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ABSTRACT. We prove a stochastic homogenisation result for strongly anisotropic, degenerate integral
functionals under suitable moment conditions. Specifically, we study random vectorial functionals whose
integrands exhibit degenerate growth and coercivity of order p > 1 governed by two nonnegative, sta-
tionary weight functions A (governing growth) and A (governing coercivity). We allow the ratio A/
to become unbounded with positive probability, thereby encompassing the case of strongly anisotropic
integrands. Our main result shows that when the integrand is convex in the gradient variable and the
weights satisfy the moment condition
E[A% + A7) < +o0,
for exponents aw > 1, 8 > 1/(p — 1) such that
1 1 p
a B d-1
if d > 3 (where d is the space-dimension), the functionals almost surely homogenise to a non-degenerate
limit energy. Furthermore, in the general non-(quasi)convex case, we prove an analogous homogenisation
result under the stricter condition 1 1 1
a B d-1’
which is shown to be optimal for suitable choices of p and d.
Keywords: Stochastic homogenisation, I'-convergence, integral functionals, degenerate growth, strongly anisotropic
materials.
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1. INTRODUCTION

Over the past decade, the homogenisation of elliptic equations and integral functionals featuring de-
generate, random coefficients has attracted growing interest. In particular, quadratic and convex integral
functionals with degenerate, random integrands have been the focus of intensive research within sto-
chastic analysis, as they emerge as Dirichlet forms tied to random conductance models. In this context,
homogenisation corresponds to an invariance principle for random walks evolving in degenerate random
environments. Moreover, energy functionals with degenerate (discrete or continuous) structure naturally
arise in variational models of strongly anisotropic or high-contrast materials.

This paper advances the framework of stochastic homogenisation by addressing nonlinear models char-
acterised by highly anisotropic and degenerate coefficients. Namely, we consider a complete probability
space (§2, F,P) equipped with a (continuous) measure-preserving group action 7 = {7,},cge and for every
w € 2 and € > 0 we focus on integral functionals of the form

@ = [ f(w2

A g
where A C R? is open, bounded with Lipschitz boundary, u € W1!(4;R™), with d,m € N, and d > 2.
If we interpret F. as the elastic energy of a composite, microstructured material, in (1.1) the parameter
w € {2 represents a realisation of the microstructure, while € > 0 sets the corresponding micro-scale. The
integrand f: Q x R? x R™*4 — [0, +-00) is a T-stationary random variable, i.e.,

f(row,z,6) = f(w,z + 2,£) for every (z,w,z,£) € R x Q x R x R™*4

,vu) dz, (1.1)

and obeys degenerate growth and coercivity conditions of order p > 1:

AMw, 2)[]P < flw,2,§) < Aw, ) (57 + 1), (1.2)
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for every w € Q, x € R?, and ¢ € R™*?, Here A, X: Q x R? — [0, +00) are T-stationary weight functions,
with A < A, which satisfy the following stochastic integrability conditions

A(-,0) e LY(Q),  AVED( 0) e LY(Q). (1.3)
In view of the stationarity hypothesis, by the Fubini Theorem, (1.3) implies that, almost surely,
Aw,") € Lige(RY), A7V D(w,) € Lj (RY);
in turn, the local integrability assumptions above allow for

sup A(w,z) =400, inf Mw,z)=0
2R z€R?
to happen with positive probability, thus accommodating a degenerate behaviour of f. Moreover, ap-
pealing to the Birkhoff Ergodic Theorem, it can be proven that (1.3) also guarantees that (almost surely)
sequences with uniformly bounded energy F. are precompact in WP with respect to the strong L'-
topology (see [21]).

In the isotropic case - that is when A < ¢ ), for some ¢ € (0,+00) - the theory of T'-convergence and
homogenisation of integral functionals with degenerate coefficients is by now well-understood (see, e.g.,
[7, 10, 11, 15, 20, 13, 21]). Specifically, in the recent work [21] the authors show, among other, that when
T is ergodic, under very mild assumptions on f, the integrability conditions (1.3) are in fact enough to
prove that the functionals F. homogenise, almost surely, to the deterministic functional

Fhom(u) = Afhom(vu) d.ﬂ?,

where fhom 1S given by

(1.4)

t——+oo ¢

from(§) = lim ldIE linf{/@ (O)f(w,x,Vquf) dr: ue€ W&’l(Qt(O)?Rm)}

Furthermore, fion satisfies standard growth and coercivity conditions of order p

CO|£|p S fhom(wvg) S Cl(|£|p + ]-)a
with
co=ENV® D 0)P and ¢ =E[A(-,0)],

so that thanks to (1.3) the domain of Fy,om coincides with W1P(A4;R™). Notably, in [21] it is also shown
that the moment conditions in (1.3) are optimal in the sense that if either of the two is violated, examples
can be exhibited for which the corresponding fhom degenerates. The proof of the homogenisation result
in [21] follows a now-classical strategy which combines the blow-up method [17] with the Subadditive
Ergodic Theorem [1], in the spirit of [9]. However, the degenerate growth of f introduces subtle challenges,
particularly in establishing the lower-bound inequality. In fact, in order to prove it, one must modify a
sequence locally, to match a linear boundary datum, without substantially increasing the energy. In the
language of T'-convergence, this means proving that the functionals F. satisfy a so-called fundamental
estimate, uniformly in ¢ (see [8]). But in the degenerate setting, sequences with equi-bounded energy
converge only in L', while the error in the fundamental estimate is controlled by a weighted LP-norm,
where the weight oscillates randomly at the e scale. To bridge this mismatch, [21] makes use of a vectorial
truncation argument (see also [13]), which is then suitably woven with an enhanced version of the Birkhoff
Ergodic Theorem. This combination allows one to control the error in the fundamental estimate and to
complete the lower-bound proof despite the degeneracy. It is worth mentioning that, up to suitably
replacing the integrability assumptions in (1.3), an analogous approach also works for p = 1, in this case
producing a homogenised functional defined in BV, as shown in [23].

In this paper we extend the study in [21] to the strongly anisotropic setting, that is, to the case where
the ratio A/X can become unbounded with positive probability. To the best of our knowledge, this is the
first paper where a nonlinear stochastic homogenisation result which encompasses both strong anisotropy
and degeneracy is proven. On the other hand, in the recent paper [2] the authors establish a quantitative
stochastic homogenisation result for linear, non-uniformly elliptic equations in divergence form allowing
for strongly anisotropic coefficients.
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In Theorem 3.4 we show that if A and A satisfy suitable moment conditions (which are, in general,
stronger than (1.3)), then also in the highly anisotropic setting the functionals F. homogenise t0 Fiom
with probability one.

As is typical when coercivity and growth of f are not comparable, a proof of the lower bound which
makes use of the fundamental estimate becomes rather subtle. An effective way to overcome this issue
is to assume convexity of f in the gradient variable (see, e.g., [19, 14, 22], where no growth conditions
from above are imposed). This allows one to modify a sequence by considering a convex combination
with the desired boundary datum by means of a suitable cut-off function. In fact, the convexity enables
the cut-off function to be chosen without relying on an a priori energy bound, thus sidestepping the
challenges posed by the mismatched coercivity/growth structure. However, the convexity alone is not
sufficient to conclude since one also needs to control the error due to the modification above. We show
that this is possible under additional moment conditions on A and A. Namely, besides the convexity of
f, we require that

A(7O) € LQ(Q)7 A_1('70) € Lﬁ(Q)v (15)
for exponents & > 1 and 8 > 1/(p — 1), satisfying
1 1 p
S 1.
o + 3 < P (1.6)

when d > 3. Under these conditions, in Lemma 6.1 we show that in dimension d — 1 the weighted L/-
norm is bounded above by the weighted Wim -norm for some r > p, up to oscillating random coefficients
which can be controlled thanks to the Additive Ergodic Theorem. Eventually, in Proposition 6.3 we
prove the liminf inequality by pairing the embedding result in dimension d — 1 with a careful choice of
(d — 1)-dimensional cubes where the gradient of the cut-off function is controlled. The use of similar
lower-dimensional arguments to improve the range of the integrability exponents can be also found in
[5, 6] and in the more recent [4, 22]. We observe that for p = 2 the moment conditions (1.5)-(1.6) turn out
to be crucial (in fact, optimal) to prove some regularity results for the solutions of linear, non-uniformly
elliptic equations in divergence form [3, 4]. Whereas the stochastic homogenisation result in [2] is proven
by means of a rigorous renormalisation-group argument under assumptions which are alternative and not
directly comparable to (1.6).

In the non(quasi)-convex case a gluing argument based on a simple cut-off construction becomes
unfeasible. In fact, in general, such a construction does not provide any control on the energy in the
transition region where the sequence is modified in order to match the boundary datum. Here we overcome
this issue by imposing the following stronger bound on the integrability exponents:

1 1 1

a+ﬂ<d—1' (1.7)
Furthermore, we employ a rather delicate construction based on the use of convolutions with variable
kernels to interpolate between the original sequence and the linear boundary datum. Far from the bound-
ary of the transition region, the use of convolutions ensures enough regularity for the modified sequence
and allows us to estimate the corresponding energy. Then, the subtle part of the proof is to determine
where to let the convolution-radius shrink in order to obtain compatibility between the trace of the orig-
inal sequence and that of the boundary datum in a controlled way. This is accomplished by selecting
the boundary of two suitable concentric cubes via maximal-function estimates applied to A%, A=?, and
A VulP. Then, to control the energy of the modified sequence close to the selected cubes’ boundaries, the
crucial ingredient is a Muckenhoupt-type estimate that stems from (1.7). The construction as above is
the core of the proof of Lemma 7.1 which, in turn, is pivotal in the proof of the lower-bound estimate
Proposition 7.3.

Eventually, in the general case we show that the bound in (1.7) is essentially optimal, at least for
some choices of p, d, and m. Namely, in the periodic case we exhibit an example which shows that if
(1.7) is violated, then (1.4) fails to identify the integrand of the homogenised functional. More precisely,
forp=d=m >3, a =00 and 8 < d — 1, we construct a spatially-periodic, polyconvex integrand f
for which the corresponding I'-limit is strictly smaller than one when evaluated at the identity function,
while from(I) > 1, I € R4 being the identity matrix. Since 3 < d — 1, this is done by exploiting the
possibility to construct a sequence which converges to the identity function while having finite W/\1 "P_norm
and arbitrarily small determinant in a subset of the periodic cell with positive volume fraction.



4 D. REGGIANI AND C. I. ZEPPIERI

2. PRELIMINARIES

2.1. Notation. Throughout we consider d,m € N with d > 2. Given a measurable set A C R?, we
denote by |A] its d-dimensional Lebesgue measure; if [A| > 0, we define f, := ﬁ [4- Given zp € R? and
p > 0, B,(zo) denotes the open ball with radius p centered at ¢ while we set Q,(z¢) := zo+(—p/2, p/2)".
If o = 0 we write B, and @,, respectively. Moreover, if p = 1 we simply write @ instead of Q);. We
use the standard notation for LP-spaces and Sobolev spaces WP, For x € R? and ¢ € R™*? we set
le(x) := &x. We use L4 for the o-algebra of Lebesgue-measurable sets in R? while the Borel o-algebra on
R™*4 is denoted by B™*¢. In all that follows A denotes the collection of all open and bounded subsets
of R? with Lipschitz boundary. Finally, C stands for a generic positive constant that may vary from line
to line, within the same expression.

2.2. Maximal Function. We recall here the definition of the Hardy-Littlewood maximal function on
an interval together with a property which is relevant for later use.

Definition 2.1. Let (a,b) C R and f € L'(a,b); M(f) denotes the maximal function of f on (a,b) and
is given by
1 (z+p)Ab
M(f)()i= s o FW)ldy,  we (ab).
pe(0,+00) 2P J(z—p)va

The following result concerns a so-called L!-L1:>° estimate for M (f). We state it in a sub-optimal way
which is, though, convenient for our purposes. For the properties of the maximal function we refer the
reader to [24, Section 1].

