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Abstract This chapter recalls the classical formulation of the Div—Curl lemma along
with its proof, and presents some possible generalizations in the fractional setting,
within the framework of the Riesz fractional gradient and divergence introduced by
Shieh and Spector (2015) and further developed by Comi and Stefani (2019).

1 Introduction

Partial differential equations arising in continuum mechanics are often nonlinear, which
creates significant analytical challenges. One of the main difficulties is that weak con-
vergence, commonly used in variational problems, does not behave well with respect
to nonlinear operations. In particular, the product of two weakly converging sequences
does not necessarily converge to the product of their limits.

The theory of Compensated Compactness, developed by Murat and Tartar in the
late 1970s (see [16, 17, 21, 22, 23]), provides a powerful framework to overcome this
problem. Its starting point, the Div—Curl lemma, shows that the scalar product of two
weakly converging sequences can itself converge weakly, under suitable conditions on
their divergence and curl. More generally, the key idea of Compensated Compactness
is that certain nonlinear expressions may exhibit weak continuity when appropriate
differential constraints are imposed.

Originally introduced in the context of homogenization, the Div—Curl lemma was first
used to prove compactness results for nonlinear differential operators with oscillating
coeflicients. It soon found applications in other areas, such as conservation laws, where
it helps to derive entropy solutions via Young measures, and nonlinear elasticity, where
it can be used to show the weak continuity of the determinant of the Jacobian matrix.
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The aim of this chapter is twofold. First, in Section 2 we recall the classical formu-
lation of the Div—Curl lemma and present its proof, following the approach in [10] (see
also [16]), which is based on Rellich’s compactness theorem and standard local elliptic
regularity estimates. Second, in Section 3 we discuss several extensions of the Div—Curl
lemma to the fractional setting of [6, 18]. These nonlocal versions may be useful for
analyzing the compactness properties of fractional differential operators with oscillat-
ing coefficients, and could find applications in the study of nonlocal partial differential
equations.

2 The Div-Curl Lemma

In this section, we introduce the notation that will be used throughout the chapter. We
then recall the classical formulation of the Div—Curl lemma and provide a complete
proof, based on Rellich’s compactness theorem and standard elliptic regularity esti-
mates. This argument will serve as a reference point for the nonlocal generalizations
discussed in the next section.

Let n > 2, let Q ¢ R" be an open set, and let p € (1,00) be fixed. We denote
by p’ = 1% € (1,00) the Holder conjugate exponent of p. Given two open sets
A,B C R", we write A € B if there exists a compact set K C R" such that A ¢ K C B.
The space of distributions on €, namely the continuous dual space of C.°(Q) endowed
with the strong dual topology, is denoted by D’ (€2).

The Lebesgue and Sobolev spaces are defined as usual. In particular, we consider

1, el e e _ . 1,p’ ,
WoP(Q) = C2(Q) ™, w(Q) = (W (@)
as well as the local Sobolev spaces

WoP(Q) = {ue LD (Q) : Vue LD (R},

loc

ngcl’p(Q) ={feD(Q) : feW P(Q) for all open sets Q" € Q}.

Remark 1 Given a function u € Ll’(’) .(€2), then both u and its distributional derivatives

0;u (in the sense of distributions) belong to ngcl’p (Q)foralli € {1,...,n}. Inparticular,
for all bounded open sets Q" € Q, we have
L,p’ ’
(u, U>W"*P(Q’)><W0"”/ @) = // uv dx forall v € W," (Q'),
Lp
(O;u, U)W,,‘p(g,)xwol,,,/ @) =" / ud;v dx forall v € W" (Q).

These identities imply the following estimates

lullw-1r @) < lullr@),  N1Biullw-1r @) < llullLe@)-
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Definition 1 Given a vector field F € L)

curl F € ngcl’p (Q,R™™), respectively, by

(Q:R"), we define divF € W (Q) and
loc

n
divF =Y 0;F;,  (curtlF); = 9;F, - 9:F; foralli,je{l,...,n}.
j=1

Similarly, given a matrix field A € Lf;c (Q; R™™) we define div A € ngcl’p (Q;R™) by

(divA); = 0jA;; forallie{l,...,n}.

n
J=1
We are now ready to state the Div-Curl lemma.

