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Abstract

This survey summarizes recent progress on the flat chain conjecture, which asserts the equivalence
between metric currents and flat chains with finite mass in the Euclidean space. In particular, we
focus on recent work showing that the conjecture is equivalent to a Lipschitz regularity estimate for
a certain PDE.

1 Introduction

The study of currents, that is, generalized surfaces arising as duals to smooth differential forms, has been
central to geometric measure theory since the foundational work of Federer and Fleming, see [Fed69].
Two classes of currents are particularly significant: normal currents, which have finite mass and finite
boundary mass, and flat chains, which are limits of normal currents in the flat norm. A long-standing
problem, known as the flat chain conjecture, asks whether every metric current (in the sense of
Ambrosio–Kirchheim [AK00]) with compact support in Rd corresponds to a Federer–Fleming flat chain.

The conjecture was first proved for k = 1 by Schioppa [Sch16] and for k = d by De Philippis and
Rindler [PR16]. It remains open for intermediate dimensions 1 < k < d. In this survey, we summarize
recent progress on this problem.
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2 Notation and preliminaries

2.1 Currents, mass, and flat norm

We begin with the classical notions and notation for currents in the Euclidean space Rd, see [Fed69]
for more details. Let Dk denote the space of smooth, compactly supported k-forms, endowed with the
standard topology of test functions.

Definition 2.1 (Current). A k-dimensional current T is a continuous linear functional on Dk. The
space of k-currents is denoted by Dk. For convenience, we fix a compact convex set K ⊂ Rd and consider
the space Dk(K) of currents supported in K. This assumption will be made implicitly throughout this
note.

Definition 2.2 (Mass). The mass of a current T is defined as:

M(T ) = sup {⟨T, ω⟩ : ∥ω∥∞ ≤ 1} ,

where ∥ω∥∞ is the comass norm.

Definition 2.3 (Boundary). The boundary of a k-current T is the (k − 1)-current ∂T defined by:

⟨∂T, ω⟩ = ⟨T, dω⟩ for all ω ∈ Dk−1.

Definition 2.4 (Normal current). A current T is normal if both M(T ) < ∞ and M(∂T ) < ∞. The
space of normal k-currents is denoted by Nk.

1



Definition 2.5 (Flat norm, see §4.1.12 of [Fed69]). The flat norm of a current T can be defined in two
equivalent ways:

F(T ) = inf {M(R) +M(S) : T = R+ ∂S, R ∈ Dk, S ∈ Dk+1}
= sup {⟨T, ω⟩ : ∥ω∥∞ ≤ 1, ∥dω∥∞ ≤ 1} .

A current is a flat chain if it is the limit of normal currents in the flat norm. The space of flat k-chains
of finite mass is denoted by Fk.

In [AM23], Alberti and the author proved via an iteration of the standard polyhedral approximation
theorem that flat chains with finite mass are simply measurable pieces of normal currents.

Theorem 2.1 (Structure of flat chains, see Theorem 1.1 of [AM23]). Let 1 ≤ k < d, and let T ∈ Fk(K)
with M(T ) < ∞. For every ε > 0 there exists a normal current T ′ ∈ Nk(K) and a Borel set E ⊂ K such
that

(i) ∂T ′ = 0,

(ii) T = T ′⌞E, where ⌞ denotes the restriction of the current to the set E,

(iii) M(T ′) ≤ (2 + ε)M(T ).

This result is the starting point of some recent work on the flat chain conjecture as it allows one to
transfer properties of normal currents to flat chains.

2.2 Metric currents

Ambrosio and Kirchheim [AK00] extended the theory of currents to complete metric spaces. Let Lip(X)
denote the space of real-valued Lipschitz functions on X, and Lipb(X) the subspace of bounded Lipschitz
functions.

Definition 2.6 (Metric current [AK00]). A k-dimensional metric current T on a metric space X is a
multilinear functional

T : Lipb(X)× [Lip(X)]k → R

satisfying:

1. Continuity: T (f, π1, . . . , πk) is continuous under pointwise convergence of πi with uniformly
bounded Lipschitz constants.

