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Abstract

We consider the relaxation of polyconvex functionals with linear growth with respect to
the strict convergence in the space of functions of bounded variation. The functionals under
relaxation are of the form F (u,Ω) :=

∫
Ω
f(∇u)dx, where u : Ω → Rm, and f is polyconvex.

In constrast with the case of relaxation with respect to the standard L1-convergence, in the
case that Ω is 2-dimensional, we prove that the sets map A 7→ F (u,A) for A open, is, for
every u ∈ BV (Ω;Rm), m ≥ 1, the restriction of a Borel measure. This is not true in the
case Ω ⊂ Rn, with n ≥ 3. Using the integral representation formula for a special class of
functions, we also give a short proof of the existence of Cartesian maps whose relaxed area
functional with respect to the L1-convergence is strictly larger than the area of its graph.

Key words: Polyconvexity, Plateau problem, relaxation, area functional, minimal surfaces,
Cartesian maps, integral representation.
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1 Introduction

Polyconvexity arises in non-linear elasticity as in many branches of mechanics of solids, and is
a more realistic hypothesis on the energy functional than just convexity [3]. The setting under
consideration in this paper is the one where the growth of the involved functional is linear,
circumstance in which the standard lower semicontinuity results [31,33] do not apply.

Given an open bounded set Ω, the prototype example of energy with this growth condition is
provided by the area functional that, given a map u : Ω ⊂ Rn → Rm smooth enough, computes
the n-dimensional Hausdorff measure of the graph Gu := {(x, y) ∈ Ω × Rm : y = u(x)} of u.
Thanks to the area formula, the area functional takes the form

A(u,Ω) :=
∫
Ω
|M(∇u)|dx, (1.1)

where M(∇u) is the vector whose entries are all the determinants of the k × k-submatrices of
∇u, k = 0, . . . ,min{n,m} (the 0× 0 determinant is conventionally taken as 1). More generally,
we consider energies such as

F (u,Ω) =

∫
Ω
f(∇u)dx, (1.2)
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where f is polyconvex, that is, there exists a convex function g such that

f(∇u) = g(M(∇u)). (1.3)

The condition of linear growth considered in [1] is expressed by the relation

g(M(∇u)) ≥ c0|M(∇u)|, (1.4)

for some positive constant c0. Due to the lack of lower semicontinuity of this kind of functionals
a relaxation procedure is necessary. This approach has been studied in [1], where the authors
considered the L1-relaxation of F given by

FL1
(u,Ω) = inf{lim inf

k→∞
F (uk,Ω) : (uk) ⊂ C1(Ω;Rm), uk → u in L1(Ω;Rm)}, (1.5)

and defined for any u ∈ L1(Ω;Rm). The relaxed functional FL1
turns out to be L1-lower semi-

continuous and extend the functional F from C1(Ω;Rm) to L1(Ω;Rm). However, the behaviour
of FL1

is extremely wild, due to non-local phenomena that arise already for the relaxed area
functional as soon as n,m > 1. Apart from the 1-dimensional case (n = 1) that is much simpler,
assuming n ≥ 2, there is a big difference between the one codimensional case (m = 1) and the
higher codimensional one. Indeed, if u is scalar valued, then the functional FL1

is local and
admits an integral representation: In the special case of the relaxed area functional, which we
denote by AL1

, it can be proved that the domain of AL1
is the space BV (Ω) and that

AL1
(u,Ω) =

∫
Ω

»
1 + |∇u|2dx+ |Dsu|(Ω), ∀u ∈ BV (Ω), (1.6)

where ∇u denotes the approximate gradient of u and Dsu the singular part of the distributional
derivative Du of u. A similar expression in terms of the recession function holds in the case of
general function g (see [23]).

Instead, the case m ≥ 2 does not enjoy so good properties: For general u ∈ BV (Ω;Rm) it
can be proved only that

AL1
(u,Ω) ≥

∫
Ω

»
1 + |∇u|2dx+ |Dsu|(Ω), ∀u ∈ BV (Ω;Rm),

FL1
(u,Ω) ≥

∫
Ω
g(M(∇u))dx+ c0|Dsu|(Ω), ∀u ∈ BV (Ω;Rm), (1.7)

and that there exist maps of bounded variations for which AL1
(and FL1

) is +∞ (see [12, 13]).
The domain of AL1

, namely the set of maps for which AL1
is finite, is a subset of BV (Ω;Rm),

whose precise description is not available. Moreover, it has been proved in [1] that, for some fixed
u ∈ BV (Ω;Rm), the set function A ⊂ Ω → FL1

(u,A) is not in subadditive, and thus FL1
does

not admit any integral representation. This is true also for the area functional, where the non-
subadditivity property has been incountered already for two simple examples of functions: The
vortex map uV and the triple junction function uT . The former is the Sobolev map uV (x) =

x
|x|

in the ball Ω = BR(0) ⊂ R2, the latter uT : BR(0) ⊂ R2 → {α, β, γ} is a piecewise constant
map assuming three values that are the three vertices of an equilateral triangle in R2. For
both these functions, suggested by De Giorgi in [24], Acerbi and Dal Maso proved the non-
subadditivity property exploiting suitable lower and upper bounds for AL1

. Also, the precise
values of AL1

(uV , BR(0)) and AL1
(uT , BR(0)) were not available at that time, and only recently

2



it has been possible to find them explicitely (see [7–9, 11, 46]). In the last references, it is clear
how the nonlocality of AL1

(uV , ·) and AL1
(uT , ·) pops up: In the former case, we have

AL1
(uV , BR(0)) =

∫
BR(0)

»
1 + |∇uV |2dx+H2(CR), (1.8)

where H2(CR) is the 2-dimensional Hausdorff measure of a minimal surface CR obtained by
solving a particular non-parametric Plateau problem with partial free boundary in codimension
1. This object, whose shape is (the half of) a sort of catenoid constrained to contain a segment,
is a suitable projection in R3 of the vertical part of the cartesian current S obtained as limit of
the graphs Guk ⊂ Ω×R2 of a recovery sequence (uk) ⊂ C1(BR;R2) for AL1

(uV , BR(0)) (see [8]

for the non-parametric Plateau problem and [7,9] for the computation of AL1
(uV , BR(0))). The

radius R > 0 represents the height of the catenoid, and hence the area of CR depends on
R, in such a way that H2(CR) ≤ 2πR; for R larger than a certain threshold it happens that
H2(CR) = π. A similar phenomenon is observed for uT , where the singular contribution in
AL1

(uT , BR(0)) is provided by the area of three minimal surfaces in R3 solving a nonparametric
Plateau-type problem with partial free boundary. Also in this case, these minimal surfaces
have the role of filling the holes in the graph of GuT , hence arising as vertical parts of the
cartesian current obtained as limit of the graphs Guk of a recovery sequence (uk) ⊂ C1(BR;R2)

for AL1
(uT , BR(0)) (see [11,46]).

The relaxed area of uV and uT in a ball BR(0) are the unique non-trivial cases in which
AL1

(u,Ω) is explicit, and minimal changes in the geometry of the domain or on the choice of
the function u makes the computation of AL1

(u,Ω) out of reach; in more general cases, only
(non-sharp) upper bounds are available, as in [14] for the case of Sobolev maps with values in
S1 (thus generalizing the vortex map) and in [6, 47] for the case of piecewise constant functions
taking three values (hence generalizing the triple junction function). In any case, we believe
that the vertical parts of cartesian currents obtained as limits of the graphs Guk of a recovery
sequence (uk) ⊂ C1(BR;R2) can be often described, in a similar fashion as for uT and uV ,
as minimal surfaces arising as solutions of non-parametric Plateau problems with partial free
boundaries (see [10]) or semicartesian Plateau problems (see [12,13]).

One of the issue encontered in the analysis of the relaxation in (1.5) is that, when one
considers, for u ∈ BV (Ω;Rm), a sequence (uk) ⊂ C1(Ω;Rm) realizing the infimum (i.e., a so-
called recovery sequence), then the limit of the graphs Guk in Ω×Rm, seen as integral currents,
cannot be easily identified. Indeed, it is only known that

Guk ⇀ Gu + Vmin =: Smin,

where Vmin is called vertical part, and is such that ∂Vmin = −∂Gu. But unless few general
properties on Vmin (that are common to vertical parts of cartesian currents, see [32]) nothing
can be said, a priori, on its geometry. The knowledge of Vmin would give rise, at least for the
area functional, the trivial lower bound (which follows by lower-semicontinuity of the mass)

AL1
(u,Ω) ≥ |Smin| = |Gu|+ |Vmin|,

where by | · | we indicate the total mass of a current. However, Vmin strongly depends on Ω, in
general, and this is the main reason of non-locality of AL1

(and of FL1
).

In contrast, this phenomenon disappears, at least in the case n = 2, if one consider the
relaxation of F with respect to strict topology in BV (Ω;Rm). Namely, let us consider, for
Ω ⊂ R2 and for all u ∈ BV (Ω;Rm), the functional

F(u,Ω) = inf{lim inf
k→∞

F (uk,Ω) : (uk) ⊂ C1(Ω;Rm), uk → u strictly in BV (Ω;Rm)}. (1.9)
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It is then possible to show that if uk ⊂ C1(Ω;Rm) converges to u strictly in BV (Ω;Rm) and
A(uk,Ω) < C < +∞ for all k, then

Guk ⇀ Gu + Vstrict =: Sstrict as currents, (1.10)

where Vstrict (and hence Sstrict) is uniquely determined and does not depend on the specific
sequence uk. This result has been proved in [42], where relaxation in (1.9) has been considered
for the area functional. The relaxed area functional under strict convergence has been analyzed
more in detail in [4, 5, 17,18]. Due to the more restrictive request that uk approximate u in the
strict topology, it is straightforward that

F(u,Ω) ≥ FL1
(u,Ω),

and strict inequality often occurs. In fact also the domain of F(u,Ω) is strictly smaller than that
of FL1

(u,Ω) (precisely, there exists u ∈ BV (Ω;Rm) for which AL1
(u,Ω) is finite and A(u,Ω) is

+∞, see [5]).
As a consequence of (1.10), for the relaxed area functional A(u,Ω), it holds

A(u,Ω) ≥ |Sstrict| = |Gu|+ |Vstrict| =
∫
Ω
|M(∇u)|dx+ |Vstrict|. (1.11)

This provides a natural lower bound for A(u,Ω), since Vstrict is uniquely determined by u.
However, it has been observed [42] that also in this case the strict inequality can occur in (1.11),
so the lower bound is not optimal (see also [4,5,17]). On the other hand, following the analysis
of [4, 5, 17], in the case that Ω ⊂ R2, all the phenomena related to non-subadditivity of the set
function A 7→ A(u,A) seemed to disappear, at least for a suitable class of maps of bounded
variation u, so it has been conjectured that actually the set function A 7→ A(u,A) is a Borel
measure restricted to the class of open sets. This conjecture has been disproved in the case
Ω ⊂ R3 in [18], where the authors show that already for the vortex map uV (x) = x

|x| some

similar phenomena as in dimension 2 for AL1
take place. However it remained an open problem

to undestand if in dimension 2 the conjecture is true.
In the present paper we show this conjecture, which actually applies also for the more general

polyconvex functionals F :

Theorem 1.1. Let Ω ⊂ R2 be an open and bounded set, let m ≥ 1, and let u ∈ BV (Ω;Rm);
then the function A 7→ F(u,A), defined for all open sets A ⊆ Ω, is the restriction of a Borel
measure.

The above result applies to all polyconvex functionals of the form (1.2) satisfying (1.3) for
a general convex function g that is linear or sublinear, in the sense that there exists a positive
constant Cg with

g(M(∇u)) ≤ Cg(|M(∇u)|+ 1). (1.12)

At the same time, we assume also some coercivity property of g (see (2.7) below), that in the
case in which n = m = 2, it is expressed as

cg| det (∇u)| ≤ g(M(∇u)) (1.13)

for some positive constant cg (condition that is weaker than (1.4)). With these two requirements
we includes in our analysis the interesting prototype cases of the area functional g(M(∇u)) =
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|M(∇u)| and of the total variation of the Jacobian functional, i.e., the functional (in the case
n = m = 2)

TV J(u,Ω) :=

∫
Ω
|det (∇u)|dx, (1.14)

defined for u : Ω → R2.
In order to show Theorem 1.1 we apply the standard result due to De Giorgi and Letta

which characterizes the maps on open sets which are Borel measures (see Theorem 3.1 below).
This accounts to check monotonicity, additivity, subadditivity, and inner regularity of the set
function A 7→ F(u,A), defined for A open. Although additivity on disjoint set is straightforward,
notice that already monotocity is non-trivial, due to the fact that, if B ⊂ A, the restriction of a
recovery sequence for F(u,A) to B is not necessarily converging strictly to u on B. So, accurate
modifications of recovery sequence are necessary.

A fundamental step to show subadditivity and inner regularity is contained in Proposition
4.6. Under suitable conditions on u and B ⊂⊂ A, it states that if uk is a recovery sequence for
F(u,A) and uk ∂B strictly converges to u ∂B, then uk B is a recovery sequence for F(u,B).
To prove Proposition 4.6 we assume that vk is a recovery sequence for F(u,B) and we consider
a map wk obtained by glueing vk and uk (A \ B) on a tubular neighborhood of ∂B. We show
that this can be done by modifying vk and uk (A \B) a little bit so that their energy does not
increase too much; this is possible thanks to the assumption of strict convergence of uk to u on
∂B, since Proposition 3.6 allows to reparametrize uk ∂B in such a way that it can be glued
to vk ∂B by a tricky interpolation argument. This is a crucial point, which is possible only
because the set ∂B is 1-dimensional, and this argument fails in the case B ⊂ Rn with n ≥ 3 (this
is related with the fact that the total minimal lifting of u is unique, see [42], that is not true in
dimension greater than 2). To apply the previous interpolation between vk and uk (A \B) we
need that vk ∂B also converges to u strictly on ∂B. This is not always true, and requires an
ad hoc modification of a recovery sequence vk for F(u,B). A key ingredient in order to modify
recovery sequences is the fact that strict convergence on an open set A ⊂ R2 is inherited on
suitable curves Γ ⊂ A. This allows to conclude that vk converges strictly to u on almost every
level set of the distance function d(·, ∂B). With ad hoc transformation in tubular neighborhood
of ∂B, we can then modify vk, without changing F (vk, B) too much, in order that the modified
sequence converges strictly to u on ∂B (see Lemma 4.5).

In view of Theorem 1.1 we expect that, at least for the area and total variation of the
Jacobian functional, a suitable integral representation is possible. We provide in Section 6 some
examples of known results. Using these, it is possible to show that for the standard relaxation
of the area functional with respect to the L1 convergence, the singular contribution is not only
due to the presence of holes (or singularities) in the graph of the considered map. Indeed,
even if a map u : Ω → R2 is Cartesian (i.e., its graph Gu has not holes, namely ∂Gu = 0 as
current in D1(Ω× R2)), it is possible that the relaxed area AL1

(u,Ω) is strictly larger than the
2-dimensional hausdorff measure of Gu (in other words, a singular contribution due to relaxation
pops up). This result is given providing a special function u (see Theorem 6.1 in Section 6), but
can be easily extended to more a general class; we point out that the aforementioned Theorem
was already known and proved with different techniques in [33, Theorem 1, Section 6.5.1].

We finally emphasize that an integral representation of this kind of functionals as in [23]
is not possible if we relax with respect to the L1-topology, due to the lack of sub-additivity of
A 7→ FL1

(u,A), unless one requires more restrictive growth conditions on g (see for instance
[28,29,48]).

The structure of the paper is as follows: In the next Section 2 we introduce some standard
notation and in its Subsection 2.2 we recall the setting of the problem and give the first results
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on relaxation. In Section 3 we start with measure theoretic, geometry tools, and preliminary
results; further in Section 4 we start by describing how to modify Lipschitz maps in order to
cut and paste suitable recovery sequences for F(u,Ω). In Section 5 we finally give the proof
of Theorem 1.1, exploiting De Giorgi and Letta Theorem, and thus checking that standard
conditions of the set map A 7→ F(u,A) are satisfied. In Section 6 we exhibit some known result
of representation formulas for the area functional (and for the total variation of the Jacobian
one); motivated by this, we introduce the double 8-curve map uφ, which is a 0-homogeneous
Cartesian map and we show in Theorem 6.1 that

AL1
(uφ, Br(0)) >

∫
Br(0)

»
1 + |∇uφ|2dx.

The paper ends with an Appendix where we collect a couple of standard results used in the
manuscript.

