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ABSTRACT. We propose a first rigorous homogenisation procedure in image-segmentation mod-
els by analysing the relative impact of (possibly random) fine-scale oscillations and phase-field
regularisations for a family of elliptic functionals of Ambrosio and Tortorelli type, when the
regularised volume term grows linearly in the gradient variable. In contrast to the more classi-
cal case of superlinear growth, we show that our functionals homogenise to a free-discontinuity
energy whose surface term explicitly depends on the jump amplitude of the limit variable. The
convergence result as above is obtained under very mild assumptions which allow us to treat,
among other, the case of stationary random integrands.

1. INTRODUCTION

In this paper we study the combined effect of homogenisation and elliptic regularisation for
phase-field functionals of the form

Fo(u, v, A) :/

A
where € > 0 describes both the oscillation and the regularisation scale, and f grows linearly in the
gradient variable. In A C R™ is open, bounded, with Lipschitz boundary, u is a vector-valued
function which belongs to W11(A4,RY), while v is a phase-field variable lying in W12(A).

As mentioned above, we require that the integrand f : R™ x RV*" — [0, 4+00) obeys linear
growth and coercivity conditions in the second variable; that is

C7HEl < f(x,€) < O(l¢ + 1), (1.2)

for every (z,&) € R"® x RVNX" and for some C € (0, +00). Besides , we work under very mild
assumptions on f which do not include any spatial periodicity (cf. Deﬁnition. Working in such
a general setting allows us to prove a homogenisation result which also covers the case of random
stationary integrands, as we are going to explain below.

The elliptic functionals in are reminiscent of the celebrated phase-field model given by

ATE(“’“’A)Z/UQIVUIde+/ (U2 4 £ Vof?) e,
A A

v2f(§,Vu)da:+/ (%%—quF)dx, (1.1)
A

which was proposed by Ambrosio and Tortorelli in the seminal works [I0, [IT] to approximate the
(relaxed) Mumford-Shah functional [38]. The latter was introduced in the 2d framework of image
segmentation to recover shapes in noisy images via curve evolution. In this setting the Ambrosio-
Tortorelli functional is employed for implementation by gradient descent, where curves are replaced
by a continuous edge-strength function (1 — v in our notation) which gives the probability of an
object boundary to be present at any point in the image domain. Then, the actual shape boundaries
are determined in the form of geodesics defined in a metric determined by v itself (cf. [43] 46]).
After the revisitation of Griffith’s brittle-fracture theory due to Francfort and Marigo [34] (see
also [19, [18]), a number of variants of the Ambrosio-Tortorelli model have been proposed and
extensively used also to approximate brittle fracture models [12] 13} [16] 2], 25| [33], just to mention
1
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few examples. The advantage of this kind of approximations is twofold: on the one hand they
establish a rigorous connection between variational fracture models and gradient-damage models
[40, B9], on the other hand, in most of the cases, they provide efficient algorithms for numerical
simulations [18, 19, [34].

If instead in we choose f(z,£) = |£], the corresponding phase-field functionals were origi-
nally proposed by Shah [44] [45] as possible regularisations of an image-segmentation model, alter-
native to the Mumford-Shah’s functional, which provides a common framework for image segmen-
tation and isotropic curve evolution in Computer Vision. Moreover, Shah’s functional overcomes
a number of limitations of the earlier models. Loosely speaking, in this framework the domain A
is interpreted as a Riemannian manifold endowed with a metric defined by the image properties so
that the image-segmentation problem amounts to finding a minimal cut in a Riemannian manifold
(cf. [&70).

The main difference between the Ambrosio-Tortorelli functionals (and their more “classical”
variants) and — rests on the growth of the function f: superlinear in the former versus
linear in the latter. Such different behaviours lead to some structural differences in the corre-
sponding, attainable limit models. In fact, the weaker gradient penalisation in allows for an
interaction between the two competing terms in , as it also typical of free-discontinuity func-
tionals in the linear setting [I7), 24]. As a result, the surface energy densities obtained in this case
are of cohesive type as proven in [7], in the scalar isotropic case, and in [§], in the vector-valued
anisotropic case. That is, the resulting limit surface integrands in the linear setting are bounded,
increasing, and concave functions of the jump amplitude [u] of the (possibly discontinuous) limit
variable u, moreover they exhibit a linear growth at the origin. We observe though, that the linear
growth of f for large gradients is not justified in the applications to Fracture Mechanics, so that
more recently other variants of the Ambrosio-Tortorelli functional related to the gradient-damage
models in [40, [B9] were designed to provide a variational approximation of cohesive energies (cf.
[277, 48, [49] [32], 28], 29} 35, [4L 26]). It is also worth mentioning that in these models the parameters
can be tuned to approximate prescribed cohesive laws (satisfying suitable assumptions) as shown
in [5] (see also [6] for applications to an engineering problem).

Furthermore, we observe that the coercivity assumption in yields the “weaker” lower bound

C_l/v2|Vu|dx+/ (%—l—anlg)deFa(u,v,A), (1.3)
A A

where the functionals on the left-hand side are those proposed by Shah and studied in [7]. Hence,
from and the analysis in [7] (see also [§]) we readily deduce that if (u.) C WH1(A4,RY) is a
sequence with equi-bounded energy which additionally satisfy sup, ||uc||r« < 400, for some ¢ > 1,
then (up to subsequences) u. — u with respect to the strong L!'(A,RY)-convergence, for some
u € (G)BV(A,RYN). Therefore, in the linear setting, the limit functional shall contain a term
depending on the Cantor part of the measure derivative Du. These features are in sharp contrast
with the case where f grows superlinearly in the gradient variable. Indeed in this case the limit
functional is defined on the smaller space (G)SBV (A,RY). Additionally, the superlinear growth
of f in |Vu| makes it energetically unfavourable to approximate a pure jump function with elastic
deformations, so that the only surface energy densities which can be obtained in the limit are
necessarily independent of the jump amplitude of u, as recently proven in [15] [T4] [16].

Motivated by the applications to anisotropic curve evolution [44] 45, [47], in this paper we
study the homogenisation of the phase-field functionals in which encompass the case of
highly oscillating, possibly random metrics. Moreover, since image-segmentation models are highly
sensitive to the presence of heterogeneities in regions or objects due to noise, it is in general of
great importance to incorporate a homogenisation procedure in these models and in their phase-
field counterparts. In fact, the presence of noise can cause random variations in the image intensity
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values, which in turn produce false detections in the image so that homogenisation may help to
reduce the impact of noise, shadows, and changes in the illumination intensity, which usually make
it difficult to accurately segment the image into its relevant parts. Therefore, in practice, by
removing such, it can be easier to detect boundaries between different objects in the image, and
to distinguish between foreground and background regions. More specifically, in the present work
we rigorously analyse the interplay between fine-scale oscillations and phase-field approximations
in linear models as in . Due to the presence of microscopic heterogeneities, as € tends to zero
we expect to obtain an effective model where the (cohesive) energy density depends both on the
homogenised integrand fhom (through its recession function) and on the regularised surface-term
in . On the other hand, on account of the analysis in [7, 8] we also expect a limit volume
energy which only depends on the first term in and therefore in this case on fhom. A central
feature of our analysis is that we study the homogenisation of F, without imposing any periodicity
of f in the spatial variable. In fact, in the same spirit as in [23] 24], we work under more general
assumptions which, notably, are satisfied in the random stationary case.

Finally, it is also worth noticing that the homogenisation problem analysed in this paper can
be seen as a case study of a homogenisation problem for the gradient-damage models proposed in
[277, [48, 149, [32], 28], 291 B5] [} 26] to approximate cohesive energies in Fracture Mechanics. Indeed,
on account of the analysis performed in these papers, also in this case we expect effective surface
integrands defined by asymptotic minimisation problems in which all the terms in the approximat-
ing functionals interact with one another. Moreover, when working with such approximations, a
more technically demanding analysis shall be expected due to the superlinear growth of the bulk
energy density and to the more complex, parameter-dependent, choice of the degenerate function
multiplying f.

Below we briefly outline the proof strategy leading to our homogenisation result. Our approach
is inspired by [23] [24], where the authors extend to the setting of free-discontinuity functionals the
seminal work of Dal Maso and Modica [30]. In that foundational contribution, ergodic theory is
combined with I'-convergence for the first time, in the context of volume functionals. We also refer
to [I] for a related homogenisation result concerning volume functionals with linear growth.

Loosely speaking, our strategy consists of two main steps: a purely deterministic one, where we
devise sufficient conditions (on f) leading to homogenisation and a probabilistic step, where we
show that if f is a stationary random variable, then the sufficient conditions mentioned above are
indeed fulfilled. Therefore a stochastic homogenisation result readily follows as a corollary of the
deterministic analysis.

1.1. Deterministic homogenisation. Here we assume that f satisfies the assumptions listed in
Deﬁnition Besides these require that the recession function f° is defined at every point.
We stress here that we do not require any continuity of f in the spatial variable, since this would
be unnatural for the applications.

Under these general assumptions, using the localisation method of T'-convergence [31], we can
prove the existence of a subsequence (g;) such that, for every A C R™ open and bounded, the
functionals F_,(-,-, A) I'-converge to an abstract functional F (+,-, A). Furthermore, the latter has

the property that for every u € BV,.(R™,RY) the set function A ﬁ(m 1, A) is the restriction
to the open subsets of R™ of a Borel measure (cf. Theorem [5.2)). We observe that since we do
not assume any spatial periodicity of f, the continuity of z — F(u(- — 2),1, A + z) may fail and
therefore we cannot directly use the integral representation result in BV [I7] to deduce the form of
F. Our integral representation result is then obtained under some additional assumptions, which
are however more general than periodicity. We require that the limits of some scaled minimisation
problems, defined in terms of f and f°°, exist and are independent of the spatial variable. These
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limits will then define the volume and surface integrands of F. Eventually, the Cantor integrand
will be automatically identified due to the lower semicontinuity of F.

Specifically, we make the two following assumptions. If @Q,(rz) denotes the open cube with
side-length r centred at rz and f¢(z) = &z, the first assumption amounts to asking that for every
&€ € RNX™ the limit

r—oo 1’

lim 1 inf {/ fly, Vu)dy: u € WHH(Q,(rz),RY), u = £ on 8Qr(m')} (1.4)
Qr(Tm)

exists and it is independent of x € R™. The value of (1.4)) is denoted by fhom(§)-
Moreover, if Q¥ (rx) denotes the open cube with side-length r centred at rx, one side orthogonal

torv € S"1, and
" () = ¢ if(y—rz)-v>0
ey 0 if(y—rx)-vr<o,

we also require that for every ¢ € RY and v € S*™! the limit

1
T inf {/ (V2 (y, Vu) + (1 —v)* + |Vol*)dy: u € W QY (rz), RY),
Qy(rz)

ve WH(QU(rz)) and (u,v) = (g ¢, 1) on QY (m)} (1.5)

exists and is independent of 2 € RY. The value of is denoted by ghom (¢, V).

It is worth mentioning here that fhom and gnom satisfy a number of properties (cf. Section
which ensure, in particular, that they are Borel measurable.

Then, assuming and we resort to the blow-up technique in BV [I7] to show that for
every u € BV (A,RY) the following identities hold true

F(u,1,-
%(@ = fhom(Vu(z)) for L -ae. x € A,
dﬁ(u, L) o e .
W(x) = from(Vu(z)) for [Dul-a.e. x € A,

dﬁ(uv ]-7 )
dH T

In their turn, these allow us to represent Finan integral form first on BV, and then by standard
truncation arguments on the domain of the I'-limit, that is, on GBV. Furthermore, since in the
equalities above the right-hand side does not depend on the subsequence (¢;), under assumptions
and we obtain a I'-convergence result for the whole sequence (F.) (see Theorem [5.1)).

(2) = ghom ([u)(x), vu(x)) for H" t-ae. x € J,NA.

1.2. Stochastic homogenisation. Here we consider an underlying complete probability space
(Q, T, P) endowed with a group of P-preserving transformations, and allow the integrand f to
additionally depend on w € 2, in a suitable measurable way. Then, if f is a stationary random
integrand in the sense of Deﬁnition we show that assumptions and are automatically
satisfied for P-a.e. w € Q, that is, almost surely. As it is by-now costumery (see [23] 24]) this is
done by appealing to the Ackoglu and Krengel Subadditive Ergodic Theorem [2]. More specifically,
the proof that holds is standard and follows as in [42]. On the other hand, the verification of
is highly non trivial, as it is always the case when working with “surface terms” where there
is a dimensional mismatch between the domain of integration and the scaling, and, moreover, a
boundary datum which is inherently inhomogeneous (cf. .
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Once (1.4) and (1.5)) are shown to hold (cf. Proposition [6.1] and Proposition [6.3]) we can imme-
diately resort to the deterministic analysis to deduce that the random functionals

Fe(w)(u,v,A)zfvzf(w,g,Vu)dx—i-/ (@—FdVUP)dx,
A A

homogenise, almost surely, to the random, autonomous, free-discontinuity functional

Fhom(w)(u,v, A) :/ fhom(w,Vu)dx—i—/ 150 (w, G{i‘leizZ‘)d|D0u| +/ Ghom (w, [u], v )dH™ ™,
A A WNA

if u € GBV(A,RY) and v = 1 L"-a.e in A, where fhom and ghom are defined, respectively, by

and while fgo  is the recession function of fhom (cf. Theorem and Theroem [3.4)).

