RATE OF CONVERGENCE OF THE VANISHING VISCOSITY METHOD
FOR HAMILTON-JACOBI EQUATIONS WITH NEUMANN BOUNDARY
CONDITIONS

ALESSANDRO GOFFI

ABSTRACT. We study the quantitative small noise limit in the L° norm of certain time-
dependent Hamilton-Jacobi equations equipped with Neumann boundary conditions, depending
on the regularity of the data and the geometric properties of the domain. We first provide a
O(+/¢) rate of convergence for Hamilton-Jacobi equations with locally Lipschitz Hamiltonians
posed on convex domains of the Euclidean space. We then enhance this speed of convergence in
the case of quadratic Hamiltonians proving one-side rates of order O(e) and O(e?), 8 € (1/2,1).
The results exploit recent L' contraction estimates for Fokker-Planck equations with bounded
velocity fields on unbounded domains used to derive differential Harnack estimates for the cor-
responding Neumann heat flow.

1. INTRODUCTION

In this note we study the rate of convergence of the vanishing viscosity approximation for the
first-order (backward) Hamilton-Jacobi equation equipped with homogeneous Neumann boundary
condition

—O0wu + H(Du(x,t)) = f(z,t) inQx(0,7),

Ou=0 on 02 x (0,7,

u(z, T) = ur(x) in Q,
under the main assumption that €2 C R™ is unbounded. Heuristically, this amounts to study the
speed of convergence of v = d.u. (or, formally, the behavior of ““*2—"< as n — 0"), where,
denoting by € > 0 the (small) viscosity parameter, u. solves the viscous problem

—Owue — eAue + H(Du(z,t)) = f(z,t) in Qx (0,T),
Oyus =0 on 90 x (0,7),
ue(z,T) = ur(x) in Q.

We will show that in the case of solutions satisfying a priori Lipschitz bounds (independent of ¢)
and H € W,'°(R™), if Q is convex we have

|ue — ull L ax0,1)) < CVeT.

This bound is of perturbative nature, i.e. it is a consequence of the linear part of the PDE, while
the nonlinearity plays a minor role. In addition, this quantitative bound of order O(veT) is
optimal. In fact, it agrees with that of the vanishing viscosity limit of the heat equation. It is
easy to see that for H = f = 0 one can write via [9, Lemma II.1.3], see also [20, Lemma 1.14], for

g(,t) =u(-,T —t)

lg() = urllz= = [le"ur — ur||r= < Cllur|lwreVeT.
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If, in addition, H is quadratic and Au. < ¢(t) € L*(0,T), we can boost the rate on both sides and
get the quantitative estimate

T
—Ce? Sug—uge/ c(t), B € (1/2,1).
0

The results are based on duality methods and make use of some crucial L!-contraction estimates
for Fokker-Planck equations discovered recently in [T4] within the analysis of geometric estimates
for the heat flow. For this reason, we need to add the geometric assumption that {2 satisfies a
(uniform) interior cone property, cf. (I). We mention that our estimates are new even when {2
is bounded and convex: in this case we do not need € to satisfy the interior cone condition, see [14].

The research on quantitative estimates for the vanishing viscosity approximation of Hamilton-
Jacobi equations has recently received an incresing interest, mostly in connection with the quan-
titative study of the convergence problem in Mean Field Control. Classical results provide O(/¢)
rates for problems posed in R™ or T" using maximum principle methods [6], while the more re-
cent [I0] provides the same result using integral techniques. This rate can be boosted through
estimates in weaker LP-norms, cf. [3], via nonlocal approximations [8, [12], when H is uniformly or
strictly convex or under appropriate smallness conditions [B]. The case of problems with bound-
ary conditions is much less studied, and its analysis goes back to [I8 [19] for smooth, convex and
bounded domains. To our knowledge, quantitative estimates were obtained only in few papers for
stationary equations on bounded domains of the Euclidean space, cf. [2I) [16]. Our results provide
new advances in at least two directions, allowing the possibility of unbounded convex sets and the
treatment of time-dependent problems: for us the result in the stationary case will be a byproduct,
as in [22]. This note emphasizes that for problems with boundary conditions the geometry of the
domain, together with the regularity of the data and the geometric assumptions of H, play an
important role in the study of the rate of convergence of the vanishing viscosity approximation.

