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Abstract

In the first part of this paper we introduce the space of bounded deformation
fields with generalized Orlicz growth. We establish their main properties, provide
a modular representation, and characterize a decomposition of the modular into an
absolutely continuous part and a singular part weighted via a recession function.
A further analysis in the variable exponent case is also provided. The second part
of the paper contains a notion of Musielak-Orlicz anisotropic Total Generalized
Variation. We establish a duality representation, and show well-posedness of the
corresponding image reconstruction problem.
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1 Introduction

Ever since the early 90s, the variational approach has been a cornerstone of the math-
ematical image reconstruction. Generally speaking, in its simpler formulation, this
methodology can be summarized as follows: for a given bounded domain Q C R2,
grayscale images are identified with functions u : 0 — R. Starting from a datum f,
possibly corrupted by noise, a clean image is obtained through the minimization of an
energy functional of the form

Z(u) = of|[Ku — flla + B R(u),

for a, 5 > 0. The structure of Z relies on the competition between the fidelity term
|Ku — f|lm, for a given normed space H and a forward operator K, intended to keep
track of the original datum f, and a regularizing term R(u), whose task is to filter out
the noise and return a clean image. The strength of both effects is quantified by the
two tuning parameters o and f3.

In this paper we propose a novel regularizer based on a Musielak-Orlicz generalization
of classical Total Generalized Variation functionals, and provide a first study of the
associated space of functions with bounded deformation with generalized Orlicz growth.
Depending on specific applications, various types of variational regularizers have been
proposed in the literature. A classical example is the ROF model, where R(u) is



Bounded Musielak-Orlicz deformation and anisotropic TGV

the total variation of w, cf. [44]. A known drawback of such functional is the so-
called staircasing effect, namely the tendency of producing artificially piecewise-affine
artifacts in the image denoising, see [16, [36]. In order to counteract such problems,
several higher-order models have been introduced. A particularly successful one is the
second-order Total Generalized Variation, defined as

TGVO?(U) = sup {/ wdivipde : e CQ(Q ngﬁ) 1V]loo < aq, ||div )| < ag},
Q

for every u € L (), with a = (a1, a2) € RT x RT. We refer to the seminal paper [L1]
for a general introduction and higher-order generalizations, and to [12] for an in-depth
study of the second-order formulation.

In the last few years, due to an increasing interest in accurate and adaptive image
reconstruction, an emerging trend has been considering anisotropic models, allowing
to tailor the denoising effects to specific features of different parts of the images. First
steps in this direction have already been taken, e.g., in [9} [16, 45]. In particular, in
[17] the authors have proposed an anisotropic ROF-type functional with R of the form

= [q ¢(x, |Dul) dx with

z .
St} = ﬁtl’( ) Tft € [0,1],
-1+ p(z) ift>1,

and with the variable exponent p :  — [¢, 2], with ¢ > 1.

In parallel, the study of variational problems in variable, Orlicz, and generalized Orlicz
spaces has boomed in the past ten years. Among the vast literature, we single out the
contributions [19, 24], 30, 31 32, 43] and the references therein.

The extension of the model in [17] to incorporate the case ¢ = 1, as well as an Orlicz
generalization for regularizers R(u) ~ [, ¢(z,|Du|) for ®-functions ¢ possibly having
linear growth, is the subject of [26] where a thorough mathematical foundation of the
space of anisotropic functions with bounded variation with generalized Orlicz growth
has also been provided. A further step in this direction has been taken in [29], where
the associated Euler-Lagrange equations and gradient flows have also been analyzed
(see also [28]). The effect of an anisotropic norm in the Chan-Vese (or anisotropic
Mumford-Shah) is the subject of [39]. Anisotropic models, at least in the ROF setting,
have indeed proven to allow for more accurate computations, as well as for a staircasing
reduction and a sharper texture recognition. We refer to [I8, 27, [37] for an overview
and further references.

Our contribution is twofold. First, we introduce a novel anisotropic functional setting
of functions with bounded deformation, namely the space BD¥ of bounded deformation
fields with generalized Orlicz growth. After analyzing its basic properties, we establish
a link to a modular representation and provide a further study in the special case of
variable Lebesgue integrability.

Second, we analyze a Musielak-Orlicz anisotropic Total Generalized Variation class of
regularizers. Let € be a bounded, connected and open set in R™, with n > 2. Inspired
by [11], for a fixed generalized weak ®—function ¢ € ®,,(2) (see Section for the
detailed assumptions), we define our anisotropic Total Generalized Variation of order
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2 with weight o = (a1, a2) € RT x RT as

TGVE?(u) == sup{/udivzw dzr :
“ (1.1)
W € CHORED), [¢llpr < ag, [|div ]y < az},

for every u € Ll (), where || - ||« is the norm associated to the Fenchel conjugate
function of ¢, cf. Definition and where the divergence of order 2 of £ € R is
defined as 0 o )
9°&ii 97&ij
div?¢ = 2y
) 8xz i<j 89526%

(see also [T1] for higher-order notions of divergence). Note that, in principle, TGV ¥2(u)
might take infinite values.

A prototypical example of admissible functions ¢ is given by ¢(t) := ﬁtp(’”) (see also
[26, Example 4.3]), with p : Q — [1, 4+o0], thus possibly describing linear, superlinear,
or even infinite growth in different portions of the domain.

After studying the basic properties of TGV.?2, we identify a dual representation, and
show how classical existence and stability for classical Total Generalized Variation carry
over to our Musielak-Orlicz setting.

The paper is organized as follows. In Section [2] we collect some definitions and technical
results on ®-functions and generalized Orlicz spaces. Section [3] contains the definition
and main properties of the novel space of bounded deformation fields with generalized
Orlicz growth BD?. In particular, in Subsection [3.1] we establish a connection between
BD¥ and an associated weighted-modular representation, while in Subsection (3.2 we
further establish a decomposition of the modular function in terms of the modular of
the absolutely continuous part of the symmetric gradient and a singular part weighted
by the recession function, cf. Theorem Eventually, in Subsection we specify
our setting to the variable exponent case. The focus of Section [] is on our anisotropic
Total Generalized Variation. In Subsection we establish its main properties, and
in Subsection [£.2] we identify its dual reformulation in terms of a notion of anisotropic
measure variation. Finally, in Subsection we show stability with respect to the data
and well-posedness of the minimization problem. In Appendices [A] and [B] we give the
proofs of some auxiliary results we need for the proof of Theorem

2 Preliminary results

In this section, after giving some notation in Subsection 2.1}, we collect some definitions
and technical results on modulars and norms in Subsection and on generalized
®-functions and Orlicz spaces in Subsection [2.3]

2.1 Notation

The notation f =~ ¢g means that there exist two constants ci,ce > 0 such that ¢1 f <
g < cof. Given an exponent p € (1,+00), we denote by p’ its Holder conjugate expo-
nent, namely p’ := %. If p = 1, then its Holder conjugate exponent is p’ = +oo and
viceversa. In the sequel Q denotes an open subset of R”. We denote by L°(Q) the set of
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measurable functions f : @ — R and we use the notation C*(Q;R") := {0 € C*(Q; R") :
supp(c) is compact in Q} with k¥ € NU{+o00}. We denote with |- | the Frobenius norm
for matrices, i.e. |[M|? := tr(MM7T) where M € R™", and with : the scalar product
associated with the Frobenius norm, i.e. A: B := tr(ABT) for A, B € R"*". With the
same notation, namely |- |, we also indicate the standard vector Euclidean norm, and
with - the scalar product in R™.

We say that a function w : [0, +00) — [0, +00] is a modulus of continuity if it is increas-
ing and such that w(0) = lim;_,q+ w(¢) = 0. Note that we do not require concavity and
we allow extended real values.

We denote by R the space of real-valued n X n symmetric matrices. By M(€2; X)
we denote the space of all finite Radon measures in €2 with values in X, which can be
R, R™ or R;‘yfr’f depending on the situation. Given a set O C X, we denote by Ip the
indicator function of the set O, namely

Io(x) = 0 if x € O,
O he itz ¢ O,
and with yo the characteristic function of the set O, namely
(z) = 1 ifxeO,
XOW =0 itz ¢o.

Given a function v : Q@ — R™, we denote by Du its distributional gradient. We
indicate by BV (2; R™) the space of functions u : Q — R™ such that Du € M(Q;R™).
If m = 1 we denote the latter space simply by BV (2). When n = m, for any function
u :  — R™ we use the notation Eu for the distributional symmetric gradient of u,
namely Fu = %(Du + Dum), where Du' stands for the transpose of Du. We write

BD(Q) := {u € L*(G;R") : EBu € M(;RE™M))

Sym
We will often indicate by ¢ a generic constant, whose value may change from line to
line.
2.2 Modulars and norms

In order to define the spaces we use in our work, we need to give different notions
of norms and modulars that generate our spaces. Note that our terminology differs
from the original one in [40], but follows the lines of [26, [34] in order to get a clearer
connection between the modulars and their associated norms.

Definition 2.1. Let X be a real vector space and let || - || : X — [0, 400] be a function
on X. Consider the following conditions:

(N1) |[f|I = 0 if and only if f =0,

(N2) \laf| = lal|[f]| for all f € X and a € R,

(N3) \If + gl <IIfIl+ llgll for all f,9 € X,

(N3’) there exists ¢ > 0 such that ||f + g|| < c(||f|| + llgll) for all f,g € X.
We say that || - || : X — [0, +00] is
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e a quasi-seminorm if and only if it satisfies (N2) and (N3’),
o a seminorm if and only if it satisfies (N2) and (N3),

o a quasinorm if and only if it satisfies (N1), (N2) and (N3’),
e a norm if and only if it satisfies (N1), (N2) and (N3).

Note that conditions (N2) and (N3), equivalently (N2) and (N3’), already imply that
if f =0x then || f|| =0, namely condition (N1) only adds one of the two implications.

Definition 2.2. Let X be a real vector space. A function ¢ : X — [0, +00] is called a
quasi-semimodular on X if and only if

(i) o(0x) =0,
(ii) the function A — o(Ax) is non-decreasing on [0,+00) for every x € X,
(iii) o(—x) = o(zx) for every x € X,

(iv) there exists B € (0, 1] such that for every z,y € X and every 0 € [0, 1]
0 (B0 + (1 —0)y)) < Oo(x) + (1 - O)o(y).

