EQUILIBRIA OF AGGREGATION-DIFFUSION MODELS WITH
NONLINEAR POTENTIALS

FRANCESCO BOZZOLA AND EDOARDO MAININI

ABSTRACT. We consider an evolution model with nonlinear diffusion of porous medium type
in competition with a nonlocal drift term favoring mass aggregation. The distinguishing
trait of the model is the choice of a nonlinear (s, p) Riesz potential for describing the overall
aggregation effect. We investigate radial stationary states of the dynamics, showing their
relation with extremals of suitable Hardy-Littlewood-Sobolev inequalities. In the case that
aggregation does not dominate over diffusion, radial stationary states also relate to global
minimizers of a homogeneous free energy functional featuring the (s, p) energy associated to
the nonlinear potential. In the limit as the fractional parameter s tends to zero, the nonlocal
interaction term becomes a backward diffusion and we describe the asymptotic behavior of
the stationary states.
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1. INTRODUCTION

We are interested in stationary solutions of aggregation-diffusion models of the form
(1.1) Op = Ap™ — xdiv(p VS(p)) in (0,400) x RV,

where p = p(z,t) represents a mass density whose evolution is driven by a porous medium
diffusion (m > 1) and a nonlocal interaction modeled by a potential S that accounts for long
range effects. Here, x > 0 is the sensitivity constant measuring the interaction strength.
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Equations of the form (1.1) typically appear in mathematical biology as macroscopic models
of interacting particles/agents [9, 17, 40, 43], such as the Keller-Segel model of chemotaxis
[25, 27, 29, 30, 31, 41, 42]. These models usually feature linear potentials in convolution form,
i.e., S(p) is the convolution of p with some suitable radial convolution kernel accounting for
mutual interaction forces.

Among the most relevant modeling examples is the Newtonian or the Riesz (attractive)
potential, appearing in the Keller-Segel model and its many variants, which is given by

(1.2) S(p) = Ks * p.
Here, the kernel K is defined for 0 < s < N/2 as

(1.3) Ky(x) = ey x|V, CNs =T 2

and in terms of Fourier transform we have K (&) = |¢|72% (with a(¢) := Jan €7 u(z) dz).
The particular case of the Newtonian potential corresponds to s = 1 if N > 3. With the
choice (1.2), the free energy of the system is

1 X
F - - mo_ A K ’
s(p) m—l/RNp 2/szp sk p

featuring the competition among the diffusion term and the total interaction energy associated
to the mean field potential. Functional F5 has to be analyzed among mass densities in the
following class (defined for any given M > 0)

(1.4) Vv =Vum = {p e LL®RY)nL™RY) : /

RN

z p(z)dx =0, /RNp(:L‘)da::M},

which naturally arises by taking into account that the evolution problem is formally preserving
mass, center of mass and positivity. F, is a Lyapunov functional for the dynamics. In fact,
(1.1)-(1.2) can be seen as the gradient flow of F with respect to the square Wasserstein
distance, see [10, 28]. In the search for stationary solutions to the evolution problem (1.1)-
(1.2), it is therefore natural to look for minimizers (if existing) of Fs over Vs and, more
generally, for critical points satisfying suitable Fuler-Lagrange equations. We also stress a
crucial property of functional Fs, which is the homogeneity with respect to the mass invariant
dilations

(1.5) oNz) = AV p(Ax), zeRY, A>0.
Indeed, we have
AN (m—1) X)\N—Qs
Fs(pt) = —-r mo K * p.
(r") m—1 /RN P 2 /RN 1) %P

As a consequence, aggregation and diffusion are in balance if m = 2 — 2s/N, which is called
the fair competition regime [10]. If m is below this threshold, aggregation dominates and con-
centrating all the mass at a single point (that is, letting A — +00) is energetically favorable.

The classical Keller-Segel model [30] of chemotaxis, in its simplest mathematical formula-
tion [4, 8, 24, 29, 48] is a fair competition model, formally obtained by letting N =2, s =1
so that the convolution kernel is the Newtonian kernel (in dimension 2 it is understood that
Ki(z) = —5log |z|), and by letting the diffusion be linear m = m, = 1 (the diffusion term in
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the free energy becomes fRN plog p). Tt is well known that a critical mass M, exists in such
a model (whose explicit value is 87/x), and that global-in-time solutions for the associated
Cauchy problem exist if the mass is not above the critical mass, while blow up in finite time
occurs if M > M,.. Moreover, stationary states exist only if M = 87/, see [5, 9, 14]. The
above properties of the classical Keller-Segel model generalize to fair competition models in
higher dimension: it has been proven in the Newtonian potential case s = 1, N > 3 in [(]
that a critical mass M, still appears for m = 2 — 2/N, that its value can be written in terms
of the best constant of suitable Hardy-Littlewood-Sobolev (HLS) inequalities, and that sta-
tionary states exist only if M = M,.. The validity of analogous properties for more singular
Riesz potentials 0 < s < 1 has been shown in [10, 11], still in the fair competition regime
m = 2 — 2s/N. On the other hand, the diffusion dominated regime has been considered in
[19], and in such case stationary states exist for every choice of the mass M > 0 and can be
obtained as minimizers of Fs over V. In the aggregation dominated regime m < 2 — 2s/N
the free energy Fs is not bounded from below over Yy, (whatever the choice of M > 0), but
stationary states of the dynamics can still be obtained, as seen in [20], as solutions to the
Euler-Lagrange equation associated with the free energy (see also [3] for the Newtonian case
s=1).

2. MAIN RESULTS

2.1. (s,p) potential, stationary states and HLS inequalities. In this work we shall
investigate the nonlinear potential counterpart of the previous results about stationary states,
by considering an interaction described by the nonlinear Riesz potential, which has been
introduced in [38], see also [1], [37, Section 4.2], [39, Section 5.4] and the references therein.
We let

(2.1) S = Ksp,
where 1 < p < 00,0 < sp < N, and K, stands for the nonlinear (s,p) Riesz potential given
by

ICS,P(/)) = Ks/2 * (Ks/2 * p)p -

Here, p’ is the conjugate exponent of p, i.e., 1/p+ 1/p’ = 1. The total interaction energy of
the mass density p associated to the nonlinear potential ICy ;, (the (s,p) energy) is given by

1 1 /
S s ‘Ks P’
:p(p) p/ \/RNPIC ,p(p) p/ /];N( /Q*p)

where the second equality is due to Plancherel theorem, which also implies that for ¢ — 0

Tsp(p+ep) =Tsp(p) +¢ /RN(KS/Q x )V T K o % o +0(e) = Ty p(p) + € /RN Ksp(p) e +o(e)

for every test function ¢, showing that indeed Ky, is the functional derivative of Z,,. The
free energy is therefore

1

m X
Fsp(p) = —1 /RN p" dx — ]?I&p(p)

and the evolution equation (1.1)-(2.1) is formally its Wasserstein gradient flow. The com-
position property of K, shows that for p = 2 we are reduced to the linear potential case:
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Ksa(p) = Ks * p and Fsa(p) = Fs(p). For p # 2 the free energy is still a homogeneous
functional, satisfying

AN (m—1) ,
N_ o m _ yN (me—1) X p
Fs = A K, )
p(p7) =~ /RNP o /RN( /2% P)

where

/

sp

(2:2) me:=p — N
is the critical exponent. Therefore, we still recognize three regimes according to the value of
the diffusion exponent m: we are in the diffusion dominated regime if m > me, in the fair

competition regime if m = m,, and in the aggregation dominated regime if m < me.

We perform the analysis of stationary states of (1.1)-(2.1). As in the linear potential case,
we show that a critical mass appears only if m = m.. Moreover, we show that stationary
states are strictly related to optimizers of the following Hardy-Littlewood-Sobolev (HLS) type
inequality, stating that if

m > (p), where  pi:= N]\ipsp’
there exists a constant H > 0 such that
(23) Koo x hllfy < H BT [R50 for every he LLERY) N L™ (RY),
where 0 < 99 < 1 is given by
m' 1 m— )

Yo 1=

s (p5) m—1
We shall prove existence and regularity properties of optimizers of (2.3), which will be shown
to be solutions of the nonlocal equation

(2.4) P = a(Kaplp) ~C), iRV

for suitable values of the positive constants a,C. We notice that for p = 2, in terms of
u := K * p the above equation becomes the fractional semilinear PDE

1

(—A)°u = a1 (u—C)r,

which is the fractional plasma equation investigated in [20]. The terminology for such a
semilinear equation is due to the fact that the nonlinearity in the right hand side, where
()4 := max{z, 0}, appears in some classical models of plasma physics [50, 51]. The following
is our first main result, which provides the main properties of the HLS optimizers. In the
case that m > m,, these results can be translated in a statement about minimizers of the free
energy Fsp. In this regard, a critical mass appears for m = m., given by

*

(2.5) M. := (ps> 7 ;

*
X Hmc787p

where HY, . is the best constant in (2.3).

m,s,p
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Theorem 2.1. Let 1 < p < 00, 0 < sp < N, m > (pk)'. The best constant in the HLS
inequality (2.3) is attained. Fach optimizer is radially nonincreasing (up to translation),
compactly supported, Hélder reqular in RN and smooth in the interior of its support. It
satisfies (2.4) for suitable values of the constants a > 0,C > 0.

If m > me, then for each optimizer h of the HLS inequality (2.3) there exists a unique scaling
factor \ > 0 such that h* is (up to translation) a minimizer of functional Fsp over Yy, where
M = ||h||1; conversely for every M > 0 minimizers of Fs, over Y exist and are optimizers
of (2.3).

If m = me, then each optimizer h of the HLS inequality (2.3) having mass M. is (up to
translation) a minimizer of Fs, over Y. and Fsp(h) = 0; conversely minimizers of Fiyp
over Vs exist if and only if M = M. and are optimizers of (2.3).

