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ABSTRACT. This paper aims to study the convergence of solutions in three-
dimensional nonlinear elastodynamics for a thin rod as its cross section shrinks
to zero for displacements that are comparable to the small radius of the rod. As-
suming the existence of solutions and proper control of the torsional velocity, we
show how these converge to the solutions of an effective dimensionally reduced
model which is a version of the the time-dependent von Karmén equations for
a one-dimensional rod. In the presence of high-frequency torsional vibrations,
energy can dissipate in the limit and we obtain additional contributions in the
limiting equations.
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1. INTRODUCTION

In this paper we study the effective dynamics of thin elastic rods in a ‘von Karmén
regime’ of moderate displacements whose size is comparable to the small aspect ratio
h of the rod and whose elastic energy is correspondingly of order h8. We thus extend
previous studies of such systems from a static to a time-dependent setting.

In this regime, a rigorous variational dimension reduction analysis by means of I'-
convergence has been achieved in [17]. Also the convergence of static equilibria has
been studied in [9] (even with simultaneous homogenization), in [6], and previously
in [11] (with respect to an alternative first-order stationarity condition). To put these
results into context, we also refer to [5] for a I'-convergence analysis of strings with
energy of order h? and to [15] for a derivation of the nonlinear Kirchhoff theory for
rods with energy of order h*. The latter was also derived from atomistic models in
[21]. Static equilibria of nonlinear Kirchhoff rods have been investigated in [18, 16].
For a general survey on rod theories and their history we refer to [7]. Our analysis
is also strongly influenced by the corresponding von Karmén theory for plates, cp.
[13, 19, 4, 3, 20]. Moreover, we highlight [1] and [2], where the dynamic rod problem
is analyzed under a lower energy scaling, resulting in a fully linear limit model.

The dimensionally reduced theory in the present case is described in terms of a
set of limiting variables w,vo,v3,w that only depend on time and the midline of
the rod. In the reference configuration a thin rod of thickness h occupies 2 =
(0,L) x hS with S € R? and h < 1. Here h?u,h(va,v3), and h?w approximate,
respectively, small displacements along the fiber, orthogonal to the fiber, and a
torsional displacement. The elastic energy of order hS is compatible with transversal
forces of order h3. In order to capture the effect of such small forces, we pass to
a long time horizon and consider deformations ¢" : (0,h7'T) x ©Qj, — R3. The
dynamics of &" is given by Newton’s second law and takes the form

9% €M1, 2) — div(DW (DEM7, 2))) = h3gn(r,2) in (0,7 T) x Q
1
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with a non-linear stored energy function W and a transversal, slowly varying force
h3gp,. Our main aim is to provide a characterization of the limiting dynamics as
h — 0.

To this end, we show that appropriately rescaled components of solutions &*
converge to u, ve, vs, and w, respectively, and that the limit (u,va,vs, w) solves
a time-dependent system of partial differential equations for a one-dimensional rod
in the ambient space R3. For a physical interpretation of our results it is useful to
note that, to leading order in h, the rod displacement is given by the orthogonal
components h(va,v3) + O(h?). A force and hence, by Newton’s law, acceleration of
order h3 on a time interval of size h~! leads to displacements of the order h. Our
limiting system will thus comprise two wave-type equations for v = (ve,v3) and two
more static equations that couple v and w to vy and wvsg.

As described above, a purely static version of the limiting equations has been
derived in [17, 9, 6]. Interestingly, we observe a new feature which has no coun-
terpart in the static theories. To explain this, we first remark that in the absence
of high frequency torsional vibrations, i.e., when the angular velocity of the fiber is
comparable to the orthogonal velocities 2,03, then we do indeed obtain precisely
the dynamic von Kérméan version of [17, 9, 6], see Theorem 2.3 and Remark 2.4.
Yet, in general the torsional component might become highly oscillatory. Indeed,
if e.g. energy of order hS is stored into a rod of circular cross section S by initial
values corresponding to a pure twist of order h?, then by symmetry the vertical
displacements vanish and the torsional component can become highly oscillatory.
(Recall that, as argued above, forces of order h3 will lead to total displacements
of order h > h%.) As a consequence, energy can dissipate when passing to the di-
mensionally reduced system in general. Mathematically this corresponds to the fact
that an energy bound of order h® is compatible with only weak convergence of the
torsional component to w. We still obtain a limiting system of partial differential
equations for (u,wvq,vs, w), which now comprises additional terms that measure the
loss of torsional momentum as h — 0, cf. Theorem 2.3.

Notations. We use standard notations for function spaces and matrices. We write

A:B:= Zw A;;B;j for the Frobenius inner product on R™*4 For v € R, w € R™

we write v @ w for the matrix in R¥™ with entries (v ® w);; = v;w;. The identity

matrix on R%*? is denoted by Id. The d-dimensional Lebesgue measure is denoted
by £¢. For a tensor field G : RY — R™*? its divergence is defined row-wise by
(divG); := Z?:l 0z;Gij for i = 1,...,m. We adopt conventional notations for
Sobolev and Bochner spaces. Moreover, given an interval (0,7") and an open set
Q c R4, we identify the time derivative in the Bochner sense on (0,7, for maps

with values in a function space over 2, with the weak (distributional) time derivative
n (0,7) x Q.

2. FORMULATION OF THE PROBLEM

Let L > 0 and let S C R? be a bounded domain with a Lipschitz boundary. We
define Q2 := (0, L) x S C R3 and the reference configuration €2, = (0, L) x hS, where
h > 0. Moreover, we assume

/ T9 dzodxs = / r3drodrs = / roxz drodrs = 0 and £2(S) =1 (2.1)
S S S
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We assume that the elastic behavior of the material is described by a stored energy
function W:R3*3 — [0, +00) that satisfies the following standard assumptions.

W(RF)=W(F) forall R € SO(3) and F € R3*3, (2.2)
W(R) =0 for all R € SO(3), (2.3)

W(F) > Cdist?(F,S0(3)), (2.4)

W e COR¥3) and W € C?*(Uso), (2.5)

where the constant C' > 0 does not depend on F', and Ugp is a suitable neighbor-
hood of SO(3). Moreover, we assume that W is differentiable in R3*® and that,
for some constant C' > 0,

|DW(F)|< C(|F|+1) for all F € R3*3, (2.6)

Combined with the regularity assumption (2.5), the condition DW (Id) =0, and a
Taylor expansion around the identity, this implies that

|IDW(Id + A)|< C|A| for all A € R¥*3, (2.7)

The assumptions (2.2)—(2.5) are classical in dimension reduction and commonly used
in continuum mechanics. Although no further conditions on the energy density W
are needed when studying the convergence of minimizers, in the context of dimension
reduction for critical points and dynamical problems—as considered here—we addi-
tionally assume (2.6) for technical reasons (cp. [4, 16, 18, 19, 9, 6] and, for further
discussion, [8]).

