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Abstract. We obtain a compactness result for Γ-convergence of integral functionals defined on A-free
vector fields. This is used to study homogenization problems for these functionals without periodicity

assumptions. More precisely, we prove that the homogenized integrand can be obtained by taking limits

of minimum values of suitable minimization problems on large cubes, when the side length of these cubes
tends to +∞, assuming that these limit values do not depend on the center of the cube. Under the

usual stochastic periodicity assumptions, this result is then used to solve the stochastic homogenization
problem by means of the subadditive ergodic theorem.

MSC (2020): 35B27, 60H30, 49J45, 74A40.

Keywords: homogenization, Γ-convergence, stochastic homogenization, composites, A-free vector fields.

Contents

1. Introduction 1
2. Notation and preliminaries 3
3. Γ-convergence in the unconstrained setting 5
4. Γ-convergence in the A-free setting 11
5. The integrand obtained from minimum values on small cubes 15
6. The Γ-limit obtained from minimum values on small cubes 18
7. Homogenization without periodicity assumptions 24
8. Stochastic homogenization 27
Acknowledgements 29
References 29

1. Introduction

Many problems in continuum mechanics and electromagnetism lead to the study of vector fields u ∈
Lp(D;Rd) that satisfy a differential constraint of the form

N∑
i=1

Ai∂iu = 0 in D, (1.1)

where D ⊂ RN is a bounded open set and Ai are l × d-matrices that fulfil the constant-rank property
(see (2.1)). These vector fields are called A-free. The theory of compensated compactness, developed in
[26, 30, 31, 32, 33, 34], provides powerful tools for their analysis and has recently been extended to A-free
measures [3, 15].

When f is a Carathéodory function satisfying the usual p-growth conditions (see (2.6)), the study of
the minimization of the integral functional

F (u,D) :=

∫
D

f(x, u(x)) dx (1.2)

among all function u ∈ Lp(D;Rd) that satisfy the differential constraint (1.1) leads to the notion of
A-quasiconvexity introduced in [19] (see Definition 2.1), and inspired by a slightly different definition
found in [9]. This condition is necessary and sufficient for lower semicontinuity of (1.2) with respect to
the weak topology of Lp(D;Rd) under the constraint (1.1). Further results on A-quasiconvex functionals
can be found in [5, 4] for the linear growth case, in [8] in the context of partial regularity of minimizers, in
[6] in connection with Young measures, in [10, 16] when two operators are present, in [18] with different
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exponents in the bounds of f from below and from above, in [21] in connection with G̊arding inequalities,
in [22] for the case of boundary A-quasiconvexity, in [27] for an extended-valued function f , in [28] for
potentials for A-quasiconvexity, and in [29] for the study of relaxation via A-quasiconvex envelopes.

When x 7→ f(x, ξ) is periodic in x, the limit behavior as ε→ 0+ of the minimizers of the functionals

Fε(u,D) :=

∫
D

f(xε , u(x)) dx (1.3)

is studied in [7] using Γ-convergence (see also [25] for the p = 1 case). More precisely, under an additional
p-Lipschitz condition (see (2.8)), the family of functionals (Fε(·, D))ε>0, subject to the differential con-
straint (1.1), Γ-converges as ε→ 0+, with respect to the weak topology of Lp(D;Rd), to a homogenized
functional of the form

Fhom(u,D) :=

∫
D

fhom(u(x)) dx, (1.4)

subject to the same differential constraint. The homogenized integrand fhom is obtained from f by solving
some auxiliary minimum problems for F (·, Qr) on cubes Qr whose side length r tends to infinity. The
periodic case was further developed in [13, 14], where the authors established periodic homogenization
results for integral energies under periodically oscillating or space-dependent differential constraints.

Aim and main compactness theorem. The aim of this paper is to study, more generally, Γ-
convergence of sequences (Fk)k∈N of functionals of the form

Fk(u,D) :=

∫
D

fk(x, u(x)) dx (1.5)

subject to the differential constraint (1.1). We assume that the integrands fk satisfy p-growth and p-
Lipschitz conditions with constants independent of k, and we prove a compactness result (see Corollary
4.7): there exist a subsequence, which we do not relabel, and a functional F of the form (1.2) such that
for every bounded open set D ⊂ RN , the sequence of functionals (Fk(·, D))k∈N, subject to the differential
constraint (1.1), Γ-converges to F (·, D) with respect to the weak topology of Lp(D;Rd). Under different
hypotheses, Γ-convergence results for functionals of the form (1.5) were studied in [23] in the context of
dimension reduction problems.

Strategy of the proof. Following an idea introduced in [2], we prove this result by first studying
the Γ-convergence of the sequence of functionals (1.5) without differential constraint but with respect

to a topology in Lp(D;Rd) that takes into account the convergence of
∑N
i=1A

i∂iu in W−1,p(D;Rl) (see
Theorem 3.1).

The proof is based on the usual localization technique for Γ-convergence and on a new integral repre-
sentation result (see Theorem 3.3).

To obtain from this result the Γ-convergence in the A-free setting, we use a modification procedure

introduced in [19], which allows us to replace a sequence (uk)k∈N with
∑N
i=1A

i∂iuk → 0 in W−1,p(D;Rl)
by a sequence (vk)k∈N with the same limit in the weak topology of Lp(D;Rd) and such that

∑N
i=1A

i∂ivk =
0 in D for every k, with a negligible modification of the values of Fk (see Lemmas 4.1 and 4.2).

Characterising the Γ-limit integrand. When ξ 7→ f(x, ξ) is A-quasiconvex for a.e. x ∈ RN , we
reconstruct, for a.e. x ∈ RN and every ξ ∈ Rd, the value of f(x, ξ) via the infima of some auxiliary
minimum problems for F (·, Qρ(x))/ρN on cubes with center x and side length ρ, taking the limit as
ρ→ 0+ (see Theorem 5.3). This allows us to characterize the integrand of the Γ-limit of a sequence (1.5)
by taking limits, as k →∞, of the infima of these auxiliary minimum problems for Fk(·, Qρ(x))/ρN (see
Theorem 6.2). We further prove a technical variant of this result (see Theorem 6.9) in which the infima
of the auxiliary minimum problems satisfy a subadditivity condition, preparing the ground for stochastic
applications.

Homogenisation without periodicity. The preceding characterization of the integrand of the Γ-limit
is then used to study the homogenization problem for (1.3) without periodicity assumptions. After a
change of variables, the functionals Fε(·, Qρ(x))/ρN are transformed into F (·, Qρ/ε(x/ε))/(ρ/ε)N . There-
fore, the previous results show that the family of functionals (Fε(·, D))ε>0, subject to the differential
constraint (1.1), Γ-converges as ε → 0+, with respect to the weak topology of Lp(D;Rd), to the func-
tional (1.4) subject to the same differential constraint, assuming only that there exists the limit, as
r → +∞, of the infima of these auxiliary minimum problems for F (·, Qr(rx))/rN , and that this limit,
which defines fhom, does not depend on x (see Theorem 7.1). These conditions are satisfied not only
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when x 7→ f(x, ξ) is periodic on RN for every ξ ∈ Rd, but also also for suitable perturbations of the
periodic case (see Proposition 7.2).

Stochastic homogenisation. When f = f(ω, x, ξ) depends also on a variable ω running on a probability
space, under the standard assumptions of stochastic homogenization (see Definition 8.1), we obtain that
the limits that define fhom(ω, ξ) exist almost surely; hence, the family of functionals (Fε(ω, ·, D))ε>0,
subject to the differential constraint (1.1), Γ-converges as ε→ 0+, with respect to the weak topology of
Lp(D;Rd), to the functional

Fhom(ω, u,D) :=

∫
D

fhom(ω, u(x)) dx

subject to the same differential constraint (see Theorem 8.5). Finally, if the stochastic process is ergodic,
then it can be shown that the homogenized integrand does not depend on ω.

Overall, we provide a unified Γ-convergence framework for integral functionals with A-free constraints,
covering deterministic, non-periodic, and stochastic settings in a single theory.

2. Notation and preliminaries

Throughout this paper, N, d, l ∈ N and c0, c1, p, q ∈ (1,+∞) are fixed, with 1
p + 1

q = 1 and c1 ≥
c0 max{2p−2, 1}. We define O(RN ) to be the collection of all bounded open subsets of RN and, for
D ∈ O(RN ), we define O(D) := {D ∩ U : U ∈ O(RN )} to be the collection of all open subsets of D. For
every x ∈ RN and ρ > 0, we consider the open cube Qρ(x) with center x, side length ρ, and sides parallel
to the coordinate axes.

We use the standard notation for Lebesgue and Sobolev spaces. In particular, for m ∈ N and
D ∈ O(RN ), W−1,p(D;Rm) is the dual of W 1,q

0 (D;Rm). We also consider the dual of W 1,q(D;Rm),

which we denote by W̃−1,p(D;Rm). In both cases, the duality product will be denoted by 〈·, ·〉. The

norm used in W 1,q
0 (D;Rm) is ‖u‖W 1,q

0 (D;Rm) := ‖∇u‖Lq(D;Rm×N ), and the norm used in W 1,q(D;Rm) is

‖u‖W 1,q(D;Rm) := (‖u‖qLq(D;Rm) + ‖∇u‖q
Lq(D;Rm×N )

)1/q. The norms in W−1,p(D;Rm) and W̃−1,p(D;Rm)

are the corresponding dual norms.
Several of our results involve integral functionals whose fields are subject to linear partial differential

constraints with constant coefficients, know as the A-free setting as mentioned in the Introduction, which
we now make precise. For i ∈ {1, . . . , N}, let Ai ∈ Rl×d be l × d real-valued matrices such that there
exists r ∈ N satisfying

rank

(
N∑
i=1

Aiwi

)
= r (2.1)

for all w ∈ RN \ {0}. This condition is referred to as the constant-rank property.
For every u ∈ Lploc(RN ;Rd), let Au be the Rl-valued distribution on RN defined by

〈Au, ψ〉 := −
N∑
i=1

∫
RN

(Aiu) · ∂iψ dx for every ψ ∈ C∞c (RN ;Rl). (2.2)

Given D ∈ O(RN ), we consider the operators

AD : Lp(D;Rd)→W−1,p(D;Rl) and ÃD : Lp(D;Rd)→ W̃−1,p(D;Rl)

that map each u ∈ Lp(D;Rd) into the elements ADu of W−1,p(D;Rl) and ÃDu of W̃−1,p(D;Rl) defined,
respectively, by

〈ADu, ψ〉 := −
N∑
i=1

∫
D

(Aiu) · ∂iψ dx for every ψ ∈W 1,q
0 (D;Rl), (2.3)

〈ÃDu, ψ〉 := −
N∑
i=1

∫
D

(Aiu) · ∂iψ dx for every ψ ∈W 1,q(D;Rl). (2.4)

In particular, kerAD is the set of all u ∈ Lp(D;Rd) such that

N∑
i=1

∫
D

(Aiu) · ∂iψ dx = 0 for every ψ ∈W 1,q
0 (D;Rl),
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in which case we either write ADu = 0 or u ∈ kerAD. Moreover, we have that

‖ADu‖W−1,p(D;Rl) = ‖div(Au)‖W−1,p(D;Rl), (2.5)

where Au(x) := (A1u(x), ..., ANu(x)) ∈ Rl×N for x ∈ D.
As extensively studied in [19], the weak lower semicontinuity of functionals defined on kerAD is

intimately related to the notion of A-quasiconvexity, which we recall next.

Definition 2.1 (A-quasiconvex functions). Let Q ⊂ RN be a cube and g : Rd → R a locally bounded
Borel function. We say that g is A-quasiconvex if

g(ξ) ≤ 1

|Q|

∫
Q

g(ξ + w(x)) dx

for every ξ ∈ Rd and w ∈ C∞(RN ;Rd), with w Q-periodic, Aw = 0 in RN , and
∫
Q
w(y)dy = 0.

Remark 2.2. By a change of variables, we see that the previous definition does not depend on the
choice of the cube Q. In the unconstrained case, when A = 0, A-quasiconvexity reduces to convexity,
while when A = curl, A-quasiconvexity reduces to quasiconvexity in the sense of Morrey (cf. [19]). By
virtue of Jensen’s inequality, every convex function is A-quasiconvex.

For every D ∈ O(RN ), let ‖ · ‖AD be the norm on Lp(D;Rd) involving the operator AD and defined by

‖u‖AD := ‖u‖W−1,p(D;Rd) + ‖ADu‖W−1,p(D;Rl).

Note that Lp(D;Rd) endowed with this norm is separable.
Next, we introduce the class of integrands that we consider in our analysis.

Definition 2.3. Let F be the collection of all Carathéodory functions f : RN×Rd → [0,+∞) satisfying,
for every x ∈ RN and every ξ, ξ1, ξ2 ∈ Rd, the following p-growth and p-Lipschitz continuity conditions:

1

c0
|ξ|p − c0 ≤ f(x, ξ) ≤ c0(1 + |ξ|p), (2.6)

|f(x, ξ1)− f(x, ξ2)| ≤ c1
(
1 + (f(x, ξ1) ∧ f(x, ξ2))

p−1
p + |ξ1 − ξ2|p−1

)
|ξ1 − ξ2|, (2.7)

where a ∧ b := min{a, b}. Finally, let Fqc be the collection of all functions f ∈ F such that ξ 7→ f(x, ξ)
is A-quasiconvex for a.e. x ∈ RN .

Under our assumptions on c0, c1, and p, it can be shown that the function f(x, ξ) := |ξ|p belongs to
Fqc.

Remark 2.4. There exists a constant c2, depending only on c0, c1, and p, such that (2.6) and (2.7)
imply

|f(x, ξ1)− f(x, ξ2)| ≤ c2(1 + |ξ1|p−1 + |ξ2|p−1)|ξ1 − ξ2| (2.8)

for every x ∈ RN and every ξ1, ξ2 ∈ Rd. Conversely, if (2.6) and (2.8) hold, then there exists a constant
c3, depending only on c2 and p, such that

|f(x, ξ1)− f(x, ξ2)| ≤ c3
(
1 + (|ξ1| ∧ |ξ2|)p−1 + |ξ1 − ξ2|p−1

)
|ξ1 − ξ2|,

which implies that there exists a constant c1, depending only on c0, c3, and p, such that (2.7) holds. Our
preference for (2.7) is due to the fact that, unlike (2.8), it is stable under Γ-convergence.

Remark 2.5. By exchanging the roles of ξ1 and ξ2, we see that (2.7) is equivalent to

f(x, ξ1) ≤ f(x, ξ2) + c1
(
1 + f(x, ξ2)

p−1
p + |ξ1 − ξ2|p−1

)
|ξ1 − ξ2| (2.9)

for every x ∈ RN and every ξ1, ξ2 ∈ Rd.

We now introduce the collection of functionals that correspond to integrands in F .