Theorem 1 (Div-Curl lemma) Ler (F¥); c LIIZ)C(Q; RM), F® € Lﬁc
Lll:),c(QQ R"), and G* € Llp;(Q;R") satisfy as k — oo

O

(R, (G

F* — F>® weakly in LI (Q;R"), G* = G® weakly in LV (Q;R"). (1)

loc

Assume that as k — oo

div F* — div F® strongly in WI;CI’p (Q), 2)
curl GF = curl G* strongly in ngcl’p’ (Q; R™™), 3)

Then, as k — oo
FK.GK - F®.G* weakly* in D' (Q). 4)

Remark 2 Let us briefly comment on Theorem 1.

(a) The Div-Curl lemma is sometimes stated by requiring that the sequences (div F¥);
and (curl G¥) are uniformly bounded in L? (Q) and LY (Q;R"™"), respectively.

Due to the compact embedding L; (Q) C ngcl’p (Q), these uniform bounds imply
the strong convergence assumptions (2) and (3). In this case, the Div-Curl lemma
can be interpreted as follows: if two sequences converge weakly, and if a suitable
combination of their derivatives (namely, their divergence and curl) remain bounded,
then the nonlinear expression given by their scalar product converges, in the sense
of distributions, to the product of the weak limits.

(b) In the case p = 2, Theorem 1 can be proved in a simple way by using the Fourier
transform (this was, indeed, the original approach of Murat and Tartar). The interested
reader can find this argument, for instance, in [24, Lemma 7.2].

(¢) Under the assumptions of Theorem 1, we deduce that the sequence (F k. Gk)k is
uniformly bounded in LIIOC(Q). In particular, (F¥ - G¥); is uniformly bounded in the
space of Radon measures M(Q) = (C.(R2))’. Therefore, by the Banach-Alaoglu’s
theorem, we conclude that, as k — oo

F*.G* - F®.G® weakly* in M(Q).
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One may hope to improve this convergence, for instance to have as k — oo

FK.GK > F®.G* weaklyin L (Q).

loc

However, this is generally false, as shown in [24, Lemma 7.3]. In particular, one can
construct two sequences (F¥), (G¥); < L*(B;;R™), where B; c R” is the unit
ball, such that as k — o

Fk >0 weakly in LZ(BI;R"), Gk >0 weakly in L2(B];R"),
divFk=0 inw '23(B)), curlGF =0 in W h2(B; R,
butas k — oo
FK.G* 450 weaklyin L'(B)).

(d) A generalization of Theorem 1, where p’ is replaced by an exponent g € (1, o)
satisfying 1 < 1/p+1/g < 1+ 1/n, can be found in [4, Theorem 2.3]. Another
generalization of Theorem 1, which assumes weaker conditions on (div F¥); and
(curl G*), but requires the equi-integrability of the sequence (FX-G¥)y, is presented
in [8]. Finally, for readers interested in the setting of Carnot groups, an analogue of
Theorem 1 is proved in [2, Theorem 5.1].

To gain intuition about why this result holds, let us consider a simplified case where
the vector fields G and G* admit potentials, i.e., there exist scalar functions w* and w®
such that G¥ = Vw* and G* = Vw™. Then, curl G¥ = curl G* = 0, so that (3) trivially
holds. In this case, the Div-Curl lemma can be proved more directly as a consequence
of the integration by parts formula together with Rellich’s compactness theorem.

Theorem 2 (Simplified Div-Curllemma) Let (F¥), L (Q:R"), F® € LP (Q;R™),
() c Wllo’cp’ (Q), and w™ € Wllo’cp,(Q) satisfy as k — oo

F*¥ > F®  weakly in L (QR"), wk > w®  weakly in WIL’C”/(Q). 3
Assume that as k — oo
div F* — div F®  strongly in ngcl’p(Q). ©6)
Then, as k — o
FK .Yk — F® . Vu™  weakly* in D' (Q). (7
Proof. We fix a function ¢ € C2°(£2) and a bounded open set Q" ¢ R" with smooth

boundary such that suppy € Q" € Q.
For all k € N we have

/¢Fk-Vwkdx= Fk-V(gowk)dx—/ F* . Vow* dx
Q 1% [0

= —(div F¥, wwk>w,lvl,(g,)xwg,,,/(9,) - / F* . Vouwk dx.
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Thanks to (5) and Rellich’s theorem, as k — oo we derive
ow* — pw™®  weakly in Wé”’/ (Q), w® — w® strongly in L ().  (8)

By combining (5)—(6) with (8), we get
klglgo(div Fk, ouw*) )= (div F*, ow™)

