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Abstract

We study the Optimal Transport problem for laws of random measures in the Kantorovich-
Wasserstein space P2 (P2 (H)), associated with a Hilbert space H (with finite or infinite dimension)
and for the corresponding quadratic cost induced by the squared Wasserstein metric in Po(H).

Despite the lack of smoothness of the cost, the fact that the space Po(H) is not Hilbertian,
and the curvature distortion induced by the underlying Wasserstein metric, we will show how to
recover at the level of random measures in P5(P3(H)) the same deep and powerful results linking
Euclidean Optimal Transport problems in P5(H) and convex analysis.

Our approach relies on the notion of totally convex functionals, on their total subdifferentials,
and their Lagrangian liftings in the space square integrable H-valued maps L?(Q, M;H).

With these tools, we identify a natural class of regular measures in P2 (P2(H)) for which the
Monge formulation of the OT problem has a unique solution and we will show that this class
includes relevant examples of measures with full support in P(H) arising from the push-forward
transformation of nondegenerate Gaussian measures in L?(Q, M; H).
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1 Introduction

One of the most elegant and fascinating aspects of Optimal Transport Theory [RR98; Vil09] for
the classical quadratic cost c(z,y) := 3|z — y|?> in R? is its link with convex analysis, which has
been thoroughly exploited by Knott-Smith, Rachev-Riischendorf, and Brenier [KS84; RR90; Bre91]
(see also [CM89)]). If u,v belong to the space Po(R?) of probability measures with finite quadratic
moment

w3 = [ Jaf? du(e) (1.1)

is in fact possible to prove that a coupling v € P(R? x R?) with marginals u,v (we say that
~ € T'(u,v)) is optimal for the L?-Kantorovich-Wasserstein metric

w3 (p, v) == min {/

i lz —y|?dy:vy€ F(,u,y)} = min {IEUX ~YP X~ Vo~ 1/} (1.2)

if and only if its support S := supp(y) C R? x R? is cyclically monotone, i.e.
N
Z(yn, Ty — To(n)) = 0 for every N € N, every choice of (zn,yn) € S
n=1

(1.3)

and every permutation o € Sy.

The dual formulation of (1.2) and the fact that every cyclically monotone subset of R x R? is
contained in the graph of the convex subdifferential dp of a convex and lower semicontinuous
function ¢ : R? — RU{oo} implies that we can find optimal conjugate Kantorovich potentials ¢, p*
such that for all optimal couplings 7, solving (1.2) the support of Yopt 18 contained in the graph
of 0¢ and

/RdXRd Y WY opt(7,9) = /Rd () dp(z) + /Rd ©*(y) dv(y). (1.4)

The simple but crucial link between the first integral in (1.4) and the Optimal Transport problem
(1.2) is guaranteed by the specific property of the Euclidean norm in R?, for which

w1, v) = m3(n) + miw) — 2 v, ] i= max [a-ydy, (L5)
YEL (,v)

so that the minimum problem (1.2) and the maximum problem (1.5) defining [u1, v] share the same
class of optimizers.

Since the subdifferential of a convex function ¢ is a singleton at every differentiability point of
@ and the set of non-Gateux-differentiability points of a convex Lipschitz function can be covered
by a countable union of d.c. hypersurfaces [Zaj79] (a result which holds even in infinite dimensional
Hilbert spaces), one can prove that when p € ’.Pg(Rd) does not give mass to d.c. hypersurfaces
(we say that pu € P5(R?) is regular) there exists a unique optimal coupling Yopt Which is moreover
concentrated on the graph of a Borel map f, thus satisfying fyu = v. The class of regular measures
Pr(R?) coincide with the class of atomless measures when d = 1 and contains all the measures
absolutely continuous with respect to the d-dimensional Lebesgue measure £¢ for every dimension
d.

This remarkable combination of analytic and geometric arguments yields the solution of the
Monge formulation of (1.2)-(1.5), i.e. the existence of an optimal transport map f such that

fr=v. W) = [ 1f@ =P au(a), ()= [ @) dut). (L6)
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The convex theory for random measures

Whenever (X,dx) is a (complete, separable) metric space, the construction of the L2-Kantorovich-
Wasserstein metric can be naturally extended to Py(X), the space of probability measures on X
with finite quadratic moment; the resulting (squared) metric

WS (1) = min { [

d%(z,y)dvy : v € T(, l/)} = min {E[d%(X, V) : X ~p YV~ 1/} (1.7)
XxX

inherits relevant geometric properties from the underlying space X and the problem still admits a
dual formulation involving Kantorovich potentials.

Since (P2 (R?), ws) is a complete and separable metric space, a nice example of applications of the
metric perspective is provided by the possibility to lift Optimal Transport problems at the level of the
laws of the so-called random measures, i.e. probability measures in the space P2 (R?) := Py(Po(R?))
endowed with the Kantorovich-Wasserstein metric Wy := Wa ,,,

W2(M,X) := min {/ w3, v) Al (u,v) 1T € T4, 0)} (1.8)
P (RY) P (R)
= min {E[wj(M,N)] : M ~ M, N~ N}, M,N € Po(RY). (1.9)

A similar class of problems, starting however from a smooth and compact Riemannian manifold
instead of R?, have recently been studied by [EP25]. Here we want to focus on the Euclidean
case (also including infinite dimensional separable Hilbert spaces), which shows distinguished and
remarkable features and has recently attracted a lot of attention in view of many interesting appli-
cations [BVK25; FHS23; Acc+25; PS25; CL24].

It is well known that in general metric spaces (X,dx) (as, in particular, (P2(R%),ws)) the
link between Optimal Transport problems and convex analysis is typically lost, mainly due to the
possible lack of a linear structure in X; even when X = R but the metric cost is induced by a
non-Hilbertian norm || - ||, convexity and Legendre duality of Kantorovich potentials do not hold,
since the optimality condition and the structure of optimal transport maps involve the nonlinear
differential associated with || - ||2.

Even if (P2(R%),ws) is a genuine metric space which is positively curved in the sense of Alexan-
drov [AGSO08], the aim of the present paper is to show that

a large part of the convexity landscape of the Euclidean case remarkably holds also for
the Optimal Transport problem (1.8) for laws of random measures in P2(RY), if we use
the appropriate notion of total displacement convexity in Po(R?),

i.e. convexity along interpolation curves induced by arbitrary couplings.
Such a nice and somehow unexpected result relies on two important properties. First of all, as
for (1.5), the lifted Wasserstein metric Wy given by (1.8) still satisfies a similar identity

W3 (M1, Mp) = M3(My) + M3 (M) — 2[My, Mo],

M2 (M :/ 2(w)dM My, M) = / II(My, M
5(M) may(p)dM(p), M1, M2] Heflzl(ﬁffm (1, pr2] AIT (M1, M2),

(1.10)

so that we can study the equivalent formulation in terms of the maximization of the function
(1, po) = [pa, pal.

Even if [-,-] is not bilinear, it exhibits many analogies with a scalar product, in particular along
displacement interpolation of measures, i.e. curves obtained by general couplings u € P(R? x R?)
via the dynamic push forward

pe = (mp 7B, m (e, me) = (1 —t)wy +twe, t€[0,1), p € T(uo, 1) (1.11)
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When p is an optimal coupling between pg and pq for the Wasserstein metric (1.2) the curve ¢ —
is in fact a minimal, constant speed geodesic in Po(R?) (which we call optimal displacement inter-
polation) and plays a crucial geometric role in the Optimal Transport setting, since the pioneering
paper of McCann [McC97]. In particular a function ¢ : P(R?) — R U {oc} is called geodesically
(or displacement) convex if for every g, i1 € Po(R?) there exists a geodesic (#4t)¢efo,1) connecting
o to pq such that ¢t — ¢(ue) is convex in [0, 1].

A more restricted class of functions are in fact convex along any displacement interpolation,
induced by arbitrary couplings p € I'(uo, 1) as in (1.11), thus satisfying

o((m72)pp) < (1 — 1)@ (o) + td (1)  for every o, 1 € Po(R?), p € T(uo, 1) (1.12)

Such a class of totally displacement convex functionals, thoroughly studied in [CSS23al, enjoys
better properties. Starting from the fact that (see also the inspiring notes by Brenier [Bre20])

i [p,v] s totally convex for every v € Po(R?), (1.13)

we can introduce the Kantorovich-Legendre-Fenchel transform

¢*(v) == sup [v,u] —@(p) (1.14)
peP2(R?)

and prove that proper, totally convex, and lower semicontinuous functions are characterized by the
identity ¢ = ¢** as for convex functions in Euclidean spaces (see Section 3.1).

The Rockafellar type transformation (1.14) is a typical technique in Optimal Transport (where
it is applied to the concave version of the potentials and it is called c-transform). What distin-
guishes the Euclidean and the current random-Euclidean setting is the possibility to characterize
c-transforms and self-biconjugate functions in a simple way using convexity.

This remarkable property allows us to retrace the same strategy as in the finite-dimensional
Euclidean theory and has relevant applications:

1. it provides an intrinsic characterization for the optimal Kantorovich potentials associated
with the Wasserstein metric (1.8) (Section 3.2): they coincide with the class of totally convex
functionals;

2. it allows for a deeper understanding of the Wasserstein (total) subdifferential of ¢ [AGSO0S;
(CSS23al, interpreted as a Multivalued Probability Vector Field (Section 4);

3. it clarifies the structure of optimal couplings and minimal geodesics (Sections 5.2, 5.3)

4. it suggests a general lifting strategy to the L2-space of Lagrangian maps, importing a Hilber-
tian perspective for regularity of laws of random measures (Section 6.2) which plays a crucial
role in proving uniqueness for solution to the Monge formulation.

Let us briefly summarize the main points: combining Kantorovich duality and total displacement
convexity, we will prove that for every M,N € B(R?) there exists a pair of conjugate totally convex
function ¢, ¢* : Po(R%) — R U {oo} such that

ot anGo + [ o) diw) = e, (1.15)

We will then show that there is a natural correspondence between optimal couplings I € I',(M, N)
minimizing (1.8) and random coupling laws P € 5 (R? x R?) which can be used to characterize Wo
as

W3(M,N) = min { //]Rded |z — y|? dy(z,y) dP(v) : (W;)ﬁP =M, (Wf)ﬁP = N}. (1.16)
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Random couplings are optimal if and only if their support is contained in the so-called total subd-
ifferential &;¢ of the optimal potential ¢ in (1.15), a closed subset of Po(R? x R?). Optimality can
also be characterized by total cyclical monotonicity and in particular implies that optimal random
couplings are concentrated on the subset 9’270(Rd x R%) of the usual optimal couplings in R? x R

As for the classic subdifferentials of convex functions, among all the elements of the total sub-
differential 0y¢ there is a minimal distinguished one (called the minimal section and denoted by
87 ¢) which can be represented by a nonlocal deterministic field £° : R? x Py(R9) — R9 :

vye () & v=(ix fL,pwip (1.17)

Total cyclical monotonicity can be more easily understood in the case of f°, where it reads as

Z/ x'm,UJn Tp — xa(n)>dl'l'(x17"' ,I'N) >0

for every p; € D(atgb)’ [YAS F(:U‘lnu% T 7:U'N)a oESN = Sym({L e aN})

(1.18)

As a byproduct, when 9¢¢[u] reduces to a singleton for M-a.e. u € Py(R?), the OT problem (1.8)
has a unique solution II, which is also concentrated on a Monge map .Z : Po(RY) — Py(R?),
= (Id x .#)sM. Moreover, .% can be expressed as a push-forward via f°:

F) = £, WE0LN) = [ w2 o) ) = [ ([ 1) = 2P dta) ) i),

(1.19)
It turns out that f° solves the strict Monge formulation of (1.8)

inf{/</|f(:p,u) —:U|2d,u(x)) dM(p) : £ RE x Py(RY) - RE, N = /5,0(.%” dM(u)}. (1.20)

Lagrangian parametrizations, Hilbertian liftings, and laws of Gaussian-generated ran-
dom measures

The above discussion raises the crucial question to find general condition on M ensuring that 8;¢ is
concentrated on a singleton M-a.e. A similar problem has also been considered in [EP25] by assuming
suitable regularity properties on the Dirichlet form associated with M in Py(M), in particular the
Rademacher property studied in [Del20].

Here we adopt a different perspective, inspired by the crucial fact that Optimal Kantorovich
potentials are totally convex on Po(R?), i.e. convex along arbitrary couplings as in (1.12). It is then
possible to apply a natural Lions-Lagrangian lifting technique that has been systematically studied
in [CSS23a] in the context of convex analysis and evolution problems (but see also the relevant
notions of L-convexity, L-monotonicity [Carl3; CD18], Fréchet differentiability [GT19], and the
discussion of [CSS23a, Remark 5.4]).

The main idea is to introduce a standard Borel space (Q,Fq) endowed with a nonatomic prob-
ability measure M which can represent every measure of y € Po(R?) as the law XM of a map
X in the Hilbert space 3 := L?(Q,M;R?). The law map ¢ = uy : X — XyM is a 1-Lipschitz
surjection from 3 to Po(R?) and total convexity of ¢ in P2 (RY) is equivalent to the usual convexity
of ¢ := ¢ o in the Hilbert space H. Such a correspondence also holds at the levels of the respective
subdifferentials, so that the measures p where 9;¢[u] reduces to a singleton correspond to maps
X € H where gZA) is Gateux-differentiable.

Since every measure M on P2(R?) can be obtained as the push-forward tym of a measure m on X,
it is tempting to lift the problem of M-a.e. differentiability in P2(R%) to the problem of m-a.e. differ-
entiability of é in H, for which many powerful result are known. In particular, d.c. hypersurfaces
in a Hilbert space are Gaussian null [Aro76; Phe78; Bog84; Cs699]), i.e. are negligible w.r.t. every
nondegenerate Gaussian measure.



We will systematically pursue this direction, showing that the strict Monge problem in B3(R%)
has a unique solution if M satisfies two conditions:

(R1) it is concentrated on the set of regular measures P5(R?), i.e. u € P(RY) for M-a.e. y;

(R2) M(B) = 0 on every Borel set B C P5(R?) such that :~!(B) is contained in a d.c. hypersurface
of the Hilbert space H = L*(Q,M;R%).

We call P5 (RY) the set of super-reqular measures satisfying the two conditions above; it is worth
noticing that the first condition has also been assumed by [EP25], whereas the second one is strongly
related to the lifting procedure. We will show that those conditions are nearly optimal if we look
for measures M for which the usual Monge formulation has at least one solution for every target
measure N. Both conditions are stable if we replace M by M < M.

A simple way to construct measures satisfying (R2) is to start from a regular measure m € P5(H)
and taking its push forward M = ym. We will focus on the relevant case of Laws of Gaussian-
Generated Random Measures (LGGRM), i.e. measures in B2 (R?) of the form G = t;g where g is a
non-degenerate Gaussian measure in 3 [Bog98]. They have full support in Po(R?%) and will satisfy
condition (R2). We will show that every LGGRM in dimension d = 1 is super-regular and we will
exhibit a large class of super-regular LGGRM in every dimension. As a byproduct, we obtain that
the class of super-regular measures is dense in T (R?).

We have developed our analysis in the case of the “Euclidean” 2-Wasserstein metric, since we
believe that its distinguished features deserve a separate analysis. Since (finite) dimension play
a role only in the final discussion of super-regular measures, we decided to develop our theory in
an arbitrary separable Hilbert space H, even if all the results are new also in finite dimension. In
addition, we think that many tools we have introduced in this paper may be useful to study the
more general case of the LP-Wasserstein metric induced by a smooth norm in R, We are also
confident that the class of LGGRM measures may reveal interesting features from the viewpoint of
the induced Dirichlet form in P2(R%) (see also [FSS23]), and we plan to address both questions in
a forthcoming paper.

Plan of the paper

After a quick recap of the main notions and notation in Section 2, we will deal with totally convex
function and their link with optimal Kantorovich potentials in Section 3. The related notions of
multivalued probability vector fields and total subdifferentials are developed in Section 4.

