SOME RIGOROUS REMARKS ON MIGDAL’S MOMENTUM LOOP
EQUATION

ELIA BRUE AND CAMILLO DE LELLIS

ABSTRACT. We give a rigorous mathematical treatment of some portions of the theory
developed by Alexander Migdal on the momentum loop equation.
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1. INTRODUCTION

We consider the Cauchy problem for the Navier-Stokes equations in R?
Owu+ (u-V)u—vAu+Vp =0,
divu =0, (NS)
u(+,0) = ug

where u : R?® x [0,7] — R? is the velocity of the fluid flow, p : R* x [0,7] — R is the
pressure field, v > 0 is the kinematic viscosity, and u a soleinodal initial data. Here, the
time interval [0, 7] is defined with 7" > 0 and may extend to 7" = 4+o00. We will consider
either classical (regular) solutions, for which the global existence in time is however a
famous long-standing open problem, or the most restrictive type of weak solutions for which
global existence is known, which are called “suitable weak solutions” in the literature after

the pioneering works of Scheffer and Caffarelli, Kohn, and Nirenberg, cf. [S76, [S77] and
[CKN82].

In his works [M23, M24| M25D], Migdal approaches the theory of decay turbulence
introducing a rather innovative and interesting framework to study, roughly speaking,
statistical properties of solutions of . The aim of this note is twofold: translate
Migdal’s work into a language which is more familiar to pure mathematicians and provide
rigorous mathematical arguments for some statements.

1.1. The momentum loop equation and the Euler ensemble. The starting point of
Migdal’s theory is to consider a probability measure py on the space of initial data uy and
“evolve” it according to . Ideally, we would like to have a suitable space X of initial
data for which the solutions of form a Lipschitz semigroup: we could then take pg to
be concentrated on X and we could push it forward over the trajectories of Navier-Stokes
using the semigroup. This would define an evolving distribution of probability measures
1, which we could interpret as a “probabilistic solution” of the Cauchy problem. A
typical example of 1y considered by Migdal is some Gaussian probability measure centered
over a particular deterministic initial data uy modeling (small) fluctuations around ug (cf.
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Definition for a definition in the case ug = 0): p; can be thought as evolving the
fluctuations around the deterministic solution. Note, however, that unlike many other
“stochastic versions” of Navier-Stokes considered in the mathematical literature, there is
no forcing term in this picture.

Since the global uniqueness of solutions is not known (and quite likely linked to the finite-
time blow-up problem for smooth solutions), the ideal scenario outlined above poses some
serious challenges, in particular concerning the uniqueness of 1;. However, it is at least
possible to construct a probability measure u; which is concentrated on “weak trajectories”
of the Navier-Stokes equations, cf. Theorem in Section [2| This is not a new remark, as
it was already noted in the seventies by a few authors, among them we point out the paper
[LV76], which seems to be the first to consider such setting in the framework of Leray-Hopf
weak solutions. We propose in this paper a proof of the existence of y; which, unlike that
of [LV76], just uses soft arguments and the classical theory of existence of weak solutions.
The argument is rather flexible and can easily incorporate extra conditions, in particular
it delivers a probability measure y; which is concentrated on suitable weak solutions. We
refer the interested reader to [H52, [F72l [F'73, VEF78, [VEF88, NPS13| for further works on
statistical solutions to the Navier-Stokes equations with random initial data.

The second step of Migdal’s framework is to fix a (sufficiently regular) loop C' in R3
and compute a suitable imaginary exponential of the circulation of the solutions u(-,¢) on
the loop. At this point Migdal translates the Navier-Stokes flow for the solution of
into an equation for the loop functional in the infinite-dimensional space of all loops. The
main tool to do so is using the so-called “area-derivative”: roughly speaking the latter
allows to recover the various terms in the equation for the loop functional as some sort of
differential operators in the loop space applied to the loop functional. Migdal considers two
possible approaches: in [M23] [M24] M24b] the loop C' is fixed in space, while in [M25b] the
loop is transported along the flow of the Navier—Stokes solution. These two perspectives
naturally lead to different functionals and thus to different equations. Following Migdal’s
terminology, we will refer to the latter as the “liquid loop approach” (see the discussion in

Section .

Clearly, evaluating the circulation of u(-,t) over a suitably regular loop is a well-defined
operation if u(-, t) is smooth enough, while it poses some issues when (-, ¢) is merely a weak
solution. We show in this paper that, however, suitable weak solutions of Navier-Stokes
are regular enough to make sense of the circulation over loops in a good way. Moreover, if
the probabilistic solution is invariant under translation (an assumption satisfied by many
of the distributions fy of initial data considered by Migdal), then Migdal’s loop equation
does make sense for the u,; constructed in this paper. This allows us to give a “weak sense”
to the loop equation under the latter assumption, cf. Corollary [4.3] In the case of the
liquid loop equation we run into serious regularity issues for the advection of the loop, cf.
Section and we therefore just report the “formal computation”, cf. Section

The next step of Migdal’s theory is to introduce a suitable “infinite-dimensional Fourier
transform” of the random variable induced by p;: in Migdal’s terminology the transformed
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variables are the “momenta” (in analogy with how momentum is defined in classical quan-
tum mechanics) and they satisfy a transformed equation called “momentum loop equation”.
Migdal then finds a particular family of explicit solutions of the momentum loop equation,
which he calls “Euler ensemble”: this family is what he puts forward as describing decaying
turbulence, and can be thought as an ergodic hypothesis of sort.

1.2. Discretizations. In this paper we point out a key difficulty that a rigorous mathe-
matical formulation of the theory encounters at the introduction of the momentum vari-
ables: while the starting object p, is a probability measure in physical space, we can prove
that, under some minimal assumptions, the corresponding Migdal’s momentum cannot be
a nonnegative measure on any reasonable space of generalized functions, unless p; is “triv-
ial” in a suitable sense (cf. Theorem . In particular a rigorous definition of Migdal’s
momentum in this infinite-dimensional setting seems to require a theory of generalized
functions over an infinite-dimensional space.

A possible way around this obstacle is to suitably discretize the problem, as suggested by
Migdal himself in [M24]. More precisely, we can fix a large number N and look at polygonal
loops with N vertices. This (sub)space is now finite-dimensional and the loop functional
computed on these loops induces, through p;, a random variable over it. We can therefore
take a classical Fourier transform of this random variable, gaining a “discretized Migdal
momentum”, cf. Section (the latter is typically not a probability measure either, how-
ever it is a well-defined object). In the discretized setting of polygonal loops it is possible
to define differential operators which approximate the operators used by Migdal in the
infinite-dimensional loop space. In fact the work [M24] proposes a suitable discretization,
studies its Fourier transform, and then derives a corresponding special family of solutions
which, in the limit as IV 1 oo, recovers the Euler ensemble. Following Migdal, we will refer
to these families (depending on the parameter N) as “discretized Euler ensembles”.

As it is typical in discretizations of infinite-dimensional problems, there is a variety of
choices on how to perform them. In this paper we show that there is at least one choice
for which, if we assume enough regularity on the Navier-Stokes trajectories over which
1 is concentrated, we can prove the existence of an approximate equation satisfied by
the discretized loop functional. In particular the approximate equation is satisfied up to
error terms which can be bounded with suitable positive powers of % and suitable norms
of the solution, cf. Theorem [10.3] A technical difference with Migdal’s computations is
that we use use an appropriate truncation of the Biot-Savart operator to be able to define
certain objects. This, however does not affect the overall results. A more substantial
difference with Migdal’s original computations in [M24] is the presence of a vanishing
normalizing logarithmic factor in front of one of the approximate operators, the velocity
operator in Section [8.2] see Theorem [I0.3] This correction was suggested to us by Migdal
after we discussed our computations and it appeared first in his subsequent work [M24b].
In this paper we show that the correction must be taken into account even in Migdal’s
approximation, cf. and Lemma [9.3] Migdal in [M24] shows that the correction does
not affect the computations on the discretized Euler ensemble and we can confirm this, cf.

Section [10.3
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The remaining difference, which seems of technical nature, has already been underlined
and is in the choice of the discretized operators. With the choice proposed in this paper it is
easier to control the error terms in the approximate equation. If we follow the discretization
proposed by [M24] we can still rigorously derive that all but one of the discretized operators
used there behave as expected in [M24]. We are in fact able to bound the error terms arising
from the discretized vorticity, velocity, and diffusion operators as defined by Migdal, cf.
Lemma [9.2] , and [9.3] His definition of the discretized advection operator generates
instead some error terms which, at present, we are unable to control, cf. Sections [0.6] In
the latter case our investigations are so far inconclusive: while we are unable to control
these error terms, we are not able to show that they are large either.

In [M25b] Migdal proposes a different derivation of the discretized Euler ensemble, using
instead the liquid loop equation. In this derivation he avoids the advection term in the
corresponding equation for the Euler ensemble and he asserts that the discretization would
then rely solely on the vorticity and diffusion operators. It can be easily checked, cf. Section
that the discretized Euler ensemble then also satisfies the corresponding discretized
equation. This suggests therefore two interesting further directions:

e solve the technical difficulties and handle the more intricate error terms arising from
Migdal’s descretized advection operator and derive his discrete approximation of
the momentum loop equation;

e revert to a discretization of the liquid loop equation and possibly avoid the prob-
lematic error terms all together.

1.3. Notation. Throughout the manuscript, we write ¢ for a universal constant, whose
value may change from line to line. If a constant depends only on certain parameters
a,b, ..., we indicate this by writing c(a, b, .. .).

1.4. Acknowledgments. Obviously so much of this paper owes to our numerous con-
versations with Sasha Migdal and his constant interaction with us in the last couple of
years.

Part of this work was carried out during a visit of EB to the IAS, he gratefully acknowl-
edges the support of the National Science Foundation under Grant No. DMS-2424441.
The research of CDeL. has been supported by the National Science Foundation through
the DMS-2350252 grant and by the Simons Initative on the Geometry of Flows (Grant
Award ID BD-Targeted-00017375, CDeL).

2. PROBABILITY MEASURES ON TRAJECTORIES OF NAVIER-STOKES

Throughout this section, we let 2 denote either R? or the torus T? := R3/Z3. We denote
by L2(£2) the space of square-integrable, divergence-free vector fields on 2. For simplicity,
we will often omit the dependence on Q and write L. We will give all our arguments in
the case of R3, as the ones on the periodic torus are minor modifications (and in fact are
typically easier given that the only harmonic functions on the torus are the constants).
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We are interested in global solutions to (NS|) with a random initial velocity field uy € L2,
sampled from a Borel probability measure o € P(L2). Since L? is separable, the o-algebra
generated by the open sets of the weak topology coincides with that generated by the strong
topology, so there is no ambiguity in the notion of Borel measurability.

The main result of this section is that, for any such initial distribution, one can construct
a global random admissible solution to . Before stating the main theorem, we introduce
some notation.

Definition 2.1. Let I be an interval (possibly finite or infinite, open or closed). We
define Cy,(I, L*(Q)) as the space of measurable functions u : Q x I — R3 which belong to
L>(1,L2(Y)) and such that t — u(-,t) is continuous in the weak topology of L*. Functions
are identified if they differ only on a set of (space-time) measure zero.

The following is a standard characterization of C,, (I, L2(Q)), whose simple proof is left
as an exercise for the reader.
Lemma 2.2. A function u € Cy(I, L?) if and only if the following two properties hold:

(i) The map t = |lu(-,t)|z2 belongs to L>*(I);
(i) for every divergence-free test function ¢ € C°(Q)), the map

t— O(t) = /qu(x) ~u(x,t) de (1)

agrees almost everywhere with a continuous function on I.
Moreover, for every ty € I, the time average
T u(x,s)ds
Iﬂ(tofT,t()«I»T)

converges weakly in L? as r — 0. This defines a well-posed trace of u on Q x {t}, which
coincides with the original u for almost every (x,t). Furthermore, if this trace is used in
the pointwise definition of ® in , then ® is continuous at every t € 1.