W-lp (@) x Wy P (@ W-lp (Q)x W, P (@)’

lim [ FK.-Vouw*dx= [ F®.Vew™dx.
k—oo Joyr o

Therefore,

: k k _ . 00 00 o0 00
1}1_120 Q(,oF - V" dx = —(div F™, pw >W"v1’(§2/)xW01”’/(Q’)+//F - Vow®™ dx

:/ F* - V(pw™)dx — [ F-Vew™dx
Q Q
:/¢F“~Vwmdx,

Q

which gives (7). m|

Remark 3 The simplified formulation of the Div—Curl lemma in Theorem 2 is sufficient
for some applications, for example, in proving the compactness of nonlinear differential
operators with oscillating coefficients, or the weak continuity of the determinant of the
Jacobian matrix. One advantage of this version is that it avoids the explicit use of the
curl operator, making it adaptable to non-Euclidean settings more general than Carnot
groups (see [15, Theorem 3.1]).

Let us return to the general form of the Div-Curl lemma in Theorem 1. The key idea
is to apply a Helmholtz decomposition to the sequence (G*); and its limit G*, writing

G*=H*+Vu* forallk eN,  G*=H>+Vuw™,
where, as k — oo,
H* — H® strongly in L{;;(Q;R"), wk — w®  weakly in W]L’Cp/(Q).

To construct such a decomposition, we recall some local regularity results for the
distributional solutions u € LlloC () to the Poisson equation

“Au=f inD(Q),

where the right-hand side f belongs either to Wk_)i’p (Q) or to Lf(’) .(Q). These results
are quite classical (see, e.g., [11]), but for the reader’s convenience we provide a
simple proof following a new strategy introduced in [9]. The key ingredient is the
following proposition, which can be interpreted as a W'-P-version of the classical Riesz
representation theorem.
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Proposition 1 ([20, Theorem 1.2, Chapter 2]) Let Q C R”" be a bounded open set
with boundary 0 of class C'. For every f € W=1P(Q), there exists a unique function
vE Wg’p (Q) satisfying

1, ’
/QVU -Vedx = (f, ¢))W_1.p(ﬂ)x%1,,,f(g) forall $ € Wy" (Q).
Moreover, there exists a constant C = C(n, p, Q) > 0 such that

lollwir @) < Cllfllw-1r (@)- ©))

Remark 4 Actually, in [20, Theorem 1.2, Chapter 2], the authors also assume that Q
is connected. However, this assumption can be omitted by observing that any bounded
open set Q C R” with boundary dQ of class C! has only a finite number of connected
components. Therefore, it is sufficient to apply [20, Theorem 1.2, Chapter 2] to each
connected component to obtain Proposition 1. Furthermore, the estimate in (9) follows
from the one in [20, Theorem 1.2, Chapter 2] by applying Poincaré’s inequality.

As a consequence of Proposition 1, we can argue as in [9, Theorem 3] to derive the
following two local regularity results.

Proposition 2 Ler f € ngcl,p (Q) and u € L (Q) be a solution to

loc
-Au=f inD'(Q).

Then u € W]L’Cp (Q) and for all bounded open sets Q"' € Q' € Q there exists a constant
C=C(n,p,Q,Q") > 0 such that

llullwir @y < CUlullpi @y + 1fllw-10 @) (10)

Proof. We fix two bounded open sets Q" € Q" € Q. Without loss of generality, we
may assume that " has a smooth boundary (otherwise, we replace Q" with a bounded
open set Q" with smooth boundary such that Q" € Q" € Q). To complete the proof,
it is enough to show that u € W'-P(Q"’) and that the estimate (10) holds.

Since f € W~1-P(Q'), by Proposition 1 there is a function v € Wé”’(Q’) satisfying

~Av=f inD(Q),
and we can find a constant C = C(n, p, Q') > 0 such that
lollwir @y < Clfllw-1p @) (11)

The difference u — v € L'(Q’) is a harmonic distribution in Q’, so by Weyl’s lemma
(see, e.g., [13, Lemma 1.16]), there exists a harmonic function z € C*(Q’) such that
z=u—vin Q. Therefore,u = z+v € W”’(Q”), and from (11) it follows that

lullwir @y < lzllwie @) + l0llwie @y < lzllwie @y + 1fllw-1r @) (12)



A Survey on the Div-Curl Lemma 7

Since z is harmonic in Q’, Harnack’s and Caccioppoli’s inequalities (see, e.g., [11,
Theorem 7, Section 2.2]) imply the existence of a constant C = C(n, p,Q’',Q"”) > 0
such that

lzllwir @7y < ClizllLi@y < Cllullpr@y + lvllLier))- (13)
By combining (11)-(13), we obtain (10).

