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Abstract. This paper aims to study the convergence of solutions in three-
dimensional nonlinear elastodynamics for a thin rod as its cross section shrinks
to zero for displacements that are comparable to the small radius of the rod. As-
suming the existence of solutions and proper control of the torsional velocity, we
show how these converge to the solutions of an effective dimensionally reduced
model which is a version of the the time-dependent von Kármán equations for
a one-dimensional rod. In the presence of high-frequency torsional vibrations,
energy can dissipate in the limit and we obtain additional contributions in the
limiting equations.
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1. Introduction

In this paper we study the effective dynamics of thin elastic rods in a ‘von Kármán
regime’ of moderate displacements whose size is comparable to the small aspect ratio
h of the rod and whose elastic energy is correspondingly of order h6 . We thus extend
previous studies of such systems from a static to a time-dependent setting.

In this regime, a rigorous variational dimension reduction analysis by means of Γ-
convergence has been achieved in [17]. Also the convergence of static equilibria has
been studied in [9] (even with simultaneous homogenization), in [6], and previously
in [11] (with respect to an alternative first-order stationarity condition). To put these
results into context, we also refer to [5] for a Γ-convergence analysis of strings with
energy of order h2 and to [15] for a derivation of the nonlinear Kirchhoff theory for
rods with energy of order h4 . The latter was also derived from atomistic models in
[21]. Static equilibria of nonlinear Kirchhoff rods have been investigated in [18, 16].
For a general survey on rod theories and their history we refer to [7]. Our analysis
is also strongly influenced by the corresponding von Kármán theory for plates, cp.
[13, 19, 4, 3, 20]. Moreover, we highlight [1] and [2], where the dynamic rod problem
is analyzed under a lower energy scaling, resulting in a fully linear limit model.

The dimensionally reduced theory in the present case is described in terms of a
set of limiting variables u, v2, v3, w that only depend on time and the midline of
the rod. In the reference configuration a thin rod of thickness h occupies Ωh =
(0, L) × hS with S ⊂ R2 and h ≪ 1. Here h2u, h(v2, v3), and h2w approximate,
respectively, small displacements along the fiber, orthogonal to the fiber, and a
torsional displacement. The elastic energy of order h6 is compatible with transversal
forces of order h3 . In order to capture the effect of such small forces, we pass to
a long time horizon and consider deformations ξh : (0, h−1T ) × Ωh → R3 . The
dynamics of ξh is given by Newton’s second law and takes the form

∂2ττξ
h(τ, z)− div(DW (Dξh(τ, z))) = h3gh(τ, z) in (0, h−1T )× Ωh
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with a non-linear stored energy function W and a transversal, slowly varying force
h3gh . Our main aim is to provide a characterization of the limiting dynamics as
h→ 0.

To this end, we show that appropriately rescaled components of solutions ξh

converge to u , v2 , v3 , and w , respectively, and that the limit (u, v2, v3, w) solves
a time-dependent system of partial differential equations for a one-dimensional rod
in the ambient space R3 . For a physical interpretation of our results it is useful to
note that, to leading order in h , the rod displacement is given by the orthogonal
components h(v2, v3) +O(h2). A force and hence, by Newton’s law, acceleration of
order h3 on a time interval of size h−1 leads to displacements of the order h . Our
limiting system will thus comprise two wave-type equations for v = (v2, v3) and two
more static equations that couple u and w to v2 and v3 .

As described above, a purely static version of the limiting equations has been
derived in [17, 9, 6]. Interestingly, we observe a new feature which has no coun-
terpart in the static theories. To explain this, we first remark that in the absence
of high frequency torsional vibrations, i.e., when the angular velocity of the fiber is
comparable to the orthogonal velocities 9v2, 9v3 , then we do indeed obtain precisely
the dynamic von Kármán version of [17, 9, 6], see Theorem 2.3 and Remark 2.4.
Yet, in general the torsional component might become highly oscillatory. Indeed,
if e.g. energy of order h6 is stored into a rod of circular cross section S by initial
values corresponding to a pure twist of order h2 , then by symmetry the vertical
displacements vanish and the torsional component can become highly oscillatory.
(Recall that, as argued above, forces of order h3 will lead to total displacements
of order h ≫ h2 .) As a consequence, energy can dissipate when passing to the di-
mensionally reduced system in general. Mathematically this corresponds to the fact
that an energy bound of order h6 is compatible with only weak convergence of the
torsional component to w . We still obtain a limiting system of partial differential
equations for (u, v2, v3, w), which now comprises additional terms that measure the
loss of torsional momentum as h→ 0, cf. Theorem 2.3.

Notations. We use standard notations for function spaces and matrices. We write
A : B :=

∑
i,j AijBij for the Frobenius inner product on Rm×d . For v ∈ Rd, w ∈ Rm

we write v⊗w for the matrix in Rd×m with entries (v⊗w)ij = viwj . The identity

matrix on Rd×d is denoted by Id . The d-dimensional Lebesgue measure is denoted
by Ld . For a tensor field G : Rd → Rm×d , its divergence is defined row-wise by

(divG)i :=
∑d

j=1 ∂xjGij for i = 1, . . . ,m . We adopt conventional notations for

Sobolev and Bochner spaces. Moreover, given an interval (0, T ) and an open set
Ω ⊂ Rd , we identify the time derivative in the Bochner sense on (0, T ), for maps
with values in a function space over Ω, with the weak (distributional) time derivative
on (0, T )× Ω.

2. Formulation of the problem

Let L > 0 and let S ⊂ R2 be a bounded domain with a Lipschitz boundary. We
define Ω := (0, L)×S ⊂ R3 and the reference configuration Ωh = (0, L)×hS , where
h > 0. Moreover, we assumeˆ

S
x2 dx2dx3 =

ˆ
S
x3 dx2dx3 =

ˆ
S
x2x3 dx2dx3 = 0 and L2(S) = 1. (2.1)
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We assume that the elastic behavior of the material is described by a stored energy
function W :R3×3 → [0,+∞) that satisfies the following standard assumptions.

W (RF ) =W (F ) for all R ∈ SO(3) and F ∈ R3×3, (2.2)

W (R) = 0 for all R ∈ SO(3), (2.3)

W (F ) ≥ C dist2(F,SO(3)), (2.4)

W ∈ C0(R3×3) and W ∈ C2(USO), (2.5)

where the constant C > 0 does not depend on F , and USO is a suitable neighbor-
hood of SO(3). Moreover, we assume that W is differentiable in R3×3 and that,
for some constant C > 0,

|DW (F )|≤ C(|F |+1) for all F ∈ R3×3. (2.6)

Combined with the regularity assumption (2.5), the condition DW (Id) = 0, and a
Taylor expansion around the identity, this implies that

|DW (Id+A)|≤ C|A| for all A ∈ R3×3. (2.7)

The assumptions (2.2)–(2.5) are classical in dimension reduction and commonly used
in continuum mechanics. Although no further conditions on the energy density W
are needed when studying the convergence of minimizers, in the context of dimension
reduction for critical points and dynamical problems—as considered here—we addi-
tionally assume (2.6) for technical reasons (cp. [4, 16, 18, 19, 9, 6] and, for further
discussion, [8]).

Let T > 0. The non-linear elasticity problem in (0, h−1T ) × Ωh amounts to
finding a deformation ξh: (0, h−1T )× Ωh → R3 satisfying

ξh ∈ L2(0, h−1T ;H1(Ωh)) ∩H1(0, h−1T ;L2(Ωh)) ∩H2(0, h−1T ;H−1(Ωh)) (2.8)

that is a weak solution of

∂2ττξ
h(τ, z)− div(DW (Dξh(τ, z))) = h3gh(τ, z) in (0, h−1T )× Ωh, (2.9)

ξh(τ, z) = z, (τ, z) in (0, h−1T )× {0, L} × hS, (2.10)

ξh(τ = 0, z) = ξhP (z), ∂tξ
h(τ = 0, z) = ξhS(z), z ∈ Ωh, (2.11)

with natural Neumann boundary conditions on (0, L)×∂(hS) (cp. [4] for the analo-
gous case of thin plates). The forcing term satisfies gh ∈ L2((0,+∞);L2((0, L);R3))
and gh1 = 0, where gh1 is the first component of gh . The initial conditions ξhP ∈
H1(Ωh,R3) and ξhS ∈ L2(Ωh,R3) satisfy the following energy inequality:

1

2

ˆ
Ωh

|ξhS(z1, z′)|2 dz +
ˆ
Ωh

W (DξhP (z1, z
′)) dz ≤ Ch6. (2.12)

In dimension reduction problems, it is convenient to recast the problem defined
above in a domain independent of h . Adapting [4], we set (t, x1, x

′) = (hτ, z1, h
−1z′)

and define yh: [0, T ]× Ω → R3 as

yh(t, x) := ξh(t/h, x1, hx
′), in [0, T ]× Ω, (2.13)

where here and in the sequel we write x = (x1, x
′) for x ∈ R3 . Given ψ ∈ H1(Ω;R3),

we define the scaled gradient as

Dhψ :=

ˆ

∂x1ψ

ˇ

ˇ

ˇ

ˇ

1

h
∂x2ψ

ˇ

ˇ

ˇ

ˇ

1

h
∂x3ψ

˙

,



4 FEDERICO CIANCI AND BERND SCHMIDT

and given Ψ ∈ H1(Ω;R3×3), we define the scaled divergence as

divhΨ · ei := ∂x1Ψi1 +
1

h
∂x2Ψi2 +

1

h
∂x3Ψi3, for i = 1, 2, 3.

