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Abstract. We study partial regularity for nondegenerate parabolic systems of double phase

type, where the growth function is given by H(z, s) = sp + a(z)sq , z = (x, t) ∈ ΩT , with
2n
n+2

< p ⩽ q and a(z) a nonnegative C0,α,α
2 -continuous function for some α ∈ (0, 1]. As the

main result we prove that if q < min{p+ αp
n+2

, p+ 1} the spatial gradient of any weak solution

is locally Hölder continuous, except on a set of measure zero.
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1. Introduction

Double phase energies of the form

(1.1)

�
Ω

H(x,Du) dx , H(x, s) := sp + a(x)sq , 1 < p < q ,

have been originally introduced by Zhikov [64, 67] in the context of homogenization theory and
Elasticity, with the aim of modeling strongly anisotropic materials, and then studied as an example
exhibiting Lavrentiev phenomenon ([65, 66], see also [36, 37, 3]). In this framework, the coefficient
a(·) plays a crucial role, since it describes the geometry of a composite made of two different
materials exhibiting power-type hardening with exponents p and q, respectively. The double
phase setting naturally interpolates between two different growth conditions and thus provides a
unifying model capturing nonuniform behaviors within a single variational framework. We further
refer to [14, 41] for the application of the double phase problems to image restoration.

Equations and systems related to (1.1) have been the object of intensive study over the last
decade, particularly in connection with regularity theory. For scalar minimizers of (1.1), sharp and
essentially optimal regularity results were obtained in the works of Baroni, Colombo and Mingione
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[16, 17, 4, 5], where they proved that, under the condition q ⩽ p+ αp
n , the gradient of minimizers

is locally Hölder continuous. For further regularity results related to elliptic double phase type
problems, we refer to [1, 2, 9, 10, 18, 19, 20, 21, 24, 25, 56, 59] and the references therein. We also
mention [22, 23, 43, 42, 44, 45] for regularity results concerning more general energies, including
certain double phase type functionals.

Regularity for elliptic systems of the form

divA(x,Du) = 0 in Ω ,(1.2)

where Ω ⊂ Rn (n ⩾ 2) is a bounded and open set, u = (u1, . . . , uN ) : Ω → RN with N > 1, and
the operator A(x, ξ) satisfies standard growth and ellipticity conditions, has been actively studied.
It is well known that, without structural assumptions, solutions to systems exhibit only partial
regularity, i.e., they are regular outside a set of measure zero, see the survey [55] and references
therein. An efficient and widely used technique is the so-called A-harmonic approximation, which
involves linearizing the functional or partial differential equation around the average gradient in a
ball, see [33, 28]. This method enables one to locally approximate solutions of nonlinear problems
by solutions of linearized equations, facilitating regularity estimates. In contrast to theA-harmonic
approximation, which is suitable when the gradient is bounded away from zero, the regime where
the gradient is small requires approximation schemes that reflect the degeneracy or singularity of
the underlying operator, see [34, 32, 13], respectively for the power case and the Orlicz one.

More recently, partial regularity for nondegenerate systems of the type (1.2) with operators
A(x, ξ) associated with the double phase function H(x, s) = sp + a(x)sq has been investigated in
[57, 58, 62]. Here “nondegenerate” refers to the condition |DξA(x, 0)| ∼ 1. Those works deal only
with the superquadratic case, namely p ⩾ 2. The general (possibly degenerate) case of double
phase systems was recently treated in [61], where partial Hölder regularity of the gradient of weak
solutions was obtained without the superquadratic assumption, thus providing a unified approach
independent of the exponent p.

For the corresponding parabolic systems

ut − divA(z,Du) = 0 in ΩT ,(1.3)

where z = (x, t) and ΩT = Ω × (0, T ) is a space-time cylinder in Rn+1, partial regularity in the
p-growth case has been studied in [35, 8]. Moreover, in recent years, partial regularity in the Orlicz
growth setting has also been investigated in [38, 60].

In contrast to the elliptic setting, where the picture of regularity results is rich and appears to be
almost completely understood, the corresponding parabolic theory for double phase equations and
systems remains much less developed. Chlebicka, Gwiazda and Zatorska-Goldstein [15] proved
the existence of weak solutions to parabolic equations with Musielak–Orlicz growth, and Kim,
Kinnunen and Särkiö [50] proved existence and uniqueness results for weak solutions to parabolic
systems with superquadratic double phase growth. Concerning regularity theory, Kim, Kinnunen,
Moring and Särkiö [47, 48, 49, 52] have established higher integrability for the gradient as well
as Calderón–Zygmund type estimates for weak solutions. These results were obtained under the
conditions

(1.4) q ⩽ p+
2α

n+ 2
when p ⩾ 2, q ⩽ p+

α

n+ 2

p(n+ 2)− 2n

2
when

2n

n+ 2
< p < 2 .

Moreover, in [49] an additional technical assumption Du ∈ Lq(ΩT ) was required; however, this can
be removed by applying a double phase parabolic Lipschitz truncation, see [50]. We further refer to
[51] for results on the Hölder continuity of bounded weak solutions to parabolic equations, [12] for
parabolic double phase obstacle problems, and [6, 63] for related work on parabolic (p, q)-growth
problems.

To the best of our knowledge, partial regularity for parabolic systems of double phase type has
not yet been explored. In this paper, we address this problem for homogeneous nondegenerate
systems of the form (1.3), where the nonlinearity A : ΩT × RN×n → RN×n satisfies the following
growth and ellipticity conditions with respect to the function H(z, s):

(A1) |A(z, ξ)|+ (1 + |ξ|) |DξA(z, ξ)| ⩽ LH ′(z, 1 + |ξ|) ,
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(A2) [DξA(z, ξ)λ] : λ ⩾ ν H ′′(z, 1 + |ξ|) |λ|2 ,

for every z = (x, t) ∈ ΩT , ξ ∈ RN×n, and λ ∈ RN×n, and for some 0 < ν ⩽ L. Here, “:” denotes
the Euclidean inner product in RN×n, and the function H : ΩT × [0,∞) → [0,∞) is the so-called
double phase function defined by

(1.5) H(z, s) := sp + a(z) sq , where
2n

n+ 2
< p ⩽ q, 0 ⩽ a(z) ⩽ L for z ∈ ΩT .

We further assume that a ∈ C0,α,α2 (ΩT ) for some α ∈ (0, 1], that is,

(1.6) |a(z1)− a(z2)| ⩽ L
(
|x1 − x2|α + |t1 − t2|

α
2

)
for every z1 = (x1, t1) and z2 = (x2, t2) in ΩT , and

(1.7) q < min
{
p+

αp

n+ 2
, p+ 1

}
.

Moreover, H ′(z, s) and H ′′(z, s) denote the first and second derivatives with respect to the s-
variable, respectively. Note that in the region where a(z) = 0, we have H(z, s) = sp, so that H
corresponds to the p-phase, while in the region where a(z) > 0, the function H corresponds to
the (p, q)-phase. We also note that (A2) implies the following monotonicity property: for every
z ∈ ΩT and ξ1, ξ2 ∈ RN×n,

(1.8)
(
A(z, ξ1)−A(z, ξ2)

)
: (ξ1 − ξ2) ⩾ ν̃ H ′′(z, 1 + |ξ1|+ |ξ2|) |ξ1 − ξ2|2

for some ν̃ > 0 depending only on p, q, and ν.
For system (1.3), we establish the partial C1,α-regularity theory; see Section 1.1 for the main

theorem. We outline the novelty of our result and the main ideas of the proof. Our analysis
is focused on non-degenerate systems, which represent the initial step in the study of partial
regularity theory. However, even in this context, the proof of partial regularity necessitates the
introduction of significantly novel concepts. In the nondegenerate setting, a natural condition on
the exponents p and q in the definition of H might be

(1.9) q ⩽ p+
pα

n+ 2
,

as this allows one to avoid the use of intrinsic parabolic cylinders. We point out that, even in
the elliptic case, in order to obtain regularity in the borderline situation q = p + pα

n+2 , higher
integrability plays an essential role. In the parabolic setting, it seems that the conditions in
(1.4) are essentially required to obtain higher integrability, and are more restrictive than (1.9).
Therefore, assuming the strict inequality in (1.9) is quite natural.

A Caccioppoli type inequality was obtained in [50] for weak solutions u to the double phase
parabolic systems satisfying the natural integrability condition H(·, |Du|) ∈ L1

loc(ΩT ), assuming
the strong condition (1.4). On the other hand, in this paper, we are able to prove it under the
optimal condition (1.9) by means of a mollification argument of convolution type in both space
variable z and the time variable t, originally devised for the Euclidean metric in [40] and later
adapted to the parabolic setting in [46].

Thanks to our recent A-caloric approximation result in [60], we can define the excess functional
directly in terms of the gradient Du of a weak solution u to (1.3):

(1.10) Φ(z0, ρ,u) = −
�
Qρ(z0)

H−
1+|(Du)z0,ρ|

(∣∣Du− (Du)z0,ρ
∣∣) dz + ρ

β1
2 ,

whereH−
σ denotes the shiftedN -function ofH−(s) := sp+ inf

z∈Qρ(z0)
a(z)sq and β1 is defined in (4.5).

Then a linearization procedure combined with A-caloric approximation yields local comparison
estimates for Du with the gradient of a suitably chosen smooth A-caloric function. We note that
the additional assumption q < p + 1 is imposed in order to apply the A-caloric approximation
to the function H−, rather than H. This condition could, in principle, be relaxed if a higher
integrability result for functions of the form H1+|Q|(z, |Du−Q|) were to be established. However,
as previously noted, this would likely require the conditions in (1.4). On the other hand, the
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condition q < p + 1 is less restrictive than (1.4), and naturally arises in the regularity theory for
parabolic problems with (p, q)-growth; see, for instance, [6, 7].

We then establish a decay estimate for the excess functional (1.10) in Lemma 5.2. Finally, by
iterating this decay at smaller scales, as shown in Lemma 5.3, we obtain the partial regularity result
in the standard manner, as stated in Section 6: the weak solution is locally Hölder continuous,
except on a set of measure zero; see Theorem 1.2.