Section 5 is devoted to applications of these tools to the Optimal Transport problem in o (R%).
The (strict) Monge formulation, its solution for super-regular measures, and the discussion of the
relevant examples is presented in the last section 6.
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2 Notation and preliminary results

The following table contains the main notation that we shall use throughout the paper:



H separable Hilbert space;

Po(H) the space of probability measures on H with finite quadratic moment, 2.1;
PL(H) regular measures, Def. 2.3;

P2.o(H x H) the set of optimal couplings, 2.1;

wo the L2-Wasserstein metric on Po(H), 2.1;

[, ] the maximal correlation pairing, Definition 2.2;

[TR7E notation for typical measures in Po(H);

P2 (H) = Po(P2(H)) the space of probability measures on Po(H) with finite quadratic moment, 2.1;
Wy the L?-Wasserstein metric on (P(H),wa), 2.1;

MN,--- notation for typical laws of random measures in 5 (H);

fep push forward of a measure p via the map f, 2;

fesM = (f3)gM iterated push forward of a measure M via the map f defined in H;

t projection on the i-th coordinate in a product space, 2;

Sy =Sym({1,--- ,N}) the symmetric group of permutations of {1,--- ,N};

T(p,v), To(p,v) set of (resp. optimal) couplings with marginals p, v, 2;

Pdet (X1 x X2) set of deterministic couplings, concentrated on the graph of a Borel map, (2.4);

(Q,Fq, M), (2,F,P) standard Borel spaces endowed with nonatomic probability measures, 2.3;
H = L*(Q,Fq,M; H) the L? space of H valued maps, 2.3;

L the law-pushforward map «(X) := XyM from 3 to P(H), 2.3;

7 the identity vector field ¢(z) = « in H;

Id the identity map in a general set;

m, g typical probability measures in Po(H);

G(Q) the group of measure preserving isomorphisms of (Q, Fq, M), 2.3
b = ¢ o, the lifting of a function defined in Py(H) to I, 2.3;

* the Kantorovich-Legendre-Fenchel conjugate of a function ¢, Def. 3.6;
¢ g jug ; ;
F, F a typical MPVF in P, (H x H) and its lifting to 3 x 3, 4;

819,87 the total subdifferential of ¢ and its minimal section, Def. 4.4;

Vwo the nonlocal field associated to 85 ;

RI'(M,N) random couplings between two laws in 5 (H), 5.1;

I's°] cost in P2 (H) induced by the maximal correlation pairing [-, -], Def. 5.2;

7 (H) set of super-regular measures in 5 (H), Def. 6.6;

If X is a Polish topological space (i.e. it is separable and its topology is induced by a complete
metric) we denote by P(X) the space of Borel probability measures on X endowed with the weak
(Polish) topology in duality with continuous and bounded real functions. Given a Borel map
between Polish spaces f : X — Y and p € P(X) we denote by fyu the image measure po f —1 given
by fyu(B) := p(f~1(B)) for every Borel subset B of Y. In the case of a cartesian product of Polish
spaces X := I, X? we will denote by 7 : X — X the map 7(21,--- ,2n) := x;, and similarly
Tz, aN) = (@, 1)

A probability kernel is a Borel map « : X 3 « — k, € P(Y); if p € P(X) there exists a unique
Borel probability measure ;1 ® k = [y, y 0z ® Kz dp(z) € P(X x Y) which satisfies

| fawdueney) = [ ([ 1@y o) (2.1)

for every bounded (or nonnegative) real Borel function f defined in X x Y.

Elements of P(X x Y) are also called couplings or transport plans. The universal disintegration
Theorem [Kall7, Corollary 1.26] says that there exists a Borel map X : X x P(X xY) — P(Y) such
that k, := K(z,7) provides a disintegration of 4 with respect to its first marginal, i.e.

Y=puQRK, pi= 7rﬁl’y, Ky :=K(z,v) x€X, foreveryvye P(XxY). (2.2)
We will denote by PI°t(X x Y) the set of deterministic couplings:

PIUX < V) = {y € P(X x Y): 3f:X =Y Borel, such that v = (Id x flp, p=mjv}. (2.3)
7



Since disintegrations are uniquely defined almost everywhere with respect to the marginal, we also

have
v € PIYX xY) ifand only if K(-,7) € Ps(Y) m}v-ae.

where Ps(Y) := {5y Ly € Y}. (2.4)

It is possible to prove [LS25] that P4°*(X x Y) is a G5 (thus Borel) subset of P(X x Y).

Given p; € P(X?) we will denote by T'(uu1, -+ , ) the subset of P(X) whose elements p satisfy
W) = i i = 1o+ .

We will often use the following consequence of Von Neumann selection Theorem [Sch73, Theorem
13, pag. 127]:

Theorem 2.1. Let X, Y be Polish spaces, v € P(Y) concentrated on the Borel set B C Y and let
f:X =Y be a Borel map. If f(X) D B then there exists a measure p € P(X) such that

p is concentrated on f~1(B), fopn = . (2.5)

2.1 The L?>-Wasserstein space

Let (X, dx) be a complete and separable metric space and let x, a point of X. We denote by P2(X)
the space of Borel probability measures on X with finite quadratic moment

/ d% (x, z,) du(x) < oco. (2.6)
X

It is easy to check that the definition is independent of the choice of the reference point z,. The
space P2(X) can be endowed with the L?-Kantorovich-Wasserstein metric Wy 4,

W3 g, (11, p12) := min { /di(fﬁoaiﬂl) dp(zo, 1) 1 p € T(m,m)}; (2.7)

we will denote by I',(p1, p2) the (compact, non-empty) subset of I'(u1, u2) where the minimum
is attained. We will also denote by P2 ,(X x X) the set of couplings pp € Po(X x X) such that
p € To(mip, mim).

(P2(X), W3 4, ) is a complete and separable metric space as well [AGS08, Chap. 7|. In this paper
we will mainly consider three important cases, when X = H is a Hilbert space, when X = L?(Q, M; H)
is the space of H-valued (Bochner) square-integrable Lagrangian maps defined in some probability
space (Q,M), and when X = Po(H) is the Wasserstein space itself.

The Hilbertian case P3(H) and the maximal correlation pairing. In this paper we will
denote by H a separable Hilbert space with scalar product (-,-), norm | - |, and induced metric dy.
The finite dimensional case H = R? provides an important example covered by the theory.

The previous construction applied to (H,dy) yields the space P2(H); the quadratic moment of
JIRS ) (H) is

m3(p) 1= /H 22 du(z) = /Hd%{(a:, 0)du(x), corresponding to the choice of z, := 0. (2.8)

To simplify notation, we will simply denote the Wasserstein metric W g4, by wo:

W3 (ju1, pi2) := min {/

Hx

w0 =P dpa(o, ) s p € T a2) . (2.9)

The Euclidean structure of dy allows for a useful decomposition of ws.

Definition 2.2 (The maximal correlation pairing). For every ui, uo € Po(H) we set

[11, po] := max { /H><H (xg,x1)dp : p € F(ul,ug)}. (2.10)

8



It is clear that [-,-] is finite in Po(H) and satisfies

‘[Ml,m]‘ < ma(p1) ma(pe), (2.11)
w3 (1, pi2) = m3(p1) + m3(ug) — 2[p1, o] for every p, pg € Po(H). (2.12)

In particular, a coupling p belongs to I'y(p1, po) if and only if it attains the maximum in (2.10).

The space Py(H) = Po(P2(H)) Since (P2(H),wsa) is a complete and separable metric space,
we can iterate the Wasserstein construction and consider the space P2(P2(H)), which we will also
denote by P3(H); its elements (also called laws of random measures) will be denoted by capital
letters M, N, - - - .

Using 8y € P2(H) as a reference measure and observing that w3(u,dy) = m3(u), the quadratic
moment in Py (H) is

M3 = [ iy ™0 000 = / " [l dnan) (2.13)

The corresponding Wasserstein metric Wy, will be denoted by Wa:

W%(MO,Ml) 1= min {/ W%(Ml; /,LQ) dH(/,Ll,,ug) IS F(Mo,Ml)}. (214)

P (H) x P2 (H)

2.2 Regularity of measures and Monge formulation in Py(H)

A particularly relevant case when the optimal coupling p solving (2.9) or (2.10) is unique and
deterministic according to (2.3), is related to the regularity of (at least one of) the marginals ;.
The most refined description of such a regularity is characterized by the vanishing of the marginal
w; on all the so-called d.c. (or d-convex or cc) hypersurfaces, i.e. graphs of difference of convex
Lipschitz functions in a suitable coordinate system. More precisely, we recall that a subset S C H
is a d.c. hypersurface if we can find a decomposition of H in a orthogonal sum H = E @& vR, where
v € H and E is the hyperplane of H orthogonal to v, and two Lipschitz convex functions f,g : E — R
such that

S = {3:+(f(a:)—g(:v))v:a:€E}. (2.15)

When H = R, d.c. hypersurfaces just reduce to a point. We say that

B C H is o-d.c. hypersurface if it can be covered by a countable union of d.c. hypersurfaces.

(2.16)
A larger class of negligible subsets is provided by the so-called Gaussian-null sets introduced by
Phelps in [Phe78]: a Borel subset B of H is Gaussian-null, if g(B) = 0 for every non-degenerate
Gaussian measure g € P(H) (see Section 2.4 below). Thanks to [Cs699] the class of Gaussian
null Borel sets coincides with the o-ideals of cube null Borel sets and of Aronsajn null Borel sets
[Aro76] (see also [Bog84] and the other comparisons and extensions discussed in [Bogl8]). Since
every d.c. hypersurface is Aronsajn null, it is immediate to check that o-d.c. hypersurfaces sets are
Gaussian-null.

Definition 2.3 (Atomless, regular , and G-regular measures). We denote by P4 (H) the collection
of atomless probability measures in Po(H), thus satisfying u({x}) =0 for every x € H.

We denote by P5(H) the class of regular probability measures that vanish on all d.c. hypersurfaces
(and therefore on all o-d.c. hypersurfaces).

We denote by P§ (H) the class of G-regular probability measures, that vanish on all Gaussian null
Borel subsets of H.



Remark 2.4. It is clear that Py (H) C PE(H). It is useful to recall other important relations and
some particular cases covered by the above definitions.

1. When H = R 1is one-dimensional, the class of atomless and regular measures coincide, i.e.
P3(R) = DY (R).
2. When H has finite dimension d, u € P45 (H) if and only if it is absolutely continuous with

respect to the d-dimensional Lebesgue measure.

3. Since d.c. hypersurfaces are Gaussian null, it is immediate to check that the class of G-reqular
measures P§ (H) is included in P5(H). Therefore we have

P(H) € Py(H) C P(H),  PH(R) = PE(R). (2.17)

The crucial property of regular measures p € P5(H) is that every convex and Lipschitz function
¢ : H = R is Gateaux-differentiable p-almost everywhere. This follows by a nice result of Zajicek
[Zaj79] (see also [BLOO, Theorem 4.20]) showing that the set of points where ¢ : H — R is not
Gateaux-differentiable is contained in an o-d.c. hypersurface according to (2.16).

Using this property and the structure of optimal couplings, it is possible to prove the celebrated
Brénier Theorem.

Theorem 2.5. If g € PH(H), uo € Po(H) then Ty(p1, po) contains a unique element ~ which is
deterministic, i.e. concentrated on the graph of a Borel map f € L?(H, uy; H) with fepn = po.

We will also be interested to measurability properties of the above sets. We collect them in the
following statement, in the case when H has finite dimension.

Proposition 2.6 (Measurability of P5(H) and P4 (H)). Let us assume that H has finite dimension
d.

1. P5(H) is a Gs (thus Borel) subset of Po(H).
2. P§"(H) is a Borel subset of P(H).

Proof. Claim 1 (d =1, H=R). It is sufficient to note that p € P5(R) if and only if p x u(D) =0,
where D := {(z,7) : z € R} is the (closed) diagonal of R2. Since the map u + u x p(D) is upper
semicontinuous, we have P4(R) = Nyen, {1 € P2(R) : p x (D) > 1/k}.

Claim 1 (H = R?% d > 1). Let B be the collection of all the compact boxes B = IT¢_}[ay, by] € R?~!
with rational endpoints a; < by, let R a dense countable set of rotations R of R%. For every L € N
and B € B we consider the set

C(B,L):={f:B —R: f convex, L-Lipschitz, sup |f| < L}.
B

C(B, L) is a compact set of the Polish space C(B). For every g,h € C(B, L) and R € R we consider
the compact graph

Sp,r(g,h) = {R(y,g(y) —h(y)) 1y € B} C R4

Since every d.c.-hypersurface can be covered by a countable collections of sets of the form Sg (g, h)
for g, h in some C(B, L), we have

PHRY) = {G(B,R, L):BeB, ReR Le N+},
G(B,R,L) := {M € Po(RY) : (S r(g,h)) = 0 for every g, h € C(B,L)}.

It is then sufficient to show that each set G(B, R, L) is a Gj.
10



It is not difficult to check that the map (u, g, h) — p(Sp,r(g, h)) is jointly upper semicontinuous
in Py(R?) x (C(B,L))? (uniform convergence in (C(B, L))? implies Hausdorff convergence of the
compact graphs Sg g(:,-)) so that the function

p=>U(p) == sup  u(Spr(g,h)
9,heC(B,L)

is upper semicontinuous as well, thanks to the compactness of C(B, L). On the other hand
G(B,R,L)= (] {nePa(RY): U(p) < 1/k}
keN4

so it is the intersection of a countable collection of open sets.
Claim 2. Let g denote the standard Gaussian measure in R? and let C' be the F,, (thus Borel) set

C={rel'®.g: 20 [f@dg@)=1. [jfs@dgl) <o)

of the Polish space L'(R%; g4). The map J : C — Po(R?) defined by J : f ~ fg, is continuous and
injective so that its image J(C) = P5(R?) is a Borel subset of Po(R?) by Lusin Theorem. O

2.3 Lagrangian representations.

Let us consider a standard Borel space (Q, Fq) endowed with a reference nonatomic Borel probability
measure M. We denote by 3 the Hilbert space L?(Q, Fq,M; H) endowed with the scalar product
and norm

(XY o= [ (X0, Y (@) dM(@), X[ i= (X, X (218)

A map g : Q — Q is a measure preserving isomorphism (m.p.i.) if it is Fq — Fg-measurable,
there exists a set of full measure Qg C Q such that g| Q0 is injective and gygM = M. We denote by

G(Q) the group of measure-preserving isomorphisms. A m.p.i. g € G(Q) induces a linear isometry
g* : H — H of H by the map
gX:=Xog. (2.19)

There is a natural 1-Lipschitz surjective map ¢ : H — Po(H) given by
U(X) = XyM for every X € K, (2.20)
and satisfying
ma(¢(X)) = I Xlsc,  wa(e(X1),o(X2)) < | X1 — Xoflse, (X1, Xo)ge < [u(X1),o(X2)]. (2:21)

Notice that
geGQ), Y=Xog = Y)=uX), (2.22)

ie. Log® = for every g € G(Q). The next Lemma shows that we can considerably refine the
previous inequalities. We refer to [CSS25, Sect. 3] for the proof.

Lemma 2.7. For every k € N the map % : H* — Po(HF) defined by
HF(X, Xoy o, X) = (X, Xo, -, Xp )M (2.23)

is surjective. In particular, for every v € Py o(H x H) there exists a pair (Xy.1, X,2) € H x H such
that 12(Xy1, Xq,2) = and for every (X1, X2) € H x H we have

L2(X1,X2) € T270(H X H) = ||X1 — Xg”g.( = WQ(L(Xl),L(XQ)) -~ <X1,X2>g{ = [L(Xl), L(XQ)].
(2.24)

11



Moreover, for every ui, us € Po(H) and X1, Xo € H with «(X;) = p; we have

1, p2] = sup (X1,g°Xa), wi(ui,p2) = inf [|X1 —g" Xo5. (2.25)
g€G(Q) geG(Q)
Finally, if p1 = pa (i.e. 1«(X1) = 1«(X2)) then there exists a sequence g, € G(Q) such that g} X1 — Xo
strongly in H.

Every function ¢ : Po(H) — R U {oo} induces a function ¢ := ¢ o1 on H which satisfies the
obvious law-invariance property

UX)=uY) = H(X)=a(Y), (2.26)

and, in particular, is invariant by the action of measure-preserving isomorphisms:

S A~

o(g"X) = o(X) forevery g € G(Q). (2.27)
Lemma 2.8. Let ¢ : Po(H) = RU {o0} and let ¢ := po1: H — RU{co}. We have
1. ¢ is proper if and only z'fd; s proper.
2. ¢ is l.s.c. if and only zf& is l.s.c.
3. ¢ is continuous if and only ingA) s continuous.
4. @ is L-Lipschitz if and only zfqg is L-Lipschitz.

Moreover, suppose that ® : H — R U {oo} is proper, l.s.c. and invariant by measure preserving
isomorphisms, i.e. ® o g* = ®. Then ® is law-invariant and ® = ¢ o v for a (unique) proper,
Ls.c. function ¢ : Po(H) — R U {oo}.

Proof. The first claim and all the left-to-right implications of Claims 2,3,4 are trivial, thanks to
(2.21). We thus consider only the right-to-left implications.

Concerning Claim 2, let us suppose that (;AS is lower semicontinuous and let (fy,)nen converging
to u in Po(H) with ¢(un) < ¢. By (2.25) there exists a sequence X,, converging to X in H such
that g, = ¢(X,) and pu = ¢(X). Since ¢ is lower semicontinuous we deduce that ¢(u) = ¢(X) < ¢
as well.

Claim 3 immediately follows by Claim 2 applied to ¢ and —¢. Claim 4 follows from (2.24).