Thanks to Lemma , we can define the evaluation map at time ¢ on the space C,, (I, L?).

Definition 2.3. For any t € I, the evaluation map
er 1 Cu(I, L?) — L?

is defined by equ := u(-,t), where the right-hand side denotes the trace of u at time t as
defined in Lemma[2.3

Theorem 2.4 (Probabilistic Solutions). Let py be a Borel probability measure on L2(S).
Then there exists a Borel probability measure i on the space Cy, (R, L) such that:
(a) p is supported on the set of admissible weak solutions to (NS|) with T = oo (see
Definition @);

(b) the map t — = (e¢)gpt is continuous in the weak® topology;
(c) (eo)srt = Ho-
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Let I :=[0,T]. A probability measure p on the space C, (I, L?) satisfying properties (a)
and (b) in Theorem will be called a probabilistic admissible weak solution to (NS|) on
the interval I.

Remark 2.5 (Restriction of Probabilistic Solutions). If I C Ry is an interval, we denote
by

Ry : Cy(Ry, L?) — Cyu(I,L?)
the restriction map. If p is a probabilistic admissible weak solution to (NS) as constructed
m Theorem then (Rp)sp is a probabilistic admissible weak solution on the interval I.

Definition 2.6. For T € (0, 00| the space Ar of admissible weak solutions of Navier-Stokes
consists of the vector fields u € Cy([0,T), L?) satisfying the following properties:
(i) Du e L*(R3 x I) (resp. L*(T? x I);
(ii) Let p(-,t) = ﬁ” * 0% ((u'w?) (-, t) (following Binstein conventions) when the spa-
tial domain is R3, or p(-,t) be the unique average-free function such that —Ap =
97 (u'uF)(-,t) when the domain is T?; then (u,p) is a distributional solution of

Ou+ (u-V)u+ Vp=Au
(2)
divu =0

and
Jul® Jul®

(at—A)T+|Du\2+div <(T+p>) <0; (3)

(iii) The following energy estimate holds for all t € [0,T):
t
lu(, )72 + 2/0 [Du(-, 8)||72ds < [Juollz: - (4)

We recall that, because of (a) and u € C,,(I, L2), we know that u € L%, and from the
equation for the pressure we know that p € L3. In particular all the products appearing in
are well defined as locally summable functions. The following is a well-known corollary

of Leray’s foundational work; we refer the reader, for instance, to the arguments in the
Appendix of [CKN&2J.

Lemma 2.7. If {uy} C Ar is a sequence for which ug(-,0) converges strongly in L?* and
T < oo, then a subsequence, not relabeled, converges in the topology of Cy(I,L?) to a
u € Ar. Moreover ux, — u locally strongly in L7 for any q < %.

2.1. Proof of Theorem . For the sake of simplicity we assume Q = R? and leave to
the reader the obvious modifications in the case of Q) = T3,
For every € > 0, we consider Leray’s regularization of the Navier-Stokes equation given
by
Ou+ (u*x ¢ - V)u+ Vp = Au
(5)
divu =0
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where ¢ is a standard mollifier in space, ¢.(z) = e ?¢(£) and

ux P (x,t) = /u(y, to-(x —y)dy

It is well known that:

e There is a unique semigroup @, : L? — C, ([0, 00), L?) of solutions of (), namely
for every divergence free initial data uy € L? the vector field u = ®_(ug) is the
unique solution of (5)) with u(-,0) = uy such that in addition

p(-,t) = *afj(ui*ﬁbs('?t)uj('vt))

1
47| - |
(where we use Einstein’s summation convention on repeated indices). This is in
particular proved by Leray himself in [L.34].

e For g, | 0 and every uf — wug strongly there is a subsequence, not relabeled, such
that ®., (uf) converges, in C,([0,7], L?) for every T > 0, to an admissible weak
solution u € Ay, with u(-,0) = .

We consider the measures (®.);uo and we extract a subsequence ¢, | 0 such that the
measures (i = (Rpnj © (P, )sito converge (for k T co) weakly* to a measure puy on
Cw([0, N], L%) for every integer N. This can be easily done because the topology on
bounded subsets of C,, ([0, N], L2) can be metrized and the corresponding metric space is
o-compact. Since (R, n))s(Rpo,n1)s(Pe, )itto = (Rjo,n))s(Pey )spto for every N < N’ we also
get the identity (Ryon))spn' = pn-

Step 1. We start by checking that uy is a probability measure. First of all, because
L? is a Polish space, fi is tight, which means that for every ¢ > 0 we can find a strongly
compact subset K C L2 with the property that po(K°) < . Next denote by Z the closure,
in the topology of Y := C, ([0, N], L?), of

7' = Row (@, (K))
k

We claim that Z is in fact a compact subset of Y. Consider a sequence {v;} C Z. First
of all, because K C L? is strongly compact, it is in particular bounded and thus M :=
max{||ug||z2 : up € K} < co. In particular, for every element v € Z" we must have

max [|v(-, t)|[2 < M

by standard energy estimate, and of course the latter bound is valid for every element
v € Z as well. Hence the topology of Y on Z is metrizable and we denote by d a metric
which induces it. In particular, given a sequence {v;} C Z, we can find a corresponding
sequence {u;} C Z' with d(u;,v;) — 0. In order to show compactness of Z we just need
to show that a subsequence of {u;}, not relabeled, converges in the metric d to some u.
However, we must have u; = Rjo nj(®, (u})) for some sequence of initial data {u}} C Z.

In particular we can assume that uf converges strongly to some element uy € K. We now
have two possibilities: either €; | 0, in which case we can apply Lemma to extract
a convergent subsequence from {u;}, or infinitely many of the ¢; are the same number
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€ > 0, and we can use the continuity of the semigroup ®. to conclude that u; converges to
Rio,n)(P:(up)).

We can now use Urysohn’s Lemma to find a continuous function ¢ € C.(Y) with the
property that ¢ > 1. But then we can estimate

pn(Y) = /MMN = lm ¢ d(Bo,n))s(Pey)pto = po(K) 21— ¢,

which implies pn(Y) > 1 — €. Since ¢ is arbitrary, this implies uy(Y) > 1. On the other
hand, because g is a probability measure, we also have

[ vdux <1

for every nonnegative ¢» € C.(Y') with ¢» < 1. In particular we conclude also that puy(Y) <
1.

Step 2. We next claim that there is a unique probability measure p on C,(R*, L?)
with the property that puy = (Rpn)sp. It is easy to define o on “cylinder” sets of the
form A" = (R 1) '(A), where A C C,([0,T], L?) are Borel subsets. In fact on such sets
we can simply set

p(A') = pn(A)
and the definition is coherent because of the property (R n))s)pns = py for N’ > N. On
the other hand such cylinder sets generate the Borel o-algebra of C,(R*, L?), and thus
the existence and uniqueness of y is a standard consequence of Caratheodory’s extension
theorem.

Step 3. We finally wish to show that the probability u is concentrated on the set of
admissible weak solutions. First of all, we observe that it suffices to show that the measure
uy is concentrated on the set of admissible weak solutions on R? x [0, N), which we denote
by Ar. We start by fixing € > 0 and choosing the compact set K as in Step 1. We then
define Z/ to be

Z = | Riow) (P2, (K))
k>m

and we let 7, be its closure in the topology of Y = C,([0, N], L?). Observe that
((I)ak)ti#O(Zm) Z 1—¢ Yk Z m.

In particular, using the properties of weak* convergence of measures and the fact that 7,
is compact, we have puy(Z,,) > 1 — ¢ (the reader can supply the argument using Urysohn’s
functions with supports closer and closer to Z,,). Consider now the intersection

W::ﬂZm.

Note that puy (W) > 1—e. We claim that any element in W is an admissible weak solution.
In fact, by construction, for every fixed element w € W and every integer m, we can find
an element in Z/ with distance d at most % from w. This means that there exists an
integer k(m) > m and an initial data wo,, € K with the property that w,, := &, (wom)



10 E. BRUE AND C. DE LELLIS

satisfies d(w, w,,) < % But, letting m 1 oo, using the compactness of K and leveraging
Lemma , we then conclude that w is in fact an admissible weak solution of with
some initial data wg € K.

In particular the above argument just shows that uy(Ay) > 1 —e. The arbitrariness
of € implies that ux(Ay) = 1, and since py is a probability measure, we have just shown
that the complement of Ay has uy measure zero in C,, ([0, N], L2).

2.2. Gaussian Measures on T". In this section, we recall the construction of a Gaussian
random initial velocity field, which appears frequently in Migdal’s work.

Let (S, F,P) be a probability space, and let W: S — D'(T") be a centered Gaussian
random distribution. By this we mean that, for every f € C°°(T"), the pairing (W, f) is a
centered Gaussian random variable, and its covariance is given by

E[(W, /YW, g)] = (f,9)12,  [f,g € CZ(T"). (6)
One may construct such a random distribution by randomizing the Fourier basis as
- Z Y(s)e®* € D'(T™), seS,
kezn

where {7 }r>o are independent complex Gaussian random variables with mean zero and
variance one, and we set v = 0 and vy_j := 7} for every k£ > 0.

Remark 2.8. Note that W (s) does not belong to L% almost surely, since its Fourier co-
efficients decay too slowly. On the other hand, it is still more reqular than a general
distribution: W (s) belongs almost surely to a negatz've Sobolev space. More precisely,

keZ

whenever N > n/2.

We then define the random vector field W := (Wi, ..., W,), where Wy,..., W, are
independent copies of the scalar white noise W described above.

Definition 2.9 (Gaussian Initial Velocity). Fiz a scale parameter ro > 0 and define the
smoothed, divergence-free random field

£(s) i= Py 32T (s) € IA(T"), se S, (8)

where e'® denotes the heat semigroup and Py : L?> — L2 is the Leray projection onto
divergence-free vector fields.

Proposition 2.10. Fiz g > 0, and let {(s) be defined as in (§). Then py = &P is
a centered Gaussian measure on L2(T"), concentrated on the space (\yso HY(T"). Its
covariance operator is given by

E[(f,€) 12 {(9,€)r2] = (f,e02g)2,  f.g€ L. (9)
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Proof. The covariance formula @ follows directly from @ and the fact that the heat
semigroup is self-adjoint in L.

To verify regularity, we use that Py: H N — HN is bounded for every N > 0, together
with the explicit expression of W:
2

2 o T2 o 2
E ‘PHezoAW < C(n,N)E ||[e?2W ]
HN HN
[ 10
~coWE S s O
Li=1 kezZn
S C(T07n7 N)
O

The law of £(s) is invariant under spatial translations, since its covariance ({9) is transla-
tion invariant and Gaussian measures are fully determined by their covariance. Specifically,
if 75, : T* — T™ denotes the translation operator x — x + h, then 4P = (7, 0 §) 4 P.

The following proposition is a direct consequence of the translation invariance of the
NavierStokes equations and the construction in Theorem [2.4]

Proposition 2.11. Let £(s) be defined as in , and set g 1= E4P. Let p be the proba-
bilistic suitable weak solution to (NS) constructed in Theorem with Q = T3. Then u is
translation invariant, i.e.,

(Th) it = for every h € T3,

Proof. Since Leray’s regularization (5] is invariant under translations, the semigroup ®.
is also invariant, in the sense that 7,(®.(ug)) = ®.(7(up)). In particular the probability
measures (®.)yuo are invariant as well using (75,)x(P.)gpo = (Po)u(Th)upto = (D) ppto-
Given that 4 is constructed in Theorem [2.4] as a weak* limit of (®., )0 for some suitable
sequence ¢ | 0, the claim of the proposition follows at once. ]

2.3. Gaussian Measures on R”. In this section, we consider an analogue of the con-
struction of the Gaussian random variable £(s) in LZ(T™) in the setting of divergence-free
velocity fields on R™. In this case, the corresponding translation-invariant random field
does not belong to L2(R™), since it does not decay sufficiently fast at infinity.

