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Abstract

We study the Optimal Transport problem for laws of random measures in the Kantorovich-
Wasserstein space P2(P2(H)), associated with a Hilbert space H (with finite or infinite dimension)
and for the corresponding quadratic cost induced by the squared Wasserstein metric in P2(H).

Despite the lack of smoothness of the cost, the fact that the space P2(H) is not Hilbertian,
and the curvature distortion induced by the underlying Wasserstein metric, we will show how to
recover at the level of random measures in P2(P2(H)) the same deep and powerful results linking
Euclidean Optimal Transport problems in P2(H) and convex analysis.

Our approach relies on the notion of totally convex functionals, on their total subdifferentials,
and their Lagrangian liftings in the space square integrable H-valued maps L2(Q,M; H).

With these tools, we identify a natural class of regular measures in P2(P2(H)) for which the
Monge formulation of the OT problem has a unique solution and we will show that this class
includes relevant examples of measures with full support in P2(H) arising from the push-forward
transformation of nondegenerate Gaussian measures in L2(Q,M; H).
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1 Introduction

One of the most elegant and fascinating aspects of Optimal Transport Theory [RR98; Vil09] for
the classical quadratic cost c(x, y) := 1

2 |x − y|2 in Rd is its link with convex analysis, which has
been thoroughly exploited by Knott-Smith, Rachev-Rüschendorf, and Brenier [KS84; RR90; Bre91]
(see also [CM89]). If µ, ν belong to the space P2(Rd) of probability measures with finite quadratic
moment

m2
2(µ) :=

∫
Rd

|x|2 dµ(x), (1.1)

is in fact possible to prove that a coupling γ ∈ P(Rd × Rd) with marginals µ, ν (we say that
γ ∈ Γ(µ, ν)) is optimal for the L2-Kantorovich-Wasserstein metric

w2
2(µ, ν) := min

{ ∫
Rd×Rd

|x− y|2 dγ : γ ∈ Γ(µ, ν)
}

= min
{
E

[
|X − Y |2

]
: X ∼ µ, Y ∼ ν

}
(1.2)

if and only if its support S := supp(γ) ⊂ Rd × Rd is cyclically monotone, i.e.
N∑

n=1
⟨yn, xn − xσ(n)⟩ ≥ 0 for every N ∈ N, every choice of (xn, yn) ∈ S

and every permutation σ ∈ SN .

(1.3)

The dual formulation of (1.2) and the fact that every cyclically monotone subset of Rd × Rd is
contained in the graph of the convex subdifferential ∂φ of a convex and lower semicontinuous
function φ : Rd → R∪{∞} implies that we can find optimal conjugate Kantorovich potentials φ,φ∗
such that for all optimal couplings γopt solving (1.2) the support of γopt is contained in the graph
of ∂ϕ and ∫

Rd×Rd
x · y dγopt(x, y) =

∫
Rd
φ(x) dµ(x) +

∫
Rd
φ∗(y) dν(y). (1.4)

The simple but crucial link between the first integral in (1.4) and the Optimal Transport problem
(1.2) is guaranteed by the specific property of the Euclidean norm in Rd, for which

w2
2(µ, ν) = m2

2(µ) + m2
2(ν) − 2[µ, ν], [µ, ν] := max

γ∈Γ(µ,ν)

∫
x · y dγ, (1.5)

so that the minimum problem (1.2) and the maximum problem (1.5) defining [µ, ν] share the same
class of optimizers.

Since the subdifferential of a convex function φ is a singleton at every differentiability point of
φ and the set of non-Gateux-differentiability points of a convex Lipschitz function can be covered
by a countable union of d.c. hypersurfaces [Zaj79] (a result which holds even in infinite dimensional
Hilbert spaces), one can prove that when µ ∈ P2(Rd) does not give mass to d.c. hypersurfaces
(we say that µ ∈ Pr

2(Rd) is regular) there exists a unique optimal coupling γopt which is moreover
concentrated on the graph of a Borel map f , thus satisfying f♯µ = ν. The class of regular measures
Pr

2(Rd) coincide with the class of atomless measures when d = 1 and contains all the measures
absolutely continuous with respect to the d-dimensional Lebesgue measure Ld for every dimension
d.

This remarkable combination of analytic and geometric arguments yields the solution of the
Monge formulation of (1.2)-(1.5), i.e. the existence of an optimal transport map f such that

f♯µ = ν, w2
2(µ, ν) =

∫
Rd

|f(x) − x|2 dµ(x), [µ, ν] =
∫
Rd
f(x) · x dµ(x). (1.6)
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The convex theory for random measures

Whenever (X, dX) is a (complete, separable) metric space, the construction of the L2-Kantorovich-
Wasserstein metric can be naturally extended to P2(X), the space of probability measures on X
with finite quadratic moment; the resulting (squared) metric

W2
2,dX(µ, ν) := min

{ ∫
X×X

d2
X(x, y) dγ : γ ∈ Γ(µ, ν)

}
= min

{
E

[
d2

X(X,Y )
]

: X ∼ µ, Y ∼ ν
}

(1.7)

inherits relevant geometric properties from the underlying space X and the problem still admits a
dual formulation involving Kantorovich potentials.

Since (P2(Rd),w2) is a complete and separable metric space, a nice example of applications of the
metric perspective is provided by the possibility to lift Optimal Transport problems at the level of the
laws of the so-called random measures, i.e. probability measures in the space PP2(Rd) := P2(P2(Rd))
endowed with the Kantorovich-Wasserstein metric W2 := W2,w2

W2
2(M, N) := min

{ ∫
P2(Rd)×P2(Rd)

w2
2(µ, ν) dΠ (µ, ν) : Π ∈ Γ(M, N)

}
(1.8)

= min
{
E

[
w2

2(M,N)
]

: M ∼ M, N ∼ N
}
, M, N ∈ PP2(Rd). (1.9)

A similar class of problems, starting however from a smooth and compact Riemannian manifold
instead of Rd, have recently been studied by [EP25]. Here we want to focus on the Euclidean
case (also including infinite dimensional separable Hilbert spaces), which shows distinguished and
remarkable features and has recently attracted a lot of attention in view of many interesting appli-
cations [BVK25; FHS23; Acc+25; PS25; CL24].

It is well known that in general metric spaces (X, dX) (as, in particular, (P2(Rd),w2)) the
link between Optimal Transport problems and convex analysis is typically lost, mainly due to the
possible lack of a linear structure in X; even when X = Rd but the metric cost is induced by a
non-Hilbertian norm ∥ · ∥, convexity and Legendre duality of Kantorovich potentials do not hold,
since the optimality condition and the structure of optimal transport maps involve the nonlinear
differential associated with 1

2∥ · ∥2.
Even if (P2(Rd),w2) is a genuine metric space which is positively curved in the sense of Alexan-

drov [AGS08], the aim of the present paper is to show that

a large part of the convexity landscape of the Euclidean case remarkably holds also for
the Optimal Transport problem (1.8) for laws of random measures in PP2(Rd), if we use
the appropriate notion of total displacement convexity in P2(Rd),

i.e. convexity along interpolation curves induced by arbitrary couplings.
Such a nice and somehow unexpected result relies on two important properties. First of all, as

for (1.5), the lifted Wasserstein metric W2 given by (1.8) still satisfies a similar identity

W2
2(M1, M2) = M2

2(M1) + M2
2(M2) − 2[[M1, M2]],

M2
2(M) =

∫
m2

2(µ)dM(µ), [[M1, M2]] = max
Π∈Γ(M1,M2)

∫
[µ1, µ2] dΠ (M1, M2), (1.10)

so that we can study the equivalent formulation in terms of the maximization of the function
(µ1, µ2) 7→ [µ1, µ2].

Even if [·, ·] is not bilinear, it exhibits many analogies with a scalar product, in particular along
displacement interpolation of measures, i.e. curves obtained by general couplings µ ∈ P(Rd × Rd)
via the dynamic push forward

µt = (π1�2
t )♯µ, π1�2

t (x1, x2) := (1 − t)x1 + tx2, t ∈ [0, 1], µ ∈ Γ(µ0, µ1). (1.11)
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When µ is an optimal coupling between µ0 and µ1 for the Wasserstein metric (1.2) the curve t 7→ µt

is in fact a minimal, constant speed geodesic in P2(Rd) (which we call optimal displacement inter-
polation) and plays a crucial geometric role in the Optimal Transport setting, since the pioneering
paper of McCann [McC97]. In particular a function ϕ : P2(Rd) → R ∪ {∞} is called geodesically
(or displacement) convex if for every µ0, µ1 ∈ P2(Rd) there exists a geodesic (µt)t∈[0,1] connecting
µ0 to µ1 such that t 7→ ϕ(µt) is convex in [0, 1].

A more restricted class of functions are in fact convex along any displacement interpolation,
induced by arbitrary couplings µ ∈ Γ(µ0, µ1) as in (1.11), thus satisfying

ϕ
(
(π1�2

t )♯µ
)

≤ (1 − t)ϕ
(
µ0) + tϕ

(
µ1

)
for every µ0, µ1 ∈ P2(Rd), µ ∈ Γ(µ0, µ1). (1.12)

Such a class of totally displacement convex functionals, thoroughly studied in [CSS23a], enjoys
better properties. Starting from the fact that (see also the inspiring notes by Brenier [Bre20])

µ 7→ [µ, ν] is totally convex for every ν ∈ P2(Rd), (1.13)

we can introduce the Kantorovich-Legendre-Fenchel transform

ϕ⋆(ν) := sup
µ∈P2(Rd)

[ν, µ] − ϕ(µ) (1.14)

and prove that proper, totally convex, and lower semicontinuous functions are characterized by the
identity ϕ = ϕ⋆⋆ as for convex functions in Euclidean spaces (see Section 3.1).

The Rockafellar type transformation (1.14) is a typical technique in Optimal Transport (where
it is applied to the concave version of the potentials and it is called c-transform). What distin-
guishes the Euclidean and the current random-Euclidean setting is the possibility to characterize
c-transforms and self-biconjugate functions in a simple way using convexity.

This remarkable property allows us to retrace the same strategy as in the finite-dimensional
Euclidean theory and has relevant applications:

1. it provides an intrinsic characterization for the optimal Kantorovich potentials associated
with the Wasserstein metric (1.8) (Section 3.2): they coincide with the class of totally convex
functionals;

2. it allows for a deeper understanding of the Wasserstein (total) subdifferential of ϕ [AGS08;
CSS23a], interpreted as a Multivalued Probability Vector Field (Section 4);

3. it clarifies the structure of optimal couplings and minimal geodesics (Sections 5.2, 5.3)

4. it suggests a general lifting strategy to the L2-space of Lagrangian maps, importing a Hilber-
tian perspective for regularity of laws of random measures (Section 6.2) which plays a crucial
role in proving uniqueness for solution to the Monge formulation.

Let us briefly summarize the main points: combining Kantorovich duality and total displacement
convexity, we will prove that for every M, N ∈ PP2(Rd) there exists a pair of conjugate totally convex
function ϕ, ϕ⋆ : P2(Rd) → R ∪ {∞} such that∫

ϕ(µ) dM(µ) +
∫
ϕ⋆(ν) dN(ν) = [[M, N]]. (1.15)

We will then show that there is a natural correspondence between optimal couplings Π ∈ Γo(M, N)
minimizing (1.8) and random coupling laws P ∈ PP2(Rd ×Rd) which can be used to characterize W2
as

W2
2(M, N) = min

{ ∫ ∫
Rd×Rd

|x− y|2 dγ(x, y) dP(γ) : (π1
♯ )♯P = M, (π2

♯ )♯P = N
}
. (1.16)
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Random couplings are optimal if and only if their support is contained in the so-called total subd-
ifferential ∂tϕ of the optimal potential ϕ in (1.15), a closed subset of P2(Rd × Rd). Optimality can
also be characterized by total cyclical monotonicity and in particular implies that optimal random
couplings are concentrated on the subset P2,o(Rd × Rd) of the usual optimal couplings in Rd × Rd.

As for the classic subdifferentials of convex functions, among all the elements of the total sub-
differential ∂tϕ there is a minimal distinguished one (called the minimal section and denoted by
∂◦

tϕ) which can be represented by a nonlocal deterministic field f◦ : Rd × P2(Rd) → Rd :

γ ∈ ∂◦
tϕ(µ) ⇔ γ = (i × f◦(·, µ)♯µ. (1.17)

Total cyclical monotonicity can be more easily understood in the case of f◦, where it reads as
N∑

n=1

∫
⟨f◦(xn, µn), xn − xσ(n)⟩ dµ(x1, · · · , xN ) ≥ 0

for every µi ∈ D(∂tϕ), µ ∈ Γ(µ1, µ2, · · · , µN ), σ ∈ SN = Sym({1, · · · , N}).
(1.18)

As a byproduct, when ∂tϕ[µ] reduces to a singleton for M-a.e. µ ∈ P2(Rd), the OT problem (1.8)
has a unique solution Π o which is also concentrated on a Monge map F : P2(Rd) → P2(Rd),
Π = (Id × F )♯M. Moreover, F can be expressed as a push-forward via f◦:

F (µ) = f◦(·, µ)♯µ, W2
2(M, N) =

∫
w2

2(µ,F (µ)) dM(µ) =
∫ ( ∫

|f◦(x, µ) − x|2 dµ(x)
)

dM(µ).

(1.19)
It turns out that f◦ solves the strict Monge formulation of (1.8)

inf
{ ∫ ( ∫

|f(x, µ) − x|2 dµ(x)
)

dM(µ) : f : Rd × P2(Rd) → Rd, N =
∫
δf(·,µ)♯µ dM(µ)

}
. (1.20)

Lagrangian parametrizations, Hilbertian liftings, and laws of Gaussian-generated ran-
dom measures

The above discussion raises the crucial question to find general condition on M ensuring that ∂tϕ is
concentrated on a singleton M-a.e. A similar problem has also been considered in [EP25] by assuming
suitable regularity properties on the Dirichlet form associated with M in P2(M), in particular the
Rademacher property studied in [Del20].

Here we adopt a different perspective, inspired by the crucial fact that Optimal Kantorovich
potentials are totally convex on P2(Rd), i.e. convex along arbitrary couplings as in (1.12). It is then
possible to apply a natural Lions-Lagrangian lifting technique that has been systematically studied
in [CSS23a] in the context of convex analysis and evolution problems (but see also the relevant
notions of L-convexity, L-monotonicity [Car13; CD18], Fréchet differentiability [GT19], and the
discussion of [CSS23a, Remark 5.4]).

The main idea is to introduce a standard Borel space (Q,FQ) endowed with a nonatomic prob-
ability measure M which can represent every measure of µ ∈ P2(Rd) as the law X♯M of a map
X in the Hilbert space H := L2(Q,M;Rd). The law map ι = ιM : X 7→ X♯M is a 1-Lipschitz
surjection from H to P2(Rd) and total convexity of ϕ in P2(Rd) is equivalent to the usual convexity
of ϕ̂ := ϕ ◦ ι in the Hilbert space H. Such a correspondence also holds at the levels of the respective
subdifferentials, so that the measures µ where ∂tϕ[µ] reduces to a singleton correspond to maps
X ∈ H where ϕ̂ is Gateux-differentiable.

Since every measure M on P2(Rd) can be obtained as the push-forward ι♯m of a measure m on H,
it is tempting to lift the problem of M-a.e. differentiability in P2(Rd) to the problem of m-a.e. differ-
entiability of ϕ̂ in H, for which many powerful result are known. In particular, d.c. hypersurfaces
in a Hilbert space are Gaussian null [Aro76; Phe78; Bog84; Csö99]), i.e. are negligible w.r.t. every
nondegenerate Gaussian measure.
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We will systematically pursue this direction, showing that the strict Monge problem in PP2(Rd)
has a unique solution if M satisfies two conditions:

(R1) it is concentrated on the set of regular measures Pr
2(Rd), i.e. µ ∈ Pr

2(Rd) for M-a.e. µ;

(R2) M(B) = 0 on every Borel set B ⊂ Pr
2(Rd) such that ι−1(B) is contained in a d.c. hypersurface

of the Hilbert space H = L2(Q,M;Rd).

We call PPrr
2 (Rd) the set of super-regular measures satisfying the two conditions above; it is worth

noticing that the first condition has also been assumed by [EP25], whereas the second one is strongly
related to the lifting procedure. We will show that those conditions are nearly optimal if we look
for measures M for which the usual Monge formulation has at least one solution for every target
measure N. Both conditions are stable if we replace M by M′ ≪ M.

A simple way to construct measures satisfying (R2) is to start from a regular measure m ∈ Pr
2(H)

and taking its push forward M = ι♯m. We will focus on the relevant case of Laws of Gaussian-
Generated Random Measures (LGGRM), i.e. measures in PP2(Rd) of the form G = ι♯g where g is a
non-degenerate Gaussian measure in H [Bog98]. They have full support in P2(Rd) and will satisfy
condition (R2). We will show that every LGGRM in dimension d = 1 is super-regular and we will
exhibit a large class of super-regular LGGRM in every dimension. As a byproduct, we obtain that
the class of super-regular measures is dense in PP2(Rd).

We have developed our analysis in the case of the “Euclidean” 2-Wasserstein metric, since we
believe that its distinguished features deserve a separate analysis. Since (finite) dimension play
a role only in the final discussion of super-regular measures, we decided to develop our theory in
an arbitrary separable Hilbert space H, even if all the results are new also in finite dimension. In
addition, we think that many tools we have introduced in this paper may be useful to study the
more general case of the Lp-Wasserstein metric induced by a smooth norm in Rd. We are also
confident that the class of LGGRM measures may reveal interesting features from the viewpoint of
the induced Dirichlet form in P2(Rd) (see also [FSS23]), and we plan to address both questions in
a forthcoming paper.

Plan of the paper

After a quick recap of the main notions and notation in Section 2, we will deal with totally convex
function and their link with optimal Kantorovich potentials in Section 3. The related notions of
multivalued probability vector fields and total subdifferentials are developed in Section 4.

Section 5 is devoted to applications of these tools to the Optimal Transport problem in PP2(Rd).
The (strict) Monge formulation, its solution for super-regular measures, and the discussion of the
relevant examples is presented in the last section 6.
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2 Notation and preliminary results

The following table contains the main notation that we shall use throughout the paper:
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H separable Hilbert space;
P2(H) the space of probability measures on H with finite quadratic moment, 2.1;
Pr

2(H) regular measures, Def. 2.3;
P2,o(H × H) the set of optimal couplings, 2.1;
w2 the L2-Wasserstein metric on P2(H), 2.1;
[·, ·] the maximal correlation pairing, Definition 2.2;
µ, ν, · · · notation for typical measures in P2(H);
PP2(H) = P2(P2(H)) the space of probability measures on P2(H) with finite quadratic moment, 2.1;
W2 the L2-Wasserstein metric on (P2(H),w2), 2.1;
M, N, · · · notation for typical laws of random measures in PP2(H);
f♯µ push forward of a measure µ via the map f , 2;
f♯♯M = (f♯)♯M iterated push forward of a measure M via the map f defined in H;
πi projection on the i-th coordinate in a product space, 2;
SN = Sym({1, · · · , N}) the symmetric group of permutations of {1, · · · , N};
Γ(µ, ν), Γo(µ, ν) set of (resp. optimal) couplings with marginals µ, ν, 2;
Pdet(X1 × X2) set of deterministic couplings, concentrated on the graph of a Borel map, (2.4);
(Q,FQ,M), (Ω,F,P) standard Borel spaces endowed with nonatomic probability measures, 2.3;
H = L2(Q,FQ,M; H) the L2 space of H valued maps, 2.3;
ι the law-pushforward map ι(X) := X♯M from H to P2(H), 2.3;
i the identity vector field i(x) = x in H;
Id the identity map in a general set;
m, g typical probability measures in P2(H);
G(Q) the group of measure preserving isomorphisms of (Q,FQ,M), 2.3
ϕ̂ = ϕ ◦ ι, the lifting of a function defined in P2(H) to H, 2.3;
ϕ⋆ the Kantorovich-Legendre-Fenchel conjugate of a function ϕ, Def. 3.6;
F, F̂ a typical MPVF in P2(H × H) and its lifting to H × H, 4;
∂tϕ,∂

◦
tϕ the total subdifferential of ϕ and its minimal section, Def. 4.4;

∇Wϕ the nonlocal field associated to ∂◦
tϕ;

RΓ(M, N) random couplings between two laws in PP2(H), 5.1;
[[·, ·]] cost in PP2(H) induced by the maximal correlation pairing [·, ·], Def. 5.2;
PPrr

2 (H) set of super-regular measures in PP2(H), Def. 6.6;

If X is a Polish topological space (i.e. it is separable and its topology is induced by a complete
metric) we denote by P(X) the space of Borel probability measures on X endowed with the weak
(Polish) topology in duality with continuous and bounded real functions. Given a Borel map
between Polish spaces f : X → Y and µ ∈ P(X) we denote by f♯µ the image measure µ ◦ f−1 given
by f♯µ(B) := µ(f−1(B)) for every Borel subset B of Y. In the case of a cartesian product of Polish
spaces X := ΠN

i=1Xi we will denote by πi : X → Xi the map πi(x1, · · · , xN ) := xi, and similarly
πij(x1, · · · , xN ) := (xi, xj).

