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Abstract. We provide a structural characterization of a given boundary using two-phase
elliptic measure in a multi-operator setting, extending to this novel setting results of Kenig,

Preiss & Toro, Toro & Zhao and Azzam & Mourgoglou, including the validity of Oksendal’s

conjecture for two-sided NTA domains under the assumption of mutual absolute continuity
of the elliptic measures. Our techniques rely on a reduction to a multi-operator two-phase

free-boundary problem combined with an extension of the powerful tools introduced by

Preiss in his Density Theorem.

Contents

1. Intro . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1. The multi-operator setting and new results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2. Motivating background and history of harmonic measure. . . . . . . . . . . . . . . . . . . . . . 3
1.3. Overview of proof of Theorem 1.3 and structure of article . . . . . . . . . . . . . . . . . . . . . 4
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.1. Notation and conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2. NTA domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3. Elliptic measure background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.4. Tangent measures and Λ-tangents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3. Reduction to tangents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
4. Free boundary interpretation of the blow-up domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.1. Weak solutions are viscosity solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.2. ε-monotonicity for blow-ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4.3. ε-monotonicity implies Lipschitz boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.4. Global Lipschitz boundaries are flat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

5. Proof of Theorem 1.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1. Intro

1.1. The multi-operator setting and new results. In this work, we study the structure of
the points of mutual absolute continuity for a pair of elliptic measures ω± corresponding to two
different divergence-form operators on complementary NTA domains Ω+ and Ω− = Rn \ Ω+.
Identifying the relationship between the structure of a boundary and the behavior of its elliptic
measure has a long history, starting with the classical case of harmonic measure, i.e. when the
operator in question is the Laplacian. We provide an overview of the history of the problem
in Section 1.2 below. Our setting herein falls into the regime of two-phase elliptic measure
problems. In contrast to the one-phase setting, one does not relate the behavior of the elliptic
measure and surface measure of the boundary, but instead considers the relative behavior
between the two elliptic measures for the complementary domains.

More precisely, our setting is as follows. Consider complementary domains Ω+ ⊂ Rn and
Ω− = Rn \ Ω+, with n ≥ 3. Suppose that Ω+ is a two-sided local NTA domain (see Section
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2 M. GOERING AND A. SKOROBOGATOVA

2). Recall that1 if Ω± are two-sided NTA with ∂Ω+ = ∂Ω− =: ∂Ω then the Dirichlet problem
for an elliptic divergence-form operator with any continuous boundary data admits a solution
in W 1,2

loc (Ω
+) ∩ C(Ω+), and the elliptic measure associated to this Dirichlet problem is well-

defined. For each choice of sign, let LA±u = − div(A±∇u) be the second order linear elliptic
differential operator with symmetric and uniformly elliptic coefficients A±, where A± are 2-
quasicontinuous matrix-valued functions on Rn. Recall that a function f : Rn → R is called
2-quasicontinuous if for all ε > 0 there exists an open set V so that cap2(V ) ≤ ε and f |Rn\V
is continuous, see [EG15, Sections 4.7, 4.8].

Remark 1.1. We work with 2-quasicontinuous functions A± : Rn → Rn×n precisely so that
for ω±-a.e. p we know limr→0

1
ω±(B(p,r))

∫
|A± − A±(p)|dω± = 0, as soon as Ω± are Wiener

regular. See [HKM06, Theorem 11.14] for more details.

Remark 1.2. Since we expect tools from complex analysis will provide stronger answers with
simpler techniques to the questions answered herein, we do not consider the case n = 2 even
though the results remain valid in that case under the assumption that the coefficients are
continuous outside a set of zero logarithmic capacity (see for instance the difference between
Theorem 1.4 and Theorem 1.5).

Whenever A± and Ω± are understood, we allow ω± to denote the elliptic measures with
suppressed poles x± ∈ Ω± (see Section 2 for more details).

Recall that a non-zero Radon measure ν is a tangent measure to µ at a ∈ Rn, denoted
ν ∈ Tan(µ, a), if there exists ci > 0 and ri ↓ 0 so that the pushforwards Ta,ri [µ] of µ under the
maps Ta,ri(x) :=

x−a
ri

satisfy limi→∞ ciTa,ri [µ] = ν in the weak-∗ sense [Pre87]. We denote the

space of (n− 1)-dimensional flat measures in Rn by

F = {cHn−1 π | π ∈ G(n− 1, n)}, (1.1)

where G(m,n) denotes the Grassmannian of m-dimensional linear subspaces of Rn.
Our main result is the following.

Theorem 1.3. Suppose that Ω± are complementary NTA domains with common boundary ∂Ω,
that A± : Rn → Rn×n are 2-quasicontinuous and uniformly elliptic matrix-valued functions,
and that L±

A= −div (A±∇·) on Ω±. If

F1 =

{
y ∈ ∂Ω : 0 <

dω−

dω+
(y) < +∞

}
,

then there exists an ω±-full measure subset of F1, denoted F ∗, so that ∂Ω = F ∗ ⊔ S ⊔N and

(i) Tan(ω±, p) ⊂ F for all p ∈ F ∗, dimH(F ∗)= n− 1, and on F ∗, ω+ ≪ ω− ≪ ω+;
(ii) ω+ ⊥ ω− on S;
(iii) ω±(N) = 0.

Recent results [DM21, Per25] demonstrate that in the one-phase elliptic measure setting,
sufficient regularity of the elliptic coefficients are necessary at the boundary for the relationship
between geometry of a boundary and absolute continuity of the elliptic measure to hold. Note
that although in [DM21], the coefficients of the operator are continuous up to the boundary,
the setting therein is not a two-phase one since the boundary is a four-corner Cantor set.
On the other hand, the snowflake examples constructed in [Per25], which are admissible in
the two-phase setting, do not have coefficients that are continuous up to the boundary; the
oscillations degenerate as one approaches the boundary, see Remark 2 therein. In fact, a by-
product of our result is that no such example can be constructed with coefficients that are
2-quasicontinuous, thus demonstrating an obstruction to how badly behaved the coefficients
can be at the boundary in any example of this type.

1See, for instance, [KPT09].
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1.2. Motivating background and history of harmonic measure. The motivation for our
study of the relationship between regularity properties of the two-phase multi-operator elliptic
measures and structure of the boundary stem from powerful analogous results for two-phase
harmonic measure, that is, the case where A± = id. Let us briefly describe the history of this
problem, starting with the story in the plane. The following is a combination of results due to
Makarov, McMillan, Pomerenke, and Choi; see [GM05] for the precise references.

Theorem 1.4. If ∂Ω ⊂ R2 is a Jordan curve and ω the corresponding harmonic measure,
then one can write ∂Ω as a disjoint union ∂Ω = G ⊔ S ⊔N , with

(1) ω(N) = 0;
(2) H1(S) = 0;
(3) lim supr→0 r

−1ω(B(p, r)) = +∞ and lim infr→0 r
−1ω(B(p, r)) = 0 for ω-a.e. p ∈ S;

(4) there is a geometric description of the points in S as twist points2;
(5) ω ≪ H1 ≪ ω on G;
(6) Every point in G is a cone point for Ω, that is, the vertex of a cone contained in Ω;
(7) ω- a.e. and H1- a.e. cone point for Ω is in G
(8) For ω-a.e. p ∈ G, limr→0 r

−1ω(B(p, r)) exists and takes values in (0,∞).

Note that property (8) implies that ω G is rectifiable by Preiss’ Density Theorem [Pre87].
We recall the Hausdorff dimension of ω, denote dimH(ω) is defined by

dimH(ω) = inf{s : ∃E ⊂ ∂Ω with Hs(E) = 0 and ω(E∩K) = ω(∂Ω∩K)∀ compact K ⊂ Rn}.
Through a slight abuse of notation, we will also write dimH(E) to denote the Hausdorff di-
mension of a set E.

In the plane, Makarov established that for simply connected domains, dimH(ω) = 1 [Mak85],
answering Oskendal’s Conjecture in the plane, concerning which type of domains dimH(ω) = 1
for. For general domains in R2, it is only known that dimH(ω) ≤ 1, [Car85], [JW88].

In Rn for n ≥ 3, Bourgain [Bou87] showed there exists a constant βn > 0 so that dimH(ω) ≤
n − βn. In [Wol95], Wolff showed that Oksendal’s conjecture fails in general for n ≥ 3 by
constructing “Wolff snowflakes” for which one can have dimH(ω) < n − 1 and dimH(ω) >
n − 1. Wolff’s examples are two-sided NTA domains. Lewis, Verchota & Vogel [LVV05] re-
examined Wolff’s snowflakes and discovered one can simultaneously have dimH(ω±) < n − 1
or dimH(ω±) > n − 1. However, due to the Alt-Caffarelli-Friedman monotonicity formula,
if ω+ ≪ ω− ≪ ω+ then dimH(ω±) ≥ n − 1. This final observation led Bishop [Bis92] to
ask whether ω±(E) > 0 and ω+ ≪ ω− ≪ ω+ ensure that ω± are both mutually absolutely
continuous with respect to Hn−1 on E, modulo a set of ω±-measure zero, and thus dimH(E) =
n− 1, where dimH(E) denotes the Hausdorff dimension of E. Bishop’s question was answered
positively in [AMT17a] for CDC domains, and subsequently in [AMTV19] in full generality.

In the absence of complex analytic tools, studying the geometry of ∂Ω for rough domains
Ω ⊂ Rn for n ≥ 3 in terms of the behavior of harmonic measure relies heavily on “two-phase”
techniques for the harmonic measure. The following slightly weaker version of a boundary
decomposition theorem holds for harmonic measure in Rn, n ≥ 3.

Theorem 1.5 ([KPT09]). Let n ≥ 3. If Ω± ⊂ Rn are complementary NTA domains and Ω±

are the interior and exterior harmonic measures, then ∂Ω = Γ ⊔ S ⊔N where

(1) ω+ ⊥ ω− on S and ω±(N) = 0.
(2) On Γ, ω+ ≪ ω− ≪ ω+ and dimH Γ ≤ n− 1, and if ω±(Γ) > 0 then dimH Γ = n− 1.
(3) If Hn−1 ∂Ω is a Radon measure then Γ is (n− 1)-rectifiable and ω± ≪ Hn−1 ≪ ω±

on Γ
(4) For every point p ∈ Γ, Tan(ω±, p) ⊂ F .

The conclusion of Theorem 1.5 was extended to the case of two-phase elliptic measure [AM19]
for a single elliptic operator whose coefficients have sufficient regularity across the boundary
∂Ω. One can thus view our main result Theorem 1.3 as an answer to the question: does the
above relationship between the regularity of interior- and exterior- elliptic measure and the

2See [GM05] for a definition of twist points.
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geometry of the boundary remain true in the multi-operator setting, where the coefficients of
the corresponding elliptic operators may have a discontinuity across the boundary?

In particular, in the multi-operator setting, we establish the validity Oksendal’s conjecture
for NTA domains under the assumption of mutual absolute continuity of the pair of elliptic
measures. Namely, we show that the set of points of mutual absolute continuity has dimension
n− 1 (modulo a set of ω±-measure zero) and we make progress toward a geometric characteri-
zation by showing that on a full measure subset of these points the elliptic measures ω±

A± have
flat tangents. To show Oksendal’s conjecture in the present setting, we invoke an argument in
[AM19] in place of that in [KPT09], which avoids the use of the ACF monotonicity formula.
Although an analogue of such a monotonicity formula exists in the multi-operator setting (see
[ST23]), it does not share the property of characterizing flat regions of the boundary as in
the single-operator case, thus preventing it from being useful in the study of the regularity
properties of the boundary; cf. Remark 4.24.

Two notable differences between Theorem 1.4 and Theorem 1.5 are that, first, mutual
absolute continuity of the harmonic and surface measure on the “good set” is established in
the plane and not in Theorem 1.5 without any additional assumption and, second, only in
the plane is there a geometric characterization of the “good set” and the “singular set” in
terms of the surface measure. Both the mutual absolute continuity of harmonic and surface
measure and a geometric characterization of the “good set” are handled in the remarkable
works [AMT17a, AMTV19], which can be summarized as follows.

Theorem 1.6. [AMT17a, AMTV19] Let n ≥ 3. If Ω± ⊂ Rn are complementary domains,
then ∂Ω = G ⊔ S ⊔N , where

(1) ω+ ⊥ ω− on S and ω±(N) = 0
(2) G is (n− 1)-rectifiable and ω± ≪ Hn−1 ≪ ω± on G.

Note that a characterization of S in terms of surface measure is not possible in general
without additional assumptions such as uniform upper (n − 1) density control (see [Bad12]),
as demonstrated via a counterexample in [AMT17b].

The proof of Theorem 1.6 relies heavily on the Riesz transform (in particular the results
of [GST18]). Thus, the analogous rectifiable structure (up to an ω±-null set) for mutually
absolutely continuous points is currently out of reach in the setting herein. We conjecture that
such a strengthened characterization should also hold true here, however.

1.3. Overview of proof of Theorem 1.3 and structure of article. The following class of
measures identifies the free-boundary problem that our tangent measures satisfy at a.e. point
in F1.