Existence of optimizers of (2.3) is a standard application of Riesz rearrangement inequalities
along with compactness theorems for radially decreasing functions. For an optimizer, the
constants a,C can be explicitly expressed, as well as the optimal dilation factor A in the case
m > me, as seen through the proof. It is not difficult to check that for every M > 0 the
infimum of Fs ) over Vs equals —oo if (p})’ < m < m.. However, an optimizer of the HLS
inequality is still satisfying (2.4), hence after a suitable mass invariant dilation it satisfies the
Euler-Lagrange equation
(2.6) =" Kl - @), mRY
associated with functional F,, where Q > 0 is a constant playing the role of Lagrange mul-
tiplier for the mass constraint. As such, it is (up to translation) a radially nonincreasing
stationary state for (1.1)-(2.1) as we discuss in Section 5. About the regularity properties
in Theorem 2.1, we mention that boundedness of optimizers has been proved in [19] by a
purely variational argument in the case p = 2, m > m., which consists in the construction of
a suitable bounded competitor for every unbounded candidate. Such an argument seems not
straightforward in the nonlinear potential setting, therefore we prove boundedness by classi-
cal bootstrap methods, based on HLS inequalities and on (2.4), that are working for every
m > (pf)’. We stress that Theorem 2.1 generalizes the previous results in the literature about
inequality (2.3): in the case p = 2 it is also called the Lane-Emden inequality and has been
studied in [10, 15]. Interestingly, other generalizations have been recently investigated in [26],
in relation with the Choquard equation, which still leads to radially decreasing compactly
supported optimizers for suitable choices of the parameters therein.

2.2. Asymptotic behavior of stationary states as s — 0. As observed in [28] by consid-
ering that K, is an approximate identity for small s, the aggregation term can be considered
as an approximation of a backward diffusion process, so that the evolution model (1.1)-(2.1)
formally becomes the forward-backward diffusion equation

Bip = Ap™ — g A

Similarly, the associated free energy F;, formally becomes, in the limit s — 0, the following
functional featuring the competition of L™ and L* norms

(2.7) o) =g o= o
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Clearly, the minimization problem for functional Fy in the class Vs is strongly influenced by
the sign of m — p/, which is reflected in the fact that the critical exponent m, from (2.2) is
equal to p’ if s = 0. If m < p/, then functional F;, does not have minimizers over Yy, for
every small enough s, and moreover m < (p%)’ for every small enough s, so that we are not in
the range of parameters of Theorem 2.1. Therefore, in our second main result, which is the
following, we restrict to m > p’. The result for p = 2,m > 2 is given in [28].

Theorem 2.2. Let 1 <p< oo and 0 <sp<N. Let m >p', M > 0. Let ps be a minimizer
of Fsp over Y for every s € (0, N/p).

If m > p/, then ps — po strongly in LY(RN) for every 1 < q < 4+00 as s — 0, where pq is the
unique radially decreasing minimizer of Fo over Yar, which is the characteristic function of
a ball.

Else if m = p/, we have infy,, Fs — infy,, Fo as s — 0. Moreover, ps — 0 uniformly on RY
if 0 < x <p, and ps = M6y in the sense of measures if x > p.

Let us conclude this section with a discussion on possible further extensions and open
problems. First of all, uniqueness (up to translations) of stationary states of given mass (or
of optimizers of the HLS inequality (2.3) up to the natural scaling) would require a further,
deep analysis. It has been proved in the case p = 2 by different methods in [12, 15, 20, 21], and
each of them could be suitable for treating the nonlinear potential case as well. The stability
result of the HLS inequality in [15] could also be potentially generalized to p # 2. Second,
radiality of every stationary solution to (1.1)-(2.1) is not guaranteed. Such a property has
been proven in [19] in the linear potential case p = 2 under some restrictions on m, s (building
on the result from [18] for s = 1). It remains an open problem to extend such result for the
case p # 2. It would prove that all the steady states of the dynamics are actually radially
decreasing. Moreover, it would also be interesting to investigate stationary states of the
dynamics, meant as solutions to (2.6), in the regime 1 < m < (p%): in this range radially
decreasing solutions are expected to exists only for @ = 0 and to be smooth, positive and
vanishing at infinity, since this behavior has been proven for p = 2 in [20].

3. PRELIMINARIES

3.1. Notation and functional framework. The dimension of the ambient space RY will be
N > 1. For zp € RY and r > 0, the symbol B, (zg) stands for the euclidean N —dimensional
open ball

B (z9) = {m eRYN |z — x| < 7"}.

As usual, we will denote with | - | the N —dimensional Lebesgue measure. For 1 < p < oo, the
standard Lebesgue spaces are denoted by L‘foc and LP, and we will use the shortcut notation
| - ||p for the LP(RY) norms. For an open set Q C RV, the notation W1?(Q2) and BV () stand
respectively for the usual Sobolev space and the usual space of bounded variation functions
on 2. We use the following notation for the Holder spaces

00 (@) = {ue @) nLx(Q) : sup MW
a:,yfﬂ, |5C - y|a
z#y

We say that u € Cloo’g (Q) if u € CY(Q') for every open set ' that is compactly contained in

Q. In particular C%1(€) is the space of bounded Lipschitz functions on .
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For every p € L'(RY) and A > 0, the mass invariant dilation of p by factor X is given by
(1.5). Since

lolls = 1121,
if p € Vas then also p)‘ € Yu, for every A > 0, where V) is defined by (1.4).

With an abuse of notation, we will say that a radially symmetric function p € L'(RY)
is nonincreasing if its radial profile is nonincreasing. The radially symmetric nonincreasing
rearrangement of a function p € L'(RY) will be denoted by p*. For the precise definition and
its properties, we refer the reader to [35, Chapter 3]. We recall that the convolution among
two nonnegative radially nonincreasing functions on R is still radially nonincreasing on R,
see [13]. In particular, if f is radially nonincreasing nonnegative, so is K * f.

The Fourier transform of the Riesz kernel K defined in (1.3) is given by (see for example
[47, Lemma 1, Chapter V] or also [39, Theorem 2.8] and [49, Proposition 12.10])

K (&) = €725

Moreover, for the normalization constant cy s in (1.3) we have the following limiting behavior

evs T (5) 2
3.1 1 = = = .
( ) sl—r>r(l) S ﬂ-% NwN

3.2. Basics on Riesz potentials. We now recall some facts we will need throughout the
whole paper.

Lemma 3.1. Let 1 < qg<r<o00,0<sq< N andsr > N. For every h € LYRN)N L"(RY)
we have

HK8/2 * hllo < as||hllg + Bs IR,

for some positive constant as = (N, q,s) and Bs = B(N,r,s) > 0. Moreover, we have

N g=1 .
P AT (Y) (wnlg— 1) ifa>1,
. Qg
(3.2) lim — =
s—0 s N
73T () ifa=1,
and
(3.3) lim B, =1 if r = oo.
s—0
Proof. Case ¢ > 1. Our assumptions imply that
N
! d ! .
q > N an r < N

Then, for every € RV, Holder’s inequality yields

K,p#h
(Kspo % h)(z) :/ h(ygv_s dy+/ h(ygv_s dy
CN,s/2 RN\By (z) 1T — Y| Bi(x) [T — Yl

1 1
-

dy 7 dy T
(3.4) < / TTE ] hllg + (/ > hll»
s e ) Mot ([ ) el

1 1
ol T

NCUN 1 NCL)N T
:QN_@¢_N> M“+<N—w>@w>’mW



8 FRANCESCO BOZZOLA AND EDOARDO MAININI

which gives the desired conclusion with

Nwp
o=aWon) = v ()

»Q\‘,_.

N ,
Bs = 5 (N,S,T‘) = CN,S/Z <]V—(]\(7118)7"/> .

By recalling (3.1), we get the claimed asymptotic behaviors (3.2)-(3.3) for a5 and f;.
Case ¢ = 1. We pass to the limit for ¢ N\, 1 in (3.4) obtaining

1

(Kg/2 % h)() Nwy ”
- = K S .
<l + (=) el

CN,s/2 — (N -
This yields our claimed estimate with as; = ¢y s/ and S5 as before. By recalling (3.1), we
eventually get the desired asymptotic behaviors. (Il

Next we introduce the Hardy-Littlewood-Sobolev type inequalities that are crucial in this
work.

Lemma 3.2 (Hardy-Littlewood-Sobolev type inequality). Let 1 < g < oo and 0 < sq < N.
For every h € L4(RN), we have

. . Ngq
KS/Q*heLqS(RN), where qS:N—sq'
More precisely, there exists a sharp constant Hy = H(N,s,q) > 0 such that
(3.5) | Ksj2 % hllg: < Hgllhllq, with limsup H < 1.
s—0

In particular, for every h € LYRN) N L™(RY), m > ¢, we have

_ _ 1m —
(3.6) 1Koz » bllgs < BT WAL, where 9= o=

Proof. Inequality (3.5) follows by using in duality the well-known Hardy-Littlewood-Sobolev
Inequality [35, Theorem 4.3]. Indeed, with the notation therein used, if we plug the following

roi= q’ )\ = N — S and SO p = (q;k)/7
we get that

(@) hiy)
K h) dx = ————dxdy < C (N h
/RN<P ( s/2 * ) L = CN,s/2 //RNX]RN iz — y[N—s zdy < C(N,q,s) CN,s/QH llg»
for every o € L)' (RN) with [¢ll(gzy = 1, which allows to conclude. The constant C (N, g, s)
denotes the sharp constant of [35, Theorem 4.3(1)] and as shown therein we have
Fs = ﬁ(N, q, S) = C(N’Q7 S) CN,s/2
§VN—5)/N 1 (((N—S)/N)(N_S)/N+ <(N_S)/N)(N—8)/N> |

q(qz) \\1-1/(gz) 1-1/q

N
< ¢ns/2 P

By (3.1), we infer that

limsup H, < 1.
s—0

Eventually, by the interpolation inequality in LP—spaces, we also get (3.6). ([l
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For our purposes, it will be convenient to rewrite (3.5) and (3.6) with ¢ replaced by (p%)’,
given that p is the nonlinear Riesz potential exponent appearing in functional Fs,. It reads
as follows

Corollary 3.3. Let 1 <p< oo and 0 < sp < N. We have

(3.7) 1K 2 hlly < H|lhllsy — for every h € LWV(RY),

where the sharp constant Hy = H (N, s,p) > 0 satisfies

(38) Ho <oy w9V ((w —oi) A (Lo <N—s>/N) |
s p(ps) 1=1/p 1=1/(p5)

in particular imsup,_,, Hs < 1. Moreover, if m > (p%)" we have

(3.9) 1K 2 # hlly < He |17 [[Bl]5 70 for every b€ LNRN) n L™(RY),
where 0 < Jg < 1 is given by

1 m—(p) m’
3.10 Yo =0 N = — =1— —.
(3.10) 0 = do(m, N, 5) (5) m-—1 P
Proof. We have

Np
) = ————¢€(1,N/s),

thus the exponent ¢ := (p¥)’ satisfies the assumptions of Lemma 3.2. Since ¢¥ = p/, inequality

(3.6) can be rewritten as (3.7) where the sharp constant H; = H (N, s,p) := H(N, s, (p%)’) >0
satisfies (3.8). By the interpolation inequality in LP—spaces we also get (3.9). O

The following theorem is due to Kurokawa. It will be used in Section 6 to establish
convergence results for minimizers of F; , as s — 0, see Theorem 6.7 and Proposition 6.8. We
recall its elegant proof below.

