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Abstract. We prove a weak version of the Chow-Rachevsky theorem for vec-

tor fields having only Sobolev regularity and generating suitable flows as se-

lections of solutions to the respective ODEs, for a.e. initial datum.

1. Introduction

The celebrated Chow-Rachevsky theorem [4] plays an important role in both
differential geometry and in control theory. It says, roughly speaking, that if a
family of smooth vector fields over some smooth manifold satisfies the so-called
Hörmander or Lie bracket generating condition, then each point of the manifold can
be reached from any other point in finite time by only following the flows of vector
fields of the family. By smoothness one means usually C∞ regularity (although of
course just finite times continuous differentiability suffices). It is therefore quite
natural to ask whether a similar result holds for much less regular vector fields
which may have even no classical derivatives.

The above question is quite nontrivial even if we weaken the regularity require-
ment only slightly. Consider for instance the simplest case of two vector fields X1

and X2 in R3. The Hörmander condition in this case with both X1 and X2 smooth,
is guaranteed to be fulfilled, if, for instance, the vectors X1(x), X2(x), [X1, X1](x),
form a basis of R3 for every x ∈ R3, where [X1, X1] stands for the Lie bracket of
X1 and X2. If we try to weaken just slightly the smoothness condition, assuming
X1 and X2 to be only Lipschitz (of course in this case they still define uniquely
the respective flows for every initial datum, so the thesis of the Chow-Rachevsky
theorem would be still meaningful), there is a problem in extending the Hörmander
condition. In fact, for smooth X1 and X2 their Lie bracket [X1, X2] is defined by
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the formula

(1.1) [X1, X2](x) := DX2(x)X1(x)−DX1(x)X2(x),

where DXi are Jacobi matrices of Xi, i = 1, 2, and for X1 and X2 only Lipschitz
this formula makes sense only for almost every x ∈ R3 with respect to the Lebesgue
measure, since the derivatives of Lipschitz functions may only be guaranteed to
exist almost everywhere. On the other hand the “almost everywhere” version of
the Hörmander condition (i.e. just requiring that X1(x), X2(x), [X1, X1](x), form
a basis of R3 for only a.e. x ∈ R3) is clearly insufficient for the thesis of the Chow-
Rachevsky theorem to hold even for smooth vector fields. For instance if X1 and
X2 are smooth and X1, X2, [X1, X1] are all tangent to some sphere, then the flows
of X1 and X2 will never exit this sphere, hence points from the ball bounded by
this sphere can never reach the outside of this ball following the flows of X1 and X2.
A possible remedy would be introducing some sort of quantitative version of the
Hörmander condition quantifying the nondegeneracy of the triple of vectors X1(x),
X2(x), [X1, X1](x).

Besides smoothness or Lipschitz continuity, there are many other regularity prop-
erties of the vector field V : Rd → Rd guaranteeing the existence and uniqueness of
solutions to the Cauchy problem for the ODE

(1.2) ẋ = V (x), x(0) = y

for every or just for a.e. initial datum y ∈ Rd, and hence defining a flow φV by the
formula φV (t, y) := x(t), where x(·) is a solution to (1.2). For instance, as shown
in [6, corollary 5.2], this is the case of Sobolev vector fields V ∈W 1,p(Rd;Rd) with
p > d and bounded divergence div V , with the flow defined uniquely for a.e. initial
datum. Moreover, even if p ≤ d, then a solution to (1.2) may be not unique for a.e.
initial datum, but in this case there is a natural selection of such solutions called
regular Lagrangian flow [9, 2]. It is also well-known that there are many other cases
besides Sobolev regularity and bounded divergence when the vector field V admits
a regular Lagrangian flow [8].

In this paper we prove a very weak version of the Chow-Rachevsky theorem for
vector fields having only Sobolev regularity and locally bounded divergence, once
they generate reasonable flows as selections of solutions to the respective ODEs for
a.e. initial datum. This includes (though is not limited to) the above mentioned
cases of Sobolev vector fields generating regular Lagrangian flows. We show that
whenever the vector fields satisfy the natural quantitative version of the Hörmander
condition (which quantifies how much nondegenerate should be the basis of the
space made by the original vector fields and their consecutive Lie brackets of any
order at a.e. point of the space) plus a mild growth condition providing existence of
the flows globally in time, then one can arrive not from any point to any point (like
in the classical smooth case), but rather from an arbitrarily small neighborhood of
any point to a.e. point in the space.

To prove the announced result one has to overcome two principal difficulties. The
first is that the flows of Sobolev vector fields are known to be wildly discontinuous,
in particular, they are just summable but not even Sobolev [10], so that their
weak derivatives do not have any pointwise (even a.e.) meaning. This corresponds
well to the recently established loss of regularity results for solutions of continuity
equations with Sobolev velocity fields of bounded divergence or even divergence-
free [1, 5]. Even when the vector fields are Lipschitz, although it is a textbook
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result that their respective flows are Lipschitz too, but no more than that. This
makes impossible any direct extension of the classical proof of the Chow-Rachevsky
theorem based on pointwise Taylor expansions of the flows. The second, though
a bit hidden, difficulty is that the Lie bracket of Sobolev vector fields does not
have an easy geometric meaning of an infinitesimal commutator of the flows. For
instance, vanishing of the Lie bracket of any couple of smooth vector fields implies
the commutativity of the flows of the latter, and this is not the case if the vector
fields are less regular, see [12, example 3.1]. However, it has been shown both
in [12] and in [7] that this is still the case when just one of the vector fields is
Lipschitz. That is why the technique we develop here is essentially different from
the classical one and is based upon a PDE/measure theory-style approach, which
may be interesting in itself.

2. Notation and preliminaries

2.1. Basic notation. For two real numbers a and b we denote a∧ b the minimum
of them.

2.2. Spaces. The d-dimensional Euclidean space Rd is always assumed to be en-
dowed with the Euclidean norm | · | and by the Lebesgue measure Ld. We denote
by Lp(Ω;Rm) (resp. Lp

loc(Ω;Rm)) the usual Lebesgue space of integrable (resp. lo-

cally integrable) with exponent p ≥ 1 maps f : Ω ⊂ Rd → Rm (essentially bounded
when p = +∞), where Ω is a Lebesgue measurable subset of Rd. The canoni-
cal norm in Lp(Ω;Rm) is denoted by ∥ · ∥p,Ω, the reference to Ω may be omitted
when there is no possibility of confusion. Analogously, the notation W k,p(Rd;Rm)

(resp. W k,p
loc (Rd;Rm)) will stand for the usual Sobolev (resp. locally Sobolev) class

of maps over Rd with values in Rm. The notation C∞
0 (Rd;Rm) stands for the class

of infinitely differentiable functions with compact support in Rd (usually called test
functions) with values in Rm and the action of a (vector valued) distribution u on
a test function φ ∈ C∞

0 (Rd;Rm) is denoted by ⟨φ, u⟩. In all the cases the reference
to Rm will be omitted when m = 1, i.e. for real valued functions.

For p ∈ [1,∞] we denote by p′ the usual conjugate exponent 1/p′+1/p = 1, and
by p∗ the critical Sobolev embedding exponent in Rd defined as

p∗ :=

{ pd
d−p , 1 ≤ p < d,

+∞, p > d.

