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Abstract
In the first part of this paper we introduce the space of bounded deformation
fields with generalized Orlicz growth. We establish their main properties, provide
a modular representation, and characterize a decomposition of the modular into an
absolutely continuous part and a singular part weighted via a recession function.
A further analysis in the variable exponent case is also provided. The second part
of the paper contains a notion of Musielak-Orlicz anisotropic Total Generalized
Variation. We establish a duality representation, and show well-posedness of the
corresponding image reconstruction problem.
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1 Introduction
Ever since the early 90s, the variational approach has been a cornerstone of the math-
ematical image reconstruction. Generally speaking, in its simpler formulation, this
methodology can be summarized as follows: for a given bounded domain Ω ⊂ R2,
grayscale images are identified with functions u : Ω → R. Starting from a datum f ,
possibly corrupted by noise, a clean image is obtained through the minimization of an
energy functional of the form

I(u) := α∥Ku− f∥H + βR(u),

for α, β > 0. The structure of I relies on the competition between the fidelity term
∥Ku− f∥H , for a given normed space H and a forward operator K, intended to keep
track of the original datum f , and a regularizing term R(u), whose task is to filter out
the noise and return a clean image. The strength of both effects is quantified by the
two tuning parameters α and β.
In this paper we propose a novel regularizer based on a Musielak-Orlicz generalization
of classical Total Generalized Variation functionals, and provide a first study of the
associated space of functions with bounded deformation with generalized Orlicz growth.
Depending on specific applications, various types of variational regularizers have been
proposed in the literature. A classical example is the ROF model, where R(u) is
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the total variation of u, cf. [44]. A known drawback of such functional is the so-
called staircasing effect, namely the tendency of producing artificially piecewise-affine
artifacts in the image denoising, see [16, 36]. In order to counteract such problems,
several higher-order models have been introduced. A particularly successful one is the
second-order Total Generalized Variation, defined as

TGV 2
α (u) := sup

{ˆ
Ω
udiv2ψ dx : ψ ∈ C2

c (Ω;Rn×n
sym ), ∥ψ∥∞ ≤ α1, ∥divψ∥∞ ≤ α2

}
,

for every u ∈ L1
loc(Ω), with α = (α1, α2) ∈ R+ ×R+. We refer to the seminal paper [11]

for a general introduction and higher-order generalizations, and to [12] for an in-depth
study of the second-order formulation.
In the last few years, due to an increasing interest in accurate and adaptive image
reconstruction, an emerging trend has been considering anisotropic models, allowing
to tailor the denoising effects to specific features of different parts of the images. First
steps in this direction have already been taken, e.g., in [9, 16, 45]. In particular, in
[17] the authors have proposed an anisotropic ROF-type functional with R of the form
R(u) =

´
Ω ϕ(x, |Du|) dx with

ϕ(x, t) :=


1

p(x) t
p(x) if t ∈ [0, 1],

t− 1 + 1
p(x) if t > 1,

and with the variable exponent p : Ω → [c, 2], with c > 1.
In parallel, the study of variational problems in variable, Orlicz, and generalized Orlicz
spaces has boomed in the past ten years. Among the vast literature, we single out the
contributions [19, 24, 30, 31, 32, 43] and the references therein.
The extension of the model in [17] to incorporate the case c = 1, as well as an Orlicz
generalization for regularizers R(u) ≃

´
Ω φ(x, |Du|) for Φ-functions φ possibly having

linear growth, is the subject of [26], where a thorough mathematical foundation of the
space of anisotropic functions with bounded variation with generalized Orlicz growth
has also been provided. A further step in this direction has been taken in [29], where
the associated Euler-Lagrange equations and gradient flows have also been analyzed
(see also [28]). The effect of an anisotropic norm in the Chan-Vese (or anisotropic
Mumford-Shah) is the subject of [39]. Anisotropic models, at least in the ROF setting,
have indeed proven to allow for more accurate computations, as well as for a staircasing
reduction and a sharper texture recognition. We refer to [18, 27, 37] for an overview
and further references.
Our contribution is twofold. First, we introduce a novel anisotropic functional setting
of functions with bounded deformation, namely the space BDφ of bounded deformation
fields with generalized Orlicz growth. After analyzing its basic properties, we establish
a link to a modular representation and provide a further study in the special case of
variable Lebesgue integrability.
Second, we analyze a Musielak-Orlicz anisotropic Total Generalized Variation class of
regularizers. Let Ω be a bounded, connected and open set in Rn, with n ≥ 2. Inspired
by [11], for a fixed generalized weak Φ−function φ ∈ Φw(Ω) (see Section 2.3 for the
detailed assumptions), we define our anisotropic Total Generalized Variation of order
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2 with weight α = (α1, α2) ∈ R+ × R+ as

TGV φ,2
α (u) := sup

{ˆ
Ω
udiv2ψ dx :

ψ ∈ C2
c (Ω;Rn×n

sym ), ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2

}
,

(1.1)

for every u ∈ L1
loc(Ω), where ∥ · ∥φ∗ is the norm associated to the Fenchel conjugate

function of φ, cf. Definition 2.11, and where the divergence of order 2 of ξ ∈ Rn×n
sym is

defined as
div2ξ :=

n∑
i=1

∂2ξii
∂x2

i

+ 2
∑
i<j

∂2ξij
∂xi∂xj

,

(see also [11] for higher-order notions of divergence). Note that, in principle, TGV φ,2(u)
might take infinite values.
A prototypical example of admissible functions φ is given by φ(t) := 1

p(x) t
p(x) (see also

[26, Example 4.3]), with p : Ω → [1,+∞], thus possibly describing linear, superlinear,
or even infinite growth in different portions of the domain.
After studying the basic properties of TGV φ,2

α , we identify a dual representation, and
show how classical existence and stability for classical Total Generalized Variation carry
over to our Musielak-Orlicz setting.
The paper is organized as follows. In Section 2 we collect some definitions and technical
results on Φ-functions and generalized Orlicz spaces. Section 3 contains the definition
and main properties of the novel space of bounded deformation fields with generalized
Orlicz growth BDφ. In particular, in Subsection 3.1 we establish a connection between
BDφ and an associated weighted-modular representation, while in Subsection 3.2 we
further establish a decomposition of the modular function in terms of the modular of
the absolutely continuous part of the symmetric gradient and a singular part weighted
by the recession function, cf. Theorem 3.14. Eventually, in Subsection 3.3 we specify
our setting to the variable exponent case. The focus of Section 4 is on our anisotropic
Total Generalized Variation. In Subsection 4.1 we establish its main properties, and
in Subsection 4.2 we identify its dual reformulation in terms of a notion of anisotropic
measure variation. Finally, in Subsection 4.3 we show stability with respect to the data
and well-posedness of the minimization problem. In Appendices A and B we give the
proofs of some auxiliary results we need for the proof of Theorem 3.14.

2 Preliminary results
In this section, after giving some notation in Subsection 2.1, we collect some definitions
and technical results on modulars and norms in Subsection 2.2 and on generalized
Φ-functions and Orlicz spaces in Subsection 2.3.

2.1 Notation

The notation f ≈ g means that there exist two constants c1, c2 > 0 such that c1f ≤
g ≤ c2f . Given an exponent p ∈ (1,+∞), we denote by p′ its Hölder conjugate expo-
nent, namely p′ := p

p−1 . If p = 1, then its Hölder conjugate exponent is p′ = +∞ and
viceversa. In the sequel Ω denotes an open subset of Rn. We denote by L0(Ω) the set of
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measurable functions f : Ω → R and we use the notation Ckc (Ω;Rn) := {σ ∈ Ck(Ω;Rn) :
supp(σ) is compact in Ω} with k ∈ N∪ {+∞}. We denote with | · | the Frobenius norm
for matrices, i.e. |M |2 := tr(MMT) where M ∈ Rn×n, and with : the scalar product
associated with the Frobenius norm, i.e. A : B := tr(ABT) for A,B ∈ Rn×n. With the
same notation, namely | · |, we also indicate the standard vector Euclidean norm, and
with · the scalar product in Rn.
We say that a function ω : [0,+∞) → [0,+∞] is a modulus of continuity if it is increas-
ing and such that ω(0) = limt→0+ ω(t) = 0. Note that we do not require concavity and
we allow extended real values.
We denote by Rn×n

sym the space of real-valued n × n symmetric matrices. By M(Ω;X)
we denote the space of all finite Radon measures in Ω with values in X, which can be
R, Rn or Rn×n

sym depending on the situation. Given a set O ⊂ X, we denote by IO the
indicator function of the set O, namely

IO(x) :=
{

0 if x ∈ O,

+∞ if x /∈ O,

and with χO the characteristic function of the set O, namely

χO(x) :=
{

1 if x ∈ O,

0 if x /∈ O.

Given a function u : Ω → Rm, we denote by Du its distributional gradient. We
indicate by BV (Ω;Rm) the space of functions u : Ω → Rm such that Du ∈ M(Ω;Rm).
If m = 1 we denote the latter space simply by BV (Ω). When n = m, for any function
u : Ω → Rn we use the notation Eu for the distributional symmetric gradient of u,
namely Eu = 1

2(Du+DuT), where DuT stands for the transpose of Du. We write

BD(Ω) := {u ∈ L1(Ω;Rn) : Eu ∈ M(Ω;Rn×n
sym )}.

We will often indicate by c a generic constant, whose value may change from line to
line.

2.2 Modulars and norms

In order to define the spaces we use in our work, we need to give different notions
of norms and modulars that generate our spaces. Note that our terminology differs
from the original one in [40], but follows the lines of [26, 34] in order to get a clearer
connection between the modulars and their associated norms.

Definition 2.1. Let X be a real vector space and let ∥ · ∥ : X → [0,+∞] be a function
on X. Consider the following conditions:

(N1) ∥f∥ = 0 if and only if f = 0,

(N2) ∥af∥ = |a| ∥f∥ for all f ∈ X and a ∈ R,

(N3) ∥f + g∥ ≤ ∥f∥ + ∥g∥ for all f, g ∈ X,

(N3’) there exists c > 0 such that ∥f + g∥ ≤ c (∥f∥ + ∥g∥) for all f, g ∈ X.

We say that ∥ · ∥ : X → [0,+∞] is



G. Bertazzoni, E. Davoli, S. Riccò, E. Zappale

• a quasi-seminorm if and only if it satisfies (N2) and (N3’),

• a seminorm if and only if it satisfies (N2) and (N3),

• a quasinorm if and only if it satisfies (N1), (N2) and (N3’),

• a norm if and only if it satisfies (N1), (N2) and (N3).

Note that conditions (N2) and (N3), equivalently (N2) and (N3’), already imply that
if f = 0X then ∥f∥ = 0, namely condition (N1) only adds one of the two implications.

Definition 2.2. Let X be a real vector space. A function ϱ : X → [0,+∞] is called a
quasi-semimodular on X if and only if

(i) ϱ(0X) = 0,

(ii) the function λ 7→ ϱ(λx) is non-decreasing on [0,+∞) for every x ∈ X,

(iii) ϱ(−x) = ϱ(x) for every x ∈ X,

(iv) there exists β ∈ (0, 1] such that for every x, y ∈ X and every θ ∈ [0, 1]

ϱ (β(θx+ (1 − θ)y)) ≤ θϱ(x) + (1 − θ)ϱ(y).

If (iv) holds with β = 1, then ϱ is called semimodular. A quasi-semimodular is called a
quasimodular when ϱ(x) = 0 if and only if x = 0X . A modular is defined analogously
from a semimodular.

Definition 2.3. Let X be a real vector space. If ϱ is a quasi-semimodular in X, then
the modular space

Xϱ := {x ∈ X : ∥x∥ϱ < +∞}

is defined by the quasi-seminorm

∥x∥ϱ := inf
{
λ > 0 : ϱ

(
x

λ

)
≤ 1

}
.

2.3 Generalized Φ-functions and Orlicz spaces

In this subsection we give some definitions regarding Φ-functions and we then define
generalized Orlicz (or Musielak-Orlicz) spaces, following the lines of [30]. Since we
are also going to make use of singular measures, the assumptions always need to get
adjusted to hold for every point, as in [34].

Definition 2.4. A function f : Ω → R is called L-almost increasing if there exists
L ≥ 1 such that f(s) ≤ Lf(t) for every s ≤ t. If this inequality holds for L = 1,
the function is called non-decreasing. We define analogously L-almost decreasing and
non-increasing functions.