Definition 2.6. Let {Lp,O} be the set of pairs (u,D) with u ∈ Lp(D,Rd) and D ∈ O(RN ), and let
I be the collection of all functionals F : {Lp,O} → [0,+∞) satisfying the following properties for every
D ∈ O(RN ) and every u, v ∈ Lp(D;Rd):
(a) 1

c0
‖u‖p

Lp(D;Rd)
− c0|D| ≤ F (u,D) ≤ c0

(
|D|+ ‖u‖p

Lp(D;Rd)

)
, (2.10)
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(b) |F (u,D)− F (v,D)| ≤ c1
(
|D|

p−1
p + (F (u,D) ∧ F (v,D))

p−1
p + ‖u− v‖p−1

Lp(D;Rd)

)
‖u− v‖Lp(D;Rd),(2.11)

(c) the set function B 7→ F (u,B) defined for every B ∈ O(D) can be extended to a nonnegative

measure defined on all Borel subsets of D.
(2.12)

Here, and henceforth, if u ∈ Lp(D;Rd) and B ∈ O(D), we simply write F (u,B) instead of F (u|B , B).
Finally, let Isc be the collection of all functionals F ∈ I such that for every D ∈ O(RN ), the functional
u 7→ F (u,D) is lower semicontinuous for the topology induced on Lp(D;Rd) by the norm ‖ · ‖AD.

Remark 2.7. Let F ∈ I. By the lower bound in (2.10), if D ∈ O(RN ) and (uk)k∈N is a sequence
in Lp(D;Rd) converging to u ∈ Lp(D;Rd) in the topology induced by the norm ‖ · ‖AD and such that
(F (uk, D))k∈N is bounded, then uk ⇀ u weakly in Lp(D;Rd). Therefore, F ∈ Isc if and only if we have
for every D ∈ O(RN ) that

F (u,D) ≤ lim inf
k→∞

F (uk, D)

for every u ∈ Lp(D;Rd) and every sequence (uk)k∈N ⊂ (Lp(D;Rd) such that uk ⇀ u weakly in Lp(D;Rd)
and ADuk → Au strongly in W−1,p(D;Rl).

Remark 2.8. If f ∈ F , then the functional F defined by

F (u,D) :=

∫
D

f(x, u(x)) dx, for every D ∈ O(RN ) and u ∈ Lp(D;Rd), (2.13)

belongs to I. Indeed, (2.11) follows from (2.7) by using Hölder’s inequality. If f ∈ Fqc, then F ∈ Isc by
[19, Theorem 3.7] and Remark 2.7.

Remark 2.9. By analogy with Remark 2.4, there exists a constant c2, depending only on c0, c1, and
p, such that if F satisfies (2.10) and (2.11), then

|F (u,D)− F (v,D)| ≤ c2
(
|D|

p−1
p + ‖u‖p−1

Lp(D;Rd)
+ ‖v‖p−1

Lp(D;Rd)

)
‖u− v‖Lp(D;Rd) (2.14)

for every D ∈ O(RN ) and every u, v ∈ Lp(D;Rd). Conversely, if (2.10) and (2.14) hold, then there exists
a constant c3, depending only on c0, c2, and p, such that

|F (u,D)− F (v,D)| ≤ c3
(
|D|

p−1
p + (F (u,D) ∧ F (v,D))

p−1
p + ‖u− v‖p−1

Lp(D;Rd)

)
‖u− v‖Lp(D;Rd),

which implies that (2.11) holds with c1 replaced by c3. As before, our preference for (2.11) is due to the
fact that, unlike (2.14), it is stable under Γ-convergence.

Remark 2.10. Similarly to Remark 2.5, we see by exchanging the roles of u and v that (2.11) is
equivalent to

F (u,D) ≤ F (v,D) + c1
(
|D|

p−1
p + F (v,D)

p−1
p + ‖u− v‖p−1

Lp(D;Rd)

)
‖u− v‖Lp(D;Rd) (2.15)

for every D ∈ O(RN ) and every u, v ∈ Lp(D;Rd).

3. Γ-convergence in the unconstrained setting

In this section, we prove a compactness result for the family of functionals I introduced in Definition 2.6
with respect to Γ-convergence without considering the constraint ADu = 0.

Theorem 3.1. Consider the two families of functionals I and Isc introduced in Definition 2.6. Let
(Fk)k∈N be a sequence in I. Then, there exist a subsequence, which we do not relabel, and a functional
F ∈ Isc such that for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-converges to F (·, D) with respect

to the topology induced by ‖ · ‖AD on Lp(D;Rd).

The proof of this theorem relies on the following technical result, which will be used also in the proof
of Proposition 6.8.
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Lemma 3.2. Let (Fk)k∈N be a sequence in I, let D1, D2, B ∈ O(RN ), with D1 ⊂⊂ D2, let u ∈
Lp(D2 ∪B;Rd), and let (uk)k∈N ⊂ Lp(D2;Rd) and (vk)k∈N ⊂ Lp(B;Rd) be two sequences such that

lim
k→∞

‖uk − u‖AD2
= 0 and lim sup

k→∞
Fk(uk, D2) < +∞,

lim
k→∞

‖vk − u‖AB = 0 and lim sup
k→∞

Fk(vk, B) < +∞.
(3.1)

Then, setting D := D1 ∪B, there exists a sequence (wk)k∈N ⊂ Lp(D;Rd) such that

wk = uk in D1 and wk = vk in B \D2, (3.2)

wk ⇀ u weakly in Lp(D;Rd) and lim
k→∞

‖wk − u‖AD = 0, (3.3)

lim sup
k→∞

Fk(wk, D) ≤ lim sup
k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
. (3.4)

Proof. By (3.1), we may assume without loss of generality that supk Fk(uk, D2) < +∞ and supk Fk(vk, B) <
+∞. Consequently, by (a) in Definition 2.6, (uk)k∈N is bounded in Lp(D2;Rd) and (vk)k∈N is bounded
in Lp(B;Rd). In turn, this yields a uniform bound for the total variations of the sequence (νk)k∈N of
Radon measures on RN defined by

νk(E) :=

∫
E∩D2∩B

(
1 + |uk(x)|p + |vk(x)|p

)
dx for each Borel set E ⊂ RN .

Thus, extracting a subsequence, which we do not relabel, there exists a Radon measure ν on RN such
that

νk
∗
⇀ ν weakly∗ in the sense of measures on RN . (3.5)

Next, we set τ := dist(D1, ∂D2) > 0 and, for 0 < t < τ , we define

Dt :=
{
x ∈ RN : dist(x,D1) < t

}
⊂⊂ D2.

Since ν is a finite measure, we can select η ∈ (0, τ2 ) such that and ν(∂Dη) = 0 (see [17, Proposition 1.15]).

For every m ∈ N with 0 < 1
m < τ

2 , we define the sets

Lm := (Dη+ 1
m \Dη) ∩B ⊂⊂ D2.

We further consider a cut-off function θm ∈ C∞c (Dη+ 1
m ; [0, 1]) with θm = 1 on Dη, and define

wmk (x) := θm(x)uk(x) + (1− θm(x))vk(x) for x ∈ D = D1 ∪B.

It is clear that (3.2) holds for any choice of m.

Let ψ ∈ W 1,q
0 (D;Rl). Then, using the fact that θmψ, ∂iθmψ ∈ W 1,q

0 (D2;Rl) and (1 − θm)ψ, ∂i(1 −
θm)ψ = −∂iθmψ ∈W 1,q

0 (B;Rl), we can find a constant, c > 0, depending on A and m but not on k, such
that

−
N∑
i=1

∫
D

Ai(wmk − u) · ∂iψ dx = −
N∑
i=1

∫
D

Ai
(
θm(uk − u) + (1− θm)(vk − u)

)
· ∂iψ dx

= −
N∑
i=1

(∫
D2

Ai(uk − u) · ∂i(θmψ) dx−
∫
D2

Ai(uk − u) · (∂iθmψ) dx

)

−
N∑
i=1

(∫
B

Ai(vk − u) · ∂i((1− θm)ψ) dx+

∫
B

Ai(vk − u) · (∂iθmψ) dx

)
≤ c
(
‖AD2

(uk − u)‖W−1,p(D;Rl) + ‖uk − u‖W−1,p(D2;Rd)

+ ‖AB(vk − u)‖W−1,p(D;Rl) + ‖vk − u‖W−1,p(B;Rd)

)
.

Consequently, we deduce from (3.1) that

lim
k→∞

‖wmk − u‖AD = 0 for every m ∈ N with 0 < 1
m < τ

2 . (3.6)
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Finally, for every such m, condition (c) and the second inequality in (a) of Definition 2.6 together with
(3.1)–(3.5) yield

lim sup
k→∞

Fk
(
wmk , D

)
≤ lim sup

k→∞

(
Fk(uk, D2) + Fk(vk, B) + Fk(wmk , Lm)

)
≤ lim sup

k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
+ c0 lim sup

k→∞

∫
Lm

(
1 + |uk(x)|p + |vk(x)|p

)
dx

≤ lim sup
k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
+ c0 ν(Lm).

Together with (3.6), this implies that for every m ∈ N with 0 < 1
m < τ

2 there exists km ∈ N such that

‖wmk − u‖AD < 1
m and Fk(wmk , D) < lim sup

k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
+ c0 ν(Lm) + 1

m (3.7)

for every k ≥ km. It is not restrictive to assume that km < km+1 for every m.
Define wk := wmk for km ≤ k < km+1. Then, (3.7) yields

‖wk − u‖AD < 1
m and Fk(wk, D) < lim sup

k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
+ c0 ν(Lm) + 1

m

for every k ≥ km. Hence,

lim sup
k→∞

‖wk − u‖AD ≤ 1
m and lim sup

k→∞
Fk(wk, D) ≤ lim sup

k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
+ c0 ν(Lm) + 1

m .

Since limm ν(Lm) = ν(∂Dη) = 0, taking the limit as m → ∞ in the preceding estimates, we obtain the
second part of (3.3) and (3.4).

Recalling (a) of Definition 2.6, inequality (3.4) and (3.1) imply that (wk)k∈N is bounded in Lp(D;Rd).
Therefore, the first part of (3.3) is a consequence of the second one (see Remark 2.7). �

Proof of Theorem 3.1. For each D ∈ O(RN ), we define F ′(·, D), F ′′(·, D) : Lp(D;Rd)→ [0,+∞] by

F ′(·, D) := Γ(‖ · ‖AD)- lim inf
k→∞

Fk(·, D) and F ′′(·, D) := Γ(‖ · ‖AD)- lim sup
k→∞

Fk(·, D),

where the Γ-limits are taken with respect to the topology induced on Lp(D;Rd) by the norm ‖ · ‖AD. If
u ∈ Lp(B;Rd) for some B ∈ O(RN ) containing D, we simply write F ′(u,D) and F ′′(u,D) instead of
F ′(u|D, D) and F ′′(u|D, D).

We now proceed in several steps.

Step 1 (Monotonicity of F ′ and F ′′). We observe that for every D1, D2 ∈ O(RN ) with D1 ⊂ D2,
condition (c) in Definition 2.6 implies that Fk(u,D1) ≤ Fk(u,D2) for every u ∈ Lp(D2;Rd) and every
k ∈ N. Therefore, F ′(u,D1) ≤ F ′(u,D2) and F ′′(u,D1) ≤ F ′′(u,D2) for every u ∈ Lp(D2;Rd).

Step 2 (Upper bound for F ′′). Let D ∈ O(RN ) and u ∈ Lp(D;Rd). Then,

F ′′(u,D) ≤ c0(|D|+ ‖u‖p
Lp(D;Rd)

). (3.8)

Indeed, the definition of F ′′(·, D) and (2.10) yield

F ′′(u,D) ≤ lim sup
k→∞

Fk(u,D) ≤ c0(|D|+ ‖u‖p
Lp(D;Rd)

),

which proves (3.8).

Step 3 (Nested subadditivity of F ′′). Let D1, D2, B ∈ O(RN ), with D1 ⊂⊂ D2, and let u ∈ Lp(D2 ∪
B;Rd). We want to prove that

F ′′(u,D1 ∪B) ≤ F ′′(u,D2) + F ′′(u,B). (3.9)

Let (uk)k∈N ⊂ Lp(D2;Rd) and (vk)k∈N ⊂ Lp(B;Rd) be two sequences such that

lim
k→∞

‖uk − u‖AD2
= 0 and lim sup

k→∞
Fk(uk, D2) = F ′′(u,D2) < +∞,

lim
k→∞

‖vk − u‖AB = 0 and lim sup
k→∞

Fk(vk, B) = F ′′(u,B) < +∞,

which exist by [11, Proposition 8.1]. By Lemma 3.2, there exists a sequence (wk)k∈N ⊂ Lp(D1 ∪ B;Rd)
such that (3.3) and (3.4) hold, and so

F ′′D(u,D1 ∪B) ≤ lim sup
k→∞

Fk(wk, D1 ∪B) ≤ lim sup
k→∞

(
Fk(uk, D2) + Fk(vk, B)

)
≤ F ′′(u,D2) + F ′′(u,B),

which proves (3.9).
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Step 4 (Compactness property). Let D be the countable collection of the open sets that are finite
unions of open rectangles with rational vertices. Using the compactness of Γ-convergence on separable
metric spaces (see [11, Theorem 8.5]) and a diagonal argument, we obtain a subsequence of (Fk)k∈N,
which we do not relabel, for which

F ′(u,D) = F ′′(u,D) for every D ∈ D and every u ∈ Lp(D;Rd).

For every D ∈ O(RN ) and every u ∈ Lp(D;Rd), we define

F (u,D) := sup
D′∈D
D′⊂⊂D

F ′(u,D′) = sup
D′∈D
D′⊂⊂D

F ′′(u,D′). (3.10)

From the monotonicity of F ′(u, ·) and F ′′(u, ·) in Step 1, we deduce for every D ∈ O(RN ) and every
u ∈ Lp(D;Rd) that

F (u,D) = sup
D′∈O(RN )
D′⊂⊂D

F ′(u,D′) = sup
D′∈O(RN )
D′⊂⊂D

F ′′(u,D′) (3.11)

and

F (u,D) ≤ F ′(u,D) ≤ F ′′(u,D). (3.12)

In fact, by (3.10), we clearly have

F (u,D) ≤ sup
D̃∈O(RN )

D̃⊂⊂D

F ′(u, D̃).
(3.13)

Conversely, given D̃ ∈ O(RN ) with D̃ ⊂⊂ D, we can find D′ ∈ D such that D̃ ⊂ D′ ⊂⊂ D. Thus, by the
monotonicity of F ′(u, ·) and by (3.10), we conclude that

F ′(u, D̃) ≤ F ′(u,D′) ≤ F (u,D).

Taking the supremum over all sets D̃ ∈ O(RN ) with D̃ ⊂⊂ D yields the converse inequality of (3.13),
which proves the first identity in (3.11). The remaining statements in (3.11) and (3.12) can be proven
similarly.

Moreover, by (3.8), we have

F (u,D) ≤ c0(|D|+ ‖u‖p
Lp(D;Rd)

) (3.14)

for every D ∈ O(RN ) and every u ∈ Lp(D;Rd).