We define the scaled problem of non-linear elasticity in (0, T ) × Ω as the problem
of finding a deformation yh: (0, T )× Ω → R3 such that

yh ∈ L2((0, T );H1(Ω;R3))∩H1((0, T );L2(Ω;R3))∩H2((0, T );H−1(Ω;R3)) (2.14)

and that is a weak solution of the system

h2∂2tty
h(t, x)− divh(DW (Dhy

h(t, x))) = h3f(t, x1) in (0, T )× Ω, (2.15)

yh(t, x) = (x1, hx
′) in (0, T )× {0, L} × S, (2.16)

yh(0, x) = yhP (x) := ξh0 (x1, hx2, hx3) in Ω, (2.17)

∂ty
h(0, x) = yhS(x) :=

1

h
ξh1 (x1, hx2, hx3) in Ω, (2.18)

and we consider natural Neumann boundary conditions on (0, L)× ∂S . We assume
that the forcing term satisfies

f(t, x1) := gh(t/h, x1), f1 = 0, and f ∈ L2((0,+∞);L2((0, L);R3)), (2.19)

while the initial conditions satisfy

yhP ∈ H1(Ω;R3), yhS ∈ L2(Ω;R3) (2.20)

and the energy bound

h2

2

ˆ
Ω
|yhS(x)|2 dx+

ˆ
Ω
W (Dhy

h
P (x)) dx ≤ Ch4. (2.21)

Remark 2.1. For the reader’s convenience, we recall the definition of a weak solu-
tion of (2.14)-(2.18). A function yh ∈ L2((0, T );H1(Ω;R3))∩H1((0, T );L2(Ω;R3))∩
H2((0, T );H−1(Ω;R3)) is said to be a weak solution to the (2.14)-(2.18) problem if
(2.14) is satisfied in the following sense:

h2
ˆ T

0

ˆ
Ω
∂ty

h · ∂tψ dxdt−
ˆ T

0

ˆ
Ω
DW (Dhy

h) : Dhψ dxdt+ h3
ˆ T

0

ˆ
Ω
f · ψ dxdt = 0

for every ψ ∈ H1
0 (0, T ;L

2(Ω;R3)) ∩ L2(0, T ;H1(Ω;R3)) such that ψ(t) = 0 in
({0} × S) ∪ ({L} × S) for a.e. t ∈ (0, T ). Moreover, the boundary conditions
(2.16) are satisfied in the sense of traces. We recall that the space of weakly contin-
uous functions on the interval [0, T ] with values in a Banach space X , denoted by
C0([0, T ];Xweak), is defined as

C0([0, T ];Xweak) := {v: [0, T ] → X | t 7→ ⟨ϕ, v(t)⟩ is continuous for all ϕ ∈ X∗} ,

where X∗ denotes the topological dual of X . We will see in the next section that
yh ∈ L∞(0, T ;H1(Ω;R3)) and ∂ty

h ∈ L∞(0, T ;L2(Ω;R3)) so, in view of Lemma
A.1, the initial conditions (2.17)-(2.18) are satisfied if

yh(t)⇀ yhP in H1(Ω;R3) and ∂ty
h(t)⇀ yhS in L2(Ω), as t→ 0+.
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We assume that there exists h0 > 0 such that for every h < h0 there is a weak
solution yh of (2.14)-(2.18) and that yh satisfies the following energy inequality:

h2

2

ˆ
Ω
|∂tyh(t, x)|2 dx+

ˆ
Ω
W (Dhy

h(t, x)) dx ≤ 1

2

ˆ
Ω
|ξhS(x1, hx′)|2dx

+

ˆ
Ω
W (DξhP (x1, hx

′)) dx+

ˆ t

0

ˆ
Ω
h3f(s, x1) · ∂tyh(s, x) dxds, (2.22)

for a.e. t ∈ (0, T ).
As discussed above, our limiting system will crucially depend on the asymptotic

behavior of the torsional velocity of the rod. In order to investigate this, we introduce
the following notation. We say that the sequence {yh} is of moderate torsional
velocity if we have the following bound on the first component of curl ∂ty(t):ˆ T

0

∥∥∥∥1h∂x2∂tyh3 (t)− 1

h
∂x3∂ty

h
2 (t)

∥∥∥∥
H−1

dt ≤ Ch. (2.23)

Remark 2.2. With the focus of the present work on aspects of dimension reduction,
we do not establish existence results for the system (2.15)-(2.18) and the inequalities
(2.22)-(2.23) here. Yet, we point out that in [3], the authors study this system in
the case of plates and obtain long-time existence for the nonlinear system with
sufficiently small h for well-prepared initial data.

We will see in the next section that yh converges to (x1, 0, 0)
T . Therefore, to ob-

tain non-trivial information about the asymptotic behavior, it is convenient to study
the following rescaled displacements. Following [17], we let uh, vh2 , v

h
3 , w

h: (0, T )×
Ω → R defined as

uh(t, x1) :=
1

h2

ˆ
S
(yh1 (t, x)− x1) dx

′, (2.24)

vhk (t, x1) :=
1

h

ˆ
S
yhk (t, x) dx

′ (k = 2, 3), (2.25)

wh(t, x1) :=
1

h2

ˆ
S

x2y
h
3 (t, x)− x3y

h
2 (t, x)

µ(S)
dx′, (2.26)

where µ(S) :=
´
S x

2
2 + x23 dx

′ . In addition, we introduce a matrix that may account
for a nontrivial average rotational stresses in case (2.23) is violated:

Bh(t, x1) :=
1

h3

ˆ
S
(Id− (Dhy

h(t, x))T ) dx′
ˆ
S
DW (Dhy

h(t, x)) dx′. (2.27)

We will see in Theorem 2.3, that these quantities converge in a suitable sense to
functions u , v2 , v3 , w and B , respectively, that satisfy a time dependent limiting
problem. In the following L : R3×3 → R3×3 is the linear mapping given by LF1 :
F2 = D2W (Id)[F1, F2] and we set Q(F1) = LF1 : F1 , F1, F2 ∈ R3×3 . We define the
stress tensor E: (0, T )× Ω → R as

E(t, x) := L pθ(t, x) | ∂x2α(t, x) | ∂x3α(t, x)q , (2.28)

where

θ(t, x) :=

ˆ

∂x1u(t, x1) +
1

2

`

(∂x1v2(t, x1))
2 + (∂x1v3(t, x1))

2
˘

˙

e1+∂x1A(t, x1)(0, x
′)T,

(2.29)
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A =

¨

˝

0 −∂x1v2 −∂x1v3
∂x1v2 0 −w
∂x1v3 w 0

˛

‚, (2.30)

and α: (0, T )× Ω → R3×3 is the unique minimizer of the problem

min
ψ∈V

ˆ
Ω
Q(re1 + F (0, x′)T | ∂x2ψ | ∂x3ψ) dx, (2.31)

with r = ∂x1u+ 1
2(∂x1v

2
2 + ∂x1v

2
3), F = ∂x1A , and

V :=

{
ψ ∈ H1(S;R3)

ˇ

ˇ

ˇ

ˆ
S
ψ dx′= 0 and

ˆ
S
ψ · (0,−x3, x2)Tdx′ = 0

}
. (2.32)

Moreover, we define the moments of the stress tensor E0, E2, E3: (0, T ) × Ω → R
as

E0(t, x1) :=

ˆ
S
E(t, x) dx′, Ek(t, x1) :=

ˆ
S
E(t, x)xk dx

′ (k = 2, 3), (2.33)

for a.e. t ∈ (0, T ) and x1 ∈ (0, L). Finally we let

ρk := (B −AE0)k,1 (k = 2, 3) and σ := (B −AE0)3,2 − (B −AE0)2,3. (2.34)

We will see later that in fact σ = B3,2 − B2,3 . The limiting equations satisfied by
u , v2 , v3 , and w are

∂x1E
0
11 = 0 in (0, T )× (0, L),

−∂2ttv2 + (∂2x1x1v2)E
0
11 + ∂2x1x1E

2
11 + ∂x1ρ2 + f2 = 0 in (0, T )× (0, L),

−∂2ttv3 + (∂2x1x1v3)E
0
11 + ∂2x1x1E

3
11 + ∂x1ρ3 + f3 = 0 in (0, T )× (0, L),

∂x1(E
2
31 − E3

21)− σ = 0 in (0, T )× (0, L),

(2.35)

with boundary conditions

u(t, x1) = v2(t, x1) = v3(t, x1) = w(t, x1) = 0 in (0, T )× {0, L}, (2.36)

∂x1v2(t, x1) = ∂x1v3(t, x1) = 0 in (0, T )× {0, L}, (2.37)

and initial conditions

vk(0, x1) = vPk (x1) and ∂tvk(0, x1) = vSk (x1) (k = 2, 3) in (0, L). (2.38)

The functions vPk and vSk are defined as the limits in a suitable sense of subsequences

of vP,hk and vS,hk , where

vP,hk (x1) :=
1

h

ˆ
S
(yhP )k(x) dx

′ x1 ∈ (0, L), (2.39)

vS,hk (x1) :=
1

h

ˆ
S
(yhS)k(x) dx

′ x1 ∈ (0, L), (2.40)

with k = 2, 3.
We are now in a position to state the main result of this paper.