Let (S,F,P) be a probability space. We denote by S(R";R™) the space of Schwartz
vector fields, by S'(R™, R™) its dual, namely the space of tempered distribution, and recall
that Py: L?* — L2 is the Leray projector. We construct a centered Gaussian random
distribution

wW:8S — S'(R";R") (11)
with covariance
We recall that TV is said to be centered Gaussian if, for every f € S(R";R"), the real-valued
random variable (W, f) is centered Gaussian.
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To construct W with covariance , we apply a version of the Bochner—Minlos theorem,
which we state here for the reader’s convenience. We refer to [HOUZ10, Appendix A] for
a detailed discussion and proof.

Theorem 2.12 (Bochner-Minlos). Let
g: S(R";R") - R
satisfy the following properties:

(1) g(0) = 1.
(2) g is positive definite, i.e.

N
Z ziz;g(fi— f;) = 0
ij=1

for every N € N, every fi,..., fn € S(R";R"), and every z,...,zy € C.
(3) g is continuous with respect to the Fréchet topology of S(R™;R™).

Then there ezists a Borel probability measure v € P(S'(R™;R™)) such that
g(f) = / D) dy(w), for every f € S(R™;R"). (13)
S/ (R7;R™)
We apply Theorem to the functional
1
9(F) = exp{ =5 IPufI3: }. (14)

This functional clearly satisfies conditions (1)—(3). The measure v then defines a random
variable (11)) with law . The identity , with the above choice of g, gives the character-
istic function of the real-valued random variable (W, f). It follows that (¥, f) is a centered
Gaussian random variable with variance || Py f||7.. By polarization, we obtain (12).

Definition 2.13 (Gaussian Initial Velocity). Fiz a scale parameter ro > 0 and define the
smoothed random field

£(s) == eéAW(s), s € Q. (15)

For P-almost every s € €2, the field £(s) belongs to C*°(R™;R™), since the heat semi-
group maps tempered distributions to smooth functions. Moreover, £(s) is almost surely
divergence-free. Indeed, for every p € C°(R"™),

7‘2
<diV§7p>L2 - _<§7VP>L2 - _<W)670AVP>L27 (16)
and therefore

E[|<div§,p)Lz|Q] — HPH<67§AVp>‘ T o (17)

L2
It is immediate to compute the covariance of £. For every f,g € L2,

E[(f,&) 12 (g,€)12] = (f,€"8%g) 2. (18)
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We next observe that the law of £(s) is invariant under spatial translations. Indeed,
the covariance is translation invariant, and a centered Gaussian measure is uniquely
determined by its covariance. More precisely, if 7, denotes the translation operator

(thu)(z) == u(z + h), (19)

then (4P = (73, 0 &) 4P for every h € R™.

On the other hand, £(s) does not belong to L?(R™; R™) almost surely, since it does not
decay at infinity. This may be seen either by computing the expected L? norm, which is
infinite, or by observing that there are no nontrivial translation-invariant random variables
with values in L2(R™). Tt is an interesting question whether one can construct random weak
solutions which satisfy the local energy inequality and take the initial condition £(s). We
do not address this question here, but we point out that it might be a subtle one, as the
global-in-time existence of such weak solutions for deterministic data is not known in the
class of uniformly local L? initial data, cf. [BKT22].

3. Loor FUNCTIONAL

We study the loop functional associated with u, where p is a probabilistically suitable
weak solution of the Navier-Stokes equations with viscosity v > 0 and initial datum
o supported on L2(Q), with Q equal to either R® or T¢. A key example to keep in mind
is the Gaussian initial datum o = &P in the case = T? (see Section .

We consider the circulation of a time-dependent velocity field u(z,t) along a piecewise
smooth loop C : St — €, defined by

1
Tlu, C, 1] = / (@, 1) - do = / w(C(0),1) - C'(0) do. (20)
c 0
The free loop space over (2 is defined as
LOY:={C:S"— Q : C piecewise smooth }. (21)

Definition 3.1 (Loop Functional). Fiz a parameter v > 0. The loop functional associated
with p 1s defined for allt > 0 and C' € L) as

V(O 1] = E, {exp{%f‘[u, c, t]H _ / {exp{%r[u, C, t]H du().  (22)

where the expectation is taken with respect to p, = (e¢)ypt.

Recall that j is a probability measure concentrated on Cy, (R, L?), and the time marginal
e = (e;)gp is defined via the evaluation map at time ¢. More explicitly, we can write
v [ ,
U[C,t] = /exp {7/ u(C(0),t) - C'(9) d@} dpg(u). (23)
0
Note that the dependence of the functionals I' and ¥ on t is actually just induced by the
dependence of the solution u (and the probability measure ;) on t. Nonetheless, since this
dependence is important later on, we have chosen to highlight it with our notation.
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Remark 3.2. When t = 0 and po s as in Proposition the loop functional can be
computed explicitly using the Gaussian structure of the initial distribution. In the case
Q = R3, the formula takes the partz’culaﬂy simple form

. eXp _lc)-0(e >|2}
472
[C O] = eXp ———/ / 0 C/(Ql) . C/<02) d01d92 . (24)

(47r3)3/2

The next result ensures that the loop functional is well-defined for every piecewise smooth
loop. This is not immediately evident from the explicit expression , since suitable
weak solutions are not known to be continuous in time at every ¢ > 0, and the circulation
['[u, C,t] may not be defined pointwise.

Proposition 3.3. Let u be a probabilistic suitable weak solution of the NavierStokes equa-
tions (NS)) in Q, with an initial distribution pgy such that

t/mmmme«m. (25)

Then we have the estimate

[ [ vt ar < e [l duato (26)

() > exp {%r[u,c, t]}

belongs to L™ (u; @ dt). Assume moreover that Q = T3 and p; is translation invariant in
the sense of Proposition |2.11. Then t — W[C,t| belongs to W' for every q < 2 and we
have the following representation formula for its time derivative

In particular,

%qfc 1] _0 / / / P)Ou(C +y,t) - C e s Tt qudd duy(v),  (27)
T3

for every smooth test function ¢ with ng p=1.

Note that the right hand side of encodes the translation invariance in the loop C
of the left hand side.

Proof. We proceed in two steps. First, we show that the circulation I'[u, C,t] is a well-
defined function in L} _(R,) with uniform estimates for any admissible weak solution. To
this end, we employ refined bounds on suitable solutions to . In the second step, we
apply an averaging argument based on the translation invariance of the loop functional,
namely

U[C + h,t] = U[C,t], every h € T? and C € LT (28)

to obtain time derivative estimates for W[C, t].
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Step 1. Let u(z,t) be suitable weak solution to (NS|) in Q. For every piecewise smooth
loop C, the circulation is bounded by

T
| Tt C bl de < T ol ol + 1) (29)
0

where |C| denotes the length of the loop. It is indeed an estimate of Tartar that Leray’s
solutions belong to u € L}C,. In fact a stronger estimate has been proven by Galeati in
[Ga25l, Corollary 4.3]

T
/O | Dul, )|z dt < T4 fuo| 5" (fJuoll2 + 1) (30)

where L3! denotes the corresponding Lorentz space, cf. [Zi89, Section 1.8]. From the
Sobolev embedding for Lorentz spaces (see [Zi89, Section 2.9 & Section 2.10]) it follows
that

[u Dllco < e[ Dul- D)o + [Jul D) 22)-
Using and the energy estimate [[u(-,t)||z2 < |Juo||z2, we immediately achieve (29).

Step 2. Let p as in the statement. For every ¢ € C*(T?) we claim the identity

V(O] = / /T ol exp{ig /0 u(CO) +u.t) - C(0) de} dydu(u).  (31)

for a.e. t > 0. From Proposition [2.11], we deduce that U[C+y, t] = W[C, ] for every y € T3.
The claim then follows from the FubiniTonelli theorem and the estimate established in
Step 1, which ensures that the function

() > exp {%F[U,C’, t]}

belongs to L (u; ® dt).

We can now prove that the map ¢ — W[C,t] belongs to a Sobolev space. First of all we
recall the estimates in [Lil3] Theorem 3.4]: for every ¢ < 2 if we set
3¢
r =
4qg — 2
Leray’s solution of satisfy the estimate
18]l oy < (T, q)luollZ- .

This allows us to take a weak derivative in time of and prove the identity . In
particular note that the inner integral in y in (27)) makes sense since ¢ is a smooth test
function and y — exp(iv~'9T[u, C + y,t]) is a bounded function. O

Remark 3.4 (Deterministic Loop Functional). In principle, one can consider the loop
functional associated with a deterministic solution of the Navier—Stokes equations. Namely,
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one may consider a measure p concentrated on a single Leray—Hopf (or classical) trajectory

u(x,t) and define
V[0, = exp{%/o u(C(&),t)-C’(G)d@}. (32)

Most of the results in this paper are pathwise, and therefore they also hold in the deter-
ministic setting (see for instance T, heorem which is stated directly in the deterministic
setting). However, the stochastic framework has several advantages. From the physical
standpoint, it is natural to include small random fluctuations around a given initial da-
tum. From the mathematical point of view, randomizing the initial condition allows one to
gain reqularity in time (see Proposition which 1s particularly convenient when dealing
rigorously with possibly singular Leray solutions.

3.1. Liquid Loop Functional. In [M25b] Migdal proposes a different functional: having
fixed an initial (piecewise) smooth loop C'(6,0) wih 6 € [0, 1], rather than keeping it fixed
we advect it with the Navier-Stokes flow itself. More precisely, given a sufficiently smooth
vector field v we define C,(0,t) as
%’g—(te,t) = U(Cv(97t>’t)
(33)
Cy(0,0) =C(6,0)

Hence, assuming that p-almost surely the trajectory v of Navier-Stokes is smooth enough,
we define the liquid loop functional associated to u as

w(C, 1] ::E{exp{%yl“[u,cu(-,t),t]}} :/ [exp{%f‘[u,cu(-,t),t]}} du(u).  (34)

Remark 3.5. We observe a crucial difference between and . While the average
appearing in (22|) depends only on the time-marginal p; of the probability distribution p,
the average z'n really depends on the marginal of p over the entire time-interval [0, t],
because for each different u the loop is evolved according to the flow of u from time 0 until
the specific time t.

The matter of even defining the liquid loop functional in the setting of a probability
measure on trajectories which are just suitable weak solutions of Navier-Stokes, is a non-
trivial task. On the one hand, the problem of giving a notion of flow for the solution v
which goes beyond the (possible) singularity formation has been already considered in the
literature, see in particular [RS09, RS09b, [Ga25]. The reference [RS09] even shows that
for almost every initial point z the particle trajectory of v starting at x avoids the singular
set of v for all times, and hence is globally smooth. These results can certainly be used to
make sense of C,(60,t) for a typical loop and for a.e. § € S'. However, if at time ¢, the
particle trajectory of a single point of the loop hits a singularity of the flow, the regularity
of the loop could be compromised at all future times. While in the formula (34]) we need
at least that the loop remains rectifiable for most times. Therefore making sense of
is an interesting mathematical challenge which goes beyond the scope of this note.
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4. AREA DERIVATIVE AND LOOP EQUATION

From this section onward, we will mainly focus on the case Q = R3. As already men-
tioned in the introduction, in Migdal’s theory knowledge of the loop functional W[C, ] for
every C' € LR? allows us to extract information about the underlying probabilistic solu-
tion by applying suitable differential operators. We follow Migdal’s computations, which
assume regular solutions of Navier-Stokes and just notice that, using the representation
formula of Proposition [3.3] the regularity almost everywhere of Leray-Hopf weak solutions
and a standard Fubini-Tonelli argument, it is possible to extend the computations to the
low-regularity setting of the previous sections, at least when the probabilistic solution is
translation-invariant.

