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Abstract

We prove the Holder regularity of continuous isentropic solutions to multi-dimensional scalar
balance laws when the source term is bounded and the flux satisfies general assumptions of

nonlinearity. The results are achieved by exploiting the kinetic formulation of the balance law.
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1 Introduction
In this paper we study the regularizing effect of nonlinearity on continuous solutions to balance laws
(1) Oyu+ dive f(u) = g,

where f: R — R? is a smooth flux, g € L=(R x R%) is a bounded source, and u = u(t, z), z € R4,
is the unknown.

In one space dimension d = 1, and with zero source g, it was established in [I4] that the non-
linearity of the flux f induces a fractional regularity of distributional solutions to which satisfy
entropy inequalities

(2) Om(u) + Opq(u) <0 in Dj,,

*Universita di Padova, Emails: ancona@math.unipd.it, laura.caravenna@unipd.it, elio.marconi@unipd.it
TEmail: ajc314@cantab.ac.uk



Ancona, Caravenna, Cliffe, Marconi, 2025

associated to any entropy-entropy flux pair (7, q), where n(u) is convex and ¢'(u) = n'(u)f'(u) for
every u.

As a technical tool to provide stronger regularity to dispersive PDEs in one space dimension d = 1,
such as the Hunter-Saxton equation and the Camassa-Holm equation, Dafermos began investigating
the method of characteristics for continuous solutions to a balance law , focusing on the quadratic
flux and assuming that the source g was continuous in the single space variable. When g is zero, thus
for a conservation law, he established Euclidean Lipschitz regularity of f’(u) for general smooth fluxes
f- In particular, Dafermos established that continuous solutions to a conservation law are isentropic:
they do not incur entropy production since holds as an equality.

Motivated by applications to the analysis of intrinsic Lipschitz graphs in the Heisenberg group,
the effect of nonlinearity of the flux on continuous solutions to in one space dimension d = 1
was studied in [5] for the quadratic flux and bounded sources g. This work followed earlier research
on intrinsic regular graphs [3] relative to continuous sources g. Specifically, it was proved in [5],
by generalizing a lemma on ODEs already present in [6], that every continuous solution to the one-
dimensional balance law with quadratic flux is %—Hélder continuous. This Hélder continuity result
was then generalized to %—Hélder continuity if the flux f is nonlinear of order ¢, see [7l [§].

The latter result, alongside a reduction argument allowing for inflection points, contains a finer
analysis of the Holder continuity constant on small balls: it contains a direct proof that this constant
is almost everywhere vanishingly small as the radius vanishes, based on the analysis with the Lebesgue
differentiation theorem in [7]. An indirect, much more complex argument was provided by [6l 10} @].

We stress that continuous solutions to , even when d = 1 and the flux is quadratic, can be
very irregular from the Euclidean point of view: continuous solutions to with smooth convex
fluxes f where the a-nonlinearity condition fails are generally not Hélder continuous of any exponent,
see [2]. Moreover, their graph can be a fractal set and they generally do not have bounded variation,
see [12][2]. Nevertheless, continuous solutions to the one-dimensional balance law (/1)) with any smooth
flux are isentropic, as shown in [I] where it was proved by approximation with functions of bounded
variation.

In the case of more space dimensions, only particular cases are treated, e.g. [6] analyses a multi-

dimensional system by a reduction argument to the one dimensional setting. See also [4, [I§].

This paper exploits the kinetic formulation to provide a first extension of the Holder regularity
results to a real multidimensional setting. Namely, let u : R x R? — [0, 1] be a bounded, continuous
solution of the scalar balance law , and assume that wu is isentropic in the sense that

(3) on(u) + diveq(u) =n'(u)g  in D,

for any entropy-entropy flux pair (7, q).
In the kinetic formulation, for a continuous isentropic solution, there holds (see [13 [16])

(4) Ox + fl(v) VX = po, o = g£d+1 ® 5{U=u(t,w)}a

in the sense of distributions, where y : R x R% x R — {0, 1} is given by

1 if 0 < v <uw(t,x),
(5) x(t,z,v) = ,
0 otherwise.

We will make the following standard assumption on the flux f € C1([0,1]; R%), which quantifies

the extent of nonlinearity of the flux.
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Assumption 1. There ezists a € (0,1] and C > 0 such that, for every (1,£) € R4 with |(1,€)] = 1,

and any § > 0, we have
(6) L'({vel0,1]:|L-7+ f'(v)- & < 6}) < Cs~.
The main result of the paper is:

Theorem 2. Let u € C(R x R%[0,1]) be a continuous and isentropic solution of the scalar balance
law (1) with bounded measurable source g € L®(R x RY), and fluz f € C2([0,1]; R?) satisfying the
a-nonlinearity Assumption . Then, for any t € R, u(t,-) is F-Hoélder continuous in space with

~._ «
v = 2"

We next refine this result making the following more restrictive nonlinearity assumption.

Assumption 3. The flur f € C%+2([0,1]; R?) satisfies that, for everyv € [0,1], {f”(v), -+, fE@+V(v)}
is a spanning set of RY, or equivalently that {(1, f'(v)),---, (0, f{(v)), (0, f @V (v))} is a spanning
set of R x R?.

Notice that this is the maximal nonlinearity assumption compatible with the smoothness of the
flux, meaning that it implies Assumption |1| with o = é and there are no smooth fluxes f : R — R¢

which satisfy @ with o > 57 see Lemma below. Assumption |3|is satisfied by the Burgers flux

u? U3 ud+ 1 )

f(u)<2735"'7d_’_1

Theorem 4. Let u € C(R x R%;[0,1]) be a continuous and isentropic solution of the scalar balance
law (1)) with bounded measurable source g € L>(R x RY), and flur f € C4*2([0,1]; R?) satisfying
the non degeneracy Assumption @ Then, for any t € R, u(t,-) is y-Hdélder continuous in space with

We thus gain in the exponent 7 a factor of é = d. The paper is organized as follows:

In Section [2] we analyze the one-dimensional case with the Burgers flux and obtain in Corollary [9]
the %—Hélder regularity for continuous isentropic solutions of . Although the results of this section
are contained in those following, we feel it is important to begin by proving this case due to the
relevance of the Burgers equation in applications, and due to the fact that the proofs are more easily
readable.

In Section [3] we address the multidimensional case under the c-nonlinearity Assumption [I} The
main result of this section is Proposition which proves Theorem

In Section 4] under the nonlinearity Assumption [3] we improve the Holder continuity exponent in
Proposition 24] thereby proving Theorem [4l As in §2] we first present the proof for the case of the

Burgers equation, before generalizing it. We also include several examples to illustrate our results.
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Object Symbol
Real valued square matrices of size d X d ...t | e Mxd
Real numbers .. ... e | e R
Natural numbers, starting from 1.......... . e | e N
If a,b € R, then a A b is the minimum and a V b is the maximum ............ | ............ A, V
(-th coordinate unit vector in R, e.g. & = (1,0,...,0) € R4 ................ | il Y,

Euclidean norm /a3 + - - - + a2 of a vector a € R?

Maximum norm max{|ai|,...,|aq|} of a vector a € R?

Open ball {|ly — z|| < r} of radius r centered at x € R?

Open square {||ly — x| < r} of radius r centered at = € R?
The Lebesgue measure wyr? of B,.(0), or (2r)? for the hyper-cube Q,.(0)
The Lebesgue measure of a Lebesgue measurable set £ C R?
Operator norm of a matrix A € Mgxq as in
Frobenius norm of a matrix A € Mgyxq as in
Determinant of a matrix A € Myyxg, see [11, Page 168|

Transpose of a matrix A € Mgy, see [11, Definition 2.17]
Inverse of a matrix A € My, see [I1, Definitions 2.18;6.9, Proposition 6.7] .
Topological closure of a set S C R?