2. Locality: T (f, π1, . . . , πk) = 0 if some πi is constant on a neighborhood of supp(f).

3. Finite mass: There exists a finite measure µ such that

|T (f, π1, . . . , πk)| ≤
k∏

i=1

Lip(πi) ·
∫

|f | dµ.

In Rd, every metric current T with compact support induces a classical current T̃ via the formula
[AK00, Theorem 11.1]:

⟨T̃ , ω⟩ =
∑

i∈I(d,k)

T (ωi, xi1 , . . . , xik),

where i = (i1, . . . , ik) is a multi-index of length k in Rd and ω =
∑

i ωidx
i1 ∧ · · · ∧ dxik . The flat chain

conjecture asserts that if T is a metric current with compact support, then T̃ ∈ Fk.

2.3 The decomposability bundle and its k-dimensional analogue

A key tool in the study of differentiability of Lipschitz functions with respect to measures is the decom-
posability bundle V (µ, x), introduced by Alberti and the author in [AM16].
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Definition 2.7 (Decomposability bundle, see Section 6.1 of [AM16]). For a Radon measure µ on Rd,
the decomposability bundle V (µ, ·) is a Borel map whose values are vector spaces, defined in such a
way that for µ-a.e. point x a vector v ∈ V (µ, x) if and only if there exists a 1-normal current N with
∂N = 0 such that

lim
r→0

M((N − vµ)⌞B(x, r))

µ(B(x, r))
= 0,

where ⌞ denotes the restriction of the current to the ball.

This bundle characterizes the directions in which Lipschitz functions are µ-a.e. differentiable. Its
generalization to k-vectors is natural. Let Λk(Rd) denote the space of k-vectors on Rd.

Definition 2.8 (k-Tangent bundle, see Definition 4.1 of [AM23]). For a Radon measure µ on Rd, the
k-tangent bundle Vk(µ, ·) is Borel map whose values are vector subspaces of Λk(Rd), defined in such a
way that for µ-a.e. point x a k-vector v ∈ Vk(µ, x) if and only if there exists a k-normal current N with
∂N = 0 such that

lim
r→0

M((N − vµ)⌞B(x, r))

µ(B(x, r))
= 0.

It follows from Theorem 2.1 that this bundle characterizes flat chains, as shown in [AM23]:

Theorem 2.2 (Characterization of flat chains, see Theorem 1.2 of [AM23]). Let τ ∈ L1(µ; Λk(Rd)) be a
k-vector field. Then the current T = τµ is a flat chain (T ∈ Fk) if and only if τ(x) ∈ Vk(µ, x) for µ-a.e.
x.

The connection to metric currents is established in the following result, which links the continuity
property of a metric current to the geometry of the decomposability bundle of its mass measure. We
refer to Section 5.8 of [AM16] for the definition of span of a k-vector.

Theorem 2.3 (Metric currents and the decomposability bundle, see Theorem 5.8 of [ABM25]). Let T
be a metric k-current on Rd with compact support and let µ be its mass measure. Then there exists a
bounded k-vector field τ such that span(τ(x)) ⊂ V (µ, x) for µ-a.e. x and

T (f, π1, . . . , πk) =

∫
f⟨τ, dV π1 ∧ · · · ∧ dV πk⟩dµ,

where dV denotes the differential relative to the subspace V (µ, x)1. Conversely, if τ(x) ∈ Vk(µ, x) for
µ-a.e. x, then the above formula defines a metric current.

3 A new proof of the 1-dimensional case

The first proof of the 1-dimensional conjecture was given by Schioppa [Sch16], using Alberti representa-
tions and width functions. In [MM24], Merlo and the author provide a new proof which bypasses such
notions and instead uses only Poincaré’s lemma and elementary functional-analytic arguments.

We first need two definitions central to this new approach.

