PARTIAL REGULARITY FOR PARABOLIC SYSTEMS
OF DOUBLE PHASE TYPE
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ABSTRACT. We study partial regularity for nondegenerate parabolic systems of double phase
type, where the growth function is given by H(z,s) = sP + a(z)s?, z = (z,t) € Qr, with
2n
n+2
main result we prove that if ¢ < min{p + %,p + 1} the spatial gradient of any weak solution

is locally Holder continuous, except on a set of measure zero.

< p < ¢q and a(z) a nonnegative €% 3 _continuous function for some o € (0,1]. As the
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1. INTRODUCTION

Double phase energies of the form
(1.1) /H(x,Du)dx, H(x,s):=s"4+a(x)s?, 1<p<q,
Q

have been originally introduced by Zhikov [64, 67] in the context of homogenization theory and
Elasticity, with the aim of modeling strongly anisotropic materials, and then studied as an example
exhibiting Lavrentiev phenomenon ([65, 66], see also [36, 37, 3]). In this framework, the coefficient
a(-) plays a crucial role, since it describes the geometry of a composite made of two different
materials exhibiting power-type hardening with exponents p and g, respectively. The double
phase setting naturally interpolates between two different growth conditions and thus provides a
unifying model capturing nonuniform behaviors within a single variational framework. We further
refer to [14, 41] for the application of the double phase problems to image restoration.

Equations and systems related to (1.1) have been the object of intensive study over the last
decade, particularly in connection with regularity theory. For scalar minimizers of (1.1), sharp and
essentially optimal regularity results were obtained in the works of Baroni, Colombo and Mingione
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[16, 17, 4, 5], where they proved that, under the condition ¢ < p+ 52, the gradient of minimizers
is locally Holder continuous. For further regularity results related to elliptic double phase type
problems, we refer to [1, 2, 9, 10, 18, 19, 20, 21, 24, 25, 56, 59] and the references therein. We also
mention [22, 23, 43, 42, 44, 45] for regularity results concerning more general energies, including
certain double phase type functionals.

Regularity for elliptic systems of the form

(1.2) divA(z,Du)=0 in Q,

where Q@ C R™ (n > 2) is a bounded and open set, u = (u',...,u") : Q@ = RY with N > 1, and
the operator A (z, £) satisfies standard growth and ellipticity conditions, has been actively studied.
It is well known that, without structural assumptions, solutions to systems exhibit only partial
regularity, i.e., they are regular outside a set of measure zero, see the survey [55] and references
therein. An efficient and widely used technique is the so-called A-harmonic approximation, which
involves linearizing the functional or partial differential equation around the average gradient in a
ball, see [33, 28]. This method enables one to locally approximate solutions of nonlinear problems
by solutions of linearized equations, facilitating regularity estimates. In contrast to the A-harmonic
approximation, which is suitable when the gradient is bounded away from zero, the regime where
the gradient is small requires approximation schemes that reflect the degeneracy or singularity of
the underlying operator, see [34, 32, 13], respectively for the power case and the Orlicz one.

More recently, partial regularity for nondegenerate systems of the type (1.2) with operators
A(z, €) associated with the double phase function H(x, s) = sP 4+ a(x)s? has been investigated in
[57, 58, 62]. Here “nondegenerate” refers to the condition |DgA(x,0)| ~ 1. Those works deal only
with the superquadratic case, namely p > 2. The general (possibly degenerate) case of double
phase systems was recently treated in [61], where partial Holder regularity of the gradient of weak
solutions was obtained without the superquadratic assumption, thus providing a unified approach
independent of the exponent p.

For the corresponding parabolic systems

(1.3) u; —divA(z,Du) =0 in Qp,

where z = (x,t) and Qr = Q x (0,T) is a space-time cylinder in R™!, partial regularity in the
p-growth case has been studied in [35, 8]. Moreover, in recent years, partial regularity in the Orlicz
growth setting has also been investigated in [38, 60].

In contrast to the elliptic setting, where the picture of regularity results is rich and appears to be
almost completely understood, the corresponding parabolic theory for double phase equations and
systems remains much less developed. Chlebicka, Gwiazda and Zatorska-Goldstein [15] proved
the existence of weak solutions to parabolic equations with Musielak—Orlicz growth, and Kim,
Kinnunen and Sarki6 [50] proved existence and uniqueness results for weak solutions to parabolic
systems with superquadratic double phase growth. Concerning regularity theory, Kim, Kinnunen,
Moring and Sarkio [47, 48, 49, 52] have established higher integrability for the gradient as well
as Calderén—Zygmund type estimates for weak solutions. These results were obtained under the
conditions

2 2
(14) q<p+—2 whenp>2 q<p+ "2<p<2.

n—+2 n 4+ 2 2
Moreover, in [49] an additional technical assumption Du € LI(2r) was required; however, this can
be removed by applying a double phase parabolic Lipschitz truncation, see [50]. We further refer to
[51] for results on the Holder continuity of bounded weak solutions to parabolic equations, [12] for
parabolic double phase obstacle problems, and [6, 63] for related work on parabolic (p, ¢)-growth
problems.

To the best of our knowledge, partial regularity for parabolic systems of double phase type has
not yet been explored. In this paper, we address this problem for homogeneous nondegenerate
systems of the form (1.3), where the nonlinearity A : Qr x RV>" 5 RNX™ gatisfies the following
growth and ellipticity conditions with respect to the function H(z, s):

(A1) [A(z,§)| + (1 + [£]) [DeA(2,€)| < LH'(2,1+ [€])
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(A2) [DeA (2, )N : X > v H" (2,1 + [€]) A%,

for every z = (z,t) € Qp, € € RV*" and A € RY*" and for some 0 < v < L. Here, “” denotes
the Euclidean inner product in RY*" and the function H : Q7 x [0,00) — [0, 00) is the so-called
double phase function defined by

(1.5) H(z,s):=s"4+a(z)s?, where

f2 <p<gq 0<a(z)<L forzeQr.
We further assume that a € C%*% (Q7) for some « € (0,1], that is,
(1.6) la(z1) — a(z2)] < L(\xl — x| + |1 —t2|%)

for every z1 = (z1,t1) and 29 = (22,t2) in Qp, and

(1.7) q<min{p+na7f_32,p+1}.

Moreover, H'(z,s) and H"(z,s) denote the first and second derivatives with respect to the s-
variable, respectively. Note that in the region where a(z) = 0, we have H(z,s) = s, so that H
corresponds to the p-phase, while in the region where a(z) > 0, the function H corresponds to
the (p, q)-phase. We also note that (A2) implies the following monotonicity property: for every
z € Qr and &1,&; € Ran,

(1.8) (A(2,&1) — A(2,&)) : (& — &) =T H" (2,14 |&1] + |&]) [& — &

for some 7 > 0 depending only on p, ¢, and v.

For system (1.3), we establish the partial C1'®-regularity theory; see Section 1.1 for the main
theorem. We outline the novelty of our result and the main ideas of the proof. Our analysis
is focused on non-degenerate systems, which represent the initial step in the study of partial
regularity theory. However, even in this context, the proof of partial regularity necessitates the
introduction of significantly novel concepts. In the nondegenerate setting, a natural condition on
the exponents p and ¢ in the definition of H might be

po
n+2’
as this allows one to avoid the use of intrinsic parabolic cylinders. We point out that, even in
the elliptic case, in order to obtain regularity in the borderline situation ¢ = p + 2%, higher
integrability plays an essential role. In the parabolic setting, it seems that the conditions in
(1.4) are essentially required to obtain higher integrability, and are more restrictive than (1.9).
Therefore, assuming the strict inequality in (1.9) is quite natural.

