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Abstract

We consider the relaxation of polyconvex functionals with linear growth with respect to
the strict convergence in the space of functions of bounded variation. The functionals under
relaxation are of the form F(u,Q) := [, f(Vu)dz, where u : Q@ — R™, and f is polyconvex.
In constrast with the case of relaxation with respect to the standard L'-convergence, in the
case that  is 2-dimensional, we prove that the sets map A — F(u, A) for A open, is, for
every u € BV (Q;R™), m > 1, the restriction of a Borel measure. This is not true in the
case 2 C R™, with n > 3. Using the integral representation formula for a special class of
functions, we also give a short proof of the existence of Cartesian maps whose relaxed area
functional with respect to the L!-convergence is strictly larger than the area of its graph.
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1 Introduction

Polyconvexity arises in non-linear elasticity as in many branches of mechanics of solids, and is
a more realistic hypothesis on the energy functional than just convexity [3]. The setting under
consideration in this paper is the one where the growth of the involved functional is linear,
circumstance in which the standard lower semicontinuity results [31},33] do not apply.

Given an open bounded set €2, the prototype example of energy with this growth condition is
provided by the area functional that, given a map w : 2 C R® — R™ smooth enough, computes
the n-dimensional Hausdorff measure of the graph G, := {(z,y) € Q@ x R™ : y = u(x)} of w.
Thanks to the area formula, the area functional takes the form

A@%Q):i/]AMVuﬂ¢u (1.1)
Q
where M(Vu) is the vector whose entries are all the determinants of the k x k-submatrices of

Vu, k=0,...,min{n,m} (the 0 x 0 determinant is conventionally taken as 1). More generally,
we consider energies such as

nwm:lﬁwwm, (1.2)
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where f is polyconvex, that is, there exists a convex function g such that
f(Vu) = g(M(Vu)). (1.3)
The condition of linear growth considered in [1] is expressed by the relation
gM(Vu)) = co M(Vu)), (1.4)

for some positive constant cy. Due to the lack of lower semicontinuity of this kind of functionals
a relaxation procedure is necessary. This approach has been studied in [1], where the authors
considered the L'-relaxation of F' given by

F (u, ) = inf{likn_lgng(ukjﬂ) s (ug) € CHQR™), uy — win LY(Q;R™)}, (1.5)

and defined for any u € L'(£;R™). The relaxed functional F L' turns out to be L'-lower semi-
continuous and extend the functional F from C!(Q;R™) to L'(£2;R™). However, the behaviour
of FL' is extremely wild, due to non-local phenomena that arise already for the relaxed area
functional as soon as n,m > 1. Apart from the 1-dimensional case (n = 1) that is much simpler,
assuming n > 2, there is a big difference between the one codimensional case (m = 1) and the
higher codimensional one. Indeed, if u is scalar valued, then the functional FL' is local and
admits an integral representation: In the special case of the relaxed area functional, which we
denote by ALl, it can be proved that the domain of AL is the space BV (Q) and that

A (0, Q) = /Q V1 + |Vul2dz + | D*u|(Q), Vu € BV(9), (1.6)

where Vu denotes the approximate gradient of w and D®u the singular part of the distributional
derivative Du of u. A similar expression in terms of the recession function holds in the case of
general function g (see [23]).

Instead, the case m > 2 does not enjoy so good properties: For general u € BV (Q; R™) it
can be proved only that

AP (1, Q) >/ 1+ [Vul2dz + [D*u|(Q), Yu € BV(Q;R™),
Q

F (u, ) > /Qg(/\/l(Vu))dx + co| D%ul(S2), Yu € BV (€;R™), (1.7)

and that there exist maps of bounded variations for which AL" (and FEX') is +00 (see [12,13)]).
The domain of ALI, namely the set of maps for which AL g finite, is a subset of BV (2;R™),
whose precise description is not available. Moreover, it has been proved in [1] that, for some fixed
u € BV(Q;R™), the set function A C Q — FL' (u, A) is not in subadditive, and thus FX' does
not admit any integral representation. This is true also for the area functional, where the non-
subadditivity property has been incountered already for two simple examples of functions: The
vortex map uy and the triple junction function up. The former is the Sobolev map uy (x) = ﬁ
in the ball Q = Bg(0) C R?, the latter ur : Br(0) C R? — {a, 3,7} is a piecewise constant
map assuming three values that are the three vertices of an equilateral triangle in R?. For
both these functions, suggested by De Giorgi in [24], Acerbi and Dal Maso proved the non-
subadditivity property exploiting suitable lower and upper bounds for AL Also, the precise
values of AL (uy,, Br(0)) and AL (up, B(0)) were not available at that time, and only recently



it has been possible to find them explicitely (see [7-9,|11,46]). In the last references, it is clear
how the nonlocality of AL (uy,-) and AL (up,-) pops up: In the former case, we have

AP (uy, Br(0)) = /B o VI VP +2(Cr), (18)

where H?(Cg) is the 2-dimensional Hausdorff measure of a minimal surface Cr obtained by
solving a particular non-parametric Plateau problem with partial free boundary in codimension
1. This object, whose shape is (the half of) a sort of catenoid constrained to contain a segment,
is a suitable projection in R? of the vertical part of the cartesian current S obtained as limit of
the graphs G, C Q x R? of a recovery sequence (uy,) C C'(Bg;R?) for AL (uy, BR(0)) (see [8]
for the non-parametric Plateau problem and [7.,9] for the computation of AZ" (uy, Br(0))). The
radius R > 0 represents the height of the catenoid, and hence the area of C'r depends on
R, in such a way that H?(Cg) < 27R; for R larger than a certain threshold it happens that
H2(CRr) = 7. A similar phenomenon is observed for uz, where the singular contribution in
AL (up, BR(0)) is provided by the area of three minimal surfaces in R?® solving a nonparametric
Plateau-type problem with partial free boundary. Also in this case, these minimal surfaces
have the role of filling the holes in the graph of G, hence arising as vertical parts of the
cartesian current obtained as limit of the graphs G, of a recovery sequence (uy) C C1(Bg;R?)
for AL (ug, Br(0)) (see [11,46]).

The relaxed area of uy and wg in a ball Br(0) are the unique non-trivial cases in which
AL (u, Q) is explicit, and minimal changes in the geometry of the domain or on the choice of
the function v makes the computation of ALl(u, Q) out of reach; in more general cases, only
(non-sharp) upper bounds are available, as in [14] for the case of Sobolev maps with values in
S* (thus generalizing the vortex map) and in [6,/47] for the case of piecewise constant functions
taking three values (hence generalizing the triple junction function). In any case, we believe
that the vertical parts of cartesian currents obtained as limits of the graphs G, of a recovery
sequence (ux) C C'(Bg;R?) can be often described, in a similar fashion as for up and wuy,
as minimal surfaces arising as solutions of non-parametric Plateau problems with partial free
boundaries (see [10]) or semicartesian Plateau problems (see [12.|13]).

One of the issue encontered in the analysis of the relaxation in is that, when one
considers, for u € BV (Q;R™), a sequence (u;) C C1(Q;R™) realizing the infimum (i.e., a so-
called recovery sequence), then the limit of the graphs G, in € x R™, seen as integral currents,
cannot be easily identified. Indeed, it is only known that

Guk — Gy + Viin =: Shin,

where Viin is called vertical part, and is such that OV, = —0G,. But unless few general
properties on Vi, (that are common to vertical parts of cartesian currents, see [32]) nothing
can be said, a priori, on its geometry. The knowledge of Vi, would give rise, at least for the
area functional, the trivial lower bound (which follows by lower-semicontinuity of the mass)

AP (4, Q) > |Smin] = |G| + [Vininl

where by | - | we indicate the total mass of a current. However, Vi, strongly depends on €, in
general, and this is the main reason of non-locality of AX" (and of FX").

In contrast, this phenomenon disappears, at least in the case n = 2, if one consider the
relaxation of F' with respect to strict topology in BV (;R"™). Namely, let us consider, for
Q) C R? and for all u € BV (Q; R™), the functional

F(u, ) = inf{lim inf F(ug, Q) : (ux) C CHQ;R™), uy, — u strictly in BV(Q;R™)}.  (1.9)
— 00



It is then possible to show that if u;, C C(Q;R™) converges to u strictly in BV (£;R™) and
A(ug, Q) < C < +oo for all k, then

Gu, — Gy + Vstrict =1 Sstrict as currents, (1.10)

where Vet (and hence Sgiyict) is uniquely determined and does not depend on the specific
sequence uy. This result has been proved in [42], where relaxation in has been considered
for the area functional. The relaxed area functional under strict convergence has been analyzed
more in detail in [4,5,/17,18]. Due to the more restrictive request that uj approximate w in the
strict topology, it is straightforward that

Flu, ) > FL (u,Q),

and strict inequality often occurs. In fact also the domain of F(u, §2) is strictly smaller than that
of FL'(u,Q) (precisely, there exists u € BV (€; R™) for which AL (u, Q) is finite and A(u, Q) is
+00, see [5]).

As a consequence of , for the relaxed area functional A(u, (), it holds

A(an) Z ‘Sstrict’ - ’Gu’ + "/;trict’ == /g‘) ‘M(VU)’dl‘—i— "/;trict‘- <111)

This provides a natural lower bound for A(u,$2), since Vigict is uniquely determined by w.
However, it has been observed [42] that also in this case the strict inequality can occur in ,
so the lower bound is not optimal (see also [4,5,17]). On the other hand, following the analysis
of [4,/5,/17], in the case that @ C R2, all the phenomena related to non-subadditivity of the set
function A — A(u, A) seemed to disappear, at least for a suitable class of maps of bounded
variation u, so it has been conjectured that actually the set function A — A(u, A) is a Borel
measure restricted to the class of open sets. This conjecture has been disproved in the case
Q C R? in [18], where the authors show that already for the vortex map uy(z) = f;—| some

similar phenomena as in dimension 2 for AL take place. However it remained an open problem
to undestand if in dimension 2 the conjecture is true.

In the present paper we show this conjecture, which actually applies also for the more general
polyconvex functionals F:

Theorem 1.1. Let Q C R? be an open and bounded set, let m > 1, and let v € BV (Q;R™);
then the function A — F(u, A), defined for all open sets A C Q, is the restriction of a Borel
measure.

The above result applies to all polyconvex functionals of the form (1.2)) satisfying (1.3]) for
a general convex function g that is linear or sublinear, in the sense that there exists a positive
constant Cy with

g(M(Vu)) < Cy(IM(Vu)| + 1). (1.12)

At the same time, we assume also some coercivity property of g (see (2.7) below), that in the
case in which n =m = 2, it is expressed as

cgl det (Vu)| < g(M(Vu)) (1.13)

for some positive constant ¢, (condition that is weaker than (1.4))). With these two requirements
we includes in our analysis the interesting prototype cases of the area functional g(M(Vu)) =



|M(Vu)| and of the total variation of the Jacobian functional, i.e., the functional (in the case
n=m=2)

TV J(u, ) ::/ |det (Vu)|dz, (1.14)
Q

defined for u : Q — R2.

In order to show Theorem we apply the standard result due to De Giorgi and Letta
which characterizes the maps on open sets which are Borel measures (see Theorem below).
This accounts to check monotonicity, additivity, subadditivity, and inner regularity of the set
function A — F(u, A), defined for A open. Although additivity on disjoint set is straightforward,
notice that already monotocity is non-trivial, due to the fact that, if B C A, the restriction of a
recovery sequence for F(u, A) to B is not necessarily converging strictly to uw on B. So, accurate
modifications of recovery sequence are necessary.

A fundamental step to show subadditivity and inner regularity is contained in Proposition
Under suitable conditions on v and B CC A, it states that if uy is a recovery sequence for
F(u, A) and u, L 0B strictly converges to ul_ 0B, then uyL B is a recovery sequence for F(u, B).
To prove Proposition we assume that vy is a recovery sequence for F(u, B) and we consider
a map wy, obtained by glueing vy and uiL(A \ B) on a tubular neighborhood of 9B. We show
that this can be done by modifying v and ug (A \ B) a little bit so that their energy does not
increase too much; this is possible thanks to the assumption of strict convergence of ui to u on
0B, since Proposition allows to reparametrize uL 0B in such a way that it can be glued
to vpLLOB by a tricky interpolation argument. This is a crucial point, which is possible only
because the set 0B is 1-dimensional, and this argument fails in the case B C R™ with n > 3 (this
is related with the fact that the total minimal lifting of u is unique, see [42], that is not true in
dimension greater than 2). To apply the previous interpolation between vg and ux (A \ B) we
need that vi L 0B also converges to u strictly on dB. This is not always true, and requires an
ad hoc modification of a recovery sequence vy for F(u, B). A key ingredient in order to modify
recovery sequences is the fact that strict convergence on an open set A C R? is inherited on
suitable curves I' C A. This allows to conclude that vy converges strictly to w on almost every
level set of the distance function d(-,0B). With ad hoc transformation in tubular neighborhood
of OB, we can then modify v, without changing F(vk, B) too much, in order that the modified
sequence converges strictly to u on OB (see Lemma .