2. PRELIMINARY RESULTS ON FOKKER-PLANCK EQUATIONS WITH NEUMANN BOUNDARY
CONDITIONS

We assume that 2 C R” is a domain of R™ with smooth boundary. We also assume that € is
unbounded and satisfies the following condition
(1) 2 satisfies the interior cone condition, i.e. there exists a finite cone such that every
point in 2 is the vertex of a cone (congruent to the fixed given cone) contained in 2.

This geometric property ensures suitable extension properties of Sobolev spaces and a priori bounds
for parabolic equations with divergence-type terms. These properties and estimates are funda-
mental to deduce a conservation of mass principle, as we describe next. The paper [I4] considered
the forward Cauchy-Neumann problem solved by the function p. := p.(z,t)

Ope — €Ape + diV(b(ﬂf,t)Ps) =0 inQr=0x (7-7 T)7
(2) €dyp — pb(z,t)-v=0 on ¥, =90 x (1,T),
plx, 1) = pr(x) in Q.

where p,; € C5°(£2) and v is the outward normal to the boundary of €2, under the main assumption
that
be L™(Q,).

The regularity condition on b can be considerably weakened, as discussed in [14].

Theorem 2.1. [Theorem 2.4 in [14]] Assume that Q satisfies (I}, and let b € L>(Q,). Then there
exists a unique weak energy solution p € W := {f € L2(r,T; W'2(Q)) such that O.f € L*(r,T; Wg'z)}
to , In addition, if pr > 0, then p(t) > 0 and we have

[ otatydo= [ pota)ds
fort e (r,T].



3. RATE OF CONVERGENCE ESTIMATES

In this section we consider domains with smooth boundary satisfying the following additional
constraint

(3) Q is convex.

We address the vanishing viscosity approximation of the following equation
—0wu + H(Du(x,t)) = f(x,t) in Qr:=Qx(0,T),

(4) du=0 in Xr =00 x (0,7),
u(z, T) = ur(x) in Q,

namely the diffusive Cauchy-Neumann problem

—Oiue — eAue + H(Duc(z,t)) = f(z,t) in Qr,
(5) Oyu:. =0 in X7,
ue(z, T) = ur(x) in Q,

where €2 is either bounded and satisfies or it is unbounded and satisfies and . Note
that if the domain is bounded the assumption can be dropped, as it is a consequence of the
convexity of the ambient space, cf. [14], Section 2.1]. In the case of 7 since u is not C?, the
Neumann condition and the notion of solution should be interpreted in the viscosity sense, see [19].
If u is semi-superharmonic (i.e. Au. < ¢), one can also interpret the Neumann condition as in [I8],
Lemma 8.1]. In this setting, the notion of viscosity solution and the well-posedness results also
hold in the case of unbounded domains [19, p. 795 and p. 806], see also [I9, Remark p. 804] for
additional comments about condition (B)). In the sequel we will exploit the notation u(t) = u(-,t).

When 2 is bounded and smooth, and H is locally Lipschitz, the convergence problem of the
vanishing viscosity method was addressed in [I8| [19, 2] for stationary equations, but no results
seem available for time-dependent Hamilton-Jacobi equations. We provide for the first time a
time-dependent version of the quantitative convergence in |21, Theorem 2]. Our main novelty with
respect to [2I] is the possibility of allowing unbounded domains and the treatment of evolution
problems: the stationary rate of convergence found in [2I, Theorem 2] will be a consequence of our
next Theorems, see [3, Section 4.3.1]. To our knowledge, only few cases of problems with boundary
conditions were addressed in the literature other than [2I]. We mention [22] for Dirichlet problems
in bounded domains, [15] for problems with state constraints and [16] for general Neumann-type
boundary conditions and Hélder continuous solutions.

Remark 3.1. All the results in the paper will be stated in the form of a priori estimates. However,
one needs some qualitative properties of solutions to perform rigorously the calculations below.
When (2 is bounded, smooth and convex, solutions of Hamilton-Jacobi equations satisfy the max-
imal L9- regularity property, see [11], [13] (the convexity of  is not needed when H has at most
natural growth). If the domain is unbounded, we need some extra conditions on the geometry of
the domain at infinity to ensure maximal regularity of solutions, see [I} 2] and [I4], Section 2.1] for
a complete discussion.

