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ABSTRACT. We propose a first rigorous homogenisation procedure in image-segmentation mod-
els by analysing the relative impact of (possibly random) fine-scale oscillations and phase-field
regularisations for a family of elliptic functionals of Ambrosio and Tortorelli type, when the
regularised volume term grows linearly in the gradient variable. In contrast to the more classi-
cal case of superlinear growth, we show that our functionals homogenise to a free-discontinuity
energy whose surface term explicitly depends on the jump amplitude of the limit variable. The
convergence result as above is obtained under very mild assumptions which allow us to treat,
among other, the case of stationary random integrands.

1. INTRODUCTION

In this paper we study the combined effect of homogenisation and elliptic regularisation for
phase-field functionals of the form

Fo(u, v, A) :/

A
where € > 0 describes both the oscillation and the regularisation scale, and f grows linearly in the
gradient variable. In A C R™ is open, bounded, with Lipschitz boundary, u is a vector-valued
function which belongs to W11(A4,RY), while v is a phase-field variable lying in W12(A).

As mentioned above, we require that the integrand f : R™ x RV*" — [0, 4+00) obeys linear
growth and coercivity conditions in the second variable; that is

C7HEl < f(x,€) < O(l¢[ + 1), (1.2)

for every (z,&) € R"® x RVNX" and for some C € (0, +00). Besides , we work under very mild
assumptions on f which do not include any spatial periodicity (cf. Deﬁnition. Working in such
a general setting allows us to prove a homogenisation result which also covers the case of random
stationary integrands, as we are going to explain below.

The elliptic functionals in are reminiscent of the celebrated phase-field model given by

ATE(“’“’A)Z/UQIVUIde+/ (U522 4 £ VP2 de,
A A

v2f(§,Vu)da:+/ (%%—quF)dx, (1.1)
A

which was proposed by Ambrosio and Tortorelli in the seminal works [I0, [IT] to approximate the
(relaxed) Mumford-Shah functional [37]. The latter was introduced in the 2d framework of image
segmentation to recover shapes in noisy images via curve evolution. In this setting the Ambrosio-
Tortorelli functional is employed for implementation by gradient descent, where curves are replaced
by a continuous edge-strength function (1 — v in our notation) which gives the probability of an
object boundary to be present at any point in the image domain. Then, the actual shape boundaries
are determined in the form of geodesics defined in a metric determined by v itself (cf. [42] [45]).
After the revisitation of Griffith’s brittle-fracture theory due to Francfort and Marigo [33] (see
also [19, [18]), a number of variants of the Ambrosio-Tortorelli model have been proposed and
extensively used also to approximate brittle fracture models [12] 13} [16] 2], 25| [32], just to mention
1
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few examples. The advantage of this kind of approximations is twofold: on the one hand they
establish a rigorous connection between variational fracture models and gradient-damage models
[39, 38|, on the other hand, in most of the cases, they provide efficient algorithms for numerical
simulations [18, 19, [33].

If instead in we choose f(z,£) = |¢], the corresponding phase-field functionals were origi-
nally proposed by Shah [43], 44] as possible regularisations of an image-segmentation model, alterna-
tive to the Mumford-Shah functional, which provides a common framework for image segmentation
and isotropic curve evolution in Computer Vision. Moreover, Shah’s functional overcomes a num-
ber of limitations of the earlier models. Loosely speaking, in this framework the domain A is
interpreted as a Riemannian manifold endowed with a metric defined by the image properties so
that the image-segmentation problem amounts to finding a minimal cut in a Riemannian manifold
(cf. [46]).

The main difference between the Ambrosio-Tortorelli functionals (and their more “classical”
variants) and — rests on the growth of the function f: superlinear in the former versus
linear in the latter. Such different behaviours lead to some structural differences in the corre-
sponding, attainable limit models. In fact, the weaker gradient penalisation in allows for an
interaction between the two competing terms in , as it also typical of free-discontinuity func-
tionals in the linear setting [I7], 24]. As a result, the surface energy densities obtained in this case
are of cohesive type as proven in [6], in the scalar isotropic case, and in [7], in the vector-valued
anisotropic case. That is, the resulting limit surface integrands in the linear setting are bounded,
increasing, and concave functions of the jump amplitude [u] of the (possibly discontinuous) limit
variable u, moreover they exhibit a linear growth at the origin. We observe though, that the linear
growth of f for large gradients is not justified in the applications to Fracture Mechanics, so that
more recently other variants of the Ambrosio-Tortorelli functional related to the gradient-damage
models in [39] B8] were designed to provide a variational approximation of cohesive energies (cf.
[277, 47, (48, (3T, 28], 29] 34, 3L 26]). It is also worth mentioning that in these models the parameters
can be tuned to approximate prescribed cohesive laws (satisfying suitable assumptions) as shown
in [4] (see also [5] for applications to an engineering problem).

Furthermore, we observe that the coercivity assumption in yields the “weaker” lower bound

C_l/v2|Vu|dx+/ (%—l—anlg)deFa(u,v,A), (1.3)
A A

where the functionals on the left-hand side are those proposed by Shah and studied in [6]. Hence,
from and the analysis in [6] (see also [7]) we readily deduce that if (u.) C WH1(A4,RY) is a
sequence with equi-bounded energy which additionally satisfy sup, ||uc||r« < 400, for some ¢ > 1,
then (up to subsequences) u. — u with respect to the strong L!'(A,R™)-convergence, for some
u € (G)BV(A,RYN). Therefore, in the linear setting, the limit functional shall contain a term
depending on the Cantor part of the measure derivative Du. These features are in sharp contrast
with the case where f grows superlinearly in the gradient variable. Indeed in this case the limit
functional is defined on the smaller space (G)SBV (A,RY). Additionally, the superlinear growth
of f in |Vu| makes it energetically unfavourable to approximate a pure jump function with elastic
deformations, so that the only surface energy densities which can be obtained in the limit are
necessarily independent of the jump amplitude of u, as recently proven in [14 [T5] [16].

Motivated by the applications to anisotropic curve evolution [43| 44, [46], in this paper we
study the homogenisation of the phase-field functionals in which encompass the case of
highly oscillating, possibly random metrics. Moreover, since image-segmentation models are highly
sensitive to the presence of heterogeneities in regions or objects due to noise, it is in general of
great importance to incorporate a homogenisation procedure in these models and in their phase-
field counterparts. In fact, the presence of noise can cause random variations in the image intensity
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values, which in turn produce false detections in the image so that homogenisation may help to
reduce the impact of noise, shadows, and changes in the illumination intensity, which usually make
it difficult to accurately segment the image into its relevant parts. Therefore, in practice, by
removing such, it can be easier to detect boundaries between different objects in the image, and
to distinguish between foreground and background regions. More specifically, in the present work
we rigorously analyse the interplay between fine-scale oscillations and phase-field approximations
in linear models as in . Due to the presence of microscopic heterogeneities, as € tends to zero
we expect to obtain an effective model where the (cohesive) energy density depends both on the
homogenised integrand fhom (through its recession function) and on the regularised surface-term
in . On the other hand, on the account of the analysis in [6] [7] we also expect a limit volume
energy which only depends on the first term in and therefore in this case on fhom. A central
feature of our analysis is that we study the homogenisation of F, without imposing any periodicity
of f in the spatial variable. In fact, in the same spirit as in [23] 24], we work under more general
assumptions which, notably, are satisfied in the random stationary case.

Finally, it is also worth noticing that the homogenisation problem analysed in this paper can
be seen as a case study of a homogenisation problem for the gradient-damage models proposed in
[277, [ 47, 48], 3T, 28], 291 B4} Bl 26] to approximate cohesive energies in Fracture Mechanics. Indeed,
on account of the analysis performed in these papers, also in this case we expect effective surface
integrands defined by asymptotic minimisation problems in which all the terms in the approximat-
ing functionals interact with one another. Moreover, when working with such approximations, a
more technically demanding analysis shall be expected due to the superlinear growth of the bulk
energy density and to the more complex, parameter-dependent, choice of the degenerate function
multiplying f.

Below we briefly outline the proof strategy employed to get our homogenisation result. Loosely
speaking, this strategy consists of two main steps: a purely deterministic one, where we devise
sufficient conditions (on f) leading to homogenisation and a probabilistic step, where we show
that if f is a stationary random variable, then the sufficient conditions mentioned above are
indeed fulfilled. Therefore a stochastic homogenisation result readily follows as a corollary of the
deterministic analysis.

1.1. Deterministic homogenisation. Here we assume that f satisfies the assumptions listed in
Deﬁnition Besides these require that the recession function f° is defined at every point.
We stress here that we do not require any continuity of f in the spatial variable, since this would
be unnatural for the applications.

Under these general assumptions, using the localisation method of T'-convergence [30], we can
prove the existence of a subsequence (g;) such that, for every A C R™ open and bounded, the
functionals F_,(-,-, A) I'-converge to an abstract functional F (+,-, A). Furthermore, the latter has

the property that for every u € BV,.(R™,RY) the set function A — l:"\(u7 1, A) is the restriction
to the open subsets of R™ of a Borel measure (cf. Theorem . We observe that since we do
not assume any spatial periodicity of f, the continuity of z — F(u(- — 2),1, A + z) may fail and
therefore we cannot directly use the integral representation result in BV [I7] to deduce the form of
F. Our integral representation result is then obtained under some additional assumptions, which
are however more general than periodicity. We require that the limits of some scaled minimisation
problems, defined in terms of f and f°°, exist and are independent of the spatial variable. These
limits will then define the volume and surface integrands of F. Eventually, the Cantor integrand
will be automatically identified due to the lower semicontinuity of F.

Specifically, we make the two following assumptions. If @Q,.(rz) denotes the open cube with
side-length r centred at rz and l¢(x) = &z, the first assumption amounts to asking that for every
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€ € RV the limit

r—oo 1’

lim L inf {/ fly, Vu)dy: w € WHHQ,(rz),RY), u = £¢ on 6Qr(rx)} (1.4)
Qr(rz)

exists and it is independent of x € R™. The value of (1.4)) is denoted by from(€).
Moreover, if Q¥ (rx) denotes the open cube with side-length r centred at ra, one side orthogonal

torv € S"1, and
" () = ¢ ifly—rz)-v>0
e 0 if(y—rz)-v<O,

we also require that for every ¢ € RY and v € S*™! the limit

inf { / (V2 (y, Vu) + (1 —v)* + |Vol*)dy: u € W QY (rz),RY),
QY (rz)

r

r—too Pl
v e Wh(Qy(rz)) and (u,v) = (trs,cvs 1) on IQY (7‘@} (1.5)

exists and is independent of 2 € RY. The value of is denoted by ghom (¢, V).

It is worth mentioning here that fhom and gnom satisfy a number of properties (cf. Section
which ensure, in particular, that they are Borel measurable.

Then, assuming and we resort to the blow-up technique in BV [I7] to show that for
every u € BV (A,RY) the following identities hold true

%@) = fhom(Vu(x)) for L™-a.e. z € A,
dﬁ(uv ]-a ) _ poo .
W(ﬂf) - fhom(vu(x)) for |D u|—a.e. T e A’

dF(u,1,-)

dHr-1
In their turn, these allow us to represent F in an integral form first on BV, and then by standard
truncation arguments on the domain of the I'-limit, that is, on GBV. Furthermore, since in the

equalities above the right-hand side does not depend on the subsequence (¢;), under assumptions
(1.4) and (1.5) we obtain a I'-convergence result for the whole sequence (F.) (see Theorem [5.1)).

() = ghom ([u](x), vu(z)) for H* tae. € J,NA.

1.2. Stochastic homogenisation. Here we consider an underlying complete probability space
(Q, T, P) endowed with a group of P-preserving transformations, and allow the integrand f to
additionally depend on w € 2, in a suitable measurable way. Then, if f is a stationary random
integrand in the sense of Deﬁnition we show that assumptions and are automatically
satisfied for P-a.e. w € Q, that is, almost surely. As it is by-now costumery (see [23] [24]) this is
done by appealing to the Ackoglu and Krengel Subadditive Ergodic Theorem [I]. More specifically,
the proof that holds is standard and follows as in [4I]. On the other hand, the verification of
is highly non trivial, as it is always the case when working with “surface terms” where there
is a dimensional mismatch between the domain of integration and the scaling, and, moreover, a
boundary datum which is inherently inhomogeneous (cf.

13).
Once (1.4) and (1.5)) are shown to hold (cf. Propositio and Proposition [6.3) we can imme-

diately resort to the deterministic analysis to deduce that the random functionals

Fs(w)(uvU7A):/UQf(Waf»Vu)dx—i—/ <(1_U)2 +£|Vv|2)dx7
A

€
A
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homogenise, almost surely, to the random, autonomous, free-discontinuity functional

Fhom(w)(u,v,A):/ fhom(w,Vu)der/ fﬁgm(w,dd‘gi:a)d|Dcu|+/ Ghom (W, [U],Vu)d’]-["*l’
A A NnA

u

if u € GBV(A,RY) and v = 1 L"-a.e in A, where fuom and ghom are defined, respectively, by
and while fo°  is the recession function of fhom (cf. Theorem and Theroem (3.4)).
Eventually, if f is stationary with respect to an ergodic group of P-preserving transformations on
(Q, T, P), then the homogenisation procedure becomes effective and thus Fi,om is deterministic.

2. PRELIMINARIES AND SET UP

2.1. Notation. We introduce some notation which will be used throughout the paper.

(a)

Let n, N € N be fixed with n > 2. For z,y € R" and ( € RN, -y := 2151 + - + Zp¥n
is the euclidean scalar product of z and y, while ¢ ® = := ({;z;)i; € RN *™ is the tensor
product of ¢ and .
For z € R" and v € S"7 !, we set IV := {y € R": y - v = 0} and I1¥ := z + I1".
For £ € RNX™ 4, denotes the linear function from R™ to RY with gradient &.
For k € N and z = (21,...,7x) € R¥, [2| := /22 +--- + 22 is the euclidean norm of the
vector z. S¥71 := {z € R¥ | || = 1} is the k — 1-dimensional sphere centered in the origin
and S 1= {z eS| + Ti(y) > 0}, where i(z) is the largest i € {1,...,k} such that
z; # 0. Note that S¥~1 = S’ffl USEL and §571 is a Borel set.
For v € S*1, let R, be an orthogonal n x n matrix such that R, e, = v; we assume that
the restriction of the function v — R, to the sets Sl_l, defined in of the notation
list, are continuous and that R_,Q = R,Q; moreover we assume that R, € Q"*" if
v € Q". A map v — R, satisfying these properties is provided in [22, Example A.1 and
Remark A.2].
For x € R" and p > 0 we set B,(z) := {y € R": |y —z| < p} and Q,(z) = {y €
R™: |(y—x)-e;)| <p/2fori=1,...,n}, where {ej,...,e,} is the standard basis of R™.
Moreover B, and @, stand, respectively, for B,(0) and Q,(0).

For x € R", p >0, and v € S" ! we set

Qp(r) =z + R,Q,.
For k € N we define the rectangle
Qv (z) =2+ Q4"

where QUF 1= R, ((—%2,52)n=1 x (—£, £)). Moreover we set

QU (x) == 0Q* (z) N Ry (-2, 22)"~1 x R)
IQk (x) == 0Q%" (x) N R, (R"™! x (=5, 2)).

&/ and 7, denotes the collection of all bounded open sets and of all bounded open
Lipschitz sets of R™ respectively; if A, B € &/, by A CC B we mean that exists a compact
set K such that A C K C B. For every C € &, we define &/(C) :={Ae o | ACC}
and @ (C):={A e o | ACC}.
For every topological space X, (X) denotes its Borel g-algebra. For every integer k > 1,
%" is the Borel o-algebra of R*, while % denotes the Borel o-algebra of S"~1.
LF and H*~! denote respectively the Lebesgue and the (k — 1)-dimensional Hausdorff
measure on R¥.
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(j) Let p and X two Radon measures on A € &, with values in a finite dimensional real
vector space X and in [0, +00], respectively; then %f = % S Llloc(A7 X), where p® < A,
p* 4+ p® is the Radon-Nykodym decomposition of i respect to A and u®*(B) = [4 %d)\
for every Borel set B C A.

(k) For u € BV(A,RY), with A € &, the jump of u on the jump set J, is denoted by
[u] := T — w~, while v, denotes the normal to J,. The distributional gradient Du, is a
RY*"_yalued Radon measure on A, whose absolutely continuous part with respect to £™,
denoted by D%, has density Vu € L*(A, RN*") (which coincides with that approximate
gradient of u), while the singular part D%u can be decomposed as D*u = D7u + Du
where the jump part D7u is given by Diu = [u] ® v, H" 'L J,, and the Cantor part
D¢y is a RY*"_valued Radon measure on A which vanishes on all Borel sets B C A with
H"Y(B) < +cc.

We refer to the book [9] for all the properties of (G)BV and (G)SBV functions, giving
precise references.