4.1. Area Derivative and Vorticity. First of all, we extend the functional I'[u, C,t] to
finite formal sums of loops ) . C; simply by setting

u,ZC’i,t = ZF[U,CZ,t] .

We next follow Migdal and introduce the area derivative at a point = for a smooth vector
field u (albeit following a somewhat different formalism, the reader is encouraged to com-
pare our computation with [M23]; see also Remark below). We fix a oriented plane 7
with unit normal vector n, a circle v, of radius r centered at = in the plane 7 parametrized
in the counterclowise direction and compute the limit

1 iy vy

17%1 —3 (exp {7F[u, C+ %,t]} — exp {ZF[U, C, t])})
Cexpd m ol _
= exp { . [lu, C, t])} 17%1 —3 (exp { ” [u, Pyr,t]} 1) :

Next, if we consider the disk D, bounded by the circle 7,, we can use Stokes’ Theorem to
compute

r

lu, 7, t] :/ w(y,t) -ndy

T

and in particular we infer that

1 vy
lim— (e —Du, vt p — 1) =w(z) n.
rwm“?(Xp{l/ [, ]} > (z)
Following Migdal, if we consider an oriented coordinate plane 7 spanned by the orthonormal
base e,, €p (consisting of basis vectors), we encode the above computations in the formula

%ﬁ(:v) exp {%F[U, C, t])} = Wap(x) exp {%F[u’ < t])}

where
(Da/g = 8,11}5 - 85’Ua . (35)
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Clearly the antisymmetric tensor @ is related to the vorticity w (a 3-dimensional vector
field) through the usual formula

Wap = EaBiWi
where, as usual €,4; is the totally antisymmetric tensor (which vanishes unless the triple
(av, B,1) is a permutation of (1,2, 3) and takes the signature of the permutation otherwise).

Remark 4.1. We warn however the reader that in fact Migdal’s formalism is somewhat
different from the above (see, for instance, [M23| Page 5]): the perturbation of the loop C
1s performed using the spike operator, rather than by summing small closed loops as we
did abowve.

4.2. Navier-Stokes in Vorticity Formulation. We next use the following well-known
reformulation of the Navier-Stokes equations:

Lemma 4.2. Assume (v,p) is a Leray-Hopf weak solution of Navier-Stokes and let & be
the antisymmetric tensor given by . Then

2
8ﬂ)a = I/agéz)ga — Ug(z)ga — 8a (% + p> 3
or equivalently
1
Gtv:nyw+wxv—V(§|v|2+p), (36)

where the identity can be interpreted in the sense that each summand appearing in the

equation is in fact a function in L°/*. Moreover
i - 1 _
V(1) = AT 05050 (2) == (m * 850.)5@) (x)

or alternatively

1 1
v(x) = (E\'|*wa> (x) = (V47T|'| Xw) (x)
Proof. This is a very well known fact, but we include a proof for the reader’s convenience.

First of all recall that v € L3 and Dv € L2. In particular |V|v|?| < |v||Dv| and |v||Dv| €
L?/*. Using that p is the potential-theoretic solution of —Ap = Oa(v3050,), the Calderon-

Zygmund estimates imply also Vp € L1. We next use
(O —A)v=—-Vp—(v-V)v

and classical estimates on the heat equation to infer that d,v and D?v both belong to Li.
Since |D@| < |D?v|, the claim that all summands in the identity are L% functions is now
obvious. As for the identity itself, it follows from simple calculus rules on every region
where the pair (v, p) is smooth. However, by Leray’s theorem on epochs of regularity, such
smoothness is guaranteed on an open set whose complement has measure zero. Thus the
first claim of the lemma follows easily.

Finally, the second relation is the Biot-Savart law to recover v knowing @, which is a
simple consequence of the relation Av, = Jgws, (it suffices to prove it on the regular
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set of the solution) and the summability of v, which ensures that the harmonic function
Vo — A1 05wp, must vanish identically. O

4.3. Loop Equation. Assume now that (u, p) is a Leray-Hopf weak solution of the Navier-
Stokes equations and that ¢ is a time with the property that the pair (u,p) is smooth on
R? x (t —¢e,t +¢). We can then compute

d 1y
7 €XP {jf[u, C, t]}

_exp{l uCt} /atu ). C'(6)do
1%

—ep { Tt} 2 [ ) [00snns - wadsoo) OO0 (6T

where we have used that

/010;<9)aa (% —i—p) (C(@),t)d@:/old% ((%+ )(C(g),t)) o

We can therefore further write

% eXp {Z/Y [u7 Ca t]}
v
1 .
S D PR R ]
v /0 [Vé?xﬁ 30 a() exp{ v Plu. €, t]}
0 4, 0 4] iy
3030 () (Am 0 do5(x) P {ZF[U’ C, t]} ﬂ

We can now use Proposition to write a similar identity for a probabilistic admissible
weak solution which is invariant under translations.

' (0)d6.
IRCAGE RCY

Corollary 4.3. Let i be a probabilistic suitable weak solution of the NavierStokes equations
(NS) in R3, with an initial distribution py such that

/ el dpou) < 0. (30)

If in addition p is invariant under translations we then have the identity

—\I/
[C, ] / / 8:65 505(1( ) U[C+y,t
L0 4

505a(x) ( ¥ Oxy 0045(2) viC+y, t])}
Proof. We consider the measure ;1 ® dt and observe that, since u is concentrated on Leray-
Hopf weak solutions, the set S of pairs (u, t) for which ¢ is a singular time of the solution u,
is a null set. In particular, we can use the validity of outside of the set §, Fubini-Tonelli
with the representation formula and the linearity in u of the operators appearing in
the identity to complete the proof. [l

dy C/,(0)db. 40
o WG (40)
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Remark 4.4. Note that the Corollary[.3 claims only “one direction”: if we have a measure
which 1s concentrated on a set of suitable weak trajectories of Navier-Stokes, then the
loop functional computed on every single specific loop solves . An interesting and
highly nontrivial question is whether an evolving stochastic process p; with the property
that the corresponding loop functionals solve for every loop must be necessarily the
time marginal of a measure concentrated on trajectories of Navier-Stokes. This would be
implied a-posteriori by very strong uniqueness theorems: if the solutions to the Cauchy
problem of Navier-Stokes were unique and if the equation (satisfied for every loop)
were to uniquely determine the evolving p; from g, then necessarily p; would have to be
the time-marginal of the push-forward of the initial distribution pg through the Navier-
Stokes semigroup.

4.4. Liquid Loop Equation. We report here the elementary computations pertaining to
the case in which the loop is advected by the flow. Consider in particular a smooth solution
v of the Navier-Stokes equation and an evolving loop C, satisfying . In this case, we
have the identity

%F[U,OU(',t)yt] — y/o (V X w)(Cv(H,t),t) . aacev

which is just Kelvin’s circulation theorem (cf. [MB, Page 23]). We can therefore use the
area derivative to write

d 7y
7 exp {7F[u, Cu(+, 1), t]}

. ! 8 5 2’7 803
_w/o [8_1:560/3&@) exp{;l“[u, C, t]}”C:Cu(~,t),z:@(e,t) 50 (0,t)do .

Note that in the right hand side we understand that the area derivative at the position x

is taken on the functional
exp {QF[u, C, t] }
v

in the loop variable C. Aftewards it is evaluated at the evolved loop C' = C,(+,t) and at
the point x = C,(6,1).

(0,)do,

5. MOMENTUM VARIABLES

Migdal, in order to find interesting solutions of the loop equation, introduces an “infinite-
dimensional Fourier transform” of the probabilistic solutions p;. A way to formalize the
latter is to hope for the existence of a measure 5 on the space of (weakly) continuous
functions C,, ([0, T]; X) taking values in some space X of generalized functions P : S! — C3?
with the property that

WO, 1] = / exp {il /0 " P6.1) - C'(6) de} d3(P) for every C € LR*  (41)

v
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where 3, = (e;)3 (following the notation introduced in Section . We stress that we are
not restricting our search on P’s which are classical functions of the variable 8: we rather
interpret the integral

/ P6.1) - C'(6) db

as the action of the distribution P(-,¢) on the test function C’(#). Note that we can allow
P to have rather negative order if we impose that C is regular enough, in particular we
could search for probability measures §; in Banach spaces of negative distributions such as
H=* for k large (where, as usual, we denote by H~* the dual of the Hilbert space H*).

In this section we show that just some minimal requirements on the random variable
B; obstruct its existence. The key is that it is not possible to have (41)) and a constant
imaginary part for P, as Migdal is assuming in, e.g., [M24].

Theorem 5.1. Consider a probability measure pu on the space of C? vector fields with the
property that

/medMM<a>

and a probability measure 3 on the space H*(S',C3) with the property that

[ 1Pl ds(P) < .

Assume that, for every C* embedded loop C in R3 parametrized over [0,1] we have the
identity
1

/ exp <z /0 1u(c(e)) .C'(9) d@) du(v) = / exp <z /0 PO) - C'(0) d@) dB(P)

and that the imaginary part of P is constant in 6 for B-almost all P. Then p must be
concentrated on curl-free vector fields or, in other words, the circulation

/0 : w(C(0)) - C'(0) db

vanishes for every loop C' and p-almost all v.

Proof. We introduce the notation

¥(v,C) = exp (7, /0 10(0(9))-0'@) d9> , (42)
o(P,C) := exp (7, /0 1P(9)-C’(9) d@) . (43)

Consider now an arbitrary point z in R? and an arbitrary smooth embedded loop 7 : St —
R3. We then define the functions

G, 0,0) = (v, + 0)

F(2,0,P) = p(P.x +07),
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where o > 0 is an arbitrary positive real number and x40y denotes the loop 0 — z+0o7y(6).
We first Taylor expand the function F(z,0, P) in o and we find

1 2 1 2
F(z,o,P)=1+ ia/ P(0)-+'(6)do — %(/ P(9)-+'(0) d«9> +0(c?), (44)
0 0
where the error O(03) can be estimated by
0] < o> (1Pl Iyl zze1)* (45)

We next write

/0 vz + 01(0)) - (07 (8)) d6

=ov(x) - /0 7' (6) db —{—02/0 (y(0) - V)v(z) -+ (0) dd + O(c®)

=0

() - /O +(0) x ~(6) d0 +O(c%)

. J

=A(7)
where
0(0°)] < o*|lvllezllller - (46)
We can therefore Taylor expand G in o as
G(z,0,v) = ic’w(x) - A(y) + O(c?) (47)

where in fact the error O(c?®) still obeys (46). We next integrate in v with respect
to the measure p and in 4. Using the assumptions of the theorem we can equate the
terms in o2 in the corresponding expansions leading to:

2i [ 46) vyt = [ ([ P(6)-/(6)db)" d5(P). (48)

Now observe that, if the imaginary part of P is constant almost surely then

Im ( / 1P(e) ~(0) d9> —0 for frae. P.

So, the left hand side of is real, while the left hand side is purely imaginary, unless
w(z)- A(y) = 0 for pu-a.e. u. Since we can vary x on a countable dense subset of R* we can
assume that the identity holds for a fixed ~, a subset of points z dense in R? and all but a
p-null subset of solutions u. Note that, if we choose 7 to be an embedded loop contained in
a plane 7, then A(7) is a vector orthogonal to m whose modulus is the area of the bounded
open region of m with boundary ~. We conclude therefore that p-almost surely the curl of
u has to vanish on a dense subset of R?. But since u is, pu-almost surely, C?, we conclude
that wu is, p-almost surely, irrotational. This completes the proof. [l
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6. DISCRETE FRAMEWORK

Fix N € N, N > 3. Let C,...,Cy_1 € R? be points interpreted as the vertices of an
N-gon. We define the sides by ACY := Cyy1 — Ck, using the cyclic conventions Cy = Cy
and C'_; = Cy_;. With a slight abuse of notation, We denote by C' the piecewise linear
loop obtained by traversing consecutively the segments [Cy, C1], [C4, Cy),..., [Cn—_1, Co], so
that C' is a closed, oriented polygonal curve with vertices Cy, ..., Cy_1.