Flux function of a balance law as in , see also Assumptions
Order of nonlinearity of the flux function in Assumption I|...................
Bounded source functions of a balance law as in
The uniform norm esssup{||p(§)|| : & € D} of a function p: D C R™ — R".
Continuous solution of a balance law as in
Function or measuring oscillations of u at scale r around x at time ¢
Hypograph of a function u, as defined in
Space average ﬁ fE u(t, z) dz of u on any measurable £ C R
Measure of the v-super-level set of u, within B, (y), as defined in
Kinetic quantities, see , usually denoted as
Free kinetic transport as in

The matrix [(m)eh o of Lemma |26] rows indexed by ¢, columns by 7 ..

d
The ‘almost Wronskian’ matrix in (106)) or in (109))
The matrix of increments in (107))

la]| or simply |a]
<o lall or |alss
............. |E|

Table 1: List of Symbols

2 One-Dimensional Burgers Case

We begin with the 1-D case for the Burgers equation, that is d = 1 with f(u) :=

Definition 5. For any r > 0, and (t,2) € R x R, we write

(7) ho(t ) = & — (ult. )5, ().

max___ ((u(t, ")) B, (y1)

y1,Y2€ B (x)

1

where (u(t, ) g = i S u(t, z)dz for any measurable E C R.

1,2
SU”.
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Lemma 6. Let u € C(R x R;[0,1]) be a continuous and isentropic solution of the Burgers equation

with L*°-source g, that is
1
(8) Oru + 8z(§u2) =9

in the sense of distributions. Then there exists a constant C' > 0, depending only on ||g||;«®xr)
such that

(9) he(t,x) < Cr3
uniformly in (t,x) € R x R. The constant C' can be chosen to satisfy C < (24 HgHLOO(RxR))%'

Proof of Lemma @ 1. Fix (to,z0) € RxR. Let y1,y2 € B,.(xg) be chosen to realise the maximum

in the definition of h = h,.(tg, z¢). We may assume h > 0 otherwise we have nothing to show. Write
(10) m(y,v) = L' ({z € B.(y) : u(to, z) > v}).
Then
1
2B, = [ (sl ) — (o) do
0
1—h h 1
(11) :/ (m(y1,v + h) — m(y2,v)) dv+/ m(y1,v) dv—/ m(ya,v) dv
0 0 1—h
1—h
S/ (m(yl,v+h)—m(y2,v)) dv + h|B,|.
0
Therefore, there exists at least one value 7 € (0,1 — h) such that
(12) m(y1,T + h) — m(y2,0) > h|B,|.

Define the rectangles Ry := B,.(y1) x (0+2%,0+h), and Ry := B,(y2) X (v,0+%). By the monotonicity
of v — m(y,v) it follows that

1
(13) L2 (R1 N hyp u(to, )) — 2 (R2 N hyp u(to, )) > §h2|BT|,

where hyp(u) denotes the hypograph (or subgraph) of a function u, meaning that if u : D — [0, +00),
D C R, then

(14) hyp(u) = {(z,v) € D x [0,4+00) : u(x) > v}.

2. For a measurable set £ C R x R, denote the free-transport by time s of F by
(15) FT(E;s) ={(z,v) e RxR: (2 —sf'(v),v) € F}.

For some T > 0, we would like to estimate

(16) ‘52 (FT(Rs;T) Nhypu(to + T,-)) — £2(R: N hypu(to, -)) ‘
for i =1, 2. To this end, let 7' € (0,7],v" € (0, %] be fixed later, and write

(17) Ry == B,y (1) x (ﬁ—&-%—v’,@—i—h—i—v’).

This new rectangle is just a slight enlargement of Rj, increasing the space variable of r’ and the
kinetic variable of v'. Furthermore, write

(18) Q= |J {1} xFT(Ry;t—to).

t€(to,to+T]
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Then testing the kinetic formulation against a test function ¢ € C1(Q1) we obtain

/ X(t0+T,Z,U)§D(t0+T,Z7U) dZd’U—/ X(to,Z,’U)(,O(to,Z7U) dzdv
(19) FT(RY;T) R}

:/ <pd,uo+/ X (Owp + [ (v)0sp) dtdzdo.
1 Q1

We should choose p € C(Q1) carefully so that we can estimate the terms as necessary. In
particular, for a,b > 0, fix a family of cutoff functions ¢, € C1([0,0);[0,1]) such that

1 if s € [0, al 4 )
20 o _ _4 <o,
(20) bap(s) 0 ifselatt o) b ?'(s)
Then choose
h
@) ,2,0) = byl — (0 1)) — ) 10—~ 20

Indeed, this choice satisfies ¢ € C1(Q1), and clearly » = 1 on {to} x Ry and {to + T} x FT(Ry;T).
Furthermore, ;¢ + f'(v)0, = 0 in Q1. Therefore, using also 0 < y < 1, the estimate becomes

‘EQ(FT(RM T) Nhypu(to + T, )) — L? (Rl N hyp u(t, ))’
= ’/ X(t0+T,Z,U)dZdU—/ X(tO,Z,'U) dZd’U‘
FT(R1;T) Ry
< ]/ @du()’ + L2(Ry\ Ry) + L2(FT(R;T) \ FT(Ry; T)).

By simple geometric considerations, we have £2(R} \ R1) = hr' 4+ 4rv’ + 4r'v’, and L2(FT(R}; T) \
FT(Ry; T)) =L? (R’l \ Rl). Using , the first term on the right hand side of the inequality above
can be estimated by ’le gpduo‘ < HgHLm(RxR) L2 (W(t,z)Q1)7 where 7 .y ¢ (t,7,v) — (t,x) is the
projection map onto the first two coordinates. More explicitly, we have £2 (7, Q1) = (2(r +1') +
1T(% 4+ 20"))T. In particular, sending 1/, v’ to 0, we get

h
(22) ’EQ(FT(Rl; T) Nhypulto + T,-)) — £2(Ry N hyp ulto, .))‘ < N9l g (27~T + ZTQ).

The same estimate also holds for Rs.

3. We choose T = w < %, so that FT(Ry;T) is “above” FT(Rg;T), meaning that
FT(R1;T) = (0,2) + FT(Ry; T). Then, for this value of 7 > 0, using the previous estimates (13),
(22), we have

0< £2(FT(R2; T)Nhypu(to + T, )) - EQ(FT(Rl; T)Nhypu(to + T, ))

h
(23) <2 <2TT + 4T2> ||g||L:>o - Th2
2
< 24|lgll o 5~ rh*.
Therefore
(24) h* < 24||g|| oo -
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Lemma 7. Let u € C(R;R) and v € (0,1) be such that
(25) hr(z) < Cr? for every z € R and r > 0.

Then w is y-Hélder with constant at most 20(1 + ﬁ) Ifv e [%, %), the Holder constant satisfies
2C0(1+ 5%7) < 10C.

Proof of Lemma @ For any z,y € R, let r := |y — z|. We have

u(z) —u(y)] < [u(@) = ()5, @)| + |(W)B, (@) = (W5, + [u(y) = (W),

(26)
< fu(@) = (W) B, @)| + [uy) = (Wb, | + 2k (z).