(1) For z € R*, ¢ € R™, v € " and & > 0 we define the function u, ¢, @5 ¢, : R* = RY
as

¢ if(y—x)-v>0 . .
Ugcw(y) = and u. . (y)=Cu(z(y—=z)- v
() {0 (1) <0, )= Cuz(y —z)-v)
where T: R — [0, 1] is a fixed smooth cut-off function such that @ =1 on [1/2,400) and
T=0on (—o0,—1/2].
We also use the shorthand notation u¢, := uo.¢,v, Ug,c,p i= Ui@V and ¢, 1= Ug,¢,p-
(m) We define the truncation functions T;, € CL(RN RY) satisfying

Th(Q) = {< Hi = (2.)

0 if [¢] > ary1,

and
Lip(Tx) <1 and |Tx(¢)| < agy1 for every ¢ € R™, (2.2)
for some diverging and strictly increasing sequence of positive numbers (ag).
(n) Given h: RN*" — [0, 4+00] its recession function h*® : RV*" — [0, +-00] is defined as
h(t
h*°(€) := lim sup h{te) {)
t—+o0 t
2.2. The subadditive ergodic Theorem. In this subsection we recall a variant of the pointwise
subaddtive ergodic Theorem of Ackoglu and Krengel [I, Theorem 2.7] which is useful for our
purposes (cf. [36, Theorem 4.1]).
Let d € N. Let (9, F, P) be a probability space and let 7 := (7,),cza denote a group of P-
preserving transformations on (€2, F, P), that is, 7 is a family of measurable mappings 7, :  — Q
satisfying the following properties:

® T.T =Toyu, T, L =1_,, for every 2,2’ € Z%

e 7 preserves the probability measure P; i.e., P(7,E) = P(E), for every z € Z¢ and every

E e F;
If in addition every 7-invariant set ' € F has either probability 0 or 1, then 7 is called ergodic.
For every a,b € R? with a; < b; for i = 1,...,d, we define
[a,b) ={z €R? : a; <a; <b; fori=1,...,d},
and we set

Iy = {[a,b) : a,be R a; <b; fori=1,...,d}.
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Definition 2.1 (Subadditive process). Let 7 := (7;),cz¢ be a group of P-preserving transforma-
tions on (Q,F,P). A d-dimensional subadditive process is a function u : Q x Iy — R satisfying
the following properties:
(a) for every A € Z; the map w — p(w, A) is T -measurable;
(b) for every w € Q, A € Iy, and z € Z¢ we have p(w, A + 2) = p(r.w, A);
(c) for every A € T, and for every finite family (A4;)icr in Iy of pairwise disjoint sets such
that U;er A; = A, we have

:U/(wv A) S Z /j‘(w7 A1)7
i€l
for every w € ;
(d) there exists ¢ > 0 such that

0 < p(w,A) < cLY(A),
for every w € Q and every A € 1.

Definition 2.2 (Regular family of sets). A family of sets (Ai)iso in Iy is called regular with
constant M € (0,+00) if there exists another family of sets (A})i=o in Iy such that:

A C A} for every t > 0;

Al C A} whenever 0 < s < t;

0 < LYA,) < MLUA) for every t > 0;

Usso 47 = R

Theorem 2.3 (Subadditive Ergodic Theorem). Let 7 = (7.),cze be a group of P-preserving

transformations on (Q,T,P). Let p: Q x Zy — [0,400) be a d-dimensional subadditive process.
Then there exist a T-measurable function ¢ :  — [0,+00) and a set ' € T with P(QY) =1 such
that (. A
. MW, At _
t_1}+moo Ed(At) - QO(W)

for every regular family of sets (At)eso in Iy and for every w € Q. If in addition T is ergodic,
then ¢ is constant P-a.e.

2.3. Assumptions. In this subsection we introduce the class of the admissible random integrands.
Definition 2.4 (Admissible integrand). Let C > 1 and a € (0,1) be given, then F(C,a) denotes
the collection of all functions f : R™ x RVX™ — [0, 4+-00) with the following properties:

(f1) (measurability) f is B" @ BN *"-measurable;

(f2) (linear growth) for every x € R™ and every & € RNV*n

C7Hel < f(x,6) < C(lE +1);
(f3) (continuity) for every x € R™ the maps & — f(x,€) and & — f°(x,€) are continuous;
(f4) (recession function) for every x € R™ every & € RN*™ and every t > 0

Remark 2.5. Let f € F(C, ), then thanks to and for every x € R™ and every & € RNV*"
we have that there exists the limit

R ]

o L@t

t—+oo t

= foo(xvf)a
and

CHel < f2(,€) < Ol (2.3)
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Moreover, for every L > 0 there exists M > 0 such that for every x € R", & € RNX" with |£] =1
and t > L we have that
[, t8)| M

foo(x7£)_T < tia'

Definition 2.6 (Random integrand). A function f : Q@ x R" x RN*X™ — [0, +-00) is called a random
integrand if
(s-f1) f is T @ B" @ BN *"-measurable;
(5-f2) f(w,-,) € F(C,a) for every w € Q, where F(C, ) is as in Definition [2.4)
If f is a random integrand then f> : Q x R™ x RV*" — [0, +00) is given by
t
fOO(UJ,x,g) — hm f(w7 x? 5)

t——+o00 t ’

(2.4)

where the existence of the limit above is ensured by the very definition of random integrand together
with Remark 2.5

Definition 2.7 (Stationary random integrand). A random integrand f is stationary if there exists
T = (T4)zezn n-dimensional group of P-preserving transformation on (Q, T, P) such that

flwz+2,8) = f(rw,,8)

for everyw € Q, x € R", z € R", and £ € RV*",
If in addition T is ergodic we call f an ergodic random integrand.

3. STATEMENTS OF THE MAIN RESULTS

Let f be a given stationary random integrand. For € > 0 we consider the phase-field functionals
F.(w): LL (R",RN*1) x of — [0, 4+00] defined as

loc

/@wwﬁvm+&ﬂimwwm%(wmewmmﬁwxwwm)
Fg((ﬂ)(U,U,A) = A €

) g
+00 otherwise.
(3.1)

Remark 3.1. Forv € Wh2(A) set 9 := min{max{0,v},1}. We notice that for everye > 0, w €
there holds

F.(w)(u,?,A) < F.(w)(u,v, A),

for every (u,v) € WHLARN) x WH2(A) and A € of. Therefore it is not restrictive to assume
that the phase-filed variable v satisfies the pointwise bounds 0 < v <1 for L™-a.e. x € A.

Remark 3.2 (Equi-coercivity). The coercivity assumption in immediately gives that

C_l/ v2|Vu|d;v+/ ((1_v)2 +E|Vv\2>dm§Fg(w)(u,v,A)
A A

where the functionals on the left-hand side are those studied in [6] (see also [7]). Hence, up to
considering the perturbed functionals

Fe(w)(u,v, A) + [[ullpaary)y,
for some q > 1, we can appeal to [7, Lemma 7.1] to deduce that if (us,v.) C WH1(A,RYN) x
Wh2(A,[0,1]) satisfies

sup (Fa(w)(ua,vs,A) + HUEHL'I(A,RN)) < +00,
e>
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then, up to subsequences, (ue,v:) — (u,1) strongly in L*(A,RNT1) for some u € GBV(A,RY).
For this reason, in what follows we are going to study the I'-convergence of F. with respect to the
strong L'-convergence.

Before stating our main results we need some additional notation. Let h : R x R"*N — [0, c0)
satisfy [(f2)] and For A € o/, and (u,v) € WHL(A,RN) x WH2( A, [0,1]) consider the following
auxiliary integral functionals

h’l,L = X u)ax
B (u, A) /Ah(,V)d,

and
S (u,v, A) == / (v?h(z, Vu) + (1 —v)? + |Vo|*)d.
A
Moreover, let w € BVjo.(R", RN ) and define the minimisation problems

mi(w, A) = inf{E"(u, A) : u € WH (A, RY), u=w on A}
and

ml(w, A) == inf{S"(u,v,A): u € WHHA,RY), v € WH?(4,[0,1]), (u,v) = (w,1) on A},

where © = w on 0A has to be intended in the sense of traces and inner traces for u and w,
respectively. If A C R"™ is a set such that intA € &7, then we use the following convention
mf(w, A) := mf(w,intA) and m”(w, A) :== m!(w,intA).

The main result of this paper is contained in Theorem below, and provides an almost
sure I'-convergence result for the functionals F. defined in . In order to state this result we
preliminarily need to state a theorem which guarantees the almost sure existence of the integrands
of the I'-limit. Namely, the next theorem establishes the existence and spatial homogeneity of the
limits defining the asymptotic cell formulas appearing in Theorem [3.4] below.

Throughout the paper we adopt the following shorthand notation.

oo

Jo = mﬁ(w"") and mg¥ = mém(‘”"").

m,
Theorem 3.3 (Homogenisation formulas). Let f be a stationary random integrand. Then there
exists Q' € T with P(Q)) =1, such that for every w €
(i) everyx € R", v € S"7 !, k€N, and £ € RV*", the limit
Lt (e Qut(ra)

r——+oo kn—1lpn

exists and it is independent of x,v and k;
(ii) every x € R™, ( € RN, and v € S"~1, the limit
oy Y (Ure g, QU (r)
r—+oo rn—1

exists and it is independent of x.
More precisely there ezist a T @ BN *"-measurable function fuom : Q x RNX? — [0,00) and a
T ® BN @ Be-measurable function gnhom : @ x RY x §"~1 — [0, 4+00) such that for every w € <,
zeR™, EcRYN>*? RN agndv e St

fo v,k
oy e QY (re)
fhom(wag) - rl}gloo kn—1lpn
p b e Qulre)) L mi (6, Q)

r—+00 rn r——+oo rn

)
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i< (e, QUF (ra))

from(w,€) = Tim

r—-+oo kn—1lpn
I 1S
= lim mb (££7 QT (7’33)) — lim mb (657 QT) ,
r—+00 rmn r—400 rn
1> v >
s (e ¢, @7 (rT)) Lomis” (ug, QF)
Gnom (@, (v) = lim ———— = lim srn—f

where foo | denotes the recession function of fhom-
If we additionally assume that f is ergodic, then foom and gnom are independent of w and

from(&) = lim = /Q m= (£, Q,)AP(w).

r—+oo r’

f25n(©) = lim / m!= (e, Q,)dP(w),

dhom(C,v) = lim / mi= (g, Qr)AP(w).

r—+oo rn
We are now in a position to state the main result of this paper.

Theorem 3.4 (Almost sure I'-convergence). Let f be a stationary random integrand. For e > (
and w € Q let F.(w) be the functionals defined in (3.1)). Then, there exists ' € T with P(/) =1
such that for every w € ', A € o/, and (u,v) € LIOC(R”,RN) we have

I(L (R™, RN+1))- lim Fo(w)(u,v, A) = From(w)(u,v, A),

where Fom(w) @ Lt

loc

(R, RN+ x o7 — [0, 00] is defined as

/ Jhom(w, Vu da:+/ 150 L (w ,d‘j‘gzu‘)d\pcm +/ Ghom (W, [u],yu)d’Hn—l
nA

Ju
Fhom (w)(u, v, A) = ifu € GBV(A,RN) and v =1 for L™-a.e. z € A

400 otherwise

with fhom and gnom as in Theorem @
If in addition f is ergodic, then the functional FLon is deterministic.

The proof of Theorem [3.4] will be carried out in a number of steps in the next sections.

4. PROPERTIES OF THE HOMOGENIZED INTEGRANDS

In this section we prove a number of structural properties of the homogenized integrands fhom
and Yhom-

For later use, it is convenient to work in a deterministic framework where the dependence of
Jfhom and gnom On w is not taken into account. Then, as a consequence, we need to assume that
the limits defining fhom and gnom exist and are spatially homogeneous.

We start with flom-

Proposition 4.1. Let f € F(C,a) and assume that for every x € R™ and & € RNX" the limit
i (e Qr(r))

r——+o00 rn

=: fhom(§) (4.1)

exists (and is independent of x). Then, from satisfies the following properties:

(i) from 18 quasi-convex;
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(ii) for every &1,& € RNX?

| fhom (§1) = frhom(&2)| < K& — &2,

where K is a constant that depends only on n, N and C;
(iii) for every & € RN*n

C7HEl < from(6) < C(IE] + 1), (4.2)
Proof. (i) The quasi-convexity of fhom defined as in (4.1) is shown in [4I] Proposition 5.5 Step 2].
(i) Let &1,& € RNX™ and r > 0 be fixed. For every u € BV (Q,,RY) and A € <7(Q,) consider
the auxiliary functional defined as
/ fly,Vu)dy if u € WH1(Q,,RY)
+00 in BV(Q,,RN)\ Wh1(Q,,RY),

J(u, A) :

as well as J(-, A) := sc=(LY)J(-, A).
By we have that J(u, A) < C(|Dul|(A) + L"(A)), therefore thanks to [I7, Lemma 3.1 and
Lemma 4.1.2] we get

Im5(Le,, Qr) — m5(Lley, Qr) < Cllle, — Lyl L1 (0Q¥ (ra))

~ K
< CRlé1 - & /aQ plar () « L0100, - G (43)

where K depends only on n and N, while
m5(le, Qr) = inf{J(u,Q,) : u€ BV(Q,,RY) with u= £ on 9Q,}.
Appealing to [I7, Lemma 4.1.3] we deduce that
m(le,, Q) = mi(&,Q,) and my(le,, Qr) = mi (€2, Qy)
therefore, combining and readily gives
| from (§1) = from (§2)] < K& — &2,

with K := CK‘F’H" L(0Qy).
(iii) Let £ € RV*" r > 0, and u € WH(Q,,RY) with u = £¢ on dQ, be arbitrary and fixed.
By we have

C’lls\r":C*l\/ Vudx’SC’l/ |Vu\dx§/ f(x, Vu)dz
Q"‘ Q'r' Qr

therefore passing to the inf on u we immediately get

CYelr™ < mi(le, Qr)

for every € € RN*™ and r > 0. Hence the second inequality in (4.2)) follows by (@.1]).
The second inequality in (4.2]) is a consequence of the trivial inequality

! (le, Q) < /Q f(z, Ve < C(g] + 1)

which, in turn, is implied by |({2) O

Below we prove that fo° can be equivalently expressed as the limit of suitable (scaled) min-
imisation problems. To prove it we make use of the following lemma.
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Lemma 4.2. Let g € F(C,a), A€ o, (u,v) € WHH A, RN)x WH2(A,[0,1]), then for everyt > 0
we have that

/’ *®(y,Vu) — v m‘d < E"( )+t5a£"(z4)a(/v2\vu\dy>l_a»
A

where K is a positive constant depending only on C' and a.

Proof. Thanks to[(f4)} 0 < v <1 and a € (0,1) we have that

,tVu C .. C o o
/‘ *(y, Vu) — Q%Fyg?ﬂ (A)—l—?/AUQ(l )g(y,tVu)l dy,

thus by Jensen’s Inequality we deduce that
[ g vt eay < Gorar ([ Rotivay)
A A

Eventually, we conclude by |(£2) O

Proposition 4.3. Let f € F(C,a) and assume that for every x € R*, v € S" 1, k € N, and
5 c Ran
f v,k
- my, (b, Q07 (rz))
TLHJPOO Ekn—Lpn = fhom(§) (4.4)
where from s as in (4.1). Let f2o. be the recession function of fnom, then for every x € R™,
EeR™N 1y eS" ! and k € N we have

f v,k

0 : mb (Zf’ C2r7 (T‘T))
fhom(g) = rggloo kn—1lpn )
hence, in particular, {35 = (£ )hom-
Proof. Let x € R, ¢ e R™N e S" 1 ke Nandn e (0,1) be fixed. By (??), for every r > 0
there exists u, € WH1(Q¥*(rz)) with u, = €¢ on Q%*(rz), such that

E'™ (uy, QU (ra)) < mi” (b, Q0¥ (r)) + mk™ ", (4.5)

and

ct o |Vuldy < ml” (0, QUF (ra)) + k"~ < C(J¢] + 1R,
Q" (rx)
In particular, by Lemma for every t > 1 we obtain

1
/ | (y, Vur) = — f(y, tVu,)|dy
Qv (rz) ¢

K K a1 .
< —gnThem g —(k"ilrn)a(/ \Vur|dy) < —KE"
t te Q1" (re) =

where K depends only on C, o and £. Hence, for t > 1,
oo 1 4
Bl (u,, QVF (rz)) < BY™ (u,, Q0% (rz)) + t—aKk"_lr",
where fi(y, &) := M and consequently, by .,
mi! (be, Q¥ (re)) _ mi” (fe, Qv (ra)

kn—1pn - kn—1pn
Observing that m{' (¢¢, Q¥*(rz)) = %mg (e, Q¥*(rz)), thanks to the linearity of £ — £¢, we get
i Mo QR O2) i (e @ () _ from(t6)

r—00 fn—1lpn r—00 tkn—1lpn t

K
+77+ tTl (46)

(4.7)
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by (4.4]). Hence, from (4.6) and (4.7)), letting n — 0, we have

f v,k
hm Sup th(tg) S hm lnf mb (65? Qr (T.’L’))

t—+00 r—+00 kn—tprn

Exchanging the role of f; and f°° and arguing analogously, we obtain

£ v,k
lim sup my (le, Q7" (rz)) < liminf 7fh0m(t§) ) O
r——+o00 kn—lpn t—+o0

To prove the properties satisfied by gnom, we first establish some technical results in the spirit
of [I7, Section 3].

