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Abstract. We consider an energy functional that arises in micromagnetic and liquid5

crystal theory on thin films. In particular, our energy comprises a non-convex term that6

models anti-symmetric exchange as well as an anisotropy term. We devise an algorithm7

for energy minimization in the continuous case and show weak convergence of a subse-8

quence towards a solution of the corresponding Euler–Lagrange equation. Furthermore,9

an algorithm for numerical energy minimization is presented. We show empirically that10

this numerical algorithm converges to the correct solutions for a benchmark problem11

without the need for user-supplied parameters, and present a rigorous convergence anal-12

ysis for important special cases.13

1. Introduction14

1.1. Model problem. We consider a two-dimensional bounded domain Ω ⊂ R2 with15

Lipschitz boundary ∂Ω. Given µ, κ ∈ R, we define the energy16

E(u) :=

∫
Ω

1

2
|∇u|2 + κu · curlu+

µ

2
|u · e3|2 dx for all u ∈H1(Ω) := [H1(Ω)]3, (1)17

where ei ∈ R3 is the i-th canonical basis vector and the 2D (vector) curl-operator is18

defined by19

curlu :=
2∑
i=1

ei×∂iu. (2)20

We aim to solve the following minimization problem:21

Find u ∈M :=
{
v ∈H1(Ω)

∣∣ |u| = 1 a.e. in Ω
}

such that E(u) = min
v∈M
E(v). (3)22

The task of solving such minimization problems arises in the theories of micromagnetics23

and nematic liquid crystals on thin (planar) films [DDPR22].24

The seminal work [Alo97] introduced a constructive algorithm for computing minimiz-25

ers to the three-dimensional Dirichlet energy with Dirichlet boundary conditions, which26

is a simplified variant of (1). The work [Bar05] provided and analyzed a finite element27

version of this algorithm, which indeed involves some subtle technicalities to carry over28
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the argument from the continuous case. In particular, the algorithm poses a certain angle29

condition to the underlying triangulation; see Definition 9 below.30

1.2. Contributions of the present work. First, we present a surrogate energy31

functional which has the same set of minimizers as (7) while consisting only of positive32

contributions, regardless of the involved parameters κ and µ. This makes the surrogate33

energy much more convenient for analysis and numerical algorithms. In particular, the34

surrogate energy is subsequently used to formulate an iterative algorithm in the spirit35

of [Alo97] for computing minimizers of (7). Our algorithm provides a constructive way36

of finding a minimizing sequence (up to a subsequence) with monotonically decreasing37

energy starting from an arbitrary initial function. In analogy to [Alo97], we show con-38

vergence of this algorithm to solutions of the corresponding Euler–Lagrange equations.39

We stress that our problem deals with a model that is considerably more general than40

that of [Alo97], as it incorporates terms of lower order than the Dirichlet energy; in par-41

ticular, the antisymmetric exchange term u · curlu. This poses several challenges, which42

we overcome by means of the surrogate energy. We note that our approach can cover an43

even larger class of models than (1) by permitting different kinds of anisotropy terms;44

see Section 2.2. Furthermore, we present a numerical algorithm in the spirit of [Bar05],45

which provides a convenient way of computing approximations to minimizers of E . We46

give implementation details overcoming difficulties that arise from considering natural47

boundary conditions and that substantially enhance the algorithm given in [Bar05].48

1.3. Outline. In Section 2, we introduce a surrogate energy for (1) that is easier to49

work with on the analytical as well as on the numerical level. We proceed by stating50

our energy minimization algorithm in Section 3, as well as a convergence result. Finally,51

we present a practical finite element discretization in Section 4 together with some im-52

plementation details, numerical experiments, and a convergence analysis for important53

special cases.54

1.4. Notation. Throughout, we use boldface letters to denote vectors and italic bold-55

face letters to denote vector-valued functions, whereas for components of vectors and func-56

tions we do not (e.g., u3 is the third component of u ∈ R3 or some function u : Ω→ R3,57

respectively). This is to visually distinguish components and collections of vectors. More-58

over, to ensure uniformity of notation even in the discrete setting of Theorem 10, se-59

quences of vectors generated by algorithms are denoted by upper indices, e.g., (un)n∈N.60

Finally, the cross product A×u of a matrix A ∈ R3×3 and a vector u ∈ R3 is taken61

column-wise.62

2. Surrogate energy J63

2.1. Setup. To find minimizers of E from (1), we seek minimizers of a surrogate64

energy with nicer properties for both analysis and numerics. To this end, we introduce65

the two-dimensional helical derivatives (cf. [Mel14; DIP20])66

∂hi v := ∂iv + κv×ei, ∇hv := (∂h1v, ∂
h
2v), ∆hv :=

2∑
i=1

∂hi ∂
h
i v, (4)67

and define, with γ ∈ R, the surrogate energy68

J (v) :=
1

2

∫
Ω

[
|∇hv|2 + gγ(v,v)

]
dx for all v ∈H1(Ω), (5)69
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where the bilinear form gγ : R3×R3 → R reads70

gγ(w,v) :=

{
γ (w · e3)(v · e3) γ > 0,

|γ| (w×e3) · (v×e3) γ < 0.
(6)71

Note that all terms in J are positive (which is required by our analysis below) as opposed72

to the terms in E from (1). WithM from (3), the surrogate minimization problem then73

reads as follows:74

Find u ∈M such that J (u) = min
v∈M
J (v). (7)75

2.2. Relationship of J and E. It is straightforward to verify, using the direct76

method of the calculus of variations, that the minimization problems for both E and77

J over M admit solutions. Moreover, as we now demonstrate, the two problems are78

variationally equivalent: for suitable choices of the parameters, minimizers of J coincide79

with that of E .80

Proposition 1. For γ = µ− κ2, it holds that81 {
u ∈M

∣∣ E(u) = inf
v∈M
E(v)

}
=
{
u ∈M

∣∣ J (u) = inf
v∈M
J (v)

}
.82

83

Proof. We begin by examining the relation between the terms |v · e3|2 and |v×e3|2. For84

any v ∈H1(Ω), it holds that85

|v×ej|2 =
3∑

i=1, i 6=j

|v · ei|2, (8)86

which can be seen by explicit computation. From the definition (6) of gγ, we see that87

γ > 0 : gγ(v,v) = γ |v · e3|2,

γ < 0 : gγ(v,v) = −γ |v×e3|2
(8)
= γ |v · e3|2 − γ |v|2.

(9)88

For all γ ∈ R, this yields that gγ(v,v) = γ |v · e3|2 + C |v|2 with C = |min{0, γ}| ≥ 0.89

Finally, we follow [DIP20] and expand the helical term in J to see that90

|∇hv|2
(4)
= |∇v|2 + 2κv · curlv + κ2

2∑
i=1

|v×ei|2

(8)
= |∇v|2 + 2κv · curlv + κ2(|v|2 + |v · e3|2).