Step 5 (Proof of the Γ-convergence). By (3.12), we obtain that (Fk(·, D))k∈N Γ-converges to F (·, D)
once we prove that

F ′′(u,D) ≤ F (u,D) (3.15)

for every D ∈ O(RN ) and every u ∈ Lp(D;Rd).
Fix any such D and u, and fix ε > 0. Let K ⊂ D be a compact set such that

c0(|D \K|+ ‖u‖p
Lp(D\K;Rd)

) < ε. (3.16)

Fix D1, D2 ∈ O(RN ), with K ⊂ D1 ⊂⊂ D2 ⊂⊂ D. By (3.9) with B := D \K, (3.8), (3.11), and (3.16),
we obtain

F ′′(u,D) ≤ F ′′(u,D2) + F ′′(u,D \K) ≤ F (u,D) + c0(|D \K|+ ‖u‖p
Lp(D\K;Rd)

) ≤ F (u,D) + ε.

The arbitrariness of ε > 0 yields (3.15), completing the proof of Γ-convergence. In particular, in view of
(3.11), (3.12), and (3.15), we conclude that F is inner regular; that is, we have for every D ∈ O(RN ) and
every u ∈ Lp(D;Rd) that

F (u,D) = sup
D′∈O(RN )
D′⊂⊂D

F (u,D′).
(3.17)

Moreover, by a general property of Γ-limits, we have for every D ∈ O(RN ) that the functional u 7→
F (u,D) is lower semicontinuous for the topology induced on Lp(D;Rd) by the norm ‖ · ‖AD.

Step 6 (Proof of (2.10) for F ). Fix D ∈ O(RN ) and u ∈ Lp(D;Rd). By Step 5, there exists a sequence
(uk)k∈N ⊂ Lp(D;Rd) such that

lim
k→∞

‖uk − u‖AD = 0 and lim sup
k→∞

Fk(uk, D) = F (u,D).
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Then, using the lower bound in (2.10) for Fk, we have for all sufficiently large k ∈ N that

1

c0
‖uk‖pLp(D;Rd)

− c0|D| ≤ Fk(uk, D) ≤ F (u,D) + 1.

The preceding estimate and (3.14) yield that (uk)k∈N is a bounded sequence in Lp(D;Rd). Hence, uk → u
weakly in Lp(D;Rd), and so

F (u,D) = lim sup
k→∞

Fk(uk, D) ≥ lim sup
k→∞

( 1

c0
‖uk‖pLp(D;Rd)

− c0|D|
)
≥ 1

c0
‖u‖p

Lp(D;Rd)
− c0|D|. (3.18)

Finally, (3.18) and (3.14) show that (2.10) holds for F .

Step 7 (Proof of (2.11) for F ). Fix D ∈ O(RN ). By (2.15) for Fk, we have

Fk(u,D) ≤ Fk(v,D) + c1
(
|D|

p−1
p + Fk(v,D)

p−1
p + ‖u− v‖p−1

Lp(D;Rd)

)
‖u− v‖Lp(D;Rd) (3.19)

for every u, v ∈ Lp(D;Rd). We claim that this inequality passes to the Γ-limit. Indeed, given u, v ∈
Lp(D;Rd), we can find a sequence (vk)k∈N in Lp(D;Rd) converging to v in the topology induced on
Lp(D;Rd) by the norm ‖ · ‖AD and such that

lim
k→∞

Fk(vk, D) = F (v,D). (3.20)

For every k ∈ N, let uk := vk + u− v. By (3.19), we have

Fk(uk, D) ≤ Fk(vk, D) + c1
(
|D|

p−1
p + Fk(vk, D)

p−1
p + ‖u− v‖p−1

Lp(D;Rd)

)
‖u− v‖Lp(D;Rd). (3.21)

On the other hand, since (uk)k∈N converges to u in the topology induced on Lp(D;Rd) by the norm ‖·‖AD,
we have by Γ-convergence that

F (u,D) ≤ lim inf
k→∞

Fk(uk, D).

This inequality, together with (3.20) and (3.21), leads to (2.15) for F . As observed in Remark 2.10, we
then conclude that (2.11) holds for F .

Step 8 (Proof of (2.12) for F ). Fix D ∈ O(RN ) and u ∈ Lp(D;Rd), and let α : O(D) → [0,+∞)
be the (increasing) set function defined by setting α(B) := F (u,B) for every B ∈ O(D). Invoking [11,
Theorem 14.23], property (2.12) is satisfied provided that α is subadditive, superadditive, and inner
regular in O(D). The inner regularity holds by (3.17), while the simple proof of the superadditivity can
be obtained as in [11, Proposition 16.12]. We are then left to show that α is superadditive in O(D),
which amounts to proving that

α(B1 ∪B2) ≤ α(B1) + α(B2) for all B1, B2 ∈ O(D). (3.22)

Let B1, B2 ∈ O(D), and fix δ > 0. By (3.17), we can find B′ ⊂⊂ B1 ∪B2 such that

α(B1 ∪B2)− δ < F ′′(u,B′).

Let B′1, B
′′
1 , B

′
2 ∈ O(D) be such that B′1 ⊂⊂ B′′1 ⊂⊂ B1, B′2 ⊂⊂ B2, and B′ ⊂⊂ B′1 ∪ B′2 (see [11,

Lemma 14.20] for instance). Then, using (3.9), (3.17), and the monotonicity of F ′′(u, ·) proved in Step 1,
we obtain

α(B1 ∪B2)− δ < F ′′(u,B′) ≤ F ′′(u,B′1 ∪B′2) ≤ F ′′(u,B′′1 ) + F ′′(u,B′2) ≤ α(B1) + α(B2),

from which (3.22) follows by letting δ → 0. �

We now prove that every functional in I can be represented by an integral whose integrand belongs
to F .

Theorem 3.3. Let F ∈ I. For every x ∈ RN and ξ ∈ Rd, we set

f(x, ξ) := lim sup
ρ→0+

F (ξ,Qρ(x))

ρN
. (3.23)

Then, f ∈ F and

F (u,D) =

∫
D

f(x, u(x)) dx (3.24)

for every D ∈ O(RN ) and every u ∈ Lp(D,Rd). If F ∈ Isc, then the function ξ 7→ f(x, ξ) is A-quasiconvex
for every x ∈ RN ; that is, f ∈ Fqc.
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Proof. By (2.10) and (3.23), the function f satisfies (2.6). Since F verifies (2.15), we deduce that(2.9)
holds for f , which is equivalent to (2.7) (see Remark 2.4).

Let us fix D ∈ O(RN ). By (2.12), the set function B 7→ F (ξ,B) defined on O(D) can be extended
to a measure defined on all Borel subsets of D. By (2.10), this measure is absolutely continuous with
respect to the Lebesgue measure. By (3.23) and by the Lebesgue Differentiation Theorem, the function
x 7→ f(x, ξ) is measurable on RN for every ξ ∈ Rd, and

F (ξ,B) =

∫
B

f(x, ξ) dx for every Borel set B ⊂ D. (3.25)

The measurability of x 7→ f(x, ξ), together with (2.6) and (2.7), which encode the continuity of ξ 7→
f(x, ξ), implies that f ∈ F .

Let u : D → Rd be a piecewise constant function, that is, there exists a finite family (Bi)i∈I of pairwise
disjoint sets in O(D), covering almost all of D, and a finite family (ξi)i∈I in Rd such that for every i ∈ I
we have u(x) = ξi for every x ∈ Bi. By (2.10) and (2.12), the set function B 7→ F (u,B) is a measure
that is absolutely continuous with respect to the Lebesgue measure. By applying (3.25) to ξi and Bi, we
obtain

F (u,D) =
∑
i∈I

F (ξi, Bi) =
∑
i∈I

∫
Bi

f(x, ξi) dx =

∫
D

f(x, u(x)) dx.

Consider now an arbitrary function u ∈ Lp(D,Rd). There exists a sequence (uk)k∈N of piecewise
constant functions converging to u in Lp(D,Rd). By the previous step, we have

F (uk, D) =

∫
D

f(x, uk(x)) dx

for every k ∈ N. By (2.6), (2.8), (2.10), and (2.14), we can pass to the limit in both terms as k →∞ and
we obtain (3.24).

If F ∈ Isc, then for a.e. x ∈ RN the function ξ 7→ f(x, ξ) is A-quasiconvex by [19, Theorem 3.6]. Fix
x ∈ RN and ρ > 0, and let g : RN → R be the function defined by

g(ξ) :=
1

ρN

∫
Qρ(x)

f(y, ξ) dy. (3.26)

Let Q ⊂ RN be a cube, and let w ∈ C∞(RN ;Rd) be a Q-periodic function, with Aw = 0 in RN and∫
Q
w(y) dy = 0. By A-quasiconvexity of f , we have for a.e. y ∈ RN that

f(y, ξ) ≤ 1

|Q|

∫
Q

f(y, ξ + w(z)) dz.

Integrating with respect to y and using Fubini’s theorem, we get∫
Qρ(x)

f(y, ξ) dy ≤ 1

|Q|

∫
Q

(∫
Qρ(x)

f(y, ξ + w(z)) dy
)
dz.

In view of (3.26), this gives

g(ξ) ≤ 1

|Q|

∫
Q

g(ξ + w(z)) dz.

Hence, g is A-quasiconvex which, by (3.24), is equivalent to saying that the function

ξ 7→ F (ξ,Qρ(x))

ρN

is A-quasiconvex. Moreover, by Fatou’s lemma for bounded sequences (see [17, Lemma 1.83 (ii)]), it can
be similarly checked that the lim sup of locally equi-bounded functions preserves A-quasiconvexity. We
then deduce from (3.23) that ξ 7→ f(x, ξ) is A-quasiconvex for every x ∈ RN . �

We are now in a position to prove a compactness result for the collection of integrands F .

Corollary 3.4. Let (fk)k∈N be a sequence in F and let (Fk)k∈N be the corresponding sequence of func-
tionals in I defined by (2.13). Then, there exist a subsequence, which we do not relabel, and a function
f ∈ Fqc such that for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-converges to F (·, D) defined by
(2.13) with respect to the topology induced by ‖ · ‖AD on Lp(D;Rd).

Proof. The result follows from Theorems 3.1 and 3.3. �
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4. Γ-convergence in the A-free setting

In this section, we study Γ-convergence in the A-free setting, i.e., with the constraint Au = 0. We
begin with some preliminary lemmas. The following result has been established in [19, Lemma 2.15].

Lemma 4.1. Let D ∈ O(RN ), let u ∈ Lp(D;Rd), and let (uk)k∈N ⊂ Lp(D;Rd) be a sequence such that

uk ⇀ u weakly in Lp(D;Rd) and ADuk → 0 in W−1,p(D;Rl).

Then, there exists a p-equi-integrable sequence (vk)k∈N ⊂ Lp(D;Rd) satisfying

vk ⇀ u weakly in Lp(D;Rd), ADvk = 0,

∫
D

vk dx =

∫
D

u dx,

lim
k→∞

‖uk − vk‖Lr(D;Rd) = 0 for all 1 ≤ r < p.
(4.1)

If D is a cube Q, u ∈ Lploc(RN ;Rd) is Q-periodic, and Au = 0 in RN , then, in addition to the previous

properties, we can obtain that vk ∈ Lploc(RN ;Rd) is Q-periodic and satisfies Avk = 0 in RN .

The following result will be used to deduce the Γ-convergence in the A-free setting from the Γ-
convergence woth respect to the topology induced by ‖ · ‖AD.

Lemma 4.2. Let D, u, (uk)k∈N, and (vk)k∈N be as in Lemma 4.1, and let (Fk)k∈N be a sequence in I.
Then,

lim sup
k→∞

(
Fk(vk, D)− Fk(uk, D)

)
≤ 0. (4.2)

In particular,

lim inf
k→∞

Fk(vk, D) ≤ lim inf
k→∞

Fk(uk, D) and lim sup
k→∞

Fk(vk, D) ≤ lim sup
k→∞

Fk(uk, D). (4.3)

Proof. This result was established in [7] when either Fk are independent of k or Fk are the functionals
associated to functions fk with fk(x, ξ) = f(kx, ξ) for some f ∈ F periodic in the first variable. To prove
that (4.2) also holds in our setting, we apply Theorem 3.3 to obtain a sequence (fk)k∈N in F such that

Fk(v,D) =

∫
D

fk(x, v(x)) dx for every v ∈ Lp(D;Rd).

We define

wk(x) := fk(x, uk(x)) and zk(x) := fk(x, vk(x)), (4.4)

and show that
wk − zk → 0 in measure. (4.5)

Indeed, introducing

α :=
q

q − 1
∈ (0, 1), s :=

1

α
∈ (1,+∞), and t ∈ (1,+∞) such that

1

s
+

1

t
= 1,

we have sα = 1 and αt = q = p
p−1 ; hence, using (2.8) and Hölder’s inequality, it follows, for some constant

c independent of k, that∫
D

|wk − zk|α dx ≤ cα2
∫
D

(1 + |uk|p−1 + |vk|p−1)α|uk − vk|α dx

≤ cα2
(∫

D

(1 + |uk|p−1 + |vk|p−1)αt dx
) 1
t
(∫

D

|uk − vk|αs dx
) 1
s

≤ c
(∫

D

(1 + |uk|p + |vk|p) dx
)α
q
(∫

D

|uk − vk| dx
)α
→ 0

by (4.1) and the boundedness of the sequences (uk)k∈N and (vk)k∈N in Lp(D;Rd). Thus, (4.5) holds.
To conclude, we fix δ > 0 and, setting w+ := max{0, w}, we observe that

0 ≤
∫
D

(zk − wk)+ dx =

∫
{x∈D : (zk−wk)+(x)>δ}

(zk − wk) dx+

∫
{x∈D : (zk−wk)+≤δ}

(zk − wk)+ dx

≤
∫
{x∈D : |zk(x)−wk(x)|>δ}

zk dx+ δLN (D),
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where we used the inequalities −wk ≤ 0 (by the nonnegativity of fk) and (zk − wk)+ ≤ |zk − wk|. By
(2.6) the p-equi-integrability of (vk)k∈N implies the equi-integrability of (zk)k∈N. Therefore, the preceding
estimate and the convergence in measure in (4.5) yield

lim
k→∞

∫
D

(zk − wk)+ dx = 0.

Since zk − wk ≤ (zk − wk)+, we obtain

lim sup
k→∞

∫
D

(zk − wk) dx ≤ 0 ,

which is equivalent to (4.2) by (4.4). The implication (4.2)⇒(4.3) is trivial. �

In the proof of Proposition 6.8, we need the following technical result, which can be obtained from the
previous lemmas.