Lemma 4.4. Letx € R", r > 1, v € S" !, and wy,wy € BVioo(R™,RY), then we have that
im{™ (w1, QY (x)) —m{ ™ (w2, QY(z))| < C o) |wi — wy|H" .

Proof. First we observe that for every w € BVjoo(R",RY), z € R", v € S"~!, and r > 1 there
holds m{™ (w, Q% (rz)) = m{™ *(w, Q%(rz)), where

m{ " (w, Q) (ra)) = nf{ ST (v, Q1 (ra)) + we WHHQL(re),RY), v e WH(Q](r2), [0,1]),
(u,v) = (w,1) on QY (rz), v > nfor some n e (0,1)}, (4.8)
with S/ defined in (??). In fact, givenn € (0,1), u € WHH(Q%(z),RY) and v € Wh2(Q¥(x), [0, 1]),
vy =0V € WH2(Q%(z),[0,1]) with v, = 1 on 9Q¥(x), and

/ (1= v,) + Vo, 2dy g/ (1— ) + |Vol2dy,
Qv (x) Qv (x)

and

lim vf,f“(y,VU)dy=/ v? £ (y, Vu)dy.
1=0% JQu (z) Qr(z)

Let v € Wh2(Q¥(x),[0,1]) with v = 1 on dQ%(z) and v > n for some n € (0,1). Define the
functional F, : BV (Q%(z),RY) x & (Q¥%(z)) — [0, +0o0] as

/ V2 f(y, Vu)dy  if u € WHH(QY(x),RY)
B

400 otherwise.

Fo(u,B) :=

Consider its relaxation F, := sc™ (LY)F, : BV(Q¥(x),RY)x.o7 (Q%(z)) — [0, +oc]. [I7, Lemma 3.1
and Lemma 4.1.2] and F, (u, B) < C|Du|(B) imply that

i, ey, Q1) — iz (s, QU S © [~ (19)

where we recall that m% (w,Qy(z)) is defined in (5.9) using the functional Fo.
In addition, mz (w;, Q7 (z)) = mz, (w;, Q7 (z)), i € {1,2}, by [I7, Lemma 4.1.3]. Therefore,

using we can rewrite mf~ (w, Q%(rz)) as
m!™ (w, Q¥ (rz)) = inf{mz (w,Q;(rz))+ ng(m)((l —v)? + |Vo]?)dy :
v € WH(QY(rx),[0,1]) v > n for some n € (0,1)},
and thus we can conclude thanks to . ]

The following result readily follows from Lemma [4.4]



14 F. COLASANTO, M. FOCARDI, AND C. I. ZEPPIERI

Corollary 4.5. Let x € R*, r > 1, v € S" !, and ¢ € RY then we have that
™ (s ., Q) = md ™ (Tp ¢ QY (2))] < 2CCJr" 2,
where Uy ¢, and Uy ¢, are defined in .
The next lemma will be widely used in Section [6]

Lemma 4.6. Let z,z € R", v1,v, € S" ', and ro > 11 > 2R > 1 be such that Q¥ (z) CC Q¥2(z)
and |(y — x) - 11| < 5 imply
(y—2) 1| <R for every y € Q;2(2). (4.10)

Then, for every ¢ € RN and n > 0 the following statements hold true: for every r3 > ro such that
v2(2) cC QYi(x), then

ML (Wn,cay Q12(2) = Ml (W, Q2 (@) < i ™h A+ K ((rs — ra)ry ™2 + RICIrs —2);
with K depending only on n and C.

Proof. Fix ¢ € RN, > 0 and let (u,v) € WHH(Q¥ (), RN) x W2(Q¥ (x),[0,1]), with (u,v) =
(Tz,¢,vy 1) on 0Q} (x), such that

ST (w0, Q11 (2)) = / 2y, V) + (1= 0)? + |[VoP)dy < m{ ™ (Ua,c, Q71 (2)) + oy~
Q@)

(4.11)
Define (i, 0) by
(@), 30y {( y ify € Q1 (x)
(U ¢05 1 ify € Qr2(2)\ Q1 (2),
and note that (4,0) € WHhH Q%2 (2),RYV) x Wl 2(@”2( ),[0,1]) with (@, ) = (g ¢, 1) on 0Q}2(2).

From (4 we have that @, C VQ( ) = Ta,¢c., (y) for every y € Q2 (2) such that |(y —2)-v2| > R;
in particular Lemma [4.4) yields that

Il (e g Q12(2)) =ML (Tagn, Q12(2))] < / ey = T AR
Q73 (2)
- / e ¢ — T [ UMY < SR(n — 1)[C[r2 2, (4.12)
0Qr2(x)N%

where ¥, g := {|(y — z) - 12| < R}. Furthermore, setting %, 1, := {|(y — z) - 11| < 3}, from
[£:3) and [@I1) we get

md ™ (We g, Q12(2)) < 577 (0,0, Q12(2))

< 7 (4,0, Q¥ (2)) + / F(Vit)dy
22 (2)\Q7 ()

<L (Wa, ¢, Q71 (@) + 17 ™+ CIT | Lo ) £7((Q32(2) \ Q72 (2)) N Es,)

<l (We g, Q1 (96))+UT?‘1+C\|ﬁ'IILw<R)£n(( s ()N Q71 () N Ey,)

< md” (Wegns Q41 (@) + 1yt + O || Loy (5~ =)

<mi” (Uay, Vl’er (@) + ™+ Cln = D[ || oo ) (13 — r)rs % (4.13)

Therefore, recollecting (4.12) and -, we deduce
7 (@ s Q12 (z)) < m§ (o gn Qr2(2)) + 8R(n — 1) ¢y~
L (W, QL (@) + 1™+ Cln = D)W || o (i) (73 — 1)y~ + 8R(n — 1)[¢|r
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and therefore the claim. O

We are now in a position to establish some properties satisfied by ghom.

Proposition 4.7. Let f € F(C,a) and assume that for every x € R®, ( € RN, and v € S*~! the
limat

hm mg“’ (UT$7C7V7 Q:(T.ﬁ))
r——+o00 rn—1

=: ghom((, V) (4.14)

exists (and is independent of x:). Then, gnom satisfies the following properties:
(i) for every (1,(e € RY and every v € S*~1

|ghom (C1, ) = Ghom (G2, v)| < CH™H(0Q1)|G1 — Cal; (4.15)
(i) ghom : RY x §T71 = [0, +00) is continuous;
(iii) for every ¢ € RN and every v € S*~!
2[¢]
(< +2)

(iv) for every ¢ € RN and every v € S"~1

2C[¢] |
] +2

S ghom(C’ V) S (416)

ghom(ga V) = ghom(_C7 _V)'
Proof. To prove (i) fix v € S*~1 and (;, (> € RV*". Thanks to Lemma we get

|m£°° (ﬂCl,w Q:) - méwc (ECLIM Q:)| <C /BQ |EC1,V - ﬁC2,1/|d,Hn_1'
By the definition of %, ,, using Lemma [1.4] we have
[ e =gl = [ 16 Gl ) dH ) < 1O OQUIG - Gl
oQy QY.

Then we conclude by (4.14)) also noticing that by Corollary [£.5| we have

)

. mi” (@ , QY (rx
ghom((:’l/) — TEI_POO s ( ra;,fli/l Qr( ))
for every z € R", ( € RV, and v € S"1.

To prove (i) we preliminarily show that gnom(C,-) : ST71 — [0,400) is continuous for every
CeRN. FixCeRN ve Si‘l and a sequence (v;)jen in Si_l such that v; — v as j — 4o0.
For every € (0,1/2), by the continuity of the map v — R, on S771 (cf. of the notation list),
there exists j5 such that for every r > 0 and every j > js

s de Ql(jﬁa)r CC Q1426 - (4.17)

Setting r; := max{|R,,(e;) -v| : i =1,...,n — 1}, we have that x; — 0 as j — +o0, by the

continuity of the map v — R, on Si_l. Letting y € Q:f1+5), then y =y’ + (y - v;)v; where

r
2

In particular (y - v;)(v-v;) =y v —y - v and thus, if |y - v| < & and j is large enough, we get

v e Ry, ([~ 50+6),51+8)]"" x{0}).

v n—1)k;r(146)+1
ly vl < WA g 1 < D () 11, (4.18)
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where K (0) := %. Applying Lemma [4.6| with R = K(§)rk; + 1, we deduce

m{ " (v, Qrl14s) < m{” (U, QY) + !

+ K (25(1 +28)" 2"t + (K (0)re; + 1)|¢[ (1 + 8)"2rm72),
where K depends only on n and C. Consequently, letting the r — 400, appealing to and
to Lemma [4.4] we get
(1+6)"  ghom (¢, ) < ghom (¢, v) + 1+ K (1 +26)" (26 + K (8)r5(¢]).-
Taking the lim sup for j — 400 we have

(14 6)" " im sup gnom (¢, ¥;) < ghom (¢, v) + 1+ 2K5(1 4 25)" 2

J—+oo

thus letting 1,4 — 0 we obtain

lim sup ghom(C, Vj) < ghom(g V)'

j—+oo

An analogous argument, using the cube Q(VL 8y shows that
Ghom (Cv V) < hm inf ghom(€7 Uj)
J—r+oo

and hence the claim.

To establish the continuity with respect to both variables, consider a sequence (¢;) en in RN*n
such that ¢; — ¢. Thanks to (4.15), we have that

|9h0m(Ca V) - 9h0m(<j7 Vj)‘ < |gh0m(Ca V) - ghom(<7 Vj)| + |ghom(C, Vj) — Ghom (ij Vj)|
< |ghom(C7 V) - ghom(C7 Vj)| + CHn_l(anﬂc - CJ'
and therefore we get (ii).

To prove (iii) fix ¢ € RY and v € S*7!, and recall that by (4.14)) and the spatial homogeneity
of ghom we have that
£ ( v
_ : ms uCﬂ/? Qr)
Jhom (G, V) = TEI_B)O — s (4.19)
We notice that for every » > 0 and M € N we have

mi ™ (e, Qir,) _ m” (ucw, QF)

M?"n_l — pn—1
Indeed, assume for simplicity v = e,, then if (u,v) is a competitor for m{™ (u¢.,, Q") then
(unr,var) defined by (u,v)(z — ri) for x € ri + Q¢ for i € Z"! x {0} with components in
[—{.\g + 1, M — 1], and equal to Uc,en otherwise on Q%},. is a competitor for mi™ (Uc,e,» Q%) With
ST= (unr, var, Q%) = M"1ST™ (u, v, Q¢). Thus, we infer that
m{” (u¢., Qy) m{ " (uc., Q)

lim ————=—" "2 — inf
r—-+o00 rn—1 r>0 rn—1

Moreover, by and C' > 1, we have that
C_lGe(u7 v, Q?) < Fe(u7 v, QZ) < CGE(U/7 v, Q:) >
where G, : LL (R", RN*1) x o — [0, +00] is given by

loc

/ (V2| Vul| + a-v? +e|VolH)dy if (u,v) € WHYB,RN) x Wh2(B,[0,1])
G:(u,v,B) := B €

+00 otherwise.
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Therefore, we conclude that
Il v [] v
1. o ms (u . .ms (u
C 1 inf S ( C,V7Qr) S ghom<<;V) S C inf S ( C,l”QT) .
>0 rn—l >0 rn—l

Finally, [7, Lemma 3.8 and Remark 3.9] yield that

mH Uy v

o el TS

where using the same notation as in [7]
2s
s+2°
Eventually, (iv) is a direct consequence of the identity R,(Q1) = R_,(Q1) and of the fact that

u=1u_¢_, on 0Q¥ if and only if u+ ¢ = u¢, on 9QY for every ¢ € RN, v € S"71, r > 0, and
u € WHH(QY, RY), O

g(s) = 1[161111[]1{1525 411 =N} =

5. DETERMINISTIC HOMOGENISATION

To prove the stochastic homogenisation result in Theorem we follow the same proof strategy
as in [23] 24]. To this end, we preliminarily work in a deterministic framework (where w € Q
is regarded as fixed) and prove a homogenisation result without assuming any periodicity of the
integrand. Then, in Section [0} the deterministic homogenisation result at fixed w will be used
in combination with the Subadditive Ergodic Theorem, Theorem to derive an almost sure
I-convergence result for the random functionals Fy(w).

The main result of this section is stated in the following theorem.

Theorem 5.1 (Deterministic homogenisation). Let f € F(C,a) and consider the phase-field
functionals F. : L (R",RN+1) x o7 — [0, +0oc] given by

/(u2f(£,vu) 402 L Ve, (0) € WA RY) x WL2(A, [0, 1])
F.(u,v,A) := A € €

400 otherwise.
(5.1)
Assume that
(i) for every x € R, £ e RN*" v € S" 1 and k € N the limit
f v,k
. Tnb(£f7¢2r7 (T.’IJ)) .
TBI_POO En—1lyn =t fhom () (5.2)
exists and is independent of x,v and k;
(ii) for every x € R", ¢ € RN and v € S*~! the limit
. mgm(umgu7Q¥(7’5ﬂ))
TEIJPOO rn—l = ghom(<7 I/) (53)

exists and is independent of x.

Let, moreover, f5.  be the recession function of fuom. Then, for every A € o/ and every (u,v) €
Li (R™ RN*L) we have

loc
(L (R™, RNV H1))- lir% F.(u,v, A) = Fhom(u, v, A),
E—r
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where Fiom : L (R™, RN*1) x o7 — [0, 4-00] is the functional defined by

loc

From(u,v, A) /fhom (Vu) d:z:+/ From( dd|g65| d|D¢u| +/ Aghom([u],yu)dq_[nfl’ (5.4)
Jun

ifu€ GBV(A,RY) andv=1L"-a.e in A, Fhom(u,v, A) = +00, otherwise.

To prove Theorem we use a standard approach in homogenisation theory based on the
compactness of I'-convergence and on the so-called localization method (cf. [20, B0]). Namely,
we first show that for every infinitesimal sequence (g;);en, up to a subsequence, the functionals
F;,, defined in , I- converge to some abstract functional . Then, we prove that F admits
an integral representatlon as in on BV(A,RY), for every A € o/. Eventually, thanks to
and we deduce that ﬁ does not depend on the extracted subsequence, and hence the
homogenisation result for (F;) follows by the Uryshon property of I'-convergence.

We start by proving the following abstract I'-convergence result.

Theorem 5.2 (T'-convergence and properties of the I'- 1imit) Let f € F(C,a) and F. be as in
(5-1)), then there exists a subsequence (¢;)jen and a functional F: LL (R, RV H) x o7 — [0, +00]
such that, for every A € o and every u € Li (R",RY) with u € BV (A,RY)

(L (R™, RN T lim F, J(u,1,4) = Fu, 1, A). (5.5)

Moreover I satisfies the following properties:

(i) (locality) ﬁ(ul,vl,A) = ﬁ(ug,vg,A) for every A € o/ and every (u1,v1), (ug,v2) €
L (R™ RN*LY) such that (ur,v1) = (uz,v2) L™ -a.e in A;
(#i) (semicontinuity) for every A € o the functional ﬁ(, LA): LL (R",RY) — [0, +o0] is
lower semicontinuous;
(iii) (upper bound) for every A € o and every u € Li (R™,RY) with u € BV(A,RY) there
holds R
Fu,1,4) < C(L"(A) + | Dul(A)); (5.6)
(iv) (lower bound) for every M > 0 there exists Cpy > 0 such that for every A € o/ and every
u € Li, (R",RN) with u € BV(A,RY) and ||u]| Lo (arr) < M we have

Cr|Dul(A) < F(u, 1, A); (5.7)

(v) (measure property) for every A € o, every u € LL _(R™,RYN) such that u € BV(A,RY),

the set function F(u, 1,-) : &/ (A) — [0, +00] is the restriction of a finite Radon measure
on A;

(vi) (translatlon invariance in u) for every A € & and every (u,v) € Li

F(u—|—8 v,1,A) = (u v, 1, A),

(R™, RN*1Y we have

loc

for every s € RV,

Proof. Given any sequence of positive real numbers decreasing to zero [30, Theorem 16.9] provides
us with a subsequence (g;) such that
T- lim F., =F,

j—+oo

where F : L}

loc
a set function and lower semicontinuous in L}

loc
convergence, we have

(R", RNF1) x o7 — [0, +00] is increasing, inner regular, and superadditive as
(R, RN+1) as a functional. By definition of T-

F' =F=F", (5.8)
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where
F\/(-,A) = I-liminf F (-, A), ﬁ"(-, A) =T-limsup F,, (-, A),
Jj—o0 j—oo
and
F/(A)= sup F'(,A), F'( A):= sup F"(- 4.
A'CCA A'CCA

The locality property and the translation invariance of F are direct consequences of (5.8), and of
the locality and translation invariance of F’ and F”.