In view of Theorem we expect that, at least for the area and total variation of the
Jacobian functional, a suitable integral representation is possible. We provide in Section [6] some
examples of known results. Using these, it is possible to show that for the standard relaxation
of the area functional with respect to the L' convergence, the singular contribution is not only
due to the presence of holes (or singularities) in the graph of the considered map. Indeed,
even if a map u : @ — R? is Cartesian (i.e., its graph G, has not holes, namely 9G, = 0 as
current in Dy (Q x R?)), it is possible that the relaxed area AL’ (u, Q) is strictly larger than the
2-dimensional hausdorff measure of G, (in other words, a singular contribution due to relaxation
pops up). This result is given providing a special function u (see Theorem in Section @, but
can be easily extended to more a general class; we point out that the aforementioned Theorem
was already known and proved with different techniques in [33, Theorem 1, Section 6.5.1].

We finally emphasize that an integral representation of this kind of functionals as in [23]
is not possible if we relax with respect to the L'-topology, due to the lack of sub-additivity of
A F Ll(u,A), unless one requires more restrictive growth conditions on ¢ (see for instance
[28,129./48]).

The structure of the paper is as follows: In the next Section [2| we introduce some standard
notation and in its Subsection we recall the setting of the problem and give the first results



on relaxation. In Section [3] we start with measure theoretic, geometry tools, and preliminary
results; further in Section [ we start by describing how to modify Lipschitz maps in order to
cut and paste suitable recovery sequences for F(u,$2). In Section |5| we finally give the proof
of Theorem [1.1} exploiting De Giorgi and Letta Theorem, and thus checking that standard
conditions of the set map A — F(u, A) are satisfied. In Section |§| we exhibit some known result
of representation formulas for the area functional (and for the total variation of the Jacobian
one); motivated by this, we introduce the double 8-curve map u,, which is a 0-homogeneous
Cartesian map and we show in Theorem that

A (uy, By(0)) > / ) 1+ |V [2da.

The paper ends with an Appendix where we collect a couple of standard results used in the
manuscript.

2 Notation and Setting

2.1 Notation

In what follows we denote by £" the Lebesgue measure and, for 0 < d < n, by H? the d-
dimensional Hausdorff measure in R™. Let A C R" be an open set and let M > 1, we denote by
My(A;RM) the space of Radon measures with bounded total variation, and if p € My (A4; RM)
we denote by |u|(U) its total variation on U C A.

Functions of bounded variation: We will recall the main properties of functions of
bounded variation, and we refer to [2] for more detail. Let A C R™ be an open set and let
u € BV (A;R™) be a map. We denote by Du the distributional derivative of w which splits as

Du = Vu + D+ D,

where Vu is the approximate gradient (i.e. the absolutely continuous part of Du with respect
to L"), Du is the Cantor part, and D7u the jump part of Du. The jump set of u is denoted by
Sy C A and it is a (n — 1)-rectifiable set; if v is a unit vector normal to S, at € S, then we
denote

ut (JZ') = a‘phmy—m, (y—x)-v>0 u(x)v u- (x) = aphmy—)a:, (y—x)-v<0 ’U,(l')

and so it turns out that
Div=(u"—u )@v-H" LS,

We denote by |Du|(A) the total variation of u in A, that coincides with
Dul(A) = (Y. [ s+ div gud s p € CHATR™), gl < 1) (2.1)
i=1 /A

where ; denotes the i-th row of ¢.

In the one dimensional case n = 1 the jump set S, reduces to an at most countable (possibly
empty) subset of A. If t € A we denote

u(tt) == lim u(x) u(t™) = lim wu(x),
z—tt Tt~

so that DVu = 3", cq (u(t)® —u(t) )8 = Y ,cq, (u(t™) —u(t™))d;. In the one dimensional case
there exists always a good representative of u that is right-continuous, and its only discontinuity
points are those in the jump set.



Definition 2.1. We say that a sequence uy, C BV (A;R™) converges to u € BV (A;R™) strictly
in BV(A;R™) if

uk = in LN(A;R™),  [Dugl(A) > [Dul(A),
when k — 00.

The topology induced by the strict convergence is metrizable and we denote by d; the distance
associated with it: Specifically, for u,v € BV (A; R™) we set

ds(u,v) == |lu— |1 + HDu](A) — \Dv](A)|. (2.2)

With this notation uy — u strictly in BV (A4;R™) if and only if dg(ug,u) — 0.
We recall the following approximation result:

Theorem 2.2. Let A C R"™ be a bounded open set, and let uw € BV (;R™). Then there exists
a sequence (vg) C C°(A;R™) such that v — u strictly in BV (A;R™).

Inspecting the proof of the Theorem above (see, e.g., [2]), the following remark is in order:

Remark 2.3. The previous Theorem is obtained by a local argument of mollification and then
using a unity partition. In particular, if u is Lipschitz continuous in A, then

V= U weakly* in WH(A; R™) and strongly in WP (A; R™),

for all p < oo, and the functions vy are Lipschitz continuous with Lipschitz constant less than
or equal to the one of u.

Multi-indeces and sub-determinants: Let n,m > 2 be fixed integers; multi-indeces
a C{l,...,n} and B C {1,...,m} are two ordered sets, possibly empty. We denote by | - |
the cardinality; by @ we denote the complementary of «, i.e. @:={1,...,n}\ «, and similarly
B:={1,...,m}\ B. Given a m x n matrix 4 = (a;j), i € {1,...,m}, j € {1,...,n}, and given
a, f multi-indeces as above such that |a| + |3| = n, we denote by

the determinant of the submatrix of A whose columns are indexed in @ and lines in 3, multiplied
by 0(«), the sign of the permutation (o, @) € S(n) (with the convention that MZ(A) = 1). In
the specific case of our interest, if n = 2 and A = Vu, with v : R? — R™ a sufficiently smooth
map, it holds

8acj

- Oou;, Ou; ou;, Ou;
MZ17,2 — 11 2 12 '51'
12 (VU) 8331 8932 8371 (93?2

MZ(A) =1 M;(Vu) = (-1)

We denote by {ei,...,e,} the canonical basis of 1-vectors of R", and by {e1,...,&,} that
of the target space R™. The dual basis of 1-covectors are denoted by {dzi,...,dzr,} and
{dyi,...,dym}, respectively. If « C {1,...,n} and g C {1,...,m} are ordered sets as above, we
denote by e, and eg the k-vector and h-vector defined as

Co = Cay N A ey if o = {O(l’...,Oék}, (23)



where k = |a|, h = ||, so in the case n = 2 it holds
ey =1, eq =¢; if a={j}, e12 = e1 A ea. (2.5)
Next we introduce the n-vector associated to a C' map u : R® — R™

M(Vu) = Y MZ(Vu)eq Az,
laf +18]=n

where the sum takes place over all multi-indeces a« C {1,...,n} and f C {1,...,m} with
af + (8] = n.

Currents, Graphs, and Cartesian maps: We introduce some notation in the theory of
currents and Cartesian currents. We refer to [38] and [32] for more details. For an open set
A C R™ we denote by D¥(A) the space of (compactly supported in A) smooth k-forms and by
Dy (A) the space of k-dimensional currents, where 0 < k < n. Given T € Dy(A) we denote by
|T|iy the mass of T in U, whenever U C A is open. Given T' € Di(A) with k£ > 1, its boundary
OT € Di_1(A) is defined by

OT(w) :=T(dw)  VYw e D*1(A),

where dw denotes the external differential of w. In the case K = 0 by convention it is 0T = 0.
Whenever F' : A — B is a Lipschitz map between open sets, and T" € Di(A), the symbol
FyT € Dy(B) denotes the push-forward of T' by F'.

We say that a current T' € Dy (A) is rectifiable if there exist a H*-rectifiable se S, a simple
unit k-vector 7(x) for H*-a.e. 2 € S, and a measurable function 6 : S — R with

T(w) :/ge(x)<w(x),7'(a:)> dH*(z),  weDFA).

Here (-,-) denotes the duality pairing between k-covectors and k-vectors. A rectifiable current
T € Di(A) is said integral if 6 takes integer values, 7 is tangent to S, and |T|4 < +oo,
|0T'|4 < +o00. In the special case in which k =n and S = F is a finite subset of R", we denote
by [E] the standard integration over E defined as the rectifiable n-current with ¢ = 1 and
T=e1 A+ Aey, the standard orientation of R™. Precisely

[E](w) = /E<w(x),el Ao Nen) dz,  we DYRY).

If E is a finite perimeter set with finite Lebesgue measure, then [E] turns out to be an integral
current.
Given a map u € C*(A4;R™) we introduce its graph G, € A x R™ as

Gy ={(z,y) e AxR":y =u(z)}

and we use the map Id x u : A - A x R™, (Id x u)(x) := (z,u(x)), to parametrize it. G,
is identified in a natural way with an integral current given by integration over it. More pre-
cisely, denoting this current by [G,], its standard orientation is given by M(Vu)/|M(Vu)|, the
multiplicity 6 is always 1, and so for all n-form w € D"(A x R™) it holds

[Gul(w) := (Id x u)4[A] = A<W(x7U(x))7M(VU($))> da.

'S is said H"-rectifiable if there are (at most) countably many Lipschitz maps ¢5 : R¥ — R™ such that

+oo
SCNUlJen®),  H'(N)=0.
h=0



It is seen that [G,] hass mass that coincides with the H"-measure of G,, and is given by
[Gu]l = Au, A) = / IM(Vu)| da.
A

It turns out, thanks to the regularity of u, that [G,] is boundaryless.

We now want to extend the definitions above for maps u € BV (A, R™). To this aim we denote
by R, C A the set of regular points of u, namely the points z that are Lebesgue points for u
and Vu, moreover u(x) coincides with its Lebesgue value and u is approximately differentiable
at . We denote

Gl :={(z,y) € Ry xR* 1y = u(x)}
Also GE is H"-rectifiable and we define
Gu = [G{]] = (1d x u)g[Ru].

It holds that
Gul = / M(V)| da,
A

where Vu is the approximate gradient of u. In general G, has non-trivial boundary. In the
special case that G, = 0 in D,,_1(A x R™) we say that u is a Cartesian map.
2.2 Relaxation and the setting of the problem

In what follows 2 C R? will be our reference domain, an open bounded set. Let N := 1+ 2m +
m(m+1)/2 and let g : RY — [0, +00) be convex; we will assume that there is a constant Cy > 0
such that for all A € RV,

l9(A)] < Cy(JA[ +1). (2.6)
Furthermore, we assume not degeneracy of the functional through the folllowing condition
m ..
9(A) = ¢ > M(A)], (27)
i,j=1
i#]

for a general positive constant c¢,. In the case that m = 2 the above condition is equivalent to
(1.13]). As a consequence of the growth condition (2.6)) and of the convexity of g, the subdiffer-
ential dg satisfies

10gl L= < Cy. (2.8)

For all u € C1(Q;R™) N BV (Q; R™) we define

F(u,Q) := / g(M(Vu))dz. (2.9)
Q
The first observation is that F' is lower semicontinuous with respect to the strict convergence on

the space of regular maps:

Theorem 2.4. The functional F in [2.9) is lower semicontinuous on C1(Q;R™) N BV ({; R™)
with respect to the strict convergence in BV (§; R™).



Proof. 1t is enough to apply [31, Theorem 2.6]. Alternatively we can give a short proof as
follows: We have to show that if u, € CY(Q;R™) N BV (£;R™) strictly converges to u €
CH;R™) N BV (Q;R™), then F(u,Q) < liminfy oo F(ug, Q). We can then suppose with-
out loss of generality that F'(ug, $2) tends to a finite limit. Thanks to the strict convergence we
deduce that

Vuy, — Vu weakly star in M, (Q; R?™).

Furthermore, condition (2.7) ensures that || M5"(Vu)||;1 is uniformly bounded, and so we can
suppose that
Mﬁ”(Vuk.) — m"%2 weakly star in M(Q), (2.10)

for some measure m%2, for all i1,ip with 1 < i; < ia < m. On the other hand, using [42] (see
also |25, Theorem 2.5 and Remark 2.8]) we conclude that m®® = M;3"?(Vuy,). In particular,
we have found

M(Vug) = M(Vu) weakly star in M, (Q; RY).

So the conclusion follows from the standard result |31, Lemma 2.1]. O

Next, we are concerned with the relaxation F of the functional in the space BV (; R™)
with respect to the strict convergence; this is given by , where the approximating functions
uy, are obviously taken in C1(Q; R™)N BV (Q; R™), since we approximate u in the strict topology.
The following result is straightforward:

Theorem 2.5. The functional F(-,Q) is lower semicontinuous on the space BV (;R™) with
respect to the strict convergence.