Definition 2.5. We say that a function φ : Ω × [0,+∞) → [0,+∞] is a weak Φ-
function, and we write φ ∈ Φw(Ω), if the following conditions hold:

• the function x 7→ φ(x, |f(x)|) is measurable for every function f ∈ L0(Ω),
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• the function t 7→ φ(x, t) is non-decreasing for every x ∈ Ω,

• φ(x, 0) = lim
t→0+

φ(x, t) = 0 and lim
t→+∞

φ(x, t) = +∞ for every x ∈ Ω,

• the function t 7→ φ(x,t)
t is L-almost increasing on (0,+∞) for every x ∈ Ω with a

constant L independent of x.

If, moreover, φ ∈ Φw(Ω) is convex and left-continuous with respect to t for every x ∈ Ω,
then φ is a convex Φ-function, and we write φ ∈ Φc(Ω). If φ does not depend on x,
then we omit the set and write φ ∈ Φw or φ ∈ Φc.

Note that since we deal with conjugates of functions possibly with linear growth at
infinity, it is needed to allow for extended real-valued Φ-functions. Now we are in the
position of defining generalized Orlicz spaces.

Definition 2.6. Let φ ∈ Φw(Ω) and define

ϱφ(f) :=
ˆ

Ω
φ(x, |f |) dx for every f ∈ L0(Ω).

Then, the set

Lφ(Ω) := (L0(Ω))ϱφ =
{
f ∈ L0(Ω) : ϱφ(λf) < +∞ for some λ > 0

}
is called a generalized Orlicz space with quasinorm given by ∥f∥φ := ∥f∥ϱφ. We use
the abbreviation ∥f∥φ := ∥|f |∥φ for vector-valued functions.

Thanks to [30, Lemma 3.2.2], it is known that ∥ · ∥φ is a quasinorm in Lφ(Ω) if
φ ∈ Φw(Ω), and a norm if φ ∈ Φc(Ω).
Now we need to define some standard conditions on Φ-functions that grant them addi-
tional properties, which sometimes are inherited by their conjugate functions as well.

Definition 2.7. Let φ : Ω × [0,+∞) → [0,+∞] and let p, q > 0. Then we define the
following conditions:

(A0) There exists β ∈ (0, 1] such that φ(x, β) ≤ 1 ≤ φ(x, 1
β ) for every x ∈ Ω,

(A1) For every K > 0 there exists β ∈ (0, 1] such that for every x, y ∈ Ω

φ(x, βt) ≤ φ(y, t) + 1 when φ(y, t) ∈
[
0, K

|x−y|n
]
,

(VA1) For every K > 0 there exists a modulus of continuity ω such that for every x, y ∈ Ω

φ

(
x,

t

1 + ω(|x− y|)

)
≤ φ(y, t) + ω(|x− y|) when φ(y, t) ∈

[
0, K

|x− y|n
]
,

(aInc)p There exists Lp ≥ 1 such that t 7→ φ(x,t)
tp is Lp-almost increasing on (0,+∞) for

every x ∈ Ω,

(aDec)q There exists Lq ≥ 1 such that t 7→ φ(x,t)
tq is Lq-almost decreasing on (0,+∞) for

every x ∈ Ω.
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We say that (aInc), respectively (aDec), holds if (aInc)p, respectively (aDec)q, holds for
some p > 1, respectively q > 1.

Remark 2.8. Note that, by Definition 2.5, every function φ ∈ Φw(Ω) satisfies (aInc)1.

Note that if φ ∈ Φw(Ω), then φ( · , 1) ≈ 1 implies (A0). Moreover, if φ satisfies (aDec),
then (A0) and φ( · , 1) ≈ 1 are equivalent. Assumption (A1) is an almost continuity
condition and (aInc) and (aDec) are quantitative versions of the ∇2 and ∆2 conditions
and measure lower and upper growth rates. We define the condition (A1) as in [26].
We point out that it slightly differs from [30, 33], where it is assumed that

φ(x, βt) ≤ φ(y, t) when φ(y, t) ∈
[
1, 1

|B|

]
and x and y belong to the ball B. Lastly, the “vanishing (A1)” condition (VA1) is a
continuity condition for φ, introduced in [35] to prove maximal regularity of minimizers.
In order to state the last property which we need for our analysis, we first need to define
the recession function of φ.

Definition 2.9. Let φ ∈ Φw(Ω). We call recession function of φ the function φ∞ :
Ω → [0,+∞] defined by

φ∞(x) := lim sup
t→+∞

φ(x, t)
t

for all x ∈ Ω.

Note that, since the continuity of φ is not necessarily inherited by φ∞, this makes the
non-autonomous case not trivial. For our analysis, we also need the following weaker
version of (VA1) where at least one of the points has to belong to the set {φ∞ < +∞}.

Definition 2.10. Let φ ∈ Φw(Ω). We say that φ satisfies restricted (VA1) if and only
if it satisfies (A1) and for every K > 0 there exists ω modulus of continuity such that

φ

(
x,

t

1 + ω(|x− y|)

)
≤ φ(y, t) + ω(|x− y|) when φ(y, t) ∈

[
0, K

|x− y|n
]
,

for every x, y ∈ Ω such that φ∞(x) < +∞ or φ∞(y) < +∞.

We now need to define the associate space of the generalized Orlicz space Lφ(Ω). In
general, the associate space is a variant of the dual function space which works better
at the end-points p = 1 and p = ∞.

Definition 2.11. Let φ ∈ Φw(Ω). We define the associate space (Lφ)′(Ω) = {u ∈
L0(Ω) : ∥u∥(Lφ)′ < +∞} with

∥u∥(Lφ)′ := sup
∥v∥φ≤1

ˆ
Ω
uv dx.

Thanks to [30, Theorem 3.4.6], it is well know that for weak Φ-functions the associate
space corresponds to the generalized Orlicz space Lφ∗(Ω), where

φ∗(x, t) := sup
s≥0

[st− φ(x, s)]

is the (Fenchel) conjugate function of φ ∈ Φw(Ω). Moreover, it can be shown that (see
[26, Theorem 3.4.6]) for all u ∈ L0(Ω), ∥u∥Lφ is equivalent to sup∥v∥

Lφ∗ ≤1
´

Ω uv dx.

Let us state some well-known properties of the conjugate function.
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Lemma 2.12. Let φ ∈ Φw(Ω). Then,

(i) φ∗ ∈ Φc(Ω), meaning that φ∗ is always convex and left-continuous,

(ii) If p, q ∈ (1,+∞), then φ satisfies (aIncp) or (aDecq) if and only if φ∗ satisfies
respectively (aDecp′) or (aIncq′),

(iii) If φ ∈ Φc(Ω), then

φ∗
(
x, φ(x,t)

t

)
≤ φ(x, t) for every x ∈ Ω and t ∈ R+,

and φ∗∗ = φ,

(iv) If φ satisfies (A0) or (A1), then so does φ∗.

Conditions (i), (ii) and (iv) have been proven in [30], respectively in Lemma 2.4.1,
Proposition 2.4.9 and Lemmas 3.7.6 and 4.1.7, while condition (iii) has been shown in
[24, Corollary 2.6.3], see also [30, Proposition 2.4.5].
Lastly, we report the following result regarding some immersions of generalized Orlicz
spaces into Lebesgue spaces.

Lemma 2.13. Let Ω ⊂ Rn be such that |Ω| < +∞ and let φ ∈ Φw(Ω). If φ satisfies
(A0), then

L∞(Ω) ↪→ Lφ(Ω) ↪→ L1(Ω).

Moreover, if φ satisfies (aInc)p, then Lφ(Ω) ↪→ Lp(Ω).

Note that the second continuous inclusion comes from the fact that every weak Φ-
function satisfies (aInc)1, see Remark 2.8. This Lemma was shown in [30, Corollary
3.7.9 & Corollary 3.7.10]. We point out that condition (A0) is essential both for es-
tablishing the above embeddings and to ensure that Lφ(Ω) is a Banach space, cf. [30,
Theorem 3.7.13]. In particular, of (A0) is violated, the first inclusion in Lemma 2.13
might fail to hold. We refer to [30, Example 3.7.11] for a counterexample.

3 The space of bounded deformations fields with general-
ized Orlicz growth

In [26, Definition 4.1], given a function φ ∈ Φw(Ω), an anisotropic total variation (there
called dual norm) is introduced exploiting the conjugate function of φ, namely for any
u ∈ L1(Ω) we have

Vφ(u) := sup
{ˆ

Ω
udivw dx : w ∈ C1

c (Ω;Rn), ∥w∥φ∗ ≤ 1
}
. (3.1)

Moreover, the space of functions of bounded variation with generalized Orlicz growth
is defined as

BV φ(Ω) := {u ∈ Lφ(Ω) : ∥u∥BV φ(Ω) < +∞}, (3.2)

where
∥u∥BV φ(Ω) := ∥u∥φ + Vφ(u). (3.3)



G. Bertazzoni, E. Davoli, S. Riccò, E. Zappale

Equivalently, given φ ∈ Φw(Ω) in [8] a vectorial anisotropic total variation is introduced,
namely for any m ∈ N+ and u ∈ L1

loc(Ω;Rm) we have

V m
φ (u) := sup

{
m∑
i=1

ˆ
Ω
ui divwi dx : w ∈

[
C1
c (Ω;Rn)

]m
, ∥w∥φ∗ ≤ 1

}
. (3.4)

One can equivalently write

V m
φ (u) = sup

{ˆ
Ω
u · divw dx : w ∈ C1

c (Ω;Rm×n), ∥w∥φ∗ ≤ 1
}
,

where the divergence divw is a vector in Rm, namely taken a matrix-valued field ξ, it
is computed row-wise, i.e.

(div ξ)i := div ξi =
n∑
j=1

∂ξij
∂xj

, (3.5)

for any i ∈ [1,m] ∩ N and any ξ : Ω → Rm×n. Moreover, we say that u belongs to
BV φ(Ω;Rm) if

∥u∥BV φ(Ω;Rm) := ∥u∥φ + V m
φ (u) < +∞.

In the case m = 1, (3.4) reduces to (3.1) and we denote BV φ(Ω;R) simply by BV φ(Ω).
Note that in general Harjulehto & Hästö in their works, see e.g. [30], use the symbol
C1

0 (Ω;Rn) to denote the space C1
c (Ω;Rn). For this reason, we gave the definition of the

total variation with our notation instead of the one used in [26].

Remark 3.1. Clearly, when φ(x, t) = |t|, BV φ(Ω;Rm) = BV (Ω;Rm). A priori,
without assuming any other property on φ except for it to be in the space Φw(Ω), the
spaces BV (Ω) and BV φ(Ω) are not related to each other. Considering Ω ⊂ Rn bounded,
one gets the continuous inclusion BV φ(Ω) ↪→ BV (Ω) assuming (A0) on the function φ,
see Lemma 2.13. The fact that φ satisfies (aInc)1 is already included in the definition
of weak Φ-function, see Remark 2.8.

Remark 3.2. In [2] and [38], in the simple anisotropic case, (i.e. φ(x, t) with linear
behavior in t) the dual function φ0 is used instead of the conjugate function φ∗ in order
to define a weighted total variation (they call it generalized total variation). But under
the assumptions considered in [2] and [38], the two definitions coincide. Indeed, let us
assume that φ : Ω × [0,+∞) → [0,+∞) is a continuous function which is convex in the
second variable, satisfies (A0) and such that

φ(x, t) = t φ(x, 1) for any x ∈ Ω and t ∈ [0,+∞).

Assume that there exist 0 < λ ≤ Λ < +∞ such that

λt ≤ φ(x, t) ≤ Λt for any x ∈ Ω and for any t ∈ [0,+∞).

Moreover, let us consider ψ : Ω × Rn → [0,+∞) defined as ψ(x, ξ) := φ(x, |ξ|) for any
x ∈ Ω and ξ ∈ Rn. Note that ψ is continuous, convex in the second variable, and such
that

ψ(x, tξ) = φ(x, |tξ|) = |t|φ(x, |ξ|) = |t|ψ(x, ξ)
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and
λ|ξ| ≤ ψ(x, ξ) ≤ Λ|ξ|,

for every t ∈ R, ξ ∈ Rn and every x ∈ Ω.
In [2], considered u ∈ BV (Ω) and under these assumptions on ψ, the anisotropic total
variation (there called generalized total variation of u with respect to ψ in Ω) has been
characterized, see in particular [2, Proposition 3.2], as

Vψ(u) := sup
{ˆ

Ω
udivw dx : w ∈ C1

c (Ω;Rn), ψ0(x,w(x)) ≤ 1 for all x ∈ Ω
}
, (3.6)

where ψ0 is the dual function of ψ, namely

ψ0(x, ξ∗) := sup{(ξ∗, ξ) : ξ ∈ Rn, ψ(x, ξ) ≤ 1}.

