
∇s

NL(ψ, ϕ) : Rn → Rn introduced in (2.8) is well-defined and

∇s(ψϕ)(x) = ∇sψ(x)ϕ(x) + ψ(x)∇sϕ(x) +∇s
NL(ψ, ϕ)(x) for all x ∈ Rn. (A.2)

Proof. We first observe that ∇s
NL(ψ, ϕ) is well-defined for all x ∈ Rn, by arguing as in the proof of

Lemma A.1. Then, the identity (A.2) follows from the definitions of ∇s and ∇s
NL. □

We are now in a position to prove Proposition 2.21.

Proof of Proposition 2.21. The proof is divided in two steps. First, we approximate a function
u ∈ L∞(Rn) satisfying

|Dsu|(A) <∞ for all open sets A ⊂⊂ Ω,

by a sequence (uε)ε ⊂ L∞(Rn) ∩ C∞(Rn) as ε → 0. In the second step, we assume that u ∈
L∞(Rn)∩C∞(Rn) and approximate it by a sequence (uR)R ⊂ C∞

c (Rn) as R→ ∞. The conclusion
then follows by a diagonal argument.

Step 1. We fix a function ρ ∈ C∞
c (B1) which satisfies

ρ(x) ≥ 0 for all x ∈ Rn, ρ(x) = ρ(−x) for all x ∈ Rn,

∫
B1

ρ(y) dy = 1,
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and we set

ρε(x) :=
1

εn
ρ
(x
ε

)
for x ∈ Rn and ε > 0.

We define

uε(x) := (ρε ∗ u)(x) =
∫
Bε(x)

u(y)ρε(x− y) dy for all x ∈ Rn and ε > 0.

Clearly, (uε)ε ⊂ L∞(Rn) ∩ C∞(Rn) and

∥uε∥L∞(Rn) ≤ ∥u∥L∞(Rn) for all ε > 0,

uε → u strongly in L1
loc(Rn) for all p ∈ [1,∞) as ε→ 0+.

In particular, by Lemma A.1 and Proposition 2.17 there exists Dsuε ∈ M(Rn;Rn) and

Dsuε = ∇suε Ln in M(Rn;Rn),

where ∇suε is given by formula (2.4). We fix a function Ψ ∈ C∞
c (Ω;Rn). By Proposition 2.9, for

all ε ∈ (0,dist(suppΨ, ∂Ω)) we have∫
Rn

Ψ(y) · dDsuε(y) = −
∫
Rn

uε(y) div
sΨ(y) dy

= −
∫
Rn

(ρε ∗ u)(y) divsΨ(y) dy

= −
∫
Rn

u(y) divs(ρε ∗Ψ)(y) dy

=

∫
Rn

(ρε ∗Ψ)(y) · dDsu(y) =

∫
Ω
Ψ(y) · d(ρε ∗Dsu)(y).

This implies that

Dsuε ⇀ Dsu weakly* in M(Ω;Rn) as ε→ 0+.

Step 2. Assume now that u ∈ L∞(Rn)∩C∞(Rn). We fix a family of functions (ηR)R ⊂ C∞
c (Rn)

which satisfies for all R > 0

0 ≤ ηR ≤ 1 in Rn, ηR = 1 in BR, supp(ηR) ⊂ BR+1, |∇ηR| ≤ 2 in Rn.

We define

uR(x) := u(x)ηR(x) for all x ∈ Rn and R > 0.

We have that uR ∈ C∞
c (Rn) and

uR → u strongly in L1
loc(Rn) for all p ∈ [1,∞) as R→ ∞.

Moreover, by Lemma A.2 we have

∇suR(x) = u(x)∇sηR(x) +∇su(x)ηR(x) +∇s
NL(u, ηR)(x) for all x ∈ Rn and R > 0.