2 Notation and Setting

2.1 Notation

In what follows we denote by Ln the Lebesgue measure and, for 0 ≤ d ≤ n, by Hd the d-
dimensional Hausdorff measure in Rn. Let A ⊆ Rn be an open set and let M ≥ 1, we denote by
Mb(A;RM ) the space of Radon measures with bounded total variation, and if µ ∈ Mb(A;RM )
we denote by |µ|(U) its total variation on U ⊆ A.

Functions of bounded variation: We will recall the main properties of functions of
bounded variation, and we refer to [2] for more detail. Let A ⊆ Rn be an open set and let
u ∈ BV (A;Rm) be a map. We denote by Du the distributional derivative of u which splits as

Du = ∇u+Dcu+Dju,

where ∇u is the approximate gradient (i.e. the absolutely continuous part of Du with respect
to Ln), Dcu is the Cantor part, and Dju the jump part of Du. The jump set of u is denoted by
Su ⊂ A and it is a (n− 1)-rectifiable set; if ν is a unit vector normal to Su at x ∈ Su, then we
denote

u+(x) := aplimy→x, (y−x)·ν>0 u(x), u−(x) := aplimy→x, (y−x)·ν<0 u(x)

and so it turns out that

Dju = (u+ − u−)⊗ ν · Hn−1 Su.

We denote by |Du|(A) the total variation of u in A, that coincides with

|Du|(A) = sup{
m∑
i=1

∫
A
ui · div φidx : φ ∈ C1

c (A;Rm×n), ∥φ∥L∞ ≤ 1} (2.1)

where φi denotes the i-th row of φ.
In the one dimensional case n = 1 the jump set Su reduces to an at most countable (possibly

empty) subset of A. If t ∈ A we denote

u(t+) := lim
x→t+

u(x) u(t−) := lim
x→t−

u(x),

so that Dju =
∑

t∈Su(u(t)
+ − u(t)−)δt =

∑
t∈Su(u(t

+)− u(t−))δt. In the one dimensional case
there exists always a good representative of u that is right-continuous, and its only discontinuity
points are those in the jump set.
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Definition 2.1. We say that a sequence uk ⊂ BV (A;Rm) converges to u ∈ BV (A;Rm) strictly
in BV (A;Rm) if

uk → u in L1(A;Rm), |Duk|(A) → |Du|(A),

when k → ∞.

The topology induced by the strict convergence is metrizable and we denote by ds the distance
associated with it: Specifically, for u, v ∈ BV (A;Rm) we set

ds(u, v) := ∥u− v∥L1 +
∣∣|Du|(A)− |Dv|(A)

∣∣. (2.2)

With this notation uk → u strictly in BV (A;Rm) if and only if ds(uk, u) → 0.
We recall the following approximation result:

Theorem 2.2. Let A ⊂ Rn be a bounded open set, and let u ∈ BV (Ω;Rm). Then there exists
a sequence (vk) ⊆ C∞(A;Rm) such that vk → u strictly in BV (A;Rm).

Inspecting the proof of the Theorem above (see, e.g., [2]), the following remark is in order:

Remark 2.3. The previous Theorem is obtained by a local argument of mollification and then
using a unity partition. In particular, if u is Lipschitz continuous in A, then

vk → u weakly* in W 1,∞(A;Rm) and strongly in W 1,p(A;Rm),

for all p < ∞, and the functions vk are Lipschitz continuous with Lipschitz constant less than
or equal to the one of u.

Multi-indeces and sub-determinants: Let n,m ≥ 2 be fixed integers; multi-indeces
α ⊆ {1, . . . , n} and β ⊆ {1, . . . ,m} are two ordered sets, possibly empty. We denote by | · |
the cardinality; by α we denote the complementary of α, i.e. α := {1, . . . , n} \ α, and similarly
β := {1, . . . ,m} \ β. Given a m× n matrix A = (aij), i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}, and given
α, β multi-indeces as above such that |α|+ |β| = n, we denote by

Mβ
α (A),

the determinant of the submatrix of A whose columns are indexed in α and lines in β, multiplied
by θ(α), the sign of the permutation (α, α) ∈ S(n) (with the convention that M∅

∅ (A) = 1). In
the specific case of our interest, if n = 2 and A = ∇u, with u : R2 → Rm a sufficiently smooth
map, it holds

M∅
∅ (A) = 1 M i

j(∇u) = (−1)j
∂ui
∂xj

M i1i2
12 (∇u) = ∂ui1

∂x1

∂ui2
∂x2

− ∂ui2
∂x1

∂ui1
∂x2

.

We denote by {e1, . . . , en} the canonical basis of 1-vectors of Rn, and by {ε1, . . . , εm} that
of the target space Rm. The dual basis of 1-covectors are denoted by {dx1, . . . , dxn} and
{dy1, . . . , dym}, respectively. If α ⊆ {1, . . . , n} and β ⊆ {1, . . . ,m} are ordered sets as above, we
denote by eα and εβ the k-vector and h-vector defined as

eα := eα1 ∧ · · · ∧ eαk if α = {α1, . . . , αk}, (2.3)

εβ := εβ1 ∧ · · · ∧ εβh if β = {β1, . . . , βh}, (2.4)
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where k = |α|, h = |β|, so in the case n = 2 it holds

e∅ = 1, eα = ej if α = {j}, e12 = e1 ∧ e2. (2.5)

Next we introduce the n-vector associated to a C1 map u : Rn → Rm

M(∇u) :=
∑

|α|+|β|=n

Mβ
α (∇u)eα ∧ εβ,

where the sum takes place over all multi-indeces α ⊆ {1, . . . , n} and β ⊆ {1, . . . ,m} with
|α|+ |β| = n.

Currents, Graphs, and Cartesian maps: We introduce some notation in the theory of
currents and Cartesian currents. We refer to [38] and [32] for more details. For an open set
A ⊂ Rn we denote by Dk(A) the space of (compactly supported in A) smooth k-forms and by
Dk(A) the space of k-dimensional currents, where 0 ≤ k ≤ n. Given T ∈ Dk(A) we denote by
|T |U the mass of T in U , whenever U ⊂ A is open. Given T ∈ Dk(A) with k ≥ 1, its boundary
∂T ∈ Dk−1(A) is defined by

∂T (ω) := T (dω) ∀ω ∈ Dk−1(A),

where dω denotes the external differential of ω. In the case k = 0 by convention it is ∂T = 0.
Whenever F : A → B is a Lipschitz map between open sets, and T ∈ Dk(A), the symbol
F♯T ∈ Dk(B) denotes the push-forward of T by F .

We say that a current T ∈ Dk(A) is rectifiable if there exist a Hk-rectifiable set1 S, a simple
unit k-vector τ(x) for Hk-a.e. x ∈ S, and a measurable function θ : S → R with

T (ω) =

∫
S
θ(x)⟨ω(x), τ(x)⟩ dHk(x), ω ∈ Dk(A).

Here ⟨·, ·⟩ denotes the duality pairing between k-covectors and k-vectors. A rectifiable current
T ∈ Dk(A) is said integral if θ takes integer values, τ is tangent to S, and |T |A < +∞,
|∂T |A < +∞. In the special case in which k = n and S = E is a finite subset of Rn, we denote
by 〚E〛 the standard integration over E defined as the rectifiable n-current with θ = 1 and
τ = e1 ∧ · · · ∧ en, the standard orientation of Rn. Precisely

〚E〛(ω) =
∫
E
⟨ω(x), e1 ∧ · · · ∧ en⟩ dx, ω ∈ Dn(Rn).

If E is a finite perimeter set with finite Lebesgue measure, then 〚E〛 turns out to be an integral
current.

Given a map u ∈ C1(A;Rm) we introduce its graph Gu ⊆ A× Rm as

Gu = {(x, y) ∈ A× Rm : y = u(x)}

and we use the map Id × u : A → A × Rm, (Id × u)(x) := (x, u(x)), to parametrize it. Gu
is identified in a natural way with an integral current given by integration over it. More pre-
cisely, denoting this current by 〚Gu〛, its standard orientation is given by M(∇u)/|M(∇u)|, the
multiplicity θ is always 1, and so for all n-form ω ∈ Dn(A× Rm) it holds

〚Gu〛(ω) := (Id× u)♯〚A〛 =
∫
A
⟨ω(x, u(x)),M(∇u(x))⟩ dx.

1S is said Hk-rectifiable if there are (at most) countably many Lipschitz maps ϕh : Rk → Rn such that

S ⊆ N ∪
+∞⋃
h=0

ϕh(Rk), Hk(N) = 0.
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It is seen that 〚Gu〛 hass mass that coincides with the Hn-measure of Gu, and is given by

|〚Gu〛| = A(u,A) =
∫
A
|M(∇u)| dx.

It turns out, thanks to the regularity of u, that 〚Gu〛 is boundaryless.
We now want to extend the definitions above for maps u ∈ BV (A,Rm). To this aim we denote

by Ru ⊆ A the set of regular points of u, namely the points x that are Lebesgue points for u
and ∇u, moreover u(x) coincides with its Lebesgue value and u is approximately differentiable
at x. We denote

GRu := {(x, y) ∈ Ru × R2 : y = u(x)}.

Also GRu is Hn-rectifiable and we define

Gu := 〚GRu 〛 = (Id× u)♯〚Ru〛.

It holds that

|Gu| =
∫
A
|M(∇u)| dx,

where ∇u is the approximate gradient of u. In general Gu has non-trivial boundary. In the
special case that ∂Gu = 0 in Dn−1(A× Rm) we say that u is a Cartesian map.

2.2 Relaxation and the setting of the problem

In what follows Ω ⊂ R2 will be our reference domain, an open bounded set. Let N := 1+ 2m+
m(m+1)/2 and let g : RN → [0,+∞) be convex; we will assume that there is a constant Cg > 0
such that for all A ∈ RN ,

|g(A)| ≤ Cg(|A|+ 1). (2.6)

Furthermore, we assume not degeneracy of the functional through the folllowing condition

|g(A)| ≥ cg

m∑
i,j=1
i ̸=j

|M ij
12(A)|, (2.7)

for a general positive constant cg. In the case that m = 2 the above condition is equivalent to
(1.13). As a consequence of the growth condition (2.6) and of the convexity of g, the subdiffer-
ential ∂g satisfies

∥∂g∥L∞ ≤ Cg. (2.8)

For all u ∈ C1(Ω;Rm) ∩BV (Ω;Rm) we define

F (u,Ω) :=

∫
Ω
g(M(∇u))dx. (2.9)

The first observation is that F is lower semicontinuous with respect to the strict convergence on
the space of regular maps:

Theorem 2.4. The functional F in (2.9) is lower semicontinuous on C1(Ω;Rm) ∩BV (Ω;Rm)
with respect to the strict convergence in BV (Ω;Rm).
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Proof. It is enough to apply [31, Theorem 2.6]. Alternatively we can give a short proof as
follows: We have to show that if uk ∈ C1(Ω;Rm) ∩ BV (Ω;Rm) strictly converges to u ∈
C1(Ω;Rm) ∩ BV (Ω;Rm), then F (u,Ω) ≤ lim infk→∞ F (uk,Ω). We can then suppose with-
out loss of generality that F (uk,Ω) tends to a finite limit. Thanks to the strict convergence we
deduce that

∇uk ⇀ ∇u weakly star in Mb(Ω;R2m).

Furthermore, condition (2.7) ensures that ∥M i1i2
12 (∇u)∥L1 is uniformly bounded, and so we can

suppose that

M i1i2
12 (∇uk)⇀mi1i2 weakly star in Mb(Ω), (2.10)

for some measure mi1i2 , for all i1, i2 with 1 ≤ i1 < i2 ≤ m. On the other hand, using [42] (see
also [25, Theorem 2.5 and Remark 2.8]) we conclude that mi1i2 = M i1i2

12 (∇uk). In particular,
we have found

M(∇uk)⇀M(∇u) weakly star in Mb(Ω;RN ).

So the conclusion follows from the standard result [31, Lemma 2.1].

Next, we are concerned with the relaxation F of the functional (2.9) in the space BV (Ω;Rm)
with respect to the strict convergence; this is given by (1.9), where the approximating functions
uk are obviously taken in C1(Ω;Rm)∩BV (Ω;Rm), since we approximate u in the strict topology.
The following result is straightforward:

Theorem 2.5. The functional F(·,Ω) is lower semicontinuous on the space BV (Ω;Rm) with
respect to the strict convergence.

Notice that the functional F extends F in (2.9), as a consequence of Theorem 2.4.

Definition 2.6. Let u ∈ BV (Ω;Rm). We call (vk) ⊂ C1(Ω;Rm) ∩ BV (Ω;Rm) a recovery
sequence for F(u,Ω) whenever vk → u strictly and

F(u,Ω) = lim
k→∞

F (vk,Ω).

For any u ∈ BV (Ω;Rm) a recovery sequence always exists, by definition of relaxation.
Let u ∈ Lip(Ω;Rm): By Remark 2.3, there exists a sequence (vk) ⊂ C1(Ω;Rm)∩BV (Ω;Rm)

such that vk → u strictly in BV (Ω;Rm) and

∇vk → ∇u strongly in L1(Ω;Rm×2),

M ij
12(∇vk) →M ij

12(∇u) strongly in L1(Ω),

for all i, j ∈ {1, . . . ,m}. Up to a subsequence these convergences take place also poitwise a.e.,
and by (1.12) we can apply Lebesgue dominated convergence theorem to conclude

F (vk,Ω) → F (u,Ω) :=

∫
Ω
g(∇u)dx, (2.11)

where in the right-hand side, with a little abuse of notation, we have extended the definition of
F in (2.9) to Lipschitz functions. This in particular implies F(u,Ω) ≤ F (u,Ω) for all Lipschitz
functions u. On the other hand, we also have the following:

Theorem 2.7. Let u ∈ Lip(Ω;Rm); then

F(u,Ω) =

∫
Ω
g(M(∇u))dx.

10



Proof. Thanks to the previous discussion we have only to show that F (u,Ω) ≤ F(u,Ω). If
vk ∈ C1(Ω;Rm) is a recovery sequence for F (u,Ω), then

∇vk → ∇u weakly star in Mb(Ω;Rm×2),

M ij
12(∇vk) →M ij

12(∇u) weakly star in Mb(Ω),

for all i, j ∈ {1, . . . ,m}. The first convergence is trivial, whereas the second one follows from [25,
Theorem 2.5 and Remark 2.8] (see also [42]), since in this case condition (2.7) and the strict
convergence ensure that |M(∇vk)| are uniformly bounded in L1(Ω). Hence from standard lower
semicontinuity results (see, e.g., [31, Lemma 2.1]) we conclude F (u,Ω) ≤ lim infk→∞ F (vk,Ω) =
F(u,Ω).

Theorem 2.8. Let K ⊂ Ω be a compact set and assume that u ∈ BV (Ω;Rm) is continuous on
Ω, is of class C1 on Ω \K and is Lipschitz continuous on K. Then

F(u,Ω) ≤ F (u,Ω) :=

∫
Ω
g(M(∇u))dx. (2.12)

Proof. Let us extend u to 0 outside Ω. We choose an open neighborhood U of K so that
U ⊂⊂ Ω, and a cut-off map φ ∈ C∞

c (U) such that 0 ≤ φ ≤ 1, φ = 1 on K. For all k ≥ 1 such
that 1

k < dist(K, ∂Ω) we define

uk = φ(u ⋆ ρk) + (1− φ)u, (2.13)

where ρk(x) = k2ρ(kx) and ρ is a smooth convolution kernel. The function u ⋆ ρk strictly con-
verges to u, and so it is easily checked that uk ∈ C1(Ω;Rm) strictly converge to u in BV (Ω;Rm).
Now, u U belongs to W 1,∞(U ;Rm), and by definition of uk we can easily show that uk → u
strongly in W 1,p(U ;Rm) for all p < +∞. This implies that F (uk, U) → F (u, U). In particular,

F (u,Ω) = F (u,Ω \ U) + F (u, U) = lim
k→∞

(
F (u,Ω \ U) + F (uk, U)

)
= lim

k→∞
F (uk,Ω).

This implies F(u,Ω) ≤ F (u,Ω).

3 Tools and preliminary results

3.1 Properties of measures

In order to prove our main result Theorem 1.1 we will employ the classical theorem named after
De Giorgi and Letta, which we collect here in a form specialized for our setting (see [2, Theorem
1.53] for the general formulation and its proof). We denote by U(Ω) the family of open subsets
of Ω.