A probability kernel is a Borel map κ : X ∋ x 7→ κx ∈ P(Y); if µ ∈ P(X) there exists a unique
Borel probability measure µ⊗ κ =

∫
X×Y δx ⊗ κx dµ(x) ∈ P(X × Y) which satisfies∫

X×Y
f(x, y) d(µ⊗ κ)(x, y) :=

∫
X

( ∫
Y
f(x, y) dκx(y)

)
dµ(x) (2.1)

for every bounded (or nonnegative) real Borel function f defined in X × Y.
Elements of P(X × Y) are also called couplings or transport plans. The universal disintegration

Theorem [Kal17, Corollary 1.26] says that there exists a Borel map K : X ×P(X × Y) → P(Y) such
that κx := K(x,γ) provides a disintegration of γ with respect to its first marginal, i.e.

γ = µ⊗ κ, µ := π1
♯ γ, κx := K(x,γ) x ∈ X, for every γ ∈ P(X × Y). (2.2)

We will denote by Pdet(X × Y) the set of deterministic couplings:

Pdet(X × Y) :=
{

γ ∈ P(X × Y) : ∃f : X → Y Borel, such that γ = (Id × f)♯µ, µ = π1
♯ γ

}
. (2.3)
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Since disintegrations are uniquely defined almost everywhere with respect to the marginal, we also
have

γ ∈ Pdet(X × Y) if and only if K(·,γ) ∈ Pδ(Y) π1
♯ γ-a.e.

where Pδ(Y) :=
{
δy : y ∈ Y

}
.

(2.4)

It is possible to prove [LS25] that Pdet(X × Y) is a Gδ (thus Borel) subset of P(X × Y).
Given µi ∈ P(Xi) we will denote by Γ(µ1, · · · , µN ) the subset of P(X) whose elements µ satisfy

πi
♯(µ) = µi, i = 1, · · · , N .

We will often use the following consequence of Von Neumann selection Theorem [Sch73, Theorem
13, pag. 127]:

Theorem 2.1. Let X,Y be Polish spaces, ν ∈ P(Y) concentrated on the Borel set B ⊂ Y and let
f : X → Y be a Borel map. If f(X) ⊃ B then there exists a measure µ ∈ P(X) such that

µ is concentrated on f−1(B), f♯µ = ν. (2.5)

2.1 The L2-Wasserstein space

Let (X, dX) be a complete and separable metric space and let xo a point of X. We denote by P2(X)
the space of Borel probability measures on X with finite quadratic moment∫

X
d2

X(x, xo) dµ(x) < ∞. (2.6)

It is easy to check that the definition is independent of the choice of the reference point xo. The
space P2(X) can be endowed with the L2-Kantorovich-Wasserstein metric W2,dX

W2
2,dX(µ1, µ2) := min

{ ∫
d2

X(x0, x1) dµ(x0, x1) : µ ∈ Γ(µ1, µ2)
}

; (2.7)

we will denote by Γo(µ1, µ2) the (compact, non-empty) subset of Γ(µ1, µ2) where the minimum
is attained. We will also denote by P2,o(X × X) the set of couplings µ ∈ P2(X × X) such that
µ ∈ Γo(π1

♯ µ, π2
♯ µ).

(P2(X),W2,dX) is a complete and separable metric space as well [AGS08, Chap. 7]. In this paper
we will mainly consider three important cases, when X = H is a Hilbert space, when X = L2(Q,M; H)
is the space of H-valued (Bochner) square-integrable Lagrangian maps defined in some probability
space (Q,M), and when X = P2(H) is the Wasserstein space itself.

The Hilbertian case P2(H) and the maximal correlation pairing. In this paper we will
denote by H a separable Hilbert space with scalar product ⟨·, ·⟩, norm | · |, and induced metric dH.
The finite dimensional case H = Rd provides an important example covered by the theory.

The previous construction applied to (H, dH) yields the space P2(H); the quadratic moment of
µ ∈ P2(H) is

m2
2(µ) :=

∫
H

|x|2 dµ(x) =
∫

H
d2

H(x, 0)dµ(x), corresponding to the choice of xo := 0. (2.8)

To simplify notation, we will simply denote the Wasserstein metric W2,dH by w2:

w2
2(µ1, µ2) := min

{ ∫
H×H

|x0 − x1|2 dµ(x0, x1) : µ ∈ Γ(µ1, µ2)
}
. (2.9)

The Euclidean structure of dH allows for a useful decomposition of w2.

Definition 2.2 (The maximal correlation pairing). For every µ1, µ2 ∈ P2(H) we set

[µ1, µ2] := max
{ ∫

H×H
⟨x0, x1⟩ dµ : µ ∈ Γ(µ1, µ2)

}
. (2.10)
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It is clear that [·, ·] is finite in P2(H) and satisfies∣∣∣[µ1, µ2]
∣∣∣ ≤ m2(µ1) m2(µ2), (2.11)

w2
2(µ1, µ2) = m2

2(µ1) + m2
2(µ2) − 2[µ1, µ2] for every µ1, µ2 ∈ P2(H). (2.12)

In particular, a coupling µ belongs to Γo(µ1, µ2) if and only if it attains the maximum in (2.10).

The space PP2(H) = P2(P2(H)) Since (P2(H),w2) is a complete and separable metric space,
we can iterate the Wasserstein construction and consider the space P2(P2(H)), which we will also
denote by PP2(H); its elements (also called laws of random measures) will be denoted by capital
letters M, N, · · · .

Using δ0 ∈ P2(H) as a reference measure and observing that w2
2(µ, δ0) = m2

2(µ), the quadratic
moment in PP2(H) is

M2
2(M) :=

∫
P2(H)

m2
2(µ) dM(µ) =

∫
P2(H)

∫
H

|x|2 dµdM(µ). (2.13)

The corresponding Wasserstein metric W2,w2 will be denoted by W2:

W2
2(M0, M1) := min

{ ∫
P2(H)×P2(H)

w2
2(µ1, µ2) dΠ (µ1, µ2) : Π ∈ Γ(M0, M1)

}
. (2.14)

2.2 Regularity of measures and Monge formulation in P2(H)
A particularly relevant case when the optimal coupling µ solving (2.9) or (2.10) is unique and
deterministic according to (2.3), is related to the regularity of (at least one of) the marginals µi.
The most refined description of such a regularity is characterized by the vanishing of the marginal
µi on all the so-called d.c. (or δ-convex or cc) hypersurfaces, i.e. graphs of difference of convex
Lipschitz functions in a suitable coordinate system. More precisely, we recall that a subset S ⊂ H
is a d.c. hypersurface if we can find a decomposition of H in a orthogonal sum H = E ⊕ vR, where
v ∈ H and E is the hyperplane of H orthogonal to v, and two Lipschitz convex functions f, g : E → R
such that

S =
{
x+ (f(x) − g(x))v : x ∈ E

}
. (2.15)

When H = R, d.c. hypersurfaces just reduce to a point. We say that

B ⊂ H is σ-d.c. hypersurface if it can be covered by a countable union of d.c. hypersurfaces.
(2.16)

A larger class of negligible subsets is provided by the so-called Gaussian-null sets introduced by
Phelps in [Phe78]: a Borel subset B of H is Gaussian-null, if g(B) = 0 for every non-degenerate
Gaussian measure g ∈ P(H) (see Section 2.4 below). Thanks to [Csö99] the class of Gaussian
null Borel sets coincides with the σ-ideals of cube null Borel sets and of Aronsajn null Borel sets
[Aro76] (see also [Bog84] and the other comparisons and extensions discussed in [Bog18]). Since
every d.c. hypersurface is Aronsajn null, it is immediate to check that σ-d.c. hypersurfaces sets are
Gaussian-null.

Definition 2.3 (Atomless, regular , and G-regular measures). We denote by Pal
2 (H) the collection

of atomless probability measures in P2(H), thus satisfying µ({x}) = 0 for every x ∈ H.
We denote by Pr

2(H) the class of regular probability measures that vanish on all d.c. hypersurfaces
(and therefore on all σ-d.c. hypersurfaces).
We denote by P

gr
2 (H) the class of G-regular probability measures, that vanish on all Gaussian null

Borel subsets of H.
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Remark 2.4. It is clear that P
gr
2 (H) ⊂ Pal

2 (H). It is useful to recall other important relations and
some particular cases covered by the above definitions.

1. When H = R is one-dimensional, the class of atomless and regular measures coincide, i.e.
Pr

2(R) = Pal
2 (R).

2. When H has finite dimension d, µ ∈ P
gr
2 (H) if and only if it is absolutely continuous with

respect to the d-dimensional Lebesgue measure.

3. Since d.c. hypersurfaces are Gaussian null, it is immediate to check that the class of G-regular
measures P

gr
2 (H) is included in Pr

2(H). Therefore we have

P
gr
2 (H) ⊂ Pr

2(H) ⊂ Pal
2 (H), Pr

2(R) = Pal
2 (R). (2.17)

The crucial property of regular measures µ ∈ Pr
2(H) is that every convex and Lipschitz function

φ : H → R is Gateaux-differentiable µ-almost everywhere. This follows by a nice result of Zaj́ıček
[Zaj79] (see also [BL00, Theorem 4.20]) showing that the set of points where φ : H → R is not
Gateaux-differentiable is contained in an σ-d.c. hypersurface according to (2.16).

Using this property and the structure of optimal couplings, it is possible to prove the celebrated
Brénier Theorem.

Theorem 2.5. If µ1 ∈ Pr
2(H), µ2 ∈ P2(H) then Γo(µ1, µ2) contains a unique element γ which is

deterministic, i.e. concentrated on the graph of a Borel map f ∈ L2(H, µ1; H) with f♯µ1 = µ2.

We will also be interested to measurability properties of the above sets. We collect them in the
following statement, in the case when H has finite dimension.

Proposition 2.6 (Measurability of Pr
2(H) and P

gr
2 (H)). Let us assume that H has finite dimension

d.

1. Pr
2(H) is a Gδ (thus Borel) subset of P2(H).

2. P
gr
2 (H) is a Borel subset of P2(H).

Proof. Claim 1 (d = 1, H = R). It is sufficient to note that µ ∈ Pr
2(R) if and only if µ× µ(D) = 0,

where D := {(x, x) : x ∈ R} is the (closed) diagonal of R2. Since the map µ 7→ µ × µ(D) is upper
semicontinuous, we have Pr

2(R) = ⋂
k∈N+

{
µ ∈ P2(R) : µ× µ(D) > 1/k

}
.

Claim 1 (H = Rd, d > 1). Let B be the collection of all the compact boxes B = Πd−1
k=1[ak, bk] ⊂ Rd−1

with rational endpoints ak < bk, let R a dense countable set of rotations R of Rd. For every L ∈ N+
and B ∈ B we consider the set

C(B,L) := {f : B → R : f convex, L-Lipschitz, sup
B

|f | ≤ L}.

C(B,L) is a compact set of the Polish space C(B). For every g, h ∈ C(B,L) and R ∈ R we consider
the compact graph

SB,R(g, h) :=
{
R(y, g(y) − h(y)) : y ∈ B

}
⊂ Rd.

Since every d.c.-hypersurface can be covered by a countable collections of sets of the form SB,R(g, h)
for g, h in some C(B,L), we have

Pr
2(Rd) =

⋂ {
G(B,R,L) : B ∈ B, R ∈ R, L ∈ N+

}
,

G(B,R,L) :=
{
µ ∈ P2(Rd) : µ(SB,R(g, h)) = 0 for every g, h ∈ C(B,L)

}
.

It is then sufficient to show that each set G(B,R,L) is a Gδ.
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It is not difficult to check that the map (µ, g, h) 7→ µ(SB,R(g, h)) is jointly upper semicontinuous
in P2(Rd) × (C(B,L))2 (uniform convergence in (C(B,L))2 implies Hausdorff convergence of the
compact graphs SB,R(·, ·)) so that the function

µ 7→ U(µ) := sup
g,h∈C(B,L)

µ(SB,R(g, h)

is upper semicontinuous as well, thanks to the compactness of C(B,L). On the other hand

G(B,R,L) =
⋂

k∈N+

{
µ ∈ P2(Rd) : U(µ) < 1/k

}
so it is the intersection of a countable collection of open sets.
Claim 2. Let g denote the standard Gaussian measure in Rd and let C be the Fσ (thus Borel) set

C :=
{
f ∈ L1(Rd, g) : f ≥ 0,

∫
f(x) dg(x) = 1,

∫
|x|2f(x) dg(x) < ∞

}
of the Polish space L1(Rd; gd). The map J : C → P2(Rd) defined by J : f 7→ fg, is continuous and
injective so that its image J(C) = Pr

2(Rd) is a Borel subset of P2(Rd) by Lusin Theorem.

2.3 Lagrangian representations.

Let us consider a standard Borel space (Q,FQ) endowed with a reference nonatomic Borel probability
measure M. We denote by H the Hilbert space L2(Q,FQ,M; H) endowed with the scalar product
and norm

⟨X,Y ⟩H :=
∫

⟨X(q), Y (q)⟩ dM(q), ∥X∥2
H := ⟨X,X⟩H. (2.18)

A map g : Q → Q is a measure preserving isomorphism (m.p.i.) if it is FQ − FQ-measurable,
there exists a set of full measure Q0 ⊂ Q such that g|Q0

is injective and g♯M = M. We denote by
G(Q) the group of measure-preserving isomorphisms. A m.p.i. g ∈ G(Q) induces a linear isometry
g∗ : H → H of H by the map

g∗X := X ◦ g. (2.19)

There is a natural 1-Lipschitz surjective map ι : H → P2(H) given by

ι(X) := X♯M for every X ∈ H, (2.20)

and satisfying

m2(ι(X)) = ∥X∥H, w2(ι(X1), ι(X2)) ≤ ∥X1 −X2∥H, ⟨X1, X2⟩H ≤ [ι(X1), ι(X2)]. (2.21)

Notice that
g ∈ G(Q), Y = X ◦ g ⇒ ι(Y ) = ι(X), (2.22)

i.e. ι ◦ g∗ = ι for every g ∈ G(Q). The next Lemma shows that we can considerably refine the
previous inequalities. We refer to [CSS25, Sect. 3] for the proof.

Lemma 2.7. For every k ∈ N the map ιk : Hk → P2(Hk) defined by

ιk(X1, X2, · · · , Xk) := (X1, X2, · · · , Xk)♯M (2.23)

is surjective. In particular, for every γ ∈ P2,o(H × H) there exists a pair (Xγ,1, Xγ,2) ∈ H×H such
that ι2(Xγ,1, Xγ,2) = γ and for every (X1, X2) ∈ H × H we have

ι2(X1, X2) ∈ P2,o(H × H) ⇔ ∥X1 −X2∥H = w2(ι(X1), ι(X2)) ⇔ ⟨X1, X2⟩H = [ι(X1), ι(X2)].
(2.24)
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Moreover, for every µ1, µ2 ∈ P2(H) and X1, X2 ∈ H with ι(Xi) = µi we have

[µ1, µ2] = sup
g∈G(Q)

⟨X1, g∗X2⟩, w2
2(µ1, µ2) = inf

g∈G(Q)
∥X1 − g∗X2∥2

H. (2.25)

Finally, if µ1 = µ2 (i.e. ι(X1) = ι(X2)) then there exists a sequence gn ∈ G(Q) such that g∗
nX1 → X2

strongly in H.

Every function ϕ : P2(H) → R ∪ {∞} induces a function ϕ̂ := ϕ ◦ ι on H which satisfies the
obvious law-invariance property

ι(X) = ι(Y ) ⇒ ϕ̂(X) = ϕ̂(Y ), (2.26)

and, in particular, is invariant by the action of measure-preserving isomorphisms:

ϕ̂(g∗X) = ϕ̂(X) for every g ∈ G(Q). (2.27)

Lemma 2.8. Let ϕ : P2(H) → R ∪ {∞} and let ϕ̂ := ϕ ◦ ι : H → R ∪ {∞}. We have

1. ϕ is proper if and only if ϕ̂ is proper.

2. ϕ is l.s.c. if and only if ϕ̂ is l.s.c.

3. ϕ is continuous if and only if ϕ̂ is continuous.

4. ϕ is L-Lipschitz if and only if ϕ̂ is L-Lipschitz.

Moreover, suppose that Φ : H → R ∪ {∞} is proper, l.s.c. and invariant by measure preserving
isomorphisms, i.e. Φ ◦ g∗ = Φ. Then Φ is law-invariant and Φ = ϕ ◦ ι for a (unique) proper,
l.s.c. function ϕ : P2(H) → R ∪ {∞}.

Proof. The first claim and all the left-to-right implications of Claims 2,3,4 are trivial, thanks to
(2.21). We thus consider only the right-to-left implications.

Concerning Claim 2, let us suppose that ϕ̂ is lower semicontinuous and let (µn)n∈N converging
to µ in P2(H) with ϕ(µn) ≤ c. By (2.25) there exists a sequence Xn converging to X in H such
that µn = ι(Xn) and µ = ι(X). Since ϕ̂ is lower semicontinuous we deduce that ϕ(µ) = ϕ̂(X) ≤ c
as well.

Claim 3 immediately follows by Claim 2 applied to ϕ and −ϕ. Claim 4 follows from (2.24).
Let now Φ be as in the last statement of the Lemma and let Xi ∈ H with ι(X1) = ι(X2). By

Lemma 2.7 we can find a sequence gn ∈ G(Q) such that g∗
nX1 → X2 as n → ∞ so that

Φ(X2) ≤ lim inf
n→∞

Φ(g∗
nX1) = lim inf

n→∞
Φ(X1) = Φ(X1).

Inverting the role of X1 and X2 we deduce that Φ(X1) = Φ(X2).

2.4 Lagrangian representation of the laws of random measures of PP2(H)
The 1-Lipschitz and surjective law map ι : H → P2(H) provides a natural way to construct measures
in PP2(H) (the space of laws of random measures in P2(H)) starting from measures in P2(H) (the
space of laws of random Lagrangian maps in H). In fact, the corresponding push-forward transform
ι♯ is a surjective map from P2(H) to PP2(H) so that

for every m ∈ P2(H) the push-forward M = ι♯m belongs to PP2(H). (2.28)

In this way, we will use (maps from) (Q,M) as a sort of “labelling” space for measures in H and not
as a source of randomness. The latter can be introduced by using a further measure m, not in Q
but in the Hilbert space L2(Q,M; H); in turn m can be represented as the law of a random vector ξ
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defined in another (standard Borel) probability space (Ω,F,P). Thus in many situations it will be
useful to deal with the pair of spaces (Q,FQ,M) and (Ω,F,P). Such a construction has been used,
with different aims, in various contexts, see e.g. [KR24], [RS09; Stu11].