If (iv) holds with B = 1, then g is called semimodular. A quasi-semimodular is called a
quasimodular when o(x) = 0 if and only if x = 0x. A modular is defined analogously
from a semimodular.

Definition 2.3. Let X be a real vector space. If o is a quasi-semimodular in X, then
the modular space
Xy ={zeX : |z], < +oo}

is defined by the quasi-seminorm

lzll, ::inf{)\>0 : g(f\) < 1}.

2.3 Generalized ®-functions and Orlicz spaces

In this subsection we give some definitions regarding ®-functions and we then define
generalized Orlicz (or Musielak-Orlicz) spaces, following the lines of [30]. Since we
are also going to make use of singular measures, the assumptions always need to get
adjusted to hold for every point, as in [34].

Definition 2.4. A function f : Q — R is called L-almost increasing if there exists
L > 1 such that f(s) < Lf(t) for every s < t. If this inequality holds for L = 1,
the function is called non-decreasing. We define analogously L-almost decreasing and
non-increasing functions.

Definition 2.5. We say that a function ¢ : Q x [0,400) — [0,400] is a weak P-
function, and we write ¢ € ®,,(2), if the following conditions hold:

e the function x +— ¢(x,|f(x)|) is measurable for every function f € LY(Q),
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o the function t — @(x,t) is non-decreasing for every x € €,

o (x,0) = t1_1>151+g0(a;,t) =0 and tilgloogo(x,t) = +oo for every x € (2,

e the function t — M is L-almost increasing on (0, +00) for every x € Q with a

constant L independent of x.

If, moreover, p € ®,,(Q) is convex and left-continuous with respect to t for every x € €,
then ¢ is a convex ®-function, and we write ¢ € ®.(Q). If ¢ does not depend on x,
then we omit the set and write p € @y, or p € D..

Note that since we deal with conjugates of functions possibly with linear growth at
infinity, it is needed to allow for extended real-valued ®-functions. Now we are in the
position of defining generalized Orlicz spaces.

Definition 2.6. Let ¢ € ®,,(2) and define

eo() 1= [ plalfde  for every [ € 1°(9),
Then, the set

L?(Q) == (L°(Q)),, = {f e L°(Q) : 0,(\f) < +oo  for some \ > 0}

is called a generalized Orlicz space with quasinorm given by ||fll, := || fllo,. We use
the abbreviation | fl|, == ||| f]ll, for vector-valued functions.
Thanks to [30, Lemma 3.2.2], it is known that || - ||, is a quasinorm in L?(Q) if

v € ©,(2), and a norm if ¢ € ().
Now we need to define some standard conditions on ®-functions that grant them addi-
tional properties, which sometimes are inherited by their conjugate functions as well.

Definition 2.7. Let ¢ : Q x [0,4+00) — [0,4+00] and let p,q > 0. Then we define the
following conditions:

(A0) There ezists 5 € (0,1] such that o(x,5) <1 < ¢(x, %) for every x € Q,

(A1) For every K > 0 there exists § € (0,1] such that for every x,y € Q
plw, Bt) < p(y,t) + 1 when o(y,t) € |0, 2=,

(VA1) For every K > 0 there exists a modulus of continuity w such that for every x,y € Q

@ (w M) <¢(y,t) +w(lz—yl) when p(y,1) € {0, y;;:—yyn} ,

(aInc), There exists L, > 1 such that t — @(;,t) is Ly-almost increasing on (0,400) for
every x € 1,

(aDec), There exists Ly > 1 such that t — eled) g Lg-almost decreasing on (0,400) for
every x € (.
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We say that (alnc), respectively (aDec), holds if (alnc),, respectively (aDec),, holds for
some p > 1, respectively g > 1.

Remark 2.8. Note that, by Deﬁm’tion every function ¢ € ®,,(2) satisfies (alnc);.

Note that if ¢ € ®,,(2), then ¢(-,1) ~ 1 implies (A0). Moreover, if ¢ satisfies (aDec),
then (A0) and ¢(-,1) = 1 are equivalent. Assumption (Al) is an almost continuity
condition and (alnc) and (aDec) are quantitative versions of the Vy and Ay conditions
and measure lower and upper growth rates. We define the condition (Al) as in [26].
We point out that it slightly differs from [30}, B3], where it is assumed that

o(x,Bt) < @(y,t) when o(y,t) € [1’ ﬁ}

and z and y belong to the ball B. Lastly, the “vanishing (A1)” condition (VA1) is a
continuity condition for ¢, introduced in [35] to prove maximal regularity of minimizers.
In order to state the last property which we need for our analysis, we first need to define
the recession function of .

Definition 2.9. Let ¢ € ©,(2). We call recession function of ¢ the function ¢ :
Q — [0, +00] defined by

> go(&z,t) for all x € Q.

x) := limsup
t——+4o00

¥

Note that, since the continuity of ¢ is not necessarily inherited by (>°, this makes the
non-autonomous case not trivial. For our analysis, we also need the following weaker
version of (VA1) where at least one of the points has to belong to the set {¢™ < 4o00}.

Definition 2.10. Let ¢ € ®,(2). We say that ¢ satisfies restricted (VA1) if and only
if it satisfies (A1) and for every K > 0 there exists w modulus of continuity such that

o (v o) < Pt +ele o) when pnt) € 0. =],

for every x,y € Q such that p*>°(z) < +00 or ™ (y) < +oo.

We now need to define the associate space of the generalized Orlicz space L¥(€2). In
general, the associate space is a variant of the dual function space which works better
at the end-points p =1 and p = oo.

Definition 2.11. Let ¢ € ®,,(). We define the associate space (L¥)(Q) = {u €
LO(Q) : [Jull(rey < +oo} with

lull(zey := sup / uv de.
[voll,<1J/6
Thanks to [30, Theorem 3.4.6], it is well know that for weak ®-functions the associate
space corresponds to the generalized Orlicz space L¥ (£2), where
©*(x,t) := sup[st — p(z, s)]
s>0
is the (Fenchel) conjugate function of ¢ € ®,,(€2). Moreover, it can be shown that (see
[26, Theorem 3.4.6) for all u € L°(Q), |lu| L+ is equivalent to SUD || . <1 Jouvda.
Let us state some well-known properties of the conjugate function.
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Lemma 2.12. Let p € ®,,(2). Then,
(i) ¢* € (), meaning that ¢* is always conver and left-continuous,

(77) If p,q € (1,400), then ¢ satisfies (alnc,) or (aDecy) if and only if ¢* satisfies
respectively (aDecy ) or (alncy ),

(iii) If ¢ € (), then

" (a:, @(f’t)> < p(x,t) forevery z € Qand t € RT,

and p** = @,
(iv) If ¢ satisfies (A0) or (A1), then so does p*.
O

Conditions (i), (ii) and (iv) have been proven in [30], respectively in Lemma 2.4.1,
Proposition 2.4.9 and Lemmas 3.7.6 and 4.1.7, while condition (iii) has been shown in
[24, Corollary 2.6.3], see also [30, Proposition 2.4.5].

Lastly, we report the following result regarding some immersions of generalized Orlicz
spaces into Lebesgue spaces.

Lemma 2.13. Let Q@ C R™ be such that |2 < 400 and let ¢ € D, (Q). If ¢ satisfies
(A0), then
L®(Q) — L¥(Q) — L' (Q).

Moreover, if ¢ satisfies (alnc),, then L¥ () — LP(2). O

Note that the second continuous inclusion comes from the fact that every weak ®-
function satisfies (alnc);, see Remark This Lemma was shown in [30, Corollary
3.7.9 & Corollary 3.7.10]. We point out that condition (A0) is essential both for es-
tablishing the above embeddings and to ensure that L#(Q2) is a Banach space, cf. [30,
Theorem 3.7.13]. In particular, of (A0) is violated, the first inclusion in Lemma
might fail to hold. We refer to [30, Example 3.7.11] for a counterexample.

3 The space of bounded deformations fields with general-
ized Orlicz growth

In [26], Definition 4.1], given a function ¢ € ®,,(€2), an anisotropic total variation (there
called dual norm) is introduced exploiting the conjugate function of ¢, namely for any
u € LY(Q) we have

Vo (u) := sup {/ udivwdr : w € CHQ;R), [Jwl|pr < 1}. (3.1)
Q

Moreover, the space of functions of bounded variation with generalized Orlicz growth
is defined as
BV#(Q) :={u e LY(Q) : |lullpve) < +oo}, (3.2)

where
HUHBV%"(Q) = [[ully + Ve (). (3.3)
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Equivalently, given ¢ € ®,,(€2) in [§] a vectorial anisotropic total variation is introduced,
namely for any m € NT and u € L{ .(;R™) we have

V" (u) := sup {Z/ﬂul divw;de @ w e {C’i(Q;R")}m, o < 1}. (3.4)
=1

One can equivalently write

V" (u) = sup {/Qu “divwdr @ w € CHLR™™), |lw|,r < 1} ,
where the divergence divw is a vector in R, namely taken a matrix-valued field &, it
is computed row-wise, i.e.

(dive); = dive; = an gi” (3.5)
J

for any i € [1,m]| NN and any £ :  — R™*". Moreover, we say that u belongs to
BV#(Q;R™) if
[ull Bve@mrm) = llully + V" (u) < +o0.

In the case m = 1, reduces to and we denote BV¥(€; R) simply by BV¥(Q).
Note that in general Harjulehto & Héasto in their works, see e.g. [30], use the symbol
C(£;R™) to denote the space CL(Q; R™). For this reason, we gave the definition of the
total variation with our notation instead of the one used in [26].

Remark 3.1. Clearly, when ¢(z,t) = |t|, BV¥(Q;R™) = BV(Q;R™). A priori,
without assuming any other property on ¢ except for it to be in the space ®,,(Q2), the
spaces BV (Q) and BV¥(Q) are not related to each other. Considering Q C R™ bounded,
one gets the continuous inclusion BV ¥?(§)) — BV () assuming (A0) on the function ¢,
see Lemma . The fact that ¢ satisfies (alnc); is already included in the definition
of weak ®-function, see Remark[2.8

Remark 3.2. In [2] and [38], in the simple anisotropic case, (i.e. p(x,t) with linear
behavior in t) the dual function @ is used instead of the conjugate function ¢* in order
to define a weighted total variation (they call it generalized total variation). But under
the assumptions considered in [2] and [38], the two definitions coincide. Indeed, let us
assume that ¢ : Q x [0, +00) — [0, +00) is a continuous function which is convex in the
second variable, satisfies (A0) and such that

o(x,t) =tp(r,1) forany z € Q and t € [0, +00).
Assume that there exist 0 < A < A < +o00 such that
A< p(x,t) < At for any = €  and for any t € [0, +00).