Notice that the functional F extends F in (2.9)), as a consequence of Theorem

Definition 2.6. Let u € BV (Q;R™). We call (vx) C CHQR™) N BV (4 R™) a recovery
sequence for F(u, ) whenever vy, — u strictly and

F(u,Q) = lim F(vg, Q).

k—o0
For any u € BV (2; R™) a recovery sequence always exists, by definition of relaxation.
Let u € Lip(©; R™): By Remark there exists a sequence (v) C C1(;R™)N BV (£; R™)
such that vy — w strictly in BV (2; R™) and
Vo, = Vu strongly in L(€Q;R™*?),
Mg(Vvk) — ijz(Vu) strongly in L'(€),

for all 4,5 € {1,...,m}. Up to a subsequence these convergences take place also poitwise a.e.,
and by (1.12]) we can apply Lebesgue dominated convergence theorem to conclude

F(vg, Q) = F(u,) = /Qg(Vu)d;v, (2.11)

where in the right-hand side, with a little abuse of notation, we have extended the definition of
F in (2.9) to Lipschitz functions. This in particular implies F(u, Q) < F(u, ) for all Lipschitz
functions u. On the other hand, we also have the following:

Theorem 2.7. Let u € Lip(Q;R™); then
Flu, Q) = / g(M(Vu))dz.
Q
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Proof. Thanks to the previous discussion we have only to show that F(u,Q) < F(u,). If
v, € CL(;R™) is a recovery sequence for F(u,(2), then

Vo, — Vu weakly star in M, (Q; R™*?),
Mg(Vvk) — Mi]Q(Vu) weakly star in My(Q2),

forall 7,57 € {1,...,m}. The first convergence is trivial, whereas the second one follows from [25,
Theorem 2.5 and Remark 2.8] (see also [42]), since in this case condition and the strict
convergence ensure that | M(Vuy)| are uniformly bounded in L'(£2). Hence from standard lower
semicontinuity results (see, e.g., [31, Lemma 2.1]) we conclude F'(u, Q) < liminfy_, . F(vg, Q) =
F(u, ). O

Theorem 2.8. Let K C Q be a compact set and assume that w € BV (Q;R™) is continuous on
Q, is of class C* on Q\ K and is Lipschitz continuous on K. Then

F(u,Q) < F(u,Q) := /Qg(/\/l(Vu))dx. (2.12)

Proof. Let us extend u to 0 outside 2. We choose an open neighborhood U of K so that
U CC Q, and a cut-off map ¢ € C°(U) such that 0 < p <1, ¢p =1 on K. For all £ > 1 such
that 1 < dist(K,99Q) we define

u, = @(ux pr) + (1 = @)u, (2.13)

where pi(x) = k?p(kz) and p is a smooth convolution kernel. The function u * py, strictly con-
verges to u, and so it is easily checked that uj, € C*(; R™) strictly converge to u in BV (Q; R™).
Now, ul_U belongs to W% (U;R™), and by definition of u; we can easily show that uy — u
strongly in W1P(U;R™) for all p < +oo. This implies that F(ug,U) — F(u,U). In particular,

Fu,Q) = F(u,Q\U) + F(u,U) = khi?o (F(u, Q\U) + F(ug,U)) = len;O F(ug, Q).

This implies F(u, ) < F(u, Q). O

3 Tools and preliminary results

3.1 Properties of measures

In order to prove our main result Theorem we will employ the classical theorem named after
De Giorgi and Letta, which we collect here in a form specialized for our setting (see [2, Theorem
1.53] for the general formulation and its proof). We denote by U(2) the family of open subsets
of Q.

Theorem 3.1 (De Giorgi-Letta). Let Q C R? be an open set and assume that p : U(Q) —
[0, 4+00] is a function so that (@) = 0. If

(i) w is non-decreasing, i.e., (B) < u(A) for all A,B € U(Q), B C A;
(ii) w is additive, i.e., (AU B) = u(A) + u(B) for all A,B€U(Q), ANB = g;
(111) p is sub-additive, i.e., p(A) < u(B1) + u(B2) for all A, By, By € U(Y), A C By U By;
(iv) w is inner reqular, i.e., for all A € U(QQ) it holds
u(A) = sup{u(B) : B €US), B cC A};
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Then p is the restriction to U(Y) of a Borel measure i : B(2) — [0, +00].
We will often use the following result due to Reshetnyak (see |2, Theorem 2.39)):

Theorem 3.2. Let M > 1 and let u, py be Radon measures in A C R" taking values in RM.
Suppose that pp — p weakly star as measures and that |ug|(A) — |u|(A). Then

J 1 (o) @) [ 5 (o @) dinl)

as k — oo for all continuous and bounded functions f : A x SM=1 5 R.
We will also need the following property valid for strictly converging Borel measures py, p.

Lemma 3.3. Suppose that pup — p weakly star as measures and |ug|(A) — |u|(A), and let
B C A be open. Then if |u|[(ANIB) = |uk|(ANOB) =0 for all k, it holds

|1kl (B) = |1l (B).

Proof. By lower semicontinuity of the total variation on open sets and thanks to the hypothesis
u(ANIB) =0 we have

11(A) = |u(B) + |ul(A\ B) < limnf | (B) + lim i | (4 B)
< liminf |ul(A) = lim [px](A) = |ul(4),
k—oo k—o00

so all the inequalities are equalities and in particular |p|(B) = liminfy_, |pk|(B). Since the
same holds for every subsequence of i, we easily infer that the liminf is indeed a limit. O

We also collect the following result which can be found in [33, Proposition 1, Section 1.3.4].

Proposition 3.4. Let A be open and bounded and let h be a positive integer. Let Vi,V €
LY(A;R™) be such that Vi, — V weakly star in L'(A;R") and moreover

/«/1+]Vk\2dx—>/ S+ |V2da
A A
as k — 4o00. Then Vi, — V strongly in L'(A;R").

3.2 Lipschitz and BV curves

Given a Lipschitz map ¢ : [a,b] — R™, we denote by L, := f; |¥|d7 its total variation and we
introduce the quantity

1 L
s, (t) = W/ (1¢| + 1)dr, vt € [a,b] (3.1)

This is a strictly increasing and continuous function, so we let ¢, : [0,1] — [a, b] be its inverse
ty, = s;l, which satisfies

L,+ (b—a)

W for a.e. s €[0,1]. (3.2)

iso(s) =
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In particular £,(s) < Ly, + (b — a) for a.e. s € [0,1]. A similar definition applies to a function
v € BV([a,b];R™), for which we denote L., := |¥|([a,b]) and

() = gy (100 + (), e € [o,b), (33

which defines a strictly increasing map with jumps set S, the jump set of +; moreover

t1 —t2
t1) — tg) > ————— <ty <t; <1
sy(t1) 87(2)—L7+(b—a)’ 0<ty<t1 <1,
and so it follows that if t, := s3' : [0,1] — [a,b] is the inverse of s, that is constant on
[s4(t7), s4(tT)] for all t € S, we have
ty(s1) = ty(s2) = [ty(s1) — ty(s2)] < (s1 = s2)(Ly + (b — a)), 0<s;<s <L

Hence t, is Lipschitz continuous with Lipschitz constant L + (b — a).

Definition 3.5. Given v € BV ([a,b]; R™) we define 7 : [0,1] — R™ as

53 (1) s (1)

7(s) =

YA (s=sy (7)) +y(E ) (54 (ET)—s) if s € [s4(t7), s (tT)]
Y el ’
{ (3.4)

Y(t(s)) otherwise.

When v = ¢ is Lipschitz continuous, it simply holds $(s) = ¢(t,(s)), a Lipschitz continuous
map satisfying

|t (s))tp(s)] < Ly + (b—a), for a.e. s €[0,1]. (3.5)

The same is true for 7 when v € BV([a,b]; R™); we will obtain this as a consequence of the
following result.

Proposition 3.6. Let v € BV ([a,b];R™) and let (¢x) C Lip([a,b]; R™) be a sequence of maps
converging strictly to v as k — oo. The functions @, == @j o ty, : [0,1] = R™ are Lipschitz
continuous with uniformly bounded Lipschitz constants and

DL — 7 strictly in BV ([0,1];R™) and weakly star in W1°°([0, 1]; R™),
Spp —F Sy strictly in BV ([a, b)), (3.6)
top — by weakly star in W°°([0,1]).

Moreover there exists a function a, : RT — R depending only on v and such that ay(t) — 0
when t — 0%, and

I8¢ = syl + [ = Fllze < ay(ds(p,7)),
for all ¢ € Lip([a,b]; R™).
Proposition [3.6] can be obtained by inspecting and slightly modifying the arguments lead-

ing to [17, Lemma 2.10] and [5, Lemma 2.7]. For the reader convenience and for the sake of
completeness we give the proof.

Proof. Let us denote L := |¥|([a,b]), and Ly := |¢g|([a, b]) the total variations of v and ¢y
respectively. To shortcut the notation we denote sy, : [a,b] — [0,1] in (3.1) by sp = sy,
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and its inverse t,, : [0,1] — [a,b] in as ty, = t,,. Moreover we recall the definition of
sy € BV ([a,b]) given in (3.3).

Step 1: Convergence of sy, and t,, . Thanks to the strict convergence of ¢ to v, it is easy
to see that s; — s, pointwise a.e. and strictly in BV ([a, b]). In particular, if v is continuous at
t € [a,b], then si(t) — s4(t). Moreover, s, is strictly increasing, and its jump set coincides with
the jump set Sy of .

As for ty, due to the fact that its Lipschitz constant is less than or equal to Ly + (b—a), and
since L — L., we conclude that there is a Lipschitz function 7 : [0,1] — [a, b] such that, up to
a subsequence,

ty — 7 weakly star in W1>°([0,1]),

and hence also pointwise on [0,1]. We claim that 7 = t, = 5y 1 and so, by uniqueness of the
limit, we will also infer that the whole sequence t;, converges to t.

Notice that 7 is non-decreasing and continuous, and maps [0, 1] onto [a, b]; let then o € [0, 1]
be so that 7(o) ¢ S,. For any € > 0 we can find 0 < § < ¢ so that Is = (7(0) — 6,7(0) + 0)
enjoies |¥|(I5) < €, and in addition 7(c) — 6 ¢ S, and 7(c) +d ¢ S,. The last condition implies
that |¢x|(I5) — [¥](1s), and so

tp(o)
[ el var

dim sy (tr(0)) = si(r(0))| = lim

k—o00 l;k + (b — a)

<1 vim [ rrdr e —5
=Lyt (b—a)koee Jy, 7" =Tt (b—a)
By arbitrariness of € we conclude that
sk(1(0)) = sp(tr(o)) =0 as k — oo. (3.7)

On the other hand si(7(0)) = s4(7(0)), so we conclude s,(7(0)) = o for all o with 7(c) ¢ S,.
This implies that 7(o) = t,(0) for any o such that 7(o) ¢ S,, but now, since 7 is continuous non-
decresing and so is ¢, (which in addition is constant on the connected components of ¢ 1(s,)),
necessarily 7(o) = ty(o) for all o € [0, 1].

Step 2: Convergence of ©;,. Recalling that

d
‘%@c(s)’ <Lp+b—ua for a.e. s €[0,1],

and since Ly — L. as k — +00, §;, are uniformly bounded in W°°([0, 1]; R™), and so, up to a
subsequence, they converge weakly star to some limit ¢ € W1°°([0,1]; R™) with

d
|£C(3)\ <L,+b—-a for a.e. s €[0,1]. (3.8)

We have to prove that this limit is 7, indipendently from the subsequence; as a consequence it
will follow that the full sequence @;, converges to 7.
To this purpose we fix

o €[0,1]\ (UtESV [Sw(t_)v 57(t+)]) ;

this is equivalent to require that ¢, (o) ¢ S,. Thus we write

Pk(0) =7(0) = [@r(tr(0) —v(ty ()] < l@r(tr(0) = @r(ty(0)] + [wr(ty (o)) = ¥ (t4(0))]

ty(0)
/ |ok| + 1 dr
t

k(o)

= (Lk + (b = a))(sk(tk(0)) = sk (t5(0))) + [@r(t5 () = 7(t5(9))]

<

+ ler(ty(0)) = 7(t4(0))]
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and thanks to (3.7)) and the fact that ¢; — v pointwise a.e. on [a,b] \ Sy, we conclude that

k(o) = (o) for a.e. o €[0,1]\ (Uses, [s+(t7), sy (t1)]) .

Therefore we conclude ¢ =7 a.e. on [0,1]\ (Uses, [s1(t7), s, (t1)]). We want to show that {(s)
coincides with the first line in (3.4) when s € [s4(t7), s,(¢tT)], for some ¢ € S,.
If t € Sy, there are sequences tp =t and tj — tT as j — oo, such that tjc are continuity

points of v (and of s). In particular v(t;.t) = 7(57(15]*)) — F(s4(t)%) as j — o0, so
V(s (1)) = (7).
Moreover, since s, (t)* = s,(t)” + mh]({t}) we deduce that

- 1
_L,y—i—b—a

1

V() = ()] = ———(sy(1) ") = (54 (1) 7)1.

+ —_ - pu—
sy ()" — s4(t) I +b—a

We conclude that the curve FL[s(t7),s(t")] is a curve connecting 7(s,(¢)”) to F(s,(¢)T) on

an interval of length ﬁ\ﬁ(sw(t)ﬂ —7(s4(t)7)]; by (3.-8)) this curve must necessarily be the

constant speed parametrization of the segment with endpoints (s (¢)”) and (s, (¢)"), namely

¢(s) coincides with the interpolation in (3.4)). We conclude then also the first thesis in (3.6]).
Step 3: To prove the last statement, we set

ay(t) = sup{[[sy — 5[l + [ = FllL= : ¢ € Lip([a, b; R™), ds(0,7) < t}.