Definition 3.1 (Orthogonal bundle, see Definition 3.1 of [MM24]). For a subspace V ⊂ Λk(Rd), define
its mass-orthogonal complement as

V ⊥ =
{
τ ∈ Λk(Rd) : ∥τ∥ ≤ ∥τ + σ∥ for all σ ∈ V

}
,

where ∥ · ∥ denotes the mass norm on k-vectors2.

Definition 3.2 (Purely non-flat current, see Definition 3.1 of [MM24]). A current T = τµ is purely
non-flat if τ(x) ∈ Vk(µ, x)

⊥ for µ-a.e. x.

For such currents, the flat norm is determined by the action on closed forms and coincides with the
mass, a result based on an application of the Hahn-Banach theorem.

1The fact that Lipschitz functions admit such differential µ-a.e. is part of the main result of [AM16].
2For k = 1 and k = d− 1, the mass norm is a Hilbert norm, so V ⊥ coincides with the classical orthogonal complement.

This is no longer true in any intermediate dimension.
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Theorem 3.1 (Flat norm of purely non-flat currents, see Proposition 3.2 and Proposition 3.3 of [MM24]).
If T is a purely non-flat k-current with compact support, then

F(T ) = M(T ) = F0(T ),

where F0(T ) = sup {⟨T, ω⟩ : ∥ω∥∞ ≤ 1, dω = 0} is the closed flat seminorm.

Proof Sketch. The inequality F(T ) ≤ M(T ) is always true. Toward a proof of the inequality M(T ) ≤
F(T ), one assumes by contradiction that there exists a decomposition T = R+ ∂S with M(R)+M(S) <
M(T ). Using the fact that T is purely non-flat and Theorem 2.2, one can show that the part of R
orthogonal to Vk(µ, x) must have mass at least M(T ), leading to a contradiction. The equality F(T ) =
F0(T ) follows from a Hahn-Banach argument.

3.1 Sketch of the proof of the 1D conjecture

1. Assume by contradiction that there exists a metric 1-current T such that T̃ is not a flat chain.

2. Decompose T̃ into a flat part and a purely non-flat part Tn using the projection onto V1(µ, x).

3. By Theorem 3.1, F(Tn) = M(Tn) > 0.

4. Translate Tn by a vector v. Since the mass measure of Tn is singular wrt. Lebesgue, then for a.e.
v, the translated current τv♯Tn and Tn are mutually singular, so that M(Tn − τv♯Tn) = 2M(Tn).

5. For any closed 1-form ω with ∥ω∥ ≤ 1, by Poincaré’s lemma, there exists a Lipschitz function π
such that dπ = ω and Lip(π) ≤ 1. Apply this to the forms ωv realizing the closed flat seminorm of
Tn− τv♯Tn obtaining corresponding functions πv which, up to subsequences, converge to a function
π by Arzelà-Ascoli.

6. Again by Theorem 3.1, Tn(1, πv)− Tn(1, πv ◦ τv) = F0(Tn − τv♯Tn) = M(Tn − τv♯Tn) = 2M(Tn).

7. However, by the continuity axiom of metric currents, the action of Tn on (1, πv) and (1, πv ◦ τv)
must be close if v is small, leading to a contradiction with the previous point.

This proof reveals that the higher-dimensional case would follow if one could replace Poincaré’s lemma
by a suitable L∞-to-Lipschitz estimate for the PDE dϕ = ω for k-forms: a known challenge due to the
failure of Schauder estimates for continuous data.

4 A Lusin-type theorem and the full conjecture

The classical Lusin theorem states that a measurable function coincides with a continuous one outside
of a set of arbitrarily small measure. Alberti [Alb91] proved a deep analogue for gradients: any bounded
vector field f coincides with the gradient of a C1 function outside an arbitrarily small set. This was later
extended to general measures by the author and Schioppa [MS19].

In [MM25], De Masi and the author proved a refined version where the estimate does not degenerate
on the small set if the vector field is orthogonal to the decomposability bundle.

