THE EPSILON-REGULARITY THEOREM FOR
BRAKKE FLOWS NEAR TRIPLE JUNCTIONS

SALVATORE STUVARD AND YOSHIHIRO TONEGAWA

ABSTRACT. We establish the e-regularity theorem for k-dimensional, possibly forced, Brakke
flows near a static, multiplicity-one triple junction. This result provides the parabolic analogue
to L. Simon’s foundational work on the singular set of stationary varifolds and confirms
that the regular structure of triple junctions persists under weak mean curvature flow. The
regularity holds provided the flow satisfies a mild structural assumption on its 1-dimensional
slices taken orthogonal to the junction’s (k — 1)-dimensional spine, which prohibits certain
topological degeneracies. We prove that this assumption is automatically satisfied by two
fundamental classes of flows where such singularities are expected: codimension-one multi-
phase flows, such as the canonical BV-Brakke flows constructed by the authors, and flows
of arbitrary codimension with the structure of a mod 3 integral current, which arise from
Ilmanen’s elliptic regularization. For such flows, therefore, the Simon type regularity holds
unconditionally.

CONTENTS

(I.__Introduction|

|[1.1.  Plan of the paper and strategy ot proof]
N - ] - T

2.1. General notationl

[2.2.  k-dimensional triple junctions|

(2.3, Varifolds|

[2.4. Brakke flows with forcing

[2.5. Flow close to triple junction|

[2.6. A turther technical assumption on the flow|
2.7. The Main Theorem|

[3.  Graphical parametrization|

|4. No-hole property|

(6. Non-concentration estimates|

[b.1.  Preliminary estimates|

[5.2. Proof of Theorem 5.1l

6.  Blow-up and decay for the linear problem]|
[7. Excess decay and prootf of Theorem [2.7]
[8.  Unconditional triple junction regularity|
9. Concluding remarks|

References]

Date: October 14, 2025.

= © 00 00 33O N



2 S. STUVARD AND Y. TONEGAWA

1. INTRODUCTION

A central theme in geometric analysis is the structure of singularities in critical points
of geometric variational problems. The regularity theory for stationary varifolds — weak
solutions to the Euler—Lagrange equation of the area functional — forms one of the most
challenging parts of the field. Following the fundamental monotonicity formula, which yields
subsequential convergence of blow-ups of a stationary varifold to stationary cones (tangent
cones), three questions became central. First: does the occurrence of a regular tangent cone
(a plane, possibly weighted with constant multiplicity @) at a point force local regularity of
the varifold? Second: more generally, does the occurrence of a given tangent cone imply its
uniqueness (independence of blow-up sequences) and that the varifold is locally diffeomorphic
to that cone? Third: what can be said about the size (Hausdorff dimension) and fine properties
(rectifiability, higher regularity) of the singular set? While complete answers remain out of
reach, remarkable partial results have been obtained in the last few decades, with various
degrees of precision and possibly under various additional assumptions, such as stability or
area minimization; see, among others, [1I, 3], 10, 1T, 12], 25 27, 37, [39].

A parallel and natural line of research concerns the parabolic counterpart: weak varifold
solutions to the L2-gradient flow of the area functional — the mean curvature flow. The
relevant notion of weak solution in this context was given by K. Brakke in [5], whence it
is typically referred to as Brakke flow; see Section [2] for the relevant definitions. In this
parabolic framework, the monotonicity formula of Huisken [I5], originally proved for smooth
mean curvature flows and extended to Brakke flows by Ilmanen in [I7], allows one to mirror
the elliptic theory. In particular, it establishes subsequential convergence of parabolic blow-
ups of a Brakke flow at a space-time point of its support to limit tangent flows, and the
analogues of the three questions above can then be asked in this framework, too. This paper
resolves, in arbitrary dimension and codimension, the analogue of the second question at
static multiplicity-one triple junctions, namely when a tangent flow is independent of time
and equal to the stationary cone C given by the union of three half-planes meeting at 120°
along a common subspace. Precisely, we establish the following regularity theorem, presented
here informally and stated rigorously in Theorem

Theorem 1.1 (Main theorem, informal statement). Suppose {Vi}ie(—1,0) s a k-dimensional
Brakke flow in the open ball U1(0) C R™ satisfying the structural assumption (A6). If a tangent
flow at 0 is a static multiplicity-one triple junction C for t <0, then the following holds:

(i) C is the unique tangent flow at 0;

(0,0),A (0,0),

(ii) the parabolic blow-ups V, , informally V, A= A" Wya,, converge to C at a rate
O(A\*) as A — 0T for every a € (0,1);

(iii) there exists v > 0 such that, for every t € (—r2,0), spt||Vi|| N U.(0) consists of the
union of three k-dimensional submanifolds-with-boundary meeting at 120° along a
common boundary. In fact the three submanifolds are normal graphs over the three
branches of C, and the common boundary is a normal graph over the axis (spine) of C.
Furthermore, the boundary is reqular of class CH%, and each sheet is a smooth solution

to the mean curvature flow in the interior and CY* up to the common boundary.

In fact, an e-regularity statement holds. More precisely, there exists g > 0 such that,
under (A6), if the flow is eg-close to a static multiplicity-one triple junction (as specified in
Deﬁm’tion and the Gaussian density ©(0,0) > 3, then the tangent flow at (0,0) is a
unique static triple junction Cq gy, and the conclusions above hold with Cq o) replacing C.



BRAKKE FLOWS NEAR TRIPLE JUNCTIONS 3

The statements remain valid for Brakke flows with forcing w € L{LK with p > 2, ¢ > 2, and
ay:=1— % - % € (0,1); the rate is O(AY) for every a < a,.

Before commenting further on the theorem and its assumptions (particularly the structural
assumption (A6) mentioned there), let us first discuss the relevance of studying triple junction
singularities. The intrinsic interest of these specific singularities dates back to J. Plateau’s
experiments with soap films and bubbles in the nineteenth century. From the phenomenological
observations, Plateau formulated what are nowadays known as Plateau’s laws on the shape of
soap films. The laws predict that:

(i) Soap films are made of entire (unbroken) smooth surfaces.
(ii) The mean curvature of a portion of a soap film is everywhere constant on any point
on the same piece of soap film.
(iii) Soap films always meet in threes along an edge called a Plateau border, and they do
so at an angle of arccos(—1/2) = 120°.
(iv) These Plateau borders meet in fours at a vertex, at the tetrahedral angle arccos(—1/3) ~
109.47°.

The local analysis of triple junction singularities of minimal surfaces (the elliptic, stationary
setting) is then the rigorous study, in mathematical terms, of the local geometry at the
Plateau borders described above in (iii). In [33], J. Taylor demonstrated that two-dimensional
Almgren minimal sets in R? (see [2]) do satisfy Plateau’s laws. Later on, in [32], she identified
triple junctions as the only admissible singularities for two-dimensional flat chains in R3
that minimize the area in the homology class mod 3. In his pioneering paper [29], L. Simon
eventually proved an e-regularity theorem for triple junction singularities of multiplicity-one
stationary varifolds in arbitrary dimension and codimension. In particular, his result implies
that if a multiplicity-one stationary varifold admits, at a point of its support, a unit density
triple junction as tangent cone, then that tangent cone is unique, blow-ups converge towards
it at a rate that is a positive power of the blow-up scale, and locally at the point the varifold
consists of three smooth minimal surfaces meeting at 120° at a common C® boundary. The
techniques introduced by Simon have proved themselves to be extremely robust, and they have
been successfully applied to a variety of elliptic problems concerning the local structure of
cylindrical singularities (namely, singularities where a tangent cone splits a Euclidean factor);
see, in particular, [6, 8l 9L 23].

In contrast, much less progress has been made in this direction at the level of parabolic
theory. Prior to the present contribution, the analysis of Brakke flows at triple junction
singularities had been addressed in two papers. In [26], F. Schulze and B. White considered
the restricted class of mean curvature flows of clusters of smooth k-dimensional surfaces in
R™ that meet in triples at equal angles along smooth edges and higher-order junctions on
lower-dimensional faces, termed mean curvature flows with triple edges. They proved that any
such flow that is close to a static triple junction weakly in the sense of Brakke flows is in fact
close to it in the smooth topology, and furthermore they showed that any cluster with only
triple edges and no higher-order junctions evolves by mean curvature within the class for short
time. Instead, in [36] the second-named author and N. Wickramasekera implemented Simon’s
blow-up technique to prove an e-regularity theorem for 1-dimensional Brakke flows that are
L?-close to a static triple junction in the plane, thereby establishing the k = 1, n = 2 case of
Theorem without the structural assumption (A6).
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The essential advantage of the k = 1 case is the following. Along a mean curvature flow, it
is natural to control the space-time integral of the mean curvature squared, since this quantity
represents the dissipation of area along the flow. When k£ = 1, this natural control implies that
for a.e. t the 1-dimensional varifold V; has bounded generalized mean curvature in L?. In turn,
this information entails strong constraints on the topology (and length) of the rectifiable set
supporting V;; see, for instance [36, Proposition 4.2]. When the varifolds’ dimension is k£ > 2,
such constraints are unavailable. With such a weak, albeit natural, integrability condition on
the mean curvature, it is not clear to the authors whether a complete, unconditional parabolic
counterpart to Simon’s theorem in [29] is to be expected.

More precisely, while many of the formulas in [29] have parabolic counterparts for Brakke
flows, one crucial estimate does not. For a stationary integral varifold V' of dimension k and
a stationary cone C of the same dimension, if 0 € spt||V|| is a point such that the density
Oy (0) > ©¢(0) then as a consequence of the monotonicity formula it holds for a.e. » > 0 that

k k_l/ HdIIVH(X) < i(IIVII(B ) = ICII(B,)) (1.1)
r 5. ‘ X‘ k12 = ur r r))s .
where X is the orthogonal projection of the position vector X to (Tanx|V|)*; see [29,
p. 613] and [8, Lemma 8.2 and Appendix E|. The above formula allowed Simon to avoid
certain derivative terms of cut-off functions needed for localization. For Brakke flows, a direct
counterpart to is missing: while the natural attempt would be to try and derive a suitable
estimate from Huisken’s monotonicity formula, the intrinsic “non-local” nature of the latter
prevents one to obtain an inequality which can be successfully integrated against radial cut-off
functions. The local monotonicity formula of Ecker [14] does not appear to provide the kind
of estimates we need either.

In this paper, we show that the lack of a formula mirroring for mean curvature flow
can be entirely overcome by imposing one single additional structural assumption on the flow,
which, in the present paper, is labeled (A6) and is introduced in Section Although it
is not precise, (A6) roughly requires the following. If in a parabolic cylinder B, x (—72,0)
the flow is sufficiently close, in space-time L?, to a triple junction C, then at a.e. time ¢ the
slices of V4 in the direction perpendicular to the spine S(C) of the cone, a one-dimensional
rectifiable set M} for a.e. y € S(C), have scale invariant length

r I HY (MY N B,)

and scale invariant second moment with respect to S(C)
r3 / dist?(X, S(C)) dH' (X)
MYNB,

greater than or equal to the corresponding quantities evaluated on the slices of C, up to an
admissible error which is quadratic in the scale invariant L°° distance between the flow and
the cone in the annulus B, \ B, 5 (see (2.19)-(2.20)).

Essentially, the validity of (A6) prevents the occurrence of topological degeneracies in the
slices of the flow such as those depicted in Figure . Interestingly, we verify in this paper (see
Section [§]) that (A6) is in fact automatically satisfied in the two canonical classes of Brakke
flows where triple junction singularities are expected and a robust existence theory is available:
(i) multi-phase Brakke flows with at least three phases, such as those constructed in [19} [31],
and (ii) flows of currents mod 3, which can be obtained, for instance, by elliptic regularization
as in [16]. In these cases, the parabolic counterpart to Simon’s regularity theorem holds
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unconditionally, and we have the following corollary; the precise statements are Theorem
and Theorem

Corollary 1.2. There exists o with the following property. Suppose that {Vi}ic(—10) 5 a
k-dimensional (possibly forced) Brakke flow in the open ball Ui (0) C R™ which is eq-close, in
the sense of Definition[2.3, to a static multiplicity-one triple junction C. Suppose furthermore
that {V:}+ has a multi-phase cluster structure (in which case n =k + 1) or that it is a flow of
currents mod 3. If the Gaussian density ©(0,0) > %, then the tangent flow at (0,0) is unique,
it is a static triple junction C gy, and the conclusions (ii) and (iii) of Theorem hold with
Coo,0) in place of C.

Note that in case {V;}yc(—1,0) is a flow of currents mod 3 arising as limit of llmanen’s elliptic
regularization scheme, triple junction regularity had already been established by Schulze-White
in |26, Lemma 5.2] (also utilizing Krummel’s result [2I]), and in fact more can be said in
that case, as the graphical sheets in point (iii) of Theorem are smooth up to the common
boundary, and the latter is smooth as well. An advantage of our result, however, is that
it shows how the basic C1® regularity does not depend in any way on the method used to
construct the flow, so long as the underlying mod 3 homology structure is present.

In combination with White’s stratification theorem [38], Corollary [L.2|allows one to conclude
the following structural result on the singular set of a Brakke flow. Given an open interval
I C R, an open set U C R", and a k-dimensional Brakke flow ¥ = {V; }+¢r in U, the (interior)
singular set Sing ¥ is defined as the set of points (X,t) € U x I for which no parabolic
neighborhood U,.(X) x (t — 72, + r?) can be found where the support spt||#|| (where || 7] is
the measure ||V;|| ® £ in U x I) is a smooth mean curvature flow.

Theorem 1.3. Let I C R be an open interval, and let ¥ = {V,}ier be a k-dimensional Brakke
flow in an open set U C R™ with multi-phase cluster structure or that is a flow of currents
mod 3. Assume the following:

¥ has no static tangent flows having, after rotations, the form C©) x Rk-1

for a one-dimensional (stationary) cone C© with ©(C©),0) > 2.

(H)

Then, the singular set Sing ¥ admits the decomposition
Sing?7 =RUS, (1.2)
where
(i) R is a k-dimensional submanifold of U x I of class CY®, and
(ii) S has parabolic Hausdorff dimension dimp(S) < k.
In particular, for a.e. t € I the singular set at time t, that is the set (Sing ¥); :== {X : (X,t) €

Sing ¥’} decomposes as (Sing ¥)y = Ry U Sy, where Ry is a (k — 1)-dimensional submanifold
of U of class C and the Euclidean Hausdorff dimension of S; is dimy(S;) < k — 2.

We remark that, for any Brakke flow ¥ = {V;}, if the Gaussian density at a point (Xo,t,)
satisfies ©(7, (Xo,t,)) < 2 then, by upper semicontinuity of the Gaussian density, the
assumption is satisfied in a neighborhood U’ x I' 3 (X,,t,). Hence, if #" has multi-phase
cluster structure or is a flow of currents mod 3 then the structural decomposition holds
for Sing ¥ N (U’ x I') in this case.

In the following subsection, we will describe the structure of the paper and the plan of the
proof of our main results.
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1.1. Plan of the paper and strategy of proof. In Section [2| we introduce the relevant
notation in place throughout the paper, including those related to the geometry of triple
junctions. We also recall the fundamental facts from the theory of varifolds, and we then
recall the notion of Brakke flows with forcing. In Definition [2.3] we list the conditions for
a flow to be e-close to a triple junction C, defining the e-neighborhood N;(C), Finally, we
discuss extensively the structural assumption (A6), we state our Main Theorem and we
show how Theorem [I.3] follows via stratification technique.

Towards the proof of Theorem [2.7] the most important result is the Decay Theorem [7.1]
The latter states, roughly speaking, that if the flow is sufficiently close, at a given scale r, to a
triple junction C then there exists another triple junction C’ of the form C’ = a’ + O’(C) for a
small translation vector a’ and a rotation O’ close to the identity so that the (scale invariant)
L2-excess (in space-time) of the flow from C’ at a smaller scale f,r (for some 6, € (0,1)) has
decayed by a fixed factor #¢. This information is essentially sufficient to establish uniqueness of
tangent flows that are static triple junctions, as well as the corresponding rate of convergence of
blow-up sequences. To prove the structure theorem (statement (iii) in the informal statement
presented as Theorem , the other important ingredient is Proposition which establishes
the validity of the following “no-hole property”: provided the flow is sufficiently L?-close to C,
at every time t and for every point y on the spine of C the slice of V; perpendicular to the
spine of C and passing through y contains at least one point where the Gaussian density of
the flow is (bigger than or) equal to % Once these results have been established, the proof
of the structure theorem is obtained upon comparing the oscillation of the (unique) tangent
flows at different “no-hole” points, and is by now considered standard.

With the no-hole property established in Section[d] essentially all the effort through Sections
[6] and [7]is directed to the proof of the Decay Theorem As in many similar regularity
proofs (starting from the pioneering work of De Giorgi [7]) the main argument is a “blow-up”

procedure: after scaling, we focus on a sequence of Brakke flows {Vt(m)}t with forcing fields
u(™ which are close at scale 1 to a reference triple junction C. The distance between the
flow {Vt(m)}t and C, measured in a space-time L’-sense, is a relevant parameter, it will be
called excess, cf. Definition and denoted by u(m). The other relevant parameter is the
(scale invariant) norm of u(™ in LIL% . denoted |[u(™|. Essentially all relevant analytic
estimates are obtained with respect to the control quantity max{u(™, |[u(™)||}. The first step
is performed in Section [3} there, we show that, for any choice of ¢ > 0, upon assuming that the
flow is sufficiently close to C, and thus that max{u(™, |u™|} is sufficiently small depending
on o, the regions in the flow at distance at least o from the spine of C can be parameterized
as normal graphs of functions defined on the three half-planes in C, with estimates on a
suitable parabolic C%® norm in terms of the control quantity. This Graphicality Theorem
is obtained by taking advantage of the end-time regularity theorem for Brakke flows with
forcing that are close to a multiplicity-one static plane, proved by the authors in [30]. This
is an extension to the end-time of Brakke’s regularity theorem (see also [5] [13], [I8], 34} 35]).
The availability of an end-time regularity theorem is crucial in this step: inspired by [29], we
cover the space by toroidal regions of width comparable to the distance from the spine of C,
we then extend them in the time direction appropriately, and finally we apply the end-time
regularity theorem at all scales such that the planar excess is small. At the end of Section
Bl we will have complete geometric control on the part of the flow that is far away from the
spine, but the geometry near the spine will still be unresolved.
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Section [5] is the technical core of the paper. Here, we obtain the parabolic counterpart to
the fundamental estimates of Simon aimed at proving that the L? excess does not concentrate
near the singular spine. The main result of this section is Theorem which establishes the
two fundamental estimates and . The first states that any no-hole point, that is
space-time points (=, 7) with Gaussian density (=, 7) > %, must lie in a tubular neighborhood
of the spine of the triple junction C whose width is bounded above by the control quantity
max{y, ||u]|}: this implies that the graphical representation established in Section [3| can be
pushed at least until this scale. The second states that if (2, 7) is a no-hole point then the L?
distance in space between the flow and the translated triple junction =+ C, when weighted by
the k-dimensional backward heat kernel pz ) with pole (Z,7), must tend to zero as t — 7~
at a rate of at least a positive power (7 —t)" with respect to the control quantity, uniformly in
t < 7. This is the parabolic counterpart to the estimate in Simon’s |29, Theorem 3.1(i)], and
its formulation was inspired by [36]. While in Simon’s work one obtains an integral estimate
for the L? distance weighted by the singular kernel | X — Z|~%+* where k is the dimension and
x € (0,1), the parabolic formulation weights the L? distance with the time-singular kernel
(T —t)"p(z,r), which is of order O((7 — t)_gJ”*) indeed (this is the correct scaling, as time is
effectively two-dimensional in parabolic regularity), and the estimate is uniform in time.

The proof of Theorem hinges upon gaining control of two key geometric quantities:
the deviation from stationarity, measured by || f |h|?, and the deviation from self-similarity,
measured by the Huisken integral [['|h — (Vpz 1)) /pzr|*pE,- This is done in Proposition
(.8 As Simon’s estimates were obtained by suitably testing the stationarity identity 6V = 0
along cleverly chosen vector fields, here we must test Brakke’s inequality with appropriate
choices of (non-negative, compactly supported) test functions. It is here, to control the error
terms coming from the necessary use of cut-off functions for localization inside Brakke’s
inequality, that we need the structure assumption (A6).

Once Theorem [5.1] is proved, and the graphical representation of the flow has been pushed
to distance comparable to excess from the spine of the cone, we pass to the blow-up limit in
Section @: after normalization by x(™, the graphing functions f("™) are shown to converge
to a solution f of the heat equation on each branch of C, satisfying compatibility conditions
at the spine. Such conditions eventually lead to a Taylor-type expansion for the graphing
functions (see Corollary which is then the key towards the proof of the Decay Theorem
[C1l and of the Main Theorem in Section [7

In Section |8, we show that the structure assumption (A6) is automatically satisfied in the
important cases of flows with an underlying cluster structure and flows of currents mod 3,
thus reaching the proof of Corollary [I.2] Finally, the last Section [J] contains some concluding
remarks on future directions of research.

Acknowledgements. S.S. acknowledges support from the project PRIN 2022PJIEFL “Geo-
metric Measure Theory: Structure of Singular Measures, Regularity Theory and Applications
in the Calculus of Variations,” funded by the European Union under NextGenerationEU and
by the Italian Ministry of University and Research, as well as partial support from the Gruppo
Nazionale per I’Analisi Matematica, la Probabilita e le loro Applicazioni (INAAM). Y.T. was
partially supported by JSPS grant 23H00085.

2. NOTATION AND MAIN RESULTS

2.1. General notation. The integers 1 < k < n are fixed, and the space-time coordinate
(X,t) € R™ x R is often used, with the variable ¢ referred to as “time”. The symbol 05 denotes
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the origin in R*. The standard orthonormal basis of R” is denoted ey, ..., e,. For any Borel
set A C R™, the symbols £"(A) and H*(A) denote, respectively, the Lebesgue measure and
the k-dimensional Hausdorff measure of A. When X € R" and r > 0, U,(X) and B, (X)
denote the open and closed ball centered at X with radius r, respectively, and U, and B,
are used for U,(0) and B,(0), respectively. More generally, U¥(X) and BF(X) denote the
open and closed ball in R¥ and wy, := £¥(BY). In R® x R, P,(X,t) denotes the open parabolic
cylinder U,.(X) x (t —r%,t) and P, is used for P,(0,0).

For two subsets A, B C R", disty (A, B) is the Hausdorff distance between A and B.

For 0 < a < 1 and a function f : B% x [-R2,0] — R’ for some ¢ > 1, we define

— ‘Vf(X,t)—Vf(X/,t/”
fllota ==sup (R7Yf(X, 0|+ |VF(X, D))+ sup R
Iflene = sup (RSO + 9A05 00+ swp el TR ER

feY |f(X7t) B f(Xat,)‘
4+ sup R
(X, )#(X, ) |t — t/|(1+a)/2

throughout the paper, and whenever || f||c1.« is used for a different domain, it is understood
that it is defined similarly so that it is in this specific invariant form.