A Caccioppoli type inequality was obtained in [50] for weak solutions u to the double phase
parabolic systems satisfying the natural integrability condition H(-,|Dul) € L (Qr), assuming
the strong condition (1.4). On the other hand, in this paper, we are able to prove it under the
optimal condition (1.9) by means of a mollification argument of convolution type in both space
variable z and the time variable ¢, originally devised for the Euclidean metric in [40] and later
adapted to the parabolic setting in [46].

Thanks to our recent A-caloric approximation result in [60], we can define the ezcess functional
directly in terms of the gradient Du of a weak solution u to (1.3):

(1.9) g<p+

- B1
(110) @(Z(),/LU) :][ H1+|(Du)zop| (’Du_(Du)zo,p’) dZ+P2 ’
Qp(zo) '
where H_~ denotes the shifted N-function of H ™ (s) := s+ énﬁ )a(z)sq and Sy is defined in (4.5).
z€Qp(20

Then a linearization procedure combined with A-caloric approximation yields local comparison
estimates for Du with the gradient of a suitably chosen smooth A-caloric function. We note that
the additional assumption ¢ < p + 1 is imposed in order to apply the A-caloric approximation
to the function H ™, rather than H. This condition could, in principle, be relaxed if a higher
integrability result for functions of the form H, q|(z,|Du— Q|) were to be established. However,
as previously noted, this would likely require the conditions in (1.4). On the other hand, the
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condition ¢ < p + 1 is less restrictive than (1.4), and naturally arises in the regularity theory for
parabolic problems with (p, ¢)-growth; see, for instance, [6, 7].

We then establish a decay estimate for the excess functional (1.10) in Lemma 5.2. Finally, by
iterating this decay at smaller scales, as shown in Lemma 5.3, we obtain the partial regularity result
in the standard manner, as stated in Section 6: the weak solution is locally Holder continuous,
except on a set of measure zero; see Theorem 1.2.

As a final remark, we highlight an important aspect of our approach. In most papers on double
phase problems, different methods have been adopted for the p-phase and the (p, ¢)-phase. How-
ever, in this paper, the arguments of approximation, comparison, and iteration do not distinguish
between the phases. This allows us to provide simpler and more unified proofs.

Outline of the paper: The paper is organized as follows. In Section 1.1, we present our main
result, Theorem 1.2. In Section 2, we fix the necessary notation, and recall some basic facts and
elementary inequalities about Orlicz and the generalized Orlicz function H. In Section 3, we
obtain a Caccioppoli type estimate by using a new mollification argument. In Section 4, we collect
two main ingredients in order to get the decay estimates: we recall regularity estimates for the
solutions of systems with constant coefficients and the A-caloric approximation, see Section 4.1,
and then we setup the linearization, Section 4.2. Section 5 provides decay estimates for the excess
functional (Lemma 5.2), which can be iterated on shrinking parabolic cylinders (Lemma 5.3).
Finally, in Section 6, we prove our main result.

1.1. Main result. We introduce the main result of the paper. First, we list the required additional
assumptions on A(z,£): we assume the following continuity condition on z — A(z, £)

A (21, €) — A2, )| < Ll — 2o + V/[tr — t2])™ (H' (21,1 + [€]) + H' (22,1 + [€]))
+ Lla(z1) = a(z2)|(1+ €))7

for all z; = (z1,t2) and 2o = (z2, t2) in Q7 and for some By € (0,1), and the off diagonal condition
on z — De¢A(z,€)

(A3)

_ 2!
(M) IDeAG€) - DeAGi)] < L (B2 E0) h 1+ jl) orsome € 0.1,
1

for all £&1,&, € RV*" with 2161 — & <1+1&).

We then specify the notion of weak solution to (1.3).
Definition 1.1. A functionu = (u*,u?,...,u™) € Cloc(0, T; L2 (Q,RYNNLY. (0, T; WLP(Q,RY))
with H(-,|Du|) € L, .(Qr) is said to be a weak solution to the system (1.3) if it satisfies the fol-
lowing weak form of (1.3):

(1.11) —//Q u'Ctdz—l—/Q A(z,Du): D¢dz=0 forall ¢ € CX(Qr,RY),

w

where is the Euclidean inner product in RY .

Finally, we are in position to state the main result of the paper.

Theorem 1.2. Let H : Qp x [0,00) — [0,00) be defined as in (1.5) complying with (1.6) and
(1.7), and A : Qp x RN — RN*" comply with (A1)~(A4). If u € Cioe(0,T; L (L, RY)) N
LP (0, T; WEP(Q,RN)) with H(-,|Dul) € LL .(Qr) is a weak solution to (1.3), then there exist

loc

B =pB(n,p,q,a,bB) € (0,1) and an open subset Qo C Qr such that |Qr \ Qo| =0 and
B
Due CPP7 (Qp: RN

loc

Moreover, Qr \ Q¢ C X1 U Xy where

¥ = {zo € Qp : liminf V- (Du)— (V- (D)), *dz > 0} ,

r—0t Qr(20) Qr(20) Qr(20)

22 = {Zo S QT . hmsup|(Du)2077‘| = OO} :

r—0t+
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where HC_JT(ZO)(S) and VH(ET(zo)(P) are defined as in (2.4) and (2.12) with p(s) = Hér(z())(s)’

respectively.

Remark 1.3. Notice that the set 1 has measure zero, since it is contained in the set of (parabolic)
non-Lebesque points of Vi (-, Du) (see (2.16) for the definition of V) in L*-space. For details,
see [61, Remark 1].
2. PRELIMINARIES
2.1. Basic notation. A space-time cylinder in R"! is denoted by
Qr+(20) = By(20) % (to — 7,to +7), where zy = (20,%p) € R""* and r,7>0.

In particular, if 7 = r?, we write Q,(20) := @,,2(20) and call it a parabolic cylinder.
Let £ : R" — R be any linear map of the form

(2.1) l(z):=P(r—x9)+b, zeR"
where P € RV*" 25 € R” and b € RV, If u is a weak solution to (1.3), we set
(2.2) we(z) :==u(z) — €(z), z=(x,t)€Qr.

Let H : Qpx[0,00) — [0, 00) be given in (1.5) with (1.6). For Q,(20) € Qr, let 2Z ., 2F . € Qr(20)
be such that

2.3 ay ,:=a(z; )= inf a(z) and af ,:=a(zf,)= sup a(z).
(23 Pemaln )= e o) md el =eh) = s a()
Then we write

(2.4) C57‘(20)(5) = H(z,,,,s) and HEST(ZO)(S) = H(zf ,.,s).

2.2. Orlicz functions and operators. We recall basic notation and properties about Orlicz
functions. The following definitions and results can be found, e.g., in [53, 54].

