A SURVEY ON ANISOTROPIC INTEGRAL REPRESENTATION RESULTS
SIMONE VERZELLESI

ABSTRACT. In this note we review some recent results concerning integral representation prop-
erties of local functionals driven by Lipschitz continuous anisotropies.

1. INTRODUCTION

A local functional is a functional F' of two variables: a function u belonging to a chosen
functional space, a set A belonging to a chosen family of sets. The adjective local refers to the
fact that F'(u, A) depends only on the values that u takes on A. An important class of local
functionals is that of integral functionals, e.g. functionals of the form

(u,A)t—)/Af(x,u,Du)dx,

where, say, A is open and u € W'P(A). Integral functionals constitute the cornerstone of
the modern calculus of variations, and describing their importance clearly goes beyond our
scope. We refer to [16, 26, 31] for complete introductions to this topic. In the study of op-
timization problems for local functionals, it is now an established practice to rely on the tool
of I'-convergence, as introduced by E. De Giorgi and T. Franzoni [19, 20]. For an exhaustive
introduction to this topic, we refer to the monographs [8, 9, 18]. Since the late 1970s, G. But-
tazzo and G. Dal Maso have investigated I'-convergence in the framework of Lebesgue spaces,
Sobolev spaces and BV spaces [11, 13, 17]. A key tool in the study of I'-convergence properties
in these frameworks consists in the so-called integral representation. By integral representation
we mean finding conditions under which a local functional F'(u, A) can be expressed e.g. as

F(u,A):/Af(x,u,Du)da:

for a suitable Lagrangian f. In the Euclidean setting this problem is very well understood, and
we refer the interested reader to [3, 10, 11, 12, 13] for a complete overview of the subject. In this
note, we review some recent results concerning local functionals driven by Lipschitz continuous
anisotropies, tailored to the study of anisotropic integral functionals of the form

(1.1) Flu, A) = /Af(x,u,Xu) e,  ACQ ue W),

where W)l(’p (Q2) is an appropriate anisotropic Sobolev space. An anisotropy is a family X =
(X1,...,Xpm) of Lipschitz continuous vector fields, which induces the anisotropic gradient

Xu= (Xqu,..., Xu) = XjuX; + - + XuX,,.

The term anisotropy is motivated by the fact that X may vary point by point. The investigation
of anisotropic variational functionals as in (1.1), as well as their related functional frameworks, is
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originally motivated by L. Hérmander’s seminal work on hypoelliptic operators [34]. The latter
constitutes a milestone in the study of differential operators with underlying sub-Riemannian
type structures. Important evidences are the works of G.B. Folland [24] and of L. Rothschild
and E.M. Stein [43] in the context of stratified and nilpotent Lie groups. We refer to [7]
for further accounts on analysis on Lie groups, and to [2, 33, 35] for thorough introductions

to sub-Riemannian geometry. As a prototypical example, consider the smooth anisotropy
X = (X1, X3) on R?, where

0 0 0 0

T d Xo=— —11——.
81'1 +x28$3 an 2 61‘2 xlal'g

The latter generate, via Lie-brackets, the Lie algebra of the so-called first Heisenberg group,
and induce on it a sub-Riemannian structure. The relevant hypoelliptic operator associated
with X is the so-called sub-Laplacian

(1.3) (X1)%u+ (X5) u,

(1.2) X

and its associated Dirichlet energy reads as
(1.4) / (1 X ul? + | Xoul?) da.
Q

As (1.3) is not elliptic, (1.4) is not coercive. Moreover, the Euclidean Sobolev spaces W12(Q) are
not the correct finiteness domains for functionals as in (1.3). These issues are clear obstructions
to the use of classical techniques to study minimization properties of (1.4), preventing for
instance the L2-lower semicontinuity of its Euclidean extension to L*(2), namely

Jo ((Xuf? + | Xoul?) dz if u e WH(Q),
00 if u e L2(Q) \ Wh2(Q).

To overcome these obstacles, building on the foundational work of Folland and Stein [25],
the correct functional framework has been developed by B. Franchi, R. Serapioni and F. Serra
Cassano [27, 28] and by N. Garofalo and D.M. Nhieu [29, 30]. Precisely, when 1 < p < o0,
the study of anisotropic functionals in the greater generality of (1.1) can be carried out via
the introduction of suitable anisotropic Sobolev and BV spaces, say Wy*(Q) and BVx(Q),
emerging as the natural domains of functionals as in (1.1). When instead p = oo, the reader is
referred to [14, 42, 46, 47| for some anisotropic L*°-variational problems.

The study of anisotropic integral representation results started in [37, 38], where the au-
thors investigated integral representation and I'-convergence properties of functionals F'(u, A)
modeled by suitable anisotropies X = (Xj, ..., X,,), assuming that

(LIC) Xi(z),..., X, (x) are linearly independent for a.e. x € Q
and
(TT) F(u+ ¢, A) = F(u, A) for any function u, any set A and any constant c.