(10)91

Combining the identities above and recalling that µ = κ2 + γ, we arrive at92

J (v) =
1

2

∫
Ω

[
|∇hv|2 + gγ(v,v)

]
dx93

(10)
=

∫
Ω

[1

2
|∇v|2 + κv · curlv +

κ2 + γ

2
|v · e3|2 +

κ2 + C

2
|v|2
]

dx94

= E(v) +
κ2 + C

2
‖v‖2

L2(Ω).95

For v ∈ M, we have that |v| = 1 a.e. in Ω and hence ‖v‖2
L2(Ω)

= |Ω|. Thus, J (v) =96

E(v) + const for all v ∈M so that the sets of minimizers of J and E coincide. �97
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Remark 2. It is also of practical interest to consider anisotropy that favors out-of-plane98

configurations instead of in-plane ones, which is modeled by the modified energy functional99

Ẽ(u) :=

∫
Ω

[1

2
|∇u|2 + κu · curlu+

µ

2
|u×e3|2

]
dx.100

If γ = −(µ+ κ2), in analogy to the above computations, we see that101 {
u ∈M

∣∣ Ẽ(u) = inf
v∈M
Ẽ(v)

}
=
{
u ∈M

∣∣ J (u) = inf
v∈M
J (v)

}
.102

Note that, thanks to (8) and the unit-length constraint, any mixture of out-of-plane and103

in-plane anisotropies is encompassed by our gγ term for an appropriate choice of γ. Such104

combinations arise, for instance, in the thin-film limit of three-dimensional models with105

a stray-field contribution; see [DMRS20; Di 20; DDPR22].106

2.3. Euler–Lagrange equations of J . For fixed v ∈H1(Ω), we denote by gγ(v) ∈107

L2(Ω) the Riesz representative of the linear form induced by gγ(v, ·) from (6), i.e.,108 ∫
Ω

gγ(v) ·w dx =

∫
Ω

gγ(v,w) dx with gγ(v) :=

{
γ v3e3 γ > 0,

|γ| (v1e1 + v2e2) γ < 0.
109

Lemma 3. In strong form, the Euler–Lagrange equations associated with the minimiza-110

tion problem for J in (7) are111

−∆hu+ gγ(u) =
(
|∇hu|2 + gγ(u,u)

)
u in Ω, (11)112

subject to the pointwise constraint |u| = 1 in Ω and the natural boundary condition113

∂nu = κn×u, on ∂Ω, (12)114

where n denotes the unit outward normal on ∂Ω.115

Moreover, a function u ∈ M is a weak solution of (11) if and only if it satisfies the116

variational identity117 ∫
Ω

[
(u×∇hu) : ∇hv + gγ(u,v×u)

]
dx = 0 for all v ∈H1(Ω) ∩L∞(Ω). (13)118

119

Sketch of proof. The argument parallels the harmonic-map case. First, consider an ap-120

propriate variation of the energy to derive the strong Euler–Lagrange equations (11).121

Next, insert the vector field v×u as a test function in the weak formulation and employ122

standard vector identities to show that any weak solution of the Euler–Lagrange equa-123

tions satisfies (13). The converse implication is obtained by the fundamental lemma of124

the calculus of variations. �125

3. Energy minimization126

3.1. Computation of minimizers. Finding (numerical) solutions of (7) is chal-127

lenging for two main reasons. First, the pointwise constraint |u(x)| = 1 a.e. in Ω is128

non-convex, so standard minimization algorithms designed for convex constraints do not129

apply. Second, minimizers may fail to be unique (for instance, when κ = 0 and γ ≥ 0130

the energy is invariant under orthogonal transformations that fix the e3-axis). For these131

reasons, a direct attack on the Euler–Lagrange equations is generally not viable.132
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To handle the unit-length constraint, we use the nearest-point projection onto the unit133

sphere S2, i.e.,134

Π: M+ →M, Πv :=
v

|v|
, whereM+ :=

{
v ∈H1(Ω)

∣∣ |v| > 1 a.e. in Ω
}
. (14)135

For variational and numerical purposes, it is convenient to denote by K[u] the tangent136

space to a given function u ∈M:137

K[u] := {v ∈H1(Ω) | v · u = 0 a.e. in Ω}. (15)138

WhileM is non-convex (though weakly closed) inH1(Ω), K[u] is a closed linear subspace139

of H1(Ω) and hence a Hilbert space for each u ∈ M; this makes K[u] a natural space140

for linearized computations around u.141

Finally, we introduce the symmetric bilinear form142

a(w,v) :=

∫
Ω

[
∇hw : ∇hv + gγ(w,v)

]
dx for all w,v ∈H1(Ω). (16)143

With these ingredients (the projection Π, the tangent spaces K[u], and the bilinear form144

a(·, ·)) we adapt and generalize the numerical scheme from [Alo97] to compute minimizers145

of (5).146

Algorithm A (Continuous energy minimization). Input: Initial guess u0 ∈M.147

Loop: For all n = 0, 1, 2, . . ., do148

(i) Find wn ∈ K[un] such that149

a(wn,v) = a(un,v) for all v ∈ K[un]. (17)150

(ii) Set un+1 := Π(un −wn).151

Output: Sequence of functions (un)n∈N ⊂M.152

Our main result states well-posedness and convergence of Algorithm A to a critical153

point of J . The proof is postponed to Subsection 3.2 below.154

Theorem 4. Algorithm A is well-defined, i.e., for any un ∈ M, the variational for-155

mulation (17) admits at least one solution wn ∈ K[un] and un − wn ∈ M+. For any156

sequence (un)n∈N generated by Algorithm A, there exists a subsequence (not relabeled) and157

a function u ∈M such that, along this subsequence,158

un ⇀ u weakly in H1(Ω) as n→∞ (18)159

and u is a solution of the Euler–Lagrange equations (11) of J .160

While the existence of a solution wn ∈ K[un] to (17) is ensured by Theorem 4, unique-161

ness might fail in general. Clearly, uniqueness of the solution to (17) is guaranteed when162

Dirichlet boundary conditions are imposed on ∂Ω (or at least on a nontrivial portion of163

∂Ω), as considered in [Alo97; Bar05].164

As our analysis is concerned with natural boundary conditions (cf. (12)), the uniqueness165

of step (i) in Algorithm A cannot be taken for granted. In fact, for certain parameter166

regimes, additional constraints on wn are required to secure uniqueness. The precise167

circumstances under which non-uniqueness may occur are characterized in point (a) of168

the proposition below.169

Proposition 5. Suppose that Ω is connected. Let u ∈ M and w1,w2 ∈ K[u] be two170

solutions of the Euler–Lagrange equations (17). Then, there hold the following assertions:171

(a) For κ = 0, the difference w1 −w2 ∈ K[u] is constant and satisfies172
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• w1 −w2 ⊥ e3 a.e. in Ω if γ > 0,173

• w1 −w2 ∈ span{e3} a.e. in Ω if γ < 0.174

(b) For κ 6= 0, i.e., in the presence of the anti-symmetric exchange term, the difference175

w1 −w2 vanishes. In particular, the solution of (17) is unique.176

Proof. Since K[u] is a linear space, there holds w1 −w2 ∈ K[u]. By assumption,177

a(w1 −w2,v)
(17)
= 0 for all v ∈ K[u].178

For v := w1 −w2, we obtain179

0 = a(v,v) =

∫
Ω

[
|∇hv|2 + gγ(v,v)

]
dx. (19)180

Non-negativity of gγ(v,v) implies ∇hv = 0 = gγ(v,v) a.e. in Ω. In particular, we have181

∂iv + κv×ei = 0 for i = 1, 2. (20)182

Taking the dot product of (20) with ei for i = 1, 2, 3, we obtain that183

(a) ∂1v1 = 0, (c) ∂1v2 + κv · e3 = 0, (e) ∂1v3 − κv · e2 = 0,

(b) ∂2v1 − κv · e3 = 0, (d) ∂2v2 = 0, (f) ∂2v3 + κv · e1 = 0.
(21)184

Next, we now consider the assertions (a)–(b) separately and exploit gγ(v,v) = 0. Recall185

that gγ(v,v) ' |v · e3|2 for γ > 0 and gγ(v,v) ' |v×e3|2 for γ < 0.186

(a): For κ = 0, (21) simplifies to ∇v = 0; hence, v is constant. For γ > 0, we have187

that v3 = 0 a.e. in Ω and hence v ⊥ e3. For γ < 0, we have v1 = 0 = v2 a.e. in Ω and188

hence v ∈ span{e3}.189

(b): For κ 6= 0, we examine the sign of γ. For γ > 0, there holds v3 = 0. Column (21e–f)190

implies that also v1 = v2 = 0, and hence v = 0. For γ < 0, we have v1 = 0 = v2.191

By (21a–d), there follows v3 = 0 and hence v = 0. For γ = 0, the relations ∂1v1 = ∂2v2 =192

0 prove that v1(x1, x2) = v1(x2) and v2(x1, x2) = v2(x1), i.e., v1 is independent of x1193

while v2 is independent of x2. Adding (21b–c), we see ∂1v2(x1) + ∂2v1(x2) = 0 for every194