Let now ® be as in the last statement of the Lemma and let X; € H with «(X;) = «(X2). By
Lemma 2.7 we can find a sequence g, € G(Q) such that g} X; — X3 as n — oo so that

Inverting the role of X7 and X we deduce that ®(X;) = ®(Xs). O

2.4 Lagrangian representation of the laws of random measures of P,(H)

The 1-Lipschitz and surjective law map ¢ : H — P9 (H) provides a natural way to construct measures
in P2 (H) (the space of laws of random measures in Po(H)) starting from measures in Po(H) (the
space of laws of random Lagrangian maps in H). In fact, the corresponding push-forward transform
u4 is a surjective map from Po(FH) to P2 (H) so that

for every m € Py(H) the push-forward M = (ym belongs to Bo(H). (2.28)

In this way, we will use (maps from) (Q, M) as a sort of “labelling” space for measures in H and not
as a source of randomness. The latter can be introduced by using a further measure m, not in Q
but in the Hilbert space L?(Q,M;H); in turn m can be represented as the law of a random vector &

12



defined in another (standard Borel) probability space (2, F,P). Thus in many situations it will be
useful to deal with the pair of spaces (Q, Fq, M) and (€2, F,P). Such a construction has been used,
with different aims, in various contexts, see e.g. [KR24], [RS09; Stull].

Let us briefly describe this simple construction: we can assume that

the measure m € Py(H) is the law of a H-valued random vector £ defined in (Q,F,P) : (2.29)
m=§&P and M= (10§);Pis the law of the random measure . = &[-];M '

We first represent m as the distribution of a ' ® Fg-measurable stochastic process.

Lemma 2.9. If £ : Q — JH is a Borel vector field satisfying (2.29) then there exists a T @ Fq-
measurable stochastic process Z : 2 x Q — H such that

forP-a.e. we Q Ew, ) =€&w] M-a.e. in Q. (2.30)

Proof. We select an orthonormal basis (hy)ren of H and set & := (€, hg). & is a Borel map from (2
to L?(Q,M) satisfying

3 [l ) = [ el dP(e) = [ IX[5 dm(x) < (231)

We can then set vy (w = [&[w]xp dM for every w €  and B € Fq obtaining a family of signed
measures vg(w, ) on &"Q dependlng on w in a F-measurable way, with

vkl (w, B) < [I&k[w]ll 22 (@) M(B)

By the Doob’s measurable Radon-Nykodim theorem [DM82, Thm. 58] (see also [Bog07, Ex. 6.10.72])
we can find a F x Fg-measurable density f : Q@ x Q — R such that v4(w,-) = fr(w, )M so that

Gl = felw,) Meae.and [ f2(w,q) AM(@) = |63 qpey for P-ae. w € 0.
Setting

)= En: Jr(w, @)hg
P

and using (2.31) it is not difficult to check that Z,, converges pointwise P x M-a.e. to an element
Z € L*(Q x Q,P x M; H) which satisfies (2.30). O

We can use = to respresent M and its k-projections: for every w € € the measure p, = t(€(w)) €
P(H) satisfies

[ @) = [ (@0 M (2:32)
and we can recover M as the law with respect to P of the random measure u,,:

M— / 5, dP(w / Oz ey AP(w). (2.33)
By using = we can easily express k-projections of M. For every k € N and M € B,(H) let us define
prt) = [ () € Pa(1), (2.34)

which satisfies
/Hk Cdpr*M = / (/Hk {d,u®k> dM(p) for every bounded Borel ¢ : H* — R. (2.35)

We then have
[cavtti= [ ([ cEe.a), - 2w 00) M o a0) dB), (230

i.e.
prf M) = ZEP @ M) where ZF(w,qr,-a) == (Ew,ar), - E(w, ). (2.37)
13



Ezample 2.10 (Laws of Gaussian generated random measures (LGRRM)). Let us focus on the
particular case of a nondegenerate centered Gaussian measure g ~ N (0, K) in H with covariance
operator K. By Karhunen-Loéve expansion, we can find

1. an orthonormal basis (Ey)nen, of H, given by the eigenvectors of K;

2. the corresponding sequence of nonnegative eigenvalues of K (A2),cn . with KE, = M2E,, and
A=, <o0

3. a sequence of independent Gaussian random variables (£, )nen, defined in Q with &, ~
N(0,A7)

such that
g=§&P, &:=) &En. (2.38)

Since =, (w, q) := & (w)En(q) is an orthogonal system in L2(Q x Q,P ® M) the series

Ew,q) ==Y En(w,q) =D &w)En(a), [Znllr2(axqrem = An (2.39)

converges in L?(2 x Q,P® M) and provides a measurable version satisfying (2.30).

Ezample 2.11. We can also proceed in a slightly different way: assuming that Q is a compact
metrizable space, we can start from a H-valued measurable process Z;, = Z(-,¢) indexed by ¢ € Q
with continuous paths, i.e. ¢ — Z(w, q) € C°(Q) for P-a.e. w. In this way the map £ : w — Z(w, -)
can be considered as a measurable map from € to the Banach space B := C°(Q; H); assuming that
€ € L?(Q,P; B), the distribution of the process m = &P is a Radon measure in Po(B). Any choice of
diffuse measure M € P(Q) induces a push-forward map uv(X) := X3M and a measure M = (u)ym
as in (2.33). If in particular E is a Gaussian process, then m is a Gaussian measure in B and thus
also in H.

3 Totally convex functionals

We first recall the definition of totally convex functionals on Po(H) [CSS23a, Sec. 5]

Definition 3.1 (Totally convex functionals). A functional ¢ : Po(H) — R U {oo} is totally convex
if for every coupling p € Po(H x H) and t € [0, 1]

O(pe) < (1= )(po) + d(m) t€[0,1],  pe=(m ), m *(21,22) == (1 — t)ar +taa. (3.1)

Equivalently, the lifted functional b= ¢ ot is conver in H.
We say that ¢ is totally \-convez if ¢ — %m% is totally convex (equivalently ¢ is A-convex in H).

Notice that the lifting ¢ — qg inherits also properness and lower semicontinuity. Conversely, if
¢ : H — RU{oo} is convex, lower semicontinuous and invariant by m.p.i. then there exists a unique
totally convex functional ¢ such that ® = ¢3 =g¢o.L.

If we restrict the convexity inequality (3.1) to displacement interpolation induced by optimal
couplings p, we obtain a larger class of functionals, which are called geodesically (or displacement)
convex, according to [McC97]. However if dim(H) > 2, every continuous geodesically convex func-
tionals ¢ is also totally convex [CSS23a, Thm. 5.5]. We quote here a few important examples:

Ezample 3.2 (Potential energy). If f: H — RU {oco} is A-convex (proper, l.s.c.), then
Visnes [ @) duta)

is totally A-convex (proper, ls.c.) in Po(H). In particular, m (corresponding to f(z) = |z|?) is
totally 1-convex.
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Ezample 3.3 (Multiple interaction energy). If g : H* — R U {co} is proper, convex, ls.c., and
invariant respect to arbitrary permutations of its entries, then

Wg : MH/Q(iUlaiUZ,"‘ 71"]€)du®k(1"17"' 7'1"16)

is totally convex (proper and l.s.c.) in Py(H).

Ezample 3.4. For every v € Po(H) we define the maximal pairing functional k,, : Po(H) — R defined
by
ky(u) := [u,v] for every p € Po(H). (3.2)

Proposition 3.5. For every v € Po(H) the function k, is mo(v)-Lipschitz in Po(H) and totally
convex.

Proof. We give two proofs. The first one is direct: let us fix v, p1, p2 € Po(H) and let u'? € T'(u1, po).
Let us set
o HxH = H, w7%(xy,20) == (1 — t)ay +tao, te[0,1], (3.3)

1

and pf~? := (7} 7?)4pu. We have to prove that

o (1) < (1= )k (1) + thy (12) for every ¢ € [0,1] (3.4
We select i, € T'y(put, v) and we apply [AGS08, Prop. 7.3.1] to find p € I'(puy, p2, v) C Po(HxH x H)
such that 7rﬂ12u = p'? and (772, 73)spu = p,. It follows that
(it ) = [ @2 duy(a,2) = [ (2 o1, 02),20) dpao, a,20)
= / (1 =t)z1 + twg, x3) dpu(z1, 72, 73)
= (1=0) [ (@r2) dular 2 s) + [ (@2,23) dular, 2z, o)
< (1 = t)kp(p1) + thy(p2).

The second argument uses the representation result (2.25); we fix Y € H such that «(Y) = v and
observe that

k(X) = ky (1(X)) = sup { (X, Y og) : g € G(Q)}, (3.5)
so that k, is the supremum of a family of L-Lipschitz (with L = ||[Y|ls = ma(v)) and linear
functionals: therefore, it is convex and L-Lipschitz as well. ]
3.1 A Kantorovich version of the Legendre-Fenchel transform in P5(H).

Recall that the Legendre-Fenchel transform of a function ® : H — R U {oo} is defined as

D*(Y) = sup (Y, X )gp — B(X). (3.6)

Inspired by this formula we define a corresponding transformation for functionals on Po(H).

Definition 3.6 (Kantorovich-Legendre-Fenchel transformation in Py (H)). Let ¢ : Po(H) — (—o0, +00]
be a proper function. We call Kantorovich-Legendre-Fenchel conjugate of ¢ the function ¢* :
Po(H) — (—o00, +00] defined by

6*(v) = sup [y — o). (3.7)



It is clear that ¢* is totally convex and lower semicontinuous, as the supremum of totally convex
and continuous functions. It is also proper (i.e. not identically = co) if ¢ satisfies the lower bound

o(p) > —a+ [p,v] for every u € Po(H) (3.8)

for some a € R and v € Po(H).
Every geodesically convex function ¢ : Po(H) — RU{oc} is linearly bounded from below [MS20],
in the sense that there exist constants a,b > 0 such that

¢() = —a —bma(p) (3.9)
When ¢ is totally convex, we immediately get a refined lower bound.

Lemma 3.7. If ¢ : Po(H) - RU {00} is totally conver and lower semicontinuous then there exist
a € R and v € Po(H) such that (3.8) holds. In particular ¢*(v) < a so that ¢* is proper.

Proof. 1t is sufficient to observe that qg := ¢ o is convex and lower semicontinuous in H so that
there exist a > 0 and Y € H such that

A

$(X)>—a—(X,Y) forevery X € H.

Setting v := 1(Y) € Po(H) and using the fact that ¢ is invariant w.r.t. measure-preserving isomor-
phisms, we get for every pu = ¢(X) € Po(H) and g € G(H)

$(n) =d(X)=d(Xog ) > —a+(Xog™Y)=—a+(X,Yog).
Taking the supremum w.r.t. g € G(H) and recalling (2.21) and (2.25) we get

¢(u) = —a+ sup (X,Yog)=—a+[vul
g€G(H)

O]

We collect a few simple but relevant properties of the Kantorovich-Legendre-Fenchel transform
in the following Theorem.

Theorem 3.8. Let ¢ : Po(H) — RU {oo} be a proper function satisfying (3.8) for some a € R and
S ?Q(H)

1. The function ¢* is proper, totally convexr and lower semicontinuous.
2. ¢* satisfies the commutation property
(@) or=(dou)* (3.10)
and it is the unique function satisfying (3.10).

3. The function ¢** = (¢*)* is the largest totally convex and lower semicontinuous function
dominated by ¢.

Proof. Claim 1 is a direct consequence of Lemma 3.7 (for properness) and Proposition 3.5 (for
convexity and lower semicontinuity).
In order to check (3.10) of Claim 2, we consider Y € H and v = «(Y); (2.25) yields

¢*(v) = sup [v,p] = () = sup [v,u(X)] = o((X)) = sup sup (¥, X o0g)— (X))

HEH (H) XeHo(H) g€G(Q) X o (H)
= sup sup (Y, Xog)—¢((Xog)= sup (V,X')—¢(X)=(dor)"(Y).
g€G(Q) XeHa(H) X'eHo(H)

The uniqueness follows by the law invariance of (¢ o¢)*. Claim 3 is then an obvious consequence of
Claim 2 and the corresponding property for the Legendre-Fenchel transformation in J. O

16



We can easily derive natural properties from the Hilbertian theory.

Corollary 3.9 (Kantorovich-Fenchel inequality). For every v € I'(u,v) we have

[, @) dvi@y) < ] < 600 + 6 () (311)
¢*(v) = sup{ /H (@) dy(@,y) — é(rly) 1y € Po(H x H), miy = v}, (3.12)

Moreover
o(p) + ¢*(v) = [p, V],

v € To(p,v). (313)

| @ arey = o+ w) < {
Corollary 3.10. Let ¢ : Po(H) — R U {oo} be a proper function. The following properties are
equivalent:
1. ¢ is totally convex and lower semicontinuous;
2. ¢ o is convex and lower semicontinuous tn IH;
3. ¢ = ¢,

4. ¢ s |-, -]-convex, i.e. there exists a set G C Po(H) x R such that

o) = sup [mr] —a. (3.14)
(v,0)eG

Proof. The implication 1<2 is a consequence of the definition of total convexity and Lemma 2.8.
13 is a consequence of Claim 3 of Theorem 3.8. 3=-4 is also immediate by the definition of

(¢*)*; the converse implication is a consequence of the fact that the map p +— [u, V] is totally convex

and continuous. ]

Thanks to the commutation identity (3.10), it is possible to derive interesting calculus rules
for ¢* from the corresponding formulae for (ﬁ* We present two simple examples that will turn
to be useful in the following. Let us first introduce the dilation maps and the Moreau-Yosida
regularizations of ¢.

Definition 3.11. For every a > 0 we set 0, : Po(H) — Po(H)
0alu] = (ad)sp, Va[u)(B) = p(a™'B)  for every Borel set B C H. (3.15)

For every 7 > 0 and every proper l.s.c. and totally convex function ¢ : Po(H) — R U {oo} the
7-Moreau-Yosida regularization of ¢ is defined by

1
Or(w) := min 5 W3 (V) + 6(v). (3.16)

Dilations are clearly related to scalar multiplication of Lagrangian maps via the formula
p=uX) = u=1taX). (3.17)

The Yosida regularization (3.16) plays a crucial role in evolution problems via the JKO-Minimizing
Movement scheme [JKO98; AGS08]. Existence of a minimizer of (3.16) for an arbitrary geodesically
convex functional follows by the results of [NS21]; in the present case, we can invoke the following
important commutation property

6r = b7 (3.18)
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where ¢, is the Yosida regularization of ¢ in H defined by

A 1 A
3+(X) = min 51X = Y[+ 6(V), (319

which also shows that ¢, is totally convex as well. In order to check (3.18) we first oberve that
(2.21) yields

N:L(X) = QAST(X) Z¢T(M);

the converse inequality follows by the law invariance of ¢ and (2.25).

Corollary 3.12. Let ¢ : Po(H) — RU{oo} be a proper l.s.c. and totally convex function. For every
a,b >0 we have
(a¢)* = aqb* 00,-1, (320)

b *
((I¢ + §m%) = a(¢*)b/a 0041 (321)

Proof. (3.20) follows from the corresponding identity for b:

A~

(ad)*(X) = ad*(a™' X).
(3.21) follows by the fact that
a0+ 2m3)" =ad+ 2113
22 2!

and by the corresponding formula for the Legendre transform of a quadratic perturbation of QAS in
H (which is a particular case of infimal convolution):

(ad+ 571 1) = ald"uyul- /o) (322)

O]

3.2 c-concave functions and their c-super differentials

As in the case of functions defined in a Hilbert space, we can connect the notion of totally convex
functionals and Kantorovich-Legendre-Fenchel transform in Py(H) with the corresponding notion
of c-concavity and c-transform for the cost ¢ := Sw3.

Let us first recall the main definition for a continuous and symmetric cost function c : Po(H) X
P>(H) — R: in our case we will mainly use the choice ¢ := fw3.
Definition 3.13 (Concave c-transform, c-concavity and c-superdifferential). Let f : Po(H) —

R U {—o0} be a proper function. Its concave c-transform f€: Py(H) — R U {—o0} is defined by

P =t ) = (). (3.23)
f is c-concave if
JACP,H)xR: f(p)= ( ir;féAc(u, v) —a. (3.24)

If u,v € Po(H) with f(u) € R, we say that v belongs to the c-superdifferential of f at u, denoted by
oL f(m), if
P = F() < () — () for every ' € P(H). (3.25)

We collect a series of well known properties of the above notion.

Theorem 3.14. Let f : Po(H) - RU{—00} be a proper function.
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1. f is c-concave iff f = g for some function g : Po(H) = RU {—oc},
2. f is c-concave if and only if f = f< = (f)°.

3. for every p,v € Po(H), f(u) + f(v) < c(u,v)

4. v e 8t f(u) if and only if f(p) + f<(v) = c(p,v).