According to [37], we call a functional translation-invariant whether it satisfies (T1), while we
say that X satisfies the linear independence condition if it satisfies (LIC). Local functionals
satisfying (T1) model integral functionals of the form

(1.5) F(u,A):/Af(a:,Du)dx,

i.e. whose Lagrangian is independent of u. Although not fully general, the study of functionals
satisfying (T1) is nevertheless highly relevant in the literature. Therefore, we will limit ourselves
mainly to this class. On the other hand, although (LIC) already embraces many relevant families
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of vector fields studied in literature (cf. [38] for some instances), we will show how to avoid it.
More precisely, in [37] the authors found conditions under which F' can be represented as

(1.6) F(u,A)= /Af(:v, Xu)dx for any A C 2 open, for any u € W)l(’foc(A) N LP(Q),

and for a suitable Lagrangian f : QxR™ — [0, 00). Moreover, they applied this characterization
to prove a I'-compactness theorem for integral functionals of the form (1.6), when 1 < p < 0.
We refer to [39] for similar results under stronger conditions on the family X. These results
were later extended in [22, 23] beyond (TT), to model integral functionals of the form

F(u,A) = / flz,u, Xu)dx for any A C 2 open, for any u € W)l(’goc(A) N LP(2),
A

and generalizing their Euclidean counterparts [11, 13]. Although the above-mentioned contribu-
tions relies on the linear independence condition (LIC), the latter has been definitely removed
in [45], allowing for anisotropic integral representation results in the greatest generality.

In this paper we review the approach to the above integral representations, focusing on the
case in which (TT) holds. First, we recall the strategy developed by Buttazzo and Dal Maso to
prove the Euclidean result. Their approach can be summarized into the following three steps:

1. Prove (1.5) when u is a piecewise affine function. This step require the fact that F' is a
measure in its second variable.

2. Recall that piecewise affine functions are dense in Sobolev spaces.

3. Exploit the above steps, together with lower semicontinuity properties of F', to extend
(1.5) to all Sobolev functions.

This scheme, which applies (T1), relies heavily on the second step. However, as noticed in [37],
it is not generally the case that anisotropic piecewise affine functions approximate anisotropic
Sobolev functions. To this aim, the authors of [37] developed the following alternative strategy.

1. Apply the Euclidean integral representation result to the functional, obtaining an inte-
gral representation with respect to a Euclidean Lagrangian f. of the form

F(u,A) = / fe(z,u, Du) dx for any A C Q open, for any u € W,2P(A) N LP(Q).
A
2. Find conditions on f. guaranteeing the existence of a Lagrangian f such that
(1.7) / fe(z,u, Du)dx = / f(z,u, Xu)dx for any A C Q open, for any u € C*°(A).
A A

3. Combine the previous steps with density properties of smooth functions.

While the third step relies on well-established anisotropic Meyers-Serrin-type approximation
results [27, 29|, the second one constitutes the key of this approach. Indeed, its achievement
led the authors of [37] to assume (LIC), and the author of [45] to remove this assumption. We
point out that, although (LIC) is in the end not necessary to establish (1.7), it nevertheless
plays a role in certain secondary issues, including, for example, the uniqueness of representation.

Our exposition is organized as follows. In Section 2 we recall the background about the
anisotropic functional framework (Section 2.1), introducing the relevant Sobolev spaces (Sec-
tion 2.2) and discussing density properties of piecewise affine and smooth functions (Section 2.3).
In Section 3, we introduce the basic terminology of local functionals. In Section 4 we prove
the integral representation results in the (TT) setting. Precisely, first we recall the Euclidean
approach (Section 4.1), then we thoroughly explain how to establish (1.7) (Section 4.2), and
finally we complete the proof of the anisotropic integral representation result (Section 4.3). In
Section 5 we explain when and how (LIC) is actually relevant. Finally, in Section 6 we guide the
reader to existing literature, including cases beyond (T1) and applications to I'-convergence.
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2. ANISOTROPIC FUNCTIONAL FRAMEWORKS

Main notations. If no ambiguity arises, we let co = co and N = N \ {0}. If 1 < p < o0, we
denote by p’ the Holder-conjugate exponent of p. We fix m,n € N such that 0 < m < n. For
a, f € N, we denote by M(a, 8) the set of matrices with o rows and 5 columns. We denote by
(-,-) the Euclidean scalar product, and by | - | its associated norm. If L : R* — R” is a linear
map, we denote by ker(L) C R* and Im(L) C R its kernel and its range, respectively. Fixed
an open and bounded set 2 C R"™, we denote by A the class of all the open subsets of {2, and
by B the class of all the Borel subsets of 2. We let Ay be the subfamily of A of all the open
subsets A of € such that A € 2 and by By the subfamily of B of all the Borel subsets B of {2
such that B € Q. Finally, we denote by Du the (distributional) Euclidean gradient of u. If no
ambiguity arises, gradients may be either columns or rows.

2.1. Anisotropies. In the following, €2 is an open and bounded subset of R". Given a family
X = (Xy,...,X,,) of Lipschitz continuous vector fields on 2, such that

a 9,
Xj = Z Cjﬂ'%, with Cji € Llp(Q)
i=1 ¢

for any j = 1,...,m and any ¢ = 1,...,n, we denote by C(z) = [¢j;(x)]i=1,..n the m x n

j=1,.
coefficient matriz associated with X. We may refer to X as anisotropy or X - gmdzent This

notation is motivated by the following definition.

I

Definition 2.1. Let u and V' be a 1-dimensional and an m-dimensional distribution.
(1) The X-gradient of u is the m-dimensional distribution defined by

Xu(p) = —u (div(CTy)) for any p € C(Q; R™).
(2) The X-divergence of V is the 1-dimensional distribution defined by
divx (V) () = =V (CDy) for any ¢ € C*(Q).
Below are some examples of relevant anisotropies.

Example 2.2 (The Euclidean space). When m = n and X; = %, we are in the Euclidean
J
isotropic setting, and we feel there is no need to add more.

Example 2.3 (Riemannian structures). When m = n and X is a global frame of smooth vector
fields, € can be endowed with a Riemannian metric for which X is an orthonormal frame. Then
X, divy and d are the Riemannian gradient, divergence and distance respectively.