In this paper, ¢ : [0,00) — [0, 00) is always an N-function; that is, ¢(0) = 0, there exists a right
continuous derivative ¢’ of ¢ such that ¢'(0) = 0, ¢’ is increasing, and ¢’(s) > 0 when s > 0. We
say that ¢ satisfies the Ay condition, denoted by A(y) < oo, if there exists a positive constant
K =: A(p) such that ¢(2s) < K¢(s) for all s > 0. The conjugate function of ¢ is defined as

P (s5 = ¢(s)) -

©*(8) :=su
520

From the definition of ¢*, the following Young’s inequality

$5 < (3) +¢(s), 5,320,

holds true. From now on, we always assume that ¢ and ¢* satisfy the Ay condition and this is
indicated by A(p, ¢*) < oo, where A(p, ¢*) denotes the constants A(p) and A(p*). We note that
the exact value of ¢* is not always explicitly computable and instead the estimate

(25 w(“$)~wwwn~w@

S

will often be useful in computations (see [40, Theorem 2.4.10]). Moreover, if ¢ € C*([0,00)) and
¢’ is strictly increasing, then (2.5) implies that

(2.6) (@) (s) ~ (@) M), s20.
We recall the notion of “almost convexity” and a Jensen type inequality (see [40, Lemma 4.3.1]).
Lemma 2.1. If 1) : [0,00) — [0,00] is increasing with ¢(0) = 0 and @ is almost increasing;

¥(s) ¥(3)

i.e., S < LT for every 0 < s < § with constant L > 1, then the following Jensen’s type

o(gaf 1910) < f v e

inequality holds:
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Now we further assume for ¢ that ¢ € C*([0,00)) N C?((0,00)) and

1
(2.7) 1<p<5‘p,(5)+1<q for all s > 0.
¢’ (s)
Note that this implies
/
1<p< 5¢'(5) <q forall s>0,
o(s)

and hence the Ao conditions of ¢ and ¢*.
For an N-function ¢ and for o > 0, we define the shifted N -function ¢, of ¢ by

s / \o /
0o (s) == / Mdﬁé, that is, ¢l (s) = Ms.
0

o+ s o+ s
The condition (2.7) implies that
595 (5)
v (s)
Moreover, we have the following relations (see, e.g., [13, Proposition 2.3] and [27, 31]), which hold
uniformly with respect to o > 0:

(2.8) P :=min{p, 2} < + 1< max{q,2} =: ¢ forall s>0 and ¢ >0.

(2.9) Po(8) ~ @g(s)s;
p + "o+
(2.10) R . P
(2.11) p(s) < plo+5) ~ po(s) + (o).
We define vector valued functions V, : RV 5 RNXn py
_ 9(Q) 4 _ /¢ +1Q))

In particular, we write
V,(Q) :=V,(Q) when ¢(s)=s".

Then we recall equivalent relations in [27, Lemmas 3 and 20] and [30, Lemma 3.1] with ¢ in place

of ¢:

¢'(1+ [P +(Q[)

(213) TG P IVeP) -~ Ve @F ~ era (P - Q).
¢'(1+|P[+1Q]) YY1+ TP+ (1-7)Q))
(2.14) 1+ |P[+ Q] N/O 1+ 7P+ (1-71)Q] dr.

Moreover, by the same proof of [29, Lemma A.2], we have that for every g € L?(Q,; RN *"),

(2.15) ][ V(g) - (V(g))a, |2 dz ~ ][ V(g) — V((g)o,)|?dz.

T r

Note that all constants concerned with the relation ~ and ¢ in above depend only on p and gq.

2.3. Generalized Orlicz function H. For basic definitions and properties about generalized
Orlicz functions and the associated spaces, we refer to the monograph [40].

Let H : Qp x [0,00) — [0,00) be the function given in (1.5). Note that for each z € Qp,
w(s) := H(z,s) is an N-function satisfying that As(p, ") < co. With this H, we define the
generalized Orlicz space LY (QT,RN ) as the set of all measurable functions f : Qr — RY such
that

T
/QT H(z,\f(z)|)dz:/0 /QH(x,t,|f(1:,t)|)dxdt<oo,

endowed with the usual Luxembourg type norm

||f||LH(QT) = inf{)\>0 : //Q H (27 fE\z)|) dz < 1} .
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We define

H'(z,1+1Q])

(2.16) Vu(z,Q) = +Ql

Q, ze€Qrp.

Then it follows from (2.13) that for every z € Qp,

Vi (2,P) = Viu(z, Q) ~ Hiyq(z P - Q)
~ @p141Q| ([P = Q) + a(2)pqg,141q/(IP — Q)
~ [Vy(P) = Vo (Q)]? + a(2)[V4(P) - V4(Q)[?
> |Vp(P) - Vp(Q)|2 )

(2.17)

where ¢, »(s) is the shifted N function of the power function s” with shift ¢ > 0. Moreover,
combining (2.14) and (A1), following [30, Lemma 3.1] we can prove that for every z € Qr,

(2.18) |A(z,P) — A2, Q)| ~ Hi, q(= P - Q).

We also notice that for the shifted N-functions HE and the corresponding V= function the
equivalence (2.15) still holds true. This is related to the set of Lebesgue points.

We end the section with the following parabolic Sobolev-Poincaré type inequality for shifted
N-functions of H.

Lemma 2.2 (Sobolev-Poincaré inequality). Let H be defined as in (1.5) with (1.6) and (1.9), and
let 0 >0 and 0 <r < 1. Then there exists 0 = 0(n,p,q) € (0,1) such that for Q, = Q,(z0) C Qr
with zo = (20,t0), if w € L'(to — 1%, t0 + r*; W (B,(20); RY)) with |[H, (|IDW])||L1(q,) < o0
satisfies that w(-,t) = 0 on OB,(xq) in the trace sense for a.e. t € (to —r, to+1?%), then we have

g a—p)(n
75[ H;_ (|VV|) dz <cp <]§[ H;(|DW‘)0 dz) +cp (raf( )p( +2) +ragq—p) 0-;0,
T
r Qr

for some cp = cp(n,p,q,L) > 1, where HE denote the shifted N -functions of HthT (see (2.4))
with shift o > 0.

Proof. Recall zoi,r from (2.3) and, for ease of notation, set z* := 28‘;. First, by (2.10) and (1.6)
we get

5)P72s% +a(z7) (0 + 5)7 2% +r%(o + 5)7 252

Now, for each fixed time ¢ € (to — 72, to+1?), we can estimate, by using Sobolev-Poincaré inequal-
ities for the shifted N-function H_ (s) (see, e.g., [27, Theorem 7]) and for the function s — s9,

q
]5[ H, <z,W|> dziﬁ[ H <|W> dz—|—r°‘]§[ (|W|) dz + r*6?
. r r 0.\ T

Qr
1 s
~ 0 qx*
< ( H (|Dw])? dz) +7r® (ﬁ[ | Dw |- dz) +r%o?,
Q"‘ Q'V‘
where § € (0,1) depends on n,p,q and ¢, = max{l,n"—_fq < max{l,¢;%5} < p. Set 0 :=

max{f, ¢./p} € (0,1). Note that, by (2.11) applied to the N-function s > sP, we have

(2.19) 2 < (040 25> 4o SH; (s) +oP.
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Then using Hélder’s inequality, (2.19), (1.9) and the assumption that |[Dw||1» g, mvn) < 1, we

obtain
& S\ 52
re (]5[ | Dw | dz) <r® (ﬁ[ | Dw|P dz) (]é[ |Dw|P dz)
QT‘ i Q’V‘
_ 7
g po- e <]§[ | Dw|?? dz>
Qr
g (a=p)(n+2)
<c (ﬁ[ H; (|Dw])? dz) +er® P oP.
Q’V'
This completes the proof. O

3. CACCIOPPOLI INEQUALITY VIA MOLLIFICATION

In this section, we derive a Caccioppoli type estimate for up = u — € with the shifted function
Hy1|pe|(2,5), where u is the weak solution to (1.3) and £ is any linear function (2.1). We emphasize
that in the definition of weak solution, we only assume that H(-,|Du|) € L .(Qr). Therefore,
a more general regularization argument than the Steklov average is needed. To this end, we use
mollification in R"** in the parabolic setting. We refer to [40, Chapter 4] and [46].