Theorem 3.1 (De Giorgi-Letta). Let Ω ⊂ R2 be an open set and assume that µ : U(Ω) →
[0,+∞] is a function so that µ(∅) = 0. If

(i) µ is non-decreasing, i.e., µ(B) ≤ µ(A) for all A,B ∈ U(Ω), B ⊆ A;

(ii) µ is additive, i.e., µ(A ∪B) = µ(A) + µ(B) for all A,B ∈ U(Ω), A ∩B = ∅;

(iii) µ is sub-additive, i.e., µ(A) ≤ µ(B1) + µ(B2) for all A,B1, B2 ∈ U(Ω), A ⊆ B1 ∪B2;

(iv) µ is inner regular, i.e., for all A ∈ U(Ω) it holds

µ(A) = sup{µ(B) : B ∈ U(Ω), B ⊂⊂ A};
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Then µ is the restriction to U(Ω) of a Borel measure µ : B(Ω) → [0,+∞].

We will often use the following result due to Reshetnyak (see [2, Theorem 2.39]):

Theorem 3.2. Let M ≥ 1 and let µ, µk be Radon measures in A ⊆ Rn taking values in RM .
Suppose that µk ⇀ µ weakly star as measures and that |µk|(A) → |µ|(A). Then∫

A
f

Å
x,

µk
|µk|

(x)

ã
d|µk|(x) →

∫
A
f

Å
x,

µ

|µ|
(x)

ã
d|µ|(x)

as k → ∞ for all continuous and bounded functions f : A× SM−1 → R.

We will also need the following property valid for strictly converging Borel measures µk, µ.

Lemma 3.3. Suppose that µk ⇀ µ weakly star as measures and |µk|(A) → |µ|(A), and let
B ⊂ A be open. Then if |µ|(A ∩ ∂B) = |µk|(A ∩ ∂B) = 0 for all k, it holds

|µk|(B) → |µ|(B).

Proof. By lower semicontinuity of the total variation on open sets and thanks to the hypothesis
µ(A ∩ ∂B) = 0 we have

|µ|(A) = |µ|(B) + |µ|(A \B) ≤ lim inf
k→∞

|µk|(B) + lim inf
k→∞

|µk|(A \B)

≤ lim inf
k→∞

|µk|(A) = lim
k→∞

|µk|(A) = |µ|(A),

so all the inequalities are equalities and in particular |µ|(B) = lim infk→∞ |µk|(B). Since the
same holds for every subsequence of µk, we easily infer that the liminf is indeed a limit.

We also collect the following result which can be found in [33, Proposition 1, Section 1.3.4].

Proposition 3.4. Let A be open and bounded and let h be a positive integer. Let Vk, V ∈
L1(A;Rh) be such that Vk ⇀ V weakly star in L1(A;Rh) and moreover∫

A

»
1 + |Vk|2dx→

∫
A

»
1 + |V |2dx

as k → +∞. Then Vk → V strongly in L1(A;Rh).

3.2 Lipschitz and BV curves

Given a Lipschitz map φ : [a, b] → Rm, we denote by Lφ :=
∫ b
a |γ̇|dτ its total variation and we

introduce the quantity

sφ(t) =
1

Lφ + (b− a)

∫ t

a
(|φ̇|+ 1)dτ, ∀t ∈ [a, b]. (3.1)

This is a strictly increasing and continuous function, so we let tφ : [0, 1] → [a, b] be its inverse
tφ = s−1

φ , which satisfies

ṫφ(s) =
Lφ + (b− a)

|φ̇(tφ(s))|+ 1
for a.e. s ∈ [0, 1]. (3.2)
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In particular ṫφ(s) ≤ Lφ + (b − a) for a.e. s ∈ [0, 1]. A similar definition applies to a function
γ ∈ BV ([a, b];Rm), for which we denote Lγ := |γ̇|([a, b]) and

sγ(t) =
1

Lγ + (b− a)

(
|γ̇|([a, t)) + (t− a)

)
, ∀t ∈ [a, b], (3.3)

which defines a strictly increasing map with jumps set Sγ , the jump set of γ; moreover

sγ(t1)− sγ(t2) ≥
t1 − t2

Lγ + (b− a)
, 0 ≤ t2 ≤ t1 ≤ 1,

and so it follows that if tγ := s−1
γ : [0, 1] → [a, b] is the inverse of sγ that is constant on

[sγ(t
−), sγ(t

+)] for all t ∈ Sγ , we have

tγ(s1)− tγ(s2) = |tγ(s1)− tγ(s2)| ≤ (s1 − s2)(Lγ + (b− a)), 0 ≤ s2 ≤ s1 ≤ 1.

Hence tγ is Lipschitz continuous with Lipschitz constant Lγ + (b− a).

Definition 3.5. Given γ ∈ BV ([a, b];Rm) we define γ : [0, 1] → Rm as

γ(s) =

{
γ(t+)(s−sγ(t−))+γ(t−)(sγ(t+)−s)

sγ(t+)−sγ(t−)
if s ∈ [sγ(t

−), sγ(t
+)],

γ(tγ(s)) otherwise.
(3.4)

When γ = φ is Lipschitz continuous, it simply holds φ(s) = φ(tφ(s)), a Lipschitz continuous
map satisfying∣∣∣∣ ddsφ(s)

∣∣∣∣ = ∣∣φ̇(tφ(s))ṫφ(s)∣∣ ≤ Lφ + (b− a), for a.e. s ∈ [0, 1]. (3.5)

The same is true for γ when γ ∈ BV ([a, b];Rm); we will obtain this as a consequence of the
following result.

Proposition 3.6. Let γ ∈ BV ([a, b];Rm) and let (φk) ⊂ Lip([a, b];Rm) be a sequence of maps
converging strictly to γ as k → ∞. The functions φk := φk ◦ tφk : [0, 1] → Rm are Lipschitz
continuous with uniformly bounded Lipschitz constants and

φk → γ strictly in BV ([0, 1];Rm) and weakly star in W 1,∞([0, 1];Rm),
sφk → sγ strictly in BV ([a, b]), (3.6)

tφk → tγ weakly star in W 1,∞([0, 1]).

Moreover there exists a function aγ : R+ → R+ depending only on γ and such that aγ(t) → 0
when t→ 0+, and

∥sφ − sγ∥L1 + ∥φ− γ∥L∞ ≤ aγ(ds(φ, γ)),

for all φ ∈ Lip([a, b];Rm).

Proposition 3.6 can be obtained by inspecting and slightly modifying the arguments lead-
ing to [17, Lemma 2.10] and [5, Lemma 2.7]. For the reader convenience and for the sake of
completeness we give the proof.

Proof. Let us denote Lγ := |γ̇|([a, b]), and Lk := |φ̇k|([a, b]) the total variations of γ and φk
respectively. To shortcut the notation we denote sφk : [a, b] → [0, 1] in (3.1) by sk = sφk
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and its inverse tφk : [0, 1] → [a, b] in (3.2) as tk = tφk . Moreover we recall the definition of
sγ ∈ BV ([a, b]) given in (3.3).

Step 1: Convergence of sφk and tφk . Thanks to the strict convergence of φk to γ, it is easy
to see that sk → sγ pointwise a.e. and strictly in BV ([a, b]). In particular, if γ is continuous at
t ∈ [a, b], then sk(t) → sγ(t). Moreover, sγ is strictly increasing, and its jump set coincides with
the jump set Sγ of γ.

As for tk, due to the fact that its Lipschitz constant is less than or equal to Lk+(b−a), and
since Lk → Lγ , we conclude that there is a Lipschitz function τ : [0, 1] → [a, b] such that, up to
a subsequence,

tk ⇀ τ weakly star in W 1,∞([0, 1]),

and hence also pointwise on [0, 1]. We claim that τ = tγ = s−1
γ , and so, by uniqueness of the

limit, we will also infer that the whole sequence tk converges to tγ .
Notice that τ is non-decreasing and continuous, and maps [0, 1] onto [a, b]; let then σ ∈ [0, 1]

be so that τ(σ) /∈ Sγ . For any ε > 0 we can find 0 < δ ≤ ε so that Iδ = (τ(σ) − δ, τ(σ) + δ)
enjoies |γ̇|(Iδ) < ε, and in addition τ(σ)− δ /∈ Sγ and τ(σ) + δ /∈ Sγ . The last condition implies
that |φ̇k|(Iδ) → |γ̇|(Iδ), and so

lim
k→∞

|sk(tk(σ))− sk(τ(σ))| = lim
k→∞

1

Lk + (b− a)

∣∣∣∣∣
∫ tk(σ)

τ(σ)
|φ̇k|+ 1dr

∣∣∣∣∣
≤ 1

Lγ + (b− a)
lim
k→∞

∫
Iδ

|φ̇k|+ 1dr ≤ 3ε

Lk + (b− a)
.

By arbitrariness of ε we conclude that

sk(τ(σ)) → sk(tk(σ)) = σ as k → ∞. (3.7)

On the other hand sk(τ(σ)) → sγ(τ(σ)), so we conclude sγ(τ(σ)) = σ for all σ with τ(σ) /∈ Sγ .
This implies that τ(σ) = tγ(σ) for any σ such that τ(σ) /∈ Sγ , but now, since τ is continuous non-
decresing and so is tγ (which in addition is constant on the connected components of t−1

γ (Sγ)),
necessarily τ(σ) = tγ(σ) for all σ ∈ [0, 1].

Step 2: Convergence of φk. Recalling that

| d
ds
φk(s)| ≤ Lk + b− a for a.e. s ∈ [0, 1],

and since Lk → Lγ as k → +∞, φk are uniformly bounded in W 1,∞([0, 1];Rm), and so, up to a
subsequence, they converge weakly star to some limit ζ ∈W 1,∞([0, 1];Rm) with

| d
ds
ζ(s)| ≤ Lγ + b− a for a.e. s ∈ [0, 1]. (3.8)

We have to prove that this limit is γ, indipendently from the subsequence; as a consequence it
will follow that the full sequence φk converges to γ.

To this purpose we fix

σ ∈ [0, 1] \
(
∪t∈Sγ [sγ(t−), sγ(t+)]

)
;

this is equivalent to require that tγ(σ) /∈ Sγ . Thus we write

|φk(σ)− γ(σ)| = |φk(tk(σ))− γ(tγ(σ))| ≤ |φk(tk(σ))− φk(tγ(σ))|+ |φk(tγ(σ))− γ(tγ(σ))|

≤
∣∣∣∣∣
∫ tγ(σ)

tk(σ)
|φ̇k|+ 1 dr

∣∣∣∣∣+ |φk(tγ(σ))− γ(tγ(σ))|

= (Lk + (b− a))(sk(tk(σ))− sk(tγ(σ))) + |φk(tγ(σ))− γ(tγ(σ))|
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and thanks to (3.7) and the fact that φk → γ pointwise a.e. on [a, b] \ Sγ , we conclude that

φk(σ) → γ(σ) for a.e. σ ∈ [0, 1] \
(
∪t∈Sγ [sγ(t−), sγ(t+)]

)
.

Therefore we conclude ζ = γ a.e. on [0, 1] \
(
∪t∈Sγ [sγ(t−), sγ(t+)]

)
. We want to show that ζ(s)

coincides with the first line in (3.4) when s ∈ [sγ(t
−), sγ(t

+)], for some t ∈ Sγ .
If t ∈ Sγ , there are sequences t−j → t− and t+j → t+ as j → ∞, such that t±j are continuity

points of γ (and of sγ). In particular γ(t±j ) = γ(sγ(t
±
j )) → γ(sγ(t)

±) as j → ∞, so

γ(sγ(t)
±) = γ(t±).

Moreover, since sγ(t)
+ = sγ(t)

− + 1
Lγ+b−a |γ̇|({t}) we deduce that

sγ(t)
+ − sγ(t)

− =
1

Lγ + b− a
|γ(t+)− γ(t−)| = 1

Lγ + b− a
|γ(sγ(t)+)− γ(sγ(t)

−)|.

We conclude that the curve γ [s(t−), s(t+)] is a curve connecting γ(sγ(t)
−) to γ(sγ(t)

+) on
an interval of length 1

Lγ+b−a |γ(sγ(t)
+)− γ(sγ(t)

−)|; by (3.8) this curve must necessarily be the

constant speed parametrization of the segment with endpoints γ(sγ(t)
−) and γ(sγ(t)

+), namely
ζ(s) coincides with the interpolation in (3.4). We conclude then also the first thesis in (3.6).

Step 3: To prove the last statement, we set

aγ(t) := sup{∥sφ − sγ∥L1 + ∥φ− γ∥L∞ : φ ∈ Lip([a, b];Rm), ds(φ, γ) ≤ t}.

Assume by contradiction that there exists a sequence of positive numbers tk ↘ 0 such that
limk→∞ aγ(tk) > 0. Then, by definition of aγ we can find functions ψk ∈ Lip([a, b];Rm) such
that ds(ψk, γ) ≤ tk and

lim
k→∞

(∥sψk − sγ∥L1 + ∥φk − γ∥L∞) > 0.

This is a clear contradiction with (3.6), hence the thesis follows.

Corollary 3.7. Let γ ∈ BV ([a, b];Rm), then γ is Lipschitz continuous with Lipschitz constant
Lγ + (b− a).

Proof. It is sufficient to approximate γ in the strict topology of BV ([a, b];Rm) by Lipschitz
maps, and the thesis follows from Proposition 3.6.

Interpolation between Lipschitz curves: Let h > 0 be fixed and let [a, b], a < b, be
an interval. For Lipschitz maps φ,ψ : [a, b] → Rm we introduce the following interpolations:
Φφ,ψ : [a, b]× [0, h] → Rm given by

Φφ,ψ(t, r) := φ
(
tφ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

))
, (3.9)

that satisfies Φφ,ψ(t, h) = φ(t) and Φφ,ψ(t, 0) = φ(tφ ◦ sψ(t)), and the mapping Ψφ,ψ : [a, b] ×
[0, h] → Rm defined by

Ψφ,ψ(t, r) := φ
(
tφ
(
sψ(t)

))h− r

h
+ ψ

(
tψ
(
sψ(t)

)) r
h
= φ(sψ(t))

h− r

h
+ ψ(sψ(t))

r

h
, (3.10)
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where we recall φ(s) = φ ◦ tφ(s) and ψ(s) = ψ ◦ tψ(s). This satisfies Ψφ,ψ(t, 0) = φ(sψ(t)) =
Φφ,ψ(t, 0) and Ψφ,ψ(t, h) = ψ(sψ(t)) = ψ(t). We compute the derivatives of Φφ,ψ and Ψφ,ψ and
for a.e. (t, r) ∈ [a, b]× [0, h] we find

∂

∂t
Φφ,ψ(t, r) = φ̇

(
tφ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

))
ṫφ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

)(
ṡφ(t)

r

h
+ ṡψ(t)

h− r

h

)
,

∂

∂r
Φφ,ψ(t, r) = φ̇

(
tφ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

))
ṫφ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

)sφ(t)− sψ(t)

h
,

∂

∂t
Ψφ,ψ(t, r) =

Å
φ̇
(
tφ
(
sψ(t)

))
ṫφ
(
sψ(t)

)h− r

h
+ ψ̇

(
tψ
(
sψ(t)

))
ṫψ
(
sψ(t)

) r
h

ã
ṡψ(t)

=

Å
h− r

h
φ̇(sψ(t)) +

r

h
ψ̇(sψ(t))

ã
ṡψ(t),

∂

∂r
Ψφ,ψ(t, r) =

1

h

(
ψ
(
tψ
(
sψ(t)

))
− φ

(
tφ
(
sψ(t)

)))
=
ψ(sψ(t))− φ(sψ(t))

h
,

that, by (3.1) and (3.2), lead to the following estimates∣∣∣∣ ∂∂tΦφ,ψ(t, r)
∣∣∣∣ ≤ (Lφ + (b− a))

∣∣∣∣ṡφ(t) rh + ṡψ(t)
h− r

h

∣∣∣∣
≤ (Lφ + (b− a))

Ç
|φ̇(t)|+ 1

Lφ + (b− a)
+

|ψ̇(t)|+ 1

Lψ + (b− a)

å
,∣∣∣∣ ∂∂rΦφ,ψ(t, r)

∣∣∣∣ ≤ Lφ + (b− a)

h
|sψ(t)− sφ(t)|;

furthermore we also have

∂

∂t
Φφ,ψ(t, r) ∧

∂

∂r
Φφ,ψ(t, r) = det (∇Φφ,ψ(t, r)) = 0, (3.11)

for almost every (t, r) ∈ [a, b]× [0, h], due to the fact that the image of Φφ,ψ is one dimensional.
Finally we can estimate on D := [a, b]× [0, h] the integral∫