As a final remark, we highlight an important aspect of our approach. In most papers on double
phase problems, different methods have been adopted for the p-phase and the (p, q)-phase. How-
ever, in this paper, the arguments of approximation, comparison, and iteration do not distinguish
between the phases. This allows us to provide simpler and more unified proofs.

Outline of the paper: The paper is organized as follows. In Section 1.1, we present our main
result, Theorem 1.2. In Section 2, we fix the necessary notation, and recall some basic facts and
elementary inequalities about Orlicz and the generalized Orlicz function H. In Section 3, we
obtain a Caccioppoli type estimate by using a new mollification argument. In Section 4, we collect
two main ingredients in order to get the decay estimates: we recall regularity estimates for the
solutions of systems with constant coefficients and the A-caloric approximation, see Section 4.1,
and then we setup the linearization, Section 4.2. Section 5 provides decay estimates for the excess
functional (Lemma 5.2), which can be iterated on shrinking parabolic cylinders (Lemma 5.3).
Finally, in Section 6, we prove our main result.

1.1. Main result. We introduce the main result of the paper. First, we list the required additional
assumptions on A(z, ξ): we assume the following continuity condition on z 7→ A(z, ξ)

|A(z1, ξ)−A(z2, ξ)| ⩽ L(|x1 − x2|+
√

|t1 − t2|)β0 (H ′(z1, 1 + |ξ|) +H ′(z2, 1 + |ξ|))
+ L|a(z1)− a(z2)|(1 + |ξ|)q−1

(A3)

for all z1 = (x1, t2) and z2 = (x2, t2) in ΩT and for some β0 ∈ (0, 1), and the off diagonal condition
on z 7→ DξA(z, ξ)

(A4) |DξA(z, ξ1)−DξA(z, ξ2)| ⩽ L

(
|ξ1 − ξ2|
1 + |ξ1|

)γ
H ′′(z, 1 + |ξ1|) for some γ ∈ (0, 1) ,

for all ξ1, ξ2 ∈ RN×n with 2|ξ1 − ξ2| ⩽ 1 + |ξ1|.
We then specify the notion of weak solution to (1.3).

Definition 1.1. A function u = (u1, u2, . . . , uN ) ∈ Cloc(0, T ;L
2
loc(Ω,RN ))∩Lploc(0, T ;W

1,p
loc (Ω,R

N ))

with H(·, |Du|) ∈ L1
loc(ΩT ) is said to be a weak solution to the system (1.3) if it satisfies the fol-

lowing weak form of (1.3):

(1.11) −
�

ΩT

u · ζt dz +
�

ΩT

A(z,Du) : Dζ dz = 0 for all ζ ∈ C∞
c (ΩT ,RN ) ,

where “·” is the Euclidean inner product in RN .

Finally, we are in position to state the main result of the paper.

Theorem 1.2. Let H : ΩT × [0,∞) → [0,∞) be defined as in (1.5) complying with (1.6) and
(1.7), and A : ΩT × RN×n → RN×n comply with (A1)–(A4). If u ∈ Cloc(0, T ;L

2
loc(Ω,RN )) ∩

Lploc(0, T ;W
1,p
loc (Ω,R

N )) with H(·, |Du|) ∈ L1
loc(ΩT ) is a weak solution to (1.3), then there exist

β = β(n, p, q, α, β0) ∈ (0, 1) and an open subset Ω0 ⊂ ΩT such that |ΩT \ Ω0| = 0 and

Du ∈ C
0,β, β2
loc

(
Ω0;RN×n) .

Moreover, ΩT \ Ω0 ⊂ Σ1 ∪ Σ2 where

Σ1 :=

{
z0 ∈ ΩT : lim inf

r→0+
−−
�
Qr(z0)

|VH−
Qr(z0)

(Du)− (VH−
Qr(z0)

(Du))z0,r|2 dz > 0

}
,

Σ2 :=

{
z0 ∈ ΩT : lim sup

r→0+
|(Du)z0,r| = ∞

}
.
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where H−
Qr(z0)

(s) and VH−
Qr(z0)

(P) are defined as in (2.4) and (2.12) with φ(s) = H−
Qr(z0)

(s),

respectively.

Remark 1.3. Notice that the set Σ1 has measure zero, since it is contained in the set of (parabolic)
non-Lebesgue points of VH(·, Du) (see (2.16) for the definition of VH) in L2-space. For details,
see [61, Remark 1].

2. Preliminaries

2.1. Basic notation. A space-time cylinder in Rn+1 is denoted by

Qr,τ (z0) = Br(x0)× (t0 − τ, t0 + τ), where z0 = (x0, t0) ∈ Rn+1 and r, τ > 0 .

In particular, if τ = r2, we write Qr(z0) := Qr,r2(z0) and call it a parabolic cylinder.

Let ℓ : Rn → RN be any linear map of the form

(2.1) ℓ(x) := P(x− x0) + b, x ∈ Rn,

where P ∈ RN×n, x0 ∈ Rn and b ∈ RN . If u is a weak solution to (1.3), we set

(2.2) uℓ(z) := u(z)− ℓ(x) , z = (x, t) ∈ ΩT .

LetH : ΩT×[0,∞) → [0,∞) be given in (1.5) with (1.6). For Qr(z0) ⋐ ΩT , let z
−
z0,r, z

+
z0,r ∈ Qr(z0)

be such that

(2.3) a−z0,r := a(z−z0,r) = inf
z∈Qr(z0)

a(z) and a+z0,r := a(z+z0,r) = sup
z∈Qr(z0)

a(z) .

Then we write

(2.4) H−
Qr(z0)

(s) := H(z−z0,r, s) and H+
Qr(z0)

(s) := H(z+z0,r, s) .

2.2. Orlicz functions and operators. We recall basic notation and properties about Orlicz
functions. The following definitions and results can be found, e.g., in [53, 54].

In this paper, φ : [0,∞) → [0,∞) is always an N -function; that is, φ(0) = 0, there exists a right
continuous derivative φ′ of φ such that φ′(0) = 0, φ′ is increasing, and φ′(s) > 0 when s > 0. We
say that φ satisfies the ∆2 condition, denoted by ∆(φ) < ∞, if there exists a positive constant
K =: ∆(φ) such that φ(2s) ⩽ Kφ(s) for all s > 0. The conjugate function of φ is defined as

φ∗(s̃) := sup
s̃⩾0

(ss̃− φ(s)) .

From the definition of φ∗, the following Young’s inequality

ss̃ ⩽ φ(s̃) + φ∗(s) , s, s̃ ⩾ 0 ,

holds true. From now on, we always assume that φ and φ∗ satisfy the ∆2 condition and this is
indicated by ∆(φ,φ∗) <∞, where ∆(φ,φ∗) denotes the constants ∆(φ) and ∆(φ∗). We note that
the exact value of φ∗ is not always explicitly computable and instead the estimate

(2.5) φ∗
(
φ(s)

s

)
∼ φ∗(φ′(s)) ∼ φ(s)

will often be useful in computations (see [40, Theorem 2.4.10]). Moreover, if φ ∈ C1([0,∞)) and
φ′ is strictly increasing, then (2.5) implies that

(2.6) (φ∗)′(s) ∼ (φ′)−1(s), s ⩾ 0.

We recall the notion of “almost convexity” and a Jensen type inequality (see [40, Lemma 4.3.1]).

Lemma 2.1. If ψ : [0,∞) → [0,∞] is increasing with ψ(0) = 0 and ψ(s)
s is almost increasing;

i.e.,
ψ(s)

s
⩽ L

ψ(s̃)

s̃
for every 0 < s ⩽ s̃ with constant L ⩾ 1, then the following Jensen’s type

inequality holds:

ψ

(
1

L2
−
�
U

|f | dz
)

⩽ −
�
U

ψ(|f |) dz.
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Now we further assume for φ that φ ∈ C1([0,∞)) ∩ C2((0,∞)) and

(2.7) 1 < p ⩽
sφ′′(s)

φ′(s)
+ 1 ⩽ q for all s > 0.

Note that this implies

1 < p ⩽
sφ′(s)

φ(s)
⩽ q for all s > 0 ,

and hence the ∆2 conditions of φ and φ∗.
For an N -function φ and for σ ⩾ 0, we define the shifted N -function φσ of φ by

φσ(s) :=

� s

0

φ′(σ + s̃)s̃

σ + s̃
ds̃ , that is, φ′

σ(s) =
φ′(σ + s)

σ + s
s .

The condition (2.7) implies that

(2.8) p̃ := min{p, 2} ⩽
sφ′′

σ(s)

φ′
σ(s)

+ 1 ⩽ max{q, 2} =: q̃ for all s > 0 and σ ⩾ 0 .

Moreover, we have the following relations (see, e.g., [13, Proposition 2.3] and [27, 31]), which hold
uniformly with respect to σ ⩾ 0:

φσ(s) ∼ φ′
σ(s) s ;(2.9)

φσ(s) ∼ φ′′(σ + s)s2 ∼ φ(σ + s)

(σ + s)2
s2 ∼ φ′(σ + s)

σ + s
s2 ;(2.10)

φ(s) ⩽ φ(σ + s) ∼ φσ(s) + φ(σ) .(2.11)

We define vector valued functions Vφ : RN×n → RN×n by

(2.12) Vφ(Q) :=

√
φ′
1(|Q|)
|Q|

Q =

√
φ′(1 + |Q|)
1 + |Q|

Q.

In particular, we write
Vp(Q) := Vφ(Q) when φ(s) = sp .

Then we recall equivalent relations in [27, Lemmas 3 and 20] and [30, Lemma 3.1] with φ1 in place
of φ:

(2.13)
φ′(1 + |P|+ |Q|)
1 + |P|+ |Q|

|P−Q|2 ∼ |Vφ(P)−Vφ(Q)|2 ∼ φ1+|Q|(|P−Q|) ,

(2.14)
φ′(1 + |P|+ |Q|)
1 + |P|+ |Q|

∼
� 1

0

φ′(1 + |τP+ (1− τ)Q|)
1 + |τP+ (1− τ)Q|

dτ .

Moreover, by the same proof of [29, Lemma A.2], we have that for every g ∈ Lφ(Qr;RN×n),

(2.15) −
�
Qr

|V(g)− (V(g))Qr
|2 dz ∼ −

�
Qr

|V(g)−V((g)Qr
)|2 dz .