Example 2.4 (Carnot groups). Let n =3, m =2, X; = 8%1 +a:28%3 and Xy = a :1:1% In
this case, X is a basis of left-invariant vector fields of the first Heisenberg group, a partlcular
Lie group which constitute the first non-trivial instance in the wider class of Carnot groups.

Example 2.5 (Bracket-generating anisotropies). In Example 2.4, [X;, X5] = —2%, whence
the Lie algebra generated by X has full rank at every point. Vector fields satisfying this property
are called bracket-generating, and are the building blocks of sub-Riemannian geometry. Not
every braeket—generating anisotropy gives rise to a Carnot group. The simplest instance is the

Grushin plane, i.e. n=m =2, X; = z- and Xy = .7)16 . Indeed, [X;, X,] = 8:::2

Example 2.6 (Carnot-Carathéodory spaces). An important tool associated with anisotropies
is the so-called Carnot-Carathéodory distance induced by X on  (cf. e.g. [33]). Precisely,
let x,y € Q, and let v : [0,1] — © be any absolutely continuous curve joining x and y. = is
horizontal if

(2.1) $(t) =Y a;(t)X;(y(t)  forae te[0,1].

=1
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Then the Carnot-Carathéodory distance is defined by

d(z,y) = inf {/ l(at,...,am)|dt : v:[0,1] = Q, v(0) = z,7(1) =y, (2.1) holds} .

Depending on the anisotropy, d may not be always finite. If it is the case, it is a length
distance, and (2, d) is called Carnot-Carathéodory space [40]. By Chow-Rasheuvskii connectivity
theorem (cf. [15] and [35, Chapter 3]), bracket-generating anisotropies give rise to finite Carnot-
Carathéodory distances. Nevertheless, this condition is not necessary. As an instance, consider
the the family X = (X1, X2) of vector fields defined on 2 = (—1,1)* C R? by

0 0 if xr1 € (—1,0)

— d X =
(91’1 a 2<x> {l’laim if T € [O, 1)

Xi(x) = for any x = (21, 22) € 2

() is easily a Carnot-Carathéodory space, while X is not bracket-generating.

2.2. Sobolev spaces. Owing to Definition 2.1, we introduce the main functional framework.
The anisotropic Sobolev space W)l(’p () is defined by

WP(Q) = {u e LP(Q) : Xu e LP(Q;R™)}.
The space W)l(’fl)oc(Q) is defined as usual. It is well-known (cf. [25]) that W (Q), endowed with
the norm
||U||W1P = |[ul|zr) + [[ Xl Lr@rm),
is a Banach space for any 1 < p < o0, reflexive when 1 < p < oo. The Llpschltz continuity
assumption on the family X ensures that WP(Q) embeds continuously into Wy (Q) (cf. [22

37]), where Wh?(Q) denotes the Euclidean Sobolev space. Precisely, for any u € W*(Q), the
X-gradient admits the Euclidean representation

(2.2) Xu(z) = C(xz)Du(x) for a.e. x € Q.

2.3. Approximation properties. For what concerns density of smooth functions, the clas-
sical result of Meyers and Serrin is still valid in the anisotropic setting and it was proved,
independently, in [27] and [30]. We state the result in what follows, and refer the interested
reader to [38] for further discussions on this topic.

-1 1,0
Theorem 2.7. For any 1 < p < oo, it holds that W P(Q) = C>(Q) N W)l(’p(Q)‘ W@,

Under additional assumptions on X, Poincaré inequalities and Rellich-Kondrachov-type the-
orems may be deduced. We refer the reader to [38, Proposition 2.16] and [28, Theorem 3.4],
respectively. Instead, when we come to density of affine functions, the Euclidean and the
anisotropic framework differ. In the Euclidean setting, it is well-known that piecewise affine
functions approximate Sobolev functions. We recall that v : Q@ — R is piecewise affine if
u € C°(Q) and if there exists a finite family {Qy,...,Q,} C A and a negligible set N such that

Q:UQZ»UN and ulq, is affine for any i =1,...,s.

The following density result holds.

Proposition 2.8. Let 1 < p < co. Let u € W'(Q) and let A' € Q. Then there exists a
sequence (up)p, of piecewise affine functions converging to u strongly in W1P(A’).

Proposition 2.8 is a corollary of the following result (cf. [21, Proposition 2.8]).

Proposition 2.9. Let 1< p<oo. Let Q be an open and bounded subset of R™ with Lipschitz
boundary. Let u € W, ’p(Q). Then there ezists a sequence (up)n of piecewise affine functions
on Q such that, for any h € N, up|,q = 0 and converging to u strongly in WhP(Q).
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Recall that w is affine if and only if Du is constant. If we call a smooth function u X-affine as
soon as Xu is constant, it is natural to wonder whether the above properties hold for anisotropic
Sobolev functions.As shown in [37], the answer is negative. The notion of piecewise X-affine
function is given wverbatim as above. Let € be a bounded open subset of R®. Let X, X, be as
in Example 2.4. Let u(zy, 9, 23) = x3. Clearly u € C®(Q), and so in particular u € W?(Q)
for any p > 1. An easy computation reveals that a function v is X-affine if and only if

v(x1, e, x3) = axy + bxy + ¢

for some a,b,c € R. Therefore, since X-affine functions do not depend on z3, u cannot be
pointwise approximated by piecewise X-affine functions.