Proposition 3 Let f € L (Q) and u € L} (Q) be a solution to

loc

-Au=f inD'(Q).

Then u € Wli’cp (Q) and for all bounded open sets Q"' € Q' € Q there exists a constant
C=C(n,p,Q,Q") > 0 such that

lullwe.r @y < CUlullpr @y + 1 f e @))- (14)

Proof. We fix two bounded open sets Q" € Q' € Q.
Since f € L (Q) C ngcl’p (Q), by Proposition 2 we derive that u € WIL’CP (Q) and
that there exists a constant C = C(n, p, Q’, Q") > 0 such that

lullwrr @y < CUlullpry + 1 lw-re @) < Cllullpy@y + 11 fllLe @) (15)
Moreover, Vu € Ll'; . (Q;R") is a distributional solution to
—-A(Vu) =Vf in D' (;R"),

with Vf € ngcl’p (Q;R™). By applying again Proposition 2 we deduce that Vu €
Wl’p(Q; R™) and that there exists a constant C = C(n, p, Q’,Q"") > 0 such that

loc

IVullwrp @rmny < CUIVullp @ mny + IV Fllw-1p (@rmn))
< CUIVullpr @zny + 11 fllLr @) (16)

Hence, u € Wli’cp () and by combining (15) and (16) we derive (14). O

We are now in a position to prove Theorem 1, following the strategy adopted in [10,
Theorem 4, Chapter 5] for the case p = 2, see also [16, Théoreme 2].

Proof of Theorem 1. We fix a function ¢ € C2°(€2) and a bounded open set Q' with
smooth boundary such that supp ¢ € Q" € Q.
For all k € N we consider the function V¥ € W&’p / (Q’;R™) given by Proposition 1,
which solves
—AVF =GK - G® in D'(Q;R"). (17)

In particular, by using also Remark 1, there exists a constant C = C(n, p,Q) > 0,
independent of k£ € N, such that for all k € N
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“Vk”Wl,p’ (Q;R") < C”Gk - GOOHW—l,p’(Qr;Rn) < C”Gk - Goo“Lp’(Q/;Rn).

Therefore, the sequence (V¥), < WS’P '(Q’;R") is uniformly bounded, and by (1)
and (17) we derive that as k — oo

VE 0 weakly in Wy P (Q;R"). (18)

Thanks to the local regularity result of Proposition 3, we derive that u €

Wli’cp "(;R") and for all bounded open sets Q” € ' we can find a constant

C=C(n,p,Q,Q") > 0, independent of k € N, such that for all k € N
”Vk”WZ.P’(Q”;R") < C(”Vk”Ll(Q/;R") +||G* - Gl L (@)

In particular, the sequence (V¥); WP '(Q’; R™) is uniformly bounded. By (18) and

loc
Rellich’s theorem, we conclude that as k — oo

vk -0 weakly in leo’cp/ (Q;R™), vk -0 strongly in WIL’CP’ (Q;R™). (19)
The function curl V¥ € Wllo’cp / (Q'; R™") satisfies for all k € N
—Acurl VK = curl G¥ - curl G®  in D' (Q'; R™™).

Therefore, by Proposition 2 for all bounded open sets Q" € Q" € Q' there is C =
C(n,p,Q"”,Q"") > 0, independent of k € N, such that for all k € N

“ curl Vk ||W1,p’ (Q7;Rnxm)

< C(|lcurl VF|| 11 (v sy + [ curl G* = curl G| yy-1.07 (g men ) -
Hence, by (3) and (19), as k — oo we have
curl V¥ — 0 strongly in W]lo’cl7 QR (20)
Let us define
wk = —divvk forall k € N, H* = G*-G* -Vuwk forallk e N. (21)
By (19) we have that (w*); c W]L’Cp/(Q’) and as k — oo
w® — 0 weakly in WIL’CP’(Q'), wk — 0 strongly in Lll‘;lc Q). (22
Moreover, (H*); c sz),c(Q';R”) and
H* = —div(curl V¥)  in D'(Q;R") for all k € N.