Next we have the simple estimate

_ _ ’ 1ot dx— 1
(W) B, () (U)Bg(r)|— S u(z)dz — — )

(27) 1

1 z+r z+5
/ u(z)dz — / u(z) dz‘
e T—3

Since wu is continuous, we have

(W, )~ u@)] = |3 (W w0~ ()5

(28) k=0 k=0 k=0
B 2077
=1
Therefore
(29) () — u(y)] < 20 (@) + ~C7 < 20(1+ My — .
= 1= 51

O
Lemma 8. Let u € C(R x R;[0,1]) be as in Lemma @ For some t € R and v € (0, 3), assume that
(30) h.(t,z) < Cr?

uniformly inz € R. Then in fact, there exists a constant C' > 0, depending only on (C,~, HgHLoc(RxR)),
such that

(31) hy(t,z) < Crs"
uniformly in v € R. If v € [4, 1), the constant C can be chosen to satisfy C < 10(2C HgHLOO(RxR))%'
Proof of Lemma[8 1. Let t € R be as given, and fix any « € R. Set

(32) w:= min u(t,y), u:= max u(t,y).
YEBa, () yE€Bar ()

Once again, let y1,y2 € B,(x) be chosen to realise the maximum in the definition of h = h,(t,z).
Then

U

2h|B,| = (m(y1,v) — m(yz,v)) dv

—~

u—nh u+t+h u

- m(y1,v)dv—/ m(yz, v) dv

u—h

(33)

[
S~

(m(y1,v +h) — m(yz,v)) dv + /

u

u—h
(m(yl, v+ h) —m(ys, v)) dv + h|B,|,

IA
=
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so there exists at least one value T € (u,w — h) such that
(34) m(y1, + h) — m(y2,v) >

Note that trivially 0 < 2h <% — u, and from Lemma (7} @ — u < 2C(1 + 52 )(4r)". Therefore

27 -1 h

v — v) > B,|.
(35> m(y17v+h) m(y27v) - 247(2’}/ ¥ 1) CT’Y| T‘

2. We are now free to repeat the same argument as Steps 2-3 from the proof of Lemma [0]
using in place of . Doing so we obtain

r? 27 —1

L 1—v32
R o

(36) 0 < 24||gl|

and therefore

2C - 47(27 + 1)

3 1+
(37) h? <24 1 19l Lo mrxmy 7T

The following statement is the main result of this section.

Corollary 9. Let u € C(R x R;[0,1]) be as in Lemma @ Then u(t,-) is &-Hélder with constant at
1
most 100 - (20 9/l o (mRxR) )2,

Proof of Corollary @ Fix (t,2) € R x R. By Lemma @ we have that h,.(t,2) < Cyr3, with
C; < (24 ||gHLoo(RXR))%. Starting from this estimate, we can apply Lemma |8 iteratively to obtain
hr(t,xz) < Cpr for n € N, where v, = %(1 —37™), and the constants C,, satisfy

1 —n l(1—37")
Cr1 10+ 20 [lgll o rour))* < CT - (2000 [lg]l oo () )*

(38) 3
<10v20- (1v Cy) - (1V 19017 (R xR) )-

Using Lemma for each n € N, we have that u(t,-) is v,-Holder with constant at most 10C,,, which

is uniformly bounded by the above. Therefore we can simply pass to the limit to obtain that wu(,-)
1

is 1-Hélder, with constant at most 10 - limsup C,, < 10 - (2000 9l 7. ®xR) )2 O

n—oo

3 a-nonlinear Multi-Dimensional Case

We begin by modifying slightly a general decomposition lemma, which can be found in [15, Lemma 4.2],

to a form that is directly applicable to our problem.

Lemma 10 ([I5, Lemma 4.2]). Let f € C1([0,1]; R?) satisfy the standard nonlinearity Assumptz'on.
There exists a constant C, depending only on (d, | f'|l o » C) such that the following statement holds.
For anyv,h > 0, withv+h < 1, there exist v1 < -+ < v441 € [v,v+ h] satisfying |vi41 — vi| > ﬁ

such that, for every a € RY, there exist ay,--- ,aq+1 € R with
d+1 d+1 |
(39) a:Zaif’(vi), O:Zai, |a1| gchd/a’
i=1 i=1

Proof of Lemma . The proof proceeds exactly as [I5, Lemma 4.2| applied to the flux v +—
(v, f(v)) in R x RY. Indeed, we obtain appropriate values v; < --- < vgy; € [v,v + h], satisfying
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|vig1 — vi] > 2(d7}-LH)’ such that {(1, f'(v;)) : 1 < i < d+ 1} is a spanning set of R x R%. Then, for
any (0,a) € R x RY, there exist coefficients {a; € R: 1 <i < d+1} with (0,a) = Zjill a; (1, f'(vi)).
The slightly improved estimate on the coefficients {a;} stems from the fact that Z?;l a; = 0, and
therefore |a;| = |Zf2+21 a;|, meaning that there is no increase in magnitude during the final step of
the iterated estimates. O

Next, we modify the estimate [I5, Lemma 4.3] to a form that is directly applicable to our problem,
taking into account also the small change in Lemma[I0]above. For later purposes, it is also necessary
to modify slightly the definition of h,. given in [I5], Eq. (4.4)] as follows.

Definition 11. For any r > 0, and (t,7) € R x R%, we write

(40) he(t,x) = 1y1,y?1e%}i<z) ((U(t N — (ult, '))Qr(yz)) € [0, %]

where (u(t,-)) g = ﬁ [ u(t, y) dy for any measurable E C R?, and Q,(z) = {y € R : [y—z|oc <7}

Lemma 12 ([I5, Lemma 4.3]). There exists a constant C,, > 0, depending only on (d, || f"|| ;- ,C)
such that, for any r > 0, and (t,x) € R x R, there exists (t,7) € R x RY, © € [0,1), and @ € R
satisfying

~ ~ QT\/E ~ , _ 27"\/&
(41) al §0W7 (£,&) — (t,2)| < rVd+ (d+1)(1+ ||f ||L°°)CW’
such that, for any w € (0,C, hr(t,z)”%], we have
s PN wh.(t, z)|Q,
“2) £ QN ypuld) - £ QN FT(yp (i - a)ia) = “ il

where the cuboid Q = Q,.(%) X [0,0 + w].

Proof of Lemma|14 1. Fix r > 0, (t,z) € R x R?, and let y1,72 € Q,(z) be chosen to realise the
maximum in the definition of A = h,.(¢,z). In the following, we exclusively write h = h,.(t, ).
For any (s,y,v) € R x R? x R, write

(43) m(s,y,v) = Ed({z € Qr(y) s u(s,z) > v}).
Then

1
2h|Qr| = A (m(tvyla U) - m(tay%v)) dv

1

1—h h
(44) - / (m(t, g, v + B) — m(t, 4o, v)) dv + / m(t, g1, v) do - / m(t, ya, v) dv
0 0 1—h

1-h
< / (m(t,y1,v+ h) —m(t,y2,v)) dv + h|Q,|.
0
Therefore, there exists at least one value T € (0,1 — h) such that
(45) m(tvylvﬁ'i_h)_m(taybﬂ) > h‘Qr'

2. Write a = y; — y2. Using Lemma we find that there exist v; < -+ < vg41 € [0,7 + h]
and coefficients {a; € R : 1 < i < d+ 1} such that Y% a; = 0, and a = Y a;f"(v;). Set
(to,x0) == (t,y2), and iteratively (¢;,xz;) = (ti—1,2i—1) + a;(1, f'(v;)) for 1 < i < d+ 1. Then
(ta+1,Ta+1) = (t,y1) by construction. Moreover, upon writing vo := v and vg442 = 0 + h, we have

hl@r| < m(tatr, Tav1s vare) — mlto, 2o, vo) < m(tatt, Tas+1, var2) — mlto, To, v1)

(46) d+1
= Z (m(tiaxiavi+1) - m(tiq,xifl,vz‘)).
i=1
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In particular, there exists a choice £ € {1,--- ,d + 1} such that

h|Q,|
d+1°

(47) m(te, xe, veq1) — mte—1,Te—1,v¢0) >

Consequently we set (¢, %) := (ty,7), 0 := vy, and @ := ap. The first estimate in follows directly
from (39)), whilst for the second estimate we have