D
|∇Φφ,ψ(t, r)|dtdr ≤ (Lφ + (b− a))

∫
D

|φ̇(t)|+ 1

Lφ + (b− a)
+

|ψ̇(t)|+ 1

Lψ + (b− a)
+

|sψ(t)− sφ(t)|
h

dtdr

= 2h(Lφ + (b− a)) + (Lφ + (b− a))

∫ b

a
|sψ(t)− sφ(t)|dt. (3.12)

As for Ψφ,ψ, by the estimates∣∣∣∣ ∂∂tΨφ,ψ(t, r)

∣∣∣∣ = ∣∣∣∣h− r

h
φ̇(sψ(t)) +

r

h
ψ̇(sψ(t))

∣∣∣∣ ṡψ(t) ≤ (Lφ + Lψ + (b− a))ṡψ(t),∣∣∣∣ ∂∂rΨφ,ψ(t, r)

∣∣∣∣ ≤ |ψ(sψ(t))− φ(sψ(t))|
h

,

we can write∫
D
|∇Ψφ,ψ(t, r)|dtdr ≤

∫
D
(Lφ + Lψ + (b− a))ṡψ(t) +

|ψ(sψ(t))− φ(sψ(t))|
h

dtdr

= (Lφ + Lψ + (b− a))h+

∫ b

a
|ψ(sψ(t))− φ(sψ(t))|ṡψ(t)dt

= (Lφ + Lψ + (b− a))h+

∫ 1

0
|ψ(s)− φ(s)|ds, (3.13)
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where we have used that
∫ b
a ṡψ(t)dt = 1. Finally∫

D
| ∂
∂t

Ψφ,ψ(t, r) ∧
∂

∂r
Ψφ,ψ(t, r)|dtdr ≤ (Lφ + Lψ + (b− a))

∫
D

|ψ(sψ(t))− φ(sψ(t))|
h

ṡψ(t)dtdr

= (Lφ + Lψ + (b− a))

∫ b

a
|ψ(sψ(t))− φ(sψ(t))|ṡψ(t)dt

= (Lφ + Lψ + (b− a))

∫ 1

0
|ψ(s)− φ(s)|ds. (3.14)

3.3 Tubular neighborhoods of regular curves

Given a set A ⊂ R2 we denote by dist(x,A) the distance from x to A, and by dist±(x,A) the
signed distance from x to A, defined as

dist±(x,A) :=

®
dist(x,A) if x ∈ Ac,

−dist(x,Ac) if x ∈ A,

where Ac := R2 \A. We consider the following regularity assumption (R) of a set A:

(R) We assume that A is a connected bounded open set with boundary of class C3.

If A ⊂ R2 satisfies (R), then ∂A consists of finitely many loops Γi, i = 0, 1, . . . , N , of class C3,
labeled so that, if Ei denotes the bounded connected component of R2 \ Γi, then

A = E0 \ (∪Ni=1Ei). (3.15)

Notice that the presence of a unique big component E0 is due to the hypothesis that A is
connected2.

Sets with C3-boundary and tubular neighborhoods: Let A ⊂ R2 be a set satisfying
(R). For δ ∈ (0, 1) small enough there exists a tubular neighborhood Tδ of ∂A, given by

Tδ := {x ∈ R2 : dist(x, ∂A) < δ}.

We parametrize Tδ with (t, r) ∈ ∂A× (−δ, δ) so that

∂Ar := {x ∈ R2 : dist±(x,A) = r}

consists of N + 1 curves Γir of class C
2, namely

Γ0
r := {x ∈ R2 : dist±(x,E0) = r} Γir := {x ∈ R2 : dist±(x,Ei) = −r}.

We denote Tδ = ∪Ni=1T
i
δ where T iδ is a δ-neighborhood of Γi, namely

T iδ = {x ∈ R2 : dist(x,Γi) < δ}.

For simplicity3, let us assume that the number N of holes in A is zero, i.e., A is simply
connected; there is γ ∈ C3([a, b];R2) a Jordan curve parametrized by arc-length enclosing the
open bounded connected and simply-connected set A, Γ = γ([a, b]). We will denote

T+
δ = {x ∈ R2 : dist±(x,A) ∈ (0, δ)}, T−

δ = {x ∈ R2 : dist±(x,A) ∈ (−δ, 0)},
2If A instead has K > 1 connected components, then every component enjoys a decomposition as (3.15).
3The following argument applies to all connected components of Γ in the general case.
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the external and inner tubular neighborhoods of ∂A. By the tubular neighborhood theorem,
there exists a bi-Lipschitz bijection Tδ : [a, b)× (−δ, δ) → Tδ, such that

|det (∇Tδ(t, r))| = 1 +Rδ(t, r),

where ∥Rδ∥L∞ = o(1) → 0 as δ → 0. Indeed one sets, for all (t, r) ∈ [a, b)× (−δ, δ),

Tδ(t, r) := γ(t) + rγ̇(t)⊥, (3.16)

where v⊥ = (−v2, v1), and it holds

∂

∂t
Tδ(t, r) = γ̇(t) + rγ̈(t)⊥,

∂

∂r
Tδ(t, r) = γ̇(t)⊥,

det (∇Tδ) = 1 + rγ̇(t) · γ̈(t)⊥ =: 1 +Rδ(t, r), |Rδ(t, r)| ≤ Cγ |r| ≤ Cγδ,

where, here and below, we denote by Cγ > 0 a constant depending on γ but independent of δ
(and which might change from line to line). Notice also that since γ is of class C3, ∇Tδ is of
class C1, and (since δ ∈ (0, 1))

|∇Tδ(t, r)| ≤ |γ̇(t)|+ r|γ̈(t)| ≤ Cγ + Cγδ ≤ Cγ ,

Let h ∈ (0, δ). For x ∈ Th we have ∇T −1
h (x) =

(
∇Th(T −1

h (x))
)−1

, so

det (∇T −1
h (x)) =

1

det
(
∇Th(T −1

h (x))
) =

1

1 +Rh(T −1
h (x))

= 1−
Rh(T −1

h (x))

1 +Rh(T −1
h (x))

,

and, if h is small enough, we conclude

det (∇T −1
h (x)) = 1 +R′

h(x), ∥R′
h∥L∞ ≤ Cγh. (3.17)

Eventually, using that for a invertible matrix A one has A−1 = cof (A)T ( det A)−1, we conclude

∇T −1
h (x) = cof

(
∇Th(T −1

h (x))
)T

(1 +R′
h(x)),

|∇T −1
h (x)| ≤ Cγ + Cγh ≤ Cγ , (3.18)

for all x ∈ Th so Th is bi-Lipschitz with a constant depending only on γ.

Restriction of BV-functions on curves: As above, let A satisfy (R), assume that A is
simply connected, and let γ ∈ C3([a, b];R2) be an arc-length parametrization of a Jordan curve
Γ = ∂A. Let Tδ be a tubular neighborhood of Γ, δ ∈ (0, 1) small enough. Let ζ̂ : [a, b]×(−δ, δ) →
R2 be the map

ζ̂(t, r) :=
∂Tδ
∂t (t, r)

|∂Tδ∂t (t, r)|
=

γ̇(t) + rγ̈(t)⊥

|γ̇(t) + rγ̈(t)⊥|
, (3.19)

that is the oriented unit vector tangent to Γr at the point γ(t, r). Using that γ parametrizes by
arc-length, a tedious but straightforward computation shows that the map

ζ(x) := ζ̂(T −1
δ (x)), x ∈ Tδ, (3.20)

satisfies ζ ∈ C1(Tδ;S1) and is divergence free4.

4We can also see this as follows: ζ is a unit vector such that ζ⊥ is orthogonal to the level sets of the signed
distance function d± from Γ. In particular, since the distance function has gradient of length 1 almost everywhere,
ζ⊥ coincides with ∇d± almost everywhere. If follows that div ζ = Curl ζ⊥ = Curl ∇d± = 0.
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Definition 3.8. Let r ∈ (−δ, δ) and φ : Γr → Rm; we say that φ ∈ C1(Γr;Rm) if φ(Tδ(·, r)) :
[a, b) → Rm is of class C1.

Remark 3.9. Given φ ∈ C1(Γr;Rm) we can extend it on Tδ by defining φ(t, r′) := φ(γ(t) +
rγ̇(t)⊥) for all r′ ∈ (−δ, δ) and t ∈ [a, b). The function φ ◦ T −1

δ (x) defined for all x ∈ Tδ
is then an extension of φ and is of class C1. Indeed, clearly φ ∈ C1([a, b) × (−δ, δ)), and so
φ ◦ T −1

δ ∈ C1(Tδ) because T −1
δ is of class C1. In particular, we conclude that every function

φ ∈ C1(Γr;Rm) is the restriction to Γr of a function of class C1(Tδ;Rm). Since it is also easy
to see that every function of class C1(Tδ;Rm) has a C1 restriction on Γr as in Definition 3.8,
we conclude that φ ∈ C1(Γr;Rm) if and only if it is the restriction of a function φ̂ ∈ C1(Tδ;Rm)
on Γr.

Definition 3.10. Let u : Γr → Rm, we say that u ∈ BV (Γr;Rm) if

sup{
∫
Γr

u ·
( 2∑
j=1

Dj(φζj)
)
dH1 : φ ∈ C1(Tδ;Rm), |φ| ≤ 1} < +∞.

We denote the supremum above by |Dζu|(Γr).

Exploiting that ζ is divergence-free, we can write

|Dζu|(Γr) = sup{
∫
Γr

u ·DζφdH1 : φ ∈ C1(Tδ;Rm), |φ| ≤ 1},

where Dζφ :=
∑2

j=1Djφζj . Recalling that Tδ(·, r) is a parametrization of Γr, if u ∈ BV (Γr;Rm)
we see that∫ b

a
| d
dt
u(Tδ(t, r))|dt = sup{

∫ b

a

d

dt
u(Tδ(t, r)) · ψ(Tδ(t, r))dt : ψ ∈ C1(Γr;Rm), |ψ| ≤ 1}

= sup{
∫ b

a
u(Tδ(t, r)) ·

d

dt
ψ(Tδ(t, r))dt : ψ ∈ C1(Γr;Rm), |ψ| ≤ 1}

and, up to extending ψ to Tδ as in Remark 3.9, we have

d

dt
ψ(Tδ(t, r)) = ∇ψ(Tδ(t, r))

∂Tδ
∂t

(t, r) = ∇ψ(Tδ(t, r))ζ̂(t, r)|
∂Tδ
∂t

(t, r)|,

so we conclude∫ b

a
| d
dt
u(Tδ(t, r))|dt = sup{

∫
Γr

u ·DζψdH1 : ψ ∈ C1(Γr;Rm), |ψ| ≤ 1} = |Dζu|(Γr). (3.21)

Remark 3.11. Equality (3.21) in particular implies that if uk, u ∈ BV (Γr;Rm) are such that

uk → u strictly in BV (Γr;Rm),

then also
uk(Tδ(·, r)) → u(Tδ(·, r)) strictly in BV ([a, b];Rm),

and viceversa. More precisely, for all r ∈ (−δ, δ) and any v ∈ BV (Γr;Rm) it holds

|Dζv|(Γr) = |Dt(v ◦ Tδ(·, r))|(a, b),

and there are two positive constants cδ, Cδ depending only on Γ and δ such that

cδ∥u ◦ Tδ(·, r)∥L1([a,b]) ≤ ∥u∥L1(Γr) ≤ Cδ∥u ◦ Tδ(·, r)∥L1([a,b]).

This follows from the bi-Lipschitz property of Tδ and on the fact that | ddtTδ(·, r)| is close to 1,
for r ∈ (−δ, δ).
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Given v : Tδ → Rm a Lipschitz map, by coarea formula we can write∫
Tδ

|∇vζ|dx =

∫ δ

−δ

∫
Γr

|∇vζ|dH1dr =

∫ δ

−δ

∫
Γr

|Dζv|dH1dr,

and since ζ is a unit oriented tangent vector to Γr, ∇vζ =
∑2

j=1Djvζj represents the tangential
derivative Dζv of v to Γr. Now, Tδ(·, r) is a parametrization from [a, b] of Γr, so we write∫ b

a
| d
dt
v(Tδ(t, r))|dt =

∫ b

a
|∇v(Tδ(t, r))

dTδ
dt

(t, r)|dt

=

∫ b

a
|∇v(Tδ(t, r))ζ(t, r)||

dTδ
dt

(t, r)|dt =
∫
Γr

|Dζv|dH1, (3.22)

and we conclude ∫
Tδ

|Dζv|dx =

∫ δ

−δ

∫ b

a
| d
dt
v(Tδ(t, r))|dtdr. (3.23)

In the following lemma we discuss how strict convergence is inehrited on curves.

Lemma 3.12. Let uk : Tδ → Rm be Lipschitz maps and let u ∈ BV (Tδ;Rm) be such that

uk → u strictly in BV (Tδ;Rm).

Then, for a.e. r ∈ (−δ, δ) the function u Γr belongs to BV (Γr;Rm) and (up to a non-relabelled
subsequence) uk Γr converge strictly in BV (Γr;Rm) to u Γr.

Proof. By Reshetniak Theorem 3.2 we have, as k → ∞,∫
Tδ

|Dζuk|dx =

∫
Tδ

|∇ukζ|dx→
∫
Tδ

∣∣∣ Du|Du|
ζ
∣∣∣d|Du|. (3.24)

The quantity in the right-hand side is equal to∫
Tδ

∣∣∣ Du|Du|
ζ
∣∣∣d|Du| = sup{

∫
Tδ

2∑
j=1

φ · Dju

|Du|
ζjd|Du| : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}

= sup{
∫
Tδ

2∑
j=1

ζjφ · dDju : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}

= sup{
∫
Tδ

u · (∇φζ)dx : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}

where in the last equality we have used the divergence-free property of ζ. Therefore, by (3.24),
we conclude

lim
k→∞

∫
Tδ

|∇ukζ|dx = sup{
∫
Tδ

u ·Dζφdx : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}. (3.25)

On the other hand ∫
Tδ

|∇ukζ|dx =

∫ δ

−δ

∫ b

a
| d
dt
uk(Tδ(t, r))|dtdr,
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whence

lim
k→∞

∫ δ

−δ

∫ b

a
| d
dt
uk(Tδ(t, r))|dtdr = sup{

∫
Tδ

u ·Dζφdx : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}. (3.26)

Now, by Fatou Lemma

lim
k→∞

∫ δ

−δ

∫ b

a
| d
dt
uk(Tδ(t, r))|dtdr ≥

∫ δ

−δ
lim inf
k→∞

∫ b

a
| d
dt
uk(Tδ(t, r))|dtdr (3.27)

and we know from the strict convergence of uk to u that for a.e. r ∈ (−δ, δ) the trace uk Γr
converges to u Γr in L

1(Γr;Rm). This implies that, for a.e. r ∈ (−δ, δ)

lim inf
k→∞

∫ b

a
| d
dt
uk(Tδ(t, r))|dt ≥

∫ b

a
| d
dt
u(Tδ(t, r))|dt

= sup{
∫
Γr

u ·DζφdH1 : φ ∈ C1(Tδ;Rm), |φ| ≤ 1} (3.28)

where we have used (3.21); so that∫ δ

−δ
lim inf
k→∞

∫ b

a
| d
dt
uk(Tδ(t, r))|dtdr ≥

∫ δ

−δ
sup{

∫
Γr

u · ∇φζdH1 : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}dr

≥ sup{
∫ δ

−δ

∫
Γr

u · ∇φζdH1dr : φ ∈ C1(Tδ;Rm), |φ| ≤ 1}.

(3.29)

We have found then, from (3.26), that the inequalities in (3.27) and (3.29) are all equalities. In
particular, equality in (3.28) holds for a.e. r ∈ (−δ, δ), and denoting

f(r) :=

∫ b

a
| d
dt
u(Tδ(t, r))|dt fk(r) :=

∫ b

a
| d
dt
uk(Tδ(t, r))|dt

equality (3.27) implies that

lim
k→∞

∫ δ

−δ
fk(r)dr =

∫ δ

−δ
f(r)dr, lim inf

k→∞
fk(r) = f(r).

Thus Lemma 7.1 in the Appendix entails that fk → f in L1((−δ, δ)), and there is a subsequence
such that for a.e. r ∈ (−δ, δ)

fk(r) → f(r),

that is the thesis.