Indeed, for all k € Nand i € {1,...,n} we have
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Hf =G - Gy - gk = —AV) + 9 divV*
n

3 (;VE = 0:vF) == > 9j(curl VF)y; = —(div(curl V¥)),
Jj=1 Jj=1

in D’ (Q’;R"). Therefore, by (20) we derive that as k — oo
H* — 0 strongly in Lﬁ;(Q’;R"). (23)

In view of (21), we can write

/<ka-dex= goFk-G""dx+/ <ka~dex+/ oF* . vk dx.
Q Q/ ’

’

Thanks to (1), (2), and (22), we can apply Theorem 2 to deduce that

lim [ @F*.vuw*dx=0.
k—oo Joyr

Moreover, by (1) and (23) we get

lim | @Ff.G¥dx= [ @F®-G%dx, lim | @F*.H"dx =0.
k—oo Joy o k—oo Joy

Hence, for all ¢ € C°(Q2) we deduce

k—o0

lim t,oFk-dex=/<pF°°-G°°dx,
Q Q

which gives (4). |

3 Some Extensions to Fractional Sobolev Spaces

In this section, we present several generalizations of the Div—Curl lemma to the frac-
tional setting of [6, 18]. We begin by briefly recalling the definitions of the Riesz
fractional gradient and divergence, along with the key properties of the associated frac-
tional Sobolev spaces. We then state and prove three generalizations of the Div—Curl
lemma. The first, Theorem 3, extends Theorem 2 to this fractional framework. The
second, Theorem 4, is a mixed local-nonlocal version, where we assume convergence
of the fractional divergence for the first sequence and standard curl convergence for the
second. The third, Theorem 5, is another mixed local-nonlocal result, in the simplified
setting of Theorem 2, where we replace the gradient with its fractional counterpart,
while we keep the convergence of the standard divergence.
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3.1 The Fractional Framework

In this subsection, we introduce the fractional operators that will be considered through-
out this chapter and collect all the results that will be used in the proofs of the fractional
Div-Curl lemmas.

Let s € (0, 1) be fixed. We define

~ 2sl—*(n+iv+1)

Hns = —a— 157 € (0, 00),
ni0(45)

where I" denotes the Gamma function.

Definition 2 Given a function ¢ € C;°(R"), we define the Riesz s-fractional gradient
VSy: R*" — R" by

(W () -y (x)(y—x)

R7 |y _x|n+s+l

Vi (x) = pns dy forallx € R".

Given a function ¥ € CZ(R™;R"), we define the Riesz s-fractional divergence
div' ¥: R" — R by

) -¥Yx) - (y=x)

|y _x|n+s+1

divi W(x) = tp.s dy forallx € R".
Rn

As observed in [6, Section 2], the nonlocal operators V*i and div® W are well-defined
in the sense that the above integrals converge for all x € R". Moreover, these operators
satisfy the following L -type estimates, which can be found in [7, Lemmas 2.2-2.3 and
Propositions 3.2-3.3].

Proposition 4 There exists a constant C = C(n, s) > 0 such that for all g € [1, oo] and
forally € CZ(R") and ¥ € C°(R™;R") we have

||VS¢,||L"(R";R") < C”w“lels(Rn)“Vw”iq(Rn;Rn),
1 div® Wil ey < CIPIL o IV e

As shown in [6, Lemma 2.5] and [25, Section 6], the nonlocal operators V* and div®
satisfy the following integration by parts formula.

Proposition 5 For all y € C°(R") and ¥ € CZ(R";R"™) we have
/ Vi - Wdx = - Y div' W dx. 24)
n R"

Remark 5 These two fractional operators are closely connected to the classical frac-
tional Laplacian (—A)*®, which for ¢ € CZ”(R") and x € R" is defined by
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v -

s . n |x_y|n+2s
CAVE =) v0) ~ g )

2
£-0* {yeR": |x-y|>&} |x y|”+ $

if s € (0,3),
dy ifse[3.1),
where

QZSF(M)

2
Vs = ————— € (=00, 0).
s m20(-s) ( )

Indeed, as observed in [25, Theorem 5.3], the following relation holds for all functions
Y e CX(R™) and 5,7 € (0,1)

—div* Vg = (-A) Ty inR™ (25)
‘We now introduce the fractional Sobolev framework for our Div-Curl lemmas.

Definition 3 Given a function ¢ € C°(R"), we define the norm
”l//”l‘lA p(Rn) - (”w“Lp(Rn + ||Vsl7[/||Lp(Rn Rn))l/p3
and the fractional Sobolev spaces Hg’p () and H~*P(Q), respectively, by

HyP (@ =CE@ T @) = (T (@)
When Q = R", we simply write H*? (R") = Hg’p(R"). Finally, we define the local
negative fractional Sobolev space

H 2P (Q) = {feD'(Q) : feH*P(Q) for all open sets Q" € Q}.