For parameters 0 < p < ¢ < N — 1, we define

q
Lyg =Y _|ACK]. (49)
k=p

Note that Lo _1 corresponds to the total length |C| of the polygonal loop C.

6.1. Discretized Momentum Variables. We let £yR? denote the subset of LR? con-
sisting of piecewise linear loops. Note that £yR3 is finite-dimensional, and the restriction
of the loop functional W[C, t] (see Definition to LyR? can be identified with a function
of N variables, determined by the vertices Cy,...,Cn_1.

When we restrict attention to loops in £LyR?, we can also consider a discretization of
the momentum variables. Given a loop functional W[C,t], we say that an N-dimensional
complex stochastic process (Py(t), ..., Py_1(t)) taking values in CV with law 3, is a set of
momentum variables if

v[C,t] :/ [exp{%]\fz—:lPk : AC’k}

for every C' € LyR3. The obstruction of the previous section still applies and in particular
we cannot hope to find a stochastic process with (almost surely) constant imaginary part
and the property that

WOt = /exp{il/(]lu(C(Q),t)-C'(Q) d9} dn(u1) (51)

v

dp(P) (50)

for all C € LyR3.

Observe, however, that the right-hand side of is a function of the finitely many
variables Cy,...,Cy_1. But in fact, under the assumption that pu; is translation invari-
ant, the right-hand side of is a function F' of the variables ACYy, ..., ACy_1, where
ACY, ..., ACy_1 is a set of independent variables owing to the fact that

N-1
NCy=—> NG,
i=1
as it can be concluded from the relation Cy = C,. We therefore write

/exp{ﬁfolu(cw),w .C'(6) d@} din(u) = G(ACy, ..., ACx 1. 1),

14
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for some function G on (R3*)¥~1 x R. Observe next that the expression

i N-1

can be written as

Given the translation invariance of the measure we are interested in, we can, and will,
impose Py = 0. Rather than looking for a probability measure 3; on (R3)¥~1 we can
now look for a signed measure (or more generally some generalized function) satisfying the
relation

. N-1
/exp {% Z Pk . AC’k} dﬁt(P) = G(AOl, .. .,AON_l,t) . (52)
k=1

In particular f; is (up to the constant factor ) just the Fourier transform of G(-,1).

7. DISCRETIZED LOOP CALCULUS

In the rest of our work we will analyze the counterpart of the considerations of Section
[ in the discretized setting of the previous section. This framework has been suggested by
Migdal in [M24b]. The aim is to derive a suitable approximate form of the loop equation of
Sectiond] Such a discretized loop equation will contain error terms which we will show are
negligible in (powers of) N, under the assumption that the process j, is concentrated on
sufficiently regular vector fields. Eventually we will take the Fourier transform of Section [f]
and give some validation to Migdal’s discretized Euler ensemble, which is a set of particular
solutions to the discretized loop equation.

Fix a large natural number N and a loop C' € LyR3. Recall that C is determined by N
vertices, denoted Cy,...,Cy_1, and adopt the cyclic convention Cy,n = Ci. In this way,
we may use integer labels k € Z without restricting to the range {0,..., N — 1}.

Given a velocity field u(x) and C € LyR3, we consider the circulation of u along C,
viewed as a function of the vertices Cy, ..., Cy_1:

Tlu,C] = F[U,CO,...,C’N_l]:/Cu-dx. (53)

In this section the velocity field u is not assumed to have any link with the Navier-Stokes
equation (it is not even assumed to be divergence-free). We rather assume that u is regular
enough, namely of class C¥ for a K large enough to cover that all the derivatives appearing
in the statements are continuous functions.
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7.1. Partial Derivatives. We are interested in computing the partial derivatives of I" in
the variables Cy, ..., Cny_1. We begin by observing that, in order to compute V¢, I, given
the additivity of the path integral, it is enough to study the derivative of the circulation
around the boundary of the triangle T}, with vertices Cy_1, C, Ci1. To this end, by Stokes
theorem we write

[[u, Ck—1, C, Cry1] = / w-ndo (54)
where w = V X u is the vorticity of u, and "
- (Cry1 — Cx) X (Cro1 — Cy) _ ACEL x ACy_1 (55)
[(Cra1 = C) X (Cr1 — Ci)| |ACE X ACy |
is the normal to T},. It is convenient to parametrize T}, with coordinates
Cit1 + Cy1

fla,b) =aCr + (1 —a) + b(Cy1 — Cr—1) (56)

2

where for each a € [0,1] the parameter b ranges between —5% and 452, Observe that the
area element in this parametrization is precisely the modulus of the vector

(Ck: B Cry1 + Cry

1
5 ) X (Ck—H — Ck—l) = §(AC]€_1 — ACk) X (AOk + AC’k_l)

= ACk_l X AOk .

We can therefore write

Tu, Cy_1, C, Chpr] = —/0 (/ T W(f(a,b) - (ACK X AC’k_l)db> da,  (57)

concluding that

Vel = — /01 </_ w(F(a, b)) % (Cosr — Ok_l)db> da

— /01 a (/2& Duw(f(a,b)’ - (AC, x AC’k_l)db> da, (58)

forevery k=1,...,N — 1.

Lemma 7.1. With the above notation, for 0 < k < N — 1, K > 0 integer and u € CK+2
we have:

’ngVCkF[U, Co, Ce 7CN—1]| S C(K)|Ck+1 — Ok_1|(1 + |Ck - Ck_1|)||CU||CK+1
’Dckﬂvckr[u, Cg, ey CN—IH S C(l + |Ck+1 — Ck_1|)(1 + ‘Ck - Ck_1|)||w||02 (59)
Doy, Ve, Llu, Co, - -, O]l < e(1 4 [Crpr = Coaa[) (1 + [Crpr — Ci])|lw]l e

Proof. The first integrand in (58|) clearly satisfies (59)). To control the second integrand,
we observe that

ACk X AC’k,l = (Ck+1 — Ckfl) X ACkfl. (60)
U



26 E. BRUE AND C. DE LELLIS

7.2. Discretized Area Derivative. The next goal is to compute
kaH X Vckr, (61)

which plays the role of a discrete Area derivative. The lemma below follows a suggestion
of (and uses some computations by) Migdal in a private communication to the authors,
[IM25]. We warn the reader that Migdal takes a different definition of discretized area
derivative in his works, cf. [M24b] and Section [0} The leading terms in both definitions
coincide, but the errors terms seem to behave in a different way when the area derivative
is composed with other operators, cf. Section [9.6]

Lemma 7.2. With the above notation, for 0 < k < N — 1 and any integer K > 0, if
u € CE*2 we then have:

1
Ve, x VoI — —/O w(aCh + (1 — a)%e=rtChsn) gq ¢ RE, (62)

where RY, (the area derivative error) satisfies the estimate
D& Ryal(Co, - -, Cna) < e(K) [ DFHwl| 1< |Crin — Cra (63)
Proof. We start by observing that
Ve X Ve, = (Ve,,, +3Ve,) X Ve, T
We now apply the operator Ve, ,, + V¢, to the fist integrand

G =w(f(a,b)) x (Cry1 — Cr-1)
which yields
(Ve + %Vck) X G =2w(f(a,b)) + R’f

where

Rk = (Ck—H - Ck—l) ’ (VCkJrl + %Vck) w(f(“? b)) (64)

= (04 50)((Cons — Cor) - V) (F(a,1)).

The letter clearly is a linear combinations of partial derivatives of w (computed at some
specific points) multiplied by components of the vector (Cyi1 — Ck_1). We therefore gain
the estimate

D¢, Ri| < c(K) | D" wll 0] Crar = Crea|

We now apply the operator to the second integrand in . Up to factors of a we write
it, using the antisymmetric tensor €,3,, as

F = 9;w'(f(a,0))eiap(Cri1 — C)*(Cr — Cr1)”
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We next compute the curls in C,q and Cj. For the curl in Cyyq we get
(Vckﬂ X F)] =E&j ga k“ag [wz a, b 52a,8<0k+1 - Ck) (Ck - Ckfl)ﬁ}

< > 537@ CL b))giaﬂ(ck-&-l — Ck)a(ck —_ Ck—l)ﬂ
f

+ 6305@6@602( (CL b))é‘mg(ck — Ck 1)
—=¢jatiap0iw’ (f(a,0))(Cp — Ci_ )P

We next use the identity
EjatiaB = 5jz'5e5 - 5jﬂ5i€

to get

Ve X F = ((C, — Cir) - V)w)(f(a, b)) — (Cr — Croy)(divw)(f(a, b))
= ((Ck — Ch—1) - VIw)(f(a, b

On the other hand for computing V¢, x F' we can use the same strategy and just notice,
given the antisymmetry of the vector product

Ve, X F=(Cr —Cr—1) = (Cry1 — Ck) - VIw(f(a,b)).
In particular, summing the two terms we easily conclude that
(Ve + %Vck) x F = (%(Ckﬂ + Cr1 — 2C%) - VIw)(f(a,b)).
Collecting all the estimates above, we obtain the identity
(Vck+1 + chk) x Ve, I

=2 w(aCy + (1 — a)L=Ft 4 p(Cyyy — Cy1)) dadb

C’k+1+Ck 1—2Ck Vw)(CkJr( )Ck+1+ck 1—2C} +b(Ck+1 — C_ 1))dadb

+R’f

where RY satisfies . We next approximate the integral in b with (1 — a) times the
integrand in the point

Cit1 + Crpa

aCir + (1 —a) 5
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(namely setting b = 0). This leads to the formula
(Vok-H + %vck) X Vckr

1
== 2/ (1 - a)w(aCy + (1 — a)—c’“”;c’““) da
0

1
‘/ﬁMl—@éﬁﬁ%iﬁﬂ-vm«&+u—ﬂﬁﬁﬁ%iﬁ%MM+R&
0

1
= — 2A (]_ — CL)W(GCk + (]_ — a)_ck+1gckf1) da

1
d .
- / 01— a) o (w(Cit (1 — @) PGy g 4 R,
0

a

1
:—2/ (1—a)w(a0k+(1—a)%)da
0
1
+/ (1 —2a)w(Cy, + (1 — a) Pttt G220y gq 4 RE
0

1
:—/ W(Cp + (1 — a) Gt G =2Ciy 4o 4 ph
0

where RF, satisfies (63). g

7.3. Velocity and Regularized Biot-Savart Operator. In Lemma [7.2] we proved that
the discretized area derivative applied to the circulation I'[u, C] for some C' € LyR? pro-
duces, up to a small error R, the average of the vorticity w = V x u along the segment
[C, %(C’k_l + Cx11)]- For convenience we recall the identity:

1
Ve, x VoI = —/ w(aCk r(1- a)%) da + R",. (65)
0

To derive the momentum equation, we need a differential operator that retrieves the
velocity field u from I'. A natural first attempt is to apply the standard Biot—Savart

operator
p Imww:ﬁéy@xwgga)w (66)

to the first integrand in (65)). However, this approach fails, since averaging along the
segment produces a logarithmic blow-up. More precisely, if we denote

(W)k(Ch) == /Olw<aC'k+ (1 —a)%) da, (67)
then
BS[(w)e] = /01 éu(aC;mL (1 - a) 5% g, (68)

which is not integrable at a = 0.
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For this reason, we introduce a regularized version of the Biot—Savart operator, BSy,
depending on a small scale parameter ¢ < 1. The precise definition of the operator is as
follows. Consider a cut-off function y € C°(R?) such that y = 1 on B;(0) and xy = 0
outside By(0). For ¢ < 1, we define the operator

1 x(l(z —y))
BS = dy. 69
ow](x) y /RS w(y) X Vy( P— Yy (69)
Notice that BS, is well-defined for every w € L{ _(R? R3). Moreover, if w is differentiable

loc
with locally integrable derivative, we can integrate by parts and rewrite

L[ x(z—y))
BS = — — (V dy . 70
dele) = - [ A (9 < w)) dy (10)
The properties of this operator which are relevant for our purposes will be discussed in
Appendix [A] The main result of this section is the following.