Let us briefly describe this simple construction: we can assume that
the measure m ∈ P2(H) is the law of a H-valued random vector ξ defined in (Ω,F,P) :

m = ξ♯P and M = (ι ◦ ξ)♯P is the law of the random measure µ· = ξ[·]♯M.
(2.29)

We first represent m as the distribution of a F ⊗ FQ-measurable stochastic process.
Lemma 2.9. If ξ : Ω → H is a Borel vector field satisfying (2.29) then there exists a F ⊗ FQ-
measurable stochastic process Ξ : Ω × Q → H such that

for P-a.e. ω ∈ Ω Ξ(ω, ·) = ξ[ω] M-a.e. in Q. (2.30)

Proof. We select an orthonormal basis (hk)k∈N of H and set ξk := ⟨ξ, hk⟩. ξk is a Borel map from Ω
to L2(Q,M) satisfying∑

k

∫
∥ξk[ω]∥2

L2(Q,M) dP(ω) =
∫

∥ξ[ω]∥2
H dP(ω) =

∫
∥X∥2

H dm(X) < ∞. (2.31)

We can then set νk(ω,B) :=
∫
ξk[ω]χB dM for every ω ∈ Ω and B ∈ FQ obtaining a family of signed

measures νk(ω, ·) on FQ depending on ω in a F-measurable way, with

|νk|(ω,B) ≤ ∥ξk[ω]∥L2(Q,M)M(B)

By the Doob’s measurable Radon-Nykodim theorem [DM82, Thm. 58] (see also [Bog07, Ex. 6.10.72])
we can find a F × FQ-measurable density fk : Ω × Q → R such that νk(ω, ·) = fk(ω, ·)M so that

ξk[ω] = fk(ω, ·) M-a.e. and
∫
f2

k (ω, q) dM(q) = ∥ξk[ω]∥2
L2(Q,M) for P-a.e. ω ∈ Ω.

Setting

Ξn(ω, q) :=
n∑

k=1
fk(ω, q)hk

and using (2.31) it is not difficult to check that Ξn converges pointwise P × M-a.e. to an element
Ξ ∈ L2(Ω × Q,P × M; H) which satisfies (2.30).

We can use Ξ to respresent M and its k-projections: for every ω ∈ Ω the measure µω = ι(ξ(ω)) ∈
P(H) satisfies ∫

H
ζ(x) dµω(x) =

∫
Q
ζ(Ξ(ω, q)) dM(q) (2.32)

and we can recover M as the law with respect to P of the random measure µω:

M =
∫

Ω
δµω dP(ω) =

∫
Ω
δΞ(ω,·)♯M dP(ω). (2.33)

By using Ξ we can easily express k-projections of M. For every k ∈ N and M ∈ PP2(H) let us define

prk[M] :=
∫
µ⊗k dM(µ) ∈ P2(Hk), (2.34)

which satisfies∫
Hk
ζ d prk[M] =

∫ ( ∫
Hk
ζ dµ⊗k

)
dM(µ) for every bounded Borel ζ : Hk → R. (2.35)

We then have∫
Hk
ζ d prk[M] =

∫
Ω

( ∫
Q
ζ(Ξ(ω, q1), · · · ,Ξ(ω, qk)) dM⊗k(q1, · · · , qk)

)
dP(ω), (2.36)

i.e.
prk[M] = Ξk

♯ (P ⊗ M⊗k) where Ξk(ω, q1, · · · , qk) := (Ξ(ω, q1), · · · ,Ξ(ω, qk)). (2.37)
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Example 2.10 (Laws of Gaussian generated random measures (LGRRM)). Let us focus on the
particular case of a nondegenerate centered Gaussian measure g ∼ N(0,K) in H with covariance
operator K. By Karhunen-Loève expansion, we can find

1. an orthonormal basis (En)n∈N+ of H, given by the eigenvectors of K;

2. the corresponding sequence of nonnegative eigenvalues of K (λ2
n)n∈N+ with KEn = λ2

nEn and
Λ := ∑

n λ
2
n < ∞

3. a sequence of independent Gaussian random variables (ξn)n∈N+ defined in Ω with ξn ∼
N(0, λ2

n)

such that
g = ξ♯P, ξ :=

∑
n

ξnEn. (2.38)

Since Ξn(ω, q) := ξn(ω)En(q) is an orthogonal system in L2(Ω × Q,P ⊗ M) the series

Ξ(ω, q) :=
∑

n

Ξn(ω, q) =
∑

n

ξn(ω)En(q), ∥Ξn∥L2(Ω×Q,P⊗M) = λn (2.39)

converges in L2(Ω × Q,P ⊗ M) and provides a measurable version satisfying (2.30).
Example 2.11. We can also proceed in a slightly different way: assuming that Q is a compact
metrizable space, we can start from a H-valued measurable process Ξq = Ξ(·, q) indexed by q ∈ Q
with continuous paths, i.e. q 7→ Ξ(ω, q) ∈ C0(Q) for P-a.e. ω. In this way the map ξ : ω → Ξ(ω, ·)
can be considered as a measurable map from Ω to the Banach space B := C0(Q; H); assuming that
ξ ∈ L2(Ω,P;B), the distribution of the process m = ξ♯P is a Radon measure in P2(B). Any choice of
diffuse measure M ∈ P(Q) induces a push-forward map ιM(X) := X♯M and a measure M = (ιM)♯m
as in (2.33). If in particular Ξ is a Gaussian process, then m is a Gaussian measure in B and thus
also in H.

3 Totally convex functionals

We first recall the definition of totally convex functionals on P2(H) [CSS23a, Sec. 5]

Definition 3.1 (Totally convex functionals). A functional ϕ : P2(H) → R ∪ {∞} is totally convex
if for every coupling µ ∈ P2(H × H) and t ∈ [0, 1]

ϕ(µt) ≤ (1 − t)ϕ(µ0) + ϕ(µ1) t ∈ [0, 1], µt = (π1�2
t )♯µ, π1�2

t (x1, x2) := (1 − t)x1 + tx2. (3.1)

Equivalently, the lifted functional ϕ̂ := ϕ ◦ ι is convex in H.
We say that ϕ is totally λ-convex if ϕ− λ

2 m2
2 is totally convex (equivalently ϕ̂ is λ-convex in H).

Notice that the lifting ϕ → ϕ̂ inherits also properness and lower semicontinuity. Conversely, if
Φ : H → R∪{∞} is convex, lower semicontinuous and invariant by m.p.i. then there exists a unique
totally convex functional ϕ such that Φ = ϕ̂ = ϕ ◦ ι.

If we restrict the convexity inequality (3.1) to displacement interpolation induced by optimal
couplings µ, we obtain a larger class of functionals, which are called geodesically (or displacement)
convex, according to [McC97]. However if dim(H) ≥ 2, every continuous geodesically convex func-
tionals ϕ is also totally convex [CSS23a, Thm. 5.5]. We quote here a few important examples:
Example 3.2 (Potential energy). If f : H → R ∪ {∞} is λ-convex (proper, l.s.c.), then

Vf : µ 7→
∫

H
f(x) dµ(x)

is totally λ-convex (proper, l.s.c.) in P2(H). In particular, m2
2 (corresponding to f(x) = |x|2) is

totally 1-convex.
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Example 3.3 (Multiple interaction energy). If g : Hk → R ∪ {∞} is proper, convex, l.s.c., and
invariant respect to arbitrary permutations of its entries, then

Wg : µ 7→
∫
g(x1, x2, · · · , xk) dµ⊗k(x1, · · · , xk)

is totally convex (proper and l.s.c.) in P2(H).

Example 3.4. For every ν ∈ P2(H) we define the maximal pairing functional kν : P2(H) → R defined
by

kν(µ) := [µ, ν] for every µ ∈ P2(H). (3.2)

Proposition 3.5. For every ν ∈ P2(H) the function kν is m2(ν)-Lipschitz in P2(H) and totally
convex.

Proof. We give two proofs. The first one is direct: let us fix ν, µ1, µ2 ∈ P2(H) and let µ12 ∈ Γ(µ1, µ2).
Let us set

π1�2
t : H × H → H, π1�2

t (x1, x2) := (1 − t)x1 + tx2, t ∈ [0, 1], (3.3)

and µ1�2
t := (π1�2

t )♯µ. We have to prove that

kν(µ1�2
t ) ≤ (1 − t)kν(µ1) + tkν(µ2) for every t ∈ [0, 1]. (3.4)

We select µt ∈ Γo(µt, ν) and we apply [AGS08, Prop. 7.3.1] to find µ ∈ Γ(µ1, µ2, ν) ⊂ P2(H×H×H)
such that π12

♯ µ = µ12 and (π1�2
t , π3)♯µ = µt. It follows that

kν(µ1�2
t ) =

∫
⟨x, z⟩ dµt(x, z) =

∫
⟨π1�2

t (x1, x2), x3⟩ dµ(x1, x2, x3)

=
∫

⟨(1 − t)x1 + tx2, x3⟩ dµ(x1, x2, x3)

= (1 − t)
∫

⟨x1, x3⟩ dµ(x1, x2, x3) + t

∫
⟨x2, x3⟩ dµ(x1, x2, x3)

≤ (1 − t)kν(µ1) + tkν(µ2).

The second argument uses the representation result (2.25); we fix Y ∈ H such that ι(Y ) = ν and
observe that

k̂ν(X) = kν(ι(X)) = sup
{

⟨X,Y ◦ g⟩ : g ∈ G(Q)
}
, (3.5)

so that k̂ν is the supremum of a family of L-Lipschitz (with L = ∥Y ∥H = m2(ν)) and linear
functionals: therefore, it is convex and L-Lipschitz as well.

3.1 A Kantorovich version of the Legendre-Fenchel transform in P2(H).
Recall that the Legendre-Fenchel transform of a function Φ : H → R ∪ {∞} is defined as

Φ∗(Y ) := sup
X∈H

⟨Y,X⟩H − Φ(X). (3.6)

Inspired by this formula we define a corresponding transformation for functionals on P2(H).

Definition 3.6 (Kantorovich-Legendre-Fenchel transformation in P2(H)). Let ϕ : P2(H) → (−∞,+∞]
be a proper function. We call Kantorovich-Legendre-Fenchel conjugate of ϕ the function ϕ⋆ :
P2(H) → (−∞,+∞] defined by

ϕ⋆(ν) := sup
µ∈P2(H)

[ν, µ] − ϕ(µ). (3.7)
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It is clear that ϕ⋆ is totally convex and lower semicontinuous, as the supremum of totally convex
and continuous functions. It is also proper (i.e. not identically = ∞) if ϕ satisfies the lower bound

ϕ(µ) ≥ −a+ [µ, ν] for every µ ∈ P2(H) (3.8)

for some a ∈ R and ν ∈ P2(H).
Every geodesically convex function ϕ : P2(H) → R∪{∞} is linearly bounded from below [MS20],

in the sense that there exist constants a, b ≥ 0 such that

ϕ(µ) ≥ −a− bm2(µ) (3.9)

When ϕ is totally convex, we immediately get a refined lower bound.

Lemma 3.7. If ϕ : P2(H) → R ∪ {∞} is totally convex and lower semicontinuous then there exist
a ∈ R and ν ∈ P2(H) such that (3.8) holds. In particular ϕ⋆(ν) ≤ a so that ϕ⋆ is proper.

Proof. It is sufficient to observe that ϕ̂ := ϕ ◦ ι is convex and lower semicontinuous in H so that
there exist a ≥ 0 and Y ∈ H such that

ϕ̂(X) ≥ −a− ⟨X,Y ⟩ for every X ∈ H.

Setting ν := ι(Y ) ∈ P2(H) and using the fact that ϕ̂ is invariant w.r.t. measure-preserving isomor-
phisms, we get for every µ = ι(X) ∈ P2(H) and g ∈ G(H)

ϕ(µ) = ϕ̂(X) = ϕ̂(X ◦ g−1) ≥ −a+ ⟨X ◦ g−1, Y ⟩ = −a+ ⟨X,Y ◦ g⟩.

Taking the supremum w.r.t. g ∈ G(H) and recalling (2.21) and (2.25) we get

ϕ(µ) ≥ −a+ sup
g∈G(H)

⟨X,Y ◦ g⟩ = −a+ [ν, µ].

We collect a few simple but relevant properties of the Kantorovich-Legendre-Fenchel transform
in the following Theorem.

Theorem 3.8. Let ϕ : P2(H) → R ∪ {∞} be a proper function satisfying (3.8) for some a ∈ R and
ν ∈ P2(H).

1. The function ϕ⋆ is proper, totally convex and lower semicontinuous.

2. ϕ⋆ satisfies the commutation property

(ϕ⋆) ◦ ι = (ϕ ◦ ι)∗ (3.10)

and it is the unique function satisfying (3.10).

3. The function ϕ⋆⋆ = (ϕ⋆)⋆ is the largest totally convex and lower semicontinuous function
dominated by ϕ.

Proof. Claim 1 is a direct consequence of Lemma 3.7 (for properness) and Proposition 3.5 (for
convexity and lower semicontinuity).

In order to check (3.10) of Claim 2, we consider Y ∈ H and ν = ι(Y ); (2.25) yields

ϕ⋆(ν) = sup
µ∈H2(H)

[ν, µ] − ϕ(µ) = sup
X∈H2(H)

[ν, ι(X)] − ϕ(ι(X)) = sup
g∈G(Q)

sup
X∈H2(H)

⟨Y,X ◦ g⟩ − ϕ(ι(X))

= sup
g∈G(Q)

sup
X∈H2(H)

⟨Y,X ◦ g⟩ − ϕ(ι(X ◦ g)) = sup
X′∈H2(H)

⟨Y,X ′⟩ − ϕ(ι(X ′)) = (ϕ ◦ ι)∗(Y ).

The uniqueness follows by the law invariance of (ϕ ◦ ι)∗. Claim 3 is then an obvious consequence of
Claim 2 and the corresponding property for the Legendre-Fenchel transformation in H.
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We can easily derive natural properties from the Hilbertian theory.

Corollary 3.9 (Kantorovich-Fenchel inequality). For every γ ∈ Γ(µ, ν) we have∫
H2

⟨x, y⟩ dγ(x, y) ≤ [µ, ν] ≤ ϕ(µ) + ϕ⋆(ν) (3.11)

ϕ⋆(ν) = sup
{ ∫

H2
⟨x, y⟩ dγ(x, y) − ϕ(π1

#γ) : γ ∈ P2(H × H), π2
♯ γ = ν

}
. (3.12)

Moreover ∫
H2

⟨x, y⟩ dγ(x, y) = ϕ(µ) + ϕ⋆(ν) ⇔
{
ϕ(µ) + ϕ⋆(ν) = [µ, ν],
γ ∈ Γo(µ, ν).

(3.13)

Corollary 3.10. Let ϕ : P2(H) → R ∪ {∞} be a proper function. The following properties are
equivalent:

1. ϕ is totally convex and lower semicontinuous;

2. ϕ ◦ ι is convex and lower semicontinuous in H;

3. ϕ = ϕ⋆⋆.

4. ϕ is [·, ·]-convex, i.e. there exists a set G ⊂ P2(H) × R such that

ϕ(µ) = sup
(ν,a)∈G

[µ, ν] − a. (3.14)

Proof. The implication 1⇔2 is a consequence of the definition of total convexity and Lemma 2.8.
1⇔3 is a consequence of Claim 3 of Theorem 3.8. 3⇒4 is also immediate by the definition of

(ϕ⋆)⋆; the converse implication is a consequence of the fact that the map µ 7→ [µ, ν] is totally convex
and continuous.

Thanks to the commutation identity (3.10), it is possible to derive interesting calculus rules
for ϕ⋆ from the corresponding formulae for ϕ̂∗. We present two simple examples that will turn
to be useful in the following. Let us first introduce the dilation maps and the Moreau-Yosida
regularizations of ϕ.

Definition 3.11. For every a > 0 we set da : P2(H) → P2(H)

da[µ] := (ai)♯µ, da[µ](B) = µ(a−1B) for every Borel set B ⊂ H. (3.15)

For every τ > 0 and every proper l.s.c. and totally convex function ϕ : P2(H) → R ∪ {∞} the
τ -Moreau-Yosida regularization of ϕ is defined by

ϕτ (µ) := min
ν∈P2(H)

1
2τ w2

2(µ, ν) + ϕ(ν). (3.16)

Dilations are clearly related to scalar multiplication of Lagrangian maps via the formula

µ = ι(X) ⇒ da[µ] = ι(aX). (3.17)

The Yosida regularization (3.16) plays a crucial role in evolution problems via the JKO-Minimizing
Movement scheme [JKO98; AGS08]. Existence of a minimizer of (3.16) for an arbitrary geodesically
convex functional follows by the results of [NS21]; in the present case, we can invoke the following
important commutation property

ϕ̂τ = ϕ̂τ (3.18)
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where ϕ̂τ is the Yosida regularization of ϕ̂ in H defined by

ϕ̂τ (X) = min
Y ∈H

1
2τ ∥X − Y ∥2

H + ϕ̂(Y ), (3.19)

which also shows that ϕτ is totally convex as well. In order to check (3.18) we first oberve that
(2.21) yields

µ = ι(X) ⇒ ϕ̂τ (X) ≥ ϕτ (µ);

the converse inequality follows by the law invariance of ϕ̂ and (2.25).

Corollary 3.12. Let ϕ : P2(H) → R∪{∞} be a proper l.s.c. and totally convex function. For every
a, b > 0 we have

(aϕ)⋆ = aϕ⋆ ◦ da−1 , (3.20)(
aϕ+ b

2m2
2

)⋆
= a(ϕ⋆)b/a ◦ da−1 (3.21)

Proof. (3.20) follows from the corresponding identity for ϕ̂:

(aϕ̂)∗(X) = aϕ̂∗(a−1X).

(3.21) follows by the fact that (
aϕ+ b

2m2
2

)∧
= aϕ̂+ b

2∥ · ∥2
H

and by the corresponding formula for the Legendre transform of a quadratic perturbation of ϕ̂ in
H (which is a particular case of infimal convolution):(

aϕ̂+ b

2τ∥ · ∥2
H

)∗
= a(ϕ̂∗)b/a(·/a). (3.22)

3.2 c-concave functions and their c-super differentials

As in the case of functions defined in a Hilbert space, we can connect the notion of totally convex
functionals and Kantorovich-Legendre-Fenchel transform in P2(H) with the corresponding notion
of c-concavity and c-transform for the cost c := 1

2w2
2.

Let us first recall the main definition for a continuous and symmetric cost function c : P2(H) ×
P2(H) → R: in our case we will mainly use the choice c := 1

2w2
2.

Definition 3.13 (Concave c-transform, c-concavity and c-superdifferential). Let f : P2(H) →
R ∪ {−∞} be a proper function. Its concave c-transform f c : P2(H) → R ∪ {−∞} is defined by

f c(ν) := inf
µ∈P2(H)

c(µ, ν) − f(µ). (3.23)

f is c-concave if
∃A ⊂ P2(H) × R : f(µ) = inf

(ν,a)∈A
c(µ, ν) − a. (3.24)

If µ, ν ∈ P2(H) with f(µ) ∈ R, we say that ν belongs to the c-superdifferential of f at µ, denoted by
∂+

c f(µ), if
f(µ′) − f(µ) ≤ c(µ′, ν) − c(µ, ν) for every µ′ ∈ P2(H). (3.25)

We collect a series of well known properties of the above notion.

Theorem 3.14. Let f : P2(H) → R ∪ {−∞} be a proper function.
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1. f is c-concave iff f = gc for some function g : P2(H) → R ∪ {−∞},

2. f is c-concave if and only if f = f cc = (f c)c.

3. for every µ, ν ∈ P2(H), f(µ) + f c(ν) ≤ c(µ, ν)

4. ν ∈ ∂+
c f(µ) if and only if f(µ) + f c(ν) = c(µ, ν).

We could introduce the analogous concepts of c-convexity, c-convex transform and c-subdifferential:
since in this context we will only use the pseudo-scalar cost [·, ·], [·, ·]-convexity is equivalent to to-
tal convexity by Corollary (3.10), so that we will keep the notation ϕ⋆ of Definition 3.6 for the
[·, ·]-conjugate. We will just introduce the notion of [·, ·]-subdifferential: for every µ ∈ P2(H) with
ϕ(µ) ∈ R, we also set

∂−ϕ(µ) :=
{
ν ∈ P2(H) : ϕ(µ′) − ϕ(µ) ≥ [µ′, ν] − [µ, ν] for every µ′ ∈ P2(H)

}
. (3.26)

As for property 4 of Theorem 3.14 above, we easily get

ν ∈ ∂−ϕ(µ) ⇔ [µ, ν] = ϕ(µ) + ϕ⋆(ν). (3.27)

As in the case of the L2-Wasserstein metric in H, we have the following simple but crucial properties.

Corollary 3.15. Let us consider the cost function c := 1
2w2

2, let ϕ, ψ : P2(H) → R ∪ {∞} and U, V
be defined as

U := 1
2m2

2 − ϕ, V := 1
2m2

2 − ψ. (3.28)

The following hold true:

1.
ψ = ϕ⋆ ⇔ V = Uc (3.29)

2. ϕ is totally convex and lower semicontinuous if and only if U is c-concave (and thus upper
semicontinuous).