Theorem 3.2. Let u. be a Lipschitz solution to the viscous equation and u be a Lipschitz
viscosity solution to the first-order equation , with Q either bounded and satisfying or
unbounded and satisfying and , Assume that H € Wlf)fo(R") and f € Wh(Qr). Then
lue = ull Lo (@r) < MVET.

for a positive constant M depending on ||Du||L(x,@T),n, IDfllLoe(@r)-
Proof. We differentiate with respect to € to find the PDE

—0® — eAv® + DpH(Dug) - Dv® = Au,.
equipped with the boundary conditions

0,v° =0 on X7 and v*(T) =0 in Q.
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This procedure of differentiating with respect to € can be made rigorous via Lemma 2.1 in [5]. We
introduce the adjoint problem

Orpe —elApe — div(DpH (Duc)p:) =0 in Qr =Q x (7,T)
(6) €0ype + p:DpH(Du.) - v =10 on X,
pe(x,7) = 0g, in Q.

Since H is locally Lipschitz and w is globally Lipschitz, the velocity field b(x,t) = —D,H (Du.) €
L>*(Q.). Thus, (6) admits a unique weak nonnegative solution belonging to W by Theorem [2.1
By duality, this gives the representation formula

(7) /Q V¥ ()pe () da = /Q V¥ (T)po(T) dz + / /Q ot da

We only need to bound the last integral of the right-hand side, since the first one vanishes due to
the fact that v*(T") = 0. Standard computations through the Bochner’s identity yield the evolution
of w. = |Du|?

—0w. — eAw, + 2¢|D*u.|* + D,H(Du.) - Dw. = 2Df - Du..

The convexity of €, instead, provides the inequality O, w. < 0 on X, cf. [I4, Lemma 2.1]. By
duality with the adjoint problem and using the conservation of mass property in Theorem we
have the following bound

T
(8) |Duc(z, )| + 25/ / |D?u|?pdxdt < Cf,
T Q

for a constant Cp depending on |Dur||re~(qy, [[Df||z~(q,). Note that this step requires the
convexity of the ambient space, since we use that o, w. < 0, d,u. = 0,p. = 0 on X, along
with the nonnegativity of p. on Q.. Therefore, we can use (8) and Theorem [2.1] to bound by the
Hoélder’s inequality

I o= ([, ) /] ) <0

-

Integrating in € and noting that the right-hand side is integrable near € = 0, we get for e > €5 > 0

(st = u)(7) || Lo () < MVT(VEr — v/E2),
where M = 24/nCp. We conclude by letting 5 — 0. (]

Remark 3.3. In the case of bounded domains, the same result can be achieved using the standard
maximum principle for parabolic equations applied to the auxiliary function

Fy(x,t) = Vedu.(x,t) £ |Duc(x,t)|*.

Our proof provides a global approach to this problem that avoids the use maximum principles on
unbounded spaces.

Remark 3.4. The result can be made unconditional using Lipschitz estimates independent of the
viscosity ¢ for the Cauchy-Neumann problem of Hamilton-Jacobi equations. These are well-known
for bounded convex domains, see e.g. [18, [19], and require additional coercivity conditions on H.
Examples of Lipschitz bounds in the unbounded case can be found in [I4] for quadratic Hamilton-
Jacobi equations. At this stage, we do not know how to remove the convexity condition on 2 to
obtain the second order integral bound in . However, Lipschitz estimates are available under
weaker geometric assumptions, see e.g. [19, p. 807].

We now investigate an improvement of the convergence rate in Theorem The authors in [21]
p. 18] highlighted that for a certain one-dimensional, quadratic, Hamilton-Jacobi equation with
Neumann conditions, one should expect a rate of convergence better than the order O(y/e). Our
next result confirms the observations of [21], as it provides an improvement when the solutions are
semi-superharmonic and H is quadratic, under additional conditions on f, cf. @ In particular, it
gives a quantitative statement of [I8, Theorem 8.1]. If f is semi-superharmonic and H is uniformly
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convex, this upgrade is known under certain conditions of the state space: the paper [5] provides
two-sides O(e|loge|) rates of convergence in the periodic setting, see also [4] for the whole space
case. Both of them exploit entropy bounds of solutions to the adjoint problem @ The rate
can be also improved under smallness conditions (e.g. short time horizons) or under geometric
requirements on the solutions, at least for domains without boundary, cf. Remark 3.3 in [5].