3. LOCAL FUNCTIONALS AND CARATHEODORY FUNCTIONS

3.1. Local functionals. In this section we collect some definitions about increasing set func-
tions and local functionals (cf. [18]). The latter, heuristically, behave like variational functionals
in the first entry and like measures in the second one.
Definition 3.1. We say that o : A — [0, 00] is
1. increasing if a(A) < «(B) for any A, B € A such that A C B;
2. inner regular if it is increasing and a(A) = sup{a(A’) : A € A} for any A € A;
3. subadditive if it is increasing and a(A) < a(B)+a(C) for any A, B,C € A with A C BUC;
4. superadditive if it is increasing and a(C) > a(A) + a(B) for any A, B,C € A with
ANB=0 and AUB C C;
5. a measure if it is increasing and it is the restriction to A of a Borel measure.

The next result (cf. [18, Theorem 14.23]) gives conditions for a set function to be a measure.
Theorem 3.2. Let o : A — [0,00] be an increasing function such that a(B) = 0. Define the
function o* : B — [0, 00| by

a*(B) :=inf{a(A) : Ac A, B C A}.
Then the following conditions are equivalent:

1. o is a measure;
2. « s subadditive, superadditive and inner regqular;
3. a* is a Borel measure coinciding with o on A.

The next result is an immediate corollary of Theorem 3.2.

Corollary 3.3. Let a: A — [0,00] be a measure. Let o* be as in Theorem 3.2. The following
conditions are equivalent:

1. For any A" € Ay, a(A") < o0y

2. a 15 a Radon measure.

The following definition adapts some standard notation to the anisotropic setting.

Definition 3.4. If F': LP(Q) x A — [0, 00], we say that F is:
1. a measure if F(u,-) is a measure for any u € LP(Q);
2. local if, for any A € A and u,v € LP(QQ), then

u|A = /U‘A == F(U,A) = F(UaA);
3. convex if F (-, A) restricted to W)l(’foc(A) N LP(2) is convex for any A € A;
4. LP-lower semicontinuous (respectively W)l(’p -lower semicontinuous) if F(-, A) is LP-lower
semicontinuous (respectively W)l(’p -lower semicontinuous) for any A € A;

5. weakly-* sequentially lower semicontinuous if F (-, A) restricted to W'>(Q) is weakly-*
sequentially lower-semicontinuous for any A € A.

We point out that many of the above notions are not relevant in the (T1) setting.



A SURVEY ON ANISOTROPIC INTEGRAL REPRESENTATION RESULTS 7

3.2. Carathéodory functions. In order to ensure that an integral functional of the form

F(u,A) = /Af(m,u,Xu) dx

is well-defined, we impose some conditions on the Lagrangian f in such a way that the function
x> fz,u(r), Xu(z))

is integrable on A for any u € W)I{’;OC(A) N LP(€2). To this aim, it is customary to work in the
class of Carathéodory functions (cf. [16]).

Definition 3.5 (Carathéodory functions). Let f : @ x R x R™ — [0, 00] be a function. We
say that f is a Carathéodory function if:
(i) f(-,u,n) is measurable for any u € R and any n € R™;

(ii) f(x,-,-) is continuous for a.e. x € €.

Carathéodory functions constitute the right class of Lagrangians, as the next proposition
shows (cf. e.g. [21])

Proposition 3.6. Let f: Q2 x R x R™ — [0, 00| be a Carathéodory function. Then
(3.1) x> flz,u(@), Xu(z))

is measurable for any A € A and any u € W)lg;OC(A) N LP(QY). In particular, being f non-
negative, it s integrable on A.

4. INTEGRAL REPRESENTATION IN THE (TI) SETTING

In this section we show how to prove the anisotropic integral representation result.

4.1. The Euclidean result. As point out in the introduction, the first step consists in ex-
ploiting the Euclidean integral representation result. To this aim, we prove it for the sake of
completeness. The following theorem has been proved in [13], and can be found also in [18].

Theorem 4.1. Let 1 < p < oo. Let F: LP(Q2) x A — [0, 00] be such that:

1. F 1s a measure;

2. F is local;

3. F' is translation-invariant;

4- There exists a € Li,.(Q) and b > 0 such that

loc

(4.1) F(u,A) < / a(x) + b|Dul? dx for any A € A and any u € W,-P(A) N LP(Q).

loc
A

5. F is LP-lower semicontinuous.
Then there ezists a Carathéodory function f.: Q x R™ — [0,00) such that

(4.2) & fe(x,€) is convex for a.e.x € (),
(4.3) fe(x, &) < alz) +blEP  forae.x e, forany & € R,
and
(4.4) F(u,A) = / fe(x, Du) dx
A

for any A € A and any u € LP(Q) N WP (A).

loc
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Proof. Step 1. We begin defining f.. Fix z € Q and £ € R™, and consider the linear function
©e(y) == (&, y). Define f, : Q@ x R™ = [0, 00] by

: F (¢, Br(z))
fe(z, &) == limsup —————F—-.
(=€) R—0+ |Br(2)]
By 1,4 and Corollary 3.3, F(yg, ) is a Radon measure, absolutely continuous with respect to
the Lebesgue measure. By Lebesgue’s differentiation theorem, y — fo(y, &) is in Li .(Q), and

loc
(4.5) F(pe, A) = /Afe(yé) dy = /Afe(y, D) dy for any A € A.

Step 2. We prove (4.3). Fix a Lebesgue point x of a. Let £ € R™ and ¢¢ be as above. By 4,

Flge Ba@) < [ aly) + ¢l dy
Br(z)

Therefore, (4.3) follows dividing by |Bgr(z)| and letting R — 07. Moreover, up to modifying f.
on a set of measure zero, we can assume that it is finite everywhere.