Corollary 4.3. For every ε > 0 and C > 0 there exists η > 0 with the following property: for every open
cube Q ⊂ RN with side length less than or equal to 1 and every u ∈ Lp(Q;Rd), with ‖u‖p

Lp(Q;Rd)
< C|Q|,

suppu ⊂⊂ Q, and ‖ÃQu‖p
W̃−1,p(Q;Rl)

< η|Q|, there exists v ∈ Lpper(Q;Rd), with ‖v−u‖p
W−1,p(Q;Rd)

< ε|Q|,
Av = 0 in RN , and

∫
Q
v dx =

∫
Q
u dx, such that

F (v,Q) < F (u,Q) + ε|Q| (4.6)

for every F ∈ I.

Proof. It is clear that the result does not depend on the center of the cube. We claim that is enough
to prove it for the cube Q := Q1(0) with center 0 and side length 1. Indeed, if Qρ = Qρ(0) is the cube
with center 0 and side length ρ and uρ ∈ Lp(Qρ;Rd) is a function with suppuρ ⊂⊂ Qρ, we consider the
rescaled function u ∈ Lp(Q;Rd) defined by

u(x) := uρ(ρx) for every x ∈ Q.
Then, suppu ⊂⊂ Q. Moreover, by a change of variables in the integrals, we see that

‖u‖p
Lp(Q;Rd)

< C|Q| = C ⇐⇒ ‖uρ‖pLp(Qρ;Rd)
< C|Qρ| = CρN .

Furthermore, as we prove next, if

‖ÃQρuρ‖
p

W̃−1,p(Qρ;Rl)
< η|Qρ| = ηρN , (4.7)

then
‖ÃQu‖p

W̃−1,p(Q;Rl)
< η = η|Q|. (4.8)

In fact, for every ψ ∈W 1,q(Q;Rl), we consider the function ψρ ∈W 1,q(Qρ;Rl) defined by

ψρ(x) := ψ(xρ ) for every x ∈ Qρ.
We first observe that

‖ψ‖q
W 1,q(Q;Rl) =

∫
Q

|ψ(x)|q dx+

∫
Q

|∇ψ(x)|q dx =

∫
Q

|ψρ(ρx)|q dx+ ρq
∫
Q

|∇ψρ(ρx)|q dx

= ρ−N
∫
Qρ

|ψρ(x)|q dx+ ρq−N
∫
Qρ

|∇ψρ(x)|q dx ≥ ρq−N‖ψρ‖qW 1,q(Qρ;Rl),

(4.9)

where we used the fact that 0 < ρ ≤ 1 in the last inequality. Moreover,

〈ÃQu, ψ〉 = −
N∑
i=1

∫
Q

(Aiu(x)) · ∂iψ(x) dx = −ρ
N∑
i=1

∫
Q

(Aiuρ(ρx)) · ∂iψρ(ρx) dx

= −ρ1−N
N∑
i=1

∫
Qρ

(Aiuρ(x)) · ∂iψρ(x) dx = ρ1−N 〈ÃQρuρ, ψρ〉.

(4.10)

Thus, (4.9) and (4.10) yield

〈ÃQu, ψ〉
‖ψ‖W 1,q(Q;Rl)

≤
ρ1−N 〈ÃQρuρ, ψρ〉

ρ1−Nq ‖ψρ‖W 1,q(Qρ;Rl)
=

〈ÃQρuρ, ψρ〉
ρ
N
p ‖ψρ‖W 1,q(Qρ;Rl)

,
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from which we conclude that

‖ÃQu‖p
W̃−1,p(Q,Rl)

≤ 1

ρN
‖ÃQρu‖

p

W̃−1,p(Qρ,Rl)
.

Therefore, (4.7) implies (4.8). Consequently, u fulfils all hypotheses required on Q.
Assuming that the result is proved for Q, let ρ ∈ (0, 1], Qρ, and uρ be given with uρ ∈ Lp(Qρ;Rd),

‖uρ‖pLp(Qρ;Rd)
< C|Qρ|, suppuρ ⊂⊂ Qρ, and ‖ÃQρuρ‖

p

W̃−1,p(Qρ;Rl)
< η|Qρ|. As above, set u(x) := uρ(ρx)

for x ∈ Q. Then, there exists v ∈ Lpper(Q;Rd) satisfying the properties considered in the statement for Q

relative to u. Let vρ ∈ Lpper(Qρ;Rd) be defined by

vρ(x) := v(xρ ) for every x ∈ Qρ.

Given ψρ ∈ W 1,q
0 (Qρ;Rd), we consider ψ ∈ W 1,q(Q;Rd) defined by ψ(x) := ψρ(ρx), x ∈ Q, and observe

that

‖ψ‖q
W 1,q

0 (Q;Rd)
=

∫
Q

|∇ψ(x)|q dx = ρq
∫
Q

|∇ψρ(ρx)|q dx

= ρq−N
∫
Qρ

|∇ψρ(x)|q dx = ρq−N‖ψρ‖qW 1,q(Qρ;Rd)
.

Moreover,

〈v − u, ψ〉 =

∫
Q

(v(x)− u(x)) · ψ(x) dx =

∫
Q

(vρ(ρx)− uρ(ρx)) · ψρ(ρx) dx

= ρ−N
∫
Qρ

(vρ(x)− uρ(x)) · ψρ(x) dx = ρ−N 〈vρ − uρ, ψρ〉.

From the two preceding chain of equalities, we conclude that

〈v − u, ψ〉
‖ψ‖W 1,q

0 (Q;Rd)

=
ρ−N 〈vρ − uρ, ψρ〉

ρ1−Nq ‖ψρ‖W 1,q
0 (Qρ;Rd)

=
〈vρ − uρ, ψρ〉

ρ1+N
p ‖ψρ‖W 1,q

0 (Qρ;Rd)

.

Thus,

‖vρ − uρ‖pW−1,p(Qρ;Rd)
≤ ρp+N‖v − u‖p

W−1,p(Q;Rd)
.

Because ‖v − u‖p
W−1,p(Q;Rd)

< ε|Q| = ε, we obtain for 0 < ρ < 1 that

‖vρ − uρ‖pW−1,p(Qρ;Rd)
< ερp+N < ερN = ε|Qρ|.

The equalities Avρ = 0 in RN and
∫
Qρ
vρ dx =

∫
Qρ
uρ dx can be obtained from the corresponding

properties of v and u by a change of variables. As for (4.6) for vρ and uρ, given Fρ ∈ I, let fρ ∈ F be
the corresponding integrand (see Theorem 3.3). Let f ∈ F be the function defined by

f(x, ξ) := fρ(ρx, ξ) for every x ∈ RN and ξ ∈ Rd,

and denote by F ∈ I the corresponding functional (see Remark 2.8). Then, by (4.6) for Q, we have

F (v,Q) < F (u,Q) + ε|Q| = F (u,Q) + ε. (4.11)

On the other hand,

Fρ(vρ, Qρ) =

∫
Qρ

fρ(x, vρ(x)) dx = ρN
∫
Q

fρ(ρx, vρ(ρx)) dx = ρN
∫
Q

f(x, v(x)) dx = ρNF (v,Q),

Fρ(uρ, Qρ) =

∫
Qρ

fρ(x, uρ(x)) dx = ρN
∫
Q

fρ(ρx, uρ(ρx)) dx = ρN
∫
Q

f(x, u(x)) dx = ρNF (u,Q),

which, together with (4.11), yield

Fρ(vρ, Qρ) < Fρ(uρ, Qρ) + ερN = Fρ(uρ, Qρ) + ε|Qρ|.

Since Fρ is an arbitrary element of I, we obtain (4.6) for vρ and uρ. This concludes the proof of the
claim that it is enough to prove the corollary for Q := Q1(0), which we establish next.

We argue by contradiction. Assume that the statement for Q is false. Then, there exist ε > 0 and
C > 0 such that for every k ∈ N there exists uk ∈ Lp(Q;Rd), with ‖uk‖pLp(Q;Rd)

< C, suppuk ⊂⊂ Q, and
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‖ÃQuk‖p
W̃−1,p(Q;Rl)

< 1/k, such that for every v ∈ Lpper(Q;Rd), with ‖v − uk‖pW−1,p(Q;Rd)
< ε, Av = 0 in

RN , and
∫
Q
v dx =

∫
Q
uk dx, there exists Fk,v ∈ I such that

Fv,k(v,Q) ≥ Fv,k(uk, Q) + ε. (4.12)

Since (uk)k∈N is bounded in Lp(Q;Rd), a subsequence of (uk)k∈N, not relabeled, converges weakly in
Lp(Q;Rd) to a function u ∈ Lp(Q;Rd). We extend each uk to a Q-periodic function, still denoted uk.
Then, for every D ∈ O(RN ), uk converges weakly in Lp(D;Rd) to the periodic extension of u, still denoted
by u. To prove that Au = 0 in RN , we start by setting Qm := Qm(0) for every m ∈ N, and we show that

‖ÃQmuk‖W̃−1,p(Qm;Rl) <
mN

k1/p
. (4.13)

To prove this inequality, we define Am := {1, . . . ,m}N and for every α = (α1, . . . , αN ) ∈ Am, we set

x(α) :=
(
− m

2
− 1

2
+ α1, . . . ,−

m

2
− 1

2
+ αN

)
.

We observe that

Qm =
⋃

α∈Am

Q1(x(α)).

Let ψ ∈W 1,q(Qm;Rl). For every α ∈ Am , we define ψα ∈W 1,q(Q;Rl) by ψα(x) := ψ(x+ x(α)). Using
the Q-periodicity of uk, we get from (2.4) that

〈ÃQmuk, ψ〉 = −
N∑
i=1

∫
Qm

(Aiuk) · ∂iψ dx = −
N∑
i=1

∑
α∈Am

∫
Q

(Aiuk) · ∂iψα dx =
∑
α∈Am

〈ÃQuk, ψα〉.

Since ‖ÃQuk‖p
W̃−1,p(Q;Rl)

< 1/k, we deduce that

∣∣〈ÃQmuk, ψ〉∣∣ ≤ 1

k1/p

∑
α∈Am

‖ψα‖W 1,q(Q;Rl) ≤
mN

k1/p
‖ψ‖W 1,q(Qm;Rl),

which concludes the proof of (4.13). Because uk converges to u weakly in Lp(Qm;Rd), we obtain from

(4.13) that ÃQmu = 0 for every m ∈ N. We then conclude that Au = 0 in RN .
By Lemma 4.1, there exists a sequence (vk)k∈N in Lpper(Q;Rd) satisfying (4.1) with D = Q. Since the

embedding of Lp(Q;Rd) into W−1,p(Q;Rd) is compact, the sequences (vk)k∈N and (uk)k∈N converge to
u strongly in W−1,p(Q;Rd), and so ‖vk − uk‖pW−1,p(Q;Rd)

< ε for k large enough.

For every k, let Fk := Fvk,k. By Lemma 4.2, we have

lim sup
k→∞

(
Fk(vk, Q)− Fk(uk, Q)

)
≤ 0,

while (4.12) gives Fk(vk, Q) − Fk(uk, Q) ≥ ε for k large enough. This contradiction concludes the
proof. �

Definition 4.4. For every F ∈ I and every D ∈ O(RN ), let FA(·, D) be the restriction of F (·, D) to
kerAD.

Remark 4.5. Let (Fk)k∈N be a sequence of functionals in I, let F ∈ I, and let D ∈ O(RN ). If we
extend FA(·, D) to Lp(D;Rd) by setting FA(u,D) = +∞ for every u ∈ Lp(D;Rd) \ kerAD, by (2.10) we
can apply [11, Proposition 8.16] to conclude that the sequence (FAk (·, D))k∈N Γ-converges to FA(·, D) in
kerAD with respect to the weak topology of Lp(D;Rd) if and only if

(LI) for every u ∈ kerAD and every sequence (uk)k∈N in kerAD converging to u weakly in Lp(D;Rd),
we have FA(u,D) ≤ lim inf

k→∞
FAk (uk, D),

(LS) for every u ∈ kerAD there exists a sequence (vk)k∈N in kerAD converging to u weakly in
Lp(D;Rd) such that FA(v,D) ≥ lim sup

k→∞
FAk (vk, D).

We now prove the equivalence between Γ-convergence with respect to the topology induced by ‖ · ‖AD
and Γ-convergence in the A-free setting.
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Theorem 4.6. Let (Fk)k∈N be a sequence of functionals in I, let F ∈ I, and let FAk and FA be as in
Definition 4.4. The following conditions are equivalent:

(a) For every D ∈ O(RN ), the sequence Fk(·, D) Γ-converges to F (·, D) with respect to the topology
induced by ‖ · ‖AD on Lp(D;Rd);

(b) for every D ∈ O(RN ), the sequence (FAk (·, D))k∈N Γ-converges to FA(·, D) in kerAD with respect
to the weak topology of Lp(D;Rd).

Proof. Assume (a). Let u ∈ kerAD and let (uk)k∈N be a sequence in kerAD converging to u weakly in
Lp(D;Rd). Since the embedding of Lp(D;Rd) into W−1,p(D;Rd) is compact and Auk = Au = 0, the
sequence (uk)k∈N converges to u strongly in the topology induced by the norm ‖ · ‖AD on Lp(D;Rd). By
(a), this implies that

FA(u,D) ≤ lim inf
k→∞

FAk (uk, D).

Hence, condition (LI) of Remark 4.5 is satisfied.
To prove (LS), we fix u ∈ kerAD and a sequence (uk)k∈N ⊂ Lp(D;Rd) such that

lim
k→∞

‖uk − u‖AD = 0 and lim sup
k→∞

Fk(uk, D) = F (u,D) = FA(u,D) < +∞,

which exists by [11, Proposition 8.1]. We observe further that uk ⇀ u weakly in Lp(D;Rd) (see Re-
mark 2.7). Let (vk)k∈N be the sequence in kerAD provided by Lemma 4.1. By Lemma 4.2, we have

lim sup
k→∞

FAk (vk, D) = lim sup
k→∞

Fk(vk, D) ≤ lim sup
k→∞

Fk(uk, D) = FA(u,D),

which proves condition (LS) of Remark 4.5. This concludes the proof of (b).
Assume (b). By the Theorem 3.1, there exist a subsequence, which we do not relabel, and a functional

F̂ ∈ Isc such that for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-converges to F̂ (·, D) with respect

to the topology induced by ‖ · ‖AD on Lp(D;Rd). Since (a) implies (b), we have F̂ (u,D) = F (u,D) for

every D ∈ O(RN ) and every u ∈ kerAD. Let f̂ and f be the integrands corresponding to F̂ and F ,

respectively, defined by (3.23). Since every constant function belongs to kerAD, we deduce that f̂ = f ;

by Theorem 3.3, this implies F̂ = F . Since the Γ-limit does not depend on the subsequence, we obtain
(a) by the Urysohn property of Γ-convergence (see [11, Proposition 8.3]). �

From Theorems 3.1 and 4.6, we deduce the following compactness result in the A-free setting.

Corollary 4.7. Let (Fk)k∈N be a sequence of functionals in I and let FAk be as in Definition 4.4.
Then, there exist a subsequence, which we do not relabel, and a functional F ∈ Isc such that for every
D ∈ O(RN ), the sequence (FAk (·, D))k∈N Γ-converges to FA(·, D) in kerAD with respect to the weak
topology of Lp(D;Rd).