Lemma 7.3. Fix 0 < {,p < 1 and an integer K > 0. With the above notation, for
0 <k < N —1 and under the assumption that u € CEKT' N H* we have:

BS¢[(w)x] = log(1/p) u(Ck) + Riyg (71)
where Rig = Riyg | + Ris, + R s (the Biot-Savart error) satisfies
1D, Riss allzee < et p" | DFw]l

sup D, Rbsslliz, < elK)E log(1/p)ullx. 72)

Cr—1,Cr41
| Riss 31 (Ch-1, Ci, Cri1) < 1og(1/p)(|ACk-1| + |ACK]) || Dul| o

In the application of Lemma [7.3] the parameters p and ¢ will both depend on the

discretization parameter N. More precisely, we will choose p ~ % and ¢ as a suitable

power of 1/N.

Remark 7.4. Before coming to the proof of the lemma, we remark that, by the Sobolev
embedding H*(R3) C L>°(R3), the estimates on the various pieces of Rig imply that

|Riss| < clog(1/p)((€7'p + |Crir = Cil + [Ch — Cooa )| Dl e + €22 [ul|2)
Proof of Lemma[7.5. We split
p 1
(W) (C) :/0 w(aC’k—l—(l —a>%) da+/ w<ack+(1—a)%) da. (73)
p

The first integrand, denoted I(C}) satisfies the estimate

K pitt K
D8 i < LD e, K20 (7
therefore, by Proposition we have
IDE BSelI] || < el p" | DFw| oo (75)

We set Rpyg, 1= BS[I].
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We now study BS,[I1], where IT is the second integrand in ([73)). Using that w =V X u
and Proposition we obtain

BS,[11] = /1 éBSg [V x (u(a +(1 — a)2=t%et))] g

. (76)
_ /p “u(aCy + (1 — ) %=t0) g+ R,
where the error term legs,z satisfies the estimate
IRbsallug, < | Ll e = ) 10801 /) [l (77)
We finally study the main term in . We rewrite it as
/p 1 SaCi+ (1 - a)@=r£%1) da = 0g(1/p)u(C) + R (78)
where
"1
Rl = /p ~ (w(aCy+ (1 = @) @=f) — u(Cy) ) da. (79)
Form the identity
aCio+ (1 — a)% O = (1— )2 _QAO’H, (80)
we obtain the uniform bound
| Ris | < log(1/p)(|ACk1| + |ACK])| Duf . (81)
g

8. DISCRETIZED VORTICITY, VELOCITY, ADVECTION, AND DIFFUSION OPERATORS

So far the calculus developed in the previous section was always applied to the circulation
functional I'. Here we turn to study functionals of the form

Uy, O] —exp{ﬁr[u, co,...,ch]} . (82)
v
We eventually apply our computations to V[u(-,t),C] = V[u,C,t] when u is a (smooth
enough) solution of the Navier-Stokes equations in order to derive a discretized version of
the momentum equation for W[u, C,t], up to error terms which we will carefully control in
terms of N™¢ for a suitable positive a.
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8.1. The Vorticity and Diffusion Operators. For 0 < k£ < N — 1, we define the
vorticity operator by

0 = %”v% < Ve,. (3)
The terminology is justified as follows: when applied to loop-type functionals of the form
Uu, O := exp{%yf[u, C’O,...,CN_I]} ) (84)
one finds that Q¥ = w(C}) ¥ + error. The precise statement is the following.
Lemma 8.1. Assume u € C? and 0 < k < N — 1. Then
WV[u, Co, ..., Cxn_1] = (W)r(CL)V — RF W — Zg\w%lr x Ve, T, (85)
where (w), is given by the formula and Rt is as in Lemma .

Proof. We first use the chain rule to compute

w
Qk\I/ = %VCkH X (Vck\ll) = _VCk+1 X (\PkaF)
= UV, x VeI — 20V, T x Ve, T, (86)
v
and then apply Lemma [7.2) to the first term. O

Likewise, we introduce a diffusion operator which is defined as

Dy := 2V, X ().

Again the heuristic behind the latter definition is that
DV = (V x w)(Cy)¥ + error.
The precise statement is given in the following
Lemma 8.2. Assumeu € C° and 0 < k< N — 1. Then
DyVU[u, Cy,...,Cn_1] = (V x w)(Cp)¥ + RE. | (87)
where R.q satisfies the estimate
Rl < cllwllea(1 + lollo=(1+ L)) ([ ACH + | ACk 1)

& LBl G + 1Ak A | + el (AC + G
where L, , is defined in (49).
Proof. From , it follows that
Dyl = (V x w)(Cp) ¥
+ (2Ve, X (W)i(Ck) — (V x w)(Cy))¥ (89)

_ 9V, x (R’;’d\If + %nwc,mr x vckr) .
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The error R is defined as the sum of the terms in the last two lines of (89)). Notice that
2V, x (Whk(Cr) = (V x w)(Cy)]

= ‘ /1 2a(V x w(aCy + (1 — a)%) -V x w(Cy))da (90)
0
< [|1D?w]| 2o (|Cri1 — Ck| +[Ck = Ci-a)
A straightforward calculation, combined with and Lemma , shows that
Ve, x (Riy0)| < L[V, RYy| + Do, Byl
< e Dwlf]Chir = CuaP(L+ |Ci = G ]) (1)
+ ¢|| D*w]| 1 |Crar — Crl.
Using again , we conclude that
Ve, x (UVe, I x Ve, )|
< g|vckr|2|vck+1r| + 1D, Ve, IlIVe, , Il + |De, Ve, TV, (92)
< cllwllZ2(1 + Li-ren) (wllerCrin = Chl + 1+ Licaisa ) [Crir = Cical.
O

8.2. The Velocity Operator. For 0 < k < N — 1, and for parameters 0 < ¢,p < 1 (to
be chosen later in terms of N), we define the velocity operator by

1
Up = ————
log(1/p)
where the regularized Biot-Savart operator BS, (see (69)) acts on the variable Cy. Re-
call that € denotes the vorticity operator from (83)). For brevity, we omit the explicit

dependence of Uy on the parameters p and ¢.
As in the vorticity case, the terminology is justified by the fact that

UV = u(Cy) ¥ + error.

The precise statement is given below.

BS@ o Qk, (93)

Lemma 8.3. Let 0 < k< N —1and0<{,p<1. For every u € C* we have

R—gsqf + RE (94)
log(1/p) =~

where Ryg is defined in Lemma and the velocity error Riy = Rl | + RY,, salisfies

vel
the estimates:

Uk\I’{CO, ey CN—I] = U(Ck)\l’ -+

|RE 1| < el Chyr — Choa||| Dwl| e + C%K_Q\Ckﬂ — Cr1]|Crpz — Cil[| Dw||7oe . (95)

vel,1

v
| Ry 0] < C# log(1/p)|Cria — Craal[| Dw|| oo - (96)
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Proof. We apply WBSZ with respect to the variable C to both sides of , and set

1 1y
Riyy = “Toa(l/7) BS, | RE, U + — UV, ' x Ve, I'| (97)
We thus obtain the identity
1
Uk‘I/[CO, . ,CNfl] = m BSg[<w>k\I/] + Rﬁel,l . (98)

To study the first term in (98) we introduce the notation
AV(z) :=V[Cy,...,,...,Cn_1] —V[Cy,...,Ch,...,On_1], = €R? (99)
for the discrete difference of W in the k-th variable. We then employ Lemma to write
BS/[{w)x¥] = BS¢[{(w)r|¥ + BS¢[{w)r AV] (100)
= log(1/p) u(Cy) ¥ + Riyg U + BS,[(w) AV],
If we therefore define
Rx]felz = —1
“ - log(1/p)

RYy =Ry, + RY

vel * vel,2

BS[(w) AV (101)

and

we reach the claimed identity for U,V and to complete the proof we need to estimate the

k
two error terms Ry, ;.

Estimate on R*

vel1- Using Lemma and Lemma we get

7
RED + L0V, T x Ve, I| < ¢[Chyt — Cha || Do 1
v (102)

+ ¢ |Cher = Gt |Chsz = CulllDwff
Hence, by Proposition we have
|Rk | S C€_1|Ok+1 - Ok_1|||DwHLoo + Cgf_2|ck+1 - Ck_lHCk_i_Q — O]JHDWH%OQ . (103)

vel, 1

Estimate on R%, ,. By the mean value theorem, there exists s € [0, 1] such that

AT (z) = %(a: — ) VeI [Cor... sCh+ (1= 8)z,...,Cy_y] . (104)

By Lemma we deduce
|AV(z)] < C%\ﬂf = CillCrir = G| (1 + [5Ck + (1 = 5)2 = Cpa|) | Do o<

v (105)
< C;\ﬂf — Ci||Chpr — Cra|(Jo = Cr| + [Cr, = Cra]) || Dw|| oo
Finally, we apply Proposition to deduce
672
RE] < o Gt — Cioa (1 + |AC1 )| Dol . (106)

vlog(1/p)
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The estimates for the derivatives follow analogously. O

8.3. The Advection Operator. For 0 < k < N — 1, and for parameters 0 < £, p < 1 (to
be chosen later in terms of V), to reconstruct the nonlinear term w X w appearing in the
Navier—Stokes equations , we define the advection operator by

Quys X Uy, := €qpj € Upps 0 Ui, (107)

where Qf 43 and U] ,g denote the /th and jth components of {23 and Uy, respectively, and
(e4)2_, is the canonical basis of R?.

Lemma 8.4. Let 0 < k<N —1and0<{,p<1. For every u € C? we have
(Quys X Up)V[Cy, ..., Cn_1] = (w x u)(Cy)¥ + R* (108)

adv

k

vy satisfies

where, the advection error R
[Rhg,) SeLicypsslulloe | Dol (1 + Lot s L]l Dol )
+c(14 Li1a43) (€ p + Ly—vers) | Dul| o + 67(|u]| g2 lw] e

+ Cg(l + Li—1g43)0 1 10g(1/p) Lip—1 oy || Dwl| oo (1 + €7 Lip—y g5 || D || o) [|w] [ 1.