We could introduce the analogous concepts of c-convexity, c-convex transform and c-subdifferential:
since in this context we will only use the pseudo-scalar cost [-, -], [-, -]-convexity is equivalent to to-
tal convexity by Corollary (3.10), so that we will keep the notation ¢* of Definition 3.6 for the
[-, ]-conjugate. We will just introduce the notion of [-,-]-subdifferential: for every u € Py(H) with
o(p) € R, we also set

0 o(n) = {v € Pa(H) : (') — b(u) = [iv) — [u.] for every ) € Po(H)}. (3.26)

As for property 4 of Theorem 3.14 above, we easily get
vedon) o [nv]= o)+ 6 W) (3.27)
As in the case of the L2-Wasserstein metric in H, we have the following simple but crucial properties.

Corollary 3.15. Let us consider the cost function c := %w%, let ¢, : Po(H) - RU{o0} and U, V
be defined as

1 1
U= 5mg — ¢, V= 5mg — 1. (3.28)
The following hold true:
1.
v=¢* & V=U" (3.29)

2. ¢ is totally convex and lower semicontinuous if and only if U is c-concave (and thus upper
semicontinuous).

3. For every p,v € Po(H) with ¢(u) € R (and thus U(n) € R as well)

ved olu) & vedU(w). (3.30)

Proof. We repeatedly use the identity in (2.12).
Claim 1. For every v € Py(H) (3.28) yields

. 1 . 1
W) = it swhur) =W = inf S v) = (m3() - 6(k)

— nt om0~ (vl 60 = gm3w) + nt (= [u] + o)

nePo(H) 2 neP2(H)
1o
= sm3(v) = sup ([n.v] - o(n))
pEP2(H)
1
— Sm3(v) — ¢ (V).

The second claim immediately follows by the first one, Claim 3 of Corollary 3.10 and Claim 2 of
Theorem 3.14.
Claim 3 then follows by (3.27) and Claim 4 of Theorem 3.14. O

In the next section we will discuss a more refined representation of 0~ ¢, where we replace
TQ(H) X ?Q(H) by TQ(H X H)
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4 Multivalued probability fields

We recall the notion of multivalued probability vector field (MPVF) F, introduced in a different
context by [Pic19] and in full generality by [CSS23b]: they are a natural extension of the usual
notion of vector field for studying the evolution of probability measures.

The simplest way to define a MPVF F is just to consider it as a nonempty subset of Po(H x H).

We set D(F) := {7‘(‘111")/ Dy E F} and for every yu € D(F) we consider the sections F[u] := {‘y :
W;")’ = ,u}. Sections define a multivaled map F[] : Po(H) — 272(HxH) with the property

YyEeF = my=p

When F[-] is single valued we say that F is a probability vector field (PVF). A particular case, that
play a crucial role, is given by deterministic PVFs: they are characterized by the property

F C P3°'(H?) so that F[u] = (i x f)zu  for a (unique) H-valued map f € L*(H,; H), (4.1)

where we adopted the obvious notation P3¢t (H?) := Po(H?) NPt (H2). If F is a deterministic PVF,
for every € D(F) we can thus define a nonlocal vectorfield

Fflu) = f(-,p) € L*(H, u; H)  such that (4.1) holds; (4.2)
notice that
miF(u] = flplsu. (4.3)
Every MPVF F admits a Lagrangian representation (or lifting) F C H x H defined by
(X,Y)eF & A(X,Y)=(X,Y);McF. (4.4)
It is immediate to check that F is law invariant
(X,Y)eF, 2X Y)=2X,Y) = X, ,Y)eF (4.5)
and thus invariant with respect to the action of measure-preserving isomorphisms:
(X,Y)eF = (g'X,g'Y)eF forevery ge G(Q). (4.6)

Conversely, if a subset B C H x X is invariant by m.p.i. and closed, then it is also law invariant
and it is the Lagrangian representation of a unique MPVF F [CSS25].

4.1 Totally monotone and cyclically monotone MPVF

Inspired by the the definition of totally monotone MPVF (introduced in [CSS23a]) we introduce
here the corresponding notion of totally cyclically monotone MPVF. We will adopt the notation
ﬂn : (HQ)N _>H27 ﬂn((ilayl)u(x27y2)7"' 7($N)yN)) = (*rn7yn)7 n = 17 7N' (47)

Definition 4.1 (Totally monotone and cyclically monotone MPVF). A multivalued probability
vector field (MPVF) F C Py(H?) is totally monotone if for every @ € Po(H2 x H?) with 71';0 €
F, 7r§0 € F we have

/<y2 —y1, 22 — x1) dO(x1, y1; 22, 92) > 0. (4.8)

F is a maximal totally monotone MPVE if it is totally monotone and the inclusion F C G, G
totally monotone, yields F = G.

F is totally cyclically monotone if for every N € N, 8 € Po((H?)N), with m@eF, n=1 - N,
and o € Sy = Sym({1, -, N}) permutation

N
> / (Uns> Tn — To(n)) AO(T1, Y152, Y25+ - 52N, YN) = 0. (4.9)
n=1

20



In the case of a deterministic PVF induced by a nonlocal vector field f as in (4.1),(4.2), the
total monotonicity condition (4.9) reads as

[ (F@aagi2) = farm)sws = 21) dpor,e2) > 0 for every py € DF), p € Dlpu,pu)s (4.10)

Similarly, (4.8) reads as

N
Z / (f(Tn, pin), Tn — To(ny) dpp > 0 for every p; € D(F), p € T'(pu1, p2, -+, un)- (4.11)
=1

Let F be the Lagrangian representation of F; it is easy to check that
F is totally monotone < F is monotone in H x H, (4.12)
and, according to the main result of [CSS25], we also have
F is maximal totally monotone < F is maximal monotone in H x . (4.13)

A maximal totally monotone MPVF has many important properties, see [CSS23a]. We quote
here the most relevant ones for our discussion; the first one involves the (Borel) barycentric map
b: H x Po(H x H) — H defined by using the universal disintegration kernel (2.2):

b(r,7) = [ yd&K (7)) = [ydn.). (414
where k, = K(x,7) is the disintegration of y w.r.t. its first marginal.
Proposition 4.2. Let F be a maximal totally monotone MPVEF.
1. If yeF and p = TI'ﬂI"Y € D(F), then the barycentric projection b(-,~) of ~ satisfies
(i x b, 7))su € Flal. (4.15)

2. There exists a unique minimal section F° C F NP3 (H x H) and a Borel nonlocal vector field
f°=0b(-,F°): Hx D(F) = H such that for every p € D(F) we have F°[u] = (¢ x f°(-, )31t

and

/|_f (z, 1) du /‘bx’y| dp(z /H|y]2dfy(x,y) for every v € Flu].  (4.16)

3. If¥ is the Lagrangian representation of F, then D(F) = (1) "H(D(F)) and the minimal section
Fo off‘ satisfies

Y=F(X) & Y()=F£ X0 =FuX@) forMae q p=uX). (417

Let us focus now on totally cyclically monotone MPVFs: first of all, we have a simple lifting
result.

Proposition 4.3 (Lifting of totally cyclically monotone MPVF). A MPVF F is totally cyclically
monotone if and only zfﬁ‘ s cyclically monotone in JH x H.
Proof. Tt is sufficient to observe that for every 8 € Py((H?)V) with 0 ecF, n=1---,N, we
can find a Borel map Z = ((X1,Y1), -, (Xn,Yn)) : Q — (H®)? such that Z;M = 6, so that
(X,,Yy) € F for every n € {1,---,N}. Conversely, if (X,,,Y,) € F then 8§ = Z;M belongs to
Po((H?)N) and ;0 € F.

For every permutation o € Sy we can then use the identity

Z/ Yns Tn — T(n)) A0 = Z/ Yo, Xy — Xo(m)) dM = Z Yo, X — X ()¢

which shows the equivalence between condition (4.9) and the corresponding condition expressing
the cyclical monotonicity of F in 3 x J. O
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As in the Hilbertian framework, we will show that totally cyclically monotone MPVFs are strictly
linked with the notion of total subdifferential. Let us first recall the definition (we refer to [CSS23a]
for a detailed comparison with other notion of subdifferentiability, in particular the ones introduced
in [AGS08], from a metric perspective).

Definition 4.4 (Total subdifferential). The total subdifferential of ¢ : Po(H) — R U {oo} is the set
0:¢ C Po(H x H) characterized by the following property: a plan v € Po(H?) belongs to 8¢ if and
only if p = Wé'y € D(¢) and for every v € D(¢) and 0 € T'(v,v) we have

o(v) — o(u) = / (y1, 22 — 21) dO(21, Y15 2). (4.18)
H2xH

Notice that if 9y¢ is not empty then ¢ satisfies (3.8): if v € 8[|, p' := 7Tﬁ2’7, v €To(v, 1) we

can apply the glueing Lemma to select 8 € Po(H?) with 7rﬁ129 =4, 7rﬂ230 =~/ so that (4.18) yields

o) =0 — [ ar vy + [ (.2 dv(0.2) = —a+

where a := [5 (y, z) dy(z,y) — o(p).
Applying [CSS23a, Proposition 5.2] we can show that there is a strong relation between the
total subdifferential of ¢ and the (convex) subdifferential of its Lagrangian lifting ¢ = ¢ o ¢ in K.

Theorem 4.5 (Lifting of total subdifferentials). Let ¢ : Po(H) — R U {oc} be a proper lower
semicontinuous function with Lagrangian lift ¢ := ¢por. The (possible empty) convex subdifferential
00 C H x H is law invariant and coincides with the Lagrangian representation of 0@, i.e.

9.9 = 0. (4.19)
In particular 8v¢ is totally cyclically monotone and

019 C 0(¢™),  OPlul A0 & d(u) = ¢ (), Bidlu] = Bud™[u] # 0. (4.20)

If moreover ¢ is also totally convex then O¢¢ is mazimal totally monotone and its minimal section
87 ¢ is associated with the minimal section 0°¢ through (4.17).

Proof. Since ¢ is Ls.c., d¢ is a closed subset of H x H. By Claim 1 of [CSS23a, Proposition 5.2]
we deduce that 8(]3 is law invariant and we can then apply Claim 3 of [CSS23a, Proposition 5.2]
(which uses only the law invariance of 8(;3) to deduce that 8d§ is the Lagrangian representation of
d:¢ according to (4.19). (4.20) then follow by the corresponding well known properties of 9¢.
When ¢ is also totally convex, the same Proposition 5.2 shows that 9y¢ is maximal totally
monotone and (4.12) shows that it is totally cyclically monotone (since 8$ is cyclically monotone
in H x H). We conclude by applying Claim 3 of Proposition 4.2. O

Thanks to the previous result, we can now extend the celebrated Rockafellar Theorem to totally
cyclically monotone MPVF.

Theorem 4.6 (Totally cyclically maximal monotone MPVFs are total subdifferentials). If F is a
totally cyclically monotone MPVF in Po(H?) then there exists a proper, totally convexr and lower
semicontinuous function ¢ : Po(H) — R U {oo} such that F C 8¢¢. In particular, F has a mazi-
mal totally monotone extension which is cyclically monotone and every totally cyclically mazximal
monotone MPVF is the total subdifferential of a totally convex function.

Proof. Let us denote by F the Lagrangian representation of F in H?; we know that F is invariant
by measure preserving isomorphisms, i.e.

(X,Y)eF = (XogVYog) ek foreveryge G(Q). (4.21)
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We fix (X, Yp) € F and use Rockafellar construction [Roc66] to define

N
B(X) 1= sup {(X — XN Y dge + > (X = X1, Yaot)ge : N €N, (X, Vy) € F} (4.22)

n=1

We know that ® is convex, proper, lower semicontinuous, and F c 0%. Let us prove that & is
invariant by measure-preserving isomorphisms: we use the fact that for every N-tuple (X,,,Y,) € F
we also have (X, 0g,Y, 0g) € F so that

N
P(Xog)>(Xog—Xyog, Ynogiy+» (Xnog— X, 108 Y, 108)y

n=1

N
= <X - XN7YN>9{ + Z <Xn - Xn—laYn—l>j-(
n=1

so that taking the supremum with respect to (X,,Y,) € F and N € N we get

(X og) > P(X).

Applying the same inequality to X o g with g replaced by g~! we also obtain ®(X ogog™') =

O(X) > ®(X og) so that (X og) = ®(X) for every X and every g € G(Q). Since @ is lower
semicontinuous and invariant by the action of G(Q), Lemma 2.8 shows that ® = ¢ o ¢ for a lower
semicontinuous function ¢ : Po(H) — RU{oco}, which is clearly totally convex and satisfies F C 0¢¢
by Proposition 4.5. O

We briefly discuss the case when ¢ is differentiable, in a suitable Wasserstein sense. First of
all by using a (Borel) barycentric map b as in (4.14) we can define the nonlocal deterministic field
Ve : H x D(0y¢) — H as in Proposition 4.2:

Vwo(z, u) = Vwdlu](z) := bz, 7 o[u)). (4.23)

Recall that if a convex function ¢ : H — R U {oo} is Gateaux differentiable at X € D(v)) then
0Y(X) is a singleton (thus coinciding with the minimal section 9°¢). The converse is also true if
in addition 1) is continuous at X [ET76, Chap. I, Prop. 5.3]. We can say that

¢ is W-differentiable at p if Oy¢[p] contains a unique element, (4.24)
which in turn coincides with the minimal section, expressed through Vyy .
Proposition 4.7. Let ¢ : Po(H) — R U {00} be a proper, l.s.c., and totally convex function.
1. ¢ is W-differentiable at p if and only if 8(]3 is a singleton at every X € 1=1(u).

2. If ¢ is continuous at u then it is W -differentiable if and only zfqg is Gateaux-differentiable at
every point of 1™ (p).

3. For every T > 0 ¢, is W-differentiable everywhere, the map (x,pn) — Vwor(x, 1) is every-
where defined and continuous in

S(H) := {(:r:,,u) EHxPy(H):x € supp(,u)} (4.25)

for every p € Po(R?) the map x — Vo, (x, 1) is 7~ -Lipschitz in supp(p), and the map
pr Vs (-, w)gp is 7 1-Lipschitz in Po(H).
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Proof. To prove the first claim it is sufficient to recall that
(X,Y)€dp < (X, Y)M e dio

9¢[u| contains just one element - if and only if it is reduced to the minimal section, i.e. v =
(i x Vw(-, u))gp so that (*(X,Y) =~ implies Y = Vyy (X, p) and therefore ¢(X) is reduced to
a singleton for every X € 1=(pu).

The second claim then follows since continuity of ¢ at p implies continuity of b at every X €

().

Finally, the third claim follows by (3.18) and the well known properties of the Moreau-Yosida
regularization in the Hilbert space H: qu is of class C1! and its differential D(%T (which provides
the unique element of 8&) is 7~ !-Lipschitz. We can then apply the results of [CSS25, Section 4]
and [CSS23a, Section 5] to conclude. O

4.2 Marginal projections of MPVF

We notice that a MPVF F C P2(H x H) induces a subset § C P2(H) x Po(H) by applying marginal
projections

5= (Wéﬂrf)F, or, equivalently, (u,v) € < FnNIT(u,v)#0. (4.26)

It is therefore natural to investigate the relations between the total subdifferential 8;¢ (a MPVF)
and the [-, -]-subdifferential of ¢ (a subset of Po(H) x Po(H)).

We start with a nice characterization of the total subdifferential of ¢ in terms of its Kantorovich-
Legendre-Fenchel transform.

Theorem 4.8 (Total subdifferential and Kantorovich-Legendre-Fenchel transform). A plan v €
Po(H2) belongs to 8y¢[u] if and only if u = 7rﬁl’y, v = 7rﬁ2’y € D(¢*) and

[, @) dv(a) = 600 + 67 (). (a.27)

In particular v € T'y(p,v) and [ (z,y) dy(z,y) = g, v].

Proof. We have seen that v € O¢¢[u] if and only if for every (X,Y) € H? with (2(X,Y) = v we
have (X,Y) € 0¢. In turn, this is equivalent to

(XY )50 = 6(X) + (9)* (V) = b(u) + 6" (v).
Since (X,Y)q = [ (x,y) dvy we obtain (4.27). O

Combining Theorem 4.8 with (3.27) we can immediately link the total subdifferential 0y¢ with
the [, -] subdifferential 9~ ¢.

Corollary 4.9 (Total and [+, ] subdifferential). Let ¢ : Po(H) — R U {oo} be a function satisfying
the lower bound (3.8), p,v € Po(H) with ¢(n) € R. Then

YyEOPU & ved ou), vETl(uv). (4.28)

In particular 8y¢p can be obtained as the image of the of the graph of 0~ ¢ in Po(H) x Po(H) through
the multivalued map T, : Po(H) x Po(H) = Po(H x H).
Conwversely, the graph of 0~ ¢ can be obtained as the image of 8y¢ C Po(H) x Po(H) through the
map 77,11 X Wf.

It is worth highlighting the following consequence of the previous result, which does not imme-
diately appear from the definition of total subdifferential.
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Corollary 4.10 (Total subdifferentials are optimal couplings). For every function ¢ : Po(H) —
R U {oo} its total subdifferential y¢ is contained in the set of optimal couplings Poo(H x H).