Theorem 4.1 (Refined Lusin theorem for gradients, see Theorem 1.1 of [MM25]). Let µ be a Radon
measure, Ω ⊂ Rn open with µ(Ω) < ∞, and f : Ω → Rn Borel with f(x) ∈ V (µ, x)⊥ µ-a.e. Then for
every ε > 0, there exists a C1 function g and a compact set K ⊂ Ω such that:

• µ(Ω \K) < ε,

• Dg = f on K,

• ∥Dg∥Lp(µ) ≤ (1 + ε)∥f∥Lp(µ) for all p ∈ [1,∞].

This result is sharp. The natural next step is to generalize this from gradients (i.e., 1-forms) to
general k-forms.

Conjecture 4.1 (Lusin for k-forms, see Conjecture 4.1 [MM25]). Let ω be a k-form such that ⟨ω(x), τ⟩ =
0 for all τ ∈ Vk(µ, x) and µ-a.e. x. Then for every ε > 0, there exists a C1 (k− 1)-form ϕ and a compact
set K such that:
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• µ(Ω \K) < ε,

• dϕ = ω on K,

• Lip(ϕi) ≤ C(n)∥ω∥L∞(µ) for all components ϕi of ϕ.

De Masi and the author showed in Section 4 of [MM25] that this conjecture would imply the full flat
chain conjecture. The idea is that if a metric current were not flat, its purely non-flat part would have a
tangent field in Vk(µ, x)

⊥. The validity of Conjecture 4.1 would then allow the construction of test forms
that violate the continuity property of metric currents, similar to the argument in the 1-dimensional
case.

5 Takáč’s counterexample to Lang’s conjecture

The version of the flat chain conjecture originally considered by Lang [Lan11] did not include the finite
mass assumption. In [Tak25], Jakub Takáč constructs a counterexample to this stronger version. His
construction is based on the failure of estimates for the prescribed Jacobian equation, detDϕ = f ,
which is deeply connected to the failure of L∞-to-Lipschitz estimates for the equation dω = ϕ in higher
dimensions, see [Orn62, McM98].

The analogy between the approaches by [MM24] and [MM25] and the approach by [Tak25] lies in
the fact that both problems require constructing a function with controlled Lipschitz constant whose
derivative matches a given field or form on a large set. Takáč’s result shows that this is impossible
in general. This is in contrast with the Lusin-type conjecture of [MM25] and underlines the fact that
the finite mass assumption provides additional flexibility, making the critical L∞-to-Lipschitz estimate
potentially hold in a measure theoretic sense rather than pointwise.

Although Takáč’s preprint [Tak25] appeared after [MM24], the fundamental connection between the
flat chain conjecture and PDE regularity issues was developed independently through both lines of
investigation and with different techniques.

6 Recent related work and final comments

The structure of 1-dimensional metric currents has been further analyzed in three very recent preprints,
which improve our understanding of the 1-dimensional case and open new avenues for exploring the
structure of metric currents.

In [ARV25] it is proven that every locally normal metric 1-current (in the sense of Lang and Wenger)
can be written as a superposition of curves with locally finite length, generalizing a result by Smirnov in
the Euclidean setting, see [Smi93] and by Paolini and Stepanv in the metric setting, see [PS12].

In [BCT+25] it is proven that, on any complete quasiconvex metric space, every metric 1-current
with finite mass can be approximated in mass by a sequence of normal 1-currents. This is obtained
through a very strong analogue of Theorem 2.1 in the metric setting. In [ARB25] the class of complete
separable metric spaces enjoying this approximation property is characterized: they are precisely the
curve-rectifiable ones.

The flat chain conjecture has seen significant progress in recent months. The shift from geometric
constructions (width functions) to PDE and closability arguments has proven powerful, leading to new
proofs and even stronger results in dimension 1.

The full conjecture for k > 1 remains open, but the works described in this survey suggest promising
approaches, potentially leading either to a complete proof or to further counterexamples: a Lusin-type
theorem for k-forms.
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