5. The integrand obtained from minimum values on small cubes

In this section, given an integrand f ∈ Fqc, we reconstruct its values f(x, ξ) at a pair (x, ξ) ∈ RN ×Rd
by taking the limit, as ρ→ 0+, of the infima of some minumum problems related to f and ξ in the cubes
Qρ(x).

Definition 5.1. For every cube Q ⊂ RN , we consider the sets

U(Q) :=

{
u ∈ Lploc(RN ;Rd) : u is Q-periodic,

∫
Q

u dx = 0, and Au = 0 in RN in the sense of (2.2)

}
,

Uc(Q) :=

{
u ∈ Lp(Q;Rd) : suppu ⊂⊂ Q,

∫
Q

u dx = 0, and AQu = 0 in Q in the sense of (2.3)

}
.

For every f ∈ F and ξ ∈ Rd, we set

M(f, ξ,Q) := inf
{
F (ξ + u,Q) : u ∈ U(Q)

}
,

Mc(f, ξ,Q) := inf
{
F (ξ + u,Q) : u ∈ Uc(Q)

}
,

(5.1)

where F is defined by (2.13).
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Remark 5.2. If u ∈ Uc(Q), then its Q-periodic extension belongs to U(Q). In fact, denoting by ũ the
Q-periodic extension of u, let us prove that Aũ = 0 in RN . Given ψ ∈ C∞c (RN ;Rl), we can find a finite
family of mutually disjoint translations of Q, {Qj}Mj=1, such that

suppψ ⊂⊂ int

( M⋃
j=1

Qj

)
.

Moreover, setting K := suppu ⊂⊂ Q, let Kj ⊂⊂ Qj be the corresponding translations of K. In other
words, Kj = supp ũ|Qj . Finally, let θj ∈ C∞c (Qj ; [0, 1]) be a cut-off function with θj = 1 on Kj . Then,

〈Aũ, ψ〉 = −
N∑
i=1

M∑
j=1

∫
Qj

(Aiũ) · ∂iψ dx = −
N∑
i=1

M∑
j=1

∫
Qj

(Aiũ) · ∂i(θjψ) dx

= −
N∑
i=1

M∑
j=1

∫
Q

(Aiu) · ∂iψ̃j dx = 0,

where ψ̃j ∈ C∞c (Q;Rl) is the translation of (θjψ)|Qj from Qj to Q, and where we used the fact that
AQu = 0 in the last equality.

Hence, M(f, ξ,Q) ≤Mc(f, ξ,Q) for every cube Q ⊂ RN , every f ∈ F , and every ξ ∈ Rd.

We now prove that the value f(x, ξ) of an integrand f ∈ Fqc can be reconstructed using the minimum
values introduced in (5.1) on cubes shrinking to x.

Theorem 5.3. Let f ∈ Fqc. Then, for a.e. x ∈ RN and every ξ ∈ Rd, we have that

f(x, ξ) = lim
ρ→0+

M(f, ξ,Qρ(x))

ρN
= lim
ρ→0+

Mc(f, ξ,Qρ(x))

ρN
.

Proof. For ξ ∈ Rd fixed, we have for every Lebesgue point for f(·, ξ) that

f(x, ξ) = lim
ρ→0+

1

ρN

∫
Qρ(x)

f(y, ξ) dy. (5.2)

Thus, for a.e. x ∈ RN and for all ξ ∈ Qd, (5.2) holds. Consequently, using the Lipschitz continuity in
(2.7), we conclude that (5.2) holds for a.e. x ∈ RN and for all ξ ∈ Rd. Then, for a.e. x ∈ RN and for all
ξ ∈ Rd, we have that

f(x, ξ) = lim
ρ→0+

1

ρN

∫
Qρ(x)

f(y, ξ) dy ≥ lim sup
ρ→0+

Mc(f, ξ,Qρ(x))

ρN
.

By Remark 5.2, it remains to prove that

f(x, ξ) ≤ lim inf
ρ→0+

M(f, ξ,Qρ(x))

ρN
(5.3)

holds for a.e. x ∈ RN and for all ξ ∈ Rd.
Fix x ∈ RN and ξ ∈ Rd. Given ρ > 0, (5.1) yields a function uρ ∈ U(Qρ(x)) satisfying∫

Qρ(x)

f(y, ξ + uρ(y)) dy < M(f, ξ,Qρ(x)) + ρN+1.

Then, to prove (5.3), it suffices to show that

f(x, ξ) ≤ lim inf
ρ→0+

1

ρN

∫
Qρ(x)

f(y, ξ + uρ(y)) dy. (5.4)

To prove this inequality, we have to compare the values of f at two different points, x, y ∈ RN . For
this reason, for m ∈ N and for x, y ∈ RN , we define

ωm(x, y) := sup
|η|≤m

|f(y, η)− f(x, η)|. (5.5)

We claim that there exists a set E ⊂ RN with measure 0 such that for every x ∈ RN \ E and every
m ∈ N, we have

lim
ρ→0+

1

ρN

∫
Qρ(x)

ωm(x, y) dy = 0. (5.6)
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To prove this claim, we fix m ∈ N and k ∈ N and find nm,k ∈ N and a finite family (ηm,ki )
nm,k
i=1 in Bm(0)

such that

Bm(0) ⊂
nm,k⋃
i=1

B 1
k

(ηm,ki ).

Then, for η ∈ B 1
k

(ηm,ki ), we have

|f(y, η)− f(x, η) ≤ |f(y, ηm,ki )− f(x, ηm,ki )|+ |f(y, η)− f(y, ηm,ki )|+ |f(x, η)− f(x, ηm,ki )|

≤ |f(y, ηm,ki )− f(x, ηm,ki )|+ C(1 +mp−1) 1
k ,

where we used (2.6) and (2.7), and C depends on c0 and c1. Consequently,

ωm(x, y) ≤ sup
1≤i≤nm,k

|f(y, ηm,ki )− f(x, ηm,ki )|+ C(1 +mp−1) 1
k ,

which gives

1

ρN

∫
Qρ(x)

ωm(x, y) dy ≤
nm,k∑
i=1

1

ρN

∫
Qρ(x)

|f(y, ηm,ki )− f(x, ηm,ki )| dy + C(1 +mp−1)
1

k
.

Hence, considering the Lebesgue points x for all functions f(·, ηm,ki ) with m ∈ N, k ∈ N, and i ∈
{1, ..., nm,k}, we find a set E ⊂ RN with measure 0 such that for every x ∈ RN \ E, m ∈ N, and k ∈ N
we have

lim
ρ→0+

1

ρN

∫
Qρ(x)

ωm(x, y) dy ≤ C(1 +mp−1)
1

k
,

from which (5.6) follows by taking the limit k → ∞. Since f ∈ Fqc we may assume, changing possibly
E, that for every x ∈ RN \ E, the function ξ 7→ f(x, ξ) is A-quasiconvex.

We now fix x ∈ RN \ E, ξ ∈ Rd, and a sequence ρj → 0+ such that

lim
j→∞

1

ρNj

∫
Qρj (x)

f(y, ξ + uρj (y)) dy = lim inf
ρ→0+

1

ρN

∫
Qρ(x)

f(y, ξ + uρ(y)) dy. (5.7)

By (2.6),∫
Qρj (x)

(1

c 0
|ξ + uρj (y)|p − c0

)
dy ≤

∫
Qρj (x)

f(y, ξ + uρj (y)) dy < M(f, ξ,Qρj (x)) + ρN+1
j

≤ c0(1 + |ξ|p)ρNj + ρN+1
j ,

which gives
1

ρNj

∫
Qρj (x)

|ξ + uρj (y)|p dy ≤ Cξ (5.8)

for some positive constant Cξ, independent of j. Then, setting

vj(z) := uρj (x+ ρjz) for z ∈ Q,

with Q the unit cube centered at the origin, we have that vj ∈ U(Q) with
∫
Q
|ξ + vj(z)|p dz ≤ Cξ by

(5.8). Then, we can use [7, Lemma 3.1] to find a p-equi-integrable sequence (ṽj)j∈N ⊂ U(Q) such that

lim sup
j→∞

∫
Q

f(x+ ρjz, ξ + ṽj(z)) dz ≤ lim sup
j→∞

∫
Q

f(x+ ρjz, ξ + vj(z)) dz.

Next, we set ũj(y) := ṽj(
y−x
ρj

), and we observe that the preceding inequality becomes

lim sup
j→∞

1

ρNj

∫
Qρj (x)

f(y, ξ + ũj(y))dy ≤ lim
j→∞

1

ρNj

∫
Qρj (x)

f(y, ξ + uρj (y))dy.

This inequality, together with (5.7), implies that (5.4) is a consequence of the inequality

f(x, ξ) ≤ lim inf
j→∞

1

ρNj

∫
Qρj (x)

f(y, ξ + ũj(y)) dy, (5.9)
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which we establish next. Observing that (ũj)j∈N ⊂ U(Qρj (x)), we have by the definition ofA-quasiconvexity
(Definition 2.1) that

f(x, ξ) ≤ 1

ρNj

∫
Qρj (x)

f(x, ξ + ũj(y)) dy for all j ∈ N. (5.10)

To prove (5.9), we compare the integrals

1

ρNj

∫
Qρj (x)

f(x, ξ + ũj(y)) dy and
1

ρNj

∫
Qρj (x)

f(y, ξ + ũj(y)) dy.

To this aim, for m ∈ N, we set

Q̂mj (x) :=
{
y ∈ Qρj (x) : |ξ + ũj(y)| ≤ m

}
and Q̌mj (x) :=

{
y ∈ Qρj (x) : |ξ + ũj(y)| > m

}
,

and observe that (5.10) and (5.5) yield

f(x, ξ) ≤ 1

ρNj

∫
Q̂mj (x)

f(x, ξ + ũj(y)) dy +
1

ρNj

∫
Q̌mj (x)

f(x, ξ + ũj(y)) dy

≤ 1

ρNj

∫
Qρj (x)

f(y, ξ + ũj(y)) dy +
1

ρNj

∫
Qρj (x)

ωm(x, y) dy +
1

ρNj

∫
Q̌mj (x)

f(x, ξ + ũj(y)) dy.

Passing to the limit as j →∞, we obtain from (5.6) that

f(x, ξ) ≤ lim inf
j→∞

1

ρNj

∫
Qj(x)

f(y, ξ + ũj(y)) dy + lim sup
j→∞

1

ρNj

∫
Q̌mj (x)

f(x, ξ + ũj(y)) dy.

To conclude the proof of (5.9), it is enough to show that

lim sup
j→∞

1

ρNj

∫
Q̌mj (x)

f(x, ξ + ũj(y)) dy ≤ λm with lim
m→∞

λm = 0.

The preceding estimate is a consequence of the p-equi-integrability of the sequence (ṽj)j∈N in Q together
with the inequality

1

ρNj

∫
Q̌mj (x)

f(x, ξ + ũj(y)) dy ≤ c0
ρNj

∫
Q̌mj (x)

(1 + |ξ + ũj(y)|p) dy = c0

∫
Q̌mj

(
1 + |ξ + ṽj(z)|p

)
dz,

where Q̌mj := {z ∈ Q : |ṽj(z)| > m}, with |Q̌mj | → 0 as m→∞. �

6. The Γ-limit obtained from minimum values on small cubes

In this section, we prove that the integrand of the Γ-limit of a sequence (Fk)k∈N of functionals in I
can be obtained by talking the limit, first as k →∞ and then as ρ→ 0+, of the infima of some minimum
problems for Fk on the cubes Qρ(x), see (6.6).

We begin by proving that if Fk(·, D) Γ-converges to F (·, D), then the corresponding infima introduced
in (5.1) satisfy some inequalities.

Proposition 6.1. Let (fk)k∈N be a sequence in F , let f ∈ F , and let Fk and F be the corresponding
functionals in I defined by (2.13). Assume that for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-
converges to F (·, D) with respect to the topology induced by ‖ · ‖AD on Lp(D;Rd). Let Q ⊂ RN be an open
cube and let ξ ∈ Rd. Then,

lim sup
k→∞

M(fk, ξ,Q) ≤Mc(f, ξ,Q), (6.1)

lim inf
k→∞

M(fk, ξ,Q) ≥M(f, ξ,Q). (6.2)

Proof. Let δ > 0. By (5.1), there exists u ∈ Lp(Q;RN ), with suppu ⊂⊂ Q,
∫
Q
u dx = 0, and AQu = 0,

such that

F (ξ + u,Q) < Mc(f, ξ,Q) + δ.

By Γ-convergence, there exists a sequence (uk)k∈N in Lp(Q,RN ) such that uk → u in W−1,p(Q,RN ),
AQuk → AQu = 0 in W−1,p(Q,Rl), and

lim
k→∞

Fk(ξ + uk, Q) = F (ξ + u,Q) < Mc(f, ξ,Q) + δ < +∞. (6.3)
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By (2.6), this implies that (uk)k∈N is bounded in Lp(Q,RN ); hence, uk ⇀ u weakly in Lp(Q,RN ). Using
Lemmas 4.1 and 4.2, we can find a p-equi-integrable sequence (vk)k∈N ⊂ Lpper(Q;Rd) satisfying

vk ⇀ u in Lp(Q;Rd), Avk = 0 in RN ,
∫
Q

vk dx =

∫
Q

u dx = 0,

and

lim sup
k→∞

Fk(ξ + vk, Q) ≤ lim sup
k→∞

Fk(ξ + uk, Q). (6.4)

By (5.1), we have M(fk, ξ,Q) ≤ Fk(ξ + vk, Q). This inequality, together with (6.3) and (6.4), yields

lim sup
k→∞

M(fk, ξ,Q) ≤Mc(f, ξ,Q) + δ.

Since δ > 0 is arbitrary, we obtain (6.1).
To prove (6.2), we choose uk ∈ Lploc(RN ;Rd) for every k, with uk Q-periodic,

∫
Q
uk dx = 0, and

Auk = 0 in RN , such that

Fk(ξ + uk, Q) < M(fk, ξ,Q) + 1
k . (6.5)

By (6.1), the right-hand side of the previous inequality is bounded; hence, a subsequence of (uk)k∈N, not
relabeled, converges to some function u weakly in Lp(Q;Rd).

Since all functions uk are Q-periodic, the function u can be extended to a Q-periodic function, still
denoted by u. Because the embedding of Lp(Q;Rd) into W−1,p(Q;Rd) is compact and Auk = 0 for every
k, we deduce that (uk)k∈N converges to u in the topology induced by ‖·‖AD on Lp(D;Rd) and that Au = 0
in RN . Therefore, by Γ-convergence and by (5.1), we have

M(f, ξ,Q) ≤ F (ξ + u,Q) ≤ lim inf
k→∞

Fk(ξ + uk, Q).