The above corollary suggests a lifting procedure of a subset § C P2(H) x Po(H) which defines a
MPVF F by the formula

F:= {7 € Po(H?) : v € Ty(p,v) for some (pu,v) € 3} = (my, 7)) H(F) N Poo(H x H).  (4.29)

Theorem 4.11 (Total cyclical monotonicity and w3-cyclical monotonicity). If the MPVF F is
totally cyclically monotone then the set § = (77&, W?)F defined as in (4.26) is w3-cyclically monotone
in Po(H) x Po(H) in the sense that for every N € N, every choice of pairs (p1,v1),- -, (UN,VN) € F
and every permutation o € Sy

N N
Z W2(:un’ VTL) < Z W2(:un> Va(n))' (430)
n=1 n=1

Conversly, if § is w3-cyclically monotone in Po(H) x Po(H) according to (4.30) then F defined by
(4.29) is totally cyclically monotone.

Proof. Let us first observe that for arbitrary choice of (un, 1) € P2(H) x Po(H) the identity (2.12)
yields

1 N 1 N N
5 Z Wg(:unv Va(n)) - § Z WQ(IUTHVTL) = Z ([IUTHVTL] - [MTL?Z/O'(R)])'
n=1 n=1

n=1

Suppose that F is totally cyclically monotone; by Theorem 4.6 we can find a proper totally convex
Ls.c. function ¢ : Po(H) — R U {oo} such that F C 8¢¢ so that in particular all the elements of F
are optimal couplings of Py ,(H x H). For every pair (pn,v,) € §, n=1,--- , N we thus get

N N
Z[Mna Vn] = [tn, Vo(n)] 2 Z ¢(pn) + @™ (vn) — (¢(“n) + (;5*(1/0(")))
n=1 n=1
N N
= Z ¢*(Vn) - Z ¢*(V0(n)) = 0.
n=1 n=1

Conversely, if § is w3-cyclically monotone and F is defined as in (4.29) we have for every 6 €
Po((H2)N) with 0 =7, €F

N N N
ny Tn — To(n)) A0 = s Tn) A0 — s To(n)) 40
> [ @190 = 3 [ {oms0)d0 =3 [ (o)
N N
=3 [wadnGea) = 3 [ lom o) a0
N N
= Z MnaVn - Z/(yna o(n )>d0

n=1

N
> Z Hn, Vn Z M, V,
n=1

n=1

2“

5 L?-Random Optimal Transport

In this section we will apply the main results of Section 3 for totally convex functions and of Section
4 for totally cyclically monotone MPVF to optimal transport in TP(H).

25



5.1 Random couplings and couplings of random measures

Let us first observe that to every random coupling law P € BPo(H x H) = Po(P2(H x H)) we can
associate a coupling between (laws of) random measures II by the formula

I = (x},72)p, 1= /%7 ® 6,2, (7). (5.1)

IfM; = 7r§H , it is not difficult to check that

W3 M) < [y pi2) dlTGua,pie) < [ ( [ lor = aP dy(an,a)) dPly). (52)
Conversely, using the fact that the continuous map
7rﬁl X 7Tﬁ2 1 Poo(H x H) — Po(H) x Po(H) is surjective, (5.3)

given a coupling I € Po(P2(H) x Po(H)) we can find a P € Po(P2,(H x H)) (thus concentrated on
optimal couplings) such that

1= (e, m2)P, [ wiun, o) AT isgie) = [ ([ for = 2 dyon,n) ) dp(). (5.)

We immediately deduce an equivalent characterization of Wy in terms of random coupling laws. We
write ﬂgﬁ = (Wé)ﬁ and we call

RI(M1,Mp) := {P € By(H x H), m,P = 1, }. (5.5)

Proposition 5.1 (Random couplings formulation of OT between random measures). For every
M1, Mg € P2(H) we have

W%(Ml,l\’b) = min { / (/ ‘.’L’l — $2]2d7(x1,w2)) dP(’y) P e RF(Ml,Mg)}. (56)

Moreover, P is optimal for (5.6) if and only if P is concentrated on the optimal couplings of P2 o(H x
H) and I = (ﬂ'ﬁl,ﬂ'g)ﬂp € I'p(M,Ma).
We denote by RI',(My,Mg) the set of optimal random couplings for (5.6).

Proof. By (5.2) it clear that the infimum of the quantities in the right-hand side of (5.6) is larger
than W3 (M1, Mz) and that if P satisfies the optimal condition

W3 (M, Mp) = / (/ |21 — $2|2d’7(9017962)) dP(v),

then II = (W;,wf)ﬁP is optimal thanks to (5.2).
On the other hand, we can prove the equality by choosing an optimal coupling IT € T', (M, M)
and a corresponding lift P as in (5.4). O

5.2 L?-Optimal Transport for laws of random measures

Let us first introduce the natural pairing in B(H) associated with the maximal correlation pairing
['7 ]
Definition 5.2. For every Mj, My € BPo(H) we set

My, Ma] := max{/%(H)X%(H)[,u, vidII(p,v): I € F(Ml,Mg)}. (5.7)
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Recalling the identity (2.12) we immediately have the corresponding property at the level of Wa:
Lemma 5.3. For every Mj,My € BPo(H) we have
W%(Ml,Mg) = M%(Ml) -+ M%(Mg) — 2[[M1,M2]. (58)

In particular, the class of optimal couplings for (5.7) coincides with the class T',(M1,M2) of optimal
couplings for (2.14). Moreover, we have the equivalent formulation

[[Ml,MQ]] = max { / (/<x1,x2> d’y(l’l,:]}g)) dP("Y) :P e RF(Ml,MQ)} (59)

whose solution is provided by the same class RT',(M1,M2) of optimal random couplings of (5.6).
The general duality result for Optimal Transport and Corollary 3.15 then yield:

Theorem 5.4 (Optimal Kantorovich potentials for ROT). For every proper lower semicontinuous
function ¢ : Po(H) - RU {0}

/ ¢(p) My (1 / () dMa(v) > My, o] (5.10)

and there exists a totally convex, lower semicontinuous and proper function ¢ : Po(H) — R U {00}
such that

/qb dM1 /gf) dMQ [[Ml,MQ]]. (5.11)

The corresponding potential U = §m2 — ¢ defined as in (3.28) satisfy

1
V=U"= 3m m3 — /u ) dMy (p /uc ) dMa (v *Wz(Ml,Mg), (5.12)

with respect to the cost c := %W%

We collect now the main results concerning optimality and duality.

Theorem 5.5 (Optimality conditions). Let Mj, My € BPo(H), II € T'(M;,M2) C Po(P2(H) x P2(H)),
P € P2(H x H) supported in Py ,(H x H) and associated with II via (ﬂé,ﬁ?)ﬁP = II as in (5.4), so
that in particular

(wg,ﬂﬁz)(supp P) Csupp Il C (W&,ﬂnz)(supp P), suppP C (7rﬁ1,7rﬁ2)_1(supp )N Py, (H?).  (5.13)
The following properties are equivalent:

1. II is an optimal plan in T',(My,M2) for Wa or, equivalently, for [-,-].

2. supp(Il) is wi-cyclically monotone (recall Theorem 4.11).

3. P is an optimal random coupling law in RT,(M1,Ma) for Wa (according to (5.6)) or, equivalently,
for [-,-] (according to (5.9)).

4. supp(P) is totally cyclically monotone.

5. There exists a totally convez, lower semicontinuous and proper function ¢ : Po(H) — RU{oco}
such that

o(p) + o*(v) = [u,v]  for II-a.e. (u,v) € Po(H) x Po(H), (5.14)

i.e. supp(IlI) C 0~ ¢. Moreover such a property holds for every pair of optimal Kantorovich
potentials satisfying (5.11).
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6. There exists a totally convex, lower semicontinuous and proper function ¢ : Po(H) — RU{oco}
such that

<;5(7rﬁl'y) + <;5*(7rﬁ2'y) = / (x1,m9)dy  for P-a.e. v € Po(H x H), (5.15)

i.e. supp(P) C 8¢. Moreover, such a property holds for every pair of optimal Kantorovich
potentials satisfying (5.11).

Proof. The equivalence 1<2 follows by the general theory of optimal transport.

The equivalence 1<-3 follows by Proposition 5.1.

Clearly 2=-3 by the last inclusion of (5.13) and the second part of Theorem 4.11. On the
other hand, if supp(P) is totally cyclically monotone the same Theorem 4.11 and the inclusion
supp I C (7rﬁ1, 7Tﬁ2) supp P shows that supp IT is w3-cyclically monotone, and therefore IT is optimal.

In order to prove the implication 1=5 it is sufficient to select an optimal totally convex proper
and l.s.c. function ¢ satisfying (5.11). The optimality of II yields

[ (60 + ¢ (2) =l o)) AT G, a2) = 0 (5.16)

which implies (5.14) thanks to the Kantorovich-Fenchel inequality (3.11). On the other hand, if I7
satisfies (5.14) we get (5.16) and the optimality of II thanks to (5.10).
A similar argument shows the equivalence with Claim 6. 0

As in the usual deterministic case, when M, is concentrated on a set of measures with uniformly
bounded quadratic moment, we can find a Lipschitz totally convex optimal Kantorovich potential.

Corollary 5.6. Let us suppose that there exists R > 0 such that
ma(p) < R for Ma-a.e. € Po(H). (5.17)
Then we can find a totally convex R-Lipschitz function ¢p : Po(H) — R satisfying (5.11).
Proof. Let ¢ as in Claim 5 of Theorem 5.5 and let us set
Yr(v) = ¢*(v) if ma(v) <R, ¢gr(v):=+oo otherwise.
Clearly 1 is proper, totally convex and lower semicontinuous; the pair (¢, ¥r) satisfies
o) +¥Yr(v) = (vl o) +Yr(v) = [p,v] for H-a.e. (u,v) € Po(H) x Po(H).

It is easy to check that ¢ := (¢)g)* still provides an optimal totally convex Kantorovich potential
with (¢r)* = ¥r; ¢r is also R-Lipschitz since

or(p) = sup {[1,v] — 6" () : ma(v) < R}. (5.18)

O

5.3 The structure of minimal geodesics in TP,(H)

We can apply the previous results to identify minimal geodesics in B(H) and to characterize their
transport structure. Let us first recall that a minimal geodesic (Mt)te[o,l] connecting My to M; is a
curve in BP9(H) satisfying

Wa (Mg, M) = |t — s|Wa(Mg,M;) for every s,t € [0, 1]. (5.19)
We also say that M is a t-intermediate point between Mg and My, t € (0, 1), if

Wy (Mg, M) = tWo (Mg, M),  Wo(M, M) = (1 — t)Wa (Mo, My). (5.20)
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We will use the interpolating maps 772 of (1.11) and we will consider Borel maps defined in sets

of the form (recall (4.25))

S(H,D) := {(w,u) €eHxD:x¢c suppy}, D Borel subset of Po(H), 8(H) = 8(H,P2(H)),

(5.21)
which are Borel subsets of H x Po(H) [CSS23a, (4.23)].

Theorem 5.7 (Structure of minimal geodesics in P2(H)). Let Mg, My € Bo(H), let ¢, ¢* be a pair
of optimal Kantorovich potentials for M;, and let F = 0y¢ C Po(H x H).

1. For every optimal random coupling law P € RI',(Mg, M;) the curve

M := (7} 7%)yP, t € [0,1] s a minimal geodesic. (5.22)

2. For every t € (0,1) the set Fy := (1} ~2)4(F) is closed in P2(H) and there exists two uniquely

characterized continuous maps f,,; : S(H,F;) — H, i = 0,1, inverting (mi7%)y in the sense
that
YEFR, pu=(n)y = = (Frolm) Fralm)sn. (5.23)

Moreover, ft,i('v ) is Lipschitz in supp(p) and cyclically monotone in H, the maps Fy; : j1 —
Fii(s ) are Lipshitz from Fy to Po(H) and cyclically monotone in Po(H).

3. If t € (0,1) and M is a t-intermediate point between My and My then supp(M) C Fy; and the
formula

P= (%)M where G(u):= (f10(, 1), Fra(m))pm (5.24)

provides the unique P € RT (Mo, My) such that M = (7}7?)yP and correspondingly the unique
geodesic (Ms)se[o,1) connecting My to My such thatM; = M. Moreover RT,(M,M;), i = 0,1, contains
the unique element Py; given by

151570 = (ﬂ-lﬁﬂ-tl_)z)ﬁﬁls = (%,O)ﬁpL %,O(M) = (ft,O(H:u)’i)Ii,UJ

I . (529
Pt,l = <7Tt , T )ﬁﬁp = (%,1)111\4? gt,l(:u’) = (%ft,l('vu))ﬁ,u
which is concentrated on deterministic optimal couplings, and
Iy = (g, mf)¢Prs = (Id x Fpi)gM, i=0,1, (5.26)

is the unique optimal coupling in T,(M,M;).

4. For every t € (0,1) the conjugate functions (recall the definition of Moreau-Yosida regulariza-
tion (3.16))
1—t .
¢ = Tm% +tp, () =t(d")1j1—1 001 (5.27)
provide a pair of optimal Kantorovich potentials for My and any t-intermediate point M between
Mg and M. Similarly

t
(1= )bej1—t) 0 01—py—1, (1 —t)p" + 5”‘% (5.28)
is a pair of optimal Kantorovich potentials for M and M;.

Remark 5.8. The above Theorem recovers in a much more precise form various results that hold for
Po(X) in suitable classes of metric spaces X, see [Vil09, Chap. 7]. See in particular the nonbranching
property (stated in locally compact spaces) [Vil09, Corollary 7.32] for Claim 2, the “interpolation of
prices” [Vil09, Theorem 7.36] concerning Claim 3, and the related bibliographical notes.
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Proof. Claim 1. For 0 < s <t < 1 we define the maps 77;;2 :HxH—HxH

may (o, w1) = (mi "% (2o, 1), 7 P (w0, 21));

we observe that

L

s (wo, 1) — m P (wo, w1)| = [t — 8] - |21 — o

so that the random coupling Py ; = (7 ;?Q)ﬁﬁP belongs to RI'(Ms, M;) and thus yields
WQ(MS,Mt) < |t - 8’W2(M0,M1) Hfo<s<t<l.

The triangle inequality then yields (5.19).

Claim 2. Let us consider the Lagrangian lifting F = 8¢ C H x H of the total subdifferential F = 8¢
of ¢ and let us set

(X0, X1) i= (1= )Xo + X1, By = L(F) = {X = (1- )Xo+ X1 : (X0, X1) € F}
which is clearly a set invariant by m.p.i. By monotonicity, if X = (X0, X1), X' = L(X}, X)) for
(Xo, X1), (X{, X]) € F we have

X — X')2 > (1—t)|Xo — X)|* + t| X1 — X1{|%, (5.29)
which shows that f‘t is closed and there exist Lipschitz maps Fy; : f‘t — H such that
X = L(Xo, X1), (X0, X1)eF = X;=F(X). (5.30)

Since Fj; are also invariant by m.p.i., the general extension and representation Theorem 4.8 of
[CSS25] shows that there is a unique pair of continuous maps f,; : S(H, Fy) — H representing F; ;
as

Fyi[X](q) = £,.4(X(q), (X)) (5.31)

with the properties stated in Claim 2. (5.31) clearly yields (5.23) since supp(p) C F; C o(F;). The
cyclical monotonity of f,;(-, ) and of F; follows from the corresponding cyclical monotonicity
of the maps F}; in J(, which in turn follows by the fact that they are the inverse of the cyclically
monotone sets

Fro = (I, 1) (F) = {(Xo, (1= )Xo + X1) : (Xo, X1) € B}, s
By o= (I, L) () = {(X1, (1= )Xo +1X1)) : (X, X)) € B, '

Claim 3. Let IIp € T’ (Mo, M) and II; € Tp(M,M;). By the glueing Lemma we find a tri-plan IT €
I'(Mg, M, M) such that 7rﬁl I = I, 7rﬁ2 II = II,. Consider now the closed set

Q.= {’y € P(HxHxH): ﬂé’2’y and 77?’37 belong to Pa ,(H x H)} (5.33)

Since the map (’R'ﬁ X 7rﬁ xm}) Q= (Pa(H )) is surjective, we can find P € P5(Q) C P2(H x H x H)
such that (7Tﬁ X 7Tﬁ X T 3)4P = II.
We have
ﬂ'w ( ) € RI', (Mo, ), ﬂ-j:iﬁ ( ) € RI, (M,Ml)

and by the elementary inequality (a + b)? < l(12 + 1—_tb2

W2 5(Mo, M) < //|$1 —$3’2d’7p( )

1
< ;// |21 — @2)? dyP(v) + ﬁ//]xz — x3|2dP(n)

1 _ 1 _
— ;W%(MO,M) + I—_twg(M, M1) = W3 (Mo, My)
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we deduce that P := TrﬂIﬁ’?’P € RI',(Mp,M;) and

|zo — 3% on supp(y) for P-a.e. 7,

1
J— 2 = — — 2
w1 — 23" = Sl21 — 22"+ T

so that P-a.e. vy is supported in the set
H? .= {(1}1,1}2,1}3) eH?:ao =1 —t)z + tl’g} (5.34)

and therefore M = (7} 7%)yP.