(x1, x2) ∈ Ω. This implies that ∂1v2(x1) and ∂2v1(x2) are both constant. Hence, (21b)195

yields that κ v3 = ∂2v1(x2) is constant. From κ 6= 0, we thus obtain that v3 is constant196

in Ω. Column (21e–f) then yields that both v1 = 0 = v2. From (21b), we finally conclude197

that also v3 is zero and hence v = 0 also in this case. �198

3.2. Proof of Theorem 4. First, we ensure that both steps of Algorithm A lead to199

a decrease in the energy J . We start by showing that subtracting the tangential update200

obtained in step (i) decreases the energy (although this intermediate update lies inM+
201

from (14) rather than inM from (3)).202

Lemma 6. Let u ∈H1(Ω) and w ∈ K[u] such that a(w,v) = a(u,v) for all v ∈ K[u].203

Then, it holds that204

J (u−w) = J (u)− J (w) ≤ J (u). (22)205

206

Proof. We choose v = 2w ∈ K[u] to obtain that207

0 = a(u−w, 2w) = a(u,u)− a(u,u) + 2a(u,w)− 2a(w,w)208

= a(u,u)− a(u−w,u−w)− a(w,w)209

= 2J (u)− 2J (u−w)− 2J (w).210
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By non-negativity of J , it follows that211

J (u−w) = J (u)− J (w) ≤ J (u).212

This concludes the proof. �213

Also, the projection step (ii) decreases the energy.214

Lemma 7. Let u ∈M+. Then, it holds that215

J (Π(u)) 6 J (u). (23)216

217

Proof. It follows from the definition (14) of the projection Π(u) that218

|Π(u) · ei|2 =
|u · ei|2

|u|2
6 |u · ei|2 for all i = 1, 2, 3,219

where, here and in the following, all estimates hold a.e. in Ω. From (9), we then see that220

gγ(Π(u),Π(u)) 6 gγ(u,u). (24)221

Thus, it remains to inspect the helical term in the energy density. Note that the derivative222

of the projection can be computed explicitly to be223 (
∇Π
)
(u) =

1

|u|

(
1− uu

ᵀ

|u|2
)
. (25)224

Inserting this into the helical energy density, the chain rule proves that225

|∇hΠ(u)|2 (4)
=

2∑
i=1

|
(
∇Π
)
(u)∂iu+ κΠ(u)×ei|2226

(25)
=

2∑
i=1

∣∣∣ 1

|u|
∂iu−

1

|u|3
uuᵀ∂iu+

κ

|u|
u×ei

∣∣∣2227

=
2∑
i=1

∣∣∣ 1

|u|
(∂iu+ κu×ei)−

1

|u|3
(u · ∂iu)u

∣∣∣2228

=
2∑
i=1

1

|u|2
|∂iu+ κu×ei|2 +

1

|u|4
|u · ∂iu|2 −

2

|u|4
(∂iu+ κu×ei) · (u · ∂iu)u.229

Note that u×ei ⊥ (u · ∂iu)u and ∂iu · (u · ∂iu)u = |u · ∂iu|2. With |u| > 1 a.e. in Ω, we230

thus get231

|∇hΠ(u)|2 =
2∑
i=1

1

|u|2
|∂iu+ κu×ei|2 −

1

|u|4
|u · ∂iu|2

6
2∑
i=1

|∂iu+ κu×ei|2 = |∇hu|2.

(26)232

Integrating (24) and (26) over Ω, we conclude the proof. �233

The next lemma provides quantitative two-sided estimates for the surrogate energy J .234

From these estimates, we deduce that J controls theH1-seminorm and hence is coercive235

onM.236
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Lemma 8. For u ∈H1(Ω), we have that237

‖∇u‖2
L2(Ω) 6 4J (u) + 4κ2

‖u‖2
L2(Ω), (27)238

J (u) 6 ‖∇u‖2
L2(Ω) +

(
κ2 +

|γ|
2

)
‖u‖2

L2(Ω). (28)239

240

Proof. We first show the estimate (27). For κ = 0, the estimate (27) is obvious by241

definition of J (and holds even with a factor 2 instead of 4). Let κ 6= 0. The Young242

inequality 2ab 6 a2/2 + 2b2 shows that243

|∇hu|2
(4)
>

2∑
i=1

(
|∂iu|2 + κ2|u×ei|2 − 2|κ ∂iu · (u×ei)|

)
244

>
(
1− 1/2

)
|∇u|2 +

(
κ2 − 2κ2

) 2∑
i=1

|u×ei|2.245

Hence, we get that246

1

2
|∇u|2 6 |∇hu|2 + κ2

2∑
i=1

|u×ei|2 6 |∇hu|2 + 2κ2|u|2.247

Adding the term gγ(u,u) > 0 on the right-hand side and integrating over Ω, this248

shows (27). The estimate (28) follows from gγ(u,u) 6 |γ| ‖u‖2
L2(Ω)

as well as249

‖∇hu‖
2
L2(Ω) 6 2

(
‖∇u‖2

L2(Ω) + κ2
‖u‖2

L2(Ω)

)
.250

Combining these estimates, we conclude the proof. �251

Finally, we can prove the convergence of Algorithm A.252

Proof of Theorem 4. The proof is split into five steps.253

Step 1 (Algorithm A is well-defined): We note that J (u) > 0 is convex, con-254

tinuous, and coercive. By convexity of J , (17) is equivalent to finding minimizers of255

J (un − (·)) over K[un] by means of the Euler–Lagrange equations of the corresponding256

energy. Since J is convex and continuous, it is also sequentially lower semicontinuous,257

and K[un] is a reflexive Banach space. Therefore, the existence of at least one solution258

to (17) follows by the direct method of calculus of variations, which means that step (i) in259

Algorithm A is well-defined. For all n ∈ N there holds pointwise orthogonality un ⊥ wn
260

and thus261

|un −wn|2 = |un|2 + |wn|2 > 1 a.e. in Ω.262

Therefore, un −wn ∈M+ and step (ii) in Algorithm A is always well-defined.263

Step 2 (Energy decrease along computed sequence): It is an immediate conse-264

quence of Lemma 6 and Lemma 7 that265

J (un+1) = J (Π(un −wn))
(22)
6 J (un −wn)

(23)
6 J (un) for all n ∈ N0. (29)266

Step 3 (Energy of tangential updates vanishes in the limit): Together with267

un+1 = Π(un −wn), Lemma 6 and Lemma 7 yield268

0 6 J (wn)
(22)
= J (un)− J (un −wn)

(23)
6 J (un)− J (un+1).269
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Summing the last inequality over n = 0, . . . , N , we get that270

0 6
N∑
n=0

J (wn) 6 J (u0)− J (uN+1) 6 J (u0) for all N ∈ N.271

In particular, this yields that272

J (wn)→ 0 as n→∞. (30)273

Step 4 (Existence of limit u of weakly convergent subsequence): We infer274

from Lemma 8, (29), and the fact that |un| = 1 a.e. in Ω that275

‖un‖2
H1(Ω)

(27)
. J (un) + ‖un‖L2(Ω)

(29)
6 J (u0) + |Ω|. (31)276

In particular, (un)n∈N is uniformly bounded in H1(Ω). Hence there exists a subsequence277

of (un)n∈N (which is not relabeled) and a limit function u ∈H1(Ω) such that un ⇀ u in278

H1(Ω). SinceM is weakly closed in H1(Ω), we conclude that u ∈M.279

Step 5 (u solves Euler–Lagrange equations (13) of J ): Let v ∈H1(Ω)∩L∞(Ω).280

Note that v×un ∈ K[un]. The properties of the triple product imply that281

∇hu
n : ∇h(v×un) = u×∇hu

n : ∇hv.282

Using this identity, we derive283 ∫
Ω

[
(un×∇hu

n) : ∇hv + gγ(u
n,v×un)