Theorem 2.2. There exists a universal constant C > 0 such that for every f € L'(a,b) it holds

£ ({z € (a,b): M(f)(x) > s}) < cm
for every s € (0, +00).

2.3. Convolutions with variable kernels. In this subsection we recall some basic facts concerning
convolutions with variable kernels.
The following result holds true.

Lemma 2.3. Let A, A’ € A with A’ € A, u € WHL(A;R™) and ro > 0. Let w be defined as
w(z) == ][ u(y)dy if e A, w(z) =u(z) if ve A\ A,
Qr(a)(2)

where r: R — [0, 4+00) is given by

. A
7“(30) — M ATQ.

Then, w € WHL(A;R™) and

Vuo(a)] <2 ]é IVuwldy (2.1)
r(z) (T

Proof. Let T, denote the map = — x+r(z)y; since DT, = Id+y® Vr. Since |Vr| < 1/2, for every y € Q
we have that det DT}, > 1 — |y|/2 > 1/2. Moreover, we notice that T} is one-to-one and acts like the
identity on 9A4’, hence T}, is a bi W!*°-diffeomorphism form A’ to itself. Hence, w has weak derivative

on A and we have
vuta)l = v f R )| = |v( [t rtom )|

S/ Vu(z +r(z)y)| + [Vu(z + r(2)y) - yVr(z)| dy
Q

< 2/Q|Vu(x+r(x)y)|dy.
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Moreover, for every nonnegative f € L'(A’) we have

1
s dyde = [ g+ rtwpdyis = [ [ 1) dady < 20
/l er(m)(w) rJQ Q ’ det DTy(Z) (479
This gives that |w| € L'(A4’) and |Vw| € L'(A’) and hence the claim. O

2.4. Ergodic Theory. In this subsection we recall some basic concepts from ergodic theory together
with the statements of some ergodic theorems which are relevant for our purposes.
In what follows (9, F,P) denotes a complete probability space.

Definition 2.4 (Measure-preserving group action). A measure-preserving additive group action on
(Q,F,P) is a family 7 := {7,},cpa of measurable maps 7, : Q@ — Q satisfying the following proper-
ties:

(1) the map (w, 2) — 7.(w) is (F ® L%, F)-measurable;

(2) P(r.E) = P(E), for every E € F and every z € R%

(3) 70 =idq and 7., 4., = T., o T», for every z;, 2o € R
If, additionally, every T-invariant set F has either probability 0 or 1, then 7 is called an ergodic measure-
preserving group action.

Let g is a measurable function on (2, F,P); we use the standard notation

Elg] = /Q 9(w)dP

for the expected value of g.
Let g € L'(Q2) and F’' C F be a o-algebra, then E[g|F’] denotes the conditional expectation of g with
respect to . That is, E[g|F’] is the unique L' (Q)-function satisfying

| Bl )P = [ g

for every E € F'.

We also consider the sub-o-algebra of 7-invariant sets, that is, 7, :={F € F: 7E = E}.

In what follows we will make use of a variant of the Additive Ergodic Theorem which can be found in
[21, Lemma 4.1].

Theorem 2.5 (Additive Ergodic Theorem). Let g € L'(Q), let T be a measure-preserving group-action
on (Q,F,P). Then there exists a set ) € F with P(Y') = 1 such that for every w € ' and for every
measurable bounded set B C R? with |B| > 0 there holds

li ~w)dz = Elg|Fr , 2.2
Jm f glrw)dz = BlolF)(w) (22)
where F, denotes the o-algebra of T-invariant sets. Moreover, if T is ergodic (2.2) becomes
tl}gloo . g(T,w) dz = E[g].
For later use we also recall the definition of subadditive process.

Definition 2.6 (Subadditive process). Let 7 be a measure-preserving group-action on (2, F,P). A
subadditive process is a function u : Q x A — [0, 4+00) satisfying the following properties:

(1) (integrability) for every A € A, u(-, A) belongs to L'(Q);
(2) (stationarity) for every w € Q, A € A, and z € R?
plw, A+ 2) = p(r.w, A);

(3) (sub-additivity) for every w € €, for every A € A, and for every finite family (A4;);c; C A of
pairwise disjoint sets such that A; C A for every i € I and |A\ U;erA;| = 0, there holds

pw, A) < p(w, Ay).
iel
If 7 is ergodic then p is called a subadditive ergodic process.
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Below we state the pointwise subadditive theorem proven by Akcoglu and Krengel [1, Theorem 2.7].

Theorem 2.7 (Subadditive Ergodic Theorem). Let i1 : Q x A — [0,4+00) be a subadditive process. Then
there exist a F-measurable function ¢ : Q — [0,+00) and a set Q' € F with P(Q') =1 such that

lim #w,nQ) = ¢(w),

neN;n—+oo |7’lQ|
for every w € ' and for every cube Q = Qr(xq) with xo € Z¢ and k € N.

3. SET-UP AND STATEMENT OF THE MAIN RESULT

In this section we define the random functionals we are going to consider and we state a homogenisation
result for these functionals, which holds true under two different sets of assumptions.
We preliminarily need to introduce the class of admissible integrands.

Definition 3.1 (Admissible random integrands). A function f: QxRIxR™*4 — [0, +-00) is an admissible
random integrand if it satisfies the following assumptions:
(A1) fis (F®L£Y®B™*4)-measurable and, for every w € Q and every x € R, the map ¢ — f(w,x,&)
is lower semicontinuous;
(A2) there exist p € (1,00) and A, \: Q x R? — [0, +00) (F ® L?)-measurable functions with

A(,O) € Ll(Q)v Ail/(pil)('v 0) € Ll(Q)a (31)
such that for every w € Q, x € R% and ¢ € R™*¢ the following bounds hold
Aw, 2) €] < flw,z,8) < Aw, ) (|7 +1); (3.2)

(A3) the random variables f, A, and A are stationary. That is, there exists a measure-preserving group
action 7 := {7, },cgae such that

flrw,z, &) = flw,x+ 2,£), Alrw,z) =Aw,z+2), MNrw,z)=Nw,z+ 2), (3.3)
for every (z,w,r,&) € RY x Q x RY x R™X4,

Moreover, we consider the following additional hypotheses on the integrand f and on the weight
functions A and A:

H1) the map & — f(w,x,§) is convex, for every w € Q and = € R? and there holds
( p ; y

A(,O) € La(Q)a )\71(.,0) € Lﬂ(Q)v (34)
for two exponents aw > 1 and 8> 1/(p —1). If d > 3 the exponents o and § additionally satisfy
1 1 p
E + B < m, (35)
(H2) the integrability assumptions (3.4) hold for exponents & > 1 and 5 > 1/(p—1), which additionally
satisfy
INER 59
a B d-1 )

Remark 3.2. We notice that in view of the stochastic integrability of the weight functions (3.4) and
their stationarity (3.3) we can appeal to the Fubini Theorem to deduce that for P-a.e. w € ) we have

Aw,”) € LE(RY), A Hw,) e Ll (RY).

loc loc

Let f be as in Definition 3.1; for every fixed ¢ > 0 and w € Q we consider the integral functional

F.(w): LL (RGR™) x A — [0, 400] defined as
/ f (w7 £7Vu) dr if ue WHL(A;R™),
F.(w)(u,A):=< Ja € (3.7)
400 otherwise in Ll (R%R™).

Before stating the main result of this paper, we observe that despite the degenerate growth conditions
satisfied by f (up to imposing Dirichlet boundary conditions) the domain of the homogenised functional
is W1P(A;R™), as the following lemma asserts.
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Lemma 3.3 (Equi-coerciveness). Let f be an admissible random integrand as in Definition 3.1. Let
(us) € WHLH(A;R™) be a sequence (possibly depending on w) satisfying

sup Fe(w)(ue, A) < +00.
e>0

Then, there exists Q' € F with P(Q') = 1 such that (Vu.) is relatively weakly compact in L*(A;R™*%),
Moreover, if (u:) is bounded in L*(A;R™) then there exists u € WHP(A;R™) such that u. — u weakly in
Wh(A;R™).

Proof. Since the proof only rests on the growth condition from below in (3.2), the claim is a direct
consequence of [21, Lemma 4.2]. O

We are now in a position to state a almost sure homogenisation result for the functionals F.(w). This
holds true under the two alternative sets of hypotheses (H1) and (H2).

Theorem 3.4 (Homogenisation). Let f be an admissible random integrand. Assume that, addition-
ally, either (H1) or (H2) holds true. Then, there exists ' C Q with P(QY) = 1 such that for every
w € Y and every A € A the functionals F.(w)(-, A) T-converge in L (RGR™) to Fhom(w) (-, A) with
Fhom(w): LL (R%:R™) x A — [0, +00] given by

loc
/ fhom(w, Vu) dx zfu c WLZD(A; Rm)}
A

Fhom(w)(u, A) := (3.8)
+o0 otherwise in Ll (R%R™).
The random integrand funom s given by the following asymptotic cell formula
1
from(w,€) == lim — inf{ flw,z, Vu)de: u—le € Wol’l(Qt;Rm)}, (3.9)
t—+oo ¢ Q.

for every w € Q' and £ € R™*?,
Moreover, fuom is (T ® B™*%)-measurable, continuous in &, and for every w € Q it satisfies the
following growth conditions
Co(w)|£|p < fhom(w’g) < Cl(w)(|£|p + 1)7 (310)
where
cow) = EN YD 0)F ) P(w) and e (w) :=E[A(, 0)]F ] (w). (3.11)

Remark 3.5 (Ergodic case). If (3.3) holds true for a measure-preserving group action which is ergodic,
then fiom is deterministic. Therefore, by (3.1), (3.9), (3.10), and the Dominated Convergence Theorem
we get

t——+oo

1
from () = lim -5 / inf { flw,z, Vu)de: u—Lle € Wy (Qy; R’”)} dP,
Q Q¢
for every £ € R™*?. Moreover, in the ergodic case fyom satisfies the following standard growth conditions

CO|§|p < fhom(f) < cl(|€|p + 1))
with
o 1= / co(W)dP =EA"YP D 0P and ¢ = / c1(w) dP = E[A(+,0)].
Q Q

The proof of Theorem 3.4 is carried out in three main steps. Under the sole assumption that f is an
admissible random integrand, in the first step we establish the existence and spatial homogeneity of fi,om
(cf. Proposition 4.2). Afterwards, we prove that the upper-bound inequality for F. holds true almost
surely (cf. Proposition (5.1)). Also in this case the additional hypotheses (H1) and (H2) play no role in
the proof. Eventually, the lower-bound inequality for F; is the most delicate part of the proof of Theorem
3.4 and it crucially relies on the convexity of f as well as on the choice of the integrability exponents as
in (3.5) and (3.6), respectively (cf. Proposition 6.3 and Proposition 7.3).

Remark 3.6 (Convex case, d = 2). We observe that if the function £ — f(w,z,&) is convex for every
w € Q and v € R? and d = 2 then Theorem 3.4 holds true under the sole integrability assumptions (3.1).
This is due to the fact that for d = 2 the estimate in (6.2) (cf. Lemma 6.1) holds true without imposing
any constraint on the exponents other than v > 1 and 5 > 1/(p — 1). As a consequence, in this case the
convexity of f in & is enough to prove the lower-bound inequality in Proposition 6.3.
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Remark 3.7 (Convex growth). Let f be an admissible random integrand for which there exist two
constants ¢y, c3 > 0 such that for every w € Q, € R%, and ¢ € R™*¢ there holds

C2 g(w,x,&) < f(w,x,f) <cs g(wvx’§)7 (3'12)

where g: Q x R? x R™*4 — [0, +00) is an admissible random integrand satisfying (H1). Let F.(w) be
the functionals as in (3.7) with f satisfying (3.12). Then, on account of Proposition 4.2, Proposition 5.1,
and by inspecting the proof of Proposition 6.3, it can be easily deduced that the conclusions of Theorem
3.4 hold true for F.(w) as well.