(for p := d we assume p∗ to be an arbitrary number in [1,+∞)).

2.3. Sets and functions. For a set E ⊂ Rd we let diamE stand for the diameter of
E, 1E stand for the characteristic function of E, (E)ε stand for its ε-neighborhood,
i.e. the set of points with distance from E strictly less than ε > 0, by Ē the closure
of E. The notation BR(0) stands for the open ball in Rd of radius R centered at
the origin.

When dealing with Borel functions f and g defined on a metric space E with
Borel measure µ we write f ≤ g (resp. f = g), if f(x) ≤ g(x) (resp. f(x) = g(x),
for µ-a.e. x ∈ E. If E1 and E2 are metric spaces, T : E1 → E2 a Borel function,
µ a Borel measure on E1, we define T#µ the pushforward measure of µ on E2

by (T#µ)(B) := µ(T−1(B)), where B is a Borel set, and for a Borel function
f : E2 → R we denote by T∗f its pullback to E1 defined by (T∗f)(x) := f(T (x))
for every x ∈ E1.
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2.4. Vector fields and their Lie brackets. For a Sobolev vector field V ∈
W 1,p

loc (Rd;Rd) we denote by DV its weak (distributional) Jacobi matrix (i.e. the
matrix of its distributional derivatives) and by divV its distributional divergence
(which is in fact the trace of the Jacobi matrix).

Let Xj : Rd → Rd, j = 1, . . . , k be vector fields which will be further assumed to

be Sobolev, i.e. Xj ∈W 1,p
loc (Rd;Rd) for some p ≥ 1. Denote for brevity

V := {X1, . . . , Xk}.
We define then inductively the sets of vector fields Vm, m ∈ N as follows.

Definition 2.1. Let

(i) V0 := V. In this case, for an X ∈ V0 we set P(X) := {X},
(ii) Vm, for m > 0, be the set of vector fields Y : Rd → Rd such that

Y = [U, V ] := DV · U −DU · V
for some Sobolev vector fields U and V with U ∈ W 1,q

loc (Rd;Rd), divU ∈
W 1,q

loc (Rd), and V ∈ W 1,q′

loc (Rd;Rd), divV ∈ W 1,q′

loc (Rd) (the exponent q ∈
(1,+∞) possibly depending on the pair (U, V )) with either U ∈ Vm−1, V ∈
Vj, or vice versa U ∈ Vj, V ∈ Vm−1, j = 1, . . . ,m − 1. In this case
P(Y ) := P(U) ∪ P(V ).

In this way, the set V∞ := ∪kVk is the set of all Xj and all their Lie brackets of all
orders (if the latter may be defined in the sense of the above (ii)). For an Y ∈ V∞
we refer to P(Y ) ⊂ {X1, . . . , Xk} as the set of all vector fields from {X1, . . . , Xk}
involved in the construction of Y .

Remark 2.2. Note that in the above Definition 2.1 the sets P(Y ) are not uniquely
defined. For instance, if V0 = {X1, X2, X3} withX3 = [X1, X2], then bothX3 ∈ V0,
in which case P(X3) = {X3}, and X3 ∈ V1, in which case P(X3) = {X1, X2}. In
other words, P(Y ) may be different for different constructions of Y ∈ V∞ according
to Definition 2.1. However in what follows we need to know P(Y ) only for some
chosen construction of the latter.

Example 2.3. If V0 := {X1, X2}, then V1 := {[X1, X2]} once X1 ∈ W 1,q
loc (Rd;Rd),

divX1 ∈ W 1,q
loc (Rd), and X2 ∈ W 1,q′

loc (Rd;Rd), divX2 ∈ W 1,q′

loc (Rd). The latter,

as in Remark 4.10, holds true when, for instance {X1, X2} ⊂ W 1,q
loc (Rd;Rd) and

{divX1,divX2} ⊂W 1,q
loc (Rd) for some q ≥ 2, which is, in its turn, guaranteed when

both X1 and X2 belong to W 2,q
loc (Rd;Rd), q ≥ 2.

2.5. Flows. Any smooth vector field V : Rd → Rd, for which the solutions to the
Cauchy problem for the ODE

(2.1) ẋ = V (x), x(0) = y

are defined uniquely and globally in time, generates the flow defined by the map
φV (t, y) := x(t) where x(·) is the (unique) solution to (2.1). We define now a weaker
notion of the flow adapted for possibly discontinuous vector fields for which one can
indicate a reasonable selection of solutions to (2.1) at least for almost every (in the
sense of the Lebesgue measure Ld) initial datum y ∈ Rd. Namely, we will give the
following definition.

Definition 2.4. We say that a locally integrable vector field V : Rd → Rd is (weak)
flow generating, if there exists a map φV : R× Rd → Rd such that
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(i) φV is a Carathéodory function, in the sense that φV (·, y) is continuous for
a.e. y ∈ Rd, and φV (t, ·) is Borel for every t ∈ R,

(ii) for a.e. y ∈ Rd, the curve x(·) := φV (·, y) is absolutely continuous and the
ODE ẋ(t) = V (x(t)) is satisfied for a.e. t ∈ R, with initial datum x(0) = y,

(iii) one has φV (t, φV (s, y)) = φV (t + s, y) for a.e. y ∈ Rd and every t, s ∈ R,
with the Lebesgue nullset where the identity fails possibly depending on t
and s,

(iv) the measures µt := φV (t, ·)#Ld are absolutely continuous with respect to
the Lebesgue measure Ld, i.e. µt ≪ Ld for all t ∈ R,

(v) there exist smooth vector fields Vk : Rd → Rd approximating V by convolu-
tion with a compactly supported approximate identity, so that Vk → V in
L1
loc(Rd;Rd), and generating the classical flows φVk

, such that for the mea-
sures µk

t := φV k(t, ·)#Ld one has µk
t ⇀ µt in the weak sense of measures

as k → ∞ for a.e. t ∈ R,
(vi) if W : Rd → Rd satisfy V (x) = W (x) for a.e. x ∈ Rd, then W us also flow

generating with φV (t, y)) = φW (t, y) for a.e. y ∈ Rd and all t ∈ R.

Remark 2.5. The above definition is satisfied in particular by a Sobolev vector
field V ∈ W 1,1

loc (Rd;Rd) with bounded divergence div V ∈ L∞(Rd). In this case,
when V satisfies some rather mild growth condition, then it generates a flow in
the sense of the above definition, and for such a flow one may take the so-called
regular Lagrangian flow of V . In fact, the existence of a regular Lagrangian flow
for such a vector field is given by [3, Theorem 4.8]. The properties (i), (ii) of
the above Definition 2.4 are just in the definition of a regular Lagrangian flow, the
property (iv) is even weaker than the one necessarily satisfied by regular Lagrangian
flows, the group property (iii) is [3, Remark 4.9c)] and the stability property (v) for
regular Lagrangian flows follows from the general stability result [3, Theorem 3.13],
or, alternatively, from the more precise result for Sobolev fields [3, Theorem 4.10]
(which, however, require a uniform bound on the vector field, but it is far from
being necessary). Finally, the property (vi) for regular Lagrangian flows, somehow
folkloric, can be found, e.g. in section 9.5 of [3].