3. For every µ, ν ∈ P2(H) with ϕ(µ) ∈ R (and thus U(µ) ∈ R as well)

ν ∈ ∂−ϕ(µ) ⇔ ν ∈ ∂+
c U(µ). (3.30)

Proof. We repeatedly use the identity in (2.12).
Claim 1. For every ν ∈ P2(H) (3.28) yields

Uc(ν) = inf
µ∈P2(H)

1
2w2

2(µ, ν) − U(µ) = inf
µ∈P2(H)

1
2w2

2(µ, ν) −
(
m2

2(µ) − ϕ(µ)
)

= inf
µ∈P2(H)

1
2m2

2(ν) − [µ, ν] + ϕ(µ) = 1
2m2

2(ν) + inf
µ∈P2(H)

(
− [µ, ν] + ϕ(µ)

)
= 1

2m2
2(ν) − sup

µ∈P2(H)

(
[µ, ν] − ϕ(µ)

)
= 1

2m2
2(ν) − ϕ⋆(ν).

The second claim immediately follows by the first one, Claim 3 of Corollary 3.10 and Claim 2 of
Theorem 3.14.

Claim 3 then follows by (3.27) and Claim 4 of Theorem 3.14.

In the next section we will discuss a more refined representation of ∂−ϕ, where we replace
P2(H) × P2(H) by P2(H × H).
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4 Multivalued probability fields

We recall the notion of multivalued probability vector field (MPVF) F, introduced in a different
context by [Pic19] and in full generality by [CSS23b]: they are a natural extension of the usual
notion of vector field for studying the evolution of probability measures.

The simplest way to define a MPVF F is just to consider it as a nonempty subset of P2(H × H).
We set D(F) :=

{
π1

♯ γ : γ ∈ F
}

and for every µ ∈ D(F) we consider the sections F[µ] :=
{

γ :

π1
♯ γ = µ

}
. Sections define a multivaled map F[·] : P2(H) → 2P2(H×H) with the property

γ ∈ F[µ] ⇒ π1
♯ γ = µ.

When F[·] is single valued we say that F is a probability vector field (PVF). A particular case, that
play a crucial role, is given by deterministic PVFs: they are characterized by the property

F ⊂ Pdet
2 (H2) so that F[µ] = (i × f)♯µ for a (unique) H-valued map f ∈ L2(H, µ; H), (4.1)

where we adopted the obvious notation Pdet
2 (H2) := P2(H2)∩Pdet(H2). If F is a deterministic PVF,

for every µ ∈ D(F) we can thus define a nonlocal vectorfield

f [µ] = f(·, µ) ∈ L2(H, µ; H) such that (4.1) holds; (4.2)

notice that
π2

♯ F[µ] = f [µ]♯µ. (4.3)

Every MPVF F admits a Lagrangian representation (or lifting) F̂ ⊂ H × H defined by

(X,Y ) ∈ F̂ ⇔ ι2(X,Y ) = (X,Y )♯M ∈ F. (4.4)

It is immediate to check that F̂ is law invariant

(X,Y ) ∈ F̂, ι2(X ′, Y ′) = ι2(X,Y ) ⇒ (X ′, Y ′) ∈ F̂ (4.5)

and thus invariant with respect to the action of measure-preserving isomorphisms:

(X,Y ) ∈ F̂ ⇒ (g∗X, g∗Y ) ∈ F̂ for every g ∈ G(Q). (4.6)

Conversely, if a subset B ⊂ H × H is invariant by m.p.i. and closed, then it is also law invariant
and it is the Lagrangian representation of a unique MPVF F [CSS25].

4.1 Totally monotone and cyclically monotone MPVF

Inspired by the the definition of totally monotone MPVF (introduced in [CSS23a]) we introduce
here the corresponding notion of totally cyclically monotone MPVF. We will adopt the notation

πn : (H2)N → H2, πn((x1, y1), (x2, y2), · · · , (xN , yN )) = (xn, yn), n = 1, · · · , N. (4.7)

Definition 4.1 (Totally monotone and cyclically monotone MPVF). A multivalued probability
vector field (MPVF) F ⊂ P2(H2) is totally monotone if for every θ ∈ P2(H2 × H2) with π1

♯ θ ∈
F, π2

♯ θ ∈ F we have ∫
⟨y2 − y1, x2 − x1⟩ dθ(x1, y1;x2, y2) ≥ 0. (4.8)

F is a maximal totally monotone MPVF if it is totally monotone and the inclusion F ⊂ G, G
totally monotone, yields F = G.

F is totally cyclically monotone if for every N ∈ N, θ ∈ P2((H2)N ), with πn
♯ θ ∈ F, n = 1, · · · , N ,

and σ ∈ SN = Sym({1, · · · , N}) permutation
N∑

n=1

∫
⟨yn, xn − xσ(n)⟩ dθ(x1, y1;x2, y2; · · · ;xN , yN ) ≥ 0. (4.9)
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In the case of a deterministic PVF induced by a nonlocal vector field f as in (4.1),(4.2), the
total monotonicity condition (4.9) reads as∫

⟨f(x2, µ2) − f(x1, µ1), x2 − x1⟩ dµ(x1, x2) ≥ 0 for every µi ∈ D(F), µ ∈ Γ(µ1, µ2); (4.10)

Similarly, (4.8) reads as
N∑

n=1

∫
⟨f(xn, µn), xn − xσ(n)⟩ dµ ≥ 0 for every µi ∈ D(F), µ ∈ Γ(µ1, µ2, · · · , µN ). (4.11)

Let F̂ be the Lagrangian representation of F; it is easy to check that

F is totally monotone ⇔ F̂ is monotone in H × H, (4.12)

and, according to the main result of [CSS25], we also have

F is maximal totally monotone ⇔ F̂ is maximal monotone in H × H. (4.13)

A maximal totally monotone MPVF has many important properties, see [CSS23a]. We quote
here the most relevant ones for our discussion; the first one involves the (Borel) barycentric map
b : H × P2(H × H) → H defined by using the universal disintegration kernel (2.2):

b(x,γ) :=
∫
y d(K(x,γ)(y)) =

∫
y dκx(y), (4.14)

where κx = K(x,γ) is the disintegration of γ w.r.t. its first marginal.
Proposition 4.2. Let F be a maximal totally monotone MPVF.

1. If γ ∈ F and µ = π1
♯ γ ∈ D(F), then the barycentric projection b(·,γ) of γ satisfies

(i × b(·,γ))♯µ ∈ F[µ]. (4.15)

2. There exists a unique minimal section F◦ ⊂ F ∩Pdet
2 (H × H) and a Borel nonlocal vector field

f◦ = b(·,F◦) : H ×D(F) → H such that for every µ ∈ D(F) we have F◦[µ] = (i × f◦(·, µ))♯µ
and∫

H

∣∣f◦(x, µ)
∣∣2 dµ(x) ≤

∫
H

∣∣b(x,γ)
∣∣2 dµ(x) ≤

∫
H

∣∣y∣∣2 dγ(x, y) for every γ ∈ F[µ]. (4.16)

3. If F̂ is the Lagrangian representation of F, then D(F̂) = (ι♯)−1(D(F)) and the minimal section
F̂◦ of F̂ satisfies

Y = F̂◦(X) ⇔ Y (q) = f◦(X(q), µ) = f◦[µ](X(q)) for M-a.e. q, µ = ι(X). (4.17)

Let us focus now on totally cyclically monotone MPVFs: first of all, we have a simple lifting
result.
Proposition 4.3 (Lifting of totally cyclically monotone MPVF). A MPVF F is totally cyclically
monotone if and only if F̂ is cyclically monotone in H × H.

Proof. It is sufficient to observe that for every θ ∈ P2((H2)N ) with πn
♯ θ ∈ F, n = 1, · · · , N , we

can find a Borel map Z = ((X1, Y1), · · · , (XN , YN )) : Q → (H2)N such that Z♯M = θ, so that
(Xn, Yn) ∈ F̂ for every n ∈ {1, · · · , N}. Conversely, if (Xn, Yn) ∈ F̂ then θ = Z♯M belongs to
P2((H2)N ) and πn

♯ θ ∈ F.
For every permutation σ ∈ SN we can then use the identity

N∑
n=1

∫
⟨yn, xn − xσ(n)⟩ dθ =

N∑
n=1

∫
⟨Yn, Xn −Xσ(n)⟩ dM =

N∑
n=1

⟨Yn, Xn −Xσ(n)⟩H

which shows the equivalence between condition (4.9) and the corresponding condition expressing
the cyclical monotonicity of F̂ in H × H.
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As in the Hilbertian framework, we will show that totally cyclically monotone MPVFs are strictly
linked with the notion of total subdifferential. Let us first recall the definition (we refer to [CSS23a]
for a detailed comparison with other notion of subdifferentiability, in particular the ones introduced
in [AGS08], from a metric perspective).

Definition 4.4 (Total subdifferential). The total subdifferential of ϕ : P2(H) → R ∪ {∞} is the set
∂tϕ ⊂ P2(H × H) characterized by the following property: a plan γ ∈ P2(H2) belongs to ∂tϕ if and
only if µ = π1

♯ γ ∈ D(ϕ) and for every ν ∈ D(ϕ) and θ ∈ Γ(γ, ν) we have

ϕ(ν) − ϕ(µ) ≥
∫

H2×H
⟨y1, x2 − x1⟩ dθ(x1, y1;x2). (4.18)

Notice that if ∂tϕ is not empty then ϕ satisfies (3.8): if γ ∈ ∂tϕ[µ], µ′ := π2
♯ γ, γ ′ ∈ Γo(ν, µ′) we

can apply the glueing Lemma to select θ ∈ P2(H3) with π1 2
♯ θ = γ, π2 3

♯ θ = γ ′ so that (4.18) yields

ϕ(ν) ≥ ϕ(µ) −
∫
H2

⟨y, x⟩ dγ(x, y) +
∫
H2

⟨y, z⟩ dγ ′(y, z) = −a+ [ν, µ′]

where a :=
∫
H2 ⟨y, x⟩ dγ(x, y) − ϕ(µ).

Applying [CSS23a, Proposition 5.2] we can show that there is a strong relation between the
total subdifferential of ϕ and the (convex) subdifferential of its Lagrangian lifting ϕ̂ = ϕ ◦ ι in H.

Theorem 4.5 (Lifting of total subdifferentials). Let ϕ : P2(H) → R ∪ {∞} be a proper lower
semicontinuous function with Lagrangian lift ϕ̂ := ϕ ◦ ι. The (possible empty) convex subdifferential
∂ϕ̂ ⊂ H × H is law invariant and coincides with the Lagrangian representation of ∂tϕ, i.e.

∂̂tϕ = ∂ϕ̂. (4.19)

In particular ∂tϕ is totally cyclically monotone and

∂tϕ ⊂ ∂t(ϕ⋆⋆), ∂tϕ[µ] ̸= ∅ ⇔ ϕ(µ) = ϕ⋆⋆(µ), ∂tϕ[µ] = ∂tϕ
⋆⋆[µ] ̸= ∅. (4.20)

If moreover ϕ is also totally convex then ∂tϕ is maximal totally monotone and its minimal section
∂◦

tϕ is associated with the minimal section ∂◦ϕ̂ through (4.17).

Proof. Since ϕ̂ is l.s.c., ∂ϕ̂ is a closed subset of H × H. By Claim 1 of [CSS23a, Proposition 5.2]
we deduce that ∂ϕ̂ is law invariant and we can then apply Claim 3 of [CSS23a, Proposition 5.2]
(which uses only the law invariance of ∂ϕ̂) to deduce that ∂ϕ̂ is the Lagrangian representation of
∂tϕ according to (4.19). (4.20) then follow by the corresponding well known properties of ∂ϕ̂.

When ϕ is also totally convex, the same Proposition 5.2 shows that ∂tϕ is maximal totally
monotone and (4.12) shows that it is totally cyclically monotone (since ∂ϕ̂ is cyclically monotone
in H × H). We conclude by applying Claim 3 of Proposition 4.2.

Thanks to the previous result, we can now extend the celebrated Rockafellar Theorem to totally
cyclically monotone MPVF.

Theorem 4.6 (Totally cyclically maximal monotone MPVFs are total subdifferentials). If F is a
totally cyclically monotone MPVF in P2(H2) then there exists a proper, totally convex and lower
semicontinuous function ϕ : P2(H) → R ∪ {∞} such that F ⊂ ∂tϕ. In particular, F has a maxi-
mal totally monotone extension which is cyclically monotone and every totally cyclically maximal
monotone MPVF is the total subdifferential of a totally convex function.

Proof. Let us denote by F̂ the Lagrangian representation of F in H2; we know that F̂ is invariant
by measure preserving isomorphisms, i.e.

(X,Y ) ∈ F̂ ⇒ (X ◦ g, Y ◦ g) ∈ F̂ for every g ∈ G(Q). (4.21)
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We fix (X0, Y0) ∈ F̂ and use Rockafellar construction [Roc66] to define

Φ(X) := sup
{

⟨X −XN , YN ⟩H +
N∑

n=1
⟨Xn −Xn−1, Yn−1⟩H : N ∈ N, (Xn, Yn) ∈ F̂

}
. (4.22)

We know that Φ is convex, proper, lower semicontinuous, and F̂ ⊂ ∂Φ. Let us prove that Φ is
invariant by measure-preserving isomorphisms: we use the fact that for every N -tuple (Xn, Yn) ∈ F̂
we also have (Xn ◦ g, Yn ◦ g) ∈ F̂ so that

Φ(X ◦ g) ≥ ⟨X ◦ g −XN ◦ g, YN ◦ g⟩H +
N∑

n=1
⟨Xn ◦ g −Xn−1 ◦ g, Yn−1 ◦ g⟩H

= ⟨X −XN , YN ⟩H +
N∑

n=1
⟨Xn −Xn−1, Yn−1⟩H

so that taking the supremum with respect to (Xn, Yn) ∈ F̂ and N ∈ N we get

Φ(X ◦ g) ≥ Φ(X).

Applying the same inequality to X ◦ g with g replaced by g−1 we also obtain Φ(X ◦ g ◦ g−1) =
Φ(X) ≥ Φ(X ◦ g) so that Φ(X ◦ g) = Φ(X) for every X and every g ∈ G(Q). Since Φ is lower
semicontinuous and invariant by the action of G(Q), Lemma 2.8 shows that Φ = ϕ ◦ ι for a lower
semicontinuous function ϕ : P2(H) → R∪{∞}, which is clearly totally convex and satisfies F ⊂ ∂tϕ
by Proposition 4.5.

We briefly discuss the case when ϕ is differentiable, in a suitable Wasserstein sense. First of
all by using a (Borel) barycentric map b as in (4.14) we can define the nonlocal deterministic field
∇Wϕ : H ×D(∂tϕ) → H as in Proposition 4.2:

∇Wϕ(x, µ) = ∇Wϕ[µ](x) := b(x,∂◦
tϕ[µ]). (4.23)

Recall that if a convex function ψ : H → R ∪ {∞} is Gateaux differentiable at X ∈ D(ψ) then
∂ψ(X) is a singleton (thus coinciding with the minimal section ∂◦ψ). The converse is also true if
in addition ψ is continuous at X [ET76, Chap. I, Prop. 5.3]. We can say that

ϕ is W -differentiable at µ if ∂tϕ[µ] contains a unique element, (4.24)

which in turn coincides with the minimal section, expressed through ∇Wϕ.

Proposition 4.7. Let ϕ : P2(H) → R ∪ {∞} be a proper, l.s.c., and totally convex function.

1. ϕ is W -differentiable at µ if and only if ∂ϕ̂ is a singleton at every X ∈ ι−1(µ).

2. If ϕ is continuous at µ then it is W -differentiable if and only if ϕ̂ is Gateaux-differentiable at
every point of ι−1(µ).

3. For every τ > 0 ϕτ is W -differentiable everywhere, the map (x, µ) 7→ ∇Wϕτ (x, µ) is every-
where defined and continuous in

S(H) :=
{

(x, µ) ∈ H × P2(H) : x ∈ supp(µ)
}

(4.25)

for every µ ∈ P2(Rd) the map x 7→ ∇Wϕτ (x, µ) is τ−1-Lipschitz in supp(µ), and the map
µ 7→ ∇Wϕτ (·, µ)♯µ is τ−1-Lipschitz in P2(H).
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Proof. To prove the first claim it is sufficient to recall that

(X,Y ) ∈ ∂ϕ̂ ⇔ (X,Y )♯M ∈ ∂tϕ

∂ϕ[µ] contains just one element γ if and only if it is reduced to the minimal section, i.e. γ =
(i × ∇Wϕ(·, µ))♯µ so that ι2(X,Y ) = γ implies Y = ∇W (X,µ) and therefore ∂ϕ(X) is reduced to
a singleton for every X ∈ ι−1(µ).

The second claim then follows since continuity of ϕ at µ implies continuity of ϕ̂ at every X ∈
ι−1(µ).

Finally, the third claim follows by (3.18) and the well known properties of the Moreau-Yosida
regularization in the Hilbert space H: ϕ̂τ is of class C1,1 and its differential Dϕ̂τ (which provides
the unique element of ∂ϕ̂τ ) is τ−1-Lipschitz. We can then apply the results of [CSS25, Section 4]
and [CSS23a, Section 5] to conclude.

4.2 Marginal projections of MPVF

We notice that a MPVF F ⊂ P2(H × H) induces a subset F ⊂ P2(H) ×P2(H) by applying marginal
projections

F = (π1
♯ , π

2
♯ )F, or, equivalently, (µ, ν) ∈ F ⇔ F ∩ Γ(µ, ν) ̸= ∅. (4.26)

It is therefore natural to investigate the relations between the total subdifferential ∂tϕ (a MPVF)
and the [·, ·]-subdifferential of ϕ (a subset of P2(H) × P2(H)).

We start with a nice characterization of the total subdifferential of ϕ in terms of its Kantorovich-
Legendre-Fenchel transform.

Theorem 4.8 (Total subdifferential and Kantorovich-Legendre-Fenchel transform). A plan γ ∈
P2(H2) belongs to ∂tϕ[µ] if and only if µ = π1

♯ γ, ν = π2
♯ γ ∈ D(ϕ⋆) and∫

H2
⟨x, y⟩ dγ(x, y) = ϕ(µ) + ϕ⋆(ν). (4.27)

In particular γ ∈ Γo(µ, ν) and
∫

H2 ⟨x, y⟩ dγ(x, y) = [µ, ν].

Proof. We have seen that γ ∈ ∂tϕ[µ] if and only if for every (X,Y ) ∈ H2 with ι2(X,Y ) = γ we
have (X,Y ) ∈ ∂ϕ̂. In turn, this is equivalent to

⟨X,Y ⟩H = ϕ̂(X) + (ϕ̂)∗(Y ) = ϕ(µ) + ϕ⋆(ν).

Since ⟨X,Y ⟩H =
∫

⟨x, y⟩ dγ we obtain (4.27).

Combining Theorem 4.8 with (3.27) we can immediately link the total subdifferential ∂tϕ with
the [·, ·] subdifferential ∂−ϕ.

Corollary 4.9 (Total and [·, ·] subdifferential). Let ϕ : P2(H) → R ∪ {∞} be a function satisfying
the lower bound (3.8), µ, ν ∈ P2(H) with ϕ(µ) ∈ R. Then

γ ∈ ∂tϕ[µ] ⇔ ν ∈ ∂−ϕ(µ), γ ∈ Γo(µ, ν). (4.28)

In particular ∂tϕ can be obtained as the image of the of the graph of ∂−ϕ in P2(H) ×P2(H) through
the multivalued map Γo : P2(H) × P2(H) ⇒ P2(H × H).
Conversely, the graph of ∂−ϕ can be obtained as the image of ∂tϕ ⊂ P2(H) × P2(H) through the
map π1

♯ × π2
♯ .

It is worth highlighting the following consequence of the previous result, which does not imme-
diately appear from the definition of total subdifferential.
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Corollary 4.10 (Total subdifferentials are optimal couplings). For every function ϕ : P2(H) →
R ∪ {∞} its total subdifferential ∂tϕ is contained in the set of optimal couplings P2,o(H × H).