Definition 1.7. For any two elliptic matrices A±, we write ν ∈ D(A+, A−) to mean that ν is
a Radon measure with 0 ∈ spt ν that satisfies the following properties:

(1) Rn \ spt ν = Ω+ ∪ Ω− for unbounded complementary NTA domains Ω± with fixed
NTA constants.

(2) There exist non-negative functions u± > 0 on Ω± and supported on Ω± respectively,
so that ∫

φdν =

∫
Rn

∇u± · (A±∇φ) ∀φ ∈ C∞
c (Rn).

The functions u± are referred to as Green’s functions with pole at infinity for the
triple (Ω±, ν, LA±), see Remark 3.4.

Definition 1.7 can be viewed as the property that ν is supported on an NTA boundary
admitting a pair of Greens functions for LA± -elliptic measures with poles at infinity on either
side. We have the following theorem (see Theorem 3.3 for a more detailed version).

Theorem 1.8. Suppose that Ω±, LA and ω± are as above. For ω±-a.e. point p in the set F1

defined in Theorem 1.3,

Tan(ω±, p) ⊂ D(A+(p), A−(p)).
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The proof of Theorem 1.3, much like its analogues in the case of harmonic measure [KPT09]
or a single elliptic operator [AM19], relies on a procedure first introduced by Preiss in his
resolution of the density theorem. We will now briefly summarize the procedure of Preiss and
how to use tangent measures, but with the specific focus on proving the claim that Tan(ω±, p) ⊂
F in Theorem 1.3. Therefore, this summary also provides a broad outline of the rest of the
paper. We wish to apply a key lemma regarding the connectedness of the space of tangent
measures, Lemma 2.19, in the setting where M = D(A1, A2). We encourage the reader to look
at that lemma before reading the following three-step overview of what remains:

(1) For ω±-a.e. p ∈ F1, there are elliptic matrices A1, A2 so that Tan(ω±, p) ⊂ D(A1, A2);
this is the contents of Theorem 3.3. In fact, we verify that this is equivalent to the
conclusion that for Λ(p) =

√
A1, the Λ-tangents for ω±-a.e. point p ∈ F1 satisfy

TanΛ(ω
±, p) ⊂ D(id,Λ(p)−1A2Λ(p)).

(2) The pair (F ,D(id,Λ(p)−1A2Λ(p))) satisfy (P i), which we demonstrate guarantees a
rigidity property for Radon measures in the class D(id,Λ(p)−1A2Λ(p)) that are flat at
infinity. This is the hardest step, and is shown in Section 4. In particular, in Sections
4.1 and 4.2, we demonstrate that after a suitable blow-up procedure at ω±-a.e. p ∈ F1,
the difference of limiting Greens functions is a viscosity solution of a free-boundary
problem with both a Dirichlet and a transmission condition at the free-boundary, the
latter agreeing with the blown up boundary at p. We are then able to exploit known
regularity and rigidity techniques for such free boundary problems.

(3) After the first two steps we can apply Lemma 2.19, but risk the case that the di-
chotomy tells us we have no flat tangents. We resolve this concern by applying [AM13,
Proposition 4.4] (which we restate with additional details in Lemma 4.7) and Theorem
2.16 to conclude that for ω±-a.e. p, TanΛ(µ, p)∩F ̸= ∅, thus ruling out case (ii) in the
dichotomy and proving the claim that for ω±-a.e. p ∈ F1, Tan(ω

±, p) ⊂ F .

The experienced reader may notice that we passed between tangent measures and Λ-tangents
in our outline of the paper above. This is done formally via Lemma 2.17 and is useful to perform
an appropriate linear change of variables to simplify the structure of our free boundary problem
to match the form as that previously studied in [Fel97, AM13, CFS04, FS07, CDSS18].

Step (2) above involves demonstrating that if a blown up boundary is sufficiently close to
flat, then it is exactly flat. In the case A± = id, the free boundary problem reduces significantly
to the case where the difference u = u+−u− of the blown up Greens functions u± is a harmonic
polynomial. The latter was the crucial property exploited in [KPT09, AM19] (see also [BET17])
in order to conclude the desired rigidity result, which follows from a Liouville-type theorem
for harmonic polynomials. Here, however, the coefficients A±(p) differ on each side of ∂Ω
and thus one cannot generally hope to realize the blown-up boundary as the nodal set of an
elliptic polynomial. We instead replace this with the delicate study of the aforementioned
multi-operator free boundary problem, for which we can obtain an analogous Liouville-type,
adapting ground-breaking techniques of Caffarelli [Caf87, Caf89, Caf88], which had already
been extended to a setting with two different operators in [Fel97, AM13, CFS04, FS07]. The
crucial observation herein is that these results may be used here, since our blowups fall into
the very same framework.

The overall idea is a two-step procedure: first show that flatness of the boundary implies the
boundary is Lipschitz, and then prove that Lipschitz boundary regularity in turn implies C1,α

boundary regularity. Although this is a local argument, which has since been superseded by the
more flexible approach of De Silva [DS11], we crucially rely on the global rigidity consequence
of this, which seems out of reach with De Silva’s techniques. We refer the reader to Section
4.3 for a more detailed discussion of the approach. Note that in the special case where the
jump in the coefficients is characterized by a scalar function, namely A+(p) = cA−(p), one
may consider a suitably weighted difference of u+ and u− in order to once again reduce to
the elliptic polynomial case; see [KLS17, KLS19]. In that setting, the same procedure as in
[AM19] carries through without a hitch, leaving it uninteresting in our setting. In particular,
[KLS17, KLS19] make use of the Alt-Caffarelli-Friedman monotonicity formula and Almgren’s
frequency function, neither of which we can use in this setting.
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2. Preliminaries

2.1. Notation and conventions. Unless otherwise stated, balls B(x, r) of radius r and center
x are assumed to be open, and n ≥ 3 is a natural number. When the center of a given ball
B(0, r) is the origin, we instead often write Br. A domain is an open connected set, and p
denotes a point in the boundary of a given domain. We use Ω,Ω+,Ω− to denote domains.
We assume Ω± are complementary domains, that is Ω− = Rn \ Ω+. We will often denote
“boundary balls” B(p, r) ∩ ∂Ω by ∆(p, r).

We denote by δΩ(x) the distance from x to ∂Ω. When the domain is understood, we simply
write δ(x).

We refer to m-dimensional linear subspaces of Rn as m-planes, and G(m,n) denotes the
space of m-planes in Rn. We will be taking m = n− 1 throughout, and our (n− 1)-planes will
be often denoted by π. We denote the pushforward of a Radon measure µ under a Borel map
T by T [µ].

2.2. NTA domains. We will work under the following assumptions on our domains Ω, Ω+

and Ω− throughout, as introduced in [JK82]. The first is a quantitative openness known as
the corkscrew condition.

Definition 2.1 (Corkscrew Condition). Let C0, R0 > 0. We say that an open set Ω ⊂ Rn

satisfies the (C0, R0) interior corkscrew condition if for every p ∈ ∂Ω and r ∈ (0, R0) there
exists a point xp,r, called the interior corkscrew point for p at scale r, so that B(xp,r, r/C0) ⊂
B(p, r) ∩ Ω.

We say that an open set Ω ⊂ Rn satisfies the (C0, R0) two-sided corkscrew condition if both
Ω and Rn \ Ω satisfy the (C0, R0) interior corkscrew condition.

The next assumption is a quantitative notion of connectedness known as the Harnack chain
condition.

Definition 2.2 (Harnack Chain Condition). We say that a domain Ω satisfies the (C1, R1)-
Harnack chain condition if for every 0 < ρ ≤ R1, Λ ≥ 1, and every pair of points x, x′ ∈ Ω
with min{δΩ(x), δΩ(x′)} ≥ ρ and |x− x′| < Λρ there is a chain of balls B1, . . . , BN ⊂ Ω with
N ≤ C1(log2 Λ + 1) so that:

(1) x ∈ B1, x′ ∈ BN

(2) Bk ∩Bk+1 ̸= ∅ for all k = 1, . . . , N − 1
(3) C−1

1 diam(Bk) ≤ distH[Bk, ∂Ω] ≤ C1 diam(Bk),

where distH denotes the Hausdorff distance. The chain of balls is called a Harnack chain.

Definition 2.3 (NTA domains). We say that an open set Ω ⊂ Rn is a non-tangentially
accessible domain (NTA domain) with constants (C2, R2) if it satisfies the (C2, R2)-Harnack
chain condition and the (C2, R2) two-sided corkscrew condition.

When we discuss an NTA domain, we will typically neglect to specifically mention the
associated constants (C2, R2), which are referred to as the NTA constants, since they will
always be fixed. If Ω is unbounded, we require that Rn \ ∂Ω consists of two non-empty
connected components. If Ω is unbounded, then R0 = ∞ is allowed.
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Sometimes authors make the distinction between one-sided and two-sided NTA domains. In
such cases, our definition coincides with two-sided NTA domains.

Let distH(A,B) denote the Hausdorff distance between two non-empty compact sets A,B ⊂
Rn, that is, for non-empty compact sets A,B ⊂ Rn,

distH[A,B] := sup{d(a,B) : a ∈ A}+ sup{d(b, A) : b ∈ B}.
For a closed set Γ ⊂ Rn, for any p ∈ Γ and any r > 0, we define

ΘΓ(p, r) =
1

r
inf
{
distH

[
(Γ− p) ∩Br, π ∩Br

]
: π ∈ G(n− 1, n)

}
(2.1)

and

βΓ(p, r) =
1

r
inf

π∈G(n−1,n)
sup

q∈Γ∩B(p,r)

dist(q, p+ π) (2.2)

We recall the following lemma from [KPT09], which will be useful to obtain the dimension
estimate on F ∗ in Theorem 1.3.

Lemma 2.4 ([KPT09, Lemma 2.4]). Suppose that Γ ⊂ Rn is a closed set with the property
that

lim
r→0

βΓ(p, r) = 0 ∀ p ∈ Γ .

Then dimH(Γ) ≤ n− 1 .

2.3. Elliptic measure background. Suppose that A ∈ L∞(Ω;Rn×n) is a Λ0-uniformly el-
liptic symmetric matrix for some Λ0 ≥ 1, that is At = A and

Λ−1
0 |ξ|2 ≤ ⟨ξ,Aξ⟩ ≤ Λ0|ξ|2 for every ξ ∈ Rn \ {0}.

If Ω is an NTA domain (see 2.3) then in particular Ω is Wiener regular (see [Wie23]) and
so the work [LSW63] guarantees that it is also regular for LA = −div(A∇·) and so the elliptic
measure for (Ω, LA) with pole at x is well-defined. That is, for x ∈ Ω there is a unique
probability measure ωx supported on ∂Ω so that if f ∈ C(∂Ω) and u ∈ W 1,2(Ω) weakly solves
LAu = 0 with boundary data f , then u(x) =

∫
fdωx.

Note that when discussing regularity properties of ω± up to an ω±-negligible set, we may
without loss of generality fix such poles x± arbitrarily, so long as Ω± are Wiener regular, since
any pair of elliptic measures in a fixed domain associated to a given uniformly elliptic operator
are mutually absolutely continuous, due to the Harnack inequality. Indeed, suppose that Ω
is Wiener regular, let x, y ∈ Ω and suppose that K is a compact set such that ωx(K) = 0.
Then for all ε > 0 there exists an open neighborhood Uε of K with ωx(Uε) < ε. Consider
the functions fε ∈ C(∂Ω) so that 1K ≤ fε ≤ 1 and fε is supported in Uε. Suppose that
ωy(K) = η > 0. Then, letting uε be a weak solution of{

LAuε = 0 in Ω

uε = fε on ∂Ω

it follows from a Harnack chain argument that uε(y) ≤ Cuε(x) for some constant C which
depends on x, y,Ω, and the ellipticity of A. On the other hand, the integral representation of
uε yields {

η ≤ uε(y) =
∫
fεdω

y

ε ≥ uε(x) =
∫
fεdω

x

so that uε(y) ≥ η
εuε(x) reaching a contradiction for ε ≤ C−1η.

Under more general assumptions than our own, the work of Grüter and Widman [GW82]
ensures the existence of a Green function.3 The book [Ken94] describes the behavior of the
elliptic measure and corresponding Green functions. In particular the results proved in [JK82]
for harmonic functions on NTA domains extend to solutions of LA on NTA domains (or even
uniform domains with the CDC) with appropriate adaptations. Throughout the remainder of
the preliminaries, we work under the following assumption.

3In fact they do not require the exterior corkscrew condition, and instead use the CDC condition (see e.g.

[TZ21, Definition 2.6].
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Assumption 2.5. Let Λ0, R0 > 0, n ≥ 3, M > 1, and Ω ⊂ Rn be an (M,R0)- NTA
domain. Let A ∈ L∞(Ω;Rn×n) be symmetric and Λ0-elliptic matrix-valued function, and let
LA = − div(A∇·). Let {ωx}x∈Ω denote the family of elliptic measures associated to LA in Ω.
We refer to ωx as the elliptic measure with pole at x.