Theorem 3.4 ([32]). Let 1 < q < p. For every h € LYRY) N LP(RY), we have
tim Ko b — hll, = 0

Proof. Since h € LP(RY), for every e > 0 we can find 0 < § < 1 such that
(3.11) / h(z —y) — h(z)Pdz <, for |y| <3,
RN

see for instance [23, Proposition 17.1]. We set

K, o(x) = cn /2 2" N 1p,(x) + CN,s/2 |z N 1pe(z) =: Kg/z(ﬂf) + Kgjo (),
so we have
(3.12) 1Koz % b= hllp < I KQyp 5 b= hllp + | K5y * hllp-

For the first addendum, since

)
58
(3.13) /NwNszw/gﬂszw,
Bs 0 S
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by adding and subtracting ¢y s/o st ly[*~Nh(x) dy, we get

1
p P
||K2/2 *h—hll, < ey </RN /B >N (h(z — y) — h(x))dy dm)
§

p
__5 s—N
# (evore = sz ) (L | i b as)

By Minkowski’s integral inequality, (3.11) and again (3.13) we get

3=

s

) S
HKS/Z *h—hlp, < Nwy o [CN,S/QE + (CN,S/z - W) ||h||p_ .

By (3.1), we then obtain
(3.14) lim_%lp 1K)y % h—hll, <e.

To estimate the second term in the right hand side of (3.12) for small s, we take 3,7 so that

1 1
(3.15) 0<B<N <q — p> and 75 =p,

in particular ¢ < r < p. Without loss of generality, we can assume that 0 < s < 8 and observe
that

y|* N = Jy|TOTEN) < 557F |y PN < 57 |y PN for [y| > 4,
being 0 < § < 1. This entails that

K55y % hlly = e ( L.

Since h € L"(RY), by (3.15) and by the Hardy-Littlewood-Sobolev inequality (3.5) we then
obtain that HKB/Q * \h|Hp < oo and so

PN\
dx) < ens/2 6 h HKB/Q * \h|Hp.

/ N bz — ) dy
B§

lim | K5, % hll, = 0,

by (3.1). By spending this information and (3.14) in (3.12), we get the desired conclusion. [

4. EXTREMALS OF THE HLS TYPE INEQUALITY

4.1. Existence: the Lieb-Oxford method. In this section, we discuss the existence of
extremals of the Hardy-Littlewood-Sobolev type inequality (3.9).

Let 1<p<oocand 0<sp<N. Let m > (pf) and 9y = 1 —m//p%. The following quantity

41 o, = LI he LYRY) N L™ (RY)\ {0
( : ) m,s " sup Hth/ﬁOHth/(l_,&O) . € ( ) n ( ) \ { } )
1 m

is the sharp constant in the Hardy-Littlewood-Sobolev type inequality (3.9) raised to the
power p’. By (3.8) this quantity is finite, since we have H,, ; < HY .
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Remark 4.1. The quotient definining Hy, , given by

1Ko % R
R[0 | %)

he L'RY) N L™(RY) \ {0},

is inwvariant under the actions of the two families of trasformations
i pwh, for u>0, and A= AV h(Az), for A > 0.
This property will be crucially exploited in Lemma 4.2 below.

We now infer the existence of extremals for (4.1) by using a classical argument by Lieb and
Oxford (see for instance [36, Appendix A] and [34, Theorem 2.5]).

Lemma 4.2 (Existence of extremals). Let 1 < p < oo and0 < sp < N. Letm > (p%)'. There
exists a radially symmetric and nonincreasing function hs € LY (RN) N L™(RN) realizing the
supremum in (4.1) and satisfying ||hs||1 = ||hs|lm = 1.

Moreover, every function hy € LY (RN) N L™(RY) attaining the supremum in (4.1) is such
that hs = h%(- —y), for some y € RY.

Proof. Step 1: reduction to normalized radially symmetric and nonincreasing func-

tions. Let (h;);jen be a maximizing sequence of feasible competitors for Hy, ., i.e.

Ko hil|?
- 1Ky Nyl

— * : . 1 N m N .
j=ro0 thH;:f’ﬂOthHg’L(l—ﬁg) = H, with h; € L'(RY) N L™(R™)\ {0}, for jeN.

m,s’

We can assume that h; > 0, since K/ * hj < Ko * |hj| pointwisely. We can further assume
that

(4.2) 125lly = 115l =1, for j €N.

This is not restrictive, since we could replace each approximant h; with a rescaled version
given by

h](x) = Aj hj(,uj x), with wi = (

Indeed, we have

L_m_ N
h: N m—1 2
I ]’1) Hs for j€N.

’ )\ = ’

[1725]1m Tl
P A\ ,
dx = WHKS/Q * thpu

1Kol = | ‘ [ o=l 2 s )y

and N N
1Pill = =5 gl hllm = =5 [Rllm,
lu’ 'LLm
for every j € N. This yields

S~ p ’ Np' 9o+ p’ (1-90) /
|Koxhilly W AR L I T Oy 4
s Yoy 1 e (1= 9o 0’ (1—0 '+N (1-9
[ T A VA VA G iy 17 1P 9o || | %)
/
1Ko % hs |2

= / 1719 )
17 1P 9o || | %)

for every j € N.
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Eventually, we claim that it is not restrictive to assume that h; is radially nonincreasing,
for every j € N. Indeed, take p; € LP(RY) with ||¢;||, = 1 such that

1K sy2 % hjlly = /RN j (Ks/2* hj) dr.

We denote with ¢} and h’ the radially symmetric nonincreasing rearrangement of ¢; and hy,
respectively. By using the Riesz’s rearrangement inequality [35, Theorem 3. 7] we get

hi(y) // =) h ()
K h ——————dzxdy < ——————dzdy.
1K p2 o hjlly = CN8/2//RN><RN ‘x_y‘N ST SN2 ]G ]x—y|N s vy

Since [|¢}[|, = 1, passing to the supremum on the right hand side we obtain
K2 % il < (1K % Rl
which proves our claim.
Step 2: the supremum is achieved. Thanks to Step 1 we can assume that h; is a
nonnegative radially symmetric nonincreasing function with ||hj||i = ||hj||m = 1, for every

J € N. By using spherical coordinates, by the monotonicity of h;, we can infer that for every
R > 0 we have

R R
1= |hjll1 > Nwy / &(r)rNtdr > Nwy &(R) / N ldr = wy &(R) RY,
0 0

where &;(|x|) := hj;(x) is the one-dimensional radial profile of h;, for every j € N. Similarly,
we have

1= [|hjllm > wn &(R)™ RY,
that is

1 1 1
(43) sup ’53‘ S wf min {_R]V’ R]V/’ITL} = W(R), for every R > O, ] € N.
(R,00) N

Lebesgue’s differentiation theorem for monotone functions (see [2, Corollary 3.29] for instance)
entails that -
/ |£§(r)] dr <w(R), for every R >0, j € N.
R

By means of a diagonal argument and Helly’s Selection Theorem (see [23, Proposition 19.1c]),
we can extract a subsequence (not relabeled) of nonincreasing functions (&;); converging
everywhere to a nonincreasing function £ in (R, o0), for every rational number R > 0. This
implies that

(4.4) Jlirgo hj(x) = ]lirgogj(]x\) = {(|z]) =: hs(z), for every z € RV \ {0}.

By collecting the previous information, we infer that hg is a radially nonincreasing function
satisfying

(4.5) 0 < hs(z) < w(|z]) = v(z), for every z € R\ {0}.
Observe that
(4.6) v e LYRY), for every 1 < g < m.

By using (4.2) and (4.4), Fatou’s Lemma entails that
(4.7) [hsi <1 and — flAgllm <1,
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thus in particular hs € L'(RY) N L™(RY). Moreover, we have

(4.8) (K2 % hs) (x) = lim (K9 % hy) (z) < (Kgo % v) (z), a.e. v € RV,
j—o0
Indeed, from (4.3) we get the inequality in (4.8) and
h;(y) v(y)
K , — = (K .
( S/Z*hj) (I’) CN7S/RN ’.%'— ’N de— /N ]m—y]N_de ( s/2*v) (l’)

From (4.6) and the properties of the Riesz potential (see [47, Theorem 1, Chapter V)
(K2 % v) (x) < oo, ae. x€RY.

Then, by using (4.4) and Lebesgue’s Dominated Convergence Theorem, we obtain the equality

n (4.8). Observe that, by using (4.6) and Corollary 3.3, we have K,/ * v € LY (RY). By
using Lebegue’s Dominated Convergence Theorem, by (4.8) and by recalling (4.2), we infer
that

1K oys * hsl?)
R0 o )

H

m,s

= fim D [| K+ hy 1B = [ Ko * hallfy <

where in the last inequality we also used (4.7). Then, the maximality of Hy,, ; among functions
in LY(RY) N L™(RY) entails that

sl 70 || hs || (= 00) = 1.

This combined with (4.7) gives that ||hs|1 = ||hs||m = 1.
To complete the proof, we are only left out to prove that every other nonnegative extremal of
(4.1) must be radially nonincreasing up to translations. Assume that hs € LY (RY)NL™(RY)\

0} satisfies equality in (4.1). In light of Corollary 3.3 we know that K * ks € L' (RN),
/
thus we take ¢ € LP(RY) such that

HKS/2 * thp’ = /]RN ¥ (Ks/2 * hs) du.

By using the Riesz’s rearrangement mequahty in strict form [35, Theorem 3.9], we get

Ko *hglly =cns // d dy <// ( )
I /2 ”p N,s/2 RN RN |$7y|N s RN xRN ‘CU*ZJ‘N s

with equality holding only if ¢ = ¢*(- —y) and hs = h%(- —y), for some y € RY. This proves
our claim and ends the proof. (Il

Remark 4.3 (Extremals in Vjs). Under the assumptions of Lemma 4.2, we can infer that
for every prescribed mass M > 0 there exists a nonnegative radially symmetric nonincreasing
function hs pr € Y realizing the supremum in (4.1). More precisely, it is obtained as

hs,M = M hs,

where hg is an extremal of (3.9) provided by Lemma 4.2 (thus satisfying |hs|[1 = 1) with
barycenter at the origin.
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4.2. Euler-Lagrange equation. The Euler-Lagrange equation satisfied by nonnegative ex-
tremals of (3.9) is derived below. We share arguments from [16, Theorem 3.1].