The above corollary suggests a lifting procedure of a subset F ⊂ P2(H) × P2(H) which defines a
MPVF F by the formula

F :=
{

γ ∈ P2(H2) : γ ∈ Γo(µ, ν) for some (µ, ν) ∈ F
}

= (π1
♯ , π

2
♯ )−1(F) ∩ P2,o(H × H). (4.29)

Theorem 4.11 (Total cyclical monotonicity and w2
2-cyclical monotonicity). If the MPVF F is

totally cyclically monotone then the set F = (π1
♯ , π

2
♯ )F defined as in (4.26) is w2

2-cyclically monotone
in P2(H)×P2(H) in the sense that for every N ∈ N, every choice of pairs (µ1, ν1), · · · , (µN , νN ) ∈ F
and every permutation σ ∈ SN

N∑
n=1

w2(µn, νn) ≤
N∑

n=1
w2(µn, νσ(n)). (4.30)

Conversly, if F is w2
2-cyclically monotone in P2(H) × P2(H) according to (4.30) then F defined by

(4.29) is totally cyclically monotone.

Proof. Let us first observe that for arbitrary choice of (µn, νn) ∈ P2(H) × P2(H) the identity (2.12)
yields

1
2

N∑
n=1

w2(µn, νσ(n)) − 1
2

N∑
n=1

w2(µn, νn) =
N∑

n=1

(
[µn, νn] − [µn, νσ(n)]

)
.

Suppose that F is totally cyclically monotone; by Theorem 4.6 we can find a proper totally convex
l.s.c. function ϕ : P2(H) → R ∪ {∞} such that F ⊂ ∂tϕ so that in particular all the elements of F
are optimal couplings of P2,o(H × H). For every pair (µn, νn) ∈ F, n = 1, · · · , N we thus get

N∑
n=1

[µn, νn] − [µn, νσ(n)] ≥
N∑

n=1
ϕ(µn) + ϕ⋆(νn) −

(
ϕ(µn) + ϕ⋆(νσ(n))

)

=
N∑

n=1
ϕ⋆(νn) −

N∑
n=1

ϕ⋆(νσ(n)) = 0.

Conversely, if F is w2
2-cyclically monotone and F is defined as in (4.29) we have for every θ ∈

P2((H2)N ) with πn
♯ θ = γn ∈ F

N∑
n=1

∫
⟨yn, xn − xσ(n)⟩ dθ =

N∑
n=1

∫
⟨yn, xn⟩ dθ −

N∑
n=1

∫
⟨yn, xσ(n)⟩ dθ

=
N∑

n=1

∫
⟨y, x⟩ dγn(x, y) −

N∑
n=1

∫
⟨yn, xσ(n)⟩ dθ

=
N∑

n=1
[µn, νn] −

N∑
n=1

∫
⟨yn, xσ(n)⟩ dθ

≥
N∑

n=1
[µn, νn] −

N∑
n=1

[µn, νσ(n)] ≥ 0

5 L2-Random Optimal Transport

In this section we will apply the main results of Section 3 for totally convex functions and of Section
4 for totally cyclically monotone MPVF to optimal transport in PP2(H).
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5.1 Random couplings and couplings of random measures

Let us first observe that to every random coupling law P ∈ PP2(H × H) = P2(P2(H × H)) we can
associate a coupling between (laws of) random measures Π by the formula

Π = (π1
♯ , π

2
♯ )♯P, Π =

∫
δπ1

♯
γ ⊗ δπ2

♯
γ dP(γ). (5.1)

If Mi = πi
♯Π , it is not difficult to check that

W2
2(M1, M2) ≤

∫
w2

2(µ1, µ2) dΠ (µ1, µ2) ≤
∫ ( ∫

|x1 − x2|2 dγ(x1, x2)
)

dP(γ). (5.2)

Conversely, using the fact that the continuous map

π1
♯ × π2

♯ : P2,o(H × H) → P2(H) × P2(H) is surjective, (5.3)

given a coupling Π ∈ P2(P2(H) × P2(H)) we can find a P ∈ P2(P2,o(H × H)) (thus concentrated on
optimal couplings) such that

Π = (π1
♯ , π

2
♯ )♯P,

∫
w2

2(µ1, µ2) dΠ (µ1, µ2) =
∫ ( ∫

|x1 − x2|2 dγ(x1, x2)
)

dP(γ). (5.4)

We immediately deduce an equivalent characterization of W2 in terms of random coupling laws. We
write πi

♯♯ := (πi
♯)♯ and we call

RΓ(M1, M2) :=
{

P ∈ PP2(H × H), πi
♯♯P = Mi

}
. (5.5)

Proposition 5.1 (Random couplings formulation of OT between random measures). For every
M1, M2 ∈ PP2(H) we have

W2
2(M1, M2) = min

{ ∫ ( ∫
|x1 − x2|2 dγ(x1, x2)

)
dP(γ) : P ∈ RΓ(M1, M2)

}
. (5.6)

Moreover, P is optimal for (5.6) if and only if P is concentrated on the optimal couplings of P2,o(H×
H) and Π = (π1

♯ , π
2
♯ )♯P ∈ Γo(M1, M2).

We denote by RΓo(M1, M2) the set of optimal random couplings for (5.6).

Proof. By (5.2) it clear that the infimum of the quantities in the right-hand side of (5.6) is larger
than W2

2(M1, M2) and that if P satisfies the optimal condition

W2
2(M1, M2) =

∫ ( ∫
|x1 − x2|2 dγ(x1, x2)

)
dP(γ),

then Π = (π1
♯ , π

2
♯ )♯P is optimal thanks to (5.2).

On the other hand, we can prove the equality by choosing an optimal coupling Π ∈ Γo(M1, M2)
and a corresponding lift P as in (5.4).

5.2 L2-Optimal Transport for laws of random measures

Let us first introduce the natural pairing in PP2(H) associated with the maximal correlation pairing
[·, ·].

Definition 5.2. For every M1, M2 ∈ PP2(H) we set

[[M1, M2]] := max
{ ∫

P2(H)×P2(H)
[µ, ν] dΠ (µ, ν) : Π ∈ Γ(M1, M2)

}
. (5.7)
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Recalling the identity (2.12) we immediately have the corresponding property at the level of W2:

Lemma 5.3. For every M1, M2 ∈ PP2(H) we have

W2
2(M1, M2) = M2

2(M1) + M2
2(M2) − 2[[M1, M2]]. (5.8)

In particular, the class of optimal couplings for (5.7) coincides with the class Γo(M1, M2) of optimal
couplings for (2.14). Moreover, we have the equivalent formulation

[[M1, M2]] = max
{ ∫ ( ∫

⟨x1, x2⟩ dγ(x1, x2)
)

dP(γ) : P ∈ RΓ(M1, M2)
}

(5.9)

whose solution is provided by the same class RΓo(M1, M2) of optimal random couplings of (5.6).

The general duality result for Optimal Transport and Corollary 3.15 then yield:

Theorem 5.4 (Optimal Kantorovich potentials for ROT). For every proper lower semicontinuous
function ζ : P2(H) → R ∪ {∞}∫

ζ(µ) dM1(µ) +
∫
ζ⋆(ν) dM2(ν) ≥ [[M1, M2]] (5.10)

and there exists a totally convex, lower semicontinuous and proper function ϕ : P2(H) → R ∪ {∞}
such that ∫

ϕ(µ) dM1(µ) +
∫
ϕ⋆(ν) dM2(ν) = [[M1, M2]]. (5.11)

The corresponding potential U = 1
2m2

2 − ϕ defined as in (3.28) satisfy

V = Uc = 1
2m2

2 − ϕ⋆,

∫
U(µ) dM1(µ) +

∫
Uc(ν) dM2(ν) = 1

2W2
2(M1, M2), (5.12)

with respect to the cost c := 1
2w2

2

We collect now the main results concerning optimality and duality.

Theorem 5.5 (Optimality conditions). Let M1, M2 ∈ PP2(H), Π ∈ Γ(M1, M2) ⊂ P2(P2(H) × P2(H)),
P ∈ PP2(H × H) supported in P2,o(H × H) and associated with Π via (π1

♯ , π
2
♯ )♯P = Π as in (5.4), so

that in particular

(π1
♯ , π

2
♯ )(supp P) ⊂ supp Π ⊂ (π1

♯ , π
2
♯ )(supp P), supp P ⊂ (π1

♯ , π
2
♯ )−1(supp Π ) ∩ P2,o(H2). (5.13)

The following properties are equivalent:

1. Π is an optimal plan in Γo(M1, M2) for W2 or, equivalently, for [[·, ·]].

2. supp(Π ) is w2
2-cyclically monotone (recall Theorem 4.11).

3. P is an optimal random coupling law in RΓo(M1, M2) for W2 (according to (5.6)) or, equivalently,
for [[·, ·]] (according to (5.9)).

4. supp(P) is totally cyclically monotone.

5. There exists a totally convex, lower semicontinuous and proper function ϕ : P2(H) → R∪{∞}
such that

ϕ(µ) + ϕ⋆(ν) = [µ, ν] for Π-a.e. (µ, ν) ∈ P2(H) × P2(H), (5.14)

i.e. supp(Π ) ⊂ ∂−ϕ. Moreover such a property holds for every pair of optimal Kantorovich
potentials satisfying (5.11).
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6. There exists a totally convex, lower semicontinuous and proper function ϕ : P2(H) → R∪{∞}
such that

ϕ(π1
♯ γ) + ϕ⋆(π2

♯ γ) =
∫

⟨x1, x2⟩ dγ for P-a.e. γ ∈ P2(H × H), (5.15)

i.e. supp(P) ⊂ ∂tϕ. Moreover, such a property holds for every pair of optimal Kantorovich
potentials satisfying (5.11).

Proof. The equivalence 1⇔2 follows by the general theory of optimal transport.
The equivalence 1⇔3 follows by Proposition 5.1.
Clearly 2⇒3 by the last inclusion of (5.13) and the second part of Theorem 4.11. On the

other hand, if supp(P) is totally cyclically monotone the same Theorem 4.11 and the inclusion
supp Π ⊂ (π1

♯ , π
2
♯ ) supp P shows that supp Π is w2

2-cyclically monotone, and therefore Π is optimal.
In order to prove the implication 1⇒5 it is sufficient to select an optimal totally convex proper

and l.s.c. function ϕ satisfying (5.11). The optimality of Π yields∫ (
ϕ(µ1) + ϕ⋆(µ2) − [µ1, µ2]

)
dΠ (µ1, µ2) = 0 (5.16)

which implies (5.14) thanks to the Kantorovich-Fenchel inequality (3.11). On the other hand, if Π
satisfies (5.14) we get (5.16) and the optimality of Π thanks to (5.10).

A similar argument shows the equivalence with Claim 6.

As in the usual deterministic case, when M2 is concentrated on a set of measures with uniformly
bounded quadratic moment, we can find a Lipschitz totally convex optimal Kantorovich potential.

Corollary 5.6. Let us suppose that there exists R > 0 such that

m2(µ) ≤ R for M2-a.e. µ ∈ P2(H). (5.17)

Then we can find a totally convex R-Lipschitz function ϕR : P2(H) → R satisfying (5.11).

Proof. Let ϕ as in Claim 5 of Theorem 5.5 and let us set

ψR(ν) := ϕ⋆(ν) if m2(ν) ≤ R, ψR(ν) := +∞ otherwise.

Clearly ψR is proper, totally convex and lower semicontinuous; the pair (ϕ, ψR) satisfies

ϕ(µ) + ψR(ν) ≥ [µ, ν], ϕ(µ) + ψR(ν) = [µ, ν] for Π -a.e. (µ, ν) ∈ P2(H) × P2(H).

It is easy to check that ϕR := (ψR)⋆ still provides an optimal totally convex Kantorovich potential
with (ϕR)⋆ = ψR; ϕR is also R-Lipschitz since

ϕR(µ) = sup
{

[µ, ν] − ϕ⋆(ν) : m2(ν) ≤ R
}
. (5.18)

5.3 The structure of minimal geodesics in PP2(H)
We can apply the previous results to identify minimal geodesics in PP2(H) and to characterize their
transport structure. Let us first recall that a minimal geodesic (Mt)t∈[0,1] connecting M0 to M1 is a
curve in PP2(H) satisfying

W2(Ms, Mt) = |t− s|W2(M0, M1) for every s, t ∈ [0, 1]. (5.19)

We also say that M̃ is a t-intermediate point between M0 and M1, t ∈ (0, 1), if

W2(M0, M̃) = tW2(M0, M1), W2(M̃, M1) = (1 − t)W2(M0, M1). (5.20)
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We will use the interpolating maps π1�2
t of (1.11) and we will consider Borel maps defined in sets

of the form (recall (4.25))

S(H, D) :=
{

(x, µ) ∈ H ×D : x ∈ suppµ
}
, D Borel subset of P2(H), S(H) = S(H,P2(H)),

(5.21)
which are Borel subsets of H × P2(H) [CSS23a, (4.23)].

Theorem 5.7 (Structure of minimal geodesics in PP2(H)). Let M0, M1 ∈ PP2(H), let ϕ, ϕ⋆ be a pair
of optimal Kantorovich potentials for Mi, and let F = ∂tϕ ⊂ P2(H × H).

1. For every optimal random coupling law P ∈ RΓo(M0, M1) the curve

Mt := (π1�2
t )♯♯P, t ∈ [0, 1] is a minimal geodesic. (5.22)

2. For every t ∈ (0, 1) the set Ft := (π1�2
t )♯(F) is closed in P2(H) and there exists two uniquely

characterized continuous maps f t,i : S(H,Ft) → H, i = 0, 1, inverting (π1�2
t )♯ in the sense

that
γ ∈ F, µ = (π1�2

t )♯γ ⇒ γ = (f t,0(·, µ),f t,1(·, µ))♯µ. (5.23)

Moreover, f t,i(·, µ) is Lipschitz in supp(µ) and cyclically monotone in H, the maps Ft,i : µ 7→
f t,i(·, µ)♯µ are Lipshitz from Ft to P2(H) and cyclically monotone in P2(H).

3. If t ∈ (0, 1) and M̃ is a t-intermediate point between M0 and M1 then supp(M̃) ⊂ Ft and the
formula

P̃ = (Gt)♯M̃ where Gt(µ) := (f t,0(·, µ),f t,1(·, µ))♯µ (5.24)

provides the unique P̃ ∈ RΓo(M0, M1) such that M̃ = (π1�2
t )♯♯P̃ and correspondingly the unique

geodesic (Ms)s∈[0,1] connecting M0 to M1 such that Mt = M̃. Moreover RΓo(M̃, Mi), i = 0, 1, contains
the unique element P̃t,i given by

P̃t,0 = (π1, π1�2
t )♯♯P̃ = (Gt,0)♯M̃, Gt,0(µ) = (f t,0(·, µ), i)♯µ

P̃t,1 = (π1�2
t , π2)♯♯P̃ = (Gt,1)♯M̃, Gt,1(µ) = (i,f t,1(·, µ))♯µ

(5.25)

which is concentrated on deterministic optimal couplings, and

Π̃ t,i = (π1
♯ , π

2
♯ )♯P̃t,i = (Id × Ft,i)♯M̃, i = 0, 1, (5.26)

is the unique optimal coupling in Γo(M̃, Mi).

4. For every t ∈ (0, 1) the conjugate functions (recall the definition of Moreau-Yosida regulariza-
tion (3.16))

ϕt := 1 − t

2 m2
2 + tϕ, (ϕt)⋆ = t(ϕ̂⋆)1/t−1 ◦ dt−1 (5.27)

provide a pair of optimal Kantorovich potentials for M0 and any t-intermediate point M̃ between
M0 and M1. Similarly

(1 − t)ϕt/(1−t) ◦ d(1−t)−1 , (1 − t)ϕ⋆ + t

2m2
2 (5.28)

is a pair of optimal Kantorovich potentials for M̃ and M1.

Remark 5.8. The above Theorem recovers in a much more precise form various results that hold for
P2(X) in suitable classes of metric spaces X, see [Vil09, Chap. 7]. See in particular the nonbranching
property (stated in locally compact spaces) [Vil09, Corollary 7.32] for Claim 2, the “interpolation of
prices” [Vil09, Theorem 7.36] concerning Claim 3, and the related bibliographical notes.
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Proof. Claim 1. For 0 ≤ s < t ≤ 1 we define the maps π1�2
s,t : H × H → H × H

π1�2
s,t (x0, x1) := (π1�2

s (x0, x1), π1�2
t (x0, x1));

we observe that
|π1�2

s (x0, x1) − π1�2
t (x0, x1)| = |t− s| · |x1 − x0|

so that the random coupling Ps,t = (π1�2
s,t )♯♯P belongs to RΓ(Ms, Mt) and thus yields

W2(Ms, Mt) ≤ |t− s|W2(M0, M1) if 0 ≤ s < t ≤ 1.

The triangle inequality then yields (5.19).
Claim 2. Let us consider the Lagrangian lifting F̂ = ∂ϕ̂ ⊂ H×H of the total subdifferential F = ∂tϕ
of ϕ and let us set

It(X0, X1) := (1 − t)X0 + tX1, F̂t = It(F̂) =
{
X̃ = (1 − t)X0 + tX1 : (X0, X1) ∈ F̂

}
which is clearly a set invariant by m.p.i. By monotonicity, if X̃ = It(X0, X1), X̃ ′ = It(X ′

0, X
′
1) for

(X0, X1), (X ′
0, X

′
1) ∈ F̂ we have

|X̃ − X̃ ′|2 ≥ (1 − t)|X0 −X ′
0|2 + t|X1 −X ′

1|2, (5.29)

which shows that F̂t is closed and there exist Lipschitz maps Ft,i : F̂t → H such that

X̃ = It(X0, X1), (X0, X1) ∈ F̂ ⇒ Xi = Ft,i(X̃). (5.30)

Since Ft,i are also invariant by m.p.i., the general extension and representation Theorem 4.8 of
[CSS25] shows that there is a unique pair of continuous maps f t,i : S(H,Ft) → H representing Ft,i

as
Ft,i[X̃](q) = f t,i(X̃(q), ι(X̃)) (5.31)

with the properties stated in Claim 2. (5.31) clearly yields (5.23) since supp(µ) ⊂ Ft ⊂ ι(F̂t). The
cyclical monotonity of f t,i(·, µ) and of Ft,i follows from the corresponding cyclical monotonicity
of the maps Ft,i in H, which in turn follows by the fact that they are the inverse of the cyclically
monotone sets

F̂t,0 := (I0, It)(F̂) =
{

(X0, (1 − t)X0 + tX1) : (X0, X1) ∈ F̂
}
,

F̂t,1 := (I1, It)(F̂) =
{

(X1, (1 − t)X0 + tX1)) : (X0, X1) ∈ F̂
}
.

(5.32)

Claim 3. Let Π 0 ∈ Γo(M0, M̃) and Π 1 ∈ Γo(M̃, M1). By the glueing Lemma we find a tri-plan Π ∈
Γ(M0, M̃, M1) such that π1,2

♯ Π = Π 0, π2,3
♯ Π = Π 1. Consider now the closed set

Q :=
{

γ ∈ P2(H × H × H) : π1,2
♯ γ and π2,3

♯ γ belong to P2,o(H × H)
}
. (5.33)

Since the map (π1
♯ × π2

♯ × π3
♯ ) : Q →

(
P2(H)

)3 is surjective, we can find P ∈ P2(Q) ⊂ PP2(H × H × H)
such that (π1

♯ × π2
♯ × π3

♯ )♯P = Π .
We have

π1,2
♯♯ (P) ∈ RΓo(M0, M̃), π2,3

♯♯ (P) ∈ RΓo(M̃, M1)

and by the elementary inequality (a+ b)2 ≤ 1
t a

2 + 1
1−tb

2

W2
2(M0, M1) ≤

∫ ∫
|x1 − x3|2 dγP(γ)

≤ 1
t

∫ ∫
|x1 − x2|2 dγP(γ) + 1

1 − t

∫ ∫
|x2 − x3|2 dγP(γ)

= 1
t
W2

2(M0, M̃) + 1
1 − t

W2
2(M̃, M1) = W2

2(M0, M1)
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we deduce that P̃ := π1,3
♯♯ P ∈ RΓo(M0, M1) and

|x1 − x3|2 = 1
t
|x1 − x2|2 + 1

1 − t
|x2 − x3|2 on supp(γ) for P-a.e. γ,

so that P-a.e. γ is supported in the set

H3
t :=

{
(x1, x2, x3) ∈ H3 : x2 = (1 − t)x1 + tx3

}
(5.34)

and therefore M̃ = (π1�2
t )♯♯P̃.