Let T > 0. The non-linear elasticity problem in (0,h~1T) x €, amounts to
finding a deformation ¢: (0, A™1T) x ), — R3 satisfying

e L2(0,n7 1 HY Q) N HY(0, h71T5 L2 () N H2(0, k1T HH () (2.8)

that is a weak solution of

9% &M (1, z) — div(DW (D&M (7, 2))) = hPg"(7,2) in (0,h71T) x Qp, (2.9)
r,2) =2 (1,2)in (0,h7'T) x {0, L} x hS, (2.10)
hr=0,2) =€eh(2), E"(r=0,2)=¢€k(2), z€W, (2.11)

with natural Neumann boundary conditions on (0, L) x (hS) (cp. [4] for the analo-
gous case of thin plates). The forcing term satisfies g" € L2((0, +o0); L2((0, L); R?))
and g = 0, where g7 is the first component of g". The initial conditions §]}3 €
HY(Qp,,R3) and €& € L2(Q),, R?) satisfy the following energy inequality:

1/ ]fg(zl,z’)IZdz + W(Dgé(zl,z’)) dz < ChS. (2.12)
2 Qp Qp

In dimension reduction problems, it is convenient to recast the problem defined
above in a domain independent of h. Adapting [4], we set (¢, z1,2') = (hT, 21, h™12)
and define y":[0,7] x Q — R? as

Y (t,x) = §h(t/h, x1,ha’), in[0,T] x Q, (2.13)

where here and in the sequel we write z = (x1,2’) for z € R3. Given ¢ € H'(;R?),
we define the scaled gradient as

Dhi/) = <8l‘1¢ ‘;83821/}‘ ;La$3¢> s
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and given ¥ € H'(Q; R3*3) | we define the scaled divergence as
1 1
divpV - e; := 8931 U1 + E&W\I’ig + Eam?’\lfig, for 1 = 1, 2, 3.

We define the scaled problem of non-linear elasticity in (0,7") x Q as the problem
of finding a deformation y": (0, 7)) x Q — R? such that

y" € L*((0,7); H'(;R?) N H'((0,7); L* (9 R*)) N H*((0, T); H ' (4 R?)) (2.14)

and that is a weak solution of the system

R202y" (t, x) — divy (DW (Dpy"(t,z))) = K3 f(t, 1) in (0,T) x Q, (2.15)
y"(t,x) = (z1,ha’) in (0,T) x {0,L} x S, (2.16)

Y0, 2) = yh(x) == 1 (1, hao, has) in Q, (2.17)

0 (0,2) = ylh(x) = %{?(wl, has, has) in O, (2.18)

and we consider natural Neumann boundary conditions on (0, L) x 9S. We assume
that the forcing term satisfies

f(t, 1) == g"(t/h,a1), fr =0, and f € L*((0,400); L*((0, L);R?),  (2.19)
while the initial conditions satisfy
yp € H' (G R?), gyl € LP(R?) (2:20)

and the energy bound

L [Ws@rar+ [ WD) a < cit (221)

Remark 2.1. For the reader’s convenience, we recall the definition of a weak solu-
tion of (2.14)-(2.18). A function y" € L2((0,T); H'(:;R3))NH((0,T); L?(;R3))N
H2((0,T); H-1(2;R?)) is said to be a weak solution to the (2.14)-(2.18) problem if
(2.14) is satisfied in the following sense:

T T T
h2//atyh.at¢dxdt//DW(Dhyh):Dh¢dxdt+h3//f.¢dxdt:o
0JQ 0JQ 0JQ

for every v € HY(0,T;L*(;R3)) N L*(0,T; HY(Q;R?)) such that ¢(t) = 0 in
({0} x S)u ({L} x S) for a.e. t € (0,T). Moreover, the boundary conditions
(2.16) are satisfied in the sense of traces. We recall that the space of weakly contin-

uous functions on the interval [0,7] with values in a Banach space X, denoted by
CO([0, T); Xweak), is defined as

C([0, T]; Xyear) := {v:[0,T] = X |t + (¢, v(t)) is continuous for all ¢ € X*},

where X* denotes the topological dual of X. We will see in the next section that
y" € L0, T; HY(Q;R?)) and oy € L>=(0,T; L?(%;R3)) so, in view of Lemma
A1, the initial conditions (2.17)-(2.18) are satisfied if

Y1) = yh in HY(Q;R3)  and 9y (t) — y2 in L2(Q), ast— 07,
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We assume that there exists hg > 0 such that for every h < hg there is a weak
solution y" of (2.14)-(2.18) and that 3" satisfies the following energy inequality:

h? 1
5 [1oa 0P o+ [ WD) do < 5 [ o, ')
Q Q Q

¢
—i—/QW(Dfl}é(ml,hm’))dm—&—/o /Qh?’f(s,:cl)~8tyh(s,x)dxds, (2.22)

for a.e. t € (0,7).

As discussed above, our limiting system will crucially depend on the asymptotic
behavior of the torsional velocity of the rod. In order to investigate this, we introduce
the following notation. We say that the sequence {y"} is of moderate torsional
velocity if we have the following bound on the first component of curl d;y(¢):

/Tl 1
0

h h
Remark 2.2. With the focus of the present work on aspects of dimension reduction,
we do not establish existence results for the system (2.15)-(2.18) and the inequalities
(2.22)-(2.23) here. Yet, we point out that in [3], the authors study this system in
the case of plates and obtain long-time existence for the nonlinear system with
sufficiently small A for well-prepared initial data.

8902 atyg(t)

Dy Oy (1) H dt < Ch. (2.23)
H-1

We will see in the next section that y" converges to (z1,0,0)”. Therefore, to ob-
tain non-trivial information about the asymptotic behavior, it is convenient to study
the following rescaled displacements. Following [17], we let u”, v, v% wh: (0,T) x

) — R defined as

dtm) = g [ GE0) - o) d (224
S
(o) = /S yh(t o) de’ (k=2,3), (2.25)
h 1 /nyg(tvx) _x3y3(t7m) /
= — 2.2
w"(t,x1) 02 | 1(S) dz’, (2:26)

where 4(S) := [g23 + 23 dz’. In addition, we introduce a matrix that may account
for a nontrivial average rotational stresses in case (2.23) is violated:

Bh(t,x1) == };/S(Id— (Dpy"(t, x))T)da://SDW(Dhyh(t,x))daz/. (2.27)

We will see in Theorem 2.3, that these quantities converge in a suitable sense to
functions u, ve, v, w and B, respectively, that satisfy a time dependent limiting
problem. In the following £ : R3*3 — R3*3 is the linear mapping given by LF} :
Fy = D*W (Id)[F1, Fy] and we set Q(F\) = LFy : Fy, Fi, F, € R3*3. We define the
stress tensor E:(0,T) x 2 — R as

E(t,x) :=L(0(t,z) | Oppa(t,x) | Ogsa(t,x)), (2.28)

where
1 2 2 NT
0(t,x) := <8xlu(t,x1) + 3 ((axlvg(t,xl)) + (Oz,v3(t, x1)) )> e1+0y, A(t, z1)(0,2")",
(2.29)
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0 —83;11)2 —89511)3
A= | 0yv2 0 —w |, (2.30)
03, V3 w 0

and a: (0,T) x Q@ — R3*3 is the unique minimizer of the problem

. NT
iy [ Qlres+ FO.2)7 |01, 01,) d, (231)

with 7 = 0y, u + 1(03,03 + 9p,v3), F =0, A, and

V= {zp € Hl(S;R?’)‘ /wda:’: 0 and /zp (0, —z3,22)Td2’ = o}. (2.32)
S S

Moreover, we define the moments of the stress tensor E°, B2 E3:(0,T) x Q — R
as

0 = T x' k T = X )xr $/ = .
E°(t, 1) ._/SE(t, ydo!,  E*(t,a1) /SE(t, opdr  (k=2,3), (2.33)

for a.e. t € (0,7) and z1 € (0,L). Finally we let
pr = (B—AE%;; (k=2,3) and o:=(B— AE")32— (B — AE")23. (2.34)
We will see later that in fact 0 = B3 — B2 3. The limiting equations satisfied by
u, vo, v3, and w are
0p, EYy =0 in (0,7) x (0, L),
— 0209 4 (02, v)EY, + 02 E} + 0y p2+ f2=0 in (0,7) x (0, L),