14

(48) (Eaj> = (t,y2> + Zai(laf/(vi))’
and therefore
¢
(49) () = (t,2)] < ly2 — 2+ > il (1+ [/ (vi)]) < rVd+ (d+1)(1+ ”f/”LOO)éi:di/\/aE'
i=1

3. For some w € (0, 2(d7}-11)) to be determined later, consider the cuboid Q = Q,.(Z) x [0,7 + w].
We can estimate

L1 (Q N hyp u(f)) — L+ (Q N FT(hypu(f — a); d))
0) = /Ow (m(t,%,9+v) —m(t —a,@ —af' (o +v),0+v))dv.
Therefore, it is sufficient to estimate the quantity
(51) m(t, ,v) —m(t —a,z — af' (v),v)

for any v € [0, 0 4+ w]. Using , and the monotonicity of m with respect to v, we have

m(t, z,v) —m(t —a,z —af (v),v)

= m( t. t
(52) +m(t—a, 7 —af'(9),0) —m(t —a,s — af' (v),d)
+m(t —a, 7 —af (v),0) —m(t —a,s — af (v),v)
> Zl%ﬂ +m(t —a,z —af'(v),0) —m(t —a,& — af' (v),d),
since vy =9 < v <V + w < vyg1. Clearly we have

m(t = a,% — af'(0),0) —m(t - a,& - af'(v),0)] <|Qr(¥ — af'(v)) A Qr(Z — af'(v))]
(53) <2((2n)" = (2r —lallv = 0| 1 /"l| o))
< Car®Hallo = ]|/l e »

whenever |a||v—7| || f"|| « < 2r, for some absolute constant Cy > 0 depending only on d. Combining
this with the first estimate in , we have

(54) (= .3 = (9).5) — m(F .3 = (0), )] < Carleo O el 7] ..

Therefore, the estimate follows immediately from and whenever w > 0 is chosen small
enough so that
hd/a 9d h1+d/a h

55 < = — .
(55) “ = VA " AC4C(d + 1)V || ]| AETCRSY

10
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Since h € [0, 1], it is sufficient to take the constant C,, in to be

2d 1 1
C, = _ A = A )
AC,C(d+ VWA | f" e CVA|f"| e 2(d+1)

(56)

O

In the next lemma, we adapt and improve slightly the estimate [15, Proposition 5.6] to a form

that is directly applicable to our problem. First, let us fix a family of smooth functions 1, €
C2° ([0, 00); [0, 1]) satistying

1 it s €[0,a] 4 ,
o7 a = ——-< <0.
57) U IR BT

Lemma 13 (|5, Proposition 5.6]). Letu € C(RxR%;[0,1]) be a continuous and isentropic solution of
the scalar balance law (1)) with bounded measurable source g € L°(RxRY), and flur f € C?([0,1]; R%)
satisfying the standard non-degeneracy Assumption , Fizr >0, (,7) e Rx R4, 5 €[0,1), we
(0,1—9], and @ € R. Moreover, for anyr' < r, w' < w, fir the test function ¢ € C>(R¥x(0,00);10,1])

d
o~ Lw
(58) o(a,0) = [[ r (& — &) -&il) o wr (lo — T — §|)’
i=1
with ¢; € R? the standard unit basis vectors. Then
(59) /];{d [0 ) ¢(J,‘,U) (thpu(f) - XFT(hypu(ffa‘)’&)) dxdv S |a| ||gHL°° |QT+7’/+|&|(%+W')||f”HLoo |
x[0,00

Proof of Lemma [13 The proof follows closely the proof of [I5, Proposition 5.6], though we
specialise the final estimate in a way that is specific to our problem, resulting in a better overall
estimate. We outline the main details below.

1. Write

(60) Xo(t, 2, 0) = XET(hypu(i-a)t—ita) (T, V), X1(t, @, v) = Xnypu(r) (@, V).

Then a straightforward modification of [I5, Lemma 3.1] tells us that

(61) dixo+ f'(v)-Vaxo=0 in D'(RxR?xR),

whilst from the kinetic formulation we have

(62) Idx1+ f/(v)-Vexi=po in D'(RxR?xR).

Set ¥ := x1 — X0, and ¢(t, x,v) = ¢(x — (t — ) f'(v), v), then direct computation shows that
(63) Oh(@X) + f'(v) - Val(dX) = o in D'(Rx R*xR).

For any t € R, set

(69 p0= [ S e dod
R4 x[0,00)

so that

(65) p({ - a‘) =0, p({) = / (b($, U) (thpu(f) - XFT(hypu(f—&);&)) dzdv.
R4x[0,00)

11
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Using (63)), for any ¢ € C°(R) it can be checked directly that
(66) oo = [ ol du
R4 x[0,00)

where p’ is the distributional derivative of p in D’(R). Being also that ¢ — p(¢) is continuous, from
the fundamental theorem of calculus for distributions we have

(67) p(®) - pli - )= | 3(t,.v) dpo
IxR?x[0,00)
where I C R is the time interval with endpoints  — @ and .

2. Now we specialise our estimate to the problem at hand. Using the form of py and ¢ given

in and , we have

/ 3(t, 2, 0) dpo = / ot )6 — (¢ — B/ (ult, 2)), u(t, z)) dtdz
(68) IxR?x[0,00) IxR?

< llollz /I o LD (.)€, 40 () Lo Sult)sipo o dEdT.
X

At a given time ¢t € I, using the interval bound on u(t, z) given by the second indicator function, in
order for the product of the two indicator functions to be non-zero, it is necessary that

rbr 2 e - - (1

(69) >l —2—(t—1)f(©

S
=
8
S~—
e
8

w

Moo = |t =TI (u(t, 2)) = (0 + 5

W
oo = 1al(5 + @) 1F g

)loo

that is to say that © € Qpyp 1 ja|(g w7 e (T+ (T — t)f'(0+%)). The given estimate in the lemma
follows since |I| = |al. O

By choosing the constants 7/ < r and w’ < w sufficiently small in Lemma [13| so that the test
function ¢ approximates closely the characteristic function of the cuboid Q, we can combine the
estimates in Lemmas to deduce the algebraic decay rate of r +— h,.(t,z), uniformly in (¢,z) €
R x RY.

Lemma 14. Let u € C(R x R%[0,1]) be a continuous and isentropic solution of the scalar bal-
ance law (1) with bounded measurable source g € L=(R x R?), and flur f € C?([0,1];R?) satis-
fying the standard nonlinearity Assumption [l Then, there exists a constant Cy, depending only on

(1" g s 9]l 1= » €, Cuo), such that

(70) hr(tvl') < COT’YOa Y0 = %

for every (t,z) € R x R,

Proof of Lemma . The proof follows closely [15, Proposition 4.4], though we present the main
steps below.

1. Fixr >0, (t,z) € Rx R% h == h.(t,2), w = Cuht T, and let (£,7) € R x R%, § € [0,1),
a € R, and Q be given as in Lemma For ' < r, and w’ < w to be determined later, let the test
function ¢ be given as in Lemma [T3]

12
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Using Lemma [T2] we have the estimate
(71)

N — 7=y~ ) ded
Adx[o 00) ¢($7v)(thpu(t) XFT(hypu(t—a),a)) rav

= / ¢($, U) (thp w(f) — XFT(hyp u(ffd);a)) dadv + / (25(1‘7 U) (thp w(f) — XFT(hypu(i—a) ) dadv
Q supp ¢\ Q
= [’d+1 (Q N hyp u( )) £d+1 (Q N FT(hyp u(t - CL) )) + / N (b(.]?, U) (thpu( t) — XFT(hyp u(t—a);a)
supp
wh|Q,
> whl@Q,] L (supp g\ Q).