Eventually, if f is stationary with respect to an ergodic group of P-preserving transformations on

(Q, T, P), then the homogenisation procedure becomes effective and thus Fiom is deterministic.

2. PRELIMINARIES AND SET UP

2.1. Notation. We introduce some notation which will be used throughout the paper.

(a) Let n, N € N be fixed with n > 2. For z,y € R* and ( € RN, -y := 2191 + - - - + Tp¥yn
is the euclidean scalar product of z and y, while ¢ ® x := ({;z;)i; € RN*" is the tensor
product of ¢ and z.

(b) For z € R" and v € S, we set 11" := {y € R": y-v =0} and 114 := z + II”.

(c) For & € RVX"™ 4, denotes the linear function from R™ to RY with gradient ¢.

(d) For k € Nand z = (z1,...,7;) € R¥, |z| := /22 + - -+ + 27 is the euclidean norm of the
vector #. S¥71 := {z € R¥ | |z| = 1} is the k — I-dimensional sphere centered in the origin
and S5l i={z eS| + T;(z) > 0}, where i(x) is the largest i € {1,...,k} such that
; # 0. Note that S¥=1 = S¥=1 USF~! and §57 is a Borel set.

(e) For v € S"71 let R, be an orthogonal n x n matrix such that R, e, = v; we assume that
the restriction of the function v + R, to the sets 7!, defined in of the notation
list, are continuous and that R_,Q = R,(Q; moreover we assume that R, € Qm"*" if
v € Q". A map v — R, satisfying these properties is provided in [22] Example A.1 and
Remark A.2].

(f) For x € R™ and p > 0 we set B,(z) := {y € R": |y —z| < p} and Q,(z) := {y €
R™: |(y—x)- el <p/2fori=1,...,n}, where {ej,...,e,} is the standard basis of R™.
Moreover B, and @, stand, respectively, for B,(0) and Q,(0).

For x € R™, p > 0, and v € S"~! we set

Qy(r) =z + R,Q,.
For k € N we define the rectangle

Qv (z) =z + Qu*

where QUF := R, ((—%2,%2)n=1 x (—£, £)). Moreover we set
0+Qu () == 0Q4* (z) N Ry (-2, 52)"~1 x R)
v,k o v,k n—
IQYk (x) == 0Q%™ (x) N R, (R"™! x (=5, 2)).
(g) & and o denotes the collection of all bounded open sets and of all bounded open
Lipschitz sets of R™ respectively; if A, B € &/, by A CC B we mean that exists a compact
set K such that A C K C B. For every C € &, we define &/(C) :={A e o | ACC}

and @ (C):={A e o | ACC}.
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For every topological space X, 2(X) denotes its Borel g-algebra. For every integer k > 1,
2B* is the Borel o-algebra of R*, while 2% denotes the Borel o-algebra of s»1
L£F and H*~! denote respectively the Lebesgue and the (k — 1)-dimensional Hausdorff
measure on R”.
Let © and A two Radon measures on A € &/, with values in a finite dimensional real
vector space X and in [0, +00], respectively; then j—’; = dd“; € L (A, X), where u® < ),
pu® 4+ p® is the Radon-Nykodym decomposition of p respect to A and p%(B) = fB CLL;d/\
for every Borel set B C A.
For v € BV(A,RY), with A € &/, the jump of u on the jump set .J, is denoted by
[u] ;== ut —u~, while v, denotes the normal to .J,,. The distributional gradient Du, is a
RN *"_valued Radon measure on A, whose absolutely continuous part with respect to £,
denoted by D%, has density Vu € L'(A, RN *™) (which coincides with that approximate
gradient of u), while the singular part D%u can be decomposed as D*u = DJu + Du
where the jump part D7u is given by Diu = [u] ® v, H" 'L J,, and the Cantor part
Dcu is a RV *"_yalued Radon measure on A which vanishes on all Borel sets B C A with
H"1(B) < +o0.

We refer to the book [J] for all the properties of (G)BV and (G)SBV functions, giving
precise references.
For z € R", ( € R™, v € §*~! and & > 0 we define the function u, ¢, 5 ., : R" = RN
as

™ =

umywwz{c ly—o)v20 i w0 =ty —)v)

0 if(y—=x)-v<0,
where T : R — [0, 1] is a fixed smooth cut-off function such that @ =1 on [1/2,400) and
T=0on (—oo0,—1/2].

We also use the shorthand notation u¢, := ug.cp, Us,c,p = ﬂ;’c)y and ¢, 1= Ug,¢,p-
We define the truncation functions 75 € CL(RN,RY) satisfying

n@w={< L= 2.)

0 lf |<| Z Ak+1,
and
Lip(Tz) <1 and |Tx(¢)| < agy1 for every ¢ € R”, (2.2)

for some diverging and strictly increasing sequence of positive numbers (ay).
Given h : RVX™ — [0, +-00] its recession function h* : RN*"™ — [0, +o0] is defined as

h°°(€) := lim sup h(?).

t——+o0

We will quote the book [3I] for all the results on the abstract theory of I'-convergence needed

in what follows.

2.2. The subadditive ergodic Theorem. In this subsection we recall a variant of the pointwise
subaddtive ergodic Theorem of Ackoglu and Krengel [2, Theorem 2.7] which is useful for our
purposes (cf. [37, Theorem 4.1]).

Let d € N. Let (9,7, P) be a probability space and let 7 := (7,),czs denote a group of P-

preserving transformations on (€, 7, P), that is, 7 is a family of measurable mappings 7, : @ — Q
satisfying the following properties:

® T T, = Tupn, T, =1_,, for every z,2' € 74,

z
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e 7 preserves the probability measure P; i.c., P(1.E) = P(E), for every z € Z¢ and every
EeT,;
If in addition every 7-invariant set E € T, i.e. 7.E = E for every z € Z¢, has either probability 0
or 1, then 7 is called ergodic.
For every a,b € R% with a; < b; for i =1,...,d, we define

[a,b) ={z €R? : a; <a; <b; fori=1,...,d},

and we set
Ty :={[a,b) : a,be R, a; <b; fori=1,...,d}.

Definition 2.1 (Subadditive process). Let 7 := (7;),cz¢ be a group of P-preserving transforma-
tions on (Q,T,P). A d-dimensional subadditive process is a function u : Q x Ty — R satisfying
the following properties:

(a) for every A € Iy the map w +— u(w, A) is T-measurable;
(b) for every w € Q, A € Iy, and z € Z% we have p(w, A + 2) = p(r.w, A);

(c) for every A € Ty and for every finite family (A;)icr in Iq of pairwise disjoint sets such
that U;er A; = A, we have

il
for every w € Q;
(d) there exists ¢ > 0 such that

0 < plw, A) < c£%(4),
for every w € Q and every A € 1.

Definition 2.2 (Regular family of sets). A family of sets (At)iso in Zy is called regular with
constant M € (0,400) if there exists another family of sets (A})iso in Iy such that:
o Ay C A for everyt > 0;
Al C A} whenever 0 < s < t;
0 < LYA)) < MLYA) for every t > 0;
Ut>0 Ay = R?.
Theorem 2.3 (Subadditive Ergodic Theorem). Let 7 = (7;),cza be a group of P-preserving

transformations on (Q,T,P). Let u: Q x Ty — [0,+00) be a d-dimensional subadditive process.
Then there exist a T -measurable function ¢ : Q — [0,400) and a set Q' € T with P(Q) =1 such
that (0. A)
. MW, At _
A Tty P

for every regular family of sets (Ai)iso in Iy and for every w € Q. If in addition T is ergodic,
then ¢ is constant P-a.e.

2.3. Assumptions. In this subsection we introduce the class of the admissible random integrands.

Definition 2.4 (Admissible integrand). Let C > 1 and a € (0,1) be given, then F(C,a) denotes
the collection of all functions f : R™ x RN*" — [0, +-00) with the following properties:
(f1) (measurability) f is Z" @ BN *"-measurable;
(f2) (linear growth) for every x € R™ and every & € RNV
Ol < f(@,6) < O(Ig] +1);

(f3) (continuity) for every x € R™ the maps & — f(x,&) and & — f°(x,&) are continuous;
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(f4) (recession function) for every x € R"™ every & € RN*™ and every t > 0

e - 110

Remark 2.5. Let f € F(C, ), then thanks to and for every x € R™ and every & € RNV*"
we have that there exists the limit

< St ey,

Jim B oo )
and
C7HeE| < f2(x,) < CJe|. (2.3)

Moreover, for every L > 0 there exists M > 0 such that for every x € R", & € RNX" with |£] =1
and t > L we have that

PR (CXS 1

< o (2.4)

Definition 2.6 (Random integrand). A function f : QxR" x RN*"™ — [0, +00) is called a random
integrand if

(s-f1) fis T @ B"™ @ BN*"-measurable;

(s-f2) f(w,-,-) € F(C,a) for every w € Q, where F(C,a) is as in Definition [2.4

If f is a random integrand then f> : Q x R™ x RV*" — [0, +00) is given by

Fow,2,6) = lim L& 10)

t—+o00 t ’

where the existence of the limit above is ensured by the very definition of random integrand together
with Remark 2.5

Definition 2.7 (Stationary random integrand). A random integrand f is stationary if there exists
T = (T4)zezn n-dimensional group of P-preserving transformation on (Q, T, P) such that

flwz+2,8) = f(rw,z,8)

for everyw € Q, x € R, z € Z", and £ € RV*™,
If in addition T is ergodic we call f an ergodic random integrand.

3. STATEMENTS OF THE MAIN RESULTS

Let f be a given stationary random integrand. For € > 0 we consider the phase-field functionals
F.(w): LL (R, RN*1) x of — [0, +0c] defined as

loc

/(va(w, Z, Vu) + a-—v)? + €|Vv|2)d:c, (u7v) c lel(A’RN) % W1’2(A)
F (w)(u,v, A) := A € €
+00 otherwise.

(3.1)
Remark 3.1. Forv € W2(A) set © := min{max{0,v},1}. We notice that for every e > 0, w €
there holds
F.(w)(u,0,A) < Fr(w)(u, v, A),

for every (u,v) € WHL(ARN) x WH2(A) and A € of. Therefore it is not restrictive to assume
that the phase-field variable v satisfies the pointwise bounds 0 < v <1 for L™-a.e. x € A.
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Remark 3.2 (Equi-coercivity). The coercivity assumption in immediately gives that
C_l/ v?|Vu|dz +/ (@ + 6|Vv\2)dx < Fe(w)(u,v, A)
A A

where the functionals on the left-hand side are those studied in [7] (see also [8]). Hence, up to
considering the perturbed functionals

Fe(w)(u,v, A) + [[ullpacary)y,

for some q > 1, we can appeal to [8, Lemma 7.1] to deduce that if (u.,v.) € WHH(ARN) x
WL2(A,[0,1]) satisfies

sup (P(u) (e, ve, 4) + e[ zaa gy ) < +oo,
£>

then, up to subsequences, (uc,v.) — (u,1) strongly in L'(A,RN*1) for some u € GBV(A,RY).
For this reason, in what follows we are going to study the I'-convergence of F. with respect to the
strong L'-convergence.

Before stating our main results we need some additional notation. Let h : R x R"*N — [0, 00)
satisfyand For A € @y, and (u,v) € WHL(A,RY) x WH2(A,[0,1]) consider the following
auxiliary integral functionals

EMu, A) := / h(z,Vu)dz, (3.2)
and !
S (u,v, A) == / (v?h(z, Vu) + (1 —v)* + |Vo|*)da. (3.3)
Moreover, let w € BV,.(R",RY) and geﬁne the minimisation problems
mi(w, A) := inf{E"(u, A) : uw € W (A,RY), u=w on A} (3.4)
and

ml(w, A) == inf{S"(u,v, A): u € WHH(A,RN), v € WH2(A4,[0,1]), (u,v) = (w,1) on DA}, (3.5)

where u© = w on JA has to be intended in the sense of traces and inner traces for u and w,
respectively. If A C R”™ is a set such that intA € 7, then we use the following convention
mf(w, A) := mf(w,intA) and m”(w, A) :== m!(w,intA4).

The main result of this paper is contained in Theorem below, and provides an almost
sure I'-convergence result for the functionals F. defined in . In order to state this result we
preliminarily need to state a theorem which guarantees the almost sure existence of the integrands
of the I'-limit. Namely, the next theorem establishes the existence and spatial homogeneity of the
limits defining the asymptotic cell formulas appearing in Theorem [3.4] below.