Assume by contradiction that there exists a sequence of positive numbers t; N\, 0 such that
limy_y00 ay(tx) > 0. Then, by definition of a, we can find functions 1, € Lip([a,b]; R™) such
that ds(¢g,v) <t and

lim ((lsg, — 152 + [~ i) > 0.
This is a clear contradiction with (3.6)), hence the thesis follows. O

Corollary 3.7. Let v € BV ([a,b];R™), then 7 is Lipschitz continuous with Lipschitz constant
L,+ (b—a).

Proof. 1t is sufficient to approximate 7 in the strict topology of BV ([a,b]; R™) by Lipschitz
maps, and the thesis follows from Proposition 3.6 O

Interpolation between Lipschitz curves: Let h > 0 be fixed and let [a,b], a < b, be
an interval. For Lipschitz maps ¢, : [a,b] — R™ we introduce the following interpolations:
.,y 2 [a,b] x [0,h] — R™ given by

Dpusltsr) = (1o (a0 + 5005 T) ), (39

that satisfies @, (t,h) = (1) and @, (2,0) = @(t, o sy(t)), and the mapping ¥, 4 : [a,b] x
[0, h] — R™ defined by

U, (t,7) ::<p<t¢(sw(t)))$+¢(tw(5¢(t))>%:@(sw(t)) L+ Blsu()r,  (310)

15



where we recall $(s) = ¢ o t,(s) and (s) = 1 oty(s). This satisfies Uy, (t,0) = P(sy(t)) =
D,(t,0) and Wy, (2, h) = P(sy(t)) = 1(t). We compute the derivatives of @, and ¥, and
[ W

) =
for a.e. (t,r) € [a,b] x [0, ] eﬁnd

g Polt:7) = 2 (te(5a(0 + 500" )Jislsol0 + 500N G0 + 50007,
;¢W’¢(t’r) = 95(%(390@)% + Sw(t)h ; r))t‘so(sw(t)% + Sw(t)h ; r) Sp(t) ; sy (t)

2 lt,r) = (1 (50 (0) ) o () "2 4 (10 50 0) s (5 0) ) 800

T S slt)) + s (1)) 50),

D stter) =+ (1050 0)) = (15 (500))) = Dsy(1)) “Foult),

that, by (3.1) and (3.2)), lead to the following estimates

0
E(I)S"’w (t, 7")

7 N\
>

A0+ 3u(0) "

EGIES! [9()] +1
S(Ler(b_a))(Ler(b—a) JrL¢+(b— )>,

Lo+ (b—a)

<(Lp+(b—a))|$

0
bt <
furthermore we also have
0 0
=Py (t,7) N =Py p(t, ) = det (VP y(t, 1)) =0, (3.11)
ot v or 7 ’
for almost every (t,7) € [a, b] x [0, h], due to the fact that the image of ®, y is one dimensional.
Finally we can estimate on D := [a, b] X [0, h] the integral
() +1 D) +1  Isp(t) = se(t)]
b, 4 (t,r)|dtdr < (L b— dtd
[ IVttt < (L (0 e [ AR ST :
b
=2h(Ly,+ (b—a)) + (L, + (b—a)) / |5, (t) — s (t)|dt. (3.12)

As for ¥, by the estimates

‘;%,w(t, r)| = ‘h s0(t)) + 10 (56(0) [ 30() < (Lo + Ly + (b= )y (1)
20| « Bl =200
we can write
/ VU, (t,r)|dtdr < / (Lo + Ly + (b— a))s(t) + 12150 ;*"(%(tm dtdr
D D
= (L + Ly + (b / Do) — Plsul0)30(2)dt
= (Ly+ Ly + ( / s)|ds, (3.13)
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where we have used that fab 5y(t)dt = 1. Finally

/| W (1) A (b, < (L + L+ (b~ ) /| e T

b
— Lo+ Ly + (b—a)) / B(s0(8)) — Blsp() |30 (t)dt

1
— Lo+ Ly + (b—a)) /0 [(s) - p(s)|ds. (3.14)

3.3 Tubular neighborhoods of regular curves

Given a set A C R? we denote by dist(z, A) the distance from = to A, and by dist™(z, A) the
signed distance from x to A, defined as

dist(z, A if A€
dist™(z, A) := IS.(:C’ ) 1 reA
—dist(x, A°) if x € A,
where A°:=R?\ A. We consider the following regularity assumption (R) of a set A:
(R) We assume that A is a connected bounded open set with boundary of class C3.

If A C R? satisfies (R), then A consists of finitely many loops I';, i = 0,1,..., N, of class C3,
labeled so that, if E; denotes the bounded connected component of R? \ T;, then

A= Ep\ (U E)). (3.15)

Notice that the presence of a unique big component Fjy is due to the hypothesis that A is
connectedlzl

Sets with C3-boundary and tubular neighborhoods: Let A C R? be a set satisfying
(R). For § € (0,1) small enough there exists a tubular neighborhood Ts of A, given by

Ts := {x € R? : dist(z, DA) < §}.
We parametrize Ts with (t,7) € A x (—6,6) so that
A, := {x € R? : dist®(z, A) = r}
consists of N + 1 curves I'?. of class C?, namely
%= {z e R? : dist™(z, Ey) = r} Ii={zeR?: dist*(z, E;) = —r}.
We denote Ty = Ui]\ing where T} is a d-neighborhood of I';, namely
Ti = {2z € R? : dist(x,T;) < d}.

For simplicityﬂ7 let us assume that the number N of holes in A is zero, i.e., A is simply
connected; there is v € C3([a, b]; R?) a Jordan curve parametrized by arc-length enclosing the
open bounded connected and simply-connected set A, I' = v([a, b]). We will denote

Ty = {z € R? : dist™(z, A) € (0,0)}, Ty = {z € R? : dist*(z, A) € (—6,0)},

2If A instead has K > 1 connected components, then every component enjoys a decomposition as (3.15)).
3The following argument applies to all connected components of I' in the general case.
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the external and inner tubular neighborhoods of 0A. By the tubular neighborhood theorem,
there exists a bi-Lipschitz bijection 75 : [a,b) X (—d,d) — Ty, such that

|det (VT5(t, 7)) =1+ Rs(t,r),

where ||Rs||p = 0(1) — 0 as 6 — 0. Indeed one sets, for all (¢,7) € [a,b) x (=4, 0),

Ts(t,r) == ~y(t) + ri(t) ", (3.16)
where v+ = (—wvy,v1), and it holds
O Tatr) = 4(t) + ri(e)* O Ta(t.r) = 4(0)*
8t5 ') =7 rYy 3 87’5 ') =7 5
det (VT3) = 1+ r4(t) - 5(6)F =: 1 + Rs(t,r), |Rs(t,7)| < C4r| < €6,

where, here and below, we denote by C'y > 0 a constant depending on v but independent of ¢
(and which might change from line to line). Notice also that since v is of class C3, VTs is of
class C*, and (since § € (0,1))

IVT5(t,r)| < YO +r[5(0)] < Cy + Cy6 < O,

Let h € (0,6). For x € T}, we have VT, '(z) = (Vﬁ(ﬁ;l(x)))_l, S0
i L RO

—1 _ = -
det (VT, "(z)) = det (V'ﬁl(lﬁfl(i’?))) T —|—Rh(77;1(l‘)) N 1—|—Rh(’77;1(38))7

and, if h is small enough, we conclude
det (V7,4 (@) = 1+ R} (2), IRyl < Ch. (3.17)
Eventually, using that for a invertible matrix A one has A~! = cof (A)T(det A)~!, we conclude
VT, @) = cof (VTR(T, (@) (1+ Ry (x)),
VT, ' (z)] < Cy+Cyh < Cy, (3.18)
for all x € Ty, so T, is bi-Lipschitz with a constant depending only on .

Restriction of BV-functions on curves: As above, let A satisfy (R), assume that A is
simply connected, and let v € C3([a, b]; R?) be an arc-length parametrization of a Jordan curve
I' = 0A. Let Ty be a tubular neighborhood of T', § € (0, 1) small enough. Let ¢ : [a,b] x (=6,0) —
R? be the map

) i BT 50+
RIS RO RS O

(3.19)

that is the oriented unit vector tangent to I', at the point (¢, 7). Using that v parametrizes by
arc-length, a tedious but straightforward computation shows that the map

C(x) == (T, Hx)), x €Ty, (3.20)
satisfies ¢ € C1(Ts;S') and is divergence freeﬁ

4We can also see this as follows: ¢ is a unit vector such that ¢+ is orthogonal to the level sets of the signed
distance function d* from I'. In particular, since the distance function has gradient of length 1 almost everywhere,
¢t coincides with Vd* almost everywhere. If follows that div ¢ = Curl ¢* = Curl Vd* = 0.
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Definition 3.8. Let r € (—6,6) and ¢ : ', — R™; we say that ¢ € CH(T;R™) if o(Ts(-,7)) :
[a,b) — R™ is of class C*.

Remark 3.9. Given p € CY(I',;R™) we can extend it on Ts by defining B(t,r") == p(y(t) +
ry(t)L) for all ' € (=6,0) and t € [a,b). The function B o T; '(z) defined for all x € Tp
is then an extension of ¢ and is of class C'. Indeed, clearly p € C'([a,b) x (—8,0)), and so
©o 7:;_1 € CY(Ts) because 7:;_1 is of class C*. In particular, we conclude that every function
¢ € CHT,; R™) is the restriction to T, of a function of class C1(Ts; R™). Since it is also easy
to see that every function of class C*(Ts;R™) has a C' restriction on I, as in Deﬁm’tz’on
we conclude that o € C*(T;R™) if and only if it is the restriction of a function € C*(Ts; R™)
onT',.

Definition 3.10. Let u: ', — R™, we say that u € BV (I';R™) if
sup{/ ZD (9G))dH : o € C' (T B™), o] < 1 < +oo.

We denote the supremum above by |D¢ul(T).

Exploiting that ¢ is divergence-free, we can write
IDeal(T) =sup{ | w- DepdH! + p € O (T R™) [l < 1),
Iy

where D¢y = Z?:l D;p(j. Recalling that 75(-,7) is a parametrization of I';,, if u € BV (I';; R™)
we see that

bd b d
[ 5pulTote ) lde = sup( [ LT ) (Tt r)de 6 € O™, o] < 1)

= ’ 75 T dt: ¢ € CH(I';R™ <1
= sup{ [ u(Ti(t.r) - GUTa(t ) b € COR™) ] < 1)

and, up to extending 1 to Ty as in Remark we have

~ 5

DT (1) = (Ts(0r) D20, r) = V(T 1,1l ),

o B71) =

so we conclude
b d
/ | Su(To(t, 7))t = sup{/F w- DepdM! s € CHTR™), Jo] < 1} = [Deu|(Ty).  (3.21)

Remark 3.11. Fquality (3.21) in particular implies that if ug,u € BV (I'y; R™) are such that
ug — U strictly in BV (I'); R™),

then also
up(Ts(+, 7)) = uw(Ts(-, 1)) strictly in BV ([a, b]; R™),

and viceversa. More precisely, for all v € (=6,0) and any v € BV (I',; R™) it holds
|Dcv[(Tr) = [De(v o T5(-,7))|(a, b),
and there are two positive constants cs, Cs depending only on I' and § such that
cslluo Tl Lrap)) < Nullpre,y < Csllwo Ts(, 7)1 (o))
This follows from the bi-Lipschitz property of Ts and on the fact that |%T5(-,r)| 1s close to 1,
forr e (=94,6).
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Given v : T5 — R™ a Lipschitz map, by coarea formula we can write

6 1
\wqczx:/ / |Vv§\d7—[1dr:/ / |Dev|dH dr,
Ts —5J1, -5 JT,

and since ( is a unit oriented tangent vector to I',., Vu({ = 25:1 Dj;v(; represents the tangential
derivative D¢v of v to I',. Now, T5(-,7) is a parametrization from [a, b] of I';., so we write

/|v7gtr )|dt = /|vv7gtr J(,T)mt

dt
- [ e e i = [ 1Dalan 3.22)
and we conclude
[ |D¢v|dx—/ / ST (1) (3.23)
5

In the following lemma we discuss how strict convergence is inehrited on curves.

Lemma 3.12. Let uy : Ts — R™ be Lipschitz maps and let w € BV (T5; R™) be such that
up — U strictly in BV (T5; R™).

Then, for a.e. r € (=4,9) the function ul_T, belongs to BV (I'y; R™) and (up to a non-relabelled
subsequence) ui LT, converge strictly in BV (I'y; R™) to ulLT',.

Proof. By Reshetniak Theorem [3.2] we have, as k — oo,

/ ‘Dg’u,k’dl’ =
Ts

The quantity in the right-hand side is equal to

/ ‘ C’d|Du!