]
dx = a(un,v×un) = a(wn,v×un)284

6 a(wn,wn)1/2a(v×un,v×un)1/2 (32)285

= 2J (wn)1/2J (v×un)1/2
286

(28)
. J (wn)1/2

‖v×un‖H1(Ω) . J (wn) ‖un‖H1(Ω)

(31)
. J (wn).287

With Step 3, the right-hand side of (32) vanishes in the limit. For the left-hand side, we288

can exploit weak convergence in H1(Ω) and strong convergence in L2(Ω) of un. Overall,289

(32) converges to290 ∫
Ω

(u×∇hu) : ∇hv + gγ(u,v×u) dx = 0 for all v ∈H1(Ω) ∩L∞(Ω).291

Together with Lemma 3, this concludes the proof. �292

4. Finite element discretization293

4.1. Algorithm. In this section, we extend the approach of [Bar05]. To this end, let294

Th be a conforming triangulation of Ω into compact non-degenerate triangles. Let Nh be295

the set of nodes of Th. We define the lowest-order finite element space296

S1(Th) := {v ∈ H1(Ω) | v|T is affine ∀T ∈ Th}.297

A convenient basis of S1(Th) is the so-called nodal basis {ϕz | z ∈ Nh} consisting of hat298

functions, i.e., Th-piecewise affine functions that satisfy ϕz(z
′) = δzz′ for all z, z′ ∈ Nh. A299

vector-valued finite element function vh ∈ S1(Th) := [S1(Th)]3 and its Jacobian can then300

be written as301

vh =
∑
z∈Nh

vh(z)ϕz and ∇vh =
∑
z∈Nh

vh(z)∇ϕz,302

respectively, where the column vectors vh(z) ∈ R3 are the values at the nodes z ∈ Nh;303

note that ∇vh is pointwise in R3×2 with (∇vh)jk = ∂kvh,j.304
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For uh ∈ S1(Th), the constraint |uh| = 1 a.e. in Ω can only be satisfied by constant305

functions. Therefore, it is natural to prescribe the constraint only at the nodes. In306

analogy to Section 3, we define Mh := {uh ∈ S1(Th) | |uh(z)| = 1 for all z ∈ Nh}307

and Kh[uh] := {vh ∈ S1(Th) | vh(z) · uh(z) = 0 for all z ∈ Nh} as well as the nodal308

unit-length projection309

Πh : M+
h →Mh : vh 7→

∑
z∈Nh

vh(z)

|vh(z)|
ϕz, (33)310

withM+
h :=

{
vh ∈ S1(Th)

∣∣ |vh(z)| > 1 for all z ∈ Nh
}
.311

This means that, in general, the unit-length constraint as well as orthogonality cannot312

be achieved in the interior of triangles. However, there still holds |uh| 6 1 a.e. in Ω for313

any uh ∈Mh. We define the discrete version of (5) as314

Jh(vh) :=
1

2
ah(vh,vh) for all vh ∈ S1(Th), where

ah(vh,wh) :=

∫
Ω

[
∇hvh : ∇hwh + Ih

(
gγ(vh,wh)

)]
dx for all vh,wh ∈ S1(Th),

(34)315

where Ih : C(Ω) → S1(Th), Ihf :=
∑

z∈Nh
f(z)ϕz is the nodal interpolation operator.316

Then, the discrete minimization problem reads:317

Find uh ∈Mh such that Jh(uh) = min
vh∈Mh

Jh(vh). (35)318

The term
∫

Ω
Ih(gγ(vh,vh)) dx will be referred to as mass lumping term. In analogy319

to [Bar05], the discrete problem (35) is solved via a discretized version of Algorithm A.320

Algorithm B (Discrete energy minimization). Input: Conforming simplicial tri-321

angulation Th, initial guess u0
h ∈Mh, tolerance tol > 0.322

Loop: For all n = 0, 1, 2, . . . do323

(i) Compute wn
h ∈ Kh[unh] such that324

ah(w
n
h,vh) = ah(u

n
h,vh) for all vh ∈ Kh[unh]. (36)325

(ii) If Jh(wn
h) 6 tol, define uh := unh and terminate.326

(iii) Otherwise, set un+1
h := Πh(u

n
h −wn

h).327

Output: Approximate minimizer uh ∈Mh of Jh.328

Convergence of Algorithm B requires the following technical assumption on the trian-329

gulation.330

Definition 9 (Angle condition). For any two triangles T1, T2 ∈ Th that share an edge331

(and, hence, two nodes), let α1 and α2 be the interior angles of the triangles T1 and T2 at332

the node which they do not share, respectively; see Figure 1 for a visualization. We say333

that Th satisfies the angle condition, if there holds334

cotα1 + cotα2 > 0 for all neighboring T1, T2 ∈ Th. (37)335

A sufficient condition for (37) to hold is α1+α2 6 π. In particular, this is clearly satisfied336

if all angles of Th are non-obtuse.337

The next theorem states convergence of Algorithm B to a stationary point of J for338

κ = 0; see also the discussion in Section 4.4 on the case κ 6= 0. The proof of Theorem 10339

is postponed to Section 4.2 below.340
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T1

T2

α1

α2

T1

T2
α1

α2

Figure 1. Illustration of the angle condition with notation from Defini-
tion 9. Left: configuration satisfying the angle condition. Right: configu-
ration not satisfying the angle condition.

Theorem 10. Let κ = 0. For any h > 0, let Th be a conforming simplicial triangulation341

with maximal mesh-width h that satisfies the angle condition (37). Let further tolh > 0342

be a tolerance with tolh → 0 as h→ 0. Then, there hold the following statements (i)–(ii):343

(i) Algorithm B is well-defined, i.e., for any unh ∈ Mh, the variational problem (36)344

admits a solution wn
h ∈ Kh[unh] so that unh − wn

h ∈ M+
h . Moreover, the termination345

criterion Jh(wn
h) 6 tolh is reached in finite time and Algorithm B provides uh = unh ∈Mh346

with Jh(uh) 6 Jh(u0
h) for some n ∈ N0.347

(ii) Suppose that the initial guesses u0
h ∈ Mh are uniformly bounded, i.e., there exists348

C0 > 0 such that Jh(u0
h) 6 C0 for all h > 0. Let uh be the output of Algorithm B with349

(Th,u0
h, tolh) as input. Then, there exists a weak solution u ∈ M of the Euler–Lagrange350

equations (11) of J and a subsequence of (uh)h such that, along this subsequence,351

uh ⇀ u weakly in H1(Ω) and J (u) 6 lim inf
h→0

Jh(uh). (38)352

353

Remark 11. Note that the proof of well-definedness of the discrete problem (36) below354

does not make use of κ = 0. Thus, Algorithm B is well-defined for all κ ∈ R. However,355

the current proof of energy reduction and hence convergence (resp. termination) relies356

on κ = 0, even though Algorithm B empirically appears to converge for any κ ∈ R; see357

Section 4.5 below for a related practical experiment.358

As for the continuous case in Section 3, one can prove that the discrete tangential359

updatewn
h ∈ K[unh] of (36) exists, but can be non-unique in general. The next proposition360

comments on the uniqueness of the tangential update in the discrete setting. It suggests361

additional linear constraints to add to the discrete system of equations of (17) to enforce362

uniqueness.363

Proposition 12. Suppose that Ω is connected. Let uh ∈ Mh and w1
h,w

2
h ∈ Kh[uh] be364

two solutions of the discrete Euler–Lagrange equations (36), i.e.,365

ah(w
1
h,vh) = ah(uh,vh) = ah(w

2
h,vh) for all vh ∈ Kh[uh].366

Then, there hold the following assertions:367

(a) For κ = 0, the difference w1
h −w2

h ∈ Kh[uh] is constant and satisfies368

• w1
h(z)−w2

h(z) ⊥ e3 for all z ∈ Nh if γ > 0,369

• w1
h(z)−w2

h(z) ∈ span{e3} for all z ∈ Nh if γ < 0.370

(b) For κ 6= 0, i.e., in the presence of the anti-symmetric exchange term, the difference371

w1
h −w2

h vanishes. In particular, the solution of (17) is unique.372
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Moreover, let κ = 0 and let373

B :=


{uh(z) | z ∈ Nh} if γ = 0,

{uh(z) | z ∈ Nh} ∪ {e3} if γ > 0,

{uh(z) | z ∈ Nh} ∪ {e1, e2} if γ < 0.