Note that in [2] they use the notation C1
0 (Ω;Rn) to indicate the space that we denote

with C1
c (Ω;Rn). Then, given a function u ∈ BV (Ω), the anisotropic total variation of

u with respect to φ in Ω introduced in [26] as (3.1), coincides with the notion given by
[2], namely (3.6).
Indeed, by [2, (5.10)] the right-hand side of (3.6) coincides with

sup
{ˆ

Ω
udivw dx : w ∈ C1

c (Ω;Rn),
ˆ

Ω
ψ∗(x,w(x)) dx < +∞

}
. (3.7)

Considering the even extension of φ(x, ·), for any x ∈ Ω, and since φ(x, ·) is convex,
in view of our definition of ψ and Lemma B.1, which guarantees that

ψ∗(x, ·) = φ∗(x, | · |) for a.e. x ∈ Ω, (3.8)

we have that (3.7) is equal to

sup
{ˆ

Ω
udivw dx : w ∈ C1

c (Ω;Rn),
ˆ

Ω
φ∗(x, |w(x)|) dx < +∞

}
. (3.9)

Taking into account [2, (2.18)], namely

ψ∗(x, ξ∗) =
{

0 if ψ0(x, ξ∗) ≤ 1,
+∞ if ψ0(x, ξ∗) > 1,

for every x ∈ Ω and every ξ∗ ∈ Rn, we have that (3.9) can be equivalently written as

sup
{ˆ

Ω
udivw dx : w ∈ C1

c (Ω;Rn),
ˆ

Ω
φ∗(x, |w(x)|) dx ≤ 1

}
, (3.10)

where (3.8) has been exploited again. Now, using the definition

∥w∥φ∗ := inf
{
λ > 0 :

ˆ
Ω
φ∗
(
x,

∣∣∣∣w(x)
λ

∣∣∣∣) dx < 1
}
,

we get that (3.10) is equal to (3.1).
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In order to treat the minimization problem using TGV φ,2
α as a regularizer, see (1.1),

we need to introduce a variant of the generalized variation associated to φ defined in
(3.1). For every v ∈ M(Ω;Rm) with m ∈ N+, we define

Ṽ m
φ (v) := sup

{ˆ
Ω
ψ · dv(x) : ψ ∈ C1

c (Ω;Rm), ∥ψ∥φ∗ ≤ 1
}
. (3.11)

If we are working on a set A ⊊ Ω, then we will denote it by Ṽ m
φ (v;A).

Remark 3.3. Note that for any u ∈ BV (Ω), in order to know that at least that
Du ∈ M(Ω;Rn), an integration by parts yields

Ṽ n
φ (Du) = Vφ(u),

where the second term is defined as in (3.1), namely the anisotropic total variation
introduced in [26].

In the following, we will either use the above notation for m = n or m = n × n.
Note that in the latter case the scalar product coincides with the one underlying the
Frobenius norm in Rn×n, namely reading for any v ∈ M(Ω;Rn×n

sym ) as

Ṽ n×n
φ (v) = sup

{ˆ
Ω
ψ : dv(x) : ψ ∈ C1

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ 1

}
.

Considering test functions in C1
c (Ω;Rn×n

sym ) or C1
c (Ω;Rn×n) is equivalent when v ∈

M(Ω;Rn×n
sym ), since the scalar product only takes into account the symmetric part of

the test function. In general the notation Ṽ n×n
φ could be used also for measures in

M(Ω;Rn×n) without any symmetry property, but that is not the case in this work. We
avoid specifying the symmetry in order to lighten the notation.

Remark 3.4. Considering an open set Ω ⊂ Rn, if v has the special structure v =
Du− w, with u,w ∈ M(Ω;Rn), an integration by parts entails

Ṽ n
φ (Du− w) = sup

{ˆ
Ω
udivψ dx+

ˆ
Ω
ψ · dw(x) : ψ ∈ C1

c (Ω;Rn), ∥ψ∥φ∗ ≤ 1
}
,

see also [22]. Note that it is possible to rewrite it like this by [4, Exercise 3.2], indeed
having u ∈ M(Ω;Rn) and Du = v + w ∈ M(Ω;Rn) implies that u ∈ BV (Ω).
In the same way, if Ω is also bounded and C1, by [46, Chapter II, Theorem 2.3],
having Eu ∈ M(Ω;Rn×n

sym ) implies u ∈ BD(Ω). Namely, in the special case v = Eu ∈
M(Ω;Rn×n

sym ), (3.11) rewrites as

Ṽ n×n
φ (Eu) = sup

{ˆ
Ω
E∗ψ · u dx : ψ ∈ C1

c (Ω;Rn×n
sym ), ∥ψ∥φ∗ ≤ 1

}
, (3.12)

where E∗ψ = −divψ, and div denotes the matrix divergence of order 1, computed
row-wise (i.e. with respect to columns), cf. (3.5).

Remark 3.5. We point out that, here and in the following, the set Ω is only required to
have a C1 boundary in order to apply [46, Chapter II, Theorem 2.3]. The extension of
the above result to the case of Lipschitz boundary will be the subject of the forthcoming
paper [23].
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Thanks to the definition of generalized variation associated to φ in (3.11), we can now
define the space of bounded deformation fields with generalized Orlicz growth, namely

BDφ(Ω) :=
{
w ∈ Lφ(Ω;Rn) : ∥w∥BDφ(Ω) < +∞

}
, (3.13)

where
∥w∥BDφ(Ω) := ∥w∥φ + Ṽ n×n

φ (Ew).

Lemma 3.6. Let Ω be a bounded and open set and let φ ∈ Φw(Ω). Then Ṽ n×n
φ is a

seminorm.

Proof. We need to check that Ṽ n×n
φ satisfies conditions (N2) and (N3) in Definition

2.1. The homogeneity property (N2) is obvious, in fact Ṽ n×n
φ (av) = |a|Ṽ n×n

φ (v) for
every v ∈ M(Ω;Rn×n

sym ) and any a ∈ R. In order to check (N3), namely the triangle
inequality, let us consider v, w ∈ M(Ω;Rn×n

sym ). We have
ˆ

Ω
ψ : d(v + w) =

ˆ
Ω
ψ : dv +

ˆ
Ω
ψ : dw ≤ Ṽ n×n

φ (v) + Ṽ n×n
φ (w)

for any ψ ∈ C1
c (Ω;Rn×n

sym ) such that ∥ψ∥φ∗ ≤ 1. By taking the supremum over such ψ
we have the thesis.

This result entails that if φ ∈ Φw(Ω), then ∥ · ∥BDφ(Ω) is a quasinorm. In addition, if
φ verifies (A0), or if φ ∈ Φc(Ω), then ∥ · ∥BDφ(Ω) is a norm, see [30, Lemma 3.2.2 &
Theorem 3.7.13].

Remark 3.7. As for BV (Ω) and BV φ(Ω), see Remark 3.1, without assuming any other
property on φ except for it to be in the space Φw(Ω), the spaces BD(Ω) and BDφ(Ω)
are not related to each other. Considering a set Ω bounded, one gets the continuous
immersion BDφ(Ω) ↪→ BD(Ω) assuming (A0) on the function φ, see Lemma 2.13.

Remark 3.8. Since a priori we define the space starting from a function φ ∈ Φw(Ω),
one may ask whether the space defined starting from φ∗∗, always a convex Φ-function,
see Lemma 2.12(i), namely

BDφ∗∗(Ω) :=
{
w ∈ Lφ

∗∗(Ω;Rn) : ∥w∥BDφ∗∗ (Ω) < +∞
}
,

with
∥w∥BDφ∗∗ (Ω) := ∥w∥φ∗∗ + Ṽ n×n

φ∗∗ (Ew),
differs from the space BDφ(Ω). Thanks to [30, Proposition 2.4.5 & Proposition 3.2.4]
it is possible to prove that BDφ(Ω) = BDφ∗∗(Ω), indeed the norms ∥ · ∥φ and ∥ · ∥φ∗∗

are equivalent and the variations coincide, implying that the norms ∥ · ∥BDφ(Ω) and
∥ · ∥BDφ∗∗ (Ω) are equivalent as well. Note that some results needed for this consider-
ation, e.g. [30, Lemma 2.4.3] or [30, Proposition 2.4.5], are only stated without the
x-dependence, but they hold true even in the generalized Orlicz setting, while others,
e.g. [30, Theorem 2.5.10] or [30, Proposition 3.2.4], are already stated with the x-
dependence.

With the next example we want to show that, at least considering some Φ-functions for
which a Korn-type inequality does not hold, the space BV φ(Ω) is a proper subset of
BDφ(Ω). The example follows the lines of [3, Example 7.7], exploiting a construction
developed in [42], see also [46, Chapter I, Subsection 1.3].
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Example 3.9. We first remark that (3.4), BV φ(Ω;Rn) ⊂ BDφ(Ω). We show below
that, at least in some situations, the inclusion is strict.
Indeed, without loss of generality we can consider an open set Ω ⊃⊃ B, with B a small
ball centered at 0, and a function such that φ(x, t) = |t| for a.e. x ∈ B. Then, the
same field u provided by [3, Example 7.7], which has compact support in B and is in
BD(Ω) \BV (Ω;Rn) provides the desired example of a field in BDφ(Ω) \BV φ(Ω;Rn).
Note that many Φ-functions, e.g. many out of the ones listed in [30, Example 2.5.3],
fulfill the assumption of coinciding with |t| on a ball B, meaning that this example holds
true in many contexts.

The validity of Korn-type inequalities in the context of Orlicz spaces has been stud-
ied in different contexts, for example [14, Theorem 1.1] where it was shown that the
∇2-condition and the ∆2-condition are sharp conditions for Korn-type inequalities in
Orlicz spaces (for the definition of these two conditions see [43, Subsection 2.3] or
[13, Equations (2.6) & (2.7)]). In [20, Theorems 3.1 & 3.3] the validity of Korn-type
inequalities for Young functions was shown, while in [13, Theorems 3.1 & 3.3] the equiv-
alence of these Korn-type inequalities to two balance conditions, similar to the ∇2- and
∆2-conditions, has been proven. Note that, under the assumptions considered in [20]
and [13], their definition of Young functions and our definition of convex Φ-functions,
when independent of x, are equivalent. In the context of generalized Orlicz spaces
(or Musielak-Orlicz spaces) instead, there are results in the case of variable exponents
Lebesgue spaces when the exponent is bounded away from 1, see [25, Section 5] and
[24, Theorems 14.3.21 & 14.3.23], but not much else is known.

3.1 Weighted modular and associated norms

Analogously to [26, Definition 4.1], we define the anisotropic modular, or dual modular,
associated to the anisotropic total variation Ṽ n×n

φ , defined as in (3.11). In particular,
we define for any v ∈ M(Ω;Rn×n

sym )

ϱ
Ṽ n×n

φ
(v) := sup

{ˆ
Ω
ψ : dv(x) −

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

}
. (3.14)

Lemma 3.10. Let Ω be a bounded and open set and let φ ∈ Φw(Ω). Then ϱ
Ṽ n×n

φ
is a

semimodular.

Proof. We need to check that ϱ
Ṽ n×n

φ
satisfies the conditions of Definition 2.2. Conditions

(i) and (iii) are obvious, respectively thanks to the properties of φ∗ and that if ψ is an
admissible test function, then also −ψ is. Condition (iv) is also easy to prove using the
linearity of the first integral in the definition of ϱ

Ṽ n×n
φ

and the fact that the supremum
of a sum is smaller than the sum of the suprema.
We are only left to prove condition (ii), namely that the function λ 7→ ϱ

Ṽ n×n
φ

(λv) on
[0,+∞) is non-decreasing for any v ∈ M(Ω;Rn×n

sym ). Indeed, if λ = 0, then ϱ
Ṽ n×n

φ
(λv) =

0, but we know already that for any other µ > λ = 0 then ϱ
Ṽ n×n

φ
(µv) ≥ 0, since we can

always choose ψ = 0 as a test function. Let us instead fix 0 < λ < µ < +∞. We point
out that since both ψ and −ψ are possible test functions, we can also only consider
without loss of generality functions in the space

T
+ :=

{
ψ ∈ C1

c (Ω;Rn×n
sym ) :

ˆ
Ω
ψ : dv(x) ≥ 0

}
,
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since the second integral in the definition of the modular is always zero or negative.
Then we have

ϱ
Ṽ n×n

φ
(λv) = sup

{ˆ
Ω
λψ : dv(x) −

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

}
= sup

{
λ

ˆ
Ω
ψ : dv(x) −

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ T

+
}

≤ sup
{
µ

ˆ
Ω
ψ : dv(x) −

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ T

+
}

= sup
{ˆ

Ω
µψ : dv(x) −

ˆ
Ω
φ∗(x, |ψ|) dx : ψ ∈ C1

c (Ω;Rn×n
sym )

}
= ϱ

Ṽ n×n
φ

(µv),

for any v ∈ M(Ω;Rn×n
sym ), proving condition (ii).