Note that all constants concerned with the relation ∼ and c in above depend only on p and q.

2.3. Generalized Orlicz function H. For basic definitions and properties about generalized
Orlicz functions and the associated spaces, we refer to the monograph [40].

Let H : ΩT × [0,∞) → [0,∞) be the function given in (1.5). Note that for each z ∈ ΩT ,
φ(s) := H(z, s) is an N -function satisfying that ∆2(φ,φ

∗) < ∞. With this H, we define the
generalized Orlicz space LH(ΩT ,RN ) as the set of all measurable functions f : ΩT → RN such
that �

ΩT

H(z, |f(z)|) dz =
� T

0

�
Ω

H(x, t, |f(x, t)|) dx dt <∞,

endowed with the usual Luxembourg type norm

∥f∥LH(ΩT ) := inf

{
λ > 0 :

�
ΩT

H

(
z,

|f(z)|
λ

)
dz ⩽ 1

}
.
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We define

(2.16) VH(z,Q) :=

√
H ′(z, 1 + |Q|)

1 + |Q|
Q , z ∈ ΩT .

Then it follows from (2.13) that for every z ∈ ΩT ,

(2.17)

|VH(z,P)−VH(z,Q)|2 ∼ H1+|Q|(z, |P−Q|)
∼ φp,1+|Q|(|P−Q|) + a(z)φq,1+|Q|(|P−Q|)
∼ |Vp(P)−Vp(Q)|2 + a(z)|Vq(P)−Vq(Q)|2

⩾ |Vp(P)−Vp(Q)|2 ,

where φp,σ(s) is the shifted N function of the power function sp with shift σ ⩾ 0. Moreover,
combining (2.14) and (A1), following [30, Lemma 3.1] we can prove that for every z ∈ ΩT ,

(2.18) |A(z,P)−A(z,Q)| ∼ H ′
1+|Q|(z, |P−Q|) .

We also notice that for the shifted N -functions H±
σ and the corresponding VH±

σ
function the

equivalence (2.15) still holds true. This is related to the set of Lebesgue points.
We end the section with the following parabolic Sobolev-Poincaré type inequality for shifted

N -functions of H.

Lemma 2.2 (Sobolev-Poincaré inequality). Let H be defined as in (1.5) with (1.6) and (1.9), and
let σ ⩾ 0 and 0 < r ⩽ 1. Then there exists θ = θ(n, p, q) ∈ (0, 1) such that for Qr = Qr(z0) ⊂ ΩT
with z0 = (x0, t0), if w ∈ L1(t0 − r2, t0 + r2;W 1,1(Br(x0);RN )) with ∥H−

σ (|Dw|)∥L1(Qr) < ∞
satisfies that w(·, t) = 0 on ∂Br(x0) in the trace sense for a.e. t ∈ (t0 − r2, t0 + r2), then we have

−−
�
Qr

H+
σ

(
|w|
r

)
dz ⩽ cP

(
−−
�
Qr

H−
σ (|Dw|)θ dz

) 1
θ

+ cP

(
rα−

(q−p)(n+2)
p + rασq−p

)
σp ,

for some cP = cP (n, p, q, L) ⩾ 1, where H±
σ denote the shifted N -functions of H±

Qr
(see (2.4))

with shift σ ⩾ 0.

Proof. Recall z±0,r from (2.3) and, for ease of notation, set z± := z±0,r. First, by (2.10) and (1.6)
we get

H+
σ (s) ∼ (σ + s)p−2s2 + a(z+)(σ + s)q−2s2

≲ (σ + s)p−2s2 + a(z−)(σ + s)q−2s2 + rα(σ + s)q−2s2

≲ H−
σ (s) + rα(σq + sq) .

Now, for each fixed time t ∈ (t0− r2, t0+ r2), we can estimate, by using Sobolev-Poincaré inequal-
ities for the shifted N -function H−

σ (s) (see, e.g., [27, Theorem 7]) and for the function s 7→ sq,

−−
�
Qr

Hσ

(
z,

|w|
r

)
dz ≲ −−

�
Qr

H−
σ

(
|w|
r

)
dz + rα−−

�
Qr

(
|w|
r

)q
dz + rαδq

≲

(
−−
�
Qr

H−
σ (|Dw|)θ̃ dz

) 1
θ̃

+ rα
(
−−
�
Qr

|Dw|q∗ dz
) q

q∗

+ rασq,

where θ̃ ∈ (0, 1) depends on n, p, q and q∗ := max{1, nq
n+q} ⩽ max{1, q n

n+1} < p. Set θ :=

max{θ̃, q∗/p} ∈ (0, 1). Note that, by (2.11) applied to the N -function s 7→ sp, we have

(2.19) sp ≲ (δ + σ)p−2s2 + σp ≲ H−
σ (s) + σp .
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Then using Hölder’s inequality, (2.19), (1.9) and the assumption that ∥Dw∥Lp(Qr;RNn) ⩽ 1, we
obtain

rα
(
−−
�
Qr

|Dw|q∗ dz
) q

q∗

⩽ rα
(
−−
�
Qr

|Dw|pθ dz
) 1

θ
(
−−
�
Qr

|Dw|p dz
) q−p

p

⩽ rα−
(q−p)(n+2)

p

(
−−
�
Qr

|Dw|pθ dz
) 1

θ

⩽ c

(
−−
�
Qr

H−
σ (|Dw|)θ dz

) 1
θ

+ crα−
(q−p)(n+2)

p σp .

This completes the proof. □

3. Caccioppoli inequality via mollification

In this section, we derive a Caccioppoli type estimate for uℓ = u− ℓ with the shifted function
H1+|Dℓ|(z, s), where u is the weak solution to (1.3) and ℓ is any linear function (2.1). We emphasize

that in the definition of weak solution, we only assume that H(·, |Du|) ∈ L1
loc(ΩT ). Therefore,

a more general regularization argument than the Steklov average is needed. To this end, we use
mollification in Rn+1 in the parabolic setting. We refer to [40, Chapter 4] and [46].

Let ϱ̃m ∈ C∞
0 (Rm) be a standard mollifier in Rm defined by ϱ̃m(y) = γm exp(− 1

1−|y|2 ) if |y| < 1

and ϱ̃m(y) = 0 if |y| ⩾ 1, where the constant γm > 0 is chosen such that ∥ϱ̃m∥1 = 1. Then we
set ϱ(z) = ϱ(x, t) := ϱ̃n(x)ϱ̃1(t) and, for h > 0, ϱh(z) = ϱh(x, t) := h−n−2ϱ̃n(h

−1x)ϱ̃1(h
−2t). For

f ∈ L1
loc(ΩT ), z ∈ ΩT and h > 0 such that Qh(z) ⋐ ΩT , we define

fh(z) :=

�
Qh(0)

f(z − z̃)ϱh(z̃) dz̃ .

Let H be defined as in (1.5). We observe that the conditions (1.6) and (1.9) imply that for
both H and H∗ holds the parabolic version of the (A1) condition in [40, Definition 4.1.1], where
the ball B is replaced by the parabolic cylinder Qr in the definition of the usual (A1) condition;
see [40, Proposition 7.2.2 and Lemma 4.1.7]. Therefore, the convergence of mollification in the

spaces LH and LH
∗
in the parabolic setting follows as in [40, Theorem 4.4.7]. We also refer to [46,

Proposition 4.1] and the discussion therein for further details. Precisely, if the function H defined

in (1.5) satisfies (1.6) and (1.9), then for every f ∈ LHloc(ΩT ) and g ∈ LH
∗

loc (ΩT ) we have

(3.1) fh −→ f in LHloc(ΩT ) and gh −→ g in LH
∗

loc (ΩT ), as h→ 0+.

Lemma 3.1. Let u be a weak solution to (1.3) satisfying (A1), (A2) and (A3) with (1.5), (1.6)
and (1.9). For every pair of concentric cylinders Qr1,ρ1(z0) ⊂ Qr2,ρ2(z0) ⋐ ΩT with z0 = (x0, t0),
0 < r1 < r2 ⩽ 1 and 0 < ρ1 < ρ2 ⩽ 1, and linear map ℓ, we have

(3.2)

ess sup
t∈(t0−ρ1,t0+ρ1)

�
Br1

(x0)

|uℓ(x, t)|2 dx+

�
Qr1,ρ1

(z0)

H1+|Dℓ|(z, |Duℓ|) dz

⩽ ĉ

�
Qr2,ρ2

(z0)

[
|uℓ|2

ρ2 − ρ1
+H1+|Dℓ|

(
z,

|uℓ|
r2 − r1

)]
dz

+ ĉ|Qr2,ρ2 |max
{
C

p̃
p̃−1

1 , C
q̃

q̃−1

1

}
H(z+, 1 + |Dℓ|) .

for some ĉ = ĉ(n,N, p, q, L, ν) > 0, where

(3.3) C1 := (r2 +
√
ρ2)

β0 + (r2 +
√
ρ2)

α(1 + |Dℓ|)q−p

and 1 < p̃ ⩽ q̃ are given in (2.8).

Proof. Let h0 ∈ (0, 1) sufficiently small so that

h ⩽ min

{
1

4
dist(Qr2,ρ2(z0), ∂(ΩT )),

ρ2 − ρ1
4

}
,
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and choose h ∈ (0, h0). Let z− ∈ Qr2,ρ2(z0) such that a(z−) = inf
z∈Qr2,ρ2

(z0)
a(z). Since ∂tℓ =

divA(z−, Dℓ) = 0, we obtain from the weak formulation (1.11) that

(3.4) −
�
Qr2,ρ2 (z0)

[uℓ]h · ∂tζ dz +
�
Qr2,ρ2 (z0)

[A(·, Du)−A(z−, Du)]h : Dζ dz = 0

for all ζ ∈ C∞
c (Qr2,ρ2(z0),RN ), where [ · ]h is the mollification stated in above. Note that by

approximation the test function ζ can be chosen as a Lipschitz continuous function in Qr2,ρ2(z0)

with zero value on ∂(Qr2,ρ2(z0)), and A(·, Du),A(z−, Du) ∈ LH
∗

loc (ΩT ,RN×n).
Let ξ ∈ C∞

0 (Br2(x0)) be a cut-off function with

0 ⩽ ξ ⩽ 1, ξ ≡ 1 in Br1(x0) and ∥Dξ∥L∞ ⩽
2

r2 − r1
,(3.5)

and η ∈ C∞
0 (Iρ2−h0

(t0)) with

0 ⩽ η ⩽ 1, η ≡ 1 in Iρ1(t0) and ∥η′∥L∞ ⩽
3

ρ2 − ρ1
.(3.6)

In addition, for t∗ ∈ Iρ1(t0) and δ ∈ (0, h0), define ηδ : R → R as

ηδ(t) =


1, t ∈ (−∞, t∗ − δ),

1− t− t∗ + δ

δ
, t ∈ [t∗ − δ, t∗],

0, t ∈ (t∗,∞).