We will further omit the word “weak” and call the respective vector fields just
flow generating, similarly to smooth vector fields. Instead of φV (t, y) we will always
write etV (y).

3. Setting and main result

Let B ⊂ Rd be an arbitrary Borel set. Consider the family of Borel sets

F :=
{
etj1Xj1 ◦ . . . ◦ etjmXjmB : ji ∈ {1, . . . , k}, (tj1 , . . . , tjm) ∈ Rm,m ∈ N

}
,

and define fB : Rd → R to be the measure-theoretic supremum

fB :=
∨

D∈F
1D

of the characteristic functions 1D among all D ∈ F , that is the lowest (with respect
to the a.e. pointwise inequality) Lebesgue measurable function f which is greater
or equal than all 1D for all D ∈ E. In yet another words fB(x) ≥ 1D(x) for all
D ∈ F , and for any function g with the same property one has fB(x) ≤ g(x), all
these inequalities holding for a.e. x ∈ Rd (the sets of points where these inequalities
do not hold, though having all zero Lebesgue measure, may be different for different
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inequalities). The following obvious lemma says that fB is in fact a characteristic
function.

Lemma 3.1. One has fB(x) ∈ {0, 1} for a.e. x ∈ Rd.

Proof. Clearly fB(x) ≥ 0 for a.e. x ∈ Rd being greater than all the characteristic
functions. One also has fB(x) ≤ 1 for a..e. x ∈ Rd since otherwise fB∧1 would give
a lower than fB function majorizing all 1D for D ∈ F . It remains to observe that
the set T := {x ∈ Rd : 0 < fB(x) < 1)} cannot have positive Lebesgue measure,
since otherwise this would mean 1D(x) = 0 for a.e. x ∈ E and all D ∈ F , and
therefore fB ∧ 1Ec would still majorize all 1D for D ∈ F but is lower than fB . □

In view of Lemma 3.1 one may write fB = 1E for some Borel E = E(B) ⊂ Rd.
The goal of the present paper is proving an extension of the Chow-Rachevsky
theorem assuming the following weak version of the classical Hörmander condition
adapted for Sobolev vector fields, which we call Sobolev-Hörmander condition.

Definition 3.2. We say that the Sobolev-Hörmander condition holds, if there exist
vector fields Yj ∈ Vm for some m ≥ 0 depending on Yj, with Yj ∈ W 1,q

loc (Rd;Rd),

divYj ∈ Lr
loc(Rd), r > 1, j = 1, . . . , d, such that

(i) the d×d matrix Y (x), the rows of which are vectors Yj(x), is invertible for
a.e. x ∈ Rd with the matrix function Y −1 : Rd → Rd×d satisfying Y −1 ∈
W 1,s

loc (Rd;Rd×d) for some s > (q∗ ∧ r)′, while
(ii) all the vector fields Xk : Rd → Rd involved in the construction of Yj (i.e.

Xk ∈ P(Yj) in the sense of Definition 2.1) are flow generating, and divXk ∈
W 1,1

loc (Rd) ∩ L∞
loc(Rd).

Example 3.3. If d = 3, suppose that the vector fields X1 and X2 satisfy {X1, X2} ⊂
W 1,2

loc (R3;R3) and {divX1,divX2} ⊂W 1,2
loc (R3)∩L∞

loc(R3), [X1, X2] ∈W 1,p
loc (R3;R3)

with div[X1, X2] ∈ Lr
loc(R3). Set q := p ∧ 2. Then for the Sobolev-Hörmander

condition to hold it is sufficient that the 3× 3 matrix Y (x), the rows of which are
vectors X1(x), X2(x), [X1, X2](x), be invertible for a.e. x ∈ R3 with the matrix

function Y −1 : R3 → R3×3 satisfying Y −1 ∈W 1,s
loc (R3;R3×3) for some s > (q∗ ∧ r)′.

In particular, if {X1, X2} ⊂W 2,2
loc (R3;R3), then automatically

{X1, X2} ⊂ L∞
loc(R3;R3) and {DX1, DX2} ⊂ L6

loc(R3;R3×3)

by Sobolev embedding theorem, which implies

[X1, X2] ∈W
1,3/2
loc (R3;R3).

Taking then q := 3/2 we get q∗ = 3. Further,

div[X1, X2] = X1 · ∇divX2 −X2 · ∇divX1 ∈ L2
loc(R3),

and hence if {divX1,divX2} ⊂ L∞
loc(R3), then one can take in the above s > 2 unless

for some reason div[X1, X2] ∈ Lr
loc(R3) for some r ≥ 3, in which case s > 3′ = 3/2

or for some r ∈ (2, 3), in which case s > r′.

We are now at a point to announce the principal result of this paper.

Theorem 3.4. If all Xk are sublinear in the sense

|Xk(x)| ≤ αk|x|+ βk for a.e. x ∈ Rd

for some αk > 0, βk > 0, and the Sobolev-Hörmander condition holds, then
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(i) For every Borel B ⊂ Rd of positive Lebesgue measure one has

Ld(Rd \ E(B)) = 0.

In particular,

(ii) for every couple of points {x, y} ∈ Rd and every ε > 0 there is an xε ∈
Bε(0) ⊂ Rd an m ∈ N and an m-tuple (t1, . . . , tm) ∈ Rm of instances of
time and m indices

ji ∈ {1, . . . , k}, i = 1, . . . , k,

such that

etj1Xj1 ◦ etjmXjmxε ∈ Bε(y).

In simple words, this says that for every couple of points one may start
arbitrarily close to the first one and arrive arbitrarily close to the second
one following only the flows of the vector fields Xk,

Remark 3.5. In the above Theorem 3.4 one might weaken the requirement on the
validity of the Sobolev-Hörmander condition in the sense of Definition 3.2. Namely,
the thesis of this theorem remains valid if one requests instead of the Sobolev-
Hörmander condition only its localized version, namely, that there exist a family
A of open connected sets covering all Rd such that for every Ω ∈ A there exist
vector fields Yj ∈ L1

loc(Rd;Rd) ∩W 1,q
loc (Ω;Rd), Yj ∈ V∞, j = 1, . . . , d, such that the

d× d matrix Y (x), the rows of which are vectors Yj(x), is invertible for a.e. x ∈ Ω

with the matrix function Y −1 : Ω → Rd×d satisfying Y −1 ∈W 1,s
loc (Ω;Rd×d) for some

s > q′ (both q and s may depend on Ω), while all the vector fields Xk : Rd → Rd

involved in Yj are flow generating, and divXk ∈W 1,1
loc (Rd) ∩ L∞

loc(Rd).

Remark 3.6. The classical Hörmander condition on the set of smooth vector fields
{X1, . . . , Xk} is that of existence for every x ∈ Rd of Yj ∈ V∞, j = 1, . . . , d,
such that the vectors Y1(x), . . . , Yd(x) form a basis of Rd. It is worth noting that
under this condition the localized Sobolev-Hörmander condition from Remark 3.5
necessarily holds, since the d× d matrix Y (x), the rows of which are vectors Yj(x),
is invertible, and the set Ω ⊂ Rn of x ∈ Rd where it is invertible is open, while the
matrix function Y −1 is smooth (so in particular, Y −1 ∈W 1,∞

loc (Ω;Rd×d)).