Theorem 2.3. Assume (2.1)-(2.6) and (2.19)-(2.21). Assume that there exists
h0 > 0 such that for every h ∈ (0, h0) there exists a weak solution yh of (2.14)-(2.18)
that satisfies the energy inequality (2.22). Let uh , vh2 , v

h
3 , w

h and Bh defined as in

(2.24)-(2.27). Let vP,h2 , vP,h3 , vS,h2 , and vS,h3 defined as in (2.39)-(2.40). Then, yh →
(x1, 0, 0)

T strongly in L∞(0, T ;H1(Ω;R3)) and there exist u ∈ L∞(0, T ;H1
0 (0, L)),

vk ∈ L∞(0, T ;H2
0 (0, L)) ∩W 1,∞(0, T ;L2(0, L)) ∩W 2,∞(0, T ;H−2(0, L)), k = 2, 3,
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w ∈ L∞(0, T ;H1
0 (0, L)), A ∈ L∞(0, T ;H1

0 (0, L;R3×3)), B ∈ L∞(0, T ;L2(0, L;R3×3)),
such that, up to subsequences, we have the following conditions:

(i) uh
∗
⇀ u weakly* in L∞(0, T ;H1

0 (0, L));
(ii) for k = 2, 3 it holds

(ii-a) vhk
∗
⇀ vk weakly* in L∞(0, T ;H1

0 (0, L)),

(ii-b) vhk → vk strongly in L∞(0, T ;L2(0, L)),

(ii-c) ∂tv
h
k

∗
⇀ ∂tvk weakly* in L∞(0, T ;L2(0, L));

(iii) wh
∗
⇀ w weakly* in L∞(0, T ;H1

0 (0, L));

(iv) Dhy
h−Id
h ⇀ A weakly in L2(0, T ;L2(Ω;R3×3)) and A satisfies the represen-

tation in (2.30);
(v) Bh ⇀ B weakly in L2(0, T ;L1(Ω;R3×3)) and B = AE0 if (2.23) holds true.

For k = 2, 3, there exist functions vPk ∈ H1(0, L) and vSk ∈ L2(0, L), such that

(vi) vP,hk → vPk strongly in H1(0, L);

(vii) vS,hk ⇀ vSk weakly in L2(0, L).

Moreover, the functions u, v2 , v3 , and w are weak solutions of the system (2.35)-
(2.38).

Remark 2.4. From the previous theorem and (2.34) we get that ρ2 , ρ3 , and σ
belong to L∞(0, T ;L2(0, L)). Moreover, if (2.23) is satisfied, then ρ2 = ρ3 = σ = 0.
In this case the system in (2.35) aligns with the results presented in [6], which
concern the convergence of critical points of the energy functional in the setting of
periodic boundary conditions. See also [9] and [11].

Remark 2.5. The definition of a weak solution of the problem (2.35)-(2.38) is
analogous to that of the (2.14)-(2.18), with obvious differences. For the sake of
clarity, we specify that u , v2 , v3 , and w are weak solutions of (2.35)-(2.38) if (2.35)
is satisfied in the following sense:

ˆ T

0

ˆ L

0
E0

11∂x1φdx1dt = 0,

ˆ T

0

ˆ L

0

`

∂tv2 ∂tϕ− (∂x1v2E
0
11 + ρ2)∂x1ϕ+ E2

11∂
2
x1x1ϕ+ f2ϕ

˘

dx1dt = 0,

ˆ T

0

ˆ L

0

`

∂tv3 ∂tψ − (∂x1v3E
0
11 + ρ3)∂x1ψ + E3

11∂
2
x1x1ψ + f3ψ

˘

dx1dt = 0,

ˆ T

0

ˆ L

0

`

(E2
31 − E3

21)∂x1η + ση
˘

dx1dt = 0,

for every φ, η ∈ L2(0, T ;H1
0 (0, L)) and ϕ, ψ ∈ H1

0 (0, T ;L
2(0, L))∩L2(0, T ;H2

0 (0, L)).
The boundary conditions (2.36) and (2.37) are satisfied in the sense of traces. Not-
ing that vk ∈ C([0, T ];H2

weak(0, L)) and ∂tvk ∈ C([0, T ];L2
weak(0, L)) the initial

conditions (2.38) are satisfied as

vk(t)⇀ vPk in H2(Ω) and ∂tvk(t)⇀ vSk in L2(Ω), k = 2, 3,

as t→ 0+ (see Lemma A.1).
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3. Approximation and Compactness Results

This section is devoted to the study of compactness properties of sequences of
displacements and of suitably rescaled quantities. This will play a fundamental role
in the passage to the limit in the equations.

Remark 3.1. We note that a straightforward application of Gronwall’s lemma,
combined with (2.21) and (2.22), allows us to derive the following two estimates,
which will be used at various points throughout the paper:

∥∂tyh(t)∥2L2≤ Ch2, (3.1)ˆ
Ω
W (Dhy

h(t, x)) dx ≤ Ch4 (3.2)

for a.e. t ∈ (0, T ). Using the energy bounds established above, we obtain the
following approximation result, which will play a fundamental role in the proof of
the compactness results stated in Theorem 3.3.

Proposition 3.2. Let {yh}h∈(0,h0) ⊂ L2((0, T );H1(Ω;R3)) be a sequence that sat-
isfies (2.16) and (3.2) uniformly in t ∈ (0, T ). There exists a sequence

{Rh}h∈(0,h0) ⊂ L∞(0, T ;H1(0, L;R3×3))

such that Rh(t, ·) ∈ C∞(0, L;R3×3) for a.e. t ∈ (0, T ) and satisfying

i) Rh(t, x1) ∈ SO(3) for every x1 ∈ (0, L), for a.e. t ∈ (0, T ),

ii) ∥Dhy
h(t)−Rh(t)∥L2≤ Ch2 , for a.e. t ∈ (0, T ),

iii) ∥Rh(t)− Id∥L∞≤ Ch, ∥∂1Rh(t)∥L2≤ Ch, for a.e. t ∈ (0, T ),

iv) |Rh(t, 0)− Id|≤ Ch3/2 , |Rh(t, L)− Id|≤ Ch3/2 for a.e. t ∈ (0, T ).

Proof. For static y that do not depend on t i), ii) and iii) are proved in [17] with
the help of the geometric rigidity theorem from [12]. Indeed, their construction also
yields iv), cp. [18, 9]. The time-dependent case can be addressed either by following
the proof of the stationary case with suitable modifications, or alternatively, by
reducing it to the static case through an approximation of yh by simple functions
(0, T ) → H1(Ω;R3). □

We now introduce the following two tensors, which will play a fundamental role
in handling the nonlinear part of the equation and in facilitating the passage to the
limit. Let us define Ah, Gh: (0, T )× Ω → R3×3 as

Ah(t, x1) :=
Rh(t, x1)− Id

h
, (3.3)

Gh(t, x) :=
(Rh(t, x1))

TDhy
h(t, x)− Id

h2
, (3.4)

for a.e. t ∈ (0, T ) for a.e. x ∈ Ω. Using Proposition 3.2 and estimates (3.1)-(3.2),
we are now in a position to study the compactness properties of the displacement
and the other rescaled quantities.