2.2. k-dimensional triple junctions. We will let C denote a k-dimensional triple junction
in R™. This is the product C = C x S, where S is a (k — 1)-dimensional linear subspace of R,
and C is the subset of a two-dimensional linear subspace Z C S+ defined, in an orthonormal
system of coordinates (z1,z2) in Z, by
C:={(50): s >0 U{(=5,V35): s >0} U{(—s,—V3s): s >0}.

For a triple junction C as above, the linear subspace S = S(C) is called the spine of C.

Upon a suitable choice of the coordinates in R”, we may assume that
S={0p_pr1} xR SR *Lly 0, 1} and Z=R?x{0,}.

The three unit vectors wq, ws, w3 in Z are defined in these coordinates as

w1 = (1707()%—2) = €1, w2 = (_1/27 \/§/270n—2)7 w3 = (_1/2? _\/§/2;0n—2)' (21)
Define for each 1 =1, 2,3
H, ={swi+y:s>0,ye€S} and P;:={sw;+y:s€R,yec S} (2.2)

Accordingly, we have C = S U U?:l H;. To simplify the notation, we often use the same
notation C, S and Z to represent C x R, S x R and Z x R, respectively, which are “static”
in space-time R"™ x R, and similarly for H; and P;. These identifications should not cause
confusion. The coordinates of a point X € R" = R" "1 x RF=1 are X = (z,y), and we will
often write x and y in place of the more cumbersome (z,0) and (0, y), respectively, so to have
X =z +y. In particular, 2(X) = pg1(X), where py denotes the orthogonal projection onto
a subspace W, and |z(X)| = dist(X, S) is the distance of the point X € R"™ from the spine S
of C.

2.3. Varifolds. The symbol G(n, k) is the Grassmannian of the unoriented k-dimensional
linear subspace of R"™. We often identify S € G(n, k) with the orthogonal projection map
R™ — S and also the matrix that represents the map S in the standard coordinates. The
orthogonal projection to the orthogonal complement of S is denoted by S+. A k-dimensional
varifold in an open set U C R" is defined as a positive Radon measure V in the space
Gr(U) :==U x G(n, k). For a comprehensive exposition of varifold theory, see [I} 28]. The set
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of all k-varifolds in U is denoted by V(U). We let ||V|| and §V denote the weight measure and
first variation of V', respectively. When 6V is locally bounded as vector measure and absolutely
continuous with respect to ||V||, we let h(-, V) € LL (||[V]|;R™) denote the generalized mean

curvature vector of V', so that 6V = —h(-,V)||V]|. A subset M C R" is countably k-rectifiable
if it is *-measurable and satisfies

HE(M O\ U2, f(RF)) =0

for some countably many Lipschitz maps f; : R — R™. Additionally, if M has locally finite
HF-measure, M is said to be (locally) H"-rectifiable. For such M, for H*-a.e. X € M
there exists a unique approximate tangent space denoted by Tx M or Tan(M, X). If M is
HF-rectifiable and 6 € LL _(H*L /) is positive and integer-valued, we let var(M, ) denote
the varifold var(M, 0) := 0H* Ly ®dr s, where Oy m is the Dirac delta on G(n, k) with
vy m({TxM}) = 1. This varifold is called an integral k-varifold and we write V € IV (U).
The function @ is called multiplicity. In addition, if § = 1 H*-a.e. on M, V is said to be a
unit-density varifold. We write spt||V|| for the support of ||V||. If X € spt||V]| and there exists
r > 0 such that U,(X) Nspt||V| is an embedded k-dimensional surface of class C!, we write
X e€regV, and spt||V] \ reg V is denoted by sing V.

2.4. Brakke flows with forcing. For R > 0 we write I = (—R2,0] C R. For every t € I let
Vi be a k-varifold in Ug and u(-,t): Ur — R™ a ||V;|-measurable vector field such that the
following conditions hold. See [35] for a comprehensive treatment of Brakke flows in general.

(A1) For a.e. t € I, Vi € IV(Ug), the first variation 6V; is bounded and absolutely
continuous with respect to ||V;||, so that the generalized mean curvature vector h(-, ;)
exists and [, fUR |h(X, V;) |2 d||Vi||dt < oc;

(A2) there exists F; € [1,00) such that for every ¢ € I and B,(X) C Ug, we have

IVE(BA(X)) < wpr* B 23)
(A3) let p € [2,00) and g € (2,00) be such that
k2
a=1——==>0 (2.4)
p q

and with these p and ¢, u satisfies

Jul := R ( /I ( /U |u<X,t>rpd||vt||<X>>p dt) < o0; (2.5)

(A4) for each ¢ € CL(Ur x I; R") with ¢(-,t) € C(URg) for every t € I, and for any t1,ty € I
with t1 < to

Vi l[(@(5 £2)) = Vi, [0 81))

< [“sviatootoas [ Boxpavixa, 0
where for V € IV (Ug),
BVouwd) = [ (COCORXV) +V800) - (L) + @) IVIC) . @)
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Here, V; is in IV, (Ug) for a.e. t € I by (A1), thus V; = var(M,,6;) for some locally H*-
rectifiable set M; and 6; € LL (H*_,y,). The symbol u(X, ) d||V;||(X) is a simplified notation
for (Tx My)*(uw(X,t))d||V;||(X). The formulation (A4) is an integral formulation of “normal
velocity = h + u*” in the measure-theoretic manner, originally due to Brakke [5] in the case
of u = 0. From this point onwards, we introduce the notation ¥(t) ?:tl = (t2) — ¢(t1) for
any function 1 of time, so that, for instance, the left-hand side of can be shortened to
IVil(o( )2,

The well-known monotonicity formula due to Huisken [15] for MCF can be extended similarly
for more general flows with forcing as above. For X, X € R" and s >t with ¢ € R, define

X — XP). (2.8)

1
PR (Xot) = (dn(s — )z P (- As—t)

To localize the formula, fix v € (0,1/10) and introduce a cut-off function n € C°(Ug) such
that n = 1 on B(;_,)r and n = 0 outside of U;_,2)g. We set ﬁ(f( 5) (X,t) = W(X)P(j( 5) (X,1).

Proposition 2.1. (I8, Proposition 6.2]) For X e Bi_2y)r and s > la > t1 with t1,13 € 1,
we have

to 1-2
/ﬁ(x,s)(Xa t) dHVtH(X)L:tl < clulPE; PR (ty — t1)* + cEyR ™ (ta — 1), (2.9)

where the constant ¢ depends only on k,p,q and ~.

With (2.9), for all X e B(1_2y)r, one can prove the existence of the Gaussian density

A

O(X.s) = Jim [ pg (X0 dVi|(X) (2.10)
and the standard argument for monotone quantities (see [28, 17.8]) shows the upper semicon-
tinuity of © in B(1_2,)r x I. Ultimately one can prove that © does not depend on the choice
of v or the cut-off function n and © is defined in Ur x I as well. Another important property
of the flow is:

Proposition 2.2. ([I8, (3.5)]) For non-negative ¢ € C>(UR), there exists a constant c =
c(||@]lcz, B, ||ul|) such that ||Vi|[(¢) — ct is a non-increasing function of t on I.

This shows that ||V;||(¢) is continuous on a co-countable set, and we may redefine ||V;||(¢)
for discontinuous times so that it is left-continuous on I while keeping the inequality .
By density argument, we may re-define ||V;|| on countable times so that it is left-continuous
as Radon measures (but not necessarily as varifolds), still having . The replacement is
only for a countable set of times, so all properties (A1)-(A4) are kept, and we additionally
have the left-continuity of ||V;||. Note that this eliminates a certain arbitrariness of ||V4||: for
example, we may have ||V;|| = H*_¢ for t € (—1,0) and ||V5|| = 0 which satisfies (A1)-(A4)
with h = u = 0, but this left-continuous replacement results in the extension of ||V;| = H*_c
to t = 0 as well, which is more natural. In the following, we assume that this replacement is
always performed.

(A5) [|V4]| is left-continuous with respect to t as Radon measures on Ug.

Although we phrase (A5) as part of the assumption, in reality it is simply a convention that
we use in the present paper.
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2.5. Flow close to triple junction. We are interested in the situation where the flow is
close to C in the weak sense of measure in Ugr x I. For this purpose, we define the following.

Definition 2.3. For {V;}ic; and {u(-, t) }+es satisfying (A1)-(A5), v € (0,1] and € € (0,1), we
write

({Vitter, {u(-,t) }ter) € A2 (Ur x I)

if the following conditions are all satisfied:

= (R_’“_4/ dist(X, C)? d||V;]|(X) alt)2 <e, (2.11)
1JUg
Jul = R (/1 (/UR \U(th)deVZH(X)> ! dt) <e, (2.12)
IV_gr2 10/l (BRry2) < (8 — v)wr(R/2)", (2.13)
spt || Vol N Br (Rwl) #£(fori=1,2,3 (see for w;). (2.14)

The first (2.11)) requires the closeness of V; to C in the “L2-excess”, and this notion is
suitable with respect to the topology of weak convergence of measures in the framework of
Brakke flow in general. The second is automatically fulfilled for sufficiently small R.
Inequality requires that the measure within Bp s at time ¢ = —9R?/10 be strictly less
than that of triple junction with multiplicity = 2. The particular value of —9R?/10 is not
important, and it can be replaced by any number in (—R?,0) with a suitable modification
on the side of conclusion. The last requires that the measure at ¢ = 0 is not zero near
Rw;/2 (i = 1,2,3), excluding the possibility that V; is trivial. Otherwise, note that V; = 0
for all ¢ € I satisfies — trivially. Moreover, we need some non-zero condition for
each neighborhood of Rw;/2 at t = 0, ¢ = 1,2,3, otherwise we could have V; = var(C, 1)
for t € (—R?,—R%)) and V; = var(H; U Hpy, 1) for t = —R?§ which subsequently flows and
moves little during t € (—R26,0] for small 6 > 0. This flow can have non-zero ||Vp| around
Rw; /2 and Rwy/2, but not around Rws/2, while the flow is a Brakke flow satisfing
and (2.13). Obviously, if & < &', then A, (Ug x I) C A, (Ug x I). We record the following
simple observation, which follows immediately from the above considerations and from the
general theory of weak convergence of Brakke flows.

Remark 2.4. For ¥ = {V; her and {u(-,t) }4es satisfying (A1)-(A5), v € (0,1] and € € (0, 1),
if a tangent flow (see [I7, 35 38]) to ¥ at (0,0) is V/ = var(C, 1) for all ¢ < 0 then there
exists 7 > 0 such that ({Vi}, {u(-,t)}) € A2, (Urr x (—(rR)%,0]).

For all sufficiently small € > 0, we have the following.

Proposition 2.5. Given any r € (0,4/5], there exists e1 = e1(n, k,p,q, E1,r,v) € (0,1) such
that, if ({Vitier,{u(-,t)}er) € A2, 0 (Ur x I) and (A1)-(A5) are all satisfied, then Vi is a
unit-density varifold in U.g for a.e. t € (—rR?,0).

Proof. Assume without loss of generality that R = 1. For a contradiction, assume that there
exists a sequence ({Vt(m)}teb {u™ (-, ) }ier) € Ny o, (Ur x 1) with limp, 00 (™ = 0 such
that V;(m) is not a unit-density varifold in U, for ¢ with positive measure on (—r,0). By

(A1) this implies that there exists t(™) € (—r,0) such that V;((le)) € IVy(Uy) and it has a
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non-zero portion of multiplicity > 2. In particular, there is a point X (™ € U, so that the
blow-up of VEm)) at X(™ is a plane with multiplicity > 2. Then one can choose 6™ > 0 with
limyy, 00 6(m) = 0 such that

19<Q/<quwuﬂm¢Xt"%dnﬁmn<> (2.15)

We may assume by choosing a subsequence (denoted by the same index) that X (™) and (™)
converge to some XeB andfe [—7,0]. Then, by (2.9) and for all sufficiently large m, we
may choose s > 0 depending only on n, k,p,q, E1,r such that

18</’MWMMMWMXt—$aWWW<> (2.16)

Note that ﬁ(X<m>,t(m)+5(m>)(Xv t—s) as a function of X converges uniformly to /3()275) (X,t—5) =
(% .0) (X, —s) as m — oo. By the compactness theorem of Brakke flow (which also holds with
the forcing ||u™]|| — 0, see [35]), there exists a further subsequence (denoted by the same
index) and the limit Brakke flow {V;};e; with forcing = 0 such that lim,, s HVt(m) | = IVi]| as
Radon measures on Uy for all t € I. By (2.11]), we have spt |Vi|| € C, and since V; € IV(U)
and h(-,V;) € L(|Vi]) for a.e. t, the multiplicity of ||V;|| on H; N U; is a constant function
with integer-value, and again by h(-, V;) € L2(||V;|]), it is constant on CNU;. By the property
of Brakke flow, one can check that this multiplicity has to be non-increasing in ¢. The
inequality shows that HV_Q/lOH(UI/Q) < (3 — v)wy /2%, thus V; is either var(C, 1) or 0
for t € (—9/10,0] (note that ||var(C,2)[(Uy j5) = 3wy /2%). If Vir = 0 for some ' € (—9/10,0),
then again the property of being a Brakke flow shows that V; remains 0 for ¢t > ¢'. However,
using and (2.9), one can prove a positive lower bound of Vil (U1) for t close to 0 which
depends only on ¢ and k, and this leads to a contradiction. This shows that V; = var(C, 1) in

U, for t € (—9/10,0]. Slnce f,o(X 0) —s)d||C||(X) < 1.5, this would be a contradiction to
(2.16) for large m. O

Remark 2.6. In the following, since the value of v € (0, 1] is not particularly important, we
fix v =1 and write A 1(Ugr x I) as AZ(Ug x I) unless otherwise stated.

2.6. A further technical assumption on the flow. Let 1 € (0,1) be the constant

corresponding to r = 3/4 in Proposition and assume that ({V;}ier, {u(-,t)}ier) satisfies
(A1)-(A5) in Ugr x I.

(A6) There exists a constant ¢; > 0 with the following property. Consider an arbitrary

parabolic cylinder P.(X,t) C Ugr x I, and change space-time coordinates so that

X and t are moved to the respective origins and P,(X,t) is expressed as P, in the

new coordinates. Assume that, after an orthogonal transformation of R"™, we have

({Vitter, {u(-,t) }er) € Ao (P,) (where I' = (—r2,0]). Then, by Proposition
there exists a H"-rectifiable set M; C B,y for ae. t € (—3r%/4,0) such that

Vi = var(My, 1)
in Bs, 4. For this My, we write the slice of M; by RP=F+1 % {y} as
MY = {x e R"*L: (z,y) € M} for y € R¥! (2.17)
which is a H!-rectifiable for H* 1-a.e. 3.
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Define

. distyy (MY N {r/8 < |z| <r/2},CN{r/8 < |z| < r/2}),

r

K :=su (2.18)

where sup is taken over y € Bf/gl and t € (—37“2/4,0) With this, we assume the

validity of the following two inequalities for H*l-a.e. y € Bf/_gl and a.e. t € (—3r%/4,0):

le(My N ankJrl) 3
! . 2> LS (2.19)
and
1 1
- |22 dH (z) > 3/ 22 dH (x) — e K2 (2.20)
"I mynBy rJensy

As discussed in Section [l assumption (A6) is a key structural hypothesis of our main
theorem. It provides a quantitative lower bound on the mass and second moment (with respect
to the axis S(C)) of 1-dimensional slices. The assumption leverages the geometric behavior of
each slice in an annulus away from the spine — a region where the flow is well-controlled by
the graphical representation, see Section [3| — to enforce a crucial measure-theoretic bound on
the entire slice within the disc. This condition expressly prohibits topological degeneracies
such as that illustrated in Figure

FIGURE 1. An illustration of the condition (A6). The depicted slice configura-
tion, despite containing a triple junction point, has a shorter length than that
of the triple junction in the red disc and is excluded by the assumption.

Although we shall prove that each slice M} contains a singular point with density at least
3/2 (see Proposition {4.1)), the parabolic monotonicity formula of Huisken is not sufficient to

LA definite distance away from the spine, note that spt ||V;|| can be expressed as a C'** graph over C with
small C'-norm by Theoremso that MY is a C"* curve in {r/8 < |z| < r/2}
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leverage this local information into the global mass bound (for the slice) we need, in contrast
to the stationary theory of Simon. Nonetheless, assumption (A6) is naturally satisfied by
flows with additional structure. In Section 8] we demonstrate that (A6) holds, in codimension
1, if the flow arises as the boundary of a partition of space, as in the case of the multiphase
flows constructed in [31] (see also [19]). Furthermore, it holds in higher codimension for flows
representing a mod 3 integral current, where homological constraints guarantee the required
connectivity of the slices.

2.7. The Main Theorem. With the assumptions stated precisely above, the main theorem
of the present paper is as follows.

Theorem 2.7. For every n, k € N with k < n, p € [2,00), ¢ € (2,00) satisfying ,
E; €[1,00) and ¢; € [0,00), there exist e2 € (0,1) and ca € (1,00) with the following property.
Let I = (—R?,0] and suppose that ({Vi}ier, {u(-,t) }ter) € Aoy 1(Ur x I) and (A1)-(A6) are
all satisfied. Then there exists € € CH*(UR 1 x [-R?/2,0); 8*) such that

R/2
sing V; N Ug/p = graph§(-,t) N Ur/p for allt € [—R?/2,0] and (2.21)
||£”CL&(U£721X[_RZ/Q,Q]) < ca max{p, ||lul}. (2.22)
Furthermore, for each i =1,2,3 and t € [-R?/2,0], define
Qi = {(z,y,t) € (P;NUgy2) X [—R?/2,0] : - w; > &(y,t) - w;}. (2.23)
Then, for each i =1,2,3, there exists f; € C1*(Q;; Pi) such that
spt [|Vill N Ugyz = (graph &(-,t) U UL graph fi(-,t)) N Ugrys (2.24)
for t € [-R?/2,0] and
[ fillora () < c2max{p, [[ull}. (2.25)

The theorem states that if a flow satisfying (A1)-(A6) is sufficiently close, is a parabolic
cylinder Pr and in the topology defined by the neighborhoods N, to the static C then in
PR it is a C1® deformation of C. A direct consequence of the proof is the uniqueness of the
tangent flow at each singular point, namely at each point (X, t) on the graph of the map &.
The (static) tangent cone is of the form Ox ;(C), where the rotation Ox; € O(n) varies in a
C“® Holder continuous manner in space-time. Away from this singular set, on each domain €;,
the graphing function f; possesses higher regularity. An application of Motegi’s results [24]
shows that f; has weak derivatives 0 f;, V2f; € LIQOC(Qi) and satisfies the mean curvature flow
equation with forcing as a strong solution.

Higher regularity depends on the forcing term. If u is C%®, standard parabolic theory
implies f; € CfotQ’a(Qi) [34]; in particular, if u = 0, the sheets f; are C*°.

Achieving such an optimal regularity up to the singular set for the flow is a major open
problem. In the stationary case, the work of Kinderlehrer, Nirenberg, and Spruck [20] on free-
boundary problems implies that the sheets f; are real-analytic up to their common boundary
graph & (the free boundary in this problem), and that the map & is real-analytic as well. On
the other hand, the techniques of [20] rely on the divergence form structure of the minimal
surfaces equation, a structure that is absent in the mean curvature flow system. Therefore, it
is not known if the sheets f; are even C? up to the boundary €; N graph &, even for smooth w.
While a recent result by Krummel [21] establishes that C*< regularity of the sheets up to the
boundary would imply smoothness (for u = 0), bridging the gap between the C1'® regularity
established here and the required C*% condition remains a significant challenge.
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We conclude this section by showing how Theorem (and Corollary imply Theorem
L3l

Proof of Theorem[I.5 By assumption, ¥ = {V;}; satisfies (A1)-(A4), and we can assume that
the convention (Ab) is enforced. Let (X,t) be a point in Sing ¥ where a tangent flow is a
static stationary cone splitting a Euclidean factor R¥~1. By the assumption , the density
of such cone at the origin may only be 1 or %: in the first case, the cone is a multiplicity-one
plane, and this cannot be the case because then (X,t) would be regular by the regularity
theorem in [30]; in the second case, the cone is a multiplicity-one triple junction. Hence, by
Remark [2.4] and modulo a suitable translation and rotation, the flow belongs to N; for C
at some scale. Since ¥ has multi-phase cluster structure or is a flow of currents mod 3, by
Corollary (A6) is satisfied. Hence, the flow is, locally at (X, t), a C1® deformation of C,
and the singular set is a C1® graph, by Theorem . We define R to be the set of these
points. All other points in Sing ¥, which include points where the flow has a static tangent
flow which is a stationary cone with strictly less than k& — 1 spatial symmetries as well as
quasi-static or shrinking tangent flows, are in S. By White’s stratification theorem [38], S has
parabolic Hausdorff dimension dimp(S) < k. O

3. GRAPHICAL PARAMETRIZATION

The main theorem of this section is Theorem [3.2} it establishes the crucial geometric
fact that, when the flow is L2-close to C, namely when it belongs to AZ(Ug x I), then it is
Cle_close to C, and in fact a graph over C with small C'® norm, outside of a small tubular
neighborhood of the spine S(C). This is a parabolic analogue to [29, Lemma 2.6], and the idea
of the proof is similar. The main technical tool is the end-time e-regularity theorem for unit
density k-dimensional Brakke-type flows close to a static k-dimensional plane proved by the
authors in [30, Theorem 2.2], and recorded here as Proposition

Proposition 3.1. There exist e3 € (0,1) and c3 € (1,00) depending only on n,k,p,q, E1 with
the following property. Assume that {Vi}ier and {u(-,t)}rer defined in Ur satisfy (A1)-(A5).
Suppose furthermore that

Voll(Bry2) > 0, (R/Q)_kHVwR?/mH(BR/2) < wg +es3
and that, for some T € G(n, k),

1
&= (R_k‘4// dist(X, T)2d|Vi|(X) dt)* < &5 and Jul] < &s.
1Jug

Then, setting D := (BR/2 ﬂT) x [=R2/2,0] there is a function f € CY*(D;T ) such that
spt||Vel| N T~ (Brjo N T) N Bygys = graph f(-,t) for all t € [-R?/2,0], (3.1)

1oy < cs max{&, ull}. (3.2)

With a slight abuse of notation, we use the following notation for the space-time measure
defined as

dl| 7] = d|[ V| dt.