Theorem 3.5. Let u. € W5 be a semi-superharmonic solution (i.e. satisfying the one-side
bound Au. < c(t), ¢ € LY(0,T) independent of €) to the viscous equation and u € Whe
be a semi-superharmonic solution to the first-order equation , with Q as above. Assume that
H(p) = Ip* and

(9) Af <ecpinQrp, and 0, f >0 on Xp.

Then, for all B € (1/2,1), there exists C = C(B) depending in addition on n,cs, T, || Dul| e gy,
IDfllLe(@r): [(Aur) | Lo () such that

T
—CeP <u.—u< s/ c(t)dt, B e (1/2,1).
0

Remark 3.6. Some observations about @D are in order. While the one-side condition Af < ¢y is
natural to derive unilateral second order bounds, the second condition is in general necessary. We
refer to [I8, Remark 8.2] for some explicit examples in bounded and unbounded convex domains
showing that this condition cannot be dropped.

Proof. We start again with the equation solved by v, namely
—0v° — eAv® + D,H(Du,) - Dv® = Au,
equipped with the boundary conditions
0,v* =0 on Xy and v*(T) =0 in Q.

By duality, we have the representation formula

/QUE(T)pE(T) dzx = /QU‘E(T)pE(T) dx—i—/ Augpe dxdt.

Q-

Since Aue < ¢(t) and v*(T") = 0, by the conservation of mass for the adjoint problem in Theorem

B1] we have
T T
// Auepsdxdtg/ ||(Au€(t))+||Loo(Q)/pgda:dtg/ o(t) dt.
Q T Q 0

-

Integrating with respect to € we conclude

T
e — )T ()| oo <e c .
(e — u)* (7). <Q></o (1) dt

We now prove the leftmost estimate. We first show that for « € (1,2) we have the bound

T
(10) / /(t — )% D?ug?pe dadt < K,
T Q

where p. solves (6) with b(z,t) = —D,H(Du.) = —2Du. and K depends on n,a,T,ur, f. To
this aim, we exploit the uniform convexity of the Hamiltonian. We first find, by differentiating
twice the equation for u. and using the Bochner’s identity A|Du.|?> = 2|D?*u.|* + 2Du. - DAu,
the following inequality solved by the function z.(z,t) = (t — 7)*Au(z, )

—0sze — elze + 2(t — 7)*|D*uc|? 4+ 2Du. - Dz = —a(t — 1) P Au, + (t — 7)*Af  in Qp.

Note that since u. solves the Hamilton-Jacobi equation, z satisfies the boundary condition

Opze = (t — 7)*0, Aue(z,t) = (t — 7)%0, {i (—8tu5 + |Du.|? — f)} <0on Xr.
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To see the last inequality, use the identity 9, (0;u.) = 0, 9,|Du.|* < 0 because d,u. = 0 and  is
convex, and also @ By duality and integrating in 2 x (7,7) we have

/zg( T)pe(T dx+2/ / )| D?u. | p. dedt < /zg(T)pE(T) dx
Q

S(T=7)*[[(Aur)tlLoo (o)

T
—a/ /(t—T)“_lAuEpE dxdt+/ / (t — 7)*Afpe dzdt.
T Q T n

Note that to integrate by parts we used the boundary conditions 0,2, < 0, 0,p = d,u. = 0 on
Y, together with the fact that p. > 0 by Theorem We now use the Young’s inequality and

Theorem 2.1] as follows

T
—a/ /(t—T)O‘_lAuEp6 dzdt
T Q
1 /7 2 T
< 7/ /(t—T)alAug\Qpa dﬂ?dt-‘rﬂ/ /(t—f)“”,ogdxdt
Q Q
S/ /t—T |D2u5| padxdt—i——/ t—Tazdt

OZ
D? dedt + —— T 1
// L Ty

We then obtain
TaJrl

2 a—1 [e% .