Let 0, € C5°(R™) be a standard mollifier in R™ defined by o, (y) = vm exp(—ﬁ) if |y <1
and g,,(y) = 0 if |y| > 1, where the constant v, > 0 is chosen such that ||g,,]|1 = 1. Then we
set o(z) = o(z,t) := dn(x)01(t) and, for h > 0, gn(2) = on(x,t) := h™""25,(h~*2)g1(h~?t). For
f€LLQr), 2 € Qp and h > 0 such that Q,(z) € Qr, we define

fn(2) ://h(O) f(z—2)on(2)dz.

Let H be defined as in (1.5). We observe that the conditions (1.6) and (1.9) imply that for
both H and H* holds the parabolic version of the (A1) condition in [40, Definition 4.1.1], where
the ball B is replaced by the parabolic cylinder @, in the definition of the usual (Al) condition;
see [40, Proposition 7.2.2 and Lemma 4.1.7]. Therefore, the convergence of mollification in the
spaces L™ and L™ in the parabolic setting follows as in [40, Theorem 4.4.7]. We also refer to [46,
Proposition 4.1] and the discussion therein for further details. Precisely, if the function H defined

in (1.5) satisfies (1.6) and (1.9), then for every f € L{ (Qp) and g € LE_ (Qr) we have
(3.1) fo— f in LE(Qr) and g, — g in LE(Qr), as h— 0%

loc

Lemma 3.1. Let u be a weak solution to (1.3) satisfying (A1), (A2) and (A3) with (1.5), (1.6)
and (1.9). For every pair of concentric cylinders Qr, p, (20) C Qry,py(20) € Qp with 2o = (x0, o),
0<ri <ry<1and0<p; <p2 <1, and linear map €, we have

ess sup / \ue(x,t)|2dx—|—// Hy4pe(2, | Dug|) dz
te(to—p1,to+p1) J By (z0) Qry,p1 (20)

2
(3:2) < é// { [ue + Hi4|pe| <z, [ue ﬂ dz
Qry,p5(20) P2 — P1 g —T1

0l Qra gl max {CT T, CT T H(z",1 4+ D))

for some ¢ = é(n, N,p,q,L,v) > 0, where

(3.3) Cr = (12 +v/32)™ + (ra +v/32)(1 + | DEN~?
and 1 < p < G are given in (2.8).

Proof. Let hq € (0,1) sufficiently small so that

h < min {élldiSt(Qrzm (20),8(Qr)), = ; - } 7
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and choose h € (0,hg). Let 27 € @y, p,(%0) such that a(z7) = Qinf( )a(z). Since 08 =
2€WQry,ps (20

div A(z7, D£) = 0, we obtain from the weak formulation (1.11) that

(3.4) - //Q%pz(zo)[ua}l -0¢dz + //Qrz,pz(zo)[A(.? Du) — A(z7,Du)], : D¢dz =0

for all ¢ € C°(Qr,,p,(20),RY), where [-]; is the mollification stated in above. Note that by
approximation the test function ¢ can be chosen as a Lipschitz continuous function in @, ,,(20)
with zero value on d(Qr,.,(20)), and A(-, Du), A(z~, Du) € LE_ (Qr, RN ™).

Let £ € C§°(By,(x0)) be a cut-off function with

2
(3.5) 0<¢<1, £€=1in B, (z9) and [|D€]p~ < ,
o —T1
and 1 € C5°(1p,—n,(to)) with
. , 3
(3.6) 0<n<1, n=1inl, (to) and |7z~ < )
P2 — P1

In addition, for ¢, € I,,(tg) and 6 € (0, ho), define ns : R — R as

1, t € (—o0,ts —0),
t—t.+0
(3.7) mst) = {1- 20 et - b,
0, t € (ty,00).

Then we can choose ¢ = [ug]n£%*ns as a test function in (3.4), so that

0= //
Qry.pz

! //Q%pz(zo)[A(.’De) —A(z27,D0)] : D¢dz

=J1+Ja+ Js3.

oluly ¢z + | [A(, Du) — A(-, DO)], : D¢ d
(ZO) Qrg,pz (ZU)

We start by estimating J;. Integration by parts gives

gy = // 10,(|gln[2) €05 dz
Qrz,pg (ZO)

t. i
== // |[ue]nl*ETnm'ns dz + %][ / [we]n|?€n? dz dt .
QT2aP2 (z0) te—0 B, (zo)

*

Then since uy € LY .(Q7), letting h — 07 and then § — 0" and using (3.6) and (3.7), we obtain

"
lim lim J; = —/ / \ug|2§‘jnn'dxdt+%/ lug(z, t*)|?€7 da
to—p2 J Bry(x0) By, (o)

§—01t h—0+t

(3.9)

2
> —c// [uel dz + %/ lue(z, t*)|?¢7 da .
Qrp.pa(20) P2 7 P1 By, (wo)
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Now we estimate J. Since A(-, Du) — A(-, D€) € L (Qr) and Dug,ug € L (Q7), by (3.1),

li li =1 li D —A(-,D 2D a2
(5—>1%1+ h—>1r€+ 2 5—>H(I)1Jr h—)l%lJr |://(;)T2 p2(zo U) ( 7 E)]h [ UZ]}LE e @

vl IACDW - ACDO s DE [y sz
Qrz pz(ZO)
-
= / / [A(z, Du) — A(z, DE)] : Dug &9 do dt
to—p2 J Br, (20
+ d/ / [A(z, Du) — A(z, Df)] : DE @ up &7 n? da dt.
to—p2 o (0)
Applying (1.8) with & = Du, & = D¥£ and (2.10) to get
/ / [A(z,Du) — A(z, D€)] : Dugéin? dzdt
to—p2 J Bry(x0)

1% H"(2,1+ |Du| + |De|)| Dug|?¢Tn? da dt
to—p2 o (0)

/ / Hi4 pe (2, | Dug|)¢%n® dz dt
to—p2 J By (20)

for some small é > 0. To estimate the second term on the right hand side in (3.10), we use (2.18)
and (3.5), Young’s inequality applied to ¢(s) = Hi4|pg(z, s) for any fixed z with (2.5) to conclude
that for every ¢ > 0,

/ / [A(z, Du) — A(z, Df)] : D€ @ up?1n? da dt
to—p2 J By, (z0)

_C/ / H£+\D£|( |Du¢|) | | fq 'n? dz dt
to—p2 7/ Bry

u
—5/ / Hy4pe (2, |DUg|)§q77 dzdt — c(e // Hiy|pe <z, |e|> ndz.
to—p2 J Bry (T0) Qry,po(20) r2—T1

Therefore, it follows that

lim lim Jp > / / Hyype(z, | Dug|)¢mn? dz dt
to—p2 J Bry(xo

6—01t h—0t
|ug|
— C// Hl—HDZ\ <Z, — ) dz.
Qry,pq (20) 2 1

We finally estimate J3. Similarly to the estimation of Jy, we have

(3.11)

lim lim J3 = / / A(z,DL) — A(27,D2)] : [Dugé? + GDE @ upgt? n? dadt.
=0t h—07t to—pa

y (A3) and (1.6), for z € Qr, p,(20),

|A(z,D8) — A(z7,DO)| < c(ra + /p2) ™ H' (2,1 + |DE|) + c(ra + /p2)* (1 + | De|)*
< cCrH] 4 pg(2, 1+ |DE)),
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where C1 is given in (3.3). Plugging this in the previous identity and using Young’s inequality, we
obtain

§—0tT h—0+

(3.12) _C// Hyope (z g ) &
Qrg.,pg (20) r2—"n

— €lQua pa| max {CFT, €T V(24,14 | D).
Therefore, combining (3.8), (3.9), (3.11) and (3.12) yields

~ t*
lim lim J3 > —5/ / Hiype (2, | Dug|)¢in® dz dt
4 Jtg—ps B, (z0)

+*

/ |Ug(x,t*)|2§q~ do+ / Hi4pe(2, |DUg|)§’i772 dz dt
Br, (w0) to—p2 J Br, (z0)

2
u u
gc// [ [uel + Hiy|pe (z, [uel )] dz
Qry,py(20) P2 — P1 T2 —T1

€l Qra gl max {CTT,CTThH (7,1 + D))

Since t. € (to — p1,to + p1) is arbitrary, considering (3.5) and (3.6), we obtain (3.2). O

4. A-CALORIC APPROXIMATION AND LINEARIZATION

The A-caloric approximation, as stated in [60, Theorem 3.8], is a crucial tool in the nonde-
generate setting. It will be used in Section 4.2 to establish a comparison estimate between the
gradient of a weak solution to the system (1.3) and the gradient of a smooth A-caloric map (see
Section 4.1). This comparison is possible provided that u can be shown to be an almost solution
of a suitable A-caloric system.

