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Abstract

We prove the Hölder regularity of continuous isentropic solutions to multi-dimensional scalar
balance laws when the source term is bounded and the flux satisfies general assumptions of
nonlinearity. The results are achieved by exploiting the kinetic formulation of the balance law.
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1 Introduction

In this paper we study the regularizing effect of nonlinearity on continuous solutions to balance laws

∂tu+ divxf(u) = g,(1)

where f : R → Rd is a smooth flux, g ∈ L∞(R×Rd) is a bounded source, and u = u(t, x), x ∈ Rd,
is the unknown.

In one space dimension d = 1, and with zero source g, it was established in [14] that the non-
linearity of the flux f induces a fractional regularity of distributional solutions to (1) which satisfy
entropy inequalities

(2) ∂tη(u) + ∂xq(u) ≤ 0 in D′
t,x,
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associated to any entropy-entropy flux pair (η, q), where η(u) is convex and q′(u) = η′(u)f ′(u) for
every u.

As a technical tool to provide stronger regularity to dispersive PDEs in one space dimension d = 1,
such as the Hunter-Saxton equation and the Camassa-Holm equation, Dafermos began investigating
the method of characteristics for continuous solutions to a balance law (1), focusing on the quadratic
flux and assuming that the source g was continuous in the single space variable. When g is zero, thus
for a conservation law, he established Euclidean Lipschitz regularity of f ′(u) for general smooth fluxes
f . In particular, Dafermos established that continuous solutions to a conservation law are isentropic:
they do not incur entropy production since (2) holds as an equality.

Motivated by applications to the analysis of intrinsic Lipschitz graphs in the Heisenberg group,
the effect of nonlinearity of the flux on continuous solutions to (1) in one space dimension d = 1

was studied in [5] for the quadratic flux and bounded sources g. This work followed earlier research
on intrinsic regular graphs [3] relative to continuous sources g. Specifically, it was proved in [5],
by generalizing a lemma on ODEs already present in [6], that every continuous solution to the one-
dimensional balance law (1) with quadratic flux is 1

2 -Hölder continuous. This Hölder continuity result
was then generalized to 1

ℓ -Hölder continuity if the flux f is nonlinear of order ℓ, see [7, 8].
The latter result, alongside a reduction argument allowing for inflection points, contains a finer

analysis of the Hölder continuity constant on small balls: it contains a direct proof that this constant
is almost everywhere vanishingly small as the radius vanishes, based on the analysis with the Lebesgue
differentiation theorem in [7]. An indirect, much more complex argument was provided by [6, 10, 9].

We stress that continuous solutions to (1), even when d = 1 and the flux is quadratic, can be
very irregular from the Euclidean point of view: continuous solutions to (1) with smooth convex
fluxes f where the α-nonlinearity condition fails are generally not Hölder continuous of any exponent,
see [2]. Moreover, their graph can be a fractal set and they generally do not have bounded variation,
see [12, 2]. Nevertheless, continuous solutions to the one-dimensional balance law (1) with any smooth
flux are isentropic, as shown in [1] where it was proved by approximation with functions of bounded
variation.

In the case of more space dimensions, only particular cases are treated, e.g. [6] analyses a multi-
dimensional system by a reduction argument to the one dimensional setting. See also [4, 18].

This paper exploits the kinetic formulation to provide a first extension of the Hölder regularity
results to a real multidimensional setting. Namely, let u : R×Rd → [0, 1] be a bounded, continuous
solution of the scalar balance law (1), and assume that u is isentropic in the sense that

∂tη(u) + divxq(u) = η′(u)g in D′
t,x,(3)

for any entropy-entropy flux pair (η, q).
In the kinetic formulation, for a continuous isentropic solution, there holds (see [13, 16])

∂tχ+ f ′(v) · ∇xχ = µ0, µ0 := gLd+1 ⊗ δ{v=u(t,x)},(4)

in the sense of distributions, where χ : R×Rd ×R → {0, 1} is given by

χ(t, x, v) :=

1 if 0 < v ≤ u(t, x),

0 otherwise.
(5)

We will make the following standard assumption on the flux f ∈ C1([0, 1];Rd), which quantifies
the extent of nonlinearity of the flux.
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Assumption 1. There exists α ∈ (0, 1] and C > 0 such that, for every (τ, ξ) ∈ Rd+1 with |(τ, ξ)| = 1,
and any δ > 0, we have

L1
(
{v ∈ [0, 1] : |1 · τ + f ′(v) · ξ| < δ}

)
≤ Cδα.(6)

The main result of the paper is:

Theorem 2. Let u ∈ C(R×Rd; [0, 1]) be a continuous and isentropic solution of the scalar balance
law (1) with bounded measurable source g ∈ L∞(R ×Rd), and flux f ∈ C2([0, 1];Rd) satisfying the
α-nonlinearity Assumption 1. Then, for any t ∈ R, u(t, ·) is γ-Hölder continuous in space with

γ :=
α

2d
.

We next refine this result making the following more restrictive nonlinearity assumption.

Assumption 3. The flux f ∈ Cd+2([0, 1];Rd) satisfies that, for every v ∈ [0, 1], {f ′′(v), · · · , f (d+1)(v)}
is a spanning set of Rd, or equivalently that {(1, f ′(v)), · · · , (0, f (d)(v)), (0, f (d+1)(v))} is a spanning
set of R×Rd.

Notice that this is the maximal nonlinearity assumption compatible with the smoothness of the
flux, meaning that it implies Assumption 1 with α = 1

d and there are no smooth fluxes f : R → Rd

which satisfy (6) with α > 1
d , see Lemma 19 below. Assumption 3 is satisfied by the Burgers flux

f(u) =

(
u2

2
,
u3

3
, . . . ,

ud+1

d+ 1

)
.

Theorem 4. Let u ∈ C(R×Rd; [0, 1]) be a continuous and isentropic solution of the scalar balance
law (1) with bounded measurable source g ∈ L∞(R × Rd), and flux f ∈ Cd+2([0, 1];Rd) satisfying
the non degeneracy Assumption 3. Then, for any t ∈ R, u(t, ·) is γ-Hölder continuous in space with

γ :=
1

2d
.

We thus gain in the exponent γ a factor of 1
α = d. The paper is organized as follows:

In Section 2, we analyze the one-dimensional case with the Burgers flux and obtain in Corollary 9
the 1

2 -Hölder regularity for continuous isentropic solutions of (1). Although the results of this section
are contained in those following, we feel it is important to begin by proving this case due to the
relevance of the Burgers equation in applications, and due to the fact that the proofs are more easily
readable.

In Section 3, we address the multidimensional case under the α-nonlinearity Assumption 1. The
main result of this section is Proposition 17, which proves Theorem 2.

In Section 4, under the nonlinearity Assumption 3, we improve the Hölder continuity exponent in
Proposition 24, thereby proving Theorem 4. As in §2, we first present the proof for the case of the
Burgers equation, before generalizing it. We also include several examples to illustrate our results.
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Object Symbol

Real valued square matrices of size d× d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Md×d

Real numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . R
Natural numbers, starting from 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N
If a, b ∈ R, then a ∧ b is the minimum and a ∨ b is the maximum . . . . . . . . . . . . . . . . . . . . . . . .∧, ∨
ℓ-th coordinate unit vector in Rd, e.g. ê1 = (1, 0, . . . , 0) ∈ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . êℓ
Euclidean norm

√
a21 + · · ·+ a2d of a vector a ∈ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . ∥a∥ or simply |a|

Maximum norm max{|a1|, . . . , |ad|} of a vector a ∈ Rd . . . . . . . . . . . . . . . . . . . . . . . . . ∥a∥∞ or |a|∞
Open ball {∥y − x∥ < r} of radius r centered at x ∈ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Br(x)

Open square {∥y − x∥∞ < r} of radius r centered at x ∈ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . Qr(x)

The Lebesgue measure ωdr
d of Br(0), or (2r)d for the hyper-cube Qr(0) . . . . . . . . . . . . |Br|, |Qr|

The Lebesgue measure of a Lebesgue measurable set E ⊂ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . |E|
Operator norm of a matrix A ∈ Md×d as in (95). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ∥A∥
Frobenius norm of a matrix A ∈ Md×d as in (96) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∥A∥F
Determinant of a matrix A ∈ Md×d, see [11, Page 168] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .DetA

Transpose of a matrix A ∈ Md×d, see [11, Definition 2.17] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . AT

Inverse of a matrix A ∈ Md×d, see [11, Definitions 2.18;6.9, Proposition 6.7] . . . . . . . . . . . . .A−1

Topological closure of a set S ⊂ Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .S
Flux function of a balance law as in (1), see also Assumptions 1-3 . . . . . . . . . . . . . . . . . . . . . . . . . . f
Order of nonlinearity of the flux function in Assumption 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .α
Bounded source functions of a balance law as in (1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . g
The uniform norm ess sup{∥p(ξ)∥ : ξ ∈ D} of a function p : D ⊂ Rm → Rn . . . . . . . . . . . ∥p∥L∞

Continuous solution of a balance law as in (1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . u
Function (5) or (11) measuring oscillations of u at scale r around x at time t . . . . .h = hr(t, x)

Hypograph of a function u, as defined in (14). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .hyp(u)
Space average 1

|E|
∫
E
u(t, z) dz of u on any measurable E ⊂ R . . . . . . . . . . . . . . . . . . . . . . (u(t, ·))E

Measure of the v-super-level set of u, within Br(y), as defined in (10) . . . . . . . . . . . . . . . . .m(y, v)

Kinetic quantities, see (4), usually denoted as . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . χ, v, µ0

Free kinetic transport as in (15) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . FT

The matrix
[(

ih
d

)ℓ]
ℓ,i=1,...,d

of Lemma 26, rows indexed by ℓ, columns by i . . . . . . . . . . . .Hd(h)

The ‘almost Wronskian’ matrix in (106) or in (109) . . . . . . . . . . . . . . . . . . . . . . . . . . . .W or W (f, v)

The matrix of increments in (107) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A(v, h, d)

Table 1: List of Symbols

2 One-Dimensional Burgers Case

We begin with the 1-D case for the Burgers equation, that is d = 1 with f(u) := 1
2u

2.