We summarize below the existence and basic properties of a Greens function. The existence
theory began in the bounded domain setting within [GW82] and was extended to systems and
unbounded domains in [HK07]. Our presentation most closely matches [AM19, Lemma 3.4],
which adds Theorem 2.6(4) and was first proven in variable coefficient setting in [AGMT23].

Theorem 2.6 (Green functions, [TZ21, Theorem 2.7]). Let Ω, A, LA, and {ωx} be as in
Assumption 2.5. There exists a unique G : Ω×Ω → [0,∞] and a constant C depending on the
(M,R0) such that the following hold:

(1) 0 ≤ G(x, y) ≤ C|x− y|2−n,

(2) G(x, ·) ∈ C
(
Ω, {x}

)
∩W 1,2

loc (Ω \ {x}) and G(x, ·)|∂Ω ≡ 0,
(3) G(x, y) = G(y, x), and
(4) for every φ ∈ C∞

c (Rn+1)∫
∂Ω

φdωx = φ(x)−
∫
Ω

⟨A(y)∇yG(x, y),∇φ(y)⟩ dy

We further recall from [Ken94] some basic results concerning the behavior of LA-elliptic
measures and functions on NTA domains, which are the analogue of properties derived in
[JK82] for LA = −∆. Our presentation closely follows [TZ21]. For Ω and A as in Assumption
2.5, we refer to allowable constants as constants depending only on the dimension n, the
ellipticity Λ0, the L

∞-norm of A, and the NTA constants (M,R0) of Ω. Furthermore all of the
following results still hold if the exterior corkscrew condition is replaced by the CDC condition.

Lemma 2.7. Let Ω, A and LA be as in Assumption 2.5. There exist constants β > 0 and
C > 0 depending on allowable constants such that for any p ∈ ∂Ω, 0 < r < diamΩ, the
following holds. If u ∈ W 1,2(Ω; [0,∞)) with LAu = 0 weakly in B(p, 2r) ∩ Ω and u vanishes
continuously4 on ∆(p, 2r) = B(p, 2r) ∩ ∂Ω, then

u(x) ≤ Cr−β |x− p|β∥u∥C0(B(p,2r)∩Ω) ∀x ∈ Ω ∩B(p, r) .

Corollary 2.8. Let Ω, A, LA and {ωx}x∈Ω be as in Assumption 2.5. There exists m0 > 0
depending on allowable constants such that for any p ∈ ∂Ω and 0 < r < R0,

ωxp,r (B(p, r) ∩ ∂Ω) ≥ m0 ,

where xp,r is an interior corkscrew point for ∆(p, r).

Lemma 2.9. Let Ω, A and LA be as in Assumption 2.5. There exists C > 0 depending
on allowable constants such that for any p ∈ ∂Ω and 0 < r < R0, the following holds. If
u ∈ W 1,2(Ω; [0,∞)) with LAu = 0 weakly in B(p, 4r) ∩ Ω and u vanishes continuously on
∆(p, 4r), then

u(x) ≤ Cu(xp,r) ∀x ∈ Ω ∩B(p, r) .

Lemma 2.10. Let Ω, A, LA and {ωx}x∈Ω be as in Assumption 2.5. There exists C > 0
depending on allowable constants such that for all p ∈ ∂Ω and 0 < r < R0/M if LAu = 0
weakly in B(p, 4r) ∩ Ω and u vanishes continuously on ∆(p, 4r), then

C−1 ≤ ωx(∆(p, r))

rn−2u(xp,r)
≤ C for any x ∈ Ω \B(p, 4r) . (2.3)

In particular, this holds when u(·) = G(·, x) is the Green function of LA in Ω with pole at x as
in Theorem 2.6.

4Since NTA domains are Wiener regular, it is well-known [Wie23, LSW63] that solutions with continuous
boundary data are continuous at the boundary. In particular, it is not restrictive to assume that u vanishes

continuously on ∆(p, 2r).
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Lemma 2.11. Let Ω, A, LA and {ωx}x∈Ω be as in Assumption 2.5. There exists C > 0
depending on allowable constants such that for all p ∈ ∂Ω and 0 < r < R0/2M , the following
holds. If y ∈ Ω \B(p, 2Mr), then for s ∈ (r/2, r),

ωy(B(p, r)) ≤ Cωy(B(p, s)) .

2.4. Tangent measures and Λ-tangents. For a compact set K ⊂ Rn, and two Radon
measures µ, ν we define

FK(µ, ν) = sup

{∣∣∣∣∫ fd(µ− ν)

∣∣∣∣ | Lip(f) ≤ 1, f ∈ Cc(K)

}
. (2.4)

If K = Br, we simply write Fr(·, ·). We recall, see [Mat95, Lemma 14.13] that for a sequence
of Radon measures {µk} and a Radon measure µ,

µk
∗−⇀ µ ⇐⇒ lim

k→∞
Fr(µk, µ) = 0 ∀r > 0. (2.5)

It is well-known, see [Pre87, Proposition 1.12], that

F (µ, ν) :=

∞∑
ℓ=1

2−ℓ min{1, Fℓ(µ, ν)}

defines a metric on the space of Radon measures. Moreover, F generates the topology of weak-∗
convergence. We denote F (µ) = F (µ, 0) and Fr(µ) = Fr(µ, 0).

Throughout the remainder of this section we will suppose that Λ : Rn → Rn×n is an
invertible matrix-valued function. We denote this by writing Λ : Rn → GL(n,R).

The notion of tangent measures that we will summarize stems from Preiss’ resolution of
the density question [Pre87]. The extension of Preiss’ machinery to the elliptic setting was
introduced and first used in [CGTW25] by Casey, the first author, Toro, and Wilson. The
presentation here will follow most similarly to [CGTW25], but we emphasize that the case
where Λ ≡ id always reduces to Preiss’ work.

Given an invertible matrix-valued function Λ : Rn → GL(n,R) fixed throughout this section,
we consider the ellipse centered at p

EΛ(p, r) = p+ Λ(p)B(0, r),

whose eccentricity depends on p. We further consider the rescalings

TΛ
p,r(y) = Λ(p)−1

(
y − p

r

)
,

and the associated pushforward measures TΛ
p,r[µ]. The latter in particular satisfy

TΛ
p,r[µ](B1) = Tp,r[µ](EΛ(0, 1)) = µ (EΛ(p, r)) .

Definition 2.12 (Λ-tangents). If µ is a Radon measure on Rn, p ∈ sptµ and Λ : Rn →
GL(n,R), we define the class of Λ-tangents to µ at p as

TanΛ(µ, p) :=
{
ν Radon s.t. ν = lim

i
ciT

Λ
p,ri [µ] : ci > 0, ri ↓ 0, ν ̸= 0

}
. (2.6)

In the special case where Λ = id, the class of Λ-tangents at a given point is simply the
class of tangent measures and thus we simply write Tan(µ, p); see the discussion in the in-
troduction. Furthermore, we denote by TanΛ[µ] the weak-∗ closure of the space of measures
∪p∈sptµ TanΛ(µ, p). We essentially only consider this space in the case of Tanid[µ] which we
will simply denote as Tan[µ].

Definition 2.13 (Cones, d-cones, and basis). A collection of nonzero Radon measures M is
called a cone if

µ ∈ M =⇒ cµ ∈ M for all c > 0 .

A cone of Radon measures is called a d-cone or dilation cone if

µ ∈ M =⇒ T0,r[µ] ∈ M for all r > 0 .
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The basis of a d-cone is the collection of µ ∈ M so that F1(µ) = 1. A d-cone M is said to have
a closed (respectively compact) basis if the basis is closed (respectively compact) with respect
to the weak-∗ topology.

We next introduce a notion of the distance to a d-cone. Let M be a d-cone and ν a Radon
measure in Rn. If s > 0 and 0 < Fs(ν) < ∞ we define the distance between ν and M at scale
s by

ds(ν,M) = inf

{
Fs

(
ν

Fs(ν)
, µ

)
: µ ∈ M and Fs(µ) = 1

}
. (2.7)

If Fs(ν) ∈ {0,∞}, we define ds(ν,M) = 1.

Proposition 2.14. [KPT09, Remarks 2.1 & 2.2] If µ, ν are Radon measures,

Fr(µ, ν) = rF1(T0,r[µ], T0,r[ν]). (2.8)

If M is a d-cone and ν a Radon measure,

i) ds(ν,M) ≤ 1 for all s > 0.
ii) ds(ν,M) = d1 (T0,s[ν],M) for all s > 0.

iii) If νi
∗−⇀ ν and Fs(ν) > 0, then ds(ν,M) = limi→∞ ds(νi,M).

Remark 2.15. Given ν ∈ TanΛ(µ, p) with ciT
Λ
p,ri [µ]

∗−⇀ ν it is easy to check that cT0,r[ν] =

limi cciT
Λ
p,rri [µ] for any c, r > 0. In particular TanΛ(µ, p) is a d-cone.

A crucial property of Λ-tangents (and in particular tangent measures) is that tangents to
Λ-tangents are Λ-tangents. This is a consequence of the following theorem.

Theorem 2.16. [CGTW25, Theorem 3.3] Let µ be a Radon measure on Rn and Λ : Rn →
GL(n,R). Then at µ-a.e. p ∈ Rn, every ν ∈ TanΛ(µ, p) has the following two properties:

(1) Tx,r[ν] ∈ TanΛ(µ, p) for all x ∈ spt ν, r > 0.
(2) Tan(ν, x) ⊂ TanΛ(µ, p) for all x ∈ spt ν.

Λ-tangents were introduced as a tool to transform anisotropic information of a base measure
into an isotropic form for the Λ-tangents. It turns out this is equivalent to taking a tangent
measure, and then performing a linear rigid change of variables. In this paper, we use the
latter approach in order to allow access to all the estimates from Section 2.3 while performing
a blow-up without restating Section 2.3 in terms of ellipses (which would also be possible). To
formalize this geometric intuition, we recall the Isomorphism Lemma:

Lemma 2.17. [CGTW25, Lemma 3.4] Let µ be a Radon measure on Rn and Λ : Rn →
GL(n,R). For a Radon measure ν, the following are equivalent:

(1) ν ∈ TanΛ(µ, p)
(2) Λ(p)♯ν ∈ Tan(µ, p)
(3) ν ∈ Tan((Λ(p)−1)♯µ,Λ(p)

−1p)

Remark 2.18. In Theorem 1.3 (i), one of our goals is to conclude that Tan(µ, p) ⊂ F , the
latter being the space of flat measures. Since for any invertible matrix Λ(p), Λ(p)♯σ ∈ F for all
σ ∈ F , the equivalence of (1) and (2) in Lemma 2.17 immediately shows that this conclusion
in Theorem 1.3 can equivalently be stated for TanΛ(µ, p) in place of Tan(µ, p).

The next lemma states that TanΛ(µ, p) is connected in a specific sense:

Lemma 2.19. [CGTW25, Corollary 3.6] Let Λ : Rn → GL(n,R). Suppose F = ∪∞
i=1Fi, each

Fi is a d-cone with compact basis and there exists a d-cone M with closed basis so that F ⊂ M
and for each i the following holds{

∃ εi > 0, Ri > 0 such that ∀ ε ∈ (0, εi) there exists no ν ∈ M \ ∪i−1
j=1Fj

satisfying dr(ν,Fi) ≤ ε ∀ r ≥ Ri > 0 and dRi
(ν,Fi) = ε.

(P i)

Then for any p ∈ Rn so that TanΛ(µ, a) ⊂ M, the following dichotomy holds:

(i) TanΛ(µ, p) ⊂ F , or
(ii) TanΛ(µ, p) ∩ F = ∅.
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We recall Definition 1.7, where we defined D(A+, A−) to be the class of Radon measures
with the following properties:

a) Rn \ spt ν = Ω+ ∪ Ω− for unbounded complementary NTA domains Ω± with fixed
NTA constants.

b) There exist non-negative u± > 0 that are Green’s functions with pole at infinity for
the triple (Ω±, ν, LA±).

3. Reduction to tangents

In this section we will adapt a blow-up argument, pioneered by Kenig and Toro [KT03, KT06]
to our setting. Throughout, we will work under the following assumption.

Assumption 3.1. Let n ≥ 3 and Λ0 > 0. Let Ω+ and Ω− = Rn \ Ω+ be complemen-
tary (M,R0)-NTA domains with ∂Ω := ∂Ω+ = ∂Ω−, let A± ∈ L∞(Rn;Rn×n) and let A±

be 2-quasicontinuous, symmetric, and Λ0-elliptic matrix-valued functions, and let LA± =

− div(A±∇·) in Ω±. Let x±
0 ∈ Ω± be fixed poles, and let u± := G±(·, x±

0 ) and ω± := ω±,x±
0

be the respective Green functions and elliptic measures for LA± in Ω± with poles at x±
0 .

Let Λ0,Ω
±, u±, A±, and Ω± be as in Assumption 3.1. Given a sequence of positive numbers

{ri} with ri ↓ 0 and p ∈ ∂Ω, define

Ω±
i =

Ω± − p

ri
, ∂Ωi =

∂Ω− p

ri
(3.1)

together with the functions

u±
i (x) =

u±(rix+ p)

ω±(B(p, ri))
rn−2
i (3.2)

and the measures

ω±
i (E) =

ω±(riE + p)

ω±(B(p, ri))
for Borel subsets E ⊂ Rn. (3.3)

Note that (3.3) may be rewritten as ω±
i = ciTp,ri [ω

±] where ci = ω±(B(p, ri))
−1.