Arguing exactly as in [7, Lemma 5.1], for every A € &7, every u € LL _(R" RY) such that

loc

u € BV(A,RYN), every A, A” € o/(A) and every B’ CC A, with B’ € &/ (A) we can obtain that
F'(u,1,B"UA") < F"(u, 1, A') + F" (u,1, A"),

from which we can easily deduce that the inner regular envelope ol (u,1,-) is subadditive on

o/ (A). Therefore, thanks to the De Giorgi-Letta Criterion, we infer that the set function F(u, 1, ) :
o (A) — [0, 400] is the restriction to the open sets of a Borel measure on A.
For every A € &/, and every u € LL (R",RY) with u € BV (A,RY), in view of |(f2), we obtain

loc
F"(u,1,A) < C(|Du|(A) + L™(A)).
Hence, in particular
F(u,1,A) < C(|Du|(A) + L"(A4)),
so that using [30}, Proposition 18.6] we get
F'(u,1,A) = F(u,1,A) = F"(u, 1, A).

The latter eventually provides the I'-convergence statement in (5.5). Eventually, the lower bound
is a consequence of C~! <1 and [6, Theorem 4.1 and Remark 4.2] and [7, Section 3.1 and
Proposition 4.1]. O

The next three subsections are devoted to the proof of Theorem Namely, in subsections [5.1
- [6-3] we identify, respectively, the three measure derivatives
dF(u,1,))  dF(u,1,") dF(u,1,")
and ——=
dcr 0 dH LT’ d|Decul|
In fact, we will prove that under the assumptions of Theorem for every A € & and u €
BV (A,RY) the following three equalities hold:

%(w) = fhom(Vu(x)) for L™-a.e. z € A,
Flu,1,-
%(IE) = ghom([u}(x), I/u(x)) for Hn_l_a_e_ x < Ju N A,

dﬁ(uv ]-a )

d| D7l () = from(Vu(x)) for |Dul-a.e. x € A.

Since in the equalities above the right-hand sides do not depend on the subsequence (¢;);en, We
will be able to conclude that F is subsequence independent and therefore the I'-convergence result
holds for the whole sequence (F) (cf. Theorem [5.1)).

The strategy to prove the identities above uses, on one hand, the global method for relaxation
in BV [17] and, on the other hand, a direct (although involved) comparison argument.
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For later use it is useful to recall the following notation: let U € 7, and let G : BV (U, RY) x
o (U) — [0,00); for every (w, A) € BV (U,RN) x o/, (U) set

ma(w, A) := inf{G(u,A) : ue€ L, (R",RY), uc BV(A,RY), u=won dA}. (5.9)

In addition, we use the notation sc™(L')G for the relaxation of G with respect to the L! conver-
gence, namely sc™ (L')G(u, A) := I'(L')-lim; G(u; A) (cf. [30]).

In what follows we will use in several instances a truncation lemma that follows from De Giorgi’s
slicing and averaging argument on the codomain (see for instance [7, Proposition 6.2] and [28]
Proposition 3.2]). We give here a detailed proof of it since the statement is slightly different from the
standard one. In particular, in Propositions [5.4] and we choose v = 1, while in Proposition 5.7
it is important that the constant v in the growth condition below equals 0. We recall the notation
Tr for the smooth truncation operators and aj for the related sequence introduced in

Lemma 5.3. Let A € o and G : GBV(A,RY) x L1(A,[0,1]) — [0,00] be the functional defined
by

G(u,v) := / v(x)g(z, Vu(z))dz
A
where g : R™ x RV*™ — [0, 00) is a Borel function for which there exists v € [0,00) such that

el < g, ) < e(lg] +7) (5.10)

for every (x,€) € R™ x RVX™ and for some ¢ > 0.
Then for every M € N and (u,v) € GBV (A,RN)x L1(A,[0,1]) there exists k € {M+1,...,2M}
such that T(u) € BV N L>®(A,RYN) with | Te(w)|| 1~ < akt1, H" (I NA) < HHJ, N A)

and
2

c
G(Tu(u),v) < (14 57 )9(u0) +9CL" {Jul > anr})
Proof. Let us fix M € N and (u,v) € GBV(A,RN) x L*(A,[0,1]) with G(u,v) < oo, otherwise the
claim follows trivially. By averaging, there exists k € {M +1,...,2M} such that

v(x)g(x, Vu(z))dzr < iQ(u, v). (5.11)

/An{aksmmkﬂ} M

By the properties of GBV functions and the very definition of 7T, we have that T (u) belongs
to BV(A,RY) N L>=(A,RY) with || Ty (u)||e < apt1, Jr@w NA C JuNA and V(T (u))(z) =
VTi(u(x))Vu(z) for L™ae. z € A. Furthermore, being Lip(T;) < 1, we can check for every
y,v € RY with |[v] = 1 that |(VTi(y))v| = |0,Tk(y)| < 1 that provides ||[VT5(y)|l2 < 1 for every
y € RY (here || - ||2 stands for the matrix norm on RN*¥ induced by |- | on R") and consequently

[V(Ti(w)(z)| < |Vu(x) for L™-a.e. € A. (5.12)
In particular, in virtue of Ti(y) = v on {|y| < ax} and Ti(y) = 0 on {|y| > ak+1}, we obtain

9(Tilu).0) = [

An{|ul<ar}

v(x)g(z, Vu)dx +/ v(x)g(z, V(Ti(u)))dz+

Aﬁ{ak§|u\<ak+1}

—l—/ v(x)g(z,0)dx < G(u) + c/ 0(2)|V(Tg(u))|dz
An{|u|>ak+1} An{ar<|ul<apy1}

+eyL(|u] > ar) < G(u) + c/ v(@)|V(u)|dz + ey L™ (Ju| > anr)
Anf{ar<|u|<ap41}
2

< (1 + CM)Q(u,v) + ey L (Jul > anr),
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where in the first inequality we used (5.10)), in the second one (5.12)), and finally in the last one
(10) and (5.10). 0

5.1. Identification of the volume term. This section is devoted to identify the measure deriv-

. dF u,l,- .
ative d(m ) with Sfhom-

Proposition 5.4 (Homogenised volume integrand). Let f € F(C,«) satisfy (4.1)). Let F be as
in (5.5)). Then, for every A € o/ and every u € L{ (R", RY), with uw € BV (A,RY) N L>®(A,RY)

loc

there holds
%(@ = fhom(Vu(z)) for LM-a.e. x € A,

where fhom s as in (4.1)).

To prove Proposition we need the two following technical lemmas.

Lemma 5.5. Let g € F(C,a) be given and define g : R™ x RV*" — [0,00) as

g(z, &) := limsup inf {/ glx+nz,Vw)dz : w— L € W(},l(Q’RN)} , (5.13)
Q

n—0
Let A € @y and let E9(-,A) and E9(-,A) be defined as in (??) with h replaced by g and g,
respectively. Moreover, consider the functionals F'9, F9 : LY (A, RYN) — [0, 00| given by
g i 1,1 N . g ; 1,1 N
Fo(u) = {E (u,A) ifueWHH (A RY) ORI = {E (u,A) ifueWhHi(4A,RY)

+00 otherwise 400 otherwise.

Then the following statements hold:

(i) if g is 1-homogeneous in &, then the same holds for §;
(ii) there exists H C R™ with L"(H) = 0 such that for every x € R™\ H and every £ € RV*"

Q(m,£) < g($>§)§
(iii) for every u € WH1(A,RY)
se” (LY)F9(u) = FI(u);
(iv) for every u € BV (A,RY)
sc” (LY)F9(u) —/

g(x,Vu)dx‘ < C|D*u|(A);
A

(v) for every u € L'(A,RY)

sc” (LY F9(u) = sc™ (L) FI(u);
(vi) for every & € RVN*n"
m(le, A) = mi (tg, A).

Proof. Property (i) readily follows from the definition of §. Instead, (iii) and (iv) are a direct
consequence of [I7, Theorem 4.1.4].
To prove (ii) let £ € QN*™ be fixed, by definition we get

1
g(x,8) < limsup/ g(z +nz,&)dz = limsup—n/ g(z,8)dz
n—0 JQ n=0 17 JQ,(x)
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for every x € R™. Then, the Lebesgue Differentiation Theorem provides us with a set H; C R"
such that L™"(H¢) = 0 and §(z,§) < g(z,§) for every x € R™ \ He. Therefore, we conclude by
setting
H:= |]J H,
§GQN><7L

and invoking the continuity of g, and the lower semicontinuity of § as the bulk energy density
of the functional sc~(L')F?9.

The proof of (v) follows straightforwardly from (i7) and (4i7).

To conclude the proof, we are left to show (vi). We start noticing that in view of (i7) we only
need to prove that

mg(gfa A) < mi(fg, A).
for every ¢ € RV*". To prove the inequality above, fix £ € RVX" and let u € W11 (A, RY) satisfy
u = l¢ on DA. By (i) we can infer the existence of a sequence (u;);en C WH1(A,RY) such that
uj — u in L*(A,RY) as j — oo and
lim E9(uj, A) = E9(u, A).
J]—00
By [17, Lemma 2.6 and Remark 2.7] we can find a sequence (w;)jen C WH1(A,RY) satisfying
wj = l¢ on DA such that w; — u in L'(4,RY) as j — oo and
limsup B9 (w;, A) < liminf E9(uj, A) = E9(u, A),
j—oo J—©

therefore the claim follows by the arbitrariness of w. O

Using a classical argument of Ambrosio, in the following lemma we prove a truncation result in
the same spirit as in [28, Lemma 4.4].

Lemma 5.6. Let F. be the functionals defined in (5.1). Then, for every 6 € (0,1), A € &,
and (u,v) € Li (R™, RN*L) with u € WHL(A,RY) N L®(A,RY) and W12(A,[0,1]), there exists

u’ € LL (R™",RN)N SBV(A,RN) (also depending on A) such that for every ¢ > 0
H’(u®, A) < F.(u,v,A) + CL ({v < 6} N A), (5.14)

where HY : LL (R™,RN) x o7 — [0, +00] is the functional given by

loc

aa/ f(&,Vw)dz + BsH" 1 (J,NA)  if we SBV(ARY)
A

H(w, A) ==
400 otherwise,
with ags, Bs > 0 such that
%1_%015 =1 and }1_>Inlﬂ5 =0.
Moreover, if (us,v.) — (u,1) in L'(A,RN*1) as e — 0, then the corresponding (u®) satisfies
ul —u in LY(A,RY) ase — 0. (5.15)

Proof. Let § € (0,1),e >0, A € &, and (u,v) € WH1(A,RN) x Wh2(A,[0,1]) be given. We have

Fo(u,v, A) > / asf (2, Vu)da + / (1 — v)|Volde (5.16)

{v>52} A
where a5 := min t% = 6*. Set
tel62,1]

t 2
(1) ::/(1—S)ds:t—% and @, :=®dove W 2(A).
0
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By the Coarea Formula we can infer that

®(5)
/ (1 —v)|Vu|dz = / V®,|dzr > H' AN ({®y > t}))dt,
A A (62)

therefore, there exists t° € (®(62), ®(5)) such that
/ (1 —v)|Voldz > (2(8) — B(62)H" " HANI* ({P, > 1°})). (5.17)
A

Set u® := ux{,>a-1(5)}; we notice that u® € LL (R, RV)NSBV (A, RY) since {v > &~(t°)} is a

loc

set of finite perimeter in A and u € L>(A, RY). Since by definition J,s N A C 9*({®, > t°}) N A4,

(5.17) becomes
/ (1 —v)|Voldz > BsH™ 1 (J,s N A), (5.18)
A

where 35 := ®(5) — ®(5?).
Moreover, by the strict monotonicity of ® on [0, 1], we get

/ (£, Vu)dr > / f(%,Vu‘s)dx,
{v>62}

{v>2-1 (%)}
so that thanks to [(f2), we obtain

a5/ F(2, Vu)de + CL ({v < 5} N A) > aé/ £(2, Vud)da. (5.19)
(v>62) " © A"

Eventually, (5.14]) follows by gathering (5.16)), (5.18), and (5.19).
Now let (uc,ve) = (u,1) in LY*(A,RN¥*1) as e — 0 and consider

Ug = Ue X {v.>d—1(t5)}
We observe that

lue = wlllpigay < lluellr(qo.<syna)- (5.20)
Therefore (5.15) follows by (5.20) in view of the equi-integrability of (u.) and the convergence in
measure of (v¢) to 1. O

We are now ready to identify the Radon-Nikodym derivative of F with respect to the Lebesgue
measure with fhom.

Proof of Proposition[5.4. Fix A € o and u € L _(R",RY) with u € BV(A,RN) N L2(A4,RY).
We divide the proof into two steps.
Step 1: We claim that
dﬁ(u, 1,-)
dcn

For every A € & and ¢ € QN (0,1) set ﬁq(u,l,A) = ﬁ(u,l,A) + ¢|Du|(A). Thanks to [I7],
Lemma 3.5] we obtain that for L"-a.e. z € A

dF(u,1,") Mg (Ivu(z), @p(x))

T(m) +q|Vu(z)| = gl_f}(l) o
where where mg is as in (5.9). Let « € A be that (5.21)) holds, and set ¢ := Vu(z). In view of
(4.1)), for every p > 0 we have

() < fhom(Vu(z)) for L™-ae. x € A.

(5.21)

f r
from(@) = tim_ LG (5.22)

r—+00 r
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Fix n € (0,1). By (5.22), for every p,r > 0 there exists w? € Wh(Q, (px),RN) with w? = {¢ on
8Qr(p x), such that

Thus, for every p > 0, (5.22)) and (5.23)) yield

, 1
llmsup7/ ( )f(y,Vwﬁ)dythom(éHn-
Qr(tx

r—+oo T
Now, let (¢;),en be as in (5.5) and set r = é Define u2 : R™ — RY as
p(x i
o [2() trea0
€5 . n
le(y) ify e R"\ Qy(x),

therefore uZ, € I/Vl1 1(R” RY) with uf = le on R"\ Q,(z). Changing variables and again invoking
- for every p >0 we get

timsup - [ FL,Vu2 )y < from(©) + 1+ C(l + D(L4+m)" —1)  (5.24)
jo+oo P Qp(l+n)(4’3)

where we also used the fact that Vu? =& on Qo1+ (7) \ Qp(x), and ( .
Appealing to (5.24] and the Pomcare Inequality, for every p we can find a subsequence
of (g;)jen (not relabeled) such that w2 converges in L (R™,RY) to some u” € L (R",RY) N

BV (Qp147) (), BY) with u# = f¢ on 9Q,(1.,)(x). Moreover, by (55). (523). andﬂ for every
p > 0, we have that
mﬁ(£§an(1+n)(x)) < F(u?, 1,Qp(1+n)($)) + Q|Dup|(Qp(1+n)(l‘))
p" - P
. Fey(ug,1,Qp(14m ()
<liminf; , 4 ( = 14n + p% pr(Hn)(I) |Vu§j Idy)

< (from(§) + 1+ CE[ + (L +n)" = 1))) (1 + ¢C).

Eventually, by (5.21) and taking the limit as p — 0 we get
dF (u,1,-)

(L+n)" (T(@ + qf) _ i "B Qo) ()

p—0 pn
< (fuom (&) + 0+ CE[+ (A +n)" — 1)) (1 + ¢0),

hence the claim follows by letting n,q — 0.
Step 2: We claim that

dF(u,1,")
dcr
Let A’ € @/(A), by Theorem [5.2] we can find a sequence (uj,v;)jen € Li (R",RY) such that
(uj,v;) € WHHA RY) x W12(A' 0,1]), (uj,v;) = (u,1) in LL (R™,RN*L) v;(z) — 1 for
LMae xe€ A as j — +oo and

() > fhom(Vu(z)) for L™-ae. x € A.

lim F. (uj,v;,A") = ﬁ(u,l,A'). (5.25)

j—+o0
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Let 6 € (0,1) be fixed; by Lemma [5.6] we have
H? (uf, A") < F. (ug,v5, A) + CL({v; < 5} N A,
where (u?) C SBV (A, RY) with ug — uin L*(A’,RY). Therefore by we get
lim inf H? (uf, A') < F(u,1,4"), (5.26)

since (v;);en converges in measure to 1 on A’.
We now consider the measures u? defined on A’ as follows

1 = s f (2, Vug) LML A"+ BsH " L (5 N AY).