374

Let further B⊥ be an orthonormal basis of the orthogonal complement (spanB)⊥. Let m375

be the cardinality of B⊥ = {b1, . . . ,bm}. Adding the linear constraints
∫

Ω
wh · b dx = 0376

for all b ∈ B⊥ to (36) as Lagrange multipliers yields the following saddle point problem:377

find (wh,λ) ∈ Kh[uh]×Rm such that378

ah(wh,vh) + bh(vh,λ) = ah(uh,vh) for all vh ∈ Kh[uh],
bh(wh,µ) = 0 for all µ ∈ Rm (39)379

with the bilinear form bh : Kh[uh]×Rm → R defined by380

bh(vh,µ) :=
m∑
i=1

µi

∫
Ω

vh · bi dx for all vh ∈ Kh[uh],µ ∈ Rm.381

The saddle point problem (39) admits a unique solution (wh,λ) ∈ Kh[uh]×Rm and wh382

solves (36).383

Proof. The statements (a)–(b) follow analogously to the proof of Proposition 5. To show384

that the saddle point problem (39) admits a unique solution, we employ the Brezzi the-385

orem [BBF13], i.e., we show that the operator B : Kh[uh] → (Rm)∗ : vh 7→ bh(vh, ·) is386

surjective and that ah(·, ·) is coercive on the kernel of B.387

To show surjectivity, it suffices to show that, for any µ ∈ Rm \ {0}, there exists388

vh ∈ Kh[uh] such that bh(vh,µ) 6= 0. Given µ ∈ Rm \ {0}, we define the constant389

function vh :=
∑m

i=1 µibi. From the definition of B⊥, we obtain that vh ∈ Kh[uh] and390

bh(vh,µ) =
m∑
i=1

µi

∫
Ω

( m∑
j=1

µjbj

)
· bi dx =

m∑
i=1

µ2
i

∫
Ω

1 dx = |µ|2|Ω| > 0.391

To show coercivity of ah(·, ·) on the kernel of B, let vh ∈ Kh[uh] with Bvh = 0 and note392

that a(vh,vh) = 0 implies that vh ≡ c ∈ R3 is constant as well as c ⊥ spanB according393

to the statements (a)–(b) of the proposition. Since |Ω|c ·b =
∫

Ω
vh ·b dx = bh(vh,b) = 0394

for all b ∈ B⊥ due to Bc = Bvh = 0, we obtain that also c ⊥ spanB⊥ = (spanB)⊥ and,395

hence, c = 0.396

Thus, the assumptions of the Brezzi theorem are satisfied and the saddle point prob-397

lem (39) admits a unique solution (wh,λ) ∈ Kh[uh]×Rm. To show that wh solves (36),398

we test (39) with the constant functions vh := bi ∈ Kh[uh] for i = 1, . . . ,m. This yields399

that bh(bi,λ) = 0 for all i = 1, . . . ,m and, hence, λ = 0 ∈ Rm. Thus, we see that400

bh(vh,λ) = 0 for all vh ∈ Kh[uh] and, by plugging this into (39), that wh solves (36). �401

Remark 13. Two comments on the practical implementation of the discrete system (36)402

with additional constraints are in order.403

(i) First, recall from [KPP+19] how the solution to equation (36) can be computed404

using Householder matrices: Let u ∈ R3 be a vector with |u| = 1. Then, if u = −e3,405

define the diagonal matrix Q[u] := diag(−1,−1, 1) ∈ R3×3, else define, with the identity406
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matrix I3×3 ∈ R3×3,407

Q[u] := I3×3 − 2vvᵀ ∈ R3×3, where v :=
u + e3

|u + e3|
∈ R3 with |v| = 1.408

Note that Q[u] is orthogonal and (Q[u]ei)
3
i=1 is an orthonormal basis of R3 with Q[u]e3 =409

−u and, consequently, Q[u]ei ⊥ u for i = 1, 2. We then define the prolongation operator410

Q[u] : R2 → R3 by411

Q[u]ŵ :=
2∑
i=1

ŵiQ[u]ei for all ŵ ∈ R2
412

and, for uh ∈Mh, the discrete prolongation operator413

Qh[uh] : [S1(Th)]2 → S1(Th) : Qh[uh]ŵh :=
∑
z∈Nh

Q[uh(z)]ŵh(z)ϕz.414

These definitions yield that Qh[uh]ŵh ∈ Kh[uh] for all wh ∈ [S1(Th)]2. Thus, the discrete415

Euler–Lagrange equations (36) can be transformed to a system of equations in [S1(Th)]2416

via the bijective map Qh[uh] : [S1(Th)]2 → Kh[uh]: find ŵh ∈ [S1(Th)]2 such that417

ah(Qh[uh]ŵh,Qh[uh]v̂h) = ah(uh,Qh[uh]v̂h) for all v̂h ∈ [S1(Th)]2,418

and set wh := Qh[uh]ŵh. This system of 2#Nh equations can be solved efficiently by419

iterative solvers, e.g., the generalized minimal residual method (GMRES) from [SS86].420

(ii) With B from Proposition 12, in most practical situations there holds that spanB =421

R3 so that the tangential update wh is unique without additional constraints. It is easy to422

check the dimension of spanB to determine whether additional constraints are necessary.423

E.g., if γ = 0, take an arbitrary node z0 ∈ Nh and compute pz := uh(z
0)×uh(z) for424

all z ∈ Nh. If pz = 0 for all z ∈ Nh, then B⊥ consists of any two orthonormal vectors425

orthogonal to uh(z0) and two constraints need to be added to (36). Otherwise, let z1 ∈ Nh426

be any node with pz1 6= 0. If pz1 ·uh(z) = 0 for all z ∈ Nh, then B⊥ = {pz1/|pz1|} and one427

constraint needs to be added to (36). Otherwise, B⊥ = {0} and no additional constraint428

is necessary.429

The cases γ > 0 and γ < 0 can be treated analogously.430

4.2. Proof of Theorem 10. To prove convergence of Algorithm B, we intend to431

mimic the argument for the proof of convergence of Algorithm A. First, we ensure that432

both steps of Algorithm B decrease the discrete energy Jh. We start with step (i).433

Lemma 14. Let uh ∈ S1(Th) and wh ∈ Kh[uh] such that ah(wh,vh) = ah(uh,vh) for434

all vh ∈ Kh[uh]. Then, it holds that435

Jh(uh −wh) = Jh(uh)− Jh(wh) ≤ Jh(uh). (40)436

437

Proof. The proof is analogous to the continuous case; see Lemma 6. �438

In contrast to the continuous case, |uh−wh| > 1 is not guaranteed to hold true except439

at vertices z ∈ Nh. Therefore, the analysis of the projection in step (iii) requires a440

different approach from the continuous case. We note that the angle condition is crucial441

for treating the exchange energy [Bar05, Lemma 3.2]. For the convenience of the reader,442

we include the main argument of [Bar05] in the proof of the next lemma.443
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Lemma 15. Let κ = 0 and let Th satisfy the angle condition (37). Then, it holds that444

Jh(Πh(vh)) 6 Jh(vh) for all vh ∈M+
h . (41)445

446

Proof. The proof is split into two steps.447

Step 1: We recall the argument of [Bar05] to show that448 ∫
Ω

|∇(Πhvh)|2 dx 6
∫

Ω

|∇vh|2 dx. (42)449

Note that the angle condition (37) implies that the off-diagonal entries450

Azz′ :=

∫
Ω

∇ϕz · ∇ϕz′ dx = −(cotα1 + cotα2) ≤ 0451

of the stiffness matrix A are non-positive. For any function vh ∈ S1(Th), we have that452 ∫
Ω

|∇vh|2 dx =
∑

z,z′∈Nh

vh(z) · vh(z′)
∫

Ω

∇ϕz · ∇ϕz′ dx =
∑

z,z′∈Nh

Azz′vh(z) · vh(z′).453

From the definition of the stiffness matrix A, we infer that there holds454 ∑
z∈Nh