D
—UC’d|Dul. (3.24)
S u

d|Dul : p € CHT5; R™), || < 1}

—sup{/ Zc]so dDju - o € C (T3 R™), [o] < 1)

5]1

=sup{ [ u-(VeQ)dz : ¢ € C'(T5;R™), || <1}
Ts

where in the last equality we have used the divergence-free property of (. Therefore, by (3.24)),
we conclude

lim |VuyClde = sup{ [ u- Depdzr : p € CH(T5; R™), || < 1}. (3.25)
k—o0 T5 T(s

On the other hand

|Vug(|dx —/ / \—uk (Ts(t,r))|dtdr,
Ts
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whence

lim / / |—u/r€ (Ts(t,r))|dtdr = sup{/ u- Depdr = p € CH(T5; R™), || < 13- (3.26)
Ts

k—o0

Now, by Fatou Lemma

lim / / \—uk (Ts(t,r))|dtdr 2/ hmmf/ |—uk Ts(t,r))|dtdr (3.27)

k—o00

and we know from the strict convergence of uy to u that for a.e. r € (—¢,0) the trace uxL T,
converges to uL_T'. in L*(I',; R™). This implies that, for a.e. 7 € (—§,0)

b d b d
liminf/a |dtuk(73(t,r))|dt2/a | u(Ts(t7))ldt

k—o00

= sup{/ u- DepdH - p € CH(T5; R™), || < 1} (3.28)
Ly

where we have used ([3.21)); so that

é b 4
d
/ liminf/ |%uk(7:;(t,r))]dtdr > / sup{/ u-VoCdH' - o € CHT5;R™), |p| < 1}dr
a *6 Fr

_§ k—oo
1
>sup( [ [ wVetantars g e O1TR) [l < 1),
—sJr,
(3.29)

We have found then, from :3.26;, that the inequalities in (3.27)) and (3.29)) are all equalities. In
particular, equality in (3.28: holds for a.e. r € (—4,6), and denoting

/|u7:;tr )|dt /|uk7:;t7")|dt

equality (3.27)) implies that
0 0
lim / fr(r)dr :/ f(r)dr, liminf fx(r) = f(r).
k—oo J_§s =5 k—o00

Thus Lemma in the Appendix entails that f, — f in L1((—4,9)), and there is a subsequence
such that for a.e. r € (=9,9)

fk(r) — f(r)v
that is the thesis. O

Transformations in tubular neighborhoods: Let I' := 7([a,b]) be a Jordan curve
parametrized by arc-length by v € C3([a,b];R?), and enclosing the simply-connected set A
satisfying (R); let § € (0,1) be small enough and let T5 be a tubular neighborhood of I". We
want to define a bijection between Ts and itself, which will be needed to modify suitable recovery
sequences uy, for the involved functional. To this aim, we first introduce for ¢ € (0, §) fixed, and
nEN,n>%,themap

Tsme:la,b] x [=6,0] = [a,b] x [-6,0], Ysnc(t,r) = (t, Tome(r)),
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where 75, . is the piecewise affine interpolant such that 75, (=) = —0, Tsnc(—5) = 0, and
Tsm,c(0) = 0, namely
nrted  for p g [—§, —<
- {5 releop

nor+cd _c
£ S for r € [-£,4].

For all (t,s) € [a,b] x [0, d] we write

. C
Tsnelt,s) = (t,8) + (0, T5m.c(s) — 9), with |(0, Ton,c(s) = s)| < —, (3.30)
for a constant C' > 0 independent of § and n > %. Computing Vs, ., we write
0 0
VTé,n,c =1Id+ Mé,n,ca M(S,mc = . s (3.31)
0 7sne—1

in such a way that |Mj,, .| < % almost everywhere (here C' is a positive constant independent
of n > % and J). Analogously, it is immediately checked that

VY. =ld+ M, . with [Mj,, | < % (3.32)
and for all (¢,s) € [a,b] X [—0,d] we have Tg}l’c(t, s) = (t77'(;7ic(s)), so we may write
TS (t5) = (t5) + (0,750 (5) — 5), with |(0, 751 (s) — 5)]| < % (3.33)
We now define, for § € (0,1) as above and n € N, n > %, the following transformation
Ssme: Ts — Ts, Some =T50 TsneoT5 . (3.34)

This map sends the set 75([a, b], — ) to the curve I'. Moreover there is a constant C.,, depending
only on ~, such that

|Ssme(z) — 2| < % Yz € Ty. (3.35)
This follows from and the Lipschitz continuity of 75. It is convenient also to introduce
Sime: Ts \Te =Ty, Sime = (Ts0 Tomeo Ty (T \ Te), (3.36)
the restriction of X5, . to Ty \T%. For a.e. x € Ty, we have
V3me(@) = VT5(Yoneo Ty (#)VTane(Ty  (@)VTy ' (2), (3.37)
and writing V7T5(Lsnco0 75 '(2)) = VT; (7:5_1@) + (Yopeo Ty Ha) — ﬂ_l(x))), we get
VTs(Yoneo Ty (2) = VT5(T; ' (%)) + ponel), (3.38)

where, by using the Lipschitz continuity of V75 (it is of class C') and by (3.30)), the matrix

pane(@) i= VT3 (T3 (@) + (Tane o T (2) = T3 (@))) = VTH(T; (@)

22



enjoies, for a.e. x € Ty,

C
[psne(z)] < —L (3.39)

(here and below, unless explicitely stated Cyis a positive constant independent of n > % and
0, but depending on 7). Plugging (3.31]) and ( - ) into (| we obtain
VEsn.e() = (VT5(T5 () + psne())(1d + Ms (T3~ (l‘)))fol(l‘)
=1d+ VT5(T; " (2)Mono(Ts (@) VT (@) + pspe(@)(1d + Mo, o(T5H (2)) VT (2)
=:1d + o5p.c(2), (3.40)
where we have used that V75(7; ' (2)) = (V75 '(2))~! and, thanks to (3.31), , and the
Lipschitz continuity of V75, we have

G

|T5n.c(@)] < — (3.41)
Finally, by , we have also, for n large enough
ot (VE5e(@) = 1+ dsnc(@), with [Jds = < 7, (3.42)
and a similar expression holds for det (Vs .(z)!), namely
det (VEsne(2)™") =1+ dsnelz), with ||dyp.ellr < % (3.43)

In what follows we will sometimes employ also the map ig’n’c, defined as s, . but with 7Ts

replaced by 7A:; given by .
7:5(757 T) = 7:5(757 _T)7

for all (¢,7) € [a,b] x (—6,6). Namely

i\:(S,n,c :Ts — T, 2(5,n,c ="Ts0 T6,n,c ° 73_1- (344)
We will consider Egn . T; \Te — T; defined as
= =1y, 7t
e = (Ts0Csmeo Ty (T \Te). (3.45)
For EA](;MC, 5 0. and Z;n . similar estimates as in -, and (| - hold true. Eventu-

ally, using that T(s_ﬂlw satisfies (3.32) and (3.33]), the same holds also for 25711 o ’7:5 (X 5nc)_1,
and (E;rn o) 1. Specifically, we will write

VS, (@) = 1+ o, (@) ol < 2

det (VS (@) = 1 +df, (2), %, e < 2,

V(S0 (@) = T+ 55, () 5, i < 2,

et (V(2,,)7 (@) = 1+ @5, (), I8l < 2, (3.46)
where o3, . : Ty \Te — R**?, danc.Td \Te — R, aMC:T — R>?2 and df, Ty - R

are suitable functions.
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3.4 Composition of maps with planar transformations

In this section we use the planar transformations introduced in the previous one to modify
suitable functions defined on planar domains.

Interpolations between maps on Jordan curves: Let I' := v([a,b]), v € C3([a, b]; R?),
be a Jordan curve parametrized by arc-length. Recalling the functions in and , for
two given Lipschitz maps ¢, : [a,b] — R? with p(a) = ¢(b) and ¥ (a) = 9(b), we define the
interpolation Hy, 4 p : T, — R? as

d,poTt inT,
Hyopp = { S Tk (3.47)
Vo0 7% in T, ,

where 0 < h < § and § € (0,1) is small enough. The interpolation H 5 turns out to be
Lipschitz continuous.

For r,;s € (—9,9) fixed, recalling that the map T5(-,7) : [a,b] — I, is a parametrization of
the curve I, it follows that if u, v are Lipschitz maps defined on Ts and ¢ = u o 7:5*1(~7 r) and
Y=wo 7:;_1(-, s) then H, ,  interpolates in T}, between uLT', and vL_T.

Let us estimate the gradient and Jacobian determinant of H, 4 5, in T, ,j : recalling that Ty, is
bi-Lipschitz with constant depending only on v, since VHy, 1 (z) = V&, (T, H(2)) VT, (2),

At
for a.e. z € T, , one has

VHpyh(2)] < [V (T, (@))[IVT, (@) < O3 [V (T, ()],
det (VHyyn(z)) = det (VOu (T, (z))) det (VT ().
Once again, here and below we denote by Cy > 0 a constant depending on 7, but independent

of d, ¢, and . Hence, setting D = [a,b] x [0, h], one has

| W nalde <0y [ 90,7 @)ide = O, [ (90,00l det (VT )t
h

h

< 07/ ]V@¢,¢(t,r)]dtdr, (348)
D

and analogously on T/,

| WHeps@liz <, [ 19000 @)z < € [ VUl (309
- - D

Th Th

Therefore, exployting (3.12)) and (3.13) we conclude

b
/ IV H ()| de < 20, h(Ly + b — a) + Cy (L +b— a)/ Iy (t) — s,(8)|dt
Ty a

Ly
—i—CW(L(p—i-Ld,—i-b—a)h%-C’W/ [(s) —B(s)|ds
0
< Oy gy (h 4 |Isy = sl + 19 — Bl z=), (3.50)

where the constant C, 1, 1, is independent of , depends on 7, Ly, and Ly, but is uniformly
bounded by a constant C, (depending only on 7) as soon as

L,+ Ly <C,
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for an absolute constant C' > 0 (notice that b — a coincides with the length of " and hence we
include the dependence on b — a in Cy). Regarding the Jacobian determinant, using (3.11)) and

(3.14)), we find out that
/T* ‘det (VHW7¢7h)(x)‘dx =0, (3_51)
h

/ | det (VHpn)(x)ldz < /D [det (VWy0(t )| det (VT (Th(t,r))|| det (VT (t, r))|dtdr

1
< (Ly+ Ly +b—a)C, / (s) — P(s)lds < Cop, |5 — Pl

Estimates for the gradient and Jacobian of composition of maps: Let A C R? be
an open set and let B CC A satisfy (R) and be simply-connected. Let v € C3([a,b]; R?) an arc-
length parametrization of I' := 0B. If B is not simply-connected, we will apply the following
discussion to each loop forming 0B. Let § € (0,1) be small enough and let T5 be a tubular
neighborhood of T'. For a map v € Lip(Ts; R?) we consider

U= V0 Xsn,
whose gradient and Jacobian determinant satisfy

Vu(z) = Vo(Esn,e(x)) VEsne(x) = VU(Espc(2)) + VU(E50,0(2))05,0,0(2)
det (Vu(z)) = det (Vo(Espc(z))) + det (Vu(Es0,c(x)))ds (), (3.52)

for a.e. x € Ts, where we have used (3.40) and (3.42)). In particular we deduce

Vu(@) - Vo@)ds < [ [Vo(Ssne@) - Vo@)ldo + 2 [ [T0(Sgpe())ld

T(; T(S n Té
1. C C.
<Bo(=)+ L1+ d :
_,B(n)—i-n( +n) T6|Vv\x (3.53)
where in the last inequality we have used (3.41)), (3.42), and where 3,(1 fTa |Vu(Xsnc(x))—

Vou(z)|dz. Arguing similarly, we can also estlmate

|det (Vu) — det (Vv)|dx < |det (Vu(E5.c(2))) — det (Vo(z))|dx

Ts Ts
+ ﬁ(1 + g) | det (Vo)|dz
n n Ts
_ LG Cy
= m(n) +— (1+ - ) Té\det (Vo)|dzx, (3.54)
where 7, (- fn |det (Vo(E5,,(2)))— det (Vo(z))|dz. Notice that both the quantities ()

and "7@( ) tend to 0 as n — oo, thanks to the fact that s, C( ) — x uniformly.
Analogously, if we define u™ : Ty \ Te — R? and u™ : T5 \Te — R? as

+ +
U _vozénc
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respectively, then we will have

C
/ [Vu™ — Voldz < / |Vo(Espnc(z)) — Vo(z)|de + 7/ |Vu(Es5m,c(x))|dx
Ty\Te Ty\Te n

T;\Te

_ 1 C C.
< B, ( )+T:(1+T:)/T|Vv|dx
é

n

/ Vut — Voldr < Bj(l) + @(1 + C”)/ |Vv|da, (3.55)
T;\T% n n n T(;r
and
_ _ 1. C C,
|det (Vu™) — det (Vo)|dz <n, (=) + —(1+ —) |det (Vv)|dz,
T(;\T% n n n T;
+ + 1 G Cy
|det (Vu™) — det (Vv)ldz <n) (=) + —(1+ —) |det (Vv)l|dz. (3.56)
T \Te n n noJrt

Also in this case the quantities 8E(1) and nF(2) tend to zero as n — oc.