Remark 3.7. It is worth emphasizing that both the Sobolev-Hörmander condition
as formulated in Definition 3.2, and its slightly more general localized version of
Remark 3.5 implicitly request higher Sobolev regularity of the vector fields once
their Lie brackets are involved (see section 2.4).

3.1. An “almost classical” toy application. To formulate a toy application,
for a Borel set B ⊂ Rd we denote

R(B) :=
⋃

D∈F
D.

In control theory the latter is usually called the “attainable set” from B, i.e. the
set of points where one could arrive using all the possible flows along vector fields
from V starting at a point in B. In particular, R({x}) is the set attainable from the
given point x. For an X ∈ V and an x ∈ Rd such that the flow etX(x) is undefined
we set without loss of generality etXx := x for all t ∈ R, so that the flows become
formally defined everywhere. The following lemma is immediate.
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Lemma 3.8. If R(B) is Lebesgue measurable, then 1R(B) = 1E(B) a.e. (or, in
other words, R(B) = E(B) up to a Lebesgue negligible set).

Proof. One has 1D ≤ 1R(B) for all D ∈ F , hence 1R(B) ≥ 1E(B) a.e. On the
other hand, since 1D ≤ 1E(B) for all D ∈ F and supD∈F 1D = 1R(B) is Lebesgue
measurable , then

1R(B) = sup
D∈F

1D ≤ 1E(B),

which concludes the proof. □

We now are able to provide the following corollary of our main Theorem 3.4.

Corollary 3.9. Suppose that for every compact set K ⊂ Rd the set R(K) is σ-
compact. Then under the conditions of Theorem 3.4 (or of the Remark 3.5) one
has the following alternative:

(i) either there is a set D ⊂ Rd of full Lebesgue measure in Rd such that for
every x ∈ D one has R({x}) = D,

(ii) or R({x}) has zero Lebesgue measure for all x ∈ Rd.

Proof. Since R(K) is σ-compact for every compact K ⊂ Rd, then it is so also for
every σ-compact K. In particular R({x}) is σ-compact for every x ∈ Rd. If there
is a point x ∈ Rd such that R({x}) has nonzero Lebesgue measure, then

R({x}) = R(R({x}))
= E(R({x}) by Lemma 3.8

= Rd by Theorem 3.4,

the last two inequalities being intended up to a Lebesgue-nullset. In other words,
the set D := R({x}) has full Lebesgue measure in Rd. Now, if y ∈ Rd is any
point for which R({y}) has nonzero Lebesgue measure, then the latter set is also
of full Lebesgue measure in Rd, and therefore, R({x}) ∩ R({y}) ̸= ∅, and hence,
R({y}) = R({x}) = D, concluding the proof. □

Remark 3.10. An immediate consequence of Corollary 3.9 is the classical Chow-
Rachevsky theorem for smooth vector fields. In fact, the classical Hörmander con-
dition for smooth vector fields implies the validity of the conditions of Remark 3.5.
Moreover, when all vector fields in X are smooth, then ∪t∈[−T,T ]e

tX(K) is compact
for every X ∈ X , T ∈ R and hence, R(K) is σ-compact. But by Krener’s theorem
(theorem 2 from [11]) R({x}) contains an open set for every x ∈ Rd, and there-
fore Corollary 3.9 implies R({x}) = Rd for all x ∈ Rd, which is the claim of the
Chow-Rachevsky theorem. Note that Krener’s theorem used here does not involve
anything of the machinery of the classical proof of the Chow-Rachevsky theorem
(namely it does not use Taylor formulae for the flows); it is based only on the im-
mediate observation that if two smooth vector fields are tangent to some smooth
submanifold of Rd in a neighborhood of some point, then so is also its Lie bracket
(in the same neighborhood). Summing up, we see that Theorem 3.4 and, hence-
forth, Corollary 3.9 provide an alternative proof of the classical Chow-Rachevsky
theorem.

Remark 3.11. For the Krener’s theorem referenced in the above Remark 3.10 to be
valid, even the classical Hörmander condition is unnecessarily strong. It is enough
in fact to require a weaker condition, namely, the for every point p ∈ Rd in the
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phase space, every open neighborhood U ⊂ Rd of this point, and every smooth
submanifold N ⊂ Rd of strictly positive codimension containing p, there is an
x ∈ N ∩ U and an Xi ∈ X such that the vector Xi(x) is not tangent to N .

4. Proof ot Theorem 3.4

The proof of the above Theorem 3.4 will require several steps. For brevity, we
write E := E(B).

4.1. Basic idea of the proof. We explain here the basic idea of the proof in
simple terms, which in fact make it more wishful thinking than a rigorous argument.
The latter, however, will be developed in the following subsections in full details
following these basic ideas.

To prove Theorem 3.4 we first show that the set E = E(B) is invariant under
the flow of every vector field X ∈ {X1, . . . , Xk}. This means that the density 1E

satisfies the stationary transport equation

X · ∇1E = 0.

We then show that X · ∇1E = 0 and Y · ∇1E = 0 imply

[X,Y ] · ∇1E = 0.

This is quite intuitive once we think of X · ∇1E in the differential geometry style
as the action X1E of the vector field X on the function 1E : in fact, once X1E = 0
and Y 1E = 0, then

[X,Y ]1E = X(Y 1E)− Y (X1E) = 0.

Now, as a consequence we get by induction that

Yj · ∇1E = 0, j = 1, . . . , d

for all vector fields Yj in the statement of the Sobolev-Hörmander condition. In the
matrix form, this is written as

Y∇1E = 0,

where Y is the d × d matrix with columns Yj , j = 1, . . . , d. Since the latter is
assumed invertible, this means

∇1E = 0,

that is, 1E = const. The latter constant may be clearly either 0 or 1, but since
B ⊂ E and B has nonzero measure, then 1E = 1, or, in other words, E = Rd up
to a Lebesgue nullset, which is the claim being proven.

4.2. Invariance of 1E.

Lemma 4.1. For every X ∈ {X1, . . . , Xk} such that e−sXLd ≪ Ld for every
s ∈ R, one has

etX∗ 1E = 1E

Ld-a.e. on Rd for every t ∈ R.

Remark 4.2. Note that in the above Lemma we do not request any regularity
assumption on the vector fields Xj except that they be flow generating. Likewise, in
all the subsequent lemmata we list all the requested assumptions on the vector fields
involved explicitly in the statements, without referring to any common assumption.
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Proof. For every D ∈ F one has 1D = etX∗ 1D′ for D′ := e−tXD. But D′ ∈ F ,
hence

1D′ ≤ 1E ,

and therefore by Lemma A.1 one has

1D = etX∗ 1D′ ≤ etX∗ 1E .

This means etX∗ 1E majorizes all 1D, D ∈ F , which implies

(4.1) 1E ≤ etX∗ 1E .

From (4.1) we have

1E = (etX ◦ e−tX)∗1E = e−tX
∗ (etX∗ 1E) ≥ e−tX

∗ 1E

again by Lemma A.1, and since t ∈ R is arbitrary, we finally get

(4.2) 1E ≥ etX∗ 1E .