Azz′ =

∫
Ω

∇1 · ∇ϕz′ dx = 0 for all z′ ∈ Nh.455

This leads to456 ∫
Ω

|∇vh|2 dx =
∑

z,z′∈Nh

Azz′vh(z)·vh(z′)−
∑

z,z′∈Nh

Azz′vh(z
′)2 =

∑
z,z′∈Nh

Azz′
(
vh(z)−vh(z′)

)
·vh(z′).457

Therefore, symmetry of the stiffness matrix leads to458 ∫
Ω

|∇vh|2 dx =
1

2

∑
z,z′∈Nh

Azz′
(
vh(z)− vh(z′)

)
· vh(z′) +

1

2

∑
z,z′∈Nh

Azz′
(
vh(z

′)− vh(z)
)
· vh(z).459

= −1

2

∑
z,z′∈Nh

Azz′
∣∣vh(z)− vh(z′)

∣∣2 = −1

2

∑
z,z′∈Nh
z 6=z′

Azz′
∣∣vh(z)− vh(z′)

∣∣2460

Note that the mapping x ∈ {x̃ ∈ R3 | |x̃| > 1} 7→ x/|x| is Lipschitz continuous with461

constant 1. With Azz′ 6 0 for all z 6= z′ and |vh(z)| > 1 for all z ∈ Nh, we thus have462 ∫
Ω

|∇(Πhvh)|2 dx = −1

2

∑
z,z′∈Nh
z 6=z′

Azz′

∣∣∣∣ vh(z)

|vh(z)|
− vh(z

′)

|vh(z′)|

∣∣∣∣2463

6 −1

2

∑
z,z′∈Nh
z 6=z′

Azz′ |vh(z)− vh(z′)|2 =

∫
Ω

|∇vh|2 dx464

This shows (42).465

Step 2: We show that466 ∫
Ω

Ih
(
gγ(Πhvh,Πhvh)

)
dx 6

∫
Ω

Ih
(
gγ(vh,vh)

)
dx. (43)467
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Since |vh(z)| > 1 for all z ∈ Nh and since gγ(·, ·) is bilinear, we have that468 ∫
Ω

Ih
(
gγ(Πhvh,Πhvh)

)
dx =

∑
z∈Nh

gγ(vh(z),vh(z))

|vh(z)|2

∫
Ω

ϕz dx469

6
∑
z∈Nh

gγ(vh(z),vh(z))

∫
Ω

ϕz dx =

∫
Ω

Ih
(
gγ(vh,vh)

)
dx.470

This shows (43). Combining (42)–(43), we conclude the claim for κ = 0. �471

Remark 16. The proof of Lemma 15 relies on two facts that are specific to the case472

κ = 0: The angle condition on the triangulation implies the non-positivity of the off-473

diagonal entries of the stiffness matrix; combined with the 1-Lipschitz property of the474

nodal normalization x 7→ x/|x|, this yields the exchange-energy estimate475 ∫
Ω

|∇(Πhvh)|2 6
∫

Ω

|∇vh|2.476

By contrast, when κ 6= 0, the helical (DMI) contribution produces mixed and lower-order477

terms that at the discrete level are not controlled by the angle condition alone; conse-478

quently, the total discrete energy may increase after projection, as we show in Section 4.4.479

Determining mesh or projection conditions that restore discrete monotonicity for κ 6= 0480

remains an open question.481

Nevertheless, the observed increases in the energy level are very small and sporadic in482

our tests and Algorithm B empirically converges also for κ 6= 0; see Section 4.5 for the483

numerical experiments.484

For the proof of Theorem 10, the next lemma collects some basic properties of the485

nodal projection.486

Lemma 17. Recall the nodal projection Ih : C0(Ω) → S1(Th) from the definition of Jh487

in (34). Then, there hold the following properties (i)–(iii).488

(i) For all v ∈ C2(Ω) and all 1 6 p <∞, there holds the approximation property489

‖(1− Ih)v‖Lp(Ω) + h‖∇(1− Ih)v‖Lp(Ω) ≤ Capxh
2
‖D2v‖Lp(Ω). (44)490

(ii) For all vh ∈ Sq(Ω) with q ∈ N and all 1 6 p < ∞, there holds the inverse491

inequality492

h‖D2vh‖Lp(Ω) ≤ Cinv‖∇vh‖Lp(Ω). (45)493

(iii) For all vh ∈ S1(Ω), there holds494

‖vh‖
2
L2(Ω) 6

∫
Ω

Ih(|vh|2) dx. (46)495

The constant Capx > 0 depends only on shape regularity of Th and the Lebesgue index496

p, while Cinv > 0 depends only on shape regularity of Th, the Lebesgue index p, and the497

polynomial degree q.498

Proof. For the proof of properties (i)–(ii) we refer to standard literature, e.g., [BS08]. For499

the proof of (iii), we note that on each element T ∈ Th, there holds the representation500

vh(x) =
∑

z∈Nh(T ) ϕz(x)vh(z), where
∑

z∈Nh(T ) ϕz(x) = 1 and ϕz(x) > 0 for all x ∈ T .501

Thus, by Jensen’s inequality, we have that502

‖vh‖
2
L2(T ) =

∫
T

∣∣ ∑
z∈N (T )

ϕzvh(z)
∣∣2 dx 6

∫
T

∑
z∈N (T )

ϕz|vh(z)|2 dx =

∫
T

Ih(|vh|2) dx.503

September 30, 2025 15



Summing over all elements T ∈ Th, we conclude the proof. �504

Finally, we can prove the second part of Theorem 10, i.e., convergence of the output505

of Algorithm B to a weak solution of the Euler–Lagrange equations (13).506

Proof of Theorem 10. We split the proof into seven steps.507

Step 1 (Algorithm B is well-defined): The proof of existence of at least one508

solution wn
h to the discrete variational formulation (36) in step (i) of Algorithm B follows509

analogously to the continuous case; see step 1 in the proof of Theorem 4. For any n > 0,510

the fact that wn
h ∈ Kh[unh] yields that511

|unh(z)−wn
h(z)|2 = |unh(z)|2 + |wn

h(z)|2 ≥ 1 for all vertices z ∈ Nh.512

Therefore, for any κ ∈ R, there holds unh − wn
h ∈ M+

h and Step (iii) in Algorithm B is513

always well-defined.514

Step 2 (Energy decrease along computed sequence): From Lemma 14 and515

Lemma 15 (exploiting κ = 0), we obtain that516

Jh
(
un+1
h

)
= Jh

(
Πh(u

n
h −wn

h)
) (40)
6 Jh

(
unh −wn

h

)
6 Jh

(
unh
)

for all n ∈ N0517

and thus conclude Jh(uh) 6 Jh(u0
h) by induction.518

Step 3 (Algorithm B terminates): Arguing as for (30) in step 3 of the proof of519

Theorem 4, we conclude that Jh(wn
h) → 0 as n → ∞. In particular, we have that520

Jh(wn
h) 6 tolh for some n ∈ N0 so that Algorithm B terminates. this concludes the proof521

of Theorem 10(i).522

Step 4 (Existence of weakly convergent subsequence): Having proved Theo-523

rem 10(i), Lemma 14 yields that524

‖uh‖
2
H1(Ω) . Jh(uh) + ‖uh‖

2
L2(Ω) 6 Jh(u

0
h) + ‖uh‖

2
L2(Ω)

(46)
6 C0 + |Ω|.525

Therefore, there exists a subsequence of (uh)h (which is not relabeled) and u ∈ H1(Ω)526

such that uh ⇀ u weakly in H1(Ω).527

Step 5 (Weak limit u satisfies modulus constraint): Since |uh(z)| = 1 for all528

z ∈ Nh, we have that Ih(|uh|2) = 1 ∈ S1(Th). Moreover, |uh|2 = uh · uh ∈ [S2(Th)]3.529