In order to show that P is unique, we observe that any random coupling in RI',(Mg,M;) has
support in F so that M has support in F; and we can then apply (5.23) which yields (5.24). The
above discussion also shows that RI',(M,M;) and [',(M,M;) are uniqueley characterized by (5.25) and
(5.26)

Claim 4. In order to check (5.27) (the argument for (5.28) is similar) we use the fact that M is
supported in F; = ((F;). On the other hand, the set F; defined by (5.32) is the graph of the
subdifferential of the Lagrangian lifting of ¢

A 1—t A
F(X) = X[+ 6(X)

whose Legendre-Fenchel transform can be expressed in terms of the Moreau-Yosida regularization
of ¢* (recall (3.19) and (3.22)) and corresponds to the Lagrangian lifting of the functional (¢!)*
given in (5.27). Since

X + ($)H(Y) = (X, Y)ac = [o(X),u(Y)] for every (X,Y) € Fyg

we get the proof of the claim. O

5.4 Lifting (laws of) random measures of ,;(H) to measures on Lagrangian maps
in Tg(j{)

In the previous sections, we exploited the lifting technique of Proposition 5.1 in order to describe
optimal couplings in Po(P2(H) x P2(H)) in terms of laws of random optimal couplings in BPo(H x H).

There is another lifting technique which is induced by the 1-Lipschitz and surjective law map
t : H — Py(H). The corresponding push-forward transformation vy still provides a surjective map
from Po(H) (the space of measures on Lagrangian maps of H) to Po(H) (the space of (laws of)
random measures), so that it is natural to study the relations between optimal transport problems
in P2(H) and in P2(3H).

First of all, since ¢ is 1-Lipschitz, we observe that for every m; € Po(H), i = 1,2, we have

M; = Lgm; = Wz(Ml,Mg) < WQ,H(ml,mg). (535)

Similarly, it is not difficult to check that given a coupling p € Po(H x H) and setting ¢; := ¢ o 7,
we have

M= (e = [ W) Al < [ 1% - Xalfdp(X1, X, (536)
Eventually, still starting from p € Po(H x H) and using (*(X,Y) := (X,Y);M, we have
P=ilp = // 1 — wo[? dy dP(7) = / 1X1 — Xo||2 dp(X1, Xa). (5.37)

Since ¢2 is surjective from H x H to Po(HxH), Lg is surjective as well, so that given P € Po(Po(HxH))
it is always possible to find a lifting p’ such that P = L?pz .
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If we want to lift I so that (5.36) holds as an equality, we can first select P € Po(P2,(H x H))
so that (5.4) holds: the lifting p’ satisfies the identity

I = (11, 2)sp", /Wg(ﬂlam)dﬂ(m,m) = / | X1 — Xol|5 dp‘ (X1, Xa). (5.38)
If moreover IT € T',(M1,Ms) then P € RT, (M, My) and setting m{ = ﬂ‘ilpe, m = F?pé we get
M = ymy,  Wa(Mp, My) = Wage(mf, mj). (5.39)

We recap the above argument in the next proposition.

Proposition 5.9 (From random OT to OT in K). For every pair Mj,My € BPo(H) there exists a
pair m{, mb € Po(H) such that (5.39) holds, so that

WQ(M1,M2) = min {Wgyg{(ml,mg) m; € {.PQ(:}C), Lym; = Mi}- (540)

If m{,m§ € Po(H) are minimizers of (5.40) and p® € To(m§, mb) in Pa(IH x H) then P = Lgpg €
R, (My, M) and II = (ﬂ—ﬁlvTrﬁQ)P = (t1,02)gp" € To (M1, Mo).

We want to highlight that the optimal lifted measures m$, m4 given by the previous proposition

typically depend on both the measures M1, Ms and in general we cannot fix an arbitrary m‘i such that
Lﬁm‘i =M;. We want to find a sufficient condition on My, My for which the following property holds:

for every my € Py(JH) such that wym; =M; there exists my € Po(JH) with

(5.41)
yymg = My, Wa(My,Mz) = Wa gc(myg, ma).

A crucial role in this respect is played by the set of “deterministic” couplings P$°*(H x H) which
are concentrated on maps:

Plet(H x H) := {(i X f)ap: p € Po(H), f € L*(H, u; H)},

(5.42)
P (H x H) 1= Py (H x H) N Pa o (H x H).

First of all, we will show a simple condition for which there exists an optimal coupling P € RI',(M;, M2)
which is concentrated on P (H x H).

Lemma 5.10. An optimal coupling II € Py o(P2(H) x Po(H)) satisfies the property

for M-a.e. (1, pm2) Tolpr, p2) NPIE(H x H) # 0 (5.43)

if and only if
there exists P € TQ(?S?t(H x H)) such that II = (Trﬂljﬂ'g)ﬁP. (5.44)

o

Proof. Let us set O := {(m,,ug) € Po(H) x Po(H) : Ty, p) N PIYH x H) # (D}. We can

equivalently characterize O as the image of the Borel set Tgeot(H x H) through the continuous map
7Tﬂl X 7Tﬁ2 , so that O is a Souslin (and therefore universally measurable) set.
(5.43) just says that II is concentrated on O, and therefore its equivalence with (5.44) follows

by Theorem 2.1. 0

Theorem 5.11. Let II € I',(M1,Ma) satisfy (5.43), let P as in (5.44), and let my € Pao(H) such
that tymy = My. Then there exists pl e P2o(H x H) such that Wépg =my and L§p€ =P, so that, in
particular, (v1,t2)sp = II and setting my = W§p£ we have

yymg = Mg,  Wa(My, M) = Wo 3¢(my, m2). (5.45)
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Proof. Let us first consider the closed subset A of H x Po(H) x Po(H x H) defined by
A= {(X,1,77) € H X Po(H) x Po(H x H) : o(X) = pp =} ()}, (5.46)
and the map A: H x H - A
AX,Y) = (X, (X)), 2(X,Y)) = (X, X;M, (X,Y);M). (5.47)

A is continuous but in general it is not surjective. However, it is not difficult to check that the
image of A contains the Borel set

Adet . {(X,Mf)’) € H x Po(H) x iP%let(H xH): (X)) =p= W&(’Y)} (5.48)
= AN (F x Po(H) x PE(H x H)). |

In fact, if (X, pu,~y) € A% then p = Wé’)’ and we can find a map f, € L?*(H, u; H) such that v =
(i X fy)gu. Defining Y := f,0X we immediately see that :*(X,Y) = ~, so that A(X,Y) = (X, i, 7).
Let us now set m; := (Idx¢)ym; € Po(H xP2(H)) and P := (71111 x1d)sP € Po(Po(H) x PI (Hx H)).
By assumption
ﬂﬁQﬁ‘ll:Lﬁmlel, 7rﬂl13:(7rﬁl)ﬁP:M1
so that, by the gluing Lemma, we can find a plan Q € Po(H x Po(H) x P§t(H x H)) such that
7[‘1112Q =m; and W?SQ = P. By construction, m; is concentrated on the set

{(X, 1) € FCx Po(H) : o(X) = i}
and P is concentrated on the set
{(M,")’) e H x fpget(H X H) u = 71—;7}

we deduce that Q is concentrated on Adet.
By Theorem 2.1 we can find a probability measure p® € Po(H x H) such that Azp® = Q. By the
very definition of A we get

7rﬁlp€ =(rlo A)ﬁpé = 7TﬁlQ =my, L?pe = (m3o A)P = ﬂ'f?Q =P
and the thesis follows. O

Corollary 5.12. Let Mj,My € P2(H) and let us suppose that My is concentrated on P5(H). Then
(5.41) holds.

6 Random Gaussian-null sets and strict Monge formulation of OT
via nonlocal totally cyclically monotone fields

In this last section we want to address the uniqueness and the Monge formulation of the L2-OT
problem in P(H). These questions can be settled at the usual level of couplings of (laws of)
random measures. We then seek for conditions on M; € TP9(H) ensuring that the class of optimal
coupling I', (M1, Ma) contains a unique element II which is concentrated on the graph of a Borel map
F : Po(H) — Po(H), so that

IT=(1d x F)hy, My = Fihy,  Wi(My, M) Z/T - w3 (12, (1)) dMa () (6.1)
2
this property is equivalent to asking for IT € P3t(Py(H) x Po(H)).
A second formulation involves random couplings and provides a more refined description of .%:
we look for conditions ensuring that RI',(M;,Mz) contains a unique element P that is concentrated
on the graph of a deterministic totally cyclically monotone field f : H x Po(H) — H.
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6.1 The strict Monge formulation

In order to describe such a construction, we first observe that every P € T2(H x H) can be
disintegrated with respect to M; = T('ﬁlﬁp to obtain a Borel family P, € P2(H x H) indexed by

p € Po(H) and concentrated on the set of couplings I'(u) := {'y € Po(H x H) : 77&*7 = ,u}

for Mj-a.e. p € Po(H). When supp(P) C P2,(H x H) (as in the case of optimal couplings) then
supp(Py) C I'o(p) := I'(1) N P20(H x H).

If 1 = (Wé,ﬂ?)ﬁp then P, characterizes the family of measures in ®2(H) arising from the
disintegration (I1,,),ep,(m) of II with respect to its first marginal through the formula

I, = ﬂgﬁPu for Mj-a.e. p. (6.2)

If 7Tﬁl is essentially injective with respect to P then there is a Borel map ¢ : Po(H) — PP2(H x H)
such that for Mj-a.e. pu P, is concentrated on a unique coupling v = ¢(u) with first marginal p, so
that II is deterministic as in (6.1) and we have

P, = 5%(#)7 g(:u’) € F(/'Lv <gf(u))a <gf(/l) = ng(:u’)v My = (77112 ° g)ﬁMl = ﬂ-ﬁQﬁgﬁMl‘ (63)

We can then apply to P, the disintegration map X, obtaining the decomposition ¥ (p) = 1t ® Ky u,
Ky = K(z,9 (). If P is concentrated on P§e*(H x H) then P, is concentrated on P3°*(H x H) as
well, so that xz, = 0, ) for some Borel map f : H x Pp(H) — H. We then obtain

G(p) =@ x feom)ep,  F ()= F(mip (6.4)
Since .Z (p) € P2(H) and My € P2(H) we have

/H |f(x, w))? dp(z) = m3(F(u) < oo for Mj-a.e. p € Py(H)

(6.5)
[ (1P dp@) diso) = [ w3 () din ) = M3(%) < oc.
P2(H) N J/H Po(H)
It is then convenient to represent f as a H-valued L? map of the unfolded measure
= /(M % 6,) dMy (1) € Po(H x Py(H)), (6.6)
which satisfies 7M; = M;. In fact if f € L?(M;; H) then
2 _ 2
£y = [ o 1 dndta) < oo (©.7)
and we can represent the corresponding unfolded measure My as
o = (£, F)t, B = [ (1 8,) dii(u), (6.9

since

The above remarks justify the following definition.
34



Definition 6.1 (Fully deterministic random couplings). We say that a random coupling law P €
Po(H x H) s fully deterministic if

Wé is P-essentially injective and P is concentrated on P (H x H). (6.9)

We denote by PI(H x H) the set of fully deterministic random couplings.

Lemma 6.2 (Representation of fully deterministic random couplings). A random coupling law
P € P2(H x H) with first random marginal M; = wéﬁP is fully deterministic if and only if there exists
a Borel map f € L*(My; H) such that

P= /5(i><f(-,u))w dMy (p) =Gy, G (p) = (& x f( p)en (6.10)
In this case setting F () := f(-, p)sp we have

My = mhP = F My My = (f,.F)My

6.11
Lo ([ emsa)em = [ ifm e du@ane.

Po(HxH) JHxH HxPa(H)

Using the unfolding P of P we can also express (6.11) as
P=(ix f,9)M, /\x —y?dP(z,y,7) = / | f(x, 1) — x| dMy (, ). (6.12)

Proof. Because of the previous digression, we have just to show the converse direction: given a Borel
map f € L?(M;; H) the coupling P given by (6.10) is well defined, i.e. the map ¢ : P(H) — P(H x H)
is Borel. This property follows by standard argument, see e.g. [PS25, Lemma D.2 and Corollary
D.7]; here is a self-contained discussion.

Let us first consider for a bounded Borel real function z : H x P(H) — R the functional Z :
P(H) — R,

21) = [ #wapydu e D), (6.13)

and let us call & the class of functions z for which Z is Borel.

Clearly % contains all the bounded and continuous functions z € Cy(H x P(H)) (for which Z is
continuous). It is also easy to check that Z is closed with respect to uniform and monotone limits.
By the functional monotone class Theorem [Bog07, Theorem 2.12.9] we deduce that Z contains all
the bounded Borel functions.

It follows that for every bounded continuous (or even Borel) map ¢ : H x H — R the map

po [ Cagn) = [ Gl £ ) dp (6.14)
HxH

is Borel, so the map ¥ is Borel as well, since the functionals v — [ ({,d~y, ¢ € Cp(H x H) generates
the weak (Polish) topology of P(H x H).

Now, it is immediate to conclude that P is fully deterministic, since ¢ is injective and maps

Po(H) to PIet(H x H). O

We end up with the following stronger Monge formulation of OT problem between (laws of)
random measures.

Problem 6.3 (Strict Monge formulation). Given Mi,My € Po(H) find a Borel map f € L?>(My; H)
such that setting 7 (u) := f(-, p)gpv we have

FM =My and Wg(Ml,Mg):/ \f (2, 1) — 2> dFfy (z, ). (6.15)
HX?Q(H)
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Notice that the transformation f x .Z : (z,u) — (f(z,p), f(-, p)sp) maps H x Po(H) to itself
and satisfies
(f, 7 ) = Mo (6.16)

where, as usual, Z (u) = f(-, p)gp and M; = [ 1 ® 6, dM; (p).

It could seem that the strict Monge formulation is considerably more demanding than the usual
Monge formulation expressed by (6.1). For example in the extreme case when M; = ¢, are Dirac
masses concentrated in two measures puq, o € Po(H) clearly there is just one solution to the Monge
formulation (6.1) but there could be many (or even no) solutions to the strict Monge formulation,
which reduces to the usual Optimal Transport problem between pq and uo in Po(H).

However, when we look for conditions on M; which guarantee that (6.1) is solvable for every
target measures Mo then the two formulations are equivalent and force uniqueness of solutions, as
the following result shows.

Theorem 6.4 (Monge vs strict Monge). Given M; € B(H), the following two properties are
equivalent:

1. for every My € Po(H) there exists a Borel map F = Fu, : Po(H) — P2(H) (depending on Ma)
solving the OT problem in Monge form (6.1);

2. for every My € Bo(H) there exists a Borel map f = fy, € L?(My; H) (depending on My) solving
the OT problem in the strict Monge form (6.15).

In both cases, for every My € Po(H) the set of optimal couplings T',(My,M2) contains the unique
element II = Ily, = (Id x Fy,)gM1 and, for II-a.e. (p1, p2), the set I'o(u1, pe) contains the unique
deterministic coupling v = (¢ X fy, (-, u1))sp1 so that f corresponds to the (unique) solution of
the strict Monge formulation given in Problem 6.5. We also have f = V¢ for every optimal
Kantorovich potential ¢ (recall (4.23)).

Finally, every Lipschitz totally convex function ¢ is W -differentiable at Mi-a.e. u, according to
(4.24).

Proof. Since 2.=1., it is sufficient to prove that 1. implies 2. and all the further properties stated
by the Theorem.

We thus fix Mo, an optimal Kantorovich potential ¢ for the pair M1, My with F = 9;¢ and we
denote by f°: H x Po(H) — H a Borel version of the minimal section of F (as in Proposition 4.2)
and we set .Z°(u) := f°(-, p)gpu-

We then select an optimal random coupling law P € RT',(My, Mp) with IT = (77&, 7rﬁ2)ﬁP € I'p(My, Ma);
since P is optimal, suppP C F.