4. EXISTENCE OF THE HOMOGENISED INTEGRAND

In this section we prove the existence of the spatially homogeneous integrand fhom. We will follow the
classical strategy introduced in [9] based on Theorem 2.7. To this end, for every & € R™*4 o € , and
A € A we define the quantity

pie (w, A) = inf {/A flw,z, Vo) de: v € le + Wol"l(A;]Rm)} , (4.1)

where f is an admissible random integrand in the sense of Definition 3.1. The following lemma states that
for every fixed ¢ € R™*4 the map pe: Q2 x A — [0,400) defines a subadditive process as in Definition
2.6.

Lemma 4.1. Let £ € R™*? be fized. Then, pe: Q x A — [0,+00) defined in (4.1) is a subadditive
process.

Proof. We start by proving that w +— pe(w, A) is integrable for every A € A. The F-measurability of
the map w — pe(w, A) follows arguing verbatim as in [21, Lemma C.1]. Indeed, the proof in [21, Lemma
C.1] is not hinged on having the same growth conditions from below and above. Moreover, we have

0< gl d) < [ Jon)dr < [ Mena)(lg + 1) e

Then, using Tonelli’s Theorem, assumptions (A2) and (A3), and a change of variables in ) we get
Elpe(-, A)] < /AE[(Iélp + DA(, 0)]dz = E[A(, 0)](J¢]” + 1)[A],

thus, pe(-, 4) € LY(Q).
To prove the stationarity of e we observe that for every z € R? and every v € f¢ + Wol’l(A; R™), the
function 9(x) := v(zx — 2z) + f¢(2) belongs to ¢ + Wyt (A + z;R™); therefore appealing to (A3) we get
flw, 2, Vo) dx = / flw, x4 2z, Vo) de = / f(raw, z, Vv) dx.
Atz A A
Hence passing to the minimum in v € f¢ + Wol’l(A; R™) on both sides, we obtain
Mﬁ(wv A+z2)= NE(TZwv A),

for every w € Q, A € A, and z € R%.

Finally, we are left prove the subadditivity of u¢ as a set function. To this end, fix w € Q and A € A
and let (A;);er C A be a finite family of pairwise disjoint subsets of A such that |A\ U;e;A4;] = 0. Let
moreover 1 > 0, for every i € I by the definition of u¢ we can find v; € £¢ + Wol’l(Ai; R™) such that

/ flw,z, Vv;)de < pe(w, Ai) + %
Aj

Thus, defining v := le + >, vixa, € le + W,y (A; R™), by additivity and locality we have

pe ) <3 [ flwa Vo)) de < 3 e, 4)
ier 7 Ai i€l

Therefore the subadditivity of ;¢ follows by the arbitrariness of n > 0. ]

On account of Lemma 4.1 we are now in a position to prove the main result of this section.
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Proposition 4.2. Let f be an admissible random integrand. Then, there exists Q' € F with P(Q) =1
such that for every w € ', xo € R%, p > 0, and & € R™*?, there exists the limit

. 1 . 11
lim ————inf / flw,z, Vu)dx: u—Lle € W (tQ,(x9); R™
A T, (@) {tQ,,w ( ) ¢ € Wo (19, (o) )}

t—+oo td

= lim linf {/ flw,z,Vu)de: vw—Le € Wg’l(Qt(O);Rm)} =: fhom(w, &)
Q:(0)

and defines a (F @ B™*?)-measurable function on  x R™*,
The function fuom satisfies the following growth conditions

co(@)E]” < from(w, &) < er(w)([€]P + 1), (4.2)

where co(w), c1(w) are as in (3.11). Moreover, £ = fhom(w,&) is continuous. If & — f(w,x,&) is convex
for every w € Q and v € R?, then £ = fuom(w, &) is also convex.

If additionally f is stationary with respect to an ergodic measure-preserving group action, then fuom
is deterministic and given by

from(£) = lim 1/me{/Q (O)f(w,:c,Vu) de: u—le € Wol’l(Qt(O);Rm)} dP. (4.3)

Proof. Let £ € R™*¢ be fixed; by Lemma 4.1 we know that e defines a subadditive process. Hence, we
can apply Theorem 2.7 to deduce the existence of a set Q¢ € F with P(£2¢) = 1 and of an F-measurable
function ¢¢ such that for every w € Q¢
o pe(w, nQk(2))
oew) = Mm TG (44)

for every k € N and z € Z%.

We now want to extend the convergence in (4.4) to an arbitrary sequence of positive real numbers
t — +00 and to every cube Q,(z) with side-length p > 0 and center z, € R%. To this end we closely follow
the same method used in the non-degenerate case, now appealing both the fact that A(-,0) € L'(Q) and
to Theorem 2.5. In what follows, every time we invoke Theorem 2.5 we tacitly assume that it holds for
every w € Q.

Let p > 0, 29 € R? be fixed; to simplify the notation set Q := Qp(z0). For § > 0 let p(;ﬂE > 0 and
x(;i € Q< be such that

Qy €QeQy and Q5| >(1-0)Q5], (4.5)
where Qgt = Qp(;i (mf;t) We can find R := Rs € Z* with the property that the cubes RQ;‘E have integer

center and integer vertices. Let ¢t > 1 and set t_ := |¢|. By the subadditivity of i and the upper bound
in (3.2) we have

€17 +1
tRQ| Jirg\t_rq;

1 1
mﬂf(%th@) < mﬂf(wvt—RQE) +
-hQs

We observe that by definition t_ RQ; C tRQ), therefore

Aw, x) dz. (4.6)

1 -\ 1Q; |
— Aw,z)dx < AMw,z)dx — () —6][ Aw, z) dx.
tRQ| Jiro\t_rQ; {RQ t Ql Ji_ro;
Hence, letting ¢ — +o00 in (4.6), in view of (4.4), (4.5), and Theorem 2.5 we get
. 1
lim sup ——=5 ¢ (w, tRQ) < de(w) + 5(€[" + DE[A(, 0)[F7](w).
{400 |tRQ)
In turn, by arbitrariness of 6 > 0, this yields
1
limsup —— pte (W, tRQ) < ¢¢(w). 4.7
imsup e 17Q) < () (4.7
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Then, choosing Q(J{ and t* := [t] an analogous argument gives

lim inf 7 RQ|M5(W JIRQ) = de(w). (4.8)

Eventually, by combining (4.7) and (4.8) we have that
pe,1Qy(w0) _ | e, Q)

toroo  [tQ,(z0)] T ttoo td ’

Pe(w) =

for every w € Q¢, p > 0, and z¢ € R?, as desired.
Set

N
geQmxd
clearly, ' € F and P(Q') = 1. Moreover, ¢¢ is well defined for every w € ¥/, whenever £ € Q™.
We now claim that the limit in (4.9) is well defined for every ¢ € R™*% when w € €. To this end, we
introduce the auxiliary functions ¢ : Q' x R x R™*¢ — [0, +00) defined as

¢, (W, 2,8) : —1t11_>n¢{.1‘f W, o) (w,z,6) —lir_r)lilsopw.

(4.10)
By definition of ' we have that for every p > 0, z € R%, and £ € Q™*? there holds
¢, (W, 2,€) = ¢ (w,2,€) = e(w). (4.11)
Let 6 € (0,1/2d) be fixed; we have
Qi(1-6)p(tr) € Qip(tx) € Qur44),(tx).

Fix ¢ € R™*? and let (£;) € Q™*? be such that & — &, as j — +oo. Take v € le + Wy (Qs,(tz); R™)
and extend it as ¢ outside Qy,(tx). Let ¢ € C°(R%[0,1]) be a cut-off function with the following
properties

2
e =1 on Qytr), =0 on R\ Qy14s),(tx), Vol oo (ray < ot
Set v; := v+ (1 —p)le, € le, + Wol’l(Q(t(H(;)p) (tz); R™). By (3.2) we have

pe; (W, Qe146)p(tz)) < / f(w,y, Vv;)dy
Qt(1+45)p (tT)
< / fw,y, Vo)dy + / Aw,y) (Vv [P +1) dy
Qtp(tz) Qi(1+45)p (t2)\Q1p (tx)

< / F(w,y, V) dy + / Awry) (IVlP[€ — & Plyl? + |E[7 + 16,17 + 1) dy
Qtp(tw) Q

t(1+5)p(t1)\Qtp(m

+ |T
e 9oty () te—gl+lep +igp+1) [ Ao
Qp(tz) P Qt(1+5)p (t2)\Q1p (tx)

Hence, by the arbitrariness of v € f¢ + Wol’l(Q(tp)tx; R™), we get

pe,; (W, Qi(146)p (7)) < pre(w, Qpp(tx))

p+ lz[\"
co (2 je-gr v +igp 1) | Afw, )iy
p Qr(146)p (t2)\Q1p (tz)

Then, dividing the expression above by (tp)¢, taking the lim inf as t — +o0, recalling (4.10), (3.1), (3.3),
and appealing to Theorem 2.5 we obtain

(1805 (w56 ) < 05 020

p+‘$| b _ ¢ |p p |p _ . w
+<( 5 ) 1€ = &P+ €17 + &) +1> (1 — 2d8)E[A(-,0)| F;](w). (4.12)
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With a similar construction now using the cubes Q;,(tr) and Q1—s),(tx) we can also show that

o (0.8 < (1= 0)6f (0125, )

p+‘$| b _ ¢ |p P |p . ) w
+<( p ) 1€ = &P+ [§17 +1&] +1> (1 — 2d0)E[A(-,0)|F](w). (4.13)

On the other hand, since &; € Q™*¢ we have

05 (0 755:6) =45 (w56 ) = 26 @) (419

for every w € ¥, p > 0, z € R, and j € N. Thus, by combining (4.12)—(4.14), passing to the liminf as
j — +00, and sending § — 0 we get

. . + —_ . .

liminf G, () < 6 (@,,) < 6 (,2,€) < limninf G, ()

j—+oo
From the latter we infer that qﬁj and ¢, coincide on ' x R™*? and do not depend on p > 0 and = € R<.
That is, for every £ € R™*?% and w € Q' we can set

. 1 . 1
Pe(w) = ¢y (w,z,§) = tl}gloo mﬂg(%t@p(w)) = tl}gloo tjﬂ&(%Qt) (4.15)

The function w — ¢¢(w) is F-measurable on Q' for every & € R™*4 and, in view of (4.12), (4.13) and
(4.15), it is continuous in & for every w € Q. Hence ¢ is (F @ B™*?)-measurable on Q' x R™*9,

Moreover, we observe that if £ — f(w, z,¢) is convex for every x € R? and every w € ©, then from the
definition of s it follows that & — pe is convex and thus, & — ¢¢(w) is convex for every w € V.