Step 3. We extend the class of functions for which the integral representation holds. First,
by 3, (4.5) can be extended to every affine function. Let u be a piecewise affine function and
A € A, and consider the partition {Q' ... Q) N} associated with w. For any i = 1,...,s,
take an affine function ¢; coinciding with v on €);. By 1, 2 and the absolute continuity of
A+~ F(u, A) with respect to the Lebesgue measure,

FluA) = 3 Pleu An9) =3 | fw.Deddy= [ fw.Du)n
i=1 i=1 7 AN '

Therefore (4.5) can be extended to every piecewise affine function.

Step 4. We prove (4.2). Its proof is known in the literature as zig-zag lemma (cf. [18, Lemma
20.2]). Let x be a Lebesgue point for a. Let ¢ € (0,1), {&§ # & in R™ and R > 0, and set
& :=1t& + (1 — t)&. By definition of f., it suffices to show that

F(pe, Br(x)) < tF (g, Br(z)) + (1 — 1) F(¢pg,, Br(x))
when R is small. Define &, := 2=5 and, for any h € N and for any k € Z, set

[E2—&1]”
B k—1 k-1 t
Bhemve (|55 +1)) B UBhe dhe=anghe o= Uok
kEZ keZ
and
B =gt ([Pl LR gr=\J)E, Q,=QnE, Q=]
hk = Pe A + 0 ; b= U bk hk = Bk b= U hok
kEZ keZ

Since &y # 0, we claim that
(4.6) Xap — tand xq2 — 1 — 1t weakly-" in L>(9).

We just sketch the proof of (4.6), focusing on the first property.
(1) Let @ C R™ be closed n-cube with one edge parallel to . Then

(4.7) B} N Q| — tQ| as h — oo.
(2) Let A e A. Then
(4.8) |Ef N A| — t|A] as h — o00.

The proof of (4.8) follows covering A with n-cubes as in the previous step, and combining
(4.7) with a Vitali covering argument.
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(3) Let ¢ be a piecewise constant function over 2. Then (4.8) implies that

lim gpdx—t/gpd:c.

(4) The claim follows since piecewise constant functions are dense in L'(().

Define _— "
= (1—1) 3 &2 — & and Chp = —tﬁ|52 — &,

and set
un(y) = at Ey) ifyeQ, .
Ci,k +(&,y) ifye Qz,k
By definition,
t(1—1t)
—le, - &

for any y € . In particular, u;, — ¢, uniformly on €, whence u, — ¢ strongly in LP(2).
Since (up), and ¢ are piecewise affine, and recalling the previous step,

lun(y) — ¢e(y)| <

Fle, Br()) < liminf F(up, B())

h—o0

:liminf/ fe(y, Duy) dy
)

h—o00
(4.6)
= t/ fely, &) dy + (1 —t)/ fe(y, &) dy
Q}LQBR(I) Q}LHBR(x)

= 1F (¢, Br(z)) + (1 — 1) F(pg,, Br(x)).
Step 5. We show that
(4.9) F(u, A"y = [ fe(x,Du)dz

A/

for any A" € Ay and any u € W'P(A’) N LP(Q)). By Proposition 2.8 there exists a sequence
(up)n of piecewise affine functions such that

(4.10) uy, — u strongly in WhP(A'),
Moreover, the functional
GA’ : ({U|A/ Tuc Wl’p(A,)} ) || ’ ||W1»P(A’)) — [O, OO)7 GA/(U) = fe(x, D'LL) dx
A/

is convex and bounded on bounded sets on WP(A’), whence it is continuous. Therefore

5
(4.11) F(u, A" <liminf F(uy, A') = liminf [ f.(x, Duy)de = [ f.(x, Du)dx.

h—00 h—00 A’ Al

We prove the converse inequality. Fix ug € W'P(A’), and define H : LP(Q) x A — [0, 00] by
H(u, A) :== F(u+up, A). Then H satisfies all the hypotheses of Theorem 4.1. Therefore, there
exists a Carathéodory function A : 2 x R™ — [0, 00) such that

(4.12) & h(x,§) is convex for a.e. x € Q,

(4.13) h(z,§) < ag(x) + bylEP  for a.e.x € Q and any £ € R™
for some ay € L} (Q) and by > 0,

loc

(4.14) H(u,A) = / h(z, Du) dx for any A € A and any u piecewise affine,
A
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and

(4.15) H(u, A" < / h(z, Du)dz  for any u € W'P(A") N LP(Q).

!

Let (up)n be a sequence of piecewise affine functions converging to wug strongly in Wh?(A).
Then (ug—up,), converges to 0 strongly in W'P(A’). Arguing as before, (4.12) and (4.13) imply
(4.16) / h(z,0)dr = lim h(z, Duy — Duy,).

/ h—o0 A’

Thus we conclude that
/ h(z,0) dz 2 H(0, 4)
= F(UO, A/>

(4.11)
< fe(l', DUO) dr
A/
= lim fe(x, Duh) dx
h—o00 A’

= lim F(up, A")

h— 00

= lim H(ug — up, A")

h—o00

19 Jim / h(x, Dug — Duy,)

h—o00

(Lo / h(z,0).
In particular, (4.9) is proved.
Step 6. Fix A€ Aand u € LP(Q) NW,2P(A). Let A’ € A, A’ € A. By (4.9),

loc
F(u,A") = [ fo(z, Du)dzx.
A/
Since F'(u,-) is a measure, we conclude that
F(u,A) =sup{F(u,A") : A’ € A} = Sup{ fe(x,Du)dx : A’ & A} = / fe(x, Du) dx.
A A

whence (4.4) holds. O

Remark 4.2. Theorem 4.1 still holds if we substitute 5 with the following two conditions:

5. F is weakly-* sequentially lower semicontinuous;

5”. F is WhP-lower semicontinuous.
The advantage of requiring weak-* lower semicontinuity and W P-lower semicontinuity instead
of LP-lower semicontinuity is that the formers are both necessary (cf. [1, Theorem II.1] for the
necessity of weak-* sequential lower semicontinuity), while the latter may fail. Indeed, a famous
counterexample due to Aronszajn (cf. [41, p. 54]) and exploited by Dal Maso in [17, Example
4.1], shows the existence of a Carathéodory function f. : (0,1)? x R? — [0, c0) such that

€ fo(x,€) is convex for any x € (0,1)?

and

folw, &) ST+V2[EPP for any (2,€) € (0,1)* x R?,
and such that, if F' is its associated integral functional, there exist u € W'?((0,1)?) and a
sequence (up), C WP((0,1)?) such that

lim [lup — ullpr@) =0 and  F(u,Q) > liminf F(uy, Q).
h—o0 h—o0
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4.2. From Euclidean to anisotropic representation. Here we show how to pass from an
Euclidean representation, i.e. with respect to an Fuclidean Lagrangian f., to an anisotropic
representation, establishing conditions under which (1.7) holds. To this aim, we begin with
some linear algebra preliminaries. We refer to [45] for the results of Section 4.2. Following the
notation of [22, 37], for any x € Q we define the linear map C(z) : R® — R™ by

C(x)(&) =C(x)-¢
for any £ € R". Moreover, we let
N, = ker(C(x)) and Ve={Cx)" - n : neR™}.

From standard linear algebra (cf. e.g. [44]), we know that R® = Ny & V. Hence, for any
x € Q) and £ € R", there are uniqe &y, € N, and &y, € V, such that

(4.17) §=2¢&n, + v,

Therefore, the map II, : R® — V, defined by I1,.(§) = &y, is well-posed. The authors of [22, 37]
exploited (LIC) to ensure the existence of a right-inverse map associated to C(z). Precisely, if
Xi(z),..., X,u(x) are linearly independent at some z € , then any n € R™ can be expressed
in the form n = C(z) - §, for some &, € R™. In the general case, we decompose € R™ as

U:C(x) '£W+TIL7
where n € Im(C(x))*. We stress that &, is uniquely defined only modulo ker(C(z)). Let

Cp : Q@ — M(n,m) be such that Cp(z) is the Moore-Penrose pseudo-inverse of C(x) (cf. [32])
for any = € €. Precisely, for a fixed x € Q, Cp(x) is the unique matrix in M (n,m) such that

Cp(z)-C(z) - Cp(x) =Cp(x),  Clx)-Cp(z)-C(x) =C(2),
Cp(z)-C(z) =C(z)" - Cp(x), C(x)-Cp(z) = Cp(z)" - C(x)".

The core of our proof is encoded in the following proposition.

(4.18)

Proposition 4.3. For any x € Q, let Cp(x) : R™ — R" be the linear map defined by
Cp(x)(n) = Cp(z) - 1.
Then the map
x — Cp(x)(n)

1s measurable for any n € R™. Moreover, for any x € €0, the following facts hold.

1. Im(Cp(x)) = V.

2. 11,(§) =Cp(z) - C(x) - € for any & € R™.

3. ker(Cp(z)) = Im(C(x))*.
Proof. For a given n € R™, it is well-known (cf. [32]) that

1\
Cp(x)-n= hlim (C(J;)T -C(x) + —In> C(z)" .

—00 h

for any x € Q. In particular, being C continuous over €, z — Cp(z) - 1 is the pointwise limit of
continuous functions, and hence it is measurable. Now we fix x € (). Notice that, by (4.18),

Cp(z) -0 =Cp(x) - C(x)-Cp(x) -n=C(2)" - (Cp(x)" - Cp(x) - n)

for any n € R™, so that Im(Cp(z)) C V,. To prove the other inclusion, it suffices to show 2.
To this aim, fix £ € R". by (4.17) and (4.18),

C(z)-Cp(z)-C(x) - £ =C(x) - £ =C(z) - (Lx(§) +&n,) = C(x) - T (€).
Since we already know that Cp(x) - C(z) - £ € V,,, and being C(z) injective on V;, 2 follows. To
prove 3, fix n € ker(Cp(z)) and £ € R". Then, by (4.18),

n"-Clx)-&=n"-C(x)-Cp(x)-Cz) - & = (Cr(x) - )" -C(x)" - C(w)- £ =0,
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so that 7 € Im(C(z))*. Hence ker(Cp(x )) C Im(C(z))*. Assume by contradiction that there
exists 7 # 0 such that n € Im(C(x))* Nker(C(x))*t. In view of (4.18),

(4.19) Cp(x)-n=Cp(x)-C(x)-Cp(z) -1

Since we know that ker(Cp(z)) C Im(C(z))*, then Im(C(z)) C ker(Cp(x))*, so that both n and

C(x)-Cp(x)-n belongs to ker(Cp(z))*. Being Cp(x) injective on ker(Cp(z))*, we conclude from
(4.19) that n = C(z) - Cp(z) - 1, a contradiction with € Im(C(x))*. O

In the next result, we show how to exploit Proposition 4.3 to obtain (1.7).

Proposition 4.4. Let f. : Q2 x R" — [0,00] be a Carathéodory function. Assume that

(4'20) fe(%@ = fe(:B?Hx(S))

for a.e. x € Q and any & € R™. Define the map f: Q2 x R™ — [0, 0] by
(4.21) f(@,m) = fe(z,Cp(x) - )

for any x € Q) and any n € R™. Then [ is a Carathéodory function such that
(4.22) flz,m) = f(z,C(z) - &)

and

(4.23) felz, &) = f(z,C(x) - €)

for a.e. x € Q, anyn € R™ and any & € R™. Moreover, f enjoys the following properties.
1. If there exist a € L, () and b > 0 such that

(4.24) fe(x, &) < a(z) +bC(x) - &P for a.e. x € Q and any £ € R",
then
(4.25) f(z,C(x)- &) < a(x)+b|C(x) - &P for a.e. x € Q and any £ € R".
2. If
(4.26) fe(x,-) is convex for a.e. x €€,
then
(4.27) f(z,-) is convex for a.e. x €.