4 Main properties of recovery sequences for F

Let T := 7([a,b]), v € C3([a,b]; R?), be a Jordan curve parametrized by arc-length and let T}
be a tubular neighborhood of it, for § € (0, 1) small enough.

Definition 4.1 (The function ). If u € BV (T5;R™) we define the function iy, : (—0,0) — R
as

Yu(r) = [uLTr|py(r,) = [Deul(T'y), (4.1)

for all v € (=0,6) and where D¢ is the tangential distributional derivative of u to I', (see

Definition (3.10)) ).

The function 9, turns out to be measurable and, since u € BV (Ts; R™), by coarea formula
it belongs to L'((—4,4)). Indeed, if ux € C*(Ts; R™) converges strictly to u in BV (Ts; R™) (see
Remark then by Lemma and Fatou Lemma we can write

é 0
/ |Deul|(T)dr < lim inf/ |Deug|(I'y)dr = lim inf/ |Vup(|de = |Deu|(Ts) < +oo,
-5 k—o0 -5 k—oo Ts

where we have used ([3.25]).

The following result is a crucial lemma which has the role of estimating the errors of energy
when one wants to glue two Lipschitz maps along a Jordan curve.

Lemma 4.2. Let A C R? be a bounded open set and let B C A be a open subset whose boundary
is OB =:T C A is a closed Jordan curve of class C3; let u € BV (A;R™) be such that

|Du|(0B) =0,  ulLdB € BV(0B;R™),

let vt v~ € Lipy,.(A4;R™) be two maps and let § > 0 be small so that Ty is a tubular neighborhood
of I'. Then there exists a function wr : Rt — RT depending on T’ and on ul_T' (but independent

26



of vt ) with lim, o+ wr(t) = 0 and the such that following holds: for all € > 0 there exists a
function w € Lipy,.(A; R™) with

w=1v"in B\ Ts and w=v" in A\ B\ T,
lw—v" L rnp) < 3llvT —ullprmynms) + 1
lw —vF | 1 rynasy) < 3l —ullpinnaysy) + 7
/ [Vw — Vo~ |de <, / |Vw — VoT|dz < 7, (4.2)
B A\B
F(w,B) < F(s™,B) +r, F(w,A\B) < F(s", A\ B)+r,
r<e +wr(d3(v+LF,uLF) + ds(v_I_F,ul_F)).
Moreover, if vt v~ € Lip(A; R™) then w € Lip(A; R™).

Proof. Assume that v : [a,b] — R? is an arc-length parametrization of the loop I'. Let us
consider the corresponding map 75 in (3.16) and let T and T§+ denote the inner and outer
parts of T5 with respect to B, i.e., Ty = BN T, T(;r = Ts \ B. Then we set, for any n > 1,

v oXy . inTy \Te,
vFoXyt  in Ty \Te,
Wp =4 e n (4.3)
v in B\ T,
U+ in A\B\T5,

where we recall the maps ¥y and 2§, . in (3:36) and (3.45), with ¢ € (0,6) fixed. We have to
define wy, in T e: we set

p:=(w oXy, LI ¢, )= (vfoxf LT,
and recalling (3.9)), (3.10)), and (3.47)), we define
Wy i= Hy e in Te, (4.4)
where ¢, 1) : [a,b] — R™ are given by
~ c ~ c

By definition of ¢ and 1Z, using (3.36]) and (3.45)), ¢ and v can be equivalently written as
_ Cc _ _
Plt) = v 0 T50 Tanelt, <) = v (T5(t,0)) = v (x(1))
c
P(t) =v" 0 Ts 0 Topelt, —)= vt (T5(t,0)) = v* (v(2)).

In this way we have that w, is Lipschitz continuous in T« and

n
wp,=@onl_c, wy =1 on e.
n n

Moreover w,, turns out to be globally Lipschitz in A if so are v and v~. Let us estimate the
gradient and Jacobian determinant integral of w,, in Tj: by (3.55) we have

1
/ Vw, — Vo~ |de < B (=) + g(1 + GY)/ Vo~ |dz,
Ty \Te n n noJry
1
/ Vuwn — Votlde < g4 (1) + S CV)/ Vot|dz, (4.6)
T;\T% vtin n n T(;r
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and in particular there is a constant C, > 0 (depending on 7, but independent of n) such that

1
n n n

1 C
[ Ve <8 )+ 5+ ([ veldes [ wotias), @)
T5\Te Ty T
Furthermore, on account of (3.56)), it follows, for all 4,j € {1,...,m}, i # j,

[ M) - MY+ [ (V) - MYV
T \Te Ty \Te

1 C o i
G+ ([ o) de [ pvetde). (18)
TS T
As for the integral on Tc, using (3.50) and (3.51)), we have for all 7,5 € {1,...,m}, i # j,

1 - _
[ 19unlde < Crany G+ lsu = solls + 17— %l1)

Te
1 — o
< C%L%Lw(ﬁ + sy = sollr + 5o — Sollpr + |0 = Fllze + [|& — Fllze~)

/ MV |dz < Co g 1, 7 — Bl < Cotr

<
n

[ =Tl + [ = Fllz=). (4.9)

Here we have set o := uwo~ and denoted by @ the generalized curve in (3.4). By Proposition
we find a function a, such that, up to enlarging the constant C, 1, 1, if necessary,

ij 1
/T | M%(Vwy,)|dx —i—/T |Vw,|de < Cy 1, L, (E + ay(ds(p,0) + ds(¥,0))). (4.10)

We observe that inequalities (4.6]), (4.8]), and (4.10) entail

/T IM(Vo™) = M(Vwy,)|dz + /+ IM(Vut) — M(Vwy,)|dz < o(1) + Cyay(ds(p, o) + ds(1, 7))

T5

for some quantity o(1) tending to 0 as n — oo. These estimates together with (2.8]) entail

F(wn,B)Z/Bg(M(an)) </g(M(VU_))—39(M(Vv_))(/\/l(W_)—M(Vw))dw

B

<F(v,B)+ C'g/ IM(Vv™) — M(Vw)|dz =: F(v™, B) + 1/, (4.11)
TS
with ' < Cy(o(1) + Cyay(ds(p,0) + ds(¥,0))) =: Cyo(1) + wr(ds(p,0) + ds(1,0)). A similar
reasoning for the set A\ B leads to
F(w,A\ B)=F(v", A\ B) +r",

with 7" < Cyo(1) + wr(ds(p, o) + ds(1p,0)). So if we take n large enough, we have obtained the
last but one line in (4.2). Also the forth inequality in (4.2)) easily follows from (4.6) and (4.9).

It remains to estimate the L'-norms. Owing to the explicit expressions of ®, ., and H, , < in
& R P, 2
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(3.9) and (3.47), denoting h = £, we write

/Tﬁwnld“ O [ [t 057

n - // B(sp 01 + 50 (t) " ldrdt

< %(b —a)(1+ )(Ilcp — 7 zoo + |7 )
< %(mds(w)) +llolz=),

where the first inequality follows from (3.17]) and the last one from Proposition Analogously

Cy borh h—r — r
L wnde < 0+ 50 [ [ e 0) S B0

n

< (12 = Flleee + 19 = Tl + 2l[7 ] L)

:\533\53

<

(a4(ds(p,0)) + ay(ds(10,0)) + [lo]| =)

At the same time we have

/wn—v_]da::/ lvT o Xy, . — v |dx
B T5\Te Y

g/ lv" 0¥y, . —uo 5nc‘d:ﬂ+/ luo X5, . — u\dx+/ |lu— v~ |da
T\Te o T\Te T5\Te

C,. .
<(1+ 7)”” —UHLl(Tg) + /Té ) juo ¥y, . —ulde+ v _UHLl(T{)
<3llv” - U||L1(T5‘) Jr/ [uoXspe— uldz,

Ts

(for n > 1/C,) and a similar inequality holds for [ A\B |wy, —vT|dz. Hence, the second and third
inequalities in (4.2)) follow from the last three expressions, noticing that we can choose n big

enough so that

C
—lollr= <e, |uoXsne—uldr <e,
n 7

where the last condition can be obtained because u o ¥, — u in L (T5;R™) asn — oo, [

Being the construction leading to the result above local, it can be easily extended to more
general open set B as follows:

Corollary 4.3. Let A be a bounded open set and let B C A be an open subset with boundary
OB C A a finite union of closed curves of class C3; let u € BV (A;R™) be such that

|Du|(0B) =0,  ulL 0B € BV(dB;R™),
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let vt v~ € Lipyy.(A; R™) be two maps and let § > 0 be small so that Ty is a tubular neighborhood
of I' :== OB. Then for all ¢ > 0 there exists w € Lipy,.(A4;R™) such that the first five lines of

(4.2) hold, together with
N . . . .
r<e+ Y wpi(ds(0TLT, ulTY) + dy (07 LT, ulTY)), (4.12)
=0

where wpi : RY — RT are functions depending on T'* and on ul_T* respectively, such that
lim,_,g+ wri(t) = 0. Also, if vt v~ € Lip(4; R™) then w € Lip(A; R™).

A straightforward consequence of the previous result is the following:

Corollary 4.4. Let A be a bounded open set and let B C A be an open subset with boundary
OB a finite union of closed curves of class C3; let u € BV (A;R™) be such that

|Du|(0B) =0,  ul 9B e BV(9B;R™),
and let (ug), (vg) C Lipy,.(A; R™) be two sequences of maps such that

v —u and up — U strictly in BV (A;R™),
up LT = ulL T and v, LT? — ul_T? strictly in BV (T;R™),

where I' = Ui]iofi is the decomposition of T' in simple Jordan curves I''. Then there exists a
sequence (wy) C Lipy,.(A; R™) such that

wy — u strictly in BV (A;R™),
lim inf F(wg, B) < liminf F(vg, B),
k—o0 k—o0

liminf F(wy, A\ B) < liminf F(uy, A\ B).
k—ro0 k—ro0

Furthermore, if up and vy are Lipschitz continuous on A, so is wy.
We now use the previous result to modify suitable recovery sequences.

Lemma 4.5. Let A be a bounded open set and let B CC A be an open subset whose boundary
is OB =: T a finite union of closed curves of class C3. Let u € BV (A;R™) be given and assume
that 0 is a regular value for the function v in . Then there exists a recovery sequence
(vk) C Lip(B;R™) for F(u, B) such that v LT — ul.T" strictly in BV (T'; R™).

With a little abuse of notation, we have call v a recovery sequence even if, in general,
v ¢ CY(B;R™). With this we mean that

lim F (v, B) = F(u, B).

k—o00
Proof. Let (ug) C C1(B;R™) be a recovery sequence for F(u, B), let T5 be a tubular neighbor-
hood of T, with § € (0,1) small enough. We will modify u in T in order to produce vy. To
do so, we again assume that I" consists of a unique loop (the same argument applied to each
component of I' covers the general case). Let E;n’ ., be the map in , where we consider
the numbers ¢, € (0,4) in such a way that

lim o(—) = 4(0), (4.13)

n— 00 n
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and, at the same time, for all n > 0 fixed
Ul _en = ul T _cn strictly in BV (I’ _en ; R™).

This choice is possible thanks to the hypothesis that 0 is regular for ¢, and since the convergence
above holds on I'y, for a.e. t € (—4,0). Then we define

(@) =g (35,,,,) (@), zeTy.

Notice that (X5, . )7' : Ty —= Ty \ Ten is such that (X5, . )7'(I') = ['_en, and so, writing
x =Ts(t,0) for x € T, t € [a,b], we have

Uk n(T(£,0)) = uk(Ts 0 V5 ., (10)) = un(T5(t, 75,1, (0))) = un(T5(t, =),
for all ¢ € [a, b]. In particular Remark implies that, for all n > 0 fixed
Vgm0 T5(+,0) = wo Ts(-, —C—n) strictly in BV ([a, b]; R™).
n

We can then find, for all £ > 0, a natural number n; > 0 such that n; 400 (as k — o0) and
satisfying

bd n 1
/ Vo (IR :/ |2 (Ta( Ot < | Deu(To(, 7)) ([a. D) + 7.
r a Nk k

where ¢ appears in (3.20) which, we recall, is the unit oriented tangent vector to I'. Recalling

(3.21]), we also have
Cn
[ Deu(T5(-, =) ([a, b) = [Deul(T_ens )
k g

so we readily infer, thanks to (4.13)) and the lower semicontinuity of the variation, that

i [ Vor, (a1 = [ Del(D),
k—o0 T
and therefore the function vy := vy, satisfies
vgLT — ul T strictly in BV (I'; R™).