=2(d+1)

Clearly, we have

(72) L (supp ¢\ Q) < 2%(r + 1) (w + 2w') — 2%r%w < 2427’ + 3 2% w).
Therefore, so long as 2¢(2rdw’ + 3 - 29rd=1r'w) < }lg(};lfl)‘, we have
wh|@|
73 5 — i_=v.=y ) dedv >
( ) /Rdx[O 00) ¢(SC, 1}) (thpu(t) XFT(hyp u(t—a),a)) rav 2 4(d ¥ )

hr
3.2d+4(d+1) 32(d+1)

2. Combining the above estimate with Lemma [I3] we have

wh|Qy| ~
m <la ||9||L<x> |Qr+r’+\a\(%.w/)”quLw |

It is sufficient to take ' = <7, and W' < w.

(74)

Estimating |a| via (4I), and using the choice of w = C,hM5 | we have

C,h? 2+4 pd <C ~2r\[
4(d+1) hd/a

(75) gl e (27 + 2C2rVACLR || £ oo )"
Finally, after rearranging and noting that h € [0, 3], we obtain

C ~ 0
(76) h < Cor™,  Cp = [072d+3(d+ DV |lgll o (1 + CONT "] )] 0=

1
201+ 4)
O

Next we show that an algebraic decay rate of 7 + h,(t,z), uniformly in z € R%, is sufficient to

deduce the Holder regularity in space of u(t, ).

Lemma 15. Suppose u € C(R x R%;[0,1]) satisfies the estimate
(77) he(t,z) < Cr?

for some v € (0,1), and C > 0, uniformly in x € R?. Then u(t,-) is ~v-Hélder with constant at most

20(1 + %), uniformly in x € R, In particular, let vo = be as in the previous lemma.

2(1+
Then there is C, > 0 depending only on ~o such that, if u satzsﬁes . for some v € [9,1), then

u(t, ) is y-Hélder with constant at most C,,C.

Proof of Lemma[15 Since we work at a fixed time ¢ € R throughout, let us suppress all time
dependence in this proof. For any z,y € RY, let r := |z — y|. We have
u(z) —u(y)] < |u(z) = (W)q, @] + (Wq, @) — (Waq. |+ uly) = (g, wl

(78)
< fu(@) = (Wq, @) + [u(y) = (W)q, @] + 2k (2).

13
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Now, since a single cube is tessellated by 2¢ sub-cubes each of half the side length, it is clear that

2d
1
(79) (Wa.@) = 52 Z(U)Q%(mm
i=1
where the points {z; € Qz(x) : 1 <i < 29} are the corners of the cube Qz (). Therefore we can
estimate
e 1 &
(30) (W@, @) = (Weyz.,| = ’ﬁ 2(“)@5(%) ~(WQyw | < 52 Z;‘(u)cgg(x,;) — (W)qy @)
< 2h=r (l‘)
Since u is continuous, we have
(Wa, )~ u@)] = Y- (Wa )~ W . )] < D2 (@) <203 (557)
(81) k=0 k=0 k=0
_ 2077
-1
Therefore
4Cr7
(82) [ul) = uy)] < 2he(2) + 57— <200+ ) lr =yl

O
Finally, combining Lemmas[14H15] we can bootstrap our estimate of h,. using the additional Holder

regularity to improve the estimate.

Lemma 16. Let u € C(R xR%;[0,1]) be as in Lemma and suppose there exist constants C,, > 0,
and Yn, € [v0,1) such that

(83) h.(t,z) < Cpr™

uniformly in (t,z) € R x RY. Then there is a constant C > 0 depending on d, || f"|| . , |9l ;. .C,C,,
such that

1

Cpy1 <CCY

14 2,
2(1+ 2y

Qe

(84) he(t,z) < Cpypar™™*, Yn+1 =

for some constant C > 0, uniformly in (t,z) € R x R,

Proof of Lemma[I6. The strategy of the proof is the same as the one of Lemmal[g| In particular, we
deduce from and Lemma that u(t, -) is y,-Holder with constant at most C.,,C,,. We use this in-
formation to improve the estimate . In particular, estimate still holds when we replace the in-
tegral in v on the interval [0, 1 —h] with the one on the interval [u(t, y1) —C,, Cp (diam Q, )7, u(t, y1)+
CCn(diam @,)"]. Then, the application of the mean value theorem gives the existence of a value
v that satisfies, rather than , the finer estimate

) B h|Q,|
_ Z = A
(85) ity U+ h) =t y2,0) 2 g 55

Now we replace (45)) with the improved estimate above while following of the proof of Lemmaﬂ we
conclude that can be improved to

d+1 A\ pdil s wh (t, 2)|Qr|
L (Qﬂhypu(t)) L (Qﬁ FT (hyp u(t a),a)) > 70710(10%7‘% ,

14
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for an appropriate choice of w. Observe that improves (52)), and thanks to (54)), it allows to
choose the larger value

_ hT(tvx)H_%

for some C,, depending on d, C, | "]l o » C+, but not on n. Concatenating this estimate with as
in the proof of Lemma (14 we obtain in place of

wh(t, 2)|Q]

(87) CnCaCirin <@l |9/l oo |@rrr41a1 (2 +w) 11l oo |-
n 0

Estimating |a| < 6’% via (41)), and choosing w as in , we have

hr(t,$)2(1+g) < 00721741+2%L

for some constant C' > 0 depending on d, || f"|| ;s |9 ,C,C,,, and this proves the claim with

_ 142y,
T+l = 5054y -

The following statement is the main result of this section.

Proposition 17. Let u € C(R x R%[0,1]) be as in Lemma . Then for any t € R, u(t,-) is

7-Holder continuous in space for 7y = 35.

Proof of Proposition[I7. The constant 7 is given as the fixed point of the map 7, + y,41, that is

_ 1+2%
88 = ,
(88) TT o0y 4)
resulting in the stated value 7 := 5. It remains to check that the Holder constants with Holder

1

exponent v, remain uniformly bounded as n — co: since the map y +— Cy'*& is sublinear, then
it follows from that the sequence C,, is bounded: it follows from Lemma that the Holder

constants are uniformly bounded as well. O

Example 18 (The Burgers equation in (1 + d)-dimensions). For the Burgers equation in (1 + d)-

dimensions, we have o = %, and therefore Propositz'on gives us y = ﬁ This result is not optimal:

the analysis in one space dimension, see e.g. the analysis of §3, suggests that the optimal exponent is
1 1

7 = g1+ In the neat section, we improve the exponent toy = 35.

4 Improved decomposition lemma

In this section we improve the decomposition Lemma [I0] to obtain a better order on the estimate of
the coeflicients in . We prove it first in the case of the multi-dimensional Burgers equation, and
then for general smooth nondegenerate fluxes f, in which cases we improve the order from d% to i.
This is interesting in order to get a better regularity estimate for continuous solutions to a balance
law with bounded source, namely improving the Holder continuity exponent from ﬁ to ﬁ as stated
in Proposition [24] below.

In the direction approximately parallel to the (1 + £)-th derivative f(!*9) the estimate further
improves: up to the order % for the decomposition lemma.

We first recall the elementary result in [I7, § 2.3] which relates Assumption |1f with Assumption

15
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Lemma 19. When f € C42(R), Assumption@ is equivalent to taking o = é in Assumption .

In the following sub-sections we prove the following lemma, that, as stated, improves the decom-

position Lemma 4] from the bound h~! raised to the power d—lg, to the better power é, in the worst
1

case, and to the power ; in the direction ay, for linearly independent directions ay, ..., ap.