Proof. Let f be the function in (4.21). First we show that f is a Carathéodory function. To
this aim, fix n € R™, and define the function ®, : 2 — R" by

®,(z) =Cp(z) - n
for any x € Q2. By Proposition 4.3, ®, is measurable. Since

(428> f(%"]) = fe(mu (I)T](a:))
for a.e. z € Q, and being f. a Carathéodory function, we deduce from [16, Proposition 3.7
that x — f(z,n) is measurable for any n € R™. Fix x € Q and define ¥, : R™ — R" by

Vo (n) = Py(z)
for any n € R™. Clearly, ¥, is a linear function. In particular, by (4.28) and being f.
a Carathéodory function, then n — f(x,n) is continuous for a.e. z € €, so that f is a
Carathéodory function. Moreover, in view of (4.26), (4.28), the linearity of ¥, and the definition
of f, (4.27) follows. In addition,, (4.22) follows directly from 3 of Proposition 4.3. We prove
(4.23). In view of 2 of Proposition 4.3, (4.20) and the definition of f, we infer that

f(Z‘,C(J}) ’ 5) - fe(I,Cp(ZE) C(l‘) 5) - fe(xa Hm(&)) = fe(xvf)

for a.e. x € Q and any £ € R”, whence (4.23) follows. Finally, (4.25) follows by (4.23) and
(4.24). O



A SURVEY ON ANISOTROPIC INTEGRAL REPRESENTATION RESULTS 13

4.3. The anisotropic result. In this section we prove the anisotropic representation result.
We refer to [37] for its proof assuming (LIC), and to [45] for the general case. As pointed
out in the introduction, we cannot rely on the FEuclidean approach, since piecewise X-affine
functions do not approximate anisotropic Sobolev functions. The crucial step is therefore to
pass from an Euclidean to an anisotropic representation, establishing (1.7). In order to rely on
Proposition 4.4, we need to ensure that the Euclidean Lagrangian f,. satisfies (4.20). To this
aim, its convexity will play an important role. However, there are cases beyond the (TI) in
which f, is not convex. This situation is more demanding, and will be treated in Section 6.

Theorem 4.5. Let 1 < p < oco. Let F : LP(Q) x A — [0, 00] satisfy the following properties:

1. F' is a measure;

2. F s local;

3. F is translation-invariant;

4. There exist a € L,.(Q) and b > 0 such that

(4.29) F(u,A) < /Aa(x) + b| Xul? dz for any A € A and any u € W)I(’ﬁoc(A) N LP(§2);

5. F is LP-lower semicontinuous.
Then there ezists a Carathéodory function f :Q x R™ — [0,00) such that

(4.30) F(u,A):/Af(:c,Xu) dx

forany A € A and any u € W)l(’fl’oc(A) NLP(Q). Moreover, f satisfies (4.22), (4.25) and (4.27).
In addition, if f : Q x R™ — [0,00) is a Carathéodory function which verifies (4.22), (4.25)
and for which (4.30) holds with f in place of f, then

(4'31) f(xa 77) = f(x>77>
for a.e. x € Q and any n € R™.

Proof. Step 1. We show that F' verifies the assumptions of Theorem 4.1. We just need to
show (4.1). Let A € A and u € W'?(A). Recalling (2.2) and by (4.29),

F(u, A) < /

a(z) + b| XulP de = /
A

a(z) + b|CDulP dx < / a(z) + b| DulP da
A A

for some b = l;(b,p, X, Q) > 0. Whence, by Theorem 4.1,
(4.32) F(u,A) = / fe(z, Du) dx
A

for any A € A and any u € WLP(A) N LP(Q), where f, : Q x R — [0,00) is a Carathéodory
function satisfying (4.24) and (4.26).
Step 2. We show that f. satisfies (4.20). First, we claim that

(4.33) fe(x, &) < a(z) +blC(x)EP  for ae. x €9, for any £ € R™.

Indeed, let @ be a countable, dense subset of R". Let Q C Q be such that |Q] = 2] and every

x € Q is a Lebesgue point for a and for y — f.(z,€) for any £ € Q. Let z € Q and £ € Q.
Testing (4.29) and (4.32) on ¢¢(y) = (&, y),

/ fole.€) de < / a(z) 1+ bC)E de.
Br(x)

BRr(z)

Dividing by |Bg(z)| and letting R — 0%, we conclude (4.33) for a.e. x € Q and for any
¢ € Q. Since f. is a Carathéodory function, (4.33) follows. Fix z € Q such that (4.33)
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holds. Fix £ € R". Recalling (4.17), set § = &y, + I1;(£). Define on ker(C(z)) the function
& f(a, I (&) + &) for any € € ker(C(x)). It is convex by (4.26). Moreover,

_ (433

P +8) < a(@)+ble@) (116 +€)[ = ale) + bC@ILEP.

whence it is bounded. Therefore it is constant, and (4.20) follows.
Step 3. By Proposition 4.4, f : Q@ x R™ — [0,00) defined as in (4.21) is a Carathéodory
function which satisfies (4.22), (4.23), (4.25) and (4.27). Combining (2.2), (4.23) and (4.32),