The estimates (4.1) and (4.2) together give the claim. □

As a direct consequence of Lemma 4.1 we get the following result.

Lemma 4.3. Let X : Rd → Rd be flow generating, with

(4.3)
divX ∈W 1,1

loc (R
d) ∩ L∞

loc(Rd), and

|X(x)| ≤ α|x|+ β

for a.e. x ∈ Rd and for some α > 0, β > 0. Then, the transport equation

(4.4) div(X1E)− 1EdivX = 0

holds in the sense of distributions, i.e.

−
�
E

∇φ ·X dx−
�
E

φdivX dx = 0

for all φ ∈ C∞
0 (Rd). In particular, if X is divergence free, i.e. divX = 0, then

div(X1E) = 0 in the sense of distributions, i.e.�
E

∇φ ·X dx = 0

for all φ ∈ C∞
0 (Rd).

Proof. Fix an arbitrary φ ∈ C∞
0 (Rd). Then

(4.5)

�
E

φ(x) dx =

�
E

φ(e−tX(etX(x))) dx =

�
E

φ(e−tX(y)) dµt(y),

where µt := etX# (Ld) (so that µ0 = dx). By Definition 2.4(vi) we may assume

without loss of generality that the sublinear estimate in (4.3) holds for all x ∈ Rd.
We further set artificially etX(x) := x for x ∈ Rd for which the flow etX is undefined.
Thus by Lemma A.5 applied with X in place of V one has etX(suppφ) ⊂ K ′ for
all t ∈ (−T, T ) and some compact set K ′ ⊂ Rd depending only on suppφ, α, β
and T > 0. Therefore we may apply Lemma A.2 with f(t, x) := φ(e−tX(x))1E(x),
V := X to obtain the relationship
(4.6)�

E

φ(e−tX(x)) dµt(x) =

�
E

φ(e−tX(x)) dx− t

�
E

φ(e−tX(x))divX(x) dx+R(t),
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valid for all t ∈ (−T, T ), where |R(t)| ≤ C∥φ∥∞t2/2 for some C > 0 independent
of t. But

(4.7)
d

dt

∣∣∣∣
t=0

�
E

(
φ(e−tX(x)

)
dx =

�
E

d

dt

∣∣∣∣
t=0

(
φ(e−tX(x)

)
dx = −

�
E

∇φ ·X dx,

the first equality (i.e. the passage of the derivative inside the integral) is due to the
Lebesgue dominated convergence theorem. Analogously,

d

dt

∣∣∣∣
t=0

�
E

(
φ(e−tX(x)

)
divX(x) dx = −

�
E

∇φ ·XdivX dx,

and thus

(4.8)
d

dt

∣∣∣∣
t=0

(
t

�
E

(
φ(e−tX(x)

)
divX(x) dx

)
=

�
E

φ(x)divX(x) dx.

Combining (4.2) with (4.7) and (4.8), we arrive at

(4.9)
d

dt

∣∣∣∣
t=0

�
E

φ(e−tX(x)) dµt(x) = −
�
E

∇φ ·X dx−
�
E

φdivX dx

Hence from (4.5) using (4.9), we get

0 =
d

dt

∣∣∣∣
t=0

(�
E

φ(x) dx

)
=

d

dt

∣∣∣∣
t=0

�
E

φ(e−tX(x)) dµt(x) = −
�
E

∇φ ·X dx−
�
E

φdivX dx

as claimed. □

Remark 4.4. Formally writing

div(X1E) = 1EdivX +X · ∇1E

as if X and 1E were smooth and div were the classical (and not just distributional)
divergence operator, we see that (4.4) becomes the transport equation in its usual
form

(4.10) X · ∇1E = 0,

that is, the action of a vector field X on the characteristic function 1E is zero.
Although heuristically justifying the name “transport equation” attributed to (4.4),
this is of course, only purely formal. In fact, a priori E is just a Borel set, and
hence the gradient ∇1E can only be understood in the distributional sense and is
just a distribution, not even a measure. However a posteriori, when Theorem 3.4
is proven, it claims actually 1E = 1, so that (4.10) is satisfied.

4.3. Distributional solutions of the transport equation (4.4). We make a
couple of observations regarding Sobolev vector fields X satisfying (4.4).

4.3.1. Properties of solutions.

Lemma 4.5. If X ∈ W 1,q
loc (Rd;Rd) with divX ∈ Lr

loc(Rd), r > 1, satisfies (4.4) in

the sense of distributions, then so does ψX for every ψ ∈ C∞
0 (Rd).
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Proof. Since r > 1 by assumption and q∗ > 1, then (q∗ ∧ r)′ < ∞. Let uk be
smooth functions with uk → 1E in Lp

loc(Rd) with p ∈ [q̂′,+∞), where q̂ := q∗ ∧ r
(e.g. uk can be obtained from 1E by means of the customary convolution with an
approximate identity). Then

rk := divukX − ukdivX ⇀ 0

in the sense of distributions as k → ∞ by Lemma 4.6. But then rk = X · ∇uk and

divuk(ψX)− ukdiv(ψX) = ψX · ∇uk = ψrk ⇀ 0

in the sense of distributions and hence passing to the limit as k → ∞ in the above
relationship we get (4.4) with ψX instead of X as claimed. □

We used here the first of the assertions of the following simple lemma that will
be used at full strength also in the sequel.

Lemma 4.6. If X ∈ W 1,q
loc (Rd;Rd) with divX ∈ Lr

loc(Rd), r > 1, satisfies (4.4) in

the sense of distributions and uk be smooth functions with uk → 1E in Lp
loc(Rd)

with p ∈ [q̂′,+∞). where q̂ := q∗ ∧ r. Then letting

rk := divukX − ukdivX,

one has rk ⇀ 0 in the sense of distributions as k → ∞. Moreover,

lim
k

sup
{
⟨φ, rk⟩ : φ ∈ C∞

0 (Rd), suppφ ⊂ K, ∥φ∥W 1,s(Rd) ≤ 1
}
= 0

when 1/s ≤ 1− 1/p− 1/q̂, K ⊂ Rd compact. In particular, one has for such s that

−
�
Rd

uk∇φ ·X dx−
�
Rd

ukφdivX dx→ 0

as k → ∞.

Proof. Let φk ∈ C∞
0 (Rd), suppφk ⊂ K, ∥φk∥W 1,s(Rd) ≤ 1 be such that

⟨φk, rk⟩ ≥ sup
{
⟨φ, rk⟩ : φ ∈ C∞

0 (Rd), suppφ ⊂ K, ∥φ∥W 1,s(Rd) ≤ 1
}
− 1

k
.

Since suppφk ⊂ K ⋐ Rd, then there is a subsequence of k (not relabeled) such that
φk ⇀ φ in the weak sense of W 1,s(Rd), and therefore, since uk → 1E in Lp

loc(Rd),

divX ∈ Lr
loc(Rd) by the assumptions and X ∈ Lq∗

loc(Rd) by Sobolev embedding
theorem, observing that 1/s+ 1/q∗ + 1/p ≤ 1 and 1/s+ 1/r + 1/p ≤ 1, we get

⟨φk, rk⟩ = −
�
Rd

uk∇φk ·X dx−
�
Rd

ukφkdivX dx

→ −
�
E

∇φ ·X dx−
�
E

φdivX dx = 0.