16 S. STUVARD AND Y. TONEGAWA

Theorem 3.2. For every B € (0,1) and o € (0,1/4) there exists e4 = e4(k,n,p,q, E1,B,0) €
(0, 1) with the following property. Assume that ({V;}, {u(-,t)}) € Ae(Ugx1I) satisfies (A1)-(A5)
with € < e4. Then, there are a relatively open set

U c CnN(Ug x (—R%0))

such that
(x,y,t) e U = (z,y,t) €U whenever (Z,y) € C with |Z| = |z|, (3.3)
U D {(z,y.t) € CN(Brp x (—R?/2,0)) : |z| > R}, (3.4)
and a function f € CH*(U; Ct) with the property that
. (JelH F )+ VX)) < 8, (3.5)

spt [ N (Brys x (~R%/2,0)) N {(2,9,1) : |2] > oR} C graph f C spt[[ 7]/,  (3.6)

/ 2] 71X, 1) < cxp R, 5.7
(Bry2x(—R?/2,0))\graphf

/ |22 dHP(X)dt < cqgu® RM, (3.8)
(Bry2x(—R?/2,0))NC\U

/Q\xF|Vchw#%xvdtS<alnaxﬂ%uuu}QRk+4 (3.9)

for ca = cy(k,n,p,q, E1,B) which does not depend on o. Moreover, for a constant c; =
05(k7nap7q7E17,8,0'); we have

I fllcte@ngzsory) < cs max{p, |lu]}. (3.10)

Proof. The proof is a multi-step argument based on a covering argument and a dichotomy. We
first define a set U where the flow is known to be graphical as a consequence of Proposition [3.1]
(Steps 1-2). The core of the argument is a dichotomy established in Step 3: if the graphical
representation fails at a certain scale, then the L?-excess at that scale must be large. Finally,
we use a covering argument (Steps 4-6) to show that the total volume of the 'non-graphical’
region must be small, as the total L?-excess over the entire domain is controlled.

Since the statement is scale invariant, we may assume R = 2. For every ¢ € RF! with
IC| < 9/8, s € (=9/4,0], p € (0,9/8] and « € (0, 1], consider the region

Tpr(C,8) = {(:L“,y,t) c R FH x RF1I xR :
22 2 2 (3.11)
(lal =) +ly =P < =, s == <t<s),
see Figure [2|
Next, for each j € {1,2,3} let
Tg7H(C7 8) = TPW(C’ S) m H.]’

and notice that Tgﬁ(g, s) = Py.py2(C + pwj, s) N Hj.
We define the subset U C C to be the union of all T}, /4(y,s) N C over all (z,y,s) €
C N (Uss x (—9/4,0)) such that there exists f7 € Cl’a(fl’|2"3/8(y,3);Hjl) (j =1,2,3) with

spt 711 0 Tjay 516(y, 5) € Uj—sgraph f7 C spt || 7] (3.12)
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FIGURE 2. The figure illustrates the 2D annulus obtained by slicing the space-
time toroidal cylinder T}, (¢, s) at a fixed spine location y = ¢ and a fixed time
t. Notice that the width of each toroidal region and its distance from the spine
are comparable quantities, as in classical Whitney-type domain decompositions.

and

lz|7" sup  [fl+ sup V<P (3.13)
T} 389 71 3789

for each j = 1,2,3. This f/ depends on the choice of (z,v, s) initially, but since the graph of
f7 represents spt|¥ || as in (3.12), it is uniquely defined on each Tﬁm 11/4 (y,s) N C and hence
on U as well. We then define

U=Un(U; x(-2,0)). (3.14)

From the way U is defined, note that (3.3) and (3.5] are satisfied already.
Step 1. There exists €5 = e5(k,n,p, q, E1, 8) € (0,1) such that the following holds. Suppose

(1)
{Vi}, {ul,1)}) € Az, (U2 x (—4,0]), (3.15)

(2) for (z0,%0,s0) € C with (z0,y0) € Usys and s9 € (—9/4,0],
|zg| =R dist(X, C)2d||¥||(X,t) < es, (3.16)
Tzg1,1(¥0,50)
(3) for all (Z,yp) € C with |Z| = |zo|,
spE (| V(| N (Blay|/10(E, o) X {s0}) # 0. (3.17)
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Then Tjy|,1/4(%0,50) N C C U.
Proof of Step 1. Assume that (xo,yo, so) satisfies (1) and (2) with 5 to be determined and
write p := |xg|. First we claim that

sptll | N1 T2/ (50, s0) \ Ui {(X, 1) : [H (X)| = p/20} = 0 (3.18)
if 5 is sufficiently small depending only on k,n,p, q, E1. Indeed, suppose by contradiction
that it contains a point (X1,%1), so in particular dist(X;, C) > p/20. Then, by [18, Corol-
lary 6.3], there exist small constants cg,c; > 0 depending only on k,n,p,q, E1 such that
‘|V;5H(BP/4O(X1)) > Ce pk for every te (tl - 207#’27751 - C7P2)- Since diSt(Bﬂ/w(Xl)a C) > p/407
this contradicts for a suitable choice of €5 depending only on the stated constants.

Next, we wish to apply the e-regularity theorem, Proposition in Ps,/8(%, Y0, 50) With
|Z| = p where we now assume (3) in addition. Suppose that (Z,y0) € H;. Note that

Py, 8(, 0, 50) C Tp,1(yo, s0), so in particular we have by (3.16)

p<k+4>/ dist (X, C)2d||7||(X,t) < es, (3.19)
Ps,,5(%,90,50)
and by ,
spt[| 7 ]| N Payys(E, 50, 50) © {(X,¢) : [Hy (X)| < p/20}, (3.20)
and implies
spt[| V]| N (Byy10(Z, o) x {so}) # 0. (3.21)

We now only need to have

(3p/16)_k||v:90781p2/640”(B3p/16(i'a Yo0)) < wi + €3 (3.22)

to apply the e-regularity theorem. This can be achieved by compactness argument as in
the proof of Proposition Thus we may apply the e-regularity theorem and obtain f;
defined on (Bs,16(Z,y0) N H;) x [so — (3p/8)%/2, so], and thus in particular on g,g/s(yg, 50),
satisfying (3.12), and for sufficiently small 5 depending also on 3, (3.13). This shows that
Til/él(yo, s0) C U for each j = 1,2,3 and ends the proof of Step 1.

Step 2. For any o € (0,1/4), there exists ¢4 = e4(k,n,p,q, E1,5,0) € (0,e5) such that
w < &4 implies

{(z,y,5) € C: (2,y) € Usy, s € (=9/4,0), |z| > 0} C U, (3.23)

and which also implies (3.4). We also have (3.10) for ¢5 = ¢5(k, n,p, q, E1, 8,0).
Proof of Step 2. By choosing €4 > 0 small so that 0~ *+%¢, < e5, for p < g4, we can make

sure that is satisfied for all point on A. Then, the only condition to be checked for

the application of Step 1 is (3.17). Since we have spt||#[| N (By12(w;) x {0}) # 0 for each

j=1,2,3by , (1)-(3) of Step 1 are satisfied in a neighborhood of w;. For (x,y, s) close

to CN 1T 1/2(0,0), note that is satisfied. We may repeat this argument until all points

with |z| > o are covered by U. This proves (3.23), and combined with (3.12) and (3.14), we

also showed (3.6). Due to the estimate (3.2), we immediately obtain (3.10) on U N {|z| > o}.
Step 3. For each y € R*! with |y| < 9/8 and s € (—9/4,0), let

g(y,s) :=1inf{r >0 : (z,y,s) € U for all (z,y) € CN Usjs with 1 < ||} (3.24)

Then, whenever g(y, s) > 0, we have

(g(y, )"+ /T dist(X, C)* d|| #[|(X,t) = es. (3.25)

g9(y,s),1 (y,s)
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Proof of Step 3. Because of (3.23), note that g(y,s) < . Suppose that g(y,s) > 0 and
does not hold. Let & be such that (Z,y,s) € CN (Uss x (—9/4,0)) with |Z| = g(y, s).
By the definition , for all sufficiently small 6§ > 0, ((14 6)Z,y,s) € U. Since U is open,
one can argue that spt||% || N (Bjz10(Z,y) x {s +0}) # 0 for all sufficiently small 6 > 0. By
the continuity of integral, for all sufficiently small § > 0, the negation of gives

\:z»|—<k+4>/ dist(X, C)2 || [|(X, 1) < es.
Ti),1(y,5+6)

Then the conclusion of Step 1 shows that Tiz1/4(y,s+ ) N C C U, and implies (#,y,s) € U.
This is a contradiction to . This ends the proof of Step 3.

Step 4. There exists a (at most countable) set of points {(x;, yi, $;) }ien € CN(B1 x (—2,0])
such that the number of intersection of 7|, 1 (i, s:) is bounded by a constant cg = cg(n, k)
and with

(B1 x [=2,0)) \ | Tjay),1/4(9i 50) C U Psy(y,.6)(0, 9, 5) (3.26)
i€EA ly|<9/8,s€(—9/4,0)
and )
CN Ty 1(yisi) CU (3.27)

for each ¢ € A. Here we use the symbol

pr(ﬂﬁo,yo,So) ={(z,y,8) : |r — 930|2 + |y — yo|2 <r? |s — so| < 7“2}-

Proof of Step 4. We may choose a set of points {(z;, y;, si) }ien € CN(By X (—2,0]) such that
(B1 x [=2,0)) C UienT],,1/4(¥i, si) and the number of intersection of T}, 1(y:, ;) is bounded
by a constant cg depending only on n and k. In essence, this can be done by considering
first the covering of Hy N By by balls of type Hy N B, 5(,y) with (z,y) € Hy N By so that
the intersection number of Hy N By, /2 (z,y) is bounded by a constant, and then extend the
covering in the time direction appropriately. Without loss of generality, we may assume that
(z4,9i) € Hy and Tjg,) 1(vi, 8i) C Usyg x (=9/4,0). With these points fixed, we define A C N
as follows: i € A if we have g(y,s) < |z| for all (z,y,s) € CN T, 1(vi,s:). The definition
implies that C N T, 1 (i, s:) C U if i € A. Note that (B; x [-2,0)) C UieNT 2,11 /4 (Yis )5
thus, if (z,y,s) € (B1 X [=2,0)) \ Uiea Tiz;|,1/4(¥is 5i), then there exists i € N\ A such that
(z,9,8) € Tig,|,1/4(¥is 5i), and i ¢ A implies that there exists (Z,9, 8) € T,,1(¥i, si) such that
|Z| < g(7, §). These inclusions imply

9|x; T; xi|?
o < 22y < B e - B,
T; 5 3lx; 5 Tl . xi]?
’2Z‘<’SU|<‘21’, |y—yi|<‘21‘, 5€(si— | i‘ ) 8i)5

and consequently, |s — §| < |z;]2/4 < |7|? < (9(7, 3))? and

81|z;|2 25|z 53|72 w2
<9 .

y(0,7,3), and this proves (3.26)). This ends the proof

2 + |y — g1* <

In particular, we have (z,y,s) € 1539(
of Step 4.

Step 5. We have (3.7) and (3.8).
Proof of Step 5. If (v, y,t) € spt || ¥||NT]y,),1/4(yi, s:) for some i € A, since CNTy, | 1(yi, 8i) C

9,8
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U by Step 4, (z,y,t) € graph f. By (3.26), thus we only need to estimate the integral over
the region on the right-hand side of . By Vitali’s covering lemma, there exists a set of
points {(y;,s;)} with |y;| < 9/8 and s; € (—9/4, 0] such that {ng(ijsj)((),yj,sj)} is pairwise
disjoint and

U P3g(y,s)(07 Y, 5) C UP15g(yj,sj)(07 Yj» Sj) C Uplﬁg(yj,Sj)(Ov Yj» Sj)' (328)
ly|<9/8,s€(—9/4,0] j i

Since Ty(y,s),1(¥,5) C Psgy,5) (0,9, 5), we have as a consequence of Step 3 that for each j

es(9(yj, 1) < / dist(X, C)%d|| 7| (X, 1) . (3.29)
P3g(yj,$j)(0’yj75j)

By (2.3)), we also have

/ 2 (X, ) < 201 (169(y;, 5))" (3.30)
P16g(yj YSj)(Ovyj )Sj

Thus, by combining (3.28)-(3.30]), we obtain

/ ~ 2P dY ) < 2By 3 (16955, 5,))
UPSg(y,s) (Ozyvs)

J

< 2wy, (16)" Eres 'y dist(X, C)?d|| 7|  (3.31)
j P3g(yj,5j)(07yj78j)
< 20,10 By [ dise(x.CP a7,
Py
where we used that the {ng(yjjsj)(O,yj,sj)}j are disjoint. This proves (3.7) with ¢4 =
2w, (16)F 4 Byt The proof for (3.8) proceeds similarly. If (z,y,t) € (B1 x [-2,0))NC\U =
(B1 x[=2,0))NC\ U, then for all i € A, (z,y,t) & T},,,1(¥i, si) due to (3.27). Thus by (3.26),

(By % [-2,0)) NC\U C (By x [-2,0)) N C\ | i1 (i, 51)
(IS
- U cn pSg(y,s) (07 Y, S)'
ly|<9/8,s€(—9/4,0)

We have equally (3.29)), and (3.30)) holds true for integration over C. Then arguing similarly

in (3.31)) using (3.32)), we obtain (3.8).
Step 6. We have (3.9).
Proof of Step 6. The estimate of integral over U \ U;eaT]y,|1/4(¥i, si) can be carried out

similarly as in Step 5 using and |V f| < 8 pointwise on U thus we only need to estimate
the summation of integral on each T}, 1/4(yi,s:) N C for i € A. Since Tj,,| 1 (i, 8:) NC C U,
spt||¥|| is represented as graph f with the size of gradient less than 3. By restricting 3 suitably
small, one can apply Proposition to conclude

/ ol V17 < cal [ dist(X, O d|[¥ || + a2 [ul]?),  (3.33)
CNTy;),1/4(Wirse T, 1,1 (Yi,50)

(3.32)

where ||ul| = [[u[[zr.a(p,)- To sum the second summand in this estimate over i € A, we argue
by dyadic decomposition. We partition the index set A into shells A; = {i € A : 27771 <
|| <279} for j € N. Since {T},,1 N Clica, have a volume of order (279)**+2 and bounded
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overlap, the cardinality #(A;) is bounded by C(n, k)(2=9)~*+2) Summing the forcing term’s
contribution over all shells then yields:

Z‘$Z|k+4+2au Z Z ‘$Z|k+4+2aHuH2 < HUH Z# 2 j k+44+2a

1EA J=014ieA;

< Oful? Z(Q_j)2+2a-
j=0
As a > 0, this geometric series converges. Summing the full estimate (3.33)) over all i € A and
using the bounded overlap of the domains on the right-hand side, we obtain

/ VP <o [ s+ ulP). (330
UieaT|z;),1/4(Yir8:)NU P,

where ¢y depends on n, k, and c3. This completes the proof of Step 6 and of Theorem 3.2 O

Remark 3.3. We note two further consequences of the proof of Theorem which we record
here for later use.

First, the argument provides a quantitative relationship between the global excess 1 and
the size of the non-graphical region. The proof requires the condition p < e4(0), where the
threshold can be chosen such that e4(c) < 0¥t ¢5. By inverting this, we see that for a given
1, the conclusions of the theorem hold for any o > C'p'/*+4)  In particular, the support of
the flow is guaranteed to be a graph in the region

{(l',y,t) < BR/2 x (_R2/250) : |~T‘ > C/R,llzl/(k+4)},

where C' = C'(k,n, p,q, E1). In other words, the information currently at our disposal implies
that, in a “blow-up” regime, with ¢ — 0, the graphicality region approaches the spine at the
rate O(u!'/(*+4)). The non-concentration estimates of Section , among other things, have
the goal of greatly improving this picture, as they show that triple junction points (roughly
speaking the points where graphicality fails), albeit always present, are situated at a distance
O(p) from the spine.

Second, the local nature of Proposition implies a weighted C'1'* estimate for the graphing
function f on its entire domain of definition U. Indeed, if (z,y,t) € U then by definition
the flow is graphical in the parabolic cylinder P /14(30, y,t), and the estimates can be
applied with space-time center (x,y,t) at the scale R = |x|/14. Since (z,y,t) € U is arbitrary,
one obtains, in particular, that
e 11242 (jal GG+ [VIGG) < CRY mancs

¢
The Hoélder seminorms of V f are controlled in a similar fashion. This estimate, which provides
a more precise version of , quantifies the natural degeneration of C'!' regularity in space
when approaching the spine.

4. NO-HOLE PROPERTY

This section is dedicated to establishing a crucial structural property of the flow, which
we call, as it is customary in the literature, the “no-hole” property (Proposition . This
result guarantees that for any time ¢ and any slice location y on the spine, there must exist a
singular point Z (with Gaussian density ©(Z,¢) > 3/2) nearby. This proposition is an essential
prerequisite for the analysis in Section 5, which requires a singular point to serve as a center
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for the non-concentration estimates. The proof is by contradiction, leveraging the graphical
control from Section [3] against the constraints imposed by White’s stratification theorem on
the dimension of the singular set.

Proposition 4.1. For every § € (0,1/8) there exists e¢ = e¢(k,n,p,q, E1,6) € (0,1) with the
following property. Assume that ({Vi}, {u(-,t)}) € A (Ur x (—R?,0]) and satisfies (A1)-(A5).
Then we have the following:

for every y € 32721 C R*=1 = S(C) and for every t € [-R?/2,0]

(NH)
there exists = € Byy" ™ x {y} such that ©(Z,t) > 3/2.

Proof. Without loss of generality, assume R = 2. First notice that it is sufficient to prove the
validity of for #*~l-a.e. y € BF ! and a.e. t € [~2,0] because the function ©(X, 1) is
upper semi-continuous. Next observe that, under the present assumption with e sufficiently
small, the Gaussian density satisfies O(X,t) < 2 for every (X,t) € By x [—2,0] by arguing
as in the proof of Proposition Now, at each point (X,t) € spt| 7] N (B x [-2,0]), we
have a set of tangent flows, each of which may be classified as static, quasi-static, or shrinking
(see [38]). Any static tangent flow with spine of dimension = k is a multiplicity one static
k-dimensional plane due to the fact that ©(X,t) < 2. By [30], any point where the flow admits
such a tangent flow has a regular neighborhood. Analogously, if the flow admits at (X,t) a
static tangent flow with spine of dimension k — 1 then ©(X,t) = 3/2 and the tangent flow
is a static multiplicity one k-dimensional triple junction. Consider then the set of point of
spt|| ]| N (B1 x [—2,0]) where the flow does not admit any of the two types of static tangent
flows discussed above, and call it G. In other words, G is a set of point where any static tangent
flow has spine dimension < k — 2, or where there may be quasi-static or shrinking tangent
flows. By the stratification theorem of White [38, Theorem 9], G has parabolic Hausdorff
dimension < k. For ¢t € [—2,0], define

G = {X = (a,y) € By ™M < B (X, 1) € G,
S(Gy) = {y € B{™": (B ™" x {y}) N G: # 0},
and define for each m € N
Tom = {t € [=2,0]: H*1(S(Gy)) > 1/m}. (4.2)

We claim that H!(Ts ) = 0, which in turn shows H({t € [-2,0] : H*"1(S(G})) > 0}) = 0.
Since the parabolic Hausdorff dimension of G is < k, for every € > 0 we may choose a set of
parabolic cylinders {P(i)};en with the form P(i) = B,,(X;) x (t; — r2,t;) such that

(4.1)

GO (B! x BEY) x [<2,0]) € U2, P(3) (4.3)
and
er“ <e. (4.4)
i=1

If we write P(i) as the projection to the spine, namely,
P(i) = {(y,t) e R x R+ (R" M1 {y} x {t}) N P(i) # 0},

then
UteTG,mS(Gt) x {t} C U2, P(i). (4.5)



BRAKKE FLOWS NEAR TRIPLE JUNCTIONS 23

7
Since ¢ > 0 is arbitrary, this in particular implies H!(T ) = 0, proving the claim. We have
then proved that for a.e. t € [-2,0] and a.e. y € B¥™!, the set BP**1 x {y} x {t} does not
intersect G: hence, at every point of spt || N (B2 **1 x {y} x {t}), the flow has a static
tangent flow consisting of either a multiplicity one k-dimensional plane or a multiplicity one
k-dimensional triple junction. If there is no point with triple junction tangent flow, then, we
must have a space-time neighborhood of B} #*1 x {y} x {t} such that spt||#|| is a flow of C'1®
k-dimensional surfaces. On the other hand, away from a tubular neighborhood of the spine,
spt ||¥]| is a graph over the three k-dimensional planes in C by Theorem In particular, for
such times s in a neighborhood of ¢ and for such points z in a neighborhood of y the slice of
spt||Vs|| with the plane through z and orthogonal to the spine is a C! curve in a disc centered
at {0,,—g+1} with trace given by three points on the sphere. This is a contradiction. Thus, for

Note that H* (U2, P(i)) < c(k) Y02, ri " while H*(Uer,,,, S(G) x {t}) = HY (Tam) % 1m.

t and y as above there must be at least one point = € BY*1 x {y} where a tangent flow is a
triple junction, and the Gaussian density at such point is equal to 3/2. By choosing ¢ > 0
sufficiently small, we may guarantee that this point is within the d-neighborhood of the spine,
again by Theorem This concludes the proof. O

5. NON-CONCENTRATION ESTIMATES

The main result of this section is the following set of estimates —. They are the
technical core of our paper: as the parabolic analogue of the estimates at the heart of Simon’s
regularity theory for minimal surfaces [29], they are the essential ingredient to carry out the
blow-up method in Section @ First, shows that any point of high Gaussian density
must lie close to the spine of the reference cone, with a distance linearly controlled by the
global excess p. Second, is the central analytical result: it implies, in particular, that
the L?-excess does not concentrate at small scales, as specified in the corollary recorded as
Proposition Finally, translates into an estimate for the graphing function in
the graphicality region.

Theorem 5.1. There exist e = e7(k,n,p,q,E1) € (0,1) and c19 = c10(k,n,p,q, E1,c1) €
(1,00) so that the following holds. Assume that ({Vi},{u(-,t)}) € Az.(Us x [—25,0]) satisfies
(A1)-(A6). Then, for any point (2,7) € P; with O(E,7) > 3/2 we have, setting Z = (£, () with
|€] = dist(Z, S(C)):
€] < exo max{u, ull}. (5.1)
Furthermore, for every k € [0,1) there exists c11 = c11(k,n,p,q, E1,c1,k) € (1,00) such that
swp (7= 1) [ dist(X ~ 2,0) pia (X, Vi (X) < enn maxl [, (52
te[—1+7,7) B
as well as
ok _IX+rx-22
sup (T —1)7"2 /e (X ) = X P AP (X) < e max{p [Jull}?, 0 (5.3)
te[—1+47,7)
where f is as in Theorem the integration is over {X € BN C: (X,t) € U}, and £+% is
the projection of & to Ct at X € C.