(4.34) F(u,A) = /Af(:zc,Xu) dx

for any A € A and any u € C*°(A)NLP(R2). In order to achieve (4.30), one argue as in the proof
of Theorem 4.1. The difference here is that we do not rely on the density of piecewise affine
functions, but we combine (4.34) with the Meyers-Serrin-type result provided by Theorem 2.7.
Step 4. Finally, assume that there exists a Carathéodory function f : Q x R™ — [0, 00) which
verifies (4.22), (4.25) and (4.30). By (4.25), (4.30) and proceeding as in Step 2, we infer that

(4.35) [, C(x)- &) = flx,C(x) - €)
for a.e. z € Q and any £ € R™. Since both f and f satisfy (4.22), we conclude by (4.35) that

fan) = f(2,C(2) - &) = f(w.C(x) - &) = f(z,7)
for a.e. x € Q and any n € R™, so that (4.31) follows. O

5. WHEN (LIC) MATTERS

For this section, we refer to [45]. As shown in the previous sections, (LIC) does not play any
role in the establishment of Theorem 4.5. However, when (LIC) fails, the uniqueness property
(4.31) is not in general true without assuming (4.22). Moreover, the polynomial bound (4.25)
cannot be replaced by the stronger property

(5.1) f(x,n) < alx)+blnl? for a.e. x € Q and any n € R™.
Example 5.1. Consider the the anisotropy X = (X7, X3) defined on Q = (0,1)? C R? by
0
X1 (z) = Xo(z) = -
1(7) 2() Ers

for any = = (1, x9) € Q. Clearly X, X5 are Lipschitz continuous on €2 and linearly dependent
for any x € 2. The associated matrices C and Cp are respectively

C(x):“ 8] and cp(x):{l(/f 162}

for any x € €. In particular,
(5.2) N, ={(0,\) eR*: Ne R} and Im(C(z)) = {(\,A) e R : A€ R}
for any x € 2. Consider the functions fi, fo : Q x R* — [0, 00) defined by

2 2
filz,n) =2 (@) and fo(x,m) =2 (@) 4 em=m2)® _q

for any x € Q and any n = (n1,72) € R?. They are clearly Carathéodory functions. In view of
(5.2), they both verify (4.25) and (4.27) with a = 0 and b = 1. Moreover,

(5.3) fila, C(x) - §) = falz,C(x) - €)
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for any x € Q and any ¢ € R?, but they differ otherwise. In particular f; satisfies (4.22) and
(5.1) with p = 2, while f, does not. Consider Fy, F, : L*(Q) x A — [0, 0o] defined by
[ fi(@, Xu(z))de if Ae A ue Wy (A)N L} Q)

Jloc

00 otherwise

(5.4) Fy(u, A) = {

for j = 1,2. By means of the forthcoming Theorem 5.2, it is easy to check that F} and Fj
verify the assumptions of Theorem 4.5, and that

(5.5) Fi(u,A) = Fy(u, A) =: F(u, A)

for any A € A and any u € L*(Q). Nevertheless, we know by (5.3) that the integral represen-
tation of F' lacks uniqueness, and moreover that (5.1) is not necessary.

Despite these differences with respect to the (LIC) framework, the structural properties of f
that one can derive from an integral representation as in Theorem 4.5 are essentially the only
ones relevant for deducing structural properties of the associated functional.

Theorem 5.2. Let f: Q x R™ — [0,00] be a Carathéodory function. Let F': LP(2) x A —
[0, 00] be defined as in (5.4). The following facts hold.

1. If f satisfies (4.25), then
F(u,A) < / a(z) + b| XulP dx for any A € A and any u € W)l(’fl’oc(A) N LP(Q).
A

2. If f: QA xR™ — [0, 0] is another Carathéodory function such that

f(z,C(x)-&) = f(x,C(x) - &) for a.e. x € Q and any £ € R",
then

F(u,A) = / f(x, Xu)dx for any A € A and any u € W)I{’fl’oc(A) N LP(Q).
A

6. A BRIEF OVERVIEW OF THE EXISTING LITERATURE

In this final section, we guide the reader through the existing literature.

1. For functionals satisfying (T1), the original Euclidean result, as well as its applications
to I'-convergence, can be found in [13]. The anisotropic representation result assuming
(LIC) and its applications to I'-convergence can be found in [37, 38]. The same results
without assuming (LIC) have been shown in [45]. The latter allows to avoid (LIC) even
beyond the (TT) setting, so we will only refer to it implicitly thereafter.

2. For convex functionals which do not satisfy (TT), we refer to [11] for the Euclidean
integral representation and I'-convergence, and to [22, 23] for the anisotropic results.

3. For non-convex functionals which do not satisfy (T1), we refer to [12] for the Euclidean
integral representation, and to [22, 23] for the corresponding anisotropic results and
their applications to I'-convergence. We point out that, when the approach of Section 4
yields an FEuclidean Lagrangian f. which is not convex in any of its variables, in order
to deduce (4.20) we cannot argue as in the second step of the proof of Theorem 4.5.
Instead, a suitable notion of X-convexity has to be introduced (cf. [22, Definition
5.3]). The latter, via a zig-zag argument (cf. [22, Lemma 5.5]), is implied by the W ;-
lower semicontinuity of the functional, and allows to establish (4.20) as well (cf. [22,
Proposition 5.4]).

4. In the study of I'-convergence, it is possible to replace a fixed anisotropy X with a
sequence of converging anisotropies, say (X"),. We refer the reader to [36] for results
in this direction.

5. Although in a different setting, we refer to [4, 5, 6] integral representation and I'-
convergence result in a Cheeger-Sobolev metric setting.
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