Thus

0 ≤ sup
{
⟨φ, rk⟩ : φ ∈ C∞

0 (Rd), suppφ ⊂ K, ∥φ∥W 1,s(Rd) ≤ 1
}

≤ ⟨φk, rk⟩+
1

k
→ 0

as k → ∞ concluding the proof. □

Yet another statement will be important.
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Lemma 4.7. If X ∈ W 1,q
loc (Rd;Rd) with divX ∈ Lr

loc(Rd), r > 1, satisfies (4.4) in
the sense of distributions, then

(4.11) −
�
E

∇φ ·X dx−
�
E

φdivX dx = 0

for all φ ∈W 1,s(Rd) with compact support s ≥ q̂′, where q̂ := q∗ ∧ r. In particular,
if X is also divergence free, then

(4.12)

�
E

∇φ ·X dx = 0

for all φ ∈W 1,s(Rd) with compact support, s ≥ (q∗)′.

Proof. If φ ∈W 1,s(Rd), s ≥ q̂′, and suppφ is compact, consider an open set Ω ⊂ Rd

such that suppφ ⋐ Ω. Then φ ∈ W 1,q̂′

0 (Ω). Recalling that the latter space is the
closure in W 1,s(Ω) of C∞

0 (Ω), we let φk ∈ C∞
0 (Rd) be such that φk → φ as k → ∞

in W 1,q̂′(Rd), that is, φk → φ in Ls(Rd) and ∇φk → ∇φ in Ls(Rd;Rd) as k → ∞.
Since

(4.13) −
�
E

∇φk ·X dx−
�
E

φkdivX dx = 0,

then keeping in mind that 1EX ∈ Lq∗

loc(Rd;Rd), 1EdivX ∈ Lr
loc(Rd) and passing to

the limit as k → ∞ in (4.13), we get (4.11) concluding the proof of the general case.
If X is divergence free, then it suffices to apply the proven claim with r := ∞. □

Remark 4.8. If X ∈ W 1,q(Rd;Rd), then we may act as in the proof of the above

Lemma 4.7 for an arbitrary φ ∈ W 1,q′(Rd), recalling that W 1q′(Rd) = W 1,q′

0 (Rd)

and letting φk ∈ C∞
0 (Rd) be such that φk → φ as k → ∞ in W 1,q′(Rd), we get

from (4.13) the validity of (4.11) (in particular, (4.12) for divergence free X) for all

φ ∈W 1,q′(Rd).

4.3.2. Lie brackets. We prove now that if the transport equation (4.4) holds for two
different vector fields, the it holds also for their Lie bracket. In the formulation of
the respective result we find it convenient to use the “differential geometry style”
notation Y φ := Y · ∇φ for a vector field Y and a smooth function φ. The purely
“heuristic intuition” behind this result is then quite clear: if Xφ = 0 and Y φ = 0,
then

[X,Y ]φ = X(Y φ)− Y (Xφ) = 0.

Lemma 4.9. If Y ∈W 1,q′

loc (Rd;Rd) with divY ∈W 1,q′

loc (Rd), and X ∈W 1,q
loc (Rd;Rd)

with divX ∈ W 1,q
loc (Rd), q ∈ (1,+∞), both satisfy the transport equation (4.4) in

the sense of distributions, and φ ∈ C∞
0 (Rd), then

(4.14) −
�
E

[X,Y ]φdx−
�
E

φdiv[X,Y ] dx = 0,

or, in other words, the Lie bracket [X,Y ] satisfies (4.4) in the sense of distributions.
In particular, if both X and Y are also divergence free, then

(4.15)

�
E

[X,Y ]φdx = 0.
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Remark 4.10. The regularity requirement of the above Lemma 4.9 holds when, for
instance, {X,Y } ⊂ W 1,q

loc (Rd;Rd) and {divX,divY } ⊂ W 1,q
loc (Rd) for some q ≥ 2,

which is, in its turn, guaranteed when both X and Y belong toW 2,q
loc (Rd;Rd), q ≥ 2

(although this is only a sufficient, but not necessary condition). In fact, if q ≥ 2,

then q′ ≤ 2 ≤ q, and hence Y ∈W 1,q′

loc (Rd;Rd) with divY ∈W 1,q′

loc (Rd).

Proof. If Y ∈ W 1,q′

loc (Rd;Rd) and φ ∈ C∞
0 (Rd), then Y φ := Y · ∇φ ∈ W 1,q′(Rd),

and has compact support. Clearly once divX ∈ Lr
loc(Rd) with some r ≥ q, then

q̂ := q∗ ∧ r ≥ q, and hence q̂′ ≤ q′. Therefore we may apply Lemma 4.7 with Y φ in
place of φ and s := q′, which gives

(4.16) −
�
E

X(Y φ) dx−
�
E

(Y · ∇φ) divX dx = 0.

Writing
Y · ∇φ = div(φY )− φdivY,

we transform (4.16) into

(4.17) −
�
E

X(Y φ) dx−
�
E

div(φY ) divX dx+

�
E

φdiv(Y ) divX dx = 0.

Interchanging X with Y in (4.17) we get

(4.18) −
�
E

Y (Xφ) dx−
�
E

div(φX) divY dx+

�
E

φdiv(X) divY dx = 0,

and subtracting (4.18) from (4.17) we arrive at

(4.19) −
�
E

[X,Y ]φdx+

�
E

div(φX) divY dx−
�
E

div(φY ) divX dx = 0.

This immediately gives (4.15) when both X and Y are divergence free.
For the generic case, by Lemma 4.5 φY satisfies (4.4) in the sense of distributions.

Thus we may apply Lemma 4.7 with φY ∈ W 1,q′(Rd) instead of X, q′ in place of
both q and r, s := q, and ψdivX ∈ W 1,q(Rd) instead of φ, where ψ ∈ C∞

0 (Rd) is
such that ψ = 1 in a neighborhood of suppφ, to get

(4.20)

�
E

div(φY ) divX dx = −
�
E

φY · ∇divX dx.

Interchanging X and Y in (4.20) yields

(4.21)

�
E

div(φX) divY dx = −
�
E

φX · ∇divY dx.

Now, plugging (4.20) and (4.21) into (4.19), and recalling that

div[X,Y ] = X · ∇divY − Y · ∇divX,

by Lemma A.6, we finally arrive at (4.14). □

4.4. A system of transport equations for 1E.

Lemma 4.11. Let Ω ⊂ Rd be an open connected set. If Yj ∈W 1,q
loc (Ω;Rd), divYj ∈

Lr
loc(Ω;Rd), r > 1, j = 1, . . . , d, satisfy (4.4), i.e.

div(Yj1E)− 1EdivYj = 0

in the sense of distributions over Ω, and the d×d matrix Y (x), the rows of which are
vectors Yj(x), is invertible for a.e. x ∈ Ω with the matrix function Y −1 : Ω → Rd×d
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satisfying Y −1 ∈W 1,s
loc (Ω;Rd×d) for some s > q̂′, where q̂′ := q∗ ∧ r, then a.e. over

Ω one has

either 1E = 1,

or 1E = 0,

the first option being valid necessarily when Ld(B∩Ω) > 0. In particular, if Ω = Rd,
then 1E = 1 a.e., that is, Ld(Rd \ E) = 0.