4.1. Regularity estimates for linear systems with constant coefficients. We first introduce
2 2
an A-caloric map and it regularity estimates. Let A = (A%-B ) € RN™ satisfy the Legendre-
Hadamard condition: for every a = (a',...,a") € RN and b = (by,...,b,) € R",
A(a®b) : (a®b) = A% a%a’b;b; > vlal?|b|?
for some v > 0. Then a weak solution h : Q,, — R to the linear system with coefficient A, given
by
h; — div(ADh) =0 in Q,,
is called an A-caloric map. By standard regularity theory (see [11, 26]), h € C*°(Q,,RY). More-

over, one can derive the following estimates (see, e.g., [11, 26, (5.9)—(5.12)]), which will be used
later.

Lemma 4.1. Suppose h € C*(Q,,RY) is an A-caloric map in Q,. Then we have that

(4.1) sup (|h| +7|Dh|+r*|D?h|) < 0]5[ |h|dz,
r/2 Qr
and
(4.2) sup |Dh| < 0]5[ |Dh|dz.
Qv-/2 QT

Here, the constants ¢ > 0 depend on n, N,v and |A|.
We recall the following .A-caloric approximation result, proved in [60, Theorem 3.8].

Theorem 4.2. (A-caloric approzimation) Let u, 09, Co > 0 and ¢ be an N -function with Ay (1, ") <
0o. For every e € (0,1), there exists § > 0 depending on g, Co, As(h,9*) and € such that if
ue LY(—=r2 72 WEY (B RY)) with 41+ (|Du|) € LY(Q,) and 770 (H) € LY(Q,) satisfy

ou=divH in Q,,
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in the distributional sense, and the inequality

1
T+og

N

(ff, twtpulyte s+ ugry=) as) ™ < Covt),

r

and for every ¢ € C®(Q,;RY) with ¢ = 0 on OB, x (—r?,1?),

//Tu(t—[ADu:DC]dz—{/B

][ (D — Dh|)d= < etb(),

[d

t=r?

1
Qx|

< 0pl| D¢l poe (@, mN X)),

u- ¢ daz}

r t=—1r2

then

where h is the weak solution to

Oth — div(ADh) =0 in Q,,
h=u on 9,Q,.

4.2. Linearization. To take advantage of the comparison estimates in Theorem 4.2, we demon-
strate that the weak solution u to (1.3) is an ’almost’ weak solution of a linear system with
constant coefficients. We first note that, since ||H(-,|Dul)|[11(,) < oo by the definition of the
weak solution to (1.3), there exists small Ry € (0,1) such that

(4.3) // H(z,14|Du|)dz <1 forevery Q,(z0) € Qr with r € (0,Ry].
QT(ZO)

Lemma 4.3. Let u be a weak solution to (1.3) satisfying (Al), (A2), (A3) and (A4) with (1.5),
(1.6) and (1.7), £ be any linear map defined in (2.1), and Q, = Q,(20) € Qr with zy = (xg,ty) and
r € (0, Ro]. Then for every ¢ € C®°(Q,;RY) with ¢ =0 on 0B, x I, and D€l oo (@, rNxny < 1,
we have

t=to+r?

ug - Cdx}

G ||, we-c— et DODu DOz~ | [
<o {Ey e (ﬁ[Q g (Dud)d2) + (1Y 1+ 08)

H,i—y
H1_+\Dg|(|Dul|) . Hl_.HDz\(‘DuZD . ?
0. H=(1+[D#]) 0. H=(1+[D¢])

t:to—T2

+c(H™) (14 |D¥))

for some ¢ = ¢(n,N,p,q,L,v), where 81 = $1(n,p,q, «, Bo) > 0 is defined as
(4.5) B = min{ﬁo,a—(n—i—Q)q;p} ,
and Bo, v, ug and HF := Hétr are from (A3), (A4), (2.2) and (2.4), respectively.

Proof. Throughout the proof, we will denote z, . by z~. Note that by a similar approximation
used in the proof of Lemma 3.1, we have from (1.11) that

t=to+r?
—// u-Ctdz—i—{/ u~Cdm] +/ A(z,Du): D¢dz=0.
” B t=to—72 Qr



PARABOLIC SYSTEMS OF DOUBLE PHASE TYPE 13

From this and the fact that £; = div(A(z~, D£)) = 0, we obtain

// e G (DEA( DODue | DG dz { /

t=r?

ug - Cdx}

1
|Q7' ‘ r t=—1r2

t=r2

//"Tu'Ct—<D£A(Z,DE)DuzDde— {/ dez]

B, t—=—1p2

_ b
Q]
= ‘]5[ (A(z,Du) — A(z,D) | D) — (DeA(z~,D€)Duy | D¢) dz

we - JF, a0 - A Dw) D6 0:

1
+]§[ / ([DeA(27,8Dug + D) — Dg A(z™, D€)|Duy, D¢) dsdz
o

< ]5[ |A(z, Du) — A(z~, Du)|dz

+ ]5[ [/1 |DeA (2, sDug + D) — De A(z~, D) ds} |Dug|dz
Snin
We first estimate I;. By (A3) and the definition of 27,
I < erfo Q H'(z,1+ |Dul)dz + 675[ (a(z) —a(z7))(1 + |Du|)?"tdz

<cr5c7§[ (H_)’(1+\Du|)dz+cro‘]§[ (1+ | Dul)7 dz.
r Qr

By Jensen’s inequality and the fact that ((H~)*)™! ~ (H™) o (H™)™!, the first integral is esti-
mated as

(4.7)

]§[ (H™)'(1+|Dul)dz < (H7)")™ (ﬁ[ ((H7) o (H7))(A+ IDUI)dZ>

r r

~((H ) o(H)™) ( H(1+Du|)dz> .
Qr
For the second integral, by (1.6), (1.7), (4.3) and Jensen’s inequality for the function ¢ —» H™ (¢*/P),

q

M# (1+|Dul)?'dz < r° (75[ (1+|Du|)”dz> ’
Qr

r
p—1

< ro— 5t n+2) (]5[ (1+ |Du)pdz) !
Q

—p p—1
<o) gyt (ﬁ[ H (1+ Du|)dz>
Qr

<o (HY o (H)TY) (]%2 H™(1+ Du|)dz> :

Therefore, inserting the above estimates into (4.7) and using (2.11) for ¢(t) :== H™ (t), 0 := 14| D¥|
and s = |Duy|, we have

L<erP (H ) o(H)™) < H(1+|Du|)dz)

Q.

(4.8) '
e ((H™) o(H™)™) <]§é Hyy pg(IDuel)dz + H™(1+ D£|)> ’
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where 81 > 0 is defined in (4.5).