Now, define fuom: 2 x R™*4 — [0, +00) as

P (w) if we Y,
E[AG,0)[F ) (w) (€ +1) ifweQ\,

and we observe that by definition fiom is (F ® B™*%)-measurable on  x R™*4,
We now show that fyom satisfies (4.2). To this end, it suffices to consider the case w € €. In view of
(3.1)-(3.3) and Theorem 2.5, we readily find
. W, .
from(@,€) = tim #9) < n L A ()7 + 1) de = BIAG O @) (P + 1)

t—r+o00 td T totoe Jg

fhom(w; 5) = {

and hence the upper bound.
For the lower bound take v € £¢ + WO1 ’1(Q; R™). By the Holder inequality we have

(p—1)/p

|§:' Vudy’S][ IVvIdy§<
Qt t

Therefore, again using (3.2) we have

p
A(w,y)vwdy) ( AVED () dy)
Q¢ Q¢

p—1
_ _ 1
P < (7[ V@ 1)(w7y)dy> 7 o flw,z,Vv)dy

and passing to the infimum on v € ¢ + Wol’l(Q; R™) we infer

1-p
1
(f 2o waan) e < Gucto.n)

Then, passing to the limit as ¢ — 400 and appealing to (3.1), (3.3), and to Theorem 2.5 we get
E(,0)7 ™I w) €] < from (@, €)

and hence the lower bound.
Eventually, we are left to show that fhom is deterministic if 7 is ergodic. By definition of ergodicity,
this is equivalent to showing that fiom is invariant under the group action 7; that is,

fhom(Tzwag) = fhom(wag)- (416)
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for every w € V', z € R, and ¢ € R™*4,
Let w € ', £ € R™*4 and 2 € R? be fixed. By the stationarity of ¢, for every ¢ > 0 we have
pe (Tow, 1Q) = pe(w, 1(Q + 2/1)), (4.17)

where Q is an arbitrary open cube in R<.
Let Q' € Q € Q”, for t > 1 we also have that Q' € Q + z/t € Q". By the subadditivity of y¢e we get

t t tQ’ P41
Q) @) L[y,
tQ)| [tQ'| QI Jigrug
Recalling (4.17), taking the limsup as ¢ — +o00, and invoking Theorem 2.5 we get
. Tow,t " —1Q’
timsup 7D ) 1 e+ 0 D a0y 7)),
t—+00 tQ) Q|
In turn, since QQ', Q" where arbitrary cubes, this yields
4 K t
timsup P 1Q) 1 ). (4.18)
oo [tQ)]
An analogous argument also shows that
. . /JJf (TZW, tQ)
lim inf o > fhom(w, §). (4.19)

Gathering (4.18) and (4.19) gives both that 7,w € €’ and (4.16), hence the claim is achieved.
Finally, we observe that (4.3) is a direct consequence of (3.1), (4.2), the very definition of fhom, and
the Dominated Convergence Theorem. (]

5. UPPER BOUND

In this section we prove the upper bound inequality. We notice that the proof is the same both in the
convex and in the general case.

To prove the existence of a recovery sequence for u € WP (A; R™) we argue by density. That is, we
first approximate u with a piecewise affine function on A and then, to construct a recovery sequence for u,
we focus on a single simplex T where the approximating piecewise affine function has constant gradient.

Proposition 5.1 (Upper bound). Let f be an admissible random integrand. Then there exists Q' € F
with P(QY) = 1 such that for every w € Q' and every u € LL _(R%R™) there exists a sequence (u.) C

loc
L (RYGR™) with the property that u. — u in LL _(R% R™) and

limsup F. (w)(ue, A) < Fhom(w)(u, A),
e—0

for every A € A, where Fyonm 15 as in (3.8).

Proof. Let u € L] (R%R™) and A € A and assume that u € W1P(A4;R™) otherwise there is nothing to
prove.

For this proof, it is convenient to recall the definition of I'-lim sup of a sequence of functionals. That
is F”"(w): L (R%:R™) x A — [0, +00] is the functional defined as

loc

F"(w)(u, A) := inf {hmsup F.(w)(ue, A): ue = uin Llloc(Rd;Rm)} .
e—0

It is well-known that u +— F”(w)(u,-) is lower semicontinuous with respect to the strong L. (R R™)-

convergence.

With a little abuse of notation let ' € F be a set with P(€2') = 1 where Lemma 3.3, Theorem 2.5,
and Proposition 4.2 hold true. We now claim that, for every w € ', A € A, and u € WP(A; R™) there
holds

F"(w)(u, A) < Fhom(w)(u, A). (5.1)
Since A has Lipschitz boundary, without loss of generality we assume that « € W17 (R%;R™). Moreover,
we observe that by virtue of the growth conditions from above in (4.2) satisfied by fhom and by its
continuity, the functional Fo is continuous with respect to the strong W'P-convergence. Thus, by
standard density arguments, it is enough to prove (5.1) for piecewise affine functions wu.
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To this end, let u be a piecewise affine function on R?, that is, u is continuous and there exists a
locally finite triangulation {T;};cn of R? i
construct a recovery sequence (ut) 1’1(Ti;Rm). In this way, the recovery
sequences (ul) can be glued together to define a global recovery sequence for u on R%.

To this end, fix a single simplex T; such that u|r, = &x + b; where ¢; € R™*4 and b; € R™. Given
0 > 0 small we consider the collection of cubes

Qs5(T;) :={Qs5(82): z€Z, Qs(dz) C T;}.

For convenience, we use the shorthand notation @ := Qs(dz) and consider the interior approximation of
T; defined as T; 5 := Uge g, (1;,)@. We now define a sequence (ug 5) on T;. Recalling (4.1), for every € > 0

we can find v! , € Wy (Q/e; R™) satisfying

St Vi g(o) dr < el @/) + (5.2)
Q/e

Set ul 5 1= &x +bi + X geo, (1) EVE0(T/€)Xq(x). Since vl g € Wy (Q/e; R™) for every Q € Q5(T;) we
have that u;é € u+ Wol’l(Ti;Rm). Moreover, we recall that by Proposition 4.2 for every w € Q' and
every ¢ € R™*4 there holds

lim 123 (wa Q/{—:)

e |Q/5| = fhom(w7£)' (53)

Moreover, by (3.2) we have

E@s) = 3 [ f(etarvio(D)) e [ - r(wle) e

QeQs(Ty)
< Z d/ fwy, &+ Vol g) dy+ sd/ (1+ &) A(w, y) dy.
QeQs(Ty) Q/e (Ti\Ti,5) /e

Then, passing to the limit as ¢ — 0 and recalling (5.2), (5.3) we get

fimsup (@)t 5 7)< S [Qlfuam(@) + limsupe? [ (1617 + DA (w, ) dy.
e—0 Q€05 (Ts) e—0 (Ti\T,6) /e
Hence, by virtue of (3.1), (3.3), ;, we obtain
tsup F.(w) (1,7 / From(Tu) do + [T\ Tosl (617 + DEIAC, 0)|F5)(w). (5.4)
E—r
Next set
’U,é(; in Ti if TlﬂA#(Z),
Ue,5 = ’ ..
U otherwise in R%:
by (5.4) we have
lim sup Fe (w)(ue,5, A / from (Vu) dz + Z / Srhom (V) dz + o(1), (5.5)
e—0

i TyNOAAD

as & — 0. We now prove that for € and & small enough, u. s is L'-close to u . By combining (5.5), Lemma
3.3, and the Poincaré Inequality, we infer that (u.s) is bounded in W'!(A; R™) uniformly in € and that,
up to subsequences (not relabelled), u. s — @5 as € — 0 in L'(A4;R™), for some @5 € WHP(A;R™).
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Again using the Poincaré inequality on each cube @ € Qs5(T;) we have

lu— 5|1 (7, mm) = hm Z / )evEQ dx < Cdllgi}[l;lf Z / ‘VUE 0

QEQs(Ty) Qs(T)

<O5<51|T|+hmmf Z /§z+w5Q( )’d:c)

QEeQs(

< ca(jeln + iyt [ | |Vu;5<x>| i)

1/p (p=1)/p
<ca(leln)+ i ([ 1 (e Zva)a) ([ aen (@ 2)) ),
e—0 T, 5 T £

Then, appealing to Theorem 2.5 and (5.4) we deduce that the right hand side of the expression above
vanishes as § — 0. Hence, @5 — u in LY(T;;R™) as 6 — 0 and similarly 4; — u in L] _(R%R™).
Therefore, u. s €) converges to s in L*(A;R™) as € — 0, which converges in turn to u in L'(A;R™) as
0 — 0.

Now, let 7 be the collection of all T € (T});en such that T € A. Using the lower semicontinuity of
u > F"(w)(u, A) we infer

F"(w)(u, A) < liminf F”(w) (15, A) < liminf Z lim sup F (w)(ue 5, T) < / Jhom(Vu) d
§—0 §—0 Ter £—0 ’ Ter

< / Jhom (Vu) dz + ¢1(w) |A\ Urer T sup [Vul?.
A A

Since by refining the triangulation associated to u, we can make |A \ Urc7T| arbitrarily small, using a
standard diagonal argument, we achieve (5.1) for every u piecewise affine. This completes the proof of
the upper-bound inequality. O

6. LOWER BOUND IN THE CONVEX CASE
This section is devoted to the proof of the lower bound in the convex case.

6.1. Some technical lemmas. We preliminarily need to prove two technical results which will be used
in the proof of the liminf inequality.
We start with an embedding result. In the latter the dependence of the weight functions on the random
parameter w is not relevant, therefore, to simplify the notation, below we are going to omit it.
Lemma 6.1. Let A, A\: R? — [0,+00) be such that A € L2 (R%), \7! € LlﬂOC
B>1/(p—1); if d > 3, assume moreover that
1 1 p
-t =< — 6.1
«@ * 8 d—1 (6.1)

Then, there exist an exponent r € (p,00) and a constant C = C(p,d,r,«, 3) > 0 such that

(RY), where o > 1 and

1 r

3 ﬁ P
ir Alu|"dH*™t < C ][ AY dHI? ][ APyt f A VulP dH!
p 0Qp(z0) 0Q,(xo) 0Qp (o) 0Qp(x0)
1 T
+C (f Ad’;’-[d1> (7[ |u|d7—[d1> ,
an(mO) P an(xﬂ)

for every p € (0,1], zo € R%, and every u € WHH(8Q,(x0); R™) such that

/ lu| dH! —I—/ NVulP dH™! < oo
0Q) (z0) 0Q) (z0)

Moreover, if & = oo then (6.2) holds true with (faQ (wO)Aa)l/“ replaced by || Al (5q,(z0)); while if
B = oo then (6.2) holds true with (f,, (z0) A=)YE replaced by [|IA7 | Lo (50, (z0))-
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Proof. We notice that it is enough to prove that

x % ;
/ Alu|"dHt < C ( A® d?—ld1> ( A 7A d’Hd1> (/ /\|Vu|pd7—ld1)
20Q 20Q 20Q o0Q
+ c( Ade—1> </ |u|d7—ld_1) :
0Q 0Q

where @ is the unit cube centred at the origin. Indeed, then (6.2) readily follows from (6.3) applied
to the scaled and translated functions u(pz + zo)/p, Alpr + o), and A(pz + o). Furthermore, since

(6.3)

0Q = UZ 1 Di, where (D;); are pairwise-disjoint (d — 1)-dimensional unit cubes, it suffices to show (6.3)
for just one of such cubes, which throughout is denoted by D.
We now claim that exist an exponent r € (p,00) and a constant C' = C(p,d,r, «, 3) > 0 such that

: o 7 »
(/ A|uu|’“d7{d1) gc(/ A“d?—td1> (/ Aﬁde1> </ )\|Vu|pd7{d1) . (6.4)
D D

where 7 := [, udH%"!. Assuming for the moment that (6.4) holds, in view of

/A\ur dHit < (/ AdHI 1) (/ lu| dH~ 1) :

we will readily get (6.3). Therefore, we are left to prove (6.4).
If d = 2, we observe that D is a one dimensional closed curve in R?. Hence in this case (6.4) is a direct
consequence of the Sobolev embedding in dimension one and of the Holder Inequality as follows:

(/ A|u—u7"d7-l1>r < (/ Ad”H1>T|u—u|Loo(D)§C(/ A"d?-[) /|Vu\d7-il
D D

<o</ AadH>1r</ A—pllcm?ppl (/[)/\IVulde1>
<C </ A%H) (/A 5d7—l>BP </D)\|Vu|pd’H1)p

We now consider d > 3. To this end, we need to distinguish between the two cases: « > 1 and a = 1.