Moreover, let us consider 1 : Q x R™ — [0, +00) defined as ¥ (x,&) := ¢(x, [€]) for any
x € Q and £ € R™. Note that ¥ is continuous, convex in the second variable, and such
that

U(x, 1) = p(z, [t€]) = [tle(z, [€]) = [t} (2, €)
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and

A< ¥(x, &) < Algl,

for everyt € R, £ € R™ and every z € ().

In [2], considered w € BV (Q2) and under these assumptions on 1, the anisotropic total
variation (there called generalized total variation of u with respect to 1 in §2) has been
characterized, see in particular [2, Proposition 3.2, as

Vy(u) :=sup {/ udivwdz : w € CHQ;R™), (z, w(x)) <1 for all z € Q}, (3.6)
Q

where Y0 is the dual function of v, namely

VO0(x,€") == sup{(£*,€) : €€ R"¢(x,€) < 1}

Note that in [2] they use the notation C§(£2;R™) to indicate the space that we denote
with CL(Q;R™). Then, given a function u € BV (Q), the anisotropic total variation of
u with respect to ¢ in ) introduced in [20] as (3.1)), coincides with the notion given by

2], namely (36).
Indeed, by [2, (5.10)] the right-hand side of (3.6) coincides with

sup{/gudivwdl‘ TweE C'(}(Q;R”),/gzw*(x,w(x))d:r < —l—OO}. (3.7)

Considering the even extension of o(x,-), for any x € Q, and since ¢(x,-) is conver,
in view of our definition of ¢» and Lemma [B-1], which guarantees that

v (x,) =@ (x| |) for a.e. x € Q, (3.8)
we have that (3.7)) is equal to

sup {/Qudivwd:n Cw e CCI(Q;R”),/Q@*(QC, |w(z)]) de < +oo}. (3.9)

Taking into account [2, (2.18)], namely

0 if 0 (z,€%) < 1,

Vi) = {+oo if 0(2, &) > 1,

for every x € Q and every £ € R™, we have that (3.9)) can be equivalently written as
sup{/ udivwdr @ w € C’CI(Q;R”),/ ©*(z, |lw(x)|) de < 1}, (3.10)
Q Q
where (3.8) has been exploited again. Now, using the definition

lwl]|p* == inf{)\ >0 : /gp* (x, w(x)D dx < 1},
Q A

we get that (3.10) is equal to (3.1)).
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In order to treat the minimization problem using TGV%? as a regularizer, see (1.1]),
we need to introduce a variant of the generalized variation associated to ¢ defined in
(3.1)). For every v € M(;R™) with m € N*, we define

Vo) =sup{ [ w-do(e) v e CULRM,

o < 1}. (3.11)

If we are working on a set A C €2, then we will denote it by ‘2;”(1;; A).

Remark 3.3. Note that for any u € BV (Q), in order to know that at least that
Du € M(;R™), an integration by parts yields

V{(Du) = V(u),

where the second term is defined as in (3.1), namely the anisotropic total variation
introduced in [20].

In the following, we will either use the above notation for m = n or m = n x n.
Note that in the latter case the scalar product coincides with the one underlying the

Frobenius norm in R™ ", namely reading for any v € M(Q; R as

V3 (o) —sup{/ﬂw tdv(z) ¢ € CHORIED), [Pl < 1}'

Considering test functions in Ccl(Q;R?yﬁl) or CL(Q;R™ ") is equivalent when v €

M RET), since the scalar product only takes into account the symmetric part of
the test function. In general the notation ‘N/;X” could be used also for measures in
M(Q; R™*™) without any symmetry property, but that is not the case in this work. We

avoid specifying the symmetry in order to lighten the notation.

Remark 3.4. Considering an open set 0 C R™, if v has the special structure v =
Du — w, with u,w € M(Q;R™), an integration by parts entails
o < 1} ’

see also [22]. Note that it is possible to rewrite it like this by [4, Exercise 3.2, indeed
having uw € M(;R™) and Du = v+ w € M(Q;R") implies that v € BV (Q).

In the same way, if Q is also bounded and C*, by [46, Chapter II, Theorem 2.3],
having Eu € M(;REY) dmplies uw € BD(Q2). Namely, in the special case v = Eu €
MR, rewrites as

Vg(Du—w)zsup{/gludivwdx—i—/gz?ﬂ-dw(x) : € CHO;R™), |||

n(By) = sup{/QE*w-udx t 9 € Co(URG), 9]l < 1}7 (3.12)

where E*Y = —divy, and div denotes the matriz divergence of order 1, computed
row-wise (i.e. with respect to columns), cf. (3.5)).

Remark 3.5. We point out that, here and in the following, the set 2 is only required to
have a C' boundary in order to apply [46, Chapter II, Theorem 2.3]. The extension of
the above result to the case of Lipschitz boundary will be the subject of the forthcoming
paper [23)].



Bounded Musielak-Orlicz deformation and anisotropic TGV

Thanks to the definition of generalized variation associated to ¢ in (3.11]), we can now
define the space of bounded deformation fields with generalized Orlicz growth, namely

BD?(Q) = {w € LA%R") : |[w|ppege) < +00}, (3.13)

where _
|wllBpe (@) = llwllp + V™" (Ew).

Lemma 3.6. Let Q be a bounded and open set and let ¢ € ®,,(Q2). Then ‘N/gxn is a
seminorm.

Proof. We need to check that f/gm satisfies conditions (N2) and (N3) in Definition
The homogeneity property (N2) is obvious, in fact f/gx"(av) = |a|1~fgxn(v) for
every v € M(; R and any a € R. In order to check (N3), namely the triangle

inequality, let us consider v, w € M(Q;R2X<"). We have

sym

/Qwﬁd@w)—/ﬂw:dw/ﬂwzdwsVﬁ*"(vn@“(w)

for any 1 € CH(Q;R%X") such that [|¢)||,~ < 1. By taking the supremum over such v

sym

we have the thesis. O

This result entails that if ¢ € ®,,(£2), then || - | pps () is @ quasinorm. In addition, if
¢ verifies (A0), or if p € ®.(Q2), then | - | ppe(q) is a norm, see [30, Lemma 3.2.2 &
Theorem 3.7.13].

Remark 3.7. As for BV () and BV¥(R), see Remark[3.1], without assuming any other
property on @ except for it to be in the space (), the spaces BD(2) and BD¥?(Q)
are not related to each other. Considering a set ) bounded, one gets the continuous
immersion BD¥()) <= BD(Q) assuming (A0) on the function ¢, see Lemma[2.13

Remark 3.8. Since a priori we define the space starting from a function ¢ € ®,,(Q2),
one may ask whether the space defined starting from ©**, always a conver ®-function,

see Lemma [2.19(i), namely
BD? () 1= {w e L (R : w]pper o) < +0}.

with _
Wl gper () = lwlle= + V3E" (Bw),

differs from the space BD¥(Q2). Thanks to [30, Proposition 2.4.5 & Proposition 3.2.4]
it is possible to prove that BD¥(Q) = BD¥" (Q), indeed the norms || - ||, and || - ||+
are equivalent and the variations coincide, implying that the norms || - ||ppe(q) and
| - | ppe= () are equivalent as well. Note that some results needed for this consider-
ation, e.g. [30, Lemma 2.4.3] or [30, Proposition 2.4.5], are only stated without the
x-dependence, but they hold true even in the gemeralized Orlicz setting, while others,
e.g. [30, Theorem 2.5.10] or [30, Proposition 3.2.4], are already stated with the x-
dependence.

With the next example we want to show that, at least considering some ®-functions for
which a Korn-type inequality does not hold, the space BV¥?(2) is a proper subset of
BD¥(Q2). The example follows the lines of [3, Example 7.7], exploiting a construction
developed in [42], see also [46, Chapter I, Subsection 1.3].
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Example 3.9. We first remark that (3.4), BV?(Q;R") C BD?()). We show below
that, at least in some situations, the inclusion is strict.
Indeed, without loss of generality we can consider an open set {2 DD B, with B a small
ball centered at 0, and a function such that p(x,t) = |t| for a.e. x € B. Then, the
same field u provided by [3, Example 7.7], which has compact support in B and is in
D(Q)\ BV (Q;R™) provides the desired example of a field in BD?(Q2) \ BV¥(Q;R").
Note that many ®-functions, e.g. many out of the ones listed in [30, Example 2.5.3],
fulfill the assumption of coinciding with |t| on a ball B, meaning that this example holds
true in many contexts.

The validity of Korn-type inequalities in the context of Orlicz spaces has been stud-
ied in different contexts, for example [I4] Theorem 1.1] where it was shown that the
Va-condition and the As-condition are sharp conditions for Korn-type inequalities in
Orlicz spaces (for the definition of these two conditions see [43] Subsection 2.3] or
[13, Equations (2.6) & (2.7)]). In [20, Theorems 3.1 & 3.3] the validity of Korn-type
inequalities for Young functions was shown, while in [I3, Theorems 3.1 & 3.3] the equiv-
alence of these Korn-type inequalities to two balance conditions, similar to the Vo- and
Ag-conditions, has been proven. Note that, under the assumptions considered in [20]
and [13], their definition of Young functions and our definition of convex ®-functions,
when independent of x, are equivalent. In the context of generalized Orlicz spaces
(or Musielak-Orlicz spaces) instead, there are results in the case of variable exponents
Lebesgue spaces when the exponent is bounded away from 1, see [25 Section 5] and
[24, Theorems 14.3.21 & 14.3.23], but not much else is known.

3.1 Weighted modular and associated norms

Analogously to [26], Definition 4.1], we define the anisotropic modular, or dual modular,
associated to the anisotropic total variation V™", defined as in (3.11). In particular,
we define for any v € M(Q; REXT)

Sym

ben(0) = sup{ [ widota) = [ Salul)dn s v e ClORED). (314)

Lemma 3.10. Let 2 be a bounded and open set and let ¢ € ®y,(2). Then opnxn s a
©

semimodular.