Definition 5. For any r > 0, and (t, x) ∈ R×R, we write

hr(t, x) :=
1

2
max

y1,y2∈Br(x)

(
(u(t, ·))Br(y1) − (u(t, ·))Br(y2)

)
,(7)

where (u(t, ·))E := 1
|E|
∫
E
u(t, z) dz for any measurable E ⊂ R.
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Lemma 6. Let u ∈ C(R×R; [0, 1]) be a continuous and isentropic solution of the Burgers equation
with L∞-source g, that is

∂tu+ ∂x(
1

2
u2) = g(8)

in the sense of distributions. Then there exists a constant C > 0, depending only on ∥g∥L∞(R×R)

such that

hr(t, x) ≤ Cr
1
3(9)

uniformly in (t, x) ∈ R×R. The constant C can be chosen to satisfy C ≤ (24 ∥g∥L∞(R×R))
1
3 .

Proof of Lemma 6. 1. Fix (t0, x0) ∈ R×R. Let y1, y2 ∈ Br(x0) be chosen to realise the maximum
in the definition of h = hr(t0, x0). We may assume h > 0 otherwise we have nothing to show. Write

m(y, v) := L1
(
{z ∈ Br(y) : u(t0, z) > v}

)
.(10)

Then

2h|Br| =
∫ 1

0

(
m(y1, v)−m(y2, v)

)
dv

=

∫ 1−h

0

(
m(y1, v + h)−m(y2, v)

)
dv +

∫ h

0

m(y1, v) dv −
∫ 1

1−h

m(y2, v) dv

≤
∫ 1−h

0

(
m(y1, v + h)−m(y2, v)

)
dv + h|Br|.

(11)

Therefore, there exists at least one value v ∈ (0, 1− h) such that

m(y1, v + h)−m(y2, v) > h|Br|.(12)

Define the rectangles R1 := Br(y1)×(v+ h
2 , v+h), and R2 := Br(y2)×(v, v+ h

2 ). By the monotonicity
of v 7→ m(y, v) it follows that

L2
(
R1 ∩ hypu(t0, ·)

)
− L2

(
R2 ∩ hypu(t0, ·)

)
≥ 1

2
h2|Br|,(13)

where hyp(u) denotes the hypograph (or subgraph) of a function u, meaning that if u : D → [0,+∞),
D ⊂ R, then

(14) hyp(u) := {(x, v) ∈ D × [0,+∞) : u(x) ≥ v}.

2. For a measurable set E ⊂ R×R, denote the free-transport by time s of E by

FT(E; s) := {(z, v) ∈ R×R : (z − sf ′(v), v) ∈ E}.(15)

For some T > 0, we would like to estimate∣∣∣L2
(
FT(Ri;T ) ∩ hypu(t0 + T, ·)

)
− L2

(
Ri ∩ hypu(t0, ·)

)∣∣∣(16)

for i = 1, 2. To this end, let r′ ∈ (0, r], v′ ∈ (0, h4 ] be fixed later, and write

R′
1 := Br+r′(y1)× (v +

h

2
− v′, v + h+ v′).(17)

This new rectangle is just a slight enlargement of R1, increasing the space variable of r′ and the
kinetic variable of v′. Furthermore, write

Q1 :=
⋃

t∈[t0,t0+T ]

{t} × FT(R′
1; t− t0).(18)

5
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Then testing the kinetic formulation (4) against a test function φ ∈ C1
c (Q1) we obtain∫

FT(R′
1;T )

χ(t0 + T, z, v)φ(t0 + T, z, v) dzdv −
∫
R′

1

χ(t0, z, v)φ(t0, z, v) dzdv

=

∫
Q1

φdµ0 +

∫
Q1

χ
(
∂tφ+ f ′(v)∂xφ

)
dtdzdv.

(19)

We should choose φ ∈ C1
c (Q1) carefully so that we can estimate the terms as necessary. In

particular, for a, b > 0, fix a family of cutoff functions ϕa,b ∈ C1
c ([0,∞); [0, 1]) such that

ϕa,b(s) =

1 if s ∈ [0, a]

0 if s ∈ [a+ b
2 ,∞)

−4

b
≤ ϕ′(s) ≤ 0.(20)

Then choose

φ(t, x, v) := ϕr,r′(|x− (t− t0)f
′(v)− y1|)ϕh

4 ,v
′(|v − v − 3h

4
|).(21)

Indeed, this choice satisfies φ ∈ C1
c (Q1), and clearly φ = 1 on {t0} × R1 and {t0 + T} × FT(R1;T ).

Furthermore, ∂tφ+ f ′(v)∂xφ = 0 in Q1. Therefore, using also 0 ≤ χ ≤ 1, the estimate (19) becomes∣∣∣L2
(
FT(R1;T ) ∩ hypu(t0 + T, ·)

)
− L2

(
R1 ∩ hypu(t0, ·)

)∣∣∣
=
∣∣∣∫

FT(R1;T )

χ(t0 + T, z, v) dzdv −
∫
R1

χ(t0, z, v) dzdv
∣∣∣

≤
∣∣∣∫

Q1

φdµ0

∣∣∣+ L2
(
R′

1 \R1

)
+ L2

(
FT(R′

1;T ) \ FT(R1;T )
)
.

By simple geometric considerations, we have L2
(
R′

1 \ R1

)
= hr′ + 4rv′ + 4r′v′, and L2

(
FT(R′

1;T ) \
FT(R1;T )

)
= L2

(
R′

1 \ R1

)
. Using (4), the first term on the right hand side of the inequality above

can be estimated by
∣∣∣∫Q1

φdµ0

∣∣∣ ≤ ∥g∥L∞(R×R) L2
(
π(t,x)Q1

)
, where π(t,x) : (t, x, v) 7→ (t, x) is the

projection map onto the first two coordinates. More explicitly, we have L2
(
π(t,x)Q1

)
= (2(r + r′) +

1
2T (

h
2 + 2v′))T . In particular, sending r′, v′ to 0, we get

(22)
∣∣∣L2
(
FT(R1;T ) ∩ hypu(t0 + T, ·)

)
− L2

(
R1 ∩ hypu(t0, ·)

)∣∣∣ ≤ ∥g∥L∞

(
2rT +

h

4
T 2
)
.

The same estimate also holds for R2.
3. We choose T = 2(y2−y1)

h ≤ 4r
h , so that FT(R1;T ) is “above” FT(R2;T ), meaning that

FT(R1;T ) = (0, h2 ) + FT(R2;T ). Then, for this value of T > 0, using the previous estimates (13),
(22), we have

0 ≤ L2
(
FT(R2;T ) ∩ hypu(t0 + T, ·)

)
− L2

(
FT(R1;T ) ∩ hypu(t0 + T, ·)

)
≤ 2

(
2rT +

h

4
T 2

)
∥g∥L∞ − rh2

≤ 24 ∥g∥L∞
r2

h
− rh2.

(23)

Therefore

h3 ≤ 24 ∥g∥L∞ r.(24)

6
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Lemma 7. Let u ∈ C(R;R) and γ ∈ (0, 1) be such that

hr(x) ≤ Crγ for every x ∈ R and r > 0.(25)

Then u is γ-Hölder with constant at most 2C
(
1 + 2

2γ−1

)
. If γ ∈ [ 13 ,

1
2 ), the Hölder constant satisfies

2C
(
1 + 2

2γ−1

)
≤ 10C.

Proof of Lemma 7. For any x, y ∈ R, let r := |y − x|. We have

|u(x)− u(y)| ≤ |u(x)− (u)Br(x)|+ |(u)Br(x) − (u)Br(y)|+ |u(y)− (u)Br(y)|

≤ |u(x)− (u)Br(x)|+ |u(y)− (u)Br(y)|+ 2hr(x).
(26)

Next we have the simple estimate

|(u)Br(x) − (u)B r
2
(x)| =

∣∣∣ 1
2r

∫ x+r

x−r

u(z) dz − 1

r

∫ x+ r
2

x− r
2

u(z) dz
∣∣∣

≤ 1

2r

∣∣∣∫ x

x−r

u(z) dz −
∫ x+ r

2

x− r
2

u(z) dz
∣∣∣+ 1

2r

∣∣∣∫ x+r

x

u(z) dz −
∫ x+ r

2

x− r
2

u(z) dz
∣∣∣

≤ 2h r
2
(x).