Case 1: o> 1. Choose 1 € (p,00); by (6.1) we immediately get 1/a+1/5 < r/(d—1). For a € (1,00)
by the Holder Inequality we obtain

a—1

(/ Aju— " dHe 1) (/ A% dp- 1>°3T (/D o — | cmd—1> " (6.5)

whereas for o = oo we immediately get

1
([ A= am)" < Al o -

Below we need to consider two further subcases.
Subcase 1.1: assume that

L™(D)-

ap d—1

a—1"d-2

hold. Since ar/(a—1) > 1*, we can find the exponent ¢ > 1 such that ar/(a—1) is its conjugate Sobolev
exponent in dimension d — 1; that is

ar (d - 1)aa_Tl dro — ro
q:= = — = . (6.7)
a—1 +(d-1) rat+da—-d—a+1

(6.6)

a—1

We notice that ¢ € (1,r). Indeed, the lower bound ¢ > 1 follows by the second inequality in (6.6) while
the upper bound ¢ < r is a consequence of ar > d — 1 given by (6.1) for o < oco. If on the other hand
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a = oo then ¢ = r, < r. For ¢ = ¢q(r) as in (6.7), the Sobolev Inequality provides us with constant
C =C(d,r,a) > 0 such that

a

</ u — |2 d?—td1> . gc(/ Vu|qd7-ld1>q. (6.8)
D D

Let g(p) be as in (6.7) with r replaced by p. A straightforward computation gives

p—q(p) p

1
q(p) d—1 a’

thus appealing to (6.1) we immediately get

> —.

Therefore, in view of the continuity of ¢ = ¢(r), up to choosing r € (p,p+ o) for o > 0 small enough, the
inequality (p—q)/q > 1/ holds true for the corresponding values of ¢ as in (6.7). We notice additionally
that 1/8 =0 if 8 = oc.

By the Hoélder Inequality we obtain

(/ |Vu|qd7-[d_1)q = (/ )\_ZA:|Vu|qd7-ld_1)q
D D

pP—gq

< </ A5 de1> B (/ )\Vuded1>p. 6.9)
D D

Since (p — q)/q > 1/ appealing to the Holder Inequality to estimate the first factor on the right hand
side of (6.9) we obtain

1

: r 3
(/ |w|qcmd1> < (/ Aﬁcmdl) (/ /\|Vu|pd?—td1> . (6.10)
D D D

Eventually (6.4) follows by gathering (6.5), (6.8), and (6.10).
Subcase 1.2: assume that

ap d—1
- 6.11
a—1 < d—2 ( )
holds true.
In this case (6.8) holds true with ¢ = 1. Indeed, (6.8) holds for those exponents r € (p, o) satistying
_or 4=l
(a—1) S d-2

whose existence is guaranteed by (6.11). Furthermore (6.10) holds true with 3 =1/(p—1). Finally, (6.4)
again follows by combining (6.5), (6.8), and (6.10).

Case 2: a = 1. In view of (6.1) we immediately deduce that p > d — 1; moreover, we also get

p—(@-1)_ p 1 1

i-1 d-1 a B
Hence we can find ¢ > 0 such that every ¢ € (d — 1,d — 1 + o) satisfies (p — ¢)/q > 1/5. Then, we can

argue as for a > 1 to obtain (6.10). The latter ensures in particular that Vu € LI(D,H"!), thus since
q > d — 1 we immediately deduce

H’U, — ﬂHLoc(D"Hd—l) S C (/‘D |Vu|q d%d_l) ! 5 (612)
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for some C = C(d, q) > 0. Consequently, for every r € (p, oc0) the Holder Inequality together with (6.12)

yield
(/ Aju—a|" de—1> < (/ Ad%d‘1> "= Tl o (oo
D D
<C </ Ad’H‘il)r (/ |Vu|qd7-£d1>q. (6.13)
D D
Eventually, (6.4) follows by combining (6.10) and (6.13). O

We also need a technical result on the limit of the product of weakly converging sequences.
Lemma 6.2. Let U C RY be measurable with |U| < +o00. Let (uy), (v,), and (z,) be sequences of positive
measurable functions on U satisfying the following properties:
(i) up = u a.einU;
(ii) (vy) € LY (U), v, — v weakly in L*(U);
(iii) suppe [|2nl| Lo () < +o00
for some measurable functions u,v with v € LY (U). If, additionally, vv € L*(U) and
sup/ ulvp 2y do < 400, (6.14)
neNJU

for some g > 1, then

limsup/ Uy Uy 2, AT < Sup”ZnHLoo(U)/ uv dx.
U neN U

n—4oo

Proof. Let M > 1 and consider the truncated functions u! := u, A M; by assumption u¥ converges
M

to uM := u A M a.e. on U. By [16, Proposition 2.61], for every M > 1 the sequence (u} v, ) converges
weakly in L'(U) to u™wv. Moreover, by (6.14) there exists C' > 0 such that for every n € N we have
Mq_l/ Up Uy 2n dx < / ULV 2 dx < C.
{un>M} U

Thus, for every M > 1 there holds

/unvnzndx—/ unMvnzndw
U U

C
lim sup/ UpUn2n dr < lim Sup/ uf‘{[vnzn dz + —

lim sup
n—-+o0o

<1 / dr < <
< limsup UpUnpZn AT S —— .
{unZM} Mq !

n—-+o0o

Therefore,

n—-+oo n—-+oo
. M
< supl|z lim Uy Uy dT + ——
o nell\)l lznllze @) notoo Ji " Ma—1

c
< oo My d —.
< splealimo ot g

Since uMv — wv a.e. in U for M — +o0o and uv € L}(U), we conclude by letting M — +o0o and invoking
the Dominated Convergence Theorem. O

We are now in a position to prove the lower bound inequality for the I'-limit in the convex case, under
the stochastic integrability assumptions (3.4)-(3.5) on the weight functions.

Proposition 6.3 (Lower bound). Let f be an admissible random integrand and assume that (H1) holds.
Then, there exists Q' € F with P(Y') = 1 such that for every w € ', every (ue) C Li (R%GR™), and
u € LL (REGR™) with ue — w in L (R4 R™) there holds

loc loc

Fhom(w)(u, A) < liren_}(l)lf F.(w)(ue, A), (6.15)

for every A € A, where Fyom is as in (3.8).
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Proof. With a little abuse of notation let ' € F denote a set with P(€') = 1 where both Proposition 4.2
and Lemma 3.3 hold true. Let w € Q" and A € A be fixed.

Without loss of generality we can assume that the right-hand side in (6.15) is finite and, passing to
a (not relabelled) subsequence, that the liminf is actually a limit. Then, by Lemma 3.3 we infer that
u € WHP(A;R™). Let € > 0 be fixed, on B(A) we consider the finite Radon measure defined as

ve(w, B) := /Bf (w, g,Vug) dx.

By assumption (v;) is an equibounded sequence, hence, up to a subsequence, v, 2 v for some nonnegative
finite Radon measure v, possibly depending on w. Appealing to the Lebesgue Decomposition Theorem
we can write v = fdx + vs where f is a nonnegative integrable function and vs L dx. Since A is open,
the convergence v, — v implies that

e—0 e—0

lim F.(w)(ue, A) = lim ve(w, A) > v(w, A) > Af(w,x) dx.

Thus, to prove (6.15) it suffices to show that for a.e. z¢ € A the following inequality holds

f(w, xO) > fhom(wa Vu(xo)), (616)

where fiom is as in (3.9).
For x € A let p; > 0 be such that Q,(x) C A for every 0 < p < p,. Since v is a finite Radon measure
on A, we have that v(w,0Q,(z)) = 0 for L'-a.e. p € (0, py).
In view of the Besicovitch Differentiation Theorem and the Portmanteau Theorem, we infer that for
ae rg€ A
s V(wa Qp($0))
d

f(w, o) = lim = lim lim Mdﬂ(%))_
p=0 P p—0e—0 p

Therefore, to get (6.16) we are going to show that for a.e. o € A we have

lim inf lim inf f (w, g, Vu5> dx > fhom(w, Vu(xo)). (6.17)

p—>0 e—0 Qp (130)

Assume now that xg € A is a Lebesgue point both for v and for Vu and define the linearisation of u in
Zo as

Ly () := u(xo) + Vu(zo)(r — x0)

where for simplicity we drop the explicit dependence on xq. Since u € W1P(A;R™) we can additionally
assume that

1
lim — ][ |u — Ly |P dx = 0. (6.18)
Qp (o)

p—0 pP

We now modify u. in a neighbourhood of 9Q,(x¢) so that it attains a boundary datum which is ap-
proximately L,. Moreover, we show that this modification does not essentially increase the energy.
To this end, let § > 0 be sufficiently small and let ¢ € C(Q,(x0);[0,1]) be a cut-off function with

¢ = 1in Qu-25),(z0) and ¢ = 0 in Q,(z0) \ Q1-5)p(z0). Then, supp(Vy) C Cs,(z0), where
C(;’p(fl,‘o) = Q(l_,;)p(l'o) \Q(1—25)p($0)- Let 7 € (0, 1) and set
we = Tpue + 7(1 — @) Ly.

By definition (w.) C W'P(A;R™) and w. = 7L, in a neighbourhood of 4Q (o).
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We now estimate F. along the sequence (w.). By virtue of the convexity of f and of (3.2) we get

%Fg(w)(ws, Qp(z0)) = ]igp(wo) f (w, ;TQDVUE +7(1 = p)Vu(xg) + 71 V(p ® (ue Lu)> dx

< ][ Tof (w, E, Vu5> dx + ][ 7(1—¢)f(w, f, Vu(zg)) dz
Qp(wo) £ Qp(ajU) £

+(1—T)]ép(mo)/\( )<( — |V<p|p|uE—L|p+1)dx

T T €T
< < Fe(w)(ue, Qi-s),(20)) / A(w, =) (|Vu(zo)|P +1)da
P! ) ’ /) Qp(20)\Q(1-25)p(0) ( €>
x
+(1—T)][ A dm—l—i][ Aw, =) |VePluc — Ly |P d.
Qp(iﬂo) ( ) (1 — T)p 1 Qp(%o) ( 5) €
(6.19)

Let § € (0,1/4); we now claim that for every ¢ > 0 we can find a cut-off function ¢, (also depending on
0) satisfying |Vp.| < C/(dp) as well as

C
limsup][ A (w, E) Ve |Plue — Ly |P de < %][ |u — Ly|P dx, (6.20)
Qo) € OFpP ), (o)

e—0

where ¢;(w) is as in (3.11). To this end we consider the interval I§ C (1 — 26,1 — 0) defined as

2d—2
E={oe(1-251-0): ][ A“( )d%d1_5 _ / Aa(w,f)dx .
aQap(mo) do P cé,p(zo) €

We notice that £(I§) > 46/5. Indeed, setting

€ . «a E d—1
H:(0) = /an,awo)A (w,g)d?—[ ,

recalling that § < 1/4, we have
HIH(0Qop(20)) = 2d(0p)* ™" > 2dp* 1 2771,

5 x
I;D0e(1-26,1-96): H < / A (w,—) dx ;.
; { ( s H@O<g ) («.%) }

On the other hand, an application of the Fubini Theorem gives

HAda—/ / A® w,f) AN do
1-26 1 0Qqp(z0) €

(1-8)p 1
/ / A (0, 2) dH do = —/ A (w0, %) de,
1-28)p J8Qo (20) ‘€ P JCs,(x0) &

thus, appealing to the Chebychev Inequality gives

5 T 1)
1 _ —95): Ht > o - < -.
c <{U€ (1-26,1-0): Hi(0) 2 1~ /cﬁ,pm)A (w,e) dm}) <z

Analogously, define the sets

d—2
£ = 06(1—25,1—5):][ xﬂ( )de1_52 / xﬂ(w,f)dx ,
9Qup(w0) 6 pT ey (o) €

0 1 5 2d72
I; .= 06(1—2(5,1—5):f |ue| dH < / lue|da o,
° 0Qup(r0) a5 7 Joy e

5 212
I = 1-25,1-96): AP (w2 Pd d*1<7—/ AP (w, = [P d
4 {06( . ) ][anp(zo) (w,g)|VU| H S (w )|Vu| x

hence

s5,0(T0)
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then, arguing exactly as above we can infer that £1(I5) > 46/5, L1(I5) > 45/5 and LY(I5) > 45/5.
Hence, defining I¢ C (1 — 25,1 —6) as I¢ := I{ N I5 N I5 N 1§, we get that £1(I¢) > /5.