(3.7)

Then we can choose ζ = [uℓ]hξ
q̃η2ηδ as a test function in (3.4), so that

0 =

�
Qr2,ρ2

(z0)

∂t[uℓ]h · ζ dz +
�
Qr2,ρ2

(z0)

[A(·, Du)−A(·, Dℓ)]h : Dζ dz

+

�
Qr2,ρ2

(z0)

[A(·, Dℓ)−A(z−, Dℓ)]h : Dζ dz

=: J1 + J2 + J3 .

(3.8)

We start by estimating J1. Integration by parts gives

J1 =

�
Qr2,ρ2

(z0)

1
2∂t(|[uℓ]h|2)ξq̃η2ηδ dz

= −
�
Qr2,ρ2 (z0)

|[uℓ]h|2ξq̃ηη′ηδ dz + 1
2−
� t∗

t∗−δ

�
Br2 (x0)

|[uℓ]h|2ξq̃η2 dxdt .

Then since uℓ ∈ L2
loc(ΩT ), letting h→ 0+ and then δ → 0+ and using (3.6) and (3.7), we obtain

(3.9)

lim
δ→0+

lim
h→0+

J1 = −
� t∗

t0−ρ2

�
Br2

(x0)

|uℓ|2ξq̃ηη′ dxdt+ 1
2

�
Br2

(x0)

|uℓ(x, t
∗)|2ξq̃ dx

⩾ −c
�
Qr2,ρ2 (z0)

|uℓ|2

ρ2 − ρ1
dz + 1

2

�
Br2 (x0)

|uℓ(x, t
∗)|2ξq̃ dx .
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Now we estimate J2. Since A(·, Du)−A(·, Dℓ) ∈ LH
∗

loc (ΩT ) and Duℓ,uℓ ∈ LHloc(ΩT ), by (3.1),

lim
δ→0+

lim
h→0+

J2 = lim
δ→0+

lim
h→0+

[�
Qr2,ρ2

(z0)

[A(·, Du)−A(·, Dℓ)]h : [Duℓ]hξ
q̃η2ηδ dz

+ q̃

�
Qr2,ρ2

(z0)

[A(·, Du)−A(·, Dℓ)]h : Dξ ⊗ [uℓ]hξ
q̃−1η2ηδ dz

]
=

� t∗

t0−ρ2

�
Br2

(x0)

[A(z,Du)−A(z,Dℓ)] : Duℓ ξ
q̃η2 dx dt

+ q̃

� t∗

t0−ρ2

�
Br2

(x0)

[A(z,Du)−A(z,Dℓ)] : Dξ ⊗ uℓ ξ
q̃−1η2 dxdt .

(3.10)

Applying (1.8) with ξ1 = Du, ξ2 = Dℓ and (2.10) to get

� t∗

t0−ρ2

�
Br2 (x0)

[A(z,Du)−A(z,Dℓ)] : Duℓξ
q̃η2 dxdt

⩾ ν̃

� t∗

t0−ρ2

�
Br2

(x0)

H ′′(z, 1 + |Du|+ |Dℓ|)|Duℓ|2ξq̃η2 dx dt

⩾ c̃

� t∗

t0−ρ2

�
Br2

(x0)

H1+|Dℓ|(z, |Duℓ|)ξq̃η2 dxdt

for some small c̃ > 0. To estimate the second term on the right hand side in (3.10), we use (2.18)
and (3.5), Young’s inequality applied to φ(s) = H1+|Dℓ|(z, s) for any fixed z with (2.5) to conclude
that for every ε > 0,

� t∗

t0−ρ2

�
Br2

(x0)

[A(z,Du)−A(z,Dℓ)] : Dξ ⊗ uℓξ
q̃−1η2 dxdt

⩾ −c
� t∗

t0−ρ2

�
Br2

(x0)

H ′
1+|Dℓ|(z, |Duℓ|)

|uℓ|
r2 − r1

ξq̃−1η2 dxdt

⩾ −ε
� t∗

t0−ρ2

�
Br2

(x0)

H1+|Dℓ|(z, |Duℓ|)ξq̃η2 dx dt− c(ε)

�
Qr2,ρ2

(z0)

H1+|Dℓ|

(
z,

|uℓ|
r2 − r1

)
η2 dz .

Therefore, it follows that

lim
δ→0+

lim
h→0+

J2 ⩾
c̃

2

� t∗

t0−ρ2

�
Br2 (x0)

H1+|Dℓ|(z, |Duℓ|)ξq̃η2 dxdt

− c

�
Qr2,ρ2

(z0)

H1+|Dℓ|

(
z,

|uℓ|
r2 − r1

)
dz.

(3.11)

We finally estimate J3. Similarly to the estimation of J2, we have

lim
δ→0+

lim
h→0+

J3 =

� t∗

t0−ρ2

�
Br2

(x0)

[A(z,Dℓ)−A(z−, Dℓ)] : [Duℓξ
q̃ + q̃Dξ ⊗ uℓξ

q̃−1]η2 dx dt .

By (A3) and (1.6), for z ∈ Qr2,ρ2(z0),

|A(z,Dℓ)−A(z−, Dℓ)| ⩽ c(r2 +
√
ρ2)

β0H ′(z, 1 + |Dℓ|) + c(r2 +
√
ρ2)

α(1 + |Dℓ|)q−1

⩽ cC1H
′
1+|Dℓ|(z, 1 + |Dℓ|),
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where C1 is given in (3.3). Plugging this in the previous identity and using Young’s inequality, we
obtain

(3.12)

lim
δ→0+

lim
h→0+

J3 ⩾ − c̃
4

� t∗

t0−ρ2

�
Br2

(x0)

H1+|Dℓ|(z, |Duℓ|)ξq̃η2 dxdt

− c

�
Qr2,ρ2

(z0)

H1+|Dℓ|

(
z,

|uℓ|
r2 − r1

)
dz

− c|Qr2,ρ2 |max
{
C

p̃
p̃−1

1 , C
q̃

q̃−1

1

}
H(z+, 1 + |Dℓ|) .

Therefore, combining (3.8), (3.9), (3.11) and (3.12) yields�
Br2 (x0)

|uℓ(x, t
∗)|2ξq̃ dx+

� t∗

t0−ρ2

�
Br2 (x0)

H1+|Dℓ|(z, |Duℓ|)ξq̃η2 dxdt

⩽ c

�
Qr2,ρ2

(z0)

[
|uℓ|2

ρ2 − ρ1
+H1+|Dℓ|

(
z,

|uℓ|
r2 − r1

)]
dz

+ c|Qr2,ρ2 |max
{
C

p̃
p̃−1

1 , C
q̃

q̃−1

1

}
H(z+, 1 + |Dℓ|) .

Since t∗ ∈ (t0 − ρ1, t0 + ρ1) is arbitrary, considering (3.5) and (3.6), we obtain (3.2). □

4. A-caloric approximation and linearization

The A-caloric approximation, as stated in [60, Theorem 3.8], is a crucial tool in the nonde-
generate setting. It will be used in Section 4.2 to establish a comparison estimate between the
gradient of a weak solution to the system (1.3) and the gradient of a smooth A-caloric map (see
Section 4.1). This comparison is possible provided that u can be shown to be an almost solution
of a suitable A-caloric system.

4.1. Regularity estimates for linear systems with constant coefficients. We first introduce

an A-caloric map and it regularity estimates. Let A = (Aαβ
ij ) ∈ RN

2n2

satisfy the Legendre-

Hadamard condition: for every a = (a1, . . . , aN ) ∈ RN and b = (b1, . . . , bn) ∈ Rn,

A(a⊗ b) : (a⊗ b) = Aαβ
ij a

αaβbibj ⩾ ν|a|2|b|2

for some ν > 0. Then a weak solution h : Qr → RN to the linear system with coefficient A, given
by

ht − div(ADh) = 0 in Qr ,

is called an A-caloric map. By standard regularity theory (see [11, 26]), h ∈ C∞(Qr,RN ). More-
over, one can derive the following estimates (see, e.g., [11, 26, (5.9)–(5.12)]), which will be used
later.

Lemma 4.1. Suppose h ∈ C∞(Qr,RN ) is an A-caloric map in Qr. Then we have that

(4.1) sup
Qr/2

(
|h|+ r|Dh|+ r2|D2h|

)
⩽ c−−
�
Qr

|h|dz ,

and

(4.2) sup
Qr/2

|Dh| ⩽ c−−
�
Qr

|Dh|dz .

Here, the constants c > 0 depend on n,N, ν and |A|.

We recall the following A-caloric approximation result, proved in [60, Theorem 3.8].

Theorem 4.2. (A-caloric approximation) Let µ, σ0, C0 > 0 and ψ be an N -function with ∆2(ψ,ψ
∗) <

∞. For every ε ∈ (0, 1), there exists δ > 0 depending on σ0, C0, ∆2(ψ,ψ
∗) and ε such that if

u ∈ L1(−r2, r2,W 1,1(Br;RN )) with ψ1+σ0(|Du|) ∈ L1(Qr) and ψ
1+σ0(H) ∈ L1(Qr) satisfy

∂tu = divH in Qr,
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in the distributional sense, and the inequality(
−−
�
Qr

[
ψ(|Du|)1+σ0 + ψ(|H|)1+σ0

]
dz

) 1
1+σ0

⩽ C0ψ(µ),

and for every ζ ∈ C∞(Qr;RN ) with ζ = 0 on ∂Br × (−r2, r2),

1

|Qr|

∣∣∣∣∣
�
Qr

u · ζt − [ADu : Dζ] dz −
[�

Br

u · ζt dx
]t=r2
t=−r2

∣∣∣∣∣ ⩽ δµ∥Dζ∥L∞(Qr,RN×n),

then

−
�
Qr

ψ(|Du−Dh|) dz ⩽ εψ(µ),

where h is the weak solution to{
∂th− div(ADh) = 0 in Qr,

h = u on ∂pQr.