In order to show that P̃ is unique, we observe that any random coupling in RΓo(M0, M1) has
support in F so that M̃ has support in Ft and we can then apply (5.23) which yields (5.24). The
above discussion also shows that RΓo(M̃, Mi) and Γo(M̃, Mi) are uniqueley characterized by (5.25) and
(5.26)
Claim 4. In order to check (5.27) (the argument for (5.28) is similar) we use the fact that M̃ is
supported in Ft = ι(F̂t). On the other hand, the set F̂t,0 defined by (5.32) is the graph of the
subdifferential of the Lagrangian lifting of ϕt

ϕ̂t(X) := 1 − t

2 ∥X∥2
H + tϕ̂(X)

whose Legendre-Fenchel transform can be expressed in terms of the Moreau-Yosida regularization
of ϕ̂∗ (recall (3.19) and (3.22)) and corresponds to the Lagrangian lifting of the functional (ϕt)⋆

given in (5.27). Since

ϕ̂t(X) + (ϕ̂t)∗(Y ) = ⟨X,Y ⟩H = [ι(X), ι(Y )] for every (X,Y ) ∈ F̂t,0

we get the proof of the claim.

5.4 Lifting (laws of) random measures of PP2(H) to measures on Lagrangian maps
in P2(H).

In the previous sections, we exploited the lifting technique of Proposition 5.1 in order to describe
optimal couplings in P2(P2(H)×P2(H)) in terms of laws of random optimal couplings in PP2(H×H).

There is another lifting technique which is induced by the 1-Lipschitz and surjective law map
ι : H → P2(H). The corresponding push-forward transformation ι♯ still provides a surjective map
from P2(H) (the space of measures on Lagrangian maps of H) to PP2(H) (the space of (laws of)
random measures), so that it is natural to study the relations between optimal transport problems
in PP2(H) and in P2(H).

First of all, since ι is 1-Lipschitz, we observe that for every mi ∈ P2(H), i = 1, 2, we have

Mi = ι♯mi ⇒ W2(M1, M2) ≤ W2,H(m1,m2). (5.35)

Similarly, it is not difficult to check that given a coupling p ∈ P2(H × H) and setting ιi := ι ◦ πi,
we have

Π = (ι1, ι2)♯p ⇒
∫

w2
2(µ1, µ2) dΠ (µ1, µ2) ≤

∫
∥X1 −X2∥2

H dp(X1, X2). (5.36)

Eventually, still starting from p ∈ P2(H × H) and using ι2(X,Y ) := (X,Y )♯M, we have

P = ι2♯p ⇒
∫ ∫

|x1 − x2|2 dγ dP(γ) =
∫

∥X1 −X2∥2
H dp(X1, X2). (5.37)

Since ι2 is surjective from H×H to P2(H×H), ι2♯ is surjective as well, so that given P ∈ P2(P2(H×H))
it is always possible to find a lifting pℓ such that P = ι2♯p

ℓ.
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If we want to lift Π so that (5.36) holds as an equality, we can first select P ∈ P2(P2,o(H × H))
so that (5.4) holds: the lifting pℓ satisfies the identity

Π = (ι1, ι2)♯p
ℓ,

∫
w2

2(µ1, µ2) dΠ (µ1, µ2) =
∫

∥X1 −X2∥2
H dpℓ(X1, X2). (5.38)

If moreover Π ∈ Γo(M1, M2) then P ∈ RΓo(M1, M2) and setting mℓ
1 = π1

♯ p
ℓ,mℓ

2 = π2
♯ p

ℓ we get

Mi = ι♯m
ℓ
i , W2(M1, M2) = W2,H(mℓ

1,m
ℓ
2). (5.39)

We recap the above argument in the next proposition.

Proposition 5.9 (From random OT to OT in H). For every pair M1, M2 ∈ PP2(H) there exists a
pair mℓ

1,m
ℓ
2 ∈ P2(H) such that (5.39) holds, so that

W2(M1, M2) = min
{

W2,H(m1,m2) : mi ∈ P2(H), ι♯mi = Mi

}
. (5.40)

If mℓ
1,m

ℓ
2 ∈ P2(H) are minimizers of (5.40) and pℓ ∈ Γo(mℓ

1,m
ℓ
2) in P2(H × H) then P = ι2♯p

ℓ ∈
RΓo(M1, M2) and Π = (π1

♯ , π
2
♯ )P = (ι1, ι2)♯p

ℓ ∈ Γo(M1, M2).

We want to highlight that the optimal lifted measures mℓ
1,m

ℓ
2 given by the previous proposition

typically depend on both the measures M1, M2 and in general we cannot fix an arbitrary mℓ
1 such that

ι♯m
ℓ
1 = M1. We want to find a sufficient condition on M1, M2 for which the following property holds:

for every m1 ∈ P2(H) such that ι♯m1 = M1 there exists m2 ∈ P2(H) with
ι♯m2 = M2, W2(M1, M2) = W2,H(m1,m2).

(5.41)

A crucial role in this respect is played by the set of “deterministic” couplings Pdet
2 (H × H) which

are concentrated on maps:

Pdet
2 (H × H) :=

{
(i × f)♯µ : µ ∈ P2(H), f ∈ L2(H, µ; H)

}
,

Pdet
2,o (H × H) := Pdet

2 (H × H) ∩ P2,o(H × H).
(5.42)

First of all, we will show a simple condition for which there exists an optimal coupling P ∈ RΓo(M1, M2)
which is concentrated on Pdet

2,o (H × H).

Lemma 5.10. An optimal coupling Π ∈ P2,o(P2(H) × P2(H)) satisfies the property

for Π-a.e. (µ1, µ2) Γo(µ1, µ2) ∩ Pdet
2 (H × H) ̸= ∅ (5.43)

if and only if
there exists P ∈ P2(Pdet

2,o (H × H)) such that Π = (π1
♯ , π

2
♯ )♯P. (5.44)

Proof. Let us set O :=
{

(µ1, µ2) ∈ P2(H) × P2(H) : Γo(µ1, µ2) ∩ Pdet
2 (H × H) ̸= ∅

}
. We can

equivalently characterize O as the image of the Borel set Pdet
2,o (H × H) through the continuous map

π1
♯ × π2

♯ , so that O is a Souslin (and therefore universally measurable) set.
(5.43) just says that Π is concentrated on O, and therefore its equivalence with (5.44) follows

by Theorem 2.1.

Theorem 5.11. Let Π ∈ Γo(M1, M2) satisfy (5.43), let P as in (5.44), and let m1 ∈ P2(H) such
that ι♯m1 = M1. Then there exists pℓ ∈ P2,o(H × H) such that π1

♯ p
ℓ = m1 and ι2♯p

ℓ = P, so that, in
particular, (ι1, ι2)♯p = Π and setting m2 = π2

♯ p
ℓ we have

ι♯m2 = M2, W2(M1, M2) = W2,H(m1,m2). (5.45)
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Proof. Let us first consider the closed subset A of H × P2(H) × P2(H × H) defined by

A :=
{

(X,µ,γ) ∈ H × P2(H) × P2(H × H) : ι(X) = µ = π1
♯ (γ)

}
, (5.46)

and the map A : H × H → A

A(X,Y ) := (X, ι(X), ι2(X,Y )) = (X,X♯M, (X,Y )♯M). (5.47)

A is continuous but in general it is not surjective. However, it is not difficult to check that the
image of A contains the Borel set

Adet :=
{

(X,µ,γ) ∈ H × P2(H) × Pdet
2 (H × H) : ι(X) = µ = π1

♯ (γ)
}

= A ∩
(
H × P2(H) × Pdet

2 (H × H)
)
.

(5.48)

In fact, if (X,µ,γ) ∈ Adet then µ = π1
♯ γ and we can find a map fγ ∈ L2(H, µ; H) such that γ =

(i×fγ)♯µ. Defining Y := fγ ◦X we immediately see that ι2(X,Y ) = γ, so that A(X,Y ) = (X,µ,γ).
Let us now set m̄1 := (Id×ι)♯m1 ∈ P2(H×P2(H)) and P̄ := (π1

♯ ×Id)♯P ∈ P2(P2(H)×Pdet
2 (H×H)).

By assumption
π2

♯ m̄1 = ι♯m1 = M1, π1
♯ P̄ = (π1

♯ )♯P = M1

so that, by the gluing Lemma, we can find a plan Q ∈ P2(H × P2(H) × Pdet
2 (H × H)) such that

π1 2
♯ Q = m̄1 and π2 3

♯ Q = P̄. By construction, m̄1 is concentrated on the set{
(X,µ) ∈ H × P2(H) : ι(X) = µ

}
and P̄ is concentrated on the set{

(µ,γ) ∈ H × Pdet
2 (H × H) : µ = π1

♯ γ
}

we deduce that Q is concentrated on Adet.
By Theorem 2.1 we can find a probability measure pℓ ∈ P2(H×H) such that A♯p

ℓ = Q. By the
very definition of A we get

π1
♯ p

ℓ = (π1 ◦ A)♯p
ℓ = π1

♯ Q = m1, ι2♯p
ℓ = (π3 ◦ A)♯P = π3

♯ Q = P

and the thesis follows.

Corollary 5.12. Let M1, M2 ∈ PP2(H) and let us suppose that M1 is concentrated on Pr
2(H). Then

(5.41) holds.

6 Random Gaussian-null sets and strict Monge formulation of OT
via nonlocal totally cyclically monotone fields

In this last section we want to address the uniqueness and the Monge formulation of the L2-OT
problem in PP2(H). These questions can be settled at the usual level of couplings of (laws of)
random measures. We then seek for conditions on Mi ∈ PP2(H) ensuring that the class of optimal
coupling Γo(M1, M2) contains a unique element Π which is concentrated on the graph of a Borel map
F : P2(H) → P2(H), so that

Π = (Id × F )♯M1, M2 = F♯M1, W2
2(M1, M2) =

∫
P2(H)

w2
2(µ,F (µ)) dM1(µ); (6.1)

this property is equivalent to asking for Π ∈ Pdet
2 (P2(H) × P2(H)).

A second formulation involves random couplings and provides a more refined description of F :
we look for conditions ensuring that RΓo(M1, M2) contains a unique element P that is concentrated
on the graph of a deterministic totally cyclically monotone field f : H × P2(H) → H.
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6.1 The strict Monge formulation

In order to describe such a construction, we first observe that every P ∈ PP2(H × H) can be
disintegrated with respect to M1 = π1

♯♯P to obtain a Borel family Pµ ∈ PP2(H × H) indexed by
µ ∈ P2(H) and concentrated on the set of couplings Γ(µ) :=

{
γ ∈ P2(H × H) : π1

♯ γ = µ
}

for M1-a.e. µ ∈ P2(H). When supp(P) ⊂ P2,o(H × H) (as in the case of optimal couplings) then
supp(Pµ) ⊂ Γo(µ) := Γ(µ) ∩ P2,o(H × H).

If Π = (π1
♯ , π

2
♯ )♯P then Pµ characterizes the family of measures in PP2(H) arising from the

disintegration (Π µ)µ∈P2(H) of Π with respect to its first marginal through the formula

Π µ = π2
♯♯Pµ for M1-a.e. µ. (6.2)

If π1
♯ is essentially injective with respect to P then there is a Borel map G : P2(H) → PP2(H × H)

such that for M1-a.e. µ Pµ is concentrated on a unique coupling γ = G (µ) with first marginal µ, so
that Π is deterministic as in (6.1) and we have

Pµ = δG (µ), G (µ) ∈ Γ(µ,F (µ)), F (µ) = π2
♯ G (µ), M2 = (π2

♯ ◦ G )♯M1 = π2
♯♯G♯M1. (6.3)

We can then apply to Pµ the disintegration map K, obtaining the decomposition G (µ) = µ⊗ κx,µ,
κx,µ = K(x,G (µ)). If P is concentrated on Pdet

2 (H × H) then Pµ is concentrated on Pdet
2 (H × H) as

well, so that κx,µ = δf(x,µ) for some Borel map f : H × P2(H) → H. We then obtain

G (µ) = (i × f(·, µ))♯µ, F (µ) = f(·, µ)♯µ. (6.4)

Since F (µ) ∈ P2(H) and M2 ∈ PP2(H) we have∫
H

|f(x, µ)|2 dµ(x) = m2
2(F (µ)) < ∞ for M1-a.e. µ ∈ P2(H)∫

P2(H)

( ∫
H

|f(x, µ)|2 dµ(x)
)

dM1(µ) =
∫
P2(H)

m2
2(F (µ)) dM1(µ) = M2

2(M2) < ∞.
(6.5)

It is then convenient to represent f as a H-valued L2 map of the unfolded measure

M̄1 :=
∫

(µ⊗ δµ) dM1(µ) ∈ P2(H × P2(H)), (6.6)

which satisfies π2
♯ M̄1 = M1. In fact if f ∈ L2(M̄1; H) then

∥f∥2
L2(M̄1;H) =

∫
P2(H)

∫
H

|f(x, µ)|2 dµdM1(µ) < ∞ (6.7)

and we can represent the corresponding unfolded measure M̄2 as

M̄2 = (f ,F )♯M̄1, M̄i =
∫

(µ⊗ δµ) dMi(µ), (6.8)

since ∫
ξ(y, ν) dM̄2(y, ν) =

∫ ( ∫
ξ(y, ν) dν(y)

)
dM2(ν)

=
∫ ( ∫

ξ(y,F (µ)) d
(
F (µ)

)
(y)

)
dM1(µ)

=
∫ ( ∫

ξ(f(x, µ),F (µ)) dµ(x)
)

dM1(µ)

=
∫
ξ(f(x, µ),F (µ)) dM̄1(x, µ).

The above remarks justify the following definition.
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Definition 6.1 (Fully deterministic random couplings). We say that a random coupling law P ∈
PP2(H × H) is fully deterministic if

π1
♯ is P-essentially injective and P is concentrated on Pdet

2 (H × H). (6.9)

We denote by PPdet
2 (H × H) the set of fully deterministic random couplings.

Lemma 6.2 (Representation of fully deterministic random couplings). A random coupling law
P ∈ PP2(H × H) with first random marginal M1 = π1

♯♯P is fully deterministic if and only if there exists
a Borel map f ∈ L2(M̄1; H) such that

P =
∫
δ(i×f(·,µ))♯µ dM1(µ) = G♯M1, G (µ) := (i × f(·, µ))♯µ. (6.10)

In this case setting F (µ) := f(·, µ)♯µ we have

M2 = π2
♯♯P = F♯M1 , M̄2 = (f ,F )♯M̄1∫

P2(H×H)

( ∫
H×H

|x− y|2 dγ
)

dP(γ) =
∫

H×P2(H)
|f(x, µ) − x|2 dµ(x) dM1(µ). (6.11)

Using the unfolding P̄ of P we can also express (6.11) as

P̄ = (i × f ,G )♯M̄1,

∫
|x− y|2 dP̄(x, y,γ) =

∫
|f(x, µ) − x|2 dM̄1(x, µ). (6.12)

Proof. Because of the previous digression, we have just to show the converse direction: given a Borel
map f ∈ L2(M̄1; H) the coupling P given by (6.10) is well defined, i.e. the map G : P(H) → P(H × H)
is Borel. This property follows by standard argument, see e.g. [PS25, Lemma D.2 and Corollary
D.7]; here is a self-contained discussion.

Let us first consider for a bounded Borel real function z : H × P(H) → R the functional Z :
P(H) → R,

Z(µ) :=
∫
z(x, µ) dµ µ ∈ P(H), (6.13)

and let us call B the class of functions z for which Z is Borel.
Clearly B contains all the bounded and continuous functions z ∈ Cb(H × P(H)) (for which Z is

continuous). It is also easy to check that B is closed with respect to uniform and monotone limits.
By the functional monotone class Theorem [Bog07, Theorem 2.12.9] we deduce that B contains all
the bounded Borel functions.

It follows that for every bounded continuous (or even Borel) map ζ : H × H → R the map

µ 7→
∫

H×H
ζ dG (µ) =

∫
ζ(x,f(x, µ)) dµ (6.14)

is Borel, so the map G is Borel as well, since the functionals γ 7→
∫
ζ,dγ, ζ ∈ Cb(H × H) generates

the weak (Polish) topology of P(H × H).
Now, it is immediate to conclude that P is fully deterministic, since G is injective and maps

P2(H) to Pdet
2 (H × H).

We end up with the following stronger Monge formulation of OT problem between (laws of)
random measures.

Problem 6.3 (Strict Monge formulation). Given M1, M2 ∈ P2(H) find a Borel map f ∈ L2(M̄1; H)
such that setting F (µ) := f(·, µ)♯µ we have

F♯M1 = M2 and W2
2(M1, M2) =

∫
H×P2(H)

∣∣f(x, µ) − x
∣∣2 dM̄1(x, µ). (6.15)
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Notice that the transformation f × F : (x, µ) →
(
f(x, µ),f(·, µ)♯µ

)
maps H × P2(H) to itself

and satisfies
(f ,F )♯M̄1 = M̄2 (6.16)

where, as usual, F (µ) = f(·, µ)♯µ and M̄i =
∫
µ⊗ δµ dMi(µ).

It could seem that the strict Monge formulation is considerably more demanding than the usual
Monge formulation expressed by (6.1). For example in the extreme case when Mi = δµi are Dirac
masses concentrated in two measures µ1, µ2 ∈ P2(H) clearly there is just one solution to the Monge
formulation (6.1) but there could be many (or even no) solutions to the strict Monge formulation,
which reduces to the usual Optimal Transport problem between µ1 and µ2 in P2(H).

However, when we look for conditions on M1 which guarantee that (6.1) is solvable for every
target measures M2 then the two formulations are equivalent and force uniqueness of solutions, as
the following result shows.

Theorem 6.4 (Monge vs strict Monge). Given M1 ∈ PP2(H), the following two properties are
equivalent:

1. for every M2 ∈ PP2(H) there exists a Borel map F = FM2 : P2(H) → P2(H) (depending on M2)
solving the OT problem in Monge form (6.1);

2. for every M2 ∈ PP2(H) there exists a Borel map f = fM2 ∈ L2(M̄1; H) (depending on M2) solving
the OT problem in the strict Monge form (6.15).

In both cases, for every M2 ∈ PP2(H) the set of optimal couplings Γo(M1, M2) contains the unique
element Π = Π M2 = (Id × FM2)♯M1 and, for Π-a.e. (µ1, µ2), the set Γo(µ1, µ2) contains the unique
deterministic coupling γ = (i × fM2(·, µ1))♯µ1 so that f corresponds to the (unique) solution of
the strict Monge formulation given in Problem 6.3. We also have f = ∇Wϕ for every optimal
Kantorovich potential ϕ (recall (4.23)).

Finally, every Lipschitz totally convex function ϕ is W -differentiable at M1-a.e. µ, according to
(4.24).

Proof. Since 2.⇒1., it is sufficient to prove that 1. implies 2. and all the further properties stated
by the Theorem.

We thus fix M2, an optimal Kantorovich potential ϕ for the pair M1, M2 with F = ∂tϕ and we
denote by f◦ : H × P2(H) → H a Borel version of the minimal section of F (as in Proposition 4.2)
and we set F ◦(µ) := f◦(·, µ)♯µ.

We then select an optimal random coupling law P ∈ RΓo(M1, M2) with Π = (π1
♯ , π

2
♯ )♯P ∈ Γo(M1, M2);

since P is optimal, supp P ⊂ F.
By the minimality of f◦ we have f◦ ∈ L2(M̄1; H) since

W2
2(M1, M2) =

∫ ∫
|x2 − x1|2 dγ(x1, x2) dP(γ) ≥

∫ ∫
|f◦(x1, π

1
♯ γ) − x1|2 dγ(x1, x2) dP(γ)

=
∫ ∫

|f◦(x1, µ) − x1|2 dM̄1(x, µ)

We then introduce

P′ := 1
2P + 1

2G ◦
♯ M1, G ◦(µ) := (i × f◦(·, µ))♯µ, M′

2 := π2
♯♯P

′.