Transformations in tubular neighborhoods: Let Γ := γ([a, b]) be a Jordan curve
parametrized by arc-length by γ ∈ C3([a, b];R2), and enclosing the simply-connected set A
satisfying (R); let δ ∈ (0, 1) be small enough and let Tδ be a tubular neighborhood of Γ. We
want to define a bijection between Tδ and itself, which will be needed to modify suitable recovery
sequences uk for the involved functional. To this aim, we first introduce for c ∈ (0, δ) fixed, and
n ∈ N, n > 2

δ , the map

Υδ,n,c : [a, b]× [−δ, δ] → [a, b]× [−δ, δ], Υδ,n,c(t, r) = (t, τδ,n,c(r)),
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where τδ,n,c is the piecewise affine interpolant such that τδ,n,c(−δ) = −δ, τδ,n,c(− c
n) = 0, and

τδ,n,c(δ) = δ, namely

τδ,n,c(r) =

®
nδr+cδ
nδ−c for r ∈ [−δ,− c

n),
nδr+cδ
nδ+c for r ∈ [− c

n , δ].

For all (t, s) ∈ [a, b]× [−δ, δ] we write

Υδ,n,c(t, s) = (t, s) + (0, τδ,n,c(s)− s), with |(0, τδ,n,c(s)− s)| ≤ C

n
, (3.30)

for a constant C > 0 independent of δ and n > 2
δ . Computing ∇Υδ,n,c, we write

∇Υδ,n,c = Id +Mδ,n,c, Mδ,n,c :=

Å
0 0
0 τ̇δ,n,c − 1

ã
, (3.31)

in such a way that |Mδ,n,c| ≤ C
n almost everywhere (here C is a positive constant independent

of n > 2
δ and δ). Analogously, it is immediately checked that

∇Υ−1
δ,n,c = Id +M ′

δ,n,c, with |M ′
δ,n,c| ≤

C

n
, (3.32)

and for all (t, s) ∈ [a, b]× [−δ, δ] we have Υ−1
δ,n,c(t, s) = (t, τ−1

δ,n,c(s)), so we may write

Υ−1
δ,n,c(t, s) = (t, s) + (0, τ−1

δ,n,c(s)− s), with |(0, τ−1
δ,n,c(s)− s)| ≤ C

n
. (3.33)

We now define, for δ ∈ (0, 1) as above and n ∈ N, n > 2
δ , the following transformation

Σδ,n,c : T δ → T δ, Σδ,n,c := Tδ ◦Υδ,n,c ◦ T −1
δ . (3.34)

This map sends the set Tδ([a, b],− c
n) to the curve Γ. Moreover there is a constant Cγ , depending

only on γ, such that

|Σδ,n,c(x)− x| ≤ Cγ
n
, ∀x ∈ T δ. (3.35)

This follows from (3.30) and the Lipschitz continuity of Tδ. It is convenient also to introduce

Σ−
δ,n,c : T

−
δ \ T c

n
→ T

−
δ , Σ−

δ,n,c := (Tδ ◦Υδ,n,c ◦ T −1
δ ) (T

−
δ \ T c

n
), (3.36)

the restriction of Σδ,n,c to T
−
δ \ T c

n
. For a.e. x ∈ Tδ, we have

∇Σδ,n,c(x) = ∇Tδ(Υδ,n,c ◦ T −1
δ (x))∇Υδ,n,c(T −1

δ (x))∇T −1
δ (x), (3.37)

and writing ∇Tδ(Υδ,n,c ◦ T −1
δ (x)) = ∇Tδ

(
T −1
δ (x) + (Υδ,n,c ◦ T −1

δ (x)− T −1
δ (x))

)
, we get

∇Tδ(Υδ,n,c ◦ T −1
δ (x)) = ∇Tδ(T −1

δ (x)) + ρδ,n,c(x), (3.38)

where, by using the Lipschitz continuity of ∇Tδ (it is of class C1) and by (3.30), the matrix

ρδ,n,c(x) := ∇Tδ
(
T −1
δ (x) + (Υδ,n,c ◦ T −1

δ (x)− T −1
δ (x))

)
−∇Tδ(T −1

δ (x))
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enjoies, for a.e. x ∈ Tδ,

|ρδ,n,c(x)| ≤
Cγ
n

(3.39)

(here and below, unless explicitely stated, Cγ is a positive constant independent of n > 2
δ and

δ, but depending on γ). Plugging (3.31) and (3.38) into (3.37) we obtain

∇Σδ,n,c(x) = (∇Tδ(T −1
δ (x)) + ρδ,n,c(x))(Id +Mδ,n,c(T −1

δ (x)))∇T −1
δ (x)

= Id +∇Tδ(T −1
δ (x))Mδ,n,c(T −1

δ (x))∇T −1
δ (x) + ρδ,n,c(x)(Id +Mδ,n,c(T −1

δ (x)))∇T −1
δ (x)

=: Id + σδ,n,c(x), (3.40)

where we have used that ∇Tδ(T −1
δ (x)) = (∇T −1

δ (x))−1 and, thanks to (3.31), (3.39), and the
Lipschitz continuity of ∇Tδ, we have

|σδ,n,c(x)| ≤
Cγ
n
. (3.41)

Finally, by (3.40), we have also, for n large enough

det (∇Σδ,n,c(x)) = 1 + dδ,n,c(x), with ∥dδ,n,c∥L∞ ≤ Cγ
n
, (3.42)

and a similar expression holds for det (∇Σδ,n,c(x)
−1), namely

det (∇Σδ,n,c(x)
−1) = 1 + d̂δ,n,c(x), with ∥d̂δ,n,c∥L∞ ≤ Cγ

n
. (3.43)

In what follows we will sometimes employ also the map Σ̂δ,n,c, defined as Σδ,n,c but with Tδ
replaced by “Tδ given by “Tδ(t, r) = Tδ(t,−r),

for all (t, r) ∈ [a, b]× (−δ, δ). Namely

Σ̂δ,n,c : Tδ → Tδ, Σδ,n,c := “Tδ ◦Υδ,n,c ◦ “T −1
δ . (3.44)

We will consider Σ+
δ,n,c : T

+
δ \ T c

n
→ T

+
δ defined as

Σ+
δ,n,c := (“Tδ ◦Υδ,n,c ◦ “T −1

δ ) (T
+
δ \ T c

n
). (3.45)

For Σ̂δ,n,c, Σ
−
δ,n,c, and Σ+

δ,n,c similar estimates as in (3.39), (3.41), and (3.42) hold true. Eventu-

ally, using that Υ−1
δ,n,c satisfies (3.32) and (3.33), the same holds also for Σ̂−1

δ,n,c,
“T −1
δ , (Σ−

δ,n,c)
−1,

and (Σ+
δ,n,c)

−1. Specifically, we will write

∇Σ±
δ,n,c(x) = Id + σ±δ,n,c(x), ∥σ±δ,n,c∥L∞ ≤ Cγ

n
,

det (∇Σ±
δ,n,c(x)) = 1 + d±δ,n,c(x), ∥d±δ,n,c∥L∞ ≤ Cγ

n
,

∇(Σ±
δ,n,c)

−1(x) = Id + σ̂±δ,n,c(x), ∥σ̂±δ,n,c∥L∞ ≤ Cγ
n
,

det (∇(Σ±
δ,n,c)

−1(x)) = 1 + d̂±δ,n,c(x), ∥d̂±δ,n,c∥L∞ ≤ Cγ
n
, (3.46)

where σ±δ,n,c : T
±
δ \ T c

n
→ R2×2, d±δ,n,c : T

±
δ \ T c

n
→ R, σ̂±δ,n,c : T

±
δ → R2×2, and d̂±δ,n,c : T

±
δ → R

are suitable functions.
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3.4 Composition of maps with planar transformations

In this section we use the planar transformations introduced in the previous one to modify
suitable functions defined on planar domains.

Interpolations between maps on Jordan curves: Let Γ := γ([a, b]), γ ∈ C3([a, b];R2),
be a Jordan curve parametrized by arc-length. Recalling the functions in (3.9) and (3.10), for
two given Lipschitz maps φ,ψ : [a, b] → R2 with φ(a) = φ(b) and ψ(a) = ψ(b), we define the
interpolation Hφ,ψ,h : T h → R2 as

Hφ,ψ,h :=

®
Φφ,ψ ◦ T −1

h in T
+
h

Ψφ,ψ ◦ “T −1
h in T

−
h ,

(3.47)

where 0 < h ≤ δ and δ ∈ (0, 1) is small enough. The interpolation Hφ,ψ,h turns out to be
Lipschitz continuous.

For r, s ∈ (−δ, δ) fixed, recalling that the map Tδ(·, r) : [a, b] → Γr is a parametrization of
the curve Γr, it follows that if u, v are Lipschitz maps defined on Tδ and φ = u ◦ T −1

δ (·, r) and
ψ = v ◦ T −1

δ (·, s) then Hφ,ψ,h interpolates in T h between u Γr and v Γs.
Let us estimate the gradient and Jacobian determinant of Hφ,ψ,h in T+

h : recalling that Th is
bi-Lipschitz with constant depending only on γ, since ∇Hφ,ψ,h(x) = ∇Φφ,ψ(T −1

h (x))∇T −1
h (x),

for a.e. x ∈ T
+
h , one has

|∇Hφ,ψ,h(x)| ≤ |∇Φφ,ψ(T −1
h (x))||∇T −1

h (x)| ≤ Cγ |∇Φφ,ψ(T −1
h (x))|,

det
(
∇Hφ,ψ,h(x)

)
= det

(
∇Φφ,ψ(T −1

h (x))
)
det (∇T −1

h (x)).

Once again, here and below we denote by Cγ > 0 a constant depending on γ, but independent
of δ, φ, and ψ. Hence, setting D = [a, b]× [0, h], one has∫

T+
h

|∇Hφ,ψ,h(x)|dx ≤ Cγ

∫
T+
h

|∇Φφ,ψ(T −1
h (x))|dx = Cγ

∫
D
|∇Φφ,ψ(t, r)||det (∇Th(t, r))|dtdr

≤ Cγ

∫
D
|∇Φφ,ψ(t, r)|dtdr, (3.48)

and analogously on T
−
h∫

T−
h

|∇Hφ,ψ,h(x)|dx ≤ Cγ

∫
T−
h

|∇Ψφ,ψ(“T −1
h (x))|dx ≤ Cγ

∫
D
|∇Ψφ,ψ(t, r)|dtdr. (3.49)

Therefore, exployting (3.12) and (3.13) we conclude∫
Th

|∇Hφ,ψ,h(x)|dx ≤ 2Cγh(Lφ + b− a) + Cγ(Lφ + b− a)

∫ b

a
|sψ(t)− sφ(t)|dt

+ Cγ(Lφ + Lψ + b− a)h+ Cγ

∫ Lψ

0
|ψ(s)− φ(s)|ds

≤ Cγ,Lφ,Lψ(h+ ∥sψ − sφ∥L1 + ∥ψ − φ∥L∞), (3.50)

where the constant Cγ,Lφ,Lψ is independent of δ, depends on γ, Lφ, and Lψ, but is uniformly
bounded by a constant Cγ (depending only on γ) as soon as

Lφ + Lψ ≤ C,
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for an absolute constant C > 0 (notice that b − a coincides with the length of Γ and hence we
include the dependence on b− a in Cγ). Regarding the Jacobian determinant, using (3.11) and
(3.14), we find out that∫
T+
h

| det (∇Hφ,ψ,h)(x)|dx = 0, (3.51)∫
T−
h

| det (∇Hφ,ψ,h)(x)|dx ≤
∫
D
| det

(
∇Ψφ,ψ(t, r)

)
||det (∇T −1

h (Th(t, r)))||det (∇Th(t, r))|dtdr

≤ (Lφ + Lψ + b− a)Cγ

∫ 1

0
|ψ(s)− φ(s)|ds ≤ Cγ,Lφ,Lψ∥ψ − φ∥L∞ .

Estimates for the gradient and Jacobian of composition of maps: Let A ⊂ R2 be
an open set and let B ⊂⊂ A satisfy (R) and be simply-connected. Let γ ∈ C3([a, b];R2) an arc-
length parametrization of Γ := ∂B. If B is not simply-connected, we will apply the following
discussion to each loop forming ∂B. Let δ ∈ (0, 1) be small enough and let Tδ be a tubular
neighborhood of Γ. For a map v ∈ Lip(Tδ;R2) we consider

u := v ◦ Σδ,n,c

whose gradient and Jacobian determinant satisfy

∇u(x) = ∇v(Σδ,n,c(x))∇Σδ,n,c(x) = ∇v(Σδ,n,c(x)) +∇v(Σδ,n,c(x))σδ,n,c(x)
det (∇u(x)) = det (∇v(Σδ,n,c(x))) + det (∇v(Σδ,n,c(x)))dδ,n,c(x), (3.52)

for a.e. x ∈ Tδ, where we have used (3.40) and (3.42). In particular we deduce∫
Tδ

|∇u(x)−∇v(x)|dx ≤
∫
Tδ

|∇v(Σδ,n,c(x))−∇v(x)|dx+
Cγ
n

∫
Tδ

|∇v(Σδ,n,c(x))|dx

≤ βv(
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
Tδ

|∇v|dx (3.53)

where in the last inequality we have used (3.41), (3.42), and where βv(
1
n) :=

∫
Tδ

|∇v(Σδ,n,c(x))−
∇v(x)|dx. Arguing similarly, we can also estimate∫

Tδ

|det (∇u)− det (∇v)|dx ≤
∫
Tδ

| det (∇v(Σδ,n,c(x)))− det (∇v(x))|dx

+
Cγ
n

(1 +
Cγ
n

)

∫
Tδ

| det (∇v)|dx

= ηv(
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
Tδ

| det (∇v)|dx, (3.54)

where ηv(
1
n) :=

∫
Tδ

|det (∇v(Σδ,n,c(x)))− det (∇v(x))|dx. Notice that both the quantities βv(
1
n)

and ηv(
1
n) tend to 0 as n→ ∞, thanks to the fact that Σδ,n,c(x) → x uniformly.

Analogously, if we define u− : T
−
δ \ T c

n
→ R2 and u+ : T

+
δ \ T c

n
→ R2 as

u± := v ◦ Σ±
δ,n,c
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respectively, then we will have∫
T−
δ \T c

n

|∇u− −∇v|dx ≤
∫
T−
δ \T c

n

|∇v(Σδ,n,c(x))−∇v(x)|dx+
Cγ
n

∫
T−
δ \T c

n

|∇v(Σδ,n,c(x))|dx

≤ β−v (
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
T−
δ

|∇v|dx∫
T+
δ \T c

n

|∇u+ −∇v|dx ≤ β+v (
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
T+
δ

|∇v|dx, (3.55)

and ∫
T−
δ \T c

n

| det (∇u−)− det (∇v)|dx ≤ η−v (
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
T−
δ

|det (∇v)|dx,∫
T+
δ \T c

n

| det (∇u+)− det (∇v)|dx ≤ η+v (
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
T+
δ

|det (∇v)|dx. (3.56)

Also in this case the quantities β±v (
1
n) and η

±
v (

1
n) tend to zero as n→ ∞.

4 Main properties of recovery sequences for F
Let Γ := γ([a, b]), γ ∈ C3([a, b];R2), be a Jordan curve parametrized by arc-length and let Tδ
be a tubular neighborhood of it, for δ ∈ (0, 1) small enough.

Definition 4.1 (The function ψu). If u ∈ BV (Tδ;Rm) we define the function ψu : (−δ, δ) → R
as

ψu(r) = |u Γr|BV (Γr) = |Dζu|(Γr), (4.1)

for all r ∈ (−δ, δ) and where Dζ is the tangential distributional derivative of u to Γr (see
Definition (3.10)).

The function ψu turns out to be measurable and, since u ∈ BV (Tδ;Rm), by coarea formula
it belongs to L1((−δ, δ)). Indeed, if uk ∈ C1(Tδ;Rm) converges strictly to u in BV (Tδ;Rm) (see
Remark 2.3) then by Lemma 3.12 and Fatou Lemma we can write∫ δ

−δ
|Dζu|(Γr)dr ≤ lim inf

k→∞

∫ δ

−δ
|Dζuk|(Γr)dr = lim inf

k→∞

∫
Tδ

|∇ukζ|dx = |Dζu|(Tδ) < +∞,

where we have used (3.25).
The following result is a crucial lemma which has the role of estimating the errors of energy

when one wants to glue two Lipschitz maps along a Jordan curve.