Before beginning the proof in earnest, we take note of a few properties of the defined
sequences. By Lemma 2.10, for i large enough (so that ri ≤ R0/C0 and our unnamed pole
is outside B(p, 4ri)) it follows that there exists a C > 0 depending on the NTA constants,
dimension, and ellipticity (but not on i) so that

C−1 ≤
u±(x±

p,ri)

ω±(B(p, ri))
rn−2
i ≤ C (3.4)

where x±
p,ri ∈ Ω± are interior corkscrew points for Ω± associated to the surface balls ∆(p, ri).

In addition, the boundary harnack property for NTA domains, Lemma 2.9 yields that for fixed
N > 1 and all x ∈ B(0, N), whenever i is large enough depending on N ,

u±(rix+ p) ≤ Cu±(x±
p,ri). (3.5)

In particular, combining (3.2), (3.4), and (3.5) we conclude that for all x ∈ B(0, N):

sup
i≥1

sup
x∈B(0,N)

u±
i (x) ≤ C < ∞. (3.6)

Furthermore, since ω± are locally doubling (Lemma 2.11), it follows from (3.3) that

sup
i≥1

ω±
i (B(0, N)) = sup

i≥1

ω±(B(p, riN))

ω±(B(p, ri))
≤ CN < ∞ (3.7)

where CN > 0 depends on N and allowable constants.
Finally, to state the main theorem of this section, we decompose the boundary ∂Ω of ∂Ω±.

F1 =

{
p ∈ ∂Ω : 0 < h(p) :=

dω−

dω+
(p) = lim

r→0

ω−(B(p, r))

ω+(B(p, r))
< ∞

}
, (3.8)

F2 =

{
p ∈ ∂Ω :

dω−

dω+
(p) = ∞

}
(3.9)
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F3 =

{
p ∈ ∂Ω :

dω−

dω+
(p) = 0

}
(3.10)

F4 =

{
p ∈ ∂Ω :

dω−

dω+
(p) does not exist

}
. (3.11)

Given a Radon measure µ and a µ-measurable set E, we denote by Θ(µ, p, E) the density

θ(µ, p, E) := lim
r↓0

µ(B(p, r) ∩ E)

µ(B(p, r))
,

whenever such a limit exists. In addition, given a µ-measurable function f , we say that x is a
point of µ-approximate continuity for f if

f(x) = lim
r→0

∫
B(x,r)

fdµ and lim
r→0

∫
B(x,r)

|f(x)− f(y)|dµ(y) = 0.

We denote the set of µ-approximate continuity points for f by C(µ, f), and define

F0 =

{
p ∈ F1 ∩ C

(
ω+,

dω−

dω+

)
∩ C(ω±, A±) : θ(ω±, p, F1) exists and equals 1

}
. (3.12)

Remark 3.2. By the Lebesgue-Besicovitch-Federer differentiation theorem, we know that:

• ∂Ω = F1 ⊔ F2 ⊔ F3 ⊔ F4;
• ω+(F2) = 0 = ω−(F3) = ω±(F4);
• ω+ F1 and ω− F1 are mutually absolutely continuous;

• dω−

dω+ ∈ L1
loc(ω

+) and dω+

dω− = 1/
(

dω−

dω+

)
∈ L1

loc(ω
−);

• ω±(F1 \ F0) = 0.

Note that the last property additionally uses the fact that A± are 2-quasicontinuous and
[HKM06, Theorem 11.14].

We introduce a final piece of notation which is subtle, but crucial to succinctly talk about
the results of this section. We recall that we often have two matrix-valued functions A±, and
the two corresponding operators

LA±u = −div(A±(·)∇u(·)) = −div(A±∇u)

where (·) should be filled with the spatial variable. In contrast, letting

A(u, x) :=

{
A+(x) u > 0

A−(x) u ≤ 0,

we define operator
LAu := −div(A(u, ·)∇u(·)) = −div(A(u)∇u) . (3.13)

We are now ready to state the main result concerning blow-ups of our two-phase problem.
This will allow us to reduce to the case of a constant coefficient problem on unbounded NTA
domains.

Theorem 3.3. Let Ω±, ∂Ω, A±, LA± , u± and ω± be as in Assumption 3.1. Using the notation
above, for any p ∈ F0, there exists a subsequence (which we do not relabel) so that as i → ∞
the following converge in Hausdorff distance uniformly on compact sets:

Ω±
i → Ω±

∞ and ∂Ωi → ∂Ω∞ , (3.14)

where Ω±
∞ are unbounded NTA domains with the same NTA constants as Ω± and satisfy

∂Ω+
∞ = ∂Ω−

∞ = ∂Ω∞. Moreover, there exist u±
∞ ∈ C(Rn) (extended by zero) such that

u±
i → u±

∞ in W 1,2
loc (R

n) and uniformly on compact sets (3.15)

and u := u+
∞ − u−

∞ is a weak W 1,2
loc (Rn)-solution to

LApu = 0 on Rn , (3.16)

where Ap(u) := A+(p)1{u>0} +A−(p)1{u≤0}
5 and LAp is as in (3.13).

5Note that A±(p) are well-defined since p ∈ F0.
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Furthermore, there exist Radon measures ω±
∞ so that

ω±
i

∗
⇀ ω±

∞ , (3.17)

and ω±
∞ are the elliptic measures of Ω±

∞ (with pole at infinity) corresponding to the operators
LA±(p). Moreover, ω+

∞ = ω−
∞ =: ω∞. That is, for all φ ∈ C∞

c (Rn),∫
Ω±

∞

A±(p)∇u±
∞ · ∇φ =

∫
∂Ω∞

φdω∞ , (3.18)

and 
LA±(p)u

±
∞ = 0 on Ω±

∞
u±
∞ = 0 on Rn \ Ω±

∞
u±
∞ > 0 on Ω±

∞ .

(3.19)

Finally, we note that there exists C > 0 depending on the NTA constants so that

0 ∈ sptω∞ and C−1 ≤ ω∞(B1) ≤ 1. (3.20)

Notice that Theorem 3.3 is a more detailed re-statement of Theorem 1.8; in other words,
we are concluding that w*-limω±

i = ω∞ ∈ D(A+(p), A−(p)) and (3.18) holds.

Remark 3.4. For each choice of sign ±, we refer to the members of the triple (Ω±, u±
∞, ω∞)

in the conclusion of Theorem 3.3 as follows. The functions u±
∞ are the Green’s functions on

Ω±
∞ with poles at infinity, and ω∞ is the corresponding harmonic measure with pole at infinity.
It is a subtle distinction that we only mention the Green’s function/harmonic measure with

pole at infinity in our blown-up setting; this is because Theorem 3.3 proves the existence of
such objects after a blow-up. For the case of the Laplacian, it is known that these objects
exist for unbounded NTA domains [KT99, Corollary 3.2], but while we expect it to be true,
we could not find and do not require an analogous existence theorem in the variable coefficient
setting.

Proof. Thanks to pre-compactness following from (3.6) and (3.7), the fact that there exists a
subsequence and limiting objects so that (3.14), (3.17), and the “uniformly on compact sets”

part of (3.15), all hold follows as in [KT03, Section 4]. The W 1,2
loc part of (3.15) follows as in

[AM19, Lemma 3.11]. The fact that 0 ∈ sptω∞ is a generic fact about tangent measures. That
ω∞(B1) ≤ 1 follows from (3.3) and the characterization of weak-∗ convergence in terms of open
sets. The fact that C−1 ≤ ω∞(B1) follows from the fact that the sequence ωi is uniformly
doubling (Lemma 2.11) with ωi(B1) = 1 implying ωi(B3/4) ≥ C−1 for all i, and then using the
characterization of weak-∗ convergence in terms of compact sets.

Moreover, we claim that (cf. [AM19, Lemma 4.11 (f) & (4-11)])∫
Ω±

∞

A±(p)∇u±
∞ · ∇φ =

∫
∂Ω∞

φdω±
∞ ∀ φ ∈ C∞

c (Rn) , (3.21)

and (3.19) holds. More specifically, by definition of a point of ω±-approximate continuity of
A± at p, we have

lim
r→0

1

ω±(B(p, ri))

∫
B(p,r)

|A±(p)−A±(y)|dω±(y) = 0 . (3.22)

Combining this with the local weak-∗ convergence of ω±
i to ω±

∞, for a given φ ∈ C∞
c (Rn),

letting φi := φ( ·−p
ri

) for i large enough we have∫
∂Ω∞

φdω±
∞ =

∫
φdω±

i

=
1

ω±(B(p, ri))

∫
∂Ω±

φidω
±

=
rni

ω±(B(p, ri))

∫
Ω±

i

A±(p+ riy)∇u±(p+ riy) · ∇φ(y)

=
rni

ω±(B(p, ri))

∫
Ω±

i

A±(p)∇u±(p+ riy) · ∇φ(y)
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+
rni

ω±(B(p, ri))

∫
Ω±

i

(A±(p+ riy)−A±(p))∇u±(p+ riy) · ∇φ(y)

=

∫
Ω±

∞

A±(p)∇u±
∞ · ∇φ+

∫
Ω±

i ∆Ω±
∞

A±(p)∇u±
∞ · ∇φ

+

∫
Ω±

i

A±(p)(∇u±
i −∇u±

∞) · ∇φ

+

∫
Ω±

i

(A±(p+ riy)−A±(p))∇u±
i (y) · ∇φ(y) .

A combination of (3.14), (3.15) and (3.22) ensures that all but the first term in the final equality
converge to zero (up to extracting a subsequence), as desired. Here, we have used the definition
of the Greens functions together with the fact that, since φ has fixed compact support, for i
large enough the implicit fixed poles x±

0 lie outside of the support of ω±
i supp(φ).

While similar statements are known in the literature, see in particular [KPT09, KT03, KT06,
AM19], we prove that under the assumption that p ∈ F0 (as defined in (3.12)) both (3.16) and
(3.18) hold for our pair of operators with a discontinuity in the coefficients across the boundary.
In light of (3.21) and (3.19), it suffices to prove that ω+

∞ = ω−
∞.

To confirm ω+
∞ = ω−

∞ we first observe that by duality, our rescaled measures (3.3) satisfy∫
∂Ωi

φ dω±
i =

1

ω±(B(p, ri))

∫
∂Ω

φ

(
q − p

ri

)
dω±(q) ∀φ ∈ C∞

c (Rn) . (3.23)

In particular, recalling the definition of F1 from (3.8),∫
∂Ωi

φdω−
i =

1

ω−(B(p, ri))

∫
F1

φ

(
q − p

ri

)
dω−

dω+
(q)dω+(q)

+
1

ω−(B(p, ri))

∫
∂Ω\F1

φ

(
q − p

ri

)
dω−(q)

=: (I) + (II).

We note that as i → ∞ the size of (II) goes to zero. Indeed, combine the doubling of ω−

(3.7) with the compact support of φ and the fact that p ∈ F0 requires Θ(ω−, p, ∂Ω \ F1) = 0.

Denoting h = dω−

dω+ , we next write

(I) =
ω+(B(p, ri))

ω−(B(p, ri))

1

ω+(B(p, ri))

∫
F1

φ

(
q − p

ri

)
h(q)dω+(q)

= h(p)
ω+(B(p, ri))

ω−(B(p, ri))

1

ω+(B(p, ri))

∫
F1

φ

(
q − p

ri

)
dω+(q)

+
ω+(B(p, ri))

ω−(B(p, ri))

1

ω+(B(p, ri))

∫
F1

φ

(
q − p

ri

)
(h(q)− h(p))dω+(q)

=: (III) + (IV ).

Since p is a point of approximate continuity for h, (3.7) ensures that (IV ) goes to zero as
i → ∞. Finally, we see that

lim
r→0

ω+(B(p, ri))

ω−(B(p, ri))
=

1

h(p)

so that, when combined with (3.17) and (3.23), (III) converges to
∫
∂Ω+

∞
φdω+

∞. In summary,

we have shown∫
∂Ω−

∞

φdω−
∞ = lim

i→∞
(II) + (III) + (IV ) = lim

i→∞
(III) =

∫
∂Ω+

∞

φdω+
∞ ∀φ ∈ C∞

c (Rn)

verifying that ω+
∞ = ω−

∞ = ω∞ and consequently (3.18).
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We now turn to (3.16). We deduce from Theorem 2.6 that u ∈ W 1,2
loc (Rn) since it is a

difference of two Green functions with pole at infinity. Thus, from (3.19), for φ ∈ C∞
c (Rn):∫

Rn

⟨Ap(u)∇u,∇φ⟩ =
∫
Ω+

∞

⟨A+(p)∇u,∇φ⟩ −
∫
Ω−

∞

⟨A−(p)∇u,∇φ⟩

=

∫
∂Ω∞

φdω+
∞ −

∫
∂Ω∞

φdω−
∞ = 0

verifying (3.16). □

We record here a more general form of the first part of Theorem 3.3, which gives compactness
for general varying sequences of domains with associated elliptic measures for a fixed operator,
rather than those coming from rescalings of a single domain. This will come in useful later,
when we implement Preiss’ techniques in order to conclude the proof of Theorem 1.8 (see
Proposition 5.1). Therein, we will additionally justify compactness for the Greens functions.
We omit the proof, since it follows by the very same reasoning as that in the beginning of
Theorem 3.3. More details can be found in [MMP25, Proposition 1.7], which in the even more
general setting of a CDC domain and varying operators.