Theorem 3.3. Let {yh}h∈(0,h0) ⊂ L2((0, T );H1
0 (Ω;R3)) ∩W 1,∞((0, T );L2(Ω;R3))

satisfy (2.16), (3.1) and (3.2) uniformly in t ∈ (0, T ). Then we have yh → (x1, 0, 0)
T

strongly in L∞(0, T ;H1(Ω;R3)). Moreover, there exist u ∈ L∞(0, T ;H1
0 (0, L)),

v2, v3 ∈ L∞(0, T ;H2
0 (0, L)) ∩W 1,∞(0, T ;L2(0, L)), w ∈ L∞(0, T ;H1

0 (0, L)), A ∈
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L∞(0, T ;H1
0 (0, L)), and G ∈ L∞(0, T ;L2(0, L)) such that, up to subsequences, we

have the following conditions:

(a) uh
∗
⇀ u weakly* in L∞(0, T ;H1

0 (0, L));
(b) for k = 2, 3 it holds

b1) vhk
∗
⇀ vk weakly* in L∞(0, T ;H1

0 (0, L)),

b2) vhk → vk strongly in L∞(0, T ;L2(0, L)),

b3) ∂tv
h
k

∗
⇀ ∂tvk weakly* in L∞(0, T ;L2(0, L));

(c) wh
∗
⇀ w weakly* in L∞(0, T ;H1

0 (0, L));

(d) d1) Ah
∗
⇀ A weakly* in L∞(0, T ;H1(0, L;R3×3)),

d2) Ahij → Aij strongly in Lp(0, T ;L∞(0, L)) for every p ∈ [1,∞) and for

all i, j ∈ {1, 2, 3}, unless (i, j) = (2, 3) or (i, j) = (3, 2). If (2.23) is
satisfied, this even holds for all i, j ∈ {1, 2, 3};

d3) it holds

A =

¨

˝

0 −∂x1v2 −∂x1v3
∂x1v2 0 −w
∂x1v3 w 0

˛

‚, (3.5)

(e) Dhy
h−Id
h

∗
⇀ A weakly* in L∞(0, T ;L2(Ω;R3×3));

(f) sympR
h−Id
h2

q is bounded in L∞(0, T ;L∞(0, L;R3×3)) and sympR
h−Id
h2

q11 →
pA

2

2 q11 strongly in Lp(0, T ;L∞(0, L)) for every p ∈ [1,∞);

(g) Gh
∗
⇀ G weakly* in L∞(0, T ;L2(0, L;R3×3)) and, setting G̃ := symG, it

holds

G̃ := sym

¨

˝∂x1A

¨

˝

0
x2
x3

˛

‚+
`

∂x1u+
1
2(∂x1v

2
2+∂x1v

2
3)

˘

e1

∣∣∣ ∂x2β ∣∣∣ ∂x3β
˛

‚,

for some β ∈ L∞(0, T ;L2(0, L;H1(S;R3))).

Proof. We will divide the proof in several steps.
Step 1: convergence of the deformations yh . As a result of Proposition 3.2 we

have that

Dhy
h → Id strongly in L∞(0, T ;L2(Ω;R3×3)).

This implies ∂ky
h → 0 for k = 2, 3 and so we get Dyh → e1 ⊗ e1 strongly in

L∞(0, T ;L2(Ω;R3×3)). Taking into account the boundary conditions (2.16) and us-
ing the Poincaré inequality, we get yh → (x1, 0, 0)

T strongly in L∞(0, T ;H1(Ω;R3×3)).
Step 2: proof of d1) , d2), (e), and (f). By point iii) of Proposition 3.2 we get

that the sequence Ah is bounded in L∞(0, T ;H1(0, L;R3×3)) and so there exists A
such that, up to subsequences,

Ah
∗
⇀ A weakly* in L∞(0, T ;H1(0, L;R3×3)). (3.6)

Moreover, using point iv) of Proposition 3.2 we can prove that A vanishes in x1 = 0
and x1 = L , namely A ∈ L∞(0, T ;H1

0 (0, L;R3×3)). In fact, (3.6) implies that

ˆ T ′

0
Ah(t, ·) dt ⇀

ˆ T ′

0
A(t, ·) dt weakly in H1(0, L;R3×3),
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for every T ′ ∈ (0, T ). Then, we get
ˆ T ′

0
Ah(t, ·) dt→

ˆ T ′

0
A(t, ·) dt uniformly on [0, L],

and using point iv) of Proposition 3.2, we obtain
´ T ′

0 A(t, 0) dt =
´ T ′

0 A(t, L) dt = 0.
Since T ′ ∈ (0, T ) is arbitrary, we conclude that

A(t, 0) = A(t, L) = 0 for a.e. t ∈ [0, T ],

and with this, we have shown that A belongs to L∞(0, T ;H1
0 (0, L;R3×3)). Tak-

ing (3.6) into account, this proves point d1). Furthermore, we observe that A is
antisymmetric, a fact that will be used repeatedly later in the proof. In fact, it is
straightforward to verify that

sym
Ah

h
= sym

Rh − Id

h2
= −

`

Ah
˘T
Ah

2
(3.7)

and taking into account that Ah is bounded in L∞(0, T ;L∞(0, L;R3×3)) we get
that sym(Rh − Id)/h2 = symAh/h is bounded in L∞((0, T )× (0, L);R3×3) and so

symAh → 0 strongly L∞((0, T )× (0, L);R3×3) (3.8)

and so A is skew-symmetric.
We claim now that Ahij is strongly compact in Lp(0, T ;L∞(0, L)) for all 1 ≤ p <

∞ and 1 ≤ i, j ≤ 3 (and {i, j} ̸= {2, 3} in case (2.23) is not assumed). In view of
(3.6) this equivalent to

Ahij → Aij strongly in Lp(0, T ;L∞(0, L)). (3.9)

To verify this, by (3.8) it suffices to establish strong convergence of Ah21 , A
h
31 and,

in case (2.23) is assumed, of Ah32 −Ah23 .
Since Ahij is uniformly bounded in L∞(0, T ;H1(0, L;R3)) we may apply Theo-

rem A.2 with X = H1(0, L), B = L∞(0, L), and Y = H−1(0, L), provided that
condition (A.1) is satisfied.

Let 0 < t1 < t2 < T and hj → 0 be a vanishing sequence. We have to verify

lim
s→0

sup
j

ˆ t2

t1

∥Ahji1 (t+ s)−A
hj
i1 (t)∥H−1(0,L) dt = 0 (3.10)

for i = 2, 3 and that moreover (2.23) implies

lim
s→0

sup
j

ˆ t2

t1

∥(skew(Ahj (t+ s)))3,2 − (skew(Ahj (t)))3,2∥H−1(0,L) dt = 0. (3.11)

We begin by noting that, for almost every t ∈ (t1, t2) and h > 0 we can decompose

Ah(t+ s)−Ah(t) =
1

h
pRh(t+ s)−Dhy

h(t+ s)q

+
1

h
pDhy

h(t+ s)−Dhy
h(t)q +

1

h
pDhy

h(t)−Rh(t)q.

(3.12)

Thanks to estimate ii) in Proposition 3.2, there exists a constant C > 0 such that,
for almost every τ ∈ (0, T ),

1

h
∥Rh(τ)−Dhy

h(τ)∥H−1(Ω)≤
1

h
∥Rh(τ)−Dhy

h(τ)∥L2(Ω)≤ C h. (3.13)
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For the first column we also have the estimate
1

h
∥∂1yh(t+ s)− ∂1y

h(t)∥H−1(Ω) ≤
1

h
∥yh(t+ s)− yh(t)∥L2(Ω)

≤ 1

h

ˆ t+s

t
∥∂tyh(τ)∥L2(Ω) dτ ≤ C |s|,

where we used (3.1). Combining this with (3.12) and (3.13) we getˆ t2

t1

∥Ahi1(t+ s)−Ahi1(t)∥H−1(0,L) dt ≤ Ct1,t2(2h+ |s|) (3.14)

for i = 1, 2, 3. On the other hand, if (2.23) is true, we also have

1

h
∥skew(Dhy

h(t+ s))32 − skew(Dhy
h(t))32∥H−1(Ω)

≤ 1

h

ˆ t+s

t
∥∂t skew(Dhy

h(τ))32∥H−1(Ω) dτ ≤ C |s|.

Combining this with (3.12) and (3.13) we then getˆ t2

t1

∥skew(Ah(t+ s))32 − skew(Ah(t))32∥H−1(0,L) dt ≤ Ct1,t2(2h+ |s|). (3.15)

Let hj → 0 a vanishing sequence, and let ε > 0 arbitrary. Then, using that
{hj :hj ≥ ε} is a finite set and the continuity of translations in Bochner spaces, we
have

sup
hj≥ε

ˆ t2

t1

∥Ahj (t+ s)−Ahj (t)∥H−1(0,L) dt→ 0 (3.16)

as s→ 0. So (3.14) and (3.15) yield

lim sup
s→0

sup
hj<ε

ˆ t2

t1

∥Ahji1 (t+ s)−A
hj
i1 (t)∥H−1(0,L) dt ≤ 2Ct1,t2ε (3.17)

for i = 1, 2, 3 and

lim sup
s→0

sup
hj<ε

ˆ t2

t1

∥skewAhj (t+ s))32 − skewAhj (t))32∥H−1(0,L) dt ≤ 2Ct1,t2ε (3.18)

respectively. Since ε is arbitrary we have established (3.10) and (3.11), which con-
cludes point d2).

We conclude Step 2 by establishing point (e) and (f). The validity of point (e) is
a straightforward consequence of d1) and condition ii) of Proposition 3.2. Moreover,
using condition (3.7), point d2), and the fact that A is skew-symmetric, we get

ˆ

sym
Rh − Id

h2

˙

11

= −A
he1 ·Ahe1

2
→ −Ae1 ·Ae1

2
=

(A2)11
2

strongly in Lp(0, T ;L∞(0, L;R)). Since the boundedness of sym Rh−Id
h2

in the space

L∞(0, T ;L∞(0, L;R3×3)) is discussed immediately after (3.7), this concludes the
proof of (f).