Since condition (iv) holds with the constant β = 1, then ϱ
Ṽ n×n

φ
is a semimodular.

Note that, analogously to the anisotropic total variation, see Remark 3.4, considering
a bounded, C1 and open set Ω ⊂ Rn, in the special case v = Eu ∈ M(Ω;Rn×n

sym ) this
rewrites as

ϱ
Ṽ n×n

φ
(Eu) = sup

{ˆ
Ω

[u · E∗ψ − φ∗(x, |ψ|)] dx : ψ ∈ C1
c (Ω;Rn×n

sym )
}
, (3.15)

where E∗ψ = −divψ.

Remark 3.11. On the one hand, note that testing (3.15) with ψ = 0, we get that the
supremum in ϱ

Ṽ n×n
φ

is always non-negative. On the other hand, if ϱφ∗(|ψ|) = +∞, then
the integral in (3.15) is equal to −∞, since the first term is finite. Here we used again
[46, Chapter II, Theorem 2.3] yielding that Eu ∈ M(Ω;Rn×n

sym ) implies u ∈ BD(Ω).
This means that test functions ψ with ϱφ∗(|ψ|) = +∞ can be omitted and ϱ

Ṽ n×n
φ

can be
equivalently rewritten as

ϱ
Ṽ n×n

φ
(Eu) := sup

{ˆ
Ω

[u · E∗ψ − φ∗(x, |ψ|)] dx : ψ ∈ C1
c (Ω;Rn×n

sym ), ϱφ∗(|ψ|) < +∞
}
.

The analogous reasoning can be repeated for the general expression of ϱ
Ṽ n×n

φ
in (3.14).

In Lemma 3.10 we showed that ϱ
Ṽ n×n

φ
is a semimodular, implying that, thanks to the

Luxemburg method, we obtain a seminorm ∥ · ∥ϱ
Ṽ n×n

φ

. The following result relates
the anisotropic variation we introduced in (3.11) with the seminorm associated to the
modular defined in (3.14), similarly to [26, Lemma 4.7].

Lemma 3.12. Let Ω ⊂ Rn be a bounded, connected, C1 and open set. Let φ ∈ Φw(Ω)
and let u ∈ BDφ(Ω). Then

∥Eu∥ϱ
Ṽ n×n

φ

≤ Ṽ n×n
φ (Eu) ≤ 2 ∥Eu∥ϱ

Ṽ n×n
φ

.

Proof. Since u ∈ BDφ(Ω), the case Ṽ n×n
φ (Eu) = +∞ is excluded a priori. Moreover, if

Ṽ n×n
φ (Eu) = 0, then ϱ

Ṽ n×n
φ

(Euλ ) = 0 for every λ > 0, yielding ∥Eu∥ϱ
Ṽ n×n

φ

= 0. Lastly,

since the claim is homogeneous, the case Ṽ n×n
φ (Eu) ∈ (0,+∞) can always be reduced
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to Ṽ n×n
φ (Eu) = 1.

By the definition of Ṽ n×n
φ , see (3.12), for any w ∈ C1

c (Ω;Rn×n
sym ) such that ∥w∥φ∗ ≤ 1 it

follows that ˆ
Ω
u · E∗w dx ≤ Ṽ n×n

φ (Eu) ∥w∥φ∗ = ∥w∥φ∗ ≤ 1 + ϱφ∗(|w|),

where the last inequality comes from a general property of the Luxemburg norms, see
[24, Corollary 2.1.15]. Thus, by the definition of ϱ

Ṽ n×n
φ

given in (3.14),

ϱ
Ṽ n×n

φ
(Eu) ≤ sup

w∈C1
c (Ω;Rn×n

sym )
[1 + ϱφ∗(|w|) − ϱφ∗(|w|)] = 1,

implying ∥Eu∥ϱ
Ṽ n×n

φ

≤ 1. This concludes the proof of the first inequality.
We next establish the opposite inequality 2 ∥Eu∥ϱ

Ṽ n×n
φ

≥ 1, which is equivalent to

ϱ
Ṽ n×n

φ

(2Eu
λ

)
> 1 for every λ < 1. (3.16)

Indeed, on the one hand if ∥v∥ϱ
Ṽ n×n

φ

≥ 1, by Definition 2.3 we have that

inf
{
k > 0 : ϱ

Ṽ n×n
φ

(
v

k

)
≤ 1

}
≥ 1,

entailing that for any λ < 1 it holds ∥v∥ϱ
Ṽ n×n

φ

> λ. By [30, Lemma 3.2.3] then this
implies that ϱ

Ṽ n×n
φ

( vλ) > 1 for any λ < 1. On the other hand, having ϱ
Ṽ n×n

φ
( vλ) > 1 for

any λ < 1 entails that, by Definition 2.3,

∥v∥ϱ
Ṽ n×n

φ

= inf
{
λ > 0 : ϱ

Ṽ n×n
φ

(
v

λ

)
≤ 1

}
≥ 1

directly from the definition of inf. Now, by [30, Lemma 3.2.3] and thanks to the fact
that φ∗ ∈ Φc(Ω), see Lemma 2.12(iii), ϱφ∗(|w|) ≤ 1 if and only if ∥w∥φ∗ ≤ 1, and we
can immediately conclude that

ϱ
Ṽ n×n

φ

(2Eu
λ

)
≥ sup

{ˆ
Ω

[2u
λ

· E∗w − φ∗(x, |w|)
]
dx : w ∈ C1

c (Ω;Rn×n
sym ), ∥w∥φ∗ ≤ 1

}
≥ 2
λ
Ṽ n×n
φ (Eu) − 1 > 1.

This proves (3.16) and yields the thesis.

The following result, instead, relates the seminorm Ṽ n×n
φ , see Lemma 3.6, with the

norm of the symmetrized gradient, in particular considering the norm associated to
the associate space (Lφ∗(Ω;Rn×n))′. Obviously, in the associate space norm we test
with functions in Lφ

∗(Ω;Rn×n), while in Ṽ n×n
φ the test functions are smooth. This

means that some approximation is needed, but a priori we are not able to use density
in Lφ

∗(Ω;Rn×n) since φ∗ is in general not doubling.
In order to state the result, we need the classical decomposition of the symmetrized
gradient, see for instance [7],

Eu = EuLn + Esu.
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Moreover, let us remark the definition of the space LDloc(Ω), namely

LDloc(Ω) := {u ∈ L1
loc(Ω;Rn) : Eu ∈ L1

loc(Ω;Rn×n
sym )}.

The result, analogous to [26, Theorem 5.2], reads as follows.

Lemma 3.13. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φw(Ω) and
let u ∈ LDloc(Ω). Then

Ṽ n×n
φ (Eu) ≤ ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Moreover, if additionally C1
c (Ω;Rn×n) is dense in Lφ

∗(Ω;Rn×n), then

Ṽ n×n
φ (Eu) = ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Proof. Since u ∈ LDloc(Ω), it follows from the definition of Ṽ n×n
φ that

Ṽ n×n
φ (Eu) = sup

{ˆ
Ω

Eu : w dx : w ∈ C1
c (Ω;Rn×n

sym ), ∥w∥φ∗ ≤ 1
}
. (3.17)

The definition of the associate space norm (extended in a standard way to the vector
valued setting), see Definition 2.11, implies that, chosen w ∈ C1

c (Ω;Rn×n
sym ) such that

∥w∥φ∗ ≤ 1,
ˆ

Ω
Eu : w dx ≤

ˆ
Ω

|Eu||w| dx ≤ ∥Eu∥(Lφ∗ (Ω;Rn×n))′∥w∥φ∗ .

Taking the supremum over those w, we conclude that Ṽ n×n
φ (Eu) ≤ ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Under the density assumption, namely C1
c (Ω;Rn×n) being dense in Lφ

∗(Ω;Rn×n), we
next show the opposite inequality, namely ∥Eu∥(Lφ∗ (Ω;Rn×n))′ ≤ Ṽ n×n

φ (Eu). Indeed, let
w ∈ Lφ

∗(Ω;Rn×n
sym ) with ∥w∥φ∗ = 1 and let (wj)j ⊂ C1

c (Ω;Rn×n
sym ) be a sequence such

that wj → w in Lφ
∗(Ω;Rn×n

sym ) and pointwise almost everywhere. Since we know that
also wj/∥wj∥φ∗ → w in Lφ∗(Ω;Rn×n

sym ), we may assume that ∥wj∥φ∗ = 1 for every j ∈ N.
By Fatou’s Lemma, we have

lim inf
j→∞

ˆ
Ω

Eu : wj dx ≥
ˆ

Ω
Eu : w dx.

So, from (3.17) follows that

Ṽ n×n
φ (Eu) ≥ sup

{ˆ
Ω

Eu : w dx : w ∈ Lφ
∗(Ω;Rn×n

sym ), ∥w∥φ∗ ≤ 1
}
.

Let h ∈ Lφ
∗(Ω). We can set

w :=


Eu
|Eu|

h if |Eu| ≠ 0,

0 otherwise.

This gives

Ṽ n×n
φ (Eu) ≥ sup

{ˆ
Ω

|Eu|h dx : h ∈ Lφ
∗(Ω), ∥h∥φ∗ ≤ 1

}
= ∥Eu∥(Lφ∗ (Ω;Rn×n))′ .

Hence Ṽ n×n
φ (Eu) = ∥Eu∥(Lφ∗ (Ω;Rn×n))′ . This concludes the proof.
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In the second part of Lemma 3.13 we assume that C1
c (Ω;Rn×n) is dense in Lφ∗(Ω;Rn×n).

If φ∗ satisfies (A0) and (aDec), then this holds automatically by [30, Theorem 3.7.15]
(note that this theorem is stated for scalar functions, but the vectorial case can be
deduced working components-wise thanks to the equivalence of euclidean norms in
spaces of finite dimension). We know already that, by Lemma 2.12(ii) & (iv), φ∗

satisfies these conditions if and only if φ satisfies (A0) and (aInc), meaning that it is
not clear whether this density is there or not in the subsets where the function φ is
linear.

3.2 Explicit expression of the anisotropic modular

In this subsection we derive an explicit formula for the dual modular ϱ
Ṽ n×n

φ
in terms

of the modular ϱφ of the absolutely continuous part of the symmetric gradient and
its singular part with weight given by the recession function, see Definition 2.9. In
particular, analogously to [26, Theorem 6.4], the main result of the section reads as
follows.

Theorem 3.14. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω) ∩
C(Ω × [0,+∞)) satisfy (A0), (aDec) and restricted (VA1). If u ∈ BD(Ω), then

ϱ
Ṽ n×n

φ
(Eu) = ϱφ(|Eu|) +

ˆ
Ω
φ∞ d|Esu|.

The following result is an immediate consequence of Theorem 3.14, when the Φ-function
φ does not depend on x, i.e. when it is a classical Orlicz Φ-function.

Corollary 3.15. Let φ ∈ Φc be independent of x and satisfy (aDec). If u ∈ BD(Ω),
then

ϱ
Ṽ n×n

φ
(Eu) = ϱφ(|Eu|) + φ∞|Esu|

in any Borel subset of Ω and so

(1) BDφ(Ω) = BD(Ω) if φ∞ < ∞,

(2) BDφ(Ω) = LDφ(Ω) if φ∞ = ∞.

We observe that in (2) we cannot say that BDφ(Ω) = W 1,φ(Ω), see e.g. [6, Definition
3], since the latter equality would follow from a Korn’s inequality. But, as proven in
[14, Theorem 1.1], the latter, for classical convex Φ-functions holds if and only if φ
satisfies both ∇2 and ∆2 conditions. Now, recall first that φ ∈ Φc implies that φ = φ∗∗

and that the ∇2 condition for φ is equivalent, by [24, Definition 2.4.10], to φ∗ satisfying
∆2. Furthermore, [24, Corollary 2.4.11] states that φ ∈ Φw satisfies ∇2 if and only if it
satisfies (aInc). By assumption φ satisfies (aDec) but not (aInc), thus φ satisfies ∆2
but not ∇2. As a particular case, one can consider φ(t) = t log(1 + t), see [24, Remark
1.3].
In order to prove Theorem 3.14 we need the following lemma, proven in [26, Lemma
6.1], which shows the importance of the recession function φ∞, see Definition 2.9.
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Lemma 3.16. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω)
satisfy restricted (VA1). If ψ ∈ C(Ω) with ϱφ∗(ψ) < +∞, then |ψ| ≤ φ∞.