Theorem 3.5. Let {Ω±
i }i be a sequence of complementary (M,R0)-NTA domains with bound-

aries ∂Ωi, let A
± and LA± be as in Assumption 3.1, and let u±

i and ω± also be as in Assumption
3.1 for Ω±

i . There exists a subsequence (which we do not relabel) so that as i → ∞,

Ω±
i → Ω±

∞ and ∂Ωi → ∂Ω∞ ,

where the convergence is locally uniformly in Hausdorff distance, and Ω±
∞ are unbounded

(M,R0)-NTA domains and satisfy ∂Ω+
∞ = ∂Ω−

∞ = ∂Ω∞. Moreover, there exists C > 0
depending on the NTA constants so that

0 ∈ sptω∞ and C−1 ≤ ω∞(B1) ≤ 1.

4. Free boundary interpretation of the blow-up domains

We are now in the position to study the free boundary problem (3.16). We begin by using
([AM19, Lemma 3.8, 3.9]), which we state in a simplified version that is sufficient for our needs:

Lemma 4.1 ([AM19, Lemma 3.8, Lemma 3.9]). Let Ω, A, LA and {ωx}x∈Ω be as in Assump-
tion 2.5. Let p ∈ ∂Ω and let Λ(p) ∈ Rn×n be a Λ0-elliptic matrix. Let u = G(·, x) be a Green
function for LA on Ω with pole at x ∈ Ω, and let T (x) = Λ(p)−1(x− p). Then u ◦ T−1, T [ωx],
are respectively a Green function and elliptic measure with pole at T (x) for LÃ on T (Ω), where

Ã(y) = Λ(p)−1A(Λ(p)y + p)Λ(p)−1.

We note that in the more general setting of [AM19], the above lemma contains a factor of

| det(Λ(p))| in the definition of Ã. However, since this is a constant in our setting, it can be
removed for aesthetic purposes. As an immediate corollary, we obtain the following.

Corollary 4.2. Suppose that µ is a Radon measure on Rn, and let Ω, A be as in Assumption
2.5. Then for every p ∈ ∂Ω, the following holds. If Tan(µ, p) ⊂ D(A+(p), A−(p)), Λ(p) =√
A+(p) and Mp = Λ(p)−1A−(p)Λ(p)−1 then TanΛ(µ, p) ⊂ D(id,Mp).

The corollary follows directly from the equivalence of (1) and (2) in Lemma 2.17 and Lemma
4.1. Therefore, by working with TanΛ(ω

±, p) instead of Tan(ω±, p), we reduce to working under
the following assumption throughout this section:

Assumption 4.3. Let n ≥ 1 and M ∈ Rn×n be a Λ0-elliptic matrix. Let u ∈ W 1,2
loc ∩ C(Rn)

be a weak solution to

LMu = − div(M(u)∇u) = 0 on Rn , (4.1)

where

M(u) := id1{u>0} +M1{u≤0} .
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The main result of this section can be loosely summarized as follows: if n ≥ 3, ω ∈ D(id,M),
and ω is sufficiently close to flat at infinity, then in fact ω ∈ F . This will follow by showing
a Liouville-type theorem for the difference of Green’s functions u± with poles at infinity for
(Ω±(u), ω, LM ), which we will see form a viscosity solution of an appropriate two-phase free-
boundary problem; see Corollary 4.23 for a precise statement of the result.

4.1. Weak solutions are viscosity solutions.

Definition 4.4. We say that a continuous function u is a viscosity sub-solution to our free
boundary problem LM (·) = 0 if:

(1) ∆u ≥ 0 in Ω+(u) = {u > 0} and LMu ≥ 0 in Ω−(u) = {u < 0}.
(2) If B(y, ρ) ⊂ Ω+(u) and x0 ∈ ∂B(y, ρ) ∩ ∂Ω+(u), then for the inward pointing unit

normal ν of ∂B(y, ρ) at x0,

u(x) ≥ α(ν · (x− x0))
+ − β(ν(x− x0))

− + o(|x− x0|)

for some β ≥ 0 and α ≥
(∑n

i,j=1 νiνjM
ij
)
β where M ij are the coefficients of M .

A super-solution is defined similarly, with all the inequalities above reversed and the ball
B(y, ρ) ⊂ Ω−(u).

A solution is any continuous function that is both a sub- and a super-solution.

Remark 4.5. We are considering the very same two-operator free-boundary problem and no-
tion of solution as that in [Fel97, AM13] (see also [CFS04, FS07] for a more general variable
coefficient version). Indeed, the crucial step herein is to verify that the difference of blown up
Greens functions are solutions to this free-boundary problem and satisfy the ε-monotonicity
property required to kick-start the improvement of flatness mechanism. Thereafter, we are sim-
ply invoking the strategy presented in the aforementioned works, but we provide the key steps
and relevant intermediate result statements herein for the purpose of clarity. Our exposition
follows that in these references closely.

We will frequently use the notion of two-plane solutions:

Definition 4.6. We refer to a function P (x) = α(ν ·x)+−β(ν ·x)− for some choice of ν ∈ Sn−1,
α, β ≥ 0 as a two-plane solution. Given M as in Assumption 4.3, if α, β satisfy the property (2)
of Definition 4.4 for this choice of M , we refer to P as a two-plane sub-solution of LM (·) = 0.
We analogously define two-plane super-solutions of LM (·) = 0, and we refer to P as a two-plane
solution of LM (·) = 0 if it is both a two-plane sub- and super-solution. There will often be
no relationship assumed between α and β. We will thus often simply talk about two-plane
solutions without specifying any coefficients α, β.

We begin with the following lemma.

Lemma 4.7. Suppose that M and u are as in Assumption 4.3. If B(y, ρ) ⊂ Ω−(u) or B(y, ρ) ⊂
Ω+(u) with x0 ∈ ∂B(y, ρ)∩ {u = 0}, then there exists a unique two-plane solution P = Px0

so
that

u(x)− P (x− x0) = o(|x− x0|). (4.2)

In particular, the rescalings

ur(·) :=
u(r ·+x0)

r

converge locally uniformly to P . Moreover, the following three properties hold:

(1) For all N > 0,

|(Ω±(u)∆Ω±(P )) ∩B(x0, rN)|
|B(x0, rN)|

r→0−−−→ 0. (4.3)

(2) ur → P in L2
loc(Rn) and ∇ur → ∇P weakly in L2

loc(Rn)
(3) P satisfies LMP = 0 in a weak sense.
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Remark 4.8. The existence of a unique two-plane solution at points with touching balls is
demonstrated in [AM13, Lemma 3.6]. However, one should be careful about concluding the
uniqueness of the two-plane solution from the non-degeneracy of the Alt-Caffarelli-Friedman
density alone. Indeed the uniqueness may fail, see [AK20]. However, in our setup, this unique-
ness is guaranteed; the presence of a touching ball prevents the zero-set of the blow-up from
rotating, while the uniqueness of the slopes is guaranteed by [CS05, Lemma 11.17].

Proof. The asymptotic development (4.2) is the conclusion of [AM13, Lemma 3.6], see also
[CS05, Lemma 11.17]. Note that the conclusion of [AM13, Lemma 3.6] is indeed for weak
solutions of (4.1); we have not yet established that u is a viscosity solution. This immediately
implies the rescalings ur converge locally uniformly to P . To prove (4.3) we first suppose
without loss of generality that x0 = 0 and observe that Ω±(P ) are half spaces and hence
invariant under scaling. Then for any fixed N > 0 we have

|(Ω±(u)∆Ω±(P )) ∩BrN |
|BrN |

=
|(Ω±(urN )∆Ω±(P )) ∩B1|

|B1|

≤
∫
B1

|1Ω+(urN ) − 1Ω+(P )|+ |1Ω−(urN ) − 1Ω−(P )| ,

which is seen to go to zero by the dominated convergence theorem and the fact that ur → P
locally uniformly, so in particular pointwise, which in turn implies that Ω±(ur) converges
pointwise to Ω±(P ).

To prove (2) we must first show that for anyN > 1 and all r sufficiently small, ∥ur∥W 1,2(BN ) ≤
C < ∞ for some constant C. Indeed, this suffices since then for any sequence {uri} there ex-
ists a subsequence {urij

} and a function g ∈ W 1,2(BN ) (which may a priori depend on the

subsequence) so that urij

L2

−−→ g and ∇urij

L2

−−⇀ ∇g. However, by (4.2) we then deduce that

g = P . Since N is arbitrary, this will prove (2).
To verify the W 1,2(BN ) bound, we first use the Caccioppoli inequality with a function

φ ∈ W 1,∞
0 (BN+1) so that φ ≡ 1 on BN and ∥∇φ∥L∞(BN+1) ≲ 1 to deduce∫

BN

|∇ur|2 ≤
∫

|∇ur|2φ2 ≲Λ0

∫
|∇φ|2u2 ≲

∫
BN+1

u2
r.

By (4.2), it follows that for r small enough that on BN+1 we have |ur| ≲ N+1 with suppressed
constants independent of N so that∫

BN

|∇ur|2 ≲ (N + 1)2|BN+1|.

In particular again using (4.2) implies that

∥ur∥2W 1,2(BN ) = ∥ur∥2L2(BN ) + ∥∇ur∥2L2(BN ) ≲ Nn+2 + (N + 1)n+2 < ∞

for all r sufficiently small, completing the proof of (2).

We next claim that (3) follows from (1) and (2). Indeed, for φ ∈ W 1,2
0 (BN ), (2) implies∫

⟨M(P )∇P,∇φ⟩ (2)
= lim

r→0

∫
⟨M(P )∇ur,∇φ⟩ . (4.4)

On the other hand,

lim sup
r→0

∣∣∣∣ ∫ ⟨M(P )∇ur,∇φ⟩ −
∫

⟨M(ur)∇ur,∇φ⟩
∣∣∣∣

≤ lim sup
r→0

∫
(Ω+(ur)∆Ω+(P ))∩BN

|M(ur)−M(P )||∇ur||∇φ|

≲Λ0 lim sup
r→0

(∫
(Ω+(ur)∆Ω+(P ))∩BN

|∇φ|2
)1/2

∥∇ur∥L2(BN ) = 0
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where the final equality uses (1), (2), Cauchy-Schwarz, and the fact that ∇φ ∈ L2, so that in
particular |∇φ|2 dx defines a measure which is mutually absolute continuous with respect to
the Lebesgue measure. Combining this with (4.4) verifies (3). □

Lemma 4.9. Let M and u be as in Assumption 4.3. Then u satisfies LMu = 0 in a viscosity
sense.

In [AM13] it is claimed without proof that (4.2) implies weak solutions are viscosity solutions.
While the fact that the first condition in Definition 4.4 is satisfied is classical, we fill in the
details to prove the second condition in Definition 4.4 also follows from Lemma 4.7 as claimed.

Proof of Lemma 4.9. By (4.2) from Lemma 4.7, we know that if there exists a touching ball
B(y, ρ) contained in either Ω+ or Ω− and ∂B(y, ρ) ∩ {u = 0} ∋ x0 then if ν is the inward
pointing normal direction to B(y, ρ) at x0, there exists α, β so that

u(x) = α((x− x0) · ν)+ + β((x− x0) · ν)− + o(|x− x0|) =: P (x− x0) + o(|x− x0|).

Without loss of generality, suppose x0 = 0. It remains to check that the relationship between α
and β. Let v1(x) = α(x·ν)+ and v2(x) = β(x·Mν)− so that M(P )∇P = 1P>0∇v1+1P≤0∇v2.

Fix 0 ≤ φ ∈ W 1,2
0 (Br). Then, because P satisfies LMP = 0 in a weak sense, by Lemma 4.7

(3) we have

0 ≤
∫
Br

M(P )∇P · ∇φdx

=

∫
Br∩Ω+(P )

∇v1 · ∇φdx+

∫
Br∩Ω−(P )

∇v2 · ∇φdx

= −
∫
Br∩Ω+(P )

φ∆v1 dx−
∫
Br∩Ω−(P )

φ∆v2 dx

+

∫
∂(Br∩Ω+(P ))

φ∂νv1dHn−1 +

∫
∂(Br∩Ω−(P ))

φ∂νv2dHn−1

=

∫
{P=0}∩Br

φ (αν −Mβν) · νdHn−1 .

Here, the final equality uses φ|∂Br
= 0 (in the Sobolev trace sense) and ∆v1 = ∆v2 = 0.