We fix r > 0. For all x ∈ Br and R > 2r we get

|u(x)∇sηR(x)| ≤ µs∥u∥L∞(Rn)

∫
Rn\Br(x)

|ηR(x)− ηR(y)|
|x− y|n+s

dy ≤ ωnµs
srs

∥u∥L∞(Rn),

|∇su(x)ηR(x)| ≤ |∇su(x)|

|∇s
NL(u, ηR)(x)| ≤ 2µs∥u∥L∞(Rn)

∫
Rn\Br(x)

|ηR(x)− ηR(y)|
|x− y|n+s

dy ≤ 2ωnµs
srs

∥u∥L∞(Rn).

Thus,

|DsuR|(Br) =

∫
Br

|∇suR(y)|dy ≤ 3ω2
nr

n−sµs
ns

∥u∥L∞(Rn) + |Dsu|(Br) for all R > 2r.
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Hence, there exist a not relabeled subsequence and a Radon measure µ ∈ M(Rn;Rn) such that

DsuR ⇀ µ weakly* in M(Rn;Rn) as R→ ∞.

On the other hand, for all Ψ ∈ C∞
c (Rn;Rn) we have∫

Rn

Ψ(y) · dµ(y) = lim
R→∞

∫
Rn

Ψ(y) · dDsuR(y)

= − lim
R→∞

∫
Rn

u(y)ηR(y) div
sΨ(y) dy = −

∫
Rn

u(y) divsΨ(y) dy.

Thus, µ = Dsu, which implies DsuR ⇀ Dsu weakly* in M(Rn;Rn) as R → ∞ by the Urysohn
property. □

We conclude the appendix with the proof of Lemma 5.2.

Proof of Lemma 5.2. (1) Let (wk)k ⊂ BV (Ω) be a sequence such that

sup
k∈N

|Dwk|(Ω) <∞.

By Poincare’s inequality, there exists a constant C > 0, independent of k ∈ N, and a sequence
(ak)k ⊂ R such that

∥wk − ak∥L1(Ω) ≤ C|Dwk|(Ω) for all k ∈ N.
Hence, the sequence of functions

vk := wk − ak ∈ BV (Ω), k ∈ N,
is uniformly bounded in BV (Ω). Therefore, there exist a not relabeled subsequence and a function
w ∈ BV (Ω) such that (5.4)–(5.5) hold.

(2) Let (Ωj)j be a sequence of open bounded sets with smooth boundaries such that

Ωj ⊂⊂ Ωj+1 for all j ∈ N,
⋃
j∈N

Ωj = Ω.

We fix j ∈ N. By Poincare’s inequality, there exists a constant Cj > 0, independent of k ∈ N, and
a sequence (ak,j)k ⊂ R such that

∥wk − ak,j∥L1(Ωj) ≤ Cj |Dwk|(Ωj) for all k ∈ N.

Let us set ak := ak,1. Then, for all j, k ∈ N we have

∥wk − ak∥L1(Ωj) ≤ ∥wk − ak,j∥L1(Ωj) + ∥ak,j − ak∥L1(Ωj)

≤ Cj |Dwk|(Ωj) +
Ln(Ωj)

Ln(Ω1)
∥ak,j − ak∥L1(Ω1)

≤
(
Cj +

Ln(Ωj)

Ln(Ω1)
C1 +

Ln(Ωj)

Ln(Ω1)
Cj

)
|Dwk|(Ωj).

In particular, the sequence of functions

vk := wk − ak ∈ BVloc(Ω), k ∈ N,
is uniformly bounded in BV (Ωj) for all j ∈ N. Therefore, for all j ∈ N there exist a subsequence
(kh,j)h ⊂ N and a function vj ∈ BV (Ωj) such that

vkh,j → vj strongly in L1(Ωj) as h→ ∞,

Dwkh,j = Dvkh,j ⇀ Dvj weakly* in Mb(Ωj ;Rn) as h→ ∞.

By a diagonal argument, we can find a subsequence (kh)h ⊂ N and a function w ∈ BVloc(Ω) such
that (5.6) holds.

□
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