Proof. We need to check that ognxn satisfies the conditions of Definition . Conditions

(i) and (iii) are obvious, respect?vely thanks to the properties of ©* and that if ¥ is an
admissible test function, then also —1 is. Condition (iv) is also easy to prove using the
linearity of the first integral in the definition of Opmxn and the fact that the supremum
of a sum is smaller than the sum of the suprema.

We are only left to prove condition (ii), namely that the function A — Q‘ngn()\v) on

[0, +00) is non-decreasing for any v € M(Q; RX"). Indeed, if A = 0, then Q;nm(/\v) =
©

sym
0, but we know already that for any other y > A = 0 then g;nxn(,wu) > 0, since we can
always choose 1 = 0 as a test function. Let us instead fix 0 2 A < p < 4o0. We point
out that since both ¢ and —1 are possible test functions, we can also only consider
without loss of generality functions in the space

{wecl SR /¢ dv(x >0}
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since the second integral in the definition of the modular is always zero or negative.
Then we have

o0 O0) =sup { [ 02 @) = [ lalul)de < v e Cloumy |

—swp{A [ widvta) = [ Glehde v eT]
<sup{p [ wrduie) = [ Plehde v eT

—sup{ [ s do@)~ [ Galvl)de 6 € CHBREN | = oppen(uo),

for any v € M(Q;RZX"), proving condition (ii).

Sym
Since condition (iv) holds with the constant 8 = 1, then Opnxn is a semimodular. [
©

Note that, analogously to the anisotropic total variation, see Remark [3.4] considering
a bounded, C' and open set Q C R”, in the special case v = Bu € M(Q;RX") this
rewrites as

eppen (Bu) =sup{ [ [u- B = (@ W)l do : v e LRGN} (319)

where E*1p = —div .

Remark 3.11. On the one hand, note that testing (3.15)) with ¥ = 0, we get that the
SUPTEMUM U1 O3nxn 1S always non-negative. On the other hand, if p,+(||) = +o0, then

the integral in (3.15)) is equal to —oo, since the first term is finite. Here we used again
46, Chapter II, Theorem 2.3] yielding that Eu € M(Q;RiY) implies u € BD().

This means that test functions ¥ with pu«(|1)|) = 400 can be omitted and Opnxn can be
©

equivalently rewritten as

oppen (Bu) = sup { [ fu- B0 = (@ 0] de + € CHOURE, 0 () < +o0] .

The analogous reasoning can be repeated for the general expression of Oppnxn N (3.14)).
©

In Lemma we showed that Opnxn 18 & semimodular, implying that, thanks to the
@

Luxemburg method, we obtain a seminorm || The following result relates

||Q"'n><n

the anisotropic variation we introduced in Wlth the seminorm associated to the
modular defined in (3.14]), similarly to |26, Lemma 4.7].

Lemma 3.12. Let Q C R" be a bounded, connected, C* and open set. Let ¢ € ®,,(Q)
and let u € BD?(QY). Then

1Bully ., < VZ""(Bu) <2 Bullo.

n><n — n><'n’

Proof. Since u € BD?(£2), the case V”X"(Eu) = +o00 is excluded a priori. Moreover, if
V”X”(Eu) = 0, then QV”X"( %) =0 for every A > 0, yielding ||Eu||9~ = 0. Lastly,

n><n

since the claim is homogeneous, the case VJ}X"(Eu) (0, +00) can always be reduced
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to V2X™(Bu) = 1.
By the definition of YZ;‘X”, see (3.12)), for any w € CCI(Q;R;‘},XH?) such that ||w||o < 1 it
follows that

/Q u- Brwde < V7 (Bu) [lwllge = [[wlgr < 1+ ope (fo]),

where the last inequality comes from a general property of the Luxemburg norms, see
[24, Corollary 2.1.15]. Thus, by the definition of OFmxn given in (3.14)),

Q";'nxn(Eu) S sup [1 + Q@*(|w‘) - QCP*(‘w’)] = 17
¢ weCH(GRLET)

implying HEuHQ; < 1. This concludes the proof of the first inequality.

nxn

©
We next establish the opposite inequality 2 HEuHQ,‘;an > 1, which is equivalent to
%)

A
Indeed, on the one hand if Hv||g;nm > 1, by Definition [2.3| we have that

@

inf{k >0 05nxn (Z) < 1} > 1,
©

> A. By [30, Lemma 3.2.3] then this

2F
Opnxn (u) >1 for every A < 1. (3.16)
©

entailing that for any A\ < 1 it holds H’UHQ,‘7

(;LX’VL
implies that o5nxn (%) > 1 for any A < 1. On the other hand, having o5nxn () > 1 for
® ®

any A < 1 entails that, by Definition [2.3

. v
ol =inf {350+ g (§) <1} 21

directly from the definition of inf. Now, by [30, Lemma 3.2.3] and thanks to the fact
that ¢* € ®.(12), see Lemma [2.12((iii), oy« (|w|) < 1 if and only if ||w|y+ < 1, and we
can immediately conclude that

v\ Ty ) 2 L Ew - ot Jw))| de : w e CHOGRED, w]|yr < 1
oz ( h )_sup{/g[/\ w— @ (x \wy)} z o we CLGRET, lw]lpr < }
2 nxn
ZXV@X (Eu)—1>1
This proves (3.16]) and yields the thesis. ]

The following result, instead, relates the seminorm V;X”, see Lemma with the
norm of the symmetrized gradient, in particular considering the norm associated to
the associate space (L¥ (€;R™ ™)), Obviously, in the associate space norm we test
with functions in L¥#"(Q;R™ "), while in IZZ}X" the test functions are smooth. This
means that some approximation is needed, but a priori we are not able to use density
in L¥" (Q; R™ ") since ¢* is in general not doubling.

In order to state the result, we need the classical decomposition of the symmetrized
gradient, see for instance [7],

Fu=E&uLl"+ Eu.
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Moreover, let us remark the definition of the space LDjyc(£2), namely

LDioe(9) := {u € Lioo (5 R") : Bu € Liy (G REL).

sym
The result, analogous to [26, Theorem 5.2], reads as follows.

Lemma 3.13. Let Q@ C R™ be a bounded, connected and open set. Let p € ®,,(2) and
let uw € LDy (). Then

V2 (Bu) < l€ull o sy
Moreover, if additionally C}(Q; R™") is dense in L¥ (Q;R™ ™), then
V2 (Bu) = €l o ooy

Proof. Since u € LD)yc(Q2), it follows from the definition of ‘N{F’}X" that
‘N/;X”(Eu) = sup {/qu cwdr 2 w E CCI(Q;RZ},XH?), lwllox < 1}. (3.17)

The definition of the associate space norm (extended in a standard way to the vector
valued setting), see Definition implies that, chosen w € CZ(;RL!) such that
[wllx <1,

/qu:wdxg/ﬂlgu\w]daﬁg (2 P— T

Taking the supremum over those w, we conclude that VQX”(SU) < Eull(per mnxnyy -
Under the density assumption, namely C}(£2; R"*") being dense in L (Q; R™™), we
next show the opposite inequality, namely ||Eull(po* (qrnxnyy < V3" (Eu). Indeed, let
w € L (R with [lw|lo- = 1 and let (w;); € Ca(QRE) be a sequence such

that w; — w in L“"*(Q;R;‘yxn?) and pointwise almost everywhere. Since we know that

also wj/[|w;||,+ — w in Le” (R ), we may assume that |w;l|,+ = 1 for every j € N.
By Fatou’s Lemma, we have

liminf/ Eu:wjdr > / Eu:wdx.
J—00 [¢) (9]
So, from ([3.17)) follows that

VX" (Eu) > sup {/qu rwdr : w € LP (R, [[wl]for < 1}.

Let h € L¥ (Q). We can set

Eu

——h if |Eu| # 0,
B hrm |Eul #

0 otherwise.

This gives
VX (Eu) > sup {/Q [Eul hdz = h € L (Q), [[h]ly < 1} = [&ull(per @mnenyy-

Hence f/gm(é’u) = [|€ull(z¢* (@;rnxnyy- This concludes the proof. O
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In the second part of Lemmawe assume that C}(Q; R™*") is dense in L¥™ (€; R™*™).
If p* satisfies (AO) and (aDec), then this holds automatically by [30, Theorem 3.7.15]
(note that this theorem is stated for scalar functions, but the vectorial case can be
deduced working components-wise thanks to the equivalence of euclidean norms in
spaces of finite dimension). We know already that, by Lemma [2.12[ii) & (iv), ¢*
satisfies these conditions if and only if ¢ satisfies (A0) and (alnc), meaning that it is
not clear whether this density is there or not in the subsets where the function ¢ is
linear.

3.2 Explicit expression of the anisotropic modular

In this subsection we derive an explicit formula for the dual modular Qann in terms
of the modular g, of the absolutely continuous part of the symmetric grad1ent and
its singular part with weight given by the recession function, see Definition 2.9] In
particular, analogously to |26, Theorem 6.4], the main result of the section reads as
follows.

Theorem 3.14. Let  C R™ be a bounded, connected and open set. Let ¢ € ®.(Q) N
C(Q x [0,+00)) satisfy (A0), (aDec) and restricted (VA1). If u € BD(), then

Onxn (Bu) = 0p(|Eul) + [ ¢ d|E®ul.
¢ )

O

The following result is an immediate consequence of Theorem [3.14], when the ®-function
 does not depend on z, i.e. when it is a classical Orlicz ®-function.

Corollary 3.15. Let ¢ € ®. be independent of x and satisfy (aDec). If u € BD(),
then

Opmxn (Bu) = 0p(|€u]) + ¢ E%ul
in any Borel subset of Q) and so
(1) BD¥(Q)) = BD(Q) if ¢ < oo,
(2) BD¥?(Q) = LD?(Q) if o> =
O

We observe that in (2) we cannot say that BD?(Q) = W1#(Q), see e.g. [6], Definition
3], since the latter equality would follow from a Korn’s inequality. But, as proven in
[14, Theorem 1.1], the latter, for classical convex ®-functions holds if and only if ¢
satisfies both V5 and Ag conditions. Now, recall first that ¢ € &, implies that ¢ = ¢©**
and that the Vo condition for ¢ is equivalent, by [24, Definition 2.4.10], to ¢* satisfying
Ay. Furthermore, |24, Corollary 2.4.11] states that ¢ € ®,, satisfies Vg if and only if it
satisfies (aInc). By assumption ¢ satisfies (aDec) but not (alnc), thus ¢ satisfies Ay
but not Vy. As a particular case, one can consider ¢(t) = tlog(1 +t), see [24, Remark
1.3].