Since φ ≥ 0 was arbitrary in W 1,2
0 (Br), this in turn implies α = ανtν ≥ βνtMν confirming

the desired inequality. Repeating the argument with a touching ball from the other side, and
using that P is a weak super-solution of LM (·) = 0 confirms α ≤ βνtMν verifying that P is a
solution to LM (·) = 0 in the viscosity sense. □

4.2. ε-monotonicity for blow-ups. In this section we will work under the following assump-
tion, which we know is satisfied by the Λ-tangents in F ∗ thanks to Theorem 3.3, Corollary 4.2,
and Lemma 4.9.

Assumption 4.10. Assume n ≥ 3 and that ω ∈ D(id,M) for some Λ0-elliptic matrix M . In
particular, 0 ∈ sptω and LMu = 0 on Rn in a viscosity sense, where u = u+ − u−, and u± are
Green’s functions with poles at infinity for (Ω±(u), ω, LM ).

We begin by showing that closeness to flat in the sense of measures ω ∈ D(id,M) guarantees
closeness to two-plane solutions for the associated difference of Green’s functions.

Lemma 4.11. Let Λ0, r0 > 0 be fixed. For any η > 0 there exists δ = δ(n,Λ0, η, r0) > 0 such
that the following holds. Suppose M , ω and u are as in Assumption 4.10. If for all r ≥ r0,

dr(ω,F) ≤ δ

then

inf
P two-plane solutions

∥u− P∥L∞(B1) ≤ η ω(B1) ,

where we are taking two-plane solutions P of LM (·) = 0.
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Proof. Suppose that the conclusion of the lemma fails. Then, there exists a sequence of mea-
sures ω̃k ∈ D(id,M), which we immediately replace with the measures ωk = ω̃k(B1)

−1ω̃k, so
that

dr(ωk,F) ≤ 2−k ∀r ≥ r0 , (4.5)

but
inf

P two plane solutions
∥uk − P∥L∞(B1) ≥ η0 (4.6)

where u±
k are the Green’s functions with pole at infinity guaranteed in Definition 1.7.

Since ωk(B1) = 1 for each k, Lemma 2.11 in turn implies

ωk(B2N ) ≲ CN (4.7)

where C is the doubling constant from Lemma 2.11 and the suppressed constants are inde-

pendent of k. Thus, there exists a convergent subsequence (not relabeled) with ωk
∗−⇀ ω∞.

Since dr(·,F) is continuous with respect to weak-∗ convergence, it follows from (4.5) that
dr(ω∞,F) = 0 for all r ≥ r0. This guarantees that ω∞ ∈ F . On the other hand, since (4.7)
holds for all k ∈ N, Lemma 2.10 implies |u±

k (x0,N )| ≲N 1 for all k. By Harnack chains this

implies ∥u±
k ∥L2(B(0,N)) ≲N 1 for all k and all N . In particular, De Giorgi-Nash-Moser implies

{uk} are locally uniformly equicontinuous and we assumed uk(0) = 0. So, Arzela-Ascoli’s
theorem produces some function u∞ that is the locally uniform limit of uk, up to another
subsequence that we do not relabel.

As in Theorem 3.3, the relationship between uk and ωk passes to limit, that is we also know∫
φdω∞ =

∫
⟨M(u∞)∇u∞,∇φ⟩ ∀φ ∈ C∞

c (Rn)

and in particular that LMu∞ = 0. Writing u∞ = u+
∞ − u−

∞. Since ω∞ ∈ F we have that
u+
∞ is a positive harmonic function on a half-space, vanishing at the boundary. This implies

u+
∞ = α(x · ν)+, where ν is the inward pointing normal to Ω+(u) (see e.g. [BB88]). Similarly,

one confirms that u−
∞ is of the form β(x · ν)− by a rigid change of variables. In particular,

there is a two-plane solution P so that u∞ = P . But since uk converges to u∞ uniformly on
B1, this contradicts (4.6). □

Recalling that we aim to use the techniques of [Caf87, Caf89, Caf88] (see also [AM13, Fel97]),
we are now in a position to derive ε-monotonicity of solutions to our limiting free boundary
problem.

Definition 4.12 (ε-monotonicity). Let ε > 0 and U ⊂ Rn open. We say that u ∈ C(U) is
ε-monotone in direction v ∈ Sn−1 on U if for every ε̃ ≥ ε we have u(x − ε̃v) ≤ u(x) for every
x, x− ε̃v ∈ U .

We say that u is ε-monotone in the cone Γ(θ, e) := {v ∈ Sn−1 : v · e ≥ cos θ} if u is
ε-monotone in direction v for every v ∈ Γ(θ, e).

Lemma 4.13. Let Λ0, r0 > 0 and let ω, u,M be as in Assumption 4.10. For every ε ∈ (0, 1)
and 0 < η < ε

4C for a constant C depending only on the NTA constants the following holds:
There exists 0 < δ0 = δ0(n,Λ0, C2, R2, η) given by the conclusion of Lemma 4.11 such that

if dr(ω,F) ≤ δ0 for every r ≥ r0 , then there is a direction ν so that u is ε-monotone in B1/2

in the cone Γ(θ, ν) for any θ so that cos(θ) ≥ 4ηC
ε .

Remark 4.14. In order to derive ε-monotonicity, we require a certain nondegeneracy of u,
in the sense that u needs to be much closer to an optimal two-plane solution relative to the
slope of the two-plane solution. This is precisely the conclusion of Lemma 4.11, since ω(B1) is
comparable to the slope of an optimal solution P in light of the CFMS estimates of Lemma
2.10. Notice that in [AM13, Lemma 6.3], the authors guarantee the conclusion of Lemma
4.11 by considering a rescaling of u around a point in p ∈ {u = 0}, at a sufficiently small scale
(depending on p), in order to satisfy the hypothesis of being close to a two-plane solution. This
is because they are restricting themselves to points where two-plane blow-ups exist, which we
cannot do in the present setting. This explains why we require additional assumptions like As-
sumption 4.10 or Assumption 4.3 plus NTA; these provide the setup in order to guarantee that
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the conclusion of Lemma 4.11 can be turned into a closeness-proportional-to-slope condition
as described above, which is crucial for obtaining ε-monotonicity. It is also important for us
that the dependency of the proportionality η required in order to guarantee the ε-monotonicity
is uniform, so that we may repeat this procedure around different center points with uniform
dependencies. This is because we are striving for a globally uniform Lipschitz constant bound
on {u = 0}, which in turn gives flatness when blowing down, thanks to the C1,α-estimate that
it induces.

Proof. Fix ε ∈ (0, 1) and 0 < η < ε
4C . By Lemma 4.11, there exists δ0 = δ0(n,Λ0, η, C2, R2) > 0

such that if dr(ω,F) ≤ δ0 for all r ≥ 1 then there exists a two-plane solution P = α(x · ν)+ −
β(x · ν)− so that

∥u− P∥L∞(B1) ≤ η ω(B1). (4.8)

We claim this implies u is ε-monotone in Γ(θ, ν) for θ such that cos(θ) ≥ 4ηC
ε . Note that

such θ exists since η < ε
4C .

Indeed, if x±
0,1 denote corkscrew points for ∆(0, 1) ⊂ ∂Ω(u), then Lemma 2.10 implies that

u±(x±
0,1) ≥ C−1ω(B1) for some constant C > 0 depending only on n and the NTA constants

C2, R2. Since in particular η < C−1/2, we deduce from (4.8), the fact that x±
0,1 ∈ B1, and the

fact that P is a two plane solution with {P = 0} = ν⊥ that

|P (±ν)| ≥
∣∣∣P (x±

0,1

)∣∣∣ ≥ ∣∣∣u±(x±
0,1)
∣∣∣− ∣∣∣u±(x±

0,1

)
− P (±x±

0,1)
∣∣∣ ≥ C−1ω(B1)/2 =: m0.

In particular, since P is a two-plane solution this implies that

P (x+ tν) ≥ m0t+ P (x) ∀x ∈ Rn ∀t > 0. (4.9)

Combining (4.8) with (4.9), it follows if x ∈ B1/2,

u(x) ≤ P (x) + ηω(B1) ≤ P (x+ tν)−m0t+ ηω(B1) ≤ u(x+ tν)−m0t+ 2ηω(B1).

so that u(x + tν) ≥ u(x) if t ≥ 2ηω(B1)
m0

= 4ηC. Since ε ≥ 4ηC, this demonstrates that u

is ε-monotone in direction ν. Because P is a two-plane solution, one could re-write (4.9) as
saying that

P (x+ te) ≥ m0⟨e, ν⟩t+ P (x) ,

so an analogous computation verifies ε-monotonicity for ε ≥ 4η
C cos(θ) in Γ(θ, ν). Recalling the

definition of m0, the proof is complete. □

4.3. ε-monotonicity implies Lipschitz boundary. Armed with Lemma 4.13, we are now
in a position to follow the arguments of [Caf89, Wan02, AM13] (see also [FS07]) to obtain
(in Lemma 4.16) local Lipschitz regularity of our free boundary, which will in turn imply (in
Theorem 4.22) local C1,α regularity, see [Caf87, Fel97, CFS04]. This will then allow us to obtain
a global Liouville-type result (see Corollary 4.23). The reader may observe that although the
results in [Caf89] are stated for a rather specific two-phase free boundary problem where the
operator on each side is the Laplacian, with a transmission condition across the boundary,
the results hold for more general free-boundary problems, in particular the one of the setting
herein, provided that

(i) One is considering viscosity solutions to a two-phase free-boundary problem with a
transmission condition at the boundary that satisfies a suitable monotonicity and reg-
ularity condition; see e.g. [Caf89, Theorem 1].

(ii) The operator for the interior constraint in the free-boundary problem satisfies a suitable
comparison principle, including at the boundary (boundary Harnack). Note that one
does not require the operator to be linear in general, see e.g. [Wan02].

(iii) The solution to our free boundary problem is ε-monotone in some initial cone of di-
rections.

We refer the reader to [CS05, Chapters 4 & 5] for a good presentation of the ideas in such
arguments.
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Remark 4.15. Although the more recent and flexible methods of De Silva [DS11] (see also
[DSFS14]) are now commonly used in place of Caffarelli’s original techniques to establish local
C1,α regularity for sufficiently flat free boundaries, it seems that, aside from the fact that we
do not have the stronger form of non-degeneracy required to implement De Silva’s approach
(see (H2) in [DSFS14], the methods of Caffarelli are more well-suited to the kind of global
rigidity (exact flatness) statement we are seeking herein, due to the fact that the argument
passes through an intermediate Lipschitz bound.

The main result of this section is the following, which is the conclusion of [AM13, Proposition
6.11, Theorem 6.12] (see also [CS05, Lemma 5.7]).

Theorem 4.16. Suppose that u, ω, M satisfy Assumption 4.10 and r0 > 0 is fixed, there
exists δ1 = δ1(n,Λ0, C2, R2) > 0 such that if dr(ω,F) ≤ δ1 for every r ≥ r0, then u is fully
monotone in C1/4 := (B1/4∩ν⊥)×(−1

4 ,
1
4 ) in the cone Γ(θ1, ν) for some θ1(θ0, ε). In particular,

{u = 0} ∩ C1/4 is a Lipschitz graph with Lipschitz constant κ = κ(n,Λ0, C2, R2) > 0, over ν⊥.

Here, ν⊥ denotes the (n− 1)-dimensional linear subspace of Rn orthogonal to ν.

We will not provide all of the details of the proof of Theorem 4.16, since they are contained
in [AM13, Section 6]. Nevertheless, for the purpose of clarity, we will provide a breakdown of
the important intermediate results leading towards its conclusion, and emphasize the parts for
which the arguments differ to their classical counterparts in [Caf89]. We will also demonstrate
how all the intermediate results that we state herein are then combined in order to conclude
Theorem 4.16, for the benefit of the reader.

Let us begin with stating the key underlying improvement of ε-monotonicity (cf. [AM13,
Proposition 6.11] and [CS05, Lemma 5.7]) underlying Theorem 4.16, which is the ultimate goal
of the scheme of Caffarelli. The moral is that one may gain ε-monotonicity (by a proportional
factor) at the cost of shrinking the angle of the cone in which it holds (as well as the domain
of the function) by an additive constant that is a fractional power of ε.

Proposition 4.17. Suppose that u and M satisfy Assumption 4.3 with u(0) = 0, let π
4 < θ0 ≤

θ ≤ π
2 , and let ν ∈ Sn−1. There exist ε1 = ε1(n,Λ0, θ0) > 0, λ = λ(n,Λ0, θ0) ∈ (0, 1), and

c0 = c0(n,Λ0, θ0) > 0 such that the following holds for any ε ∈ (0, ε1). If u is ε-monotone in
B1/2 in the cone Γ(θ, ν), then u is λε-monotone in the cone Γ(θ − c0ε

1/4, ν) in C1/2−c0ε1/8 .

Let us first demonstrate how to deduce Theorem 4.16 from Proposition 4.17.