Lemma 20. Suppose the flur f € C2([0,1];RY) satisfies the nonlinearity Assumption @ Given
v>0and 0 < h <1, setv; =v+ %, where i = 0, ...,d. Then for every a € R, there exist
A= (A1, -+, Aq) € RY with

d

~ lall
(89) a=> X[f'(vi) = f'(vo)], IA < a7
i=1
Moreover, for each £ = 1,...,d, there is a direction a; € R? satisfying the better estimate
=~ llall
NETRY

Remark. We show in the proof that for the Burgers equation, the direction a, is given by

N
a = M) = ((z'_é)! Y €5i>£>,-_1 a

Then for a flux satisfying Assumption [3| a, is still a direction close to the direction of f(1+4(v).

ERREE)

To better illustrate the statement of the lemma, we provide as examples the explicit coefficients
of the decomposition in space dimensions 1,2 and 3.

Example 21 (1d Burgers equation). Consider a continuous function u : Q C R?> — R that satisfies

: u? 1 u’ / "
dutdive() =g d=la=-=1 f)="1 f=u (=1
Then given a € R = R and an interval [v,v + h] we write the decomposition explicitly as
_ Qo _ o)) = & 4, =2
a= (PR~ f) = w04 )~ v =" h,
/\12%, Vg = U, v1 = v+ h.

Then clearly |\1| < %, as obtained in the previous Lemma with d =1 and a« = 1. This leads to
the optimal Hélder regularity of order %

Example 22 (2d Burgers equation). Consider a continuous function u : Q C R® — R that satisfies

u? ud

8tu+d1vw<273>:g7 d=2, a= =

u2 u3 ! 2 11 "
fo) = (5.%) F=wud), f@=020, =02
Then given a = (az,a,) € R* = R?, and an interval [v,v + h], we set

vy == 0, v1::v+§, vg:=v+h

and we have a = Z?Zl Ai (f (vig1) = f/(v1)) for the choice

_ 4(h+2v)a, —4ay

2ay — (h+4v)a,
h? ’ '

12
Then clearly |A;| < C’%, whereas the previous Lemma with d =2 and o = 5 gives us the weaker
estimate |a;| < C%. Following through the whole argument with this improved estimate results in a

(90) A Ao =

better Holder regularity of order i in place of %.

16



Ancona, Caravenna, Cliffe, Marconi, 2025

Example 23 (3d Burgers equation). Consider a continuous function u : Q C R® — R that satisfies

2 3 4
atu+divm <u271;771)ga d:3a Oé:%,
’LL2 'LL3 U4
f(u) = (? ?7 7)7 fl(u) = (uauzvug)v f”(u) = (1,2’[,&,3’[,&2),
" (u) = (0,2,6u), " (u) = (0,0,6).

Then given a = (az,ay,a,) € R? = R3, and an interval [v,v + h], we set

Vg = v, vlzzv—I—g, UQIZ’U—F?, vz i=v+h,

and we have a =30 Xi (f'(vis1) — f'(v1)) for the choice
9 ((2h2 + 10hv + 9v%a,) — (5h + 9v)a, + 3a.)

(91) A = 573 7
(92) Ny e 9 ((h? + 8hv + 9v?) a, — (4h + 9v)a, + 3a.)

' 2h3 )
93 N (212 + 18hv + 27v2) a, — 9(h + 3v)a, + 9a,
(93) 5= = .

Then clearly |N\;| < C%, whereas the previous Lemma with d =3 and o = % gives us the weaker
estimate |a;| < C%. Following through the whole argument with this improved estimate results in a

better Holder regularity of order % in place of Tls'

Before we proceed with the proof of Lemma [20} we highlight that it is an interesting improvement
because it yields an improved Holder continuity of u. That is, the exponent 7 = # that was obtained
in the preceding section in the setting of nonlinear fluxes satisfying Assumption [I] is now improved

to the sharper estimate 7 = when considering nonlinear fluxes satisfying Assumption I

2d’

Proposition 24. Suppose the fluz f € C4T2([0,1]; R?) satisfies the nonlinearity Assumption @ Let
u € C(R x R%[0,1]) solve in the sense of distributions, with g € L>(R x RY). Then, for any t,

u(t,-) is y-Hélder continuous in space for 5 = 55.

Proof. When holds with h? replacing h%/®, then, in turn, with identical proofs:
e Equation holds with A% instead of h& and Equation holds for any w € (0, C,, h,.(t,z)*+4],
replacing the previous statement of Equation that holds for any w € (0, C,, hy(t, z) T 4].
e Equation holds with v == 2(171“0 replacing 7o == 2(%_%) = m.

: I 1427 .
e Equation holds with 7, ,, = ﬁ replacing y,11 == 21(';?;) = ;Jf_;%.

e Finally, Corollary [17 holds with 7 := ﬁ replacing 5 = 55 = 5 d2 since this is the fixed point of

1+25
21+4d)’

in place of looking for the fixed point of .

")/:

O

Remark. When instead f € C*T1(R) and {f*)(v),---, f(k4)(v)} is a spanning set of R?, for some
d integers 2 < k1 < --+ < kg, then a similar procedure is expected to lead to 7-Holder continity in

space for 7 = m

17
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4.1 Proof for Multi-Dimensional Burgers

In this section we prove Lemma for a continuous function u : © € R%*! — R that satisfies the

particular, but particularly interesting, case of the Burgers equation:

w2 ud wld+D)
4 i b N N A = )
(94a) Opu + div (2 3 d—l—l) g
w2 ud wld+D)

4 ==, —,...,— ! = 2
(94b) f = (G ) ) = ),
il .

(94c) f(l'w)(u) = < - -ul_€5i>g>
(i —O)! T Ji=1,...d

We begin with an estimate of the operator norm of a particular matrix. First, we recall the

following definition of norms, see [I1], Definitions 8.6-7].

Recall 25. Given a matric A € Mayxq, where A = [a]; ,_q 4, its operator norm is defined as

.....

A
ooy ol

95 All = max |Av
(95) Al = max Ao

where we consider the Euclidean norm on R®. The Frobenius norm is defined as

We also recall that the inverse of a matriz A with non vanishing determinant is expressed as

1
A7 = ——Adj(A
(97) S Adi(A4)

where

e Det A is the determinant of the matriz A and

o the element a;; at position (i,£) of Adj(A) the determinant of the sub-matriz obtained after
suppressing from A the (-th row and i-th column, multiplied by (—1)*+7.

Remark. The operator norm and Frobenius norm are equivalent, see [II], Proposition 8.4]:

(98) JAl < ||Allp < Vd| Al forall A€ My, .

We now provide an auxiliary estimate for a relevant matrix.

Lemma 26. Let d € N and 0 < h < 1. The operator norm of the inverse of the matrix
N
ih

Hd = Hd(h) = [(d) ]
Li=1,....d
can be estimated as HHd_lH (h) < C4h=%, for a positive dimensional constant Cy.

Proof. Recall first from the general expression of the inverse matrix

1
-1 _ .
(99) Hi' = g AditH).