(27)

Since u is continuous, we have

|(u)Br(x) − u(x)| =
∣∣∣ ∞∑
k=0

(
(u)B r

2k
(x) − (u)B r

2k+1
(x)

)∣∣∣ ≤ ∞∑
k=0

2h r

2k+1
(x) ≤ 2C

∞∑
k=0

( r

2k+1

)γ
=

2Crγ

2γ − 1
.

(28)

Therefore

|u(x)− u(y)| ≤ 2hr(x) +
4Crγ

2γ − 1
≤ 2C

(
1 +

2

2γ − 1

)
|y − x|γ .(29)

Lemma 8. Let u ∈ C(R×R; [0, 1]) be as in Lemma 6. For some t ∈ R and γ ∈ (0, 12 ), assume that

hr(t, x) ≤ Crγ(30)

uniformly in x ∈ R. Then in fact, there exists a constant C̃ > 0, depending only on (C, γ, ∥g∥L∞(R×R)),
such that

hr(t, x) ≤ C̃r
1+γ
3(31)

uniformly in x ∈ R. If γ ∈ [ 13 ,
1
2 ), the constant C̃ can be chosen to satisfy C̃ ≤ 10(2C ∥g∥L∞(R×R))

1
3 .

Proof of Lemma 8. 1. Let t ∈ R be as given, and fix any x ∈ R. Set

u := min
y∈B2r(x)

u(t, y), u := max
y∈B2r(x)

u(t, y).(32)

Once again, let y1, y2 ∈ Br(x) be chosen to realise the maximum in the definition of h = hr(t, x).
Then

2h|Br| =
∫ u

u

(
m(y1, v)−m(y2, v)

)
dv

=

∫ u−h

u

(
m(y1, v + h)−m(y2, v)

)
dv +

∫ u+h

u

m(y1, v) dv −
∫ u

u−h

m(y2, v) dv

≤
∫ u−h

u

(
m(y1, v + h)−m(y2, v)

)
dv + h|Br|,

(33)

7
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so there exists at least one value v ∈ (u, u− h) such that

m(y1, v + h)−m(y2, v) ≥
h

u− u− h
|Br|.(34)

Note that trivially 0 ≤ 2h ≤ u− u, and from Lemma 7, u− u ≤ 2C(1 + 2
2γ−1 )(4r)

γ . Therefore

m(y1, v + h)−m(y2, v) ≥
2γ − 1

2 · 4γ(2γ + 1)

h

Crγ
|Br|.(35)

2. We are now free to repeat the same argument as Steps 2–3 from the proof of Lemma 6
using (35) in place of (12). Doing so we obtain

0 ≤ 24 ∥g∥L∞
r2

h
− 2γ − 1

2C · 4γ(2γ + 1)
r1−γh2(36)

and therefore

h3 ≤ 24
2C · 4γ(2γ + 1)

2γ − 1
∥g∥L∞(R×R) r

1+γ .(37)

The following statement is the main result of this section.

Corollary 9. Let u ∈ C(R×R; [0, 1]) be as in Lemma 6. Then u(t, ·) is 1
2 -Hölder with constant at

most 100 ·
(
20 ∥g∥L∞(R×R)

) 1
2 .

Proof of Corollary 9. Fix (t, x) ∈ R × R. By Lemma 6, we have that hr(t, x) ≤ C1r
1
3 , with

C1 ≤ (24 ∥g∥L∞(R×R))
1
3 . Starting from this estimate, we can apply Lemma 8 iteratively to obtain

hr(t, x) ≤ Cnr
γn for n ∈ N, where γn := 1

2 (1− 3−n), and the constants Cn satisfy

Cn+1 ≤ 10 · (2Cn ∥g∥L∞(R×R))
1
3 ≤ C3−n

1 ·
(
2000 ∥g∥L∞(R×R)

) 1
2 (1−3−n)

≤ 10
√
20 · (1 ∨ C1) ·

(
1 ∨ ∥g∥

1
2

L∞(R×R)

)
.

(38)

Using Lemma 7, for each n ∈ N, we have that u(t, ·) is γn-Hölder with constant at most 10Cn, which
is uniformly bounded by the above. Therefore we can simply pass to the limit to obtain that u(t, ·)
is 1

2 -Hölder, with constant at most 10 · lim sup
n→∞

Cn ≤ 10 ·
(
2000 ∥g∥L∞(R×R)

) 1
2 .

3 α-nonlinear Multi-Dimensional Case

We begin by modifying slightly a general decomposition lemma, which can be found in [15, Lemma 4.2],
to a form that is directly applicable to our problem.

Lemma 10 ([15, Lemma 4.2]). Let f ∈ C1([0, 1];Rd) satisfy the standard nonlinearity Assumption 1.
There exists a constant C̃, depending only on (d, ∥f ′∥L∞ , C) such that the following statement holds.
For any v, h > 0, with v+h < 1, there exist v1 < · · · < vd+1 ∈ [v, v+h] satisfying |vi+1−vi| ≥ h

2(d+1)

such that, for every a ∈ Rd, there exist a1, · · · , ad+1 ∈ R with

a =

d+1∑
i=1

aif
′(vi), 0 =

d+1∑
i=1

ai, |ai| ≤ C̃
|a|
hd/α

.(39)

Proof of Lemma 10. The proof proceeds exactly as [15, Lemma 4.2] applied to the flux v 7→
(v, f(v)) in R × Rd. Indeed, we obtain appropriate values v1 < · · · < vd+1 ∈ [v, v + h], satisfying

8
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|vi+1 − vi| ≥ h
2(d+1) , such that {(1, f ′(vi)) : 1 ≤ i ≤ d + 1} is a spanning set of R ×Rd. Then, for

any (0, a) ∈ R×Rd, there exist coefficients {ai ∈ R : 1 ≤ i ≤ d+1} with (0, a) =
∑d+1

i=1 ai(1, f
′(vi)).

The slightly improved estimate on the coefficients {ai} stems from the fact that
∑d+1

i=1 ai = 0, and
therefore |a1| = |

∑d+1
i=2 ai|, meaning that there is no increase in magnitude during the final step of

the iterated estimates.
Next, we modify the estimate [15, Lemma 4.3] to a form that is directly applicable to our problem,

taking into account also the small change in Lemma 10 above. For later purposes, it is also necessary
to modify slightly the definition of hr given in [15, Eq. (4.4)] as follows.

Definition 11. For any r > 0, and (t, x) ∈ R×Rd, we write

hr(t, x) :=
1

2
max

y1,y2∈Qr(x)

(
(u(t, ·))Qr(y1) − (u(t, ·))Qr(y2)

)
∈
[
0,

1

2

]
,(40)

where (u(t, ·))E := 1
|E|
∫
E
u(t, y) dy for any measurable E ⊂ Rd, and Qr(x) := {y ∈ Rd : |y−x|∞ < r}.

Lemma 12 ([15, Lemma 4.3]). There exists a constant Cω > 0, depending only on (d, ∥f ′′∥L∞ , C̃)

such that, for any r > 0, and (t, x) ∈ R × Rd, there exists (t̃, x̃) ∈ R × Rd, ṽ ∈ [0, 1), and ã ∈ R

satisfying

|ã| ≤ C̃
2r
√
d

hr(t, x)d/α
, |(t̃, x̃)− (t, x)| ≤ r

√
d+ (d+ 1)(1 + ∥f ′∥L∞)C̃

2r
√
d

hr(t, x)d/α
,(41)

such that, for any ω ∈ (0, Cω hr(t, x)
1+ d

α ], we have

Ld+1
(
Q∩ hypu(t̃)

)
− Ld+1

(
Q∩ FT(hypu(t̃− ã); ã)

)
≥ ωhr(t, x)|Qr|

2(d+ 1)
,(42)

where the cuboid Q := Qr(x̃)× [ṽ, ṽ + ω].

Proof of Lemma 12. 1. Fix r > 0, (t, x) ∈ R×Rd, and let y1, y2 ∈ Qr(x) be chosen to realise the
maximum in the definition of h = hr(t, x). In the following, we exclusively write h := hr(t, x).

For any (s, y, v) ∈ R×Rd ×R, write

m(s, y, v) := Ld
(
{z ∈ Qr(y) : u(s, z) > v}

)
.(43)

Then

2h|Qr| =
∫ 1

0

(
m(t, y1, v)−m(t, y2, v)

)
dv

=

∫ 1−h

0

(
m(t, y1, v + h)−m(t, y2, v)

)
dv +

∫ h

0

m(t, y1, v) dv −
∫ 1

1−h

m(t, y2, v) dv

≤
∫ 1−h

0

(
m(t, y1, v + h)−m(t, y2, v)

)
dv + h|Qr|.