Remark 6 We denote the above fractional Sobolev space by H*-P instead of W*-P,
as the latter is typically used for the fractional Sobolev-Slobodeckij space defined via
Gagliardo seminorms. These two spaces generally differ, except in the case p = 2,
see [18, Theorems 1.7 and 2.2]. In particular, when p = 2, there exists a constant
C = C(n,s) > 0 such that for all u € H*?(R") we have

u(y) — u@)P
uvawmn—c/m[IW i ddy,

see, for instance, [1, Proposition 2.8].

If we extend the operators V¥ and div® to H*? (R") and H*"?' (R"; R"), respectively,
then the integration by parts formula (24) holds for all functions ¥ € H*-?(R") and
¥ e H5P'(R";R™). This justify the following definition.

Definition 4 Given a vector field F € L?(R";R"), we define div* F € H " (Q) for
all bounded open sets Q' € Q by

(div* F, ) - / F-Vodx forallve HYP (Q).

H-sP (Q)xHP (@)
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We recall the following result, which provide a useful connection between the
Sobolev spaces W7 (R™) and H*? (R"). For the proof, we refer the interested reader
to [14, Proposition 3.1].

Proposition 6 The following two statements hold.

(a) For all functions v € H*P (R") there exists a function u € Wllo’cp (R™) such that
Vu=V% inR"

(b) For all functions u € WP (R™) there exists a function v € H*P (R") such that
Viv=Vu inR".

Moreover, there exists a constant C = C(n, s) > 0 such that

lolle oy < Cllull L3 Vel o g - (26)

Remark 7 If we recall the fractional Laplacian defined in Remark 5, then in Proposi-
tion 6(b) we have v = (—A) 5* 4. On the other hand, the function v in Proposition 6(a) is
constructed by using the inverse of the fractional Laplacian, which is the Riesz potential.

We conclude this subsection by recalling a Leibniz-type rule for the fractional
gradient. To this aim, we need to introduce the following nonlocal operator.

Definition 5 For all , ¢ € C°(R") we define V{; (¥, ¢): R" — R" for all x € R" by

— ¢ () (¢(y) — ¢(x))(y —x)

Iy _x|n+s+l

0 W = [ & @

As before, the integral (27) converges for all x € R”, and the following L?-type
estimate hold, see [14, Eq. (2.11)].

Proposition 7 There exists a constant C = C(n,s) > 0 such that for all functions
¥, ¢ € CZ(R") we have

Vi W Dllzr oy < CI Lo ) 18 oy IV gy (28)

In view of (28), the nonlocal operator VN (¥, ¢) can be extended to all pairs (¥, ¢) €
LP(R") x CZ(R™). In particular, we have the following Leibniz-type rule for the
fractional gradient, see [14, Lemma 2.11] for a proof.

Proposition 8 Let ¢ € C2°(Q2) and u € H*P(R™). Then, u¢ € Hg’p (Q) and
Vi (ug) (x) = u(x) Vi (x) + ¢(x) Vu(x) + Vi (u, ¢) (x). (29)
Moreover, there exists a constant C = C(n, s) > 0 such that
1V (. )l iy < Cllllzo @ 16150 o V01 gy (B0)

For further properties of the Riesz fractional gradient and divergence, as well as of
the fractional Sobolev space H*-P, we refer the reader to [6, 7, 18, 19, 25].
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3.2 Three Fractional Div—Curl Lemmas
We can finally present three possible extensions of the Div—Curl lemma to the fractional
setting introduced earlier. We begin with a fractional version of Theorem 2.