Proof. Let uk be smooth functions with uk → 1E in Lp
loc(Rd) as k → ∞ with

1/p ≤ 1 − 1/q̂ − 1/s, p < +∞ (it is exactly here that we use the strict inequality
s > q̂′). For instance, uk can be obtained from 1E by means of the customary
convolution with an approximate identity. Then for

rjk := divukYj − ukdivYj

one has rjk = Yj ·∇uk, and so ∇uk = Y −1rk where rk stands for the vector function

rk(x) := (r1k(x), . . . , r
d
k(x))

T . For every test vector field Φ ∈ C∞
0 (Ω;Rd) one has

Ψ := ΦTY −1 ∈W 1,s(Ω;Rd), and therefore

⟨Φ,∇uk⟩ =
�
Ω

Φ(x) · ∇uk(x) dx =

�
Ω

Φ(x)TY −1(x)rk(x) dx

=

�
Ω

Ψ(x) · rk(x) dx→ 0

as k → ∞ by Lemma 4.6. This means ∇uk ⇀ 0 in the sense of distributions over Ω,
but since also ∇uk ⇀ ∇1E in the same sense, we get ∇1E = 0 as distributions over
Ω, i.e. 1E is constant, hence either 0 or 1 (up a.e. equality) over Ω. If Ld(B∩Ω) > 0,
then recalling that B ⊂ E (again, up to a Lebesgue negligible set), then we have
1E = 1 a.e. over Ω, concluding the proof. □

4.5. Proof of Theorem 3.4 and Remark 3.5. Now we are able to prove The-
orem 3.4 and simultaneously the more general (though also more technical) Re-
mark 3.5.

Proof. By Lemma 4.1, the set E := E(B) is invariant with respect to the flow of
each Xk which is flow generating. By Lemma 4.3 therefore the function 1E satisfies
the transport equations (4.4) with all Xk involved in the construction of Yj in place
of X. By Lemma 4.9 it also satisfies the same transport equation with any of the
consecutive Lie brackets of the vector fields Xk involved in Yj . We may finally
invoke then Lemma 4.11 with Ω := Rd to get the claim (i). Alternatively, if we are
in slightly more general conditions of the localized Sobolev-Hörmander condition
of Remark 3.5, we get from Lemma 4.11 that 1E = 1 for some Ω ∈ A (in particular
for those that contain a piece of B of positive Lebesgue measure). If there is an
Ω ∈ A such that 1E = 0 over this Ω (another possible option by Lemma 4.11),
then Rd is a union of two disjoint open nonempty sets, one being the union of those
Ω ∈ A such that 1E = 1 over Ω, another the union of those Ω ∈ A such that
1E = 0 over Ω. This contradicts the connectedness of Rd, hence proving again the
claim (i). The claim (ii) holds since otherwise 1E(Bε(x))) = 0 over Bε(y) and hence

Ld(E(Bε(x)) ∩Bε(y)) = 0 contradicting claim (i). □
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Appendix A. Auxiliary lemmata

We collect here several technical statements of general nature used throughout
the paper.

Lemma A.1. If f, g : Rd → R are Borel functions and f ≤ g, then T∗f ≤ T∗g
when T : Rd → Rd is a Borel map satisfying T#Ld ≪ Ld.

Proof. One has

Ld
({
x ∈ Rd : f(T (x)) > g(T (x))

})
≤ Ld

(
T−1

({
y ∈ Rd : f(y) > g(y)

}))
= 0,

since Ld
({
y ∈ Rd : f(y) > g(y)

})
= 0. □

Lemma A.2. Let V ∈ L1
loc(Rd;Rd) be a vector field satisfying

|V (x)| ≤ α|x|+ β for a.e. x ∈ Rd

and generating the flow etV . If divV ∈W 1,1
loc (Rd)∩L∞

loc(Rd), then for µt := etV# Ld =

ρ dx, where ρ = ρ(t, x) (in particular, µ0 = Ld, ρ(0, x) = 1), and for any bounded
Borel function f : R×Rd → Rd such that the supports of f(t, ·) for all t ∈ (−T, T )
belong to some compact set, one has�

Rd

f(t, x) dµt(x) =

�
Rd

f(t, x) dx− t

�
Rd

f(t, x)divV (x) dx+R(t),

for t ∈ (−T, T ), where |R(t)| ≤ C∥f∥∞t2/2 for some C > 0 independent on t.

Proof. Approximate V by convolution with a compactly supported approximate
identity by smooth vector fields Vk : Rd → Rd as in Lemma A.4. Let K ⊂ Rd be a
compact set containing the supports of f(t, ·) for all t ∈ (−T, T ). By Lemma A.4

(A.1) etVk(K) ⊂ K ′

for every t ∈ (−T, T ) with K ′ depending only on α, β, diam({0} ∪K) and T . One
has then

(A.2)
∥Vk∥∞;K′ ≤ ∥V ∥∞;(K′)1 , ∥divVk∥∞;K′ ≤ ∥divV ∥∞;(K′)1 ,

∥∇divVk∥1;K′ ≤ ∥∇divV ∥1;(K′)1

and Vk → V in L1
loc(Rd;Rd), divVk → divV in L1

loc(Rd) as k → ∞. Let

µk
t := etVk

# Ld = ρk dx, where ρk = ρk(t, x).

Let t ∈ (−T, T ). For a x ∈ K in view of (A.1) and (A.2) we have

(A.3) e−
� t
0
div Vk(e

−sVk (x)) ds ≤ eT∥div Vk∥∞,K′ ≤ A := eT∥div V ∥∞,(K′)1 .

From

ρk(t, x)− 1 = ρk(t, x)− ρk(0, x) =

� t

0

ρkt (τ, x) dτ

applying Lemma A.3 with Vk and ρk instead of V and ρ respectively and using (A.3),
we get

(A.4)
∥ρk(t, ·)∥∞,K ≤ 1 + T sup

τ∈[0,t]

∥ρkt (τ, ·)∥∞,K

≤ 1 +AT∥divVk∥∞,K′ ≤ B := 1 +AT∥divV ∥∞,(K′)1 .
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Using again Lemma A.3 with Vk and ρk instead of V and ρ, we get with the help
of (A.3) the estimate

|ρktt(t, x)| ≤ A
((

div Vk(e
−tVk(x))

)2
+

∣∣∇div Vk(e
−tVk(x))

∣∣ · ∣∣Vk(e−tVk(x))
∣∣) .

Hence
(A.5)�

K

|ρktt(t, x)| dx ≤ A

�
etVk (K)

(
(div Vk(x))

2
+ |∇div Vk((x)))| · |Vk((x))|

)
dx

≤ A

�
K′

(
(div Vk(x))

2
+ |∇div Vk((x)))| · |Vk((x))|

)
ρk(t, x) dx

by (A.1)

≤ C := AB
(
∥div V ∥2∞,(K′)1

+ ∥∇div V ∥1,(K′)1 · ∥V ∥∞,(K′)1

)
by (A.2) and (A.4).