To conclude the proof we need to show that vy is still a recovery sequence for F(u, B). Notice
that, since uy, are Lipschitz in B\Ten and Xy ., 18 bi-Lipschitz, also vy ,, are Lipschitz continuous

on B. In Ty, arguing as in (3.52), it holds, for 4,5 € {1,...,m}, i # j,

Voi(z) = Vur(S5,, . @)VE o (@) = Vir(Ssngen, (2)) + Vur(Ssnycn, ()5, . (@),
My (Vor(@)) = Miy(Vur(Es e, (2))) + Mip(Var( Sy e, (©)ds 0, 0, (@), (4.14)

thanks to (3.46). We then introduce the vector

M(Vur(S5h, o (@) = (L, Var(S5) . (@), Mia(Vu(S5) . (2))). (4.15)

an
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where to shotcut the notation, we have denoted Mio(Vw) € R™™+1)/2 the vector with entries

Mg(Vw), i,7€{1l,...,m}, i # j. Using (3.46) we infer

an

M(V0r) = MTur(55, o D] 20, V(S50 o, @) Mia(Van(S5, @)

Therefore, exployting (2.8)), (3.42)), and the convexity of g, we can estimate

FnT7) < [ 1oMT0) - o(M(Vur(S5), ,, @))ldo + [

8

IM(Vur(Z5), ., (2)))da

= C;i?/— ’(0 Vur(S5m cn (@), Mo (Vg (35, 5%0” :c)))))dgg
[ T, )
_ GGy / 0V, Mia(Vui()) || det (Vs e, (9)]dy
Nk JTy\Ten,

s [ g (RATu) et (Vs ()
T \T eny

C C kC’
nk7(1+ nk)/T_\Tcn ’(Ovvuk(y)»Mlz(Vuk(y))‘dy
C N
o+ [ o STy
S5 (1 52 (9l (4) + 12 (V)| (4)) + (1 + ) P, T5)

and so, thanks to (2.7]), we conclude, for k large enough,

<

_ _ C

F(’Uk,T(S ) < F(uk,T5 ) + ’Yl;g (]Vuk\(A) + F(uk,A)) y

for a constant C, , > 0 depending on +, g, but independent on u; and k. As a consequence,
using that uy is a recovery sequence and that it is converging to u strictly in BV (Q;R™), we
are led to

limsup F'(vg, Ty ) < hm F(uk, 5 )

k—o0

which means that v is a recovery sequence as well, thanks to the fact that vy still converges to
u strictly in BV (£2; R™) (how it is easily checked from (4.14))). O

Proposition 4.6. Let A be a bounded open set and let B CC A be a open subset whose boundary
is OB =:T' C A a finite union of closed curves of class C3. Let Ts C A be a tubular neighborhood
of T, let ¢ : (—0,9) — R be the function defined in , and assume that 0 s a regular value
for . Let (up) C CY(A;R™) be a recovery sequence for F(u; A) such that up LT — ul T strictly
in BV(I';R™); then ui B is a recovery sequence for F(u; B).

Proof. We prove the assertion arguing by contradiction, so assume that uy is not a recovery
sequence for F(u, B); we can then extract a subsequence such that there exists the limit

lim F(ug, B) > F(u, B).

k—o0
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Let (vx) C CH(B;R™) be a recovery sequence for F(u, B) so that
F(u,B) = lim F(vg, B) < lim F(ug, B).
k—o0 k—o0
According to Lemma we can suppose that vy L T' — uL T strictly in BV (I'; R™). Therefore,
the same being true for ui LI, we are in the hypotheses of Corollary and we can find a

sequence wy € Lipj,(A;R™) (these are Lipschitz continuous in neighborhood U CC A of B,
and C! on A\ U) such that

lim F(wg, A) = lim F(wg, A\ B) + lim F(wg, B) = lim F(ug, A\ B) + lim F(v, B)
k—oo k—oo k—o0 k—o0 k—o0
< lim F(ug, A\ B) + lim F(ug, B) = lim F(ug, A) = F(u, A),
k—o0 k—oo k—o0

that is absurd. The thesis follows. O

5 Proof of Theorem [1.1I;} Monotonicity, inner regularity and
sub-addivitity

This Section is devoted to the proof of Theorem [I.1} To this purpose we need to use Theorem
and so we will check that hypohteses (i)-(iv) of that theorem are satisfied. We start with
the following technical result:

Proposition 5.1. Let A C Q be open and let (ur) C Lipy,.(©2;R™) be a sequence such that
up — u strictly in BV (SQ;R™); then there exists a sequence (wj) C Lipy,.(A; R™) such that the
following holds:

(i) w; — u strictly in BV (A;R™);
(1) liminf; o F(wj, A) < liminfy_,o F(ug, A).

Moreover, if uy, are either Lipschitz continuous or of class C* on A, then the sequence (w;) C
Lipy.(A;R™) also satisfies

(1) F(wj, A) > F(wj, A), for all j > 1.
Proof. Step 1: (Setup) As A C R? is bounded, we consider the set ¥, C A defined by
Y, i={x € A:dist(z, A) = .},

where the numbers 7),, are chosen so that for all n > 1 it holds 0 < 7,41 < 7y, and X, is a finite
union of Lipschitz loops ¥, = U?L’EZ% (see Lemma in Appendix). We assume that X! is a
unique Jordan curve for all ¢t = 1,..., N,. Let

dp, := min{dist(X%,%7), 0 <i < j < N}, (5.1)

and for all ¢ = 1,..., NV, we choose a simple loop IA“Z of class C* such that

. A d
I, c{x e A: dist(x, A°) € (Mnt1,mn), dist(z, X)) < Zn}’

and in such a way that the region enclosed by f; and Y} is an annulus type open set contained
in {x € A: dist(z, A°) € (Np+1,Mn)}. For all i, we denote by H this annulus so that

ﬁfl C{ze A: dist(z, A°) € (Mn+t1,mn)}, BJ/LI\; =Tl uxi.
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Furthermore we consider tubular neighborhoods T5; of f}l with gfl > 0 so small in order that

TSg C{z e A: dist(z, A°) € (Mn+1, 1), dist(z,3)) < 7}

Notice that, thanks to our choice of the parameters, it turns out that the open sets T 5o M E N,
1=1,...,N,, are mutually disjoint.

Let now (ug) C Lip;,.(©2;R™) be a sequence as in the statement. For all n > 1 and all
i=1,..., N, we choose a positive number ¢, < 52/2 such that, setting, as usual,

T, ={x € TAZ,L - dist(z,T%) = r}
the following conditions hold:
(a) [Dul((F4),) = 0 and ul (), belongs to BV((T%),, ; R™;
(b) Setting 9k () := |ul(T4), | pv = | Deu|((T),) then 7 is a regular value for i;
(c) (T Jpi = ul_(f%)r% strictly in BV((ffl)r%;Rm).
We observe that the loops (fg)% are of class C® and we denote
Ty, o= (Th)

let H! be the annulus type region enclosed by ¢ and T%, so that H! C f{\ . In this way
conditions (a), (b), and (c), are satisfied for T, replacing (F )i and 0 is a regular value for

i (r) = |ul(T%),|gy; finally, since ri < 5}1/2 the tubular neighborhoods T of I'Y, with
8t = 32/2, forn>0,¢=1,...,N, are all mutually disjoint.
For any integer n > 0 fixed, we consider the open set B,, defined as

= A, U UHZ

In this way and by definition of H!, we see that for all n > 1 it holds
B, CC A, A, C B, C Apt1.

Step 2: We now fix a natural number j > 0 and for all n > 1 we consider the functions wri := wrs
appearing in the right-hand side of (4.12 - then we choose a number a, > 0 so that

= 1

For n =1 we consider the set By and owing to conditions (a), (b), and (c), we choose a natural
number k1 ; > 0 so that

(1) ds(ug, LT}, ul.T)) <% foralli=1,...,Ny;
(2) Nugy; — ull (s, + 1| Dugy ;1(Br) — [Dul(Br)| < 453

(3) F(ug,;, B1) < liminfy oo Fug, Br) + 4%'
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Next, for every n > 1 we choose k,, j > kj,_1,; so that the following holds

(1%) ds(up, ,LT%,ul.Th) < %, Vi =1,...,N, and dg(ug, ;LT%_,ul T} ;) < *5%, Vi =
17“'7Nn—1;

(2%) Nk, ; = ullLr(B,\B,—1) + 1Dk, ;|(Bn \ Bam1) = |Dul(By \ Ba)| < sgiers
(3*) F(ug, ,,Bn\ Bn-1) < liminfj_o0 F(ug, By \ Bn1) + ]2%

Conditions (2) and (2*) can be obtained because uj — w strictly in BV(2; R™), and thanks to
the hypothesis that |Du| does not concentrate on 9By, for any n > 1 (so the strict convergence
is inerhited on By, \ B,_1).

Step 3: We now proceed to glue the maps uy, ; along the tubes Tj exploiting Lemma
More precisely, for all n > 1 we apply Corollary with A, B replaced by By,i1 \ Bn_1
and B, \ B,_1, respectively, § = d,, := min{dé%, i=1,...,N,}, and ¢ = m%, vT o= uy
+

n,j?
v" = ug, . This provides us with a map wy, ; € Lip(By41 \ B,_1;R™), (here we have set
By = @ to deal with the case n = 1) such that

Wnj = U, ; in B, \En_l \T(;n and wy, ; = (R Bni1 \En \T(sn,

Hwn,j - Uk, ; ||L1(T5ntn) < 3\|Ukn,j - U||L1(T5ntn) + Tnjs

lwnj = Whir il iz, By By S Slhainy = Wllpiery, BBy + s

/B \B ‘vwn,j - vukn,j|d‘r < Tnj, (53)
n n—1

/ _ |V’wn7j - vukm—l,]”d‘r < Tn,j>
B, +1\Bn

F(wn,j; B, \§n71> < F(ukmj;Bn \Enfl) + Tn,j)
F(wn,j; Bn+1 \En) < F(ukn_,_l’j; Bn+1 \En) + Tn,j,

N,
Tn’j S W + E wri (ds(Ukn’]LF,Zn,ULF%) +d8(uk‘n+17j|—1—‘:mU|—F%)) § ﬁ’
=0

where the last inequality is obtained in view of (1) and (1*), thanks to (5.2)). Due to the first
line, we can now define w; € Lipy,.(4;R™) as

Wi = Wnj on Un:=(By\ Bn-1\Ts,_,)UTs,.

We can now estimate

o0

lw; — U”Ll(A) < Z l|wn,; — Uk, 5 ||L1(T5nﬁBn) + [wn,; — Ukpi1,5 HLl(Ténm(BnH\En))
n=1
e e}

S Z 27'”7]‘ + 3||U - uk?n,j ||L1(T5nﬁBn) + 3||’LL - ukn+l,j ||L1(T§nm(Bn+1\§n))
n=1

where we have used (j5.3)), and thanks to (2) and (2*) we conclude

| o

lwj = ullpica) < = (5:4)

<

35



A similar argument applied to the forth and fifth lines in (5.3) and again based on (2) and (2*)
leads to

o
3
| Dw;|(A Z Duy, |(Ts, N By)| + | Dug, ., ,|(Ts, N Bng1)| + 2rn; < |Dul(A) + 5 (5.5)

Finally, arguing analogously, thanks to the first, sixth, and seventh line in (5.3)) and to (3) and
(3*%) we conclude

o0
F(wj,A) =Y F(w;,U, N By) + F(w;, Ts, \ Bn)

-

<> F(up,, Bn\ Bn-1) + F(up,,, ;, Bat1\ Bn) + 2rn;
n=1
2

<+ hmlan(uk,A) (5.6)
J

To conclude the proof, it is sufficient to observe that the sequence w; converges, as j — oo,
to w in L'(A;R™) thanks to (5.4); by (5.5)), the previous convergence is strict in BV (A;R™).
Moreover, implies (ii). To achieve the last assertion, it is enough to observe that w; can
be obtained as strict limit in BV (€;R"™) of the functions w;,, given by

j Um7
Bjm 1= {“” e (5.7)
Uk, p,; ON A\ Up,.

For these maps it is immediately checked that F(wjm, A) — F(w;, A). So by Theorem 2.7 (if
uy, are Lipschitz) and Theorem [2.8] . if uy, are of class C') we deduce that
F(wj, A) > liminf F(wjm,, A) > F(w;, A),

k—o00

where we have used Theorem [2.5]in the last inequality. O

Remark 5.2. We emphasize that inequality F(w;, A) < F(wj, A) is not guaranteed in general,
at this stage. This is due to the fact that w; is not globally Lipschitz in A but only locally, and
neither of class C*. We will prove that for a locally Lipschitz function u there holds F(u, A) =
F(u, A) only in after the proof of Theorem .

Corollary 5.3. Assume the hypotheses of Proposition and let By = &, and B, (n > 1) be
the sets in Step 1 of its proof. Then the sequence w; also satisfies, for allm > 1

. 1
F(wj, By \ Bp—1) < ll}gng(uk,Bn\Bn,l) + ]2"7“ (5.8)
If moreover uy, is a recovery sequence for F(u, A), then there holds:

lim F(wj, A) = F(u, A),
]-}OO
lim F(wj, By \ Bn-1) = F(u, By, \ Bn_1) Vn > 1, (5.9)
j—o0
lim F(wj, By) = F(u, By) Vn > 1.
j—oo
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Proof. Inequality follows from the definition of w;, expressions and conditions (3) and
(3*) in the proof of Proposition If uy, is a recovery sequence for F(u, A), then conditions
(a), (b), and (c), in Step 1 of that proof ensure, thanks to Proposition ur (B, \ Bp_1) is a
recovery sequence for F(u, B, \En_l) and at the same time uy L B, is a recovery sequence for
F(u, By); then the first line in follows from (ii) and (iii) of Proposition and similarly
the second and third lines follow from . O

We are now in a position to check conditions (i)-(iv) of Theorem we start with the
monotonicity condition (i):

Theorem 5.4. (Monotonicity) Let B C A be bounded open sets and let w € BV (A;R™); then
F(u, B) < F(u, A).