In order to prove Theorem we need the following lemma, proven in [26, Lemma
6.1], which shows the importance of the recession function ¢>°, see Definition
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Lemma 3.16. Let Q C R" be a bounded, connected and open set. Let ¢ € ®.(Q)
satisfy restricted (VA1). If p € C(2) with oy« (1) < 400, then || < ™. O

In |31}, Section 3 & Example A.1] it was shown that log-Holder continuity is not sufficient
when working in BV?() and here, similarly, the (A1) condition (corresponding to log-
Holder continuity in the general case of convex ®-functions) is not sufficient in the
previous result, as in the following ones, in view of [26, Example 4.3]. That is why
we make use of the restricted (VA1) condition, which corresponds to strong log-Holder
continuity in the case of the variable exponent function, see [26, Proposition 3.2].

In the next two results we consider the singular and absolutely continuous parts of the
symmetric gradient separately. Then we combine them to handle the whole function in
Theorem Since the proofs are similar to the ones of [26, Propositions 6.2 & 6.3],
they can be found in our setting in Appendix [A]

Proposition 3.17. Let 2 C R" be a bounded, connected and open set. Let p € ®.(Q)
satisfy (A0), (aDec) and restricted (VA1). If w € BD(SY), then

sup /w:dESu:/apood]EsuL
YeTe JQ Q

— {w e CHLBRED) + op () < 400} (3.18)
O

where

Proposition 3.18. Let 2 C R™ be a bounded, connected and open set. Let ¢ €
O.(2)NC(Q x [0,400)) satisfy (A0) and (aDec). If u € BD(Q2), then

sup / (€ o — o (, [])] de = g, (|Eul).
PYeT? JQ
O

Note that removing the assumption that ¢ is continuous in both variables is not trivial.
Having the two previous propositions at hands, we can now prove Theorem ex-
ploiting the ideas used in [26, Theorem 6.4].

Proof of Theorem[3.1]]. Since Eu = Eu+ E*u and since u € BD(f2), an integration by
parts implies that

/u~E*1bdac:/w:dEu:/Eu:wdx—i—/w:dEsu
Q Q Q Q

for any ¢ € T%. Hence, the claim follows from Propositions [3.17 and [3.18] once we
prove that

sup {/ [Eu Y — @™ (z, |[Y])] dx +/ (S dEsu}

peTe LJQ

= sup /Q[Su:w—go( [))] dz + sup/w dE*u.

PeT? PeT?
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The first inequality, namely “<”, is obvious, so we only need to prove the opposite one.
Let us first assume that o, (|Eul) + [, 9™ d|E°u| < 400 and let us fix € > 0. We can
always choose 11,12 € T such that

sup /Q[Su 2 — @ (x, |¢)])] de < /Q[Eu s — " (x, [1])] de + e < o0 (3.19)

YeT?

and

sup / Y dE*u < / o dE°u + ¢ < +00. (3.20)
eTe JQ Q

Since u € BD(2) and 1,2 € T¥, we have |Eul[1;| € L' () and gy« (|1hi]) < +oo for
i € {1,2}. Thus, by the absolute continuity of the integral, we can find é > 0 such that

/ Eu s s — o (x, )] de
o\

< / [€ul |9 + &7 (@, i) dz <& (3.21)
o\

for i € {1,2} and any ©; C  with |\ ;] < J and
Yo dE*u | < / X d|E*u|l <e
Q\QQ 9\92
for any Qo C Q with |E5u|(Q\ Q2) < 0.
Since supp F°u is a set with zero Lebesgue measure, we can find a finite collection of
open rectangles @Q; C Q such that [E*u|(U;eny Qi) > |E*ul(2) — § and | U;en 2Qi| < 6.
Let us now choose § € C}(€) such that 0 <8 < 1,0 =11in Qs := U;en Qi and 6 =0
in Q1 := Q\ Usen 2Qi, and let us fix 1. := 099 + (1 — )1y € CH(Q; REX™). Since 1, is

sym
a pointwise convex combination, we get

90*('7 Wja‘) < 90*('7max{‘¢2‘7 |¢1|}) < 90*('7 WJQD + ()0*('7 ‘wl‘)

This yields that gu«(|Y0e]) < 0= (|102]) + 0 (|¢1]) < +o00, yielding ¢ € T¥. We then
get that

nxn (E = Eu: — " s d :dE’
oppen(En) = sup { [ lewsv— '@ ui e+ [ 02 dpuf
Eu e — o (x, [0])] d _: dE®
S R L R
Z/ [Eu i — @™ (z, [vr])]dz + | 2 dE*u —cy
Ql QQ
> [lewsvn = fpldo + [ s dBou—se,
where, thanks to ,
o= [ lEullvel+ " ledldo+ [ fuldEtl < 3e
Q\Ql Q\QQ

by the absolute integrability assumptions and by Lemma [3.16] By the choices of
and 19, namely (3.19)) and (3.20)), we then get

Opnxn (Bu) > sup /[Eu 2 — " (x, [¢|)] dx + sup / Y dEPu — Te.
® YeT? JQ YeTe JQ
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The lower bound follows by letting ¢ — 0T. This concludes the proof in the case
0, (|€u)) + [ ¢>° d|Efu| < +oo0.
If, instead, 0, (|€ul) = 400 and [, o™ d|E*u| < +o0, we simply estimate

sup { [ ez @ oo + [ 02 dpul

YeTv
> sup /[Eu s — @™ (x, [Y|)] dz — sup / Y dE°u
peTe Jo peTv JQ

= gp(|€ul) - /Q o™ d|E*u| = +oo.

We are only left to consider the case fﬂ ¢ d|E*u| = +00. By the proof of Proposition
see Appendix [A] there exists 1. € CH(; R2X") such that

sym

1
/wgszSu>
Q e

and |¢e| < @ for some k = k.. For any function 6 : Q — [0, 1], we have that

* * Pl k SO+ k
Eu (00) — 9 0wl 2 s o) — o (201 > ( B ug + 90+(k)> ,
see Lemma iii). Since the function on the right-hand side is integrable, we can
choose 0 > 0 such that its integral over any measurable A with |A| < Jj is at least —1.
Furthermore, since supp F*u has measure zero, we can choose § € C°(2) as before to
have support with Lebesgue measure at most J; and such that satisfies

s 1 . s i
/SZ(HfL/Ja).dEu>2/Qz/Ja.dEu>2E.

Then,
sup {/ [Eu:p — " (z, |¢])] dx —I—/ (O dEsu}
PeT? Q Q
N 1
> / (01e) : dE°u + / [Eu: (0Y:) — ™ (x, |0v:|)] dx > % 1.
Q Q €
Letting € — 400, the claim follows. This concludes the proof of the theorem. O
3.3 The variable exponent case
In this section we focus on the special ®-function
L (@)
o(z,t) == —— 7] (3.22)

p(z)

with p : © — [1,+00) a measurable function. Such a p is called a variable exponent.
Let us recall that, choosing ¢ as in (3.22)) and considering the set

Y i={zreQ : p(x)=1}, (3.23)
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we have that the conjugate ¢* is of the form

¢a(@) if 1 €Q\Y,

RCHERER (3:24)
{OOX(1,oo) (t) ifzey,

see [26, Example 4.3], where ¢ is the function defined pointwise in Q\Y by ﬁ—l—ﬁ =1
and with the convention that oo -0 = 0. From now, given a set A C (), we write

ph := ess-sup p(z) and P := ess-inf p(z),
z€A €A

respectively qj for the conjugate exponent function ¢. In the following, we will assume
pd < 400. We start by recalling the following notion, introduced in [8].

Definition 3.19. A wvariable exponent p is strongly log-Holder continuous in Y if

B (!x—yl)
pl@) - 1< log(e + = y‘)

for some w : [0,00) — [0, 00) with lim;_,ow(t) =0 and every y € Y and x € Q.

At this point, it is worth observing that the above property is weaker than the ’classical
log-Hélder continuity’ as stated in [8, Definition 2.3], which is, in turn, equivalent to
the restricted (VA1) condition, introduced in Definition for the function ((3.22)).
In [§] the following technical result has been proven.

Lemma 3.20. Suppose that p is strongly log-Hdélder continuous in'Y . If pgy(w) < oo
for some continuous w, then |w| <1 inY.

Remark 3.21. The explicit definition of the function ¢ in entails some addi-
tional properties other than the explicit form of its conjugate function given by .
Indeed, it is immediate to see that ¢ € ®.(Q), see Definition [2.5 and [30, Section 7.1].
Moreover, arguing as in [30, Lemma 7.1.1], it is easy to see thal ¢ satisfies (A0),

(aInc)p5 and (aDec)pg, see Definition .

The first result we prove in this subsection is the equivalent of Theorem [3.14] in this
specific setting. In particular, we show that the same conclusion of Theorem holds
under less restrictive hypotheses on our function ¢. Before doing so, we need to recall
the definition of the modular associated to the variable exponent space when pg < 400,
given in an equivalent way to the one in [31), Subsection 2.2], namely

Orp() (UBREXT) (u) / ﬁ >‘p

for any v € M(Q;RZX"™). Now, the theorem reads as follows.

sym

Theorem 3.22. Let ) C R™ be a bounded, connected and open set. Let ¢ be defined as
in (3.22) and letp : Q — [1,+00) be continuous in 2 and strongly log-Hdlder continuous
inY, with ph < +oo. If u € BD(Q), then

O en (B10) = 00a(Bt) := |Bul(Y) + 0500 a0y (E0). (3.25)
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Proof. First, let us observe that the claim of Lemma [3.16] is automatically satisfied in
the case of ¢ given by with the only requirement of strong log-Hélder continuity
in Y and the assumption pg is finite. Indeed, on the one hand, in view of and
Definition (which is a limit in this specific case), it suffices to prove the inequality
in the set Y given by , since in 2\ Y the recession function is +00. On the other
hand though, whenever ¢ € C() with g, (|?|) < +o0, then by we have that
©*(x, |1|) = 0 for almost every = € Y, implying that |¢)| < 1= ¢>°(z) in Y, in view of
Lemma [3.20] which proves our claim.