Throughout the paper we adopt the following shorthand notation.

fw f(wf)')

mpe = mj, and m ACIEDN

oo
fw =Ty

Theorem 3.3 (Homogenisation formulas). Let f be a stationary random integrand. Then there
exists Q' € T with P(Q') =1, such that for every w €
(i) everyx € R", v € S"~ ! k€N, and £ € RV*" the limit

. mil® (be, QuF (rx))
11m
r—-+oo kn—1pn

exists and it is independent of x,v and k;
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(ii) every x € R™, ¢ € RN, and v € S*~1, the limit
T (g0 Q1))
r——+oo rn—1

exists and it is independent of x.
More precisely there exist a T @ BN *"-measurable function fuom : Q x RNX" — [0,00) and a
T @ BN @ Be-measurable function gnom : @ x RN x §S"~1 — [0, 400) such that for every w € ,
reR", RN RN, and v € SP1

fuw v,k
o My (e, @7 (r))
fhom(wag) - rkgloo knfl,r.n
ml (le, Qr(re) _ . mi (te, Qr)

r——+o00 rn r——+00 rn

o mi (b, Qut(ra))

from(@,€)

400 knflrn
£ 1
=g M e @rz) g omy (G Q)
r—4o00 rn r—+00 rn
_ oy mg‘?’o (uTx,C,V7 Q:(T.’L’)) — 5 g (uC v Q )
Ghom (wa Cv V) - r—}r—iI-loo rn—1 - r—}I—ir-loo 7’n—1

where 20 denotes the recession function of fuom.
If we additionally assume that f is ergodic, then fhom and gnom are independent of w and

from(€) = lim / i (te, @)dAP(w),

fon(©) = lim /Q m! (G, Q)dP(w),

r—+oo ’/‘"

Jhom (¢, V) = lim /mb (u¢,v, Qr)dP(w).

We are now in a position to state the main result of this paper.

Theorem 3.4 (Almost sure I'-convergence). Let f be a stationary random integrand. For e > 0
and w € Q let F.(w) be the functionals defined in (3.1)). Then, there exists ' € T with P(/) =1
such that for every w € ', A€ o, and (u,v) € LlOC(R”,RN‘H) we have

F(Lloc(Rn3 RN+1))_ hm FE (w)(u7 v, A) = Fhom(w) (ua v, A)a

where Fyom(w) @ L}

loc

(R™, RV HL) x o — [0, 00] is defined as

/ Jhom(w, Vu) dx+/ fron(w ,dﬁgLZ‘)d\DCM -|—/ Ghom (W, [U],Vu)d’}.[nfl
WNA
Fhom (w)(u, v, 4) = ifue GBV(A,RY) andv=1 for L"-a.e. z€ A
400 otherwise

with fhom and ghom as in Theorem[3.3
If in addition f is ergodic, then the functional Fyom is deterministic.

The proof of Theorem will be carried out in a number of steps in the next sections.
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4. PROPERTIES OF THE HOMOGENIZED INTEGRANDS

In this section we prove a number of structural properties of the homogenized integrands fhom
and Ghom -

For later use, it is convenient to work in a deterministic framework where the dependence of
Jfhom and ghom on w is not taken into account. Then, as a consequence, we need to assume that
the limits defining fhom and gnom exist and are spatially homogeneous.

We start with from-

Proposition 4.1. Let f € F(C,a) and assume that for every x € R™ and & € RN*™ the limit
f
L md(e @u ()

=: 4.1
i rn fhom (5) ( )
exists (and is independent of x). Then, from satisfies the following properties:
(i) fhom 18 quasi-conve;
(ii) for every &1,& € RNXn

| fhom (§1) = frhom(&2)| < K& — &2,

where K is a constant that depends only on n, N and C;
(iii) for every & € RNX™
“HE < from(§) < O(IE] +1). (4.2)
Proof. (i) The quasi-convexity of fhom defined as in (4.1) is shown in [42 Proposition 5.5 Step 2].
(i) Let &1,& € RNX™ and r > 0 be fixed. For every u € BV(Q,,RY) and A € /(Q,) consider
the auxiliary functional defined as

/ fy.Vu)dy  if w e WH(Q,, RY)
+00 in BV(QTJRN) \Wl 1(QT5RN)’

as well as J(-, A) := sc= (LY)J (-, A).
By we have that J(u, A) < C(|Du|(A) + L"(A)), therefore thanks to [I7, Lemma 3.1 and
Lemma 4.1.2] we get

|m7(£§1 5 QT) - m7(€§27Q7”)| < C”Efl - f& ||L1 (0Q+)

- CK
<okl -l [ ) < i

J(u, A) :

— M THOQu) & — &l (43)

where K depends only on n and N, while
m5(le, Qr) = inf{J(u,Q,) : u€ BV(Q,,RY) with u= ¢ on 9Q,}.
Appealing to [I7, Lemma 4.1.3] we deduce that
my(le,, Qr) = mi(le,,Qr) and  my(le,, Qr) = m(Le,, Q;)
therefore, combining and readily gives
| from (§1) = from (§2)] < K& — &2,
with K := @’H"%@Ql).

(iii) Let £ € RVX" > 0, and u € WHH(Q,,RY) with u = £¢ on dQ, be arbitrary and fixed.
By we have

C’71|§\T":071‘/ Vudx’SC’*l/ |Vu\d:v§/ f(z, Vu)dz,
Qr Qr Qr
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therefore passing to the inf on v we immediately get
CHelr™ < mi(te, Qy)
for every £ € RN*™ and r > 0. Hence the first inequality in (4.2)) follows by (&.1).
The second inequality in (4.2]) is a consequence of the trivial inequality
mf(te,Q) < [ (o Veepda < C(1¢] + 1"
Qr
which, in turn, is implied by |({2) O

Below we prove that foo ~can be equivalently expressed as the limit of suitable (scaled) min-
imisation problems. To prove it we make use of the following lemma.

Lemma 4.2. Let g € F(C,a), A € o, (u,v) € WHH(A,RN)x WH2(A,[0,1]), then for everyt > 0
we have that

/] %y, Vau) — v M‘d < fc"( )+t5a£"(A)°‘(/Av2\Vu\dy>l “

where K is a positive constant depending only on C' and «.

Proof. Thanks to|(f4)} 0 < v <1 and a € (0,1) we have that

/‘ " V)~ M(d = Cw A) + g/”z(l_a)g(y,tvu)l‘“dy,
A

thus by Jensen’s Inequality we deduce that

[ g vt eay < Genar( [
t )4 t

l—«
v3g(y, tVU)dy)
A

Eventually, we conclude by |({2) O

Proposition 4.3. Let f € F(C,a) and assume that for every x € R*, v € S" 1, k € N, and
g c Ran

(e Q¥ (re))
11m
r—4oo kn—1lpn

= from(§) (4.4)

where from s as in (4.1). Let f22. be the recession function of fhom, then for every x € R™,
EeR™N yeS* ! and k € N we have

fe v,k
[e%e] . mb (gf’ 627‘7 (7“.13))
fhom(g) = TLHJPOO fn—1gpn ’
hence, in particular, f23 = (f°°)hom-

Proof. Let x € R, ¢ e RN v € §"7 ! k€ Nand n € (0,1) be fixed. By (3.4)), for every r > 0
there exists u, € WhH1(Q¥*(rz)) with u, = ¢ on 0Q¥*(rz), such that

ET (up, QU (ra)) < mi” (be, QU (ra)) + k"L, (4.5)

and

“ (ra) Vu,|dy <mi™ (le, Q0F (ra)) + nk™~1r™ < C(I€] + 1)k 1™,
QY (ra
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In particular, by Lemma [£.2] for every ¢t > 1 we obtain
1
[ oo 1520 0) - 1 t9u)ldy
Qr*(ra) t
K K
4

11—« 1 -
< —kniem g —(k"_lr")a(/ \Vu,.|dy) < —aKk”_lr” ,
QU (ra) t

tO(
where K depends only on C, o and £. Hence, for t > 1,

oo 1 N
B (ur, Q7* (1)) < B (up, QU (r)) + K",

where fi(y,€) = f(yt’tg) and consequently, by (4.5]),

ft v,k £ v,k
mi’ (be, Qv  (rx)) _ my, (be, Q¥F(rx)) K
< —. .
]{1"_17“" — kn—lTn + n + to (4 6)

Observing that mj* (¢¢, Q¥*(rz)) = %m{: (e, Q¥*(rz)), thanks to the linearity of £ — £¢, we get

mi! (b, Q" (ra)) mi (b, QP (re) _ fuom (t)

rll}Holc kn—1lpn - rli>nolo thkn—1pn t ’ (47)
by (4.4). Hence, from (4.6) and (4.7)), letting n — 0, we have
fe° v,k
om t . . g ) /I'”
lim sup 7fh () < liminf my, (le, @ (r:c))
t——+o0 r—+00 kn—lpn
Exchanging the role of f; and f°° and arguing analogously, we obtain
fe /¢ v,k t
lim sup mi, (le, @r™(re)) < lim inf 7fhom( 5) O
00 kn—1pn t—+o00 t

To prove the properties satisfied by gnom, we first establish some technical results in the spirit
of [I'7, Section 3].

Lemma 4.4. Letx € R*, r > 1, v € S" !, and wi,ws € BVlOC(R",RN), then we have that
m{ ™ (w1, Q(x)) = m{ ™ (ws, Q¥ (x))| < C |wy — wa| H"
0Q (x)

Proof. First we observe that for every w € BVi(R",RY), z € R", v € S"7!, and r > 1 there
holds m/™ (w, Q% (rx)) = m{™ *(w, Q%(rz)), where

m{ ™ (w, QY (rz)) := mf{S7™ (u,0,QY(rz)) = we WH(Q)(re),RY), v € WH3(Qy(rz),[0,1)),
(u,v) = (w,1) on Q% (rz), v > n for some n € (0,1)}, (4.8)

with S/ defined in (3.3). In fact, given n € (0,1), u € WHH(Q¥(x),RY) and v € WH2(Q¥(x), [0,1]),
vy =V € WhH2(Q¥(x),[0,1]) with v, =1 on Q¥ (z), and
/ (1 —v,)* + |V, 2dy < / (1—v)? +|VolAdy,
QY (x) Qr(z)

and

lim vif“(y,VU)dy=/ v? [ (y, Vu)dy.
=07 JQu () Qv ()
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Let v € WH2(Q¥(x),[0,1]) with v = 1 on Q%(z) and v > n for some n € (0,1). Define the
functional F, : BV (Q%(z),RY) x & (Q¥%(z)) — [0, +oc] as

[0y itue w@ue) BY)
B
+00 otherwise.

Consider its relaxation F, := sc™ (LY)F, : BV(Q¥(x),RY)x.o7 (Q%(z)) — [0, +oc]. [I7, Lemma 3.1
and Lemma 4.1.2] and F, (u, B) < C|Dul|(B) imply that

Folu, B) :=

Imz, (w1, @ (2)) —mz (w2, Q7(x))| < C S jwi — wa|H" Y, (4.9)

where for every w € BV(Q%(z),RY)
mz (w, QY (x)) == inf{F,(u,Q}(x)) : ue BV(Q¥%(z),RY), u = w on dQ%(x)}.

In addition, m% (wi, Q) (x)) = mz, (w;, Q(z)), i € {1,2}, by [I7, Lemma 4.1.3] mz, (-, Qy (7))
is defined as mz (-, Q) (x)) with the functional F, replaced by JF,. Therefore, using (4.8) we can
rewrite ml~ (w, Q% (rz)) as

m{” (w, Q) (rz)) = nf{mz (w, Q) (rz)) + [gu sy (1 = 0)* +|Vo|*)dy :

v e Wh2(Q¥(rx),[0,1]) v > n for some n € (0,1), v = 1 on Q% (z)},

and thus we can conclude thanks to . (]

The following result readily follows from Lemma [1.4]
Corollary 4.5. Let x € R, r > 1, v € S"!, and ¢ € RY then we have that

md ™ (e, QY () =Ml (W, Q3 (2))] < 2C1¢|r"2,

where Uy ¢, and Uy ¢, are defined in ,

The next lemma will be widely used in what follows (see Propositio and Section @

Lemma 4.6. Let z,z € R", v1,v5 € S™ ', and ro > 71 > 2R > 1 be such that Q¥ (xz) CC Q¥2(z)
and |(y — xz) - 11| < % imply
(y—2) 12|l <R for every y € Q;2(2). (4.10)
Then, for every ¢ € RN and n > 0 the following statements hold true: for every rs > ro such that
v2(z) cC QYi(x), then
ML (Wnycay Q12(2) = Ml (U0, Q2 (1)) <y ™h 4 KIC|((rs — m)ry =2 + Ry ™2);
with K depending only on n and C.