1,1 11

2 2 0 2 3 . (2.35)
—0fv3 + (0g,2,03) BNy + 0 o EY + Oryp3+ f3 =0 in (0,7) x (0, L),
O (B — ES) —0 =0 in (0,T) x (0,L),
with boundary conditions
u(t,z1) = va(t,x1) = v3(t,z1) = w(t,z1) =0 in (0,7) x {0, L}, (2.36)
Oz, v2(t,x1) = Oy v3(t,z1) =0 in (0,7) x {0, L}, (2.37)

and initial conditions
ve(0,21) = vf (x1) and  Aup(0,21) = vi(z1) (k=2,3) in (0,L). (2.38)

The functions v,f and v,f are defined as the limits in a suitable sense of subsequences

of U,f’h and v,f’h, where
1
o) =g [ o e 0.0, (2.3
1
v,f’h(xl) = /S(yg)k(x) dz’ 1 € (0,L), (2.40)

with k =2, 3.
We are now in a position to state the main result of this paper.

Theorem 2.3. Assume (2.1)-(2.6) and (2.19)-(2.21). Assume that there exists
ho > 0 such that for every h € (0, ho) there exists a weak solution y" of (2.14)-(2.18)
that satisfies the energy inequality (2.22). Let u”, v, vé‘, wh and B" defined as in
(2.24)-(2.27). Let UQP’h, véj’h, vzs’h, and v?’h defined as in (2.39)-(2.40). Then, y" —
(21,0,0)T strongly in L>(0,T; H'(Q;R3)) and there exist u € L°°(0,T; H3(0,L)),
v € L0, T; HZ(0, L)) N W1e(0,T; L?(0,L)) N W2>=(0,T; H %(0,L)), k = 2,3,
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w e L>(0,T; Hj(0,L)), A e L*(0,T; Hj (0, L; R¥3)), B € L>(0,T; L*(0, L; R**?)),
such that, up to subsequences, we have the following conditions:
(i) uP > u weakly* in L0, T; H(0,L));
(ii) for k =2,3 it holds
(ii-a) vf = vy weakly* in L=(0,T; H}(0, L)),
(ii-b) vl — vy, strongly in L>=(0,T;L?(0, L)),
(ii-c) Oyl = Opvy, weakly* in L>=(0,T; L*(0,L));
(iit) wh = w weakly* in L>®(0,T; H}(0,L));
(iv) w — A weakly in L*(0,T; L2(S;R3*3)) and A satisfies the represen-
tation in (2.30);
(v) B" = B weakly in L?*(0,T; L' (;R3*3)) and B = AE° if (2.23) holds true.
For k =2, 3, there exist functions vf € H'(0,L) and vi € L*(0,L), such that

(vi) v,]:’h — o strongly in H'(0,L);
(vii) v,f’h — vy weakly in L?(0,L).

Moreover, the functions u, vy, vy, and w are weak solutions of the system (2.35)-
(2.38).

Remark 2.4. From the previous theorem and (2.34) we get that py, p3, and o
belong to L>(0,T; L?(0, L)). Moreover, if (2.23) is satisfied, then ps = p3 = 0 = 0.
In this case the system in (2.35) aligns with the results presented in [6], which
concern the convergence of critical points of the energy functional in the setting of
periodic boundary conditions. See also [9] and [11].

Remark 2.5. The definition of a weak solution of the problem (2.35)-(2.38) is
analogous to that of the (2.14)-(2.18), with obvious differences. For the sake of
clarity, we specify that u, ve, vs, and w are weak solutions of (2.35)-(2.38) if (2.35)
is satisfied in the following sense:

T rL
/ / E$,0,, pdaydt =0,
0 0

T L
/ (Orv2 0 — (O, V2 By + p2)0, & + B} 02 4 6 + fod) dardt =0,
o Jo

T rL
/ 8,51)3 8751/1 (Bxlng?l + p3)8x1¢ + Ell x1x1¢ + f3¢) dl’ldt = 0
0 0

/ / ((E3, — E3)0zn + on) daidt = 0,
0 0

for every ¢, n € L2(0,T; H(0, L)) and ¢, v € H(0,T; L?(0, L))NL?(0,T; H3(0,L)).
The boundary conditions (2.36) and (2.37) are satisfied in the sense of traces. Not-
ing that vy € C([0,T); H2_,,.(0,L)) and Oy € C([0,T); L2, (0,L)) the initial
conditions (2.38) are satisfied as

ve(t) = of in H2(Q) and  dup(t) — vy in L2(Q), k=2,3,

as t — 07 (see Lemma A.1).
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3. APPROXIMATION AND COMPACTNESS RESULTS

This section is devoted to the study of compactness properties of sequences of
displacements and of suitably rescaled quantities. This will play a fundamental role
in the passage to the limit in the equations.

Remark 3.1. We note that a straightforward application of Gronwall’s lemma,
combined with (2.21) and (2.22), allows us to derive the following two estimates,
which will be used at various points throughout the paper:

10" (1)]|7-< CR?, (3.1)
/ W (Dpy"(t,z)) dz < Ch* (3.2)
Q

for a.e. t € (0,7). Using the energy bounds established above, we obtain the
following approximation result, which will play a fundamental role in the proof of
the compactness results stated in Theorem 3.3.

Proposition 3.2. Let {y"}e0n,) C L*((0,T); H (4 R?)) be a sequence that sat-
isfies (2.16) and (3.2) uniformly in t € (0,T). There exists a sequence

{R" he(ono) © L¥(0,T5 H' (0, L; R**?))
such that R"(t,-) € C=(0,L;R3>*3) for a.e. t € (0,T) and satisfying
i) RM(t,x1) € SO(3) for every x1 € (0,L), for a.e. t € (0,T),
) |1Dry"(t) — RM(t)|| 2< Ch2, for a.e. t € (0,T),
iii) ||RMt) — Id| << Ch, |01 R"(t)||2< Ch, for a.e. t € (0,T),
iv) |RMt,0) — Id|< Ch3/2, |RMt, L) — Id|< Ch3/? for a.e. t € (0,T).
Proof. For static y that do not depend on ¢ i), ii) and iii) are proved in [17] with
the help of the geometric rigidity theorem from [12]. Indeed, their construction also
yields iv), cp. [18, 9]. The time-dependent case can be addressed either by following

the proof of the stationary case with suitable modifications, or alternatively, by

reducing it to the static case through an approximation of y” by simple functions
(0,7) — HY(Q;R3). O

We now introduce the following two tensors, which will play a fundamental role
in handling the nonlinear part of the equation and in facilitating the passage to the
limit. Let us define A" G":(0,T) x Q — R3*3 as

At x1) = W, (3.3)
Gh(t,l') — (Rh(t7$1>)TDhyh(t7x) — Id’ (3‘4)

h2
for a.e. t € (0,7) for a.e. x € 2. Using Proposition 3.2 and estimates (3.1)-(3.2),
we are now in a position to study the compactness properties of the displacement
and the other rescaled quantities.