Taylor’s theorem with integral form of the remainder yields

ρk(t, x)− ρk(0, x)− tρkt (0, x) =

� t

0

ρktt(τ, x)(t− τ) dτ,

so that

(A.6)

�
Rd

f(t, x)ρk(t, x) dx−
�
Rd

f(t, x)ρk(0, x) dx− t

�
Rd

f(t, x)ρkt (0, x) dx

=

�
Rd

f(t, x) dx

� t

0

ρktt(τ, x)(t− τ) dτ

We estimate now

(A.7)

∣∣∣∣�
Rd

f(t, x) dx

� t

0

ρktt(τ, x)(t− τ) dτ

∣∣∣∣
≤

� t

0

(t− τ) dτ

�
Rd

|f(t, x)| dx|ρktt(τ, x)|

≤ ∥f∥∞
� t

0

(t− τ) dτ

�
K

|ρktt(τ, x)| dx

≤ C∥f∥∞
� t

0

(t− τ) dτ by (A.5)

≤ C∥f∥∞t2/2.

Plugging (A.7) into (A.6) and recalling that ρk(0, x) = 1 and ρkt (0, x) = −divV k,
we get∣∣∣∣�

Rd

f(t, x) dµk
t (x)−

�
Rd

f(t, x) dx+ t

�
Rd

f(t, x)divV k(x) dx

∣∣∣∣ ≤ C∥f∥∞t2/2.

Passing to the limit as k → ∞ in the above inequality, in view of Definition 2.4(v)
we get∣∣∣∣�

Rd

f(t, x) dµt(x)−
�
Rd

f(t, x) dx+ t

�
Rd

f(t, x)divV (x) dx

∣∣∣∣ ≤ C∥f∥∞t2/2,

which is the claim being proven. □
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The following lemmata on smooth vector fields have been used in the proof of
the above Lemma A.2.

Lemma A.3. If V : Rd → Rd is a smooth vector field, then for µt := etV# Ld = ρ dx,

where ρ = ρ(t, x) (in particular, µ0 = Ld, ρ(0, x) = 1), one has

ρt(t, x) = −e−
� t
0
div V (e−sV (x)) dsdiv V (e−tV (x)),

ρtt(t, x) = e−
� t
0
div V (e−sV (x)) ds

((
div V (e−tV (x))

)2 −∇div V (e−tV (x)) · V (e−tV (x))
)
.

Proof. One has

(A.8) 1 = ρ(0, x) = ρ(t, etV (x))|detDetV (x)|.

But the matrix Y (t) := DetV (x) satisfies the ODE

Ẏ = A(t)Y,

where A(t) := DV (etV (x)) and the initial condition Y (0) = Id where Id stands for
the d× d identity matrix. Thus the Ostrogradskǐı-Liouville formula gives

detY (t) = exp

(� t

0

div V (esV (x)) ds

)
,

so that from (A.8) we get

ρ(t, etV (x)) = exp

(
−
� t

0

div V (esV (x)) ds

)
.

Letting y := etV (x) in the above formula we get

ρ(t, y) = exp

(
−
� t

0

div V (e(s−t)V (y)) ds

)
= exp

(
−
� t

0

div V (e−τV (y)) dτ

)
,

and the statement follows from just taking derivatives in t of the latter expression.
□

Lemma A.4. Let V ∈ L1
loc(Rd;Rd) be a vector field satisfying

|V (x)| ≤ α|x|+ β for a.e. x ∈ Rd

for some α > 0, β > 0. Approximate V by convolution with a compactly supported
approximate identity by smooth vector fields Vk : Rd → Rd, namely, let

Vk := V ∗ φ1/k, where φε(x) :=
1

εd
φ

(
|x|
ε

)
),

and φ ∈ C∞
0 (R) be such that φ(t) > 0 for every t ∈ (−1, 1), and φ(t) = 0 otherwise,

while
�
R φ(t) dt = 1. Then for all k ≥ 1 one has

(A.9) |Vk(x)| ≤ α̃|x|+ β̃ for all x ∈ Rd

for some α̃ > 0, β̃ > 0 depending only on α and β and for every compact set
K ⊂ Rd and every T > 0 the estimate holds

etVk(K) ⊂ K ′

for every t ∈ (−T, T ) with K ′ depending only on α, β, diam({0} ∪K) and T .
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Proof. One has

|Vk(x)| ≤ (|V | ∗ φ1/k)(x) ≤ α

�
Rd

|x− y|φ1/k(y) dy + β

≤ α

(
|x|+ 1

k

) �
Rd

φ1/k(y) dy + β

= α

(
|x|+ 1

k

)
+ β ≤ α|x|+ (α+ β).

showing (A.9). The last claim about etVk(K) is then just Lemma A.5 below applied

with Vk instead of V , α̃ := α instead of α and β̃ := α+ β instead of β. □

We also need the following immediate lemma.

Lemma A.5. Let V : Rd → Rd be a not necessarily smooth vector field satisfying

|V (x)| ≤ α|x|+ β for all x ∈ Rd

for some α > 0, β > 0. Suppose that x(·) ∈ Rd be a solution to the ODE ẋ = V (x)
with x(0) ∈ K, where K ⊂ Rd be some compact set. Then for every T > 0 there
is a compact set K ′ ⊂ Rd depending only on α, β, diam({0} ∪K) and T such that
x(t) ∈ K ′ for all t ∈ (−T, T ).

Proof. Setting ρ(t) := |x(t)|, we get ρ̇ ≤ αρ+β with ρ(0) = |x(0)| ≤ diam({0} ∪K).
Thus

ρ(t) ≤ ((αρ(0) + β)eαT − β̃)/α̃ ≤ R := ((αdiam({0} ∪K) + β)eαT − β)/α,

so that we may take K ′ := B̄R(0). □

The final lemma proves the formula for the divergence of a Lie bracket of two
Sobolev vector fields known in the classical case (when the vector fields are smooth).

Lemma A.6. If for some q ∈ (1,+∞) one has Y ∈ W 1,q′

loc (Rd;Rd) with divY ∈
W 1,q′

loc (Rd), and X ∈W 1,q
loc (Rd;Rd) with divX ∈W 1,q

loc (Rd), then

div[X,Y ] = X · ∇divY − Y · ∇divX,

Proof. It suffices to prove

(A.10)

�
Rd

∇φ · [X,Y ] dx =

�
Rd

(X · ∇divY − Y · ∇divX)φdx

for all φ ∈ C∞
0 (Rd). To this aim approximate both X and Y by convolution with

approximate identity by smooth vector fields Xk : Rd → Rd, Yk : Rd → Rd so that

Xk → X, in Lq
loc(Rd;Rd), Yk → Y in Lq′

loc(Rd;Rd),

DXk → DX in Lq
loc(Rd;Rd×d), DYk → DY in Lq′

loc(Rd;Rd×d),

∇divXk → ∇divX in Lq
loc(Rd;Rd)), ∇divYk → ∇divY in Lq′

loc(Rd;Rd))

as k → ∞. Then (A.10) follows from passing to the limit as k → ∞ in the identity�
Rd

∇φ · [Xk, Yk] dx =

�
Rd

(Xk · ∇divYk − Y · ∇divXk)φdx,

concluding the proof. □
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