Proof. Fix ¢ € RY, n > 0 and let (u,v) € Wl’l(Qlﬁ (), RN) x Wl’Q(erlll (2),[0,1]), with (u,v) =
(Wz,¢,0,, 1) on OQYH (), such that

sf~ (u,v,Q71 (x)) = ( )112(f°°(y, Vu) + (1 —v)? 4+ |Vo]?)dy < mém (T ¢, @y () + nrit
Q' (z
(4.11)
Define (u,v) by
oy sy . ) w)u() iy € Qi (x)
(a(y),o(y)) : {(Ux,g,ml) iy € QU (2)\ Q1 (x)

and note that (@,9) € Wh(Q¥2(2), RN) x Wh2(Q¥2(z), [0,1]) with (4, 0) = (Tg ¢y, 1) on OQ2(2).
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By (4.10) it follows that . ¢ ., (y) = Ue,c,, (y) for every y € Q2(2) such that |(y — 2) - 1| > R;
in particular Lemma [4.4] yields that

|mé‘°° (EZK,VWQZ;(Z)) - mgw(ﬂ%Qh’Q:ﬁ(z)” S /BQL'Z( ) |ﬂ21<7’/2 _ﬂ$1C7V1|dHH71
ro (Z

- / e .y — T o [AH™1 < 8R(n — 1)|C]r2~2, (4.12)
8QU (z)ﬂZ,,2 R

where ¥, g := {|(y — z) - 12| < R}. Furthermore, setting %, 1, := {|(y — z) - 11| < 3}, from
[£:3) and [@11) we get
md " (T gy @2(2)) < 877 (8,8, Q12(2))

< 877 (u, v, Z;(m))+/ < (y, Va)dy
2(2)\Q7 (=)

@) + 0y ™+ Ol | oo () £ (@12 (2) \ Q2 (2)) N Xy, 110)
@) + 0y ™ 4 Ol | oo () £ (@13 (2) \ Q2 (2)) N Xy, 110)
U g Q2 (@) + 0r i ™+ CLC T | ooy (75~ =17 7)
(T, ulaQn @) + i~ + Cn = DICIIT | gy (rs — r1)r5 2. (4.13)
Therefore, recollecting (4.12)) and ( -, we deduce
m{” (W s Qm(z)) < m! T (Wag v Q2(2)) + 8R(n — 1)[¢[ry
<L (W s Q2 (@) + 117+ Cn = DICII | ey (7 — 71)r3 2 4+ 8R(n — 1)|Clry 2

and therefore the claim. O

(Uac ¢, ulaer
(uﬂC ¢, V1aQ
(

x

~ o~ o~ o~

<m{”
<m{”
<m{”
<m{”

We are now in a position to establish some properties satisfied by ghom-

Proposition 4.7. Let f € F(C,a) and assume that for every x € R*, ( € RN, and v € S*~1 the
limit ~ :

: Mg \Urz v Q:(T.T .

TBI_POO -1 = ghom (¢, V) (4.14)

exists (and is independent of x). Then, gnhom Satisfies the following properties:
(i) for every (1,2 € RY and every v € S*~1

|9hom (€15 ) = ghom (G2, )| < CH"1(9Q1)[C1 — Cal; (4.15)
(ii) ghom : RN x ST71 — [0, +00) is continuous;

(iii) for every ¢ € RN and every v € S*~1

2/¢|
m < ghom(C,V) < ‘

(iv) for every ¢ € RN and every v € S"~1
ghom(C7 ) = ghom(_Cv _l/)
Proof. To prove (i) fix v € S*~! and ¢y, (o € RV*™. Thanks to Lemma we get

|m£m(ﬂ€1,v,Q:) - mgm(ﬁ@nva@q[;” < C/(’)Q |EC1,V _EC2,V|dHn71'

201¢]
¢l +2’

(4.16)

By the definition of u¢ , we have

/ ¢, 0 — Ty w|dH" ™ = /8 G — Gu(y-v)dH" () < H" 1 (0Q1)[¢1 — Cof ™.
oQY QY
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Then we conclude by (4.14)) also noticing that by Corollary [£.5| we have
(@ v
IRT m, Um:,(,qu (7’1’))
ghom((a V) - TEIJPOO : rn—1 -
for every x € R, ¢ €¢ RV, and v € S"1.
To prove (ii) we preliminarily show that gnom(C,-) : ST71 — [0, +00) is continuous for every
€ . Fix ¢ € , V€51  and a sequence (V;);en In S © such that v; — v as j — +o0.
¢ e RN, Fix ¢ € RV St ! and q (vj)jen in ST such that v; j
For every 6 € (0,1/2), by the continuity of the map v — R, on ST (cf. of the notation list),
there exists j5 such that for every » > 0 and every j > js
QY CC Q45 CC Qlrsasy - (4.17)

Setting k; := max{|R, (e;)-v| : i =1,...,n — 1}, we have that k; — 0 as j — +o0, by the

J

)

continuity of the map v — R, on S771. Letting y € :J('Hé), then y =y’ + (y - v;)v; where
T

v e R, ([ S(1+8),2(1+8)" " x {0})-

In particular (y - vj)(v-v;) =y-v —y - v and thus, if |y - v| < % and j is large enough, we get

"v n—1)k;r §
ly vl < W5+ g < PR = KOs + 1, (4.18)

where K (0) := %. Applying Lemma with R = K(§)rk; + 1, we deduce

ml” (W, Qrlyys) S L (e, QY) + ™!

+ K(25(1 +28)" 2"t + (K (0)re; + 1)|¢[ (1 + 8)"2rm72),
where K depends only on n and C. Consequently, letting the » — 400, appealing to and
to Corollary we get
(1+8)" " ghom (€, 75) < gnom (G, ) + 1+ K (1 +28)" (26 + K (8)5(¢]).
Taking the lim sup for j — 400 we have
(146"t lm sup ghom (C; ¥j) < ghom(C, ) + 1+ 2K5(1 + 20)" 2

J—+oo

thus letting 1,6 — 0 we obtain
lim sup ghom(Ca Vj) S Ghom (Ca V)'

Jj—4oo

An analogous argument, using the cube Q'{L 8y shows that
Ghom (Cv V) < hm inf ghom(g7 Vj)
J—+oo

and hence the claim.
To establish the continuity with respect to both variables, consider a sequence ((;),en in RN*n
such that ¢; — ¢. Thanks to (4.15), we have that

|ghom(C7V) - ghom(ijyj)‘ < |gh0m(CaV) - ghom(vaj)l + |gh0m(<,yj) - ghom(gjvyj)l
< |ghom(Cv V) - ghom(<7 Vj)| + C,Hnil(an)K - gj'

and therefore we get (ii).
To prove (iii) fix ¢ € RY and v € S*7!, and recall that by (4.14)) and the spatial homogeneity
of ghom we have that
1> v
. oomi o (ue, QF
ghom((ay) = lim M

r—+4o0 rn—1

. (4.19)
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We notice that for every » > 0 and M € N we have

m!™ (ug.v, Q%) < m!”™ (uc., QY)

(Mr)y"=0 T ]

Indeed, assume for simplicity v = e, then if (u,v) is a competitor for mI™ (u¢.,,Q¢") then
(unr,var) defined by (u,v)(z — ri) for x € ri + Q¢ for i € Z"! x {0} with components in
—M + 1, M — 1], and equal to u¢ ., otherwise on Q%%, is a competitor for m{™ (uc.,, Q%) wi

M +1,M —1], and 1 to u¢ e, otherwi Q5 | titor for m{ ™ (uc., , Q%;,) with
SI= (unr, var, Q%) = M 187 (u,v, Q). Thus, we infer that

[ v I v
i T (e Q) s (e Q) (4.20)
r—+o0 rn- r>0 rn=
Moreover, by |(f2)|and C' > 1, recalling the definiton in (3.3), we have that
O (w0, Q) < 877 (u,0, Q) < OSV (u,0, Q)
Therefore, by means of (4.20)) we conclude that
Il v I v
—1 . ms (uC7lI7Qr) : ms (U’C,V7Qr)
—_—= < < —_—
C7 i — 2 < ghom(C,v) < Cinf —
Finally, [8, Lemma 3.8 and Remark 3.9] yield that
[] v
. ms (UC,VaQr) _
inf —— 5 =g,
where using the same notation as in [§]
g(s) == min{t?s + 4f1(1 —A)dA} = 25 . (4.21)
[0,1] t s+2

Eventually, (iv) is a direct consequence of the identity R,(Q1) = R_,(Q1) and of the fact that
u=u_¢_, on QY if and only if u+ ¢ = u¢, on QY for every ( € RV, v € S"71 r > 0, and
u € WhHi(QY, RV). O

5. DETERMINISTIC HOMOGENISATION

To prove the stochastic homogenisation result in Theorem we follow the same proof strategy
as in [23, 24]. To this end, we preliminarily work in a deterministic framework (where w € Q
is regarded as fixed) and prove a homogenisation result without assuming any periodicity of the
integrand. Then, in Section [6} the deterministic homogenisation result at fixed w will be used
in combination with the Subadditive Ergodic Theorem, Theorem [2.3] to derive an almost sure
I-convergence result for the random functionals Fi(w).

The main result of this section is stated in the following theorem.

Theorem 5.1 (Deterministic homogenisation). Let f € F(C,«) and consider the phase-field
functionals Fy : L, (R",RN+1) x o7 — [0, +00] given by

€

/(UQf(i,Vu) 02 L Tu)de, (u0) € WL(A,RY) x WR2(A, [0, 1])
FE(U7U7A) = A €

+00 otherwise.

(5.1)
Assume that
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(i) for every x € R, £ € RNX" v € S"1 and k € N the limit
mi(le, Qv¥ (re))

Jm e = fhem(©) (5.2)
exists and is independent of x,v and k;
(ii) for every x € R™, ¢ € RN and v € S* ! the limit
o (a0, QY (1))
TEIEOO - yn—1 =1 ghom ((, V) (5.3)

exists and is independent of x.
Let, moreover, foo  be the recession function of fuom. Then, for every A € o7 and every (u,v) €
L (R, RN*T1) we have

loc
D(LE (R™ RNV HL))- limo F.(u,v,A) = Fhom(u, v, A),
E—r

where From : Lt

loc

Fhom(u,v, A) ::/ fhom(Vu)dx+/ o dﬁgcz|)d|Dcu\+/ Ghom ([u], v )dH™ ™Y, (5.4)
A A nA

u

(R, RN+ x o7 — [0, +00] is the functional defined by

ifu € GBV(A,RN) and v =1L"-a.e in A, Fhom(u,v,A) = +00, otherwise.

To prove Theorem we use a standard approach in homogenisation theory based on the
compactness of I'-convergence and on the so-called localization method (cf. [20 3I]). Namely,
we first show that for every infinitesimal sequence (g;);en, up | to a subsequence, the functionals
F¢,, defined in 7 I'-converge to some abstract functional . Then, we prove that F admits
an integral representatmn as in on BV (A,RN), for every A € /. Eventually, thanks to
and we deduce that Z3 does not depend on the extracted subsequence, and hence the
homogenisation result for (F;) follows by the Urysohn property of T'-convergence.

We start by proving the following abstract I'-convergence result.

Theorem 5.2 (T-convergence and properties of the T'- 1imit) Let f € F(C,a) and F. be as in
(5.1)), then there exists a subsequence (g;) jen and a functional F:LL (R",RN*1) x o/ — [0, 400]
such that, for every A € o and every u € Li (R™,RY) with u € BV(A,RY)

(L (R™, RN T lim F, J(u,1,4) = Fu, 1, A). (5.5)

Moreover I satisfies the following properties:

(i) (locality) F(uy,1,A) = F(us,1,A) for every A € o and every uy,us € L (R, RY)
such that uy = ug L™-a.e in A;
(#i) (semicontinuity) for every A € < the functional ﬁ(, LA): LL (R",RY) — [0, +00] is
lower semicontinuous;
(i4i) (upper bound) for every A € o/ and every u € Li (R™,RY) with u € BV (A,RY) there
holds
F(u,1,A) < C(L™(A) + | Du|(A)); (5.6)
(iv) (lower bound) for every M > 0 there exists Cpy > 0 such that for every A € o/ and every
u € L (R",RN) with u € BV(A,RY) and ||u]| Lo (arry < M we have

Ca|Dul(A) < F(u, 1, A); (5.7)
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(v) (measure property) for every A € o, every u € Li (R",RY) such that u € BV (A,RY),
the set function F(u,1,-): @/ (A) — [0,+00] is the restriction of a finite Radon measure
on A;

(vi) (translation invariance in u) for every A € o/ and every u € Li (R, RY) we have

~ ~

F(U—'—Z,I,A) = F(U71,A)7
for every z € RN,

Proof. Given any sequence of positive real numbers decreasing to zero [31, Theorem 16.9] provides
us with a subsequence (g;) such that

I- lim F., =F,

Jj—4oo

.7l
where F' : L,
a set function and lower semicontinuous in L1

loc
convergence, we have

(R™, RN+1) x o — [0, +00] is increasing, inner regular, and superadditive as
(R™,RV*1) as a functional. By definition of T-

F' =F=F", (5.8)
where

F'(-,A) = I-liminf F. (-, A), F"(-,A) = I-limsup F., (-, A),

Jj—o0 N Jj—o0
and
Fi(aA) ‘= sup FI('vA,)v Fi/(aA) ‘= sup FH('aA/)'

A’CCA A'CCA
The locality property and the translation invariance of F are direct consequences of (5.8)), and of
the locality and translation invariance of F’ and F”.