In [31, Section 3 & Example A.1] it was shown that log-Hölder continuity is not sufficient
when working in BV p(·) and here, similarly, the (A1) condition (corresponding to log-
Hölder continuity in the general case of convex Φ-functions) is not sufficient in the
previous result, as in the following ones, in view of [26, Example 4.3]. That is why
we make use of the restricted (VA1) condition, which corresponds to strong log-Hölder
continuity in the case of the variable exponent function, see [26, Proposition 3.2].
In the next two results we consider the singular and absolutely continuous parts of the
symmetric gradient separately. Then we combine them to handle the whole function in
Theorem 3.14. Since the proofs are similar to the ones of [26, Propositions 6.2 & 6.3],
they can be found in our setting in Appendix A.

Proposition 3.17. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈ Φc(Ω)
satisfy (A0), (aDec) and restricted (VA1). If u ∈ BD(Ω), then

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu =

ˆ
Ω
φ∞ d|Esu|,

where
Tφ :=

{
ψ ∈ C1

c (Ω;Rn×n
sym ) : ϱφ∗(|ψ|) < +∞

}
. (3.18)

Proposition 3.18. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ ∈
Φc(Ω) ∩ C(Ω × [0,+∞)) satisfy (A0) and (aDec). If u ∈ BD(Ω), then

sup
ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx = ϱφ(|Eu|).

Note that removing the assumption that φ is continuous in both variables is not trivial.
Having the two previous propositions at hands, we can now prove Theorem 3.14, ex-
ploiting the ideas used in [26, Theorem 6.4].

Proof of Theorem 3.14. Since Eu = Eu+Esu and since u ∈ BD(Ω), an integration by
parts implies that

ˆ
Ω
u · E∗ψ dx =

ˆ
Ω
ψ : dEu =

ˆ
Ω

Eu : ψ dx+
ˆ

Ω
ψ : dEsu

for any ψ ∈ Tφ. Hence, the claim follows from Propositions 3.17 and 3.18 once we
prove that

sup
ψ∈Tφ

{ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx+
ˆ

Ω
ψ : dEsu

}
= sup
ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx+ sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu.
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The first inequality, namely “≤”, is obvious, so we only need to prove the opposite one.
Let us first assume that ϱφ(|Eu|) +

´
Ω φ

∞ d|Esu| < +∞ and let us fix ε > 0. We can
always choose ψ1, ψ2 ∈ Tφ such that

sup
ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx ≤
ˆ

Ω
[Eu : ψ1 − φ∗(x, |ψ1|)] dx+ ε < +∞ (3.19)

and
sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu ≤

ˆ
Ω
ψ2 : dEsu+ ε < +∞. (3.20)

Since u ∈ BD(Ω) and ψ1, ψ2 ∈ Tφ, we have |Eu| |ψi| ∈ L1(Ω) and ϱφ∗(|ψi|) < +∞ for
i ∈ {1, 2}. Thus, by the absolute continuity of the integral, we can find δ > 0 such that∣∣∣∣∣

ˆ
Ω\Ω1

[Eu : ψi − φ∗(x, |ψi|)] dx
∣∣∣∣∣ ≤
ˆ

Ω\Ω1

[|Eu| |ψi| + φ∗(x, |ψi|)] dx ≤ ε (3.21)

for i ∈ {1, 2} and any Ω1 ⊂ Ω with |Ω \ Ω1| < δ and∣∣∣∣∣
ˆ

Ω\Ω2

ψ2 : dEsu
∣∣∣∣∣ ≤
ˆ

Ω\Ω2

φ∞ d|Esu| ≤ ε

for any Ω2 ⊂ Ω with |Esu|(Ω \ Ω2) < δ.
Since suppEsu is a set with zero Lebesgue measure, we can find a finite collection of
open rectangles Qi ⊂ Ω such that |Esu|(⋃i∈NQi) > |Esu|(Ω) − δ and |

⋃
i∈N 2Qi| < δ.

Let us now choose θ ∈ C1
c (Ω) such that 0 ≤ θ ≤ 1, θ = 1 in Ω2 := ⋃

i∈NQi and θ = 0
in Ω1 := Ω \

⋃
i∈N 2Qi, and let us fix ψε := θ ψ2 + (1 − θ)ψ1 ∈ C1

c (Ω;Rn×n
sym ). Since ψε is

a pointwise convex combination, we get

φ∗(·, |ψε|) ≤ φ∗(·,max{|ψ2|, |ψ1|}) ≤ φ∗(·, |ψ2|) + φ∗(·, |ψ1|).

This yields that ϱφ∗(|ψε|) ≤ ϱφ∗(|ψ2|) + ϱφ∗(|ψ1|) < +∞, yielding ψε ∈ Tφ. We then
get that

ϱ
Ṽ n×n

φ
(Eu) = sup

ψ∈Tφ

{ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx+
ˆ

Ω
ψ : dEsu

}
≥
ˆ

Ω
[Eu : ψε − φ∗(x, |ψε|)] dx+

ˆ
Ω
ψε : dEsu

≥
ˆ

Ω1

[Eu : ψ1 − φ∗(x, |ψ1|)] dx+
ˆ

Ω2

ψ2 : dEsu− cθ

≥
ˆ

Ω
[Eu : ψ1 − φ∗(x, |ψ1|)] dx+

ˆ
Ω
ψ2 : dEsu− 5ε,

where, thanks to (3.21),

cθ :=
ˆ

Ω\Ω1

[|Eu| |ψε| + φ∗(x, |ψε|)] dx+
ˆ

Ω\Ω2

|ψε| d|Esu| ≤ 3ε

by the absolute integrability assumptions and by Lemma 3.16. By the choices of ψ1
and ψ2, namely (3.19) and (3.20), we then get

ϱ
Ṽ n×n

φ
(Eu) ≥ sup

ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx+ sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu− 7ε.
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The lower bound follows by letting ε → 0+. This concludes the proof in the case
ϱφ(|Eu|) +

´
Ω φ

∞ d|Esu| < +∞.
If, instead, ϱφ(|Eu|) = +∞ and

´
Ω φ

∞ d|Esu| < +∞, we simply estimate

sup
ψ∈Tφ

{ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx+
ˆ

Ω
ψ : dEsu

}
≥ sup
ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx− sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu

= ϱφ(|Eu|) −
ˆ

Ω
φ∞ d|Esu| = +∞.

We are only left to consider the case
´

Ω φ
∞ d|Esu| = +∞. By the proof of Proposition

3.17, see Appendix A, there exists ψε ∈ C1
c (Ω;Rn×n

sym ) such that
ˆ

Ω
ψε : dEsu > 1

ε

and |ψε| ≤ φ(·,k)
k for some k = kε. For any function θ : Ω → [0, 1], we have that

Eu : (θψε) − φ∗(·, |θψε|) ≥ Eu : (θψε) − φ∗
(

·, φ(·, k)
k

)
≥ −

(
φ+(k)
k

|Eu| + φ+(k)
)
,

see Lemma 2.12(iii). Since the function on the right-hand side is integrable, we can
choose δk > 0 such that its integral over any measurable A with |A| < δk is at least −1.
Furthermore, since suppEsu has measure zero, we can choose θ ∈ C∞

c (Ω) as before to
have support with Lebesgue measure at most δk and such that satisfies

ˆ
Ω

(θψε) : dEsu > 1
2

ˆ
Ω
ψε : dEsu > 1

2ε.

Then,
sup
ψ∈Tφ

{ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx+
ˆ

Ω
ψ : dEsu

}
≥
ˆ

Ω
(θψε) : dEsu+

ˆ
Ω

[Eu : (θψε) − φ∗(x, |θψε|)] dx ≥ 1
2ε − 1.

Letting ε → +∞, the claim follows. This concludes the proof of the theorem.

3.3 The variable exponent case

In this section we focus on the special Φ-function

φ(x, t) := 1
p(x) t

p(x), (3.22)

with p : Ω → [1,+∞) a measurable function. Such a p is called a variable exponent.
Let us recall that, choosing φ as in (3.22) and considering the set

Y := {x ∈ Ω : p(x) = 1}, (3.23)
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we have that the conjugate φ∗ is of the form

φ∗(x, t) =


1

q(x) t
q(x) if x ∈ Ω \ Y,

∞χ(1,∞)(t) if x ∈ Y,
(3.24)

see [26, Example 4.3], where q is the function defined pointwise in Ω\Y by 1
q(x) + 1

p(x) = 1
and with the convention that ∞ · 0 = 0. From now, given a set A ⊂ Ω, we write

p+
A := ess-sup

x∈A
p(x) and p−

A := ess-inf
x∈A

p(x),

respectively q±
A for the conjugate exponent function q. In the following, we will assume

p+
Ω < +∞. We start by recalling the following notion, introduced in [8].

Definition 3.19. A variable exponent p is strongly log-Hölder continuous in Y if

p(x) − 1 ≤ ω(|x− y|)
log(e+ 1

|x−y|)
,

for some ω : [0,∞) → [0,∞) with limt→0 ω(t) = 0 and every y ∈ Y and x ∈ Ω.

At this point, it is worth observing that the above property is weaker than the ’classical
log-Hölder continuity’ as stated in [8, Definition 2.3], which is, in turn, equivalent to
the restricted (VA1) condition, introduced in Definition 2.10, for the function (3.22).
In [8] the following technical result has been proven.

Lemma 3.20. Suppose that p is strongly log-Hölder continuous in Y . If ρq(·)(w) < ∞
for some continuous w, then |w| ≤ 1 in Y .

Remark 3.21. The explicit definition of the function φ in (3.22) entails some addi-
tional properties other than the explicit form of its conjugate function given by (3.24).
Indeed, it is immediate to see that φ ∈ Φc(Ω), see Definition 2.5 and [30, Section 7.1].
Moreover, arguing as in [30, Lemma 7.1.1], it is easy to see that φ satisfies (A0),
(aInc)p−

Ω
and (aDec)p+

Ω
, see Definition 2.7.

The first result we prove in this subsection is the equivalent of Theorem 3.14 in this
specific setting. In particular, we show that the same conclusion of Theorem 3.14 holds
under less restrictive hypotheses on our function φ. Before doing so, we need to recall
the definition of the modular associated to the variable exponent space when p+

Ω < +∞,
given in an equivalent way to the one in [31, Subsection 2.2], namely

ϱLp(·)(Ω;Rn×n
sym )(u) :=

ˆ
Ω

1
p(x) |u(x)|p(x) dx

for any u ∈ M(Ω;Rn×n
sym ). Now, the theorem reads as follows.

Theorem 3.22. Let Ω ⊂ Rn be a bounded, connected and open set. Let φ be defined as
in (3.22) and let p : Ω → [1,+∞) be continuous in Ω and strongly log-Hölder continuous
in Y , with p+

Ω < +∞. If u ∈ BD(Ω), then

ϱ
Ṽ n×n

φ
(Eu) = ϱold(Eu) := |Eu|(Y ) + ϱLp(·)(Ω\Y ;Rn×n

sym )(Eu). (3.25)
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Proof. First, let us observe that the claim of Lemma 3.16 is automatically satisfied in
the case of φ given by (3.22) with the only requirement of strong log-Hölder continuity
in Y and the assumption p+

Ω is finite. Indeed, on the one hand, in view of (3.24) and
Definition 2.9 (which is a limit in this specific case), it suffices to prove the inequality
in the set Y given by (3.23), since in Ω \Y the recession function is +∞. On the other
hand though, whenever ψ ∈ C(Ω) with ϱφ∗(|ψ|) < +∞, then by (3.24) we have that
φ∗(x, |ψ|) = 0 for almost every x ∈ Y , implying that |ψ| ≤ 1 = φ∞(x) in Y , in view of
Lemma 3.20, which proves our claim.
As a second step, let us remark that choosing φ as in (3.22), with p(·) continuous, ,
Proposition 3.18 is valid. In fact, by assumption φ is continuous, and by Remark 3.21,
we know that (A0) and (aDec) are satisfied. Hence, we can conclude that

sup
ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx = 1
p(x)

ˆ
Ω

|Eu|p(x) dx

for any u ∈ BD(Ω), where Tφ is defined as in (3.18).
We are left to prove that Proposition 3.17 holds true under these hypotheses and
choosing φ as in (3.22), namely that

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu =

ˆ
Ω
φ∞ d|Esu|.