We next estimate Io by decomposing @, into Fy = {z € Q, : 2|Duy(z)| > 1 + |D£|} and
Fy, ={z € Q, : 2|Dug(z)| < 1+ |D¥£|}, together with their characteristic functions xp, and xp,.
For z € Fy, the inequality
(4.9) |[Du(z)| + 1+ |D€| < |Dug(z)| + 2(1 4 |D£]) < 5|Dug(z)|

holds. Using this along with (A1), (2.14) with »(t) = Hy (¢), (2.9), (2.10) and (4.9), we can

estimate:

1
/ DeA (2, sDug(2) + D) — DeA (=, DE)| ds
0

< c/o (H)"(1+ |sDu(z) + (1 — 5)De|) ds + c(H-)"(1 + | D))
Y (H{)(|sDu(z) + (1 — s)D#|) —w

gc/o sDu(z) + (1= 5)DA] ds+c(H™)" (1 + |D#£)])

C(H_)/(l +[Du(z)| + |D£]) C(H_)'(l + |[Du(z)| + |D£])
1+ |Du(z)| + | D¢ 1+ |Dg|

(H™) (| Dug(z)])

X

c
< -
1+ DY

c
< JE—
1+ |D¥|
Hence, by (2.9),

5|Dug(z)] o c

H-Y(ID 1+|De <
(HZ) (1Duez)| + 1+ D) e s 1he) S 15 1De]

(Hf+|De\)/(|Du£(z)D-

1
]§[ Xr (%) [/ |DeA(27,sDug + DE) — DeA(27, DE)| ds} |Dug|dz
0

(4.10) -
c _
< MDH#Q H1+|De|(|Due|)dZ

On the other hand, if z € Fy, applying (A4) with z = 27, & = D€ and & = sDuy(z) + D£ we
have
|Dug(2)|
1+ | D¢
and, since (H )’ is increasing, using also (2.9) and (2.10), we get

[Due(2)? _ (H7)'(|Due(2)| +1+|DE|)  [Dug(2)|*

(14 |D£))2 = (H-)'(1+|De))(1+|DL|) 1+ |D#

(H7)(Due(z)| + 1+ |D€) _ |[Dug(x)?  _ Hiyjpy(IDuel)
= H~(1+ |D¢|) |Dug| + 3(1+|De]) = H-(1+[Df])

Then combining these estimates, using the definition of F5, and applying Holder’s inequality, we
have

1 v
/0 |DeA(z",sDug(z) + D€) — D¢ A(2~,DE)|ds < ¢ ( > (H™)"(1+|De|)

1
ﬁ[ XF,(2) {/ |DeA(z7,sDug + DE) — De A2, D) ds] |Dug|dz
0

"
(4.11) SeHT)(1+ DEU]%Q X (2) <1|f|%|€|) 4

: e
H1+|De|(|Dul|)dZ

Therefore, collecting (4.10) and (4.11), we obtain

< o(H)(1+|De)) <

1+y

Hf+\De|(|Due|) ; ( Hfﬂpz\(‘DulD Z>2
Qr

(412)  L<e(H) U+ DN JF TG+ ey H-(1+ D))
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Finally, plugging (4.8) and (4.12) into (4.6), we get (4.4). This concludes the proof. O

5. DECAY ESTIMATE

For zp = (zo,t0) € Q7 and p > 0 such that Q,(z0) € Qr, we define the excess functional
- B1
(5.1) ® (20, p,u) = ]5[ H1+\(Du)zo ol (|Du— (Du) pl) dz+p 7,
Qo (20) ’
where Hl—+\(Du)z(,,p\ = (Hq_)p(zg))1+\(DU)zo.p| and f1 is given in (4.5), and linear map

n+2
3 ]§[ u(z,t) ® (z — zo) de dt) (x —x0) + (u)Qp(ZO) .
p Qp(ZO)

(5:2) o pu(@) = <

Note that £, , 4 is the minimizer of the functional

F(¢) :]5[ lu—£]2dz,
Qp(ZO)

where £ = £(z) is any affine function from R™ to R", and
lu— ¢

75[ (u—20)® (z — xp) dedt g(n+2)]§[ dz,
Qp(zll) Qp(ZO) P

see [8, Section 2.5]. The following Lemma collects some results of (almost) minimality proven for
function £, , 4 in [38, Lemma 2.6, Lemma 2.7 and Remark 2.6].

n+2
2

(5.3) |Desypu— Dl =

Lemma 5.1. Let ¢ be an N-function satisfying Aa(p, ™) < oo, and let u € L¥(Q,(2),RY).
There exists a constant ¢ = c¢(n, Ay(p, ¢*)) > 0 such that for every affine function £ : R™ — RY,

(5.4) 75[ © (|u_£z0f’|) dz < C]§[ © (|u—£|> dz.
Qp(20) P Qp(20) P

Moreover, if Du € Lw(Qp(zo),RNX”), then for every Q € RN*™,

55 L emu (Dum Ouahd<eff e (Du-a)de.
p 20

Qp 20

Now, we prove a decay estimate for the excess ®(z, p, u).

Lemma 5.2. Let u be a weak solution to (1.3), K > 1, and 8 € (0, %) where (1 is given in (4.5).

There exist small ro € (0, Rg] and 69,7 € (0,1) depending on n, N,p,q,a, L,v,v, K and 8 such
that if Qar(20) € Qp with r € (0,79],

(5.6) [(Du)z,r| < K

and

(5.7) ®(zp,7,u) < do s

then

(5.8) [(D).y | < (D)2 | 4+ 177" 2@ (20,7, 0) 2
for some ¢y = c1(n) > 0, and

(5.9) (20, 7r,u) < 7D (2,7, 1) .

Proof. Step 1. (Setting) All constants ¢, including implicit constants, may depend also on K. For
simplicity, we write Q, := Q,(z) for any p > 0, 27 = 2, HOi = (HEST)(77 H;t* = (Hai)*,
Ly =L, rru (see (5.2)), and

£(z) == (Du)zgr(z = 20) + (W20, -
Note that, by (5.6),
(5.10) 1+ |De|~1.
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Set

1/2
(5.11) = <]§[ H1+|Dl\ |Due|)dz+r2> = ®(zg,7,1)

[N
Ol

<6 <1.

Step 2. (A-caloric approzimation) Observe that

Oy =0u=divG in Q,, where G:=A(z,Du)— A(z~,De),
in the distributional sense, and that

|G| < |A(z,Du) — A(z7, Du)| + |A(z~, Du) — A(2~, D¥f)|
(512 < cla(z) — al=))(1+ [Dul)=! + e B (2, 1+ [Duf) + (H, ) (Dug)
< cla(z) = a(z) (A + [Du))! +er™ (HT) (1 + [Dul) + (Hy, 5) ([1Dug).

Indeed, the first term above |A(z, Du) — A(z~, Du)| can be estimated by (A3), while by using
(2.18) with P = Du and Q = D¢, we obtain

A(:", D) — A", DO)| £ (H], ) (IDugl).
Let

(5.13) p1 = min L,p,iﬂ >1 and pg:=
g—1""q¢-1

Then one can see that both functions ¥(s) = H;*(s'/?1) and (s) = H; (s'/P1) with ¢ > 0
satisfy the assumption in Lemma 2.1. We first estimate, using (5.12),

7§[ \G\pldzscﬂ [(a(2) — a(="))(1 + | Dul)r~1]" dz+c]§[ [ (H-) (1 + [Dul)]” d

+ c]%2 (H;+|DZ|)/(|DHC7|)p1 dz
=1L +1l,+1I3.
By Hélder’s inequality, (1.6), (4.3), (2.11), (5.10), (4.5) and (5.11), we obtain that

q—1

(117 < er® (75[ (1+ |Du|)pdz> ’

7‘
g—1

< er® < H(1+|Du)dz) ’

q

(ﬁ[ H1+|D12\ |Dué|)dz+H(1—|—|D£7|)> < er® < ep.