Note that by (5.26)), there is a subsequence (not relabeled) and a finite Radon measure p® on A’
such that u?- Sl as j — +oo.
Now let xg € A’ be a point of approximate differentiability of u, and additionally assume that

i 2 @p(0)) _ dp®

Tk (5.27)

Such conditions determine a subset of full measure in A’. Then, consider the rescaled function
u? : Q1 — RV given by
up(y) — U(J,‘O + py) — u(xO)
p
thanks to [0, Remark 3.72] we have u? — £¢ in L}(Q1,RY), where & := Vu(zo).
By the weak*-convergence of ,u? towards u’ we have

)

i X
Wt Q) g, Q)
dLnr p—0 P p30, pE (o) J—r+o0 o

)

p—0, pel(zg) j—+00

lim  lim p—n(% / P&, Vad)da + ByH (T 0 me(xo))) (5.28)
Qp(z0) ’ !

where I(z0) := {p € (0, %dist(xo,é)A')): 10 (0Q ,(20)) = 0}.

For every p and j, define the rescalings ug-’ € SBV (A, RY) by

U?(ﬂﬂo + py) — u(zo)

i) ;
then uf — u” in LY(Q1,RY) as j — +o0. Furthermore, thanks to (5.28)) we get
du? . . ; B5 4
- 1 1 ( 20ty 7P )dy + LU (T, N ) 5.29
dcr (mO) p—0, lplgl(wo) J—%I—II}OO @ /Ql f( €j uj) y+ p H ( uf Ql) ( )

Fix M € N, for every p and j, we apply Lemma with v = 1 so that there is k,; € {M +
1,...,2M} such that @f := T, ;(uf) € SBV(Q1,R"),
2ot p; . C? cotp;
/Q e vy < (14 57) [ ez v o) 2 a). 630)
1 1
Up to subsequences (not relabeled) we can assume that k, ; € {M +1,...,2M} actually depends
only on p. If we choose aprr > sup,cq, le(y) we get that
lim lim @f =/ in L'(Q:,RY)

p—0j—+4oc0
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and
lim  limsup £"({|u}] > arm}) =0, (5.31)
p—0, p€I(z0) j——+o00
since we also have that lir% _ ligrn ug’ = {¢ in LY(Qq,RY). In particular, for M is large enough, by
p—0 j—4o0

combining (5.29)), (5.30), and (5.31)) we can infer

C?\ dpd
1+ —)— xg) > limsup limsup as f(Etey 72 dy, 5.32
( M dﬁ"( 0) p—0, pEI(zo) j—+oo ol ( & ) ( )
and
lim  limsup H"—l(Jﬁ]p_ NnQ;) =0, (5.33)

p—0,p€1(x0) j—s400

since Ty, . € CIRN,RY), §Zi (x0) is finite, and Bs > 0. Set

X p
Tpj = Huf —Lle|lpr @i ry) + 35

then, lim lim 7,; = 0. Thus, for every p > 0 small and every j large (depending on p) we have
p—0 j—+o0

Tp; € (0,1). Therefore, thanks to the Coarea formula and to the properties of the traces of BV

functions on rectifiable sets (see [9, Theorem 3.77]), there exists 7, ; € (1 — T’}’/jz, 1) such that

.y e —1/2y - 1/2
/aQ (@)™ — LeldH™ < 72108 — Cellpr gumm) < 72 (5.34)

where (@)~ is the inner trace of @ on dQy, ;. Therefore, defining the functions v} € SBV (Q1, RY)
as

a(y) ifye€Qs,,
wi(y) = : ’

le(y) fyeQi\Qs,,,
thanks to|(f2)| we have that

as | fRZP VA dy + a5 (ClEl+ 1)L (@1 \ Qr, ;) > as | (7L, Vwf)dy

Q1 Q1
and, since pl)l—I;%jLHJPoo 75,5 = 1, from (5.32) we obtain
(1 + C—z) Ayt (zo) > limsup limsupas f(Eetey Vw!)dy. (5.35)
M /dLr p—0, p€I(z0) J—+00 Q1 /

. o . .
Furthermore, thanks to (5.34), (2.2), and to the definition of @ [ we can estimate the singular part
of Dwf as follows

|D*wf[(Q1) < / [wf)ldH" " < Tplf + zagMHH”—l(Jﬁ; NQ1). (5.36)
prﬁQl
Now, for every p > and j € N, consider functional F, ; : L*(Q1,RY) — [0, 00| given by
f(I Vw)dy  if w e WHH(Q1,RY)

Fp,j (’LU) = Q1
00 otherwise.

In view of Lemma (iv), for every w € SBV (Q1,RY) we have

e (D) = [ S <¢ [ e, (5.37)

wNQ1
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where f,; == g, with g(z,&) = f (M,g) for every (z,£) € R™ x RN*™ (cf. (5.13)). By [17,
Lemma 2.6], for every p and j we can find w € Wh(Q1,RY) with @ = £¢ on Q; and such that

(5.38)

Q\b“

Sci(Ll)FpJ / fpj Y, V! )dy‘ <

In particular, from (5.36)), (5.37) and (5.38) and the equality f, ;(y,&) = f(%]p”,f) which follows
from formula (5.13)), we infer

£, Fuy = [l )y 2 s (LOFs@h) = C [ Jufjane
Q1 ’ Q1 Jw;?ﬂQl
> / fo.i(y, Vo )dy — g - C(r, 1/ + a9 1 H" (T 2 N Q1))
: f(*””y Vi )dy — & - C(T,i/f + 20201 H" T (Jar N Q1)) (5.39)
1
Setting
P — AP (T z
Tpg = — and W;(x) =1, 05 (5 — =)
£j 0.3
we have @} € W1(Q,, ; (%xo),RN) with @/ = ¢ — —xo on 0Q,, (™ %2 10) and
. 1 .
f(%a Vd}f)dy = .o f(.’IJ, ijp)dx
(o ! Tpj JQr, ; (“2L o)
In particular, Lemma 5.5 (vi) gives
/ )f(x, V@t)dz > mi (b, Qr,, (22220)) = mi(Ce, Qr,, (P2220))
T 930

Therefore, ((5.35| , and (4.1]) yield

f T
9 mi (be, Q, (T2
(1 + C—)i(iﬂo) >  limsup limsupas b(fe 21( £
M/dcr p—0, p€I(z0) j—+00 Tp.j

= Oééfhom(g) = O‘thom(vu(xo))

and (huS
n Zo) = dJhom ;U’ Zo

by letting M — co. Hence, recalling (5.26]), we deduce that

F(u,1,A') > liminf H® (u®, A") = liminf pd(A") > p2(A) > a5 | foom(Vu)da
j—o0 SN j—oo J A7
Eventually, the claim follows by letting § — 0 and by the arbitrariness of A’ € <7 (A). ]

5.2. Identification of the surface term. In this subsection we show that the Radon Nikodym
derivative of F with respect to H" 'L J, equals to gnom for every v € BV.

Proposition 5.7 (Homogenised surface integrand). Let f € F(C,«) satisfy . Let F be as
in . Then, for every A € o and every u € LL (R™,RN), with u € BV(A,RY) N L>=(A4,RY)
there holds R
dF(u,1,-)
dH» 1L J,
where gnom S as in .

(2) = ghom ([u](x), vy (x)) for H" l-ae. 2 € J,NA,
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To prove Proposition [5.7] we need a preliminary lemma which is an extension to our setting of
some results contained in [I7].

Lemma 5.8. Let U € &/ be fized and let G : BV (U,RY) x o/ (U) — [0,00) be such that

(1) for every u € BV (U,RY) the set function G(u,-) is the restriction to </ (U) of a finite
Radon measure on U;

(2) for every A € o/ (U) the functional G(-, A) is L'(A, R"™)-lower semicontinuous;

(3) there exists K € (0,00) such that

G(u,A) < K(L"(A) + |Dul(A))

for every u € BV (U,RY) and every A € o/ (U).
(4) For every M € (0,00) there exists Ky € (0,00) such that

K| Dul(A) < G(u, A)
for every uw € BV(U,RN) with |Ju| ey < M and every A € o/ (U).
Then, if w € BV (U,RN) is such that 2||wl| =y < M we have that for H" '-a.e. x € J,,

Va vy (2)
dG(w, ") M w,Qpr (@) m (e @) w @), @ (@)
T I o R S gt (5:40)
where
mef (w, A) = inf{G(v, A) : v € BV(A,RY), v = w on 9A, ||v|p=(ary) < M}. (5.41)

Proof. The proof follows by combining a number of arguments from [I7, Section 3] which we briefly
summarize. Appealing to [I7, Lemma 3.5 and formula (3.17) in Theorem 3.7] the equality in (5.40)
can be established for functionals G satisfying assumptions (1)-(3) above, and the stronger growth
condition

C|Du|(4) < G(u, A), (5.42)

for every u € BV (A,RY).

In their turn, [I7, Lemma 3.5 and formula (3.17) in Theorem 3.7] are a consequence of [I7],
Lemmata 3.1 and 3.3]. Namely, [I7, Lemmata 3.1] establishes the Lipschitz continuity of mg as
in , with respect to the traces and is stated under the sole positivity of G. It is easy to check
that an analogous result holds true for mgf as in .

Moreover, is used in [I7, Lemma 3.3] to prove the equality G(u, A) = sups~omea,s(u, A),
where

mas(u, A) = inf { 3 malu, Qi (w:) : Q4 (x:) € A, QY (w:) N QY () = 0, # j,
ieN
diamQy () < &, p(A\ Usen Q¥ (1) = 0},
with p:= L" + |D*ul.
Then to conclude we notice that the same identity holds true for mg under the assumptions

(1)-(4). In fact, one inequality is trivial, while the other can be obtained by exhibiting a competitor
with the same L*° bound. (]

We are now ready to show Proposition

Proof of Proposition[5.7]. Letusfix A € & andu € L{ (R, RY) with u € BV (A, RV)NL>®(A,RY).
We divide the proof into two steps.
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Step 1: We claim that
dF(u,1,-)
dH 1L J,
Thanks to Theorem and Lemma we obtain for H" l-a.e. x € J, N A that

F . m]i u, vu(®) T m@‘ Uy [u](z), v (z)s pu(®) T
dF(u,1,") () = lim F Q@) L mE e @) @) @ (7))

danl I—Ju p—0 pnfl p—0 pnfl

() < ghom ([u)(x), vu(x)) for H' l-ae. x € J, NA.

, (5.43)

for every L > 0 with 2||u| g4y < L.
Fix x € AN J, such that (5.43)) holds and set ¢ = [u](z) and v, (z) = v. By combining (4.14)
and Corollary [L.5] for every p > 0 we get

mi” (Us g, QY(L))
Jhom(C,v) = lim £ L

r——00 rn—1

Let n € (0,1) be fixed. By (5.44]), for every p and every r large enough, we have that

(5.44)

m ™ @z ¢, QY(ET)) < Gnom (G v)r ™t 4 yrn L,

Therefore there exist w? € Wl’l(QZ(%x)JRN) and v? € W1’2(QZ(%x),[O, 1]) with (w?,v?) =
(Uzacv,1) on 0QY (5 ), such that

ST wp o QUGN = [ (DR Tup) + (1= o)+ Vg dy <
Qu(za)
<" Wy e, QY(E2)) + 1"t < ghom (G )™t 4 2 (5.45)

Next apply Lemma [5.3[ with v = 0 to infer that Tye(w?) =: ¥ € Wl’l(Qﬁ(%x), RY) satisfies
e 02 el
AP P v(r - P 0P vir
S (g v, Qu(30) < (1+ 77 ) 87 (wh,vp, Q1 (32))
2

< (14 57) GhomlCpr " + 2 ) (5.46)

Moreover, if M € N is such that (2|¢| + 1) +2[Jul| e (4) < azns then & =Tz, ¢, on 0Q) () and
||w£\|Lw(Q:(§z)) < agpry1-
In particular, by (5.46) we have that

1

rn—l

Cﬂ
[ wprvatiay < (14 57 ) Gnonlcon) + 20) (5.47)
Qu(za)

By Lemma and ([5.47)), given p > 0, for every r large enough we have

1 ) -
e /Q () ()2 (9, Vibp) — (i) 21 (v, 5 VD)ldy

Kpa s Y _
S KP + T(n_l)(l_a) </Q"(Tx) (Ur) |va|dy)
02 l—a
< Kp+ KpCct=@ (1 + M) (Ghom (¢, v) +2n)t 2. (5.48)
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Therefore, recollecting (5.44), (5.45) and (5.48)), for every p > 0 we get the following

1
lim sup TH/ (0222 f(y, Z908) + (1 — 02)? + |[Vor[2)dy
rtoa 11 Jou(za)
c? _
< R
< (14 57 ) Ghom(C.v) + 20) + K (M, p,1m),

~, _ 21—« _
where K (M, p,n) = Kp+ Kp*C*! O‘(l + Cﬁ) (ghom (¢, 1) + 2m)t—e.
Given € > 0 and p > 0, we define (42,9?) : R® — RV *1 as follows

W(y) = wr(S)  ify e Qp(x) () = op() ity e Qp(x)
R L if y e R™\ QY(x) 1 if y e R™\ QY(x)

with 7 = £. Thereby @2 € W5 (R",RN) with [|i2||poc(mn) < a2ar1 and 92 € WHA(R™,[0,1)).
Changing variables it is immediate to get

. 1 ~p 2 y ~ (1705)2 ~ 2
timsup (- NP1 i)+ +25/V02,[2)dy)

j—+o0 7

C? -
< (1 + M)(ghom(c, v)+2n) + K(M,p,n),

where (¢;)jen is the sequence in Theorem along which the I'-convergence of (F.).~q holds.
Moreover, we observe that

1 . R (1—
=9 (52,212, Vg +
P Qg @\ ()

c

prt /Q;(H")(@\ng

~p )2

i 4| VoL P)dy

€j

(1+ |V, |)dy

z,¢v

C

n—1

<Cp((L4+n"—1)+ vV

z,qv

J 2
(Q1 1y (NQE @) (y—2)-v|<e;/2}

< Cp((L+n)" = 1)+ ClCIIT | ooy (L +m)" = 1) < C((L+m)" = ) (p + ¢/ [| L (m))-
Therefore, for every p, we have that

(1-92))?

sup/ ((ﬁgj)2|Vﬁ§j| + Ejj + &5 VL, |2dy) < +o0.
Q

JENJQY (14 (2)

From |42 | ze(qQ4(2)) < a2m+1 and [T, Lemma 7.1] there exists a subsequence (not relabeled) of
(¢j)jen and u” € Li, (R",RY) such that (a2, 02,) — (u”, 1) in Lj, (R",RN*1) w” € BV(QY ., (2), RY),
uf(y) = uzco(y) for LM-ae. y € R" \ Q) (r). By assumption (ii) In Theorem ﬂ (cf. formula

(5.2)), it follows that for every p

132M+1(u$’4*”’Q1(/1+?7)p(x)) < F(u?, 1’Ql(/1+n)p(x)) < liminf Fe, (ﬁgj’ﬁgj’Ql(llJrn)P(x))

pnfl — pnfl =400 pn,1
2

< (14 57) Ghom(C0) +20) + KO, p.m) + O +0)" = 10+ 1T v o).

m
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In particular, thanks to (5.43)) we have that

o dﬁ(u 1 ) . mli2M+l (ULC,ua Ql(/H_ ) (33‘))
n—1 i) _ F n)p
(1+n) LT, (z) = fl)lgg) =

02 —/ n
< (14 27 (nom (G, v) +20) + CICIIT |y (2 + )" = 1)

and thereby, letting M — 400 and  — 0, we can conclude.
Step 2: We claim that

dF(u,1,")
dH 1L J,
By Theoremthere exists (uj,v;) € LL (R™,RY) with u; € WH(A,RY) and v; € WH2(A, [0, 1]),

loc

such that v;(z) — 1 for L™-a.e. z € A as j — +oo0,

() > ghom([u](x), vu(z)) for H" tae. 2z € J,NA.

(uj,v;) = (u, 1) in LL (R",RYTY) and  lim F. (uj,v5, A) = F(u, 1, A).