18
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¢
By multi-linearity of the determinant, one can extract from the ¢-th row the common factor (%)
and repeat this for all rows £ = 1,...,d: multiplying the common factors we extracted, we getﬂ

(d+1)d
2

(100) ! = ' ! j : <Z> ) Det [iq&i:l,...,d = H it

Det Hy Det [i], ,_; 0<i<d

Again by multi-linearity of the determinant, and by definition of the adjoint matrix Adj(Hy), in

the elements of the adjoint matrix obtained suppressing the ¢-th row of Hg, there is a common factor

of h with exponent (d+1 > d+1 — d. Therefore denoting Adj(Hy) = [aié]i’gzlw.’d we have
<d+21)d_€
(101) aie = (=1)""Det [["]m,j=1,.a- {5
m#L jFi
(@tnd _,
2

< (1) Det [ m,j=1,.a - (5
ml g2 \d

By the definition of the Frobenius norm , thus we estimate, for a dimensional constant 5’d > 0,

d
. (d41)d _
(102) IAdi(Ha)llp = | D af < e
i0=1
Inserting estimates and ( into we get
(d+1)d ~
d——=z C
-1 —d . d
0<i<d

From the equivalence of the Frobenius norm and the operator norm we finally get the thesis. [

Example 27. We write explicitly the matrices in low dimension d = 2,3, 4:

hop 4 _4
_ P} -1 _ h h2
Hy(h) = B o Hy (h) = 1 2
1 h h2
o2 9 _ 45 21
3 3 R 22 243
_ B> 4h 2 -1 _ 9 18 27
Hg(h) = ?3 Ts h H3 (h) - “aop X2 T 2h3
h 8h 3 1 _9 9
% o7 D h 2n2 23
Lo h 3h 16 208 96 128
1 2 7] h 3h2 B3 3nT
R R% 9n? h2 _12 76 _ 128 64
_ 6 4 16 -1 _ h h2 hE X
Hy(h) = B RS 2tk g3 Hy (h) = 16 _ 112 224 _ 128
64 8 64 3h 3h2 3R 3hA
h* h* 81R* Ba _1 22 _ 16 32
256 16 256 R 3h2 3 3h7

We can now finally prove Lemma [20]in the case of the Burgers equation, where the computations

are more explicit.
Proof of Lemma Burgers. Given a € R%, and an interval [v,v + h], we want to write

a—Z)\ I (vo)), for Ui:v—i—g, 1=0,...,d.

Considering f, a, A as column vectors, then

= A\ = A= A"l
1The determinant of ['é]e i—1. . g can be computed by induction, it is related to one of the Vandermonde matrices,

see [11, Example 6.2].
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for the square matrix A € Myxq defined by the increments
A(v,hyd) = [f'(v1) = f'(vo)l - [f'(va) = f'(vo)] -

For better understanding, we make explicit the matrix A in small dimension. If d = 4 one has

h b 3h h
7] 2 7]
A(v, h, 4) (B+0) =0 (B+v) =0 (B+0) =0 (h+v)?—0?
U? ) =
(o)’ =03 (B40)’ —o® (B40)’ =0 (htv)d -0
o' =ut (B4) =t (o) vt (-
which is, denoting by AT the transpose of A,
h h? | hv n® | 3h%w Bhv n* h3v | 3h%0?
i otz athg t 256+5176+ + ho?
AT b4y — % hI + hv h + Sh + 3hv 16 + h2 + 3h v? + 2}“}
(U’ ’ ) - % 9h? + 3hv 2223 + 27h2 + 9hv 821;%4 + 27h3 + 27h v? + 3hod
h  h?24+2hv R34+ 3h21} + 3hv h* + 4h3v + 6/12112 + 4hv?
In general A(v, h,d) = [f'(v1) — f'(vo)| ... |f (va) — f'(vo)] is, indexing rows by ¢ and columns by 4,

e = (=3 ] L= (5O

Notice that

£i=1,....d

1 0 0 0 g g % h
2w L0 0y | s s P
32 =3 1 0 Y O
—4v3 6v? —4dv 1 % ?—4 8215’%4 Kt

Similarly, indexing with ¢ rows and with ¢ columns, we have the expression

() HWve_%LJ_L__,dA@?h,d) _ mﬂ
A(v,h,d) = [(f)vf&m]mﬂwﬂ [(ZC];)Z]

¢i=1,....d
and
-1

(104) (A(w, b))~ = l(zcilzﬂ _ Kf) (—1)i+wiagZiL)i_lmd.

Being A = A~'a, we want to understand the operator norm of A~!, as defined in Definition
Since the operator norm is sub-multiplicative, then

[(eoreosa)

) EEREE)

£i=1,....d

so that

(105) |47 (0 b d)]| < Nzt m))

where Hy is precisely the matrix in Lemma Defining the polynomial

i=1,....d

H z+€ Z 1(5[ :|
>i

F
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thus from (105) and Lemma [26] jointly with the equivalence of norms (98)), we conclude
HA_l(v, h,d)H < Cyv/pa(v) - he.
Finally, be definition of the operator norm, one has the thesis :
I = A, ) a|| < Cav/pale)- T

O
Proof of the stronger directional estimate in Lemma[20 for the Burgers equation. In the setting of
the proof just concluded for the general estimate in Lemma 20} define the matrix W € Mgyxq whose

columns are given by the direction of the derivatives f”,...,f4+D for the flux, up to coefficients, as
1 0 0 0 0
2v 1 0 0 0
L
(106) W = K > €62>i] = | 3? 3 0 0
t 0i=1,....d 3 5
4v°  6v 1 0
5ot 1003 - dv 1

Consider now vectors a € R™, ||a]| = 1, that satisfy the proportionality
Wla = €5 = a = &-W- e,
where necessarily £ > C(v,d) since W is not singular. Then one has the expression
A= A Y, hyd)a = Hy'(h)-Wra = ¢H;'(h)-@.

Since, by its expression (00)-(I01)), the ¢-th column of the matrix H'(h) is proportional to h~*,
then
Il > ¢ > C(v,d)-ea-h™*

where ¢4 is the minimum norm among columns of the matrix H;l(l). In particular, for vectors ay

that are proportional to the vector
fA*Ow) = 0 w-g

one has the stronger estimate in the thesis. O

4.2 Proof for Smooth Nondegenerate Fluxes
We finally consider a smooth flux f = (f1,..., f4) that satisfies the nonlinearity Assumption

Proof of the general estimate in Lemma nondegenerate flures. Given a € R%, and an interval
[v,v 4+ h], we want to write

d .
a:Z)\i(f’(vi)—f’(vo)), for vizv—l—% i=0,...,d.

i=1

Considering f, a, A as column vectors, then
a = AX — A= Al
for the square matrix A(vg, h,d) € Mgy q defined by the increments

(107) A(vo, h,d) = [f'(v1) = f'(vo)| ... |f'(va) — f'(vo)]-
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Having a smooth flux, we exploit the Taylor expansion

(108) I (vi) Z f(1+€) (Zh> +i 1 f(d+2 (& )<ih>d+1
’ ’ 2 ol 60 (3

for some values &;; € [vo,v;] and for 4,5 =1,...,d.

We can express the matrix of increments A(vg, h, d), essentially, as a product of a matrix W (f,vg) €
M« 4 depending only on the flux times a matrix Hg(h) € Myxq depending only on the increments.
To do so, consider the almost Wronskian matrix, where ¢ denotes rows and ¢ columns,

(109) W(f0) = ||

2i=1,....d

and define the remainder matrix R(f,vp,h) € Myxq as

d
(110)  R(f,vo, h Z {é\jfj@—i-d) (fj,l)‘2<d+1)€jf;2+d)(fjg)’ . ‘d(dJrl) f(2+d)(§] )} .

j:l
Then
. —1i d+1
_ [ Lravo i h
Awtd) = [ 000 dl(d) ] o+ ntean (5)
) s £i=1,...,d
h d+1
(1) = W) Halh) + RGEonat) ()

The non-degeneracy Assumption precisely guarantees that the matrix W (f, v) is invertible: thus
HW(f7 vo)’lﬂ < C(f,vp) for some constant C(f,vg). Then, by sub-multiplicativity of the norm of
matrices, we estimate the inverse of the approximation W (f,vg) - Ha(h) of A(vg, h,d) as