Theorem 3.3. Let {y"}neony) C L2((0,T); Hj(2;R?)) N Wloo((o, T); L*(; R3))
satisfy (2.16), (3.1) and (3.2) uniformly in t € (0,T). Then we have y" — (:L'l ,0)T
strongly in L>(0,T; H*(Q;R3)). Moreover, there exist u € L>(0,T; H}(0, ))
V2, U3 € LOO(OaTy Hg(O,L)) N WLOO(O?T; L2(07L)); w € LOO(()?Ta H(%( 7L)>
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L>=(0,T; H}(0,L)), and G € L>(0,T;L*(0,L)) such that, up to subsequences, we
have the following conditions:
(a) u = w weakly* in L>=(0,T; H(0,L));
(b) for k=2,3 it holds
bl) vf = vy, weakly* in L=(0,T; H3(0,L)),
b2) vl — vy strongly in L>(0,T; L*(0, L)),
b3) 6w£ X O weakly* in L>(0,T; L*(0,L));
(c) wh > w weakly* in L>°(0,T; HY(0,L));
(d) d1) AP 2 A weakly* in L>®(0,T; H'(0, L; R3*3)),
d2) Azhj — Ayj strongly in LP(0,T;L>°(0,L)) for every p € [1,00) and for
all 1,5 € {1,2,3}, unless (i,7) = (2,3) or (i,5) = (3,2). If (2.23) is
satisfied, this even holds for all i,7 € {1,2,3};
d3) it holds

0 —8m11}2 —8m11}3
A= | Oy vo 0 —w |, (3.5)
0z, V3 w 0

(e) w 5 A weakly* in L°(0, T; L*(Q; R3*3));
(f) sygl(thQId) is bounded in L>(0,T; L°°(0, L; R3*3)) and sym(%)11 —
(‘47)11 strongly in LP(0,T; L>°(0, L)) for every p € [1,00);

(2) G" 2 G weakly* in L=(0,T; L*(0, L;R3*%)) and, setting G := sym G, it

holds
~ 0
G :=sym| 9y A| 22 |+ (0, ut 5 (0, v3+05,03)) €1 | O, B | Oy B |,
T3

for some 3 € L>=(0,T; L*(0, L; H'(S;R?))).

Proof. We will divide the proof in several steps.
Step 1: convergence of the deformations y". As a result of Proposition 3.2 we
have that

Dyy" — Id strongly in L°°(0, T; L*(Q; R3*3)).

This implies Opy" — 0 for k = 2,3 and so we get Dy" — e; ® e; strongly in
L>=(0,T; L3(Q; R3*3)). Taking into account the boundary conditions (2.16) and us-
ing the Poincaré inequality, we get 3" — (x1,0,0)7 strongly in L>°(0, T; H'(Q; R3*3)).

Step 2: proof of d1) , d2), (e), and (f). By point iii) of Proposition 3.2 we get
that the sequence A" is bounded in L>°(0,T; H'(0, L; R3*?)) and so there exists A
such that, up to subsequences,

Al 5 A weakly* in L>(0,T; HY(0, L; R3*3)). (3.6)

Moreover, using point iv) of Proposition 3.2 we can prove that A vanishes in x; =0
and x1 = L, namely A € L°°(0,T; H}(0, L; R3*3)). In fact, (3.6) implies that

T’ T
At ) dt — A(t,-) dt weakly in H'(0, L; R3*3),
0 0
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for every T" € (0,T). Then, we get
T T
At ) dt — A(t,-) dt uniformly on [0, L],
0 0
and using point iv) of Proposition 3.2, we obtain fOT, A(t,0)dt = fOT/ A(t,L)dt = 0.
Since T" € (0,T) is arbitrary, we conclude that

A(t,0) = A(t, L) = 0 for a.e. t € [0,T],

and with this, we have shown that A belongs to L>(0,T; H}(0, L; R3*3)). Tak-
ing (3.6) into account, this proves point d1). Furthermore, we observe that A is
antisymmetric, a fact that will be used repeatedly later in the proof. In fact, it is
straightforward to verify that
Ah Rh—1d  (AM)" Ak

Sym — - =Sym ——g— = — = —— (3.7)
and taking into account that A" is bounded in L*°(0,T; L>°(0, L; R3*3)) we get
that sym(R" —1d)/h? = sym A" /h is bounded in L>°((0,T) x (0, L); R3*3) and so

sym A" — 0 strongly L°°((0,T) x (0, L); R®*3) (3.8)

and so A is skew-symmetric.

We claim now that A?j is strongly compact in LP(0,7T; L>°(0, L)) for all 1 <p <
oo and 1 <4,j <3 (and {i,7} # {2,3} in case (2.23) is not assumed). In view of
(3.6) this equivalent to

Aly = Aj;  strongly in LP(0,T; L>(0, L)). (3.9)

To verify this, by (3.8) it suffices to establish strong convergence of A%, AL and,
in case (2.23) is assumed, of A%, — A%,

Since A?j is uniformly bounded in L*°(0,T; H'(0, L; R3)) we may apply Theo-
rem A.2 with X = HY(0,L), B = L*(0,L), and Y = H~1(0,L), provided that
condition (A.1) is satisfied.

Let 0 <t; <ty <T and hj — 0 be a vanishing sequence. We have to verify

[ 1A+ 5) = AR @y dt =0 (3.10)

lim sup
s—0 t1

J
for i = 2,3 and that moreover (2.23) implies

t2
lim sup/ H (SkeW(Ahj (t + 8)))3,2 — (SkeW(Ahj (t)))?:,QHH*l(O,L) dt = 0. (3.11)

s—0 j t

We begin by noting that, for almost every t € (¢1,t2) and h > 0 we can decompose
1

Al(t 4 s) — AM(t) = =(RM(t + 5) — Dpy™(t + 5))

" . (3.12)
+ E(Dhyh(t +5) — Dpy" (1)) + E(Dhllh(t) — R"(1)).

Thanks to estimate ii) in Proposition 3.2, there exists a constant C' > 0 such that,
for almost every 7 € (0,7,

1 1
IR (7) = Duy" (Nl -1 @< IR (7) = Dy (7) 29 < C . (3.13)
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For the first column we also have the estimate

1 1
o1yt + 5) = 0" Ol 1) < 7 lly"(E+ ) =y B)llz2()

1 t+s
<o [ 10wt ey ir < Ol

where we used (3.1). Combining this with (3.12) and (3.13) we get

to
/ IA% (¢ + ) = Al (D)l r-1(0,) At < Chy 1, (20 + |s]) (3.14)

t1
for i = 1,2,3. On the other hand, if (2.23) is true, we also have

1
- Iskew (Dpy" (t + s))32 — skew(Dpy" (t))32/l r-1(q)

1 t+s
<o [ Norskew( D ()il sy dr < .
t

Combining this with (3.12) and (3.13) we then get

to
/ |skew (A" (t + )30 — SkeW(Ah(t))?,QHH—l(QL) dt < Gy, 4,(2h+s]).  (3.15)
t1
Let h; — 0 a vanishing sequence, and let ¢ > 0 arbitrary. Then, using that
{hj:h; > e} is a finite set and the continuity of translations in Bochner spaces, we
have .
2
sup / HAhj (t+s) — Ah (t)|’H—1(07L) dt — 0 (3.16)
hjZé‘ t1
as s — 0. So (3.14) and (3.15) yield

1)
lim sup sup / HAZ] (t+s)— A?f Ol r-100,0) dt < 2Cy, 1y (3.17)
s—0 h]'<€ t1

for i =1,2,3 and

t2
lim sup sup / |skew A" (t 4 5))30 — skew A" (t)32ll 10,y dt < 2C4 1,6 (3.18)
s—0  hj<eJty
respectively. Since ¢ is arbitrary we have established (3.10) and (3.11), which con-
cludes point d2).
We conclude Step 2 by establishing point (e) and (f). The validity of point (e) is
a straightforward consequence of d1) and condition ii) of Proposition 3.2. Moreover,
using condition (3.7), point d2), and the fact that A is skew-symmetric, we get

(SYm R — Id> _ _Ahel . Ahel _ _A61 - Aey _ (AQ)H
11

h2 2 2 2

strongly in LP(0,T; L>°(0, L; R)). Since the boundedness of sym thzld in the space
L>=(0,T; L>=(0, L; R3*3)) is discussed immediately after (3.7), this concludes the
proof of (f).