(44)

Therefore, there exists at least one value v ∈ (0, 1− h) such that

m(t, y1, v + h)−m(t, y2, v) > h|Qr|.(45)

2. Write a := y1 − y2. Using Lemma 10, we find that there exist v1 < · · · < vd+1 ∈ [v, v + h]

and coefficients {ai ∈ R : 1 ≤ i ≤ d + 1} such that
∑d+1

i=1 ai = 0, and a =
∑d+1

i=1 aif
′(vi). Set

(t0, x0) := (t, y2), and iteratively (ti, xi) := (ti−1, xi−1) + ai(1, f
′(vi)) for 1 ≤ i ≤ d + 1. Then

(td+1, xd+1) = (t, y1) by construction. Moreover, upon writing v0 := v and vd+2 := v + h, we have

h|Qr| < m(td+1, xd+1, vd+2)−m(t0, x0, v0) ≤ m(td+1, xd+1, vd+2)−m(t0, x0, v1)

=

d+1∑
i=1

(
m(ti, xi, vi+1)−m(ti−1, xi−1, vi)

)
.

(46)

9
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In particular, there exists a choice ℓ ∈ {1, · · · , d+ 1} such that

m(tℓ, xℓ, vℓ+1)−m(tℓ−1, xℓ−1, vℓ) >
h|Qr|
d+ 1

.(47)

Consequently we set (t̃, x̃) := (tℓ, xℓ), ṽ := vℓ, and ã := aℓ. The first estimate in (41) follows directly
from (39), whilst for the second estimate we have

(t̃, x̃) = (t, y2) +

ℓ∑
i=1

ai(1, f
′(vi)),(48)

and therefore

|(t̃, x̃)− (t, x)| ≤ |y2 − x|+
ℓ∑

i=1

|ai|(1 + |f ′(vi)|) ≤ r
√
d+ (d+ 1)(1 + ∥f ′∥L∞)C̃

2r
√
d

hd/α
.(49)

3. For some ω ∈ (0, h
2(d+1) ) to be determined later, consider the cuboid Q := Qr(x̃) × [ṽ, ṽ + ω].

We can estimate

Ld+1
(
Q∩ hypu(t̃)

)
− Ld+1

(
Q∩ FT(hypu(t̃− ã); ã)

)
=

∫ ω

0

(
m(t̃, x̃, ṽ + v)−m(t̃− ã, x̃− ãf ′(ṽ + v), ṽ + v)

)
dv.

(50)

Therefore, it is sufficient to estimate the quantity

m(t̃, x̃, v)−m(t̃− ã, x̃− ãf ′(v), v)(51)

for any v ∈ [ṽ, ṽ + ω]. Using (47), and the monotonicity of m with respect to v, we have

m(t̃, x̃, v)−m(t̃− ã, x̃− ãf ′(v), v)

= m(t̃, x̃, v)−m(t̃, x̃, vℓ+1) +m(t̃, x̃, vℓ+1)−m(t̃− ã, x̃− ãf ′(ṽ), ṽ)

+m(t̃− ã, x̃− ãf ′(ṽ), ṽ)−m(t̃− ã, x̃− ãf ′(v), ṽ)

+m(t̃− ã, x̃− ãf ′(v), ṽ)−m(t̃− ã, x̃− ãf ′(v), v)

≥ h|Qr|
d+ 1

+m(t̃− ã, x̃− ãf ′(ṽ), ṽ)−m(t̃− ã, x̃− ãf ′(v), ṽ),

(52)

since vℓ = ṽ ≤ v ≤ ṽ + ω < vℓ+1. Clearly we have

|m(t̃− ã, x̃− ãf ′(ṽ), ṽ)−m(t̃− ã, x̃− ãf ′(v), ṽ)| ≤ |Qr(x̃− ãf ′(ṽ))△Qr(x̃− ãf ′(v))|

≤ 2((2r)d − (2r − |ã||v − ṽ| ∥f ′′∥L∞)d)

≤ Cd r
d−1|ã||v − ṽ| ∥f ′′∥L∞ ,

(53)

whenever |ã||v− ṽ| ∥f ′′∥L∞ ≤ 2r, for some absolute constant Cd > 0 depending only on d. Combining
this with the first estimate in (41), we have

|m(t̃− ã, x̃− ãf ′(ṽ), ṽ)−m(t̃− ã, x̃− ãf ′(v), ṽ)| ≤ Cd r
d ω C̃

2
√
d

hd/α
∥f ′′∥L∞ .(54)

Therefore, the estimate (42) follows immediately from (50) and (52) whenever ω > 0 is chosen small
enough so that

ω ≤ hd/α

C̃
√
d ∥f ′′∥L∞

∧ 2d h1+d/α

4CdC̃(d+ 1)
√
d ∥f ′′∥L∞

∧ h

2(d+ 1)
.(55)

10
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Since h ∈ [0, 1], it is sufficient to take the constant Cω in (42) to be

Cω =
2d

4CdC̃(d+ 1)
√
d ∥f ′′∥L∞

∧ 1

C̃
√
d ∥f ′′∥L∞

∧ 1

2(d+ 1)
.(56)

In the next lemma, we adapt and improve slightly the estimate [15, Proposition 5.6] to a form
that is directly applicable to our problem. First, let us fix a family of smooth functions ψa,b ∈
C∞

c ([0,∞); [0, 1]) satisfying

ψa,b(s) =

1 if s ∈ [0, a]

0 if s ∈ [a+ b
2 ,∞)

− 4

b
≤ ψ′(s) ≤ 0.(57)

Lemma 13 ([15, Proposition 5.6]). Let u ∈ C(R×Rd; [0, 1]) be a continuous and isentropic solution of
the scalar balance law (1) with bounded measurable source g ∈ L∞(R×Rd), and flux f ∈ C2([0, 1];Rd)

satisfying the standard non-degeneracy Assumption 1. Fix r > 0, (t̃, x̃) ∈ R × Rd, ṽ ∈ [0, 1), ω ∈
(0, 1−ṽ], and ã ∈ R. Moreover, for any r′ ≤ r, ω′ ≤ ω, fix the test function ϕ ∈ C∞

c (Rd×(0,∞); [0, 1])

ϕ(x, v) :=

d∏
i=1

ψr,r′
(
|(x− x̃) · êi|

)
ψω

2 ,ω′
(
|v − ṽ − ω

2
|
)
,(58)

with êi ∈ Rd the standard unit basis vectors. Then∫
Rd×[0,∞)

ϕ(x, v)
(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv ≤ |ã| ∥g∥L∞ |Qr+r′+|ã|(ω

2 +ω′)∥f ′′∥L∞ |.(59)

Proof of Lemma 13. The proof follows closely the proof of [15, Proposition 5.6], though we
specialise the final estimate in a way that is specific to our problem, resulting in a better overall
estimate. We outline the main details below.

1. Write

χ0(t, x, v) := χFT(hypu(t̃−ã);t−t̃+ã)(x, v), χ1(t, x, v) := χhypu(t)(x, v).(60)

Then a straightforward modification of [15, Lemma 3.1] tells us that

∂tχ0 + f ′(v) · ∇xχ0 = 0 in D′(R×Rd ×R),(61)

whilst from the kinetic formulation (4) we have

∂tχ1 + f ′(v) · ∇xχ1 = µ0 in D′(R×Rd ×R).(62)

Set χ̃ := χ1 − χ0, and ϕ̃(t, x, v) := ϕ(x− (t− t̃)f ′(v), v), then direct computation shows that

∂t(ϕ̃χ̃) + f ′(v) · ∇x(ϕ̃χ̃) = ϕ̃µ0 in D′(R×Rd ×R).(63)

For any t ∈ R, set

p(t) :=

∫
Rd×[0,∞)

ϕ̃(t, x, v)χ̃(t, x, v) dxdv,(64)

so that

p(t̃− ã) = 0, p(t̃) =

∫
Rd×[0,∞)

ϕ(x, v)
(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv.(65)

11
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Using (63), for any φ ∈ C∞
c (R) it can be checked directly that

⟨p′, φ⟩ =
∫
Rd×[0,∞)

ϕ̃(t, x, v)φ(t) dµ0,(66)

where p′ is the distributional derivative of p in D′(R). Being also that t 7→ p(t) is continuous, from
the fundamental theorem of calculus for distributions we have

p(t̃)− p(t̃− ã) =

∫
I×Rd×[0,∞)

ϕ̃(t, x, v) dµ0,(67)

where I ⊂ R is the time interval with endpoints t̃− ã and t̃.
2. Now we specialise our estimate to the problem at hand. Using the form of µ0 and ϕ given

in (4) and (58), we have∫
I×Rd×[0,∞)

ϕ̃(t, x, v) dµ0 =

∫
I×Rd

g(t, x)ϕ(x− (t− t̃)f ′(u(t, x)), u(t, x)) dtdx

≤ ∥g∥L∞

∫
I×Rd

1x−(t−t̃)f ′(u(t,x))∈Qr+r′ (x̃)
1ṽ−ω′≤u(t,x)≤ṽ+ω+ω′ dtdx.

(68)

At a given time t ∈ I, using the interval bound on u(t, x) given by the second indicator function, in
order for the product of the two indicator functions to be non-zero, it is necessary that

r + r′ ≥ |x− x̃− (t− t̃)f ′(u(t, x))|∞

≥ |x− x̃− (t− t̃)f ′(ṽ +
ω

2
)|∞ − |t− t̃||f ′(u(t, x))− f ′(ṽ +

ω

2
)|∞

≥ |x− x̃− (t− t̃)f ′(ṽ +
ω

2
)|∞ − |ã|(ω

2
+ ω′) ∥f ′′∥L∞ ,

(69)

that is to say that x ∈ Qr+r′+|ã|(ω
2 +ω′)∥f ′′∥L∞ (x̃+(t− t̃)f ′(ṽ+ ω

2 )). The given estimate in the lemma
follows since |I| = |ã|.