Together with (6.5), the preceding estimate gives (6.2). �

Theorem 6.2. Let (fk)k∈N be a sequence in F , let (Fk)k∈N be the corresponding sequence of functionals
in I defined by (2.13), and let (FAk )k∈N be the sequence obtained as in Definition 4.4. Suppose that

(a) there exists f : RN × Rd → [0,+∞) such that

f(x, ξ) = lim sup
ρ→0+

lim inf
k→∞

M(fk, ξ,Qρ(x))

ρN
= lim sup

ρ→0+

lim sup
k→∞

M(fk, ξ,Qρ(x))

ρN
(6.6)

for a.e. x ∈ RN and every ξ ∈ Rd.

Then, f ∈ Fqc and the functionals F and FA introduced in (2.13) and Definition 4.4 satisfy the following
properties:

(b) for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-converges to F (·, D) with respect to the
topology induced by ‖ · ‖AD on Lp(D;Rd);

(c) for every D ∈ O(RN ), the sequence (FAk (·, D))k∈N Γ-converges to FA(·, D) in kerAD with respect
to the weak topology of Lp(D;Rd).

Conversely, if f ∈ F and the functionals F and FA introduced in (2.13) and Definition 4.4 satisfy (b)
or (c), then f satisfies (a).

Proof. The equivalence between (b) and (c) is proved in Theorem 4.6. If these conditions are satisfied,
then the function f belongs to Fqc by Corollary 3.4.

Next, we assume that (b) holds, and we show that f satisfies (6.6). Fix x ∈ RN and ξ ∈ Rd. By
Proposition 6.1, we have for every ρ > 0 that

lim sup
k→∞

M(fk, ξ,Qρ(x)) ≤Mc(f, ξ,Qρ(x)),

M(f, ξ,Qρ(x)) ≤ lim inf
k→∞

M(fk, ξ,Qρ(x)).

By Theorem 5.3, we obtain (6.6) for a.e. x ∈ RN and every ξ ∈ Rd, concluding the proof of (a).
Finally, we assume that (a) holds, and we prove that (b) is also satisfied. By Corollary 3.4, there

exists a subsequence (fkj )j∈N and a function f̂ ∈ Fqc such that for every D ∈ O(RN ), the sequence

(Fkj (·, D))j∈N Γ-converges to F̂ (·, D) with respect to the topology induced by ‖ · ‖AD on Lp(D;Rd), where
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F̂ is the functional associated with f̂ as in (2.13). Since (b)⇒(a) by the preceding part of the proof, we
have for a.e. x ∈ RN and every ξ ∈ Rd that

f̂(x, ξ) = lim sup
ρ→0+

lim inf
j→∞

M(fkj , ξ,Qρ(x))

ρN
= lim sup

ρ→0+

lim sup
j→∞

M(fkj , ξ,Qρ(x))

ρN
.

By (6.6), this implies that f̂(x, ξ) = f(x, ξ) for a.e. x ∈ RN and every ξ ∈ Rd; hence, f ∈ Fqc and

F̂ = F . Since the Γ-limit does not depend on the subsequence, we obtain (b) by the Urysohn property
of Γ-convergence (see [11, Proposition 8.3]). �

The result of the previous theorem cannot be applied directly to the study of stochastic homogenization
by means of the subadditive ergodic theorem [1, Theorem 2.7] (see also [12] and [24]) because the term
M(f, ξ,Q) is not subadditive; that is, we do not know if

M(f, ξ,Q) ≤
∑
i∈I

M(f, ξ,Qi) (6.7)

when (Qi)i∈I is a finite decomposition of Q into disjoint cubes. We now introduce a variant of M(f, ξ,Q)
that satisfies this property. The idea is to relax the constraint Au = 0 that was used in the definition
of M(f, ξ,Q). We begin with a technical result that will be useful to impose a constraint on the norm
‖ADu‖W−1,p(D;Rl) depending additively on D.

Remark 6.3. For every D ∈ O(RN ) and u ∈ Lp(D;Rd), there exists V ∈ Lp(D;Rl×N ) such that

〈ÃDu, ψ〉 =

∫
D

V · ∇ψ dx for every ψ ∈W 1,q(D;Rl), (6.8)

where · denotes the Euclidean scalar product between matrices. By (2.4), this equality is satisfied, for
instance, when for every x ∈ D and i = 1, . . . , N , the i-th column of the matrix V (x) is given by the
vector Aiu(x). If (6.8) holds, then

‖ÃDu‖W̃−1,p(D;Rl) ≤ ‖V ‖Lp(D;Rl×N ). (6.9)

The following lemma provides a partial converse to inequality (6.9), which will be used later in the
proof of Proposition 6.8.

Lemma 6.4. Let D ⊂ RN be a bounded connected open set with Lipschitz boundary, and let K ⊂ D
be a compact set. Then, there exists a constant CK,D > 0 such that for every U ∈ Lp(D;Rl×N ), with
suppU ⊂ K, there exists V ∈ Lp(D;Rl×N ) satisfying∫

D

V · ∇ψ dx =

∫
D

U · ∇ψ dx for every ψ ∈W 1,q(D,Rl), (6.10)

‖V ‖Lp(D;Rl×N ) ≤ CK,D‖ divU‖W−1,p(D;Rl). (6.11)

Proof. Fix D ⊂ RN , K ⊂ D, and U ∈ Lp(D;Rl×N ) as in the statement. Let W 1,q
m (D;Rl) := {v ∈

W 1,q(D;Rl) :
∫
D
v dx = 0}, with the norm induced by W 1,q(D;Rl), let W̃ 1,p

m (D;Rl) be the dual space of

W 1,q
m (D;Rl), endowed with the dual norm, let T : W 1,q

m (D;Rl)→ W̃ 1,p
m (D;Rl) be the monotone operator

defined by

〈T (v), ψ〉 :=

∫
D

|∇v|q−2∇v · ∇ψ dx for every v, ψ ∈W 1,q
m (D;Rl),

and let G ∈ W̃ 1,p
m (D;Rl) be defined by

〈G, ψ〉 :=

∫
D

U · ∇ψ dx for every ψ ∈W 1,q
m (D;Rl).

By the Hartman–Stampacchia Theorem [20, Lemma 3.1], there exists a unique function v ∈W 1,q
m (D;Rl)

such that T (v) = G; i.e.,∫
D

|∇v|q−2∇v · ∇ψ dx =

∫
D

U · ∇ψ dx for every ψ ∈W 1,q(D;Rl). (6.12)
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Taking ψ = v in (6.12), we obtain ∫
D

|∇v|q dx =

∫
D

U · ∇v dx. (6.13)

Let ω ∈ C∞c (D) with ω = 1 on K. Since suppU ⊂ K, we get from (6.13) that∫
D

|∇v|q dx =

∫
D

U · ∇(ωv) dx = −〈divU, ωv〉 ≤ ‖divU‖W−1,p(D;Rl)‖ωv‖W 1,q
0 (D;Rl). (6.14)

Recalling the definition of ‖ · ‖W 1,q
0 (D;Rl) given at the beginning of Section 2, the Poincaré–Wirtinger

Inequality yields a constant CD,ω > 0 such that

‖ωv‖W 1,q
0 (D;Rl) ≤ ‖ω‖L∞(D)‖∇v‖Lq(D;Rl×N ) + ‖∇ω‖L∞(D;RN )‖v‖Lq(D;Rl) ≤ CD,ω‖∇v‖Lq(D;Rl×N ).

From this inequality and from (6.14), we get

‖∇v‖q
Lq(D;Rl×N )

=

∫
D

|∇v|qdx ≤ CD,ω‖ divU‖W−1,p(D;Rl)‖∇v‖Lq(D;Rl×N ).

Hence,

‖∇v‖q−1
Lq(D;Rl×N )

≤ CD,ω‖ divU‖W−1,p(D;Rl). (6.15)

Let V := |∇v|q−2∇v. Equality (6.10) follows from (6.12). Since |V |p = |∇v|p(q−1) = |∇v|q, we have

‖V ‖Lp(D;Rl×N ) =
( ∫

D
|∇v|qdx

)1/p
= ‖∇v‖q/p

Lq(D;Rl×N )
= ‖∇v‖q−1

Lq(D;Rl×N )
. By (6.15), this gives (6.11). �

Definition 6.5. Given D ∈ O(RN ) and η > 0, we set

Vη(D) :=
{
V ∈ Lp(D;Rl×N ) : ‖V ‖p

Lp(D;Rl×N )
< η|D|

}
,

Uηc (D) :=

{
u ∈ Lp(D;Rd) : suppu ⊂⊂ D,

∫
D

u dx = 0, and (6.8) holds for some V ∈ Vη(D)

}
.

For every f ∈ F and every ξ ∈ Rd, we set

Mη
c (f, ξ,D) := inf

{
F (ξ + u,D) : u ∈ Uηc (D)

}
, (6.16)

where F is defined by (2.13).

We will see in Lemma 8.4 that Mη
c satisfies the subadditivity property mentioned in (6.7).

Remark 6.6. If R ⊂ RN is an open rectangle, u ∈ Uηc (R), and U ∈ Vη(R) satisfies (6.8), we can extend
u and U by R-periodicity, which extensions we do not relabel. Then, using the fact that suppu ⊂⊂ R,
we obtain that Au = −divU in RN in the sense of distributions.

Remark 6.7. For every D ∈ O(RN ) and every η > 0, we observe that 0 ∈ Uηc (D). Therefore, we have
Mη
c (f, ξ,D) ≤ F (ξ,D) for every ξ ∈ Rd. By (2.6), this implies

Mη
c (f, ξ,D) ≤ c0(1 + |ξ|p)|D|. (6.17)

It follows immediately from the definition of Mη
c and from (2.9) that for every ξ1 and ξ2 ∈ Rd, we have

Mη
c (f, ξ1, D)

|D|
≤ Mη

c (f, ξ2, D)

|D|
+ c1

(
1 +

(Mη
c (f, ξ2, D)

|D|

) p−1
p

+ |ξ1 − ξ2|p−1
)
|ξ2 − ξ1|.

Exchanging the roles of ξ1 and ξ2 and using (6.17), we obtain∣∣∣Mη
c (f, ξ1, D)

|D|
− Mη

c (f, ξ2, D)

|D|

∣∣∣ ≤ c5(1 + |ξ1|+ |ξ2|
)p−1|ξ2 − ξ1| (6.18)

for a suitable constant c5 depending only on c1 and p.

The following result concerns the behavior of Mη
c (fk, ξ,Q) on a cube Q when the functionals corre-

sponding to fk Γ-converge.



22 GIANNI DAL MASO, RITA FERREIRA, AND IRENE FONSECA

Proposition 6.8. Let (fk)k∈N be a sequence in F , let f ∈ F , and let Fk and F be the corresponding
functionals in I defined by (2.13). Assume that for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-
converges to F (·, D) with respect to the topology induced by ‖ · ‖AD on Lp(D;Rd). Then, for every η > 0,
every cube Q ⊂ RN , and every ξ ∈ Rd, we have

lim sup
k→∞

Mη
c (fk, ξ,Q) ≤Mc(f, ξ,Q). (6.19)

Moreover, for every ε > 0, there exists η > 0 such that for every cube Q ⊂ RN with side length less than
or equal to 1 and every ξ ∈ Rd, we have

M(f, ξ,Q) ≤ lim inf
k→∞

Mη
c (fk, ξ,Q) + ε|Q|. (6.20)

Consequently,

sup
η>0

lim sup
k→∞

Mη
c (fk, ξ,Q) ≤Mc(f, ξ,Q), (6.21)

M(f, ξ,Q) ≤ sup
η>0

lim inf
k→∞

Mη
c (fk, ξ,Q), (6.22)

for every cube Q ⊂ RN with side length less than or equal to 1 and every ξ ∈ Rd.

Proof. Fix ξ ∈ Rd and δ > 0. By (5.1), there exists u ∈ Lp(Q;Rd), with suppu ⊂⊂ Q,
∫
Q
u dx = 0, and

AQu = 0, such that
F (ξ + u,Q) < Mc(f, ξ,Q) + δ.

By Γ-convergence, there exists a sequence (uk)k∈N in Lp(Q;Rd) such that uk → u in W−1,p(Q;Rd),
AQuk → AQu in W−1,p(Q;Rl), and

lim
k→∞

Fk(ξ + uk, Q) = F (ξ + u,Q) < Mc(f, ξ,Q) + δ < +∞. (6.23)

By (2.6), this inequality implies that (uk)k∈N is bounded in Lp(Q;Rd); hence, uk ⇀ u weakly in Lp(Q;Rd).
Fix a compact set K, with suppu ⊂ K ⊂⊂ Q, such that c0(1+|ξ|p)|Q\K| < δ, and let D1, D2 ∈ O(RN )

be such that K ⊂ D1 ⊂⊂ D2 ⊂⊂ Q. We apply Lemma 3.2 with vk := u for every k ∈ N and B := Q \K
to obtain a sequence wk ∈ Lp(Q;RN ) such that

wk = u = 0 in Q \D2, wk ⇀ u weakly in Lp(Q;Rd), wk → u in W−1,p(Q;Rd), (6.24)

AQwk → AQu = 0 in W−1,p(Q;Rl),
lim sup
k→∞

Fk(ξ + wk, Q) ≤ lim sup
k→∞

(
Fk(ξ + uk, D2) + Fk(ξ,Q \K)

)
, (6.25)

where we used in (6.25) the fact that

lim sup
k→∞

(
Fk(ξ + uk, D2) + Fk(ξ + u,Q \K)

)
= lim sup

k→∞

(
Fk(ξ + uk, D2) + Fk(ξ,Q \K)

)
because suppu ⊂ K. By (2.6) and by our choice of K, we have Fk(ξ,Q \K) ≤ c0(1 + |ξ|p)|Q \K| < δ,
and so (6.25) gives

lim sup
k→∞

Fk(ξ + wk, Q) ≤ lim
k→∞

Fk(ξ + uk, Q) + δ. (6.26)

By (6.24), we have
∫
Q
wk dx→

∫
Q
u dx = 0. Fix ϕ ∈ C∞c (Q), with

∫
Q
ϕdx = 1 and suppϕ ⊂⊂ D2, and

set zk := wk − ϕ
∫
Q
wk dx. By the first formula in (6.24), we have

zk = 0 in Q \D2.

Moreover, AQzk → 0 in W−1,p(Q;Rl), and we have by (2.7) that

lim sup
k→∞

Fk(ξ + zk, Q) = lim sup
k→∞

Fk(ξ + wk, Q).