Jj—+oo

For H™-a.e. z € J, N A (cf. [9 Theorem 3.77 and Proposition 3.92]) we have

1

3 vy () _

Yimy =3 Dul(@p (@) = [ ()] # 0, (5.49)
“mi/ u(y) —u (y)ldy =0 (5.50)
P07 Jquutn gy bl e WY :

- P(u,1,Q (@) dF(u,1,)

Let us fix € J, N A such that (5.49)-(5.51]) are satisfied, and set ¢ := [u](z) and v := v, (x). Using

vy ()

the lower bound inequality in the I'-convergence of (F)cs0 on Q""" (z) and A\ QZ“(x)(x), the

super-additivity of the inferior limit operator implies that lilil Fei(uj,vj,Qp (7)) = Fl(u,1, Q,())
j—+o0o

for every p € I(z) := {p € (0, %dist(m,@/l)) : F(u,1,0Q}(z)) = 0}. Hence, we deduce that

dF(u, 1) 1

AR, L) oy I
dH»-1L J, (z) I(x)largaoj—igloo pn—1

/Q()(v§f(gj,vuj)+“;;f>2+5j|wj|2)dy. (5.52)
v(z

Now, we consider the rescalings (uf,vf), (u”,v”) : Qf — RN+ given by

(Wf (y), v%(y)) == (wi(x + py),vi(z + py)) and (v’ (y),v"(y)) == (w(z + py), 1)

Then u? € WHHQY,RY), vf € Wh2(QY,[0,1]), v* € BV(QY,RY), and (uf,v]) — (u’,1) in

LYQY, RV Y wP — ue,, in LH(QY,RY) by (5.50)), and vf = 1in L?(Q") for every p by(5.52).
Changing variables, formula ([5.52)) rewrites as

dF(u, 1) . .
T, @ T i dm f PEDPIEEE V) + £ e+ SV,
1
thus by |(£2)| we infer that
dF (u,1-)

> C limsup lims "2 |Vu”|dy. 5.53
TRl Ju(ﬂs)_ ,(li?;p‘fo m sup /Q (V%)% Vuy|dy (5.53)

v
1
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Lemma [£.2] implies that

l1-—a
p [ worsez vy z [ 07 ez vy ko~ K| wh?vugian)

QY
(5.54)
where K is a constant that depends only on C and «. Thanks to (5.51)), (5.53) and (5.54)) we get

dF(u, 1) . .
————"(x) > limsup limsu Fo‘”” uf v?, 5.55
dHn_l I_Ju( ) = [(g;)gpfo J—)—Q—o(f) ( YR Ql) ( )

where

Foo% (u,0, A) 1= / (022 (222, V) + £(1 - v)? + £[Vo[2)dy
A

Now, for every p and j we consider the sequences (af);en, (0f);jen and (s});en given by

P
1 1 p a’;

aj = p+ uf — w71 guy + I1Vf = UFagey, 5= L?JJ and s := —;, (5.56)
j

=

where (w”) is a sequence in W1 (Q%,RY) such that w” = u¢, on QY for every p,

| Dw”|(QY) (QY) and w’ — u¢, in L'(QY,RY) as p— 0, (5.57)

(see [I7, Lemma 2.5]), where |s| denotes the integer part of s € R. Fix p small enough, such that
p+llu” = wl| i gny < 1 and then fix j large enough such that 0 < af < § and 2 < bf. For every
i=0,...,b] wedeﬁneQ

.y
P = (1—af +isf)QY,

while for every ¢ = 1,. b we consider the cut-off function <;S € Cx(
Pi,=1on Qb and HV%’ZHLW @&y < 2(s j) - Set for i =1,..,0%

P
b.j.i) such that 0 < ¢, <1,

ug,i = §,i_1u§ + (1 - g,i_l)wp and U;'), = fzv] +(1— )

Then uf, € WH(QY,RN), v, € WH2(Q¥,[0,1]) with (uf;,07,) = (u¢.,1) on dQY. Moreover,
for every i = 2,..,b, ; we have the following

Fpo?;‘;v( 3,00 ];7Q1) Fpooejz(ujvvjan]z 2)

+ / (V)2 (5222, V) dy + / (£(1—v9)? + Z|Vue2)dy
Qi1 \Q s ! Qi1 \QY i s

J

w [ e ey [ (£(1 =0 )2 + 2900, [2)dy,
Q\Qp]z 1 QZJl\Q;J7 1
We estimate separately the terms appearing above. We start with

B of Qi) + [ (£(1— 02+ 2|Vl 2)dy < F2 (uf,of, Q).
szjyi71\Qz,j,i—2
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Moreover, since Vuf; = ¢f, | Vul + (1 — ¢}, | )Vw’ + V), | @ (u] —w), we have that

(V)2 foo (2222, Vul ) dy
QY \QY s !

<C D2 (IVuf |+ [Vl + [V, |[uf — w?])dy
Q;V) J,i— 1\Qp J,i—2
< 02/ (Uf)zfoo(mif’y,Vu?)dy—&—C/ |Vw|dy
b1 \Qp i ’ Q5im1\Q 52
2C
+— |uf — w”|dy.
Sj QY i—1\QY ;i o
Analogously, we obtain
[ e ey <c Vurldy
QN\QY i1 ’ Q@Y i1
Since Vvf, = ¢f ,;Vvf + (v] — 1)V, we have that
L1 P \2 1 EiTP |2
/Q';“\QW =) SV
< L@\ Q) 2 =gy + o | 0f 117y
ci Q3N i1 P p(sj) Q75N 5i-1

14 n v v 00, T 88] 14 2
é gﬁ ( ijJ\QP’jvi*l)—‘rZFPE] (uJ7UJ7Qp]2\ijZ 1) W‘/QZJz\ijt 1|Uj _1| dy

In particular, thanks to the previous calculations and and recalling the definition of s ;> there exists
i €{2,...,b}} such that

34
00, T 1 - 00, v
Fp €5 ( ]z P7Q1) — bp ZFp,E; (uﬁiavﬁinl)
=2
00, 2 00, T P
F (UJ’UJ’QI) b ]-}?p7 (UJ,U],Q ) |VU1 |dy
QT\QS,M-

QCbp P P 14 n v v
+ (b—l)/Q o [uf — w”|dy + mﬁ (QT\Qyp50)
£+3,0 J
8€j(b§) p 2
_ C — 1|°dy.
@ ® 1) /Q a1 T

Hence, by the definition of @ and b7 in (5.56) we deduce that
o0, v 2 o0, 1%
Fpﬁ} (ufl,,, Jz"’Q) (1+b )FPEJ (UJ’UJ’Q)
+C [VwP|dy +4Ca? +3L™(Q" \ Q) ;o) + 16(af)*.

Q\QY, 0
Thus, setting where x, = 1 — [[u” — w”||p1(gv), from and (5.56) we obtain

dF(u,1-
lim sup hmsupFo‘””(u o)V p,Q ) < %( )+ C limsup [Dw’|(Q"\ @Q}),
[(2)3p—0 j—+o0 dH" 1L Jy [(x)3p—0
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As w” — ug,p strictly in BV (cf. (5.57)), we have that |[Dw”[(Q"\ @} ) — 0 as p — 0, and thus
dﬁ(“’ 1) : : 00, T v
a2 e e Fos (v @) (5.58)
By the change of variable and the 1-homogeneity of f°>° , we have
0, v 1 ! 00 — — _
FPEJ (u] A p’Q )= / (Ted ) (U;jf (yvvup,j)"‘(l_vm’)Z"'|VUM’|2) dy,

TPJ

where rp; = £, uf(y) = ufl (£ = %) and j(y) = vjpl (7= = %). In this way uj €
WL ij(Tpr) RV), v EW”( TPJ(”"Mx) [0, 1]) with (@ ,vf) (u%mC , )onaQT”(%;m).

In particular, by (5.58), the definition of mf™ in (??) and the assumption (b) of Theorem [5.1] . we
obtain

dF(u,1.) m{™ (ur v, (5t)
n—71|_( r) > limsup limsup — = Jhom (¢, V),
ALy I(@)3p—0 =7+00 "0
deducing the claim. O

5.3. Identification of the Cantor term. Eventually, in this subsection we identify the density
of the Cantor part of the I'-limit F'.

Proposition 5.9 (Homogenised Cantor integrand). Let f € F(C, ) satisfy . Let F be as in
(5.5). Then for every A € o and every u € LL (R™,RN), with u € BV (A,RY) N L>®(A,RY), we
have that R
dF(u,1,-) dDu
d\DCu| ( ) fhom(dch |
where foo | is the recession function of fuom as in .

Proof. Let us fix A € & and u € L (R",RY) with u € BV N L>®(A,RY). We divide the proof

into two steps.
Step 1: We claim that

dﬁ(u,l,o)() < foo (dDu

d|Deu| hom\ 4| De

By Alberti’s Rank-one Theorem [2] we know that for |D°ul-a.e. x € A we have

dDu

d|Deul

where (a(z),v(z)) € RN x S"~1. By Theorem and by [I7, Lemma 3.9] we have that for |Dul-

a.e. x € A there exists a doubly indexed positive sequence (t, ), with p € (0,00) and k € N, such
that for every k € N

) for |[Dul-a.e. x € A,

|> for |D¢ul-a.e. x € A.

() = a(z) @ v(z) (5.59)

tpe = 400 and ptp, =0 asp—0, (5.60)
and for every ¢ € QN (0,1)
~ v(x),k/r
dF(u,1,-) mg (etp ra(z)Qv(z)> Qr (;x)
—_— = lim li N .61
dDeu| (@) + ga(z) ®v(z) = lim im sup Lt ; (5.61)

where for every A € & and ¢ € QN (0,1) let Fq(u, 1,A) := F(u,1,A) + q|Du|(A), and QVk(2)
is the parallelepiped defined in |(f)| of the notation list. Let 2z € A be such that (5.59)-(5.61) hold
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true, and set a := a(z) and v := v(z). Thanks to Proposition [4.3] for every p > 0 and every k € N
we have

e vk(r
m (ga v Qr’ (7;5))
foonla®@v) = lim b © L.

r—oco kn—1pn

(5.62)

Let us fix n € (0,1). By the very definition of mgoc, for every k € N, p € (0,1) and r € (0, 00)
there exists a function 42% € WhH(QW*(Zz), RN) with a2* = l,5, on Q¥F(Zx) such that

’ ’
B (a0, Qu (2o)) < mfl ™ (fazus QFF(22)) + k"™ < Clalk™ ' + k™15 (5.63)
and in particular

/ . \ValF|dy < C3(la] + 1)k™ 1",
QL (52)

Therefore, by Lemma [4.2] we have that

e
Rriem Joun (g

K K l-a K
< — ke 4 T(k"*r”)“(/ |Vu,a|dy) < a—knflr”
Pk ok QU (za) tok

1
T Vi) = (.t V)| dy (5.64)
ps

where K depends only on C, o and a. Collecting (5.62)-(5.64)), we infer that

X - K
L T L N R R

1
lim sup
t(X
p:k

r——4o00 kn*lrntp,k
For k € N, p € (0,1) and € € (0,00) we define the function u2* : R* — R given by

umk(y) o et%kﬁﬁ’k(g) ify e sz(x)
: tp,k€a®u if yE R" \ QZ’k(I),

where 7 := £. Thus u2* € WL R, RY) with uf® = t, 4Ly, on dQ%*(x) and changing variable
we obtain

1
thUPﬁ/ f (2, Vuet) dy
0 R Ja o
< fEm(a@r) +nt oo+ O (=l ) (@ =1, (5.69)
p.k P
since u?* coincides with ¢, ;f4g, on vk x vk (2). By (5.65) and Poincaré inequality, we can
€ P ® p(1+mn) 4

extract a subsequence (not relabelled) of (&), en, for every p € (0,1) and k € N, such that ug}k —

: n l/,k‘ . . v,k
uP* in L (R™,RYN), where u”* € BV(Qp(l+n)(x),RN) with u”* = t, ;lye, on Qp(1+n)(z) \

sz(x) As a consequence of the I'-convergence stated in Theorem , of the superadditivity of
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the inferior limit operator, of ((f2))) and of estimate (5.65]) we obtain
v,k
mﬁ(I(etp,ka@anp(lJrn)(w)) < (upk 1 Q (14n) ( ))

kn—lpntp’k - kn—1 ntp’
F. (ulk,1,Quh, (x)
<hm1nf( = Ejn_l np(1+7l) + n_1qn / |Vu’€’;.k|dy>
Jj—+oo k ok k tok Q:i’IJr")(I)
o0 K n
<1+ 4O)(fm(e@r) 40+ o= +C o lal) (1 )" - 1),
Pk

We can pass to the limit in the last inequality for p — 0 and then for k¥ — +o0, using (5.60) and
(5.61) we arrive to
dF (u,1, - o n
(14 (g @)+ a ) < (04 ) (f5m(a®v) + 1+ Clal(+ )" = 1).
The claim follows by letting n and ¢ — 0.
Step 2: We claim that
dﬁ(u,l,.)( ) ( dDu
d|Deu| hom\ q| Dew|

Let A’ € &/(A), then by Theorem [5.2 we can find a sequence (u;,v;)jen € L (R",RVT1) such
that (uj,v;) € WHI(A RY) x W”(A’ 0,1]), (uj,v;) = (u,1) in L (R",RNT1) v; — 1 for
L™a.e. v € A as ] — oo and

) for |[Dul-a.e. z € A. (5.66)

hm F. (uj,v;,A") = Fu,1,4").
Fix ¢ € (0,1); by Lemma [5.6] we have
H? (uf, A") < F. (ug,v5, A) + CL ({v; < 5} N A),
where u} € SBV(A',RY) with u} — u in L'(A’,R") as j — oo, and therefore
lim inf H‘s (u3, A") < F(u,1,4). (5.67)

j*)

Define on A’ the measures p? given by
W= asf (£,900) LPL A+ B5H 1 L(T,5 N AY).

By definition of H® and the compactness of Radon measures, there exists subsequence (not rela-
beled) of (g);en and a finite Radon measure z° on A’ such that u? — 1% weakly* in the sense
of measures on A" as j — oo. For |Dul-a.e. © € A’ (cf. [9, Proposition 3.92 and Theorem 3.94])
there exists a(z) € RY and v(x) € S"~! such that for every k € N we have

Du(Qy" " (x))  dDcu

P Dl ) D] T D) (5.68)
N, WK;(M =00 (5.69)

P w(p:(?’“()) =0 (5.70)

d(Ijg(; (z) = d|%ju| (). (5.71)
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Fix now xg € A’ such that (5.68])-(5.71)) hold true and set a := a(xg) and v := v(xp). For k € N
and p set

_ |Dul(@4* o)

tp’k : knflpn ’
therefore
tor =00 and pt, —0 asp—0. (5.72)
and
d ) § v,k €T
Bt 2@ @)
d|Dew| p—0 t, kn=1tpn
By the weak*-convergence of (ng )jen to u® we infer that
dp? 13 (Q4* (o))
_— = li lim =2~ 5.73
QD] *0) =, hm, i t,pkn—ipn (5.73)

where I(zq) := {p € (0,1) : p°(0Q%*(x¢)) = 0 for every k € N s.t. Q4*(zo) CC A’}. Note that
I(xp) has full measure in (0,1). Fix k& € N and consider the rescaled functions ug’k, ufk o Qrk —
RN
W) = g (i)~ s [ w(ee)
kn 1ptp7¢,k J kn 1p:l sz(ﬂfo) J

1 1
u”*(y :7(uaz + py) — / uzdz).
) k™= 1pty (w0 ) k1o J Qi wo) )

From now on we work at k € N fixed and this will tend to co only at the very end of the proof.
Therefore, for those parameters infinitesimal as j — oo and p — 0 the possible dependence on
k will not be highlighted. For every p small enough, depending on k, u?’k € SBV( ll"k,]RN),
wk e BV(QUF RY), u;”k — u”F in LY(QY", RY) as j — oo, and the function u”* satisfies the
following

_ Du(Qy*(x0))

=—">————>a®v asp—0.
|Dul(Qp" (o))

/ ku”’k(y)dyzo with Du”’k( Tk)
Qv

Moreover, from (5.73]) we obtain
d F) 4 v,k T
L (z9) = lim lim 7%(621’) (z0))
d|D‘u| p—0,p€I(xg) j—00 kn— pntp,k
s B

— lim lim (7/ £ Vud)de + —— H (T, N QYR (a ):
p—0,pEl(z0) j—00 kn—lpntmk Q:‘k(wo) f(gj ]) kn—lpntp,k ( _‘; Qp ( 0))
Bs

knflptmk

Qas

p—0,p€I(xg) j—00

H (N Q’f’“)).
(5.74)

/ G i AT R
Qrt ’

By [8, Theorem 2.3] and [35, Lemma 5.1] there exists a subsequence (not relabeled), depending on
k, such that u”* — u* in LY(QY* , RN) as p — 0, where uf € BV(QV", RN), uk(y) = xx(y-v)a for
every y € Q%) xr : [-1/2,1/2] — R is a nondecreasing function such that Dx((—1/2,1/2)) =
xe(1/2) = xi(=1/2) = 1, — =t < xw(=1/2) <0 < x(1/2) < =, and

1/2
/ k(B)dt =0,
—1/2
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Furthermore, being yx continuous in —1/2 and 1/2, thanks to the trace’s properties of BV func-
tions, we have that the inner trace of u* satisfies u* = ¢* on BJ-QLI"]C (ctf. of the notation list)
where