Note that the inequality "≤" is immediately verified thanks to the fact that Lemma
3.16 holds under our assumptions. So it suffices to prove thatˆ

Ω
φ∞d|Esu| ≤ sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu.

Thanks to the continuity assumption on p in Ω, we obtain that (A.1) and (A.2) hold.
In particular, the second one holds for any β ∈ [0, 1], due to the non decreasing mono-
tonicity of (·)p(x). Observe that hk is lower semicontinuous by definition (it is a lower
semicontinuous envelope, see [21, Chapter 1]) and increasing in k. Consequently the
same arguments as in the proof of Proposition 3.17 lead to the desired conclusion.
Moreover, let us remark that for every u ∈ BD(Ω) it holds

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu =

ˆ
Y
d|Esu| = |Esu|(Y ),

since φ∞(x) = 1 in Y as observed before, which indeed says that Esu is concentrated
on Y .
Finally, following the same steps of the proof of Theorem 3.14, since under our hy-
potheses the equivalent formulations of Lemma 3.16, Proposition 3.17 and Proposition
3.18 hold, we get the thesis.

Remark 3.23. As a corollary of Theorem 3.22, under the same hypotheses we get the
coincidence of the spaces BDφ and BD ∩ LDp(·), with

LDp(·)(U) := {u ∈ Lp(·)(U ;Rn) : Eu ∈ Lp(·)(U ;Rn×n
sym )},

when φ is as in (3.22). Alternatively, this latter equality can be proven directly arguing
as in [8, Theorem 3.8] even removing the continuity hypotesis on p(·), replacing it by
lower semicontinuity .
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4 The imaging problem
In this section we finally deal with the novel regularizer based on a Musielak-Orlicz
generalization of classical Total Generalized Variation functionals that we defined in
(1.1), namely the anisotropic Total Generalized Variation of order 2, with weight α =
(α1, α2) ∈ R+ × R+, given by

TGV φ,2
α (u) := sup

{ ˆ
Ω
udiv2ψ dx :

ψ ∈ C2
c (Ω;Rn×n

sym ), ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2

}
,

where we consider u ∈ L1
loc(Ω).

In Subsection 4.1 we prove some properties of this functional, while in Subsection 4.2
we give a dual characterization of this functional exploiting the space BDφ we defined
in Section 3. Finally, in Subsection 4.3 we show how the anisotropic Total Generalized
Variation inherits classical existence and stability properties.

4.1 Basic properties of TGV φ,2
α (u)

Following the lines of [11], we define the space of functions of bounded variation of
order 2 with Orlicz growth and weight α as

BGV φ,2
α (Ω) := {u ∈ Lφ(Ω) : TGV φ,2

α (u) < +∞}, (4.1)

endowed with the norm

∥u∥
BGV φ,2

α
:= ∥u∥φ + TGV φ,2

α (u),

where the functional TGV φ,2
α is defined as in (1.1).

Remark 4.1. Note that it would also be possible to define the functionals TGV φ,k
α and

the spaces BGV φ,k
α (Ω) for general k ∈ N+ following the lines of [11]. Moreover, for

k = 1 and α ∈ R+, and chosen u ∈ L1
loc(Ω), we would have

TGV φ,1
α (u) = sup

{ˆ
Ω
udivψ dx : ψ ∈ C1

c (Ω;Rn), ∥ψ∥φ∗ ≤ α

}
= αVφ(u),

where the right-hand side is defined as in (3.1). Hence, we can indeed speak of a
generalization of an anisotropic total variation. Contrary to Remark 3.3, which was
true for u ∈ BV (Ω) in order to know at least that Du ∈ M(Ω;Rn), here it is enough
to take u ∈ L1

loc(Ω).

In the following result we prove some basic properties of the anisotropic Total Gener-
alized Variation.

Proposition 4.2. Let Ω be a bounded, connected and open set in Rn, with n ≥ 2.
Let φ ∈ Φw(Ω) satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Then, the following
statements hold:

(i) TGV φ,2
α is a seminorm on the normed space BGV φ,2

α (Ω).
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(ii) For u ∈ L1
loc(Ω), there holds TGV φ,2

α (u) = 0 if and only if u is a polynomial of
degree 0 or 1.

(iii) For eevery α̃ = (α̃1, α̃2) ∈ R+ × R+, the seminorms TGV φ,2
α and TGV φ,2

α̃ are
equivalent.

(iv) TGV φ,2
α is rotationally invariant, namely for any matrix R ∈ SO(n) and u ∈

BGV φ,2
α (Ω) we can define ũ(x) := u(Rx) and we have that ũ ∈ BGV φ,2

α (RTΩ)
and TGV φ,2

α (ũ) = TGV φ,2
α (u).

(v) For r > 0 and u ∈ BGV φ,2
α (Ω), define ū(x) := u(rx). Then ū ∈ BGV φ,2

α (r−1Ω)
and

TGV φ,2
α (ū) = r−n TGV φ,2

ᾱ (u) with ᾱ = (ᾱ1, ᾱ2) := (α1r
2, α2r).

Proof. (i). Thanks to the definition of the functional TGV φ,2
α given in (1.1), it is obvious

to see that the two conditions (N2) and (N3) in Definition 2.1 hold, implying that
TGV φ,2

α is a seminorm. Note that BGV φ,2
α (Ω) is a normed space because φ ∈ Φw(Ω)

and satisfies (A0), so ∥ · ∥φ is a norm, see [30, Theorem 3.7.13].
(ii). Let us denote the set of the test functions for the functional TGV φ,2

α by

Kφ,2
α (Ω) := {ψ ∈ C2

c (Ω;Rn×n
sym ) : ∥ψ∥φ∗ ≤ α1, ∥divψ∥φ∗ ≤ α2}.

Let us first assume that u is a polynomial of degree 0 or 1, implying that ∇2u = 0.
Then, since the test function ψ is in Kφ,2

α (Ω) and thanks to two integration by parts,
it is obvious that TGV φ,2

α (u) = 0.
Suppose now that TGV φ,2

α (u) = 0 for some u ∈ L1
loc(Ω). For any ψ ∈ C2

c (Ω;Rn×n
sym ), one

can find a λ > 0 such that

∥λψ∥∞ ≤ α1 and ∥div(λψ)∥∞ ≤ α2.

Since φ satisfies (A0), meaning that φ∗ satisfies (A0) as well, see Lemma 2.12(iv), and
since Ω is bounded, thanks to Lemma 2.13 we have that λψ ∈ Kφ,2

α (Ω). Testing in
(1.1) with λψ, we then get

ˆ
Ω
udiv2ψ dx = 0 for any ψ ∈ C2

c (Ω;Rn×n
sym ),

implying that ∇2u = 0 in the weak sense. Since Ω is connected, this implies that u has
to be a polynomial of degree less than 2.
(iii). The equivalence of the seminorms TGV φ,2

α and TGV φ,2
α̃ can be proven noticing

that, chosen
c := max{α1, α2}

min{α̃1, α̃2}
,

we have that cKφ,2
α (Ω) ⊂ Kφ,2

α̃ (Ω), meaning that c TGV φ,2
α (u) ≤ TGV φ,2

α̃ (u) for any
u ∈ L1

loc(Ω). Interchanging the roles of α and α̃ gives us the desired equivalence.
(iv). Thanks to [11, (A.4)], we know that given a matrix R ∈ SO(n), then

ψ ∈ C2
c (RTΩ;Rn×n

sym ) ⇐⇒ ψ̃ := (ψ ◦RT)RT ∈ C2
c (Ω;Rn×n

sym ),
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with divl ψ̃ = ((divl ψ) ◦RT)RT, with l = 0, 1 where div0 = id. Hence, for l = 0, 1,

∥divl ψ̃∥φ∗ = ∥((divl ψ) ◦RT)RT∥φ∗ = ∥(divl ψ) ◦RT∥φ∗ = ∥divl ψ∥φ∗ ,

implying that ψ ∈ Kφ,2
α (RTΩ) if and only if ψ̃ ∈ Kφ,2

α (Ω). Lastly, for any ψ ∈
Kφ,2
α (RTΩ) we have

ˆ
RTΩ

u(Rx) div2ψ(x) dx =
ˆ

Ω
u(x) div2ψ(RTx) dx =

ˆ
Ω
u(x) div2ψ̃(x) dx,

yielding TGV φ,2
α (u ◦R) = TGV φ,2

α (u).
(v). Note that

div(v ◦ r−1In) = r−1(div v) ◦ r−1In,

implying that, chosen ψ ∈ C lc(r−1Ω;R2×2
sym) and ψ̄ := r2 ψ ◦ r−1In, we have

∥divlψ̄∥φ∗ = r2−l∥divlψ∥φ∗ ,

for l = 0, 1. As a consequence, ψ ∈ Kφ,2
α (r−1Ω) if and only if ψ̄ ∈ Kφ,2

ᾱ (Ω) with
ᾱ = (ᾱ1, ᾱ2) := (α1r

2, α2r). Lastly, this yields
ˆ
r−1Ω

u(rx) div2ψ(x) dx = r−n
ˆ

Ω
u(x) div2ψ(r−1x) dx =

ˆ
Ω
u(x) div2ψ̄(x) dx,

implying TGV φ,2
α (u ◦ r In) = r−n TGV φ,2

ᾱ (u).

Note that it is possible to prove that TGV φ,2
α is weakly lower semicontinuous with

respect to the weak Lp convergence, as well as to the weak* convergence in L∞.

Lemma 4.3. Let Ω be a bounded set in Rn and let φ ∈ Φw(Ω). Then, TGV φ,2
α is

weakly lower semicontinuous in Lp(Ω) for every 1 ≤ p < +∞, as well as weak* lower
semicontinuous in L∞(Ω) for any α ∈ R+ × R+.

Proof. We only prove the lemma for p ∈ [1,+∞), as the case p = +∞ is analogous.
Chosen ψ ∈ C2

c (Ω;Rn×n
sym ) with ∥ψ∥φ∗ ≤ α1 and ∥divψ∥φ∗ ≤ α2 as in (1.1), then

div2ψ ∈ L∞(Ω). Then, chosen (uk)k ⊂ Lp(Ω) such that uk ⇀ u weakly in Lp(Ω) we
get ˆ

Ω
udiv2ψ dx = lim inf

k→+∞

ˆ
Ω
uk div2ψ dx ≤ lim inf

k→+∞
TGV φ,2

α (uk).

The thesis follows by taking the supremum over all such ψ.

The next proposition is the equivalent of [11, Proposition 3.5] in our setting, proving
that BGV φ,2

α (Ω) is a Banach space.

Proposition 4.4. Let Ω be a bounded, connected and open set in Rn, with n ≥ 2. Let
φ ∈ Φw(Ω) satisfy (A0). Then, for any weight α = (α1, α2) ∈ R+ × R+ the space
BGV φ,2

α (Ω) is a Banach space if endowed with the norm ∥ · ∥
BGV φ,2

α
.

Proof. Thanks to Proposition 4.2(iii), we know that all the seminorms TGV φ,2
α , respec-

tively norms ∥ · ∥
BGV φ,2

α
, are equivalent for any α ∈ R+ ×R+, so we only need to prove

that BGV φ,2
α (Ω) is complete for some α ∈ R+ × R+.

Note that, since Ω is bounded and φ satisfies (A0), then by Lemma 2.13 we have
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Lφ(Ω) ↪→ L1(Ω). This, together with Lemma 4.3, implies that TGV φ,2
α is a lower

semicontinuous functional with respect to Lφ(Ω) for any α and φ chosen as in the
hypotheses.
Now let (un)n be a Cauchy sequence in BGV φ,2

α (Ω). This yields that (un)n is a Cauchy
sequence also in Lφ(Ω), implying the existence of a limit u ∈ Lφ(Ω) such that

TGV φ,2
α (u) ≤ lim inf

n→+∞
TGV φ,2

α (un),

thanks to the lower semicontinuity of the functional. As a consequence, u ∈ BGV φ,2
α (Ω)

and the only thing left to be shown is that u is the limit in the corresponding norm as
well. In order to do so, let us choose ε > 0 and n ∈ N such that for any n̄ ≥ n it holds
that TGV φ,2

α (un −un̄) ≤ ε. Thanks again to the lower semicontinuity of the functional
(with respect to the L1 weak convergence), letting n̄ → +∞ we then get

TGV φ,2
α (un − u) ≤ lim inf

n̄→+∞
TGV φ,2

α (un − un̄) ≤ ε,

implying that un → u in BGV φ,2
α (Ω).