Proof of Theorem 4.16. By iterating Proposition 4.17, provided that u is ε-monotone in B1/2

in some cone of directions Γ(θ, ν), we obtain a sequence of cylindrical domains

Cρk
= (Bρk

∩ ν⊥)× (−ρk, ρk) ,

with

ρk :=
1

2
−

k∑
j=1

c0(λ
jε)1/8 ,

such that u is λkε-monotone in the cone of directions Γ(θk, ν), where

θk := θ −
k∑

j=1

c0(λ
jε)1/4 .

This concludes the proof, for ε ∈ (0, ε1) chosen small enough such that

k∑
j=1

c0(λ
jε)1/8 ≤ 1

4
,

and θ1 = limk→∞ θk. This yields the claimed full monotonicity in Γ(θ1, ν), conditional on the
initial ε-monotonicity.

On the other hand, the initial ε-monotonicity in some cone Γ(θ, ν) follows immediately from
Lemma 4.13. It is then elementary to verify that the Lipschitz graphicality of the free boundary
follows; we leave this to the reader. □
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We now proceed to outline the key intemediate results going into the proof of Proposition
4.17. The starting point is the following lemma, which allows one to improve ε-monotonicity to
full monotonicity for a barrier solution associated to u in balls with radius given by a function,
in a cone whose angle is determined by the gradient of this function.

Lemma 4.18. [Caf89, Lemma 2] Let φ ∈ C2(B1/2; (0, ρ0]) with ρ0 < 1
2 and suppose that

u ∈ C(B1/2) is ε-monotone in a cone Γ(θ, ν). For s ≤ 1
2 − ∥φ∥L∞ , consider the function v on

Bs given by

v(x) := sup
B(x,φ(x))

u . (4.10)

Assume in addition that θ̃ satisfies

sin θ̃ ≤ 1

1 + |∇φ(x)|

(
sin θ − ε

2φ(x)
cos2 θ − |∇φ(x)|

)
for every x ∈ B1/2 .

Then v is monotone in the cone Γ(θ̃, ν). In particular, in this case the level sets of v are

Lipschitz graphs with Lipschitz constant L̄ ≤ cot θ̃ over hyperplanes orthogonal to ν in Rn.

Note that Lemma 4.18 does not require any assumptions on u other than ε-monotonicity.
An additional key observation about the function v in (4.10), as demonstrated in [Fel97], is

that it is a subsolution of our free boundary problem away from {v = 0}.

Lemma 4.19. [Fel97, Lemma 7] Let u, M , and LM be as in Assumption 4.3. There exists C =
C4.19(n,Λ0) > 0 large enough such that the following holds. Suppose that φ ∈ C2(B1/2; (0,

1
2 ))

satisfies

φLMφ ≥ C|∇φ|2 .
Then v as in (4.10) for the function u satisfies LMv ≤ 0 in B1/2−∥φ∥L∞ \ {v = 0}.

Note that although in [Fel97], v is defined as a supremum over ∂B(x, φ(x)) in place of
B(x, φ(x)), in Lemma 4.19 this is equivalent to our definition in light of the maximum principle.
The next step is to establish existence of a preliminary 1-parameter family of functions {φt}t
that will satisfy suitable estimates in order for us to use them in Lemma 4.18. This will provide
us with something that will be almost a sub-solution to our free-boundary problem.

Lemma 4.20. Let π ⊂ Rn be a hyperplane. Let G be the graph {(x′, f(x′)) : x′ ∈ π∩B1/2} of a

Lipschitz function f with f(0) = 0 and Lipschitz constant L̄, and let C = (π∩B1/2)×[−2L̄, 2L̄].

Then there exists a constant C = C4.20(n,Λ0) ≥ C4.19 such that for every δ ∈ (0, 1
2 ), there

exists a family {φt}t∈[0,1] ⊂ C2(B1/2) satisfying

(i) 1 ≤ φt ≤ 1 + t;
(ii) φtL

Mφt ≥ C|∇φt|2;
(iii) φt ≃ 1 on Gδ := {dist(·, G ∩ ∂C) < δ)};
(iv) φt(x) ≥ 1 + t

[
1− Cδ dist(x, ∂C)−2

]
on {dist(·, ∂C) > δ};

(v) |∇φt| ≤ Ct
δ .

The proof of Lemma 4.20 can be found in [Wan02, Lemma 3], combined with the observa-
tion that LMφt ≥ M−(D2φt,Λ

−1
0 ,Λ0), where M−(D2φt,Λ

−1
0 ,Λ0) denotes the Pucci minimal

operator as defined in e.g. [CC95, Section 2.2].
For u as in Lemma 4.18 and {φt} as in Lemma 4.20, the function

vt(x) := sup
Bσφt(x)(x)

u , (4.11)

with ε
2 < σ < 2ε is well-defined in C1/2−4ε := (ν⊥ ∩ B1/2−4ε) × (−1 − 8ε, 1 + 8ε). Moreover,

Lemma 4.19 guarantees that v is a subsolution of LM (·) = 0 away from {v = 0}. It remains
to correct vt to ensure that it is a subsolution at its free boundary. This is done via a small
perturbation by a solution of LM (·) = 0, which, if done in Ω+(vt), may be chosen to be a
harmonic function due to our definition of M .

First, however, recall that if u is ε-monotone in B1/2 in the direction e ∈ Γ(θ0, ν) for θ0 > π
4 ,

then there exists a Lipschitz graph G with Lipschitz constant L̄ < 1 over some hyperplane
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π ⊂ Rn such that {u = 0} is contained in the neighborhood Nε(G) := {dist(·, G) < ε}, see
for instance [CS05, Proposition 11.14]. Thus, Lemma 4.20 applies. Furthermore, u is fully
monotone in B1/2 \Nκε(G) for some κ > 0 independent of ε (cf. [CS05, Lemma 11.15]).

Lemma 4.21. Suppose that u and M are as in Assumption 4.10 and suppose that u is ε-
monotone in B1/2 in a cone Γ(θ0, ν) with θ0 ≥ π

4 . Consider

(a) the family of functions {φt} as in Lemma 4.20 and the corresponding vt from (4.11);
(b) a harmonic function wt on NCκε(G) ∩ Ω+(vt) with boundary data{

u on ∂NCκε(G) ∩ Ω+(vt)

0 otherwise ,

for some large constant C, extended by zero;
(c) the function v̄t = vt + ηwt for η > 0, defined in C1/2−4ε .

Then, for δ as in Lemma 4.20 and σ as above, if η ≥ Cσ
δ and σ

δ is sufficiently small, v̄t is a

viscosity sub-solution to LM (·) = 0 in C1/2−4ε ∩NCκε(G).

See [AM13, Lemma 6.9], [CS05, Lemma 5.5] for the proof of Lemma 4.21. Note that we
take wt to be harmonic due to the fact that we are defining it in Ω+(vt), where the coefficient
M is the identity for our operator LM .

We are now in a position to combine these Lemmas to conclude the validity of Proposition
4.17. The argument can be found in [AM13, Proof of Proposition 6.11] (see also [CS05, Proof
of Lemma 5.7]), but we repeat it here to demonstrate how all of the preceding tools fit together.

Proof of Proposition 4.17. Let ν be as in the statement of the proposition. Fix λ ∈ (0, 1), to
be determined later.

For ε ∈ (0, ε1), where the latter is also to be determined, consider the function

ũ(x) := u(x− λεν) .

The ε-monotonicity of u, together with the observation that

Bε(sin θ−(1−λ)(x− λεν) ⊂ Bε sin θ(x− εν) ,

guarantees that
sup

Bε(sin θ−(1−λ))(x)

ũ ≤ u(x) ,

as long as 1− λ < sin(π/4).
On the other hand, as pointed out in the discussion preceding Lemma 4.21, it is again

elementary to check that the ε-monotonicity of u guarantees full monotonicity on Nκ0ε := {x :
dist(x, ν⊥) > κ0ε} for a suitable positive constant κ0. This in particular implies that

sup
Bλε sin θ(x)

ũ ≤ u(x) for any x /∈ Nκ0ε.

It therefore remains to verify that there exists t̄ ∈ [0, 1] such that for every t ∈ [0, t] we have

vt(x) ≤ u(x) for any x ∈ C1/2−c0ε1/8 ∩NCκ0ε , (4.12)

for vt = supBσφt(x)(x)
u as in (4.11), where {φt} is the family given by Lemma 4.20, for a

suitable choice of parameters. Choose

σ = ε(sin θ − (1− λ)) , λ ≥ 3−
√
2

2
, η = Cε1/4 , δ = ε1/2 .

Moreover, since we want to allow room for the correcting harmonic function ηwt = O(ε1/4)
from Lemma 4.21, we will in addition impose

σφt ≤ ε(λ sin θ − cε1/4) , (4.13)

for a suitable constant c to be determined. Invoking the properties of φt from Lemma 4.20,
combined with the above choices of parameters, this rearranges to the condition

1 + t ≤ λ sin θ − cε1/4

sin θ − (1− λ)
.
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Fix t̄ to attain equality above; this may be done by taking λ sufficiently close to 1. We
henceforth fix t ∈ [0, t̄].

Apply Lemma 4.21 to obtain the function v̄t = vt + ηwt therein. We claim that

v̄t ≤ u in C1/2−c0ε1/8 ∩NCκ0ε , (4.14)

for c0 chosen appropriately. From here, we immediately conclude the desired upper bound
(4.12), since construction wt is non-negative, and ηwt ≤ Cε1/4.

Towards showing the claim, first of all recall the linear growth (which kicks in at a distance
≃ ε away from Ω+(u))

|∇ũ(x)| ≃ ũ(x)

dist(x, ∂Ω+(ũ))
,

the proof of which can be found in [CS05, Lemma 5.6]. From this we deduce that for any
0 < ρ1 ≤ ρ2 ≤ λε sin θ, on the set ∂NCκ0ε ∩ C1/2−4ε we have

sup
Bρ1

(x)

ũ ≤ sup
Bρ2

(x)

ũ− (ρ2 − ρ1)|∇ũ(x)| ≤
(
1− sgn(u)

ρ2 − ρ1
Cκ0ε

)
u(x)

where sgn(u) denotes the sign of u in Bρ2
(x). Choosing

ρ1 = σφt and ρ2 = ε(λ sin θ − cε1/4

2 )

and recalling that the former satisfies the bound (4.13), we deduce that, as long as in addition
t̄ ∈ (0, λ sin θ − cε1/4),

v̄t ≤ u in ∂NCκ0ε ∩ C1/2−4ε .

On the other hand,
v̄t ≤ u in NCκ0ε ∩ ∂C1/2−4ε

by a simple application of the boundary Harnack inequality, since φt ≃ 1 close to ∂C1/2−4ε

(see (iii) of Lemma 4.20).
From here, we conclude the validity of (4.14) for a suitable choice of t by a continuity-in-t

argument. Namely, letting

E := {t ∈ [0, 1] : v̄t ≤ u in NCκ0ε ∩ C1/2−4ε} ,
we note that 0 ∈ E, and we claim that E = [0, t̄]. Indeed, if this were not the case, then since
E is clearly closed we may consider the first closed interval I = [0, t0] ⊊ E. Then, since v̄t0
is a viscosity sub-solution of LM (·) = 0 in C1/2−4ε and we have just verified that v̄t0 ≤ u on
∂(NCκ0ε ∩ C1/2−4ε, we deduce that the free boundaries of vt0 and u must touch. The latter
is not permitted, however, for any pair of functions consisting of a viscosity solution and a
viscosity sub-solution to our free boundary problem; see [Fel97, Lemma 6] and [AM13, Lemma
6.7] (see also [CS05, Lemma 4.9]). □

4.4. Global Lipschitz boundaries are flat. With Theorem 4.16 at hand, we may now
combine with the results of [Fel97] and [AM13, Section 7], which rely on the techniques of
[Caf87]. The strategy is similar to that from Section 4.3. Namely, one must construct a family
of subsolutions, that, in this setting, provides an improvement of monotonicity from the initial
cone given by the conclusion of Theorem 4.16, to a cone with larger angle, which amounts to
improving the Lipschitz constant of the graph of {u = 0}, in a slightly smaller cylinder in the
domain.

Since we may now simply apply the main result of [Fel97] (see also [AM13, Section 7] and
[CFS04]) as a black box to the function that satisfies the conclusions of Theorem 4.16, we omit
the details here, and simply refer the reader to the aforementioned references, providing merely
the final conclusion in the form that we wish to use globally.

Theorem 4.22. Suppose that u and M satisfy Assumption 4.3 and that {u = 0} ∩ C1/4 is the

graph of a Lipschitz function with Lipschitz constant κ > 0. Then {u = 0} ∩ C1/8 is C1,α for
some α(n, κ,Λ0) > 0.

We are now in a position to conclude the key rigidity theorem for globally flat free boundaries
(cf. [DSFS14, Lemma 6.2]).
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Corollary 4.23. Suppose that u, ω, M satisfy Assumption 4.10 and let r0 > 0 be fixed. For
δ1 = δ1(n,Λ0, C2, R2) > 0 given by Theorem 4.16, if dr(ω,F) ≤ δ1 for every r ≥ r0, then u is
a two-plane solution of LMu = 0. In particular ω ∈ F and {u = 0} ∈ G(n− 1, n).