Theorem 3 (Simplified fractional Div-Curl lemma) Ler (F¥), c L?(R";R"), F® €
LP(R™;R™), (w¥)r € HSP'(R"), and w™® € H*P' (R") satisfy as k — oo

F* — F® weakly in LP (R™;R"), (31)
VSwk - viuw®™ weakly in Lf:c (;R™M). (32)
Assume that
div® F* = div® F> strongly in H,, "' (), (33)
wk — w® strongly in L' (R™). (34)

Then, as k — o
FR vk — F® . VSw™®  weakly* in D'(Q). (35)

Proof. We fix a function ¢ € C7°(£2) and a bounded open set Q' ¢ R" with smooth
boundary such that supp ¢ € Q" € Q.
By Proposition 8 we have

/<ka'Vkadx=‘/RFk~Vs(<pwk)dx—‘/R Fk . V8 pw* dx
—/R F* V3, (wk, 9) dx. (36)

Since V¥¢ € L*(R";R") by Proposition 4, the weak convergence (31) and the strong
convergence in (34) imply

lim | F* VSouwFdx = / F® . V¥ouw™ dx. (37)

k—0oo R7 n

By the estimate (30), the strong convergence in (34), and the fact that V3, (-, -) isa
bilinear operator, we deduce that as k — oo

V;L(wk, @) = Vi (W™, ¢) strongly in L” (R™;R").

Thus, in view of (31), we conclude that

k—o0

lim [ F* V3, (wk, ¢) dx = /R F> - V3 (0™, ¢) dx. (38)

Finally, by Proposition 8 we have that guw* € Hy” '(Q'). Moreover, in view of (29)
and (32), as k — co we derive
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ow* — pw™  weakly in Hg’p,(Q').

Hence, by using also (33), we have

lim [ F* V*(gu*)dx = = lim (div® F*, gu’)

k—o0 Rn

H-sP (Q)xHYP (@)

_ . § 7700 0
= VT o) s (@)

=/ F” - V¥ (ow™) dx. 39)

By combining (36)—(39), for all ¢ € C°(£2) we obtain

lim goFk~V“wkdx=/ F°°~V“(¢pw°°)dx—/ F® - VSouw™ dx
Rn

k—oco JRrn n

—/ F® -V (™, ¢) dx
Rn
=/ eF% - Viw®™ dx,

Rn

which is (35). m|

Remark 8 Let us highlight the main differences compared to the analogous result stated
in Theorem 2.

(a) The first difference is that the sequences (F¥); and (w¥); must be defined on the
whole space R", rather than just on Q. This requirement arises from the nonlocal
nature of the fractional gradient: in order to define V¢ and div® ¥ at a pointx € R",
one needs to know the values of ¢ and ¥ on the entire space R".

(b) Moreover, the weak convergence (31) must also hold on the whole space R". This
is a consequence of the integration by parts formula stated in Proposition 5, which
involves integration over all of R”. In particular, the integrals in (39) must be over R",
which in turn forces all the integrals in (36) to be taken over R” as well. Consequently,
the sequence (F*); must converge to F* weakly in L” (R";R").

(c) A further difference is that we must explicitly assume (34). In the local case, such
strong convergence is only required on Q" € €, a bounded open set, and therefore
follows from Rellich’s theorem. In the nonlocal case, however, the strong convergence
must hold globally on R”. We observe that, if Q c R" is a bounded open set and
(W) Hg”’/ (Q), w™ € Hg’p/(Q) satisfy as k — oo

Vuk = V™ weakly in LY (R™";R™),

then (34) follows directly from the fractional versions of the Poincaré inequality
(see [18, Theorem 3.3]) and Rellich’s compactness theorem (see [19, Theorem 2.2]
and [3, Theorem 2.3]).

Remark 9 We point out to the interested reader that, in the context of fractional operators
defined via Gagliardo-type double integrals, an analogue of Theorem 3 can be found
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in [12, Lemma 3.3]. In particular, this version is used to prove the compactness of a
nonlinear Gagliardo-type differential operator depending on an oscillating scalar weight.

As a consequence of Theorem 3 and Proposition 6, we can derive the following
“mixed local-nonlocal” Div—Curl lemma. In this result, the fractional divergence is
assumed to converge in H, z’p (€2), while the classical curl is required to converge in

-1p’ . RRXNn
Wioow (QR™M),
Theorem 4 (First mixed local-nonlocal Div-Curl lemma) Let (F¥), c LP (R™;R"),

F® e LP(R™;R™), (G¥), c LP (Q;R™), and G* € LP (Q;R") satisfy as k — oo

loc loc
F¥ — F® weaklyin LP(R";R"), G — G™ weaklyin LV (Q;R"). (40)
Assume that as k — oo

div® F*¥ - div® F® strongly in H, >" (Q),
curl GF — curl G* strongly in W](_)Cl’pl (Q; R™™M),
Then, as k — oo
FK.GK - F®.G* weakly* in D' (Q). (41)

Proof. We fix a function ¢ € C°(2) and a bounded open set Q' ¢ R" with smooth
boundary such that supp¢ € Q" € Q. We also fix a function ¢ € C°(Q’) such that