By choosing the constants r′ ≤ r and ω′ ≤ ω sufficiently small in Lemma 13 so that the test
function ϕ approximates closely the characteristic function of the cuboid Q, we can combine the
estimates in Lemmas 12–13 to deduce the algebraic decay rate of r 7→ hr(t, x), uniformly in (t, x) ∈
R×Rd.

Lemma 14. Let u ∈ C(R × Rd; [0, 1]) be a continuous and isentropic solution of the scalar bal-
ance law (1) with bounded measurable source g ∈ L∞(R × Rd), and flux f ∈ C2([0, 1];Rd) satis-
fying the standard nonlinearity Assumption 1. Then, there exists a constant C0, depending only on
(d, ∥f ′′∥L∞ , ∥g∥L∞ , C̃, Cω), such that

hr(t, x) ≤ C0r
γ0 , γ0 :=

1

2(1 + d
α )

(70)

for every (t, x) ∈ R×Rd.

Proof of Lemma 14. The proof follows closely [15, Proposition 4.4], though we present the main
steps below.

1. Fix r > 0, (t, x) ∈ R × Rd, h := hr(t, x), ω = Cωh
1+ d

α , and let (t̃, x̃) ∈ R × Rd, ṽ ∈ [0, 1),
ã ∈ R, and Q be given as in Lemma 12. For r′ ≤ r, and ω′ ≤ ω to be determined later, let the test
function ϕ be given as in Lemma 13.

12
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Using Lemma 12, we have the estimate

∫
Rd×[0,∞)

ϕ(x, v)
(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv

=

∫
Q
ϕ(x, v)

(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv +

∫
suppϕ\Q

ϕ(x, v)
(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv

= Ld+1
(
Q∩ hypu(t̃)

)
− Ld+1

(
Q∩ FT(hypu(t̃− ã); ã)

)
+

∫
suppϕ\Q

ϕ(x, v)
(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv

≥ ωh|Qr|
2(d+ 1)

− Ld+1
(
suppϕ \ Q

)
.

(71)

Clearly, we have

Ld+1
(
suppϕ \ Q

)
≤ 2d(r + r′)d(ω + 2ω′)− 2drdω ≤ 2d(2rdω′ + 3 · 2drd−1r′ω).(72)

Therefore, so long as 2d(2rdω′ + 3 · 2drd−1r′ω) ≤ 1
4
ωh|Qr|
2(d+1) , we have∫

Rd×[0,∞)

ϕ(x, v)
(
χhypu(t̃) − χFT(hypu(t̃−ã);ã)

)
dxdv ≥ ωh|Qr|

4(d+ 1)
.(73)

It is sufficient to take r′ := hr
3·2d+4(d+1)

≤ r, and ω′ := ωh
32(d+1) ≤ ω.

2. Combining the above estimate with Lemma 13, we have

ωh|Qr|
4(d+ 1)

≤ |ã| ∥g∥L∞ |Qr+r′+|ã|(ω
2 +ω′)∥f ′′∥L∞ |.(74)

Estimating |ã| via (41), and using the choice of ω = Cωh
1+ d

α , we have

Cωh
2+ d

α rd

4(d+ 1)
≤ C̃

2r
√
d

hd/α
∥g∥L∞ (2r + 2C̃2r

√
dCωh ∥f ′′∥L∞)d.(75)

Finally, after rearranging and noting that h ∈ [0, 12 ], we obtain

h ≤ C0r
γ0 , C0 :=

[ C̃
Cω

2d+3(d+ 1)
√
d ∥g∥L∞ (1 + C̃Cω

√
d ∥f ′′∥L∞)d

]γ0
, γ0 :=

1

2(1 + d
α )
.(76)

Next we show that an algebraic decay rate of r 7→ hr(t, x), uniformly in x ∈ Rd, is sufficient to
deduce the Hölder regularity in space of u(t, ·).

Lemma 15. Suppose u ∈ C(R×Rd; [0, 1]) satisfies the estimate

hr(t, x) ≤ Crγ(77)

for some γ ∈ (0, 1), and C > 0, uniformly in x ∈ Rd. Then u(t, ·) is γ-Hölder with constant at most
2C
(
1 + 2

2γ−1

)
, uniformly in x ∈ Rd. In particular, let γ0 = 1

2(1+ d
α )

be as in the previous lemma.
Then there is Cγ0

> 0 depending only on γ0 such that, if u satisfies (77) for some γ ∈ [γ0, 1), then
u(t, ·) is γ-Hölder with constant at most Cγ0C.

Proof of Lemma 15. Since we work at a fixed time t ∈ R throughout, let us suppress all time
dependence in this proof. For any x, y ∈ Rd, let r := |x− y|. We have

|u(x)− u(y)| ≤ |u(x)− (u)Qr(x)|+ |(u)Qr(x) − (u)Qr(y)|+ |u(y)− (u)Qr(y)|

≤ |u(x)− (u)Qr(x)|+ |u(y)− (u)Qr(y)|+ 2hr(x).
(78)

13
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Now, since a single cube is tessellated by 2d sub-cubes each of half the side length, it is clear that

(u)Qr(x) =
1

2d

2d∑
i=1

(u)Q r
2
(xi),(79)

where the points {xi ∈ Q r
2
(x) : 1 ≤ i ≤ 2d} are the corners of the cube Q r

2
(x). Therefore we can

estimate

|(u)Qr(x) − (u)Q r
2
(x)

| =
∣∣∣ 1
2d

2d∑
i=1

(u)Q r
2
(xi) − (u)Q r

2
(x)

∣∣∣ ≤ 1

2d

2d∑
i=1

∣∣∣(u)Q r
2
(xi) − (u)Q r

2
(x)

∣∣∣
≤ 2h r

2
(x).

(80)

Since u is continuous, we have

|(u)Qr(x) − u(x)| =
∣∣∣ ∞∑
k=0

(
(u)Q r

2k
(x) − (u)Q r

2k+1
(x)

)∣∣∣ ≤ ∞∑
k=0

2h r

2k+1
(x) ≤ 2C

∞∑
k=0

( r

2k+1

)γ
=

2Crγ

2γ − 1
.

(81)

Therefore

|u(x)− u(y)| ≤ 2hr(x) +
4Crγ

2γ − 1
≤ 2C

(
1 +

2

2γ − 1

)
|x− y|γ .(82)

Finally, combining Lemmas 14–15, we can bootstrap our estimate of hr using the additional Hölder
regularity to improve the estimate.

Lemma 16. Let u ∈ C(R×Rd; [0, 1]) be as in Lemma 14, and suppose there exist constants Cn > 0,
and γn ∈ [γ0, 1) such that

hr(t, x) ≤ Cnr
γn(83)

uniformly in (t, x) ∈ R×Rd. Then there is a constant C > 0 depending on d, ∥f ′′∥L∞ , ∥g∥L∞ , C̃, Cω

such that

hr(t, x) ≤ Cn+1r
γn+1 , γn+1 :=

1 + 2γn

2(1 + d
α )
, Cn+1 ≤ CC

1

1+ d
α

n ,(84)

for some constant C > 0, uniformly in (t, x) ∈ R×Rd.

Proof of Lemma 16. The strategy of the proof is the same as the one of Lemma 8. In particular, we
deduce from (83) and Lemma 15, that u(t, ·) is γn-Hölder with constant at most Cγ0

Cn. We use this in-
formation to improve the estimate (42). In particular, estimate (44) still holds when we replace the in-
tegral in v on the interval [0, 1−h] with the one on the interval [u(t, y1)−Cγ0

Cn(diam Qr)
γn , u(t, y1)+

Cγ0Cn(diam Qr)
γn ]. Then, the application of the mean value theorem gives the existence of a value

v that satisfies, rather than (45), the finer estimate

(85) m(t, y1, v + h)−m(t, y2, v) ≥
h|Qr|

CnCγ0Cdrγn
.

Now we replace (45) with the improved estimate above while following of the proof of Lemma 12: we
conclude that (42) can be improved to

Ld+1
(
Q∩ hypu(t̃)

)
− Ld+1

(
Q∩ FT(hypu(t̃− ã); ã)

)
≥ ωhr(t, x)|Qr|
CnCdCγ0r

γn
,

14
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for an appropriate choice of ω. Observe that (85) improves (52), and thanks to (54), it allows to
choose the larger value

(86) ω = C̃ω
hr(t, x)

1+ d
α

Cnrγn

for some C̃ω depending on d, C̃, ∥f ′′∥L∞ , Cγ0 but not on n. Concatenating this estimate with (59) as
in the proof of Lemma 14 we obtain in place of (74)

ωhr(t, x)|Qr|
CnCdCγ0

rγn
≤ |ã| ∥g∥L∞ |Qr+r′+|ã|(ω

2 +ω′)∥f ′′∥L∞ |.(87)

Estimating |ã| ≤ C̃ 2r
√
d

hr(t,x)d/α
via (41), and choosing ω as in (86), we have

hr(t, x)
2(1+ d

α ) ≤ CC2
nr

1+2γn

for some constant C > 0 depending on d, ∥f ′′∥L∞ , ∥g∥L∞ , C̃, Cω, and this proves the claim with
γn+1 = 1+2γn

2(1+ d
α )
.