By the minimality of £° we have f° € L?(My; H) since

W3 (My, M) Z//!$2—$1\2d’7(9€17$2)dp(’7) Z//\fo(xlaﬂh)—fbl\Qd’Y(ﬂCh%z)dp(’Y)
://!f"(xl,u)—:m!QdMl(w,u)

We then introduce

1 1 [¢] o . o
P = §P + 5% Mi, 9°(w) == (2 x fOC,p)gp, M= 7rﬁ2ﬁP’.
Since supp P’ C F we have P’ € RI', (M1, M,) and its disintegration with respect to 7rﬁ1 can be expressed

via the corresponding disintegration P, of P by

;1 16
P, = §Pu+ DA
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We then select the midpoint M := (7} ~2)yP’ between M; and M5 induced by P’ corresponding to
t = 1/2. By Theorem 5.7 we know that P := (', 7/7%)4P’ is the unique element of RT,(My, M),
and I = (ﬂ'ﬁ,TFﬁ)P is the unique element of T',(M1, M) so that by assumption II = (Id x )ﬁMl for

F = . On the other hand setting
Pue = (m', 1" 2)yPuy Mg = 1P, 97 (1) = (w1 7209 (n), F7(n) = (=) ° () = 7397 ()

we have
- 1

1 ~ 1 1
P,u = §Pﬂ7t + 5(5%;)(“), HN = 7]]#7’& + 5(532}0(’“) Mi-a.e.

2
Since ﬁu =0z F(u)r We deduce that IT,; = %7 (u) for Mj-a.e. u, so that M is the middle point also
between M; and My and between M; and M3 = (#°)sM; (with respect to the same optimal set F'). By
the non-branching property of Theorem 5.7 we deduce that My = M5 and by the strict minimality
of the section f° P = gﬁoMl is a strict Monge solution and is the unique element of RI', (M, Ms);
similarly IT = (Id x .#°)sM; is deterministic and is the unique element of I',(M, My).

Let us eventually check the last statement. We take a Lipschitz totally convex function ¢: if
there exists a Borel set B C Py(H) where 8¢ is not a singleton with M;(B) > 0, by a standard
measurable selection we can construct an optimal random coupling law P with first random marginal
M; and second random marginal My = ﬂ'ﬁQﬂP € P2(H) (thanks to the fact that ¢ is Lipschitz) which
is not concentrated on the map Vyy ¢, contradicting the above result. ]

By the above result if we want to solve the Monge problem for arbitrary target Ms it seems
natural to start from measures M; concentrated on P5(H). The next simpler Proposition shows that
in this case there is also a one-to-one correspondence between optimal couplings of (laws of) random
measures and (laws of) random optimal couplings and for every fixed target My the Monge and the
strict Monge formulations of the L?-Optimal Transport problem are equivalent as well.

Proposition 6.5. Let Mj, My € BP2(H) and let us assume that M; is concentrated on Py(H), i.e. p €
P5(H) for My-a.e. p. Then the restriction of the map (wé, 7rﬂ2) on RT',(M1,Mg) is injective and every
P € RI',(M1,Mo) is concentrated on P (H x H). Moreover, if P € RI',(My,Mz) and IT = (Wﬁ , ﬂﬁ)ﬁP is
deterministic then P is fully deterministic.

Proof. Since P € RI',(M,Mp) and M; is concentrated on P5(H), thanks to Theorem 2.5 we can find
a Borel set B C Po(H x H) of full P-measure such that B C ’Pge(f(H x H) and Wé(B) C P5(H) (when
H has finite dimension we just take B = (m}) ™" (P5(H)) N P2,(H x H), see Proposition 2.6).

The restriction of (Wé, 7rﬁ2) to B is injective, since, given (u1, pu2) € (ﬂ'ﬁ , 7rﬁ 2)(B), the set T',(pu1, p2)
contains a unique element and it is deterministic. It follows that (ﬂ'ﬁ,ﬂ'ﬁ )i is injective as well on
RT,(My,Mz). If moreover II is deterministic and induced by the Borel map %, we see that for
P-ae.vy,veTl (7rﬁ'y, (7Tﬂ 7)) so that 7T1i1 is P-essentially injective. O

6.2 Regular and super-regular measures in P»(H) and solution to the Monge
problem

We first observe that the definitions of o-d.c. hypersurfaces and Gaussian null sets given in Section
2.2 also apply to the infinite dimensional Hilbert space 3(; we keep the notation P5(H), P§ (H) to
denote the corresponding class of regular measures, thus vanishing on all d.c. hypersurfaces and
Gaussian-null Borel subsets of H respectively.

Definition 6.6 (Random exceptional and Gaussian null sets, regular and super-regular measures).

- We say that a Borel set B C Po(H) is a random exceptional (resp. G-null) set if 1=1(B) is
contained in a o-d.c. hypersurface of H (resp. Gaussian-null in 3).
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- We denote by P5(Po(H)) (resp. P§ (P2(H))) the set of reqular (resp. G-regular) measures M €
P2(H) such that M(B) = 0 for every random exceptional (resp. G-null) Borel set B C Po(H).

- The set of super-reqular measures B4 (H) = PL(P5(H)) (resp. super-G-reqular measures B3 (H)
PI(PL(H))) is the set of reqular (resp. of G-reqular) measures concentrated on P5(H).

It is clear that

PI(P2(H)) C Po(P2(H), P37 (H) C Py (H). (6.17)
Let us make a few comments on the previous definitions.
Remark 6.7 (LGGRM measures). We can say that a measure G € P2(H) is a Law of Gaussian

Generated Random Measures (LGGRM) if G = 139 for some nondegenerate Gaussian measure g in
H. An equivalent way to say that a Borel set in Po(H) is a random G-null set is

G(B) =0 for every LGGRM G. (6.18)

Remark 6.8 (Random exceptional and G-null sets are independent of the choice of (Q,Fq,M)).

It is not difficult to see that the above definitions of random exceptional and G-null sets (and
the corresponding classes of regular and super-regular measures) are independent of the choice
of the nonatomic standard Borel space (Q,Fq,M). In fact, if (Q',Fq, M) is another standard
Borel measure space endowed with a nonatomic measure M/, we can find a measure preserving
isomorphism h : Q" — Q such that hyM' = M and h, M = M. h induces a linear isometry of H

onto H' = L?(Q',M/; H) defined by h*X := X oh, with +/ o h* = ¢, since
X'=Xoh, /(X')=(Xoh)M = XnM = X,M = ((X). (6.19)

Since the d.c. hypersurfaces are preserved by isometric isomorphisms between Hilbert spaces, using
(6.19) it is immediate to check that a random exceptional set w.r.t. Q' is also exceptional w.r.t. Q.

In a similar way, if B’ is a random Gaussian-null set with respect to Q', M, i.e. («/)~1(B’) is
Gaussian-null in H’ and let g be an arbitrary nondegenerate Gaussian measure in H. We introduce
g’ = (h*);g and we observe that g’ is a nondegenerate Gaussian measure in H’ (since h* is a linear
surjective isometry). By definition g/((¢/)"'B’) = 0 and therefore

a7 B) =g((V on’) ' B) =g(@") () 7'B) =g/ (()'B) =0,
so that «~'B is Gaussian null in K.

Remark 6.9 (Stability in the class of mutually absolutely continuous measures). The super-
reqularity condition is stable with respect to multiplication by an integrable factor:

Me Py (H), M<M = MePyH). (6.20)

Remark 6.10. IfM is concentrated on P5(H) then it is super-regular if it vanishes on all exceptional
subsets of P5(H), i.e. it is sufficient to check that

B C Py(H), o YB) exceptional in H = M(B) = 0. (6.21)

Similarly, if
B cC Py (M), ¢ Y(B) Gaussian null in H = M(B)=0 (6.22)

then M is super-G-regular.

There is a simple way to generate super-regular measures.

38



Lemma 6.11. Let m be a regular measure in P5(H) (respectively G-regular in P4 (H)) such that
u(X) =XyM € Py(H)  for m-a.e. X € H. (6.23)
Then M := ym is a super-reqular measure in B4 (H) (resp. super-G-regular in B4 (H)).

Proof. It is immediate to see that M := ym € P5(Py(H)) is regular: in fact, if B is a random

exceptional set
M(B) =m(: 'B) =0

since t~1(B) is a o-d.c. hypersurface and m is regular. Condition (6.23) also shows that M is
concentrated on P4 (H). O

It is also possible to change the reference measure M : we show two simple cases.

Lemma 6.12. Let M/,M" be atomless Borel probability measures on the standard Borel space
(Q,Fq) with M" < aM' for some a > 0 (so that the corresponding Hilbert spaces H',H" satisfy
H' C H" with continuous inclusion). Denote by ' : X — XM/, /" : X — XyM" the corresponding
law maps.

If m € P5(H') and M = yym is super-regular then also M" = v/m is super-regular.

A similar result holds if M" < M, and m € P5(B), for some separable Banach space B C H' NH".

Proof. Let N C H' be a m-negligible Borel set such that /(X) € P5(H) for every X € H'\ N. Since
(X)) < al(X) for every X € H' we deduce that (X) € PL(H) for every X € H'\ N as well, so
that M” is concentrated in P5(H).

If B is a Borel exceptional set of Po(H) then (¢/”)~!(B) is contained in a o-d.c. hypersurface S
of H”; since SNH' is a o-d.c. hypersurface as well, we deduce that M’(B) < m(S) =m(SNH') =0
since m is regular. We conclude that M’ is super-regular.

A similar argument applies to the second statement. O

The relation between super-regular measures and differentiability of Lipschitz totally displace-
ment convex functions is clarified by the next two results.

Theorem 6.13. If ¢ : Po(H) — R is a totally displacement convexr and Lipschitz function then
the singular set Sing”(¢) := {u € PL(H) : #0:dlu] > 1} of regular measures where the total
subdifferential of ¢ is not reduced to a singleton (the minimal section) is exceptional.

Proof. Since every measure p € Sing” (¢) is regular and 8¢¢[u] C P2 o(H x H) by Corollary 4.10, all
the elements of Oy¢[u| are deterministic couplings. If O¢[u] contains at least two different elements,
they are associated with two different fields f,(-, i), fo(-, 1) in L?(H, u; H).

If X € v (u), setting ¥; = f;(X, u) we deduce that (X,Y;);M € 8¢¢[u] and therefore Y; €
8([5(X ), where é = ¢ o1. We conclude that Oé(X ) contains two different elements and therefore )
is not Gateaux-differentiable at X. This arguments shows that .~!(Sing” (¢)) is a subset where ¢ is

A~

not Gateaux-differentiable and therefore is a o-d.c. hypersurface in H since ¢ is a convex Lipschitz
function. O

Combining Proposition 4.7, Remark 6.10 and the above Theorem we immediately get:

Corollary 6.14. IfM € Py (H) and ¢ : Po(H) — R is a Lipschitz totally displacement convex
function, then for M-a.e. u we have:

1. 8yp[u] = 8 ¢[u] is reduced to a single deterministic coupling in P3<(H?) of the form
(& X Vo (-, n))su;

2. 07¢(n) = Vwo(-, p)gh.
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Theorem 6.15 (Solutions to the strict Monge problem for super-regular measures). If M € 4 (H)
and N € P2(H), then RI',(M,N) and I',(M,N) contain a unique element P and II = (W&,Wﬁz)ﬁP respec-
tively.

P is fully deterministic and there exists a unique Borel map f € L*(M;H) solving the Monge OT
problem 6.3. f is essentially totally cyclically monotone and coincides with the minimal section
Vwao of an optimal Kantorovich potential.

Proof. By Proposition 6.5 and Theorem 6.4 it is sufficient to prove that I',(M,N) contains a deter-
ministic coupling II.
Let us first suppose that N is concentrated on the closed ball

B(R) = {v € Pa(H) : ma(v) < R}, (6.24)

In this case, by Corollary 5.6 there is an optimal Kantorovich potential ¢ which is a R-Lipschitz
totally convex function ¢ with S := supp(Il) C 9~ ¢ and Corollary 6.14 shows that there exists a
(unique) strictly Monge solution which is given by

FCm) =Vwo(z, p). (6.25)
In the general case, we argue as in the proof of Theorem 6.2.10 [AGS08]. For every R > 0 we set
B'(R) := P2(H) x B(R)
and for an optimal coupling IT € T',(M,N), we set for sufficiently large n
Zn =1 (B'(n)), Hn:=2Z," LB (n), M,:=m;ll,, Ny:=m}ll,. (6.26)

Since optimality is preserved by restriction, I1,, € I'y(My,, Ny,); since M,, < M and N,, is concentrated on
B(n) the previous argument shows that there exists a unique map .%,, such that II,, = (Id x L%l)ﬁMn.

Moreover, for m > n we easily get %, = %, My-a.e., so that there exists a map % such that
F = Fp Mp-ae. for every n € N. Passing to the limit in the identity II,, = (Id x .%)yM,, we obtain
II = (Id x Z)M. It follows that II is deterministic. O

Anticipating some of the results of the next section, it is easy to see that B4 (H) is dense in
P2 (H).

Proposition 6.16. If H has finite dimension then B9 (H) is dense in Bo(H). In particular, the
class of initial measures for which the OT problem has a unique solution in (strict) Monge form is
dense.

Proof. Thanks to (6.20), if M € P5"(H) and M < M then also M € PJ"(H). If H has finite
dimension, we will see in the next section (see Theorems 6.19 and 6.25) that there exists a reference
measure G € PJ" (H) with full support. It is then sufficient to observe that the set

{M’ e P(H): M < G} is dense in P2 (H),
since its closure contains all the finite combination of Dirac masses in P2(H). In fact, if M =

> k1 aid,, for distinct points ju1,---,pn € Po(H), we can choose 7 > 0 so small that the balls
B, = By () are disjoint. Since G has full support, Z, j := G(B,j) > 0 so that

Moo= (Y Za’“ Xs,, )G € B5 (1)
k=1 r.k

and M, — M in P2(H) as r | 0. O
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6.3 Examples of super-regular measures for finite dimensional H

In this last section we will exhibit many examples of super-regular measures. We will focus on the
relevant case of measures induced by nondegenerate Gaussian measures g on H as in Example 2.10,
when H has finite dimension: by using Lemma 6.11 it will be sufficient to check that (6.23) holds,
ie. yg(Po(H) \ P5(H)) = 0.

We start from the 1-dimensional case, where we will prove a very general result.

The 1-dimensional case H = R

Ezample 6.17 (The random occupation measure associated with Brownian motion in [0,1]). Let
Q = [0, 1] endowed with the usual Lebesgue measure M and let to be the standard Wiener measure
concentrated on C([0, 1]). We claim that

W = 1yvo is super-G-regular with full support.
We can apply Lemma 6.11. Since tv is a Gaussian non-degenerate measure in 3 = L?([0, 1], M), it
is clearly a regular measure in P5(%H), so it is sufficient to check that

XM is nonatomic for w-a.e. path X € I, (6.27)

ie.

M({te0,1]: X, =y}) =0 for wae X € C([0,1)). (6.28)
In fact we have the much stronger result that the so-called occupation measure ((X) = X;M is
absolutely continuous with respect to the Lebesgue measure in R, see e.g. [MP10, Theorem 3.26].

The previous example is in fact a particular case of a general result: we will show that any
measure G' = 14g obtained as the push forward of an arbitrary nondegenerate Gaussian measure g
in H is super-G-regular.

Before discussing this result, let us show a simple criterion ensuring that a measure M € TP2(R)
is concentrated on P5(R). We set

1 ifr=0
Xo(r) = {O if: 0 (6.29)

Lemma 6.18. Let M = ym for m € Po(H) and let us suppose that m admits the representation
(2.29), (2.30) discussed in Section 2.4. If

/Q Xo(E(w, q1) — E(w, g2)) dP(w) =0 for M@ M-a.e. (q1,g2) (6.30)

then M is concentrated on P5(R).

Proof. Let D := {(x,x) : * € R} be the diagonal in R? whose characteristic function is given by
(x,y) — Xo(x — y). We recall that a measure pu € Po(R) is atomless (and thus belongs to P5(R)) if
and only if

po (D)= [ Xole = y) du(e) duly) = 0. (6:31)

Recalling the definition (2.34) of the k-projection of M, we deduce that M is concentrated on P5(R)
if and only if

pr?M(D) = [ Xo(w — y) dps?[¥(a.y) = 0.
Applying formula (2.36) we thus express the above integral as
L ([ 20w, a) — 2w, 02)) dM(a1, ) dP) = 0. (6.32)

An application of Fubini’s Theorem yields (6.30). O
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As an application of the above Lemma we have the following general result.

Theorem 6.19 (Push forward of nondegenerate Gaussian measures are superregular). If H = R
and g is a nondegenerate Gaussian measure in H, then G := g € 5" (H) is super-G-regular.

Proof. Since Q is a standard Borel space, we can find a bounded metric dq in Q such that (Q,dq)
is a complete and separable metric space and Fq coincides with the Borel o-algebra induced by dgq.
We can also define dg2((q1,¢2), (¢1,¢5)) := max[dq(q1,q)),dq(g2, ¢3)] and the swap isometric map
S:Q* = Q% S(q1,q2) = (32, 1)

We adopt the notation of Example (2.10). Since g is nondegenerate, we can also assume that
An > 0 for every n € N;. By Lemma 6.11, it is sufficient to prove that g satisfies condition (6.23).
Using the representation (2.38) and (2.39), we can then apply Lemma (6.18): our thesis follows if
we prove (6.30).