Step 3: proof of (a), (b), and (c). We start by proving point (a). We can write

the derivative of uh as

∂x1u
h =

1

h2

ˆ
S
(Dhy

h −Rh)11 dx
′ +

1

h2
(symRh − Id)11. (3.19)
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Taking into account point ii) of Proposition 3.2 and (3.7), we get that ∂x1u
h is uni-

formly bounded in L∞(0, T ;L2(0, L)). This, together with the Poincaré inequality,
yields the bound ∥uh∥L∞(0,T ;H1

0 (0,L))
≤ C , which implies (a).

We now proceed to prove point (b). We start by observing that for k = 2, 3

∂x1v
h
k (t, x1) =

1

h

ˆ
S
∂x1y

h
k (t, x) dx

′ =
1

h

ˆ
S
(Dhy

h(t, x)− Id)k1 dx
′, (3.20)

so using conditions ii) and iii) of Proposition 3.2 we get that ∂x1v
h
k is uniformly

bounded in L∞(0, T ;L2(0, L)). Using the Poincaré inequality, we find that vhk is
uniformly bounded in L∞(0, T ;H1

0 (0, L)). With the help of (3.1) we also get that,
for k = 2, 3, ∂tv

h
k is equibounded in L∞(0, T ;L2(0, L)). From these observations

b1) and b2) readily follow. Since L∞(0, T ;H1
0 (0, L))∩W 1,∞(0, T ;L2(0, L)) embeds

compactly into L∞(0, T ;H1
0 (0, L)), see [22, Theorem 3], we get point b2).

We now proceed to prove point (c). The second and third columns of (e) yield
the convergence

1

h2
∂xk(y

h − idh)
∗
⇀ Aek weakly* in L∞(0, T ;L2(Ω;R3×3)), (3.21)

for k = 2, 3, where idh:x 7→ xh and xh := (x1, hx
′)T . Applying Poincaré’s inequal-

ity on the cross-section S to the function zh := yh − idh , we obtain

∥zh(t, x1)− ⟨zh(t, x1)⟩S∥2L2(S)≤ C
´

∥∂x2(zh(t, x1))∥2L2(S)+∥∂x3(zh(t, x1))∥2L2(S)

¯

for a.e. t ∈ (0, T ) and x1 ∈ (0, L). It follows that the sequence

z̃h :=
1

h2
(zh − ⟨zh⟩S)

is bounded in L∞(0, T ;L2(Ω;R3)). Then, there exists a function z̃ such that, up

to subsequences, z̃h
∗
⇀ z̃ weakly* in L∞(0, T ;L2(Ω;R3)). Taking into account

(3.21), we get for k = 2, 3, ∂xk z̃ = Aek ∈ L∞(0, T ;L2(Ω;R3)). This implies that
q := z̃ − x2Ae2 − x3Ae3 has ∂xkq = 0, k = 2, 3, and so q ∈ L∞(0, T ;L2((0, L);R3))
satisfies

z̃h =
1

h2
(zh − ⟨zh⟩S)

∗
⇀ x2Ae2 + x3Ae3 + q (3.22)

weakly* in L∞(0, T ;L2(Ω;R3)). We are now in a position to prove the convergence
of wh . Using (2.1) we get

wh(t, x1) =
1

h2

ˆ
S

x2y
h
3 (t, x)− x3y

h
2 (t, x)

µ(S)
dx′

=
1

h2µ(S)

ˆ
S
(yh − xh − ⟨yh − idh⟩S) · (x2e3 − x3e2) dx

′.

Using (3.22), (2.1), and the fact that A is skew-symmetric, we obtain

wh
∗
⇀

1

µ(S)

ˆ
S

px2Ae2 + x3Ae3q · (x2e3 − x3e2) dx
′ = A3,2 (3.23)
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weakly* in L∞(0, T ;L2(0, L;R3)). We define w := A3,2 and we investigate the

convergence of the spatial derivative of wh :

∂x1w
h =

1

h2µ(S)

ˆ
S
∂x1(y

h − xh) · (x2e3 − x3e2) dx
′

=
1

h2µ(S)

ˆ
S
(∂x1y

h −Rhe1) · (x2e3 − x3e2) dx
′

+
1

h2µ(S)

ˆ
S
(Rhe1 − ∂x1x

h) · (x2e3 − x3e2) dx
′.

The first term on the right hand side of the last equation is controlled by point ii) of
Proposition (3.2), while the second is zero by (2.1). We find that ∂x1w

h is bounded
in L∞(0, T ;L2(0, L;R3)), and taking into account (3.23) we get point (c).

Step 4: proof of d3). Taking into account conditions b1) and (e), it is straightfor-
ward to verify that ∂x1vk = Ak1 , for k = 2, 3. Moreover, we have already proved in
Step 3 that w = A32 . Since A is skew-symmetric, we deduce (3.5), proving point
d3). In particular, this implies, for k = 2, 3, vk ∈ L∞(0, T ;H2

0 (0, L)), completing
the regularity of the displacements vk .

Step 5: proof of (g). From the definition of Gh and ii) of Proposition 3.2, we
obtain

∥Gh(t)∥L2(Ω;R3×3)≤ ∥(Rh(t))T ∥L∞(0,L;R3×3)

∥∥∥∥Dhy
h(t)−Rh(t)

h2

∥∥∥∥
L2(Ω;R3×3)

≤ C

for a.e. t ∈ (0, T ). Therefore, Gh is bounded in L∞(0, T ;L2(0, L;R3×3)), and it

follows that there exists G such that Gh
∗
⇀ G weakly* in L∞(0, T ;L2(Ω;R3×3)).

We now proceed to characterize the symmetric part of G . Since Rh → Id uniformly,

we deduce that RhGh
∗
⇀ G weakly* in L∞(0, T ;L2(Ω;R3×3)). In particular, for

k = 2, 3, we have

RhGhek =
1

h3
(∂ky

h − hRhek)
∗
⇀ Gek (3.24)

weakly* in L∞(0, T ;L2(Ω;R3)). We now define the map β̃h: (0, T )× Ω → R3 as

β̃h(t, x) :=
1

h3
(yh(t, x)− hx2R

h(t, x1)e2 − hx3R
h(t, x1)e3).

It is straightforward to verify that, for k = 2, 3, one has

∂xk β̃
h = RhGhek, (3.25)

which, combined with (3.24), yields a uniform bound for ∂x2 β̃
h and ∂x3 β̃

h in the
space L∞(0, T ;L2(Ω;R3)). Therefore, we can apply the Poincaré inequality S to

get a uniform bound for βh := β̃h − ⟨β̃h⟩S in L∞(0, T ;L2(Ω;R3)), where ⟨β̃h⟩S :=´
S β̃

h dx′ . Hence, there exists a function β such that, up to subsequences,

βh = β̃h − ⟨β̃h⟩S
∗
⇀ β weakly* in L∞(0, T ;L2(Ω;R3)). (3.26)

By passing to the limit in (3.25) using (3.24), we obtain

∂xkβ = Gek for k = 2, 3.
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We now aim to derive a representation for the first column of G . To this end, we
again make use of the definition of βh and the equation (2.1) to write:

RhGhe1 =
1

h2
(∂x1y

h −Rhe1)

= h∂x1β
h +

1

h
∂x1R

h(x2e2 + x3e3) +
1

h2

ˆ
S
(∂x1y

h −Rhe1) dx
′. (3.27)

By passing to the limit in the first term on the right-hand side of (3.27) using (3.26),
we obtain

h∂x1β
h ∗
⇀ 0 weakly* in L∞(0, T ;H−1(Ω;R3)). (3.28)

For the second term, we can apply point d1) to get

1

h
∂x1R

h(x2e2 + x3e3)
∗
⇀ ∂x1A(0, x

′)T weakly* in L∞(0, T ;L2(Ω;R3)), (3.29)

while for the last term we use point ii) of Proposition 3.2 to claim the existence of
a function η such that, up to subsequence,

1

h2

ˆ
S
(∂x1y

h −Rhe1) dx
′ ∗
⇀ η weakly* in L∞(0, T ;L2(0, L;R3)). (3.30)

We use RhGh
∗
⇀ G weakly* in L∞(0, T ;L2(Ω;R3×3)), (3.28), (3.29), and (3.30), to

pass to the limit for h→ 0 in (3.27) and we get

Ge1 = ∂x1A

ˆ

0
x′

˙

+ η.

Then,

G̃ = symG = sym

¨

˝∂x1A

¨

˝

0
x2
x3

˛

‚+ η1e1

∣∣∣ ∂x2φ ∣∣∣ ∂x3φ
˛

‚,

where we define φ := β + (x2η2 + x3η3)e1 . From the definition of uh , we obtain:

1

h2

ˆ
S
∂x1y

h
1 −Rh11 dx

′ = ∂x1u
h − 1

h2

ˆ
S
(Rh − Id)11 dx

′.