Since supp P′ ⊂ F we have P′ ∈ RΓo(M1, M′
2) and its disintegration with respect to π1

♯ can be expressed
via the corresponding disintegration Pµ of P by

P′
µ = 1

2Pµ + 1
2δG ◦(µ).
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We then select the midpoint M̃ := (π1�2
t )♯♯P′ between M1 and M′

2 induced by P′ corresponding to
t = 1/2. By Theorem 5.7 we know that P̃ := (π1, π1�2

t )♯♯P′ is the unique element of RΓo(M1, M̃),
and Π̃ = (π1

♯ , π
2
♯ )P̃ is the unique element of Γo(M1, M̃) so that by assumption Π̃ = (Id × F̃ )♯M1 for

F̃ = FM̃. On the other hand setting

Pµ,t = (π1, π1�2
t )♯♯Pµ, Π µ,t = π2

♯♯Pµ,t, G ◦
t (µ) = (π1, π1�2

t )♯G
◦(µ), F ◦

t (µ) = (π1�2
t )♯G

◦(µ) = π2
♯ G ◦

t (µ)

we have
P̃µ = 1

2Pµ,t + 1
2δG

◦
t (µ), Π̃ µ = 1

2Π µ,t + 1
2δF

◦
t (µ) M1-a.e.

Since Π̃ µ = δF̃ (µ), we deduce that Π µ,t = F ◦
t (µ) for M1-a.e. µ, so that M̃ is the middle point also

between M1 and M2 and between M1 and M◦
2 = (F ◦)♯M1 (with respect to the same optimal set F). By

the non-branching property of Theorem 5.7 we deduce that M2 = M◦
2 and by the strict minimality

of the section f◦ P = G ◦
♯ M1 is a strict Monge solution and is the unique element of RΓo(M1, M2);

similarly Π = (Id × F ◦)♯M1 is deterministic and is the unique element of Γo(M1, M2).
Let us eventually check the last statement. We take a Lipschitz totally convex function ϕ: if

there exists a Borel set B ⊂ P2(H) where ∂tϕ is not a singleton with M1(B) > 0, by a standard
measurable selection we can construct an optimal random coupling law P with first random marginal
M1 and second random marginal M2 = π2

♯♯P ∈ PP2(H) (thanks to the fact that ϕ is Lipschitz) which
is not concentrated on the map ∇Wϕ, contradicting the above result.

By the above result if we want to solve the Monge problem for arbitrary target M2 it seems
natural to start from measures M1 concentrated on Pr

2(H). The next simpler Proposition shows that
in this case there is also a one-to-one correspondence between optimal couplings of (laws of) random
measures and (laws of) random optimal couplings and for every fixed target M2 the Monge and the
strict Monge formulations of the L2-Optimal Transport problem are equivalent as well.

Proposition 6.5. Let M1, M2 ∈ PP2(H) and let us assume that M1 is concentrated on Pr
2(H), i.e. µ ∈

Pr
2(H) for M1-a.e. µ. Then the restriction of the map (π1

♯ , π
2
♯ )♯ on RΓo(M1, M2) is injective and every

P ∈ RΓo(M1, M2) is concentrated on Pdet
2 (H × H). Moreover, if P ∈ RΓo(M1, M2) and Π = (π1

♯ , π
2
♯ )♯P is

deterministic then P is fully deterministic.

Proof. Since P ∈ RΓo(M1, M2) and M1 is concentrated on Pr
2(H), thanks to Theorem 2.5 we can find

a Borel set B ⊂ P2(H × H) of full P-measure such that B ⊂ Pdet
2,o (H × H) and π1

♯ (B) ⊂ Pr
2(H) (when

H has finite dimension we just take B = (π1
♯ )−1(

Pr
2(H)

)
∩ P2,o(H × H), see Proposition 2.6).

The restriction of (π1
♯ , π

2
♯ ) to B is injective, since, given (µ1, µ2) ∈ (π1

♯ , π
2
♯ )(B), the set Γo(µ1, µ2)

contains a unique element and it is deterministic. It follows that (π1
♯ , π

2
♯ )♯ is injective as well on

RΓo(M1, M2). If moreover Π is deterministic and induced by the Borel map F , we see that for
P-a.e. γ, γ ∈ Γo(π1

♯ γ,F (π1
♯ γ)) so that π1

♯ is P-essentially injective.

6.2 Regular and super-regular measures in PP2(H) and solution to the Monge
problem

We first observe that the definitions of σ-d.c. hypersurfaces and Gaussian null sets given in Section
2.2 also apply to the infinite dimensional Hilbert space H; we keep the notation Pr

2(H),Pgr
2 (H) to

denote the corresponding class of regular measures, thus vanishing on all d.c. hypersurfaces and
Gaussian-null Borel subsets of H respectively.

Definition 6.6 (Random exceptional and Gaussian null sets, regular and super-regular measures).

- We say that a Borel set B ⊂ P2(H) is a random exceptional (resp. G-null) set if ι−1(B) is
contained in a σ-d.c. hypersurface of H (resp. Gaussian-null in H).
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- We denote by Pr
2(P2(H)) (resp. Pgr

2 (P2(H))) the set of regular (resp. G-regular) measures M ∈
P2(H) such that M(B) = 0 for every random exceptional (resp. G-null) Borel set B ⊂ P2(H).

- The set of super-regular measures PPrr
2 (H) = Pr

2(Pr
2(H)) (resp. super-G-regular measures PPgrr

2 (H) =
P

gr
2 (Pr

2(H))) is the set of regular (resp. of G-regular) measures concentrated on Pr
2(H).

It is clear that
P

gr
2 (P2(H)) ⊂ Pr

2(P2(H), PP
grr
2 (H) ⊂ PPrr

2 (H). (6.17)

Let us make a few comments on the previous definitions.

Remark 6.7 (LGGRM measures). We can say that a measure G ∈ PP2(H) is a Law of Gaussian
Generated Random Measures (LGGRM) if G = ι♯g for some nondegenerate Gaussian measure g in
H. An equivalent way to say that a Borel set in P2(H) is a random G-null set is

G(B) = 0 for every LGGRM G. (6.18)

Remark 6.8 (Random exceptional and G-null sets are independent of the choice of (Q,FQ,M)).
It is not difficult to see that the above definitions of random exceptional and G-null sets (and
the corresponding classes of regular and super-regular measures) are independent of the choice
of the nonatomic standard Borel space (Q,FQ,M). In fact, if (Q′,F′

Q,M′) is another standard
Borel measure space endowed with a nonatomic measure M′, we can find a measure preserving
isomorphism h : Q′ → Q such that h♯M′ = M and h−1

♯ M = M′. h induces a linear isometry of H
onto H′ = L2(Q′,M′; H) defined by h∗X := X ◦ h, with ι′ ◦ h∗ = ι, since

X ′ = X ◦ h, ι′(X ′) = (X ◦ h)♯M′ = X♯h♯M′ = X♯M = ι(X). (6.19)

Since the d.c. hypersurfaces are preserved by isometric isomorphisms between Hilbert spaces, using
(6.19) it is immediate to check that a random exceptional set w.r.t. Q′ is also exceptional w.r.t. Q.

In a similar way, if B′ is a random Gaussian-null set with respect to Q′,M′, i.e. (ι′)−1(B′) is
Gaussian-null in H′ and let g be an arbitrary nondegenerate Gaussian measure in H. We introduce
g′ = (h∗)♯g and we observe that g′ is a nondegenerate Gaussian measure in H′ (since h∗ is a linear
surjective isometry). By definition g′((ι′)−1B′) = 0 and therefore

g(ι−1B) = g
((
ι′ ◦ h∗)−1

B
)

= g
(
(h∗)−1(ι′)−1B

)
= g′

(
(ι′)−1B

)
= 0,

so that ι−1B is Gaussian null in H.

Remark 6.9 (Stability in the class of mutually absolutely continuous measures). The super-
regularity condition is stable with respect to multiplication by an integrable factor:

M ∈ PPrr
2 (H), M′ ≪ M ⇒ M′ ∈ PPrr

2 (H). (6.20)

Remark 6.10. If M is concentrated on Pr
2(H) then it is super-regular if it vanishes on all exceptional

subsets of Pr
2(H), i.e. it is sufficient to check that

B ⊂ Pr
2(H), ι−1(B) exceptional in H ⇒ M(B) = 0. (6.21)

Similarly, if
B ⊂ P

gr
2 (H), ι−1(B) Gaussian null in H ⇒ M(B) = 0 (6.22)

then M is super-G-regular.

There is a simple way to generate super-regular measures.
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Lemma 6.11. Let m be a regular measure in Pr
2(H) (respectively G-regular in P

gr
2 (H)) such that

ι(X) = X♯M ∈ Pr
2(H) for m-a.e. X ∈ H. (6.23)

Then M := ι♯m is a super-regular measure in PPrr
2 (H) (resp. super-G-regular in PP

grr
2 (H)).

Proof. It is immediate to see that M := ι♯m ∈ Pr
2(P2(H)) is regular: in fact, if B is a random

exceptional set
M(B) = m(ι−1B) = 0

since ι−1(B) is a σ-d.c. hypersurface and m is regular. Condition (6.23) also shows that M is
concentrated on Pr

2(H).

It is also possible to change the reference measure M : we show two simple cases.

Lemma 6.12. Let M′,M′′ be atomless Borel probability measures on the standard Borel space
(Q,FQ) with M′′ ≤ aM′ for some a > 0 (so that the corresponding Hilbert spaces H′,H′′ satisfy
H′ ⊂ H′′ with continuous inclusion). Denote by ι′ : X → X♯M′, ι′′ : X → X♯M′′ the corresponding
law maps.

If m ∈ Pr
2(H′) and M′ = ι′♯m is super-regular then also M′′ = ι′′♯m is super-regular.

A similar result holds if M′′ ≪ M′, and m ∈ Pr
2(B), for some separable Banach space B ⊂ H′ ∩H′′.

Proof. Let N ⊂ H′ be a m-negligible Borel set such that ι′(X) ∈ Pr
2(H) for every X ∈ H′ \N. Since

ι′′(X) ≤ aι′(X) for every X ∈ H′ we deduce that ι′′(X) ∈ Pr
2(H) for every X ∈ H′ \ N as well, so

that M′′ is concentrated in Pr
2(H).

If B is a Borel exceptional set of P2(H) then (ι′′)−1(B) is contained in a σ-d.c. hypersurface S
of H′′; since S ∩H′ is a σ-d.c. hypersurface as well, we deduce that M′′(B) ≤ m(S) = m(S ∩H′) = 0
since m is regular. We conclude that M′′ is super-regular.

A similar argument applies to the second statement.

The relation between super-regular measures and differentiability of Lipschitz totally displace-
ment convex functions is clarified by the next two results.

Theorem 6.13. If ϕ : P2(H) → R is a totally displacement convex and Lipschitz function then
the singular set Singr(ϕ) := {µ ∈ Pr

2(H) : #∂tϕ[µ] > 1} of regular measures where the total
subdifferential of ϕ is not reduced to a singleton (the minimal section) is exceptional.

Proof. Since every measure µ ∈ Singr(ϕ) is regular and ∂tϕ[µ] ⊂ P2,o(H × H) by Corollary 4.10, all
the elements of ∂tϕ[µ] are deterministic couplings. If ∂ϕ[µ] contains at least two different elements,
they are associated with two different fields f1(·, µ),f2(·, µ) in L2(H, µ; H).

If X ∈ ι−1(µ), setting Yi = f i(X,µ) we deduce that (X,Yi)♯M ∈ ∂tϕ[µ] and therefore Yi ∈
∂ϕ̂(X), where ϕ̂ = ϕ ◦ ι. We conclude that ∂ϕ̂(X) contains two different elements and therefore ϕ̂
is not Gateaux-differentiable at X. This arguments shows that ι−1(Singr(ϕ)) is a subset where ϕ̂ is
not Gateaux-differentiable and therefore is a σ-d.c. hypersurface in H since ϕ̂ is a convex Lipschitz
function.

Combining Proposition 4.7, Remark 6.10 and the above Theorem we immediately get:

Corollary 6.14. If M ∈ PPrr
2 (H) and ϕ : P2(H) → R is a Lipschitz totally displacement convex

function, then for M-a.e. µ we have:

1. ∂tϕ[µ] = ∂◦
tϕ[µ] is reduced to a single deterministic coupling in Pdet

2,o (H2) of the form
(i × ∇Wϕ(·, µ))♯µ;

2. ∂−ϕ(µ) = ∇Wϕ(·, µ)♯µ.
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Theorem 6.15 (Solutions to the strict Monge problem for super-regular measures). If M ∈ PPrr
2 (H)

and N ∈ PP2(H), then RΓo(M, N) and Γo(M, N) contain a unique element P and Π = (π1
♯ , π

2
♯ )♯P respec-

tively.
P is fully deterministic and there exists a unique Borel map f ∈ L2(M̄; H) solving the Monge OT
problem 6.3. f is essentially totally cyclically monotone and coincides with the minimal section
∇Wϕ of an optimal Kantorovich potential.

Proof. By Proposition 6.5 and Theorem 6.4 it is sufficient to prove that Γo(M, N) contains a deter-
ministic coupling Π .

Let us first suppose that N is concentrated on the closed ball

B(R) :=
{
ν ∈ P2(H) : m2(ν) ≤ R

}
. (6.24)

In this case, by Corollary 5.6 there is an optimal Kantorovich potential ϕ which is a R-Lipschitz
totally convex function ϕ with S := supp(Π ) ⊂ ∂−ϕ and Corollary 6.14 shows that there exists a
(unique) strictly Monge solution which is given by

f(·, µ) = ∇Wϕ(x, µ). (6.25)

In the general case, we argue as in the proof of Theorem 6.2.10 [AGS08]. For every R > 0 we set

B′(R) := P2(H) × B(R)

and for an optimal coupling Π ∈ Γo(M, N), we set for sufficiently large n

Zn := Π
(
B′(n)

)
, Π n := Z−1

n Π B′(n), Mn := π1
♯ Π n, Nn := π2

♯ Π n. (6.26)

Since optimality is preserved by restriction, Π n ∈ Γo(Mn, Nn); since Mn ≪ M and Nn is concentrated on
B(n) the previous argument shows that there exists a unique map Fn such that Π n = (Id×Fn)♯Mn.

Moreover, for m > n we easily get Fm = Fn Mn-a.e., so that there exists a map F such that
F = Fn Mn-a.e. for every n ∈ N. Passing to the limit in the identity Π n = (Id × F )♯Mn we obtain
Π = (Id × F )♯M. It follows that Π is deterministic.

Anticipating some of the results of the next section, it is easy to see that PPrr
2 (H) is dense in

PP2(H).

Proposition 6.16. If H has finite dimension then PP
grr
2 (H) is dense in PP2(H). In particular, the

class of initial measures for which the OT problem has a unique solution in (strict) Monge form is
dense.

Proof. Thanks to (6.20), if M ∈ PP
grr
2 (H) and M′ ≪ M then also M′ ∈ PP

grr
2 (H). If H has finite

dimension, we will see in the next section (see Theorems 6.19 and 6.25) that there exists a reference
measure G ∈ PP

grr
2 (H) with full support. It is then sufficient to observe that the set{

M′ ∈ PP2(H) : M′ ≪ G
}

is dense in PP2(H),

since its closure contains all the finite combination of Dirac masses in PP2(H). In fact, if M =∑n
k=1 akδµk

for distinct points µ1, · · · , µn ∈ P2(H), we can choose r > 0 so small that the balls
Br,k = Br(µk) are disjoint. Since G has full support, Zr,k := G(Br,k) > 0 so that

Mr :=
( n∑

k=1

ak

Zr,k

χBr,k

)
G ∈ PPrr

2 (H)

and Mr → M in PP2(H) as r ↓ 0.
40



6.3 Examples of super-regular measures for finite dimensional H
In this last section we will exhibit many examples of super-regular measures. We will focus on the
relevant case of measures induced by nondegenerate Gaussian measures g on H as in Example 2.10,
when H has finite dimension: by using Lemma 6.11 it will be sufficient to check that (6.23) holds,
i.e. ι♯g(P2(H) \ Pr

2(H)) = 0.
We start from the 1-dimensional case, where we will prove a very general result.

The 1-dimensional case H = R

Example 6.17 (The random occupation measure associated with Brownian motion in [0, 1]). Let
Q = [0, 1] endowed with the usual Lebesgue measure M and let w be the standard Wiener measure
concentrated on C([0, 1]). We claim that

W := ι♯w is super-G-regular with full support.

We can apply Lemma 6.11. Since w is a Gaussian non-degenerate measure in H = L2([0, 1],M), it
is clearly a regular measure in Pr

2(H), so it is sufficient to check that

X♯M is nonatomic for w-a.e. path X ∈ H, (6.27)

i.e.
M

({
t ∈ [0, 1] : Xt = y

})
= 0 for w-a.e. X ∈ C([0, 1]). (6.28)

In fact we have the much stronger result that the so-called occupation measure ι(X) = X♯M is
absolutely continuous with respect to the Lebesgue measure in R, see e.g. [MP10, Theorem 3.26].

The previous example is in fact a particular case of a general result: we will show that any
measure G = ι♯g obtained as the push forward of an arbitrary nondegenerate Gaussian measure g
in H is super-G-regular.

Before discussing this result, let us show a simple criterion ensuring that a measure M ∈ PP2(R)
is concentrated on Pr

2(R). We set

χ0(r) :=
{

1 if r = 0,
0 if r ̸= 0.

(6.29)

Lemma 6.18. Let M = ι♯m for m ∈ P2(H) and let us suppose that m admits the representation
(2.29), (2.30) discussed in Section 2.4. If∫

Ω
χ0(Ξ(ω, q1) − Ξ(ω, q2)) dP(ω) = 0 for M ⊗ M-a.e. (q1, q2) (6.30)

then M is concentrated on Pr
2(R).

Proof. Let D := {(x, x) : x ∈ R} be the diagonal in R2, whose characteristic function is given by
(x, y) 7→ χ0(x− y). We recall that a measure µ ∈ P2(R) is atomless (and thus belongs to Pr

2(R)) if
and only if

µ⊗ µ(D) =
∫
R2
χ0(x− y) dµ(x) dµ(y) = 0. (6.31)

Recalling the definition (2.34) of the k-projection of M, we deduce that M is concentrated on Pr
2(R)

if and only if
pr2[M](D) =

∫
χ0(x− y) d pr2[M](x, y) = 0.

Applying formula (2.36) we thus express the above integral as∫
Ω

( ∫
χ0(Ξ(ω, q1) − Ξ(ω, q2)) dM⊗2(q1, q2)

)
dP(ω) = 0. (6.32)

An application of Fubini’s Theorem yields (6.30).
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As an application of the above Lemma we have the following general result.

Theorem 6.19 (Push forward of nondegenerate Gaussian measures are superregular). If H = R
and g is a nondegenerate Gaussian measure in H, then G := ι♯g ∈ PP

grr
2 (H) is super-G-regular.

Proof. Since Q is a standard Borel space, we can find a bounded metric dQ in Q such that (Q, dQ)
is a complete and separable metric space and FQ coincides with the Borel σ-algebra induced by dQ.
We can also define dQ2((q1, q2), (q′

1, q
′
2)) := max[dQ(q1, q

′
1), dQ(q2, q

′
2)] and the swap isometric map

S : Q2 → Q2, S(q1, q2) := (q2, q1).
We adopt the notation of Example (2.10). Since g is nondegenerate, we can also assume that

λn > 0 for every n ∈ N+. By Lemma 6.11, it is sufficient to prove that g satisfies condition (6.23).
Using the representation (2.38) and (2.39), we can then apply Lemma (6.18): our thesis follows if
we prove (6.30).

Thanks to (2.39), we have

D(ω; q1, q2) := Ξ(ω, q1) − Ξ(ω, q2) =
∑

n

ξn(ω)
(
En(q1) − En(q2)

)
(6.33)

which is a series of independent random Gaussian variables. We know that for M⊗2-a.e. (q1, q2)

• the series defining D converges in L2(Ω,P) and also P-a.e.,

• its law νq1,q2 := D(·; q1, q2)♯P is a Gaussian measure

• νq1,q2 = N(0, λ2(q1, q2)) where

λ2(q1, q2) =
∑

n

λ2
n

(
En(q1) − En(q2)

)2
. (6.34)

We can observe that the integral in (6.30) is just νq1,q2({0}), so that (6.30) holds if νq1,q2 is non-
degenerate, i.e.