The core calculation is in the estimates of Proposition The right-hand sides of ([5.59))
and (5.60) are further estimated in terms of max{u, ||u|/}* thanks to Proposition (5.8)). All
preliminary estimates of this section culminate there. The analysis begins with Proposition
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where we obtain from a localized version of Huisken’s monotonicity formula and a
comparison between the flow {V;}; and C. We must then aim at estimating the right-hand side
of . An essential step towards this goal is made in deriving formula in Proposition
similar to the formula in [29, p.614 (3)]. The technical work to estimate the terms
appearing in is carried in Propositions to This is where Assumption (A6) is
crucially needed.

5.1. Preliminary estimates. Throughout Subsection [5.1] we assume that ({V;}, {u(-,t)}) €
Ne(Uy x (—16,0]), it satisfies (A1)-(A6), and assume ¢ < min{ey, &4}, where €1 corresponds
to r = 15/16 in Proposition [2.5|and €4 to 5 = ¢ = 1/40 in Theorem

Proposition 5.2. Suppose that 7 : [0,00) — [0,1] is a C*° function such that 7 = 1 on
[0,1/2], 7 =10 on [1,00) and 7' < 0. Set n(x,y) := 7(|z[)7(ly]) and p := peo). Assume that
©(0,0) > 3/2. Then for 0 > s > —16,

1 [0 Vo)Ll
5 o= T2 aitar < [anoraivit = [t ale
’ 0 12 0 (5-4)
3 3|(V
+/ /vp-vn+2pnyu\2+p’(277)|dmt—/ /Vp-VndHCHdt.
Proof. Use ([2.6) with ¢ = np and s < t3 < 0 to obtain
to
IVilltme)|,
to to
< [ [ v —nphy - (h+ut) +nopavide = [ [ - ’h— ‘ pdvidt  (5.5)
2 [V ) ? 1
/ / —h-(nVp—pVn) +=—"—n+u" - (V(np) —nph) + ndpdVidt.
Since
/ —h-(nVp—pVn)dV,
(Vp)* (5:6)
:/nV2p-S+(Vn®Vp)-S+V77- (h—p)p—i—V?r(Vp)Lth
and (Vn® Vp)- S+ Vn-(Vp)t = Vn- Vp, we may easily estimate
/ —h-(nVp—pVn)dV;
5.7)
\V4 112 \v4 12 (
/anp S+Vn-Vp+ - |h—( P) pn—i—p’(:]?)‘dvt.
For the term involving wu,
\V4 1
/ul-(V(np)—nph)th—/mC ﬁ) —h> cut 4 pVn - ut
1 (Vo[ 3 (V)P o
< /4/”7 h— P + §P77|U’2 +P2n7 dVy.
n
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For C, we have

to to
ICl(0) / [nowdicia=- [ [av*p-sacii= [ [vy-vodiclar. (.9)

Since limy, 0 || Vi, ||(np) > 3/2 and limy,_o— ||C||(np) = 3/2, using (5.5)-(5.8)) and subtracting
(5.9), the identity
ISE (Vo

op+S-Vp+ =0, (5.10)
yields (5.4)). O

The following proposition establishes the parabolic analogue of [29, p. 614, (3)]. In the
stationary case, the formula is obtained essentially by testing the first variation formula with
the gradient of the distance squared from S(C) (multiplied by a suitable cut-off); here, we
will test Brakke’s inequality precisely with dist?(-, S(C)) multiplied by a suitable cut-off. We
recall that, in our system of coordinates, span(e;),—t2<j<n = S(C).

Proposition 5.3. For any non-negative function ¢ € C°(Uy x [—4,0]) with ¥(X,—4) =0,

we have
//w ('x AP +1+ Z \Sleﬁ) thdt—/ W d||Cl| dt
j=n—k+2

.’E2 IEQ
< ["uc.0aicl - [ Eu.0amwl
2
S E i I 2P djcar
+2/ Stz Vs dV; dt (5.11)

—2//Saz~Vsudetdt+2//x-Vstd||C|dt
|x]2 2 ’33‘2 2
— TV - SdVidt + TV Y- SdCdt

L ﬁ @ 2 .

where all the integrals take place on Py = Uy x (—4,0) or G(Usz) x (—4,0), and where 1y = Oy1).
Also, Vs and Vg1 are the projections of the gradient operator on S(C) and its orthogonal
complement, respectively.

Proof. We test Brakke’s inequality (2.6 with
$(X, ) = [o” (X, 1) = dist®(X, S(C)) (X, 1),
on the time interval [—4,0]. By the hypothesis on 1), we then get
[P0 dival < [ (o) = aPun) - (b +ut) +loPoavide, (.12

and we work on each summand on the right-hand side. First, for a.e. t € (—4,t2)

/wa hd|Vil| dt = /v2 @) - S dVi dt
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Notice now that
V2(|z|*y) - S =2¢ St - S+4x @ V- S+ |22V - S. (5.13)

Let us denote (e1, ..., e,_ps1) and (e,_gio,...e,) orthonormal bases of S+ and S, respectively.
We can then write
n—k+1 n—k+1
St.s= Z ei-Sei=Mm—k+1)— Z e; - Ste;,

i=1 =1

and since
n—k+1 n
Z e; - Ste; + Z ei-SLei:tr(SL):n—k,
i=1 i=n—k+2
we have
n n
St-S=1+ > - -Ste;=1+ > |Ste?. (5.14)

j=n—k+2 j=n—k+2
Then, we estimate the term involving u by

(Vo) — lalh) -t < [V ()| Jul + glal? P + Sfal?lul
Finally, we notice that for every vector w € R",
Sz-w=Sz-(Sw+Stw) =Sz Stw— Stz Sw,
since - Sw = S+ X - Sw = 0. In particular,
Sz -V = Sz -Vgiep — Sta - Vi, (5.15)
We can then conclude from (5.12)-(5.15) that
//w (i\x|2\h|2+1+ an ySLejP) dV; dt

j=n—k+2
1 1 5.16
< —2/\x12w(-,0>d\|vou +//2!x!2wt+2s%-vsw— 250 Vp 1
1 1 1
= lalPVP0 - 8+ 5 [P ful + Jolallul dVide.

Applying now Brakke’s inequality (as an equality) to the constant Brakke flow identically
equal to C, again with test function ¢ = |x|?1) on [—4, 0], we get

1 1 1
//1/1d||CH it = —2/]m|2¢)(-,0)d|C||+//2]:r|2wt—2x-vsu/1—2|:L’|2V2111~SdCdt. (5.17)
The inequality (5.11)) is obtained by subtracting (5.17)) from ([5.16]). O

In the following, we will work on the term

J[eamiiae~ [ vajcya

appearing on the left-hand side of (5.11)). Writing it as

[ (feawn- [vaer) a- [ ([vaci- [vav) a.
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we bring the second summand on the right-hand side of ([5.11]), and we proceed to estimate it
in terms of the square of the excess. This is where assumption (A6) is crucial.

Proposition 5.4. Suppose that » = ¥(x,y,t) € C(P,) is non-negative and radially sym-
metric with respect to x. Then there exists c12 = c12(n, k,p,q, E1, c1,||¢]c3) € (1,00) such
that

0
2
/(] T B /| i DIV < e ol (515)

-4

Proof. We use Theorem with f = 0 = 1/40 and R = 4 to obtain a graphical representation
f:U—CtonUcCCnN (U x (—8,0)) with the error estimates (3.7)-(3.9). In the following,
we redefine U to be U N (BY %1 x BF~! x (—4,0)) and note that all the estimates related to
f hold just as well even for this new U. Let 7 be as in Proposition and define

$(x,y, 1) = x|y (@, y,1) — (0,9, O)i(|2])}- (5.19)

Since 1) is radially symmetric with respect to 2 and smooth, ¢ is a C! function with ||¢[|c1 <
c(n,k, [¥lles, 7llcr)- By (5-19),

D@, y,t) = |afPo(e,y. 1) +9(0,y, )7 (|z]), (5.20)

and we estimate the integral of each term. For the first term, we claim
0
oPodvil - | 26 d|[Cl|dt < cxamin{p [ul]}>  (5.21)
/_4 ‘ /Bf_k"'lef_l By kBt

where c13 depends only on n, k, ||¢||c1 and c4. The non-graphical part is estimated by cypu? due
to (3.7) and (3.8). For the graphical part, we may estimate the difference for the corresponding
term over C as

/U (12 +1f 2o vy — |ef*6| dH dt < c(n, k. |[6]c) /U PP+ 2PV fPantdt (5.22)
The last expression is bounded by a constant multiple of max{u, ||ul|}? due to (3.9) and the

definition of p. This gives ([5.21)).

For the second term of , we use (A6), in particular (2.19). Note that (0, y, ¢)7(|z|)
is a constant function on |z| < 1/2 for each fixed y and ¢. By the graphical representation
as well as and Proposition the Cl-norm of f on 1/16 < |z| < 1 is bounded by a
constant multiple of max{u, ||u|/}. Thus, K in is bounded by a constant multiple of
max{u, |u]}, and by and H*1-a.e. y with |y| < 1, we have

[ e ai@) - [ i) dM) (@) < cmaxfu, Jul}2, (5.23)
Br NG

n—k+1 y
BT M}

where c¢14 depends in addition on ¢;. By the coarea formula, we have for a.e. t

[ 0w [ el dn @t )
yeB! Br kR Hn} (5.24)
<

¥(0,y,t)7(|x|) d|| VA,
/MmemxBfl) (0., y(a]) 4|1V
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and thus
¢0,y,tﬁxdc—/ ¢07yvtﬁxdv
/ o VORORDAICT = [ @bl
< cra(sup ) max{p, [|ul|}.
Combined with ([5.21]), we proved the desired estimate. O

The same proof with ¢ = 0 together with (A5) shows the following, which we record for the
later use.

Proposition 5.5. Suppose that 1 = ¥ (y, t)i(|z]) € C%°(P,) is non-negative, where 7j is as in
Proposition[5.4 Then there exists c15 = ci5(n, k,p, q, B, c1, ||¢||cs) € (1,00) such that, for
each t € [—4,0], we have

_ < 2, 2
/| R /| i VIV < x5 (5.26)

We next turn our attention to the other terms on the right-hand side of (5.11]), and finally
prove the following estimate.

Proposition 5.6. Suppose that (z,y,t) € CO(UF 1 x UF! x [~4,0]) is non-negative
and radially symmetric in x and y, that is, there exists (sy,s0,t) € C®(R3) such that
O(z,y,t) = (x|, |yl t). Moreover assume 1(X,0) = (X, —4) = 0. Then there exists
c16 = c16(n, k, p, ¢, B, e, ||| gs) > 0 such that

//P2 En: w\SLedethH/z (/wd\VtH —/1/1d\|C|])+dt < crgmax{u, [ul}2. (5.27)

j=n—k+2

Proof. As in Proposition we use Theorem ﬂ with f =0 = 1/40 and R = 4 to obtain a
graphical representation f : U — C*+ on U € CN P, with the error estimates —. In
, Iy = 0 due to assumption ¢ (X,0) = 0. Thanks to Proposition we only need to
estimate I to Is.

Estimate of I;.

The integration on P \ graph f and P, N C\ U may be estimated by cqu? due to and
, so we only need to estimate the integration over U. We have

2 X 2 X 2
I Svaiar= [ MR 0 100,00 a0t (00 528)

and |y (X + f(X,1),t) — (X, )| < ¢ f(X,1)|? because, due to radial symmetry, Vb (X, 1) -
J(X,t) = 0. Also we have | f(X,t)| < |x]/10 and |Jyf(x¢) — 1] < |V f(X,1)]? for X € C with
some c depending only on n, k. Thus we may conclude that

|z[? |z[? k 2
| Svnd|Villde — [ S dn dt| < emax{p, [|ul|}2. (5.29)
g U

raph f 2

Thus |I;] is estimated by a constant multiple of max{u, |lul|}2.
Estimate of I5.



BRAKKE FLOWS NEAR TRIPLE JUNCTIONS 29

Note that ¢(z,y,t) = (|2, [y], 1) so that Vs(z,y,t) = s, (|2], [y],t)y/|y| and

n

S\%IIS%( > \SLBJ‘Q)
(5.30)

|SJ_$ : de]‘ = ’y|71 1;(9281_1‘ : Z ijLej

j=n—k+2 j=n—k+2
V|? (R v
Vg Y S gl <oplealS P 1 LY |5 the
b 1 i
j=n—k+2 Jj=n—k+2

The second term will be absorbed to the left-hand side of (5.11]). For the integral of the first
term, note that on U where the support of ||V]| is expressed as graph f,

|5 f? < e(n, k)(IF (X, 1)]* + [PV f[?) (5.31)

for some ¢(n, k). Since |f| < §|x|, separating integration on U and B, \ graph f and using

(13.7)-(3.9), we may obtain

1 n
1] < cxrmax{p [l + 5 [0 30 |5tes P dvia (53
j=n—k+2

with c17 = ci7(n, k, p, g, En, [[¢]|c2)-

Estimate of Is.

Since Vgii(x,y,t) = s, (2|, [y|,t)z/|z|, in particular |Sz - Vgiv| < |[¢] c2|z|?. Thus the
integral outside of graph f is estimated by the constant multiple of max{, |[|u[/}2. On the
integral over U, to write the computations explicitly, we may write the graph representation
f(z1,y,t) : U C R x RF=1 x R — R"* on one of the half-space H;. Writing f := f(z1,y,1),

|(:L'17f) : VsJ_@Z}(ZL'l,f,y,t) - (131,0) ’ VS¢¢($1,O,yat)|

~ ~ (5.33)
= sy (/3 + 112yl 0023+ £12 = oy o, [yl D)1 | < [l £12.
Also, we have
5% - Vgutp] = s, ([l lyl, Dl 2] 5%l < ([ ca |4 af. (5.34)

Thus using (5.33)), (5.34) and (5.31]), we may estimate the integral of I3 on the graphical part

as
\// Sx-vsmdvtdt—// v+ Vg d|[C|dt|
graph f U

< ]// x-vswdvtdt—// x-vsmdy\0||\+\// $ta - Vsipdvidi|  (5.35)
graph f U graph f

< ¢(n, k, Hchz)//U(f2 +[2[*[V f?) dI|C ] dt.

Here we used that |z|?|Jy s — 1| < |z[*|Vf|%. Then the integral is bounded by ¢ max{su, |ul|}>.
Estimate of I,.

The integral of the non-graphical part near the spine may be estimated by c4u? due to
and , so we need to estimate the graphical part. Using the same notation as above, we
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have

7 17 (TR 17 -~ rIQYtyx
N e e B L B R
2] Il (5.36)
7 17 \Y®y —1.7 ’
+ (Vsqs — Y] 17[)82) |y’2 + |yl 17!}52[/6—1'

We need to check the difference between the evaluations of V2% at (1, f(z1,y,t),y,t) and
(z1,0,y,t) using the Taylor theorem. For example, one can check that (S evaluated as the
tangent plane at (z1, f,y,t))

‘(1; _Tz)sl)‘ (A, f/z) @ (L, f/21) .
5181 |ZE‘ z=(x1,f) 1+ ‘f/l’1|2

< c(n, B)[Wlles (12 + [V £2).

Here we used the fact that (1,0) ® (0, f/x1) - S = O(|f||Vf]) and ¢ has vanishing odd
derivatives at 0. Using (with also Jy f being considered), the integral stemming from the
first term (whose integrand also contains |z]?) can be estimated by c(n, k)||||cs max{u, HuH}2
For the second term, Note that I,, 1 -S — 1 = O(]V£]?) and the difference of |z| 14,
evaluated at x = (r1, f) and z = (21,0) may be estimated by c(n, k)||1||cs|f|?. Using these
fact, we may estimate the integral related to the second term similarly. For the third term,
first note that on C,

Yoy o)
|| ~le=(@1,0) (5.37)

S— (72)8151 -

(1,0)®y +y®(1,0))- 5 =0. (5.38)
On graph f, since (z ®y) - I, =0, we have (z®vy) - S=(y®2z)-S=—(r®vy) S+, and
(x@y)- S = ((z1,) @y) - 5T = 5H((21,0)) - S (y )+5l((0 )-8 ). (5.39)

Considering that S is a tangent plane of graph f, we have |S*(y)| < c(n,k)|y||Vf| and
1S4 ((21,0))] < e(n, k)|x1||Vf|, and thus

Fovsa Tyt - 5| < el a1+ V4%, (5.40)

and the integral of the third term is bounded by c(n, k)||v||c2 max{pu, [|u|/}2. For the fourth
term, the difference of 9,5, — |y| 1), at graph f and C can be estimated by ¢(n, k)||v||cs| f|?
due to the radial symmetry. On graph f, S - (y ®@ y) = |y|*> — [ST(y)[?, and |S*(y)| <
c(n, k)|y||[V f|, and on C, this quantity is equal to |y|>. Thus we can handle this term similarly
as others. For the last term, I,_;-S = (k—1)—I_1- St =k —1— D k2 |Ste;|?, and
on graph f, |St(e;)| < ¢(n, k)|V f|. Using this, the integral of the last term can be bounded
by c(n, k)[[¥]lcs max{p, [[u]l}*.

Estimate of I5.

The first term is bounded by ( [[ |Stz|? b d||Vy||dt) 2 (ff |ul? ¥ d||Vi||dt)2 and can be handled
as in the estimate of I for the integral of |S1z|? and by the Hélder inequality for [u|?. The
second term is bounded by a constant multiple of [[ |u|?¢ d||V;||dt, so by the Hélder inequality,
is estimated by ||ul|?.

Summary.

Combined with all the estimates above as well as Proposition we obtain ([5.27)). O

We shall need a slight modification of Proposition allowing for test functions which
may not vanish at time ¢ = 0. Under our assumptions on the flow, such refinement is possible,
as long as the test function is constant in the variable s; = |z| for small |z|.
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Proposition 5.7. Suppose that ¢(y,t) € C°(UF! x [~4,0]) is non-negative and radially
symmetric in y, that is there exists (s9,t) € C®°(R2) such that ¥ (y,t) = ¥ (|yl,t). Moreover,
assume that ¢(y,—4) = 0, and let 7j = 7j(|z|) be as in Proposition[5.4 Then, there exists
c1s = cig(n, k,p, q, Ev, c1, ||¥| o, 11]lc3) > 0 such that

//P2 2”: ﬁQ/J!Slej!?dV;dtJr/O (/ﬁwdHVtH —/ﬁ¢d!]C\\)+ dt
< ergmax{p, Juf}?.

j=n—k+2 —4
Proof. The only difference with Proposition [5.6/is that the summand Iy in (5.11)) corresponding
to the choice of 7(|x|)y(y,t) for ¢(x,y,t) there does not vanish necessarily. We then proceed
to estimate it. Recall that

210:/Ix!2ﬁ(!x\)w(y,0)dHCH _/’«T|2f](‘a}|)1/}(y70)d”%|" (5.42)

Let us look at the quantity on the right-hand side of (5.42]) at an arbitrary ¢ € [—4, 0], namely
the integral

(5.41)

21(1) = / 22|y, )| ]| ~ / 2|y, D)V (5.43)

As usual, we split into integrals over the graphical and non-graphical regions. Let us focus
first on the graphical region. By symmetry, we may assume to be working on one of the
k-dimensional planes in C: we will let (z1,y) be the variables on such plane, and the other
(n — k) variables will be (x2,...,2p_k+1) = f(z1,y,t). With this notation set in place,

/ 2Py, Vi
graphf(-,t)

1

= [ (P 15w 0R) 7 (o + 1 ?)

whereas

) Oy, ) Iy g (@1, y)dH (z1,y)

/ (a2l )y, || = / 1 2z oy, £) A (2, )
U CnU

We can then estimate the difference of these quantities in terms of integral of | f|> and |V f|%.
On |z| > 1/2, by Proposition 3.1} we have

25 .t)d||Cl| — 25 )d||V,
‘ /{ R G /{ o [ PAEDY D] 4
< G max{ys |Jul}?

Coming to the part in {|z| < 1/2}, we see that this lies within the region where 77 = 1.

Thus (as K (y,t,0) in ([2.18) with £ = 0 is bounded by c3 max{yu, |[u|}), by (2.20), for H*1-a.e.
y € BP "1 it holds

/ ii([z])]|? dH! < / i(|z))el? a1 + ercd max{p, [[u]l}?,
{]z|<1/2}nC MYn{|z|<1/2}
and thus, by the coarea formula,
/ ()¢ (y, t)|z* d|[C| —/ () (y, t)|z|* | Vi
{|z|<1/2} {|z|<1/2} (5.45)
< crezmax{p, [|ul[}?.
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By combining ((5.44)) and ([5.45)), we obtain the estimate
2I(t) < c3(er + 1) max{y, ||ul|}? for a.e. t € [—4,0]. (5.46)

Since [|V¢]| is left-continuous with respect to ¢ as Radon measures, the estimate holds for every
€ [—4,0], and in particular the same estimate hold also for 21j. g

The technical work done in Propositions to is used here to show that the square of
the excess controls both the space-time L? norm squared of the mean curvature and Huisken’s
integral appearing on the left-hand side of (5.4)), in a parabolic neighborhood of a high-density
point.

Proposition 5.8. Let n be as in Proposition[5.9 and assume ©(0,0) > 3/2. Then there exists
c19 = c19(n, k,p,q,c1, E1) > 0 such that

[ [ awacs [ fnoln -

Proof. We first show how to bound the second integral on the left-hand side; the bound on
the first integral is simpler, and will be addressed at the end.

We use Proposition and estimate the right-hand side of (| . Let m1 € C*(R) be a
function such that 7 (t) = 0 for ¢t ¢ [—=5/2,—1/2], ni(t) =1 for t € [-2,—-1], 0 < m1(t) <1 and
Ini(¢)| < 3 for all t. We set ¢(z,y,t) = p(z,y,t)n(z,y)n (t) and note that 1 satisfies all the
assumption for Proposition 5.6 Thus we have

ldt < cromax{p, Jul}2.  (5.47)

0
([ vl = [ omm diel) ar < exgmase{i (5.48)

Since n1(t) = 1 on t € [—2,—1], there exists some s € [—2, —1] such that the integrand of
(5.48)) is bounded by the same constant, that is,

/ pnd|V]| - / nd|[C| < cr6max{y, [[ul}2. (5.49)

We fix this s. Next let 7o € C°°(R) be a function such that n9(t) =1 for ¢t > —2, n2(t) = 0 for
t < —=3,0<m(t) <1and |n5(t)] <2 for all t. We set ¢(z,y,t) = Vp(x,y,t) - Vn(x,y)n(t)
and note that this ¢ also satisfies the assumption for Proposition [5.6] particularly since Vp — 0
on the support of Vi as ¢ — 0—. Thus we obtain for v, and by restricting the integral
to [s,0] where 2 = 1, we have

0
| ([ So-wndvit - [ 9p-vadicl) it < comax(u Jul}®. (550)

Next, we choose and fix a non-negative smooth function 13 € C*°(R) such that (7')2/7 < 13,
and which vanishes outside of [1/4,5/4]. Note that 7/ = 0 outside of [1/2,1] so we may choose
such a function. We then set

(@, y,t) = p(z, y, )n2)ns(ly))7a(|z]). (5.51)
With this choice of i in Proposition we obtain

//13772()?73(\?;!) (ED) zn: |5+ e;*pdVidt < cr6 max{p, [|ul|}. (5.52)

j=n—k+2
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Now

(Vi) > (7 (=) n |)\SL9€!2 n (7 (ly]))? ~(|x|)\5ly!2

R B R (D T
The first term of vanishes for |x| < 1/2, so that the integral is only over the graphical
part of V4, and p is bounded by an absolute constant. By using , it is bounded by a

constant multiple of max{y, |u||}2. For the second term of ([5.53), we have

~/ 2 1,12 n
(”ﬁi‘f;'f)) S < otz 3 15 e (5.54)

9] j=n—k+2

p. (5.53)

()

for —2 <t < 0 due to the choice of 2 and n3. Combined with , the integral of the second
term is also bounded similarly. Finally, the term involving u is bounded in terms of |lu||* and
E; by the Holder inequality (see [I8, Proposition 6.2]). Thus all the terms on the right-hand
side of are bounded by a constant multiple of max{u, ||u||}? and this concludes the proof
of the estimate for the second integral on the left-hand side of .