Arguing exactly as in [8, Lemma 5.1], for every A € &, every u € LL _(R™,RY) such that

loc

u € BV(A,RYN), every A', A" € o/ (A) and every B’ CC A’, with B’ € &/ (A) we can obtain that
F'(u,1,B"UA") < F"(u, 1, A') + F" (u,1, A"),

from which we can easily deduce that the inner regular envelope F”(u,1,-) is subadditive on

7 (A). Therefore, thanks to the De Giorgi-Letta Criterion, we infer that the set function F (u,1,-):
o (A) — [0, 400] is the restriction to the open sets of a Borel measure on A.
For every A € &/, and every u € LL (R",RY) with u € BV(A,RY), in view of |(f2), we obtain

loc
F'"(u,1, A) < C(|Dul(A) + L"(A)).
Hence, in particular R
F(u,1,A) < C(|Dul(A) + L"(A)),
so that using [31, Proposition 18.6] we get
F'(u,1,A) = F(u,1,A) = F"(u, 1, A).

The latter eventually provides the I'-convergence statement in (|5.5)).
To prove the lower bound inequality in item (iv) we argue as follows. By [(2)} a comparison
argument and [8, Proposition 4.1] (see [8, Remark 3.5]) we infer that

Flu,1,4) > O Dul(A\ J,) + O / gllut —u plar
wN

where g(s) = 53_82 for all s > 0 (cf. (4.21)). Finally, note that for every M > 0 there is Cpy > 0

such that g(s) > Cpys for every s € [0,2M], and the conclusion follows at once. O
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The next three subsections are devoted to the proof of Theorem [5.1] Namely, in subsections [5.1]
- we identify, respectively, the three measure derivatives
dF(u,1,))  dF(u,1,) and dF(u,1,")
nd — oY
e ARl d[Deu|

In fact, we will prove that under the assumptions of Theorem for every A € & and u €
BV (A,RY) the following three equalities hold:

dF(u,1,-

#(‘f) = fhom(Vu(z)) for L"-ae. z € A,
%(m) = ghom([u](2), vy (x)) for H" '-ae. z € J,NA,
dF(u,1,-) e abea .

W(x) - fhom(d|DCu| (x)) for |Dul-a.e. z € A.

Since in the equalities above the right-hand sides do not depend on the subsequence (¢;);en, we
will be able to conclude that F is subsequence independent and therefore the I'-convergence result
holds for the whole sequence (F) (cf. Theorem [5.1)).

The strategy to prove the identities above uses, on one hand, the global method for relaxation
in BV [I7] and, on the other hand, a direct (although involved) comparison argument.

For later use it is useful to recall the following notation: let U € 7, and let G : BV (U, RY) x
o (U) — [0, 00); for every (w, A) € BV (U,RN) x o/, (U) set

ma(w, A) := inf{G(u,A) : ue Ll (R",RY), uc BV(A,RY), u=won dA}. (5.9)

In addition, we use the notation sc~(L!)G for the relaxation of G with respect to the L! conver-
gence, namely sc™ (L')G(u, A) := T'(L)-lim; G(u; A) (cf. [31]).

In what follows we will use in several instances a truncation lemma that follows from De Giorgi’s
slicing and averaging argument on the codomain (see for instance [8, Proposition 6.2] and [28]
Proposition 3.2]). We give here a detailed proof of it since the statement is slightly different from the
standard one. In particular, in Propositions and we choose v = 1, while in Proposition
it is important that the constant + in the growth condition below equals 0. We recall the notation
Tr for the smooth truncation operators and a; for the related sequence introduced in

Lemma 5.3. Let A € o and G : GBV(A,RY) x L'(A,[0,1]) — [0,00] be the functional defined
by

G(u,v) := / v*(x)g(z, Vu(z))da
A
where g : R™ x RV*" — [0, 00) is a Borel function for which there exists vy € [0,00) such that

c el < g, €) < e(lg] +7) (5.10)

for every (x,&) € R™ x RVN*" and for some ¢ > 0.

Then for every M € N and (u,v) € GBV (A,RN)x L1(A,[0,1]) there exists k € {M+1,...,2M}
such that Ti(u) € BV N L®(A,RN) with | Te(u)| L < art1, H*" () NA) < HPHJ, N A)
and

2

G(Tulu)v) < (1+ 57)9(u,0) +9eL” ({Jul > anr}).
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Proof. Let us fix M € N and (u,v) € GBV(A,RN) x L'(A,[0,1]) with G(u,v) < oo, otherwise the
claim follows trivially. By averaging, there exists k € {M +1,...,2M} such that

/ v (x)g(x, Vu(z))dr < iQ(u,v). (5.11)
An{ar<|u|<ax+1} M

By the properties of GBV functions and the very definition of 7T, we have that Ti(u) belongs
to BV (A,RN) N L>®(A,RY) with || T (u)||pe < kg1, Jr@w NA S JuNA and V(Ti(u))(z) =
VTi(u(x))Vu(z) for L?a.e. z € A. Furthermore, being Lip(7;) < 1, we can check for every
y,v € RY with |[v] = 1 that [(VTi(y))v| = |0, Tk(y)| < 1 that provides ||[VT5(y)|2 < 1 for every

y € RY (here | - ||2 stands for the matrix norm on R¥*¥ induced by |- | on R") and consequently
[V(Ti(w)(z)] < |Vu(z)| for L™"-a.e. T € A. (5.12)
In particular, in virtue of Ti(y) =y on {|y| < ar} and Ti(y) = 0 on {|y| > akt1}, we obtain

0(Tifu).0) = [

An{|u|<ar}

v (2)g(z, Vu)dz —|—/ v (2)g(z, V(T (w)))dz+

An{ar<|u|<ar41}

+/ vg(:zz)g(:c, 0)dz < G(u,v) + c/ v2(x)|V(77€(u))|dx
An{lu|Zar41} An{ar<|ul<aps1}

+eyL(Jul = ar) < G(u,v) + C/ v*(@)|V (w)lda + ey L (|u| > anr)
An{ar<|u|<art1}
2

c
< (14 57 ) Gwv) + v (ful > anr),
where in the first inequality we used (5.10)), in the second one (5.12)), and finally in the last one

(.10) and (5.11). O
5.1. Identification of the volume term. This section is devoted to identify the measure deriv-

. dF u,l,- .
ative % with fhom-

Proposition 5.4 (Homogenised volume integrand). Let f € F(C,«) satisfy (4.1)). Let F be as
in (5.5). Then, for every A € o and every u € Li (R™,RN), with u € BV (A,RY) N L>(A,RV)
there holds R
dF(u,1,-
%(w) = fhom(Vu(z)) for L -a.e. x € A,

where fhom s as in (4.1)).

To prove Proposition [5.4] we need the two following technical lemmas.

Lemma 5.5. Let g € F(C,a) be given and define § : R™ x RV*™ — [0, 00) as
g(z, &) := limsup inf {/ gz +nz,Vw)dz : w— L € Wol’l(Q,]RN)} , (5.13)
n—0 Q
Let A € s, and let E9(-, A) and E9(-, A) be defined as in (3.2) with h replaced by g and g,
respectively. Moreover, consider the functionals F9, F9 : L'(A,RY) — [0, 00| given by
: 1,1 N g i 1,1 N
F(u) = E9(u,A) ifue W (A,RY)  Fi) = E9(u,A) ifue W (A,RY)
400 otherwise 400 otherwise.

Then the following statements hold:

(i) if g is 1-homogeneous in &, then the same holds for g;
(ii) there exists H C R™ with L"(H) = 0 such that for every x € R™\ H and every £ € RV*"

9(x,¢) < g(,€);
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(iii) for every u € WH1(A,RY)
sc™ (LYYF9(u) = FI(u);

(iv) for every u € BV (A,RY)
sc” (LY)F9(u) —/

g, Vu)da| < C|Du|(A);
A

(v) for every u € L'(A,RY)
sc™ (LYYF9(u) = sc (LY F9(u);
(vi) for every & € RNV*n
mp (be, A) = mi (L, A).
Proof. Property (i) readily follows from the definition of §. Instead, (iii) and (iv) are a direct

consequence of [17, Theorem 4.1.4].
To prove (ii) let £ € QV*™ be fixed, by definition we get

g(z, &) < limsup/ g(x +nz,§)dz = limsup in/ 9(z,&)dz
n—0 JQ n=0 7 JQ,(x)
for every x € R™. Then, the Lebesgue Differentiation Theorem provides us with a set He C R"
such that L"(H¢) = 0 and §(z,§) < g(z,§) for every « € R™ \ He. Therefore, we conclude by
setting
H:= |]J H,
EGQNXH

and invoking the continuity of g, and the lower semicontinuity of § as the bulk energy density
of the functional sc~(L')F9.

The proof of (v) follows straightforwardly from (i) and (4i7).

To conclude the proof, we are left to show (vi). We start noticing that in view of (i4) we only
need to prove that

mg(gﬁv A) < mkg)(éﬁv A).
for every ¢ € RV, To prove the inequality above, fix £ € RV*" and let u € W11 (A, RY) satisfy
u = l¢ on DA. By (i) we can infer the existence of a sequence (u;);en C WH1(A,RY) such that
uj — u in L*(A,RY) as j — oo and
lim BY(u;, A) = E9(u, A).
J—00
By [17, Lemma 2.6 and Remark 2.7] we can find a sequence (w;)jen C WH(A,RY) satisfying
w; = l¢ on DA such that w; — w in L'(A,RY) as j — oo and
limsup EY(w;, A) < liminf B9(u;, A) = E9(u, A),
j—oo J—o0

therefore the claim follows by the arbitrariness of u. ]

Using a classical argument of Ambrosio, in the following lemma we prove a truncation result in
the same spirit as in [28, Lemma 4.4].

Lemma 5.6. Let F. be the functionals defined in (5.1). Then, for every 6 € (0,1), A € &7, and
(u,v) € LL (R™, RN with u € WHH(A,RY) N L>®(A,RY) and v € W12(A,[0,1]), there exists

u’ € LL (R",RN)N SBV(A,RY) (also depending on A) such that for every e > 0
H(u?, A) < F.(u,v, A) + CL ({v < 5} N A), (5.14)



HOMOGENISATION OF PHASE-FIELD FUNCTIONALS WITH LINEAR GROWTH 23

where H? : L

loc

(R™,RN) x of — [0, +00] is the functional given by
z Vw)d H(J,NA) ifweSBV(ARY
400 otherwise,

with ag, Bs > 0 such that

li =1 d I =0.
fimas =1 and  Jin b5 =0

Moreover, if (uc,v:) — (u,1) in L*(A,RN*1) as ¢ — 0, then the corresponding (u®) satisfies

ul = u in LYARY) ase— 0. (5.15)
Proof. Let § € (0,1), e >0, A € &, and (u,v) € WH1(A,RN) x Wh2(A,[0,1]) be given. We have
Fo(u,0, A) > / o f (2, Va)dz + / (1 — v)|Volde (5.16)
(v>62} A
where a5 := min ¢* = §*. Set
te[s2,1]

t t2
D(t) :z/(l—s)ds:t—E and @, :=dovec WhH2(A).
0

By the Coarea Formula we can infer that
/(1 — )| Voldz :/ VD, |de >
A A

therefore, there exists t° € (®(52), ®(§)) such that

®(8)
HL AN ({®, > t}))dt,
P(62)

/ (1 — v)|Voldz > (B(5) — D)) H"" (AN ({B, > t°})). (5.17)
A

Set u® := ux{,>a-1(5)}; we notice that u® € LL (R, RNV)NSBV (A, RY) since {v > &~1(t°)} is a

loc

set of finite perimeter in A and u € L>(A, RY). Since by definition J,s N A C 9*({®, > t°}) N A4,
(5.17)) becomes
/ (1 —v)|Voldz > BsH™ 1 (J,s N A), (5.18)
A

where (35 := ®(5) — ®(6?).
Moreover, by the strict monotonicity of ® on [0, 1], we get

/ (£, Vu)dr > / f(E,Vud)dz,
{062}

{v>=1(t9)}
so that thanks to |(2)l we obtain

ag/ (2. Vu)de + CLM({v < 5} N A) > a5/ F(2, Vud)da. (5.19)
{v>62} A

Eventually, (5.14]) follows by gathering (5.16)), (5.18)), and (5.19).
Now let (uc,v.) — (u,1) in L*(A,RN¥*1) as e — 0 and consider

U = UeX (v, 501 (19)) -
We observe that
llue — UgHLl(A) < luellzr (qo.<s3na)- (5.20)
Therefore follows by in view of the equi-integrability of (u.) and the convergence in
measure of (v:) to 1. O



24 F. COLASANTO, M. FOCARDI, AND C. I. ZEPPIERI

We are now ready to identify the Radon-Nikodym derivative of F with respect to the Lebesgue
measure with fhom.