We now consider the cut-off function . € C2°(Q,(x0);[0,1]) with p. =1 in Q(1_26),(0), ¢ = 0 in
Qp(w0) \ Q1-5),(x0) and

5
supp(Vee) C | 0Qop(w0),  [[Vepell < 5 (6.21)
oels

which is possible since £!(I¥) > §/5.
We now claim that there exists r € (p, 00) such that

sup][ A (w, f) Voo |ue|" do < C (6.22)
e>0.JQ,(z0) €

where C = C'\(p7 o,y p,d, o, B, Ay A\ w) > 0.
Let r € (p,00) be the integrability exponent as in Lemma 6.1. In view of (6.21) and (6.2) we deduce
the existence of constant C' > 0 (possibly depending on all the parameters but €) such that

T ~ 1 T
Alw,— VgosrusrdeC/ 7f Aw, =) |ue|” dH " do
]é PRI o T oy M D)l
3 % ;
< <][ A® (wf) de‘1> <][ AP (w,x)d?-ld_1> (7[ A(w,f) |qu|Pde—1> do
1= \J0Qq(z0) € Qo p(z0) € 9Qap (o) €
+C ][ A( f) dHe! i][ | dHY ) do
1= 6@0,)(1‘0) € ap anp(Io)
= e 5
~ x X
<C ][ A (w, =) da ][ AP (w, = dx) (7[ AMw, = |Vug|pdx> L£H(I°9)
( Qp (o) ( 8) ) ( Qp(z0) ( 5) Qp (o) ( €>
~ “ (1 "
+C ][ A° (wf) dx 77[ el da | £1(I9), (6.23)
Qp(z0) € P JQ,(w0)

where to establish the last estimate we also used the Holder Inequality.
We observe that by Theorem 2.5 we have

tim (72( A (w2 dm)a:E[Aa( 0)|F]* (),

o(x0)

(6.24)

li (][Q e ? (w2 dw) BN 0T W),

for P-a.e. w € Q. With a little abuse of notation we use the notation Q' for the F-measurable set of
probability 1 where also (6.24) holds.
Moreover, for € small enough we have

1 2 1 C
fudar= S pulds, £ A (@) VP de € P (w) e Qo) < 5.
P JQp(wo) P JQy (o) Qo (o) < P P
(6.25)
Therefore gathering (6.23)-(6.25) yields (6.22). In turn, (6.22) and (6.21) allow us to infer that
sup][ A (w, E) IVe|P|ue — Ly|"dz < C, (6.26)
e>0.JQ, €

with C := a(p, 0,1, p,d, a, B, Ay A\, w, xg, u) positive and finite.
By virtue of (6.26), Theorem 2.5, and (6.21) we can now apply Lemma 6.2 with ¢ = r/p > 1 to the
sequences

(e = Lul)es - (Awio/e)) o (I9el)e,
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to get (6.20), as claimed.
Therefore by combing the convexity estimate (6.19) together with (6.20) we deduce that

lim inf %FE(W)(ws, Qp(x0)) < lim inf %Fe(w)(ug, Qp(20)) + 6Ccr1(w)(|Vu(zo)[” + 1)

e—0

Cer(w) ][ |u— Ly|P
1-— _— —d 2
F-nal)+ G o) P (6:27)
where the constant C' > 0 depends only on d and p. On the other hand, taking into account that F. is
invariant under vertical translations, by the definition of w. a change of variables gives
el |
sh_r% ﬁ/‘TVu(xo) (w, Q§ (mO/E)) < hgn_}glf EFE (w)(we, Qp(20)), (6.28)

where fi:vy(zy) 18 as in (4.1) with £ = 7Vu(zo).
Then, gathering (6.27), (6.28), invoking Proposition 4.2, and (6.18) we obtain

p—0 e—0

1
Srom (w, 7TVu(xg)) < liminf lim inf EFE (W) (ue, Qp(z0))

+6Cer(w)(|[Vu(zo)P + 1) + (1 — 7)er (w),
for every 6 € (0,1/4) and 7 € (0,1). Eventually, letting § — 07, 7 — 17, thanks to the continuity of
& fhom(w, &) we get (6.17) and hence the lower bound. O
7. LOWER BOUND IN THE NON-(QUASI)CONVEX CASE

The following technical lemma will be pivotal in the proof of the lower bound inequality for non
(quasi)convex integrands. To simplify the notation, below we omit the dependence of A and A on w.

Lemma 7.1. Let A, \: R? — [0, 4+00) be such that

AeLg (RY), A lelLy (R (7.1)
where « > 1 and > 1/(p — 1) satisfy
! + ! < ! (7.2)
a B d-1 )

Let z9 € R, p € (0,1], and let Q,(x0) be the open cube with side length p > O centred at xo. Let
s,t € (0,1) be such that 1/2 < s <t < 1—(t—s) and consider the open cubes Qs,(x0) C Qrp(r0) C Qp(z0).
Set § == (t —s)/2, so that dist(0Q,(z0), Qsp(T0)) = 0p.

Let moreover u,v € Wh(Q,(x0); R™) be such that

/ /\\Vu|pdas—|—/ AVolP de < +00.

Qtp(20)\Qsp(w0) Qtp(20)\Qsp(w0)

Then, for everyn > 0 there exist a functionw € WH1(Q,(z0); R™), a constant C := C(n,§,d, p, a, B, A, ),
and an open interval J € (s,t) with L'(J) > ¢d, ¢ := ¢(n) > 0, such that w = u in Qs,(xo), w = v in
Qp(z0) \ Qtp(xo) and

P
1 1
Tl/ AVl de < L (A[VulP + \[VolP) da+ C 7/ lu—o| dHT
P J Qi (20)\Qup (w0) P JQup(20)\Qup (w0) P JoQuy (o)
(7.3)

for L'-a.e. every ¢ € J.

Proof. In the proof we will show that (7.3) holds for a constant C' > 0 depending on A and A exactly
a -8
through pr(mO) A% and pr(Io) AP
We divide the proof into a number of intermediate steps.

Step 1: scaling and translation argument. We observe that it is enough to prove the lemma for zg = 0
and p = 1. Indeed, assume that claim holds for zo = 0 and p = 1; for = € @ set
() = u(px + x9) V() = v(px—kmo)’ A

9

5 5 x) = Alpz + xz0), I(x):= Apz + x0).
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Then, applying the result to u”,v?, A?, \? provides us with a function w? € Wh(Q; R™) satisfying
P
AP |V Pdr < n/ (N |VuP [P + N\P|VoP|P) dx + C (/ [u? — v?| d%d1> ,
Q:\Qs Q¢

Qi\Qs

for £L1-a.e. every £ € J. Hence, by a change of variables we readily see that w(z) := pw”((z — z0)/p)
belongs to Wh1(Q,(x0); R™) and satisfies (7.3) with the same n and the same constant C and therefore

C= C(n,& d,p,a,ﬂ,f <Ap)a,][ wrﬂ) - C<n,6, d,p,a,ﬁ,][ Aa,f A—ﬁ>.
Q Q Qp(xo) Qp(%o)

Step 2: mazimal functions estimates. Let N € N to be chosen later and consider ¢',¢ € (0,1) with
s<s <t <tandt —s =2§/N, such that

3
/ (A[Vul? + A[VolP) do < N/ (A[Vul? + A[Vo]?) da,
Qu\Qy Qi\Qs

/ A%dx < 3 A% dzx (7.4)
Qt/\Qs’ N Qi\Qs

3
/ AN Pde < = A P dx.
Qu\Q./ N Jona.

Hy(o) := /w A dH N (z), Hy(o):= /m AP aHT (2).

Recalling the definition of maximal function in (Definition 2.1), we claim that we can find s” € [¢/,s" +
(t' —s")/3] and t"" € [t — (t' — s)/3,t'] such that the following inequalities hold for a universal constant
C > 0 and for every o € (s”,¢'] and 7 € [¢/,t"):

Set,

M
/ AVulPde < €72 / A VulPdz, (7.5)
Qo\Q.r =5 Jo,\qu
-
/ AlVolPdr < C—— / A Vo|P dx, (7.6)
Qu\Q- t'—=s"Jo,N\q.
C C
M(Hp)(s") < 5 73,/ A%dz,  M(H))(s") < o= ,/ AP dx, (7.7)
Qu\Qur §JQu\Qu
M(HM) () < ¢ A“d M(H)) (") < ¢ A Pd 7.8
(Ha)( )_t,_s, , (Hx)( )_t,_s, . (7.8)
Qt'\Qs’ Qt,’\Qs’

Below we only prove (7.5) and (7.7), the proof of (7.6) and (7.8) being analogous.
To this end we start observing that the functions Hy, H), and

H(o) := / A VulP dH!
13]

o

belong to L'(s,t'). Hence, in view of Theorem 2.2, we can find a universal constant C' > 0 such that

H (g’ t’ t/— /
ct ({Ue(s',t'): M(H)(a)>1zc” t'Ji;;”}) < 125, (7.9)

and analogously

H 1 s/t /— /
ct ({ae(s’,t’): M(HA)(0)>12(JH Al ’”}) L tos

t— s 12 7 (7.10)
1 1oyl HHAHLI(S’,t/) t—s ’
L o€ (s t): M(Hy)(o)>12C o < IR

In turn, (7.9) and (7.10) ensure the existence of a subset I of (s',s’ + (¢’ — s’)/3) with positive measure
and a universal constant C' > 0 such that for every o € I the following inequalities simultaneously hold
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true

M(H)(o) < —C / NVulPdz,
t— s
Qt’\Qs’

C C
M(Hp)(o) < 7,/ A%z,  M(H))(o) < m/ APz,
Qu\Qy Qu\Qyr

Tt —s

Now let s” € I; by the Fubini Theorem it is straightforward to conclude that (7.7) holds. As for (7.5),
by Definition 2.1 for every o € (s”,t'] we have

1 1 7
A —— AVulPde = —— H(0)do < M(H)(s"
o= Sy, NV = oy [, HOW < M
1
< 07/ AVu|P dz.
tH— g
Qu\Qyr
Eventually, set

VA Y —— P 5
=(s"4+2 t" -2 d = > —. 11
J (s+ o 3 > an ro 6 = 2aN (7.11)

Step 8: A and X\ satisfy a Muckenhoupt-type condition. We now claim that by virtue of (7.2) the
following bounds hold true for every x € 90Qs» U 0Qy» and every r < §/N. Namely, we have

p—1 1
1 1 1 B
][ Ady ][ A" Tdy < 1Cd p=(@=1D(5+%) (/ A“dy) (/ Aﬁdy) . (7.12)
Qr () Qr(2) s(&+%) Q Q

where Cy > 0 is a dimensional constant.
To this end, let z € dQs» and r < §/N; appealing to the Fubini Theorem, the Holder Inequality, and
the Jensen Inequality we get

s''4r/2 1
][ Ady = ][ ﬁ/ AdH (y) do
Qr(x) 5”_7’/2 r Qr(z)ﬂan

S//+r/2 1 g1 a1
< HE Q) (2) N 0Q,) T /
f/ (@) noen) T (|

s”+7‘/2 d—1 ”T’l é
(d?‘ ) A dedfl(y) do
d—1
s —r/2 r 0Q,

1
. 8" +r/2 a
<d-= rm@-D3 ][ Hp(o)do ,
s —1/)2

where in the last inequality we used the definition of Hy. In turn, by the definition of maximal function,
also invoking (7.7) and (7.4), we obtain

Q=

Wl

@

A~ d?-ldl(y)> do

#(2)N0Qs

IA

][ Ady < d°F = @DE (MH(s")™ < d*Fp—@-D3 /C ,/ A dz
Qr(2) t'=s"Jo,nqQ.

1
x

1
<cds pm@d-Dg <N3 A d:r) < Cgb~wr~@=Da (/ A dx) . (7.13)
26N Jo Q
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Similarly, by the Fubini Theorem, the Holder Inequality with exponent B(p — 1) > 1, and the Jensen
Inequality we have

, /2 .
][ AT dy:][ —/ A1 dHY N (y) do
d—1
QT(I) 5”7"‘/2 r QT(I)HBQU

S//+r/2 1 1 1
<f L Qula) o) ([
s Q

"_r/2 Td_l

RV
AP aHI (y) do
»(2)NOQ»

s 4r/2 (drd—l)l—m ey
S][ e — </ AP del(zD) do
s —r/2 0Q o

1

. s 4r/2 -8
< Cyr 4 VG=ns ][ Hy(o)do .