As a second step, let us remark that choosing ¢ as in , with p(-) continuous, ,
Proposition [3.18]is valid. In fact, by assumption ¢ is continuous, and by Remark
we know that (AO) and (aDec) are satisfied. Hence, we can conclude that

1
Eu:ip—p* de = — [ |EufP® d
j;‘q%/g[ w:p— o2, [P)] de p(x)/g ulP da

for any u € BD(Q2), where T% is defined as in (3.18)).
We are left to prove that Proposition holds true under these hypotheses and

choosing ¢ as in (3.22)), namely that

sup /w:dESu:/cpood|Esu|.
peT? JQ Q

Note that the inequality "<" is immediately verified thanks to the fact that Lemma
[3.16] holds under our assumptions. So it suffices to prove that

/gpood|E8u| < sup /@ZJ:dEsu.
Q Q

PeT?

Thanks to the continuity assumption on p in €2, we obtain that and hold.
In particular, the second one holds for any 5 € [0, 1], due to the non decreasing mono-
tonicity of (-)P(*). Observe that hy is lower semicontinuous by definition (it is a lower
semicontinuous envelope, see [2I, Chapter 1]) and increasing in k. Consequently the
same arguments as in the proof of Proposition lead to the desired conclusion.
Moreover, let us remark that for every u € BD(€2) it holds

sup / Y dE°u = / d|Efu| = |E*u|(Y),
Q Y

PeT?

since >°(z) = 1 in Y as observed before, which indeed says that E®u is concentrated
onY.

Finally, following the same steps of the proof of Theorem since under our hy-
potheses the equivalent formulations of Lemma [3.16] Proposition [3.17 and Proposition
[3:18 hold, we get the thesis. O

Remark 3.23. As a corollary of Theorem[3.23, under the same hypotheses we get the
coincidence of the spaces BD¥ and BD N LDPO) | with
LDPOU) = {u e LPO(U;R") : Eue LPO(U; R,

Sym

when ¢ is as in (3.22). Alternatively, this latter equality can be proven directly arguing
as in [8, Theorem 3.8] even removing the continuity hypotesis on p(-), replacing it by
lower semicontinuity .
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4 The imaging problem

In this section we finally deal with the novel regularizer based on a Musielak-Orlicz
generalization of classical Total Generalized Variation functionals that we defined in
, namely the anisotropic Total Generalized Variation of order 2, with weight o =
(a1,a9) € RT x R, given by

TGVE2(u) = sup{/udinwdx :
Q

¥ € CAQRYMY, [l < an, [|divp]|p < az},

where we consider u € L ().

In Subsection we prove some properties of this functional, while in Subsection [4.2
we give a dual characterization of this functional exploiting the space BD¥ we defined
in Section [3] Finally, in Subsection we show how the anisotropic Total Generalized
Variation inherits classical existence and stability properties.

4.1 Basic properties of TGV??(u)

Following the lines of [I1], we define the space of functions of bounded variation of
order 2 with Orlicz growth and weight « as

BGV#2(Q) := {u € L¥(Q) : TGV ?(u) < 400}, (4.1)
endowed with the norm
lull pye = llullp + TGVE?(w),

where the functional TGV #? is defined as in (L.1)).

Remark 4.1. Note that it would also be possible to define the functionals TGVS* and
the spaces BGVSF(Q) for general k € Nt following the lines of [11]. Moreover, for
k=1 and a € RY, and chosen u € L] (), we would have

TGV (u) = sup {/ udivpdr : ¢ € CHOR™), [[Y]|+ < a} = aV,(u),
Q

where the right-hand side is defined as in . Hence, we can indeed speak of a
generalization of an anisotropic total variation. Contrary to Remark which was
true for u € BV () in order to know at least that Du € M(Q;R™), here it is enough
to take u € Li ().

In the following result we prove some basic properties of the anisotropic Total Gener-
alized Variation.

Proposition 4.2. Let Q) be a bounded, connected and open set in R™, with n > 2.
Let ¢ € @,(Q) satisfy (A0) and let o = (a1,2) € RT x R*. Then, the following
statements hold:

(i) TGV$?2 is a seminorm on the normed space BGV.2().
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(i) For u € LL (), there holds TGV??(u) = 0 if and only if u is a polynomial of
degree 0 or 1.

(iii) For eevery & = (ay,ds) € RT x RT, the seminorms TGVS? and TGV are
equivalent.

(iv) TGV?? is rotationally invariant, namely for any matriv R € SO(n) and u €
BGV#2(Q) we can define i(z) := uw(Rx) and we have that @ € BGVF2(RYQ)
and TGV 2(@) = TGV 2 (u).

(v) Forr >0 and u € BGV?%(Q), define u(x) := u(rx). Then @ € BGVE2(r=1Q)
and

TGVS2 (@) = r " TGVE?(u) with & = (a1, az) := (a1r?, aqr).

Proof. (i). Thanks to the definition of the functional TGV,#*? given in (L.1), it is obvious
to see that the two conditions (N2) and (N3) in Definition hold, implying that
TGV#? is a seminorm. Note that BGV2(Q) is a normed space because ¢ € ®,,(f)
and satisfies (A0), so || - ||, is a norm, see [30, Theorem 3.7.13].

(ii). Let us denote the set of the test functions for the functional TGV$? by

K22(Q) = {p € CZOREL) ¥l < an, [|divefles < as}.

Let us first assume that u is a polynomial of degree 0 or 1, implying that VZu = 0.
Then, since the test function 1 is in K£2(Q) and thanks to two integration by parts,
it is obvious that TGV#2(u) = 0.

Suppose now that TGV,#?(u) = 0 for some u € Lj (Q). For any ¢ € C2(Q; RIS, one
can find a A > 0 such that

Ao <1 and  [|div(Mp)]le < o

Since ¢ satisfies (A0), meaning that ¢* satisfies (A0) as well, see Lemma [2.12((iv), and
since () is bounded, thanks to Lemma we have that A € K£2(Q). Testing in
(1.1) with A, we then get

/ udivip de =0 for any ¢ € CCQ(Q§ngXr£L)v
Q

implying that V2u = 0 in the weak sense. Since €2 is connected, this implies that « has
to be a polynomial of degree less than 2.
(iii). The equivalence of the seminorms TGV?? and TGVY 2 can be proven noticing
that, chosen

_ max{ag,as}

"~ min{ay,as}’
we have that ¢ K£2(Q) ¢ K£%(Q), meaning that ¢ TGVE2(u) < TGVE?(u) for any
u € Li (Q). Interchanging the roles of a and & gives us the desired equivalence.

loc

(iv). Thanks to [11, (A.4)], we know that given a matrix R € SO(n), then

e C2RYGRLY) <= 9= (o RTRT € CHRL),

Sym
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with div! ¢ = ((divl¢) o RT)RT, with [ = 0,1 where div® = id. Hence, for [ = 0, 1,

ldiv' &l = [|((div' $) 0 RT)RT || = [|(div' 9) 0 RT[|,p» = ||div! ¢/

©*

implying that v € K%2?(R'Q) if and only if U € K£2%(Q). Lastly, for any ¢ €
K2?(RTQ) we have

/ w(Rz) div2e(z) de = / u(x) diviip(RT ) de = / w(x) divy (z) d,
RTQ Q Q
yielding TGV#2(uo R) = TGVE2(u).
(v). Note that
div(vor ,) = r~Y(divw) o r ',

implying that, chosen ¢ € CL(r~'1Q;R2X2) and ¢ := r2 1) o r 11, we have

Sym

||diqum p* = 7’24”divl¢u¢*7

for | = 0,1. As a consequence, ¥ € K%?(r~'Q) if and only if ¢ € Kg’Q(Q) with
a = (a1, as) := (a1r?, ar). Lastly, this yields

iv? =7 " [ w@)diviy(rtz)de = | u(z)diviy(z)de
[, utrydivo@ de = [ ute)divo o) do = | o) diviita) da,

implying TGVE2(uorl,) = r " TGV (u). O

Note that it is possible to prove that TGV? is weakly lower semicontinuous with
respect to the weak LP convergence, as well as to the weak™® convergence in L.

Lemma 4.3. Let Q2 be a bounded set in R™ and let ¢ € ®,(Q). Then, TGVF? is
weakly lower semicontinuous in LP(2) for every 1 < p < +o00, as well as weak™® lower
semicontinuous in L>=(Q) for any o € RT x RT.

Proof. We only prove the lemma for p € [1,400), as the case p = 400 is analogous.
Chosen 1) € Cg(Q;R;‘yﬁ) with [|¢]jo+ < o1 and ||dive)||,» < ag as in (L.I), then

div?tp € L>(Q). Then, chosen (uz)r C LP(Q) such that u, — u weakly in LP(Q) we
get

/ udiviy dz = lim inf/ uy diviy do < lkirn inf TGV92 (uy,).
Q Q

k——+o0 —+o0

The thesis follows by taking the supremum over all such . O

The next proposition is the equivalent of [I1, Proposition 3.5] in our setting, proving
that BGV#2(Q) is a Banach space.