4.2 Dual formulation

The first step in order to treat minimization problems in image denoising with this new
regularizer is to prove an equivalent result to [12, Theorem 3.1], namely proving that
(1.1) can be rewritten equivalently as a minimization problem which can be interpreted
as an optimal balancing between the first and second derivative of u in terms of “sparse”
penalization, see [12, Remark 3.2]. In [12] this was done via the Radon norm (i.e. the
norm in M associated to the Radon measure Du), while here we need to use the variant
of the generalized variation associated to φ defined in (3.11). Given the anisotropic
nature of such regularizers, we expect them to better capture fine texture details in the
images. The result, providing a dual characterization of TGV φ,2

α , reads as follows.

Theorem 4.5. Let Ω ⊂ Rn be a bounded, connected, C1 and open set. Let φ ∈ Φw(Ω)
satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Then for any u ∈ L1(Ω) we have

TGV φ,2
α (u) = min

w∈BD(Ω)

{
α2Ṽ

n
φ (Du− w) + α1Ṽ

n×n
φ (Ew)

}
, (4.2)

where TGV φ,2
α is defined as in (1.1) and where we have adopted the convention that the

above right-hand side is infinite if Ṽ n×n
φ (Ew) = +∞. If, additionally, u ∈ BV φ(Ω),

defined as in (3.2), then

TGV φ,2
α (u) = min

w∈BDφ(Ω)

{
α2Ṽ

n
φ (Du− w) + α1Ṽ

n×n
φ (Ew)

}
, (4.3)

where the space BDφ(Ω) is defined as in (3.13).

Proof. Let us define X2 := C2
0 (Ω;Rn×n

sym ), X1 := C1
0 (Ω;Rn) and Λ := div ∈ L(X2, X1).

We stress that

X2 = C2
c (Ω;Rn×n

sym )
∥·∥C2 and X1 = C1

c (Ω;Rn)∥·∥C1
. (4.4)

Chosen u ∈ L1(Ω), we define

F1(M) := I{∥·∥φ∗≤α2}(M), for any M ∈ X2
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and
F u2 (v) := I{∥·∥φ∗ ≤α1}(v) −

ˆ
Ω
udivv dx, for any v ∈ X1.

Since φ satisfies (A0), then by Lemma 2.12(iv) also φ∗ satisfies (A0) and, by Lemma
2.13, we have that F1 and F u2 are continuous in the C2- and C1-topologies, respectively.
Then, thanks to a density argument and to (4.4), we have that

TGV φ,2
α (u) = − inf

M∈X2
[F1(M) + F u2 (ΛM)] .

Let us remark that we can write the space X1 equivalently as

X1 =
⋃
λ≥0

λ (domF u2 − Λ domF1) . (4.5)

Indeed, if z ∈ domF u2 then, trivially, z ∈ X1 implies z ∈
⋃
λ≥0 λ (domF u2 − Λ domF1)

and for some λ ≥ 0 it is always verified that z
λ ∈ domF u2 . This implies that X1 ⊂⋃

λ≥0 λ (domF u2 − Λ domF1). On the other hand, the converse is true since X1 is a
closed vector space (and domF u2 and domF1 are subsets of X1).
Now, since X1 is a closed set, it means that also the right-hand side of (4.5) is closed,
which allows us to use [5, Corollary 2.3], a Fenchel-Rockafellar duality result, getting

TGV φ,2
α (u) = − inf

M∈X2
[F1(M) + F u2 (ΛM)] = min

w∈X∗
1

[(F u2 )∗(w) + F ∗
1 (−Λ∗w)] .

Now, exploiting the definition of Fenchel conjugate, we get

(F u2 )∗(w) = α2 sup
v∈X1

{
⟨w, v⟩Y +

ˆ
Ω
udivv dx : ∥v∥φ∗ ≤ 1

}
,

for every w ∈ D′(Ω;Rn), and

F ∗
1 (−Λ∗w) = α1 sup

M∈X2

{⟨−Λ∗w,M⟩X : ∥M∥φ∗ ≤ 1} ,

for every w ∈ D′(Ω;Rn) with −Λ∗w ∈ D′(Ω;Rn×n), where ⟨·, ·⟩X1 and ⟨·, ·⟩X2 denote,
respectively, the duality products between X1 and X∗

1 and between X2 and X∗
2 . Now,

we observe that if F ∗
1 (−Λ∗w) = +∞, then by Lemma 2.13 we find ∥ − Λ∗w∥M =

+∞. Moreover, since −Λ∗ = E, we infer that for every w ∈ D′(Ω;Rn) with −Λ∗w ∈
D′(Ω;Rn×n) we have

F ∗
1 (−Λ∗w) =

{
α1Ṽ

n×n
φ (Ew) if Ew ∈ M(Ω;Rn×n)

+∞ if Ew ∈ D′(Ω;Rn×n) \ M(Ω;Rn×n).

Analogously, by observing that, since u ∈ L1(Ω),

(F u2 )∗(w) = α2 sup
v∈X1

{⟨Du− w, v⟩X1 : ∥v∥φ∗ ≤ 1} ,

for every w ∈ D′(Ω;Rn), the same argument as for F ∗
1 yields

(F u2 )∗(w) =
{
α2Ṽ

n
φ (Du− w) if Du− w ∈ M(Ω;Rn)

+∞ if Du− w ∈ D′(Ω;Rn) \ M(Ω;Rn),



Bounded Musielak-Orlicz deformation and anisotropic TGV

again for every w ∈ D′(Ω;Rn). Thus, to summarize, by classical properties of BD and
BV , see [46, Chapter II, Theorem 2.3] and [4], we have that the following characteri-
zation holds:

TGV φ,2
α (u) =


min

w∈BD(Ω)

{
α2Ṽ

n
φ (Du− w) + α1Ṽ

n×n
φ (Ew)

}
if u ∈ BV (Ω;Rn),

+∞ otherwise in L1(Ω;Rn).
(4.6)

To conclude the proof we observe that if u ∈ BV φ(Ω), then by [30, Theorem 3.4.6] the
above infimum problem can be considered on the subspace of BD(Ω) where additionally
∥w∥φ∗∗ < +∞, namely BDφ(Ω), see Remark 3.8.

Note that in the proof we exploited the condition (A0) on the function φ in order to
have the inclusions BV φ(Ω) ↪→ BV (Ω) and BDφ(Ω) ↪→ BD(Ω), see Remarks 3.1 and
3.7.
The following result reduces the functional-analytic setting to the space BV φ(Ω), see
(3.2), by establishing equivalence of the two spaces BGV φ,2

α and BV φ.

Corollary 4.6. Under the same assumptions of Theorem 4.5, we have that TGV φ,2
α (u) <

+∞ if and only if u ∈ BV φ(Ω).

Proof. By Remark 3.3, choosing w = 0 as a test function in the characterization of
TGV φ,2

α (u), namely (4.2), we directly infer

TGV φ,2
α (u) ≤ α2Ṽ

n
φ (Du) = α2Vφ(u),

(see (3.1)), which, in turn, yields

∥u∥φ + TGV φ,2
α (u) ≤ max{1, α2}∥u∥BV φ(Ω).

Conversely, since Ṽ n
φ satisfies the triangle inequality, letting wu be the minimum in

(4.2), we deduce

α2Vφ(u) = α2Ṽ
n
φ (Du) ≤ α2Ṽ

n
φ (Du− wu) + α2Ṽ

n
φ (wu) ≤ TGV φ,2

α (u) + α2Ṽ
n
φ (wu).

Remark 4.7. Thanks to Proposition 4.2, in particular thesis (i), and to Corollary 4.6,
we have that TGV φ,2

α is a seminorm also on the space BV φ(Ω).

Remark 4.8. Differently from the classical TGV -setting, it is not clear whether it is
possible to show that there exists a constant C > 0 such that

1
C

∥u∥BV φ(Ω) ≤ ∥u∥φ + TGV φ,2
α (u)

or not. Roughly speaking, this is due to the absence of a Musielak-Orlicz equivalent
of Sobolev-Korn inequality. We refer the interested reader to the discussion and the
references in Section 3.
We also stress that, as it follows from the analysis in Proposition 4.9,

1
C

(∥u∥φ + |Du|(Ω)) ≤ ∥u∥φ + TGV φ,2
α (u)

for every u ∈ BV φ(Ω).
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Thanks to what we have proven in Subsections 3.2 and 3.3, we expect also the variation
Ṽ m
φ and, as a consequence, the total generalized variation TGV φ,2

α to have a decomposi-
tion depending on the absolutely continuous part and the singular part of the gradient
of the functions u ∈ BV φ(Ω). We leave this open question for future works.

4.3 Existence and stability of solutions to the minimization problem

In this section we show how our notion of total generalized variation inherits classi-
cal existence and stability properties. Throughout this section we will always tacitly
assume that TGV φ,2

α is extended to +∞ outside of its domain. We first prove that a
Poincaré-Wirtinger inequality also holds in our setting, entailing the coercivity needed
to prove the existence of solutions to minimum problems in image denoising.
To this aim, from now on we denote by P1(Ω) the space of affine functions, as well as
by Π : L1(Ω) → P1(Ω) a linear projection.

Proposition 4.9. Let Ω ⊂ Rn be a bounded, connected, open set with C1 boundary.
Let φ ∈ Φw(Ω) satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Let 1 < p ≤ n

n−1 . Then,
there exists a constant c > 0 such that

∥u∥Lp(Ω) ≤ c TGV φ,2
α (u),

for every u ∈ ker Π ∩ Lp(Ω).

Proof. Because φ satisfies (A0), by Remark 3.1 we have BV φ(Ω) ↪→ BV (Ω) and so

|Du− w|(Ω) ≤ Ṽ n
φ (Du− w).

Analogously, thanks to Remark 3.7 we get BDφ(Ω) ↪→ BD(Ω), entailing

|Ew|(Ω) ≤ Ṽ n×n
φ (Ew),

for every w ∈ BD(Ω). In view of [12, Theorem 3.1 & Proposition 4.1], we infer the
existence of a constant c > 0 such that

∥u∥Lp(Ω) ≤ c TGV 2
α (u) ≤ c [α2|Du− w|(Ω) + α1|Ew|(Ω)]

≤ c
[
α2Ṽ

n
φ (Du− w) + α1Ṽ

n×n
φ (Ew)

]
,

for every w ∈ BD(Ω). The thesis follows then by Theorem 4.5.

In view of the Lemma 4.3, we deduce existence of minimizers whenever TGV φ,2
α is

augmented by suitable fidelity terms. In what follows, given two Hilbert spaces X and
H, we denote by L(X;H) the set of linear and continuous operators between X and
H.

Theorem 4.10. Let Ω ⊂ Rn be a bounded, connected, open set with C1 boundary. Let
φ ∈ Φw(Ω) satisfy (A0) and let α = (α1, α2) ∈ R+ ×R+. Let 1 < p ≤ n

n−1 . Let further
H be an Hilbert space, and let K ∈ L(Lp(Ω);H) be injective on P1(Ω). Then, for every
f ∈ H, the minimum problem

min
u∈Lp(Ω)

1
2∥Ku− f∥H + TGV φ,2

α (u) (4.7)

has a solution.
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Proof. Arguing exactly as in the proof of [12, Theorem 4.2], in view of Propositions 4.2
and 4.9, we find that any minimizing sequence for (4.7) is uniformly bounded in Lp(Ω)
for every 1 ≤ p ≤ n

n−1 . The thesis follows then by Lemma 4.3.

We conclude this section by showing stability of minimizers of (4.7) with respect to the
fidelity datum f .

Theorem 4.11. Let Ω ⊂ Rn be a bounded, connected, open set with C1 boundary. Let
φ ∈ Φw(Ω) satisfy (A0) and let α = (α1, α2) ∈ R+ × R+. Let 1 < p ≤ n

n−1 . Let H
be an Hilbert space and let K ∈ L(Lp(Ω);H) be injective on P1(Ω). Let (fk)k ⊂ H be
such that fk → f strongly in H. Then, setting

Fk(u) := 1
2∥Ku− fk∥H + TGV φ,2

α (u), F0(u) := 1
2∥Ku− f∥H + TGV φ,2

α (u),

for every u ∈ Lp(Ω), we have that (Fk)k Γ-converges to F0 with respect to the weak
Lp-topology.

Proof. The limsup inequality is immediately verified by considering for each u ∈ Lp(Ω)
the constant recovery sequence ūk = u for every k ∈ N. To show the liminf inequality,
let u ∈ Lp(Ω) and let (uk)k ⊂ Lp(Ω) be such that uk ⇀ u weakly in Lp(Ω). The fact
that

F0(u) ≤ lim inf
k→+∞

Fk(uk)

is a direct consequence of Lemma 4.3.

As a consequence of Theorem 4.11 we infer convergence of the associated minimizers.