”—T’/Q

Then, by the definition of maximal function, invoking (7.7) and (7.4), we obtain

p—1 N
Foxa) e et scr 0 (0 [ Ve
QT(I) tV—s Qt’\Qs’

1 1 %
< Cu6 Fr D5 (/ A%x) . (7.14)
Q

Moreover, for € 0@ we can argue as above now replacing (7.7) with (7.8). Finally, (7.12) follows by
gathering (7.13) and (7.14).

-

Step 4: definition of w and energy estimate. We preliminarily observe that since u,v € WH1(Q;R™),
then for £L'-a.e. £ € J we have

/ lu — v dH! < 4o, (7.15)
Q¢

Now choose £ € J so that (7.15) holds, then the function defined as
~ u in Qy,
e {’U in @\ Qr,
belongs to SBV(Q; R™). Moreover, the the total variation of D clearly satisfies
| D@ < [Vul L] g, +VoIL! g, +u — v[H ™ aq,-
Now, let 7: @ — [0,400) be the variable radius defined as

@) 0 if €@\ (Qu\Qs)
r\ar) = 1 ” "
d1st(a:,8Q2s U 0Qw) Aro otherwise,
where rg is as in (7.11). For every x € @ we now define the function w as
w@)i=f ) (7.16)

with the understanding that w(z) = @w(x) if r(z) = 0.

We notice that w € Wh1(Q;R™). Indeed, “far from 9Q,” we can apply the Lemma 2.3 since by
definition @ € WY (Qgrryar, \ Qo R™) MWL (Qpr \ Qo120 R™). On the other hand, “close to 9Q,”,
that is, for © € Qg 4121, \ Qs 441y, We have r(z) = rg, hence w € W1 (Qgsr 4121, \ Qs 14ry; R™) by the
standard theory of mollification for SBV functions.

We have

/ A|Vw|pdx§/ A\Vw\pdx—k/ A|Vw|pdx—|—/ A|Vw|P dz.
Q Q Q Q

e \Qgrr s/ 44rg \Qrr s”+127‘0\Qs”+47‘0 t”\Qs"+12TO
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Then, by (2.1) in Lemma 2.3 applied in Qs/14r, \ Qs and in Qy \ Qs412s,, we deduce the existence of
a constant C' = C(d,p) > 0 such that
f dDw
Qry ()

/ AVwPde <C A ][ Va dy
Qu\ Qg1 Qs”+4r0 \ Qg1 Qr(z)(z)
+C A 7[ Vo dy
Qf,”\Qs”+12r0 Qr(m) (z)
p p
<C A (7[ |Vul dy) de +C A (7[ [Vul dy) dx
Qs//+47-0 \Qgr Qr(:{;)(x) Qs”+127-0\Qs”+47-0 Qro(x)
p
+C A (][ |Vv|dy> dx
Qs 4125 \Q.</’+4T0 Qrg ()

p
1
+C A (d/ u—v|d%d_l> dx,
Q15127 \Qut4arg \ 70 7 Qg (2)NOQe

p
+C A (f |Vv|dy> dx,
Qt//\Qs//+12r0 Qr(z)(l')
(7.17)

where to establish the last inequality we used the fact that by definition of r(z) and of ¢ € J we have
that Q, () (2) N0Qe = 0 for every x € (Qurqary \ Qs) U (Qur \ Qs 1125, )-

We now estimate the second term on the right hand side of (7.17), and notice third term can be
treated similarly. We preliminarily observe that for every = € Qgs/i12r, \ Qs74+4r, and since 2ry <
dist(z, Q¢+ U Q) < 4rg, there holds

p—1
(f Ady) (7[ A~V =D dy> < C(5,d, A, N TVEFE), (7.18)
Q27‘0($) Q2'r0($)

In fact, this is a consequence of (7.12) applied in a cube centred at the closest point to  in 9Qs» U 9Qy
and with side-length 16r9. We now cover the set Qg 191, \ Qs tar, With ng € N cubes of side-length o,
where ng depends only on the dimension. Hence, thanks to the Holder Inequality, and (7.18) we infer

P
/ A <][ [Vul dy) dx < Z/ <][ |Vul dy) dx
Qo1 4120 \Qa?" 4arg \7 Qro () Qg (z Qrg (2)
P
< 2rd ][ [Vul dx) / Adx
Z < Qz"‘g( ) Q'r‘g (II)

p—1
<2pd2/ /\|vu|de][ A~V ®=1) gy ][ Adzx
Q2r0 CEI) QZ'V'U(x') QZ'V'(](Ii)

< C(6,d,p, A, Nry VG Z][ A VulP do
Qarq (T4)

p
dx +C A

Qs//+12r0 \Q, “+4rg

p
dx

p

dx

< C(5,d,p A, A)N<d-1>(é+%)/ AVl de,
Qf//\Q "

where in the last inequality we have used the fact that ro > 6/(24N).
Eventually, invoking (7.4) we deduce that

p
1
/ A (7[ IV dy> do < C(8,d,p, A, )N D(EH5) A|VulPdz. (7.19)
Qs”+12r0\Qs”+4r0 Qr(w)(ﬂf) N Q:\Qs

We now estimate the first term in (7.17) and we observe that an estimate on the last term in (7.17)
can be proven using analogous arguments. To this end we resort to a "dyadic" decomposition of the set
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Qs 44ry \ Qs, namely we write

p +00 p
/ A<][ |Vu|dy> de =Y / A<][ |Vu|dy> dz.
Qs”+47-0\Qs’/ Qr(a) (@) k=—2 QS/’+7~0/21€\Qs”+r0/2k+1 Qr(a) (@)

(7.20)
We notice that ro/252 < r(z) < ro/2"! for every & € Qgriryjor \ Qsrpryj2e+1. Moreover, for every
T € Qurirgjar \ Qgrirgjor+1 and also taking into account that ro/251 < dist(z, 0Qs) < ro/2, there

holds
p—1
(d-1)(1+1
(f Ady) (f A‘l/(p_l)dy> < C(5,d, A, )\)( ) (5+3) (7.21)
Q. 2k +1 (@) Q. j2k+1 (@)

In fact, (7.21) follows from (7.12) applied to the cube centred at the closest point to  belonging to Qs
and with side-length ro/28~1.

Now let k > —2 be fixed; we decompose the set Qg or \ Qg qry/2r+1 into ng s € N cubes of side-
length ro/28T2. We observe that though nq,; depends on the dimension and on k, the number of cubes
of this decomposition which may overlap depends on the dimension d only. Hence, for every k > —2, by
the Holder Inequality, and (7.21) we get

P P
/ A (7[ [Vul dy) dz < 2pd/ A (7[ [Vul dy) dx
Qs//+7‘0/2k \Qs”+r0/2k+1 Qr(:l:) (z) Q QT0/2k+1 (z)

S//+T0/2k\QS//+TU/2k+1

Nd,k p
< QPdZ/ A <][ |Vu|dy> dx
i=1 Qr0/2k+1(mi) QT0/2k+1(w)
Nnd,k P
< 4pd / Ad:z:) (f |Vul dx)
; < Qro/Qk(zi) QT0/2k(517i)
Nnd, k p—1
<4ty (7[ Adx) <][ A/ (=) da:) / A VulP dz
i=1 Q. 2k (@) Q. /Qk( i) Qo (i)
0 (d 1 nd,k
< C(6,d,p, A, \) (Qk 1) Z A|VulP do
_ T /2’»(%)
—(d-1)(L+%
< C(6,d,p, A, /\)( o 1) ( ")/ AVl da.
2 Q3H+r0/2k71\Q5//

In turn, by (7.4), (7.5) and recalling that 7o < 6/(24N), we deduce

p
/ A <][ [Vul dy) dx
Qs”+r0/2k \Qs”+r0/2k+1 Qr(w) (:E)

(a-1)(2+3 1
)y ER e [ v
2 t'— s Qt’\Qs’

1\ @ D(E+5) -
< C(5,d,p, A, \) () (2’“)<d—1>(a+ﬁ>—1/ AVl da.
- N QN\Q.

< C(6,d,p, A, A)( o

Therefore, by (7.20), summing over k by virtue of (7.2) we get

p
/ A <][ |Vu|dy) dz < C(8,d,p, A, A)NW*U(%%)*/ AVulPde.  (7.22)
Qs”+4r0\Qs” QT'((E)(Z:) Qe\Qs

Now let 7 > 0 be arbitrary and fixed; again appealing to (7.2) we can choose N so large that such that

C(6,d,p, A NNEDEFE) 1 <
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FiGURE 1. The dyadic decomposition in cubes employed in the estimate.

Hence, (7.22) becomes

p
/ A <][ |Vul dy) dx < 77/ A Vul? dz, (7.23)
Qs”+12r0\Qs// Qr(m)(w) Qi\Qs

We estimate the one but last term in (7.17). Since 1o > 6/(24N) we have

p
1
/ A <d/ |u — v|d7—ld1> dx
Qur 4127 \ Qs yarg T0 J Qo (2)NAQ,
24N\ ? P
< () / lu — | dH1 / Adz <C (/ |u — | de_1> .
5 0Qq Qs”+12'v‘0\Qs”+47‘0 0Qs

where C'= C(N, §,d,p, A) > 0. That is, since we choose N depending on 7, §, d, p, A and A,

p
1 p
/ A —d/ |U*v‘d7-[d71 dx < C(n,d,d,p, A, \) (/ UU|de1) 7
Qs 412r0 \ Qs £ar 70 JQry (2)NOQ, Q.

(7.24)

where C(n, d,d, p, A, \) blows up as n — 07.
Finally, since all the estimates above are independent of the choice of ¢ € J, we conclude by gathering
(7.23)-(7.24). O

Remark 7.2. We observe that Lemma 7.1 holds true under the following alternative set of assumptions
on the weight functions A and A: There exists a nonincreasing function ¢: [0, 1] — [0, +00) with fol Pdt <
+o00 such that for every x € R? and r € (0,1) there holds

(7[ A(y)dy) (f A-l/@-“(y)dy) < (r). (7.25)
() Qr(z)

In fact, in this case we can argue as in the proof of Lemma 7.1 now choosing s” and ¢” so that only (7.5)
and (7.6) hold true. Moreover, we can skip Step 3 since a Muckenhoupt-like condition is satisfied by
assumption, despite with a different right hand-side than in (7.12). Finally, in the dyadic decomposition
employed in Step 4, the convergence of the corresponding series is now guaranteed by the fact that

SN
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We are now ready to prove the lower bound in the non-(quasi)convex case.

Proposition 7.3. Let f be an admissible random integrand and assume that (H2) holds. Then, there
exists ' € F with P(Q') = 1 such that for everyw € ', every (uz) C L (RGR™), and u € L (R4 R™)
with u. — u in L (R%R™) there holds

loc

Fhom(w)(u, A) < liren_}(l)lf F.(w)(ue, A), (7.26)

for every A € A, where Fyom is as in (3.8).

Proof. Up to (6.18), the proof is exactly as that of Proposition 6.3. Therefore, here we entirely omit this
common part and directly refer to the proof of Proposition 6.3 for it and for the corresponding notation.