Using point (f) and equation (3.30), we get

η1 = ∂x1u− 1

2
(A2)11 = ∂x1u+

1

2
(∂x1v

2
2 + ∂x1v

2
3).

Hence, the limiting strain tensor G̃ takes the form

G̃ = sym

¨

˝∂x1A

¨

˝

0
x2
x3

˛

‚+

ˆ

∂x1u+
1

2
(∂x1v

2
2 + ∂x1v

2
3)

˙

e1

∣∣∣ ∂x2φ ∣∣∣ ∂x3φ
˛

‚.

With this, the proof of the theorem is complete. □
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4. Proof of the main theorem

This section is devoted to the proof of Theorem 2.3. We begin by introducing
some quantities that will be used to pass to the limit in the equation. We define the
rescaled stress Eh: (0, T )× Ω → R3×3 as

Eh(t, x) :=
1

h2
DW (Id+ h2Gh(t, x)),

and its moments Eh,0, Eh,2, Eh,3: (0, T )× (0, L) → R3×3 as

Eh,0 pt, x1q :=

ˆ
S
Eh(t, x) dx′, Eh,k pt, x1q :=

ˆ
S
Eh(t, x)xk dx

′ (k = 2, 3)

for a.e. t ∈ (0, T ) for a.e. x ∈ Ω. We recall the definition of the limiting stress
E from (2.28), depending on the quantities θ , defined in terms of u, v2, v3 and
A in (2.29), and α ∈ L∞(0, T ;L2(0, L;H1(S;R3))), such that α(t) is the unique
minimizer of (2.31) with r = ∂x1u+ 1

2(∂x1v
2
2 + ∂x1v

2
3) and F = ∂x1A on V defined

in (2.32). Existence and uniqueness of the minimizer are ensured by [17, Remark
4.1]. Moreover, in the proof of the main result, we will make use of the following
lemma, whose proof can be found in [15, Lemma 2.1] or [6, Lemma 4.0.1].

Lemma 4.1. Let r ∈ R and F ∈ R3×3 be a skew-symmetric matrix. Define the
functional Gr,F : H1(S;R3) → [0,∞) as

Gr,F (φ) :=

ˆ
S
Q

ˆ

re1 + F

ˆ

0
x′

˙

ˇ

ˇ

ˇ
∂x2φ

ˇ

ˇ

ˇ
∂x3φ

˙

dx′.

Then the function α̃ ∈ V is the unique minimizer of Gr,F if and only if

Ẽ := L
ˆ

re1 + F

ˆ

0
x′

˙

ˇ

ˇ

ˇ
∂2α̃

ˇ

ˇ

ˇ
∂3α̃

˙

solves the boundary value problem{
divx′ pẼe2 | Ẽe3q = 0 in S,

pẼe2 | Ẽe3qν = 0 on ∂S,

in the weak sense, where ν denotes the outer normal vector to ∂S . Moreover, α̃
depends linearly on r and F .

Taking into account [17, Remark 4.2], we have that the minimizer depends linearly
on the parameters r ∈ R and F ∈ R3×3 . It follows that for

r = ∂x1u+
1

2

`

(∂x1v2)
2 + (∂x1v3)

2
˘

and F = ∂x1A,

the function α belongs to the space

α ∈ L∞p0, T ;L2(0, L;H1(S;R3))q.

We also recall the definition of moments of the stress tensor as

E0(t, x1) :=

ˆ
S
E(t, x) dx′, Ek(t, x1) :=

ˆ
S
E(t, x)xk dx

′ (k = 2, 3)

for a.e. t ∈ (0, T ) and x1 ∈ (0, L).
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Proof of Theorem 2.3. The points (i)-(iv) of Theorem 2.3 have already been es-
tablished in Theorem 3.3. It remains to prove items (v)-(vii), to verify that u ,
v2 , v3 , and w are solutions to the problem (2.35)-(2.38), and the regularity of
∂2ttvk . We note that the boundary conditions (2.36) and (2.37) are fulfilled as
u(t), w(t) ∈ H1

0 (0, L) and vk(t) ∈ H2
0 (0, L) for almost every t ∈ (0, T ).

Let us begin by rewriting the equation (2.15) in a form more convenient for the
next steps. Taking into account (2.2) we have

DW (Dhy
h) = RhDW (Id+ h2Gh) = h2RhEh, (4.1)

then we can write the weak formulation of (2.15) asˆ T

0

ˆ
Ω
∂ty

h · ∂tψ dxdt−
ˆ T

0

ˆ
Ω
RhEh : Dhψ dxdt+ h

ˆ T

0

ˆ
Ω
f · ψ dxdt = 0 (4.2)

for every ψ ∈ H1
0 (0, T ;L

2(Ω;R3)) ∩ L2(0, T ;H1(Ω;R3)) such that ψ(t) = 0 in
({0} × S) ∪ ({L} × S), for a.e. t ∈ (0, T ).

Step 1: convergence of the rescaled stress Eh . Taking into account (2.5), (2.7),
and point (g) of Theorem 3.3, we can apply Lemma A.3 to the function A 7→
DW (Id+A) and we get

Eh =
1

h2
DW (I + h2Gh)

∗
⇀ LG =: Ẽ (4.3)

weakly* in L∞(0, T ;L2(Ω;R3×3)), where we recall that L := D2W (Id). We claim

that Ẽ is symmetric and Ẽ = LG̃ , where G̃ is the symmetric part of G , the tensor
defined in point (g) of Theorem 3.3. Indeed, we have W (etS) = 0, for every t ∈ R
and S ∈ R3×3 skew-symmetric. Differentiating with respect to t and using the fact
that L is positive semi-definite, we get LS = 0 and so LF = L(symF ), for any
F ∈ R3×3 . Furthermore, for any F, S ∈ R3×3 with S skew-symmetric, we have
LF : S = LS : F = 0, so LF is symmetric. In particular, the claim is proved.

We want now to prove that Ẽ = E . To get that, let T ′ ∈ (0, T ) and let ψ be a
test function in (4.2) such that ψ(t) = 0 for a.e. t ∈ (T ′, T ). We multiply equation
(4.2) by h and we pass to the limit, to getˆ

Ω
(Ẽ(t, x)e2 · ∂x2ψ(t, x) + Ẽ(t, x)e3 · ∂x3ψ(t, x)) dx = 0 for a.e. t ∈ (0, T ), (4.4)

where we used the arbitrariness of T ′ . Hence Ẽ satisfies for a.e. t ∈ (0, T ) and
x1 ∈ (0, L) the weak form of the systemdivx′

´

Ẽe2 | Ẽe3
¯

= 0 in S,
´

Ẽe2 | Ẽe3
¯

ν∂S = 0 in ∂S.
(4.5)

We define γ : (0, T )× Ω → R3 as

γ(t, x) := β(t, x)− 1

µ(S)

ˆ
S
β(t, x1, ξ2, ξ3) · (0,−ξ3, ξ2)T dξ2dξ3 (0,−x3, x2)T

−
ˆ
S
β(t, x1, ξ2, ξ3) dξ2 dξ3,

where β is the function in point (g) of Theorem 3.3. It is easy to verify that
γ ∈ L∞(0, T ;L2(0, L;V)), where V is the space defined in (2.32). As (0 | ∂x2γ | ∂x2γ)
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− (0 | ∂x2β | ∂x2β) is skew-symmetric, we also have

Ẽ = LG = LG̃ = L

¨

˝∂x1A

¨

˝

0
x2
x3

˛

‚+

ˆ

∂x1u+
1

2
(∂x1v

2
2+∂x1v

2
3)

˙

e1

∣∣∣ ∂x2γ ∣∣∣ ∂x3γ
˛

‚.

So using Lemma 4.1 we get Ẽ = E . Thus, combining this with (4.3), it follows that
we have established

Eh
∗
⇀ LG = Ẽ = E weakly* in L∞(0, T ;L2(Ω;R3×3)). (4.6)

Step 2: convergence of the rotational stress matrices Bh . From the identity

Id − (Dhy
h(t, x))T + h(Ah(t, x1))

T = (Rh(t, x1))
T − (Dhy

h(t, x))T and point ii)
in Proposition 3.2 we obtain∥∥∥∥1h

ˆ
S
(Id− (Dhy

h(t, x))T ) dx′ + (Ah(t))T
∥∥∥∥
L2(0,L)

≤ Ch,

while (4.1), (4.3) and iii) in Proposition 3.2 yield∥∥∥∥ 1

h2

ˆ
S
DW (Dhy

h(t, x)) dx′ − Eh,0(t)

∥∥∥∥
L2(0,L)

≤
∥∥∥(Rh(t)− Id)Eh(t)

∥∥∥
L2(Ω)

≤ Ch

for a.e. t . As Ah and Eh are bounded in L∞(0, T ;L2(Ω;R3×3)), this shows that

∥Bh(t)−Ah(t)Eh,0(t)∥L1(Ω)≤ Ch, (4.7)

where we have also used point (f) of Theorem 3.3. By (d) in Theorem 3.3 and (4.3)
we get

AhEh,0
∗
⇀ B weakly* in L∞(0, T ;L2(Ω;R3×3)) (4.8)

for some B ∈ L∞(0, T ;L2(Ω;R3×3)). Together with (4.7) this shows that Bh con-
verges weakly* in L∞(0, T ;L2(Ω;R3×3)) to B . Moreover, when (2.23) is satisfied,
we have that

AhEh,0⇀AE0 weakly in L2(0, T ;L2(Ω;R3×3)),

where we used point d2) in Theorem 3.3 and (4.6). Combining this convergence
with (4.8), we get B = AE0 , which concludes the proof of point (v) of Theorem 2.3.