Similarly, in addition, using the Jensen type inequality in Lemma 2.1 with ¢(s) = Hc,_7*(sl/p1)
and using H, * o (H, ) ~ H_ , we also obtain that

(IL)7r < erfo(H—*)~! ( H~(1+ |Dul|) dz)

<er’ (]5[ H1+|De| |Dué|)dZ+H_(1+|Dé|)) <erfo <ep,
and

(117 < 0,50 (fF, 1 P 2 ) < el 07 0.

1

<]§[T |G| dz) <o ( (H1+,|DE\)71(M2)) .

Therefore,
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Moreover, using the Jensen type inequality in Lemma 2.1 with ¢(s) = H (sl/pl), we also obtain

r1 _ _
(]%2 | Dug|™ dz) S 7 pg) (ﬁ[ H, pg(1Dugl) dz )\C(H1+D2) )

r

We further observe from (5.10), (2.9) and (2.10) that for any s € (0, 1],

(H:t )/(5): (Hi)/(1+‘~DE|+S)S
1+ Del 1+ |DE| + s

which together with (2.9) and (2.6) implies

(5.14) Hi‘De‘(s) and SQN((H;DZ')/)*() (Hi"‘m')/(s) Hi"‘m'(s).

Finally, applying (5.14) to s = u, we obtain

1
(515) <]§[ ‘Dué|p1 dz + ﬁ[ |G|P1 dz> 1 <eu.
Qr Qr

T

Therefore, since the estimate (4.4) with £ = £, together with (5.10), (5.11) and (5.14) for s = p,
yields

t=r?

J[, e (DeA=" DEDu;  D¢) - [ wca

r t=—1r2

b
Qv

B1 2
§ C (T’ 2 4 502> M||DC||LOC(BT7RNX71) 5

we may apply Theorem 4.2 to A := D¢A(27, Df) (this satisfies the Legendre-Hadamard condition

y (Al) and (A2) and (5.10)), ¥(s) := s* and o¢ := EL — 1, where p; and po are given in
(5.13). Thus, for € € (0,1) to be determined small later, there exist small g, > 0 depending on
n,N,L v,p,q,v, K and ¢ such that

(5.16) ]§[ |Du; — Dh|P° dz < ep?”,

r

where h is the weak solution to

(517) {@h — div(ADh) =0 in Q,,

h=u; on 0,Q,.

Note that by the Lipschitz estimate (4.2), (5.16), (5.15), and (5.14) we have that

ﬁ[ g (DR = < By (ﬁé Dh|dz>
1
PO
14| De| ((75[@ [Dugl” dz) +u>

— 2
g CHI-HDZ\ (/‘L) < cu .

(5.18)

Therefore, recalling 1 < p < ¢ given in (2.8) and 0 € (0,1) given in Lemma 2.2 and additionally
assumed that g0 > 1 and pd > 2n/(n + 2), letting xo € (0,1) such that § = 17;(’ + ko (e,

Ko = q;:al ), and using Holder’s inequality, the Jensen type inequality in Lemma 2.1 with ¢~ (s) :=
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[H1_+|Dé| (s)]'/9, the estimates (5.16) and (5.18), (5.11), and (5.14), we obtain

<]§ér/2 [H;+|DZ|(|DUE - Dhl)r dz)

=

1—kg Ko
1 0
E _
< (75[ {HlHDz‘(\Due Dh|)} ) ( H;, e (1D Dh|)dz>
(5.19) Qr/2 Qr/2
a1 St
o 2kg
_ T 250
<c H1+|Di\ (ﬁém |Du; — Dh| dz) no
< c&ﬁ(;oqm) H~ (1 )1250 2o < CEM;U_;GO)/LQ.

1+|D#|
Therefore, by Lemma 2.2 and (5.11) with (4.5),

1/0
+ lug — h| o
HlHDlI ( T ) dese <]§[ {HlJr\DZ\(‘Dul DhD] dz

Qry2 Qry/2

(g—=p)(n+2)

e (rom T e (1L (D2 (1 + | DA

BU=r) o o (a=p)(n+2)
<ce Po? pt 4 P

p(1—rq) 1 (a=p)(n+2)
Sele rom 4palom 75 2

Moreover, by Sobolev inequality for each time ¢, the Jensen type inequality in Lemma 2.1 with

P(s) = 3%) since p > and (5.19) with (5.14), we also have

n+2’

2
2n_
dz<ec (75[ |Du; — Dh|"#2 dz
Qr/2
2
- -1 0
Se((H pg) (7%2”2 [H, g ([Pug — Dhl)] dZ)

_ 1 [ 20 2
(H1+\De|) e rm o p

2p-D(=rg)
<ece  Po?p”.

H;+|Di|(

ff@r/’z

n+2

n

llé—h

r

1 2

Therefore, collecting the last two estimates we obtain

u; —h|®? lug — h .,
(5.20) +H —— || dz < cEp”,
Qv )2 r 14| DZ| r
where
p(1=rq) Lia— (q—p)(n+2)] 2(p=1)(1=rg)
g = ¢ Ppod? —+r2 D + e podo

Step 8 (Decay estimates). Let 7 € (0, 1) be a small constant determined later. We shall show

that
‘ue2ﬁ‘| —(n q) ~
dz + ]§[ H1+\D22”| ( G- dz < co (T (n+2+4) 2 4 TQ) MZ,

Uy,
5.21 ]§[ —
( ) oo | 27T

for some constant ¢y > 1, where €ary := £, 27y is the linear function defined in (5.2).
Let h be the A-caloric map of (5.17), and define

Lo =1L pn(x) = (Dh)g, (2 (x — 20) + h(20), 20 = (w0, o).
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Observe that for z € Q, /9,

h(z) — h(z) = (/01 Dh(sz + (1 — s)z) ds) (z — x0) + (/01 8:h(sz + (1 — s)z0) ds> (t —to),

from which together with (4.1) with h in place of D;h, i =1,2,... n, (4.2), (5.15) and (5.16)

,
h(z) —h(z0) < *HDhHLw(QT/z)JF HhtHL % (Qr/2)
2

(5.22) < (r1DhlL~ (g, ) + 1D L~ (q, )

][ |Dh|dz < cr (][ |Dh — Du,|dz +][ | Duy| dz) < erp.

T r

Similarly, we also obtain that

sup |h — Lo, | < 277 sup |Dh — (Dh)g,.. | + (277)% sup |d;h

277 27T 277

< (277)% sup |D?*h| + (277)? sup |Dd;h| + (277)? sup |0;h|

Qarr Q2rr Q2rr
(5.23) 5 9 9 3
< cerr | rsup |[D*h| + r“ sup | D h|
r/2 Qr/2

1/170
< cer’r (75[ | Dh|Po dz) <errp.