We finally come to the first integral. With the same choice of 7y, we set now ¥ (x,y,t) =
n(z,y)m(t), and we note that this ¢ also satisfies all the assumptions for Proposition SO
that

0
/ 4 ( / — / ndeCH) dt < exg max{u, Jul}2, (5.55)
— +

and since n;(t) = 1 for all ¢t € [-2, —1] there exists s € [-2, —1] such that

/ndlleH —/nd\CII < crgmax{p, [|ull}*. (5.56)

We now test Brakke’s inequality (2.6) with ¢ = n(z,y), with ¢; = s and ty = 0. This yields
0 0
/ /n\hﬁduvtu it < /ndlleH - /ndnvon +/ /Vn- (h+ Y dVillde,  (5.57)

which then immediately gives, using ([5.56))

1 0
3 [k v

0 1,12
\Y% 1
< [naicl = [namil+ [~ [T Dot + vl

The difference
/ndIICH —/ndnvon

is bounded by 15 max{u, |Ju||}? by Proposition and the term involving u is bounded by
c(E1)|lu||? by Holder’s inequality. For the remaining term, we proceed as in with p = 1.
Again the first summand vanishes for |x| < 1/2, so that the integral is only over the graphical
part of V;, and it is bounded by a constant multiple of max{y, ||u||}? thanks to and
(3.9). The second summand is bounded as in , namely

~/ 2 1,12 n
Wﬁ(('é‘))) S sl 3 15te P

’y‘ j=n—k+2

(5.58)

()
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whenever —2 <t < 0. Now, Proposition guarantees that we also have the estimate

0 n
/2/772(t)773(y|)77(|f6|) Yo 19TePdvidt < ergmax{p, ull}?,

j=n—k+2
and this completes the proof. O

In turn, as we show in the next proposition, at a high density point the space-time integral
quantities on the left-hand side of control the L?-distance of the flow from the triple
junction uniformly in time. This passage from an integral-in-time control to a pointwise-in-time
control is a key feature of parabolic estimates. The proposition provides two distinct but
complementary bounds.

The first, , is parabolic or “caloric” in nature. When combined with Proposition
it yields the decay estimate

(max{p, ||ul})~ /dist2(X, C) p(X, )n(X) d||[Ve[[(X) < [t

The factor [¢t|* forces the weighted excess to vanish at a Holder rate as t — 0. This
information, however, comes at the price of spatial localization due to the Gaussian weight p,
which effectively confines the estimate to a parabolic neighborhood of the origin of scale /|t|.

The second estimate, , is more elliptic in character. It provides a uniform-in-time
bound on the unweighted L*-distance over a fixed ball. It exchanges the time decay rate of
the first estimate for more robust spatial control. Both types of estimate are essential for
the subsequent proof of Theorem [5.1] which relies on both the fine decay structure near the
singularity and the uniform control away from it.

Proposition 5.9. Let n be as in Proposition[5.4 and assume ©(0,0) > 3/2. Then, for each
k € [0,1), there exists cap = ca20(n, k,p,q, F1,Kk) > 0 such that

sup 1 / dist?(X, C) p(X, t)n(X) d|Vil|(X)
te|—1,

. Vo)l p2 (5.59)
<en( [ [ =S o0 000 dVil e+ max{, )
and
sup [ dist? (X, ©) n(X) Vi (X)
te[—1,0)
(5.60)

<en( [ [ IEnOO a4 maxi ).

Proof. We begin with the proof of : is simpler. We proceed mainly as in [36),
Proposition 5.2] with some modifications. Let d: R” — R be a function satisfying the
following properties: d is positively homogeneous of degree one, it is smooth away from C,
and furthermore, writing as usual X = (z,y),

d(X) = dist(X, C) v X with dist(X,C) < 2| (5.61)
1

5 dist(X,©) < d(X) < 2dist(X,C) VX €R", (5.62)
Vd(X)| <1 VX ¢C. (5.63)
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By homogeneity, we have X - V(d?/|X|?) = 0 and this leads to

X - Vvd? = 2d% (5.64)
By the definition of p, we can choose t; € [—2, —1] such that
[ 00 dist X, 0) Vi (0 < 7 (5.65)
We can then fix a smooth function g = g(¢) with
0<g(t)<1 (5.66)
and test Brakke’s inequality (2.6) with
S(X, 1) = [t| ™ g(t) po,0) (X, 1) d(X)?n(X) (5.67)

for t € [t1,t2], and for arbitrary to
P0,0)(X,t) and P(X 75) = [t|7"g(t
variable t. Thus, (2.6) yields:

[ ine? awil|”
By direct calculation,
(—hpnd® + V(pnd?)) - (h + u*)
= (=|hPp+ (Vp- h))nd® + pV(nd?) - h+ nd*(=hp + Vp) - u" + pV(nd?) - u*

1,0). For notational convenience, we denote p(X,t) :=

€[
)p(X,t), so that ¢ = pnd? and nd? is independent of the

to a
/ /{ —pnd*h + V(pnd?)) - (h+ut) +nd? ap} d|Vi||dt. (5.68)
t=t1

\V4 V) 12
< —plh— ( [’)’) *nd® — (V- h)nd? + ’(’;Hmf + pV(nd?) - h (5.69)
1 O
+ 5ol = ( 5) *nd? + m7012|u|2 + PV (nd?) - ut
and it follows from ([5.68) that
to \V) 112
[email|”, < [ [~ @o-mna+ 2L+ oar) o
= Jn P 55 (5.70)
+ 5/377012!16\2 + AV (nd?) - ut + nd? SF d|vi .
For a.e. t, we have
[ ~(@0 mad Vil = [ S @920+ 9p e V() v, 5). (5.71)
Using (5.71)) in (5.70) as well as ([5.10)), we obtain
. t2 b2 1,
[oeail”, < [7 s (Vo0 T + 570 bt gpdluf
t1
(5.72)

+pV(nd?) - ut + ndzp%(ltl‘”g(t)) dVi(-, S)dt
=L+ 1L+ I3+ 14+ Is.



36 S. STUVARD AND Y. TONEGAWA

Estimate of I; + I5.
Since S =1 — S+,

S-(Vp® V(nd?)) + pV(nd®) - h = Vp- V(nd?) — (Vp)" - V(nd?) + pV(nd?) - h
=Vp-V(nd®) + pV(nd®) - (h - (Vg)l)
p p, (Vpto  g@)t ™"
20 ol =, Ty,

The terms involving V7 is non-zero only on (B %1 x BF=1)\ (B?;k+1 X Bf/gl), and [t|71p
is uniformly bounded by a constant on the domain. Using also (5.66]), (5.61)-(5.64) in (5.73)),
we obtain

(5.73)

IV (nd?®)|? 5

to d V 1
L+1< / /—’mﬂ+g ( g) %+ At pn d|[Villdt + c(n, k)2 (5.74)
t1

Estimate of I3.
We separate the integration into two regions, A;(t) = {X € R" : |X| < [t|*/?} and the
complement As(t) = R™\ A1(t). On A;(t), d(X) < 2dist(X, C) < 2|t|*/2 by (5.62), so that
pd? < 4p. Thus,

to to
/’/ ﬁmmﬁmmws4/ /mmWWMﬁSdn%QMW? (5.75)
t1 Aq (t) t1

On Ajy(t), p is uniformly bounded by a constant that depends only on k and x. Thus the
integral over Ay(t) is similarly estimated and we have

13 S C(k’p)(L Ela R)HU”Q (576)
Estimate of 1.

to
Iy S/ /ﬁ(IVUHUIdQ+277IUId)d||Vt||dt, (5.77)
t1

and since p is bounded on spt|Vn| and and |u|d? < |u|? + d?, the first term can be bounded
by c(p? + ||ul|?). Also since 2n|u|dp < njul?p + [t|"pd%n, we have

to
us/ /W“M%ﬂwwﬂwmhn%&mmf+MW) (5.78)
t1

Estimate of I5.
We make the explicit choice of g given by
t
gt)=exp(—5 [ |s|7"ds) (5.79)

t1
for t € [t1,0). Note that ¢g(t) <1 and

11—k
inf g(t) =exp (- Sl

te[t1,0) 1—k ) (5-80)
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and since t; € [—2, —1], g(t) is bounded from below by a positive constant depending only on
k. The function ¢ is chosen so that

P (o) = " — sl 5, (581)

ot
to A d2
I5§/ /Hpn
t1 ‘t‘

Finally, add (5.74), (5.76)), (5.78) and (5.82)) to estimate the left-hand side of (5.72). Then

use ((5.65)) and the lower bound of ¢(t) to obtain, with a suitable choice of ¢, the inequality
(5.59).
Proof of (5.60).

We define the function d and the initial time ¢; as in the proof of (5.59). Then, we test
Brakke’s inequality with

and thus
— 5t pd%y d||Vi | dt. (5.82)

(X, t) := d(X)*n(X). (5.83)

We then have p = 1 in the subsequent calculations, and we rapidly see that for arbitrary

to € [—1,0) it holds
2 t2 b2 2 1 2 2 2 1
d?nd|Vi|| < V(nd?) - h+ §nd lu|? + V(nd?) -ut s dVi(-, S) dt
t=t1 t1

in place of (5.72)). Using (5.62))-(5.65]), we then estimate

.02 2 2 2 ’V(Ud2)|2 20,12 2
dist*(X, C)n(X) d|| Vi, || < 4p” + nlh| +27n + nd”ful” +nlul” p dl|Vi]dt,
t1

and, since d is bounded by a constant on spt(n) and (5.63) holds, the last three summands
are bounded by c(k,n,p, q, B1) max{u, ||u|}?, thus completing the proof. O

5.2. Proof of Theorem We can now finally come to the proof of Theorem Before
that, we isolate the following simple remark. From this point onwards, we introduce the
following notation. Given E € R™ and A > 0, we define (= ,(X) := A7 (X — E), and we also
set vtz =: t=. Furthermore, given a flow ({V;}+,{u(-,%)}+), a point (£, 7) in space-time, and
A > 0, we also define the translated and rescaled flow ({Vt(:’T)’A}t, {uEDA( t)}t> by setting

Vt(E’T)’)‘ = (1z20) Ve and wE DA (X 1) == u(Z + AX, T + A\%t). As customary, we omit the
index A\ when A = 1.

Lemma 5.10. Under the assumptions of Theorem |5.1], upon choosing €7 sufficiently small
depending only on n, k,p,q, Eh, the assumptions in Subsection |5.1| are satisfied for the flow
({Vt(:’T)}t, {uGN (-, )}4) on Uy x (=16,0]. In particular, Propositions and hold for
this flow.

Proof. The assumptions (A1)-(A6) are automatically satisfied for ({V;(E’T)}t, {uED () }).
Thus we only need to prove that ({V;(:’T)}t,{u(E’T)(~,t)}t) € M(Uy x (—16,0]) for ¢ =
min{ey, eq} if ({Vite, {ul-,t)}¢) € A2, (Us x (—25,0]). We use Theorem 3.2 with 3 = 1/40 and
o = cmin{ey, g4} with small ¢ (to be chosen depending only on k£ and E7) and obtain a new g5
(* to indicate the new &4, depending on this choice of ). If ({V;}, {u(-,t)}) € A (Us x (—25,0]),
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then by the conclusion of Theorem [3.2] we have (writing = = (¢, ¢) so that |¢| = dist(Z, S(C)))
that |{] < 5o = bemin{ey,e4}. We have

- 1/2
|| asex.cp a0 )
Py

_ (4 dist(X — =, C)2 Vi (x) dt) "
( //P 4(E:7) 1/>2 (5.84)
< (a4t ] qaistx, )+ il o)

5. (k+4) 1/2
<2(y) 7 (57 // dist(X, C)?d|[Villdt) ~ +27F525( 15 wy) 2e min{er, 4},
Ps

and if we set ¢ = 2F2(25) "1 (E; 55w, )~/ (which fixes 1) and set
e7 = min{eg, 272(4/5)* D/ 2 min{e, e4}},

then we see that the left-hand side of is < min{ey,eq}. This gives for Vt(:’T).
The inquality for w7 is achieved by restricting e7 depending only on «, and
and can be achieved by using the graphical representation and restricting e7 if necessary
depending on min{ej,e4}. This ends the proof. O

We are ready to prove Theorem

Proof of Theorem[5.1 By Lemma we can apply Propositions [5.8 and [5.9| with x = 1/2 to
the flow ({Vt(:’ﬂ}t, {uEN(., t)}t) to conclude that

sup (7 — t)1/2/dist2(X —5,C) pn(X,t)n(X - E) d||Vi]|(X)

te[—147,7) (585)
< eo1 max{p®7), =712,
where 91 1= c0(c19 4+ 1), ||uE7)| is defined via integration over By x (—16,0), and
gk (SN2 = // dist?(X — B, C) d||V4||(X) dt . (5.86)
Py(E,7)

On the other hand, since C is invariant with respect to translations along vectors in S(C), we
have that dist(X — Z, C) < [¢| 4 dist(X, C). Combined with (5.86)), we have

(WED)? < ou® + ClEP, (5.87)
where C > 0 is a constant depending only on k£ and F;. Now, we have that
[ < [fu] (5.88)

if we define ||u|| via integration over Ps. Combining (5.85) with (5.87)) and (5.88]), and using
the properties of the function 7, we have that for every t € [-1+ 7, 7)

/B A= 2,0) ey (X dIVI(X) < el =0+ [ull + 16) . (5:89)

1
2
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Now, let us fix 0 < 79 < 1/4 to be fixed later, and let €7 be smaller than e4(k,n,p, q, E1, 3,70/8)
with 8 = 1/40, where ¢4 is the threshold of Theorem [3.2] This, in particular, guarantees that
€] < ro/a. Also choose t1 € [T — 273, 7 — r8] C [~5/4,7) such that

C
| it cya oo < 5 . (5.90)
5 "o

Now, choose i € {1,2,3} so that the half-plane H; (see (2.2)) maximizes the quantity

—
—

|ij_ 2= |ij¢ (&)|. Here, PpL denotes the orthogonal projection operator onto the linear

subspace orthogonal to the plane P; containing H;. Notice that [pp.(£)] > @]{\ Also, if
Z € H; is such that dist(Z,S(C)) > |¢| then

Gist(Z ~2.0) = [pp- (9)] > L. (5:91)

Without loss of generality, assume that H; = H;y = [0,00) x {0,_x} x R¥~! and choose e7
so small that the domain of the function f(-,t;), whose existence is guaranteed by Theorem
contains the region Q := [%, rg] x {0p_p} X Bfo_l(C). Notice that if Z € € then
dist(Z,8(C)) > 2 > 2 > |{|, and thus holds. If (X, ¢1) belongs to the graph of f(-, 1)
over ), and if Z is its projection onto H;, then by triangle inequality we can estimate

2 2 2
< Z dist(Z —Z,C) < —dist(X — =, C) + —
€l < 7 ( ) 7 ( ) \/glf
Furthermore, for such points X = (z1, f(Z,t1),y), Z = (z1,0,—k,¥y), and with = = (&, () we
also have

(Z,11)|. (5.92)

X — 2 = |(z1, f(Z. ;) — &> + |y — ¢
5.93
< i + FZA) +[€7) + Iy — (2 < O < + (5.93)

for a geometric constant C' depending on 5 = 1/40 and (3.5). We also restricted 7 so that
the last inequality holds. Since r% <7t—1tH < 27’% we immediately estimate

piE (X, t) = __ exp —H >t ! e ¢, (5.94)
ST (4r (1 —t1))"~ 20r—t1)) =0 (8n)*

In particular, if we square (5.92) and we integrate over {2 and noting from ([5.93) that
graph f(-,t1)|a C B1(E), we obtain
2

€7 < 3 (worarh)™! ( /B dist?(X — Z,C) d|[Vi, | + /Q 1. t1>|2de’f<z>)

8(8m k/QeC/2 . _ )
< (3)/ dist*(X — 2, C) pz. (X, t1) d||Vy, || + Crg (k+2) 2
Wit By
2
8(87)"/2eC/2 _
< SO T o r(u® + 2+ [¢2) + Cry P

3wk—1

Here we used (5.94)), (5.90)) and (5.89). By suitably choosing r¢ depending on k and cag (thus
ultimately only on k,n,p,q, F1,c1) so to absorb the |¢|?> summand on the right-hand side, we

conclude (5.1). Then, by combining (5.85))-(5.87)-(5.88) with (5.1]) we get (5.2).
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Finally, to prove (/5.3|) we restrict (5.2) to the region where the support of the flow coincides
with the graph of f: in such region, points X € spt||V;|| are parametrized as X = Z + f(Z,1)
with (Z,t) € UnN (B x (—1,0)), and thus dist*(X — Z,C) = |f(Z,t) — -7, O

We conclude by recording a corollary of Theorem

Proposition 5.11. Let o € (0,1/120) and v € (0,1) be given. Then there are constants
eg = eg(k,n,p,q, E1,0) € (0,1) and ca3 = cas(k,n,p,q, E1,c1,k) € (0,1) with the following
property. Assume that ({Vi},{u(-,t)}) € A (Us x (—25,0]) satisfies (A1)-(A6). Then, it
holds

dist?(X, C) ,
//p1 m, }1 5 AIVEII(X) dE < cog max{[ful], u}”. (5.95)

a,x{|x]

Proof. Let o € (0,1/40). For eg sufficiently small depending on k,n,p,q, E1 and o, we can
apply Proposition to conclude that for every ¢ € Bf/Q L' S(C) and for every 7 € [—1/4,0]

there exists 2 = (£,¢) € B*»*+1(0) x {¢} such that ©(Z,7) > 3/2. If we further assume
eg < 7, Theorem then implies that

€| < 10 max{p, ||lull}, (5.96)

and

sup (r =0 [ @~ 5,0) e (XD AV < xr maxllal . G97)
te[—147,7) B1

In particular, for any (¢, 7) as above it holds

T—02
/ / dist?(X, C) d||V;| dt
T—202 +((0 C

< 2/ / dist?(X — 2, C) d||V4]| dt + 2¢2gwi By max{p, ||ul|}* 0"
7—202 J B2, (2)

(5.98)

using dist?(X, C) < 2dist(X — =, C) + 206 if X € By((0,0), Bol(0,0)) C Bao(Z), E3)
and (5.96)). The first term of (5.98]) is

T—o2
k s 12 —
o dist*(X — 2, C) pi= (X, 1) d||V¢| dt
/ngz /B%(E) ( )pEn (X0 dVi] (5.99)

< c(k)en max{p, [ul[}2 o+ 225

due to 0¥ p(z (X, 1) > c(k) if (X,t) € Bao(E) x [1 —20?,7—0?] and (5.97). Combining (5.98)
and (5.99), we obtain with a constant cog = co4(n, k,p, q, E1, K, 1)

/ / dist?(X, C) d||V;]| dt < c40™ % max{p, ||ul|}2. (5.100)
T—202 +((0,¢

Denoting B,(S(C)) the o-tubular neighborhood of the spine S(C), we can then cover B, N
By (S(C)) x (=1/4, —0?) with O(c=*~1) cylinders B, ((0,¢;)) x [ri — 202, 7; — 0] with finite
intersection property to conclude that

dist?(X, C
/. / B O) v di < ean max{a, Jul}? (5.101)
1 IBiaNBo( o
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On the other hand, the estimates ([5.60) and (5.47) immediately imply that

0
/ / dist2(X, C) d||V;|| dt < Co® max{|ul, 1}?, (5.102)
—0'2 Bl/2

so that it holds, in fact,

dist?(X, C
/ / B0 v at < € wmasp, Jul}2. (5.103)
1 JB.,nB,(s(C)) o

Next, in order to obtain the estimate in the region away from S(C), observe first that, upon
possibly further reducing es, we can make sure that (B, \ B,(S(C))) x (—1/4,0) is contained
in the region where the support of the flow coincides with graph f. Arguing as in the proof of
Theorem we can cover this region with (at most countably many) sets T},,| 1/, (¥:, si) with
the property that the number of intersections of T},,| 1(¥:, s:) is bounded by a constant c(n, k),
whereas Proposition [4.1{ guarantees that for every i there exists Z; = (&;,y;) € B2 *+1(0) x {y;}
such that ©(Z;, s;) > 5. By Theorem |€i] < c10 max{u, ||ul|}, and thus we may argue as
above. Precisely, setting

2 12
Tig, 1,12 (is 8i) 1 = |xz-|,1/2(yzw$z‘)“{3i ‘116! <E< s - |312’ }

EAR ||

$'2
_{<x,y,t>: (2l = fwal)® + |y — i < S0 5= 5 <t<8i“312| ’

we may observe that for any (x,y,t) € j:"mil’l/2(yi, $i), 2|@;| < |z| < B|a;], as well as that, since
Tiz;1,1/(Yis si) is contained in the graphicality region, || < |z, and thus |z — &[* < 5la;|>.

|z4]? —k ;
5, we have that pz, 5, > cla;|™" in

Combining this with |y — y;|> < |z;|* and s; — t >
Tzi1,1/2 (yi, 8;). Therefore, we can estimate

dist?(X, C
JA B ) v a
T\Ii\,l/z(yi»si) |.’E‘

) X — EZ
= At O = 200) g Vil d + C a2 4142
T\CC | l(yusz) |':E|1 26—k =i, 7,

i

< O] Fran- 1/ . ‘72 (si—t)_“/B dist*(X — i, C) p(z, o) dl|Vill dt
16 1

+ Cmax{p, Jul[}?|a 12"
< a2 max{u, [[ull},

where we have used (5.2)). Now, for every j € N let C; be the collection of tori ﬂmyl(yi, Si)
which intersect (Bl/Q\BU(S(C))) x (—1/1,0) such that 277 < |x;| < 2'7J: notice that the
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cardinality of C; is at most C'(277)7%~1, where C is independent of j. We can then estimate

dist? X,C
/. / a(X0) vy a
1 JB\B.(s(©) |7l

dist?(X, C)
< cz // S dlvil e
T\z [,1/2 y’usz

JEN {7' T|ac [,1 y27 z)ec } (5104)
< C max{p, ul}* ) (27
J
< C max{p, ul[}?.
Since, by estimates (5.60)) and (5.47)),
dist?(X, C
[/ D) g ar < o™ max{u, [ul}?, (5105
2 x
—02 B, \B.(s5(C)) |7l
the proof of (5.95) follows by combining ([5.103)), (5.104)), and ([5.105]).
Finally, the same argument ([l

6. BLOW-UP AND DECAY FOR THE LINEAR PROBLEM

Having established the main non-concentration estimates in the previous section, we now
turn to their central application: the analysis of the asymptotic behavior of the flow at a
singular point. The strategy is to perform a blow-up analysis: we consider a sequence of
flows whose L2-excess u(m) vanishes as m — 0o, and we study the limit of the corresponding
graphing functions f("™) after normalization by (u(™)=1.