With Lemma 17, we get on each element T ∈ Th that530

‖|uh|2 − 1‖L2(T ) = ‖(1− Ih)|uh|2‖L2(T )

(44)
. h2

‖D2|uh|2‖L2(T )

(45)
. h‖∇|uh|2‖L2(T )531

= 2h‖uh · ∇uh‖L2(T ) 6 2h‖uh‖L∞(Ω)‖∇uh‖L2(T )532

= 2h‖∇uh‖L2(T ) . hJh(uh)1/2 . h→ 0.533

Since uh ⇀ u in H1(Ω) and uh → u in L2(Ω), there holds (up to a subsequence which534

is not relabeled) that uh → u almost everywhere in Ω. This implies |u| = 1 a.e. in Ω535

and hence u ∈M.536

Step 6 (u satisfies the Euler–Lagrange equations (13) of J ): Let n ∈ N0 be537

the index such that uh = unh is returned by Algorithm B. Defining wh := wn
h, for all538

vh ∈ Kh[uh], it follows that539 ∫
Ω

∇(uh −wh) : ∇vh + Ih
(
gγ(uh −wh,vh)

)
dx

(34)
= ah(uh −wh,vh)

(36)
= 0.540
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For ϕ ∈ C∞(Ω)3, define v := ϕ×uh ∈H1(Ω) ∩C(Ω) and vh := Ih(v) ∈ S1(Th). Then,541

the last equation gives542 ∫
Ω

[
∇uh : ∇v + Ih

(
gγ(uh,v)

)]
dx543

=

∫
Ω

[
∇(uh −wh) : ∇(v − vh) + Ih

(
gγ(uh −wh,v − vh)

)]
dx (47)544

+

∫
Ω

[
∇wh : ∇v + Ih

(
gγ(wh,v)

)]
dx.545

It remains to show that, as h→ 0, the left-hand side and right-hand side of (47) converge546

to the left-hand side and right-hand side of (13), respectively. Then, Lemma 3 yields that547

u is a weak solution of the Euler–Lagrange equations (11).548

Step 6.1 (Left-hand side of (47) converges to left-hand side of (13) as h→ 0):549

We notice that550 ∫
Ω

[
∇uh : ∇v + Ih

(
gγ(uh,v)

)]
dx =

∫
Ω

[
(uh×∇uh) : ∇ϕ+ Ih

(
gγ(uh,ϕ×uh)

)]
dx.551

Recall that ∇u : ∇(ϕ×u) = u×∇u : ∇ϕ. Since uh ⇀ u in H1(Ω) implies uh → u in552

L2(Ω) and ∇uh ⇀ ∇u in L2(Ω), there holds for the first term that553 ∫
Ω

∇uh : ∇v dx =

∫
Ω

∇uh : ∇ϕ×uh dx =

∫
Ω

(uh×∇uh) : ∇ϕ dx→
∫

Ω

(u×∇u) : ∇ϕ dx.554

For the mass lumping term, we first notice that555 ∫
Ω

Ih(vh) dx =

∫
Ω

v dx+

∫
Ω

vh − v dx+

∫
Ω

(Ih − 1)vh dx. (48)556

Since ‖u‖L∞(Ω) = ‖uh‖L∞(Ω) = 1 , the choices vh := gγ(uh,ϕ×uh) and v := gγ(u,ϕ×u)557

yield that558 ∫
Ω

|vh − v| dx . (‖uh‖L∞(Ω) + ‖u‖L∞(Ω))‖uh − u‖L2(Ω)‖ϕ‖L2(Ω) . ‖uh − u‖L2(Ω) → 0.559

The third term can be treated by the local approximation property of the nodal interpo-560

lation on each element, which yields that561 ∫
T

∣∣(Ih − 1)vh
∣∣ dx 6 |T |1/2‖(Ih − 1)vh‖L2(T ) . |T |1/2h2

‖D2vh‖L2(T ).562

Looking at vh = gγ(uh,ϕ×uh) in detail, we see that, regardless of the sign of γ, this expres-563

sion is a sum of products of the form uh,iuh,jϕk for some i, j, k ∈ {1, 2, 3}. For the Hessian564

of such a product, we obtain with uh ∈ S1(Th), ‖uh‖L∞(Ω) = 1, and ‖∇uh‖L2(Ω) . 1 that565

‖D2(uh,iuh,jϕk)‖L2(T )566

= ‖uh,iuh,jD
2ϕk + ϕk∇uh,i∇uᵀh,j + uh,j∇uh,i∇ϕᵀk + uh,i∇uh,j∇ϕᵀk‖L2(T ) (49)567

.
(
‖uh‖

2
L2(Ω) + ‖∇uh‖2

L2(Ω) + ‖uh‖L2(Ω)‖∇uh‖L2(Ω)

)
‖ϕ‖W 2,∞(T ) . 1.568

Combining the estimates (48)–(49) and summing over all elements, we conclude that569 ∫
Ω

Ih
(
gγ(uh,ϕ×uh)

)
dx

h→0−→
∫

Ω

gγ(u,ϕ×u) dx. (50)570

Step 6.2 (Right-hand side of (47) vanishes as h→ 0): We first observe that571

there holds v(z)−vh(z) = 0 for all z ∈ Nh and, thus, the term Ih((uh,3−wh,3)(v3−vh,3))572
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vanishes. Using the element-wise interpolation property of the nodal interpolation, we573

further see that574

‖∇(v − vh)‖L2(T ) = ‖∇(I − Ih)(ϕ×uh)‖L2(T ) . h‖D2(ϕ×uh)‖L2(T ).575

An explicit computation in the spirit of (49) shows that ‖D2(ϕ×uh)‖L2(T ) . ‖ϕ‖W 2,∞(T ).576

Thus, summing over all elements, we get that577

‖∇(v − vh)‖L2(Ω) . h‖ϕ‖W 2,∞(Ω) → 0 as h→ 0.578

Recall that579

‖∇(uh −wh)‖L2(Ω) 6 ‖∇uh‖L2(Ω) + ‖wh‖L2(Ω) . Jh(uh)1/2 + Jh(wh)
1/2 6 C

1/2
0 + tol

1/2
h580

is uniformly bounded. Therefore, we have that∫
Ω

[
∇(uh −wh) : ∇(v − vh) + Ih(gγ(uh −wh,v − vh))

]
dx→ 0 as h→ 0.

With ‖∇wh‖
2
L2(Ω)

6 tolh → 0 and the boundedness of v in H1(Ω) ∩ C(Ω), the Hölder581

inequality proves582 ∫
Ω

[
∇wh : ∇v + Ih

(
gγ(wh,v)

)]
dx . Jh(wh) . tolh → 0.583

Step 7 (Proof of energy estimate (38)): Analogously to (50), it follows that584 ∫
Ω

Ih
(
gγ(uh,uh)

)
dx

h→0−→
∫

Ω

gγ(u,u) dx.585

Therefore, it follows that586

lim inf
h→0

Jh(uh) = lim inf
h→0

∫
Ω

∇uh : ∇uh dx+ lim
h→0

∫
Ω

Ih
(
gγ(uh,uh)

)
dx587

>
∫

Ω

[
∇u : ∇u+ gγ(u,u)

]
dx = J (u).588

This concludes the proof. �589

Remark 18. We note that κ = 0 is only exploited in the crucial step 2 of the preceding590

proof of Theorem 10, where Lemma 15 is used. All other steps are valid for arbitrary591