4.2. Linearization. To take advantage of the comparison estimates in Theorem 4.2, we demon-
strate that the weak solution u to (1.3) is an ’almost’ weak solution of a linear system with
constant coefficients. We first note that, since ∥H(·, |Du|)∥L1(ΩT ) < ∞ by the definition of the
weak solution to (1.3), there exists small R0 ∈ (0, 1) such that

(4.3)

�
Qr(z0)

H(z, 1 + |Du|) dz ⩽ 1 for every Qr(z0) ⋐ ΩT with r ∈ (0, R0] .

Lemma 4.3. Let u be a weak solution to (1.3) satisfying (A1), (A2), (A3) and (A4) with (1.5),
(1.6) and (1.7), ℓ be any linear map defined in (2.1), and Qr = Qr(z0) ⋐ ΩT with z0 = (x0, t0) and
r ∈ (0, R0]. Then for every ζ ∈ C∞(Qr;RN ) with ζ = 0 on ∂Br × Ir and ∥Dζ∥L∞(Qr;RN×n) ⩽ 1,
we have

(4.4)

1

|Qr|

∣∣∣∣∣
�
Qr

uℓ · ζt − ⟨DξA(z−, Dℓ)Duℓ |Dζ⟩dz −
[�

Br

uℓ · ζ dx
]t=t0+r2
t=t0−r2

∣∣∣∣∣
⩽ crβ1

{(
(H−)′ ◦ (H−)−1

)(
−−
�
Qr

H−
1+|Dℓ|(|Duℓ|) dz

)
+ (H−)′(1 + |Dℓ|)

}

+ c(H−)′(1 + |Dℓ|)

−−
�
Qr

H−
1+|Dℓ|(|Duℓ|)
H−(1 + |Dℓ|)

dz +

(
−−
�
Qr

H−
1+|Dℓ|(|Duℓ|)
H−(1 + |Dℓ|)

dz

) 1+γ
2


for some c = c(n,N, p, q, L, ν), where β1 = β1(n, p, q, α, β0) > 0 is defined as

(4.5) β1 := min

{
β0, α− (n+ 2)

q − p

p

}
,

and β0, γ, uℓ and H± := H±
Qr

are from (A3), (A4), (2.2) and (2.4), respectively.

Proof. Throughout the proof, we will denote z−z0,r by z−. Note that by a similar approximation
used in the proof of Lemma 3.1, we have from (1.11) that

−
�
Qr

u · ζt dz +
[�

Br

u · ζ dx
]t=t0+r2
t=t0−r2

+

�
Qr

A(z,Du) : Dζ dz = 0 .
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From this and the fact that ℓt = div(A(z−, Dℓ)) = 0, we obtain

(4.6)

1

|Qr|

∣∣∣∣∣
�
Qr

uℓ · ζt − ⟨DξA(z−, Dℓ)Duℓ |Dζ⟩dz −
[�

Br

uℓ · ζ dx
]t=r2
t=−r2

∣∣∣∣∣
=

1

|Qr|

∣∣∣∣∣
�
Qr

u · ζt − ⟨DξA(z−, Dℓ)Duℓ |Dζ⟩dz −
[�

Br

u · ζ dx
]t=r2
t=−r2

∣∣∣∣∣
=

∣∣∣∣−−�
Qr

⟨A(z,Du)−A(z−, Dℓ) |Dζ⟩ − ⟨DξA(z−, Dℓ)Duℓ |Dζ⟩dz
∣∣∣∣

=

∣∣∣∣−−�
Qr

⟨A(z,Du)−A(z−, Du) |Dζ⟩dz

+−−
�
Qr

� 1

0

⟨[DξA(z−, sDuℓ +Dℓ)−DξA(z−, Dℓ)]Duℓ, Dζ⟩dsdz
∣∣∣∣

⩽ −−
�
Qr

|A(z,Du)−A(z−, Du)|dz

+−−
�
Qr

[� 1

0

|DξA(z−, sDuℓ +Dℓ)−DξA(z−, Dℓ)|ds
]
|Duℓ|dz

=: I1 + I2 .

We first estimate I1. By (A3) and the definition of z−,

(4.7)

I1 ⩽ crβ0−−
�
Qr

H ′(z, 1 + |Du|) dz + c−−
�
Qr

(a(z)− a(z−))(1 + |Du|)q−1 dz

⩽ crβ0−−
�
Qr

(H−)′(1 + |Du|) dz + crα−−
�
Qr

(1 + |Du|)q−1 dz.

By Jensen’s inequality and the fact that ((H−)∗)−1 ≈ (H−)′ ◦ (H−)−1, the first integral is esti-
mated as

−−
�
Qr

(H−)′(1 + |Du|) dz ⩽ ((H−)∗)−1

(
−−
�
Qr

(
(H−)∗ ◦ (H−)′

)
(1 + |Du|) dz

)
∼
(
(H−)′ ◦ (H−)−1

)(
−−
�
Qr

H−(1 + |Du|) dz
)
.

For the second integral, by (1.6), (1.7), (4.3) and Jensen’s inequality for the function t 7→ H−(t1/p),

rα−−
�
Qr

(1 + |Du|)q−1 dz ⩽ rα
(
−−
�
Qr

(1 + |Du|)p dz
) q−1

p

⩽ rα−
q−p
p (n+2)

(
−−
�
Qr

(1 + |Du|)p dz
) p−1

p

⩽ rα−
q−p
p (n+2)(H−)−1

(
−−
�
Qr

H−(1 + |Du|) dz
)p−1

⩽ rα−
q−p
p (n+2)

(
(H−)′ ◦ (H−)−1

)(
−−
�
Qr

H−(1 + |Du|) dz
)
.

Therefore, inserting the above estimates into (4.7) and using (2.11) for φ(t) := H−(t), σ := 1+|Dℓ|
and s = |Duℓ|, we have

(4.8)

I1 ⩽ crβ1
(
(H−)′ ◦ (H−)−1

)(
−−
�
Qr

H−(1 + |Du|) dz
)

⩽ crβ1
(
(H−)′ ◦ (H−)−1

)(
−−
�
Qr

H−
1+|Dℓ|(|Duℓ|) dz +H−(1 + |Dℓ|)

)
,
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where β1 > 0 is defined in (4.5).
We next estimate I2 by decomposing Qr into F1 = {z ∈ Qr : 2|Duℓ(z)| > 1 + |Dℓ|} and

F2 = {z ∈ Qr : 2|Duℓ(z)| ⩽ 1 + |Dℓ|}, together with their characteristic functions χF1 and χF2 .
For z ∈ F1, the inequality

(4.9) |Du(z)|+ 1 + |Dℓ| ⩽ |Duℓ(z)|+ 2(1 + |Dℓ|) ⩽ 5|Duℓ(z)|
holds. Using this along with (A1), (2.14) with φ(t) = H−

1 (t), (2.9), (2.10) and (4.9), we can
estimate:� 1

0

|DξA(z−, sDuℓ(z) +Dℓ)−DξA(z−, Dℓ)|ds

⩽ c

� 1

0

(H−)′′(1 + |sDu(z) + (1− s)Dℓ|) ds+ c(H−)′′(1 + |Dℓ|)

⩽ c

� 1

0

(H−
1 )′(|sDu(z) + (1− s)Dℓ|)
|sDu(z) + (1− s)Dℓ|

ds+ c(H−)′′(1 + |Dℓ|)

⩽ c
(H−)′(1 + |Du(z)|+ |Dℓ|)

1 + |Du(z)|+ |Dℓ|
+ c

(H−)′(1 + |Du(z)|+ |Dℓ|)
1 + |Dℓ|

⩽
c

1 + |Dℓ|
(H−)′(|Duℓ(z)|)

⩽
c

1 + |Dℓ|
(H−)′(|Duℓ(z)|+ 1 + |Dℓ|) 5|Duℓ(z)|

|Duℓ(z)|+ 1 + |Dℓ|
⩽

c

1 + |Dℓ|
(H−

1+|Dℓ|)
′(|Duℓ(z)|) .

Hence, by (2.9),

(4.10)

−−
�
Qr

χF1(z)

[� 1

0

|DξA(z−, sDuℓ +Dℓ)−DξA(z−, Dℓ)|ds
]
|Duℓ|dz

⩽
c

1 + |Dℓ|
−−
�
Qr

H−
1+|Dℓ|(|Duℓ|) dz .

On the other hand, if z ∈ F2, applying (A4) with z = z−, ξ1 = Dℓ and ξ2 = sDuℓ(z) +Dℓ we
have � 1

0

|DξA(z−, sDuℓ(z) +Dℓ)−DξA(z−, Dℓ)|ds ⩽ c

(
|Duℓ(z)|
1 + |Dℓ|

)γ
(H−)′′(1 + |Dℓ|)

and, since (H−)′ is increasing, using also (2.9) and (2.10), we get

|Duℓ(z)|2

(1 + |Dℓ|)2
⩽

(H−)′(|Duℓ(z)|+ 1 + |Dℓ|)
(H−)′(1 + |Dℓ|)(1 + |Dℓ|)

· |Duℓ(z)|2

1 + |Dℓ|

⩽
(H−)′(|Duℓ(z)|+ 1 + |Dℓ|)

H−(1 + |Dℓ|)
· |Duℓ(z)|2

|Duℓ|+ 1
2 (1 + |Dℓ|)

⩽ c
H−

1+|Dℓ|(|Duℓ|)
H−(1 + |Dℓ|)

.