This inequality, together with (6.23) and (6.26), gives

lim sup
k→∞

Fk(ξ + zk, Q) < Mc(f, ξ,Q) + 2δ. (6.27)

Since the supports of the functions zk are contained in D2, recalling (2.5), Remark 6.3 and Lemma 6.4
yield a constant C = CD2,Q

> 0 such that for every k ∈ N, there exists Vk ∈ Lp(Q;Rl×N ) satisfying∫
Q

Vk · ∇ψ dx = 〈ÃQzk, ψ〉 for every ψ ∈W 1,q(Q;Rl),
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‖Vk‖Lp(Q;Rl×N ) ≤ C‖AQzk‖W−1,p(Q;Rl). (6.28)

Fix η > 0. Since AQzk → 0 in W−1,p(Q;Rl), we obtain from (6.28) that, for k large enough, the
functions Vk belong to the set Vη(Q) introduced in Definition 6.5. Moreover, since supp zk ⊂⊂ Q and∫
Q
zk dx = 0, we have for k large enough that the functions zk belong to the set Uηc (Q) introduced in

Definition 6.5. By (6.16), this implies that Mη
c (fk, ξ,Q) ≤ Fk(ξ+zk, Q) that, together with (6.27), yields

lim sup
k→∞

Mη
c (fk, ξ,Q) < Mc(f, ξ,Q) + 2δ.

Given the arbitrariness of δ > 0, we obtain (6.19), from which (6.21) follows.
To prove (6.20), we fix ε > 0 and set C := 2p−1(c0 + 1)|ξ|p + 2p−1c0(1 + 2c0). Let η > 0 be as in

Corollary 4.3. Using the definition of Mη
c (see (6.16)) and (6.9), we choose uk ∈ Lp(Q;Rd) for every

k ∈ N , with suppuk ⊂⊂ Q,
∫
Q
uk dx = 0, and ‖Ãuk‖W̃−1,p(Q;Rl) < η|Q|, such that

1

c0

∫
Q

|ξ + uk|p dx− c0|Q| ≤ Fk(ξ + uk, Q) < Mη
c (fk, ξ,Q) + 1

k |Q| ≤
(
c0(1 + |ξ|p) + 1

)
|Q|, (6.29)

where the first and last inequality follow from (2.10). These inequalities imply that ‖uk‖pLp(Q;Rd)
< C|Q|

for every k ∈ N, which allows us to extract a subsequence of (uk)k∈N, not relabeled, that converges to
some function u weakly in Lp(Q;Rd).

We extend each uk to a Q periodic function, still denoted uk. Then, for every D ∈ O(RN ), the
sequence (uk)k∈N converges weakly in Lp(D;Rd) to the periodic extension of u, still denoted by u. Since
the embedding of Lp(Q;Rd) into W−1,p(Q;Rd) is compact, (uk)k∈N converges to u in W−1,p(Q;Rl);
hence, ‖uk − u‖W−1,p(Q;Rd) ≤ ε|Q| for k large enough.

Therefore, by Corollary 4.3, there exists vk ∈ Lpper(Q;Rd), with ‖vk − uk‖pW−1,p(Q;Rd)
< ε|Q|, Avk = 0

in RN , and
∫
Q
vk dx =

∫
Q
uk dx = 0, such that

Fk(ξ + vk, Q) < Fk(ξ + uk, Q) + ε|Q|. (6.30)

Since the right-hand side of (6.29) is bounded, the previous inequality and (2.6) imply that (vk)k∈N is
bounded in Lp(Q;Rd); hence, a subsequence of (vk)k∈N, not relabeled, converges to some function v
weakly in Lp(Q;Rd).

By periodicity, we have for every D ∈ O(RN ) that the sequence (vk)k∈N converges weakly in Lp(D;Rd)
to the periodic extension of v, still denoted by v. Since the embedding of Lp(D;Rd) into W−1,p(D;Rd)
is compact and Avk = 0 in RN for every k, we deduce that Av = 0 in RN and that (vk)k∈N converges to
v in the topology induced by ‖ · ‖AD on Lp(D;Rd).

Moreover, since
∫
Q
vk dx = 0 for every k, we have also

∫
Q
v dx = 0. Therefore, by (5.1) and by

Γ-convergence, we have

M(f, ξ,Q) ≤ F (ξ + v,Q) ≤ lim inf
k→∞

Fk(ξ + vk, Q).

Together with (6.29) and (6.30), the preceding estimate gives (6.20). Since ε > 0 is arbitrary, we obtain
(6.22) from (6.20). �

By analogy with Theorem 6.2, we are now ready to present the characterization of the Γ-convergence
of the functionals associated with fk by means of the behavior of Mη

c (fk, ξ,Q) on small cubes Q.

Theorem 6.9. Let (fk)k∈N be a sequence in F , let (Fk)k∈N be the corresponding sequence of functionals
in I defined by (2.13), and let (FAk )k∈N be the sequence obtained as in Definition 4.4. Suppose that

(a) there exists f : RN × Rd → [0,+∞) such that

f(x, ξ) = lim sup
ρ→0+

sup
η>0

lim inf
k→∞

Mη
c (fk, ξ,Qρ(x))

ρN
= lim sup

ρ→0+

sup
η>0

lim sup
k→∞

Mη
c (fk, ξ,Qρ(x))

ρN
(6.31)

for a.e. x ∈ RN and every ξ ∈ Rd.

Then, f ∈ Fqc and the functionals F and FA introduced in (2.13) and Definition 4.4 satisfy the following
properties:

(b) for every D ∈ O(RN ), the sequence (Fk(·, D))k∈N Γ-converges to F (·, D) with respect to the
topology induced by ‖ · ‖AD on Lp(D;Rd);

(c) for every D ∈ O(RN ), the sequence (FAk (·, D))k∈N Γ-converges to FA(·, D) in kerAD with respect
to the weak topology of Lp(D;Rd).
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Conversely, if f ∈ F and the functionals F and FA introduced in (2.13) and Definition 4.4 satisfy (b)
or (c), then f satisfies (a).

Proof. The equivalence between (b) and (c) is proved in Theorem 4.6. If these conditions are satisfied,
then the function f belongs to Fqc by Corollary 3.4.

Assume (b). Fix x ∈ RN and ξ ∈ Rd. By Proposition 6.8, we have for every 0 < ρ ≤ 1 that

sup
η>0

lim sup
k→∞

Mη
c (fk, ξ,Qρ(x)) ≤Mc(f, ξ,Qρ(x)), (6.32)

M(f, ξ,Qρ(x)) ≤ sup
η>0

lim inf
k→∞

Mη
c (fk, ξ,Qρ(x)). (6.33)

Using Theorem 5.3, (6.32), and (6.33), we conclude that

f(x, ξ) = lim
ρ→0+

M(f, ξ,Qρ(x))

ρN
≤ lim sup

ρ→0+

sup
η>0

lim inf
k→∞

Mη
c (fk, ξ,Qρ(x))

ρN

≤ lim sup
ρ→0+

sup
η>0

lim sup
k→∞

Mη
c (fk, ξ,Qρ(x))

ρN
≤ lim sup

ρ→0+

Mc(f, ξ,Qρ(x))

ρN
= f(x, ξ).

Thus, (6.31) holds for a.e. x ∈ RN and every ξ ∈ Rd, concluding the proof of (a).

Assume (a). By Corollary 3.4, there exists a subsequence (fkj )j∈N and a function f̂ ∈ Fqc such that

for every D ∈ O(RN ), the sequence (Fkj (·, D))j∈N Γ-converges to F̂ (·, D) with respect to the topology

induced by ‖ · ‖AD on Lp(D;Rd), where F̂ is the functional associated with f̂ by (2.13). Since (b)⇒(a),
as proved above, we have for a.e. x ∈ RN and every ξ ∈ Rd that

f̂(x, ξ) = lim sup
ρ→0+

sup
η>0

lim inf
j→∞

Mη
c (fkj , ξ,Qρ(x))

ρN
= lim sup

ρ→0+

sup
η>0

lim sup
j→∞

Mη
c (fkj , ξ,Qρ(x))

ρN
.

By (6.31), this implies that f̂(x, ξ) = f(x, ξ) for a.e. x ∈ RN and every ξ ∈ Rd; hence, f ∈ Fqc and

F̂ = F . Since the Γ-limit does not depend on the subsequence, we obtain (b) from the Urysohn property
of Γ-convergence (see [11, Proposition 8.3]). �

7. Homogenization without periodicity assumptions

Throughout this section, we fix a function f ∈ F . For every ε > 0, we consider the functions fε ∈ F
defined by

fε(x, ξ) := f(xε , ξ)

for every x ∈ RN and ξ ∈ Rd, the functionals Fε ∈ I associated with fε by (2.13), and the corresponding
A-free functionals FAε introduced in Definition 4.4.

The following theorem provides very general conditions on the function f which ensure that there
exists a function fhom ∈ F , independent of x, such that for every D ∈ O(RN ), the family of functionals
(Fε(·, D))ε>0 Γ-converges as ε → 0+ to the functional Fhom(·, D) corresponding to fhom. By this we
mean that for every sequence (εk)k∈N of positive numbers converging to 0, the sequence (Fεk(·, D))k∈N
Γ-converges to Fhom(·, D).

Theorem 7.1. Suppose that for every x ∈ RN , ξ ∈ Qd, and k ∈ N, the limit

fkhom(ξ) := lim
r→+∞

M
1/k
c (f, ξ,Qr(rx))

rN
(7.1)

exists and is independent of x (see Definition 6.5). Then, fkhom can be extended as a continuous function
on Rd, which we still denote by fkhom, and (7.1) holds for every ξ ∈ RN . Let fhom : Rd → [0,+∞) be the
function defined by

fhom(ξ) := sup
k∈N

fkhom(ξ) = lim
k→∞

fkhom(ξ) (7.2)

for every ξ ∈ Rd. Then, fhom ∈ Fqc and the following properties hold:

(a) for every D ∈ O(RN ), the family (Fε(·, D))ε>0 Γ-converges as ε→ 0+ to Fhom(·, D) with respect
to the topology induced by ‖ · ‖AD on Lp(D;Rd);

(b) for every D ∈ O(RN ), the family (FAε (·, D))ε>0 Γ-converges as ε → 0+ to FAhom(·, D) in kerAD
with respect to the weak topology of Lp(D;Rd).
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We will see in Section 8 that (7.1) is satisfied almost surely under the standard hypotheses of stochastic
homogenization. In particular, it is satisfied when x 7→ f(x, ξ) is Q1(0)-periodic for every ξ ∈ Rd. The
following proposition examines another simple case in which (7.1) holds: f is the sum of a periodic
function with respect to x and a function whose support has compact projection onto RN .

Proposition 7.2. Assume that f ∈ F can be written as

f = fper + fcomp, (7.3)

where fper, fcomp ∈ F satisfy the two following properties:

(a) x 7→ fper(x, ξ) is Q1(0)-periodic for every ξ ∈ Rd; (7.4)

(b) there exists R > 0 such that fcomp(x, ξ) = 0 for every x ∈ RN \QR(0) and every ξ ∈ Rd. (7.5)

Then, for every x ∈ RN , ξ ∈ Qd, and k ∈ N, the limit

fkhom(ξ) := lim
r→+∞

M
1/k
c (f, ξ,Qr(rx))

rN
(7.6)

exists and is independent of x.

Proof. By (7.4), we can apply Theorem 8.5 to fper, considered as a stochastically periodic random
integrand (independent of ω), and we obtain for every k ∈ N, x ∈ RN , and ξ ∈ Qd that the limit

fkhom(ξ) := lim
r→+∞

M
1/k
c (fper, ξ,Qr(rx))

rN
(7.7)

exists and is independent of x. We remark that since probability is not involved here, this result can be
obtained directly by adapting some arguments of [7].

We claim that

fkhom(ξ) = lim
r→+∞

M
1/k
c (f, ξ,Qr(rx))

rN
(7.8)

for every k ∈ N, x ∈ RN , and ξ ∈ Qd. Since fcomp ∈ F , we have 0 ≤ fcomp by Definition 2.3. Hence,

fper ≤ f by (7.3). This implies that M
1/k
c (fper, ξ,Qr(rx)) ≤ M

1/k
c (f, ξ,Qr(rx)), which, together with

(7.7), yields

fkhom(ξ) ≤ lim inf
r→+∞

M
1/k
c (f, ξ,Qr(rx))

rN
. (7.9)

In order to prove that

lim sup
r→+∞

M
1/k
c (f, ξ,Qr(rx))

rN
≤ fkhom(ξ), (7.10)

we fix k ∈ N, x = (x1, . . . , xN ) ∈ RN , and ξ ∈ Qd. Similarly to the proof of Corollary 4.3, given m ∈ N,
we set Am := {1, . . . ,m}N and for every α = (α1, . . . , αN ) ∈ Am, we consider the point

x(α) := (x1, . . . , xN ) +
(
− 1

2
− 1

2m
+
α1

m
, . . . ,−1

2
− 1

2m
+
αN
m

)
. (7.11)

We observe that

Q1(x) =
⋃

α∈Am

Q1/m(x(α)) and Q1/m(x(α)) ∩Q1/m(x(β)) = ∅ for α 6= β.

Hence, for every r > 0,

Qr(rx) =
⋃

α∈Am

Qr/m(rx(α)) and Qr/m(rx(α)) ∩Qr/m(r(x(β)) = ∅ for α 6= β. (7.12)

Given r ≥ mR, we set

Ar,Rm :=
{
α ∈ Am : Qr/m(rx(α)) ∩QR(0) 6= ∅

}
. (7.13)

From (7.11), we deduce that α ∈ Ar,Rm if and only if for every j = 1, . . . , N , we have(
rxj −

r

2
− r

m
+
rαj
m

, rxj −
r

2
+
rαj
m

)
∩
(
− R

2
,
R

2

)
6= ∅. (7.14)
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Since the intervals depending on αj in the previous formula are pairwise disjoint and their length is
r
m ≥ R, for every j = 1, . . . , N , there are at most two elements αj ∈ {1, . . . ,m} such that (7.14) holds.

This implies that the number #Ar,Rm of elements of Ar,Rm satisfies

#Ar,Rm ≤ 2N . (7.15)

Given δ > 0, we use Definition 6.5 to find for every α ∈ Am a function uα ∈ U1/k
c (Qr/m(rx(α))) such

that ∫
Qr/m(rx(α))

fper(y, ξ + uα(y)) dy < M1/k
c (fper, ξ,Qr/m(rx(α))) + δ

rN

mN
. (7.16)

By (7.12), we can define u : Qr(rx) → Rd by setting u(y) := 0 for every α ∈ Ar,Rm and u(y) := uα(y) for

every α ∈ Am \Ar,Rm . Recalling Definition 6.5 and (7.12), we see that u ∈ U1/k
c (Qr(rx)), and so

M1/k
c (f, ξ,Qr(rx)) ≤

∫
Qr(rx)

f(y, ξ + u(y)) dy.

By the definition of u and by (2.6), (7.3), (7.5), (7.13), (7.15), and (7.16), we have

M1/k
c (f, ξ,Qr(rx)) ≤

∑
α∈Ar,Rm

∫
Qr/m(rx(α))

f(y, ξ) dy +
∑

α∈Am\Ar,Rm

∫
Qr/m(rx(α))

fper(y, ξ + uα(y)) dy

≤ 2Nc0(1 + |ξ|p) r
N

mN
+ δrN +

∑
α∈Am

M1/k
c (fper, ξ,Qr/m(rx(α))).