Remark 4.24. In light of Theorem 4.16 and Theorem 4.22, as in other two-phase free boundary
problems, it is natural to ask about the existence of singularities of {u = 0}, the structure of
said singularities, and the behavior of u at such points. In the classical case of M = id, the
monotonicity formula of Alt-Caffarelli-Friedman may be used to detect flat portions of the
free boundary, characterizing the blow-ups of u as two-plane solutions at such points. Thus
singularities are contained in the set where the ACF density is vanishing, thus characterizing
the order of vanishing of u as being superlinear at singular points. An analogue of the ACF
monotonicity formula was established in the multi-operator setting by Soave-Terracini [ST23],
but this monotonicity formula detects an order of vanishing that is necessarily sublinear in
the case where the coefficients of the operators have a discontinuity at the boundary. This
is supplemented by the existence of an example in R3 of a pair of complementary solutions
to the multi-operator elliptic problem that have the same sublinear decay to zero at the free
boundary. However, in that example the zero set has positive Lebesgue measure. It therefore
remains an open question whether such an example can exist under Assumption 4.10. Due to
Theorems 4.16 and 4.22, such an example, if it exists, must have a zero set that is sufficiently
far from flat.

Proof of Corollary 4.23. In light of Theorem 4.16, the crucial flatness at infinity assumption,
dr(ω,F) ≤ δ1 for all r ≥ r0, tells us that, after a rotation the boundary {u = 0}∩C1/4, a graph

{u = 0} ∩ C1/4 = {(x′, xn) : xn = g(x′)} ,
where g is Lipschitz with constant κ > 0 which depends only on allowable constants. In turn
applying Theorem 4.22, up to a rotation of coordinates, we deduce that {u = 0} ∩ C1/8 is C1,α

for α > 0 depending only on n, κ and Λ0. The latter in particular yields the estimate

|g(x′)− g(0)−∇g(0) · x′| ≤ C|x′|1+α ∀x′ ∈ BR/8 ∩ e⊥n , (4.15)

where C = C(n, κ,Λ0) > 0 and en is a unit normal to the hyperplane {xn = 0}. On the other
hand, observe that for any R > 0, the rescaled measure ω0,R := T0,R[ω] (whose support is
the graph of the rescaled function gR(x

′) := R−1g(Rx′)) also satisfies the flatness at infinity
assumption dr(ω0,R,F) ≤ δ1 for all r ≥ r0. So we again apply Theorems 4.16 and 4.22 in the
rescaled setting and the estimate (4.15) for gR becomes

|g(y′)− g(0)−∇g(0) · y′| ≤ CR−α|y′|1+α ∀x′ ∈ BR/8 ∩ e⊥n . (4.16)

Taking R → +∞ in (4.16) implies g is affine. This in turn implies u is a two-plane solution.
Since u is a two-plane solution {u = 0} =: π ∈ G(n− 1, n). Since ω ∈ D(id,M), sptω = {u =
0} = π. As a two-plane solution u is translation invariant for x ∈ π. This in turn ensures ω
has constant density on π, proving ω ∈ F . □

5. Proof of Theorem 1.3

Recalling the strategy from Section 1.3, we wish to apply Lemma 2.19 to the dilation cone
D(A1, A2). With this in mind, we first require the following lemma.

Proposition 5.1. Let A± ∈ Rn×n be a pair of elliptic matrices. The dilation cone D(A+, A−)
has a compact basis.

Proof. Suppose {ωk} is a sequence contained in the basis of D(A+, A−), see Definition 2.13.
Then by definition of the basis of a d-cone, F1(ωk) = 1 for all k. In particular, for all k:

1

2
ωk(B1/2) ≤

∫
B1

(1− |x|)dωk = F1(ωk) = 1.

So, by Lemma 2.11, {ωk} is uniformly locally bounded and hence pre-compact with respect to
the weak-∗ topology. So, there exists some Radon measure ω and a subsequence (which we do

not relabel) so that ωk
∗−⇀ ω and F1(ω) = 1. We need to show that ω ∈ D(A+, A−).
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Moreover, for each k, there are Green’s functions u±
k with pole at infinity associated to

(Ω±
k , ωk, LA±) and Ω±

k are NTA with the same constants, independently of k. By Theorem 3.5,
we know that there exist NTA domains Ω± with the same NTA constants and a subsequence
which we do not relabel so that Ω±

k → Ω and ∂Ωk → ∂Ω locally in Hausdorff distance.
Moreover, sptω = ∂Ω.

Now, almost exactly as in the proof of Lemma 4.7, we can show that the sequence of
functions {uk} for uk = u+

k − u−
k are uniformly bounded in W 1,2(BN ) for all N ∈ N. The

only difference to that proof, is that we use the uniform local boundedness of ωk and Lemma
2.10 to prove that ∥uk∥L∞(BN ) is bounded independently of k, instead of using the proximity

to a fixed two-plane solution. This in turn bounds the L2-norms uniformly and allows us to
use the Caccioppoli inequality to deduce that the gradients are also uniformly bounded in L2.
In particular, there is a W 1,2

loc (Rn) function u so that (up to a subsequence that we do not
relabel) uk → u in L2

loc(Rn) and ∇uk ⇀ ∇u weakly in L2
loc(Rn). The weak convergence of

the gradients combined with the local convergence in Hausdorff distance of the Ω±
k and ∂Ωk

guarantees that u is a Green’s function with pole at infinity for (Ω±, ω, LA±). Indeed, for all
φ ∈ C∞

c (Rn), writing u = u+ − u−:

∫
∂Ω

φdω = lim
k→∞

∫
∂Ωk

φdωk = lim
k→∞

∫
Ω±

k

〈
A±∇u±

k ,∇φ
〉
dx

=

∫
Ω±

〈
A±∇u,∇φ

〉
dx.

That is, u± are Green’s functions with pole at infinity for (Ω±, ω, LA±) and Ω is NTA with
the same NTA constants, that is ω ∈ D(A+, A−), confirming that D(A+, A−) is a compact
dilation cone. □

We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Recall the sets F0, . . . , F4 from (3.8) - (3.12), namely

F0 =

{
p ∈ F1 ∩ C

(
ω+,

dω−

dω+

)
∩ C(ω±, A±) : θ(ω±, p, F1) exists and equals 1

}
;

F1 =

{
p ∈ ∂Ω : 0 < h(p) :=

dω−

dω+
(p) = lim

r→0

ω−(B(p, r))

ω+(B(p, r))
< ∞

}
;

F2 =

{
p ∈ ∂Ω :

dω−

dω+
(p) = ∞

}
;

F3 =

{
p ∈ ∂Ω :

dω−

dω+
(p) = 0

}
;

F4 =

{
p ∈ ∂Ω :

dω−

dω+
(p) does not exist

}
.

We prove the theorem holds when F ∗ is the subset of F0 where the “tangents to tangents
are tangents” property holds (i.e. the conclusion of Theorem 2.16). Note that

F ∗ ⊂ F0 ⊂ F1 .

Let S = F2 ∪ F3, and N = F4 ∪ (F1 \ F ∗). By Remark 3.2 it follows that ∂Ω = F ∗ ⊔ S ⊔N .
Similarly, the conclusion (ii) of the theorem holds by Remark 3.2 and conclusion (iii), i.e.
ω±(N) = 0, holds by combining Remark 3.2 with Theorem 2.16. It remains to check conclusion
(i). The claim of mutual absolute continuity in (i) follows again by Remark 3.2. To this end,
we now show that if p ∈ F ∗ then TanΛ(ω

±, p) ⊂ F , which by Lemma 2.17 in turn implies
Tan(ω±, p) ⊂ F .

For p ∈ F ∗, Corollary 4.2 ensures

TanΛ(ω
±, p) ⊂ D(id,Mp) ,
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where Mp = Λ(p)−1A−(p)Λ(p)−1 for Λ(p) =
√
A+(p). From Proposition 5.1, we know that

M = D(id,Mp) is a compact dilation cone. Thus combining Corollary 4.23 and Lemma 2.19,
we deduce that either TanΛ(ω

±, p) ⊂ F or TanΛ(ω
±, p) ∩ F = ∅, where F is as in (1.1).

It therefore remains to rule out the possibility that TanΛ(ω
±, p) ∩ F = ∅. Indeed, for any

ω ∈ D(id,Mp) we know that there exists a ball B ⊂ Ω+(u) with ∂B ∩ ∂Ω = {p0} at some
point p0 ∈ {u = 0}. Then, by Lemma 4.7, Tan(ω, p0) ⊂ F . On the other hand, since p ∈ F ∗,
Theorem 2.16 ensures that Tan(ω, p0) ⊂ TanΛ(ω

±, p), thus implying TanΛ(ω
±, p) ∩ F ̸= ∅ as

desired.
Finally, we show dimH(F ∗) ≤ n− 1. We wish to use Lemma 2.4. Recalling the definition of

Θ∂Ω and βF∗ from (2.1) and (2.2), we claim that limr→0 Θ∂Ω(p, r) = 0 for all p ∈ F ∗. Indeed,
suppose not. Then there exists p ∈ F ∗, δ > 0, and a sequence ri → 0 so that

Θ∂Ω(p, ri) ≥ δ ∀i. (5.1)

By Theorem 3.3 we know there exists a subsequence so that ∂Ωi as in (3.1) and ω±
i as in (3.3)

converge simultaneously to some ∂Ω∞ and ω∞ respectively (in local Hausdorff distance and
in the weak-∗ topology respectively). Moreover, we know that sptω∞ = ∂Ω∞. We already
showed that since p ∈ F ∗, it follows ω∞ ∈ F so that sptω∞ = ∂Ω∞ ∈ G(n−1, n). But starting
from (5.1) this implies

δ ≤ Θ∂Ω(p, ri) = Θ∂Ωi
(0, 1)

i→∞−−−→ Θ∂Ω∞(0, 1) = 0,

yielding a contradiction. In particular, since F ∗ ⊂ ∂Ω, it follows that for all p ∈ F ∗ we have

0 ≤ lim sup
r→0

βF∗(p, r) ≤ lim
r→0

Θ∂Ω(p, r) = 0.

Now Lemma 2.4 implies dimH(F ∗) ≤ n− 1, verifying the final piece of (i). □
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domains. Ann. Sci. École Norm. Sup. (4), 36(3):323–401, 2003.

[KT06] Carlos Kenig and Tatiana Toro. Free boundary regularity below the continuous threshold: 2-phase
problems. J. Reine Angew. Math., 596:1–44, 2006.

[LSW63] W. Littman, G. Stampacchia, and H. F. Weinberger. Regular points for elliptic equations with

discontinuous coefficients. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 17:43–77, 1963.
[LVV05] John L. Lewis, Gregory C. Verchota, and Andrew L. Vogel. Wolff snowflakes. Pacific J. Math.,

218(1):139–166, 2005.



ON THE GEOMETRIC PROPERTIES OF MULTI-OPERATOR TWO-PHASE ELLIPTIC MEASURE 29

[Mak85] N. G. Makarov. On the distortion of boundary sets under conformal mappings. Proc. Lond. Math.

Soc. (3), 51:369–384, 1985.
[Mat95] Pertti Mattila. Geometry of sets and measures in Euclidean spaces, volume 44 of Cambridge Studies

in Advanced Mathematics. Cambridge University Press, Cambridge, 1995. Fractals and rectifiability.

[MMP25] Andrea Merlo, Mihalis Mourgoglou, and Carmelo Puliatti. Layer potentials for elliptic operators
with dmo-type coefficients: big pieces tb theorem, quantitative rectifiability, and free boundary

problems, 2025.

[Per25] Polina Perstneva. Good elliptic operators on snowflakes. International Mathematics Research No-
tices, 2025(6):rnaf050, 2025.

[Pre87] David Preiss. Geometry of measures in Rn: distribution, rectifiability, and densities. Ann. of Math.

(2), 125(3):537–643, 1987.
[ST23] Nicola Soave and Susanna Terracini. An anisotropic monotonicity formula, with applications to

some segregation problems. J. Eur. Math. Soc. (JEMS), 25(9):3727–3765, 2023.
[TZ21] Tatiana Toro and Zihui Zhao. Boundary rectifiability and elliptic operators with W 1,1 coefficients.

Adv. Calc. Var., 14(1):37–62, 2021.

[Wan02] Pei-Yong Wang. Regularity of free boundaries of two-phase problems for fully nonlinear elliptic
equations of second order. ii. flat free boundaries are lipschitz. Communications in Partial Differ-

ential Equations, 27(7-8):1497–1514, 2002.

[Wie23] Norbert Wiener. Discontinuous boundary conditions and the Dirichlet problem. Trans. Amer.
Math. Soc., 25(3):307–314, 1923.

[Wol95] Thomas H. Wolff. Counterexamples with harmonic gradients in R3. In Essays on Fourier analysis

in honor of Elias M. Stein. Proceedings of the Princeton conference in harmonic analysis held
at Princeton University, Princeton, NJ, May 13-17, 1991 in honor of Elias M. Stein’s sixtieth

birthday, pages 321–384. Princeton, NJ: Princeton Univ. Press, 1995.

Affiliation: Department of Mathematics and Statistics, University of Jyväskylä, Finland.
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