Proposition 4.4. Let ) be a bounded, connected and open set in R™, with n > 2. Let
© € ©,(Q) satisfy (A0). Then, for any weight o = (a1,a2) € RT x RT the space

BGV#2(Q) is a Banach space if endowed with the norm || - || gy 02

Proof. Thanks to Proposition (iii), we know that all the seminorms TGV,#2, respec-
tively norms || - || Baye?, are equivalent for any o € R*T x RT, so we only need to prove
that BGV/#2(Q) is complete for some o € RT x R,

Note that, since  is bounded and ¢ satisfies (A0), then by Lemma we have
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L?(Q) < LY(Q). This, together with Lemma implies that TGV$? is a lower
semicontinuous functional with respect to L?(Q2) for any « and ¢ chosen as in the
hypotheses.
Now let (uy), be a Cauchy sequence in BGV,#2(Q). This yields that (u,), is a Cauchy
sequence also in L¥(€2), implying the existence of a limit v € L¥(€2) such that
TGV (u) < liminf TGVE? (uy,),
n—-+o00
thanks to the lower semicontinuity of the functional. As a consequence, u € BGV.#2(£2)
and the only thing left to be shown is that u is the limit in the corresponding norm as
well. In order to do so, let us choose € > 0 and n € N such that for any n > n it holds
that TGV#2(u, —un) < e. Thanks again to the lower semicontinuity of the functional
(with respect to the L! weak convergence), letting i — +o00 we then get
TGVE?(uy — u) < liminf TGVE? (u, — uz) < &,

n—-+o0o

implying that u, — u in BGV$2(Q). O

4.2 Dual formulation

The first step in order to treat minimization problems in image denoising with this new
regularizer is to prove an equivalent result to [I2, Theorem 3.1], namely proving that
can be rewritten equivalently as a minimization problem which can be interpreted
as an optimal balancing between the first and second derivative of u in terms of “sparse”
penalization, see [I12, Remark 3.2]. In [12] this was done via the Radon norm (i.e. the
norm in M associated to the Radon measure Du), while here we need to use the variant
of the generalized variation associated to ¢ defined in . Given the anisotropic
nature of such regularizers, we expect them to better capture fine texture details in the
images. The result, providing a dual characterization of TGV, 2, reads as follows.

Theorem 4.5. Let Q C R™ be a bounded, connected, C' and open set. Let ¢ € ®,,(Q)
satisfy (A0) and let o = (a1, a2) € RT x RT. Then for any u € L*(Q) we have

TGV (u) = i {2V (Du = w) + V¥ "(Bw) (4.2)

where TGV 2 is defined as in (1.1) _and where we have adopted the convention that the
above right-hand side is infinite if V;*"(Ew) = +oo. If, additionally, v € BV¥?(Q),
defined as in (3.2), then

©,2 _ . n o /XN
TGV *(u) = weggg(m {ang (Du —w) + a1V (Ew)} , (4.3)

where the space BD¥(Q) is defined as in (3.13)).

Proof. Let us define Xy := C§(; R, Xy := CH(Q;R™) and A := div € L(X, X1).
We stress that

-l c2

X = C2( RS and X, = CI(; Ry llet, (4.4)
Chosen u € L(9), we define

Fl(M) = I{H'HWSC‘Q}(M)’ for any M e Xo
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and

F3 () == I w<an} (V) — /Qudivv dr, for any v € X;.

Since ¢ satisfies (A0), then by Lemma [2.12(iv) also ¢* satisfies (A0) and, by Lemma
we have that I} and F§ are continuous in the C%- and C*-topologies, respectively.
Then, thanks to a density argument and to (4.4)), we have that

p,2 — _ U
TGV (u) Mug(Q [F1(M) + F5'(AM)].

Let us remark that we can write the space X; equivalently as

X1 = (J A (domF3' — AdomFy). (4.5)
A>0

Indeed, if z € domF3* then, trivially, z € X; implies z € Jyso A (domF3* — A domF)
and for some A > 0 it is always verified that § € domfFy'. This implies that X7 C
Uxso A (domF3' — AdomFp). On the other hand, the converse is true since Xj is a
closed vector space (and domF}* and domF) are subsets of X1).

Now, since X is a closed set, it means that also the right-hand side of is closed,
which allows us to use [5, Corollary 2.3], a Fenchel-Rockafellar duality result, getting

TGV (u) = — pnf [F1(M) + Fy (AM)] = Juig, [(F5)" (w) + FT (=A"w)].

Now, exploiting the definition of Fenchel conjugate, we get

(F3")*(w) = ag sup {(w,v>y + / udivodzs : [jv|e < 1}7
veXq (9]

for every w € D'(Q; R™), and

Ff(—A"w) = a1 sup {(—A"w, M)x : [|[M]l,+ <1},
MeXo

for every w € D'(;R™) with —A*w € D'(Q; R™*™), where (-,-)x, and (-,-)x, denote,
respectively, the duality products between X; and X| and between X, and X3. Now,
we observe that if Fj'(—A*w) = +o0, then by Lemma we find | — Afw||pm =
+00. Moreover, since —A* = E, we infer that for every w € D'(Q;R") with —A*w €
D'(; R™ ™) we have

a V2 "(Bw)  if Bw € M(Q;R™")

Fi(—AN'w) =
i ) {—i—oo if Bw € D'(Q;R™™)\ M(Q; R™*™).

Analogously, by observing that, since u € L'(1),

(F3)"(w) = ag sup {{(Du—w,v)x, : [|v[lpx <1},
veX

for every w € D'(Q; R™), the same argument as for F} yields

agvg(Du —w) if Du—w e M(Q;R")

(F5)"(w) = {—l—oo if Du—w € D'(Q;R™) \ M(;R"),
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again for every w € D'(Q;R™). Thus, to summarize, by classical properties of BD and

BV, see [46, Chapter II, Theorem 2.3] and [4], we have that the following characteri-

zation holds:

. n nxn . LN
TGV ) we%lgl(ﬂ) {aQVw (Du —w) + a1V (Ew)} if u e BV(; R"),
+o0 otherwise in L' (Q; R™).

(4.6)

To conclude the proof we observe that if u € BV¥?(Q), then by [30, Theorem 3.4.6] the

above infimum problem can be considered on the subspace of BD(2) where additionally

[|wlp= < 400, namely BD¥(£2), see Remark [3.8] O

Note that in the proof we exploited the condition (A0) on the function ¢ in order to
have the inclusions BV?(Q) < BV () and BD¥?(2) — BD(f2), see Remarks and
3.7

The following result reduces the functional-analytic setting to the space BV¥(Q)), see
(3-2), by establishing equivalence of the two spaces BGV$? and BV?.

Corollary 4.6. Under the same assumptions of Theorem we have that TGV$?(u) <
+oo if and only if u € BV¥?(Q).

Proof. By Remark [3:3] choosing w = 0 as a test function in the characterization of
TGV 2(u), namely ([4.2)), we directly infer

TGVE? (u) < aaVI(Du) = gV, (u),
(see (3.1))), which, in turn, yields
ullp + TGV (u) < max{1, ag}|ull pye(a)-

Conversely, since Vg satisfies the triangle inequality, letting w, be the minimum in

(4.2), we deduce
a2V, (u) = aaV2(Du) < asV2(Du — wy) + 02V (wy) < TGVE2(u) + asV2 (wy).
m

Remark 4.7. Thanks to PTopositz'on in particular thesis (i), and to Corollary
we have that TGV is a seminorm also on the space BV#(Q).

Remark 4.8. Differently from the classical TGV -setting, it is not clear whether it is
possible to show that there exists a constant C' > 0 such that

1
clullsve) < llufly + TGV (u)

or not. Roughly speaking, this is due to the absence of a Musielak-Orlicz equivalent
of Sobolev-Korn inequality. We refer the interested reader to the discussion and the
references in Section[3

We also stress that, as it follows from the analysis in Proposition [{.9,

1
&l +1Dul(@) < llull, + TCVE(u)

for every u € BV¥(Q).
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Thanks to what we have proven in Subsections [3.2] and [3.3] we expect also the variation
175”” and, as a consequence, the total generalized variation TGV,#? to have a decomposi-
tion depending on the absolutely continuous part and the singular part of the gradient
of the functions u € BV¥(2). We leave this open question for future works.

4.3 Existence and stability of solutions to the minimization problem

In this section we show how our notion of total generalized variation inherits classi-
cal existence and stability properties. Throughout this section we will always tacitly
assume that TGV$? is extended to +oo outside of its domain. We first prove that a
Poincaré-Wirtinger inequality also holds in our setting, entailing the coercivity needed
to prove the existence of solutions to minimum problems in image denoising.

To this aim, from now on we denote by P!(£2) the space of affine functions, as well as
by I : L1(2) — P1(Q) a linear projection.

Proposition 4.9. Let Q C R™ be a bounded, connected, open set with C' boundary.
Let ¢ € ®,(Q) satisfy (A0) and let a = (o1, 00) € RY x RT. Let 1 < p < 2=, Then,
there exists a constant ¢ > 0 such that

lullLr () < cTGVE?(u),
for every u € ker I N LP(§2).
Proof. Because ¢ satisfies (A0), by Remark [3.1| we have BV¥(Q2) — BV (Q2) and so
|Du — w|(Q) < V2 (Du—w).
Analogously, thanks to Remark we get BD¥(Q) — BD(R), entailing
Bwl(©) < V2" (Bw),

for every w € BD(Q2). In view of [I12, Theorem 3.1 & Proposition 4.1], we infer the
existence of a constant ¢ > 0 such that
[ull o) < eTGVE(u) < ¢[az|Du — w|(2) + a1 | Bw| ()]
< ¢ |V (Du — w) + ar VX" (Ew))

for every w € BD(f2). The thesis follows then by Theorem O

In view of the Lemma we deduce existence of minimizers whenever TGV#2 is
augmented by suitable fidelity terms. In what follows, given two Hilbert spaces X and
H, we denote by £(X; H) the set of linear and continuous operators between X and
H.

Theorem 4.10. Let Q C R™ be a bounded, connected, open set with C* boundary. Let
¢ € ©,(Q) satisfy (A0) and let o = (a1, a2) € RT xR, Let 1 < p < 2. Let further
H be an Hilbert space, and let K € L(LP(2); H) be injective on PY(Q)). Then, for every
f € H, the minimum problem

1
in —||Ku— TGV 2 4.
uerrng(lQ)QH u— fllg + TGV (u) (4.7)

has a solution.
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Proof. Arguing exactly as in the proof of [12, Theorem 4.2], in view of Propositions
and we find that any minimizing sequence for (4.7) is uniformly bounded in LP(€2)
for every 1 < p < 5. The thesis follows then by Lemma 4.3| O

We conclude this section by showing stability of minimizers of (4.7]) with respect to the
fidelity datum f.

Theorem 4.11. Let Q C R™ be a bounded, connected, open set with C* boundary. Let
© € ©u(Q) satisfy (A0) and let o = (1, 0) € RT x R, Let 1 < p < Lo, Let H

be an Hilbert space and let K € L(LP(Q); H) be injective on PH(Q). Let (fi)r C H be
such that fi. — f strongly in H. Then, setting

1 1
Fio(u) := S| Ku — fllm + TGV (u),  Folu):= SIEw = fllm + TGVE?(u),
for every u € LP(Q), we have that (Fi)r I'-converges to Fy with respect to the weak
LP-topology.