Then combining these estimates, using the definition of F2, and applying Hölder’s inequality, we
have

(4.11)

−−
�
Qr

χF2
(z)

[� 1

0

|DξA(z−, sDuℓ +Dℓ)−DξA(z−, Dℓ)|ds
]
|Duℓ|dz

⩽ c(H−)′(1 + |Dℓ|)−−
�
Qr

χF2(z)

(
|Duℓ|

1 + |Dℓ|

)1+γ

dz

⩽ c(H−)′(1 + |Dℓ|)

(
−−
�
Qr

H−
1+|Dℓ|(|Duℓ|)
H−(1 + |Dℓ|)

dz

) 1+γ
2

.

Therefore, collecting (4.10) and (4.11), we obtain

(4.12) I2 ⩽ c(H−)′(1 + |Dℓ|)

−−
�
Qr

H−
1+|Dℓ|(|Duℓ|)
H−(1 + |Dℓ|)

dz +

(
−−
�
Qr

H−
1+|Dℓ|(|Duℓ|)
H−(1 + |Dℓ|)

dz

) 1+γ
2

 .
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Finally, plugging (4.8) and (4.12) into (4.6), we get (4.4). This concludes the proof. □

5. Decay estimate

For z0 = (x0, t0) ∈ ΩT and ρ > 0 such that Qρ(z0) ⋐ ΩT , we define the excess functional

(5.1) Φ(z0, ρ,u) = −−
�
Qρ(z0)

H−
1+|(Du)z0,ρ| (|Du− (Du)z0,ρ|) dz + ρ

β1
2 ,

where H−
1+|(Du)z0,ρ| := (H−

Qρ(z0)
)1+|(Du)z0,ρ| and β1 is given in (4.5), and linear map

(5.2) ℓz0,ρ,u(x) :=

(
n+ 2

ρ2
−−
�
Qρ(z0)

u(x, t)⊗ (x− x0) dxdt

)
(x− x0) + (u)Qρ(z0) .

Note that ℓz0,ρ,u is the minimizer of the functional

F (ℓ) = −−
�
Qρ(z0)

|u− ℓ|2 dz ,

where ℓ = ℓ(x) is any affine function from Rn to RN , and

(5.3) |Dℓz0,ρ,u −Dℓ| = n+ 2

ρ2

∣∣∣∣∣−−
�
Qρ(z0)

(u− ℓ)⊗ (x− x0) dx dt

∣∣∣∣∣ ⩽ (n+ 2)−−
�
Qρ(z0)

|u− ℓ|
ρ

dz ,

see [8, Section 2.5]. The following Lemma collects some results of (almost) minimality proven for
function ℓz0,ρ,u in [38, Lemma 2.6, Lemma 2.7 and Remark 2.6].

Lemma 5.1. Let φ be an N -function satisfying ∆2(φ,φ
∗) < ∞, and let u ∈ Lφ(Qρ(z0),RN ).

There exists a constant c = c(n,∆2(φ,φ
∗)) > 0 such that for every affine function ℓ : Rn → RN ,

(5.4) −−
�
Qρ(z0)

φ

(
|u− ℓz0,ρ|

ρ

)
dz ⩽ c−−

�
Qρ(z0)

φ

(
|u− ℓ|
ρ

)
dz .

Moreover, if Du ∈ Lφ(Qρ(z0),RN×n), then for every Q ∈ RN×n,

(5.5) −−
�
Qρ(z0)

φ1+|(Du)z0,ρ| (|Du− (Du)z0,ρ|) dz ⩽ c−−
�
Qρ(z0)

φ1+|Q| (|Du−Q|) dz .

Now, we prove a decay estimate for the excess Φ(z0, ρ,u).

Lemma 5.2. Let u be a weak solution to (1.3), K ⩾ 1, and β ∈ (0, β1

4 ) where β1 is given in (4.5).
There exist small r0 ∈ (0, R0] and δ0, τ ∈ (0, 1) depending on n,N, p, q, α, L, ν, γ,K and β such
that if Q2r(z0) ⋐ ΩT with r ∈ (0, r0],

(5.6) |(Du)z0,r| ⩽ K

and

(5.7) Φ(z0, r,u) ⩽ δ0 ,

then

(5.8) |(Du)z0,τr| ⩽ |(Du)z0,r|+ c1τ
−n−2Φ(z0, r,u)

1
2

for some c1 = c1(n) > 0, and

(5.9) Φ(z0, τr,u) ⩽ τ2βΦ(z0, r,u) .

Proof. Step 1. (Setting) All constants c, including implicit constants, may depend also on K. For
simplicity, we write Qρ := Qρ(z0) for any ρ > 0, z− := z−z0,r, H

±
σ := (H±

Qr
)σ, H

±,∗
σ := (H±

σ )
∗,

ℓτr := ℓz0,τr,u (see (5.2)), and

ℓ̃(x) := (Du)z0,r(x− x0) + (u)z0,r .

Note that, by (5.6),

(5.10) 1 + |Dℓ̃| ∼ 1 .
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Set

(5.11) µ :=

(
−−
�
Qr

H−
1+|Dℓ̃|(|Duℓ̃|) dz + r

β1
2

)1/2

= Φ(z0, r,u)
1
2 ⩽ δ

1
2
0 ⩽ 1 .

Step 2. (A-caloric approximation) Observe that

∂tuℓ̃ = ∂tu = divG in Qr , where G := A(z,Du)−A(z−, Dℓ̃) ,

in the distributional sense, and that

(5.12)

|G| ⩽ |A(z,Du)−A(z−, Du)|+ |A(z−, Du)−A(z−, Dℓ̃)|

⩽ c(a(z)− a(z−))(1 + |Du|)q−1 + crβ0H ′(z, 1 + |Du|) + (H−
1+|Dℓ̃|)

′(|Duℓ̃|)

⩽ c(a(z)− a(z−))(1 + |Du|)q−1 + crβ0(H−)′(1 + |Du|) + (H−
1+|Dℓ̃|)

′(|Duℓ̃|) .

Indeed, the first term above |A(z,Du) − A(z−, Du)| can be estimated by (A3), while by using

(2.18) with P = Du and Q = Dℓ̃, we obtain

|A(z−, Du)−A(z−, Dℓ̃)| ≲ (H−
1+|Dℓ̃|)

′(|Duℓ̃|) .

Let

(5.13) p1 := min

{
p

q − 1
, p,

q

q − 1
, 2

}
> 1 and p0 :=

1 + p1
2

.

Then one can see that both functions ψ(s) = H−,∗
σ (s1/p1) and ψ(s) = H−

σ (s
1/p1) with σ ⩾ 0

satisfy the assumption in Lemma 2.1. We first estimate, using (5.12),

−−
�
Qr

|G|p1 dz ⩽ c−−
�
Qr

[
(a(z)− a(z−))(1 + |Du|)q−1

]p1
dz + c−−

�
Qr

[
rβ0(H−)′(1 + |Du|)

]p1
dz

+ c−−
�
Qr

(H−
1+|Dℓ̃|)

′(|Duℓ̃|)
p1 dz

=: II1 + II2 + II3 .

By Hölder’s inequality, (1.6), (4.3), (2.11), (5.10), (4.5) and (5.11), we obtain that

(II1)
1
p1 ⩽ crα

(
−−
�
Qr

(1 + |Du|)p dz
) q−1

p

⩽ crα
(
−−
�
Qr

H−(1 + |Du|) dz
) q−1

p

⩽ crα
(
−−
�
Qr

H−
1+|Dℓ̃|(|Duℓ̃|) dz +H−(1 + |Dℓ̃|)

) q−1
p

⩽ crα ⩽ cµ.

Similarly, in addition, using the Jensen type inequality in Lemma 2.1 with ψ(s) = H−,∗
σ (s1/p1)

and using H−,∗
σ ◦ (H−

σ )
′ ∼ H−

σ , we also obtain that

(II2)
1
p1 ⩽ crβ0(H−,∗)−1

(
−−
�
Qr

H−(1 + |Du|) dz
)

⩽ crβ0(H−,∗)−1

(
−−
�
Qr

H−
1+|Dℓ̃|(|Duℓ̃|) dz +H−(1 + |Dℓ̃|)

)
⩽ crβ0 ⩽ cµ ,

and

(II3)
1
p1 ⩽ (H−,∗

1+|Dℓ̃|)
−1

(
−−
�
Qr

H−
1+|Dℓ̃|(|Duℓ̃|) dz

)
⩽ c(H−,∗

1+|Dℓ̃|)
−1(µ2) .

Therefore, (
−−
�
Qr

|G|p1 dz
) 1

p1

⩽ c
(
µ+ (H−,∗

1+|Dℓ̃|)
−1(µ2)

)
.
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Moreover, using the Jensen type inequality in Lemma 2.1 with ψ(s) = H−
σ (s

1/p1), we also obtain

(
−−
�
Qr

|Duℓ̃|
p1 dz

) 1
p1

⩽ c(H−
1+|Dℓ̃|)

−1

(
−−
�
Qr

H−
1+|Dℓ̃|(|Duℓ̃|) dz

)
⩽ c(H−

1+|Dℓ̃|)
−1(µ2) .

We further observe from (5.10), (2.9) and (2.10) that for any s ∈ (0, 1],

(H±
1+|Dℓ̃|)

′(s) =
(H±)′(1 + |Dℓ̃|+ s)

1 + |Dℓ̃|+ s
s ∼ s ,

which together with (2.9) and (2.6) implies

(5.14) s2 ∼ H±
1+|Dℓ̃|(s) and s2 ∼ ((H±

1+|Dℓ̃|)
′)−1(s)s ∼ (H±,∗

1+|Dℓ̃|)
′(s)s ∼ H±,∗

1+|Dℓ̃|(s) .

Finally, applying (5.14) to s = µ, we obtain

(5.15)

(
−−
�
Qr

|Duℓ̃|
p1 dz +−−

�
Qr

|G|p1 dz
) 1

p1

⩽ cµ .