Step 3: proof of (a), (b), and (c). We start by proving point (a). We can write

the derivative of u” as

1 1
Dy ult = Y= /S(Dhyh — RM)y da’ + 25 (sym R — Id)y;. (3.19)
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Taking into account point ii) of Proposition 3.2 and (3.7), we get that 9,,u" is uni-
formly bounded in L°°(0,7T; L?(0, L)). This, together with the Poincaré inequality,
yields the bound HuhHLw(o,T;Hg(o,L) < C, which implies (a).

We now proceed to prove point (b). We start by observing that for k=2, 3

1 1
Dpy 0 (t, 1) = 7 /Sazlyl}c’(t,x) d2’ = 7 /S(Dhyh(t,a:) — Id)yy da’, (3.20)

so using conditions ii) and iii) of Proposition 3.2 we get that 9, v} is uniformly
bounded in L>(0,7;L?(0,L)). Using the Poincaré inequality, we find that v} is
uniformly bounded in L°°(0,T; H(0,L)). With the help of (3.1) we also get that,
for k =2, 3, 8tv,g is equibounded in L*(0,T; L%(0, L)). From these observations
bl) and b2) readily follow. Since L>(0,T; Hg (0, L)) N W1°°(0,T; L?(0,L)) embeds
compactly into L>(0,T; H}(0, L)), see [22, Theorem 3], we get point b2).

We now proceed to prove point (c). The second and third columns of (e) yield
the convergence

1
750m (y" —id") = Aey,  weakly* in L>(0, T; L2(€; R3*3)), (3.21)
for k =2, 3, where id": 2 — 2 and 2" := (z1, ha’)T. Applying Poincaré’s inequal-
ity on the cross-section S to the function 2" := y" — id", we obtain

12" (8 21) = (2" (8, 21)) 5] F2(5)< C (Ham(zh(ta351))”%2(S)+H8r3(2h(t7331))”%?(5))

for a.e. t € (0,T) and z; € (0,L). It follows that the sequence

is bounded in L®°(0,7T; L?(£;R3)). Then, there exists a function Z such that, up
to subsequences, z" = Z weakly* in L*(0,T;L?(;R3)). Taking into account
(3.21), we get for k = 2,3, 9,7 = Aex € L>®°(0,T; L*(Q;R?)). This implies that
q:=Z— x9Aey — x3Ae3 has O,,¢ =0, k=2,3, and so ¢ € L>(0,T; L?((0,L); R?))
satisfies

- 1 ¥

zh = ﬁ(zh —(zMg) 2 zoAes + z3des +q (3.22)
weakly* in L°°(0,T; L?(2;R?)). We are now in a position to prove the convergence
of wh. Using (2.1) we get

1 Toyh(t, x) — x3yb(t, )
h 2Y3 (1, 3Ya L, /
t =— d
Wil m) hQ/s 1(S) )
1

= W(S) /S(yh _ {I;h _ <yh _ Zdh>s) . (%263 _ .%'362) da'.

Using (3.22), (2.1), and the fact that A is skew-symmetric, we obtain

« 1
wh = / (x2A€2 + 1’3A€3) . (:L'Qeg — 1'362) dz’ = A372 (3.23)
n(S) Js
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weakly* in L°°(0,T; L*(0,L;R?)). We define w := Ass and we investigate the
convergence of the spatial derivative of w”:

h 1 h h
O, w" = 20(S) Saxl(y —a") - (xoeg — w3e9) da’
1 h h
= ) JL O~ i) (aaes — asea)
1 h b ,
sy Jo e = O (e = wgen) da’

The first term on the right hand side of the last equation is controlled by point ii) of
Proposition (3.2), while the second is zero by (2.1). We find that 9,,w" is bounded
in L>(0,7T; L*(0, L;R3)), and taking into account (3.23) we get point (c).

Step 4: proof of d3). Taking into account conditions bl) and (e), it is straightfor-
ward to verify that 0., vy = Ay, for k =2, 3. Moreover, we have already proved in
Step 3 that w = Asy. Since A is skew-symmetric, we deduce (3.5), proving point
d3). In particular, this implies, for k = 2, 3, vy € L>(0,T; H3(0, L)), completing
the regularity of the displacements vy,.

Step 5: proof of (g). From the definition of G"* and ii) of Proposition 3.2, we
obtain

Dpyh(t) — RM(t)

2 <C

IG™ ()]l r2@maxn) < 1R (8))T || 1o 0, 25m33)
for a.e. t € (0,T). Therefore, G" is bounded in L>°(0,T; L?(0, L; R3*3)), and it
follows that there exists G' such that G* 2~ G weakly* in L>(0,T; L?(Q; R3%3)).
We now proceed to characterize the symmetric part of G. Since R" — Id uniformly,
we deduce that R"G" & G weakly* in L°(0,T; L?(Q; R?*3)). In particular, for
k= 2,3, we have

1
3
weakly* in L>(0,T; L2(Q; R?)). We now define the map 5":(0,T) x @ — R? as

RhGhek = (8kyh — thek) A Gek (3.24)

~ 1
B t, x) == ﬁ(yh(t, x) — hao R (t, 21)es — hasRM(t, z1)es).
It is straightforward to verify that, for k = 2,3, one has
Dp " = R"Ghey, (3.25)

which, combined with (3.24), yields a uniform bound for 8,,5" and 8,,5" in the
space L>(0,T; L?(Q;R3)). Therefore, we can apply the Poincaré inequality S to
get a uniform bound for Bl =B — (8" g in L>=(0,T; L?(;R3)), where (") g :=
/. S B da’. Hence, there exists a function B such that, up to subsequences,

pgh = ph — (Mg = B weakly* in L=(0,T; L*(Q; R?)). (3.26)
By passing to the limit in (3.25) using (3.24), we obtain

Oy, B =Gey, for k=23,
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We now aim to derive a representation for the first column of G. To this end, we
again make use of the definition of 8" and the equation (2.1) to write:

1
RhGhel =

ﬁ(a’ﬁl yh - Rhel)

1 1
= 10,6 + 700, R (w262 + we3) + 7 /S Oy — Rhey)da’.  (3.27)

By passing to the limit in the first term on the right-hand side of (3.27) using (3.26),
we obtain

hdg, B 20 weakly* in L=(0,T; H~1(Q; R?)). (3.28)
For the second term, we can apply point d1) to get

1 .
Eamth(xQeQ + 23e3) = 05, A(0,2")T  weakly* in L>(0,T; L>(:; R?)),  (3.29)

while for the last term we use point ii) of Proposition 3.2 to claim the existence of
a function 7 such that, up to subsequence,

1 * .