Step 3: Derivation of the first equation in (2.35). Let us take a function ψ ∈
H1

0 (0, T ;L
2((0, L);R3)) ∩ L2(0, T ;H1

0 ((0, L);R3)) as a test function in (4.2), then

ˆ T

0

ˆ
Ω

´

∂ty
h · ∂tψ −RhEh : ∂x1ψ ⊗ e1 + hf · ψ

¯

dxdt = 0. (4.9)

By integrating on S , we getˆ T

0

ˆ
Ω
∂ty

h · ∂tψ dxdt−
ˆ T

0

ˆ L

0

´

RhEh,0 : ∂x1ψ ⊗ e1 − hf · ψ
¯

dx1dt = 0, (4.10)

where we used that Rh , f , and ψ depend only on t and x1 and that L2(S) = 1.
By Proposition 3.2, we have that Rh → Id strongly in L∞(0, T ;H1

`

0, L;R2×3
˘

),

while by (3.1) we have ∂ty
h → 0 strongly in L∞(0, T ;L2(0, L;R3)). Moreover, using

(4.6) we have Eh,0
∗
⇀ E0 weakly* in L∞(0, T ;L2(0, L;R3×3)). Then, we can pass

to limit as h→ 0 in equation (4.10) to deriveˆ T

0

ˆ L

0
E0 : ∂x1ψ ⊗ e1 dx1dt = 0. (4.11)
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Moreover, by (4.5) and (4.6), we getˆ
S

pEe2 | Ee3q : Dx′ξ dx
′ = 0

for every ξ ∈ H1(S;R3), a.e. t ∈ (0, T ) and x1 ∈ (0, L). Choosing ξ(x′) = xkei ,
with k = 2, 3 and i = 1, 2, 3, we get

`

E0 pt, x1q e2 | E0 pt, x1q e3
˘

= 0 for a.e. t ∈ (0, T ), for a.e. x1 ∈ (0, L).

Since E is symmetric by Step 1, we deduce

E0 pt, x1q =

¨

˝

E0
11 pt, x1q 0 0

0 0 0
0 0 0

˛

‚, (4.12)

so (4.11) is the weak form of first equation of (2.35).
Step 4: Symmetry inequality for Eh . We have that W

`

etSF
˘

=W (F ) for every

skew-symmetric S and for every F ∈ R3×3 and t ∈ R . Differentiating at t = 0, we
get DW (F )F T is symmetric for every F ∈ R3×3 . Let us define F = Id + h2Gh ,
then we get

Eh − (Eh)T =
1

h2
DW (Id+ h2Gh)− 1

h2
DW (Id+ h2Gh)T

= −DW (Id+ h2Gh)(Gh)T +GhDW (Id+ h2Gh)T

= −h2(Eh(Gh)T −Gh(Eh)T ).

(4.13)

Taking into account Step 1 and point (g) of Theorem 3.3, we obtain that Eh and
Gh are bounded in L∞(0, T ;L2(Ω,R3×3)). Consequently, we deduce from (4.13) the
estimate

∥Eh(t)− (Eh(t))T ∥L1(Ω)≤ Ch2 for a.e. t ∈ (0, T ). (4.14)

Step 5: Derivation of the second and the third equation in (2.35) and regularity
of ∂ttvk . Let k = 2, 3 and ψ(t, x) := ϕ pt, x1q ek as test function (4.2), where we
take ϕ ∈ H1

0 (0, T ;L
2(0, L)) ∩ L2(0, T ;H2

0 (0, L)). We getˆ T

0

ˆ
Ω

´

∂ty
h
k ∂tϕ−RhEh : (∂x1ϕek)⊗ e1 + hfkϕ

¯

dxdt = 0. (4.15)

By (3.3) we have RhEh = hAhEh + Eh . By substituting this identity into the
previous equation, dividing by h , and integrating over S , we arrive at:ˆ T

0

ˆ L

0

ˆ

∂tv
h
k ∂tϕ−

ˆ

AhEh,0 +
Eh,0

h

˙

: (∂x1ϕek)⊗ e1 + fkϕ

˙

dx1dt = 0, (4.16)

with k = 2, 3. By (4.8), (2.34), and (4.12) we deduce

(AhEh,0) : (ek ⊗ e1)
∗
⇀ Bk1 = Ak1E

0
11 + ρk, (4.17)

weakly* in L∞(0, T ;L2(0, L;R3×3)), where Ak1E
0
11 = ∂x1vkE

0
11 . We note that

ρk = 0 in case (2.23) holds true. We now pass to the limit as h → 0 in (4.16),
making use of point b3) of Theorem 3.3 together with the convergence result (4.17),
and obtain

lim
h→0

ˆ T

0

ˆ L

0

Eh,0k1
h

∂x1ϕ dx1dt=

ˆ T

0

ˆ L

0

`

∂tvk ∂tϕ− (∂x1vkE
0
11 + ρk)∂x1ϕ+ fkϕ

˘

dx1dt,

(4.18)
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for k = 2, 3 and any ϕ ∈ H1
0 (0, T ;L

2(0, L)) ∩ L2(0, T ;H2
0 (0, L)).

We now test equation (4.2) with the functions ψk(x) := xkϕ(t, x1)e1 for k =
2, 3, where ϕ ∈ H1

0 (0, T ;L
2(0, L))∩L2(0, T ;H2

0 (0, L)) is an arbitrary test function.
Combined with (3.1) and the assumptions in (2.19), this yields

lim
h→0

ˆ T

0

ˆ
Ω

ˆ

1

h
RhEh : ϕe1 ⊗ ek + xkR

hEh : ∂x1ϕe1 ⊗ e1

˙

dxdt = 0 (4.19)

Using (3.3) we have RhEh = hAhEh + Eh and so

1

h
(RhEh)1k = (AhEh)1k +

1

h
(Eh)1k =

3∑
j=1

Ah1jE
h
jk +

1

h
(Eh)1k.

Using point iii) of Proposition 3.2 together with (4.6), we obtain

(RhEh)11
∗
⇀ E11 weakly* in L∞(0, T ;L2(Ω;R2×2)),

while from point d2) of Theorem 3.3, (4.6) and (4.12) we deduce, in particular, that

3∑
j=1

Ah1jE
h,0
jk

∗
⇀ 0 weakly* in L∞(0, T ;L2(0, L;R2×2)).

Then, integrating equation (4.19) over the cross section S , we obtain

lim
h→0

ˆ T

0

ˆ L

0

1

h
Eh,01k ϕ dx1dt = −

ˆ T

0

ˆ L

0
Ek11∂x1ϕ dx1dt. (4.20)

It is straightforward to verify using (4.14) that

lim
h→0

ˆ T

0

ˆ L

0

ˆ

1

h
Eh,01k − 1

h
Eh,0k1

˙

∂x1ϕ dx1dt = 0, (4.21)

and thus, taking into account (4.18), (4.20), and (4.21), we conclude that for every
test function ϕ ∈ H1

0 (0, T ;L
2(0, L)) ∩ L2(0, T ;H2

0 (0, L)), the following holds:
ˆ T

0

ˆ L

0

´

∂tvk ∂tϕ− (∂x1vkE
0
11 + ρk)∂x1ϕ+ Ek11∂

2
x1x1ϕ+ fkϕ

¯

dx1dt = 0.

With the help of the already established first equation of (2.35) this implies the
second equation of (2.35) for k = 2, and the third equation for k = 3. Moreover,
from these equations we also obtain

∂2ttvk ∈ L∞(0, T ;H−2(0, L)), (4.22)

since it holds ∂2x1x1vkE
0
11 ∈ L∞(0, T ;L1(0, L)) ⊂ L∞(0, T ;H−1(0, L)) and ∂x1ρk ∈

L∞(0, T ;H−1(0, L)) while ∂2x1x1E
k
11 ∈ L∞(0, T ;H−2(0, L)).