1 1
) = mrtas ) + ((1/2) - o )a
To obtain a uniform L°°-bound on the scaled sequence, we let M € N and use Lemma with
v = 1 to get for every k € N, every p small enough and every j (up to a subsequence), m, €
{M +1,...,2M} such that

(1+C—2)d7’u5(xo) > limsup limsupi/ f(M k1t kVﬁp-’k) dy, (5.75)
M d|DCu| — kin_ltp,k Q;‘k gj P J ’

p—0, p€l(zg) Jj—ro0

and

_ v,k ~p,k — v,k k
H" 1(*]@]?:’“ ne) + ||U5 - Uk”Ll(Q;vk) <H" 1(Ju;? NeY") + Huf - ukHLl(QT‘k)

where @7 := T, (u?*) € SBV(QY",RN). Therefore, choosing M such that axr > |al, it follows
from (5.72)) and (5.74)) that
lim  lim (H"(J,

v,k ~p,k
p—20,pE(w0) =50 ark NQYY) + 145" = uF py grry) = 0. (5.76)
s Zo J

Next we change the boundary datum 12? *on a neighborhood of 9+Q%* with u*. For every p small

enough and every j large enough (depending on p), we have that
. p,k p
85" = |y gory + 7= €(00)
and thanks to Fubini’s Theorem and the trace properties of BV functions on rectifiable sets, there

exists g, ; € (1/2 — 72,22, 1/2)

145 — Cell 11 (e

ok — Kk n—1 J LY(Q") 1/2

/6J-R (B* )|(u§ o weRT 7172 STl (5:77)
2] P

k k

7K)= is the inner trace of ﬂf’k on R, (B ), where Bf ; := (=%, 5)""1 x (=g, ,4p,;) and

J
R, is the rotation in|(e)|of the notation list. Defining the functions wf’k € BV(QY",RN) as

ook :
by~ {10 ity RABE)
J uk if y € QY \ R,(BE,),

where (@

we have that

a5 zo+py gn—1 ~pk k
kn_ltpk/w FEE2 k=, Vg dy + asClIVUF | g gy 2 )t
? 1
s v,k k @s To+py pn—1 p:k
+ kn—ltp’k’cn( 1 \RV(BPJ)) = kn_ltp,k /Q;k f( osj K" tp,kij )dy

. e an ik Koy
Since ;gr%)jllﬁrgoﬁ (QY"\ R,(B,;)) =0, we get from (5.75)
C?\ dupl s &
14 —>7 zo) > limsup limsu 7/ Zotpy pn—1t  Tw?")dy. (5.78
(14 57) qpeg(o0) 2 limsup limsup 55— o 1% o Vur)dy.  (5.78)

In particular, we infer that

C?\ dpd . .
(1+57) 7 e (@0) = Cas  limsup hms“p/Q Vi tidy, (5.79)

C .
d‘D U‘| p—0, pel(zg) j—o00 7
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and thus by (5.77)) we conclude
1
(@Q7") < |D*af*|(R, (B} ) + [D*u*|(Q7" \ Ru(Bf ;) + 72,

1
< 2aopm1H" ask neY ")+ |D*uF|(Q"* \Ru(Bp,j)) +7,;

p,k
| D w}

and therefore
lim  lim [D*w?*|(Q}*) = 0. (5.80)

p—0, pEI(wo) Jj—roo
In addition, thanks to Lemma m and (| we deduce that

2 d 4
(1 + C—) i (zg) > limsup limsupas foo(w,vw?k)dy- (5.81)
k

C - . €
d|D | p—0, p€l(zg) J—o0 Q'lfw J

We now change the boundary datum wf’k on a neighborhood of 8”@3”’“ with €. Let hy € (0,k)

be such that £7(Q"™" \ Q4¥"*) — 0 as k — oo, necessarily hy — co. Then, by Fubini’s Theorem
there exists )\’;,j (k — hg, k) such that

2
[ gy =t < 2 / W~ feldy, (5.82)
alQ, P k

p.k
where (wf o

8LQ11"]€, using Poincare inequality on the one-dimensional restrictions of wj in the v direction,
we obtain that

p.k

. . k Vg
)~ is the inner trace of wf™ on g, "”. Furthermore, since w/"” = u*F = ¢} on

5 = ey < 2{Pug — CELNQE) < 2D @) + 20l
Therefore, by we infer that
Lo 10577 = < G ADUZ(@E) 4+ (553)
Defining u)f’k
W (y) = witify € Qr

. v,k V’AIZ j
b(y) ifye@P \Q,
we have that @?"* € BV(Q}*,RY), w?* = ¢ on 9Q}"*, and by (5.83)

4 4
s ~p,k v,k s Jk v,k k vk

4 4
s k v,k k
< 2D WM QL) + 2L IV s gty + 2l

hi
In particular, by (5.80)), we obtain

4lal

4
lim sup hmsup|D“ Q%)= — limsup lim sup [|[Vw? ||L1(Qv,k)+7 (5.84)
p—0,p€I(zo) J—r00 i oo, p€l(z0) J—o0 ! hi,
and, from (5.81)),
C?\ du’ Clal£"(Q7"\ @7™)
1+ 57)
(14 57) g @0 + =T
> limsup limsupas kfoo(“:%,V@?k)dy. (5.85)

p—0, p€l(z0) J—0 QY
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We now argue as in Proposition E . (537), (6-38)), and for every p and j fixed we use
Lemma |5.5( to infer the existence of w w] VV1 1(QY", RN such that E]P’k = 0 on AQY"
0o (Zo+pyY ~p;k To+py pk
me (2, V™) dy > ” foo(Zatey L VT )dy
1 1
_ ~pok s ~poki Aok
> sc” (LY Fp5 (0] ") — CID* %) |(Q7")
> [ FEeee vty - oDt Qrt) - £
Qr,k J

Therefore, from (5.79)), (5.84)), (5.85) we conclude form the last inequality above that

c? dp Clal£™(@7*\ @7™) 4lal
1402 =
(145 h)dL"($)+ = o,
> limsup limsupas foo(xo':py V*p’ )dy . (5.86)

p—0, p€l(z0) j—o0 Qvk

Tog P p
with w;”“ =L — 2> on 0Q,, ; ( ”p’j xo) and, thanks to the 1-homogeneity of f°° (cf. item (i) in
Lemma , we infer that
1 —
|7 (“’ L vpk) v= g | 2, K V) ) dy
QvF £j k Toi JQuk, ( p.j )

7I0

Set r, ;== 6% and zI/ka(:U) = rpjwp k (i — z“) we have that @ ~p’ e whi(Qv o (Mxo) ,RM)

n—1

In particular, since k™~ 1w] = Llogy — ksv 2o on 8QZ”E (%zg), thanks to (5.86) we obtain
Cc?  4ndpd Clal£™(@7"\ @7™) 4lal
14— — —) Cos —4
(1+ 3 he ) age o)+ = e
> limsup 1imsup7a+/ f‘;(y,kn_lvwf’k)dy
p—0, p€I(zg) J—o0 kr=trl Qf’“ ( f;;f o)

)To\o u,k Tp.j
o (taon 5 (50)

> limsup limsupas

: 1
p—0, p€l(zo) J—00 kn= Tp J
foo ,k g
. . my, (Or ij ’/’)Jxo )
= limsup limsupag pro = asfrom(@a®@v),
p—0, p€l(zo) Jj—o0 k rﬂ J

where the last-but-one equality follows from Lemma (vi), and the last equality follow from
Proposition 4.3l Then, taking k — oo and M — oo in thls order, we infer that

dp? dDeu
> O — 00 el )
d|Dcu‘(x0) = atsfhom(a@V) a5fhom(d|DCu|($0))

Therefore, using (5.67) we conclude that

F(u,1,A") > liminf H? (uf, A’) = liminf pd(A") > ) > a(;/ Io ( d‘}g: 1(x))d|Deul,
Jj—o0 J j—00 u

thus (5.66) follows by letting 6 — 0 recalling that as — 1 and by the arbitrariness of A’ €
o (A). O

Finally, we are in a position to prove the deterministic homogenisation result Theorem
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Proof of Theorem[5.1 Theorem [5.2) implies that from any strictly positive infinitesimal sequence
we can extract a subsequence (g;) such that

D(LLo (R, RY ) lim F., (u,1, A) = F(u,1, A)

j—o0
with F : LL (R, RNT1) x o/ — [0, 400]. Moreover, F(u,1,-) is the restriction to open sets of
a finite Radon measure on A and F(u,1,A) < C(|Du|(A) + L"(A)) for every A € & and every

~

u € LL (R",RY) such that u € BV (A,RY). Therefore, F(u,1,-) is absolutely continuous respect

to the measure LA + |Du|L A + H" 1L J, N A. Since L"L A, |Du| A, H" 1L J, N A are
mutually singular, by the properties of Radon-Nikodym derivatives, for every B € «7(A) we have

that
~ dF(u,1,-) / dF(u,1,-) / dF .
Fu,1,B)= [ &%y 5 g pe . — YL
(1, 5) /B acr T ey WP @,
In particular, if A € & and u € LL (R",RY) with u € BV (A,RY)NL>*(A4,RY), Propositions
and [5.9] give that

P (Ligo(R", RN ) lim B (u,1, 4) = F(u, 1, 4) = From(u, 1, 4),

where Fiom is as in (5.4). From |(f2)} for every A € o/ and every (u,v) € LL (R",RN*1) with
(u,v) € WEHLHA,RY) x W12(A,[0,1]) we have that

1— 2
/ <C71v2|Vu\ + (Gl + sj|Vv|2)dx < F,(u,v, A),
A &j

hence, by [6, Theorem 4.1] and [7 Remark 3.5], for every (u,v) € L (R™,R¥*!) such that
u g GBV(A,RY) or v # 1 on A we get

F(Llloc(Rn7RN+l))_ hmlnf FEj (U7U7A) = Fhom(U7U7A) = +00.
j—o00

Eventually, arguing exactly as in [T, Section 6] we obtain

[(Lig (R™,RN*1)- lim F.,(u,1,A) = Fhom(u, 1, A)
J—00

for every A € o and every u € Li (R™,RY) such that u € GBV (A, R"). Indeed, the lower bound
inequality for general GBV maps follows easily from Lemma and the result in the BV N L*°-
setting. Instead, the upper bound inequality is a consequence of the latter together with both
the LL (R",RN*1) lower semicontinuity of I-limsup;_, ., F%,(-,1, A) and the continuity of Fhom
along sequences of maps obtained via the smooth truncations (7x)ken, namely Fyom (Tx(u), 1, A) —
Fhom(u, 1, A) as k — oo for every u € GBV (A, RY) (cf. [T, Lemma 6.1]).

Since the I'-limit does not depend on the extracted subsequence Uryshon’s property of I'-

convergence yields the claim. O

6. STOCHASTIC HOMOGENISATION

This section is devoted to the proof of the stochastic homogenisation result stated in Theo-
rem [3:4] The proof will be achieved by showing that if f is a stationary random integrand in the
sense of Definition then the assumptions of Theorem are satisfied for P-a.e. w € ). Here
a pivotal role is played by the Subadditive Ergodic Theorem, Theorem [2.3

The following proposition establishes the existence and spatial homogeneity of fhom. The proof
can be found in [24) Proposition 9.1] and in [41, Lemma 4.1].
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Proposition 6.1 (Homogenized random volume integrand). Let f be a stationary random in-
tegrand. Then there exist ' € T, with P(Q) = 1 and a T ® BN*"-measurable function
fhom : Q x RVNX" — [0, +00) such that for every w € ', x € R*, £ € RVN*? v € §"~! and
keN ; ;
_ . mbw (éfv QZ’k(TSC)) _ . mbw (Efa QT)
fhom ((,d, g) - rl}rlloo kn—1pn - Tgrlloo rn ’

If in addition f is ergodic, then fuom is independent of w and
. 1
from(€) = T [ i (te.Q)aP().
Q

r—+oo rn
Propositions [4.9] and [6.1] readily imply the following result.

Proposition 6.2 (Homogenized random Cantor integrand). Let f be a stationary random in-
tegrand. Then there exist Q' € T, with P(Y) = 1 and a T @ BY*"-measurable function
oo Qx RVNX" — [0, 400) such that for every w € ', every £ € RVN*" every k € N, every
x € R™ and every v € SP1

fiom(w, &) = lim M

t——+oo
and e 1
oo o mg” (KEaQ:’k(”U)) 1 my” (fﬁ’Qr)
fhom(wa g) o T’Egloo kn—1pn - rggloo rn ’

If in addition f is ergodic, then f25, is independent of w and
fn© = 2~ [ mf7 (06.Q)aP@). (61)

r——+oo 7
The analogous result for the surface integrand is more involved and requires a new proof.

Proposition 6.3 (Homogenized random surface integrand). Let f be a stationary random in-
tegrand. Then there exist Q' € T, with P(Q') = 1 and a T @ BV @ B%-measurable function
Ghom : 2 X RY x §"~1 — [0, 400) such that for everyw € ', x € R, ( € RN and v € S"7!

f v 1 v
. ms* (Ura,c,v, QY (re)) . ms® (u¢,, QF)
Ghom (wu C? V) = TEI_POC - Ta,:r.n_yl - = Tl}I—Poo : Tn—lll -

If in addition f is ergodic, then gnom is independent of w and
. 1 oo y
Ghom(C,v) = lim / mie (uc,,, QY)dP(w). (6.2)
Q

r——4oo rn—1
Proof. We divide the proof into a number of steps.

Step 1: Let u¢, be as in of the notation list. In this step we prove that for every ¢ € QN
and v € S ' N Q™ and for P-a.e. w € ) there exists the limit

o oml (e, QY)
lim — 22 ¥r/
r—4o0 rn—1

and defines an z-independent random variable.

To prove the claim let v € S*'NQ" and ¢ € QY be fixed, R, € O(n)NQ™*" be the orthogonal
matrix as in @ of the notation list, and M, be a positive integer such that M, R, € Z™*™, so that
M,R,(7,0) e IyNZ™. Given A’ = [a1,b1) X+ X [ap—1,bn—1) € T,,—1 we define the n-dimensional
interval T,,(A’) as

T,(A") == MR, (A" x [—¢,¢)), with c:== max (b; — qj). (6.3)

1
2 1<j<n—1
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For every w € Q and every A’ € Z,,_1 we set

]_ oo

i (w, A) : mie (e, T, (A')). (6.4)

=T
We now show that p¢, : Q x Z,,_1 — [0, +00) defines an (n — 1)-dimensional subadditive process
on (Q, T, P). The separability and completeness of W11 (A, RYN) x W12(A, [0, 1]) for every A € o7
combined with [40, Lemma C.2] and (f2) in Definition give the T-measurability of the map
w mif (t¢,, Ty (A")) for every A’ € T,,_1.

Next, we prove that pc, is stationary with respect to an (n — 1)-dimensional group of P-
preserving transformations (7%)./¢zn—1. To this end, fix 2’ € Z"~! and 4’ € Z,,_1. By we
have that

T,(A" +2')=M,R, (A" x [—¢,c)) + M,R,(2',0) =T, (A") + 2,
where z, := M, R,(2',0) € IIY N Z™. Thus by we get

1 oo 1 oo
pie(w, A+ 2') = T ml” (g, T, (A + ') = T mi* (g, T,(A') + 2.). (6.5)

Now let u, v be test functions in the definition of mi< (¢, T, (A") + 2,) and for z € T, (A’) set

w(x) :=u(r+2,) and o(z):=v(x+2.).

Then, a change of variables together with the stationarity of f yield

§I= (@) (u,v,T,,(A/) + Zz//) _ Sfoo(‘rz;/w)(ﬂ, ﬂ,TV(A/)).
Set (71))rezn—1 = (T21)zezn—1; we notice that (7)..czn—1 is well defined since z;, € Z" and it
defines a group of P-preserving transformations on (2, P, 7). Then, the equality above can be
rewritten as

ST w0, T (A') + 2) = 7709 (0,3, T, (A)). (6.6)
Moreover, since z,, € II¥ N Z" we also have that @ = @, on 97T, (A’). Thus gathering (6.5) and
, by the arbitrariness of 4, v we infer

pep(w, A" +2") = pe o (thw, A'),

and hence the stationarity of p , with respect to (74),/czn-1.

To show that pc,, is subadditive in Z,,_1, fix w € Q and A’ € Z,,_1 and let (A})i1<i<m C Z,—1 be
a finite family of pairwise disjoint sets such that A’ = UM Al. For every n > 0andi € {1,..., M},
let (ui,v;) € WHH(T, (AL, RN) x WH2(T,(A}),[0,1]) with (ui,v;) = (%¢,., 1) on 9T, (A}) such that

/ (02 (w, 9, V) + (1 = v,)? + [Voi]?) dy < md~ (@ .., T, (AD) + 1.
T, (A)

Note that by construction we always have UM T, (A}) C T, (A’), thus we define

wl) v = J @i viy) ify € T, (A7)
( (y)7 (y)) : {(Ug,w 1) ifye T,,(A') \ UiTy(A;;).