The following statement is the main result of this section.

Proposition 17. Let u ∈ C(R × Rd; [0, 1]) be as in Lemma 14. Then for any t ∈ R, u(t, ·) is
γ-Hölder continuous in space for γ := α

2d .

Proof of Proposition 17. The constant γ is given as the fixed point of the map γn 7→ γn+1, that is

γ =
1 + 2γ

2(1 + d
α )
,(88)

resulting in the stated value γ := α
2d . It remains to check that the Hölder constants with Hölder

exponent γn remain uniformly bounded as n → ∞: since the map y 7→ Cy
1

1+ d
α is sublinear, then

it follows from (84) that the sequence Cn is bounded: it follows from Lemma 15 that the Hölder
constants are uniformly bounded as well.

Example 18 (The Burgers equation in (1 + d)-dimensions). For the Burgers equation in (1 + d)-
dimensions, we have α = 1

d , and therefore Proposition 17 gives us γ = 1
2d2 . This result is not optimal:

the analysis in one space dimension, see e.g. the analysis of §2, suggests that the optimal exponent is
γ = 1

d+1 . In the next section, we improve the exponent to γ = 1
2d .

4 Improved decomposition lemma

In this section we improve the decomposition Lemma 10 to obtain a better order on the estimate of
the coefficients in (39). We prove it first in the case of the multi-dimensional Burgers equation, and
then for general smooth nondegenerate fluxes f , in which cases we improve the order from 1

d2 to 1
d .

This is interesting in order to get a better regularity estimate for continuous solutions to a balance
law with bounded source, namely improving the Hölder continuity exponent from 1

2d2 to 1
2d as stated

in Proposition 24 below.
In the direction approximately parallel to the (1 + ℓ)-th derivative f (1+ℓ), the estimate further

improves: up to the order 1
ℓ for the decomposition lemma.

We first recall the elementary result in [17, § 2.3] which relates Assumption 1 with Assumption 3.

15
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Lemma 19. When f ∈ Cd+2(R), Assumption 3 is equivalent to taking α = 1
d in Assumption 1.

In the following sub-sections we prove the following lemma, that, as stated, improves the decom-
position Lemma 4 from the bound h−1 raised to the power 1

d2 , to the better power 1
d , in the worst

case, and to the power 1
ℓ in the direction aℓ, for linearly independent directions a1, . . . , aℓ.

Lemma 20. Suppose the flux f ∈ Cd+2([0, 1];Rd) satisfies the nonlinearity Assumption 3. Given
v > 0 and 0 < h < 1, set vi = v + ih

d , where i = 0, . . . , d. Then for every a ∈ Rd, there exist
λ = (λ1, · · · , λd) ∈ Rd with

a =

d∑
i=1

λi [f
′(vi)− f ′(v0)] , ∥λ∥ ≤ C̃d

∥a∥
hd

.(89)

Moreover, for each ℓ = 1, . . . , d, there is a direction aℓ ∈ Rd satisfying the better estimate

∥λ∥ ≤ C̃d
∥aℓ∥
hℓ

.

Remark. We show in the proof that for the Burgers equation, the direction aℓ is given by

aℓ = f (1+ℓ)(v) =

(
i!

(i− ℓ)!
· vi−ℓδi≥ℓ

)
i=1,...,d

.

Then for a flux satisfying Assumption 3, aℓ is still a direction close to the direction of f (1+ℓ)(v).

To better illustrate the statement of the lemma, we provide as examples the explicit coefficients
of the decomposition (89) in space dimensions 1, 2 and 3.

Example 21 (1d Burgers equation). Consider a continuous function u : Ω ⊆ R2 → R that satisfies

∂tu+ divx

(u2
2

)
= g, d = 1, α =

1

d
= 1, f(u) =

u2

2
, f ′(u) = u, f ′′(u) = 1.

Then given a ∈ Rd = R and an interval [v, v + h] we write the decomposition (89) explicitly as

a =
a

h
(f ′(v + h)− f ′(v)) =

a

h
(v + h)− a

h
v =

a

h
· h,

λ1 =
a

h
, v0 = v, v1 = v + h.

Then clearly |λ1| ≤ |a|
h , as obtained in the previous Lemma 10 with d = 1 and α = 1. This leads to

the optimal Hölder regularity of order 1
2 .

Example 22 (2d Burgers equation). Consider a continuous function u : Ω ⊆ R3 → R that satisfies

∂tu+ divx

(
u2

2
,
u3

3

)
= g, d = 2, α =

1

2
,

f(u) =
(u2
2
,
u3

3

)
, f ′(u) = (u, u2), f ′′(u) = (1, 2u), f ′′′(u) = (0, 2).

Then given a = (ax, ay) ∈ Rd = R2, and an interval [v, v + h], we set

v0 := v, v1 := v +
h

2
, v2 := v + h

and we have a =
∑2

i=1 λi (f
′(vi+1)− f ′(v1)) for the choice

λ1 :=
4(h+ 2v)ax − 4ay

h2
, λ2 :=

2ay − (h+ 4v)ax
h2

.(90)

Then clearly |λi| ≤ C |a|
h2 , whereas the previous Lemma 10 with d = 2 and α = 1

2 gives us the weaker
estimate |ai| ≤ C |a|

h4 . Following through the whole argument with this improved estimate results in a
better Hölder regularity of order 1

4 in place of 1
8 .
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Example 23 (3d Burgers equation). Consider a continuous function u : Ω ⊆ R3 → R that satisfies

∂tu+ divx

(
u2

2
,
u3

3
,
u4

4

)
= g, d = 3, α =

1

3
,

f(u) =
(u2
2
,
u3

3
,
u4

4

)
, f ′(u) = (u, u2, u3), f ′′(u) = (1, 2u, 3u2),

f ′′′(u) = (0, 2, 6u), f ′′′(u) = (0, 0, 6).

Then given a = (ax, ay, az) ∈ Rd = R3, and an interval [v, v + h], we set

v0 := v, v1 := v +
h

3
, v2 := v +

2h

3
, v3 := v + h,

and we have a =
∑3

i=1 λi (f
′(vi+1)− f ′(v1)) for the choice

λ1 :=
9
(
(2h2 + 10hv + 9v2ax)− (5h+ 9v)ay + 3az

)
2h3

,(91)

λ2 := −
9
((
h2 + 8hv + 9v2

)
ax − (4h+ 9v)ay + 3az

)
2h3

,(92)

λ3 :=

(
2h2 + 18hv + 27v2

)
ax − 9(h+ 3v)ay + 9az

2h3
.(93)

Then clearly |λi| ≤ C |a|
h3 , whereas the previous Lemma 10 with d = 3 and α = 1

3 gives us the weaker
estimate |ai| ≤ C |a|

h9 . Following through the whole argument with this improved estimate results in a
better Hölder regularity of order 1

6 in place of 1
18 .

Before we proceed with the proof of Lemma 20, we highlight that it is an interesting improvement
because it yields an improved Hölder continuity of u. That is, the exponent γ = 1

2d2 that was obtained
in the preceding section in the setting of nonlinear fluxes satisfying Assumption 1, is now improved
to the sharper estimate γ = 1

2d , when considering nonlinear fluxes satisfying Assumption 3.

Proposition 24. Suppose the flux f ∈ Cd+2([0, 1];Rd) satisfies the nonlinearity Assumption 3. Let
u ∈ C(R×Rd; [0, 1]) solve (1) in the sense of distributions, with g ∈ L∞(R×Rd). Then, for any t,
u(t, ·) is γ-Hölder continuous in space for γ := 1

2d .

Proof. When (39) holds with hd replacing hd/α, then, in turn, with identical proofs:

• Equation (41) holds with hd instead of h
d
α and Equation (42) holds for any ω ∈ (0, Cω hr(t, x)

1+d],
replacing the previous statement of Equation (42) that holds for any ω ∈ (0, Cω hr(t, x)

1+ d
α ].

• Equation (70) holds with γ0 := 1
2(1+d) replacing γ0 := 1

2(1+ d
α )

= 1
2(1+d2) .

• Equation (84) holds with γn+1 = 1+2γn

2(1+d) replacing γn+1 := 1+2γn

2(1+ d
α )

= 1+2γn

2(1+d2) .

• Finally, Corollary 17 holds with γ := 1
2d replacing γ := α

2d = 1
2d2 since this is the fixed point of

γ =
1 + 2γ

2(1 + d)
,

in place of looking for the fixed point of (88).