Proof. By Lemma [8.3] we can write

(Res); ,
gt ()

Since €24, 3 is a differential operator acting only on variables Cj.3 and Cy.4, by Lemma
we obtain

Qk+3(u](C’k)\I/) = <w>k+3(C’k+3)uj (Ck)\lf — Rgf’uj (Ck)\lf — %Uj(ck)\lvak+4r X Vck+3r

(S X U)W = 2oy (16(C)0 +

(110)
We define
(Rlacdv)a = 5a€j(<w>k+3(0k+3) - W(Ck))euj(ck))\lf
— ati((Rof)e + %(VCMF X Ve l)e)u; (Cr) ¥ (1)
LR
+ 0t Uiz (%q] + (Rvel)j) :

First of all, a simple computations shows that

[(Wrt2(Crys) — w(Crys)| < ¢l Dwl| oo ([Crya — Crys| + [Crys — Cryal)

while obviously
k+2

|w(Cris) —w(Ci)| < 1Dwllzee > [Ci1 = Gy

j=k
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As for RET® we recall Lemma [7.2[to get
|RE?| < el Dl poe |Cria = Cryal < €| Dwl| oo (|Chia — Chs| + [Crys — Chyal) -
Next, recalling Lemma [7.1], we have
IVerar % Vo Ul < el Dwl|2e|Cria = Cria||Crir — Ci|

We now come to the last two terms. First of all recall that the error terms REg only depend
on the variables Cy.1, C, Cr_1 while the differential operator 2,3 involves derivatives in
Cii3 and Ciy4. Therefore we can write

ot (B o) _ (BEs)i oy
= Q’“”’(log(l/p) ) log(1/p) kvl

Now, recalling the estimates in Lemma [7.3| and Remark we get
(Rgs)j

log(1/p)

while of course

Q0] < cllw]lre + [Ref?] < C(llwllze + (IChsa — Crssl + [Cris — Cra) || Dwl| <)

< (7' + |Cryr = Cl + |Cr = Cra )| Dull oo + €72 ]| 2)

In order to estimate the final term, we need to inspect the exact form of the error terms
forming R*,. First of all we recall the formula,

vel*
1
Jp——
ML log(1/p)

We again observe that, due to the “shift” in the variables appearing in the differential
operator QF we can write the identity

1 1y _ .
Q3R — B kg 4+ Ly I Ll U H(QF3 ) .
Rvel,l 10g(1/p) S@ [Rad + v kaJrl X ka :| ( ))

Owing to the fact that |¥| = 1, we can then estimate
|Qk+3Rk ’ < ’QkJrg\I/HRk

vel,1 vel,1

BS, {R’;dqf + % Ve, T X vckr]

< C(l + Lk—l,k+3)£_lLk—1,k+3||DW||L°°(1 + g_lng—l,kHHDWHLOO)HW“Cl

k

We next observe that the same structure holds for the error term Ry, ,,

namely that
k+3 pk k —1k+3
Qrt R = Ry 2V Q Rl
leading therefore to the estimate

|Qk+3Rlv€e1,2’ < Cgfl log(1/p)Li—1k+3]Dw|| e .
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9. Mi1GDAL’S ORIGINAL DISCRETIZATION

As explained in the introduction, the discrete vorticity and velocity operators introduced
in Section [§ are a variant of those originally proposed by Migdal in [M23, M24, [M25]
M25b]. In this section we recall Migdals original operators and highlight the main technical
differences with respect to our discretization.

9.1. New Variables. By translation invariance, we assume Cy = 0. With this choice, we

can regard C1, ..., Cx_; as independent variables in (R3)V~1 and introduce the increments
s = ACY, k=0,...,N—2,
so that we may pass from the variables C1,...,Cy_1 to sg,...,Sy_2. Recall that Cy =

Cp = 0. The change of variables is given explicitly by
Ch = so, Ch=80+-+sp1, k=1,...,N—1,
which immediately yields the identity
Vo =Vo, ++Vey,, k=0,...,N-2 (112)

9.2. Migdal’s Discretized Area Derivative. In his works, Migdal proposes the follow-
ing discretization of the area derivative:

1
5 (Ve Vi) x Vo, I (113)
Notice that, by (112)), this can be expressed in terms of our discretized area derivative as
1 N-1
§(vsk + Ve ) XV, = Ve, X Ve, + ( > V(;E) X Ve, . (114)
(=k+2

From the explicit expression for V¢, obtained in , it follows that Migdals discretized
area derivative satisfies the same property as in Lemma [7.2]

Lemma 9.1. With the above notation, for 2 < k < N — 2 and any integer K > 0, if
u € CE+2 we then have:

1 1
5 (Ve + Vo) x Ve, I = —/0 w(aCy + (1 — a)L=F%41) 4o + RE (115)

where Raq (the area derivative error) satisfies the estimate
]ngled (C1,...,On_1) < C(K)|| D w]| 1o |Crp1r — Cr_1] . (116)

9.3. Migdal’s Vorticity Operator. For 2 < k£ < N — 2, Migdal’s vorticity operator is
defined by
w1
QY = > §(vsk + Vs 1) X Ve, (117)
Using the properties of Migdal’s area derivative (113]), and arguing as in Lemma , one
obtains the following result:
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Lemma 9.2. Assumeuw € C? and 2 <k < N —2. Then

OMP[u, Oy, ..., Cni] = (W) (Cy) ¥ — RE, xp—;qf< Ek;lvc r) X VeI, (118)
J

where (W), is given by , and R,q s as in Lemma .

9.4. Migdal’s Velocity Operator. For 2 < k < N — 2, and parameters 0 < ¢, p < 1, the
velocity operator associated with Migdal’s vorticity operator is defined by

b
log(1/p)

where the regularized Biot-Savart operator BS, (see ((69)) acts on the variable C.

We obtain the following expansion, whose proof follows verbatim from that of Lemma
the only minor difference being that the first error term involves a sum of derivatives of
the circulation:

UM .= BS, 0 QM (119)

1
YT log(1/p)

Compared with the error term in Lemma [8.3] here additional contributions appear:

. N-—1
%qf( 3 vcjr) x vckr] , (121)

j=k+2

R* BS,

REp 4+ 2 \IJ(ZVCF)XVCk]. (120)

=k+1

BS,

which, however, do not pose a serious difficulty thanks to the smallness of V¢, I

Lemma 9.3. For any2<k<N—-2,0</,p<1 andu € C?, we have
E

(1/ p)
where RYg is defined in Lemma and the velocity error RY; := R

vel,
the estimates:

UM[CY,...,Cn 1] = u(Cy)¥ +1 U+ RE (122)

L+ R, satisfies

|Rier1| < 07| Cria — Cra[[| Dol o (123)
N-2
20?0 = G (L+ [ACUN( Y (G5t = Gl 1+ |ACs D Dwllf . (124)
v j=k+2
Rl < L0 10g(1/p)|Crsa = o[ D (125)

9.5. Migdal’s Diffusion Operator. For 2 < k < N — 2, starting from Migdal’s vorticity
operator we define the diffusion operator by

DM =2V, x ().

Arguing as in Lemma [8.2, one obtains the same estimates.
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Lemma 9.4. Assumeuw € C? and 0 < k < N — 1. Then
DY W[u,Cy,...,On 1] = (V x w)(Cp)V¥ + Rhie | (126)
where Rf.q satisfies the estimate
|Ri| < cllwlle2 (X + llwlle2 (1 + Li—1r+1)*) | ACK] + | ACk-1])
+ c%||w||202|AC’k|(1 +[ACk| + [wlle2) (IACK] + [ACK])

where Ly, is defined in (49).

9.6. Migdal’s Advection Operator. Using Migdal’s discretization, we are not able to
establish the analogue of Theorem since the advection operator Qﬁg x UM generates
error terms that we are currently unable to control. Equivalently, we cannot prove a
counterpart of Lemma 8.4, The strongest statement we can show at present is a weaker
version, in which the additional error terms are only bounded by order 1/log(N):

QL x UMYWU[Cy,...,Cn 1] = (wx u)(Cr) ¥+ R¥\ + Ry, (128)
JF

where the remainder Ry,q satisfies

(127)

C
Ry < ———.
Bunal < 1oa )
Moreover, in Migdals discretization there is no clear benefit in shifting the indices of the
advection operator: since Q{Kw acts on all variables (', . .., Cy_1, most of the cancellations

used in the proof of Lemma [8.4] are lost. In his work, Migdal instead employs the operator
QM x UM and claims that the Navier-Stokes equations implies that

. N-1
(at—ﬂZACk. (QM x U,ﬁ”-@%)) U =R, (129)
v
k=0

for some small error term R’ (compare with the formulation in Theorem [10.1]). At present,
however, we are not able to verify this claim.

10. THE DISCRETIZED LOOP EQUATION

In this section we finally derive a discretized version of Migdal’s loop equation. We split
the section in three parts. In the first one we give a precise statement about the validity
of the discretized version in “physical space”. In the second part we see what happens
when we apply the Fourier transform and we pass to the discretized momentum. In the
final section we compare our conclusions to Migdal’s and more specifically to the equations
leading to his “Euler ensemble”.

For simplicity, throughout this section we restrict to loops C' € LyR3 satisfying

M
Cri1—Cpl < — 130
max|Chis — Cal < 37, (130)

for some parameter M > 1.
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10.1. Discretized Equation in Physical Variables. The main conclusion can be sum-
marized in the following statement.

Theorem 10.1. Fiz an integer N > 2 and parameters M > 1, a € (0,1). Set { = N*
and p = N in the definition of the velocity operator . Assume that

ue CHR*x [0, T))nC([0,T], H* N C?)

is a classical solution of the incompressible Navier-Stokes equations (NS)). Let C' € LyR3
be a polygonal loop satisfying (130), and define

. 1
Ulu, O, 1] = exp{%/ w(C(0),1) - C'(0) de} . (131)
0
Then
7: N-—1
(& — % Z ACk . (Qk+3 X Uk — VDk)> U = R100p7 (132)
k=0

where the remainder satisfies
[ Rioepl < (M, 1,7, @, [ullos, ullz) (N log N 4 N~3/2). (133)

Proof. We first use to get

00 — ﬁxp/ﬂ [(w x w) — 1V x w)(C(6),1)] - C'(6) b,

v

where the pressure term vanishes since its circulation is zero. We now split the integral as
a sum over the segments [Cy, Cr41] and observe that we can replace it therefore with the
following Riemann sum (up to an error)

00 = 03 (Cor — ) - (@ x 0)(C) ~ 1V X @)(CON + B

where we can estimate
g _
| Briem| < ¢ MN 7 (| D*w|l1e + | Dullz + [[Dufl o [ Deoll 1<)
We next apply Lemma and Lemma with parameters p = 1/N and { = N~ to

replace each instance of (w x u)(Cy)¥ with (4,3 x U)¥ and each instance of —v(V X
w)(Cr)V with —vDy VU, obtaining the sought identity (132), with

N
Rloop - Rriem + Z Ck—H - Ck (Radv VR];iff)' (134)
k=0



40 E. BRUE AND C. DE LELLIS

We obtain the estimate:

N-1
i < Renl + MV S S (R |+ 1]

O

N-1
My (1
< ’Rriem‘ + ZMN 1 C(”UHC3, Hu”HQ’ 1) <Na—1 log N + N30/ n I/—) ( 35)
v k=0 v
C(M7 v, 7, &, ||u||C37 ||U||H2) <Na_1 IOgN + N—3a/2>‘
]

10.2. Discretized Equation in Momentum Variables. Recall next that the aim is to
understand the action of the operators when W is expressed in “momentum variables”,
namely it is of the form

U[P,C 1] = exp{ ' Zpk ACk} = exp{—%ZCk : APk,_l(t)} . (136)

k=0
where
APk = Pk-i—l — Pk .

Remark 10.2. In (136) we make the unrealistic assumption that V is deterministic in
the momentum variables, that is, ( is a delta measure concentrated at P(t). However, this
simplification does not affect our argument, since it is pathwise.

We use Proposition to get the following

Theorem 10.3. Fix an integer N > 2 and parameters M, A > 1, o € (0,1). Set £ = N
and p = N in the definition of the velocity operator . Assume that

1
ImAP, =0 and X§|APk|§A, k=0,...,N—1 (137)
Let C € LNyR3? be a polygonal loop satisfying (130). Then

. N-1
<8t — % Z ACk . (Qk+3 X Uk — I/Dk>) L

”poACk (di (1) — Ex(t ))+Rmo (138)

where
1
log(N) v

Ek = (AP]H_:J, X AP]H_Q) (APk —

APy (AP - APk))
AP ? (139)

2
7 (AP AR 2= AP (AP, - AP)).
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and the momentum error Ry, satisfies the following estimate:

| Rino| < c(my,y, v, AYMN™"  for every m > 0.