Thanks to (2.39), we have

D(w;q1,q2) = Z(w, 1) — E(w, ¢2) Zﬁn ( En(qg)) (6.33)

which is a series of independent random Gaussian variables. We know that for M®2-a.e. (¢1, ¢2)
o the series defining D converges in L%(Q,P) and also P-a.e.,
o its law vy, ¢ = D(;q1,q2)4P is a Gaussian measure

* Vggo = N(0,X*(q1, q2)) where
2
*(q1,2) E )\2( (Q2)) ‘ (6.34)

We can observe that the integral in (6.30) is just vy, ¢,({0}), so that (6.30) holds if v, 4, is non-
degenerate, i.e.
M(q1,q2) >0 for M®2-a.e. (q1,q2). (6.35)

Let us denote by A C Q? the set where A vanishes and let Dq := {(¢,¢) : ¢ € Q} be the diagonal in
Q?. Since M is diffuse, M®?(Dq) = 0 so that we have to prove that M®2(A’) = 0 where A’ := A\ Dq.
Since A, > 0 for every n, we immediately see that

(1:92) € A < En(q1) =En(g2) for every n € N;. (6.36)

We argue by contradiction and we suppose that M®2?(A’) > 0. We can thus find (q1,32) € A’ N
supp(M) and a sufficiently small ball B = B,(¢1, @2) such that S(B)N B = () and M®2(A’ N B) > 0.
Since A’ is symmetric and SyM®? = M®?, we have M®?(A4’' N B) = M®?(4’' N S(B)) > 0.

We set B’ := A’ N B and we eventually consider the bounded Borel function

flar, @2) = Xp(q1,92) — Xs(5y(q1,92) = XB/ (01, 92) — XB/ (92, 1)-

We can expand f as a orthogonal series in L?(Q?, M®?) with respect to the complete orthonormal
system Ey, »(q1,¢2) == Epn(q1)En(g2) obtaining

f= Z fmmEm’n converging in L*(Q?, M®?) (6.37)

where

o= | 1, ) () En(a2) M (a1, 02) (6.38)
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Since f = 0if (q1,q2) € A, the integral in (6.38) can in fact be restricted to A. Since (6.36) implies
in particular

Em,n(le 6]2) = Em(Ql)En(QQ) = En(Ql)Em(QQ) = En,m(q1’q2) M®2‘a-e- in A

we immediately get fmn = fnm On the other hand, inverting the order of ¢;, g2 in (6.38), using
the invariance of M®? and the anti-symmetry of f, i.e. f(q2,q1) = —f(q1,g2) we also get

Fr = [, £(22,00)Eun(@)En(a) (a1, 02)
QQ

= _ /Q2 fla1,q2)Em(q2)En(qr) dM@Q(Ql,Qz) _ —fn,m

We deduce that fmn = 0 for every pair of indexes, a contradiction since f is not identically 0. O
The range of application of the previous Theorem can be considerably extended thanks to the
following simple results.
Corollary 6.20. Let N := Py(R) \ P5(R). Then the (Borel) set 1~ (N) is Gaussian-null in 3.
Proof. Theorem 6.19 shows that g(¢~}(N)) = 0 for every non-degenerate Gaussian g, so that ¢ =1(N)
is Gaussian-null by definition. O
Corollary 6.21 (Push forward of G-regular measures are super-G-regular). If H =R and ¢t is a
G-regular measure in P (H), then R =y is super-G-regular.

Proof. Recall that as a G-regular measure in H v satisfies

t(B) =0 for every Gaussian null Borel set in 3, (6.39)
in particular f(:~1(N)) = 0, so that «(X) € P5(R) for r-a.e. X € H. We concude by Lemma
6.11. O

Let us see two simple examples.
Ezample 6.22 (Sum of Gaussians with random signs). Let Q := {—1,+1}" be the Cantor set
endowed with the uniform product measure M := (%5,1 + %61)®N. Every element ¢ € Q is a vector
(gi)ien of signs £1 indexed by i € N. We denote by ¢; : Q — R the i-th coordinate, and for every
finite subset I C N we consider the Walsh function
Wi(q) = Hsi, Wy =1. (6.40)
el
If J denotes the (countable) collection of all the finite parts of N, the Walsh system (Wj)eq is a
complete orthonormal system in 3 = L?(Q, M).

We select a family of independent Gaussian random variables £ ~ N (0, )\%) indexed by I € J
and coefficients A\; > 0 for every I € J such that A := 3" ;.9 A\? < oo; we form the random vector
& = > 1e9&Wr € H. Denoting by gy the law of £ in H we obtain a nondegenerate Gaussian
measure gy € P5(H). Applying Theorem 6.19 we immediately get

Gw = wsgw 1is super-reqular.
Ezample 6.23 (The law of random Fourier series). Let us now select Q := (0, 7) with the (normal-
ized) Lebesgue measure M. We consider the complete orthonormal system in H := L?(0, ) given
by the usual Fourier basis
S,(q) :== v2sin(ng), n € N,. (6.41)
As for the previous example, we select a sequence of independent Gaussian random variables &, ~

N(0,22) and coefficients \,, > 0 for every n € N, with A = 3% ; A2 < co. Denoting by gr the law
of the random vector & = >"°° ; £, S, we obtain a nondegenerate Gaussian measure gr € P5(3H).

G = ugF 1is super-reqular.
Notice that the case A, := # corresponds to the (centered) Brownian bridge.
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The finite dimensional case H=R%, d > 1

Let us now discuss the case when H = R%, d > 1. We will still focus on the construction of suitable
Gaussian measures g on H such that G' = 1g is super-regular and we will consider two different
approaches. Unlike the previous 1-d case, we will impose further properties on g.

Example 6.24 (Gaussian measures concentrated on C! maps). In this first example, we select Q :=

(0,1)¢ (or any smooth domain in R?) endowed with the d-dimensional Lebesgue measure M.

Theorem 6.25. If g is a non-degenerate Gaussian measure on the Banach space B = C1(Q;R?) C
H, then G = ug is super-G-regular with full support.

Proof. As before, we apply Lemma 6.11. Since g is a Gaussian non-degenerate measure in B and
B is dense in H = L?(Q,M;R?), g is clearly a Gaussian nondegenerate measure in P35 (3), so it is
sufficient to check that

XM is absolutely continuous for g-a.e. X € B. (6.42)

By the area and co-area formulae (see e.g. [GH80, Thm. 2.3]), the push forward pux = X;M of a
map X € C'(Q;R?) is absolutely continuous if

M({q € Q:det DX(q) = 0}) — 0, (6.43)

so that (6.42) is true if we show that (6.43) holds for g-a.e. X € B. We can prove this property by
Fubini’s Theorem. We consider the product measure g := g ® M concentrated on B x Q, we denote
by D : B x Q — R4 the “differential” evaluation map D(X,q) := DX (q), and we introduce the
closed set

A={(X,q) €BxQ:DX(q) €5}, S§:={DerR™ :detD=0}. (6.44)

We know that for every ¢ € Q the map X — D(X,q) is linear, continuous, and surjective from B
to R¥4. We thus deduce that D(-, q);g is a nondegenerate Gaussian measure in R4 5o that

g({X €B:D(X,q) € S}) =0 forevery q € Q.
Integrating in Q we get
5(4) = [ xa(X.q)dg = [ o(X € B+ (X.0) € 4)aMi(g) = 0 (6.45)
Applying Fubini’s Theorem we thus deduce that
(s Q: (X, € 4) dg(x) = 0

which yields (6.43) for g-a.e. X € B. O

The next example is a natural generalization of Example 6.17.

Ezample 6.26 (The occupation measure of the fractional Brownian motion). Let Q = [0, 1] endowed
with the Lebesgue measure; we fix a Hurst parameter H < 1/d and we consider the d-dimensional
fractional Brownian motion (£ );cq [Bia+08]. Since Z# has local time (or, equivalently, its oc-
cupation measure is absolutely continuous with square integrable density [Pit78; GH80], [Bia+08,
Thm. 10.2.3]), its law w in B := C([0, 1]; R?) is a nondegenerate Gaussian measures satisfying
(6.23), so that W = 1y € Py(H) is super-G-regular, according to Lemma 6.11.
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The above example is an application of a general technique due to Berman [Ber69] and involving
the Fourier transform. In order to explain the main idea in a general case, let us denote by
px € P2(RY) the law o(X) = XM of a generic element X € H. The Fourier transform of yix is the
continuous function jix : R* — C defined by

i (u) = /Rdei“'xdpx(:n):/Q v X@ qM(q) € R (6.46)

Notice that (X, u) — fix (u) is jointly continuous in H x R?. By Plancherel theorem, ux is absolutely
continuous w.r.t. the d-dimensional Lebesgue measure in R? with a density ox € L*(R?) if and only
if ix € L?(RY) and moreover

1 )
/Rd ke = o /Rd lix (u)|? du (6.47)

It follows that if the measure g € Po(JH) satisfies

= [ ([ JaxPdu)ag0) = [ ([ lax@Pas0)du<oso (649

we get px € Ph(RY) for g-a.e. X. We can rewrite (6.48) by using the representation (2.29) by the
process =, so that X(-) = Z(w,-) and therefore we can set i, = pz(,,.). We have

[ (W)]? = fro () - () = ( /C2 e/ =) dM(qy) ) ( /Q e X @) dM(gy) )
- Q2 ol STt E) dM®2(Q1, q2)

Taking now the expectation w.r.t. P and integrating in R w.r.t. u we end up with Berman condition
[GH80, Thm. 21.9]

L2 — / (/ EP [eiu'(a(qul)fa(w»(m))} du) dM®2(Q1,QQ) < 0 (650)
2 R4
In the particular case when Z = (2!, .- ,2%) is a Gaussian process and the determinant A(q1,q2)

of the covariance matrix of Z(-, q1) — Z(+, g2) is positive for a.e. q1, g2, we end up with the sufficient
condition for the validity of (6.50) [GH80, Thm. 22.1]

1

@ W dM®2(q17 q2) < Q. (651)

In the case of the fractional Brownian motion of Example 6.26 we thus recover the condition Hd < 1.

Ezample 6.27 (Berman condition for Karhunen-Loéve expansions). We slightly modify the above
argument, by considering an example inspired to the general framework discussed in Example 2.10
and based on a complete orthonormal system E/, of the Hilbert space H' := L?(Q, M;R) of scalar
valued square summable functions. If ey, - - - e4 is an orthogonal basis of R? (e.g. the canonical one),
we can then form the complete orthonormal system E,, ; := e;xE], of H := L?(Q,M;RY).

We assign a sequence ¥, n € N, of symmetric and positive definite matrices in R**? satisfying
the boundedness and coercivity condition

oo
0<a?<¥,v-v<pB2 foreverywve RY, |v| =1; Z B2 < oo. (6.52)
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We assign a sequence of centered independent Gaussian random variables in R? &, ~ N(0, Xn);
since 3, 32 < oo, we can form the random vector

£=) &E, (6.53)

corresponding to the the measurable process
E(w,q) Zén

It is clear that g = &P is a nondegenerate Gaussian in H. As in (6.34) we consider the functions
2 2
a*(q1,02) = > 02 (En(@) — Ep(@)) s A a1, a) Zﬁn(E/ @) — En(a2)) (6.54)
n

formed with the orthonormal system of the scalar-valued L?- space H’. We have already seen as a
particular consequence of the calculations of Theorem 6.19 that a?(qi,q2) > 0 a.e. if ¢1 # go.

Theorem 6.28. If

1
/Q s T o) W) M) < o0 (6.55)

then G = w39 is super-G-regular.

Notice that the integral in (6.55) can be restricted to the complement of the diagonal Dgq in Q?,
since M is atomless.

Proof. We want to prove that (6.50) holds. We first integrate (6.49) with respect to P, obtaining

Ep|fis(u))? = /Q ( / e u(Ew,q1) —E(w,a2)) dM®2(q1,q2)) dP(w) (6.56)
— (/ ol u(E(w,q1)—E(w,q2)) dP(w )) dM®2(q1,q2) (6.57)
Q2 \JQ
= Ep|et“(EC 7q1)—5(~,q2))} AM®?(q1, q2). (6.58)
Q2

We now observe that for M®2-a.e. (q1, q2) 8%(q1, go) is finite so that the expression

D(w;q1,q2) == Z(w, q1) — E(w, q2) an —E(q2)] (6.59)

is a series of independent Gaussian variables pointwise converging P-a.e. Its sum is a Gaussian
random variable with covariance matrix

o0

Y(q1,q2) Z —E (Q2)] ) (6.60)
satisfying
@®(q1,q2) < Sa1,42)v - v < B*(q1,42) for every v € R, Jo| = 1, (6.61)
so that .
Ep |:eiu~(5(‘791)—5(‘7q2))} = exp ( — 52((]17 @) - u) (6.62)
Combining (6.62) with (6.57) we get
. . 1
/ |fux (w)[? dg(X) = Ep|fi,(u)|* = / exp (= 53(qr, @)u - u) AM(g1, g5). (6.63)
H Q2 2
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We can plug (6.63) in (6.48) obtaining after a further application of Fubini’s Theorem
1
= - = . ®2
L? = /Rd (/Qexp( 22(Q1,Q2)u u) dM (q17q2)) du

— exp —12(%(12)“‘“ du) dM*?*(q1, g2)
/2 (/Rd ( 2

Since the inner integral is

1 1 (2m)4/?
Y . < — Za? 2 < =07
/Rdexp( 5 (q1,q2)u u) du_/Rdexp( 5C (q1,q2)|ul )du_ (0 02)
we conclude that ]
I < (2n d/2/ L AM®(qy, o),
=B e ot ) (. 02)
so that L? is finite if and only if (6.55) holds. O

We apply the above result to the d-dimensional version of Example (6.22).

Ezample 6.29 (Sum of d-dimensional Gaussians with random signs). Let Q,M, and the Walsh
system W7 as in Example (6.22): they form a complete orthonormal system for the “scalar” Hilbert
space H' = L?(Q,M;R). We now select a family of independent R%Gaussian random variables
&r ~ N(0,%r) as in the previous discussion with

0<of <Y -v<pf forevery veR?, BQZZB%<OO. (6.64)
I

As in (6.53) we consider the random vector

E=> &Wr with g=¢P. (6.65)
1€l

We decompose the set J of finite parts of Ny in the disjoint union of J,,, n € N, with
Jo = {0}, Jn:= {I €7 :max] = n} n>0, (6.66)

B = {{1}}7 Jo = {{2}7{172}}7 J3 = {{3}7{2a3}7 {173}a {17273}}7 T

Notice that for every I € J,, the corresponding Walsh function can be factorized as
Wi =e,Wp forsome I' C {1,--+ ,n—1}. (6.67)

For each J,,, n € N, we compute the contribution of a% to the total sum

AZ = Z o, sothat A?= Z A2 = Za% < B2 (6.68)
Iedy, n=0 I

The next result shows that G = 14g is super-G-regular if A, does not decay too fast.

Theorem 6.30. If
oo
1

n=1

< o0 (6.69)

then G = 149 is super-G-regular.

Notice that in the simplest case when ;7 = Aflgxq and oy = B; = A7, asymptotic behaviours as
A, ~n~? with > 1/2 or A, ~ a™™ with 1 < a < 2%/¢ comply with (6.69) and the summability of
n + A2 (corresponding to 3°; 7 < 00).
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Proof. We are in the setting of Theorem (6.28), so it is sufficient to check that (6.55) holds, where
in our case

o*(q, ) =Y of (WI(‘h) - WI(Q2))2 =Y > o (WI(‘h) - WI(QQ))2 (6.70)

1€l neNTed,

For every pair (q1,q2) € Q? with q1 # g2 let us denote by N(qi,q2) the first integer n € Ny such
that e,(q1) # en(q2):

N(q1,¢q2) := min {n €Ny ten(qr) # En(qQ)}. (6.71)

Since q1 # ¢o the set in (6.71) is not empty, so that N(q1,g2) is well defined. Since e (q1) = 1 (q2)
for every k < N(qi,q2) and therefore Wy (q1) = Wy (qa) for every I' € {1,--- ,N(q1,q2) — 1}.
Therefore the factorization (6.67) shows that

N = N(ql,q2), I e jN = W[(ql) = €N(q1)Wp(q1) 75 W]((]z) = €N(QQ)WI/(q1) (6.72)

so that

2
aX(q,a2) = Y o (Wila) = Wilar)) =4 Y of =44} (6.73)
Ieln 1€lN
so that
U S . -
/QQ al s 712—21 I‘T%M [{((h’@) €Q”:N(q1,q2) = n}}- (6.74)

Recall now that &, are independent and M®?[e1,(q1) # (q2)] = M®?[e1(q1) = ex(q2)] = 1/2 for all
k € N;. We thus obtain

M2 [{(01,02) € Q7 £ N(a2) = )] = o
and inserting this expression in (6.74) we eventually get
/ iddM(mﬁi ! < 40
Q £ gnAd
thanks to (6.69). .
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