Proof. Let (ug) C C1(A;R™) be a recovery sequence for F(u, A). According to Proposition
(applied to the case A = § and B in place of A) there exists a sequence (w;) C Lip),.(B;R™)
such that

liminf F(wj;, B) < liminf F(ug, B) < liminf F(ug, A) = F(u, A).

Jj—00 k—o0 k—o0

Since F(u, B) < liminf;_, F'(w;, B) thanks to (iii) in Proposition we have concluded. [
As additivity (ii) is trivial, we proceed to verify (iv) of Theorem and then go to (iii).
Theorem 5.5. (Inner regularity) Let A C R? be a bounded open set; then
F(u; A) = sup{F(u; B) : B is an open set and B CC A}. (5.10)

Proof. Step 1: We consider the same setting in Step 1 of the proof of Proposition In
particular, we fix a recovery sequence uy for F(u,A), and assume that, for all n > 1, and
i=1,...,Ny,

(a) |Du|(T%) = 0 and ul_T% belongs to BV (T'%; R™);
(b) Setting ¢ (r) == |[ul(T'%)r| By = |Deul((T'%),) then 0 is a regular value for ¢;
(c) uplT? — ul T strictly in BV (T%; R™).
By standard arguments one sees that
sup{F(u; B) : B is an open set and B CC A} = sup{F(u; By) : n > 1}. (5.11)

Indeed, let B CC A; by compactness of B one has dist(B, A°) > 0 and so there exists n such
that B C A,, C B,. So, by monotonicity the inequality sign > holds in , and the converse
being obvious, the claim follows.

We fix € > 0 arbitrary, and prove that there exists n. such that

F(u, Bn.) > Flu, A) — ¢. (5.12)

This will imply the thesis by arbitrariness of ¢ > 0.

Step 2: Condition (c) ensures that, thanks to Proposition ur L By, and ug L (Bpy1 \ By)
are still recovery sequences for F(u, B,) and F(u, Bny1 \ By) respectively, for all n > 1. This
implies that

f(u, Bn) = klin;o F(uk, Bn) = Z klin;o F(uk, Bi \Ei—l) = Zf(u, Bi \Ei—l),
i=1 =1
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where once more we have set By = @. Since, by monotonicity, for all n > 1 we have F(u, By,) <
F(u, A), we conclude

i]:(uv B;i\ Bi—1) < F(u, A). (5.13)
i=1

Fix € > 0; by (5.13) the series in the left-hand side is convergent, and so we can fix n. > 0 so
that

> F(u,B;\Bi1) <e, (5.14)
i=ne+1

We consider the sequence w; provided by Corollary that, for all 7 > 1, is a recovery sequence
for F(u, B; \ B;—1) and for F(u, By_). From (5.8)) we deduce that

F(u, A) = lim F(w;, By.) + lim > F(w;,Bi\ Bi)

Jj—oo )
i=nes+1

oo o 1
< F(u, Bp.) + lim < > diminf F(ug, B\ Biot) + 7)
—00

; ion+1
J—00 imnet1 j2n
— 1
< F(u,By,) + lm (Y Flu,Bi\ Bioy) + f,)
J—0o0 . Vi
i=nes+1
= F(u,Bp.) +¢
By arbitrariness of € > 0 we conclude. O

Theorem 5.6. (Sub-additivity) Let u € BV (2; R™) be given. Then for all open sets Ay, A, A C
Q with A C Ay U Ay it holds

Flu, A) < F(u, A1) + F(u, Az).

Proof. Let ur, C C*(€;R™) be a recovery sequence for F(u, Ay U Ay). Starting from the set A,
we build, as in Step 1 of the proof of Proposition the sets B, CC A, n > 1. By definition
B, CApp1 ={x € A: dist(z, A°) > Ny } (5.15)
and taking into account that dB,, = UN" T enjoies properties (a), (b), and (c) in the proof of
Theorem we immediately obtain that u; L B, is a recovery sequence for F(u, By). Then we

fix & > 0; owing to the inner regularity, Theorem and thanks to (5.11]), we choose n. > 0 so
that

F(u,Bp.) > F(u,A) —e. (5.16)

Next we proceed once again along the lines of Step 1 of Proposition for the sets A; and Ao,
obtaining sets B. and B2, n > 1, for which

B, C Ajpy = {z € Ay : dist(z, A7) > myyq} C Bogas
B2 C A2 ={z € Ay: dist(z,AS) > n2, 1} C B,
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for suitable infinitesimal decreasing sequences of numbers 1. and 72 (which may differ from 7,,).
We therefore choose 7 big enough so that 7t 15 n2 41 < Tn.+1, and so we check that

B, CAp41CAr 4 UAZ , C By UBZ . (5.17)
Here the second inclusion is true since A C A7 U As, and so
{z € A: dist(z, A°) > np.+1} C {x € A: dist(x, (A1 U A2)°) > 41}
C{ze Ay dist(x, (A1 UA2)) > np g1t U{z € Ay« dist(x, (A1 U A2)°) > np_y1};
now since dist(z, (A1 U A2)¢) = min{ dist(x, A]), dist(z, AS)}, we also have
{z € Ay : dist(z, (A1 U A2)€) > npo41} U {x € Ay« dist(z, (A1 U A2)°) > npo41}

C{x e Ay : dist(z, A]) > mp41} U{z € Ay : dist(x, AS) > np_+1}
C {z € Ay : dist(z, Af) > np 1} U {z € Ay : dist(z, A3) > n2,,} = AL, UAZ .

From we can finally write, for all &,
F(ug, Bn.) < F(up, By ) + Fur, Brya),
and so passing to the limit as £ — oo we end up with
F(u,Bp,) < F(u, B%H) + F(u, B%H) < F(u, A1) + F(u, Ag), (5.18)

the second iequality following from monotonicity of F(u,-). This implies the thesis thanks to
(5.16) and the arbitrariness of €. O

6 Examples of representation formulas

In this section we revise some examples showing how the area functional relaxed with respect
to strict topology is representable in an integral form.

First we see that for a locally Lipschitz map u € BV(£;R™) there holds the standard
expression

F(u, Q) = Fu, Q).

This is because, since F(u, -) is the restriction of a Borel measure, we have

F(u,Q) = lim F(u,Qp) = lim g(M(Vu))dz = / g(M(Vu))dz,

for any increasing sequence of sets 2, CC Q with U,{2, = . Notice that the second equality
above follows since « is Lipschitz on €2, and we can apply Theorem

We now pass to a more involved example: Consider a rectangle R := (a,b) x (c,d) C R?,
let h € (¢,d) and let S := (a,b) x h. Let Rt := (a,b) x (h,d), R~ = (a,b) X (c,h), and
u € BV(R;R?) be a map such that ut = uL R* are Lipschitz continuous. In this case the
relaxed area A(u, R) has been proved to be [5]

A(u, R) := A(u, R) + A(u, R7) + / 10, X A 9, X2 dtds, (6.1)
(a,b)x(0,1)

where X2 is the affine interpolation between the traces of u* on S, namely

X (L, 5) = (¢, su™ (8, h) + (1 — s)u™ (£, b)), V(t,s) € (a,b) x (0,1).  (6.2)
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This result can be extended to piecewise Lipschitz maps with jump forming a network (namely
a graph consisting of finitely many C?-curves meeting at finitely many junctions points, see [5]).
A similar representation formula holds for this kind of maps, where however there appears also
the singular contribution of solutions of suitable plateau problems accounting for the junctions
points (see |5, Theorem 1.1}).

Another important case is the one of Sobolev maps with values in S*, v € WH1(€;S!). In
this case, if det (Vu) = 7> .77,(6g, — dy,) (see [14] and references therin), then the measure
w(A) := A(u, A) takes the form

p=1+[Vul2- L2471 (6, +y,).

i=1

For general maps of bounded variation w an explicit expression of u is not known at the present
stage. This will be object of future research.

6.1 A Cartesian map with singular relaxed area

We consider a Lipschitz curve ¢ : S! — R? and, for Q = B,, r > 0, the 0-homogeneous map
ug, 1 @ C R? — R? given by

X

() = @(m), z € 2\ {0} (6.3)

It is easy to see that the graph of u,, treated as a 2-integral current G, , € Da(2 x R?), satisfies
0Gu, = 8o x ¢4[S'] in D;(Q x R?),

where 4 [S'] is the integration over the image of ¢, i.e., the push-forward by ¢ of the standard
integration over the unit circle S'. According to the results in [4] (see also [17]) it holds

Ay, Q) —/Q«/l Vg 2dz + P(o), (6.4)

where P(y) corresponds to the area of a disk-type solution of the planar Plateau problem with
boundary ¢(S!). Specifically

P(p) == inf{/ 05, ® A O, ®|dz : & = ¢ on OBy, ® € Lip(By;R?)}. (6.5)
B

This Plateau problem can be singular, in the sense that the contour ¢(S!) of the minimal disk
can have self-intersection and overlappings (see [19H21,136] for this kind of Plateau problem
and generalization). It is interesting to observe that this singular contribution is related with
the presence of the Jacobian determinant in the integrand of our functional. Indeed, a similar
contribution appears when we consider the total variation of the Jacobian (see [4,17]), relaxation
with respect to the strict convergence in BV of :

TVT (uyp, ) = P(p), (6.6)

(compare with the results in [45] and [26]).

We now make a specific choice for ¢: Let I'; and I's be two circumferences tangent to each
other at the origin 0. If a; denotes a constant speed parametrization of I'; starting from 0, we
consider the concatenation

O i=aikagxa;txayt, (6.7)
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that is a Lipschitz closed curve running the 8-shaped figure consisting of I'y U T’y two times, the
first with opposite orientation of the second time. Due to this, it turns out that the current
©4[S'] is null, so that u, is a Cartesian map, namely

9Gu, =0 in D1(Q x R?).

At the same time still holds, and P(y) is nonzero; indeed it turns out that P(y) coincides
with two times the area of the smaller circle between I'; and I'y (see [19,45]).

We now give a short proof of the following interesting observation (see [33, Theorem 1,
Section 6.5.1]):

Theorem 6.1. Let r > 0 and uy, : B,(0) — R? the Cartesian map in (6.3) with ¢ be the double
eight curve in (6.7). Then, it holds

A (uy, B / 1+ [V, Pda. (6.8)

In other words we have found a Cartesian map whose area functional, even if relaxed with
respect to the L'-topology, is strictly greater than the area of its graph.

Proof. Assume by contradition that for some 7 > 0 it holds

A" (uy, B /\/l—i-\Vu(p]?dx

Let (uz) C C1(Br; R?) be a recovery sequence for AL (ugp, Br) and denote Vj, := Vuy. We have

limsup/ 1+ |Vi|?de < lem / \/1 + [Vi|? + | det (Vug)|? = / 1+ |Vu,|?de
- J Br B

k—o0

and, on the other hand, by lower semicontinuty

liminf/ 1+ |Vi|?de > / 1+ |Vuy|?dz.
BF B?

k—o00

So limy, 0 fB? V14 |ViPde = fB? /14 |Vuy|?dx; hence by Proposition we conclude V;, =

Vuy, — Vu,, strongly in L'(Br). But strong convergence of gradients implies strict convergence
in BV (Br;R?), so by (6.4) we arrive at

li&ng(uk, F) > A(uy,, B / V14 |Vugyl?de + P / V14 |Vug|?dz,

a contradiction. O

7 Appendix

We collect here some useful results for the above discussion.

Lemma 7.1. Let A C R be a bounded open set and let fi, f € L*(A) be non-negative functions
such that

lim / frdx :/ fdx, f(z) = liminf fi(x) ae. v €A
k—oo J 4 A k—o0
Then fi, — f in L'(A).
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Proof. We prove that ¢y, := f; — f tends to 0 in L'(A4). To this aim, we denote by ¢ =
Y V0 and ¥, = (=) V 0 the positive and negative parts of vy, respectively, so that it is
enough to show that they both tends to 0 in L'(A). As for the negative part, we readily see
that ¢, = (f — fr) VO < f, and moreover from f(x) = liminfy_,o fr(2) we deduce that
limsupy ., f(z) — fe(xz) = 0, hence lim;_,, 9, = 0 a.e. on A. Therefore, by Dominated
Convergence Theorem ;. — 0 in L'(A).

This also allows to treat the positive part, since we know that 0 = limg_ o f 4 Yrdr =
limy_yo0 [4 ¥; dz, which implies ¢;" — 0 in L'(A). The thesis is achieved.

The following result can be found in [30]:

Lemma 7.2. Let U C R? be a relatively compact set; then for a.e. t > 0 the set
Iy = {z e R?: dist(z,U) = t},
consists of finitely many Lipschitz curve.

Proof. This follows from the fact that for a.e. ¢ the set Uy := {x € R? : dist(z,U) < t} is an
open set with Lipschitz boundary. ]
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