Lemma 4.2. Let A ⊂ R2 be a bounded open set and let B ⊂ A be a open subset whose boundary
is ∂B =: Γ ⊂ A is a closed Jordan curve of class C3; let u ∈ BV (A;Rm) be such that

|Du|(∂B) = 0, u ∂B ∈ BV (∂B;Rm),

let v+, v− ∈ Liploc(A;Rm) be two maps and let δ > 0 be small so that Tδ is a tubular neighborhood
of Γ. Then there exists a function ωΓ : R+ → R+ depending on Γ and on u Γ (but independent
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of v±) with limt→0+ ωΓ(t) = 0 and the such that following holds: for all ε > 0 there exists a
function w ∈ Liploc(A;Rm) with

w = v− in B \ Tδ and w = v+ in A \B \ Tδ,
∥w − v−∥L1(Tδ∩B) ≤ 3∥v− − u∥L1(Tδ∩B) + r,

∥w − v+∥L1(Tδ∩(A\B)) ≤ 3∥v+ − u∥L1(Tδ∩(A\B)) + r,∫
B
|∇w −∇v−|dx ≤ r,

∫
A\B

|∇w −∇v+|dx ≤ r, (4.2)

F (w,B) ≤ F (v−, B) + r, F (w,A \B) ≤ F (v+, A \B) + r,

r ≤ ε+ ωΓ

(
ds(v

+ Γ, u Γ) + ds(v
− Γ, u Γ)

)
.

Moreover, if v+, v− ∈ Lip(A;Rm) then w ∈ Lip(A;Rm).

Proof. Assume that γ : [a, b] → R2 is an arc-length parametrization of the loop Γ. Let us
consider the corresponding map Tδ in (3.16) and let T−

δ and T+
δ denote the inner and outer

parts of Tδ with respect to B, i.e., T−
δ = B ∩ Tδ, T+

δ = Tδ \B. Then we set, for any n ≥ 1,

wn :=


v− ◦ Σ−

δ,n,c in T−
δ \ T c

n
,

v+ ◦ Σ+
δ,n,c in T+

δ \ T c
n
,

v− in B \ Tδ,
v+ in A \B \ Tδ,

(4.3)

where we recall the maps Σ−
δ,n,c and Σ+

δ,n,c in (3.36) and (3.45), with c ∈ (0, δ) fixed. We have to
define wn in T c

n
: we set

φ̃ := (v− ◦ Σ−
δ,n,c) Γ− c

n
, ψ̃ := (v+ ◦ Σ+

δ,n,c) Γ c
n
,

and recalling (3.9), (3.10), and (3.47), we define

wn := Hφ,ψ, c
n

in T c
n
, (4.4)

where φ,ψ : [a, b] → Rm are given by

φ = φ̃ ◦ Tδ(·,−
c

n
) ψ = ψ̃ ◦ Tδ(·,

c

n
). (4.5)

By definition of φ̃ and ψ̃, using (3.36) and (3.45), φ and ψ can be equivalently written as

φ(t) = v− ◦ Tδ ◦Υδ,n,c(t,−
c

n
) = v−(Tδ(t, 0)) = v−(γ(t))

ψ(t) = v+ ◦ Tδ ◦Υδ,n,c(t,
c

n
) = v+(Tδ(t, 0)) = v+(γ(t)).

In this way we have that wn is Lipschitz continuous in T c
n
and

wn = φ̃ on Γ− c
n
, wn = ψ̃ on Γ c

n
.

Moreover wn turns out to be globally Lipschitz in A if so are v+ and v−. Let us estimate the
gradient and Jacobian determinant integral of wn in Tδ: by (3.55) we have∫

T−
δ \T c

n

|∇wn −∇v−|dx ≤ β−
v−(

1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
T−
δ

|∇v−|dx,∫
T+
δ \T c

n

|∇wn −∇v+|dx ≤ β+
v+

(
1

n
) +

Cγ
n

(1 +
Cγ
n

)

∫
T+
δ

|∇v+|dx, (4.6)
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and in particular there is a constant Cγ > 0 (depending on γ, but independent of n) such that∫
Tδ\T c

n

|∇wn|dx ≤ β−
v−(

1

n
) + β+

v+
(
1

n
) +

Cγ
n

(∫
T−
δ

|∇v−|dx+

∫
T+
δ

|∇v+|dx
)
, (4.7)

Furthermore, on account of (3.56), it follows, for all i, j ∈ {1, . . . ,m}, i ̸= j,∫
T−
δ \T c

n

|M ij
12(∇wn)−M ij

12(∇v
−)|dx+

∫
T−
δ \T c

n

|M ij
12(∇wn)−M ij

12(∇v
−)|dx

≤ η−
v−(

1

n
) + η+

v+
(
1

n
) +

Cγ
n

(∫
T−
δ

|M ij
12(∇v

−)|dx+

∫
T+
δ

|M ij
12(∇v

+)|dx
)
. (4.8)

As for the integral on T c
n
, using (3.50) and (3.51), we have for all i, j ∈ {1, . . . ,m}, i ̸= j,∫

T c
n

|∇wn|dx ≤ Cγ,Lφ,Lψ(
1

n
+ ∥sψ − sφ∥L1 + ∥ψ − φ∥L∞)

≤ Cγ,Lφ,Lψ
( 1
n
+ ∥sψ − sσ∥L1 + ∥sφ − sσ∥L1 + ∥ψ − σ∥L∞ + ∥φ− σ∥L∞

)∫
T c
n

|M ij
12(∇wn)|dx ≤ Cγ,Lφ,Lψ∥ψ − φ∥L∞ ≤ Cγ,Lφ,Lψ

(
∥ψ − σ∥L∞ + ∥φ− σ∥L∞

)
. (4.9)

Here we have set σ := u ◦ γ and denoted by σ the generalized curve in (3.4). By Proposition 3.6
we find a function aγ such that, up to enlarging the constant Cγ,Lφ,Lψ if necessary,∫

T c
n

|M ij
12(∇wn)|dx+

∫
T c
n

|∇wn|dx ≤ Cγ,Lφ,Lψ
( 1
n
+ aγ(ds(φ, σ) + ds(ψ, σ))

)
. (4.10)

We observe that inequalities (4.6), (4.8), and (4.10) entail∫
T−
δ

|M(∇v−)−M(∇wn)|dx+

∫
T+
δ

|M(∇v+)−M(∇wn)|dx ≤ o(1) + Cγaγ(ds(φ, σ) + ds(ψ, σ))

for some quantity o(1) tending to 0 as n→ ∞. These estimates together with (2.8) entail

F (wn, B) =

∫
B
g(M(∇wn)) ≤

∫
B
g(M(∇v−))− ∂g(M(∇v−))(M(∇v−)−M(∇w))dx

≤ F (v−, B) + Cg

∫
T−
δ

|M(∇v−)−M(∇w)|dx =: F (v−, B) + r′, (4.11)

with r′ ≤ Cg(o(1) + Cγaγ(ds(φ, σ) + ds(ψ, σ))) =: Cgo(1) + ωΓ(ds(φ, σ) + ds(ψ, σ)). A similar
reasoning for the set A \B leads to

F (w,A \B) = F (v+, A \B) + r′′,

with r′′ ≤ Cgo(1) + ωΓ(ds(φ, σ) + ds(ψ, σ)). So if we take n large enough, we have obtained the
last but one line in (4.2). Also the forth inequality in (4.2) easily follows from (4.6) and (4.9).
It remains to estimate the L1-norms. Owing to the explicit expressions of Φφ,ψ and Hφ,ψ, c

n
in
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(3.9) and (3.47), denoting h = c
n , we write∫

T−
c
n

|wn|dx ≤ (1 +
Cγ
n

)

∫ b

a

∫ h

0
|φ
(
tφ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

))
|drdt

= (1 +
Cγ
n

)

∫ b

a

∫ h

0
|φ
(
sφ(t)

r

h
+ sψ(t)

h− r

h

)
|drdt

≤ c

n
(b− a)(1 +

Cγ
n

)
(
∥φ− σ∥L∞ + ∥σ∥L∞

)
≤ Cγ

n

(
aγ(ds(φ, σ)) + ∥σ∥L∞

)
,

where the first inequality follows from (3.17) and the last one from Proposition 3.6. Analogously∫
T+
c
n

|wn|dx ≤ (1 +
Cγ
n

)

∫ b

a

∫ h

0
|φ(sψ(t))

h− r

h
+ ψ(sψ(t))

r

h
|drdt

≤ Cγ
n

(
∥φ− σ∥L∞ + ∥ψ − σ∥L∞ + 2∥σ∥L∞

)
≤ Cγ

n

(
aγ(ds(φ, σ)) + aγ(ds(ψ, σ)) + ∥σ∥L∞

)
.

At the same time we have∫
B
|wn − v−|dx =

∫
Tδ\T c

n

|v− ◦ Σ−
δ,n,c − v−|dx

≤
∫
Tδ\T c

n

|v− ◦ Σ−
δ,n,c − u ◦ Σ−

δ,n,c|dx+

∫
Tδ\T c

n

|u ◦ Σ−
δ,n,c − u|dx+

∫
Tδ\T c

n

|u− v−|dx

≤ (1 +
Cγ
n

)∥v− − u∥L1(T−
δ ) +

∫
Tδ\T c

n

|u ◦ Σ−
δ,n,c − u|dx+ ∥v− − u∥L1(T−

δ )

≤ 3∥v− − u∥L1(T−
δ ) +

∫
Tδ

|u ◦ Σδ,n,c − u|dx,

(for n > 1/Cγ) and a similar inequality holds for
∫
A\B |wn−v+|dx. Hence, the second and third

inequalities in (4.2) follow from the last three expressions, noticing that we can choose n big
enough so that

Cγ
n

∥σ∥L∞ ≤ ε,

∫
Tδ

|u ◦ Σδ,n,c − u|dx ≤ ε,

where the last condition can be obtained because u ◦ Σδ,n,c → u in L1(Tδ;Rm) as n→ ∞.

Being the construction leading to the result above local, it can be easily extended to more
general open set B as follows:

Corollary 4.3. Let A be a bounded open set and let B ⊂ A be an open subset with boundary
∂B ⊂ A a finite union of closed curves of class C3; let u ∈ BV (A;Rm) be such that

|Du|(∂B) = 0, u ∂B ∈ BV (∂B;Rm),
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let v+, v− ∈ Liploc(A;Rm) be two maps and let δ > 0 be small so that Tδ is a tubular neighborhood
of Γ := ∂B. Then for all ε > 0 there exists w ∈ Liploc(A;Rm) such that the first five lines of
(4.2) hold, together with

r ≤ ε+
N∑
i=0

ωΓi
(
ds(v

+ Γi, u Γi) + ds(v
− Γi, u Γi)

)
, (4.12)

where ωΓi : R+ → R+ are functions depending on Γi and on u Γi respectively, such that
limt→0+ ωΓi(t) = 0. Also, if v+, v− ∈ Lip(A;Rm) then w ∈ Lip(A;Rm).

A straightforward consequence of the previous result is the following:

Corollary 4.4. Let A be a bounded open set and let B ⊂ A be an open subset with boundary
∂B a finite union of closed curves of class C3; let u ∈ BV (A;Rm) be such that

|Du|(∂B) = 0, u ∂B ∈ BV (∂B;Rm),

and let (uk), (vk) ⊂ Liploc(A;Rm) be two sequences of maps such that

vk → u and uk → u strictly in BV (A;Rm),
uk Γi → u Γi and vk Γi → u Γi strictly in BV (Γi;Rm),

where Γ = ∪Ni=0Γ
i is the decomposition of Γ in simple Jordan curves Γi. Then there exists a

sequence (wk) ⊂ Liploc(A;Rm) such that

wk → u strictly in BV (A;Rm),
lim inf
k→∞

F (wk, B) ≤ lim inf
k→∞

F (vk, B),

lim inf
k→∞

F (wk, A \B) ≤ lim inf
k→∞

F (uk, A \B).

Furthermore, if uk and vk are Lipschitz continuous on A, so is wk.

We now use the previous result to modify suitable recovery sequences.

Lemma 4.5. Let A be a bounded open set and let B ⊂⊂ A be an open subset whose boundary
is ∂B =: Γ a finite union of closed curves of class C3. Let u ∈ BV (A;Rm) be given and assume
that 0 is a regular value for the function ψ in (4.1). Then there exists a recovery sequence
(vk) ⊂ Lip(B;Rm) for F(u,B) such that vk Γ → u Γ strictly in BV (Γ;Rm).

With a little abuse of notation, we have call vk a recovery sequence even if, in general,
vk /∈ C1(B;Rm). With this we mean that

lim
k→∞

F (vk, B) = F(u,B).

Proof. Let (uk) ⊂ C1(B;Rm) be a recovery sequence for F(u,B), let Tδ be a tubular neighbor-
hood of Γ, with δ ∈ (0, 1) small enough. We will modify uk in T−

δ in order to produce vk. To
do so, we again assume that Γ consists of a unique loop (the same argument applied to each
component of Γ covers the general case). Let Σ−

δ,n,cn
be the map in (3.36), where we consider

the numbers cn ∈ (0, δ) in such a way that

lim
n→∞

ψ(−cn
n
) = ψ(0), (4.13)
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and, at the same time, for all n > 0 fixed

uk Γ− cn
n

→ u Γ− cn
n

strictly in BV (Γ− cn
n
;Rm).

This choice is possible thanks to the hypothesis that 0 is regular for ψ, and since the convergence
above holds on Γt, for a.e. t ∈ (−δ, 0). Then we define

vk,n(x) := uk
Ä
(Σ−

δ,n,cn
)−1(x)

ä
, x ∈ T−

δ .

Notice that (Σ−
δ,n,cn

)−1 : T
−
δ → T

−
δ \ T cn

n
is such that (Σ−

δ,n,cn
)−1(Γ) = Γ− cn

n
, and so, writing

x = Tδ(t, 0) for x ∈ Γ, t ∈ [a, b], we have

vk,n(Tδ(t, 0)) = uk(Tδ ◦Υ−1
δ,n,cn

(t, 0)) = uk(Tδ(t, τ−1
δ,n,cn

(0))) = uk(Tδ(t,−
cn
n
)),

for all t ∈ [a, b]. In particular Remark 3.11 implies that, for all n > 0 fixed

vk,n ◦ Tδ(·, 0) → u ◦ Tδ(·,−
cn
n
) strictly in BV ([a, b];Rm).

We can then find, for all k > 0, a natural number nk > 0 such that nk ↗ +∞ (as k → ∞) and
satisfying ∫

Γ
|∇vk,nkζ|dH

1 =

∫ b

a
| d
dt
vk,nk(Tδ(t, 0))|dt ≤ |Dζu(Tδ(·,−

cnk
nk

))|([a, b]) + 1

k
,

where ζ appears in (3.20) which, we recall, is the unit oriented tangent vector to Γ. Recalling
(3.21), we also have

|Dζu(Tδ(·,−
cnk
nk

))|([a, b]) = |Dζu|(Γ−
cnk
nk

)

so we readily infer, thanks to (4.13) and the lower semicontinuity of the variation, that

lim
k→∞

∫
Γ
|∇vk,nkζ|dH

1 = |Dζu|(Γ),

and therefore the function vk := vk,nk satisfies

vk Γ → u Γ strictly in BV (Γ;Rm).

To conclude the proof we need to show that vk is still a recovery sequence for F(u,B). Notice
that, since uk are Lipschitz in B\T cn

n
and Σ−

δ,n,cn
is bi-Lipschitz, also vk,n are Lipschitz continuous

on B. In T−
δ , arguing as in (3.52), it holds, for i, j ∈ {1, . . . ,m}, i ̸= j,

∇vk(x) = ∇uk(Σ−1
δ,nk,cnk

(x))∇Σ−1
δ,nk,cnk

(x) = ∇uk(Σδ,nk,cnk (x)) +∇uk(Σδ,nk,cnk (x))σ̂
−
δ,nk,cnk

(x),

M ij
12(∇vk(x)) =M ij

12(∇uk(Σδ,nk,cnk (x))) +M ij
12(∇uk(Σδ,nk,cnk (x)))d̂

−
δ,nk,cnk

(x), (4.14)

thanks to (3.46). We then introduce the vector

M̃(∇uk(Σ−1
δ,nk,cnk

(x))) :=
(
1,∇uk(Σ−1

δ,nk,cnk
(x)),M12(∇uk(Σ−1

δ,nk,cnk
(x)))

)
. (4.15)
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where to shotcut the notation, we have denoted M12(∇w) ∈ Rm(m+1)/2 the vector with entries
M ij

12(∇w), i, j ∈ {1, . . . ,m}, i ̸= j. Using (3.46) we infer

|M(∇vk)− M̃(∇uk(Σ−1
δ,nk,cnk

(x)))| ≤ Cγ
nk

∣∣∣(0,∇uk(Σ−1
δ,nk,cnk

(x)),M12(∇uk(Σ−1
δ,nk,cnk

(x)))
)∣∣∣.