Therefore, since the estimate (4.4) with ℓ = ℓ̃, together with (5.10), (5.11) and (5.14) for s = µ,
yields

1

|Qr|

∣∣∣∣∣
�
Qr

uℓ̃ · ζt − ⟨DξA(z−, Dℓ̃)Duℓ̃ |Dζ⟩dz −
[�

Br

uℓ̃ · ζ dx
]t=r2
t=−r2

∣∣∣∣∣
⩽ c

(
r

β1
2 + δ

γ
2
0

)
µ∥Dζ∥L∞(Br,RN×n) ,

we may apply Theorem 4.2 to A := DξA(z−, Dℓ̃) (this satisfies the Legendre-Hadamard condition
by (A1) and (A2) and (5.10)), ψ(s) := sp0 and σ0 := p1

p0
− 1, where p1 and p0 are given in

(5.13). Thus, for ε ∈ (0, 1) to be determined small later, there exist small δ0, r > 0 depending on
n,N,L, ν, p, q, γ,K and ε such that

(5.16) −−
�
Qr

|Duℓ̃ −Dh|p0 dz ⩽ εµp0 ,

where h is the weak solution to

(5.17)

{
∂th− div(ADh) = 0 in Qr,

h = uℓ̃ on ∂pQr .

Note that by the Lipschitz estimate (4.2), (5.16), (5.15), and (5.14) we have that

(5.18)

−−
�
Qr/2

H−
1+|Dℓ̃|(|Dh|) dz ⩽ cH−

1+|Dℓ̃|

(
−−
�
Qr

|Dh|dz
)

⩽ cH−
1+|Dℓ̃|

((
−−
�
Qr

|Duℓ̃|
p0 dz

) 1
p0

+ µ

)
⩽ cH−

1+|Dℓ̃|(µ) ⩽ cµ2 .

Therefore, recalling 1 < p̃ ⩽ q̃ given in (2.8) and θ ∈ (0, 1) given in Lemma 2.2 and additionally
assumed that q̃θ > 1 and p̃θ > 2n/(n + 2), letting κ0 ∈ (0, 1) such that θ = 1−κ0

q̃ + κ0 (i.e.,

κ0 = q̃θ−1
q̃−θ ), and using Hölder’s inequality, the Jensen type inequality in Lemma 2.1 with ψ−1(s) :=
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[H−
1+|Dℓ̃|(s)]

1/q̃, the estimates (5.16) and (5.18), (5.11), and (5.14), we obtain

(5.19)

(
−−
�
Qr/2

[
H−

1+|Dℓ̃|(|Duℓ̃ −Dh|)
]θ

dz

) 1
θ

⩽

(
−−
�
Qr/2

[
H−

1+|Dℓ̃|(|Duℓ̃ −Dh|)
] 1

q̃

dz

) 1−κ0
θ
(
−−
�
Qr/2

H−
1+|Dℓ̃|(|Duℓ̃ −Dh|) dz

)κ0
θ

⩽ c

H−
1+|Dℓ̃|

(−−�
Qr/2

|Duℓ̃ −Dh|p0 dz

) 1
p0


1−κ0
q̃θ

µ
2κ0
θ

⩽ cε
p̃(1−κ0)

p0 q̃θ H−
1+|Dℓ̃|(µ)

1−κ0
q̃θ µ2

κ0
θ ⩽ cε

p̃(1−κ0)
p0 q̃θ µ2 .

Therefore, by Lemma 2.2 and (5.11) with (4.5),

−−
�
Qr/2

H+

1+|Dℓ̃|

(
|uℓ̃ − h|

r

)
dz ⩽ c

(
−−
�
Qr/2

[
H−

1+|Dℓ̃|(|Duℓ̃ −Dh|)
]θ

dz

)1/θ

+ c
(
rα−

(q−p)(n+2)
p + rα(1 + |Dℓ̃|)q−p

)
(1 + |Dℓ̃|)p

⩽ cε
p̃(1−κ0)

p0 q̃θ µ2 + rα−
(q−p)(n+2)

p

⩽ c
(
ε

p̃(1−κ0)
p0 q̃θ + r

1
2 [α−

(q−p)(n+2)
p ]

)
µ2 .

Moreover, by Sobolev inequality for each time t, the Jensen type inequality in Lemma 2.1 with

ψ(s) = H−
1+|Dℓ̃|

(s
n+2
2n ), since p > 2n

n+2 , and (5.19) with (5.14), we also have

−−
�
Qr/2

∣∣∣∣uℓ̃ − h

r

∣∣∣∣2 dz ⩽ c

(
−−
�
Qr/2

∣∣Duℓ̃ −Dh
∣∣ 2n
n+2 dz

)n+2
n

⩽ c

(H−
1+|Dℓ̃|)

−1

(−−�
Qr/2

[H−
1+|Dℓ̃|(|Duℓ̃ −Dh|)]θ dz

) 1
θ

2

⩽ c

[
(H−

1+|Dℓ̃|)
−1

(
ε

p̃(1−κ0)
p0 q̃θ µ2

)]2
⩽ cε

2(p̃−1)(1−κ0)
p0 q̃θ µ2 .

Therefore, collecting the last two estimates we obtain

(5.20) −−
�
Qr/2

[∣∣∣∣uℓ̃ − h

r

∣∣∣∣2 +H+

1+|Dℓ̃|

(
|uℓ̃ − h|

r

)]
dz ⩽ cε̃µ2 ,

where

ε̃ := ε
p̃(1−κ0)

p0 q̃θ + r
1
2 [α−

(q−p)(n+2)
p ] + ε

2(p̃−1)(1−κ0)
p0 q̃θ .

Step 3 (Decay estimates). Let τ ∈ (0, 14 ) be a small constant determined later. We shall show
that

(5.21) −−
�
Q2τr

∣∣∣uℓ2τr

2τr

∣∣∣2 dz +−−
�
Q2τr

H+
1+|Dℓ2τr|

(
|uℓ2τr

|
2τr

)
dz ⩽ c2

(
τ−(n+2+q̃)ε̃+ τ2

)
µ2 ,

for some constant c2 ⩾ 1, where ℓ2τr := ℓz0,2τr,u is the linear function defined in (5.2).
Let h be the A-caloric map of (5.17), and define

ℓ̃ρ,h := ℓ̃z0,ρ,h(x) := (Dh)Qρ(z0)(x− x0) + h(z0), z0 = (x0, t0) .
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Observe that for z ∈ Qr/2,

h(z)− h(z0) =

(� 1

0

Dh(sz + (1− s)z0) ds

)
(x− x0) +

(� 1

0

∂th(sz + (1− s)z0) ds

)
(t− t0) ,

from which together with (4.1) with h in place of Dih, i = 1, 2, . . . , n, (4.2), (5.15) and (5.16)

(5.22)

h(z)− h(z0) ⩽
r

2
∥Dh∥L∞(Qr/2) +

r2

4
∥ht∥L∞(Qr/2)

⩽ c
(
r∥Dh∥L∞(Qr/2) + r2∥D2h∥L∞(Qr/2)

)
⩽ cr−

�
Qr

|Dh|dz ⩽ cr

(
−
�
Qr

|Dh−Duℓ̃|dz +−
�
Qr

|Duℓ̃|dz
)

⩽ crµ.

Similarly, we also obtain that

(5.23)

sup
Q2τr

|h− ℓ̃2τr,h| ⩽ 2τr sup
Q2τr

|Dh− (Dh)Q2τr
|+ (2τr)2 sup

Q2τr

|∂th|

⩽ (2τr)2 sup
Q2τr

|D2h|+ (2τr)3 sup
Q2τr

|D∂th|+ (2τr)2 sup
Q2τr

|∂th|

⩽ cτ2r

(
r sup
Qr/2

|D2h|+ r2 sup
Qr/2

|D3h|

)

⩽ cτ2r

(
−−
�
Qr

|Dh|p0 dz
)1/p0

⩽ cτ2rµ .

Let us first consider the second integral in (5.21). Observe that by (5.3) with ρ = 2τr and

ℓ = ℓ̃+ h(z0), (5.20), (5.22) and (5.11),

|Dℓ2τr| ⩽ |Dℓ̃|+ (n+ 2)−−
�
Q2τr

|uℓ̃ − h(z0)|
2τr

dz

⩽ |Dℓ̃|+ c

τn+3

(
−−
�
Qr/2

∣∣∣∣uℓ̃ − h

r

∣∣∣∣2 dz +−−
�
Qr/2

∣∣∣∣h− h(z0)

r

∣∣∣∣2 dz

)1/2

⩽ |Dℓ̃|+ cτ−n−3µ

⩽ |Dℓ̃|+ cτ−n−3δ
1
2
0 ⩽ K + 1 .

In the last inequality, we have chosen δ0 > 0 sufficiently small such that c( τ2 )
−n−3δ

1/2
0 ⩽ 1 with τ >

0 that will be determined in the end of the proof. Then it follows that 1+ |Dℓ2τr| ∼ 1 ∼ 1+ |Dℓ̃|,
and hence H+

1+|Dℓ2τr|(s) ∼ H+

1+|Dℓ̃|(s). Moreover, by (5.4) with φ = H+

1+|Dℓ̃| and ℓ = ℓ̃+ ℓ̃2τr,h,

(5.24)

−−
�
Q2τr

H+
1+|Dℓ2τr|

(
|uℓ2τr

|
2τr

)
dz ⩽ c−−

�
Q2τr

H+

1+|Dℓ̃|

(
|uℓ2τr

|
2τr

)
dz

⩽ c−−
�
Q2τr

H+

1+|Dℓ̃|

(
|uℓ̃ − ℓ̃2τr,h|

2τr

)
dz

⩽ c−−
�
Q2τr

H+

1+|Dℓ̃|

(
|uℓ̃ − h|
2τr

)
dz + c−−

�
Q2τr

H+

1+|Dℓ̃|

(
|h− ℓ̃2τr,h|

2τr

)
dz

⩽ cτ−(n+2+q̃)−−
�
Qr/2

H+

1+|Dℓ̃|

(
|uℓ̃ − h|

r

)
dz + c−−

�
Q2τr

H+

1+|Dℓ̃|

(
|h− ℓ̃2τr,h|

2τr

)
dz .

Combining the estimates (5.24), (5.20), (5.23) and (5.14) yields

−−
�
Q2τr

H+
1+|Dℓ2τr|

(
|uℓ2τr

|
2τr

)
dz ⩽ cτ−(n+2+q̃)ε̃µ2 + cH+

1+|Dℓ̃|(τµ) ⩽ cτ−(n+2+q̃)ε̃µ2 + cτ2µ2 .
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In a similar same way, we can estimate the first integral in (5.21) as follows:

−−
�
Q2τr

∣∣∣uℓ2τr

2τr

∣∣∣2 dz ⩽ c−−
�
Q2τr

∣∣∣∣∣uℓ̃ − ℓ̃2τr,h
2τr

∣∣∣∣∣
2

dz

⩽ c−−
�
Q2τr

∣∣∣∣uℓ̃ − h

2τr

∣∣∣∣2 dz +−−
�
Q2τr

∣∣∣∣∣h− ℓ̃2τr,h
2τr

∣∣∣∣∣
2

dz

⩽ cτ−(n+4)ε̃µ2 + cτ2µ2.