Let us first consider the second integral in (5.21). Observe that by (5.3) with p = 27r and
£=0+h(z), (5.20), (5.22) and (5.11),

lug — h(zo)|

d
2Tr i

Dtar] < D8+ 0+ 2)ff
Q

< |D| + (
3

< |DE| + e

27r

< |Df) + c7'_”_?’<505 <K +1.
In the last inequality, we have chosen §y > 0 sufficiently small such that ¢(Z)~"~>4, V2 <1 with T >
0 that will be determined in the end of the proof. Then it follows that 1+ |D€y..| ~ 1 ~1+|D4|,

and hence Hl-HDlzT |( ) ~ H1+\De|( s). Moreover, by (5.4) with ¢ = H1 - 1Dé] and £ = £+ £y,
|u£27'r| + |u£27—r|
]5[ H1+|D£2Tr| ( o dz<ec o H1+\De\ o dz
+ lug — EQTnhl
s¢ Qorr HlHDlI ( 2Tr dz
5.24 -
o HT [ug — | dz+c HJr [h = Lorrn| d
1+|Dg| 277 Qors 1+|Dg| 2rr

<CT*("+2+5)]§[ Hl+ i <|ui_h> dz +c¢ Hl+ i [h = Lorrn| d
Qr/2 +|Dg| r Qorr +|De| 2Qrr

Combining the estimates (5.24), (5.20), (5.23) and (5.14) yields

ue,.., |
7§[ H1+|De2,,\ <272r dz < er~ (P24 g2 +CH1+\D£\(T”) er~ (M2 Dg2 4 o722
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In a similar same way, we can estimate the first integral in (5.21) as follows:

- 2
]§[ ug,,, |2 L < C]§[ u; — lorrn ds
oo | 27T = . 2Tr
- 2
2
u; —h h—-#¢
< 075[ £ dz + ]§[ ——Z2mrh g,
oo 2rr . 2rr

< CT*("+4)€;L2 + 07'2#2.

Therefore, we obtain (5.21).
Now, we prove the inequality (5.9). By (5.1), (5.5) for Q = D£s,,, the Caccioppoli inequality
(3.2) for £ = £3.,, and (5.21), we obtain

® (2, 77, 1) ]5[ HH‘Du)zoﬂ‘(|Du—(Du)ZOTT|)dz+(7r)71

]§[ Hys it (2, | Dug,. ) dz + (7r) F
|u527—7

., |2 . ; "
) C{ﬁ[zw 2rr +H1+|Dezﬂ\ ( o > dz + (rr)7t + (77) 2 }

i 8
< c3 (7'_(”+2+q)é+ 7'2) we+csT 7 7"71

< TQE(I)(ZO7 T, u) )

where we chose 7 € (0,1) and € € (0,1) such that

1 1 - 1
037%1*25 <=, desgriT L Y and cyr~ (MH2HDz 17—2/3.

(Then &y is also fixed.) This corresponds to (5.9).
Finally, using Jensen’s inequality, (5.11) and (5.14), we obatin

‘(Du)ZO,TT‘ < |(Du>zw'r - D£| + |D£|

< 7-—(n+2)]§[ |Dug|dz + |Dg‘
Qr

(n+2) _ 0
<er 1+\D£\ <]§[ H1+|De| |Du£|)dz> + |D¢|

e (H 7 ) + DA
et (P29, r,u)? + | DL

ar~(F2g, 2 4 |De|

N

NN

for some constant ¢; > 0, which implies (5.8). This completes the proof. O

The excess decay estimate of Lemma 5.2 can be iterated on each scale, as expressed by the
following lemma.

Lemma 5.3 (Iteration). Let u be a weak solution to (1.3), K > 1, and 8 € (0, &) where (1 is
given in (4.5). There exist smallrg € (0, Ro] and 61,7 € (0,1) dependmg onn,N,p,q,a,L,v,v, K
and 8 such that if Q(z0) € Qr with r € (0, o],

1+ |(Du)yyrl <K K and  ®(z,7,u) < 61,

then for each j € NU {0} we have
(i) ®(z0, 77, u) < 7D (20,7,1),

(“’) |(Du)zo,77r‘ < K*Tﬁj,
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and moreover, for every 0 < p < r
2p
(5.25) Hi(pw. (IDu—(Du)., ) dz < & (7) & (20,7, 1)
Qp(70) o

for some ¢ =¢&(n,N,p,q, a0, L,v,7v, K, 3).
Proof. Recall the constants rg, §p, 7 and ¢; determined in Lemma 5.2, and set
(5.26) 51 := [min {60, ey "7 2 (1 - 7%)}]7 .

Note that the inequalities in (¢) and (i) are trivial when j = 0. Then, given jo > 0, we assume
that the inequalities in () and (i7) hold for every j = 0,1,..., jo. By the definition of ¢; in (5.26),
(7) and (i7) for j = jo, we deduce that

|(Du),, rior] <K  and (29, 7701, u) < B(20,7,1u) < 51 < &,
so we can apply Lemma 5.2 with 77°7 in place of r to obtain
B (20, 70r,u) < 7D (29, 70T 1) < TzB(jDH)(I)(zo,r, u),

which proves (i) for j = jo + 1. For what concerns (ii), we have from (5.8) with 77°r in place of r
and (4) for j = jo that

o 1
|(Du)zo,710+1r| < |(Du)zo,‘rj0r| +ar " 2(I>(ZO7TJ'0T7 u)2
< K — 7P 4 clT_”’_QTﬂjO(Sl%
<K - B0 4 pBio (1 _ Tﬂ) — K — 780o+1) ,

which corresponds to (i7) for j = jo + 1. Therefore, by induction, assertions () and (i7) hold
for every integer j > 1. We now prove (5.25). Let p € (0,7]. There exists j > 0 such that
9y < p < 19r. Using (5.5) and (i) above, we can write

]5[ H1+|(Du . |(|Du_(Du)ZO deZ 75[ Hl.H(Du)ZO il (|Du—(Du)zO rirl)dz

< Tn+2]§[ H1+\(Du)ZOYTj,r|(|Du - (DU)ZO,T{TDdZ

< <I>(zO,T r,u)

7-n+2

< 7_2ﬁj P (207 T, 'Ll)

7-n+2

_(p\%
< C (7) @(20,7”, u)7
T

then the proof is concluded. U

6. PROOF OF THEOREM 1.2

This section is entirely devoted to the proof of the main result, the partial regularity result of
Theorem 1.2.

Proof of Theorem 1.2. Let zg € Qp be such that

lim inf V., - Du) — (V- D 2 =
e ]5[ | szo)( w — HQr(ZU)( ))zo.r|"dz =0
C?T(ZO)
and
M., :=limsup [(Du),, | < +00.

r—0t

In particular, taking into account (2.17), the first limit implies

liminf]§[ H1+|(Du)z0 T‘(|Du — (Du),, r|)dz =0,

r—0
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where H

1+|(Du)., .| 18 the shifted N-function of Hg, with shift 1+ |(Du),,.r|. Let
0.7 ,

K =22+ M,,),

and, with d; and rg in Lemma 5.3,

r = min 6—1 g
ri= 4 » To .

Then we can find r < 7 small enough such that Q2,(z9) € Qr and

and

]§[Q ( )H;+\(Du)zo,7-|(|Du —(Du)yy ) dz <e and |(Du) | < My, + 1,
(20

which implies that

] K
D (zg,7,u) < 51 and 1+ [(Du),, | < 5 -

From the absolute continuity of the integrals, there exists 7 € (0,7] such that for every Z €
Qi (20) € Qr,

®(Z,r,u) <61 and 1+ |(Du)z,| < K.
Therefore, by applying Lemma 5.3 to each Q,-(2) € Qr, in place of @Q,(20), with Z € Q7(20), and
recalling (2.17), we deduce that for each 5 € (0, %)7
2

V,(Du) — (V,(Du)):
ff PPl g« L v, DW=V, (D) R
@ (3) P PN Te® e
c _
< pm]%) o (Du = (D))
plZ
661
X TT’B )
for every p € (0,7] and Z € Q7(2p). This implies V,(Du) € CO’B’Q(Q;(ZO),RNX”), and concludes
the proof. O
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