3 /S(f?xlyh — Rley)da’ 2 n weakly* in L>(0,T; L(0, L; R%)). (3.30)
We use R'G! & G weakly* in L>(0, T; L*(Q; R?*?)), (3.28), (3.29), and (3.30), to
pass to the limit for h — 0 in (3.27) and we get

Ger = 9y, A <0,> +.
X
Then,

0
G = sym G = sym 0z, A | 2 | +mes
x3

Opy0 | Ozs |

where we define ¢ := 3 + (2272 + x3m3)e1. From the definition of u”, we obtain:
Loyt — Ry de! = 0, — = [ (RP —1d)1, d?
2 /s 1 Y1 11 4T = Oz, U 2 g 11dr.
Using point (f) and equation (3.30), we get
L o 1 2 2
n = Opu — §(A )11 = Opyu + 5(87511)2 + Op, v3).

Hence, the limiting strain tensor G takes the form

0

- 1

G = sym 8:]0114 xo | + (8351’& + 5(61105 + &plv%)) el
x3

896290 ‘ 893380

With this, the proof of the theorem is complete. O
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4. PROOF OF THE MAIN THEOREM

This section is devoted to the proof of Theorem 2.3. We begin by introducing
some quantities that will be used to pass to the limit in the equation. We define the
rescaled stress E": (0,T) x Q — R3*3 as

1
EMt,x) = ﬁDW(Id + h2GM(t, 1)),
and its moments E"0 B2 EM3:(0,T) x (0,L) — R3*3 as

EMO(t,21) = / EMt,z)da!, EME(t,x) = / EMt,x)zpd’  (k=2,3)
S S

for a.e. t € (0,7T) for a.e. z € . We recall the definition of the limiting stress
E from (2.28), depending on the quantities 6, defined in terms of w,vs,vs3 and
A in (2.29), and « € L*°(0,T; L?(0,L; H*(S;R3))), such that «a(t) is the unique
minimizer of (2.31) with 7 = 0, u + (05,03 + 9;,v3) and F = 0,, A on V defined
in (2.32). Existence and uniqueness of the minimizer are ensured by [17, Remark
4.1]. Moreover, in the proof of the main result, we will make use of the following
lemma, whose proof can be found in [15, Lemma 2.1] or [6, Lemma 4.0.1].

Lemma 4.1. Let r € R and F € R3>*3 be a skew-symmetric matriz. Define the
functional Gy p: HY(S;R3) — [0,00) as

Curtori= [ @(ver 7 (2)

Then the function & € V is the unique minimizer of G, r if and only if

B=r (m 4 F (2,) ‘8207‘83&)

solves the boundary value problem

Oy

Ozs <p> da’.

diV:E/ (Eeg | Eeg) =0 n S,
(Eey | Ee3)v =0 on 08,

in the weak sense, where v denotes the outer normal vector to 0S. Moreover, &
depends linearly on r and F'.

Taking into account [17, Remark 4.2], we have that the minimizer depends linearly
on the parameters r € R and F € R3*3. It follows that for

1
r =0, u+ 3 ((Gmlvz)Q + (c'?xlvg)Q) and F =0, A,

the function a belongs to the space
o€ L®(0,T; L0, L; HY(S; R?))).
We also recall the definition of moments of the stress tensor as
EOt,z1) == /SE(t,x) dz’, EF(t,x) = /SE(t,a:)xk de’  (k=2,3)

for a.e. t € (0,7) and z1 € (0,L).
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Proof of Theorem 2.3. The points (i)-(iv) of Theorem 2.3 have already been es-
tablished in Theorem 3.3. It remains to prove items (v)-(vii), to verify that u,
va, vs, and w are solutions to the problem (2.35)-(2.38), and the regularity of
O%vr. We note that the boundary conditions (2.36) and (2.37) are fulfilled as
u(t), w(t) € H}(0,L) and vg(t) € H(0,L) for almost every t € (0,7).

Let us begin by rewriting the equation (2.15) in a form more convenient for the
next steps. Taking into account (2.2) we have

DW (Dpy") = R"DW (Id 4+ h*G") = h*R"E", (4.1)

then we can write the weak formulation of (2.15) as

T T T
/ / oyl - Opp dedt — / / RMEM . Doy daedt + h / / fopdrdt =0 (4.2)
0 Q 0 Q 0 Q

for every v € H(0,T;L*(Q;R?)) N L2(0,T; H(Q;R?)) such that ¥(t) = 0 in
({0} x YU ({L} x S), for a.e. t € (0,T).
Step 1: convergence of the rescaled stress E™. Taking into account (2.5), (2.7),

and point (g) of Theorem 3.3, we can apply Lemma A.3 to the function A —
DW(Id+ A) and we get

B = %DW(I RGN B LG = E (4.3)
weakly* in L°°(0,T; L*(£; R3*3)), where we recall that £ := D*W (Id). We claim
that E is symmetric and E = LG, where G is the symmetric part of G, the tensor
defined in point (g) of Theorem 3.3. Indeed, we have W (e!¥) = 0, for every t € R
and S € R3*3 skew-symmetric. Differentiating with respect to ¢ and using the fact
that £ is positive semi-definite, we get £S5 = 0 and so LF = L(sym F'), for any
F € R33. Furthermore, for any F, S € R3*3 with S skew-symmetric, we have
LF:S=LS:F=0,s0 LF is symmetric. In particular, the claim is proved.

We want now to prove that £ = E. To get that, let 77 € (0,7) and let ¢ be a
test function in (4.2) such that ¢(t) = 0 for a.e. t € (T',T). We multiply equation
(4.2) by h and we pass to the limit, to get

/Q(E(t,m)eQ O (t, ) + E(t,x)es - Opytp(t,z))dz =0 for ae. t € (0,T), (4.4)

where we used the arbitrariness of T7’. Hence E satisfies for a.e. t € (0,7) and
x1 € (0, L) the weak form of the system

din/ <E€2 ’ E63> =0 in S,
B B (4.5)
<E62 | E€3> vgs = 0 in 9S.
We define v : (0,7) x Q — R3? as
1
f)/(tv ‘T) = B(ta .T) - m /S/B(ta T, 527 53) ' (07 _53752)T d§2d£3 (07 —Is3, x?)T

— /Sﬁ(ty X1, 627 53) d§2 df'?”

where [ is the function in point (g) of Theorem 3.3. It is easy to verify that
v € L*(0,T; L%(0, L; V)), where V is the space defined in (2.32). As (0 | 2,7 | O2,7)
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— (0| Oz, | Oy B) is skew-symmetric, we also have

0
E=LG=LG="L|0,A x|+ <8$1u+;(8$1v§+8x1v§)> e1

z3

aﬂﬁz v 8I3 v

So using Lemma 4.1 we get E = E. Thus, combining this with (4.3), it follows that
we have established
EM" A LG =FE=FE weakly* in L0, T; L*(;R3*3)). (4.6)
Step 2: convergence of the rotational stress matrices B". From the identity
Id — (Day(t.2)" + h(AM(t,21)T = (Ri(t,21))" — (Dyy"(t,2))” and point i)
in Proposition 3.2 we obtain
1
[ Do) 0+ ()

while (4.1), (4.3) and iii) in Proposition 3.2 yield

< Ch,

L2(0,L)