W) W) Haw) | = (EH ) W) < (w0 - Cah ™,

thanks to the estimate of HH(;l(h)H in Lemma
It remains to prove that the reminder in (111)) does not destroy such estimate. To that extent,
we apply that if A, B € Myxq are two matrices with HA_lRH < 1, see [11], Proposition 8.8], then

(113) H(Z+ R)fl HZilR”

=1\ o
LA

Pick the two matrices E, R € Mgy 4 defined as

h d+1
= W(f,vo) Ha(h) and R = R(f,v0,h) (d) ,

In order to apply this inequality (L13]), we show that Hg’l : RH < % for h small: by (112]) and by
sub-multiplicity

(114) || < 180 w0 mI - ) o

Since for h = 0 the matrix R(f,vp, h) in - ) has all columns proportional to £(4+2) (1), then

[R(f,v0,0)]] =

1
] oz, g,
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and ||R(f,vo )| is close to such value for h small. In particular, by (114) for & small one has
HA 1 BH < 271 which allows to apply (113] . to estimate the norm of the inverse of A = A + R:

(115) 147" (wo, b, )| = H(KJFR)l

<2}
Recalling we reach the thesis: for A small it holds that

|4 o ha)|| < ||A- B < 20(,w0) - Can~.
O

Proof of the stronger directional estimate in Lemma[2( for nondegenerate fluzes. Continuing with
the notation of the proof just concluded for the general estimate in Lemma in particular (110)),

consider now vectors a € R™, ||a|| = 1, that for some £ € R satisfy the proportionality

d+1\ ~ 1
<W(f, 1)0) + H{l(h)R(f, V0, h) (Z) ) a = 565

which is of course equivalent to

d+1
a = ¢&- <W(f,vo)+Hh1(h)R(f,v07h) (Z) ) €.

Observe that necessarily £ > C(vo,d), for h small enough, since (W (f,vo) + H;, '(h)R(f,vo,h)) is
not singular, since W (f,vg) is not singular by the nonlinearity Assumption [3]and by Lemma

‘th(h)R(ﬁ i (3)7] <

Then one has the expression

h

d+1
< ol rwnl- (5) < RG]

-1

h d+1
A Y (vg, hyd)a = Hj'(h)- <W(f,vo)+Hg1(h)R(f,v0,h) (d) ) a = EH;Y(h)-%.

Since, by its expression . the /-th column of the matrix H (h) is proportional to h~*,
then
|A~ (vo, by d)al| = & > C(vo,d)-éq-h™"
where ¢4 is the minimum norm among columns of the matrix Hgl(l).
In particular, for vectors ay that are proportional to the vector
o(d+1)

1
1 o2y
al )t G g

Hy M (h) fEF (&) - nFE

which perturbs % f+0 (1), one has the stronger estimate in the thesis. O

Acknowledgements. F. Ancona, L. Caravenna and E. Marconi are members of GNAMPA of the
“Istituto Nazionale di Alta Matematica F. Severi”, are partially supported by the PRIN Project
20204NT8W4 “Nonlinear evolution PDEs, fluid dynamics and transport equations: theoretical foun-
dations and applications”, and by the PRIN 2022 PNRR Project P2022XJ9SX “Heterogeneity on
the road—modeling, analysis, control”. E. Marconi is also partially supported by H2020-MSCA-IF

“A Lagrangian approach: from conservation laws to line-energy Ginzburg-Landau models”.

Declaration of interests. The authors report there are no competing interests to declare.

23



REFERENCES Ancona, Caravenna, Cliffe, Marconi, 2025

References

1

2]

3]

4]

[5]

(6]

7]

8]

191

[10]

[11]

[12]

[13]

[14]

[15]

G. ALBERTI, S. BIANCHINI, AND L. CARAVENNA, Eulerian, Lagrangian and broad continuous
solutions to a balance law with non-convex fluz I, Journal of Differential Equations, 261 (2016),
pp. 4298-4337.

G. ALBERTI, S. BIANCHINI, AND L. CARAVENNA, FEulerian, Lagrangian and broad continuous
solutions to a balance law with non-convex flux II, Journal of Hyperbolic Differential Equations,
21 (2024), pp. 621-657.

L. AMBROSIO, F. SERRA CASSANO, AND D. VITTONE, Intrinsic regular hypersurfaces in
Heisenberg groups, J. Geom. Anal., 16 (2006), pp. 187-232.

G. ANTONELLI, D. D1 DONATO, AND S. DON, Distributional solutions of burgers’ type equations
for intrinsic graphs in carnot groups of step 2, Potential Anal., 59 (2023), pp. 1481-1506.

F. BicoLIN, L. CARAVENNA, AND F. SERRA CASSANO, Intrinsic Lipschitz graphs in Heisenberg

groups and continuous solutions of a balance equation, Ann. Inst. H. Poincaré C Anal. Non
Linéaire, 32 (2015), pp. 925-963.

F. BicoLIN AND F. SERRA CASSANO, Intrinsic regular graphs in Heisenberg groups vs. weak
solutions of non-linear first-order pdes, Adv. Calc. Var., 3 (2010), pp. 69-97.

L. CARAVENNA, Regularity estimates for continuous solutions of a-convex balance laws, Com-
mun. Pure Appl. Anal., 16 (2017), pp. 629-644.

L. CARAVENNA, E. MARCONI, AND A. PINAMONTI, Hélder reqularity of continuous solutions to
balance laws and applications in the Heisenberg group, STAM J. Math. Anal., 57 (2025), pp. 979
995.

G. CiTT1, M. MANFREDINI, A. PINAMONTI, AND F. SERRA CASSANO, Smooth approximation-
for intrinsic lipschitz functions in the heisenberg group, Calc. Var. Partial DifferentialEquations,
49 (2014), pp. 1279-1308.

B. FrancHI, R. SERAPIONI, AND F. SERRA CASSANO, Differentiability of intrinsic lipschitz-
functions within heisenberg groups, J. Geom. Anal., 21 (2011), pp. 1044-1084.

GALLIER AND QUAINTANCE, Linear Algebra and Optimization with Applications to Machine
Learning. World Scientific, vol. 1, 2020.

B. KIRCHHEIM AND F. SERRA CASSANO, Rectifiability and parameterization of intrinsic reqular
surfaces in the heisenberg group, Annali della Scuola Normale Superiore di Pisa - Classe di
Scienze, 3 (2004), pp. 871-896.

P.-L. LioNs, B. PERTHAME, AND E. TADMOR, A kinetic formulation of multidimensional scalar
conservation laws and related equations, J. Amer. Math. Soc., 7 (1994), pp. 169-191.

E. MARCONI, Regularity estimates for scalar conservation laws in one space dimension, J. Hy-
perbolic Differ. Equ., 15 (2018), pp. 623-691.

——, On the structure of weak solutions to scalar conservation laws with finite entropy produc-
tion, Calc. Var. Partial Differential Equations, 61 (2022), pp. Paper No. 32, 30.

24



REFERENCES Ancona, Caravenna, Cliffe, Marconi, 2025

[16] B. PERTHAME, Kinetic formulation of conservation laws, vol. 21 of Oxford Lecture Series in
Mathematics and its Applications, Oxford University Press, Oxford, 2002.

[17] L. SILVESTRE, Oscillation properties of scalar conservation laws, Comm. Pure Appl. Math., 72
(2019), pp. 1321-1348.

[18] D. VITTONE, Sipschitz graphs and currents in heisenberg groups, Forum Math. Sigma, 10 (2022),
pp. 1279-1308.

25



	Introduction
	One-Dimensional Burgers Case
	-nonlinear Multi-Dimensional Case
	Improved decomposition lemma
	Proof for Multi-Dimensional Burgers
	Proof for Smooth Nondegenerate Fluxes