κ ∈ R.592

4.3. Necessity of nodal projection. Note that using mass lumping for the discrete593

energy is necessary in order to prove Lemma 15. Without the nodal projection, energy594

decrease for the gγ-term (see (43)) does not hold true in general. In particular, for γ > 0,595

consider the unit triangle T := conv{(0, 0), (1, 0), (0, 1)}, where conv denotes the convex596

hull. An explicit computation with ε > 0 and δ :=
√

2− ε2/2 shows that the discrete597

function598

vh :=

 δ
δ
−ε

 (1− x− y) +

0
0
1

x+

0
0
1

 y ∈ S1(T )599

satisfies |vh(0, 0)| = 2 and ‖Πhvh · e3‖
2
L2(T ) > ‖vh · e3‖

2
L2(T ) for ε < 4/3, since600

‖vh · e3‖
2
L2(T ) = ‖(1 + ε)x+ (1 + ε)y − ε‖2

L2(T ) =
1

48

(
12− 8ε+ 4ε2

)
,601

‖Πhvh · e3‖
2
L2(T ) = ‖(1 + ε/2)x+ (1 + ε/2)y − ε/2‖2

L2(T ) =
1

48

(
12− 4ε+ ε2

)
.602
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For γ < 0, a similar counterexample can be constructed.603

4.4. Increase in helical energy for κ 6= 0. Since, analytically, it is not straightfor-604

ward to either prove or to disprove energy decrease in every step of Algorithm B in the605

case κ 6= 0 (see (40)), we seek to decide on that matter numerically. To this end, we look606

at the mesh Th = {T} consisting only of the unit triangle T = conv{(0, 0), (1, 0), (0, 1)}.607

We stress that Th satisfies the angle condition (37).608

On this mesh, random vectors a,b, c ∈ R3 with |a|, |b|, |c| > 1 are generated to define609

vh(x, y) := (1− x− y) a + xb + y c ∈ S1(Th).610

Subsequently, the energy difference Jh(vh) − Jh(Πhvh) is computed with Mathemat-611

ica [Wol]. We found that, e.g., the values612

a :=

 0.44353334
0.86741656
0.22558999

 , b :=

 0.46138525
0.63580881
0.61893662

 , c :=

 0.5304891
0.66534908
−0.52526736

 ,613

with |a|, |b|, |c| > 1+5 · 10−6 lead to an energy increase Jh(Πhvh) ≈ Jh(vh)+9.27 · 10−6.614

We stress that similar results can be found for different shapes and scalings of the615

triangle T , although these examples are scarce and the energy increase is small. This616

suggests that a generalization of the energy decrease (40) to κ 6= 0 cannot be true in617

general. However, since Algorithm B appears to converge also for κ 6= 0, we expect that618

this is a shortcoming of our analysis which potentially can be overcome.619

4.5. Numerical experiment on reduced 3D model. To test our algorithm in the620

case of κ 6= 0 (which is thus not covered by Theorem 10), we reproduce an experiment621

from [HPP+19, Section 4.2]. This work considers the three dimensional micromagnetic622

model623

E3D(u) =

∫
Ω

A
[
|∇u|2 +Dπ[u] · u+K|u×e3|2 +

µ0M
2
s

2
|hd[u]|2

]
dx (51)624

with the interfacial Dzyaloshinskii–Moriya interaction (DMI)625

π[u] = e1×∂2u− e2×∂1u =

 −∂1u3

−∂2u3

∂1u1 + ∂2u2

 . (52)626

While [HPP+19] employs the so-called Landau–Lifshitz–Gilbert equation, which models627

the time-dependent evolution of the magnetization (as a generalized gradient flow for628

E3D), we compute the steady state of the system by energy minimization. Furthermore,629

we consider the anti-symmetric exchange term curl(u) · u instead of interfacial DMI630

π[u] · u; see Remark 19 below. The material parameters are those of cobalt, i.e., A =631

1.5 · 10−11 J m−1, K = 8 · 105 J m−3, and Ms = 5.8 · 105 A m−1. The strength of the632

anti-symmetric exchange term is varied in the range D = 0, 1, . . . , 8 · 10−3 J m−2. The633

computational domain Ω is a disk of diameter 80 nm within the plane spanned by e1 and634

e2.635

To obtain a two-dimensional model that fits in the framework of the present paper, we636

first non-dimensionalize the model in the sense of, e.g., [Rug16]: With the exchange length637

`ex =
√

2A/(µ0M2
s ) and the vacuum permeability µ0 = 4π · 10−7 H m−1, we rescale x →638
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x/`ex. Together with κ = D/(µ0M
2
s `ex), passing to the thin-film limit as in [DDPR22]639

yields the two-dimensional energy640

E2D(u) =

∫
Ω

[1

2
|∇u|2 + κ curlu · u+

K

µ0M2
s

|u×e3|2 +
1

2
|u · e3|2

]
dx. (53)641

Using (8) to summarize the anisotropy terms and rewriting the first two terms as helical642

derivative, this energy reads as (5) with κ = D/(µ0M
2
s `ex) and γ = 1− 2K/(µ0M

2
s )−κ2.643

We perform two different experiments that differ only by the initial values644

u0 = e3, (54)645

u0 =

{
−e3 r < 15 nm− ε,
e3 r > 15 nm + ε,

(55)646

with ε > 0 small and a smooth transition layer such that u0 ∈ M in both cases, which647

represent a constant and a skyrmion-like initial magnetization, respectively. The results648

for (54) are shown in Figure 2 and those for (55) in Figure 3. For the constant ini-649

tial magnetization (54), the magnetization stays essentially uniform up to D = 6; for650

D = 7, 8, horseshoe-like magnetic domains are visible. For the skyrmion-like initial mag-651

netization (55), the magnetization relaxes to a uniform magnetization for D = 0, 1, 2,652

but forms a skyrmion for D = 3, . . . , 6 and a so-called target skyrmion for D = 8. This653

is in total agreement with [HPP+19]. However, for the skyrmion-like initial magnetiza-654

tion and D = 7 we get a horseshoe-like state, whereas [HPP+19] gets a target skyrmion.655

This may be explained by the heavy dependence of the bifurcation point between sim-656

ple skyrmion and target skyrmion on the relaxation method as suggested by numerical657

evidence in [FPPR22], as well as the effects explained in Remark 19 below. Since our algo-658

rithm is designed around physical energy minimization without the need for user-supplied659

parameters, we cannot control the relaxation process in our algorithm.660

Remark 19. We note that considering the two-dimensional curl661

curl(u) = e1×∂1u+ e2×∂2u =

 ∂2u3

−∂1u3

∂1u2 − ∂2u1

662

instead of the DMI term π[u] of the three dimensional model does not have any effects on663

the topological structure of the magnetization. However, it changes the type of the domain664

walls: In [HPP+19], only Neel-type domain walls occur, whereas our model produces only665

Bloch-type walls.666

Remark 20. Numerically, the initial configuration (55) is meta-stable for D = 0 in the667

thin-film case. In the thin-film 2D model of [DDPR22], the stray-field contribution is668

approximated by |u · e3|2, which causes the stray field of u0
h to be parallel to e3. Together669

with ∆u0
h and anisotropy also being parallel to e3, and e3 ⊥ Kh[u0

h], the initial tangential670

update wh vanishes. In 3D, however, the stray field would not be pointing purely in671

the e3 direction because of boundary effects, thus exerting a small force perpendicular672

to e3 and perturbing that initial state. For this reason, we introduced a small divergent673

vector field for the disc part r < 15 nm to artificially perturb the initial state: u0(x, y) =674

Πh

(
ε·(x, y, 0)ᵀ−e3

)
for some small ε > 0. For D = 0, this proved sufficient to prevent the675

system from being trapped in the initial meta-stable state. For D 6= 0, this modification676

is not necessary.677
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D = 0 D = 1 D = 2 D = 3 D = 4 D = 5 D = 6 D = 7 D = 8

Figure 2. Simulation results for the model from Section 4.5 with different
values ofD and initial condition (54). The color represents the contribution
of the magnetization in the e3-direction.

D = 0 D = 1 D = 2 D = 3 D = 4 D = 5 D = 6 D = 7 D = 8

Figure 3. Simulation results for the model from Section 4.5 with different
values ofD and initial condition (55). The color represents the contribution
of the magnetization in the e3-direction.
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