Remark. When instead f ∈ Ckd+1(R) and {f (k1)(v), · · · , f (kd)(v)} is a spanning set of Rd, for some
d integers 2 ≤ k1 < · · · < kd, then a similar procedure is expected to lead to γ-Hölder continity in
space for γ := 1

2(kd−1) .
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4.1 Proof for Multi-Dimensional Burgers

In this section we prove Lemma 20 for a continuous function u : Ω ⊆ Rd+1 → R that satisfies the
particular, but particularly interesting, case of the Burgers equation:

∂tu+ divx

(
u2

2
,
u3

3
, . . . ,

u(d+1)

d+ 1

)
= g ,(94a)

f(u) =

(
u2

2
,
u3

3
, . . . ,

u(d+1)

d+ 1

)
, f ′(u) = (u , u2 , . . . , ud) ,(94b)

f (1+ℓ)(u) =

(
i!

(i− ℓ)!
· ui−ℓδi≥ℓ

)
i=1,...,d

.(94c)

We begin with an estimate of the operator norm of a particular matrix. First, we recall the
following definition of norms, see [11, Definitions 8.6-7].

Recall 25. Given a matrix A ∈ Md×d, where A = [aiℓ]i,ℓ=1,...,d, its operator norm is defined as

(95) ∥A∥ := max
{∥v∥=1}

∥Av∥ = max
{v ̸=0}

∥Av∥
∥v∥

,

where we consider the Euclidean norm on Rd. The Frobenius norm is defined as

(96) ∥A∥F :=

√√√√ d∑
i,ℓ=1

a2iℓ .

We also recall that the inverse of a matrix A with non vanishing determinant is expressed as

(97) A−1 =
1

DetA
Adj(A)

where

• DetA is the determinant of the matrix A and

• the element aiℓ at position (i, ℓ) of Adj(A) the determinant of the sub-matrix obtained after
suppressing from A the ℓ-th row and i-th column, multiplied by (−1)ℓ+i.

Remark. The operator norm and Frobenius norm are equivalent, see [11, Proposition 8.4]:

(98) ∥A∥ ≤ ∥A∥F ≤
√
d ∥A∥ for all A ∈Mn×n .

We now provide an auxiliary estimate for a relevant matrix.

Lemma 26. Let d ∈ N and 0 < h ≤ 1. The operator norm of the inverse of the matrix

Hd = Hd(h) :=

[(
ih

d

)ℓ
]
ℓ,i=1,...,d

can be estimated as
∥∥H−1

d

∥∥ (h) ≤ Cdh
−d, for a positive dimensional constant Cd.

Proof. Recall first from (97) the general expression of the inverse matrix

(99) H−1
d =

1

DetHd
Adj(Hd) .
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By multi-linearity of the determinant, one can extract from the ℓ-th row the common factor
(
h
d

)ℓ
and repeat this for all rows ℓ = 1, . . . , d: multiplying the common factors we extracted, we get1

(100)
1

DetHd
=

1

Det [iℓ]ℓ,i=1,...,d

·
(
d

h

) (d+1)d
2

, Det
[
iℓ
]
ℓ,i=1,...,d

=
∏

0≤i≤d

i! .

Again by multi-linearity of the determinant, and by definition of the adjoint matrix Adj(Hd), in
the elements of the adjoint matrix obtained suppressing the ℓ-th row of Hd, there is a common factor
of h

d with exponent (d+1)d
2 − ℓ ≥ (d+1)d

2 − d. Therefore denoting Adj(Hd) = [aiℓ]i,ℓ=1,...,d we have

aiℓ = (−1)i+ℓDet [jm]m,j=1,...,d
m ̸=ℓ ,j ̸=i

·
(
h

d

) (d+1)d
2 −ℓ

(101)

≤ (−1)i+ℓDet [jm]m,j=1,...,d
m ̸=ℓ ,j ̸=i

·
(
h

d

) (d+1)d
2 −d

.

By the definition of the Frobenius norm (96), thus we estimate, for a dimensional constant C̃d > 0,

(102) ∥Adj(Hd)∥F =

√√√√ d∑
i,ℓ=1

a2iℓ ≤ C̃d · h
(d+1)d

2 −d .

Inserting estimates (102) and (100) into (99) we get

(103)
∥∥H−1

d

∥∥
F

≤ Cp · h−d , Cp :=
d

(d+1)d
2 C̃d∏

0≤i≤d i!
.

From the equivalence of the Frobenius norm and the operator norm (98) we finally get the thesis.

Example 27. We write explicitly the matrices in low dimension d = 2, 3, 4:

H2(h) =

(
h
2 h
h2

4 h2

)
H−1

2 (h) =

(
4
h − 4

h2

− 1
h

2
h2

)

H3(h) =


h
3

2h
3 h

h2

9
4h2

9 h2

h3

27
8h3

27 h3

 H−1
3 (h) =


9
h − 45

2h2
27
2h3

− 9
2h

18
h2 − 27

2h3

1
h − 9

2h2
9

2h3



H4(h) =


h
4

h
2

3h
4 h

h2

16
h2

4
9h2

16 h2

h3

64
h3

8
27h3

64 h3

h4

256
h4

16
81h4

256 h4

 H−1
4 (h) =


16
h − 208

3h2
96
h3 − 128

3h4

− 12
h

76
h2 − 128

h3
64
h4

16
3h − 112

3h2
224
3h3 − 128

3h4

− 1
h

22
3h2 − 16

h3
32
3h4

 .

We can now finally prove Lemma 20 in the case of the Burgers equation, where the computations
are more explicit.

Proof of Lemma 20, Burgers. Given a ∈ Rd, and an interval [v, v + h], we want to write

a =

d∑
i=1

λi(f
′(vi)− f ′(v0)) , for vi = v +

ih

d
, i = 0 , . . . , d .

Considering f , a, λ as column vectors, then

a = Aλ ⇐⇒ λ = A−1a

1The determinant of
[
iℓ
]
ℓ,i=1,...,d

can be computed by induction, it is related to one of the Vandermonde matrices,
see [11, Example 6.2].

19
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for the square matrix A ∈ Md×d defined by the increments

A(v, h, d) := [f ′(v1)− f ′(v0)| . . . |f ′(vd)− f ′(v0)] .

For better understanding, we make explicit the matrix A in small dimension. If d = 4 one has

A(v, h, 4) =


h
4

h
2

3h
4 h(

h
4 + v

)2 − v2
(
h
2 + v

)2 − v2
(
3h
4 + v

)2 − v2 (h+ v)2 − v2(
h
4 + v

)3 − v3
(
h
2 + v

)3 − v3
(
3h
4 + v

)3 − v3 (h+ v)3 − v3(
h
4 + v

)4 − v4
(
h
2 + v

)4 − v4
(
3h
4 + v

)4 − v4 (h+ v)4 − v4


which is, denoting by AT the transpose of A,

AT (v, h, 4) =


h
4

h2

16 + hv
2

h3

64 + 3h2v
16 + 3hv2

4
h4

256 + h3v
16 + 3h2v2

8 + hv3

h
2

h2

4 + hv h3

8 + 3h2v
4 + 3hv2

2
h4

16 + h3v
2 + 3h2v2

2 + 2hv3

3h
4

9h2

16 + 3hv
2

27h3

64 + 27h2v
16 + 9hv2

4
81h4

256 + 27h3v
16 + 27h2v2

8 + 3hv3

h h2 + 2hv h3 + 3h2v + 3hv2 h4 + 4h3v + 6h2v2 + 4hv3

 .

In general A(v, h, d) = [f ′(v1)− f ′(v0)| . . . |f ′(vd)− f ′(v0)] is, indexing rows by ℓ and columns by i,

A(v, h, d) =

[(
v − ih

d

)ℓ

− vℓ

]
ℓ,i=1,...,d

=

[
ℓ−1∑
k=0

(
ℓ

k

)(
ih

d

)ℓ−k

vk

]
ℓ,i=1,...,d

.

Notice that 
1 0 0 0

−2v 1 0 0

3v2 −3v 1 0

−4v3 6v2 −4v 1

A(v, h, 4) =


h
4

h
2

3h
4 h

h2

16
h2

4
9h2

16 h2

h3

64
h3

8
27h3

64 h3

h4

256
h4

16
81h4

256 h4

 .

Similarly, indexing with ℓ rows and with i columns, we have the expression[(
ℓ

i

)
(−1)

i+ℓ
vℓ−iδℓ≥i

]
ℓ,i=1,...,d

A(v, h, d) =

[(
ih

d

)ℓ
]
ℓ,i=1,...,d

so that

A(v, h, d) =

[(
ℓ

i

)
vℓδℓ≥i

]
ℓ,i=1,...,d

[(
ih

d

)ℓ
]
ℓ,i=1,...,d

and

(A(v, h, d))
−1

=

[( ih
d

)ℓ
]
ℓ,i=1,...,d

−1 [(
ℓ

i

)
(−1)

i+ℓ
vℓ−iδℓ≥i

]
ℓ,i=1,...,d

.(104)

Being λ = A−1a, we want to understand the operator norm of A−1, as defined in Definition 25.
Since the operator norm is sub-multiplicative, then

(105)
∥∥A−1(v, h, d)

∥∥ ≤

∥∥∥∥∥
[(
ℓ

i

)
(−1)

i+ℓ
vℓ−iδℓ≥i

]
i,ℓ=1,...,d

∥∥∥∥∥ · ∥∥H−1
d (h)

∥∥ ,
where Hd is precisely the matrix in Lemma 26. Defining the polynomial

pd(v) =

∥∥∥∥∥
[(
ℓ

i

)
(−1)

i+ℓ
vℓ−iδℓ≥i

]
i,ℓ=1,...,d

∥∥∥∥∥
2

F
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thus from (105) and Lemma 26, jointly with the equivalence of norms (98), we conclude∥∥A−1(v, h, d)
∥∥ ≤ Cd

√
pd(v) · h−d .