Corollary 4.12. Under the same hypotheses of Theorem 4.11, we have

(i) min Fk → min F0.

(ii) Letting uk ∈ argmin Fk for every k ∈ N, we have that (uk)k is precompact in
L

n
n−1 (Ω), and that every limiting point u satisfies u ∈ argmin F0.

Proof. The result follows from the Fundamental Theorem of Gamma-convergence, cf.
[10], by combining Theorem 4.11 and Proposition 4.9.

A Proofs of the results in Subsection 3.2
In Proposition 3.17 and Proposition 3.18 we consider respectively the singular and ab-
solutely continuous parts of the symmetric gradient separately and we then combine
them to handle the whole function in Theorem 3.14.
In order to prove Proposition 3.17, we need the following result, analogous to [26,
Lemma 3.5], which holds a characterization of the singular part of the symmetric gra-
dient of our function.

Lemma A.1. Let Ω ⊂ Rn be a bounded, connected and open set. If u ∈ BD(Ω), then

|Esu|(Ω) = sup
{ˆ

Ω
ψ : dEsu : ψ ∈ C1

c (Ω;Rn×n
sym ), |ψ| ≤ 1

}
.
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Proof. By the definitions of total variation of a measure and of weak derivative, together
with the fact that Eu = Eu+ Esu, we see that

|Eu|(Ω) = sup
ψ∈C1

c (Ω;Rn×n
sym ),|ψ|≤1

(ˆ
Ω
ψ : dEu+

ˆ
Ω
ψ : dEsu

)

≤ sup
ψ∈L∞(Ω;Rn×n

sym ),|ψ|≤1

ˆ
Ω
ψ : dEu+ sup

ψ∈L∞(Ω;Rn×n
sym ),|ψ|≤1

ˆ
Ω
ψ : dEsu

= |Eu|(Ω) + |Esu|(Ω).

Since |Eu|(Ω) + |Esu|(Ω) = |Eu|(Ω) as E and Es are mutually singular, each inequality
has to be an equality, and so the claim follows.

We can now give the proof of Proposition 3.17, following the lines of [26, Proposition
6.2].

Proof of Proposition 3.17. By the definition of the total variation of a measure, Lemma
3.16 and the definition of Tφ, see (3.18), we have

sup
ψ∈Tφ

ˆ
Ω
ψ : dEsu ≤ sup

ψ∈Tφ

ˆ
Ω

|ψ| d|Esu| ≤
ˆ

Ω
φ′

∞ d|Esu|.

In order to tackle the opposite inequality, let us define hk : Ω → [0,+∞] by

hk(x) := lim
r→0+

inf
y∈B(x,r)

φ(y, k)
k

for any x ∈ Ω.

Notice that hk is lower semicontinuous with

hk ≤ φ(·,k)
k ≤ φ∞. (A.1)

From the first inequality it follows that φ∗(·, hk) ≤ φ(·, k), implying that ϱφ∗(hk) ≤
ϱφ(k) < +∞ since φ satisfies (A0) and (aDec), and Ω is bounded.
Let us now remark that hk → φ∞ as k → +∞. Indeed, if φ∞(x) = +∞, then we can
use (A1) in all sufficiently small balls, since φ+(k) < +∞, to conclude that

hk(x) = lim
r→0+

inf
y∈B(x,r)

φ(y, k)
k

≥ φ(x, βk) − 1
k

→ βφ∞(x) = +∞ (A.2)

as k → +∞. If instead φ∞(x) < +∞, then we use the same inequality but now with
β := 1

1+ω(r) , where ω is the modulus of continuity coming from the restricted (VA1)
condition, and we obtain the desired convergence as β → 1−.
Note that hk is increasing in k since φ is convex. Then, by monotone convergence,ˆ

Ω
φ∞ d|Esu| = lim

k→∞

ˆ
Ω
hk d|Esu|.

Let us fix ε > 0 and assume that
´

Ω φ
∞ d|Esu| < +∞. Then, we can find h = hk and

K > 0 such that
ˆ

Ω
φ∞ d|Esu| ≤

ˆ
Ω
h d|Esu| + ε ≤

K2∑
j=1

ˆ
Ω

1
K
χ

{h> j
K }

d|Esu| + 2ε

= 1
K

K2∑
j=1

|Esu|
({

h >
j

K

})
+ 2ε.
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Since h is lower semicontinuous, then {h > j
K } is open, and hence by Lemma A.1 we

can choose ψj ∈ C1
c (Ω;Rn×n

sym ) with |ψj | ≤ 1 such that

ˆ
Ω
φ∞ d|Esu| ≤ 1

K

K2∑
j=1

ˆ
{h> j

K }
ψj : dEsu+ 3ε =

ˆ
Ω

K2∑
j=1

1
K
ψj

 : dEsu+ 3ε.

Defining ψε := ∑K2
j=1

1
Kψj , we can notice that ψε ∈ C1

c (Ω;Rn×n
sym ) and

|ψε| ≤ 1
K

K2∑
j=1

|ψj | ≤ 1
K

K2∑
j=1

χ{h> j
K

} ≤ h,

giving ϱφ∗(|ψε|) < +∞. Therefore ψε ∈ Tφ and
ˆ

Ω
φ∞ d|Esu| ≤

ˆ
Ω
ψε : dEsu+ 3ε ≤ sup

ψ∈Tφ

ˆ
Ω
ψ : dEsu+ 3ε.

The upper bound then follows letting ε → 0+. If instead
´

Ω φ
∞ d|Esu| = +∞, then a

similar argument gives 1
3ε ≤ supψ∈Tφ

´
Ω ψ : dEsu and the claim again follows.

Lastly, we now give the proof of Proposition 3.18, following the lines of [26, Proposition
6.3].

Proof of Proposition 3.18. The upper bound follows directly from Young’s inequality,
indeed

sup
ψ∈Tφ

ˆ
Ω

[Eu : ψ − φ∗(x, |ψ|)] dx ≤
ˆ

Ω
φ(x, |Eu|) dx = ϱφ(|Eu|).

In order to prove the lower bound let us choose gi ∈ C(Ω;Rn×n
sym )∩Lφ(Ω;Rn×n

sym ) such that
gi → Eu pointwise a.e and in L1(Ω;Rn×n

sym ). Then Fatou’s Lemma and L1-convergence
yield
ˆ

Ω
φ(x, |Eu|) dx ≤ lim inf

i→+∞

ˆ
Ω
φ(x, |gi|) dx and lim

i→+∞

ˆ
Ω
gi : ψ dx =

ˆ
Ω

Eu : ψ dx

for any ψ ∈ Tφ. Thus, it suffices to show that
ˆ

Ω
φ(x, |g|) dx ≤ sup

ψ∈Tφ

ˆ
Ω

[g : ψ − φ∗(x, |ψ|)] dx

for any g ∈ C(Ω;Rn×n
sym ) ∩ Lφ(Ω;Rn×n

sym ). Moreover, replacing ψ by g
ε+|g| |ψ| and letting

ε → 0+, we see that g : g
ε+|g| |ψ| → |g| |w| pointwise. Thus, by monotone convergence,

the vector-values of g and ψ are irrelevant and we only need to show that
ˆ

Ω
φ(x, |g|) dx ≤ sup

ψ∈C1
c (Ω)

ˆ
Ω

[|gψ| − φ∗(x, |ψ|)] dx (A.3)

for any g ∈ C(Ω) ∩Lφ(Ω). We can also exclude test functions such that ϱφ∗(ψ) = +∞,
see Remark 3.11.
Now let us denote with φ′ the left-derivative of φ with respect to the second variable.
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Then φ′ is left-continuous and φ(x, s) ≥ φ(x, s0) + φ′(x, s0)(s − s0) by convexity. For
any ε > 0, let us define

ψε(x, t) :=
ˆ +∞

−∞
φ(x,max{τ, 0}) ζε(t− τ) dτ = (φ ∗t ζε)(x, t), (A.4)

where ζε is a mollifier in R with support in [0, ε] and where ∗t denotes the convolution
only in the second variable. Since φ and φ′ are increasing in the second variable and
left-continuous, we have that ψε ↗ φ and ψ′

ε ↗ φ′ as ε → 0+. Moreover, ψ′
ε = φ ∗t ζ ′

ε

is continuous in both x, since φ is, and t, as a convolution with a smooth function.
Let vi ∈ Cc(Ω) with 0 ≤ vi ≤ 1 and vi ↗ 1 as i → +∞. By uniform continuity in
supp vi, we can choose δ = δε,i > 0 such that, for any ε > 0 and i ∈ N,

ψ′
ε(x, |g(x)| vi(x)) − ε ≤ ψ′

ε(y, |g(y)| vi(y))

for all x ∈ B(y, δ) and y ∈ Ω. Then

ψε,i := max{ψ′
ε( · , |g| vi) − ε, 0} ∗x ηδ ≤ ψ′

ε(·, |g|) ≤ φ′(·, |g|),

where ηδ is a mollifier in R with support in [0, δ] and where ∗x denotes the convolution
only in the first variable. We have that ψε,i → φ′(·, |g|), so we conclude by Fatou’s
Lemma that ˆ

Ω
|g|φ′(x, |g|) dx ≤ lim inf

i→+∞, ε→0

ˆ
Ω

|g ψε,i| dx.

Since φ satisfies (A0) and (aDec), we see that

φ∗(x, |ψε,i|) ≤ φ∗(x, φ′(x, |g|)) ≤ |g|φ′(x, |g|) ≤ c φ(x, |g|),

where c > 0 is a constant. Since g ∈ Lφ(Ω) and φ satisfies (aDec), then ϱφ(g) < +∞.
Thus, dominated convergence with upper bound c φ(·, g) yields

ˆ
Ω
φ∗(x, φ′(x, |g|)) dx = lim

i→+∞, ε→0

ˆ
Ω
φ∗(x, |ψε,i|) dx.

Since ψε is a valid test function and φ′(·, |g|) < +∞ a.e. in Ω, the last equality, together
with “Young’s equality”, see [41, Lemma 1.7.3(i)], implies that

sup
ψ∈C1

c (Ω), ϱφ∗ (ψ)<+∞

ˆ
Ω

[|gψ| − φ∗(x, |ψ|)] dx ≥ lim inf
i→+∞, ε→0

ˆ
Ω

[|g| |ψε,i| − φ∗(x, |ψε,i|)] dx

≥
ˆ

Ω
[|g|φ′(x, |g|) − φ∗(x, φ′(x, |g|))] dx =

ˆ
Ω
φ(x, |g|) dx,

proving (A.3) and completing the proof of the lower bound.

Remark A.2. The natural idea would be to choose ψ := φ′(x, |g|) in the supremum
in (A.3), instead of the family of test functions that we chose in (A.4), where φ′ is the
left-derivative of φ with respect to the second variable. However, this function is not in
general smooth and we cannot use regular approximation by smooth functions since φ∗

is not doubling.
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B A Convex Analysis lemma
The following result is presented for readers convenience and it is due to [1], see Lemma
2.33 therein. It has been used in Section 3.

Lemma B.1. Let X be a Banach space with norm ∥ · ∥X , let ϕ : R → R be an even
and convex function, and define f : X → R as f(x) := ϕ(∥x∥X). Then

f∗(x∗) = ϕ∗(∥x∗∥X∗)

where X∗ denotes the dual of X with norm ∥ · ∥X∗.

Proof. By definition

f∗(x∗) = sup
x∈X

[⟨x∗, x⟩ − f(x)] = sup
x∈X

[⟨x∗, x⟩ − ϕ(∥x∥X)],

which can be equivalently written as

f∗(x∗) = sup
t≥0

sup
∥x∥X=t

[⟨x∗, x⟩ − ϕ(t)]

= sup
t≥0

{[
sup

∥x∥X=t
⟨x∗, x⟩

]
− ϕ(t)

}
= sup

t≥0
[t∥x∗∥X∗ − ϕ(t)].

(B.1)

On the other hand, by definition

ϕ∗(∥x∗∥X∗) = sup
t∈R

[t∥x∗∥X∗ − ϕ(t)], (B.2)

hence it suffices to prove that (B.1) coincides with (B.2), i.e. that it suffices to take the
supremum on nonnegative real numbers. Using the fact that ϕ is even, for any t > 0
we have

−t∥x∗∥X∗ − ϕ(−t) = −t∥x∗∥X∗ − ϕ(t) ≤ t∥x∗∥X∗ − ϕ(t),

hence
sup
t∈R

[t∥x∗∥X∗ − ϕ(t)] = sup
t≥0

[t∥x∗∥X∗ − ϕ(t)],

which concludes the proof.
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