1
‘ — / DW (Dpy (¢, ) da’ — EMO (1) < H(Rh(t) _ Id)Eh(t)‘ < Ch
h* Js L2(0,L) L2(9)
for a.e. t. As A" and E" are bounded in L>(0,T; L?(€2; R3*3)), this shows that
IB"(t) = AMOE"(1)] 1)< Ch, (4.7)

where we have also used point (f) of Theorem 3.3. By (d) in Theorem 3.3 and (4.3)
we get

AMEMY X B weakly* in L°°(0, T; L2(€; R3*3)) (4.8)
for some B € L>(0,T; L?(£;R3*3)). Together with (4.7) this shows that B" con-
verges weakly* in L°(0,T; L?(Q;R3*3)) to B. Moreover, when (2.23) is satisfied,
we have that

APEM S AEY  weakly in L2(0, T; L?(Q; R**3)),
where we used point d2) in Theorem 3.3 and (4.6). Combining this convergence
with (4.8), we get B = AEY, which concludes the proof of point (v) of Theorem 2.3.

Step 3: Derivation of the first equation in (2.35). Let us take a function ¢ €

HE(0,T; L2((0, L); R®)) N L2(0, T; HE((0, L); R3)) as a test function in (4.2), then

T
/ / (8tyh ) — RVEM 0, p @ ey + hf - qp) dzdt = 0. (4.9)
0 Q
By integrating on S, we get

T T rL
/ /atyh - Opp dadt —/ / (Rh EM 0, ®e —hf- ¢) dzidt =0, (4.10)
0 Q 0 0

where we used that R", f, and 1 depend only on ¢ and x; and that £2(S) = 1.
By Proposition 3.2, we have that R" — Id strongly in L>(0,7T; H" (O,L;RQX?’)),
while by (3.1) we have 0y — 0 strongly in L>(0,T; L?(0, L; R3)). Moreover, using
(4.6) we have E™0 X EO weakly* in L>°(0,T; L?(0, L;R3*3)). Then, we can pass
to limit as h — 0 in equation (4.10) to derive

T pL
/ / E%: 0,9 ® e; dadt = 0. (4.11)
0 0
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Moreover, by (4.5) and (4.6), we get
/ (E€2 | Eeg) . Dxlgdl', =0
S

for every ¢ € HY(S;R?), a.e. t € (0,T) and x1 € (0,L). Choosing &(2') = xpe;,
with k=2,3 and ¢+ =1, 2, 3, we get
(E° (t,z1) ez | E° (t,z1)e3) =0 for ace. t € (0,T), for a.e. z1 € (0, L).
Since E is symmetric by Step 1, we deduce
EY (t,z1) 0 0
EO(t,x1) = 0 00 |, (4.12)
0 00
so (4.11) is the weak form of first equation of (2.35).
Step 4: Symmetry inequality for E™. We have that W (etSF) = W(F) for every
skew-symmetric S and for every FF € R3*3 and ¢ € R. Differentiating at ¢t = 0, we

get DW(F)FT is symmetric for every F € R3*3. Let us define F' = Id + h?G",
then we get

1 1
= 5 DW(Id + h*G") — -5 DW (Id + B*G")"
= —DW(Id+ h*G"(GMT + G"DW (Id + h2G™M)T (4.13)

— *h2(Eh(Gh)T . Gh(Eh)T).

Eh . (Eh)T

Taking into account Step 1 and point (g) of Theorem 3.3, we obtain that E" and
G" are bounded in L>(0,T; L?(£2,R3*3)). Consequently, we deduce from (4.13) the
estimate
| EMt) — (Eh(t))THL1(Q)§ Ch* for a.e. t € (0,T). (4.14)
Step 5: Derivation of the second and the third equation in (2.35) and regularity
of Onvg. Let k = 2,3 and ¢(t,x) := ¢ (t,z1) e, as test function (4.2), where we
take ¢ € H}(0,T; L?(0,L)) N L%(0,T; H3(0,L)). We get

T
/ / (8ty2’ 1 — RVE" - (9, hex) @ €1 + h fkqb) dzdt = 0. (4.15)
0 Q

By (3.3) we have R"E" = hA"E" + E". By substituting this identity into the
previous equation, dividing by &, and integrating over S, we arrive at:

T oL Eh0
/ / (aﬂ)z O — <Ah ERO + h> : (leqbek) ® e+ fk¢> dzdt = 0, (4.16)
o Jo
with k£ =2, 3. By (4.8), (2.34), and (4.12) we deduce
(A" E™M0) (e, @ e1) = By = Ap E + pi, (4.17)

weakly* in L>(0,T; L%(0, L; R3*3)), where Ay EY; = 0,,viEY;. We note that
pr. = 0 in case (2.23) holds true. We now pass to the limit as h — 0 in (4.16),
making use of point b3) of Theorem 3.3 together with the convergence result (4.17),
and obtain

T LEh,O T rL
lim / / EL g, ¢ dadt = / / (Br0 016 — (D b Dy + pi) ey + ) dlydl,
h—0 0Jo h 0Jo
(4.18)
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for k=2, 3 and any ¢ € H}(0,T; L?(0,L)) N L?(0,T; H3(0,L)).

We now test equation (4.2) with the functions ¢(x) := zk¢(t,z1)e; for k =
2, 3, where ¢ € H}(0,T; L*(0,L)) N L?(0,T; H3(0, L)) is an arbitrary test function.
Combined with (3.1) and the assumptions in (2.19), this yields

T 1
lim / / <RhEh . e ® ey + x RVEM Oz, €1 @ 61) dzdt =0 (4.19)
h—0 0 Q h

Using (3.3) we have R"E" = hA"E" + E" and so

(R'E™)1y = (A"E") + Z Al ED, —I— EM)qp,.

S| =

Using point iii) of Proposition 3.2 together with (4.6), we obtain
(RPE™)11 & By weakly* in L0, T; L2(€; R?*?)),
while from point d2) of Theorem 3.3, (4.6) and (4.12) we deduce, in particular, that

ZAlj ]k N 0 weakly* in L*(0,T; LQ(O,L;R2X2)),

Then, integratmg equation (4.19) over the cross section S, we obtain

‘ T oLy, T oL
}lg%/o /0 EEU; ¢dxidt = —/0 /0 Et,0z, ¢ dxydt. (4.20)
It is straightforward to verify using (4.14) that
lim /T /L <1Eh’0 - 1Eh0> ¢ dadt = 0, (4.21)
0o Jo \h R o

and thus, taking into account (4.18), (4.20), and (4.21), we conclude that for every
test function ¢ € HE(0,T;L%(0,L)) N L?(0,T; H2(0, L)), the following holds:

T rL
/ / (at’l)k 815({) — (OzlvkE(fl + pk)&rlqﬁ + Ell xleﬁ + fk;qb) dxldt = 0.
0 0

With the help of the already established first equation of (2.35) this implies the
second equation of (2.35) for k = 2, and the third equation for £ = 3. Moreover,
from these equations we also obtain

div, € L°(0,T; H%(0, L)), (4.22)