Lemma 4.4. Let 1 < p < 0o and 0 < sp < N. Let m > (p%)'. For every extremal
ho € LL(RN) N L™(RYN) of the HLS (3.9), we have

4.9 A = (K, (ho) — Cs n RN,
(49) 77 = (Kaplho) —c) i
where
K * ho/”, N Ko * hollPs
(4.10) A, = ﬁ*w’ Cs = (1 — Tri) M > 0.
p; ol P} [1720]11
Proof. We set
Ga(h) = Hj, Y 7 5077 — | Ko« h|,  for he LL@®YN) 0 L™(®RY)\ {0},

where H;, o and g are respectively given by (4.1) and (3.10). Let hg be as in the statement.
We shall make perturbations of hg that preserve positivity. We take ¢ € C’(‘)’O(RN ) and set

1
(4.11) Y = hy, gp 1= W, he :=ho+e >0, for 0 < |e| < eo.
By the optimality of hg, we have
Gs(he) > G(hy) =0, for every 0 < |e| < e,

this entails that

d
(4.12) —| Gs(he) =0

de|._g c
We have
(4.13) Galhe) = Hp, ,lho + e lI% 7 |[ho + e |12, 00 — ||, g % (ho + € ).

We expand to the first order, with respect to the variable €, the three integral terms appearing
in the rightmost term. For the first one, it is clear that

/ (ho—i—aw)dx:/ hodm—i—s/ wdx, for 0 < |e| < ep.
RN RN RN

For the second integral term, we have

1
(ho + &)™ — by = 5/ m (ho 4+ et )™ e dt, a.e. in RY, for 0 < |¢] < ep.
0
By integrating over RY, dividing by ¢ and using Fubini theorem we obtain
h m __pm 1
(4.14) / (ho + 2 )™ = hg dx:/ A1) dt,
RN € 0

where we set

%(t):m/ (ho +et)™ 1 du, for ¢ € [0, 1].
RN
By Hélder’s inequality and (4.11), we infer that

2] < m|ho+ et Yl [Ellm < m (16]lm + 0 [9llm) ™ (18 ]lms for ¢ € 10, 1,
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for every 0 < |e| < g9. By using Lebesgue’s Dominated Convergence Theorem in (4.14)
/ (ho +ey)™ da::/ hglda:—i-e/ m by~ Y da + o(e), as e — 0.
RN RN RN

For the third integral term, we have a.e. in RV the following identity
1

(Kyz*mﬂ+aw»ﬂ——u@m*h@”::mfA (Koo * (ho+et))’ ™ (Ko ) dt,

for 0 < |e| < e9. By integrating over RV, dividing by & and by Fubini’s theorem

(4.15) /R 1[(K8/2*(h0+e¢))p’_ (Kjo % ho)” | d = /0 '

N &

where we set
() = pf/ (Koo # (ho+ ) "  (Kyp #) dz,  forte [0,1].
]RN

By Hélder’s inequality and the HLS-type inequality (3.9), we get

14
| ()] < P 1Kz % (ho + et )| ) 1K 2+ ¥y

2 9, 2 (1-10) B
<p Hp llho +et gl lho + et [Roe Tl [ e

where Hy, o and g are respectively given by (4.1) and (3.10). By Minkowski’s inequality, we
further have

* iﬁ v 1-9 _
()] < p H, g (lholly + 20 1€10) ™ ™ (Ihollm + €0 [0 ]lm) > O 170 ]l

for t € [0, 1], for 0 < |e| < g9. Thus we can use Lebesgue’s Dominated Convergence Theorem
in (4.15), obtaining

/ (K2 % (ho + aw))p/ dr = / (Ko * ho)p/ dx + 5p’/ (K2 * ho)pL1 (K2 % 1) da + o(e)
RN RN RN

:/RN (Ks/Q*hO)p de+ep' /]RN K/ * (KS/Q*ho)pfl Ydx+ o(e),

as € — 0, where the last identity follows from Plancherel’s theorem. By collecting the previous
asymptotic expansions and by using that

|Koyo+ ol

o[22 o[, ")

*
m,s

from (4.13) we get

Ks * h pi KS * h p:
e=0 [holl1 RN [[hol[77 RN

d

de

—p / Ko % (Ks/2 >|<ho)p/_1 Ydx.
RN

By recalling (4.11) and (4.12), this entails that

1Ky /2 % hollPs 1Ky 2 % holl?, ,
/ PO — 2 I (1 — ) 2 O et K (K g 4 ho)? | g ho da = 0,
- holl hollm



16 FRANCESCO BOZZOLA AND EDOARDO MAININI

for every ¢ € C§°(RY). By the positivity of hy on its support (which is either a ball or RY,
as a consequence of Lemma 4.2) and by recalling the expression of ¥y given by (3.10), we
obtain

(4.16) in supp(ho).

*
S

" Kg9 *h p: ! Kgoxh p:
! 1 Eaj2 x Polly ! = Katho) — (1- ) 5.2 % holl
Pt lholli [[7olly

In order to deduce a condition outside the support of hg, we take any nonnegative function
¢ € C(RN)\ {0} and set
he :==ho+ep, fore>0.
Since ¢ > 0 and € > 0, we have h. > 0 thus by minimality of hg for G we infer
he) —G(h
1o Ghe) = Glio)

e—0t €

> 0.

By arguing as before, we get

1Ky 2 % hollPs 1Ky 2 % holl7, ,
/ P 0y 2O (1) S I et ek (K x ho) Y| pda > 0,
RN holl1 hol[z

for every nonnegative function ¢ € C§°(RY). This entails that

| Koj2* holly |
(4.17) P 9o S’/hoHlp —p' Ko % (Kgyo % ho)” ™ (z) >0 in supp(ho)°©.
The proof is thereby complete, in light of (4.16) and (4.17). O
Remark 4.5. We can express the constants As and Cs in (4.10) in terms of Hy, ;: we have
m’ , <Hhum>1” (3-1) ( m) - <HhHm> o
Ay = 2 gx || (Lm o= (1= ") mE gyt (M .
S p: m,s || ||m ”hHl s pz m,s || ||1 Hhul

4.3. Regularity properties. Next we show that any extremal of the HLS inequality (3.9)
has compact support and it is bounded. We rely on a bootstrap argument based on the
combination of the HLS inequality (3.5) and Lemma 3.1.

Lemma 4.6 (L°>°—bound and compactness of the support). Let 1 <p < oo and 0 < sp < N.
Let m > (pt)'. For every extremal hy € LY (RY) N L™(RYN) of the HLS inequality (3.9), we
have that hs € L (RN). Moreover, the support of hs is compact.

Proof. We start by proving that supp(hs) is compact. Recall that by Lemma 4.2, the function
hs is radially symmetric and nonincreasing, thus the support of hs and its superlevel sets are
either balls or RY. By contradiction, assume that supp(hs) = RY. Our assumptions entail
that h, € L®P)'(RY) and so, by using twice the HLS inequality (3.5), we infer that K (hs) €
LPs (RN). We claim that lim, o K p(hs)(2) = 0. Indeed, since hy is a nonnegative radially
symmetric and nonincreasing function, so is the function K p(hs), see [13]. By spending the
previous information, we get

(4.18) Kop(hs) (@) wy [a] ¥ < Kop(he) ()P dy < | Ky % by

P
D3’
Be|
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yielding our claim. In particular, we infer that {Ks ,(hs) > Cs} = Bp, for some 0 < Ry < oo,
where Cs > 0 is given by (4.10). Then, by using (4.9), we get that hs = 0 on RY \ Bg,, which
is a contradiction.

We now prove that hy € L®°(RY). We set m; := m and distinguish two cases according to
whether smq > N or sm; < N.

Case 1: smy > N. Since hy € LY(RY) N L™ (RY), in particular hsy € L"(RY) for every
1 <r < N/s. By Corollary 3.3, we infer that

KS/Q*hSELQ(RN), for every N/(N —s) < 0 < o0,
and so
(Kyjp * hs)? ~1 € LIP-D(RN), for every N/(N — s) < 6 < oc.

Since sp < N, we have
lim (p—1) < N/s.

0—

N—s

These considerations entail that
(K2 * ho)?' =1 e LOYRN) N L2 (RY), for some 6; < N/s and 03 > N/s.
By Lemma 3.1, we then obtain Ky * (KS/Q * hs)p,_l € L>®(RY). In turn, from the Euler-
Lagrange equation Lemma 4.4, we conclude that hy € L®°(RY).
Case 2: smj < N. Since hy € LY(RY) N L™ (RY), from the HLS inequality (3.5), we infer
that K5 * hs € L"(RY) N LS (RN), for every N/(N —s) < r < (mq)%. This entails that
(Kyjg * hs)?' =1 € L'P=D(RN) o L) p=1(RN), for every N/(N —s) <r < (my).

If (m1)% (p—1) > N/s, by arguing as in Case 1, we conclude that hy € L°(R"Y) and we stop.
If otherwise (m1)% (p — 1) < N/s, by the HLS inequality (3.5) we infer

Kyjg# (Ko * hs)p/_l e ((m); (P—l))E(RN)_
In turn, from the Euler-Lagrange equation, this implies that
hs € L™2(RY),
where we have set
N(m-1)(p—1)m

meo 1= (m — 1) ((ml): (p - 1)): = N —spmy

and observe that mg > my, being this condition equivalent to m > (p%)’. In general, let
k € N\ {0} and assume that m; < N/s for every 1 < i < k. We define

N(m—-1)(p—1)my
N —spmy, '

(4.19) mpq1 = (m—1) ((me)s (p — 1))5 =
We want to prove by induction that mgy; > my. Our inductive assumption reads as
(4.20) mip1 > my, forevery 1 <i <k —1.
Since m > (p%)’, we have

(N—sm)p (N—smy)p _ (N—smy)p

"TNGp-1) C Np-1)  Np-1)
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where in the last inequality we used (4.20). In particular

(N —smy)p
m>-—————— <= Mgyl > Mg,
N(p-1) *
as we can infer by recalling (4.19). We now claim that
(4.21) lim my, = +oo.
k—o0

This would entail that for some k we must have myz > N/s, thus, by arguing as in Case I,
this would also end the proof. Since m; > m, we have

N -1 -1 N -1 -1
Meg+1 (m ) (p )> (m ) (p ):@ for every k > 1.