(7.17)

Since Qr/m(rx(α)) = Qr/m((r/m)(mx(α)), the equality

M1/k
c (fper, ξ,Qr/m(rx(α))) = M1/k

c (fper, ξ,Qr/m((r/m)(mx(α))),

together with (7.7), leads to

lim
r→+∞

M
1/k
c (fper, ξ,Qr/m(rx(α)))

rN
=

1

mN
f

1/k
hom(ξ).

From this equality and from (7.17), we get

lim sup
r→+∞

M
1/k
c (f, ξ,Qr(rx)

rN
≤ c0(1 + |ξ|p) 2N

mN
+ δ + f

1/k
hom(ξ).

Taking the limit as m → +∞ and δ → 0, we obtain (7.10), which, together with (7.9), yields (7.8),
concluding the proof of (7.6). �

Proof of Theorem 7.1. By (6.18), we have for every ξ1, ξ2 ∈ Rd and every k ∈ N that∣∣∣M1/k
c (f, ξ1, Qr(rx))

rN
− M

1/k
c (f, ξ2, Qr(rx))

rN

∣∣∣ ≤ c5(1 + |ξ1|+ |ξ2|
)p−1|ξ2 − ξ1|.

Hence,

|fkhom(ξ1)− fkhom(ξ2)| ≤ c5
(
1 + |ξ1|+ |ξ2|

)p−1|ξ2 − ξ1|
for every ξ1 and ξ2 ∈ Qd. This implies that fkhom can be extended as a continuous function on Rd, which
we still denote by fkhom, and that (7.1) holds for every ξ ∈ RN .

As we show next, by Definition 6.5 and a change of variables, we have for every x ∈ RN , ξ ∈ Rd, ρ > 0,
and k ∈ N, that

M1/k
c

(
fε, ξ,Qρ(x)

)
= εNM1/k

c

(
f, ξ,Qρ/ε(

x
ε )
)

= ρN
( ε
ρ

)N
M1/k
c

(
f, ξ,Qρ/ε

(
ρ
ε (xρ )

))
. (7.18)

In fact, let uε ∈ U1/k
c (Qρ/ε(

x
ε )) and Vε ∈ V1/k(Qρ/ε(

x
ε )) be such that∫

Qρ/ε(
x
ε )

|Vε(y)|p dy ≤ 1
k |Qρ/ε(

x
ε )| = 1

k (ρε )N ,

−
N∑
i=1

∫
Qρ/ε(

x
ε )

Aiuε(y) · ∂iψ(y) dy =

∫
Qρ/ε(

x
ε )

Vε(y) · ∇ψ(y) dy for every ψ ∈W 1,q(Qρ/ε(
x
ε );Rl).

Define
wε(z) := uε(

z
ε ) and Wε(z) := Vε(

z
ε ) for z ∈ Qρ(x).
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Then, using a change of variables and the definition of U1/k
c (·) and V1/k(·), it can be checked that

wε ∈ Lp(Qρ(x);Rd), suppwε ⊂⊂ Qρ(x), and Wε ∈ Lp(Qρ(x);Rl×N ). Moreover,∫
Qρ(x)

wε(z) dz =

∫
Qρ(x)

uε(
z
ε ) dz = εN

∫
Qρ/ε(

x
ε )

uε(y) dy = 0,∫
Qρ(x)

|Wε(z)|p dz =

∫
Qρ(x)

|Vε( zε )|p dz = εN
∫
Qρ/ε(

x
ε )

|Vε(y)|p dy ≤ 1
kρ

N = 1
k |Qρ(x)|,∫

Qρ(x)

f( zε , ξ + wε(z)) dz =

∫
Qρ(x)

f( zε , ξ + uε(
z
ε )) dz = εN

∫
Qρ/ε(

x
ε )

f(y, ξ + uε(y) dy.

Furthermore, given θ ∈ W 1,q(Qρ(x);Rl), we define ψ ∈ W 1,q(Qρ/ε(
x
ε );Rl) by setting ψ(y) := 1

εθ(εy) for
y ∈ Qρ/ε(xε ), and observe that

−
N∑
i=1

∫
Qρ(x)

Aiwε(z) · ∂iθ(z) dz = −
N∑
i=1

∫
Qρ(x)

Aiuε(
z
ε ) · ∂iθ(z) dz = −εN

N∑
i=1

∫
Qρ/ε(

x
ε )

Aiuε(y) · ∂iθ(εy) dz

= −εN
N∑
i=1

∫
Qρ/ε(

x
ε )

Aiuε(y) · ∂iψ(y) = εN
∫
Qρ/ε(

x
ε )

Vε(y) · ∇ψ(y) dy

=

∫
Qρ(x)

Vε(
z
ε ) · ∇θ(z) dz =

∫
Qρ(x)

Wε(z) · ∇θ(z) dz.

Hence, recalling Definition 6.5, we conclude that M
1/k
c

(
fε, ξ,Qρ(x)

)
≤ εNM

1/k
c

(
f, ξ,Qρ/ε(

x
ε )
)
. The

converse inequality can be proved similarly, from which (7.18) follows.
Combining (7.1) and (7.18), recalling that the limit in the former is assumed to exist and to be

independent of x, we get for every ξ ∈ Rd and ρ > 0 that

fkhom(ξ) = lim
ε→0+

M
1/k
c

(
f, ξ,Qρ/ε(

ρ
ε (xρ )

)
(ρ/ε)N

= lim
ε→0+

M
1/k
c

(
fε, ξ,Qρ(x)

)
ρN

.

Thus, (7.2) gives for every ρ > 0 that

fhom(ξ) = sup
k∈N

fkhom(ξ) = sup
k∈N

lim
ε→0+

M
1/k
c

(
fε, ξ,Qρ(x)

)
ρN

= sup
η>0

lim
ε→0+

Mη
c

(
fε, ξ,Qρ(x)

)
ρN

,

where in the last equality we used the monotonicity of Mη
c with respect to η. Then, by Theorem 6.9, the

function fhom belongs to Fqc and (a) and (b) are satisfied. �

8. Stochastic homogenization

In this section, we study stochastic homogenization problems in the A-free setting. To this aim, we
fix a probability space (Ω, T , P ) and a group (τz)z∈ZN of P -preserving transformations on (Ω, T , P ), i.e.,
a family (τz)z∈ZN of T -measurable bijective maps τz : Ω→ Ω, with P (τ−1

z (E)) = P (E) for every E ∈ T
and every z ∈ ZN , satisfying the group property: τ0 = idΩ (the identity map on Ω) and τz+z′ = τz ◦ τz′
for every z, z′ ∈ ZN . We recall that the group is called ergodic if every set E ∈ T with τz(E) = E for
every z ∈ ZN has probability 0 or 1.

We introduce now the classes of random integrands that we are going to consider.

Definition 8.1 (Stochastically periodic random integrands). Let F st be the collection of functions
f : Ω× RN × Rd → [0,+∞) satisfying the following properties:

(a) f is T × L × B-measurable, where L is the σ-algebra of Lebesgue measurable subsets of RN and
B is the Borel σ-algebra of Rd;

(b) setting f(ω) := f(ω, ·, ·), we have f(ω) ∈ F for every ω ∈ Ω;
(c) f is stochastically periodic with respect to (τz)z∈ZN , i.e.,

f(ω, x+ z, ξ) = f(τz(ω), x, ξ)

for every ω ∈ Ω, x ∈ RN , z ∈ ZN , and ξ ∈ Rd.

Finally, let F st
qc be the collection of all functions f ∈ F st such that f(ω) ∈ Fqc for P -a.e. ω ∈ Ω.
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We now introduce the notion of subadditive process. Let R be the collection of all rectangles of the
form

[a, b) := {x ∈ RN : ai ≤ xi < bi for i = 1, · · · , d} with a, b ∈ RN .

Definition 8.2 (Covariant subadditive process). A covariant subadditive process with respect to
(τz)z∈ZN is a function Φ: Ω×R → [0,+∞) with the following properties:

(a) (measurability) for every R ∈ R, the function ω 7→ Φ(ω,R) is T -measurable on Ω;
(b) (covariance) Φ(ω,R+ z) = Φ(τz(ω), R) for every ω ∈ Ω, R ∈ R, and z ∈ ZN ;
(c) (subadditivity) if R ∈ R and (Ri)i∈I ⊂ R is a finite partition of R, then

Φ(ω,R) ≤
∑
i∈I

Φ(ω,Ri) for every ω ∈ Ω ;

(d) (boundedness) there exists c > 0 such that 0 ≤ Φ(ω,R) ≤ c|R| for every ω ∈ Ω and R ∈ R.

We will use the following variant of the Subadditive Ergodic Theorem [1, Theorem 2.7], see also [12]
and [24].

Theorem 8.3. Let Φ be a covariant subadditive process with respect to (τz)z∈ZN . Then, there exist a
T -measurable function ϕ : Ω→ [0,+∞) and a set Ω′ ∈ T , with P (Ω′) = 1, such that

lim
r→+∞

Φ(ω,Q(rx, r))

rN
= ϕ(ω)

for every x ∈ RN and every ω ∈ Ω′. If, in addition, (τz)z∈ZN is ergodic, then ϕ is constant P -a.e. in Ω.

Lemma 8.4. Let f ∈ F st, ξ ∈ Rd, and η > 0. Then, the function Φηξ : Ω×R → [0,+∞) defined by

Φηξ (ω,R) := Mη
c (f(ω), ξ, R̊)

is a covariant subadditive process.

Proof. Using (2.7) and Remark 6.3, we see that the infimum in (6.16) defining Mη
c (f(ω), ξ, R̊) can be

obtained using a suitable dense sequence of functions u. Since for every u ∈ Lp(R;Rd), the function
ω 7→

∫
R
f(ω, x, ξ + u(x)) dx is T -measurable by (a) of Definition 8.1, we conclude that ω 7→ Φηξ (ω,R) is

T -measurable. The boundedness and the covariance property are clear.
We now prove subadditivity. Fix ω ∈ Ω, R ∈ R, a finite partition (Ri)i∈I of R, and δ > 0. For every

i ∈ I, there exist ui ∈ Lp(Ri;Rd) and Vi ∈ Lp(Ri;Rl×N ) such that suppui ⊂⊂ R̊i,
∫
Ri
ui dx = 0,

〈ÃR̊iui, ψ〉 =

∫
R1,i

Vi · ∇ψ dx for every ψ ∈W 1,q(R̊i;Rl),∫
Ri

|Vi|pdx < η|Ri|,∫
Ri

f(ω, x, ξ + ui(x)) dx < Mη
c (f(ω), ξ, R̊i) + δ|Ri|.

We define u ∈ Lp(R;Rd) and V ∈ Lp(R;Rl×N ) by setting u := ui and V := Vi on Ri for every i ∈ I.
Then,

〈ÃR̊u, ψ〉 =

∫
R

V · ∇ψ dx for every ψ ∈W 1,q(R̊;Rl),

Moreover, by additivity, we have∫
R

u dx = 0,

∫
R

|V |pdx < η|R|, and∫
R

f(ω, x, ξ + u(x)) dx <
∑
i∈I

Mη
c (f(ω), ξ, R̊i) + δ|R|.

By (6.16), we obtain Mη
c (f(ω), ξ, R̊) ≤

∑
i∈IM

η
c (f(ω), ξ, R̊i) + δ|R|. Hence, due to the arbitrariness

of δ > 0, we conclude that Mη
c (f(ω), ξ, R̊) ≤

∑
i∈IM

η
c (f(ω), ξ, R̊i), which proves the subadditivity of

Φηξ (ω,R). �
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We are now in a position to state our main result on stochastic homogenization of A-free integral
functionals. Given a stochastic integrand f ∈ F st and ε > 0, we consider the stochastic integrands
fε : Ω× RN × Rd → [0,+∞) defined by

fε(ω, x, ξ) := f(ω, x/ε, ξ)

for every x ∈ RN and ξ ∈ Rd. Setting fε(ω) := fε(ω, ·, ·), we have that fε(ω) ∈ F for every ω ∈ Ω, so
we can consider the functionals Fε(ω) ∈ I associated with fε(ω) by (2.13), and the corresponding A-free
functionals FAε (ω) introduced in Definition 4.4.

Theorem 8.5. Let f ∈ F st and, for every ε > 0 and for every ω ∈ Ω, let Fε(ω) ∈ I and FAε (ω) be the
corresponding functionals. Then, there exists a set Ω′ ∈ T , with P (Ω′) = 1, such that for every k ∈ N,
ω ∈ Ω′, and ξ ∈ Qd, the limit

fkhom(ω, ξ) := lim
r→+∞

M
1/k
c (f(ω), ξ,Qr(rx))

rN
(8.1)

exists and is independent of x. Moreover, for every ω ∈ Ω′, the function fkhom(ω, ·) can be extended as a
continuous function on Rd, which we still denote by fkhom(ω, ·), and (8.1) holds for every ξ ∈ Rd.

Let fhom : Ω× Rd → [0,+∞) be the function defined for every ξ ∈ Rd by

fhom(ω, ξ) :=


sup
k∈N

fkhom(ω, ξ) = lim
k→∞

fkhom(ω, ξ) if ω ∈ Ω′ and ξ ∈ Rd,∫
Ω′
fhom(ω′, ξ)dP (ω′) if ω ∈ Ω \ Ω′ and ξ ∈ Rd.

Then, fhom ∈ F st
qc and, setting fhom(ω) := fhom(ω, ·) for every ω ∈ Ω, the corresponding functionals

Fhom(ω) ∈ I defined by (2.13) and FAhom(ω) introduced in Definition 4.4 satisfy the following properties:

(a) for every ω ∈ Ω′ and every D ∈ O(RN ), the family (Fε(ω, ·, D))ε>0 Γ-converges as ε → 0+ to
Fhom(ω, ·, D) with respect to the topology induced by ‖ · ‖AD on Lp(D;Rd);

(b) for every for every ω ∈ Ω′ and D ∈ O(RN ), the family (FAε (ω, ·, D))ε>0 Γ-converges as ε → 0+

to FAhom(ω, ·, D) in kerAD with respect to the weak topology of Lp(D;Rd).

If, in addition, (τz)z∈ZN is ergodic, then we can select Ω′ so that fkhom and fhom do not depend on ω.

Proof. The existence of Ω′ ∈ T , with P (Ω′) = 1, such that (8.1) holds follows from Theorem 8.3 and
Lemma 8.4. The properties of fkhom(ω, ξ) and fhom(ω, ξ) for ω ∈ Ω′ are given by Theorem 7.1, which
implies also that (a) and (b) hold and that fhom(ω) ∈ Fqc for every ω ∈ Ω; hence, fhom ∈ F st

qc.

If (τz)z∈ZN is ergodic, then Theorem 8.3 implies that for every ξ ∈ QN , the function ω 7→ fkhom(ω, ξ)
is constant P -a.e. in Ω. Therefore, we can select Ω′ so that fkhom does not depend on ω for ξ ∈ QN , and
so does its continuous extension to RN and its limit fhom. �
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