The main goal of this section is to prove that the resulting limit function, f, is a classical
solution to the heat equation on each of the three half-planes forming the triple junction.
Furthermore, we will show that the geometric constraints on the original flow impose powerful
symmetry conditions on the boundary values of f at the spine. This detailed understanding
of the linearized problem, obtained via a reflection argument, is the crucial input for deriving
the excess decay in the next section.

Let {o(™},,en be a decreasing sequence in (0,1/10) such that lim,, o, 0™ = 0. For fixed
pE[2,00), g€ (2,00),and Ey € [1,00), we let €™ denote the threshold eg(k,n, p, ¢, By, a™).

Definition 6.1. A blow-up sequence is a sequence of pairs

(V"™ Yeer 4™ () hier) € Neom (Ug x 1)

for I = [-R?,0] and ™ € (0,1) so that assumptions (A1)-(A6) are satisfied for the above
choice of parameters p, ¢, E1 and for a standard triple junction C, and for which, additionally,
it holds

p™ =0 and ()™ =0 asm — 0. (6.1)
Coordinates in the ambient space R™ are chosen so that all conventions and notation set forth
in Section [2] are in place.

Given that all estimates are scale invariant, in what follows we will assume without loss of
generality that R = 5. For every m € N, apply Theorem and conclude the existence of
open sets U™ C C N (Us x (—25,0)) satisfying (3-3)-(3-4) with U = U™ and ¢ = (™), as
well as functions f(™ e CL(U™); Ct) satisfying B-H)-(.9) with {Vi}e, {u(-.t)},0,U, fop
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replaced by {Vt(m)}t, {u™ ()}, 0™ U 0 (M) | respectively. Furthermore, by (3.10)),
we have that, for any o > 0 and upon denoting Q, := {(z,y,t) € CN Py : |z| > 5o},

1F ™ e, < eslo) max{||lu™], u™}, (6.2)

for all m such that o™ < 5. In particular, by the Ascoli-Arzela theorem the functions
F0m) = ()=t £ converge in CL, to a function f: CN Py N {|z| >0} — C*.

Next, as a consequence of Proposition for all sufficiently large m property (NHJ) holds
with ({V,"™}s, {ul™(-,1)}) in place of ({Vi}s, {u(-,#)}). Thus, upon fixing 6 € (0, /1), and
upon denoting ©™ the Gaussian density of the flow {%(m)}, for every z € BF~! and for every
7 € [—1,0) the set

I = {€ € ByH(0) : ©((€, 2),7) > 3/2}
(m)

is not empty. Furthermore, since ©(™) is upper semi-continuous, T
of R*#+1 We can then define a unique map (z,7) — £M(z,7) € Jz(f?) according to

is a compact subset

the following selection procedure: for each (z,7), we let €™ (z,7) be the point in Jz(f?)
with the minimal Euclidean norm |{|; if multiple such points exist, then we choose the one
which is first in the lexicographical ordering of R **1 We shall call this map a binding
function, and we note explicitly that if @™ ((0,2),7) > 3/2 then £(™)(z,7) = 0. Let also
207 (z,7) == (€™)(2,7), 2) € R™. Then, the maps (z,7) — £ (z,7) and (z,7) — Z(™)(z, 1)
are Borel measurable, and by Theorem [5.1] it holds

€0 (z,7)] < eromax{[ul™ |, u™} (6.3)

and

k | x40 (x,1)-=(™) (2,7
sup (7 — t)_R_Q/ e e %
ol™

te[—147,7) (64)

X | FOX ) = €0 (2, 7) X P A (X) < enn max{ut™), u]},
where ng) = B N{X: (X,t) € U™}, The estimate (6.3) guarantees that the sequence
£ (z,7) == (u™)~1£(™) (2, 7) is uniformly bounded in m. Hence, upon passing to a subse-

quence (which in principle may depend on (z,7)), it converges to a limit point £(z,7). The
estimate (6.4]), in turn, produces, in the limit of this subsequence, that

N]]

ek j2? + |y — 2
sup (7 —t)7" / exp (— X
te[—1+7,7) CnB1N{|z|>0} 4(r —1) (6.5)

X | f(z,y,t) — E(z, 7) e |2 dHF (z,y) < c11 .

Recall that £(z, 7)1 is the projection of the vector £(z,7) onto the orthogonal complement

to C at the point (z,y). The validity of (6.5) implies that for every j € {1,2,3} the projection

Pp.((2, 7)) is uniquely determined, and thus that the full sequence {Pp1 (€M™ (2, 7)) }men
J J

converges to Pp1(£(2,7)). We claim that then the vector £(z,7) is uniquely determined,
J

and thus that the full sequence {£€(™)(z,7)}men converges to &(z, 7). Indeed, suppose that
v € R"*+1 s such that PpL(v) = 0 for every j. As usual, let w; be the vectors such that
J

H; = span™(w;) ® R, Then, PPj_ is the operator ijL = I py1 — wj @ wj, where Ip,_p1q
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is the orthogonal projection onto R*“*+1. Since v € R*“¥*1  the condition PpL(v) = 0

translates into v = (v - w;) w;, and this holds true for every j € {1,2,3}. Since the w;’s are
linearly independent, it follows immediately that v = 0, as we wanted.

As a consequence of this argument, the pointwise limit function (z,7) — £ (z,7) is well
defined, and it satisfies . We record the above conclusions in the following

roposition 6.2. Let Hiu 1) b e a blow-up sequence, and let an
P iti L v, {u™ | beadl dlet U™ and

me
M) be the corresponding domains of graphicality and parametrizations, respectively. Let

(z,7) € BF1 x (=1,0) = £ (2,t) € S(C)* be binding functions. Then, as m — co:
(i) the functions f0™ = (u™)=1 M) converge locally in C' to a function f: U =
CN P N{z| >0} — Ct satisfying

k 1= ~
sup _[o]2 2 (| (X, 0 + IVAX,0)]) < e (6.6)
(X,t)eU
(ii) the functions €™ = (u™)=1e(™) converge to €: B! x (=1,0) — S(C)* with

I€llco < c105
(iit) For every (z,7) € BF ! x (—1,0), the following holds:

e tly—z? | .

~ 2
sup (7~ t)ﬂg/ e T | flay,t) = €z )t | dHb(2,y) < en
) CNB1N{|z|>0}

te(—=147,7) ( )
6.7

Proposition 6.3. Let {(¥™) u(™)},en, UM, f00) 0 F €M) and € be as in Proposition
0.9, Then:

(i) The convergence of fm) o f s strong up to the spine, in the sense that

// F2dH dt = 1im // 2 g a (6.)
NP, m=ee Jluminp,,
(ii) We have the estimate
lim sup // |Vyj‘7(m)|2 dHEdt < e15. (6.9)
m—00 JJUmINP,

(iii) We have the estimate

lim sup(p (™) 2 // dist?(X, ) d|V,"™ | dt < // IF(X,t)2dH"(X). (6.10)

m—00 Py, CNP N {|z>0}

(iv) The function f is locally smooth on C N By N {|z| > 0}, and on each half-plane H; it
is a solution to the heat equation O f — Af = 0.

Proof. Proof of (i). Since the functions f(m) converge to f locally uniformly away from the
spine S(C), it is enough to show that there is no concentration of the weighted L? norm at
the spine. Let r > 0, and let B,(S(C)) denote the r-tubular neighborhood of the spine S(C).
With an analogous covering argument as in the second half of the proof of Proposition [5.11

but using (6.4) instead of (5.2)), we conclude easily that

(m)( X ¢)|2
// % dH(X) dt < 11 max{|Jul], 1}? . (6.11)
Utmnp, |z
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In particular,
// [FPdnt dt < e '™ — 0 asr 0%,
U(m)ﬁpl/zﬁBr(s(C))

as we needed.

Proof of (ii). Let v (y,t) € C°(UF! x [~4,0]) be non-negative, radially symmetric in
y, and such that ¢(-,¢) =1 on Ulk/;1 for every ¢, and let 77 = 7(]z|) be as in Proposition
Then, by (5.41)) we have, for all m sufficiently large, the estimate

0

Cls(M(m))2 > /

S St P avi™ dt. (6.12)

1 /B%ﬁgraph ) j—p kg2

Now, pick a point (X,t) € graph f(™(..t), and suppose without loss of generality that
it projects onto U™ N Hy, so that in the standard coordinates of R” we have X =
(21, ") (21,9,1), y,t) with fO)(21,y,t) € P{. Then

S=1Ip, + V™ (Py1),

so that
St =TIpy = VM(Py1).

Since e; € Py for every j € {n —k +2,...,n}, we have that |Ste;|? = \Vejf(m)\Z, and thus
by the area formula (6.12]) implies

crs(p™)? > /

0
/ IV, £ 2 drk at,
B% nU(m)

1

2

from which immediately follows.
Proof of (iii). Let » > 0, and, as in the proof of (i), take m so large that the space-

time region P1 \ B,(S(C)) is contained in the graphicality region of ¥ (™). In particular, if

2
X € sptHV;(m)H then X = z + f"™(2,t) for z € U™ and dist(X, C) < [f"™)(2,t)|. We can
then estimate

lim sup (™) 2 // dist*(X, C) d”Vt(m)H dt
Py \Br(S(C))

m—o0

< lim sup (1—|—CLip(f(m);U(m)\BT(S(C))))//P y )|f(m)]2d7-[kdt,
1,NULT

m—r0o0

where we have used the area formula and estimated the Jacobian of the graph map with the
factor (1 + C Lip). Since the Lipschitz constant of f (M) tends to zero in any region at positive
distance from S(C) by (6.6]), we conclude from (i) that

lim sup (™) 2 // dist*(X, C) dHVt(m) | dt
Py \Br(8(C))

m—00
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On the other hand, we see as an immediate consequence of Proposition that

lim sup (™ // dist?(X, C) dHVt(m | dt
e Pi/,NB(S(C))
dist™(X, C m 6.14
<limsup(u(m))—2r1—2n// ist?(X, )1_2 " (6.14)
e Py.nB,(8(0y) max{|z], o(m }H=2r
S 0237,172% .

By choosing any € (0,1/2), combining (6.13) and (6.14) and letting » — 0 one deduces (ii).

Proof of (iv). This follows from the same argument as in [I8, Lemma 8.4]. O
In the following, for 8 € R, we let Ry : R® — R™ be the rotation
Ry(z1,22,2) := (z1c0s0 — x2sin b, z1 sin 0 + xa cos b, z) (6.15)

for (z1,72,2) € R x R x R"~2, that is, Ry rotates the R? x {0,,_o} by @ counterclockwise while
fixing the other coordinates. With this notation, we often use the property

(RO + R.zfr/3 + R47T/3)(:L’1, T9, Z) = 3(0, 0, Z). (616)
For each 7 = 1,2, 3, we define f](m) and f} defined on H; N P; and having values in P{ =
{00} x R™™% > {01} by
f}m)(x y,t) = R_gr(j_1)3(f ™ (Ron(j_1)/3(2, ). 1)),
fj(l‘aya ) R_ 27 (j— 1)/3(f(R27r] 1)/3(1" y) t))

We also use the notation

Fi(r,0,y,t) = (0, fi2(ry,t), -+ Fjm—ki1(ry,8),0,---,0) € {01} x R"™% x {0,_1} (6.18)
on {(r,y,t) : r € (0,1), r? + |y|2 <l,te(-1,0)}.

(6.17)

Proposition 6.4. The odd extensions with respect to r of the following functions are solutions
of the heat equation :

(1) 33 fa- ) i
(2) If n — k > 2 and for each j,j' € {1,2,3}, £ €{3,....n—k+1}, fio— fire

Proof. In the following, we assume that n — k > 2 for notational simplicity and note that the
case n — k = 1 proceeds verbatim. We write for j € {1,2,3} and y € R*~! and ¢

gj(yvt) = PPf— (R—27r(j—1)/3(g(yvt))) = (O,Ej,2,537 T aén—k—l-l) X {Ok—l}' (619)

Note in particular Pp. is the identity map on {02} x R"“F=1 x {051} so that the dependence
on j is only on the second component of fj. On the other hand, by (6.16)), we have

3
> ga=0. (6.20)
j=1

Fix a small ¢ > 0, use (6.7) with x = 3/4, n € B¥ ! and t = 7 — 2 so that we have

/ e 2 fla,y, t) — EX(n,t + o) P dH (2, y) < CoF 32, (6.21)
CN(BE 1< BE 1 ()
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Note that
3 3 3
‘ij,z(ny, ‘ ‘Z Fia(r,y, )=&a(n, t+0°) ‘ Z (rwj,y, 1)=& (n, t+07)[?, (6.22)

and these prove that

3. 2
sup / fia(ry,t)| anF < o'/, 6.23)
te(—1,—02) JHiN(BE * 1 xBF1) Jz::l ! >‘ (

For € {3,...,n—k+ 1} and j, ;' € {1,2,3}, since
’fj,f(Tayvt) - flj’,f(nyat” < ‘flj’g(x,y,t) - gﬁ(n,t + 02)| + |f~‘j/7g($,y,t) - gf(n7t+ 0-2)’7 (624)

we may similarly obtain
f; t) — fj )2 dHF < Col/? 6.25
sup |f],€(ra Y, ) f]’,@(rvya )’ >0Co . ( . )
te(—1,—02) JHN(BE M xBF—1)
Since these functions satisfy the heat equation away from the spine, a simple approximation
argument shows that the odd reflection also satisfies the heat equation. ([l

Proposition 6.5. The even extensions with respect to r of the following functions are solutions
of the heat equation:

(1) For each j,j' € {1,2,3}, fjg — f’rj/’Q.

(2) If n — k > 2 and for each £ € {3,...,n—k+ 1}, Z?:lfjx-

Proof. Let 1(z,y,t) € C(P;) be a non-negative radially symmetric function with respect to
x and assume that
o

or
for 0 <r = |IL‘| < 0, where ¢ is a fixed small number. In addition, let 77 be as in Proposition

. 5.2 and set 9 (x,y) == 7(|z|/2)7(|]y|/2) so that 1) has a compact support in By **1 x B5~1
and equals to 1 on B"_’€+1 X Bf_l. Let a € R"**! be an arbitrary unit vector, and define

=0 (6.26)

¢(x,y, 1) = (a- z)i(x,y,t) + 2(sup )¢ (=, y). (6.27)
Note that 1 has a compact support in P; so that
¢ > (sup)ip > 0. (6.28)

We use this ¢ in (2.6). To make sure that the contribution coming from 1) is small, we make a
specific choice of time interval. In fact, fix £ € (—1,0) so that spty» C {t < t}. Then choose
t(m) ¢ [—2, —1] such that

1 7 m
0 < liminf o5 (/wduv [ —/zpdyvtﬁm)u) (6.29)
We may choose such ¢(™) by the following argument: By Proposition we have
[daicl =[Gyl < sy, (6:30)

Moreover, by Proposition and by modifying ¢ at ¢t = 0, —4 appropriately, we may choose
t(m) € [—2, —1] such that

/&wm%u—/wdmn<qa my2, (6.31)
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Then (6.30) and (6.31)) prove (6.29)). Next, we use ¢ in over time interval of [t(™), {] and
obtain

7 t
[ocoavenl| < /t(m) [0 om -t N savPa 632)

For the term involving (™), we have

(Vo — ¢h) - (u™)+ < (sup [Ve])|u™)] + ¢<|u 2+ |np?), (6.33)

and for another term in (6.32)),

Vé-h=V((a-z)Y) h+2sup)Ve-h

< V((a-2p) b+ L up i+ 2<supw>1|z}<v¢w?
|

2
Ih2 | 2sup)|(VH) 2
2 (G
where we used (| in the last line. Using (6.33]) and (| -, we obtain

(V)
0 )

(6.34)

<V((a-z)y)-h+

(Vo = 0h) - (h+ (u™)) < V((a-a)e) - h+ ez (Ju™ ] + ul™)] + . (6.35)

where co5 depends only on sup |[V¢| and sup 1. We next claim that

t
/ ™2 4 ™) 4 |(V1Z)| AV ™ dt = o(u™). (6.36)
tm) J p,

The first two terms involving u(™ is o( (")) and o(u(™), respectively, while 1=1|(V1))*|?
may be bounded from above by a constant multiple of |S*(x)|? on {2 > |z| > 1} and |S*(y)|?
on {2 > |y| > 1}. Then one can proceed as in the argument in (5.31) and (5.27), and we
may conclude that they are both O(((™)?). This proves the claim (6.36). Combining (6.29),

(532 (©39) and (5:30). we have

0 < liminf —— / / —V2((a-2)0) - S+ (a- )y dV,™dt. (6.37)

m—00 /’L

We next examine the graphical part and non—graphlcal part of each terms. Recall that we
have U(™ ¢ CN P; such that CN P, \ U™ ¢ {|z| < 6™} given by Theorem. We may
assume that o™ < o, so that we have on the non-graphical part. Since Vi) = S(V1))
for |z| < o, we have

Vi((a-z)) -8 =28 (a) @S(VY)- (S —I)+ (a-z)V*- S

k=1 6.38
= —2a- Z wijL(€n7k+j+1) + (a . .I)V2w - S. ( )
j=1
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Thus

t
/ / V2 ((a - 2)p) - S| dvV,™dt
—1 J By\graph f(m)(..t)

i k-1 0 1
<a( [ Sl eoreg PV [ V1B (e < o) ) (639

0 1
+sup (v ] o d Ve [ VB0 (el < oY) dr)
Py\graphf(m) -1

By (5.27 - and . as well as , we may conclude that the right-hand side of - is
o(u{™). The second term of can be handled exactly as the second term of -, and
we may conclude that the non- graphlcal part of ( is 0 in the limit, so that we have

°<hmmf/ / ~V3((a- ) - S+ (a- ) dV ™t (6.40)
graph f(™) (-,t)

m—o0 ,LL

We write the above quantity as an integral over U. We start by claiming that

t
/ / 12|V £ 2 it dt = o(u™). (6.41)
—1Julm)

For this, we note first that, for any point (X,t) € U™ N {|z| > 20("™}, and assuming without
loss of generality that Py N {|z| > o™} c U™, the estimate in Remark [3.3| implies that
k+4

sup (o) 4 V) < Colm) T . (6.42)

Po_(m) /4(X7t)

Thus, using also |V f(™)| < 3,

i t
/ / ][V £ 2 < / / (o (m)) k4 ()2
-1Jutm) Ulmn{|z|>20(m)}

o o2V 1) ) o) (049
Ulmn{|z|<20(m)}
< O ) 4 ()2 )

We may assume that lim,, e (c(™)=%=44(™) = 0, thus we proved (6.41)). For the second term

of (6.40),
t
/ / (a- z)y dV,™ dt
graphf(m) t)

= Z/ / . a cw)r+a- f(m))wt< r2 4+ !f(m)P,y,t)Jvf(m) dHEdt.
m m

Since ']Vf(m) =1 + O(|Vf(m)|2) and ¢t( \/ 702 =+ |f(m)|2’ Y, t) = wt(rayvt) + O(|f(m)‘2)’ USil’lg
(6.41]), the above may be continued as

(6.44)

3 i
_ Zl/ /HnUW) ((a cw)r+a- ﬂm))%(ﬁ y, £) dH*dt + o( ™). (6.45)
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Since S%_, w; = 0, the first term vanishes. By the L? convergence of f(™) ,u(m) — f proved
7=1"%

in , we obtain

t -
lim — / / (a-z)i dV,™dt = / (a- f) oy dH¥dt. (6.46)
graphf(m)(-t) C

m—00 Iu(m) 1

For the first term of (6.40)), we consider the terms (a ® Vi) - S and (a - )V - S separately.
0.39)

By arguing similarly to (6.39)), we may conclude that

t
/ / (L (a® V) - SdV;"™dt = o(ul™). (6.47)
grap

U n{ja)<20(m) 1) (1)

On U™ N {|z| > 2¢(™}, using (6.42)), we may conclude that Jgpom =1+ o(u™) and

Vo (z + ) (@,y,8),y,t) = Voo, y,t) + F (@,,8) - VE(2,y,8) +o(u™).  (6.48)

Here on H; N {|z| > 20(™)}, choosing a coordinate such that wj point z1-direction, one can
check by the direct calculation that

Yoray = Urr + 0(1™), yia, = O™ /(0™)342) for 1 € {2,...,n— k + 1},

(6.49)
Yayzy = S Vb, + o(u(m)) for ,I' e {2,...,n — k+1}.
Since f(™) ¢ Hj-, we have
V(e 1y, 0),,0) = Vil 6) + 20 ) +o(u™). (650)
Since the projection to the tangent space to the graph of f("™) is
S=C+CLoVfMoC+Co(VFmM)ToCt+O(VfM?), (6.51)

and on U™ NH; N {|z| > 26(™}, we can compute that
(a® Vi) - C = (a-w))e, +o(pu™),
(@@ V) - (CtoVf™ o C) = (a-wj)Vu, f"™ - Vi +o(u™) = o(ul™), (6.52)
(a®Vy) - (Co (V)0 CH) = V(£ a) Vi +o(u™),

where the second line used the fact that ijf(m) € Cltandv- V¢ =0 forv e CtonC.
Thus using again 2?21 w; =0,

lim / / a® V) - Sdv™dt
Mmoo 1 m) graph(f (m)L_ ( ) !

v(m)n{|z|>20( m>})( 1)

= lim V(™ . a) - Vo dHFdt (6.53)
Mmoo M(m) Cn{jz|>20(m)}
/ V(f-a) Vo dH"dt.