Now let § > 0 be sufficiently small, set Cs ,(x0) := Q(1-4),(%0) \ Q(1-25)p(z0). By applying Lemma 7.1
with s = 1-26, ¢t = 16, u = u. and v = L, for every n > 0 we find a function w. € W(Q,(x0); R™), a
constant C' = C(n, d,d,p, A, \,w) > 0, and an open interval J. € (1 —24,1—J) with measure £(J.) > ¢d
where ¢ = ¢(n) > 0, such that

we = ue 0 Quozs),(T0), we =Ly in Qy(x0) \ Q1-s)p(0)

and
1 x n x
L A (w0, ) [V \deg—/ AMw, ) (Vual? + [Vu(zo)|?) da
pd Cs,p(20) ( E) : pd Cs,p(z0) ( E) :
p
1
wC( o [ ju-Liantt) (7.27)
P JoQu,(z0)

for Ll-a.e. every £ € J.. We recall that the constant C in (7.27) can be taken independent of €. In fact,
the proof con Lemma 7.1 shows that C' depends on € only through the quantities

][QP(%) A® (w, g) dr, ]ép(xo) AF (w, g) dx.

Hence, invoking Theorem 2.5 we obtain the almost sure convergence of the sequences as above to
E[Aa('v 0)|]:7']v E[)‘_B('v O)I}—T]v

respectively, thus C' can be chosen independently of € as claimed.
By Fubini’s Theorem we have

1
/ / |ue — Ly| dH 1 dt = 7/ / lue — Ly| dH de
< J0Qup(w0) P JpJ. JoQu(xo)

1
S*/ |us_Lu|dx;
P JCs,p(0)

therefore, since £1(.J) > ¢§ we can find ¢ = /(g) € J. such that

/ lue — Ly| dHt < @/ |ue — Ly| da. (7.28)
Qe P Jc

S,p

Then, by combining (7.27), (7.28) we infer the existence of a constant C = C(n,d) > 0 such that for
every € > 0 sufficiently small

1

x n x
L Alw,® |Vw€|”da:§—/ MMew, Z) (Vuel? + [Vu(zo)|?) dz
Pd /c(;,p(xo) ( 5) Pd Cs.0(0) ( 5)

P
1
+C 7/ |ue — Ly| dx | . (7.29)
<pd+1 Corton | >
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Hence, invoking (3.2), by (7.29) we get

1 1 1 T
L F () (W, Qp(0)) < — Fr(w) (112, Qu2yp(70)) + / A (w0, 5) (Vulzo) P +1)
p ’ pd ) p p(20)\Q(1-5),(20) ( E)
1
+

p7/c ( )A<w’§) ([Veel” +1) da
5.0 (To

1+n
pl

p
1
—|—C’<][ |u6—Lu|daj> ,
P JQ,(xo)

for every € > 0 small enough and every p € (0,1).
Then, passing to the liminf as ¢ — 0 and recalling that u. — v in L}

loc
%E(w)(ue,(gp(xo))

< L) e, Qo) + A 2) (9ol +1

~/Qp(900)\Q(125)p(ﬂ70)

(R4, R™), we obtain
1

NP S

lim inf o Fe(w)(we, @p(o)) < liminf(1 +7)

+ C(d)der(w)(|Vu(zo) P + 1)+ C (1 f |u — Ly| dac) ) (7.30)
P JQ,(x0)

where C(d) > 0 is a dimensional constant.
Taking into account that F; is invariant under vertical translations, by the definition of w. a change
of variables gives
d
. € oo 1
limn =505 (9 Qi (0/2)) < Bt = F(00) e, @y (). (7.31)
where (i, (z0) is as in (4.1) with § = Vu(z). Moreover, recalling that u € WhP(A;R™), and that zg is
a Lebesgue point both for u and Vu, the L!-differentiability of u yields
1
lim — |u — Ly| dz = 0. (7.32)
p=0p Qp (o)

Hence, gathering (7.30), (7.31), (7.32), and invoking Proposition 4.2 we infer that for every ¢ > 0 small
we have

e—0

From (@, Vau(zo)) < (1+ 1) lim inf lim inf][ f (w, L Vus) dz + C(d)dey (w) (|Vulzo)P +1).
=0 Qp(wo) €
Eventually, the arbitrariness of § > 0 and 1 > 0 entails the desired lower bound (cf. (6.17)). O

8. ON THE OPTIMALITY OF THE INTEGRABILITY ASSUMPTIONS IN THE GENERAL CASE

In this section we show that when p = d = m > 3 the integrability assumptions (3.6) on the weight
functions are optimal. Namely, in the deterministic periodic setting we exhibit an admissible periodic
integrand f for which the lower bound inequality established in Proposition 7.3 does not hold true. The
example we are going to discuss is obtained by suitably modifying a construction proposed in [18].

In order to construct the counterexample, we preliminarily need to introduce some notation.

For z € R? set 2’ := (z1,...,74_1) € R¥"!. Given 2/ € R¥! and r > 0 we consider the (d — 1)-
dimensional ball B’.(z') of center 2’ and radius r and define the cylinder in R?

C(2',r) = Bl.(2") x (-1/2,1/2).

Similarly, if @/.(2') denotes the (d — 1)-dimensional cube with center z’ and side-length r > 0, we define
D(2',r):= Q. (2') x (—1/2,1/2).

Let o0 > 0 be such that 0 < o < d?> — 2d. We define the continuous function \: @ — [0, 1] as

140 140
Az = 217 | 1t 1fx€?(0j%),
1 otherwise in Q.
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We extend the function as above by Q-periodicity to the whole R? and with a little abuse of notation we
still denote with \ this extension. We notice that, by construction, \ is continuous on R% and 0 < A < 1.
Moreover, A~ € L? (R9) for every 8 < 4=L: additionally, 3 > -2~ thanks to our choice of o.

loc 140’ d—1
Now, let 7 > 0 be fixed and arbitrary and let f: R? x R¥*¢ — [0, 00) be defined as
F(a,€) = nA(x)|€]? + [ det&|. (82)

Therefore, for every x € R? and ¢ € R¥¢ we have

A (@)[€]? < f(a,€) < 1+ n)ElY,

so that (3.2) is satisfied with A = 147 and p = d. We observe that f is an admissible (periodic) integrand
in the sense of Definition 3.1.

We now show that the lower-bound inequality in Proposition 7.3 is violated if A and f are as in (8.1)
and (8.2), respectively. To do this, we need to prove the following lemma.

Lemma 8.1. Lete € (0,1) and r > 0. Then, there exists a one-to-one map u € W1>°(D(0, 2r); D(0, 2r))
such that uw(z) = z in D(0,2r) \ C(0,7), |u(z) — z| < r in C(0,r) \ C(0,er). Moreover, the following
estimates hold

[ooa@)watar<art [ jdevide< e (8:3)
D(0,2r) 2r C(o,r)

for some Cy = Cy(d, o) > 0.

Proof. Let 8,7 € (0, 1) be two parameters to be chosen later. We consider the functions h, g € W1°°([0, 1])
defined as

1— 0<t<4,
Foop 0St<8 1 o
h(t) == " gt) =4 Ty yoy 1 §<t<29,
L7 sci<; 0
t—t? - 1 20 <t<1.
We start observing that for every ¢ € (0,1) we have
h(t) <min{1/6,1/t}, th'(t) <1/t, g(t)<1, g¢'(t) <1/d. (8.4)
Moreover, a straightforward computation shows that for ¢ € (d,1) there holds
(1 —1)
0<h(t)+th'(t) = ———2 < 29y(1 —7) < 2v. 8.5
(t) +th'(t) (1_%2)2_’7( 7) <2y (8.5)
For x € C(0,r), we define u := (uq,...,uq) componentwise as

/ /
Uu; ::h<|x|>mi fori=1,...,d—1, ud::g<|x|)xd,
r r

while for z € D(0,2r) \ C(0,7) set u(x) := z.
Then, for z € C(0,r) we get

za(e')" g()

where I;_; denotes the identity matrix in R(¢—D*(d=1)
We now estimate det Vu on C(0,r). By (8.6), for every x € C(0,r) we have

0 < det Vu(z) = h<|i/|>d_29<|il|> <h(|~’i|> . |f';|h<ﬂi|>)

- §t=dy 0 < |2'| < O,
T 622y dr < || <,

||
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where to establish the last inequality we used the definition of h and g together with (8.5). In turn, from
(8.7) we deuce that

/ | det Vu|dz = / det Vudz < Cy6?~ i1, (8.8)
c(o,r) c(o,r)

where C' > 0 is a dimensional constant.
On the other hand, in view of (8.4) and (8.6) we find

1
(&-%-;) 0 < |2'] < 26r,
Vu(z)| <€ { \ (8.9)

Therefore, by (8.9) we get

/140 1 d /140 d
[ A(5) wutar<c (5t ) aae [ b e
clor)  N2r co.25r) T or || C(0,m\C(0,26r) T |z’|

26r
S C/ pd71+orflfa (57d7,,7d + rdpfd) dp+ Crdflfo'/ pd72p1+07ddp
0 20T

26r T
< C(s—é,r—l—a'—d/ pd—l—a dp+ C,r,d—l—o/ pa—l dp
0 0

C
O B e A (8.10)
o

For ¢ € (0,1) fixed, we now need to suitably choose ¢, € (0,1). First, we impose that § < /2 so that
by definition of u the inequality |u(z) — x| < r is satisfied in C(0,r) \ C(0,er). In order for (8.3) to be
satisfied we additionally impose that r~¢5% < 1. Moreover, in view of (8.8), we need to choose v so that
7624 < e. Eventually, since Vu = I on D(0,2r)\ C(0,r), the first estimate in (8.3) follows by combining
(8.10) and (8.1). O

Example 8.2 (Counterexample to Proposition 7.3). In this example we show the existence of a sequence
(un) C WH*(Q;R?) such that u, — id in W(Q;R?) and

1iminf/ f(nx,Vun)da:</ Srom (1) dx, (8.11)
Q Q

n—-+o0o

for n > 0 sufficiently small.
We preliminarily observe that thanks to Proposition 4.2 we have

fhom(I) = lim ldinf {/ (nA(z)|Vo|? + | det Vo|) da: v € £ + Wol’l(Qt;Rd)} .

t——+oo t .

Then, using the fact that the determinant is a null-Lagrangian, for every v € £; + Wol’l(Qt; R?) we get

][ (7}A(x)|Vv|d + | det Vo) do > ][ | det V| dx > =1.

t

][ det Vo dx

Hence, taking the infimum in v readily gives

Sfrom(X) > 1. (8.12)

We now use Lemma 8.1 to construct a sequence (u,) C WH>(Q;R?) satisfying u,, — id in WH1(Q;R?)
and

liminf/ f(nz,Vuy,) de < 1,
Q

n—-+4oo

for n > 0 small enough.

To this end, let n € 2N and divide the cube Q into n?~! translated copies of D(0,1/n). On each
D(z',1/n) we apply Lemma 8.1 with ¢ = 1/n to construct functions uld): D(z',1/n) — D(2',1/n) for
j=1,...,n% 1. Then, we have

W)~y <1/n i C,1/(2n)\ C@'1/@2n%), o =id in D', 1/n)\ C(a’,1/(2n)),
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for every j =1,...,n%"!. Moreover, there exists Cy = Cy(d, o) > 0 with the following property

_ Co . 11
Any)|Vu |4 dy < —25, / det VD |dy < = , (8.13)
/D(gc’,l/n) | nd—1 C(z',1/(2n)) ‘ | n nd—1

for every j =1,...,n%"1.

We now consider the sequence (u,,) C W (Q; R?) obtained by gluing together the functions u$ on
Q. Thus, by (8.13) we deduce

d—1
E C
d 0
/ A(nx)|Vu, | de < Z i Co,
Q =
as well as
(| 1
Wd—1 Wd—1
/Q|detvUn|dx§ 1— 51t ; = 1— ST

where wy_; denotes the Lebesgue measure of the unit ball in R~1.
Therefore, for n > 0 small enough we have

Eglilgof/Q f(nz,Vu,)de <nCy+1— (;]3:11 <1 (8.14)

Then, (8.11) follows by gathering (8.14) and (8.12). Moreover, by definition (u,) converges in measure
to the identity on @ and is uniformly bounded in L>°(Q;R?). Then, by virtue of (8.14) we can appeal
to Lemma 3.3 to deduce that u, — id weakly in W!(Q;R?), as n — 4o00. Thus the claim is achieved.
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