Therefore, exployting (2.8), (3.42), and the convexity of g, we can estimate

F (vk, T
−
δ ) ≤

∫
T−
δ

|g(M(∇vk))− g
(
M̃(∇uk(Σ−1

δ,nk,cnk
(x)))

)
|dx+

∫
T−
δ

g
(
M̃(∇uk(Σ−1

δ,nk,cnk
(x)))

)
dx

≤ CgCγ
nk

∫
T−
δ

∣∣∣(0,∇uk(Σ−1
δ,nk,cnk

(x)),M12(∇uk(Σ−1
δ,nk,cnk

(x)))
)∣∣∣dx

+

∫
T−
δ

g
(
M̃(∇uk(Σ−1

δ,nk,cnk
(x)))

)
dx

=
CgCγ
nk

∫
T−
δ \T cnk

nk

∣∣∣(0,∇uk(y),M12(∇uk(y)
)∣∣∣|det (∇Σδ,nk,cnk (y))|dy

+

∫
T−
δ \T cnk

nk

g
(
M̃(∇uk(y))

)
|det (∇Σδ,nk,cnk (y))|dy

≤ CgCγ
nk

(1 +
Cγ
nk

)

∫
T−
δ \T cnk

nk

∣∣∣(0,∇uk(y),M12(∇uk(y)
)∣∣∣dy

+ (1 +
Cγ
nk

)

∫
T−
δ \T cnk

nk

g
(
M̃(∇uk(y))

)
dy

≤ CgCγ
nk

(1 +
Cγ
nk

) (|∇uk|(A) + |M12(∇uk)|(A)) + (1 +
Cγ
nk

)F (uk, T
−
δ )

and so, thanks to (2.7), we conclude, for k large enough,

F (vk, T
−
δ ) ≤ F (uk, T

−
δ ) +

Cγ,g
nk

(|∇uk|(A) + F (uk, A)) ,

for a constant Cγ,g > 0 depending on γ, g, but independent on uk and k. As a consequence,
using that uk is a recovery sequence and that it is converging to u strictly in BV (Ω;Rm), we
are led to

lim sup
k→∞

F (vk, T
−
δ ) ≤ lim

k→∞
F (uk, T

−
δ ),

which means that vk is a recovery sequence as well, thanks to the fact that vk still converges to
u strictly in BV (Ω;Rm) (how it is easily checked from (4.14)).

Proposition 4.6. Let A be a bounded open set and let B ⊂⊂ A be a open subset whose boundary
is ∂B =: Γ ⊂ A a finite union of closed curves of class C3. Let Tδ ⊂ A be a tubular neighborhood
of Γ, let ψ : (−δ, δ) → R be the function defined in (4.1), and assume that 0 is a regular value
for ψ. Let (uk) ⊂ C1(A;Rm) be a recovery sequence for F(u;A) such that uk Γ → u Γ strictly
in BV (Γ;Rm); then uk B is a recovery sequence for F(u;B).

Proof. We prove the assertion arguing by contradiction, so assume that uk is not a recovery
sequence for F(u,B); we can then extract a subsequence such that there exists the limit

lim
k→∞

F (uk, B) > F(u,B).
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Let (vk) ⊂ C1(B;Rm) be a recovery sequence for F(u,B) so that

F(u,B) = lim
k→∞

F (vk, B) < lim
k→∞

F (uk, B).

According to Lemma 4.5, we can suppose that vk Γ → u Γ strictly in BV (Γ;Rm). Therefore,
the same being true for uk Γ, we are in the hypotheses of Corollary 4.4, and we can find a
sequence wk ∈ Liploc(A;Rm) (these are Lipschitz continuous in neighborhood U ⊂⊂ A of B,
and C1 on A \ U) such that

lim
k→∞

F (wk, A) = lim
k→∞

F (wk, A \B) + lim
k→∞

F (wk, B) = lim
k→∞

F (uk, A \B) + lim
k→∞

F (vk, B)

< lim
k→∞

F (uk, A \B) + lim
k→∞

F (uk, B) = lim
k→∞

F (uk, A) = F(u,A),

that is absurd. The thesis follows.

5 Proof of Theorem 1.1: Monotonicity, inner regularity and
sub-addivitity

This Section is devoted to the proof of Theorem 1.1. To this purpose we need to use Theorem
3.1, and so we will check that hypohteses (i)-(iv) of that theorem are satisfied. We start with
the following technical result:

Proposition 5.1. Let A ⊂ Ω be open and let (uk) ⊂ Liploc(Ω;Rm) be a sequence such that
uk → u strictly in BV (Ω;Rm); then there exists a sequence (wj) ⊂ Liploc(A;Rm) such that the
following holds:

(i) wj → u strictly in BV (A;Rm);

(ii) lim infj→∞ F (wj , A) ≤ lim infk→∞ F (uk, A).

Moreover, if uk are either Lipschitz continuous or of class C1 on A, then the sequence (wj) ⊂
Liploc(A;Rm) also satisfies

(iii) F (wj , A) ≥ F(wj , A), for all j ≥ 1.

Proof. Step 1: (Setup) As A ⊂ R2 is bounded, we consider the set Σn ⊆ A defined by

Σn := {x ∈ A : dist(x,Ac) = ηn},

where the numbers ηn, are chosen so that for all n ≥ 1 it holds 0 < ηn+1 < ηn, and Σn is a finite
union of Lipschitz loops Σn = ∪Nni=1Σ

i
n (see Lemma 7.2 in Appendix). We assume that Σin is a

unique Jordan curve for all i = 1, . . . , Nn. Let

dn := min{dist(Σin,Σjn), 0 ≤ i < j ≤ Nn}, (5.1)

and for all i = 1, . . . , Nn we choose a simple loop Γ̂in of class C4 such that

Γ̂in ⊂ {x ∈ A : dist(x,Ac) ∈ (ηn+1, ηn), dist(x,Σin) <
dn
4
},

and in such a way that the region enclosed by Γ̂in and Σin is an annulus type open set contained

in {x ∈ A : dist(x,Ac) ∈ (ηn+1, ηn)}. For all i, we denote by “H i
n this annulus so that“H i

n ⊂ {x ∈ A : dist(x,Ac) ∈ (ηn+1, ηn)}, ∂“H i
n = Γ̂in ∪ Σin.
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Furthermore we consider tubular neighborhoods T
δ̂in

of Γ̂in with δ̂in > 0 so small in order that

T
δ̂in

⊂ {x ∈ A : dist(x,Ac) ∈ (ηn+1, ηn), dist(x,Σin) <
dn
2
}.

Notice that, thanks to our choice of the parameters, it turns out that the open sets T
δ̂in
, n ∈ N,

i = 1, . . . , Nn, are mutually disjoint.
Let now (uk) ⊂ Liploc(Ω;Rm) be a sequence as in the statement. For all n ≥ 1 and all

i = 1, . . . , Nn we choose a positive number rin < δ̂in/2 such that, setting, as usual,

(Γ̂in)r := {x ∈ T
δ̂ni

: dist(x, Γ̂in) = r}

the following conditions hold:

(a) |Du|((Γ̂in)rin) = 0 and u (Γ̂in)rin belongs to BV ((Γin)rin ;R
m);

(b) Setting ψ̂in(r) := |u (Γ̂in)r|BV = |Dζu|((Γ̂in)r) then rin is a regular value for ψ̂in;

(c) uk (Γ̂in)rin → u (Γ̂in)rin strictly in BV ((Γ̂in)rin ;R
m).

We observe that the loops (Γ̂in)rin are of class C3 and we denote

Γin := (Γ̂in)rin ;

let H i
n be the annulus type region enclosed by Σin and Γin, so that H i

n ⊂ “H i
n. In this way

conditions (a), (b), and (c), are satisfied for Γin replacing (Γ̂in)rin and 0 is a regular value for

ψin(r) := |u (Γin)r|BV ; finally, since rin < δ̂in/2 the tubular neighborhoods Tδin of Γin, with

δin := δ̂in/2, for n > 0, i = 1, . . . , Nn are all mutually disjoint.
For any integer n > 0 fixed, we consider the open set Bn defined as

Bn := An ∪
Nn⋃
i=1

H i
n.

In this way and by definition of H i
n, we see that for all n > 1 it holds

Bn ⊂⊂ A, An ⊂ Bn ⊂ An+1.

Step 2: We now fix a natural number j > 0 and for all n ≥ 1 we consider the functions ωΓi := ωΓin
appearing in the right-hand side of (4.12); then we choose a number an > 0 so that

Nn∑
i=1

ωΓi(t) <
1

j2n+1
for all t < an. (5.2)

For n = 1 we consider the set B1 and owing to conditions (a), (b), and (c), we choose a natural
number k1,j > 0 so that

(1) ds(uk1,j Γi1, u Γi1) <
a1
2 , for all i = 1, . . . , N1;

(2) ∥uk1,j − u∥L1(B1) + ||Duk1,j |(B1)− |Du|(B1)| < 1
4j ;

(3) F (uk1,j , B1) ≤ lim infk→∞ F (uk, B1) +
1
4j .
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Next, for every n > 1 we choose kn,j > kn−1,j so that the following holds

(1*) ds(ukn,j Γin, u Γin) <
an
2 , ∀i = 1, . . . , Nn and ds(ukn,j Γin−1, u Γin−1) <

an−1

2 , ∀i =
1, . . . , Nn−1;

(2*) ∥ukn,j − u∥L1(Bn\Bn−1) + ||Dukn,j |(Bn \Bn−1)− |Du|(Bn \Bn−1)| < 1
j2n+1 ;

(3*) F (ukn,j , Bn \Bn−1) ≤ lim infk→∞ F (uk, Bn \Bn−1) +
1

j2n+1 .

Conditions (2) and (2*) can be obtained because uk → u strictly in BV (Ω;Rm), and thanks to
the hypothesis that |Du| does not concentrate on ∂Bn, for any n ≥ 1 (so the strict convergence
is inerhited on Bn \Bn−1).

Step 3: We now proceed to glue the maps ukn,j along the tubes Tδin exploiting Lemma

4.2. More precisely, for all n ≥ 1 we apply Corollary 4.3 with A,B replaced by Bn+1 \ Bn−1

and Bn \ Bn−1, respectively, δ = δn := min{δin, i = 1, . . . , Nn}, and ε = 1
j2n+1 , v

− = ukn,j ,

v+ = ukn+1,j
. This provides us with a map wn,j ∈ Lip(Bn+1 \ Bn−1;Rm), (here we have set

B0 = ∅ to deal with the case n = 1) such that

wn,j = ukn,j in Bn \Bn−1 \ T δn and wn,j = ukn+1,j
in Bn+1 \Bn \ T δn ,

∥wn,j − ukn,j∥L1(Tδn∩Bn) ≤ 3∥ukn,j − u∥L1(Tδn∩Bn) + rn,j ,

∥wn,j − ukn+1,j
∥L1(Tδn∩(Bn+1\Bn)) ≤ 3∥ukn+1,j

− u∥L1(Tδn∩(Bn+1\Bn)) + rn,j ,∫
Bn\Bn−1

|∇wn,j −∇ukn,j |dx ≤ rn,j , (5.3)∫
Bn+1\Bn

|∇wn,j −∇ukn+1,j
|dx ≤ rn,j ,

F (wn,j ;Bn \Bn−1) ≤ F (ukn,j ;Bn \Bn−1) + rn,j ,

F (wn,j ;Bn+1 \Bn) ≤ F (ukn+1,j
;Bn+1 \Bn) + rn,j ,

rn,j ≤
1

j2n+1
+

Nn∑
i=0

ωΓi
(
ds(ukn,j Γin, u Γin) + ds(ukn+1,j

Γin, u Γin)
)
≤ 1

j2n
,

where the last inequality is obtained in view of (1) and (1*), thanks to (5.2). Due to the first
line, we can now define wj ∈ Liploc(A;Rm) as

wj := wn,j on Un := (Bn \Bn−1 \ T δn−1) ∪ Tδn .

We can now estimate

∥wj − u∥L1(A) ≤
∞∑
n=1

∥wn,j − ukn,j∥L1(Tδn∩Bn) + ∥wn,j − ukn+1,j
∥L1(Tδn∩(Bn+1\Bn))

≤
∞∑
n=1

2rn,j + 3∥u− ukn,j∥L1(Tδn∩Bn) + 3∥u− ukn+1,j
∥L1(Tδn∩(Bn+1\Bn))

where we have used (5.3), and thanks to (2) and (2*) we conclude

∥wj − u∥L1(A) ≤
5

j
. (5.4)
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A similar argument applied to the forth and fifth lines in (5.3) and again based on (2) and (2*)
leads to

|Dwj |(A) ≤
∞∑
n=1

|Dukn,j |(Tδn ∩Bn)|+ |Dukn+1,j
|(Tδn ∩Bn+1)|+ 2rn,j ≤ |Du|(A) + 3

j
. (5.5)

Finally, arguing analogously, thanks to the first, sixth, and seventh line in (5.3) and to (3) and
(3*) we conclude

F (wj , A) =
∞∑
n=1

F (wj , Un ∩Bn) + F (wj , Tδn \Bn)

≤
∞∑
n=1

F (ukn,j , Bn \Bn−1) + F (ukn+1,j
, Bn+1 \Bn) + 2rn,j

≤ 2

j
+ lim inf

k→∞
F (uk, A). (5.6)

To conclude the proof, it is sufficient to observe that the sequence wj converges, as j → ∞,
to u in L1(A;Rm) thanks to (5.4); by (5.5), the previous convergence is strict in BV (A;Rm).
Moreover, (5.6) implies (ii). To achieve the last assertion, it is enough to observe that wj can
be obtained as strict limit in BV (Ω;Rm) of the functions w̃j,m given by

w̃j,m :=

®
wj on Um,

ukm+1,j
on A \ Um.

(5.7)

For these maps it is immediately checked that F (w̃j,m, A) → F (wj , A). So by Theorem 2.7 (if
uk are Lipschitz) and Theorem 2.8 (if uk are of class C1) we deduce that

F (wj , A) ≥ lim inf
k→∞

F(wj,m, A) ≥ F(wj , A),

where we have used Theorem 2.5 in the last inequality.

Remark 5.2. We emphasize that inequality F (wj , A) ≤ F(wj , A) is not guaranteed in general,
at this stage. This is due to the fact that wj is not globally Lipschitz in A but only locally, and
neither of class C1. We will prove that for a locally Lipschitz function u there holds F (u,A) =
F(u,A) only in after the proof of Theorem 1.1.

Corollary 5.3. Assume the hypotheses of Proposition 5.1 and let B0 = ∅, and Bn (n ≥ 1) be
the sets in Step 1 of its proof. Then the sequence wj also satisfies, for all n ≥ 1

F (wj , Bn \Bn−1) ≤ lim inf
k→∞

F (uk, Bn \Bn−1) +
1

j2n+1
. (5.8)

If moreover uk is a recovery sequence for F(u,A), then there holds:

lim
j→∞

F (wj , A) = F(u,A),

lim
j→∞

F (wj , Bn \Bn−1) = F(u,Bn \Bn−1) ∀n ≥ 1, (5.9)

lim
j→∞

F (wj , Bn) = F(u,Bn) ∀n ≥ 1.
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Proof. Inequality (5.8) follows from the definition of wj , expressions (5.3) and conditions (3) and
(3*) in the proof of Proposition 5.1. If uk is a recovery sequence for F(u,A), then conditions
(a), (b), and (c), in Step 1 of that proof ensure, thanks to Proposition 4.6, uk (Bn \Bn−1) is a
recovery sequence for F(u,Bn \Bn−1) and at the same time uk Bn is a recovery sequence for
F(u,Bn); then the first line in (5.9) follows from (ii) and (iii) of Proposition 5.1, and similarly
the second and third lines follow from (5.8).

We are now in a position to check conditions (i)-(iv) of Theorem 3.1; we start with the
monotonicity condition (i):

Theorem 5.4. (Monotonicity) Let B ⊆ A be bounded open sets and let u ∈ BV (A;Rm); then

F(u,B) ≤ F(u,A).

Proof. Let (uk) ⊂ C1(A;Rm) be a recovery sequence for F(u,A). According to Proposition 5.1
(applied to the case A = Ω and B in place of A) there exists a sequence (wj) ⊂ Liploc(B;Rm)
such that

lim inf
j→∞

F (wj , B) ≤ lim inf
k→∞

F (uk, B) ≤ lim inf
k→∞

F (uk, A) = F(u,A).

Since F(u,B) ≤ lim infj→∞ F (wj , B) thanks to (iii) in Proposition 5.1, we have concluded.