The last line used the fact that ¢, vanishes near the origin and that V, f (m) /(M) converges
to V, f weakly in L? as a consequence of .
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For the term (a - )V?1 - S, using (6.49), we have on U™ N H; N {|z| > 26}
(a-2)V*-C = {(a-ej)r+ (a- fO) b + Ayt) +o(ul™),

6.54
V2 (CHo VMo C) = V- (Co (V™) o Ch) = o(u™). (020
On U™ NH; N {|z| < 20(™)}, since 1 is independent of z,
(a- @)V S = {(a-wj)r+ (a- f)}Ay+O(V ™). (6.55)
Thus
‘ / / (a-2)V2 - SdV, ™ dt
graph (L (m) 4 <o m))) ()
- / {(a-z)+ (a- f™) A d?-lkdt‘ (6.56)
Um)n{|z|<20(m)}
<C |||V £ 2 drEdt = o(ut™)

Umn{|z|<20(m)}
where the last claim follows from (6.41)). Combining (6.54) and (6.56)), and using again
>_j=1w; = 0, we obtain
1 . ~
lim ——— / (a-2)V2% - Sav™dt = / (a- f)Ay dH* dt. (6.57)
um c

Since V2((a- )t S = 2(a® Vo) - S + (a- )V - S, (6.40), (6.46), (6.47), (6-53) and (6.57)

show

0< /C _oV(a- J)- Vi — (a- )M+ (a- F)y dHbdL . (6.58)

We can perform the integration by parts for the second term since V, f e L? and ¢, = 0 near
r = 0, and since a can be replaced by —a, the inquality must hold with equality. This finally
proves

0 :/ Ye(a- f)—=Via-f) - VodHrdt (6.59)
C

for any a € R" 1 x {05_1} and any non-negative ¢ with (6.26)). In terms of f;, this implies
0—2 MR%Jme>WRm1M)mvwWw (6.60)

If a € {02} x ]R"_k_l X {O0k—1}, then R_5.(;_1)/3(a) = a, so that for any £ € {3,--- ,n—k+1},
we have

0:/ n if zgjf ¢) - Vo dH*dt. (6.61)

If we take a = wy € R'x{0,_1}, the af1=0R_ 27r/3(a)-f2 = —\/§f2,2/2 and R_/3(a) f3 =
\/§f372/2. This shows that

0= wt(fm — f32) = V(fa2 — f32) - Voo dHFdt. (6.62)

Similarly, by taking a = wy and w3, we have ) for f1 9 — f3 2 and f1 9 — f2 2, respectlvely.
If - holds for v satisfying (6.26)), then by the Well known argument, the function Z] 1 f] ;
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can be extended evenly and is the C'™ solution of the heat equation, and similarly for (6.62)).
This ends the proof. O

Propositions [6.4] and [6.5 allow us to draw the following fundamental consequence on the
limit function f. It will be convenient to rotate the three branches fj back and define the

functions f] = Rorgj-1) /3f], for j € {1,2,3}. Notice that these functions are defined on
H; N Py, which is given coordinates (r,0,y,t), and take values in le.

Corollary 6.6. For every j € {1,2,3}, the function f'] admits a smooth extension, still

denoted fj, to the parabolic cylinder P1 N P;. Such extension is a solution to the heat equation,
and it satisfies uniform interior estimates of the form

sup |8ga§5tcfj| < Cape ||f||L2(CmP1) ; (6.63)
PlnPl/Q

for all indices a, ¢, and for every (k—1)-multiindex b. Moreover, there exist vectors & € S(C)*,
vj € P , and a linear map b: S(C) — S(C)* so that

v +vg +v3 =0, (6.64)

and

(ryy,t) — ]L(éo) —viT— P]L(b(y))’2 dHF dt

= (k+4) / /
Z 7’2+\y|2<P2}

< Cp2// P2 awtdt,
CnPy

for all 0 < p < 1/2, where C' is a constant depending only on k and n.

(6.65)

Proof. First observe that for every le {2 ...,n —k+ 1} the following identities hold:

ijz—i- fu f2,€)+%(fl,é_f3,€)
for=7 ngeJr (fo — fre) + %(ﬁ,e—fw)

Zf]z + (fae — fie) + %(f:a,é — fau)-

This shows that each function fj’g can be written as a finite sum of functions which admit an
extension solving the heat equation across the spine of the cone. As a consequence, each f;,
is smooth up to H; N P;, with uniform estimates

sup 080505 fi1 < C I flz2cnpy - (6.66)

Eﬁpl/z

for any choice of indices a, ¢ and multi-index b. Furthermore, Proposition guarantees that

o, f \ = 0, f \ = 0, f \
- f1,2 0 - f1,2 0 - f1,2 0

3
and Zar'fj’z‘r—ﬂ =0 foreveryle{3,....n—k+1}.
=1 -
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In particular, after rotation we have for the functions fA] that

3
3 anj‘T:O -0, (6.67)
j=1

where the latter now is an identity between vectors in R™. This implies that the “average”
map

3
wi=3 7,
j=1

satisfies d,w = 0 on the spine S(C) N Py, so that its even extension in the r-variable is a
smooth solution to the heat equation, satisfying uniform estimates of the form

sup [000%0%w] < C | Flz(cnr) (6.65)
Plﬂpl/Q

Notice also that w takes values in the orthogonal complement S(C)* to the spine S(C) of C.
Now, it is an immediate consequence of Proposition [6.2{(iii) that

fj(O,y,t) = Pj‘f(y,t) for all (y,t) € B¥"1 x (=1,0), (6.69)

and thus that .
w(0,y,t) = Pg(y,t) ) (6.70)
2:1 le. The operator P can be easily calculated, and in fact
one immediately sees that, in the coordinates (x1,x2,Z3,...,Tp—k+1,Y1,---,Yk—1) We have
P = diag (3/2,3/2,3,...,3,0,...,0). However, we will never use the precise form of the operator.
What is important is that P: R™ — R™ is self-adjoint, with kernel ker(P) = S(C) and image
W = ker(P)+ = S(C)* that gets mapped bijectively onto intself. We denote by Pl the
inverse of the restriction P|y, : W — W, and then we set L := P];Vl o pw, where py is the

orthogonal projection of R™ onto W. Observe that, since W = S(C)*, L maps R” on S(C)*.
Moreover, if w € W then P(L(w)) = w. In particular, thanks to (6.70) it holds

P(L(W(O, Y, t))) = w((), Y, t) = Pé(y,t) s
so that L(w(0,y,t)) — g(yi) € S(C)* Nker(P) = {0}. We then conclude that
£3(0.y,t) = P (L(w(0,y.1)))..

where we have set P :=

Thus, the function
n 1
Uj (Ta Y, t) = fj (T’, Y, t) - Pj (L(w(r, Y, t)))
has zero trace on the spine S(C) N Py, so that its odd extension in the r-variable is a smooth
solution to the heat equation satisfying uniform estimates of the form

sup |07 9507u;| < C|| fll2cnpy) » (6.71)
Plﬁpl/Q

with the usual meaning for a, b, c. We have then established that
fi=uj+PfoL(w) on{(ryt): r>0r2+ |y <V te(=1/10)},

where u; is the restriction of an odd function and P; o L(w) is the restriction of an even
function. This allows one to extend f] to the whole parabolic cylinder {(r,y,t): r? + |y|? <
1/s, t € (=1/2,0)} in such a way that the same identity is preserved. The estimates are
then an immediate consequence of —. By Taylor’s theorem and using again the
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estimates (6.68)-(6.71]) combined with the fact that the r-derivative of w and the y-derivative
of u; vanish at » = 0 we obtain (6.65) upon setting

o1 =Lw(0) =0 €S(C)*" (6.72)
v+ = 9,u;(0) € Py, (6.73)

and where b: S(C) — S(C)* is the linear map
b(y) :== L(Vyw(0) - y) . (6.74)
Finally, (6.64) follows from (6.67) upon observing that 0,u;|,_, = 0, f;|,_, because of the
properties of w. O

7. EXCESS DECAY AND PROOF OF THEOREM

In this section we prove our main result, Theorem The key is the following excess decay
theorem.

Theorem 7.1. Corresponding to n,k,p,q, E1,c1 there exist 0, € (0,1/20) as well as €9 and
26 so that the following holds. Let I = (—R? 0], and suppose that ({Vi}ier, {u(-,t) }ier) €
Neo(Ur x I) and (A1)-(A6) are all satisfied in Ug x I. Recall the definition of a in (2.4),
|u| in @12), and p in R-11). Then, there exist a vector a € S(C)* and a rotation O € O(n)
such that

la] + |0 = 1d|| < ca6pu (7.1)
and upon setting C' := a + O(C)

2
((&R)“ // dist(X, C')2 d||Vi]| () dt) < 0 max{p, eaull}.  (72)
PQ*R((L,O)

Furthermore, let 140, (X) := 0, 4(X — a), and define
V= (Oil)ﬂ(La,g*)ﬁ‘/egt and uw*(X,t) =0, 0 u(a + 0,0(X), 6%t).

Then, the flow ({V;*}er, {u*(,t) }ier) is also in N.y(Ugr X I) and (A1)-(A6) are satisfied in
UR x I.

Proof. We may assume R = 5 after a parabolic change of variables. The proof is by contradic-
tion. Suppose the result is false. Then, we may consider sequences {V;(m)}te 1 and u(™ such
that ({Vt(m)}te[, {u™ (- ) ber) € Ny, (Us x I), conditions (A1)-(A6) are all satisfied, and
with the following additional property. For any triple junction C’' = a + O(C) with

ja| + 1|0 —1d|| < mu™ (7.3)
it holds

N|=

((5@-’6-4 // dist(X,c’>2duw<m>u<x>dt> > 02 max{p™, m[u™|}.  (7.4)
P59*(a,0)

We will show that ([7.4) is inconsistent for suitable choices of C' = C'("™) and of 6, depending,
the latter, only on n, k,p, q, E1. First, we claim that ({Vt(m)}te[, {u™) (-, t)}se1) is a blow-up
sequence in the sense of Definition corresponding to the choice (™) = 1/m. The only
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condition to check is the validity of the second limit in (6.1)). From (7.4) with C' = C we see
that

1
2
62 mlu™ | < (56,)7 % ( // dist(X, C)? || V;"™]|(X) dt) < (560.) 5 ),
Py

from which it indeed follows that ()~ [|u™|| — 0 as m — oco. Then, all the arguments
of Section |§| apply. Recall the definition of the numbers (™ of the domains U™, of the
functions f™) and £, as well as of their limits upon renormalization by dividing by u(m).

Consider now the vectors & € S(C)*, v; € PjL, and the linear map b: S(C) — S(C)*

from Corollary We now define the cone C'™ leading to the contradiction. First,
for every j parameterize the half-plane H; = span®(w;) & S(C) with coordinates (r,y),
where 7 = |z| is the distance function from S(C), and consider the graph of the map
l;m) :H; — Pj‘ defined by l](-m)(r, y) := r u™ v;. Notice that each graph is a linear half-plane
of dimension k in R™ that contains S(C). Furthermore, since v; 4+ vy + v3 = 0 the union
of the three graphs is a standard triple junction Cgm) with the spine S(C), and clearly
Cgm) = Ogm)(C), where O%m) is an orthogonal transformation in R™ that keeps S(C) fixed and
satisfies ||O§m) —Id|| < Cul™. Next, consider the linear map b, and let b*: S(C)+ — S(C) be
its adjoint. Define b: S(C)+ @ S(C) ~ R™ — R™ by b(z,y) := b(y) — b*(x). The vector field b
is then the infinitesimal generator of a one-parameter family of linear transformations of R™,
indexed by the parameter 7 and denoted O(7,-), namely such that

{ 0(0,z,y) = (v,y),

9,00, 2,y) = b(z,y) . (75)

If B denotes the matrix that defines b, then O(r,-) is the linear transformation whose matrix
is exp(7B). On the other hand, B is skew-symmetric by definition, and thus exp(7B) is

orthogonal. In other words, O is a one-parameter family of rotations, and we set Ogm) =
O(u'™,.). Again we see immediately that HOém) — || < Cul™. We define O™ :=
Oém) o Ogm): notice that O™ (C) is a standard triple junction with spine Oém)(S(C)), and
that |0 —1d|| < Cu™. Finally, define a(™ := pu(™¢;, and set C'™) = o™ 4+ O™ (C).
We now proceed to estimate the quantity

(56,) // dist(X, )2 d| V™ () dt
PSG* (a(m)’o)

with this choice of C'(™). We shall work separately on the region Psg, (a(™,0) N {|z| >

Ga(m)}, where {V;(m)} can be represented as a graph over C, and on the complement region
Psg, (a'™,0) N {|z| < 60™}. For the first part, let t € (—(56,)2,0), let X € spt||V;] N
Bsp, (a™) N {|z| > 66}, and let j € {1,2,3} and Z = (z,w) € H; be such that X =
Z 4+ fm)(Z,t). Consider now the points

Z =7 —Pj(al™ + pMb(w)) + n™b*(2),
X = 2+l§m)(2),
X' i=a™ 4 Oém)(f() .
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Notice that Z € H; lies in the domain of the map fm): since this domain has distance
from S(C) of order O(c(™)), since [P;(a™ + u™b(w)) + p™b*(2)| = O(u™), and since
1™ = o(a™), the point Z still belongs to Hj, at a distance from S(C) comparable to that
of Z. Then, by definition, X € O™ (H;), and X’ € C'™), with dist(X,C'™) < |X — X|.
On the other hand, X — X’ = (X — X) + (X — X’), and we proceed to calculate and estimate
each vector in the sum separately. We have, recalling the definition of a(™, lj(m), and f(m);

X =X =Pj(a"™) + uP;(b(w)) — M (2) + f7(Z,) — 11 (Z) + O((u™)?)
= (™) (f(m)(z,w,t) — |zlv; + Pj(€o + b(w)) — b*(z)) +O((u™)?).
(m)

On the other hand, since (™5 is the infinitesimal generator of Oy
X=X = X = (@ + X+ g5 +O((u™)2)
= ™ (& + b(w) — b (2)) + O((u™)?),

where we have used that b(X — Z) = O(u(™). By combining the two estimates, we then have
that

, we have that

X = X = ™ (F (2, 1) — |efog — PF(Eo + blw)) + O((u™)?).
This implies, using , that

(/,L(m))—2(50*)—k—4 ﬁ dlSt(X C/ m)) d||V ||(X) dt
Psg, (a(™),0)N{|z|>60(m)}
f ~ 2
< CQ:k—AL // ‘f(m)(z, ’w,t) - |Z|’Uj — Pj‘(&o -+ b(w))‘ dek dt + O((u(m))Z) 7
PGG nU(m)

where C' depends only on k. Using that f is the limit of f™ as m — oo, we can take
advantage of (6.65) - ) to estimate the right-hand side and, since the space-time L2 norm of f is
finite as a consequence of (6.8)), we can deduce that

lim sup (™) ~2(560,) 7+ // dist(X, C'™)2 q|| V"™ || (X) dt < C62
Psg, (™) ,0)n{Ja|>0(m)}

m—00
where C' depends only on n, k,p, q, 1. Next, observe that on By we have dist(X, C’(m)) <
dist(X,C)+Cpl™. Fix o € (0,1/10) to be chosen momentarily depending only on n, k,p, ¢, F\.
For all m sufficiently large, then, the flow ({Vt(m)}te], {ulm™(., t)}tg) satisfies all the hypothe-

ses of Proposition with, say, k = 1/4, and furthermore it holds 60(™ < ¢. In particular,
we have

lim sup (™) ~2(50, )54 // dist(X, C/™Y2 4l v™|(X)
Pro. (al™) )0 {Je] <60

m—r00

m—00 o 12

< COTo+ o tim (™) 25074 [ @%Qiglwmmm<>
Prg, (atm) 0){lal <o}
< 0030 + ca3(50,) "o,

Here we used H‘/t(m)H(Bg,g* (a™) N {|z| < o}) < c(k)E100*~1. Upon choosing o small enough,
depending on the given constants (note that ce3 does not depend on o) and on 6, and thus
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only on n, k,p,q, E1, c1, we can ensure that the right-hand side is bounded by #2. Combining
the two estimates, we conclude that for all m large enough it holds

1

2
<(5a*)—k—4 // dist(X, €' ™)2 | v, || (X) dt) <Co, u™, (7.6)
Psg, (a(™),0)

where C depends only on n, k,p, q, Fq,c1. This estimate is in apparent contradiction with
for a suitable choice of 6, depending only on the same data. This proves the first part
of the theorem. The second part is immediate, upon possibly further decreasing 6, to entail
0%co < 1. Indeed, (A1)-(A5) remain true by the scale invariance property of Brakke flows and
the fact that ||u*||gr = ||ullo, r < 0¢||u||r; the latter scaling property also immediately implies

(2.12), whereas (2.11]) follows from ([7.2)); (2.13) and (2.14) are guaranteed because for any

o > 0, upon choosing g sufficiently small, V; is a C»® graph over C in Us, (a) \ B,(S(C)).
2 *

Finally, Assumption (A6), by its multiscale formulation, is satisfied by the rescaled flow

({V7 her, {u*(-,t) }1er) by hypothesis, and the proof is complete. O

By the second claim of Theorem excess decay can be iterated through dyadic scales,
and we reach the following.

Proposition 7.2. Corresponding to n, k,p,q, E1,c1 there exist positive numbers €19 < €9 and
co7 with the following property. Let I = (—R?,0] and suppose that ({Vithier, {u(-,t) }eer) €
Neyo(UrxI) so that (A1)-(A6) are all satisfied. Then there exists a sequence of triple junctions
{Cn ) of the form C,, = am + On(C), and a limit triple junction Coo = oo + O (C)
with O, O € O(n), such that for every m > 0:

(i) The excess at scale 07'R decays:

2

L = ((91”R)k4// ( )dist(X, Cm)2 d||Vi|| dt) < (07 max{u, cogl|ull}. (7.7)
PglﬂR am,O

(ii) The cones Cy, converge geometrically to Cs, namely
max{, " am — acol; [Om — Ocoll} < cor(0")* max{p, cas[lull}, (7.8)
and furthermore the distance between Co, and C is estimated by
max{|aool, [|Oco — Id[|} < cor max{p, cosjull} - (7.9)

Proof. The proof is by induction. We set the sequence of scales R, := "R, and we claim
that there exist sequences of vectors {a,,}, rotations {O,,}, cones {C,,}, flows {Vt(m)}, and
forcing terms {u(™} so that the following hold for every m > 0:

(D)m Cp = am + On(C);

(2)m V™ = (O e o 00)eVagmy and wl™ (X, ) = 07 Ol + 67O (X), 0271);

(3)m equation holds;

(4)m ({Vt(m)}, {ul™(.,1)}) satisfies the assumptions of Theorem
Base Case (m=0): We set ag = 0, Oy = Id, so Cy = C and (1) is satisfied. We define
Vt(o) =V, and u(© := u, so that (2)p is satisfied,. The excess pg satisfies by definition,
and the hypothesis ({V;}, {u(-,t)}) € A%,,(Ug x I) with £19 < €9 ensures that the conditions
of Theorem are met for this initial setup.
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)

Inductive Step: Assume that for some m > 0, we have constructed a,,, O, Cyp, Vt(m)
such that conditions (1)m—(4ﬁ are all satisfied. We aim at defining a;m41, Om+1, Vt(mﬂ), and

u(™*1) . We apply Theorem [7.1|to the flow ({Vt(m)}, {u™(.,t)}). The theorem provides a new
vector @’ € S(C)* and a rotation O’ € O(n) such that |a’| 4+ ||O’ — Id|| is controlled by the

L2-excess of the flow V;(m) at scale R. Using (3),, we then have
|d'[ + 10" = 1d|| < co6tim - (7.10)

Furthermore, the theorem gives the following one-step excess decay: for C' := ' + O'(C) it
holds

[NIE

((&Rrk—‘l // dist(X,c’>2d||m<m>||<x>dt> < 0% max{pim, caul™ |}, (7.11)
fﬁ*(aﬂO)

where, of course, the quantity ||[u(™| is computed as in (2.12)) using V(™). We can now define
the new cone in the sequence: precisely, we set

Amt1 i= A + 07 O (@) (7.12)
Omi1:= 000 (7.13)
Cm+1 = Om+1 + Om+1(C) . (714)

The condition (1),,41 is then satisfied by definition. We also set Vt(mﬂ) = (Vt(m))* and
w1 = (u(™)* as in Theorem using the new a’ and O': explicitly, using (2),, as well
as (7.12]) and (7.13)) we see after a simple algebraic calculation that

m+1 _ m _
VD = () st 008V, = (Ola)slta, ., gpe )8V peimsn,
WM (X 1) = 0,(0") ™ (d +6,0'(X), 62t)
= 07 Ol + 07 O (X), 028,
namely (2),,41 is satisfied. Theorem also guarantees that (4),,+1 holds. Finally, using
(2), and the definition of C,,+1 one immediately sees that p,,+1 equals the left-hand side

of (7.11). In turn, (7.11) together with (3),, and the trivial estimate ||u(™ || < 67°¢||u|| gives
(3)m+1. This completes the proof of the inductive claim. In particular, it proves the validity

of (7.7)) for every m > 0.

It remains to prove the geometric convergence of the cones and the estimate ([7.8)). From
the iterative definitions ([7.12]) and ([7.13)), and the one-step estimate ([7.10]), we can bound the

distance between successive cones. For the rotations, we have:
[0m+1 = Omll = |Om 0 O = Ol = [[Om (0" = 1d) || = |O" = Td|| < c26/m -
For the translations, we have:

|am 1 = am| = 0" Om(a’)] = 07"|d| < ca60y" -
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By (7.8)), we see that for any p > m:

p—1 p—1 p—1
10p = Omll < D 10541 — O5ll < ea6 Y p1j < c26 (ZW?)J) max{, co6|ull},

j=m j=m j=m
p—1 p—1 ' p—1 ‘

lap —am| < Y lajer —ajl < eae Y 0l <o | D (0,7 | max{p, casul} -
j=m j=m Jj=m

Since 0, < 1 and « > 0, both right-hand sides are tails of convergent geometric series, which
go to zero as m — oo. Thus, {O,,} and {a,,} are Cauchy sequences. They converge to limits
Os € O(n) and as € R™, respectively. The limit cone is Coo = oo + O (C).

Letting p — oo in the inequalities above, we get the estimate

[e.e]
max{0,"|am — acol, [Om — Ocoll} < 26 (Z (9f)j> max {11, c6|ul|}
j=m
mo
= oe max{, eag|ul|}
whereas summing the whole series gives
> .
max{|acc|, |Osc = 1d|[} < e26 { D_(65)7 | max{u, ca6ull}
j=0
e exul])
=c max{u, cog||u
267 fa M, C26 )
Choosing ca7 = (1 — 0%) " Legg the desired estimates (7.8)) and (7.9) follow. This completes the
proof. O

The following is an immediate corollary of Proposition [7.2} it finally existence of a point
close to the origin at time ¢t = 0 with a static triple junction tangent flow, as well as uniqueness
and decay.