In particular, (u,v) € WH(T,(A"),RN) x W12(T,(A"),[0,1]) with (u,v) = (%¢,,1) on 0T, (A').
Hence, we get

miS @, T, (A)) < / (02 £ (w, 9, Var) + (1 — v)% + |Vo]?) dy

T, (A")
M M -
=> / (02 (w,y, Vi) + (1= v5)? + [Voi?) dy < " mil* (@, T, (A)) + Mn
i=1 v (A7) i=1
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and the subadditivity follows by the arbitrariness of n > 0.
Finally, we show that i, is bounded. To this end we observe that for every A’ € 7,_; and
every w € ) we have
1 oo C

_ £ (=
pew(w, A') = s (¢, T (A")) < el

[ 19y < Il e £ (A1),
T,(A")

where we used T,,(A") NII¥ = M, R, (A" x {0}) and {|V(T¢.(y)| > 0} C{|ly-v| <1/2}.

Therefore, for every fixed for every ¢ € QN and v € S*~! N Q" defines a subadditive process.
Then, we can apply Theorem to deduce the existence of a T-measurable function 9, ¢ : Q@ —
[0,+00), and a set Q¢ , € T with P(Q¢,) = 1, such that for every w € Q¢ ,,

: e o
M2V (w) = MP—Y fim Herl@ @) g me” (e, Q)

r—4o0 rn—1 r—4o0 rn—1

where Q). ;= Q, N {x, =0}, r > 0.

Step 2: In this step we prove the existence of Q2 € T with P(Q) = 1 such that for every w € Q
and for every ¢ € RY and v € S*! the following limit exists

1S (=
hm msw (uq,uﬂ Q;:)
r——+o00 rn—1

and defines an z-independent 7 ® #Y ® Z%-measurable function.

To prove the claim let {2 denote the intersection of the sets ()¢ ., as in Step 1, for ¢ € QV and
v e S"INQ". Clearly, @ € T and P(2) = 1. Let g, : @ xRY xS~ — [0, +00] be the functions
given by
IS (= v IS (= v

(UQV?QT) ms (UQV?QT)

N L] _ .
g(w, ¢v) i=liminf —=—227=2, - glw, ¢ v) = limsup —— 225

By Step 1, for every w € Q, every ¢ € QN and every v € S*! N Q" we have that

Q(‘%Ca’/) :g(w7<7y)‘ (67)
Furthermore, fixed w € Q and v € S*~!, arguing as in Proposition (i) we have
|g(w7 Clv V) - Q(Wa CQ» V)| + |§(w7 Clv V) - g(UJ, CQ» V)| < QCHnil(an)‘Cl - <2| (68)

for every (;,¢( € RY. From (6.7) and we deduce that for every w € Q, every ¢ € RV and
every v € S nQn

Q(W7C7V) :g(w7(,y), (69)

and that g(-,(,v) : Q— [0, +00) is T-measurable for every ¢ € RY and every v € S"~1 nQ".
We now claim that for every w € Q and every ¢ € RV, the restrictions of the functions v —
g(w, ¢, v) and v = G(w, ¢, v) to the sets ST are continuous. We show only the continuity of g on

gi_l, the proof for g is analogous. To this end, let w € Q, ¢ e RN, v € Sﬁ_l, then by density let
vi)ien C ST N Q" be such that v; — v as j — +0o. By the continuity of v — R, on §?~!, for
3)3 + j +
every 0 € (0,1/2) there exists a js € N such that

QY CC Q( 15y, CC Qlryas)r (6.10)

for every j > js and every r > 0.
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Setting #; := max{|R,,(e;) -v| : i =1,...,n — 1} we have that x; — 0 as j — +o0, thanks to
the continuity of v — R, on Si_l. We observe that for every y € 146y We have y = ¢/ +(y-v;)v;
where

(1+9),5(1+6)"" x {0})
, for j large enough depending only on ¢§, we get

"y 1 (n—1)k,;7r(146) _
s+ oy < +1=K(8)rs; +1,

ly - vi| < 2(1-3)

where K (0) := %. Then, by applying Lemma with R = K (§)rk; + 1, we obtain

mi= (EC,VijZ€1+6)) < mi- (U, QY) +

+ K (20(1+26)" 72"+ (K(0)rm; + 1)[C(1+8)" 72" 72).

Therefore, dividing by 7™ ~!, passing to the liminf as » — +o00, and to the limsup as j — +oo, and
finally letting 1,6 — 0 we obtain

hm SUPQ(‘*’, Cv Vj) < 7(("}, Ca V)'

Jj—+oo
An analogous argument using the cubes Ql(/{_ Sy shows that

g(w,gu) S hminfg<w?g7yj>
- J—+oo —

implying the claim. R
In particular, thanks to we deduce that for every w € ©, ¢ € RY and v € S*!

9w, ¢ v) =g(w,(,v). (6.11)

The T-measurability of g(-,(,v) : Q— [0, +00) for every ¢ € RN and v € S*~! follows from the
analogous property for v € S*~! N Q". Furthermore, the map g(w,-,-): RY x S?E*l — [0, 4+00) is
continuous for every w € Q) thanks to .

Thus, defining ghom : © x RY x §*~1 — [0, +00) by

g(w’cjy) lf(,{)eQ
ghom(wa ¢ V) =92 if w € Q

C(IcT+2)
we have that gpom is T ® BN @ ZABl-measurable and, thanks to Corollary

IS (= v 1 v
_oms (U, QF) . ms” (ugw, @)
ghom(w><7 V) = TBI_POO : Tn—li == TEI_POO - Tnflf -

(6.12)

for every w € Q, every ¢ € RN and every v € S~ 1.

Step 3: In this step we show the existence of ' € T with ' C Q and P(QY) =1, such that for
every w €, z € Z", ¢ € QV, v € S* 1 NQ", and for every integer sequence (r) with rp > k for
every k

oo

I (= v
ms* (U—pz,¢v, @7, (—F2))
Cn_l : = ghOI’Il(wa v, C) . (6~13)
Tk
Let z€Z", (€ QN, v eS"1NnQ" n>0andd € (0,1/4). Arguing exactly as in [23, Theorem
6.1] we can prove the existence of a set Q""" € T, with Q$*7 C Q, P(Q$"") = 1, and an integer
mo = mo((,v,m, 2, w, ) > % satisfying the following property: for every w € Q$*" and for every

lim
k—+4o00
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integer m > my there exists i = i(¢,v,n, z,w,0,m) € {m+1,...,m + £}, with ¢ := |5md]|, such
that
ml= (@ iz, e, Qn(—i2))
hnfl

where jo = jo((,v,m, 2,w, ), and |s] denotes the integer part of s € R.

Define €' as the intersection of the sets Q" for ¢ € QV, v € S*~1NQ", n € Q, with n > 0 and
z€Z™. Thus ' C Qand P(Q) = 1. Let w € ' and ry, be as required, 6 > 0 with 206(]z]+1) < 1
and n € Q with > 0. For every k > 2mo((,v, 1, z,w,0), let 1y, Tr € N be defined as

rp =1 — 20k — k)||z| +1] and T =1+ 2(ik — k)||2] + 1],

— ghom(w, (, V)| <n for every h € N with h > jo, (6.14)

where
ir =4(C,v,m, z,w,0,k) € {k+1,...,k+ |5kd]}, (6.15)
therefore, by construction, we have that Qy (—ixz) CC Q7 (—kz) CC QF, (—ixz).
Since 206(|z| + 1) < 1, k < 7 and iy — k < 5kd by (6.15), for every y € Q¥ (—ixz) such that
|(y +ix2) - v| < 1, we obtain that

1
[y +kz) vl =|(y+ixz) v+ (kz —ixz) - v| < §+|(kz—ikz)~u|
1 1 1
and rp — 1y = 2(ix, — k) [|2| +1] <10k ||z +1] < 10r,0[[2| +1] < 5. Applying Lemma with
R = 5r0|z| + 3, we obtain
> f

md (U ¢y QY (—h2)) <Ml (Ui, ., QY (—in2)) + !

K
+ 5 (108(|2] 4+ Drt ™+ (10rd]2] + DIl ).

In particular, from the latter estimate, (6.14) and r, < r, for every k large enough such that
Ty Z jO(C? v,n,z,w, 5)7 we obtain

I (= v y IS (= v ]
ma® (U—ipzcs QY (—ig2))  ms® (Uipzcw, QY (—ik2))
Ghom (@0, 1) + 1 2 e > T

Tk k

oo

f . ~
nlS @ e QL (h2) K 1
> Ti,_l — = 5 (105(12| + 1) + (108[2] + )]
k k

and thus, taking the limsup for £k — 400 and letting 1,6 — 0, we get
IS (= v
mg* (u_ , —kz
(@, .) > Timsup bz @, (CRD),
k——+oo Tk

Arguing analogously with the external cubes Q% (—ixz) we get

IS (= v
mz* (u_ , QY (—kz
ghom(wv C: V) < lim inf ( k27€;l:1 Tk( )) )
k—+o00 T

obtaining the claim.
Step 4: Let € be the set introduced in Step 3, then for every w € @/, z € R", ¢ € QV and
v e S 1 NQ" there holds

1 1 v
. ms (um,<,mQr (rx))
lim
r——4o00 T‘"_l

= ghom(wa <7 V) . (616)
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Fix w, z,(,v as required, n € (0, 3), ¢ € Q" with |z — q| < 7, and h € Z such that z := hq € Z™.
Consider a sequence of real numbers t; — +00 as k — +oo and let s; := %" Fixing an integer
J > 2|z| + 1 and setting ry := |tx + 2ntx] + j we have that Qf (txx) CC QY (|skx]z). Since
[(tx2 — Ls)2) 1] < [t — tugl + skz — [sk)2] < tan + |2], for every y € Q¥ ([5)2) such that
|(y — tex) - v| < 5 we have that |(y — [si]2) - v| < ten+ |2| + 5. In particular, for k large enough
depending only on z, we can apply Lemma with R = t,n+ |z + 1, to obtain

md (W 2. Q@ ([58)2)) < md (@, .0 Q0 (52)) !

- N e 1 ne
+ K ((2nre + J)ry, 2+(7’k77+|2|+5)|4|7’k %), (6.17)

where we used ry > ti. From (6.17), dividing by t;”_l and recalling that ry >t > sp > [sk], we
obtain that

oo v . IS (= v
ms® (W) s, 260 sklz - z 1 ms* (Utpa,C,vs lkx
( I_ kJ 7C7;_1Qrk(t kJ )) 7777 K((2n+ .7 )+ (7}+ ‘ | + )|<|) S ( trx i_thk( k ))
L Tk rE 21k t,

Since w € Q' and 1 > |sk|, we can apply (6.13]), taking the liminf as k — oo and letting n — 0
we obtain

IS (= v
L ams® (T ¢y Q (trx))
ghom(wv C) V) < lklg_’l_gcf : tZ_l - .

Arguing analogously we obtain

IS (= v
ms“ (u , tpx
ghom(w, C, V) 2 lim sup S ( tlcwvf;l_’thk( k )) )
k—+o00 tk

deducing the claim, thenks to the generality of the sequence (ty)ren.

Step 5: Let € be the set introduced in Step 3, then for every w € ', x € R, ¢ € RV, and
vesrt

f — v
. ms® (u Q rT
ghom(wv (, V) = ; lin 5 ( Tj,fLWI T( )) .

For w, x, {,v as above define

Ml (e, QY (1))

g(w,z,¢,v) := liminf —>

oo

mgw (ﬂmc,c,uv QZ(T‘T))

, g(w,x,(,v) := limsup

< 400 rn—1 oo pn—1
Arguing exactly as in Proposition (i) and in Step 2, we obtain from Step 4 that
g(w’ x’ C? I/) = ghom(w7gﬂ V) = g(w’ x’ C? I/) (6'18)

for every w € ', x € R*, ( ¢ RN, and v € S"" 1 N Q".

Now let w e Q, z € R?, ( ¢ RN and v € Si_l, by density there is (v;);en in Si_l N Q™ such
that v; — v as j — +00. Thanks to the continuity on Sﬁfl of the map v — R, for every J € (0, %)
there exists js, such that

Qv (rz) CC Ql(’{+5)r(rx) ccC Q’(’1+25)T(7“x) (6.19)
for every j > js and every 7 > 0. Let us fix j > js, r > 0 and n > 0. Setting ¢; := max{|R,,(e;)-V| :
i=1,...,n—1} we have that ¢; — 0 as j — 400, by continuity of v — R,, on Sl‘l, and recalling
that R, € O(n) and R e, = v (cf. H of the notation list). For every y € Q‘T’(1+6)(rm) we have
that y —re =y’ + ((y — rz) - v;)v; where

v e Ry, ((—50+0),501+9)" " < {0}),
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with, if j is large enough depending only on ¢,
vl

IV vl

n—1)c;r §
[(y —rz) - 1/|< —1—2(1 5 < { ;211§;+)+1:K(5)rcj+1,

where K (9) := W, if in addition |(y — rz) - v| < . Therefore, we can apply Lemma
with R = K (d)rc; + 1, and we get

mgw (ETQC,C,VJ' ) QZEl-‘,—(S) (Tx)) S mg‘” (ﬂrw,(,ya Q;’(Tx)) + nr
+ K (26(1426)" 2"~ + (K (8)re; + 1)[C|(1+6)" %" 72).

n—1

Dividing by "' and letting r — 400, we obtain
(1 + 5)7%1&(0% %‘i‘é’ C? Vj) S Q(W, z, Ca V)
+ 0+ K(28(1 +20)" 2 4+ K(8)c;[¢|(1 +6)"2).
Hence, we may use (6.18)) as v; € S""! N Q" and deduce by taking the superior limit as j — +o0

and letting n — 0 in the latter estimate

(14 8)" " lim sup gnom (w, ¢, vj)=(1+ st limsupg(w, — ¢, I/j)
j—+oo j—+oo 1+9¢

<glw,z,¢v) + 2K6(1 4 26)" 2,
Therefore, by the continuity of gpom established in Step 2, letting 6 — 0 we obtain

ghom(wv Cz V) < Q(w,$, Cv V)'

Arguing analogously we have g(w, 2, (, V) < ghom(w, ¢, v), and recalling Corollary We conclude.
Step 5: In this step we show that if f is ergodlc then Jhom is deterministic.
Set ) = Noezn T 7.(Q); we clearly have that Q@ € 7, Q C Q and 7.(Q) = Q for every z € Z".

Moreover, since 7, is a P-preserving transformation and P(Q2) = 1, we have that P(Q) = 1. We
claim that

ghom(TZW, Cv V) S ghom (Cd, Cv I/) (620)

for every w € Q, every ¢ € RN and every v € S" 1. Fix z € Z", w € Q and v € S 1. For every
r > 3|z|, let (up,v.) € WHH(QY,RN) x WL2(QY,[0,1]), with (u,,v,) = (T¢,, 1) on QY such that

/ (02 F (@, 1, Vi) + (1= 00)? + |V 2) dy < md (@, QY) + (6.21)

By the stationarity of f (and hence of f*°) we infer that

frow — oo
T (g, Q) = i (U 0, QY (2)): (6.22)
Observe that Q¥ CC QZ+3‘Z‘(Z) for every r > 3|z|, and for every y € QZ+3|Z|(Z) such that [y-v| < 1
we have that

1
L2 g +lv-zlzly-vi=[ly—2) v+z-vi+lv-2 2|y -2) vl

Then we can apply Lemma, with R = 1, and for every n > 0 we obtain

M (e, QY ys2(2) < ML (T, QY) + "

+ K (r+3]20)" 2 (3] + [¢])-
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Therefore, by definition of gnom, {2 C €2, and (6.22) we obtain

Ioow) —
ms ()(UCJMQZ)

4eS)

mgw (ﬂz,g,ua Q;:(Z))

Jhom (Tzwv C? V) = TEIJPOO rn—1 = TEI;POO rn—1
f (= v oo
. ms (UZ,C,Vv Qr+3|z|(z)) . ms* (Ug‘ v Q;{)
= = < dm T Sl 6)

thus deducing the claim.
By (6.20) and the properties of (7,).ezn, we clearly infer that

ghom(Tzw7 Cv V) = Ghom (wa Cv V)

and hence, using the same argument as in [23] Corollary 6.3], if (7.).cz» is ergodic we deduce
that ghom does not depend on w and thus is deterministic. To conclude, we just observe that
the representation of gnhom (¢, v) as in is a direct consequence of , and the Dominated
Convergence theorem (cf. (4.16)). O

Finally, we are in aposition to prove the main result of this paper, Theorem [3.4]

Proof of Theorem[3.]} The proof readily follwos by combining Theorem Proposition [6.1} [6.2}
and [6.3] O
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