)

M N — spmy - N —spm my

Moreover, as we have already observed

™1l = m> (pty
my
The last two facts entail that
m
liminf —tL > 1,
k—oo Mg
and so our claim (4.21). O

In the next lemma, we can readily adapt the argument of [19, Theorem 8] to infer Holder
regularity for extremals of (3.9).

Lemma 4.7 (Holder regularity). Let 1 <p < oo and 0 < sp < N. Let m > (p%)’. For every
extremal hs € LY (RY) N L™(RN) of the HLS inequality (3.9), we have

o for0<s<1/2

hs € COLRY), if m < 2,
hs € CO w1 (RY), if2<m<m,
he € CO(RY), if m* <m,
2—-12s 2s
h * = d .
where m 15, " VE(O,m_2>
o fors>1/2
1
hs € COV(RN), whereq/:min{l,}.
m—1

Moreover, hg has C*°—regularity in the interior of its support.

Proof. First, we assume 0 < s < 1/2. We will take advantage of the embeddings between
Bessel potential spaces, fractional Sobolev spaces and Holder spaces. We briefly recall that
for 1 < ¢ < oo the fractional Sobolev space W*4(RY) is given by

WI(RY) = {u € LYRN) : [ulyeam) < oo} :
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where [ - ]yys.ay) denotes the Gagliardo-Slobodeckil seminorm

1
[u ]WW RN) = // —( I dxdy "
)T RN xRN ‘x - y‘N+Sq

The Bessel potential spaces £59(R™), where 1 < ¢ < oo, are defined through the Fourier
transform, see for instance [47, Section V.3], [52, Section 2.2.2], [45, Section 27.3]. They can
be characterized as

LY9RYNY = {ue LYRY) :u = K)o * h, for some h € LYRM)},
see for example [46, Theorem 2| (or also [45, Theorem 26.8, Theorem 27.3]). By recalling [47,

Theorem 5, pag. 155] and [22, Theorem 4.47], the following continuous embeddings holds
true:

(4.22) L5YRN) — WI(RN), for ¢ > 2,
and
(4.23) WHRN) — COY(RY), where v = s — N/q, for ¢ > N/s.

Let hs be as in the statement. By Lemma 4.2, we can assume it is radially nonincreasing. By
Lemma 3.1, Lemma 4.4 and Lemma 4.6, we have that

(4.24) hy € L'RM)NL®RY)  and K joxhs € LYRY), for every N/(N—s) < q < oo.
In particular, since N/(N —s) < N/s for every 0 < s < 1/2, we have that
Ko hs € L5YRN), for every ¢ > N/s.
In view of the embeddings (4.22) and (4.23), this entails that
KS/Q*hSGCO’V(RN), where v = s — N/q, for ¢ > N/s.

Since hs is a nonnegative radially nonincreasing function, so is of K/, * hs (see [13]). By
reasoning as in (4.18), we then infer that lim|, (K2 * hs)(2) = 0. Moreover, the function
K3 % hs attains only strictly positive values, and so it is bounded away from zero on compact

sets. For these reasons we get (Ko xhg)P'~1 € C’loo’z(RN). Then, by taking into account (4.24)
and the identity
(_A)S/Z Ks,p(hs) - (KS/Q k hs)plil iIl RN,
we are in position to apply [44, Corollary 3.5]. This yields the Holder estimate
(025)  [Kap(ho)llcnmseqzy < € (IKnplra)lloe ) + 1Ko heP o)

for a constant ¢ = ¢(N,s) > 0 (notice that since s < 1/2, then v + s is not an integer as
v =s— N/q). By suitably rescaling the last inequality, we get

1K s p(hs)ll oo (B a) + B [Ksp ()| comrts (B4 )
< ¢ (IKsp(h)llpo ey + B I(Kopa 5 hol? M noe gy + B (Koo bl oo (5y)
for every R > 0. In particular, this entails
(4-26) H’CS,p(hS)”COvWS(BR/Q) <C (H]Cs,p(hS)HLOO(RN) + H(Ks/Z * hs)leHCO»V(BR)) )
for a suitable constant C' = C(N, s, R,~) > 0, and so
Ksp(hs) € CO’VJFS(BR/Q), where v = s — N/q, for ¢ > N/s.
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From the Euler-Lagrange equation provided by Lemma 4.4, this entails that
e 007’Y+S(BR/2), for every R > 0.

By using the fact that hs has compact support, we infer
1
(4.27) hy € COOFTIYRN), where a = min {1, 1} and v = s — N/q, for ¢ > N/s.
m —

Now we distinguish three cases.
Case 1: (pf) < m < 2. By using (4.24) and (4.27), from [44, Corollary 3.5] we have that
Ks/2 * hs € Cloo”y+2S(RN)a

C
if v+2s is not an integer. Since K3 *hs is bounded and bounded away from zero on compact
sets, as before we deduce
(KS/2 % hs)p -1 e CO,’Y+25(RN).

loc

If v+ 2s > 1, we get (K9 * he)P' 1 € CIOO’E(RN) and so also s, (hs) € C’IOO’CI(RN). Thus,
in light of Lemma 4.4, using that m < 2 and the compactness of the support of hs, we get
hs € COY(RYN) as desired. On the other hand, if v + 2s < 1 we newly apply [44, Corollary

3.5] and (4.26) obtaining that
Ksp(hs) € CRIT(RY),

loc
if ¥ 4 3 s is not an integer. Observe that we gained 2s derivatives starting from (4.27), and
the gain in regularity depends therefore on s but not on p. In other words, the regularity
gain provided by the nonlinear potential K, does not depend on p and it is the same of the
linear potential Ky 2. Thus, the proof gets reduced to the case p = 2 which is given in [19,
Theorem 8]. For this reason, we just sketch the conclusion of the argument, omitting some
details. We take an integer j > 1 such that

1 1
4.28 Y <s< -,
(429 2 +1) 2]
and set v; ==+ (j —1)2s = 2sj — N/q, where ¢ > N/s is choosen large enough so that
1—-2s < v; < 1. This is a feasible choice thanks to (4.28). By iterating the previous argument
J times starting from (4.27), we get K, ,(hs) € C&ZﬁQs(RN) C Cloo’cl(RN), being v; +2s > 1
by construction. By using the Euler-Lagrange equation provided by Lemma 4.4 and the
compactness of supp(hs) from Lemma 4.6 and since m < 2, we conclude that hy € CO1(RN).

Case 2: 2 < m < m*. Starting from (4.27), we can improve the Holder regularity of hg by
a bootstrap argument, as in the previous case. We give the details of one iteration, in order
to clarify that the same argument used in the proof of [19, Theorem 8] still holds. In light of
(4.24) and (4.27), we can apply [44, Corollary 3.5] to infer that
, Oym
(Koo xhe)’ e O

loc

RN, where v = s — N/q, for ¢ > N/s,
if (v 4+ s)/(m — 1) + s is not an integer. By newly applying [44, Corollary 3.5], we obtain

07 Y+s 42
Keop(hs) € CLm 177

loc (RN)7

if (y+s)/(m—1)+2s is not an integer. By reasoning as in the previous case, if y+2s/(m —
1

1) +2s > 1, we have B! € COY(RY) and so h, € C*#»-1(RN). On the other hand, if

v+2s/(m—1)+2s < 1, by always using the Euler-Lagrange equation provided by Lemma
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+s
4.4 and the fact that hs has compact support, we obtain h™~! € C’O’hHS(RN), which

entails that
v+s 2s

(m—17 "

if (y+s)/(m — 1)+ 2s is not an integer, where v = s — N/q, for ¢ > N/s. In general, by

iterating this argument following [19, Theorem 8|, we can improve the Holder regularity of
1

hs to infer that K1 € CO1(RN), which yields hy € C%m-1(RN), as desired.

hs € CO(RY), where v = )
m—1

Case 3: m > m*. We can proceed with the same bootstrap argument, however without
reaching Lipschitz regularity of R7~1. We observe that [19, Remark 2], to which we refer,
still holds and gives the desired result.

In order to conclude, we observe that the case 1/2 < s is simpler than the case 0 < s < 1/2
and can be treated in the same way, up to some minor modifications, as done in [19, Theorem
8]. Eventually, by using the same argument of [19, Theorem 10], from Lemma 4.4 and Lemma
4.6, we obtain the C'°°—regularity of hs in the interior of its support. O

We end this section by remarking that the extremals of (4.1) are always in W1H1(RY):

Corollary 4.8. Let 1 < p < 0o and 0 < sp < N. Let m > (p%)'. For every function
hs € LL(RY) N L™(RY) attaining the supremum in (4.1), we have hy € WHHRY).

Proof. The desired conclusion follows from Lemma 4.2, Lemma 4.4 and Lemma 4.6 by arguing
as in [28, Proposition 2.10]. O
5. MINIMIZERS OF THE ENERGY FUNCTIONAL

In this section, we analyze minimizers of functional F, over Yy, thus concluding the proof
of Theorem 2.1. We start by considering the diffusion dominated regime, that is the case
m > me.

Proposition 5.1 (Diffusion dominated regime). Let 1 < p < oo and 0 < sp < N. Let
m > me and let x, M > 0. Define the functional

m—me

! (m—1
1Kz % pl7y Y

Y2 p— Ap) =

me—1)

ol

which is invariant by mass-invariant dilations. Let moreover

m—1 me

l‘i L & m—mec pfl mf:nlc mc p— m
o\ J2 m—1 )"

For every p € Yy, there exists a unique positive number \(p), called the optimal dilation
factor of p, such that

Fsp(p?) > ]-"S,p(p)‘*(p)) =k A(p) for every A >0, with equality only if A = \c(p).

It is expressed as

PR N
ML AR
v ol

(5.1) Al(p) = <
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Proof. Let p € Vas. For A > 0, we consider the function given by
AN (m—1)

N . )\N (me—1
m—1

m X /
(5.2) A fo(N) 1= Fap(p?) = | ) = 1Koz Pl

Recall that, since 1 < p < N/s, we have N/(N — s) < p' < oo, thus m. = p/(1 —s/N) > 1.
By optimizing with respect to A, we get

d 1 N (m.—1) x 1 /
63 SFE) = NN M DX el < 0,
The unique extremal is given by (5.1). Clearly, at A.(p), the function given by (5.2) attains
a global minimum, and notice also that we have

li (P = d lim F, ,(p") = 0.
im_ Fyp(p?) =+o0  an lim Fsp(p7) =0

A—400

Furthermore, by using (5.1) we can write

m—1 me—1

T () — 1 X K5 /2 *PHZ e m_ X [ X K52 *PHi/ e K o
sp(p™ ) = 1| o — lollm = S| o 1 Ksy2 * plly
m—1\ps el P \p; el
=k A(p) <0,
where A and k are defined as in the statement. O

For the fair competition regime, that is m = m,, we have the following two sided-estimate
for the energy, which extends [6, Proposition 3.4].