Proof. The limsup inequality is immediately verified by considering for each v € LP(Q)
the constant recovery sequence 4y = u for every k € N. To show the liminf inequality,
let u € LP(Q2) and let (ug)r C LP(2) be such that up — u weakly in LP(£2). The fact
that
Fo(u) < liminf Fy(ug)
k—+o00

is a direct consequence of Lemma ]
As a consequence of Theorem we infer convergence of the associated minimizers.
Corollary 4.12. Under the same hypotheses of Theorem[{.11], we have

(i) min Fj, — min Fp.

(ii) Letting uy € argmin Fy, for every k € N, we have that (uy)g s precompact in
L»=1(9Q), and that every limiting point u satisfies u € argmin Fp.

Proof. The result follows from the Fundamental Theorem of Gamma-convergence, cf.
[10], by combining Theorem and Proposition [4.9] O

A Proofs of the results in Subsection [3.2]

In Proposition [3:17] and Proposition [3.18 we consider respectively the singular and ab-
solutely continuous parts of the symmetric gradient separately and we then combine
them to handle the whole function in Theorem [3.14]

In order to prove Proposition we need the following result, analogous to [26),
Lemma 3.5], which holds a characterization of the singular part of the symmetric gra-
dient of our function.

Lemma A.1. Let Q C R" be a bounded, connected and open set. If u € BD(R2), then

rESu|<Q>=sup{/Qw:dE3u e CHORYD), 1Y) gl}.
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Proof. By the definitions of total variation of a measure and of weak derivative, together
with the fact that Fu = Eu + E*u, we see that

|Eul(Q2) = sup (/ Y dEu+ / (I dEsu>
PECH(URGM'),|[¥[<1 W2 Q

< sup / ¥ dEu+ sup / ¥ : dE*u
)

YEL® (QRIW),|¢|<1 7§ YEL® (QRIM),|¥[<1
= [Eul(Q) + [Eu|(2
Since |Eul(Q) + |Eu|(Q) = |Eu|(Q) as £ and E* are mutually singular, each inequality

has to be an equality, and so the claim follows. O

We can now give the proof of Proposition following the lines of [26, Proposition
6.2].

Proof of Proposition[3.17. By the definition of the total variation of a measure, Lemma

and the definition of 7%, see (3.18]), we have
sup / ¥ dE°u < sup / || d|Efu| < / ol d|E*ul.
YeT? JQ YeT? JQ Q

In order to tackle the opposite inequality, let us define hy :  — [0, +00] by

hi(xz):= lim  inf el k)

for any = € Q.
r—0t yeB(z,r) k Y

Notice that hj is lower semicontinuous with
hy, < 2GR < o, (A1)

From the first inequality it follows that ¢*(-, ki) < @(-, k), implying that g, «(hg) <
0, (k) < +oo since ¢ satisfies (A0) and (aDec), and €2 is bounded.

Let us now remark that hy — ¢ as k — +o0. Indeed, if p*°(x) = +o0, then we can
use (A1) in all sufficiently small balls, since ¢ (k) < +o00, to conclude that

e ey k) el BR) -1
h =1 f >
k(I) 'r’—1>r(I]1Jr yean(:I:,r) k B k

— B> (z) = +00 (A.2)

as k — +oo. If instead ¢*>°(z) < 400, then we use the same inequality but now with
B = H%(r)’ where w is the modulus of continuity coming from the restricted (VA1)
condition, and we obtain the desired convergence as 8 — 17.

Note that hj is increasing in k since ¢ is convex. Then, by monotone convergence,

/Lpood]Esu]: lim /hkd]Esu].
QO k—o0 [e)

Let us fix € > 0 and assume that fQ ©>*d|E%u| < 400. Then, we can find h = hy and
K > 0 such that

K2
1
Cd|Eul < | hd|E°u|+¢ < / i d|EPu| + 2¢
[ ar< [ nap 3 76 sy M

- LS ({2
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Since h is lower semicontinuous, then {h > %} is open, and hence by Lemma we
can choose 1; € CH(Q; RZX™) with |;| < 1 such that

Sym
1 & LSy
e d|Efu| < — Z/ - )y dEfu+ 3e = / Z —; | 1 dEu+ 3e.
/Q Kj:l {h>%} 2 \j=1 K
Defining . := jKjl +1;, we can notice that 1. € C}(€; R and

1 & 1 &
|1be| < ?Z |¢j‘ < ?ZX{}D%} < h,
Jj=1 Jj=1
giving o,+(|1]) < 4+00. Therefore ¥, € T¥ and

/goood\Esu] g/zpaszSu—i—SaS sup /w:dEsu—i—&f.
Q Q PeT? JQ

The upper bound then follows letting ¢ — 0. If instead fQ 0> d|E*u| = 400, then a
similar argument gives 3—18 < SUDyere fQ 1 : dE®u and the claim again follows. ]

Lastly, we now give the proof of Proposition following the lines of [26, Proposition
6.3].

Proof of Proposition[3.18 The upper bound follows directly from Young’s inequality,
indeed

sup [ [gus v = fu)]de < [ ol ul) do = o,(1Eu]).

peTe Ja Q
In order to prove the lower bound let us choose g; € C'(€2; REM)NLP(; REX!Y) such that

sym
gi — Eu pointwise a.e and in L'(Q; REY). Then Fatou’s Lemma and L*-convergence
yield

1——+00

/ o(z, |Eul) dx < liminf/ o(z,|gi|) de  and lim gi s Ydx = / Eu:pdx
Q =t Jo Q Q

for any ¢ € T. Thus, it suffices to show that

/ (@ ]g]) dz < sup / 929 — 0" (&, [B])] da
Q

peTe JQ
for any g € C(Q;Ri) N LP(QREY). Moreover, replacing 1 by ﬁlglhﬂ and letting
e — 0T, we see that g : %MWI — |g| |w| pointwise. Thus, by monotone convergence,
the vector-values of g and v are irrelevant and we only need to show that

[ etalahdn< swp [ llgv] - o' (o0l do (A3
Q pect() Jo
for any g € C(2) N L¥(2). We can also exclude test functions such that g« (1)) = +o0,

see Remark 3171
Now let us denote with ¢ the left-derivative of ¢ with respect to the second variable.
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Then ¢’ is left-continuous and ¢(x, s) > ¢(x, so) + ¢'(x, s0)(s — s¢) by convexity. For
any € > 0, let us define

+o00
velont) = [ plomax(n0) Gt - 1dr = (e Qat), (M)
—0o0

where (. is a mollifier in R with support in [0, ¢] and where %, denotes the convolution
only in the second variable. Since ¢ and ¢’ are increasing in the second variable and
left-continuous, we have that ¢. ¢ and . 7 ¢’ as e — 0F. Moreover, ¢, = ¢ *; (.
is continuous in both x, since ¢ is, and ¢, as a convolution with a smooth function.
Let v; € C.(2) with 0 < wv; <1 and v; /1 as i — +oo. By uniform continuity in
supp v;, we can choose 0 = 6. ; > 0 such that, for any € > 0 and ¢ € N,

Y(z, |g(@)]vi(z)) — e < Py, lg(y)| vi(y))

for all x € B(y,d) and y € Q. Then

the,i o= max{¥L(, |g|vi) = ,0} %z m5 < VL [g]) < &' 1g]),

where 7s is a mollifier in R with support in [0, d] and where *, denotes the convolution
only in the first variable. We have that ¢.; — ¢'(-,|g|), so we conclude by Fatou’s
Lemma that

ol Galal)da < timing [ gl

—400,e—0

Since ¢ satisfies (A0) and (aDec), we see that

" (@, [eil) < 0" (@, ¢ (x, 191)) < lgl &' (x, 1g]) < (. ]g]),

where ¢ > 0 is a constant. Since g € L¥(2) and ¢ satisfies (aDec), then o,(g) < +o0.
Thus, dominated convergence with upper bound c (-, g) yields

/wmwummw= lim /wwWMMm
Q Q

i—~400,e—0

Since 1. is a valid test function and ¢/(-, |g|) < 400 a.e. in Q, the last equality, together
with “Young’s equality”, see [41, Lemma 1.7.3(i)], implies that

sup AMM&@WMWZIMM'AMWM¢@WMWM

PeCH(Q), 0,* (1h) <400 i—+00,e—0
> [ Lol ¢/ lo) = ¢ (oo lo) do = [ ol lgl) o

proving (A.3) and completing the proof of the lower bound. O

Remark A.2. The natural idea would be to choose v := ¢'(x,|g|) in the supremum
mn , instead of the family of test functions that we chose in , where ¢’ is the
left-derivative of @ with respect to the second variable. However, this function is not in
general smooth and we cannot use regular approximation by smooth functions since p*
is not doubling.
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B A Convex Analysis lemma

The following result is presented for readers convenience and it is due to [I], see Lemma
2.33 therein. It has been used in Section Bl

Lemma B.1. Let X be a Banach space with norm || - ||x, let ¢ : R — R be an even
and convex function, and define f: X — R as f(z) := ¢(||z||x). Then

(@) = ¢ (lz"l|x+)
where X* denotes the dual of X with norm || - || x=.

Proof. By definition

fH(&") = sup[(z*, x) — f(x)] = sup[(z”, ) — o([|]x)];

zeX rzeX

which can be equivalently written as

fH(@") =sup sup [(z7,x) — o(t)]

t>0 ||z||x=t
(B.1)
s { [ —_— x>] _ ¢<t>} _ supltlla*[x- — B(1)].
>0 | ||fo|lx=t >0
On the other hand, by definition
O (||lz* || x+) = sup[t|lz*||x= — ¢(t)], (B.2)
teR

hence it suffices to prove that (B.1) coincides with (B.2)), i.e. that it suffices to take the
supremum on nonnegative real numbers. Using the fact that ¢ is even, for any ¢ > 0
we have

=tz x+ — o(=t) = —tf|z"[|x — () < t]|z"||x+ — (1),
hence
sup[t[|z*|[x« — ¢(t)] = sup[t||lz™||x~ — &(2)],
teR >0

which concludes the proof. O
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