We now conclude the estimate. Assume first that 7 + & < T. Then, back to the representation

<f(/ / 02| D%u|po(t — 1) Q/Qdazdt—k/ /|D u€|p6dxdt>
< f(/ / )% | D%u,|? psd:cdt)Q </Ti/ﬂ(t7)ap5dxdt>2

T+e 3 T+e 3
+vn (/ / | D?u.|?p. d:cdt) </ / Pe dxdt)
T Q T Q
K 11—«
<25 4 V/nCr,
a—1

where we used the estimate , the conservation of mass of the adjoint problem and the Lipschitz

bound in [5, Lemma 2.3] (note that the Lipschitz bound also holds for convex domains, as noted

in ) If 7 > T — ¢, then the same estimate holds, without the first constant %, since in

this case there is no need to split the first integral. We conclude that

-V ’I’LCL.

Since the previous estimate holds for all ¢, T, we obtain, by setting 33% = 3 € (1/2,1),

1 /| nK 4
Ues — U Z 7? m&' — nOLE.

formula , we have

/ Auep. dxdt

v¥ (20, 7) > —

o —
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Theorem can be made unconditional using semi-superharmonic bounds for strictly convex
Hamilton-Jacobi equations. We recall that under the uniform convexity condition on H, solutions
are known to be semiconcave when 2 = R™ or T"™. However, this property remains an open
question for Neumann problems posed on bounded convex domains. We show however that second
order bounds on pure derivatives independent of the viscosity can be achieved for Hamilton-Jacobi
Neumann boundary-value problems. The proof uses an integral approach based again on Theorem
. Earlier results in this direction appeared in [I8] via maximum principle methods on bounded
convex domains.

Theorem 3.7. Let ) be an unbounded domain satisfying — (or bounded and satisfying ),
and assume that ||(Aur) ™| e (o) < Mo, with H satisfying

H(p) = [p|", v>1.
Assume also
Af <cy(t) € LY0,T) in Qr and d,f >0 on Xr.
Then, any Lipschitz solution of satisfies

[(Au)* (#)[| Lo ) < Mo +/ cy(t) dt.
0

Sketch of the proof. We follow the proof of the Li-Yau estimate in [14]. When H(p) = |p|?, it is
enough to observe that Z(x,t) = Au,. satisfies the inequality

—0i%. — eAZ + 2|D*u > + DyH(Du,.) - DZ. = Af in Qr

with the boundary condition 9,2 < 0 on X7, as in Theorem [3.5] A similar calculation in the more
general case H(Du.) = |Du.|", or its smooth approximation Hs(Du.) = (6 4+ |Du.|?)?, leads to

—043. — eAZ. 4+ y|Du|""?Du, - Dz, < Af.

In this case 9,2. < 0 on 99, since 9,|Du:|? < 0 on 99 because € is convex. By duality with
the adjoint problem @ and using its conservation of mass, it is immediate to obtain the desired
estimates, which are independent of the viscosity. O

Remark 3.8. It would be worth investigating the improvement of the rate of convergence in weaker
L' norms, as in [3, [17]. In this case, starting from the identity

/’Us(T)pE(T) dx = / v¥(T)pe(T) dx—|—// Aup. dxdt,
0 0 Q-
we can estimate

/ /Q Auspe dedt < || Az |12 el =00

If the right-hand side does not depend on ¢ we would obtain a O(e) rate of convergence. The
estimate ||Au.||11(q,) can be obtained on bounded convex domains [I8], while one needs maximum
principle estimates for the adjoint problem independent of the viscosity, under the assumption
that [div(b)]” < co. A study in this direction was carried out in [7] on unbounded domains when
div(b) € L.

Remark 3.9 (Towards the O(g|loge|) rate of convergence). In the case of domains without bound-
ary, recent results provided a better O(e|loge|) speed of convergence, cf. [4, [5]. These are based
on entropy-type estimates for solutions to @ which are unknown in the context of unbounded
Neumann problems. We do not know whether in the setting of this manuscript the speed of
convergence can be improved.
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