Proposition 5.2 (Fair competition regime). Let 1 < p < oo and 0 < sp < N. Let x, M > 0.
For every p € Yar, we have

X pr* "N /s . X ‘N ' .
3 H (MEN = MR )l < Fuplp) < 5 Hr oy (MEN 4 M5 )
where Hy, o is given by (4.1) and M. is given by (2.5).

Proof. For every p € Vs, by recalling (4.1), we get

me
_ el

fszp(p) - m. — 1

X * ! S c
- X M) Il

=2y, (MEN - MR ol

/ me,s

X ' 1
- X ol > (=

where M, is given by (2.5). On the other hand, by recalling (2.2), we also have
X * N /S
Fuplp) < 5 o (MEN 4 M7 ) 117
which yields the claimed estimate. O

We can now recognize the infimum of the energy functional F;, on V), corresponding to
different values of the diffusion exponent m. This is the content of the following proposition.
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Proposition 5.3 (Infimum of Fs ). Let 1 <p < 00, 0 < sp < N and let x > 0. For every

M >0, we have
.

—00, if 1 <m < me,
inf Fsp(p) = 9 vs, if m=me,
PEYM
| Hs if m > me,

for some ps = p(N,p,s,x,m, M) <0, where vs = vs (N,p, s, x, M) is given by
0, if0 < M < M,,

—00, if M > M.,
being M. the critical mass introduced in (2.5).

Proof. As in the beginning of the proof of Proposition 5.1, we take p € Vs and consider the
function f,(A) := Fsp(p*), A > 0, whose expression is given by (5.2) for every m > 1.

If 1 <m < me, by sending A\ * oo we infer that, for every M > 0,

pie%ifM Fsp(p) = /\h_fgo fo(A) = —oc.

If m > m,, from Proposition 5.1 and by recalling (2.2) and (3.10), we get

% B ||Ks/2 *PHg/ . ”Ks/2 *pHg/ B Mp/,go ”Ks/2 *pHg/
) Sl My plf = )

(5.4) A(p) — =
15T i1d

[lollm

Since m > m, > (p%)’, the Hardy-Littlewood-Sobolev type inequality (3.9) entails therefore
that

sup A(p) € (0, +00)
PEYM

for every M > 0. In turn, by Proposition 5.1

inf Fo,(p) = inf (kA(p)) = A
nf Faplp) = inf (5 A(p)) n sup (p)

since k < 0, thus

ps = (N, p,s,x,m, M) := inf Fs,(p) € (—,0).
PEYM

If m = m., we need to distinguish two cases.

Case 0 < M < M.. We take p € Vi and test the energy F;, with its mass invariant
dilations p* given by (1.5). By the change of variable formula, we have

ol = AV Dlplme, for A0,
Since m,. > 1, using Proposition 5.2 and sending A\ N\, 0 we get

(5.5) Jnf Faplp) = lim Fsp(p ) =0.



24 FRANCESCO BOZZOLA AND EDOARDO MAININI

Case M > M.. Let hg be the unit mass extremal (with barycenter at the origin) of the
HLS-type inequality (3.9), provided by Lemma 4.2. We set for every A > 0

pa(x) := M AN hy(Ax) € V.
By recalling (2.2) and (2.5), we have

”p)\”% X P’ 2Nme.—N M X \(N=s)p'—N 70" 17+
‘FS»P(IOA) = mc_l _Z?HKS/Q*’OAHPI :A mc—l _Z?)\ M Hm675
:)\p’(N—S)p;;MP' 1 - 1 _| <o,
p/ Ms]s s]g
C
from which, by sending A — oo, we get the desired conclusion. O

Remark 5.4. By the previous proposition, we infer that there are no minimizers in )y, of the
energy functional F;, in the aggregation dominated regime m € (1, m.), whatever the value
of the mass M > 0. In the fair competition regime, m = m,, still there are no minimizers in
Y for prescribed mass M € (M., 00). Also for values of the mass M € (0, M,), there are no
minimizers of Fj, in Yy, in light of the leftmost inequality in Proposition 5.2.

Remark 5.5. By inspecting the proof of Proposition 5.1 we can infer that, for every m > 1,
any critical point p of F , necessarily satisfies the relevant identity

X /
(5.6) EIIKs/z * Pl = lloll-
S

Indeed, (5.2) holds for every m > 1. Therefore imposing criticality of p only with respect to
mass invariant dilations, i.e. imposing (5.3), yields (5.6). Notice that if 1 < m < m, then
p is a maximum, and not a minumum, in the family {p*},>o. Notice also that, in the case
m = me, (5.6) is equivalent to Fs ,(p) = 0.

Next, we discuss the relation between extremals of (3.9) and minimizers of F,,.

Corollary 5.6 (Extremals HLS vs minimizers of Fs ). Let 1 <p < oo and 0 < sp < N.

Let m > me and let M > 0. If ps € Vi attains the infimum of the energy functional
Fsp, among functions in Yy, then ps is an extremal of the Hardy-Littlewood-Sobolev type
inequality (3.9), that is ps attains the supremum in (4.1).

Viceversa, for m > me, if M > 0 and ps € Yy is an extremal of the Hardy-Littlewood-
Sobolev type inequality (3.9), then its optimal dilation, in the sense of Proposition 5.1, attains
the infimum of Fsp, over Yar. If m = me and ps € Y, is an extremal of the Hardy-Littlewood-
Sobolev type inequality (3.9), then ps is a minimizer of F,p over Vi, .

Proof. Assume first that m > m., M > 0. Let p, € Yy be a minimizer of F;, over V.
By Proposition 5.1, we infer that ps maximizes A among functions in Yas, where A is the
functional defined therein. In particular, by Remark 4.1 and by (5.4), ps is an extremal of
the Hardy-Littlewood-Sobolev type inequality (3.9). On the other hand, let ps € Vi be an
extremal of the Hardy-Littlewood-Sobolev inequality (3.9) (existence of an extremal in Vs
is guaranteed by Remark 4.3). Therefore it also satisfies

Aps) > A(p) for every p € Y,
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in view of (5.4) and Remark 4.1. Its optimal dilation in the sense of Proposition 5.1, which
is still an extremal of (3.9) in light of Remark 4.1, is given by

o= 2,

for Ai(ps) as in (5.1). We claim that p; minimizes the energy functional F,, among all
functions in YV;s. Indeed, for every p € Yy, by using the maximality of p,, the invariance by
dilations property of A and Proposition 5.1, we have

Fop(Ps) = FoplpdP?)) = k A(ps) < 6 A(p) < Fsp(p)

where the first inequality comes by recalling that x is negative. This proves the claim.
If m = m,, take any minimizer ps € Yy, of Fs ) over Vy,. By Proposition 5.3 we have
fs’p(ps) = 07 that iS

1
me — 1
By recalling (2.5) and (4.1), this entails that

Me __

X /
(5.7) lPsllm = 5 a2 % pslly-

K./ * p:
s Koo pelly

p's Me,S?
M | ps|me
as desired. On the other hand, let p; € Vs, be an extremal of (3.9). Then, always by recalling

(2.5), (5.8) implies (5.7) that is Fs p(ps) = 0, proving that ps minimizes Fy ) over Yy, in view
of Proposition 5.3. O

The equation satisfied by the global minimizers of F,, provided by Corollary 5.6, reads
as follows.

Lemma 5.7. Let 1 <p < oo and 0 < sp < N, and let x,M > 0. For m > mc, if ps € Y
is a minimizer of Fs, over Yy then it solves

m _ .
(59) mpqsn 1_ (X ’Cs,p(ps) - Ds>+ m RN7
with
p* _ m/ p* _ m/ X /
(5.0 D= (B ol = (™) X1 <l

In particular, it is bounded with compact support, radially nonincreasing, W (RYN) and sat-
isfies the Holder regularity properties of Lemma 4.7. The same holds for m = m., by taking
M = M,.

Proof. Let ps € Yy be as in the statement. By Corollary 5.6, we have that ps is an extremal
of the Hardy-Littlewood-Sobolev type inequality (3.9). In light of Lemma 4.4, it satisfies
(4.9). If m > m,, Proposition 5.1 implies that p, coincides with its optimal dilation, i.e.,
Ai(ps) = 1, where A, is given by (5.1), so that (5.6) holds. If m = m,, then Remark 5.4 and
Lemma 5.3 imply M = M, and Fsp(ps) = 0 which in turn directly yields (5.6). By inserting
(5.6) in (4.10), we see that (4.9) becomes (5.9)-(5.10). By Corollary 4.8, Lemma 4.6 and
Lemma 4.7 we then infer the desired conclusions. O
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Remark 5.8. For future purposes we record the following identities, valid for m > m,, involv-
ing the constant Dy appearing in the Euler-Lagrange equation (5.9) satisfied by a minimizer
of Fsp over Yy:

* !/ * / * !/
pE—m pi—m'\ x ' ps —m'\ (me—1)(m —1)
D, = (SM )rpsn%: (SM )WHKS/Q*psng,:( S ) Funlps).

B Me — M

which follows from (5.10) and the definition of F .

Remark 5.9. The conclusion of Lemma 5.7 holds also for continuous radially decreasing
critical points of F, over Yy in the case (p})’ < m < m.. These are defined as continuous
radially decreasing solutions to (5.9), with Dy still expressed by (5.10). Indeed, a first varia-
tion argument along the line of Lemma 4.4 proves that the Euler-Lagrange equation that is
necessarily satisfied by a continuous radially decreasing critical point p of F ,, constrained to
Y, is of the form (2.6), for some suitable constant Q having the role of Lagrange multiplier
for the mass constraint. Moreover Q necessarily coincides with Dy from (5.10) in view of the
criticality condition (5.6). Existence of such critical points, for every mass M > 0, is deduced
from the existence of radially decreasing extremals of the HLS inequality (3.9) having mass
M and satistying (5.6), which is guaranteed by Lemma 4.2 and Remark 4.1: notice indeed
that an extremal of mass M satisfies (5.6) after taking a mass invariant dilation (thus pre-
serving extremality), see Remark 5.5. A HLS extremal having mass M and satisfying (5.6)
does satisfy (5.9)-(5.10), thanks to Lemma 4.4, as seen by plugging (5.6) in (4.9)-(4.10). The
further regularity of such critical points is then deduced in the same way starting from the
Euler-Lagrange equation, see Lemma 4.6, Lemma 4.7 and Corollary 4.8.