As additivity (ii) is trivial, we proceed to verify (iv) of Theorem 3.1, and then go to (iii).

Theorem 5.5. (Inner regularity) Let A ⊂ R2 be a bounded open set; then

F(u;A) = sup{F(u;B) : B is an open set and B ⊂⊂ A}. (5.10)

Proof. Step 1: We consider the same setting in Step 1 of the proof of Proposition 5.1. In
particular, we fix a recovery sequence uk for F(u,A), and assume that, for all n ≥ 1, and
i = 1, . . . , Nn,

(a) |Du|(Γin) = 0 and u Γin belongs to BV (Γin;Rm);

(b) Setting ψin(r) := |u (Γin)r|BV = |Dζu|((Γin)r) then 0 is a regular value for ψin;

(c) uk Γin → u Γin strictly in BV (Γin;Rm).

By standard arguments one sees that

sup{F(u;B) : B is an open set and B ⊂⊂ A} = sup{F(u;Bn) : n ≥ 1}. (5.11)

Indeed, let B ⊂⊂ A; by compactness of B one has dist(B,Ac) > 0 and so there exists n such
that B ⊂ An ⊂ Bn. So, by monotonicity the inequality sign ≥ holds in (5.11), and the converse
being obvious, the claim follows.

We fix ε > 0 arbitrary, and prove that there exists nε such that

F(u,Bnε) ≥ F(u,A)− ε. (5.12)

This will imply the thesis by arbitrariness of ε > 0.
Step 2: Condition (c) ensures that, thanks to Proposition 4.6, uk Bn and uk (Bn+1 \Bn)

are still recovery sequences for F(u,Bn) and F(u,Bn+1 \ Bn) respectively, for all n ≥ 1. This
implies that

F(u,Bn) = lim
k→∞

F (uk, Bn) =
n∑
i=1

lim
k→∞

F (uk, Bi \Bi−1) =
n∑
i=1

F(u,Bi \Bi−1),
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where once more we have set B0 = ∅. Since, by monotonicity, for all n ≥ 1 we have F(u,Bn) ≤
F(u,A), we conclude

∞∑
i=1

F(u,Bi \Bi−1) ≤ F(u,A). (5.13)

Fix ε > 0; by (5.13) the series in the left-hand side is convergent, and so we can fix nε > 0 so
that

∞∑
i=nε+1

F(u,Bi \Bi−1) ≤ ε, (5.14)

We consider the sequence wj provided by Corollary 5.3, that, for all i ≥ 1, is a recovery sequence
for F(u,Bi \Bi−1) and for F(u,Bnε). From (5.8) we deduce that

F(u,A) = lim
j→∞

F (wj , Bnε) + lim
j→∞

∞∑
i=nε+1

F (wj , Bi \Bi−1)

≤ F(u,Bnε) + lim
j→∞

( ∞∑
i=nε+1

lim inf
k→∞

F (uk, Bi \Bi−1) +
1

j2n+1

)
≤ F(u,Bnε) + lim

j→∞

( ∞∑
i=nε+1

F(u,Bi \Bi−1) +
1

j

)
= F(u,Bnε) + ε.

By arbitrariness of ε > 0 we conclude.

Theorem 5.6. (Sub-additivity) Let u ∈ BV (Ω;Rm) be given. Then for all open sets A1, A2, A ⊂
Ω with A ⊆ A1 ∪A2 it holds

F(u,A) ≤ F(u,A1) + F(u,A2).

Proof. Let uk ⊂ C1(Ω;Rm) be a recovery sequence for F(u,A1 ∪ A2). Starting from the set A,
we build, as in Step 1 of the proof of Proposition 5.1, the sets Bn ⊂⊂ A, n ≥ 1. By definition

Bn ⊂ An+1 = {x ∈ A : dist(x,Ac) > ηn+1} (5.15)

and taking into account that ∂Bn = ∪Nni=1Γ
i
n enjoies properties (a), (b), and (c) in the proof of

Theorem 5.5, we immediately obtain that uk Bn is a recovery sequence for F(u,Bn). Then we
fix ε > 0; owing to the inner regularity, Theorem 5.5, and thanks to (5.11), we choose nε > 0 so
that

F(u,Bnε) ≥ F(u,A)− ε. (5.16)

Next we proceed once again along the lines of Step 1 of Proposition 5.1 for the sets A1 and A2,
obtaining sets B1

n and B2
n, n ≥ 1, for which

B1
n ⊂ A1

n+1 = {x ∈ A1 : dist(x,A
c
1) > η1n+1} ⊂ B1

n+1,

B2
n ⊂ A2

n+1 = {x ∈ A2 : dist(x,A
c
2) > η2n+1} ⊂ B2

n+1,
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for suitable infinitesimal decreasing sequences of numbers η1n and η2n (which may differ from ηn).
We therefore choose n big enough so that η1n+1, η

2
n+1 < ηnε+1, and so we check that

Bnε ⊂ Anε+1 ⊂ A1
n+1 ∪A2

n+1 ⊂ B1
n+1 ∪B2

n+1. (5.17)

Here the second inclusion is true since A ⊆ A1 ∪A2, and so

{x ∈ A : dist(x,Ac) > ηnε+1} ⊆ {x ∈ A : dist(x, (A1 ∪A2)
c) > ηnε+1}

⊆ {x ∈ A1 : dist(x, (A1 ∪A2)
c) > ηnε+1} ∪ {x ∈ A2 : dist(x, (A1 ∪A2)

c) > ηnε+1};

now since dist(x, (A1 ∪A2)
c) = min{ dist(x,Ac1), dist(x,Ac2)}, we also have

{x ∈ A1 : dist(x, (A1 ∪A2)
c) > ηnε+1} ∪ {x ∈ A2 : dist(x, (A1 ∪A2)

c) > ηnε+1}
⊆ {x ∈ A1 : dist(x,A

c
1) > ηnε+1} ∪ {x ∈ A2 : dist(x,A

c
2) > ηnε+1}

⊆ {x ∈ A1 : dist(x,A
c
1) > η1n+1} ∪ {x ∈ A2 : dist(x,A

c
2) > η2n+1} = A1

n+1 ∪A2
n+1.

From (5.17) we can finally write, for all k,

F (uk, Bnε) ≤ F (uk, B
1
n+1) + F (uk, B

2
n+1),

and so passing to the limit as k → ∞ we end up with

F(u,Bnε) ≤ F(u,B1
n+1) + F(u,B2

n+1) ≤ F(u,A1) + F(u,A2), (5.18)

the second iequality following from monotonicity of F(u, ·). This implies the thesis thanks to
(5.16) and the arbitrariness of ε.

6 Examples of representation formulas

In this section we revise some examples showing how the area functional relaxed with respect
to strict topology is representable in an integral form.

First we see that for a locally Lipschitz map u ∈ BV (Ω;Rm) there holds the standard
expression

F(u,Ω) = F (u,Ω).

This is because, since F(u, ·) is the restriction of a Borel measure, we have

F(u,Ω) = lim
n→∞

F(u,Ωn) = lim
n→∞

∫
Ωn

g(M(∇u))dx =

∫
Ω
g(M(∇u))dx,

for any increasing sequence of sets Ωn ⊂⊂ Ω with ∪nΩn = Ω. Notice that the second equality
above follows since u is Lipschitz on Ωn and we can apply Theorem 2.7.

We now pass to a more involved example: Consider a rectangle R := (a, b) × (c, d) ⊂ R2,
let h ∈ (c, d) and let S := (a, b) × h. Let R+ := (a, b) × (h, d), R− := (a, b) × (c, h), and
u ∈ BV (R;R2) be a map such that u± := u R± are Lipschitz continuous. In this case the
relaxed area A(u,R) has been proved to be [5]

A(u,R) := A(u,R+) + A(u,R−) +

∫
(a,b)×(0,1)

|∂tXaff ∧ ∂sXaff|dtds, (6.1)

where Xaff is the affine interpolation between the traces of u± on S, namely

Xaff(t, s) := (t, su+(t, h) + (1− s)u−(t, h)), ∀(t, s) ∈ (a, b)× (0, 1). (6.2)
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This result can be extended to piecewise Lipschitz maps with jump forming a network (namely
a graph consisting of finitely many C2-curves meeting at finitely many junctions points, see [5]).
A similar representation formula holds for this kind of maps, where however there appears also
the singular contribution of solutions of suitable plateau problems accounting for the junctions
points (see [5, Theorem 1.1]).

Another important case is the one of Sobolev maps with values in S1, u ∈ W 1,1(Ω; S1). In
this case, if det (∇u) = π

∑∞
i=1(δxi − δyi) (see [14] and references therin), then the measure

µ(A) := A(u,A) takes the form

µ =
»
1 + |∇u|2 · L2 + π

∞∑
i=1

(δxi + δyi).

For general maps of bounded variation u an explicit expression of µ is not known at the present
stage. This will be object of future research.

6.1 A Cartesian map with singular relaxed area

We consider a Lipschitz curve φ : S1 → R2 and, for Ω = Br, r > 0, the 0-homogeneous map
uφ : Ω ⊂ R2 → R2 given by

uφ(x) = φ(
x

|x|
), x ∈ Ω \ {0}. (6.3)

It is easy to see that the graph of uφ, treated as a 2-integral current Guφ ∈ D2(Ω×R2), satisfies

∂Guφ = δ0 × φ♯〚S1〛 in D1(Ω× R2),

where φ♯〚S1〛 is the integration over the image of φ, i.e., the push-forward by φ of the standard
integration over the unit circle S1. According to the results in [4] (see also [17]) it holds

A(uφ,Ω) =

∫
Ω

»
1 + |∇uφ|2dx+ P(φ), (6.4)

where P(φ) corresponds to the area of a disk-type solution of the planar Plateau problem with
boundary φ(S1). Specifically

P(φ) := inf{
∫
B1

|∂x1Φ ∧ ∂x2Φ|dx : Φ = φ on ∂B1, Φ ∈ Lip(B1;R2)}. (6.5)

This Plateau problem can be singular, in the sense that the contour φ(S1) of the minimal disk
can have self-intersection and overlappings (see [19–21, 36] for this kind of Plateau problem
and generalization). It is interesting to observe that this singular contribution is related with
the presence of the Jacobian determinant in the integrand of our functional. Indeed, a similar
contribution appears when we consider the total variation of the Jacobian (see [4,17]), relaxation
with respect to the strict convergence in BV of (1.14):

T VJ (uφ,Ω) = P(φ), (6.6)

(compare with the results in [45] and [26]).
We now make a specific choice for φ: Let Γ1 and Γ2 be two circumferences tangent to each

other at the origin 0. If αi denotes a constant speed parametrization of Γi starting from 0, we
consider the concatenation

φ := α1 ⋆ α2 ⋆ α
−1
1 ⋆ α−1

2 , (6.7)
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that is a Lipschitz closed curve running the 8-shaped figure consisting of Γ1 ∪ Γ2 two times, the
first with opposite orientation of the second time. Due to this, it turns out that the current
φ♯〚S1〛 is null, so that uφ is a Cartesian map, namely

∂Guφ = 0 in D1(Ω× R2).

At the same time (6.4) still holds, and P(φ) is nonzero; indeed it turns out that P(φ) coincides
with two times the area of the smaller circle between Γ1 and Γ2 (see [19,45]).

We now give a short proof of the following interesting observation (see [33, Theorem 1,
Section 6.5.1]):

Theorem 6.1. Let r > 0 and uφ : Br(0) → R2 the Cartesian map in (6.3) with φ be the double
eight curve in (6.7). Then, it holds

AL1
(uφ, Br) >

∫
Br

»
1 + |∇uφ|2dx. (6.8)

In other words we have found a Cartesian map whose area functional, even if relaxed with
respect to the L1-topology, is strictly greater than the area of its graph.

Proof. Assume by contradition that for some r > 0 it holds

AL1
(uφ, Br) =

∫
Br

»
1 + |∇uφ|2dx.

Let (uk) ⊂ C1(Br;R2) be a recovery sequence for AL1
(uφ, Br) and denote Vk := ∇uk. We have

lim sup
k→∞

∫
Br

»
1 + |Vk|2dx ≤ lim

k→∞

∫
Br

»
1 + |Vk|2 + | det (∇uk)|2 =

∫
Br

»
1 + |∇uφ|2dx

and, on the other hand, by lower semicontinuty

lim inf
k→∞

∫
Br

»
1 + |Vk|2dx ≥

∫
Br

»
1 + |∇uφ|2dx.

So limk→∞
∫
Br

√
1 + |Vk|2dx =

∫
Br

√
1 + |∇uφ|2dx; hence by Proposition 3.4 we conclude Vk =

∇uk → ∇uφ strongly in L1(Br). But strong convergence of gradients implies strict convergence
in BV (Br;R2), so by (6.4) we arrive at

lim inf
k→∞

A(uk, Br) ≥ A(uφ, Br) =

∫
Br

»
1 + |∇uφ|2dx+ P(φ) >

∫
Br

»
1 + |∇uφ|2dx,

a contradiction.

7 Appendix

We collect here some useful results for the above discussion.

Lemma 7.1. Let A ⊂ R be a bounded open set and let fk, f ∈ L1(A) be non-negative functions
such that

lim
k→∞

∫
A
fkdx =

∫
A
fdx, f(x) = lim inf

k→∞
fk(x) a.e. x ∈ A.

Then fk → f in L1(A).
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Proof. We prove that ψk := fk − f tends to 0 in L1(A). To this aim, we denote by ψ+
k =

ψk ∨ 0 and ψ−
k = (−ψk) ∨ 0 the positive and negative parts of ψk, respectively, so that it is

enough to show that they both tends to 0 in L1(A). As for the negative part, we readily see
that ψ−

k = (f − fk) ∨ 0 ≤ f , and moreover from f(x) = lim infk→∞ fk(x) we deduce that
lim supk→∞ f(x) − fk(x) = 0, hence limk→∞ ψ−

k = 0 a.e. on A. Therefore, by Dominated
Convergence Theorem ψ−

k → 0 in L1(A).
This also allows to treat the positive part, since we know that 0 = limk→∞

∫
A ψkdx =

limk→∞
∫
A ψ

+
k dx, which implies ψ+

k → 0 in L1(A). The thesis is achieved.

The following result can be found in [30]:

Lemma 7.2. Let U ⊂ R2 be a relatively compact set; then for a.e. t > 0 the set

Γt := {x ∈ R2 : dist(x, U) = t},

consists of finitely many Lipschitz curve.

Proof. This follows from the fact that for a.e. t the set Ut := {x ∈ R2 : dist(x, U) < t} is an
open set with Lipschitz boundary.
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[16] H. Brezis, P. Mironescu and A. C. Ponce, W 1,1 maps with values into S1, Contemp. Math.
368 (2005), 69–100.

[17] S. Carano, Relaxed area of 0-homogeneous maps in the strict BV-convergence, Annali di
Matematica 203, (2024), 2057–2074.

[18] S. Carano, D. Mucci, Strict BV relaxed area of Sobolev maps into the circle: the high
dimension case, Nonlinear Differ. Equ. Appl. 31, 54 (2024).

[19] M. Caroccia, R. Scala, On the singular planar Plateau problem, Calc. Var. Partial Diff.
Equations 63, 242 (2024).

[20] P. Creutz, Plateau’s problem for singular curves, Comm. Anal. Geom. 30 (2022), 1779-
1792.

[21] P. Creutz, M. Fitzi, The Plateau-Douglas problem for singular configurations and in general
metric spaces, Arch. Rational Mech. Anal., 247 (2023).

[22] G. Dacorogna, “Direct Methods in the Calculus of Variations”, Springer, Berlin-Heidelberg-
New York, 1989.

[23] G. Dal Maso, Integral representation on BV (Ω) of Γ-limits of variational integrals,
Manuscripta Math. 30 (1980), 387-416.

43



[24] E. De Giorgi, On the relaxation of functionals defined on cartesian manifolds, In “Develop-
ments in Partial Differential Equations and Applications in Mathematical Physics” (Ferrara
1992), Plenum Press, New York, 1992.

[25] De Luca, L., Scala, R., Van Goethem, N.: A new approach to topological singularities via
a weak notion of Jacobian for functions of bounded variation. Indiana Univ. Math. J. 73
(2024), 723–779.

[26] G. De Philippis, Weak notions of Jacobian determinant and relaxation. ESAIM: COCV 18
(2012) 181–207.

[27] H. Federer, “Geometric Measure Theory”, Die Grundlehren der mathematischen Wis-
senschaften, Vol. 153, Springer-Verlag, New York Inc., New York, (1969).
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