Therefore, we obtain (5.21).
Now, we prove the inequality (5.9). By (5.1), (5.5) for Q = Dℓ2τr, the Caccioppoli inequality

(3.2) for ℓ = ℓ2τr, and (5.21), we obtain

Φ(z0, τr,u) = −−
�
Qτr

H−
1+|(Du)z0,τr| (|Du− (Du)z0,τr|) dz + (τr)

β1
2

⩽ c−−
�
Qτr

H1+|Dℓ2τr|(z, |Duℓ2τr |) dz + (τr)
β1
2

⩽ c

{
−−
�
Q2τr

∣∣∣uℓ2τr

2τr

∣∣∣2 +H+
1+|Dℓ2τr|

(
|uℓ2τr

|
2τr

)
dz + (τr)β1 + (τr)

β1
2

}
⩽ c3

(
τ−(n+2+q̃)ε̃+ τ2

)
µ2 + c3τ

β1
2 r

β1
2

⩽ τ2βΦ(z0, r,u) ,

where we chose τ ∈ (0, 14 ) and ε̃ ∈ (0, 1) such that

c3τ
β1
2 −2β ⩽

1

2
, 4c3τ

2−2β ⩽
1

4
, and c3τ

−(n+2+q̃)ε̃ ⩽
1

4
τ2β .

(Then δ0 is also fixed.) This corresponds to (5.9).
Finally, using Jensen’s inequality, (5.11) and (5.14), we obatin

|(Du)z0,τr| ⩽ |(Du)z0,τr −Dℓ̃|+ |Dℓ̃|

⩽ τ−(n+2)−−
�
Qr

|Duℓ̃|dz + |Dℓ̃|

⩽ cτ−(n+2)(H−
1+|Dℓ̃|)

−1

(
−−
�
Qr

H−
1+|Dℓ̃|(|Duℓ̃|) dz

)
+ |Dℓ̃|

⩽ cτ−(n+2)(H−
1+|Dℓ̃|)

−1(µ2) + |Dℓ̃|

⩽ cτ−(n+2)Φ(z0, r,u)
1/2 + |Dℓ̃|

⩽ c1τ
−(n+2)δ

1/2
0 + |Dℓ̃|

for some constant c1 ⩾ 0, which implies (5.8). This completes the proof. □

The excess decay estimate of Lemma 5.2 can be iterated on each scale, as expressed by the
following lemma.

Lemma 5.3 (Iteration). Let u be a weak solution to (1.3), K ⩾ 1, and β ∈ (0, β1

4 ) where β1 is
given in (4.5). There exist small r0 ∈ (0, R0] and δ1, τ0 ∈ (0, 1) depending on n,N, p, q, α, L, ν, γ,K
and β such that if Qr(z0) ⋐ ΩT with r ∈ (0, r0],

1 + |(Du)z0,r| ⩽ K and Φ(z0, r,u) ⩽ δ1 ,

then for each j ∈ N ∪ {0} we have

(i) Φ(z0, τ
jr,u) ⩽ τ2βjΦ(z0, r,u) ,

(ii) |(Du)z0,τjr| ⩽ K − τβj ,
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and moreover, for every 0 < ρ ⩽ r

(5.25) −−
�
Qρ(z0)

H−
1+|(Du)z0,ρ|(|Du− (Du)z0,ρ|) dz ⩽ c̄

(ρ
r

)2β
Φ(z0, r,u)

for some c̄ = c̄(n,N, p, q, α, L, ν, γ,K, β).

Proof. Recall the constants r0, δ0, τ and c1 determined in Lemma 5.2, and set

(5.26) δ1 :=
[
min

{
δ0, c

−1
1 τn+2

(
1− τβ

)}]2
.

Note that the inequalities in (i) and (ii) are trivial when j = 0. Then, given j0 ⩾ 0, we assume
that the inequalities in (i) and (ii) hold for every j = 0, 1, . . . , j0. By the definition of δ1 in (5.26),
(i) and (ii) for j = j0, we deduce that

|(Du)z0,τj0r| ⩽ K and Φ(z0, τ
j0r,u) ⩽ Φ(z0, r,u) ⩽ δ1 ⩽ δ0 ,

so we can apply Lemma 5.2 with τ j0r in place of r to obtain

Φ(z0, τ
j0r,u) ⩽ τ2βΦ(z0, τ

j0+1r,u) ⩽ τ2β(j0+1)Φ(z0, r,u) ,

which proves (i) for j = j0 + 1. For what concerns (ii), we have from (5.8) with τ j0r in place of r
and (i) for j = j0 that

|(Du)z0,τj0+1r| ⩽ |(Du)z0,τj0r|+ c1τ
−n−2Φ(z0, τj0r,u)

1
2

⩽ K − τβj0 + c1τ
−n−2τβj0δ

1
2
1

⩽ K − τβj0 + τβj0
(
1− τβ

)
= K − τβ(j0+1) ,

which corresponds to (ii) for j = j0 + 1. Therefore, by induction, assertions (i) and (ii) hold
for every integer j ⩾ 1. We now prove (5.25). Let ρ ∈ (0, r]. There exists j ⩾ 0 such that
τ j+1r < ρ ⩽ τ jr. Using (5.5) and (i) above, we can write

−−
�
Qρ

H−
1+|(Du)z0,ρ|(|Du− (Du)z0,ρ|) dz ⩽ c−−

�
Qρ

H−
1+|(Du)z0,τjr|

(|Du− (Du)z0,τjr|) dz

⩽
c

τn+2
−−
�
Qτjr

H−
1+|(Du)z0,τjr|

(|Du− (Du)z0,τj
1 r
|) dz

⩽
c

τn+2
Φ(z0, τ

jr,u)

⩽
c

τn+2
τ2βjΦ(z0, r,u)

⩽ c̄
(ρ
r

)2β
Φ(z0, r,u) ,

then the proof is concluded. □

6. Proof of Theorem 1.2

This section is entirely devoted to the proof of the main result, the partial regularity result of
Theorem 1.2.

Proof of Theorem 1.2. Let z0 ∈ ΩT be such that

lim inf
r→0+

−−
�
Qr(z0)

|VH−
Qr(z0)

(Du)− (VH−
Qr(z0)

(Du))z0,r|2 dz = 0

and

Mz0 := lim sup
r→0+

|(Du)z0,r| < +∞ .

In particular, taking into account (2.17), the first limit implies

lim inf
r→0

−−
�
Qr

H−
1+|(Du)z0,r|(|Du− (Du)z0,r|) dz = 0 ,
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where H−
1+|(Du)z0,r| is the shifted N -function of H−

Qr
with shift 1 + |(Du)z0,r|. Let

K := 2(2 +Mz0) ,

and, with δ1 and r0 in Lemma 5.3,

ε :=
δ1
4
,

and

r̄ := min

{(
δ1
4

) 2
β1

, r0

}
.

Then we can find r ⩽ r̄ small enough such that Q2r(z0) ⋐ ΩT and

−−
�
Qr(z0)

H−
1+|(Du)z0,r|(|Du− (Du)z0,r|) dz < ε and |(Du)z0,r| < Mz0 + 1 ,

which implies that

Φ(z0, r,u) ⩽
δ1
2

and 1 + |(Du)z0,r| ⩽
K

2
.

From the absolute continuity of the integrals, there exists r̃ ∈ (0, r] such that for every z̃ ∈
Qr̃(z0) ⋐ ΩT ,

Φ(z̃, r,u) ⩽ δ1 and 1 + |(Du)z̃,r| ⩽ K .

Therefore, by applying Lemma 5.3 to each Qr(z̃) ⋐ ΩT , in place of Qr(z0), with z̃ ∈ Qr̃(z0), and

recalling (2.17), we deduce that for each β ∈ (0, β1

4 ),

−−
�
Qρ(z̃)

|Vp(Du)− (Vp(Du))z̃,ρ|2

ρ2β
dz ⩽

c

ρ2β
−−
�
Qρ(z̃)

|VH−
Qρ(z̃)

(Du)− (VH−
Qρ(z̃)

(Du))z̃,ρ|2 dz

⩽
c

ρ2β
−−
�
Qρ(z̃)

H−
1+|(Du)z̃,ρ|(|Du− (Du)z̃,ρ|) dz

⩽
cδ1
r2β

,

for every ρ ∈ (0, r] and z̃ ∈ Qr̃(z0). This implies Vp(Du) ∈ C0,β, β2 (Qr̃(z0),RN×n), and concludes
the proof. □
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37. I. Fonseca, J. Malý, and G. Mingione, Scalar minimizers with fractal singular sets, Arch. Ration. Mech. Anal.

172 (2004), no. 2, 295–307.



24 JIHOON OK, GIOVANNI SCILLA, AND BIANCA STROFFOLINI

38. M. Foss, T. Isernia, C. Leone and A. Verde, A-caloric approximation and partial regularity for parabolic systems

with Orlicz growth, Calc. Var. Partial Differential Equations 62 (2023), no. 2, Paper No. 51.

39. M. Foss and G. Mingione, Partial continuity for elliptic problems, Ann. Inst. H. Poincaré Anal. Non Linéaire
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42. P. Hästö, M. Lee and J. Ok, Mean oscillation conditions for nonlinear equation and regularity results, Preprint
2025, arXiv:2504.02159.
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54. A. Kufner, O. John and S. Fučik, Function Spaces, Springer Netherlands (1977).

55. G. Mingione, Regularity of minima: an invitation to the dark side of the calculus of variations. Appl. Math. 51

(2006), no. 4, 355–426.
56. J. Ok, Regularity of ω-minimizers for a class of functionals with non-standard growth, Calc. Var. Partial

Differential Equations 56 (2017), no. 2, Paper No. 48, 31 pp.
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