Proposition 7.3. Under the same assumptions of Proposition[7.3, the following holds. For
every 0 < s < R there are points as and rotations O, with corresponding cones Cs = as+04(C),
as well as a point ax, and a rotation Oy with corresponding cone Coo = oo + Oso(C) such

that (7.9)) holds and furthermore

1
2 [0}
<5k4// dist(X,Cs)2d||VtH(X)dt> < (;) max{p, cogllull}  (7.15)
s(aszo)

and
8 [0
max{(s/R) " |as — asol. | Os — Ou|}} < 27 (R) max{y1, cagllul} (7.16)

In particular, asx € spt||Voll, Os(C) is the unique tangent flow to {Vi}+ at the point (asc,0),
and the parabolic blow-ups (ta, 1)3Vizs converge to the static Ox(C) with rate X* as A — 07,
Furthermore, if the Gaussian density ©(0,0) > 3/2 then the same conclusion holds with a~, = 0.

Proof. Conclusions ([7.15)) and ([7.16]) are an immediate consequence of ([7.7]) and (7.8]), respec-
tively, upon interpolating between dyadic scales. The fact that O (C) is the unique tangent
flow at (aeo,0) follows then from (7.15) and (7.16). Finally, if ©(0,0) > 3/2 then & = 0 in
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Corollary which in turn forces a = 0 in Theorem [7.1] at every iteration across scales, and
thus a,, = 0. ]

We are now in the position to prove the Main Theorem [2.7]

Proof of Theorem[2.7. By scale invariance, we can assume R = 4. We shall divide the proof
into steps.

Step 1. Suppose first that the Gaussian density ©(0,0) > 3/2. By Proposition assuming
g9 < €19 there exists a unique static triple junction tangent flow at (0,0), which we denote
C(0,0), and thus ©(0,0) = 3/2. Without loss of generality, up to possibly rotating the flow
and the forcing field, we can assume that C ) = C. We claim then that the conclusion of
Theorem is valid in a (backward in time) parabolic cylinder centered at (0,0), with the
following additional information on the functions £ and f;. Recalling that

3
C=|JH,
=1

and that S ) := S(C) is the spine of C, the parabolic blow-ups of f; at (0,0) converge to H;
and the parabolic blow-ups of £ at (0,0) is S(q ).

To see this, we notice first that, upon choosing eo sufficiently small, for any (Z,7) €
Us(0) x (—9,0) the assumptions of Proposition |7.3| are satisfied for the flow Vt(E’T) LuET (1),
where

E7) . _
Vi C= (LE,%)ﬁ‘/T-‘r%

uEN(X ) : = (Y1) wE + ()X, T +1/16).
In particular, we have the following alternative for every point (Z,7) in U3(0) x (=9, 0):
(a) either ©(Z, 1) < 3/2,
(b) or ©(Z,7) > 3/2, and in this case we are again in the position of applying Proposition
conclude that in fact ©(Z, 7) = 3/2, and determine the existence of a rotation O(z ;)
and a corresponding triple junction Cz ;) = Oz ;)(C) with spine S(= ) = O= - (S(C))
so that

1
2
(Tk4 // dist(X — E, C(E,T))2 a||Va|| dt) < cog max{u, copllul|} r, (7.17)
r(2,7)

for every r € (0,1), and with
0@ — Id|| < cos max{p, cog|ull} - (7.18)

We have therefore a correspondence (Z,7) O,r), and corresponding triple junctions
C=r) = Oz, (C), for all points (Z,7) € Uz(0) x (—9,0) such that ©(Z,7) > 3/2. Now let
(2,7) and (Z,7') be points in U3(0) x (—9,0) such that O(Z,7) > 3/2 and O(Z',7') > 3/2,
and call r their parabolic distance, namely r := |2 — Z'| + /|7 — 7/|. By applying
to both (Z,7) and (Z',7') at scale r we see as a consequence of the triangle inequality that
the (Hausdorff) distance between the cone C(z -y and the cone 7,-1(=_z)(C(z/ ) (where 7,

denotes the translation by vector v) is bounded by cog max{, cogl|u||} r*. In particular:
0=+ — O )|l < cag max{p, cogllull} r*, (7.19)
dist(Z — 2/, Sz ) + dist(Z' — Z,S(z ) < c2s max{p, cos|ull} rite, (7.20)
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We claim that (7.19)-(7.20) imply that, in Uz(0) x (—9,0), the set {© > 3/2} = {© = 3/2} is
contained in the graph of a C1® map (y,t) € (SNU3(0)) x (—=9,0) — &(y,t) € S*, so that every
point (=Z,t) with ©(Z,t) > 3/2 is of the form (=Z,t) = ({(y,t),y,t). The only thing we need to
check is that for every (y,t) as above there exists a unique point (Z,¢) with ©(=,¢) > 3/2 such
that S(Z) = y: the claimed regularity will then be an immediate consequence of —.
From the same estimates it also follows that the tangent to the graph of £(-,t) at the point
(E(y,t),y,1) is S(e(yt),t)- Fix then 6 > 0, and consider any yo € S N Uz(0) and to € (—9,0).
If &9 is sufficiently small, Proposition guarantees that B?_kﬂ x {yo} contains a point
=1 = (&1,y0) so that O(Z1,ty) > 3/2. Suppose by contradiction that this point is not unique,
so that there exists 2y = (&2,y0) with O(Ea,%9) > 3/2 and r := |Z; — Zo| = [& — &] > 0.
Choosing ¢ small (say d < 1/8), we have that r < 1. Let C; = C(g, 4,) and C2 = Cg, 4) be
the corresponding unique tangent cones, with spines S; and Ss respectively. By , we
have that

diSt(El — =9, SQ) < 28 max{u, CQGHUH}TJJFO[ . (7.21)

On the other hand, dist(Z; — Za,S2) = dist(£; — &, 02(S)) = [SH(O5 (& — &))], where
O2 = Oz, 4,)- Since §; — & € S+, and (7.18) holds, we have

dist(Z1 — B,82) > 7 (1= €05 — 1d|?) > r (1 = Ccdg max{p, cagl|ull}?) - (7.22)

Together, (|7.21f) and (|7.22)) give

1 — Ccbg max{p, copl|ul|}* < cos max{p, cogllull} r*,

a contradiction. This completes the proof of the existence of the map £ and its regularity.

Next, let (X, ) be any point on the support of the flow in (Uz(0) x (—9,0)) \ graph &, and
let (£(X,t),7(X,t)) be a point in graph ¢ with 7 > ¢ that minimizes the parabolic distance to
(X,t). i r:=|2 - X|+ /7 —t, (7.17) guarantees that we can apply Theorem [3.2| to the flow

V'S(E’T)’r = (O(E{T))ﬂ(LE,T)ﬁVTJers
uENT(Y,5) = O(_EI’T) ru(Z+rOe(Y), 7+ r2s),

and conclude that (X, t) is contained in a toroidal region (of characteristic scale comparable to
) where the flow is a C1® graph over = + C(z,r) satisfying the estimates corresponding
to o = 1/8. This shows that (X, ¢) is a regular point, and, since it is arbitrary, that graph &
coincides with the singular set. Furthermore, implies that, upon choosing €2 small, any
local graphical region over =+ Cz ;) such that its projection to P; is contained in 2; can
be written as a normal graph over €2;. Since such graphs all agree with the support of the
flow, they must agree on overlaps: hence, we obtain global functions f; € C%%(Q;; P;) such
that holds with co = ¢5 + cogcog. This completes the proof of Theorem under the
assumption that ©(0,0) > 3/2.

Step 2. In the general case, we first apply Proposition (7.3]) and identify a point a~, and a
rotation Oy so that (7.9)) holds and Oy (C) is the unique tangent flow at (a0, 0). Then, we
apply step 1 to the translated, rotated, and slightly rescaled flow

V) = (0 )5ty 2)eVarys -

P
(X )= 0! u(aoo + 20X, %) .
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to obtain parametrization for the flow and its singular set over Oy (C) in Uz(0) x (—4,0). We
then reparametrize over C, and the proof is complete. O

8. UNCONDITIONAL TRIPLE JUNCTION REGULARITY

In this section we discuss more in detail two classes of Brakke flows to which our main
result apply: first, because triple junction singularities are naturally expected to occur; second,
because the main structural condition, Assumption (A6), is automatically satisfied.

To begin with, we work in the case when n = k + 1, and we introduce the notion of Brakke
flow equipped with a “cluster-like” structure.

Definition 8.1. We say that a family {V;};c; of k-varifolds in Ugr C R**1 is cluster-like if
for some N € Nxg, we have families {F;(t)}ter (i = 1,...,N) of open sets in Ur with the
following propert_ies.
(i) For each t € I, E1(t),..., Ex(t) are pairwise disjoint, and H*(Ur \ UN., E;(t)) < oo.
(ii) For a.e. t € I, 2||V;|| > SN, |0*E;(t)|| in Ug as Radon measures.
(iii) For some open set O C Ug and interval I’ C I, if V; is a unit-density varifold in O for
a.e. t € I', then 2||V;|| = N, |0*E;(t)|| in O for ae. t € I'.

Here 0*FE denotes the reduced boundary of the set of finite perimeter E, and ||0*E|| is the
perimeter measure, so that ||0*E| = H*Lg-g.

We note that (i) implies that each E;(t) is a set of finite perimeter ([4, Proposition 3.62]),
and by [22 Proposition 29.4],

1 X
SN EMI= > H'Lopwnose - (8.1)
i=1 1<i<j<N

Remark 8.2. The Brakke flow constructed in [31], with forcing u = 0, is precisely cluster-like,
see [31, Theorem 2.11,2.12]. The immediate corollary of the following Theorem is that
Theorem [2.7|is applicable to the flow in [31].

Theorem 8.3. Suppose that ({V;}ier, {u(-,t)}ier) satisfies (A1)-(A5) in Ug x I C RFL x I,
and further assume that {Vi}ier is cluster-like. Then, the condition (A6) is automatically
satisfied. In particular, Theorem is applicable without assuming (AG) in this case.

Proof. We need to check the existence of a constant ¢; as stated in (A6). For any P, in
which ({Viher, {u(-,t) herr) € A2, (Pr), by Proposition corresponding to r = 3/4, for
a.e. t € (—3r?/4,0) the varifold V; is unit-density in Bs, 4. By Definition (iii) and (8.1)),
V; = var(UN. 0% E;(t),1) in Bs, 4 for a.e. t € I' and, in the notation of (A6), M; = UN 0% E;(t).
By [22, Theorem 18.11 and Remark 18.13], the slice of E;(t) by R? x {y} has the property that

HY(((R? x {y}) N " Ex(#) A0 (R? x {y}) N Ei(1)))) = 0 (82)
for HE"l-a.e. y. Thus, writing EY(¢) := (R? x {y}) N E;(t), in Bs,.4 and for HFlae y it
holds

HI(MPAUY, 0 (EY (1)) = 0. (.3)
Also by Theorem W (which does not require (A6)), in P,y N {[z] > 7/10}, spt|[V3] is

represented as a C1® graph over C. Thus, for all y € Bf/_Ql, MY N {r/10 < |z| < 3r/4} is
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represented as three graphical C1® curves over C, and we have by (2.18])
distzr (M} N {r/8 < |z| <r/2},CN{r/8 < |z| <r/2}) < 7K. (8:4)

In terms of H!-measure, M} and UY,0*(E?(t)) can be identified by (8.3)). In the following
two lemmas, by letting F; = EY(t) after a suitable change of variables, we conclude the validity

of (2.19) and ([2.20]), respectively. O

Lemma 8.4. Suppose that Ey,...,Exy C B} are mutually disjoint open sets with finite
perimeter such that L2(B? \ UX.,E;) = 0. Suppose that (B} \ B%/Q) N (UN,0%E;) consists of
three C' curves £y, 05,03 which are represented as C' graphs over C with small C'-norms,
and assume that dist g (U3_,4;, (B3 \ Bf/z) NC) < K. Then there exists an absolute constant

c29 > 0 such that for any s € [1/2,1), we have
1 1 .
“HYB2NUN 0" E) > “HYB2NC) — cp9K? =3 — cp9 K2 (8.5)
s s

Proof. By the assumption, there are exactly three open sets, say Fi, Fo, E3, which are
not empty in B? \ B2. Given these sets, consider the perimeter minimization problem
of "N, HY (&*E; N B}Y) among Ey,...,Exy C B} with (B} \ B2) N E; = (B} \ B?) N E;
for i = 1,...,N and with £2(E; N Ey) = 0 for i # 4 and £2(B} \ UY,E;) = 0. By the
standard compactness theorem of set of finite perimeter, there exists a minimizer which we
call Ey,..., Ey. One can prove that B2 N UN,0*F; lies in the convex hull of the three points
U2_1¢; NOB2, and it is locally either a line segment or a triple junction of 120°. Then one
can argue that the line segment starting from #1 N dB? has another end point being a triple
junction, from which two lines start and reach to B2 N fs and dB2 N {3 without having
another triple junction. In other words, Ey, ..., Ey are empty and U3_,0*E; N B2 is a regular
triple junction. If the triple junction intersects with B2 at three points which differs from
that of C N B2 at most by K, one can estimate H' (B2 N U_,0*E;) from below by 3s minus
some absolute constant times K2s. Thus, we proved the claim. ]

Lemma 8.5. Under the same assumption of Lemma[8.]), there exists an absolute constant
c30 > 0 such that if K < c3g then for any s € [1/2,1), we have
1 1 A
i ol at!(a) = 5 [ e d|C] () = 1. (8.6)
§° JB2nUl 0% E; §° JB2
Proof. By arguing similarly as in the proof of Lemma we have a minimizer FEi,...,En
which minimizes [po v o5 [2[* dH! () in B, having E; = E; on B} \ BZ. We claim that
s i=1 K

E,, ..., Ey are empty and the boundary Ui, 0*E; in B2 consists of three straight line segments
which connect B2 N ¢; (i = 1,2,3) and the origin. By the minimizing property, we first note
that UY,0*E; in B? is in the convex hull of three points U_;dB2 N ¢;, and that the set is
locally either a smooth curve or triple junction possibly except for the origin. By computing
the first variation, one can also prove that the curve satisfies

T+

2P
where h is the curvature vector. This equation has an explicit solution: suppose that the curve
is given as a graph x = (x1, f(x1)) with 1 € R. Then the above equation reduces to
f// _xlf/ + f

RO R &

(8.7)
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Let f(x1) = /a+ (x1)? for any a > 0. It is straightforward to check by direct computation
that this f satisfies the equation. The curve behaves like (z1, |z1]) for small a. We can use
this curve as a barrier function. Assume that B2 N U}_,4; is positioned so that the line
segments to the origin intersect at the origin with angles bigger than, say, 100°. Then, if
B2 n UN 18*E is not three line segments as claimed above, by sliding the explicit curves
above (rotated appropriately) with varying a and from varying direction, one should be able
to touch B2 N U]\ila*E with this curve. The point of touching cannot be a triple Junctlon
singularity, and also it is not the origin. Then by the uniqueness of the solution of ODE ,
these two curves must coincide, which is a contradiction since the opening angle of f is 90° at
most. Thus the minimizer consists of three straight line segments in B2, and the claim follows
immediately. ([l

We next discuss the case, in arbitrary codimension n — k > 1, when the flow is equipped
with a mod 3 current structure, which naturally allows for triple junction singularities in the
interior.

Theorem 8.6. Suppose that ({Vi}ier, {u(-,t) her) satisfies (A1)-(A5) in Ug x I, and further
assume that, for a.e. t € I, there exists a mod 3 integral current . whose mod 3 mass measure
coincides with |Vi]| and 0., = 0 mod 3 in Ur. Then assumption (A6) is automatically
satisfied. In particular, Theorem is applicable without assuming (A6) in this case.

Proof. By the same argument as in the proof of Theorem [8:3], in P,, we have a unit-density
varifold for a.e. t € (—3r2/4,0) in By, /4 and by assumption, we have a representative integer
rectifiable current (denoted with the same symbol) . with density function equal to 1 for
a.e. t. For HF 1l-ae. y € Bk /2 , the slice of . by R"~**+1 x {y} is a one-dimensional integer
rectifiable current, supported on M} with the inherited orientation and with zero boundary
mod 3. By the same argument, we also have . If we set this current, after a suitable
change of variables, as P in the following two lemmas, we conclude the validity of and

(2.20), respectively. O

Lemma 8.7. Suppose that P is a unit-density one-dimensional mod 3 current satisfying

AP = 0 mod 3 in B "1, Suppose that (B{‘_kH\BI‘/_QkH)Ospt |P|| consists of three C* curves

01,0, U3 which are represented as C* graphs over C x {0, _k_1} satisfying disty (U3_,€;, (BE\
Bl/2) NC) < K. Then there exists an absolute constant c3; > 0 such that for any s € [1/2,1),
we have

1
IPIBIT) > 3 — e K2 (8.9)

Proof. The proof is similar to that of Lemma 8.4] except that one minimizes the mass functional
among mod 3 one-dimensional integral currents P with P = 0 mod 3 in BT~ F+1 and with
P =P in By "1\ B?#*1 By the standard compactness theorem for such class of currents,
the minimizer P exists, and furthermore, one can argue that Pin B?_kﬂ is the triple junction
with straight line segments connecting the three points B2 *+1 N U3_,4;. Tt lies in a two-
dimensional affine plane in R" %! away from R? x {0,,_x_1} by at most K. The total length
of such triple junction can be estimate from below by 3s — c31K?s, so that we have the stated
claim as before. O
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Lemma 8.8. Under the same assumption of Lemma[8.7, there exists an absolute constant
c32 > 0 such that if K < cso then for any s € [1/2,1), we have

1
53 B?

1
=P dlPl(x) = 3/ ) ) 2|2 dH (z) — c30K? =1 — e32K2. (8.10)
R 87 JBETFIN(Cx{0n—k—1})

Proof. Similarly to the previous lemma, one minimizes in this case the mass weighted by |z|?
in B?**+! among mod 3 currents, and the minimizer P exists. One can also conclude that,
away from = = 0, each point of spt || P|| is locally either a smooth curve or triple junction, with
OB F 1 nspt| P|| = 0B F+HnUd_ £;. Since B *+1NUZ_,¢; consists of three non-collinear
points, there is a unique two-dimensional affine plane, denoted by fl, containing it, and let
# € A be the closest point, in fl, to the origin. Suppose that & # 0. Let S be the orthogonal
projection map from R®**1 to the 3-dimensional subspace containing both % and fl, namely
the subspace (A — #) @ span(#), and consider the map F : R**+1 — §(R"~*+1) defined by

A

S(x) ifo0<z-z<|z,
F(z):={ S(x)—(S(x)- G+ ifx-2>]2] (8.11)
S(z) — (S(z) - &) ifz-2<0.
The map F' is Lipschitz with Lipschitz constant equal to 1, and |F'(z)| < |z| for all z €

R" 5+l Then the pushforward of P under the map F is a non-increasing operation for
Jgn-r+1 |z>d||P||(z) while fixing the three boundary points, and we may therefore assume

2

BT

& B

B
5

that spt||P| in B?~**1 is contained in the image of F', which is a subset of the aforementioned
3-dimensional subspace. Let us identify the latter with R3, with a slight abuse of notation.
The image of F is then the region of R? limited by B2, the affine plane A and the subspace
A — #, which we identify with R? x {0;} ~ R2. The assumption implies that |#| < ¢32Ks for
some absolute constant. Consider then the pushforward of P in B2 by orthogonal projection
of R? to A — # = R? denoted by G. The map again reduces the weighted integral, that is,

/ 22 d| P (x) > / 12l d| Gy P (), (3.12)
B? B2

and Gﬁ(f’) has three boundary points whose distance from dB? is less than c3p K 2s for some
absolute constant and which are positioned close to cn O0B2. By considering the minimization
problem with mod 3 current setting again on the two-dimensional plane as in Lemma and
using that the end points are c33K?s close to B2, one can conclude that the minimizer is
achieved by the three straight lines to the origin and we obtain that

/|:1:|2d||GﬁP|($)2/ el dH (@) — 3 K5 (8.13)
B2 B2nC

Now (8.12) and (8.13) prove the desired inequality. In the case that & = 0 (that is A is a
subspace), then we may use F which is the orthogonal projection of R* %+ to A and we may
argue similarly. This ends the proof. (Il

9. CONCLUDING REMARKS

We conclude this manuscript with some remarks on this result, its assumptions, as well as
future research questions stemming from it.
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First, if ({Vi}ier, {u(-,t)}ter) happens to be independent of time (so we have (V,u) instead)
and satisfies (A1)-(Ab), it is natural to assume that condition (2.4)) reduces to ¢ = oo and
p > k. One can also argue (see [I8, Lemma 10.1]) that h(z,V) = —u(x)* for ||[V|-a.e., thus
h € LP(||V]]) with p > k. In this case, Simon’s result [29] (where h is assumed to be in
L>(||[V]]), but LP(||V||) with p > k should be handled similarly) shows without (A6) that
(V,u) € A (Ug) for sufficiently small € > 0 implies that spt ||V is a C1® perturbation of C.
Thus, (A6) is not needed in the corresponding time-independent case. As already mentioned,
(A6) is essential to control terms stemming from various cut-off in Brakke’s inequality, while
Simon avoided creating similar terms by utilizing . We do not know if (A6) may be
removed in general. Theorem [2.7|is establishing a dichotomy: given a flow satisfying (A1)-(A5)
and belonging to Nz (C) for a sufficiently small €, either the flow is a 1 perturbation of C in a
smaller parabolic neighborhood or the flow presents certain significant topological degeneracies
at the level of its one-dimensional slices, in that (A6) must fail. It would be very interesting
to construct examples of Brakke flows with this pathological behavior. By our results, any
such flow cannot have multi-phase structure, nor can it have an underlying structure of flow
of currents mod 3, which poses a significant difficulty in devising an appropriate construction
method.

Concerning future research directions, it would be interesting to explore whether higher
regularity of the “moving free-boundary” graph ¢ in the case u is sufficiently regular or even
u = 0. As anticipated, when u = 0 the result of Krummel [2I] narrows the problem to
establishing C>¢ regularity, but whether that holds remains open.

Finally, it would be interesting to study whether one may now leverage on having both an
end-time regularity at multiplicity-one planes and an end-time regularity at multiplicity-one
triple junctions C = Y! x R¥~! to conclude some similar parabolic e-regularity near cones
splitting a codimension 2 Euclidean factor, such as the tetrahedral cone T? x R*¥~2, in the
spirit of what [6] does in the elliptic framework. We remark that even in the setting of [6] an
underlying cluster-like or current-like structure is assumed in order to enforce the validity of
the no-hole property. We expect that parabolic regularity may be proved for analogous classes
of Brakke flows as well.
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