Y =1 on supp ¢.
Let (w*); Wlt’cp () and (H*); c LP (Q';R™) be the functions defined in (21).
Since ¢ = 1 on supp ¢, by (21) we have

/goFk-dex=/goFk~dex+/t,oFk~G°°dx+/gaFk-Vwkdx
Q Q Q Q

=/ thk-dex+/ (ka-G‘x’dx+/ OF* - V(yw") dx.
Rn n Rn

(42)
Thanks to (23) and (40), we derive
lim | @F*.H*dx =0. (43)
k—oo Jpn
Moreover, by using again (40) we have
lim goFk~G°°dx=/ goF°°-G°°dx=/th°°'G°°dx. (44)
k—o0 Rn R7 Q

It remains to study the last term in (42). We have that (yw*); c Wa’p (@) and
ywk — 0 weakly in Wé’p(Q') and strongly in L”' (Q'),

in view of (22). Therefore, by Proposition 6(b), there exists (vX), < H*P(R") such that
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vk = V(yw*) inR",
and by exploiting the estimate (26) we derive
v¥ -0 weakly in H*P'(R") and strongly in LP' (RM).

Therefore, we can apply Theorem 3 to derive

lim [ oFf-Vyw*)dx=lim [ ¢F*-v*kdx=0. (45)
k—oo Jpn k—oo Jpn
In view of (42)—(45) we finally get (41). a

The last version of the fractional Div—Curl lemma we present is a mixed formulation,
stated in the simplified setting of Theorem 2, in which the classical gradient in the
product is replaced by a fractional gradient.

Theorem 5 (Second mixed local-nonlocal Div-Curl lemma) Let (F¥); c L{; (SR,

F> e L£C(92 R"), (wk)x ¢ HP (R"), and w™® € H*P' (R") satisfy as k — oo
F* > F> weakly in LU (Q;R"), (46)
Viwk — VSu® weakly in LT (Q;R"). A7)

Assume that as k — oo
div F* — div F®  strongly in ngcl’p(Q). (48)
Then, as k — o
FF.Vswk = F® . VSw™®  weakly* in D'(Q). (49)

Proof. We fix a bounded open set Q' € Q with smooth boundary.

Let (u¥); € WIL’CP (R™) and u® € Wllo’cp (R™) be the functions given by Proposi-
tion 6(a) associated to (w*)x ¢ HSP'(R") and w® € H%P'(R"), respectively. By
Poincare’s inequality, there exists a constant C = C(n, p,Q’) > 0, independent of
k € N, and a sequence (cX); c R satisfying for all k € N

lu* = Kl @) < CIVUF||Le (@mn) = CIVS ] L @ mny < C.

Hence, we can find a subsequence (ky,), € N and function z*° € WP (Q’) such that as
h — o
K= gk — ke 2 weakly in WP (Q). (50)

By (47), for all ¥ € C°(Q;R"™) we have
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/Vz‘”-‘I‘dx:Iim vk @ dx

h—oco Q’
=lim [ Vuk - Wdx=lim [ Vo - Wdx= [ V™. ¥dr.
h—oo o h—oo o Q’

Hence, Vw®™ = V*w*™ in Q’. Thus in view of (46), (48), and (50) we can apply Theorem 2
and obtain that as 1 — oo

Fkn . ysykn = ki yzkn 5 Fo gz = F© . vSp®  weakly* in D' (Q).

Since this holds for every subsequence, we derive (49) in Q’. By the arbitrariness of
Q' e Q, the conclusion follows. O

Remark 10 'We point out that these two versions of the mixed local-nonlocal Div—Curl
lemma, although partial (since they do not involve the fractional curl), still have useful
applications. For instance, although not stated explicitly, such results are used in the
proof of the compactness of fractional linear operators with oscillating coefficients in [5,
Theorem 3.1].

It is clear that, by exploiting the definition of V*, one can also introduce a fractional
curl operator, following Definition 1. Therefore, it would be interesting to extend these
fractional Div—Curl lemmas to the case where the second sequence has a strongly
converging fractional curl. The main issues are twofold. On the one hand, one must
find suitable elliptic regularity estimates in order to derive a fractional Helmholtz
decomposition. On the other hand, as explained in Remark 8, the strong convergence (34)
is required to hold on the entire space R", which is not straightforward to obtain from
elliptic regularity results, as these are typically local.
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