λ2(q1, q2) > 0 for M⊗2-a.e. (q1, q2). (6.35)

Let us denote by A ⊂ Q2 the set where λ vanishes and let DQ := {(q, q) : q ∈ Q} be the diagonal in
Q2. Since M is diffuse, M⊗2(DQ) = 0 so that we have to prove that M⊗2(A′) = 0 where A′ := A\DQ.
Since λn > 0 for every n, we immediately see that

(q1, q2) ∈ A ⇔ En(q1) = En(q2) for every n ∈ N+. (6.36)

We argue by contradiction and we suppose that M⊗2(A′) > 0. We can thus find (q̄1, q̄2) ∈ A′ ∩
supp(M) and a sufficiently small ball B = Br(q̄1, q̄2) such that S(B) ∩B = ∅ and M⊗2(A′ ∩B) > 0.
Since A′ is symmetric and S♯M⊗2 = M⊗2, we have M⊗2(A′ ∩B) = M⊗2(A′ ∩ S(B)) > 0.

We set B′ := A′ ∩B and we eventually consider the bounded Borel function

f(q1, q2) := χB′(q1, q2) − χS(B′)(q1, q2) = χB′(q1, q2) − χB′(q2, q1).

We can expand f as a orthogonal series in L2(Q2,M⊗2) with respect to the complete orthonormal
system Em,n(q1, q2) := Em(q1)En(q2) obtaining

f =
∑
m,n

f̂m,nEm,n converging in L2(Q2,M⊗2) (6.37)

where
f̂m,n :=

∫
Q2
f(q1, q2)Em(q1)En(q2) dM⊗2(q1, q2). (6.38)
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Since f ≡ 0 if (q1, q2) ̸∈ A, the integral in (6.38) can in fact be restricted to A. Since (6.36) implies
in particular

Em,n(q1, q2) = Em(q1)En(q2) = En(q1)Em(q2) = En,m(q1, q2) M⊗2-a.e. in A

we immediately get f̂m,n = f̂n,m. On the other hand, inverting the order of q1, q2 in (6.38), using
the invariance of M⊗2 and the anti-symmetry of f , i.e. f(q2, q1) = −f(q1, q2) we also get

f̂m,n =
∫

Q2
f(q2, q1)Em(q2)En(q1) dM⊗2(q1, q2)

= −
∫

Q2
f(q1, q2)Em(q2)En(q1) dM⊗2(q1, q2) = −f̂n,m

We deduce that f̂m,n = 0 for every pair of indexes, a contradiction since f is not identically 0.

The range of application of the previous Theorem can be considerably extended thanks to the
following simple results.
Corollary 6.20. Let N := P2(R) \ Pr

2(R). Then the (Borel) set ι−1(N) is Gaussian-null in H.

Proof. Theorem 6.19 shows that g(ι−1(N)) = 0 for every non-degenerate Gaussian g, so that ι−1(N)
is Gaussian-null by definition.

Corollary 6.21 (Push forward of G-regular measures are super-G-regular). If H = R and r is a
G-regular measure in P

gr
2 (H), then R := ι♯r is super-G-regular.

Proof. Recall that as a G-regular measure in H r satisfies
r(B) = 0 for every Gaussian null Borel set in H, (6.39)

in particular f(ι−1(N)) = 0, so that ι(X) ∈ Pr
2(R) for r-a.e. X ∈ H. We concude by Lemma

6.11.

Let us see two simple examples.
Example 6.22 (Sum of Gaussians with random signs). Let Q := {−1,+1}N be the Cantor set
endowed with the uniform product measure M := (1

2δ−1 + 1
2δ1)⊗N. Every element q ∈ Q is a vector

(qi)i∈N of signs ±1 indexed by i ∈ N. We denote by εi : Q → R the i-th coordinate, and for every
finite subset I ⊂ N we consider the Walsh function

WI(q) :=
∏
i∈I

εi, W∅ ≡ 1. (6.40)

If I denotes the (countable) collection of all the finite parts of N, the Walsh system (WI)I∈I is a
complete orthonormal system in H = L2(Q,M).

We select a family of independent Gaussian random variables ξI ∼ N(0, λ2
I) indexed by I ∈ I

and coefficients λI > 0 for every I ∈ I such that Λ := ∑
I∈I λ

2
I < ∞; we form the random vector

ξ = ∑
I∈I ξIWI ∈ H. Denoting by gW the law of ξ in H we obtain a nondegenerate Gaussian

measure gW ∈ Pr
2(H). Applying Theorem 6.19 we immediately get

GW := ι♯gW is super-regular.
Example 6.23 (The law of random Fourier series). Let us now select Q := (0, π) with the (normal-
ized) Lebesgue measure M. We consider the complete orthonormal system in H := L2(0, π) given
by the usual Fourier basis

Sn(q) :=
√

2 sin(nq), n ∈ N+. (6.41)
As for the previous example, we select a sequence of independent Gaussian random variables ξn ∼
N(0, λ2

n) and coefficients λn > 0 for every n ∈ N+ with Λ = ∑∞
n=1 λ

2
n < ∞. Denoting by gF the law

of the random vector ξ = ∑∞
n=1 ξnSn we obtain a nondegenerate Gaussian measure gF ∈ Pr

2(H).
GF := ι♯gF is super-regular.

Notice that the case λn := 1
πn corresponds to the (centered) Brownian bridge.
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The finite dimensional case H = Rd, d > 1

Let us now discuss the case when H = Rd, d > 1. We will still focus on the construction of suitable
Gaussian measures g on H such that G = ι♯g is super-regular and we will consider two different
approaches. Unlike the previous 1-d case, we will impose further properties on g.
Example 6.24 (Gaussian measures concentrated on C1 maps). In this first example, we select Q :=
(0, 1)d (or any smooth domain in Rd) endowed with the d-dimensional Lebesgue measure M.

Theorem 6.25. If g is a non-degenerate Gaussian measure on the Banach space B = C1(Q;Rd) ⊂
H, then G = ι♯g is super-G-regular with full support.

Proof. As before, we apply Lemma 6.11. Since g is a Gaussian non-degenerate measure in B and
B is dense in H = L2(Q,M;Rd), g is clearly a Gaussian nondegenerate measure in P

gr
2 (H), so it is

sufficient to check that

X♯M is absolutely continuous for g-a.e. X ∈ B. (6.42)

By the area and co-area formulae (see e.g. [GH80, Thm. 2.3]), the push forward µX = X♯M of a
map X ∈ C1(Q;Rd) is absolutely continuous if

M
({
q ∈ Q : detDX(q) = 0

})
= 0, (6.43)

so that (6.42) is true if we show that (6.43) holds for g-a.e. X ∈ B. We can prove this property by
Fubini’s Theorem. We consider the product measure g̃ := g⊗M concentrated on B× Q, we denote
by D : B × Q → Rd×d the “differential” evaluation map D(X, q) := DX(q), and we introduce the
closed set

A :=
{

(X, q) ∈ B × Q : DX(q) ∈ S
}
, S :=

{
D ∈ Rd×d : detD = 0

}
. (6.44)

We know that for every q ∈ Q the map X 7→ D(X, q) is linear, continuous, and surjective from B

to Rd×d. We thus deduce that D(·, q)♯g is a nondegenerate Gaussian measure in Rd×d, so that

g
({
X ∈ B : D(X, q) ∈ S

})
= 0 for every q ∈ Q.

Integrating in Q we get

g̃(A) =
∫
χA(X, q) dg̃ =

∫
Q
g
(
X ∈ B : (X, q) ∈ A

)
dM(q) = 0. (6.45)

Applying Fubini’s Theorem we thus deduce that∫
B
M

(
q ∈ Q : (X, q) ∈ A

)
dg(X) = 0

which yields (6.43) for g-a.e. X ∈ B.

The next example is a natural generalization of Example 6.17.
Example 6.26 (The occupation measure of the fractional Brownian motion). Let Q = [0, 1] endowed
with the Lebesgue measure; we fix a Hurst parameter H < 1/d and we consider the d-dimensional
fractional Brownian motion (ΞH

t )t∈Q [Bia+08]. Since ΞH has local time (or, equivalently, its oc-
cupation measure is absolutely continuous with square integrable density [Pit78; GH80], [Bia+08,
Thm. 10.2.3]), its law wH in B := C([0, 1];Rd) is a nondegenerate Gaussian measures satisfying
(6.23), so that WH = ι♯w

H ∈ PP2(H) is super-G-regular, according to Lemma 6.11.
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The above example is an application of a general technique due to Berman [Ber69] and involving
the Fourier transform. In order to explain the main idea in a general case, let us denote by
µX ∈ P2(Rd) the law ι(X) = X♯M of a generic element X ∈ H. The Fourier transform of µX is the
continuous function µ̂X : Rd → C defined by

µ̂X(u) :=
∫
Rd

ei u·x dµX(x) =
∫

Q
ei u·X(q) dM(q) u ∈ Rd. (6.46)

Notice that (X,u) 7→ µ̂X(u) is jointly continuous in H×Rd. By Plancherel theorem, µX is absolutely
continuous w.r.t. the d-dimensional Lebesgue measure in Rd with a density ϱX ∈ L2(Rd) if and only
if µ̂X ∈ L2(Rd) and moreover ∫

Rd
ϱ2

X dx = 1
(2π)d

∫
Rd

|µ̂X(u)|2 du (6.47)

It follows that if the measure g ∈ P2(H) satisfies

L2 :=
∫
H

( ∫
Rd

|µ̂X(u)|2 du
)

dg(X) =
∫
Rd

( ∫
H

|µ̂X(u)|2 dg(X)
)

du < ∞ (6.48)

we get µX ∈ Pr
2(Rd) for g-a.e. X. We can rewrite (6.48) by using the representation (2.29) by the

process Ξ, so that X(·) = Ξ(ω, ·) and therefore we can set µω = µΞ(ω,·). We have

|µ̂ω(u)|2 = µ̂ω(u) · µ̂ω(u) =
( ∫

Q
ei u·Ξ(ω,q1) dM(q1)

)( ∫
Q

e−i u·X(ω,q2) dM(q2)
)

=
∫

Q2
ei u·Ξ(ω,q1)e−i u·Ξ(ω,q2) dM⊗2(q1, q2)

=
∫

Q2
ei u·(Ξ(ω,q1)−Ξ(ω,q2)) dM⊗2(q1, q2). (6.49)

Taking now the expectation w.r.t. P and integrating in Rd w.r.t. u we end up with Berman condition
[GH80, Thm. 21.9]

L2 =
∫

Q2

( ∫
Rd

EP
[
ei u·(Ξ(ω,q1)−Ξ(ω,q2))

]
du

)
dM⊗2(q1, q2) < ∞ (6.50)

In the particular case when Ξ = (Ξ1, · · · ,Ξd) is a Gaussian process and the determinant ∆(q1, q2)
of the covariance matrix of Ξ(·, q1) − Ξ(·, q2) is positive for a.e. q1, q2, we end up with the sufficient
condition for the validity of (6.50) [GH80, Thm. 22.1]∫

Q2

1
∆(q1, q2)d

dM⊗2(q1, q2) < ∞. (6.51)

In the case of the fractional Brownian motion of Example 6.26 we thus recover the condition Hd < 1.
Example 6.27 (Berman condition for Karhunen-Loève expansions). We slightly modify the above
argument, by considering an example inspired to the general framework discussed in Example 2.10
and based on a complete orthonormal system E′

n of the Hilbert space H′ := L2(Q,M;R) of scalar
valued square summable functions. If e1, · · · ed is an orthogonal basis of Rd (e.g. the canonical one),
we can then form the complete orthonormal system En,k := ekE′

n of H := L2(Q,M;Rd).
We assign a sequence Σn, n ∈ N+, of symmetric and positive definite matrices in Rd×d satisfying

the boundedness and coercivity condition

0 < α2
n ≤ Σnv · v ≤ β2

n for every v ∈ Rd, |v| = 1;
∞∑

n=1
β2

n < ∞. (6.52)
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We assign a sequence of centered independent Gaussian random variables in Rd ξn ∼ N(0,Σn);
since ∑

n β
2
n < ∞, we can form the random vector

ξ =
∑

n

ξnE′
n (6.53)

corresponding to the the measurable process

Ξ(ω, q) =
∑

n

ξn(ω)E′
n(q).

It is clear that g = ξ♯P is a nondegenerate Gaussian in H. As in (6.34) we consider the functions

α2(q1, q2) =
∑

n

α2
n

(
E′

n(q1) − E′
n(q2)

)2
, β2(q1, q2) =

∑
n

β2
n

(
E′

n(q1) − E′
n(q2)

)2
(6.54)

formed with the orthonormal system of the scalar-valued L2- space H′. We have already seen as a
particular consequence of the calculations of Theorem 6.19 that α2(q1, q2) > 0 a.e. if q1 ̸= q2.

Theorem 6.28. If ∫
Q2

1
αd(q1, q2) dM(q1)dM(q2) < ∞ (6.55)

then G = ι♯g is super-G-regular.

Notice that the integral in (6.55) can be restricted to the complement of the diagonal DQ in Q2,
since M is atomless.

Proof. We want to prove that (6.50) holds. We first integrate (6.49) with respect to P, obtaining

EP|µ̂ω(u)|2 =
∫

Ω

( ∫
Q2

ei u·(Ξ(ω,q1)−Ξ(ω,q2)) dM⊗2(q1, q2)
)

dP(ω) (6.56)

=
∫

Q2

( ∫
Ω

ei u·(Ξ(ω,q1)−Ξ(ω,q2)) dP(ω)
)

dM⊗2(q1, q2) (6.57)

=
∫

Q2
EP

[
ei u·(Ξ(·,q1)−Ξ(·,q2))

]
dM⊗2(q1, q2). (6.58)

We now observe that for M⊗2-a.e. (q1, q2) β2(q1, q2) is finite so that the expression

D(ω; q1, q2) := Ξ(ω, q1) − Ξ(ω, q2) =
∑

n

ξn(ω)[E′
n(q) − E′

n(q2)] (6.59)

is a series of independent Gaussian variables pointwise converging P-a.e. Its sum is a Gaussian
random variable with covariance matrix

Σ(q1, q2) :=
∞∑

n=1
Σn[E′

n(q) − E′
n(q2)]2, (6.60)

satisfying
α2(q1, q2) ≤ Σ(q1, q2)v · v ≤ β2(q1, q2) for every v ∈ Rd, |v| = 1, (6.61)

so that
EP

[
ei u·(Ξ(·,q1)−Ξ(·,q2))

]
= exp

(
− 1

2Σ(q1, q2)u · u
)
. (6.62)

Combining (6.62) with (6.57) we get∫
H

|µ̂X(u)|2 dg(X) = EP|µ̂ω(u)|2 =
∫

Q2
exp

(
− 1

2Σ(q1, q2)u · u
)

dM⊗2(q1, q2). (6.63)
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We can plug (6.63) in (6.48) obtaining after a further application of Fubini’s Theorem

L2 =
∫
Rd

( ∫
Q2

exp
(

− 1
2Σ(q1, q2)u · u

)
dM⊗2(q1, q2)

)
du

=
∫

Q2

( ∫
Rd

exp
(

− 1
2Σ(q1, q2)u · u

)
du

)
dM⊗2(q1, q2)

Since the inner integral is∫
Rd

exp
(

− 1
2Σ(q1, q2)u · u

)
du ≤

∫
Rd

exp
(

− 1
2α

2(q1, q2)|u|2
)

du ≤ (2π)d/2

αd(q1, q2)

we conclude that
L2 ≤ (2π)d/2

∫
Q2

1
αd(q1, q2) dM⊗2(q1, q2),

so that L2 is finite if and only if (6.55) holds.

We apply the above result to the d-dimensional version of Example (6.22).
Example 6.29 (Sum of d-dimensional Gaussians with random signs). Let Q,M, and the Walsh
system WI as in Example (6.22): they form a complete orthonormal system for the “scalar” Hilbert
space H′ = L2(Q,M;R). We now select a family of independent Rd-Gaussian random variables
ξI ∼ N(0,ΣI) as in the previous discussion with

0 < α2
I ≤ ΣIv · v ≤ β2

I for every v ∈ Rd, B2 =
∑

I

β2
I < ∞. (6.64)

As in (6.53) we consider the random vector

ξ =
∑
I∈I

ξIWI with g = ξ♯P. (6.65)

We decompose the set I of finite parts of N+ in the disjoint union of In, n ∈ N, with

I0 = {∅}, In :=
{
I ∈ I : max I = n

}
, n > 0, (6.66)

i.e.
I1 =

{
{1}

}
, I2 =

{
{2}, {1, 2}

}
, I3 =

{
{3}, {2, 3}, {1, 3}, {1, 2, 3}

}
, · · ·

Notice that for every I ∈ In the corresponding Walsh function can be factorized as

WI = εnWI′ for some I ′ ⊂ {1, · · · , n− 1}. (6.67)

For each In, n ∈ N, we compute the contribution of α2
I to the total sum

A2
n :=

∑
I∈In

α2
I , so that A2 =

∞∑
n=0

A2
n =

∑
I

α2
I ≤ B2. (6.68)

The next result shows that G = ι♯g is super-G-regular if An does not decay too fast.

Theorem 6.30. If
∞∑

n=1

1
2nAd

n

< ∞ (6.69)

then G = ι♯g is super-G-regular.

Notice that in the simplest case when ΣI = λI Id×d and αI = βI = λI , asymptotic behaviours as
An ∼ n−θ with θ > 1/2 or An ∼ a−n with 1 < a < 21/d comply with (6.69) and the summability of
n 7→ A2

n (corresponding to ∑
I β

2
I < ∞).
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Proof. We are in the setting of Theorem (6.28), so it is sufficient to check that (6.55) holds, where
in our case

α2(q1, q2) =
∑
I∈I

α2
I

(
WI(q1) −WI(q2)

)2
=

∑
n∈N

∑
I∈In

α2
I

(
WI(q1) −WI(q2)

)2
(6.70)

For every pair (q1, q2) ∈ Q2 with q1 ̸= q2 let us denote by N(q1, q2) the first integer n ∈ N+ such
that εn(q1) ̸= εn(q2):

N(q1, q2) := min
{
n ∈ N+ : εn(q1) ̸= εn(q2)

}
. (6.71)

Since q1 ̸= q2 the set in (6.71) is not empty, so that N(q1, q2) is well defined. Since εk(q1) = εk(q2)
for every k < N(q1, q2) and therefore WI′(q1) = WI′(q2) for every I ′ ⊂ {1, · · · , N(q1, q2) − 1}.
Therefore the factorization (6.67) shows that

N = N(q1, q2), I ∈ IN ⇒ WI(q1) = εN (q1)WI′(q1) ̸= WI(q2) = εN (q2)WI′(q1) (6.72)

so that
α2(q1, q2) ≥

∑
I∈IN

α2
I

(
WI(q1) −WI(q2)

)2
= 4

∑
I∈IN

α2
I = 4A2

N (6.73)

so that ∫
Q2

1
αd

dM⊗2 ≤
∞∑

n=1

1
Ad

n

M⊗2
[
{(q1, q2) ∈ Q2 : N(q1, q2) = n}

]
. (6.74)

Recall now that εn are independent and M⊗2[εk(q1) ̸= εk(q2)] = M⊗2[εk(q1) = εk(q2)] = 1/2 for all
k ∈ N+. We thus obtain

M⊗2
[
{(q1, q2) ∈ Q2 : N(q1, q2) = n}

]
= 1

2n

and inserting this expression in (6.74) we eventually get∫
Q2

1
αd

dM⊗2 ≤
∞∑

n=1

1
2nAd

n

< +∞

thanks to (6.69).
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[Csö99] Marianna Csörnyei. “Aronszajn null and Gaussian null sets coincide”. In: Israel J. Math.
111 (1999), pp. 191–201. issn: 0021-2172,1565-8511. doi: 10.1007/BF02810684. url:
https://doi.org/10.1007/BF02810684.
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[RR90] L. Rüschendorf and S. T. Rachev. “A characterization of random variables with minimum
L2-distance”. In: J. Multivariate Anal. 32.1 (1990), pp. 48–54. issn: 0047-259X,1095-
7243. doi: 10.1016/0047-259X(90)90070-X. url: https://doi.org/10.1016/0047-
259X(90)90070-X.
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