Finally, be definition of the operator norm, one has the thesis (89):

∥λ∥ =
∥∥∥(A(v, h, d))−1

a
∥∥∥ ≤ Cd

√
pd(v) ·

∥a∥
hd

.

Proof of the stronger directional estimate in Lemma 20 for the Burgers equation. In the setting of
the proof just concluded for the general estimate in Lemma 20, define the matrix W ∈ Md×d whose
columns are given by the direction of the derivatives f ′′,. . . ,f (d+1) for the flux, up to coefficients, as

(106) W =

[(
ℓ

i

)
vℓδℓ≥i

]
ℓ,i=1,...,d

=



1 0 0 0 0

2v 1 0 0 0

3v2 3v
. . . 0 0

4v3 6v2 1 0

5v4 10v3 · · · dv 1

 .

Consider now vectors a ∈ Rn, ∥a∥ = 1, that satisfy the proportionality

W−1a = ξ êℓ ⇐⇒ a = ξ ·W · êℓ ,

where necessarily ξ ≥ C(v, d) since W is not singular. Then one has the expression

λ = A−1(v, h, d)a = H−1
d (h) ·W−1a = ξH−1

d (h) · êℓ .

Since, by its expression (100)–(101), the ℓ-th column of the matrix H−1
d (h) is proportional to h−ℓ,

then
∥λ∥ ≥ ξ ≥ C(v, d) · c̃d · h−ℓ

where c̃d is the minimum norm among columns of the matrix H−1
d (1). In particular, for vectors aℓ

that are proportional to the vector

f (1+ℓ)(v) = ℓ! W · êℓ

one has the stronger estimate in the thesis.

4.2 Proof for Smooth Nondegenerate Fluxes

We finally consider a smooth flux f = (f1, . . . , fd) that satisfies the nonlinearity Assumption 3.

Proof of the general estimate in Lemma 20, nondegenerate fluxes. Given a ∈ Rd, and an interval
[v, v + h], we want to write

a =

d∑
i=1

λi(f
′(vi)− f ′(v0)) , for vi = v +

ih

d
i = 0 , . . . , d .

Considering f , a, λ as column vectors, then

a = Aλ ⇐⇒ λ = A−1a

for the square matrix A(v0, h, d) ∈ Md×d defined by the increments

(107) A(v0, h, d) := [f ′(v1)− f ′(v0)| . . . |f ′(vd)− f ′(v0)] .
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Having a smooth flux, we exploit the Taylor expansion

(108) f ′(vi)− f ′(v0) =

d∑
ℓ=1

1

ℓ!
f (1+ℓ)(v0)

(
ih

d

)ℓ

+

d∑
j=1

1

(d+ 1)!
êjf

(d+2)
j (ξj,i)

(
ih

d

)d+1

for some values ξj,i ∈ [v0, vi] and for i, j = 1, . . . , d.
We can express the matrix of incrementsA(v0, h, d), essentially, as a product of a matrixW (f, v0) ∈

Md×d depending only on the flux times a matrix Hd(h) ∈ Md×d depending only on the increments.
To do so, consider the almost Wronskian matrix, where ℓ denotes rows and i columns,

(109) W (f, v0) =

[
1

ℓ!
f
(1+ℓ)
i (v0)

]
ℓ,i=1,...,d

and define the remainder matrix R(f, v0, h) ∈ Md×d as

(110) R(f, v0, h) :=

d∑
j=1

1

(d+ 1)!

[
êjf

(2+d)
j (ξj,1)

∣∣∣2(d+1)êjf
(2+d)
j (ξj,2)

∣∣∣ . . . ∣∣∣d(d+1)êjf
(2+d)
j (ξj,d)

]
.

Then

A(v0, h, d) =

[
1

ℓ!
f (1+ℓ)
m (v0)

]
m,ℓ=1,...,d

[(
ih

d

)ℓ−i
]
ℓ,i=1,...,d

+R(f, v0, h)

(
h

d

)d+1

= W (f, v0) ·Hd(h) +R(f, v0, h)

(
h

d

)d+1

.(111)

The non-degeneracy Assumption 3 precisely guarantees that the matrix W (f, v) is invertible: thus∥∥W (f, v0)
−1
∥∥ ≤ C(f, v0) for some constant C(f, v0). Then, by sub-multiplicativity of the norm of

matrices, we estimate the inverse of the approximation W (f, v0) ·Hd(h) of A(v0, h, d) as

(112)
∥∥∥[W (f, v0) ·Hd(h)]

−1
∥∥∥
F

=
∥∥H−1

d (h) ·W−1(f, v0)
∥∥
F

≤ C(f, v0) · Cdh
−d ,

thanks to the estimate of
∥∥H−1

d (h)
∥∥ in Lemma 26.

It remains to prove that the reminder in (111) does not destroy such estimate. To that extent,
we apply that if Ã, B ∈ Md×d are two matrices with

∥∥∥Ã−1R
∥∥∥ < 1, see [11, Proposition 8.8], then

(113)
∥∥∥∥(Ã+R

)−1
∥∥∥∥ ≤

∥∥∥Ã∥∥∥
1−

∥∥∥Ã−1R
∥∥∥ =

∥∥∥Ã∥∥∥ ·
1 +

∥∥∥Ã−1R
∥∥∥

1−
∥∥∥Ã−1R

∥∥∥
 .

Pick the two matrices Ã, R ∈ Md×d defined as

Ã := W (f, v0) ·Hd(h) and R := R(f, v0, h)

(
h

d

)d+1

.

In order to apply this inequality (113), we show that
∥∥∥Ã−1 ·R

∥∥∥ < 1
2 for h small: by (112) and by

sub-multiplicity

(114)
∥∥∥Ã−1 ·R

∥∥∥ ≤ ∥R(f, v0, h)∥ · C(f, v0) ·
Cd

dd+1
· h .

Since for h = 0 the matrix R(f, v0, h) in (110) has all columns proportional to f (d+2)(v0), then

∥R(f, v0, 0)∥ =
1

(d+ 1)!

∥∥∥f (d+2)(v0)
∥∥∥ · ∥∥∥(1, 2(d+1), . . . , d(d+1))

∥∥∥ ,
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and ∥R(f, v0, h)∥ is close to such value for h small. In particular, by (114) for h small one has∥∥∥Ã−1 ·B
∥∥∥ ≤ 2−1, which allows to apply (113) to estimate the norm of the inverse of A = Ã+R:

(115)
∥∥A−1(v0, h, d)

∥∥ =

∥∥∥∥(Ã+R
)−1

∥∥∥∥ ≤ 2
∥∥∥Ã∥∥∥ .

Recalling (111) we reach the thesis: for h small it holds that∥∥A−1(v0, h, d)
∥∥ ≤

∥∥∥Ã−1 ·B
∥∥∥ ≤ 2̃C(f, v0) · Cdh

−d .

Proof of the stronger directional estimate in Lemma 20 for nondegenerate fluxes. Continuing with
the notation of the proof just concluded for the general estimate in Lemma 20, in particular (110),
consider now vectors a ∈ Rn, ∥a∥ = 1, that for some ξ ∈ R satisfy the proportionality(

W (f, v0) +H−1
h (h)R(f, v0, h)

(
h

d

)d+1
)−1

a = ξ êℓ

which is of course equivalent to

a = ξ ·

(
W (f, v0) +H−1

h (h)R(f, v0, h)

(
h

d

)d+1
)

· êℓ .

Observe that necessarily ξ ≥ C(v0, d), for h small enough, since
(
W (f, v0) +H−1

h (h)R(f, v0, h)
)

is
not singular, since W (f, v0) is not singular by the nonlinearity Assumption 3 and by Lemma 26∥∥∥∥∥H−1

h (h)R(f, v0, h)

(
h

d

)d+1
∥∥∥∥∥ ≤

∥∥H−1
h (h)

∥∥ · ∥R(f, v0, h)∥ · (h
d

)d+1

≤ Cd ∥R(f, v0, h)∥h .

Then one has the expression

A−1(v0, h, d)a = H−1
d (h) ·

(
W (f, v0) +H−1

h (h)R(f, v0, h)

(
h

d

)d+1
)−1

a = ξH−1
d (h) · êℓ .

Since, by its expression (100)–(101), the ℓ-th column of the matrix H−1
d (h) is proportional to h−ℓ,

then ∥∥A−1(v0, h, d)a
∥∥ ≥ ξ ≥ C(v0, d) · c̃d · h−ℓ

where c̃d is the minimum norm among columns of the matrix H−1
d (1).

In particular, for vectors aℓ that are proportional to the vector

1

ℓ!
f (1+ℓ)(v0) +

2(d+1)

dd+1 · (d+ 1)!
H−1

h (h)f (2+d)(ξℓ) · hd+1 ,

which perturbs 1
ℓ!f

(1+ℓ)(v0), one has the stronger estimate in the thesis.
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