)
since it holds 02 , v, EY; € L*°(0,T;L'(0,L)) C L>(0,T; H'(0,L)) and 0y, p €
L>(0,T; H71(0,L)) while 92 , Ef, € L>(0,T; H2(0,L)).
Step 6: Derivation of the last equation in (2.35). We test (4.2) with a function
Y(z) == 220 (t,21) €3, for some ¢ € HE(0,T;L*(0,L)) N L*(0,T; HE(0,L)). Using
(3.1) we deduce that

T
lim / / oy - O dadt = 0,
h—0 0 Q

T
lim/ /hf-d)da:dt:O,
h—0 0 QO

while we have
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so we can pass to the limit in (4.2) to obtain

T
0 = lim / / RMEM . Doy dadt
Q

h—0 Jo

T

1

~lim / / (RhEh L pes @ s + 2o RMEM : 9, des @ 61) dzdt
—

:}Lir%/ / ( RMEMY : pe3 ® eg + RMEM? 3x1(f>63®61> dzdt  (4.23)
—

By (3.3) we have RPE" = hA"E" + E and so
1
E(RhEh)gg = (AMEM)35 + E(Eh);g. (4.24)
We use RPEM? 5 E? weakly* in L>(0,T; L*(0, L; R3*3)) to get

T L
lim / / ( En 4 AhEh0)32>¢dx1dt / / E2,0,,¢dzdt.  (4.25)
- 0

We now test (4.2) with 9(z) := x3¢ (t,21)e2, where ¢ € H}(0,T;L*(0,L)) N
L*(0,T; H}(0,L)) is arbitrary. By proceeding as in the previous computations,
we obtain

T rL
lim / / ( ER 4+ AhEh0)23)¢dx1dt / / E3,0,, ¢ dzidt,  (4.26)
—

Finally, using (4.14), (4.25), (4.26) and (4.8), we find

//E31 E31)0;, ¢ dandt = // (Bsz — Ba3)¢ dxdt, (4.27)

which, in view of (4.12), implies the last equation of system (2.35) with o being as
defined in (2.34), which vanishes in case (2.23) holds true.

Step 7: Derivation of the initial conditions. We start by observing that using the
definition of (2.40) and the energy inequality (2.21) we get that for k& = 2, 3 the
sequence v,f’h is bounded in L2(0,L). Then, for k = 2, 3 there exists a function
v,f € L%(0, L) such that, up to subsequences,

v,f’h — Y weakly in L2(0, L). (4.28)

As for the other initial condition we first notice that the space L°°(0,T; H'(2)) N
W1e°(0,T; L?(Q)) embeds into C([0,T); HL . (Q)) (see Lemma A.1). In particular,
yh(z) = y"(0,2) = (z1,hz) for x € {0,L} x S. Hence, also taking into account
definition (2.39) and the energy inequality (2.21) we can apply Theorem 3.3 to the

static deformations yj’%, to get that, up to subsequences,
Ph

—of  strongly in H'(0, L), (4.29)

for some vl € H'(0,L) and k =2, 3.

We have now to establish the initial conditions ( ). We first notice that,
by applying Lemma A.1 with X = H?(0,L) and Y = L?(0,L), we obtain that
vg € C°[0,T); H2 .. (0,L)). Since HY(0,T;L*(0,L)) c C°(0,T]; L*(0,L)), we

have that condition b2) of Theorem 3.3 implies
vp(t=0,-) = vp(t=0,-) strongly in L*(0,L) (4.30)

2.38
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Moreover, condition (2.17) implies v}!(0,2;) = v,f’h(:nl) for a.e. x; € (0,L). Using
(4.29) and (4.30) we conclude that for k = 2, 3 vg(0,21) = v (x1) for ae. x1 €
(0, L). Moreover, recalling that vy € C°([0,T); H2 (0, L)), we get

vp(t) = vf  weakly in H?(0,L) as t— 0T,

It remains to derive the initial condition on the time derivative of vy, for k =
2, 3. We first notice that, by applying Lemma A.1 with X = H~2(0,L) and Y =
L%(0, L), together with (4.22), we deduce that vy € C°([0,T); L2 ., (0,L)). Let
¢ € CX((0,T) x (0,L)) arbitrary and let us consider (4.2) with test functions
Yp(t,x) == 2404, ¢0(t, x1)er, with k = 2, 3. We use the decomposition R"E" =
hAPE" + EM to get

T prL EhO 3
/ / (8,:3)’11”“8,58@(;5— (RME")1,02., ¢ - ( +ZAM t ) axlgz)) diydt =0,
0 JO

where ¢k = | g xry" dz’. We subtract the previous equation from (4.16), consid-
ered with test function ¢ € C2°((0,7") x (0,L)), and using (4.14) we get

T L
/0 <3tvz}§3t¢ - 8t3??’k0t5x1¢) dwldt‘ < Cl18ll L2 0,m:m2(0,1))-

Then, the sequence dZvl + (‘)ft@xlgjf’k is bounded in L?(0,T; H 2(0,L)), namely
10708 + 030, 1" | 20,7120, < C- (4.31)
Moreover, using (3.1), we have that
8,58351@? k50 strongly in L>(0,T; H (0, L)),
and taking into account condition b3) of Theorem 3.3, we get
Al + 0,0, 91" 2 Bpvp  weakly* in L(0,T; H-(0, L)). (4.32)

Since H'(0,T; H2(0,L)) N L>(0,T; H~1(0, L)) is compactly embedded into the
space C°([0,T); H2(0,L)), we derive from (4.31) and (4.32) that

0, ) + atamlgf”“(o, ) = du(0,-)  strongly in H=2(0, L). (4.33)

We deduce from (2.18) and (2.21) that 8t8$117?k(0, -) — 0 strongly in H~1(0,L).
Furthermore, applying once again (2.18), we get dpvl(0,-) = v,fh( -). Taking into
account (4.28) and (4.33) we conclude that, for k =2, 3,

(0, 21) = vP (z1)  for a.e. 1 € (0,L).

Finally, recalling that d:vy, € C°([0, T); L>

weak

(0, L)), we obtain, for k =2, 3,
dyu(t) = vy weakly in L2(0,L) as t — 0%,

This concludes the proof. O
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APPENDIX A. AUXILIARY RESULTS
We state here some well known auxiliary results for easy reference.

Lemma A.1. Let X and Y be two Banach spaces, with continuous injection X —
Y, and let X be reflexive. Then,

C°([0, T; Yaear) N L2°(0,T; X) = C°([0, T]; Xeak)-
For a proof see, e.g., [10, Chapter XVIII, §5, Lemma 6].

Theorem A.2. Let X — B — Y be Banach spaces with compact embedding X —
B. Let T > 0 and let F be a bounded subset of L>((0,T);X). Assume that for
every 0 <t; <te < T,

;j:ug | Tsf = fllLr(r0)v)— 0, as s =0, (A1)
S

where Tsf(t) := f(t+ s), for a.e. t € (—s,T —s). Then, F is relatively compact
in LP((0,T), B), for every p € [1,00).

We refer to [22] for a proof and further details.

Lemma A.3. Let U a bounded domain in R%, and f : R — R such that f is
differentiable at zero and |f(A)|< C|A| for all A € R, If zz = 2 weakly* in
L=(0,T; L2(U;RY)) as § — 0, then

1
57(02) A Df(0)z  weakly* in L0, T; L*(U;R?)) as § — 0.

In [19, Proposition 2.3.], the lemma is proven in the case of weak convergence in
LP(U). The proof follows similarly in our case, with obvious modifications.
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