Remark 10.4. A remark here is in order. Note that in Theorem[10.5 we are investigating
what happens to a single trajectory t — (Po(t), ..., Py_1(t)) when we apply the discretized
operator which approximates the infinite-dimensional operator appearing in . However,
the discretized momentum variables P, arose when taking a Fourier transform, see Section
, gwing us a “time-evolving generalized function ;" in P as in . Assuming
for the moment that B; has enough reqularity to be at least a “signed measure”, then the
computation in Theorem[10.5 is relevant if we know that, at least up to some further error
terms in N~t, B, is the time marginal of a measure 3 which is concentrated on a particular
family of trajectories { Py(t)}, which has enough regularity to be differentiated at least once
in the variable t. Whether and when we can expect such a property to hold is a very
challenging problem, which is the analog of the one raised in Remark [4.4).

Proof. Fix 0 < k < N — 1. It suffices to show that
(Qers x Uy — vDp)W = (Ej, + RF )W (140)

where |RF | < c(m,vy,v, A)N~*™ for every m > 1.
Using the identity

. N-1
\I/[P,C,t] :exp{—%ZCk-APk_l(t)} s (141)
k=0

we easily obtain the following equalities

00 = — AP, x AP, U
1%

2
DU = —2i2APk_1 % (AP, x AP,_;) ¥ (142)
v
27 2
- _?(APK‘ (AP 1|" = APy 1 (AP - AP)) W
By Proposition [A.3] we obtain
1 AP]@,1 -1
UpV = — X (AP, x APy_1)(1 4+ R(N®yv " AP;_1)) V¥
F log(N) |APy_1|? (AP bt e =) (143)
1 APy i (APt - APy B
=—— | AP, — 1 N© AP, 1)) W
log(N) < ‘ (AP L+ B AR-))

where R € &, is a fixed Schwartz function. We have all the ingredients to make the
following explicit:

1y _ APy 1 (AP 1-APy) k
iy X Uyl = 1o (DPrss X DPia) X (APk 2 (B ) U RE W
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where, RF = satisfies the following estimate

2 _
Rbal < (oo O Prall SPeal AP RN AP )|
< c(m)7 A ! (144)

vlog(N) (1 4+ Neyu—TA-T)m
< c(m,y, v, A)N~"
for every m > 1,as R € S. O

10.3. Comparison to Migdal’s Discretized Momentum Loop Equation. Following
Migdal, the next step is to take the main expression in (138]) and set it to zero for all C's,
in order to derive an equation for a of evolving curves Py (t), k € {0,..., N —1}. This leads

to the system

%Pk(t) — E(t) = const, (145)

where const is a “constant vector”, in other words a vector independent of k.

In Migdal’s theory, however, the corresponding analogous equations take a different form.
In order to discuss the main difference we will set the constant ¥ = 1 and retain rather
the dependence upon ~, which clearly highlights two different terms in , one which
is linear in v and one which is quadratic. We report it here the formula for the reader’s
convenience:

1
E. =
" log(N)

APy 1 (AP, - AP
iY(APyyz X APeyg) X (Apk_ k-1 (AP k))

|AP,_1]?
+ Y AP | AP |> — APy (AP - AP)) .
One technical discrepancy which does not affect the final outcome is that in the derivation
of the discretized equations we use a “regularized Biot-Savart” operator at the the level of
N, while Migdal uses (formally) the usual Biot-Savart operator. This means that while we

get the additional error term Ry, in ((13§)), in the corresponding computation Migdal gets
instead an exact identity.

(146)

The really relevant difference stems from the use of the two different discretizations
explained in the previous sections. Given his choice, Migdal in [M24Dh] derives the following
system

iPk(t) + Pr_1(t)
dt 2

where the terms £ take the form

7y (%APH)Q B (Pk+Pk—1) . (Pk+Pk—1) AP,

+72<(% . APk_l)APk_l _ ‘APk—1|2%>

—&(t) =0, (147)

E =
F log N

We note that the logarithmic correction in the term which is linear in v is absent in
Migdal’s earlier works (see e.g. [M23]) and it appears for the first time in [M24b]. This



MIGDAL’S MOMENTUM LOOP EQUATION 43

correction was in fact introduced by Migdal after preliminary discussions with the authors
of this paper about the effect of the Biot-Savart operator in the far field, which was initially
ignored in [M23].

Remark 10.5. We warn the reader that, while we are imposing that APy, is real, we are not
requiring the same property upon Py. Moreover the “scalar products” (Py+Pg—1)-( P+ Pi—1)
and (Py + Py—1) - APy denote the sums of the products of the (complex) components of the
corresponding vectors and not the usual hermitian product between the two complex vectors.
In particular

(Pe+ Py—1) - (Py+ Pio1) # | Pe + Pra |
On the other hand, given (137), we do have AP, - AP, = |AP|?.

Migdal then finds a particular family of solutions of (147]) which decouples the time
variable and the discrete variable k. More precisely, let us postulate the existence of a
solution to the system ((147)) of the form

L G

P(t) = Wtty) 7

where the G, are “constant” vectors, i.e. they do not depend on time. We then following
Migdal again and introduce the new variables

_ Gr+ Gr_1

Fki B

and
AP, =Gr — Gp1,
and we also impose, consistently with (137]), that
ImAF, =0 and ReAF; #0. (149)

We then find the system of algebraic equations

{logEN ) ((Ffﬂﬁﬁy

Remark 10.6. As in Remark we stress that we are imposing ANFy, € R3, but that Fy,
might have nonzero imaginary part: this is indeed a key point in Migdal’s discretized Fuler
ensemble. Therefore we do not have

Fy. - Fy = |Fy)?,

and we will indeed see below that for the actual Fuler ensemble F}, - Fy, vanishes even though
Fy, # 0! On the other hand, given (149), we still have AFy, - AF), = |AF,|2.
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If we introduce the notation
I = ((Fk - AF)?
“r |AFy|?
Iy := (F), - AFy)AFy
I. .= (1—|AF)F.
we can then rewrite as
(log(N)) ', — iyl —iyl. = 0. (151)

This final equation must be compared to [M23, Eq. (47)], which, using the notation above,
takes instead the form

—F, Fk> AF,

I, — iyl —ivl.=0. (152)
However, following [M23, Section 3], the special set of solutions found by Migdal in [M23]
Section 3|, which amounts to a particular choice of the vectors Fj, solve in fact the three
equations
I,=1,=1.=0. (153)
More precisely, Migdal sets G}, to be equal to iA + f;, for suitable real vectors A, f,, € R?
and imposes the following set of conditions on them (cf. [M23] (125), (126), (127), and
(129a))]):

|fo = fooal? =1 (154)
A fi=0 (155)

|fk|2 = |fk—1|2 (156)

AP = |fiu + fenr]®. (157)

From these conditions it follows easily that
e /. = 0 because
ARP = [fi— fia? E 1
e [, = 0 because

- , (155) & ([156)
Fy-ANF,=iA- fr, —iA- fy_1+ |fk|2 _ ‘fk—1|2 : 0:
e /. =0 because F}, - AF, =0 and

Fy - Fy, —|A]? + —’fkﬂz_ fil 0.
Finally, cf. [M23, Theorem 1, Section 13.2], solutions to the equations — are
found explicitly. They have, however, a quite elegant geometric interpretation: the vectors
fr turn out to be the vertices of a star polygon with the Schléfli symbol {¢/p}, inscribed in
a planar circle that is orthogonal to the vector A. These computations can be summarized
in the following.

Theorem 10.7. Let { P} be an element in the discretized Euler ensemble described above
and consider the functional ¥ in (136|). Then the discretized Euler ensemble satisfies (147)).
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We finish this discussion with a mention of the latest work [M25Dh]. In the latter Migdal
claims that, using the liquid loop approach, the corresponding discretized equation in the
momentum variables reduces to the nullification of the operator

N—-2
(@ +¢72D24>, (158)
k=1

up to error terms which vanish in the limit N — oo. The corresponding equation in the
discretized momentum variables for the latter operator is

d Py(t) + Pya(t)

—&Mt =0 159
where the terms 5,5 take the form
& = (B2 AR APy — | DR PR (160)

In particular from the computations outlined above it follows readily that
Theorem 10.8. The discretized Euler ensemble solves the system ([159)).

On the other hand Lemma [9.4 and the same arguments as in the proof of Theorem [10.1
yield immediately the following theorem.

Theorem 10.9. Fiz an integer N > 2 and a parameter M > 1. Assume that u €
CHR*x [0, T))NC ([0, T],C?) is a divergence-free time-dependent vector field, let C € LyR?
be a polygonal loop satisfying (130), and define

W[, C, 1] = exp{%y/olu(C'(Q),t) .C'(0) de}. (161)

Then
N-2 1
(& + iy Z NGy, - D,Q”) U = xp/ (00 + vV x w](C(8),t) - C'(0) dI + Rigop, (162)
k=1 0

where the remainder satisfies

| Rioop| < c(M, v, 7, ||ullcs) N, (163)

APPENDIX A. REGULARIZED BIOT-SAVART LAW

The following proposition demonstrates that the operator BS, closely approximates the
standard Biot-Savart operator when the input velocity field is sufficiently integrable and ¢
is sufficiently small.

Proposition A.1. Fiz K > 0. Let w:=V x u, where u € L2 N HXT. Then
IBSlw] — ull e < C(K)E|[ul| g (164)
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Proof. By , it is sufficient to estimate the H¥ norm of

1 1—X(€($—y))>
Ix::—/ V xu XV( dy . 165
(@) = g [ (T ) 9, (0 (165)
For every 0 < k < K, we integrate by parts and use Holder inequality:

1—x(l(x—
D1 < e [ D] (SR fay (166)

R3 |z —yl
<ce [ [Dbuy)| dy (167)

By—1\By—1(z)
Dk:
+C / % dy (168)
R3\B,_1 (z) |z =y

< CO*|| D¥ul| 2. (169)

0
The next proposition considers the action of BS, on polynomial growth velocity fields.

Proposition A.2. Let us consider a velocity field satisfying

w(z)| <M1+ |2[™), =R’ (170)
for some M > 1 and m > 0. Then,
IBS [w](z)| < C(m)™™ *M(1+ |z|™), xcR>. (171)
Proof. The proof is a straightforward estimate from . For every x € R3, we have
l
BSful(a)l < C [ lote = [ DX ay (172)
R
l ¢| Dk |(¢
RS [yl [yl
1 ., m
< CM/ Hm—zyy dy (174)
B,~1(0) Y|
1
<Clompem o) [y (175)
B,—1(0) Y|
< O(m)e ™ M1+ |z|™). (176)
O

We next compute the regularized Biot-Savart operator on complex exponentials

Proposition A.3. Let w(y) := vge™? forvy,a € R3\{0}. There exists a Schwartz function
R € S(R?) such that

BS,[w](z) = @e# x vy (1+ R(al™)). (177)
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Note that (177) is effective when £~! >> |a|, implying that BS,[w](z) & i€"** % X vy up

lal?
to an error of magnitude C'(k)(1 + |a|¢~1)~* for every k > 1.
Proof of Proposition[A.3. From ([70]), we deduce
1 Uz — ,
BS,[w](z) :—/ XUz =y)) ia X vg e dy
AT Jrs o=yl
) 1 V4 .
— e 4y vy — x(t) a|*e™""% dz.
|al? A Jps |2
We change the variables according to 2z’ = z¢:
1 14 .
- X( Z>|a‘2€—mzdz
A7 R3 ’Zl
1 ! o1
- X(2)|a‘2N2a671€ taz dz'
A s |7
1 ! o1
_ X(Z )AZ/(G_M 1az)dzl.
AT Jps |?/|
Finally, we integrate by parts and use that G(z) = #Z‘ is the fundamental solution of the
Laplacian:
1 l ,
- X( Z)|a‘2€fmzdz
A Jrs 2] (175)
1 AX(2/> VX(Z,) -2/ —it~Yaz' g 1
=1-— - e dz
Ar Jrs \ 1| 4k
(177) follows by observing that the second term in ((178) is the Fourier transform of a
compactly supported smooth function. O
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