Proof of Theorem 2.1. The first part of Theorem 2.1 follows by Lemma 4.2, Lemma 4.4,
Lemma 4.6 and Lemma 4.7. The second part follows by Corollary 5.6 and Lemma 5.7. g

6. THE LIMIT s — 0

This section is devoted to study the asymptotic behavior of the minimizers ps, provided by
Corollary 5.6, as s tends to 0. Since the critical exponent m,. given by (2.2) tends to p/, as s
goes to zero, we need discuss separately three cases according to whether m < p', m = p’ or
m>p.

If m < p/, we have m < (p}) for s small enough. By Proposition 5.3, we get inf,cy,, Fsp =
—oo thus there are no minimizers of F;,, and not even stationary states obtained from
extremals of the HLS inequality according to Remark 5.9. The case m = p’ (that we call
the limiting fair competition regime) will be discussed in Section 6.3. The limiting diffusion
dominated regime m > p’ is the most interesting one and it will be treated in the first part
of this section. The main property is contained in Theorem 6.7 below: we will prove that if
m > p', any family of minimizers (ps)sc(o,n/p) Of the free energy functional F ), provided by
Corollary 5.6 strongly converges as s \, 0 to the unique minimizer in Y, of a limit functional
Fo. In addition, Fs, I'-converges to Fo on Yy, with respect to the strong convergence in
LY (RN), see Proposition 6.8.

6.1. The limit functional. Concerning the limit functional Fy defined by (2.7) we have the
following
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Proposition 6.1. Let 1 < p < oo and m > p'. There exists a unique radially symmetric and
nonincreasing minimizer of Fo in Yy, given by

L 1
X mfpl M p m—p’
(6.1) po(z) = (p> Lpg, (2), where Ry = ( <>
Proof. Let p € Yy and let py be its mass invariant dilation given by (1.5). We have

z|=

WN \ X

)\N(mfl) % , ,
A m _ X yN(p'-1) P
Fale®) = ol = SN D),

and

d m—1)— m X /—1)— / ! —1)— m—p’ m X /
ﬁfo(PA)ZNAN( b 1||P\|m—?7\7)\N(p D pllp, = N AN D=1 AN p)HPHm—EHPHZ :

for A > 0. By optimizing in A, we find that

1
' (m—p")
x el \ ™
(6.2) Mlp) = X ,
p ol

is the unique global minimum of A — Fy(p*), for A > 0. We then have
Fo(p?)) =k Alp),

where
/ m—1
m—1 7
m—p’ ol ™"
K=— <X> ’ and A(p) = Hupﬁ.
p P
lpllm ™

In order to minimize the functional Fy on YVj; we can equivalently maximize A. Moreover,
by symmetrization, we can look for maximizer of A in the restricted class of

jJVM :={p € Vi : p is radially symmetric and nonincreasing} .

By using Holder’s inequality, we get that for p € 37M

’
m—p p—1
m—

/ / m =——=
Ipllly < M==T [lpllm ™" <= Alp) < M,

and the equality is satisfied by a function pg if and only if po(z) = ¢ 1p(x), for some measurable
set F C RN, see [35, Theorem 2.3 (ii.b)] for example. Since py € Yy and by using that
llpoll1 = M, we infer that F' = Bp, for some R > 0, and ¢ = M/|Bg|. Moreover, since pg
minimizes F( it must coincide with its optimal dilation given by (6.2), i.e. Ai(po) = 1. This
entails that
m—1
p\m—r MM
== (1) G

from which we infer (6.1). O

In the next result we infer information on the limiting behavior of the minimum value of
Fsp, by testing the energy F, , with pg.
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Corollary 6.2. Let 1 <p<oo and 0 < sp < N. Let m > p’ and let x, M > 0. If ps € Yy
is a minimizer of Fsp, over Yar for every s € (0, N/p), then we have

limsup Fs,(ps) <0 and limsupD; >0

s—0 s—0

where Dg > 0 is the constant related to ps appearing in Lemma 5.7.

Proof. Let pg be as in Proposition 6.1. By using Theorem 3.4, we have
lim [[ K2 % po — pollr = 0-

By the minimality of p; and by using the explicit expression of pg, this entails that

m—1 p' -1

imsup F i M (x\m X (x\m
| < lim F = a - M A
P sp(ps) =50 sp(P0) m—1 (p) P <p> <0

where the last inequality follows since m > p’. By recalling Remark 5.8, we also get the
announced asymptotic behavior of D;. O

Remark 6.3. Concerning the limit functional Fy in the case m = p/, for any M > 0 it is
clear that infy,, 7o = 0 if 0 < x < p and that infy,, Fo = —oo if x > p. These properties
are obtained by taking dilations p* for any given p € Yj; and by sending A to +o00 and to 0,
respectively. The infimum is not realized, except for the trivial case p = x.

6.2. The limiting diffusion dominated regime. Next, we discuss the limiting behavior
of the minimizers for s \, 0, in the case m > p/.

Proposition 6.4 (Equiboundedness of ps). Let 1 < p < oo and 0 < sp < N. Let m > p/
and let x, M > 0. Let ps € Y be a minimizer of Fs, over Yar for every s € (0, N/p). Then
there exists so € (0, N/p) such that

sup || psloc < 00 and sup |[ps|lm < oo.
s€(0,s0) s€(0,s0)

Proof. From Corollary 5.6 and Lemma 5.7 we know that pg is a radially symmetric nonin-
creasing Holder continuous function. This yields that

M

— f e RV \ {0},
on ™ or every x \ {0}

(6:3)  lpslloo = ps(0)  and  ps(z) <

for every s. The first fact is clear, and the second one follows since we have

vz [
B

psdy > / p(x) dy = ps(x) wy ||V, for every = € R \ {0}.
B

|| |
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By using the Euler-Lagrange equation (4.9) and Holder’s inequality we get

m/

gszOYWJfEB;m*(Kgu*pJﬂ’VO)

o -1 o -1
= CN,s/2 / ly[*=N (Kspoxps)” ™ (y)dy + CN7s/2/ ly[*=N (Ko xps)” ™ (y)dy

B B
/

Nwp =
1Ko % ool

(N=s)p+N
NWN p'—1 p'—1
mﬂs HPsH(p;)u

where in the last line we used Lemma 3.1 with data g := 1 and r := oo and the HLS inequality
(3.7). By spending again (6.3), we infer

/ pgp:)ldx:/ pgp:>’daj+/
RN By B

By collecting the last two inequalities, we get

m/ _ Nw I
" <o () (M 4 pu(0)

NU)N ’_
< CN,s/2 (S) ||Ks/2 * pSHé)o ! + CN,s/2

Nw I
< CNs/2 (SN> (s M + B ps(0))P " + CN,s/2

y o M\ PF) 1
42 dz < wn pe(0)P) 1 <> 1

c
1

Nuwy HY ™! w2y M #Y L "
NSNS+ N (pS(O) Nex)  N@y-n)

By contradiction, we assume now that

lim sup ps(0) = 400,

s—0

and we divide both sides of the previous inequality by pS(O)p/_l. We get

m’ ., Nw as M -1
—ps(0)"F §CN,s/2< N> < s +Bs>

X S PS(O)
/ *\/ E
. Nwy Hg -1 N M ®3) ps(o)f(p;‘)’ »3)’
C e w — .
NNy + N \"N T oy ) N () - 1)

By taking the limsup as s N\, 0 on both sides of the last estimate, we get that the leftmost
term diverges to +oo, being m > p’. On the other hand, by recalling the asymptotic behaviors
of a, Bs, Hs and ¢y 5/2 given respectively in Lemma 3.1, Corollary 3.3 and formula (3.1), we
infer that the rightmost term stays finite. This yields a contradiction and so there must
exist so > 0 such that S := sup,¢(g ) ps(0) < oo. We conclude the proof by observing that
we can also infer the equiboundendness of ||ps||m for s € (0,sp), since we have ||ps||m <

Swr M %, for s € (0,s0), in light of the interpolation inequality in LP spaces. O
Proposition 6.5 (Equiboundedness of supp(ps)). Let 1 < p < oo and 0 < sp < N. Let

m > p' and let x, M > 0. Let ps € Y be a minimizer of Fs,, over Yy for every s € (0, N/p).
Then there ezist so € (0, N/p) and Ry > 0 such that supp(ps) C Bg, for every 0 < s < sg.



30 FRANCESCO BOZZOLA AND EDOARDO MAININI

Proof. Let sg given by Proposition 6.4. We set Br, = supp(ps) and by contradiction, we
assume that

limsup Ry = +00.

s—0
This entails that Rs; > 1, for small value of s. We preliminary observe that, from Corollary
3.3 and Proposition 6.4, we have

(6.4) HKS/Q * psllpy < Hs HPSH(p;)’ < H, MY lps >’ <L, for s € (0, s0),

[f

where ¥ = 1/(p%) and L > 0 is a constant dending only on so. We take x € 0Bg,, and by
using Lemma 5.7 we get

1 /_ i
; Ds - Ks/2 * (Ks/2 * pS)p ! (1") = CN,S/2 /B ’y|37N ((Ks/2 * ps) ($ - y))p '
1

dy

(65) oo [N (2 pe) (2 =) dy
1
=: A; + As.