Proof of Proposition[5.4. Fix A € o and u € L _(R",RY) with u € BV(A,RN) N L>(A4,RY).
We divide the proof into two steps.
Step 1: We claim that

dﬁ(u, 1,-)
dcn
In particular, we claim the previous equality to be true for every point z € A for which the
conditions p~"|Dul(Q,(x)) — |Vu(z)| and p~"|D%u|(Q,(x)) — 0 as p — 0, and the Calderén-
Zygmund Theorem holds for = (cf. [9, Theorem 3.83]). For every A € o and ¢ € QN (0,1) set
ﬁq(u,A) = ﬁ(u, 1,A) + ¢q|Du|(A). Thanks to [I7, Lemma 3.5] we obtain that for £L™-a.e. x € A

() < fhom(Vu(z)) for L™-ae. x € A.

dﬁ(u, 1, ) . mﬁq (EVu(w)a Qp(z))

T@C) +¢|Vu(z)| = fl}l_r)r%) o (5.21)
where where mp is as in 5.9). Let z € A be that (5.21]) holds, and set & := Vu(x). In view of
(4.1)), for every p > 0 we have

f r
my, (¢ 7QT 5T
Jrom(§) = lim molle, @rl7) ). (5.22)

r—+4o00 rn

Fix n € (0,1). By (3.4), for every p,r > 0 there exists w? € W1>1(Qr(%x),RN) with w? = f¢ on
9Q(7x), such that

Lo F iy <m0, Q)+ (523)

Thus, for every p > 0, (5.22)) and (5.23) yield

, 1
lim sup — / [y, Vwp)dy < from(§) + -
Qr(5x)

r—+oo T

Now, let (;)jen be as in (5.5)) and set r = £. Define u : R" — RY as

€

£ (y) = {fﬂ'“’f (2) veQ@

therefore u?, € WL (R, RN) with uf, = e on R"\ Q,(z). Changing variables and again invoking

loc

(5.23)), for every p > 0 we get

lim sup — /Q TG < fuon(@ 0+ O+ D 1) (521)
p(1+m) (T

j—+oo Pn
where we also used |(f2)} the fact that VuZ =& on Q144 (z) \ Q,(z), and (5.5).
Appealing to (5.24)), [(f2), and the Poincaré Inequality, for every p we can find a subsequence

of (gj)jen (not relabeled) such that uf, converges in L (R™,RY) to some u” € L (R",RY) N

loc loc

BV (Qp(14n) (), RY) with u? = £¢ on 0Qy(14y)(x). Moreover, by (5.5), (5.24)), and |(f2)| for every
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p > 0, we have that
mg, (e, Qp(1+n)(x)) < ﬁ(up7 L, Qp(1+n)($)) + Q|Dup|(Qp(1+n)(x))
" B P
.. st (u57 717Qp( n) ()
<liminf; ( — o + pin pr(Hn)(I) Vug, |dy)

< (from (&) + 1+ CE[ + (L +n)" = 1))) (1 + ¢C).

Eventually, by (5.21) and taking the limit as p — 0 we get
L dF(u, 1,4 o mp (e Qo) (2)
(1+n) (W(ﬂﬁ) + q\fl) = /1)1_{% P
< (foom (&) + 0+ C(IE]+ 1)((L+n)" = 1)) (1 +4C),
hence the claim follows by letting 1,q — 0.
Step 2: We claim that
dF(u,1,")
dcn
Let A’ € @/(A), by Theorem [5.2] we can find a sequence (uj,v;)jen € Li (R",RY) such that

loc
(uj,v;) € WEHA RN) x Wh2(4'/[0,1]), (uj,v;) — (u,1) in LL (R™,RNFL) v;(z) — 1 for
LMae x € A as j — +oo and

() > foom(Vu(z)) for L-a.e. x € A.

lim F.,(uj,v;,A') = F(u, 1, A"). (5.25)

Jj—+4o0
Without loss of generality we may assume u; € L>(A’; R™). Indeed, it suffices to apply Lemma
for every j € N to u; with M; — oo and note that by construction T, (u;) — w in L{ (R™,RY),

loc
and by (5.25)
Flu,1,A") < lim F.,(Ti,(uy),05, A) < lim F. (uj, 05, A') = F(u, 1, A).

j—+oo Jj—+o0
. Let 6 € (0,1) be fixed; thus by Lemma [5.6| we have
H? (uf, A") < ., (uj,v;, A) + CL({v; < 5} N A),
where (u}) C SBV(A',RY) with u} — u in L'(A’,R"). Therefore by (5.25) we get
. S ()8 AL n /
lim inf H (uj, A) < F(u, 1,4, (5.26)

since (v;);en converges in measure to 1 on A’.
We now consider the measures ,u? defined on A’ as follows

1y = s f(E, VUL LA + ByH (s N A).
Note that by (5.26)), there is a subsequence (not relabeled) and a finite Radon measure w1’ on A’

such that ,u?- Sl as j — +oo.
Now let xg € A’ be a point of approximate differentiability of u, and additionally assume that

é &

Such conditions determine a subset of full measure in A’. Then, consider the rescaled function
u? : Q1 — RV given by

oy . u(@o + py) — u(xo)
u(y) = P

)
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thanks to [0, Remark 3.72] we have u? — £¢ in L1(Q1,RY), where & := Vu(zo).
By the weak*-convergence of ,u? towards p° we have

. . 13 (Qp(x0))
= lim lim —————
dcn p—0 pm p—0, p€l(xzo) j—+00 pr

= dimtim (o / P& Vud)de + BH (T, 1 Qo)) (5.28)
Qp(x0) ! ’

p—0, p€l(xg) j—+00
where I(xo) := {p € (0, %dist(mo,aA')): 1 (0Q ,(x0)) = 0}.
For every p and j, define the rescalings v} € SBV(4’, RM) by

U?(xo + py) — u(wo)

uj(y) = ;
i ;
then u? — uf in LY(Q1,RY) as j — +oo. Furthermore, thanks to (5.28) we get
du? (zg) = lim lim (055 f(Zedey 7yPydy + @’anl((] » N Ql)) (5.29)
AL T 0, pel(mo) i too O &g 7Y P uj ’ )

Fix M € N, for every p and j, we apply Lemma with v = 1 so that there is k,; € {M +
1,...,2M} such that @f := T, (uf) € SBV(Qq,RY),

T . ~ 02 T ; n
/Q f(%,Vu?)dy < (1 + M) 0 f(%,Vu?)dy + 0L ({[uf] > am})- (5.30)
1 1
Up to subsequences (not relabeled) we can assume that k, ; € {M+1,...,2M} actually depends
only on p. If we choose ans > sup,cq, fe(y) we get that
lim lim @} =/{¢ in L'(Q1,RY)

p—0 j——+oco
and
lim  limsup £"({|u}| > an}) =0, (5.31)
p—0, p€I(z0) j—+o0

since we also have that lim lim u? = {¢ in L'(Q1,R”Y). In particular, for M is large enough, by
p—0j—4o0 7

combining (5.29)), (5.30), and (5.31)) we can infer

(1 + C—z)d—ug(xo) > limsup limsupas [ f(2E2Y Val)dy (5.32)
M/dcr " p—0, pel(zg) j—r+oo Q1 = I
and
lim  limsup H“*l(Jﬁg NQ1) =0, (5.33)

p—0,p€1(x0) j—4o00

since Ty, , € C*(RN,RY), S‘Zi (zo) is finite, and 85 > 0. Set

X p
Tpg = 105 — Lell (@, myy + 7

then, lim lim 7,; = 0. Thus, for every p > 0 small and every j large (depending on p) we have
p—0 j——+o0

7p; € (0,1). Therefore, thanks to the Coarea formula and to the properties of the traces of BV

functions on rectifiable sets (see [9, Theorem 3.77]), there exists 7, ; € (1 — 7';,/]2, 1) such that

Ly — ne —1/2 4 1/2
[)Q (@8)" — LeldH™ < 7 a8 — el gummy < 772 (5.34)
Tp,j
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where (@)~ is the inner trace of @ on dQy, ;. Therefore, defining the functions v} € SBV (Q1, RY)
as

W (y) ifyeQs, .
P = / N
wh (y) {Q(y) ifyeQi\Qs,,,

thanks to|(f2)| we have that

as [ (L2 VA dy + as(ClEl + DLM@1\ Qr,,) = a5 | F(222, Vuy)dy

Q1 Q1
and, since ;E}I%)jilgrnoo 7,5 = 1, from (5.32)) we obtain
C2%y dud
(1 + —) Mn (xg) > limsup limsup oy f(Eetey, Vuwf)dy. (5.35)
M7dL p—0, p€l(zg) j—+00 Q1 J

. ops ~p e -
Furthermore, thanks to (5.34), (2.2), and to the definition of @/ we can estimate the singular part
of Dwf as follows

|D*w?|(Q1) < / [w?][dH" < 702+ o041 H" (Jae N Q1) (5.36)
J,pNQ1
J

Now, for every p > and j € N, consider functional F), ; : L*(Q1,RY) — [0, 00] given by

fEter vu)dy  if w e WHH(Q,RY)
Fpaj (w) = Ql !
00 otherwise.

In view of Lemma (iv), for every w € SBV (Q1,RY) we have

s (EVEsw) = [ S Vuldy| <0 [ Jpuann, (5.37)
Q1 JuwNQ1

where f,; = g, with g(z,§) := f (‘r"j%,f) for every (x,&) € R® x RV*™ (cf. (5.13))). By the

definition of relaxed functional and correction of the boundary datum via [I7, Lemma 2.6], for

every p and j we can find @f € Wh(Qq,RY) with W} = L¢ on dQ, and such that

s (L) () /Q sl V)] < 2, (5.38)

In particular, from (5.36), (5.37) and (5.38) and the equality f, ;(y,&) = f(%,f) which follows
from formula (5.13)), we infer

) FLr Vwl)dy > /Q Foi(y, Vwf)dy > se™ (L) F, j(wf) — C/J o |[wf)|dH"
> /Q Fia: V) = B = O+ 2a i~ (g 1 Q1)
= [ feEer val)dy - £ - C(r,/7 + 2aam 1 H" " (Jar N Q1)) (5.39)

Q1
Setting
P

p YTl A
Tpi = and W} (z) := rpvjwf(% — %)
J
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we have @] € WH(Qy, ; (4 0), RN) with w/ = £¢ — 5%_930 on 9Qr, ; (41 xo) and

~ 1 ~
f(%_ﬂy,vw;)dy =— [z, Vuh)da.
(o} Tpj JQr, ; (FeL o)

In particular, Lemma [5.5] (vi) gives

fa,vw)dz > mi (te, Qr, , (ta0)) = m{(Le, Qu, , ("2 0)).

Qr, ; (2La0)
Therefore, (5.35)), (5.39) and (4.1) yield

2\ dp mi (e, Qr,, ("2
(1 + C—)L(xo) > limsup limsupas b(fe ’;J( i o)
M7/ dcLn p—0, p€I(z0) j—+00 Tp.j

= a&fhom(g) = a&fhom(vu(‘ro))

and thus
d o
i (@0) > s from (Vu(ao))

by letting M — co. Hence, recalling (5.26]), we deduce that

F\(u7 1, A’) > liminf ng (uj,A') = lim inf u?(A’) > p’(A) > 045/ Jhom (Vu)dz .
oo j—oo Al

1=

Eventually, the claim follows by letting § — 0 and by the arbitrariness of A’ € &7 (A). O

5.2. Identification of the surface term. In this subsection we show that the Radon Nikodym
derivative of F with respect to H" 'L J, equals to gnom for every v € BV.

Proposition 5.7 (Homogenised surface integrand). Let f € F(C, ) satisfy ({A.14). Let F be as
in . Then, for every A € o and every u € Ll (R™,RN), with u € BV(A,RY) N L>(A,RY)
there holds
dF(u,1,-)
dH 1L J,
where ghom 1S as in .

To prove Proposition we need a preliminary lemma which is an extension to our setting of
some results contained in [I7].

(2) = gnom ([u](x),vu(z)) for H* tae. € J,N A,

Lemma 5.8. Let U € & be fized and let G : BV (U,RY) x o/ (U) — [0,00) be such that

(1) for every u € BV (U,RY) the set function G(u,-) is the restriction to o/ (U) of a finite
Radon measure on U;

(2) for every A € o/ (U) the functional G(-, A) is L'(A,R"™)-lower semicontinuous;

(3) there exists K € (0,00) such that

G(u, A) < K(L"(A) + |Dul(A))

for every u € BV (U,RYN) and every A € o/ (U).
(4) For every M € (0,00) there exists Ky € (0,00) such that

Ky |Du|(A) < G(u, A)
for every uw € BV (U, RN) with ||u| ey < M and every A € o/ (U).
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Then, if w € BV(U,R") is such that 2||w| Ly < M we have that for H" *-a.e. x € Jy

Vw (T Vw(1)
dG(w, ) o mdw, @0 @) Ll (e w0 Q0" ()
T R A E— = P (5.40)
where
m¥ (w, A) := inf{G(v,A) : v € BV(A,RY), v = w on DA, vl oo (arry < M} (5.41)

Proof. The proof follows by combining a number of arguments from [I7) Section 3] which we briefly
summarize. Appealing to [I7, Lemma 3.5 and formula (3.17) in Theorem 3.7] the equality in (5.40)
can be established for functionals G satisfying assumptions (1)-(3) above, and the stronger growth
condition

C|Dul(A) < G(u, 4), (5.42)
for every u € BV (A,RY).