Step 6: Derivation of the last equation in (2.35). We test (4.2) with a function

ψ(x) := x2ϕ pt, x1q e3 , for some ϕ ∈ H1
0 (0, T ;L

2(0, L)) ∩ L2(0, T ;H1
0 (0, L)). Using

(3.1) we deduce that

lim
h→0

ˆ T

0

ˆ
Ω
∂ty

h · ∂tψ dxdt = 0,

while we have

lim
h→0

ˆ T

0

ˆ
Ω
hf · ψ dxdt = 0,
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so we can pass to the limit in (4.2) to obtain

0 = lim
h→0

ˆ T

0

ˆ
Ω
RhEh : Dhψ dxdt

= lim
h→0

ˆ T

0

ˆ
Ω

ˆ

1

h
RhEh : ϕe3 ⊗ e2 + x2R

hEh : ∂x1ϕe3 ⊗ e1

˙

dxdt

= lim
h→0

ˆ T

0

ˆ L

0

ˆ

1

h
RhEh,0 : ϕe3 ⊗ e2 +RhEh,2 : ∂x1ϕe3 ⊗ e1

˙

dx1dt (4.23)

By (3.3) we have RhEh = hAhEh + Eh and so

1

h
(RhEh)32 = (AhEh)32 +

1

h
(Eh)32. (4.24)

We use RhEh,2
∗
⇀ E2 weakly* in L∞(0, T ;L2(0, L;R3×3)) to get

lim
h→0

ˆ T

0

ˆ L

0

ˆ

1

h
Eh,032 + (AhEh,0)32

˙

ϕ dx1dt = −
ˆ T

0

ˆ L

0
E2

31∂x1ϕ dx1dt. (4.25)

We now test (4.2) with ψ(x) := x3ϕ pt, x1q e2 , where ϕ ∈ H1
0 (0, T ;L

2(0, L)) ∩
L2(0, T ;H1

0 (0, L)) is arbitrary. By proceeding as in the previous computations,
we obtain

lim
h→0

ˆ T

0

ˆ L

0

ˆ

1

h
Eh,023 + (AhEh,0)23

˙

ϕ dx1dt = −
ˆ T

0

ˆ L

0
E3

21∂x1ϕ dx1dt, (4.26)

Finally, using (4.14), (4.25), (4.26) and (4.8), we find

−
ˆ T

0

ˆ L

0
(E2

31 − E3
21)∂x1ϕ dx1dt =

ˆ T

0

ˆ L

0
(B32 −B23)ϕ dx1dt, (4.27)

which, in view of (4.12), implies the last equation of system (2.35) with σ being as
defined in (2.34), which vanishes in case (2.23) holds true.

Step 7: Derivation of the initial conditions. We start by observing that using the
definition of (2.40) and the energy inequality (2.21) we get that for k = 2, 3 the

sequence vS,hk is bounded in L2(0, L). Then, for k = 2, 3 there exists a function

vSk ∈ L2(0, L) such that, up to subsequences,

vS,hk ⇀ vSk weakly in L2(0, L). (4.28)

As for the other initial condition we first notice that the space L∞(0, T ;H1(Ω)) ∩
W 1,∞(0, T ;L2(Ω)) embeds into C([0, T ];H1

weak(Ω)) (see Lemma A.1). In particular,

yhP (x) = yh(0, x) = (x1, hx) for x ∈ {0, L} × S . Hence, also taking into account
definition (2.39) and the energy inequality (2.21) we can apply Theorem 3.3 to the
static deformations yhP to get that, up to subsequences,

vP,hk → vPk strongly in H1(0, L), (4.29)

for some vPk ∈ H1(0, L) and k = 2, 3.
We have now to establish the initial conditions (2.38). We first notice that,

by applying Lemma A.1 with X = H2(0, L) and Y = L2(0, L), we obtain that
vk ∈ C0([0, T ];H2

weak(0, L)). Since H1(0, T ;L2(0, L)) ⊂ C0([0, T ];L2(0, L)), we
have that condition b2) of Theorem 3.3 implies

vhk (t = 0, ·) → vk(t = 0, ·) strongly in L2(0, L) (4.30)
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Moreover, condition (2.17) implies vhk (0, x1) = vP,hk (x1) for a.e. x1 ∈ (0, L). Using

(4.29) and (4.30) we conclude that for k = 2, 3 vk(0, x1) = vPk (x1) for a.e. x1 ∈
(0, L). Moreover, recalling that vk ∈ C0([0, T ];H2

weak(0, L)), we get

vk(t)⇀ vPk weakly in H2(0, L) as t→ 0+.

It remains to derive the initial condition on the time derivative of vk , for k =
2, 3. We first notice that, by applying Lemma A.1 with X = H−2(0, L) and Y =
L2(0, L), together with (4.22), we deduce that ∂tvk ∈ C0([0, T ];L2

weak(0, L)). Let
ϕ ∈ C∞

c ((0, T ) × (0, L)) arbitrary and let us consider (4.2) with test functions
ψk(t, x) := xk∂x1ϕ(t, x1)e1 , with k = 2, 3. We use the decomposition RhEh =
hAhEh + Eh to get

ˆ T

0

ˆ L

0

˜

∂tŷ
h,k
1 ∂t∂x1ϕ− (RhEh,k)11∂

2
x1x1ϕ−

˜

Eh,01k

h
+

3∑
i=1

Ah1iE
h,0
ik

¸

∂x1ϕ

¸

dx1dt=0,

where ŷh,k :=
´
S xky

h dx′ . We subtract the previous equation from (4.16), consid-
ered with test function ϕ ∈ C∞

c ((0, T )× (0, L)), and using (4.14) we get

ˇ

ˇ

ˇ

ˇ

ˆ T

0

ˆ L

0

´

∂tv
h
k∂tϕ− ∂tŷ

h,k
1 ∂t∂x1ϕ

¯

dx1dt

ˇ

ˇ

ˇ

ˇ

≤ C∥ϕ∥L2(0,T ;H2
0 (0,L))

.

Then, the sequence ∂2ttv
h
k + ∂2tt∂x1 ŷ

h,k
1 is bounded in L2(0, T ;H−2(0, L)), namely

∥∂2ttvhk + ∂2tt∂x1 ŷ
h,k
1 ∥L2(0,T ;H−2(0,L))≤ C. (4.31)

Moreover, using (3.1), we have that

∂t∂x1 ŷ
h,k
1 → 0 strongly in L∞(0, T ;H−1(0, L)),

and taking into account condition b3) of Theorem 3.3, we get

∂tv
h
k + ∂t∂x1 ŷ

h,k
1

∗
⇀ ∂tvk weakly* in L∞(0, T ;H−1(0, L)). (4.32)

Since H1(0, T ;H−2(0, L)) ∩ L∞(0, T ;H−1(0, L)) is compactly embedded into the
space C0([0, T ];H−2(0, L)), we derive from (4.31) and (4.32) that

∂tv
h
k (0, ·) + ∂t∂x1 ŷ

h,k
1 (0, ·) → ∂tvk(0, ·) strongly in H−2(0, L). (4.33)

We deduce from (2.18) and (2.21) that ∂t∂x1 ŷ
h,k
1 (0, ·) → 0 strongly in H−1(0, L).

Furthermore, applying once again (2.18), we get ∂tv
h
k (0, ·) = vS,hk (·). Taking into

account (4.28) and (4.33) we conclude that, for k = 2, 3,

∂tvk(0, x1) = vSk (x1) for a.e. x1 ∈ (0, L).

Finally, recalling that ∂tvk ∈ C0([0, T ];L2
weak(0, L)), we obtain, for k = 2, 3,

∂tvk(t)⇀ vSk weakly in L2(0, L) as t→ 0+.

This concludes the proof. □
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Appendix A. Auxiliary results

We state here some well known auxiliary results for easy reference.

Lemma A.1. Let X and Y be two Banach spaces, with continuous injection X ↪→
Y , and let X be reflexive. Then,

C0([0, T ];Yweak) ∩ L∞(0, T ;X) = C0([0, T ];Xweak).

For a proof see, e.g., [10, Chapter XVIII, §5, Lemma 6].

Theorem A.2. Let X ↪→ B ↪→ Y be Banach spaces with compact embedding X ↪→
B . Let T > 0 and let F be a bounded subset of L∞((0, T );X). Assume that for
every 0 < t1 < t2 < T ,

sup
f∈F

∥Tsf − f∥L1((t1,t2);Y )→ 0, as s→ 0, (A.1)

where Tsf(t) := f(t + s), for a.e. t ∈ (−s, T − s). Then, F is relatively compact
in Lp((0, T ), B), for every p ∈ [1,∞).

We refer to [22] for a proof and further details.

Lemma A.3. Let U a bounded domain in Rd , and f : Rd → R such that f is

differentiable at zero and |f(A)|≤ C|A| for all A ∈ Rd . If zδ
⋆
⇀ z weakly* in

L∞(0, T ;L2(U ;Rd)) as δ → 0, then

1

δ
f(δzδ)

⋆
⇀ Df(0)z weakly* in L∞(0, T ;L2(U ;Rd)) as δ → 0.

In [19, Proposition 2.3.], the lemma is proven in the case of weak convergence in
Lp(U). The proof follows similarly in our case, with obvious modifications.
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(Federico Cianci) Universitätsstraße 14, 86159 Augsburg
Email address, Federico Cianci: federico.cianci@math.uni-augsburg.de
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