We estimate the last two integrals separately, starting from the second one. By using Holder’s
inequality (we observe that, by assumption p’ > N/(N — s), so we have (s — N)p' + N < 0)

we have
1 1
p’ , P
Az < ey (/B |y| =P dy> (/B (Kypo % ps)(z —y))° dy)
1

1
’

Nwpy
< CNs/2 m

So by using (3.1) and (6.4) we get
(6.6) lim Ay = 0.

s—0

P’
[ Es 2 psll -

We now consider the first integral

/

A = CN,s/z/B ’Z/|57N ((KS/2 * Ps) (z — y))p ! dy
1

Since ps is nonincreasing, so is Ko * ps (see [13]). Then, by using also (6.4), we get

1
L> </ \Ks/z*psl”'dy>p > (/
RN B

for every € RV \ {0}. Since |z| = Rs > 1, by the triangle inequality we have
[z =yl > |z =yl = Rs =1, forye By,

1
ol

p/
[Ks/2 % psl” dy) > (wnlel™)7 (Kypo * ps) (@),

||

thus

_1 N
Ay < Luy® exa / iyl Nz — |7 dy <
B (Rs - 1)
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By recalling (3.1) and (6.2), we eventually get that lims_,o.A; = 0, and so also limsup,_,, Ds =
0, by (6.5) and (6.6). This contradicts Corollary 6.2 and gives the desired result. O

Proposition 6.6. Let 1 < p < oo and0 < sp < N. Letm > p', let x, M > 0 and let ps € Vs
be a minimizer of Fs, over Y for every s € (0, N/p). There exists sg € (0, N/p) such that the
Jamily of minimizers (ps)se(0,50) 5 equibounded in W (RN). Moreover, if (si)ren C (0, s0)
converges to 0, then the family (ps, )ken admits limit points in the strong L'(RY) topology,
and if p is a limit point along a not relabeled subsequence we have p € Yy N L>®°(RY) and

lim flpo — plly=0,  for every q € [1,0).
k—o0

Proof. The proof is the same of [28, Lemma 3.7] by using Proposition 6.4 and Proposition
6.5. O

The main result of this section regarding the case m > p’ reads as follows

Theorem 6.7. Let 1 <p < oo and 0 < sp < N. Let m > p/, let x, M > 0 and let ps € YV
be a minimizer of Fsp over Yy for every s € (0, N/p). Then

lim || ps — pollg = 0, for every q € [1,00),
s—0

where pg is given by (6.1).

Proof. By using Proposition 6.6, there exists a sequence (sg)ren converging to 0 and a function
p € Yar N L2 (RY) such that

(6.7) lim [ pe, — pllon = 0.
k—o0
By the triangle inequality and the HLS-type inequality (3.9), we get
1K sy 2 % s = pllpr < K2 5 (ps = ) by + 1K s p2 % 0 = plly
< Hg (2M)™ [lpsy, = plln ™ + (1K p2 % 0 =l
where g is given by (3.10), it depends on s; and converges to 1 —m’/p > 0 as k — +oo. By
Theorem 3.4, we have
Jim K, o % p = plly =0,
thus from the previous inequality, from (6.7) and from the bound on Hy by Corollay 3.3, we
get
i [[K, o % psy = plly = 0.
This entails that ol
. p X
lim F p(ps,) = —— — ]7||p||p’ = Fo(p)-

k—o0 m—1
For every p € Yy, by using the previous equality, the minimality of ps, and Theorem 3.4, we
infer

This proves that p must be a minimizer of Fg in YV and so by Proposition 6.1 it must coincide
with po. By the arbitrariness of (s)ken, we eventually get that the whole family (ps) strongly
converges to pg in L4(RY), for every q € [1,00). O
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We further have the following I'—convergence result.

Proposition 6.8. Let 1 <p < oo and x,M > 0. Let m > p'. For s — 0, the functional Fs
I'— converges to Fy on Yy with respect to the strong convergence in LP' (RV).

Proof. Let (ps)seo,n/p) C Ym and p € Ypr be such that
(6.8) lim [|ps = pllp = 0.
By the triangle inequality and the Hardy-Littlewood-Sobolev inequality (3.7) we have
1Kuja * ps — plly < 1K opa * (95 — Dlly + Koz % p = ply
< Hllps = pllay + 1Ksp2 % p = plly
< H lps = plIY los = pll " + 1Ky j2 % p = plly,
where ¥ = 1 — p/p%. By Theorem 3.4, we have
tim Ko p — plly = 0.
wich entails that
ll_% HKS/2 *ps — plly =0,

where we also used our assumption (6.8). By Fatou’s lemma and by spending the last infor-
mation, we infer

Fo(p) < liminf Fy p(ps).
s—0

On the other hand, let p € V) we set ps := p, for every s. By using again Theorem 3.4 we
have

lim sup Fs,p(ps) = fo(p),

s—0
From the last two facts we obtain the claimed result. O

6.3. The limiting fair competition regime. We now analyze the limiting behavior of the
minimizers in the remaining case m = p’ thus concluding the proof of Theorem 2.2. We treat
separately the cases x # p and x = p, starting from the first one.

Theorem 6.9. Let 1 <p<ooand 0 < sp< N. Let M >0 and m =p'. If ps € Y is a
minimizer of Fs, over Y for every s € (0, N/p), then we have
0, if 0 <x <p,
li =—1i =
Sli% [ 813%)]:5,10(/)5) .
+-00, if x > p.

Moreover, if x > p we have ps — Mg in the sense of measures as s — 0.

Proof. By Corollary 5.6, we have that ps is radially symmetric and nonincreasing. We discuss
separately two cases.

If |0 < x < p|, we argue by contradiction and assume that

lim sup ps(0) > 0.

s—0
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By arguing as in the proof of Proposition 6.4, we infer that

/_ N(.U ’_
gps(O)p "<y (SN> (ovs M+ B ps(0))7

p'—1

Nuwy HY ™! oy M @ 1 22
+ CN,s/2 (]V— (ps(o)(pS) wN + () m .

—s)p+ N WN 29

By dividing both sides of the previous inequality by ps (0)”/*1, we can rewrite it as

D Nwy as M )pl_l
— —CNs + s
o “( ; ><ps<o> o

. Nw]\/Hfl_1 ot M ®3)’ 1 Wo(s)
=N s+ N T N ps(0) N ((pz) — 1) IR
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By sending s — 0 and by using (3.1), (3.2) and (3.3), we get a contradiction. Therefore ps

converges uniformly to zero as s — 0, which also implies Fy ,(ps) — 0, by Corollary 3.3.

If , we consider the limit functional Fy, given by (2.7) with m = p’. For p € Yy, we

have
lim Fo(p) = lim AN @1 1 X Ipll?s = —o0
A—00 A—00 p’ —1 p’ p ’
where p* € V) is the mass invariant dilation of p by factor A, given by (1.5). This entails
that
inf Fyg=—o0.
PEYM

Then if 5 < 0, we can take p € V) such that Fy(p) < . By using that
lim ||y %~ plly =0,
thanks to Theorem 3.4, and by the minimality of ps; we then obtain

lim sup Fs (ps) < limsup Fo(p) = Fo(p) < B.

s—0 s—0

By the arbitrariness of 8 and by using Remark 5.8, this yields
(6.9) il_r:% Foplps) = —00 and ll_I)% Dy = +o0.
By contradiction, we assume that

Ry :=limsup Rs; > 0,

s—0

where we set Ry = supp(ps), as in Proposition 6.5. We take a sequence (sg)reny C (0,1)

converging to zero and such that

(6.10) lim R, = limsup Rs = Ry.
k—o0 s—0
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We set R = Ry/2 and Bp,, = supp(ps,). For z € dBg,,_ by using Lemma 5.7 we have

1 4
*Dsk = Ksk/Z * (Ksk/Q * psk)p (.T)

X
(6.11) = CN,s;/2 /BR |y\8k7N ((Ksk/2 * Psk) (z— y))p/_l dy
oo [ (o) (=)™ dy = Ay Ao
i3
For A;, by arguing as in Proposition 6.5, we have that
(wN\x|N)ﬁ (Ks, /2 % ps,) (x) < L, for every = € RV \ {0},

and, since |z| = Rs, > R for k large enough, by the triangle inequality we have

|z —yl > |z| = Jy| > Rs, — R, for y € By,
This entails that
_1
Nwpy Lwy?
(6.12) A1 < xaa < S ) v
g (Rsk - R) P

For Aj, by using Holder’s inequality we have

1
7

P
Az < ey, /2 (/BC |y NP dy>
1

(6.13) < Nwn
> CN,sk/Q (N— Sk)p,+N

1
D, \ P
< ECN,sk/2 < ;:) )
where in the last equality we used Remark 5.8 and we set
Nuwy M N\#
(N=-Dp+N \x p/)

(],

1

((Ksk/Z * pSk)(x - y))p/ dy) :

o’
1K sp p2 * psill

E=FE(N,p,x,M) :=

1
By spending (6.12) and (6.13) in (6.11) and by dividing for D, , we get
— 1
1 _1-1 Nwy Lw 1\~
*/Dsk P < CN,s;/2 ( > Ni N +ECN,sk/2 <)
X Sk (Rsk _ R) p Sk

In light of (3.1), (6.9) and (6.10), by sending k — oo, the last inequality yields a contradiction.
This implies that

3=

lim Ry = 0,

s—0

thus, since ps € Vs, we must have that ps converges to a point mass at the origin as s — 0,
as desired. Along with (6.9), this concludes the proof. O
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Proposition 6.10 (Case x =p). Let 1 <p < oo and 0 < sp < N. Let M >0, m = p' and
X =p. If ps € Var is a minimizer of Fsp over Yy for every s € (0,N/p), then we have

lim F; ,(ps) =0 and lim Dy = 0.
s—0

s—0

Proof. We recall that by Proposition 5.3, we have
lim sup Fs ,(ps) < limsup pg < 0.

s—0 s—0
We claim that
(6.14) lim sup || ps ||y < 0.
s—0
Since we have
Feplps) = = llosl,
Y N —sp p

by Remark 5.8, this would entail that
llIsIng)lf Foplps) =0,

and so the desired result. By recalling (4.1) and Corollary 5.6, we have that

14 P\ N
P L
e (s Rl W
MPN || psl[

where Hj is given as in Corollary 3.3 and the last equality follows from (5.6). Our claim
(6.14), will follow by proving that

1
(6.15) limsup Hg < oo.

s—0

By (3.8), we have

N *\/
(6.16) (p3)'p
1
N s 1 sp s
< B: <Bs |1 )
(7o) =5 (52
where we set . N
B := N::/2 NwNT.

By (3.1), we have lim,_,o Bs = 1, and we can write
N—s

_N _ N
BSZEW QZ:F(N2S)N ]7\:]; N ’
2 L(3+1) L($+1)

for every s € (0, N/p). Since Bs is smooth in a neighborhood of s = 0, we have
. Bs—1
lim

s—0 S

< oQ.

By spending this information in (6.16), we get (6.15) which in turn implies (6.14). Eventually,
by recalling Remark 5.8 we infer the desired asymptotic behavior also for D;. O
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Proof of Theorem 2.2. If m > p/, the claimed result is contained in Theorem 6.7. If

m =

p’, the conclusion follows by Theorem 6.9, Proposition 6.10 and Remark 6.3. U
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