In their turn, [I7, Lemma 3.5 and formula (3.17) in Theorem 3.7] are a consequence of [I7],
Lemmata 3.1 and 3.3]. Namely, [I7, Lemmata 3.1] establishes the Lipschitz continuity of mq as
in (5.9), with respect to the traces and is stated under the sole positivity of G. It is easy to check
that an analogous result holds true for m¥ as in (5.41)).

Moreover, (5.42)) is used in [I7, Lemma 3.3] to prove the equality G(u, A) = sups~oma,s(u, A),
where

ma.s(u, A) := inf { > me(u, QU () s Qi (i) C A, QY (i) N QY () = 0,0 # j,
€N
diamQy; (@) < 6, ju(A\ Uien Q¥ (1)) = 0
with p:= L™ + |D*%u.
Then to conclude we notice that the same identity holds true for mg under the assumptions

(1)-(4). In fact, one inequality is trivial, while the other can be obtained by exhibiting a competitor
with the same L* bound. |

We are now ready to show Proposition

Proof of Proposition[5.7 Letusfix A € o andu € L (R",RY) with u € BV (A4, RV)NL>(A,RY).
We divide the proof into two steps.
Step 1: We claim that
dF(u,1,-)
dH =1L J,
Thanks to Theorem [5.2) and Lemma we obtain for H" t-a.e. z € J, N A that
mE (u, Q" (x)) M () () s (2 Q" (@)

dﬁ(u,l,j - L
P TR A L ST S L o= o 649

(%) < ghom([u)(x), vu(z)) for H" tae. z € J,NA.

for every L > 0 with 2|u gec(a) < L
Fix x € AN J, such that (5.43)) holds and set ¢ = [u](z) and v, (z) = v. By combining (4.14)
and Corollary for every p > 0 we get

I~ (a v(r
. myg (u£I,C,V7Q ( QZ‘))
ghom(Cv V) = rl}I—i{loo ’ pn—1 —r

Let n € (0,1) be fixed. By (5.44]), for every p and every r large enough, we have that

m ™ @z ¢, QY(ET)) < Gnom (G v)r ™t 4 yrn L,

(5.44)
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Therefore there exist w? € Wl’l(Q,”.(gz),RN) and vf € Wl’Q(Q;’(ix),[O, 1]) with (wf,v?) =
(E%LQ,,, 1) on 8@?(%3:), such that

S (we, 08, Q¥ (La)) = / (0021 (g, V) + (1 — of)? + [Vof]?) dy <
Qu(zz)

<™ (W QU (52)) + 111 < Grom (G )r 1 4 2, (5.45)

Next apply Lemma [5.3| with 5 = 0 to infer that Ty (wf) =: @ € WhH(Qy(5x), RY) satisfies
foo 02 foo
W P OV(T = P P QV(T
77 (g, 02 Qu(5e) < (14— ) 877 (whvf, Qi (5)
2

< (1 + CM) (ghom (€, V)r"_l + 277r"_1) . (5.46)

Moreover, if M € N is such that (2|¢| +1) + 2[|ul[ L (a) < azar then &f =z, on 0Q) (F) and
[0 L~ (Qu(za)) < G2M41-
In particular, by (5.46) we have that

1 91 - C?
(v0)?Vit|dy < C (14 5= ) (ghom (€ ) +20). (5.47)
Q¥(zx)

rnfl

By Lemma and (5.47)), given p > 0, for every r large enough we have

1 X o
T 5 (P09 00) ~ 215 9

rip

Kpa "2 ~p 11—«
S KP + T(n_l)(l_a) </Q"(7I) (’UT) |vwr|dy)
C’Q jEe
<Kp+Kp"C' (14 =) (gnom(,v) +20)' 0 (5.48)

Therefore, recollecting ((5.44]), (5.45)) and (5.48]), for every p > 0 we get the following

1
timsup [ (@021 EV0F) + (1 up)? + [TopP)dy
r—4+o0o T Q’,’(%I)
Cc? -
< P
< (14 57 ) Ghom (. v) +20) + K (M, p, ),

where K(M, p,n) = Kp+ Kp*C'=(1+ S2)" ™ (ghom (¢, v) + 20)' 7
Given € > 0 and p > 0, we define (42, 9?) : R® — RNV *1 as follows

np(TY . y o . y
U ¢, if y e R"\ @y () 1 ify e R"\ @y ()
with = 2. Thereby af € WL (R",RY) with [|@2]| e (rn) < asar1 and 82 € WH2(R™, [0, 1]).
Changing variables it is immediate to get

1 P V2L WP (-og,)” 5 |2
=, (8@ Vig) + — +25/V02,[2)dy)

lim sup (
Jj—+o0 P"
2

< (14 57) nom(G,0) +20) + K (M, 1),
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where (g;);en is the sequence in Theorem along which the I'-convergence of (F.).-o holds.
Moreover, we observe that

1 1-0f )2 ~
. / (@2 2 f(2,vie )+ 5 o vee 12)dy
P Q¥ @NQY() ’ ’ ’ ’

C

— / (14 |Va, |dy
p QY1 4y @\Qy (2)

z,¢v

C

n—1

<Cp(L+n)"—1)+ vV,

z,Q,v

J o
(Q1 1y (NQE (@) (y—2)-v|<e;/2}

< Cp((L+m" = 1) + Ol ooy (1 +m)"" =1) < C(A+m)" = 1)(p+ [T = w))-

Therefore, for every p, we have that

1-9f )2
sup/ ((@5j)2|Vﬁ§j| + ( ;’) +€j|V@§j|2dy) < 400.
JENJQF 11y (2) ’

From |42 | 1o (q4(2)) < a2m+1 and [8, Lemma 7.1] there exists a subsequence (not relabeled) of
(e)jen and v € Li (R™, RY) such that (42,92 ) — (u,1)in L]

g5 7€E; loc

uP(y) = ug ¢ (y) for LMae. y € R\ Q) (z). By assumption (ii) in Theorem (cf. formula
(5.5)), it follows that for every p

m?Mﬂ(uI’C*V’Ql{Hn)p(x)) < F(up’l’Ql(/Hn)p(x)) Fe, (ﬁgj’@gj’Ql(an)p(x))

< lim inf

e - prt j—+oo Pl
< (14 5 o (€.2) + 20) 4 KOL ) + (40" = 1)+ I 1)
In particular, thanks to we have that
(1ot A1) R (e @, ()
dH»1LJ, p—0 =
= (1 + %) (ghom (¢ v) +2n) + CIC|[[W]| e ) (1 +m)" = 1)

and thereby, letting M — 400 and 1 — 0, we can conclude.
Step 2: We claim that
dF(u,1,")
dH» 1L J,
By Theoremthere exists (uj,v;) € LL (R",RY) with u; € WH(A,RY) and v; € WH2(A, [0,1]),

loc

such that v;(z) — 1 for L™-a.e. z € A as j — +o0,

(uj,v5) = (u, 1) in Li(R™,RV*Y) and  lim F.,(uj,v;, A) = F(u,1,A).

() > ghom ([u](x), vu(x)) for H* l-ae. x € J, NA.

Jj—+oo
For H"t-ae. x € J,NA (cf. [9, Theorem 3.77 and Proposition 3.92]) we have
1

; va®) (1)) —

Ly P |Dul(Qp+'* () = [[ul(z)] # 0, (5.49)

1
lim — _ _ .
P50 pn /w<z)(x) [u(y) = ta w)(@) v () (V) dy =0, (5.50)

P Q@) _ dFw1) o (5.51)

sy o1 AR L,

(anRNJrl)a u? € BV(Q;(H_n) (f),RN),
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Let us fix « € J,,N A such that (5.49)-(5.51) are satisfied, and set ¢ := [u](x) and v := v, (z). Using

the lower bound inequality in the T-convergence of (F.).so on @5 (z) and A\ Q4*™ (), the

super-additivity of the inferior limit operator implies that 41121 Fe(uj,v5,Qp (7)) = F(u,1,Qp(z))
j—+oo

for every p € I(z) := {p € (0, Zdist(z,A4)) : F(u,1, 2Q}(x)) = 0}. Hence, we deduce that

v
dF(u,1,) 5 1vJ>
T @ = Jim i /Q BT V) S V. (65

Now, we consider the rescalings (u,v?), (u”,v?) : Qf — RNT! given by

(i (), vj(y) = (uj(z + py),vj(z + py)) and (w(y),v"(y)) := (u(@ + py), 1)
Then vt € WHL(QY,RYN), v¥ € WL2(QY,[0,1]), w? € BV(QY,RY), and (u”,v7) — (u”,1) in

j J 32 Y5
LYQY, RV Y wP — ue,, in LHQY,RY) by (5.50), and v? — 1in L*(Q) for every p by(5.52).
Changing variables, formula ([5.52) rewrites as

dF(u,1:) - .
1L, @) = g i [ DM V) + 0 =)+ SV Py,
thus by |(£2)| we infer that
dF (u,1-) . . 2
— ="~ (2) > C limsup hmsup/ v?)? |Vl |dy. 5.53
dH”—ll_Ju( ) I(2)3p—0 j—+o0 ;( 5 IVujldy (5.53)

Lemma implies that
1—
p [ Corsez vy z [ 07 ez vy ko~ Ko ([ wh?vegian)

QY
(5.54)
where K is a constant that depends only on C' and «. Thanks to (5.51)), (5.53) and (5.54) we get
dF(u, 1) . .
——2""(z) > limsup hmsupFooz(u ,07.Q7), (5.55)
dHr ll—Ju [(2)3p—0 j—s+o00 SRR 1
where
00, R 2 poo ([ T+pY 2 2
FX (u,v, A) := /A(v f (%,Vu)ﬁ—f(l—v) +§‘Vv| )dy
Now, for every p and j we consider the sequences (a;»’ )jen, (b )jen and (s ) jen given by
P p pI|% P 3 I3 P o aJp'
af = p+ lluf —w HLI(Q;) + [lvf — 1”L2(QZ)’ v = P and s/ = b—g, (5.56)

where (w”) is a sequence in WH1(QY,RY) such that w” = uc, on QY for every p,
| DwP|(QF) (@) and w” = ug, in LY(QY,RY) as p =0, (5.57)
(see [17, Lemma 2.5]), where |s| denotes the integer part of s € R. Fix p small enough, such that

p+llu? — w7 g oy < 1 and then fix j large enough such that 0 < af < § and 2 < bf. For every

i=0,...,bf Wedeﬁne Qp”
b= (L—af +ish)QT,

Whlle foreveryi =1, .., b we consider the cut-off function ¢ € Cx(QY

=1lon@);; ; and HV¢ 2 illLes @y < 2(s))71. Set for i =1,..,b%

uf = qul (1 =8, Jw” and wf,; = ¢f0f + (1 - 6F,).

b ;) such that 0 < qﬁg,i <1



HOMOGENISATION OF PHASE-FIELD FUNCTIONALS WITH LINEAR GROWTH 33

Then uf, € WH(QY,RY), v, € WH2(Q¥,[0,1]) with (uf;, %) = (uc,,1) on dQY. Moreover,
for every i = 2,..., b7 we have the following

F;i‘f( 3,1 JZ’Ql) Foom(uwvj’@pﬂ 2)

" /Q V ()21 (=2, Vil )y + [ (£(1— )2 + 2[Vef]2)dy

P:jvifl\dexi*? Qz,j,i—l\Qz,j,i—z
+ [ (0], (22, Ty + (£(1—00,)? + 2|Vt P)dy.
QY\Q} ;i1 Qy i i\QY i1

We estimate separately the terms appearing above. We start with

F;;OE]W(U,]"UJ,QPJ,L 2) /U ., (ﬁ(l_v]p)2+%‘vv.;)|2)dy<FOOI(UJ,UJ,Ql)
Qp,j,i*l\Qp,j,i72
Moreover, since Vu!;; = ¢%, | Vul + (1 — ¢, |)Vw’ + V¢, | @ (u] —wP), we have that

/ (vF)2F22 (224, Vuf ) dy
Qs \Q i '

<c / e PV T (9~
pJ,i—1 p,J,i—2

< C? (vf)Qf“(%,Vu;’)dy—&—C |[Vw?|dy
QF.5.i-1\@} ji—2 ’ Qpi—1\@] iz
2C
+ 7/ [uf —wP|dy.
Sj QY i i—1\QY i

Analogously, we obtain
/ (07)F> (7222, Vwr)dy < C [Vw?|dy.
QV\QP jyi—1 Q \Qp J,i—1

Since Vvj; = ¢4, Vvl + (v —1)V¢/ ;, we have that

/ (5%(1 - U]P,i)z + %|vvzi|2)dy
Qp5,\@Y g1
8¢

P &j P2 P 2
< 7‘Cn(QZji\QZj.i—1)+2/ |V I“dy + — 2/ [vf —1|7dy .
Ej / QZ Js l\QP jyi—1 P p(s ) QZ g 1\Qp jyi—1 !

In particular, thanks to the previous calculations and and recalling the definition of 55 , there exists
if €{2,...,b} such that

[
o0, 1 - o0, 1%
Fpsj (u” sz _77,/77Q1) > bpisz,e’J (U;iavﬁinl)
=2
C*+2
< B2l (uf, 05, QF) + = Fpf (uf 05, Q1) + C [Vw?|dy
PEj 777 j 1" Pc J7 7 QT\QS,F’J
I T RN
79 uf — wP|dy + ————
(b —1) QNQY, o J 5j(bj 1) 1 £:3,0

8e,;(b7)?
b [ 1Py,
P(aj) (jfl) QY\QY ;o
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Hence, by the definition of a and b/ in (5.56) we deduce that

C?+2
(g 0500 @) = (1 gy ) F (e, Q)
J

00,T
PyEj

+C |Vw’|dy + 4Caf + 3L (QY \ijo)+16(a5)2.
Q\Q%,
Thus, setting x, = 1 — [[u” — w”| p1(qr), from and (5.56) we obtain
dF(u, 1)
limsup limsup Fo0F 0, Q) £ () + C limsup [Dw’|(QF \ @),
I(z)3p—0 j—+oo e ( i i )< dH 1L, (= ) I(I)Bpﬁol !
As w” — ug,p strictly in BV (cf. (5.57)), we have that [Dw”[(QY \ @} ) = 0 as p — 0, and thus
dF(u, 1) , ,
——~ "7 (z) > limsup limsu Four T 5.58
d'H”_lLJu( ) > I(m)apfo j_>+o<13 ( i1 V5,0 Q7). ( )

By the change of variable and the 1-homogeneity of f>° , we have

00, 1 — 0o — — —
FUef (g 0,075, Q1) = 7 / (@ W V) + (1=1,5)% + VT, ;%) dy,
v ( P 1;)

p.J
where ry; = £, W(y) = u) (5 — 7) and () = v) (L — %), In this way @) €
W ij(rpfx) RN), v erQ( TH(wﬂx) [0, 1})W1th(u3,v§’) (ur o g ¢ )OnaQT”(wa).

In particular, by (5.5 -, the definition of m/~ in and the assumption (b) of Theorem.we
obtain

dﬁ(u71) . . mg ('LL PJ@CV’QTPJ( ij))
m(m) > limsup limsup — = ghom(C, V),
u I(z)3p—0 J—+00 Tpj
deducing the claim. |

5.3. Identification of the Cantor term. Eventually, in this subsection we identify the density
of the Cantor part of the I'-limit F'.

Proposition 5.9 (Homogenised Cantor integrand). Let f € F(C, ) satisfy . Let F be as in
(5.5). Then for every A € o and every u € Li (R™,RN), with u € BV (A,RY) N L>®(A,RY), we
have that
dF(u,1,") dDeu
d‘DCU| ( ) fhom(d|Dc |
where 20 is the recession function of fnom as in .

Proof. Let us fix A € o and u € L (R",RY) with u € BV N L>(A,RY). We divide the proof
into two steps.
Step 1: We claim that

dF(u,1,") dDcu
W( ) fhom(d|DC |

By Alberti’s Rank-one Theorem [3] we know that for |D°ul-a.e. x € A we have

dDu
D] () = a(z) @ v(z) (5.59)

) for |[Dul-a.e. x € A,

loc

) for |Dul-a.e. x € A.
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where (a(z),v(z)) € RY x S"~1. By Theorem and by [I7, Lemma 3.9] we have that for |Dul-
a.e. © € A there exists a doubly indexed positive sequence (t, ), with p € (0,00) and k € N, such
that for every k € N

tpg — +o0 and  plpr — 0 asp—0, (5.60)
and for every ¢ € QN (0,1)
~ v(z)k r
dF(u, 1, ) . . mg (Etp ra(z)®v(z)s Qr (;:E)
_ =1 1 e .61
d|Deul (z) + qa(z) @ v(z) k—1>I-&r-loo 1r;1_§(1)1p kn=Tpnt, J (5.61)

where for every A € « and q € QN (0,1) let F,(u,1,A) := F(u,1, A) + q|Du|(A), and Q% (2)
is the parallelepiped defined in |(f)| of the notation list. Let z € A be such that (5.59)-(5.61) hold
true, and set a := a(z) and v := v(z). Thanks to Proposition [4.3] for every p > 0 and every k € N
we have

e vk(r
. ol (las, QU (22))
fhom(a ® V) = Tll{rolo kn—1pn ’
Let us fix n € (0,1). By the very definition of m’bm, for every k € N, p € (0
there exists a function 4% € Wl’l(Qﬁ’k(%x),RN) with 42F = ,g, on OQ¥*(

B (a0, Qu (20)) < mfl ™ (Cazus QFF(22)) 4 k" < Clalk™ ' 4 k" ~15" (5.63)

(5.62)

1) and r € (0,00)
x) such that

I3

and in particular

/ _IvapFidy < C*(jaf + 1)E" T,
Qv (o)

Therefore, by Lemma [£.2] we have that

=
kn—lrn Q:k(%w)

K K l-a K
< 71{/’”_17“”—1— T(kn—lrn)a(/ |Vur|dy) < Tkn—lrn
tpk ok QU*(za) tok

. 1 .
I, Vi) = f s tp Vi )|y (5.64)
Ps

where K depends only on C, a and a. Collecting (5.62)-(5.64)), we infer that

i 1
imsup —————
r—+4o0 kn_l""ntp,k

) . K
/ f(yatp,kv’u%p")k)dy S fhom(a ® V) + n + tT
QY k(rw) p,k

For k € N, p € (0,1) and € € (0,00) we define the function u?* : R* — R¥ given by
up,k(y) - Etﬂ,kﬂﬁ’k(%) ifye Qz’k(x)
N tpilawy if y e R™\ Qz’k(x),
where r:= £. Thus uf* € VVI})C1 (R™, RN with uf* =t, 1l,z, on 8Qz’k(m) and changing variable

we obtain

1
lim sup —————— / L Turk)d
Eﬁopkn—lpntp’k vak (z)f(a € ) Y

p(1+mn)
< from(@@v)+n+ o=+ C | — +al ) (L +n)" - 1), (5.65)
bk tok
since uf"* coincides with ¢,, ;£4g, on Q:ﬁ-&-n) (x)\QZk(x) By (5.65) and Poincaré inequality, we can

extract a subsequence (not relabelled) of (¢;),en, for every p € (0,1) and k € N, such that ug’;k —
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uP* in L (R™,RYN), where u”* € BV(Qp(Hn)( z),RY) with uP* = t, 0,0, on Qp(1+n)( z)\

Qz’k(x). As a consequence of the I'-convergence stated in Theorem |5.2} of the superadditivity of
the inferior limit operator, of [(f2)] and of estimate (5.65]) we obtain

v,k
mﬁq(gtpﬁkaééanp(lJrn)(x)) < ( Pk 1 Q 1+77( ))
knflpntp’k — kn— 1 nt

Fe,(uf Qp17,())
( (14n) " q /Q

kn 1 "t & kn—l ”t k

< lim inf |Vu§;k |dy)

j —+—+00 v,k
/ p(1+71)(a:)

K
< (a0 (FSnla @) 41+ 5+ € (7= +lal) (0" - 1),
p
We can pass to the limit in the last inequality for p — 0 and then for k — 400, using (5.60) and

(5.61) we arrive to
dF (u,1,- o n
(1) (St @) + a0 o) < (04O FEn(o®0) ++ Clal((140)" - ).
The claim follows by letting n and ¢ — 0.
Step 2: We claim that

dF(u,1,") dDcu

W( ) fhom(dch |
Let A’ € o/(A), then by Theorem 5.2/ we can find a sequence (uj,v;)jen € Li (R™, RV*1) such
that (uj,v;) € WHI(A,RY) x WIQ(A’ 0,1)), (uj,v;) — (u,1) in LL (R™",R¥*1) v, — 1 for
L™a.e. v € A as j — oo and

) for |Dul-a.e. z € A. (5.66)

lim F; (uj,v;, A") = F(u,1,4").

]—)OO

Arguing as in Step 2 of the proof of Proposition we may assume u; € L>®°(A;RY). Fix
§ € (0,1); by Lemma [5.6] we have

H (u, A') < F (g, 05, A') + CL™ ({5 < 5} 1 A,
where u} € SBV(A',RN) with u} — u in L'(A’,R") as j — oo, and therefore

lim inf H‘S (ul, A') < F(u,1,4). (5.67)

j*)OO

Define on A’ the measures u?- given by
1 = asf (i vu;?) LULA 4 BH (g NAY).

By definition of H, f and the compactness of Radon measures, there exists subsequence (not rela-
beled) of (g;)jen and a finite Radon measure u® on A’ such that u? — p® weakly* in the sense
of measures on A’ as j — oco. For |Dul-a.e. © € A’ (cf. [9, Proposition 3.92 and Theorem 3.94])
there exists a(z)€ SV~! and v(z) € S*~! such that for every k € N we have

Du(@Qy""(x))  dDcu

P=0 | Dul(Q V(:D),k(x)) = d|Dey| () = a(z) @ v(z) (5.68)

- 1Dul(@ (@)

— o0 (5.69)
p—)O pr
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v(z),k
i D@ )
p—0 P
dp? dp?
apa] ") = qpea @
Fix now xg € A’ such that (5.68))-(5.71)) hold true and set a := a(zp) and v := v(zg). For k € N
and p set

=0 (5.70)

(5.71)

| Dul(Qy* (x0))

bok = T
therefore
tor oo and pt, —0 asp—0. (5.72)
and
A Q)
d|DCu| p—0 t, k™ 1,0
By the weak*-convergence of (ugj )jen to p® we infer that
dp? 13 (Qy* (o))
—_— li lim B\, 00)) 5.73
C1|DC”U,|<:1j ) p—0, ,})renl(aco)]imo tp, pkn1 pr ’ ( )

where I(zo) := {p € (0,1) : p°(0 Q4% (x0)) = 0 for every k € Ns.t. Q4F(zo) CC A’} Note that
I(zo) has full measure in (0,1). Fix & € N and consider the rescaled functions uJ , uPk s Quk —
RN

k 1 5 1 5
u? (y) = m (U’j (o + py) — m Uj(z)dz)

Q¥ (wo)
why) = g (oo 4 o)~ o [ ule)dz).
k" 2ptp i k™ JQu* (a0

From now on we work at k& € N fixed and this will tend to oo only at the very end of the proof.
Therefore, for those parameters infinitesimal as j — oo and p — 0 the possible dependence on

k will not be highlighted. For every p small enough, depending on k, uf’k € SBV(Q?’]C,]RN)7
uk e BV(QVF,RY), ujp-”C — wPk in LY(QY",RN) as j — oo, and the function u”* satisfies the
following
Du(Q%F(z
/ uPH(y)dy =0 with  DuP*(Q") = M
vk |Dul(Qp" (z0))

Moreover, from (5.73) we obtain

d Py ) I/k‘l.
P ()
d|Decul| p—0,p€l (o) j—o0 kN ~Lpnt,

—a®v asp—0.

) 6 n—1 v,k
L ——— do+— 0 n _
p—>0 ;Ienl(xo)JLOO<k" 1p”tpk /Quk( )f( Vu) T+ Jn—1 ntp, H (J ‘5 Q (xO)))
Bs

knflptp k

Qs

p.k

p—>0,p€I(xo)J%oo

e H T (e N QY )).
(5.74)

/ f(EE gt V) +
Qu, J

By [28, Lemma 4.5] (see also [36, Lemma 5.1]) there exists a subsequence (not relabeled), depending
on k, such that u”* — u* in L(Q¥* RN) as p — 0, where u* € BV (QV",RN), u*(y) = xx(y-v)a
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for every y € Q0% xx : [-1/2,1/2] — R is a nondecreasing function such that Dy, ((—1/2,1/2)) =
Xk(1/2) = xx(=1/2) = =1, — =7 < xk(—1/2) <0 < xx(1/2) < 171, and

1/2
/ Xk(t)dt =0.

—1/2
Furthermore, being x continuous in —1/2 and 1/2, thanks to the trace’s properties of BV func-
tions, we have that the inner trace of u* satisfies u* = ¥ on 8+Q%* (cf. |(f)| of the notation list)
where
N 1 1
i (y) = W%@u(y) + (Xk(l/Q) - W)a-

To obtain a uniform L*°-bound on the scaled sequence, we let M € N and use Lemma with
v = 1 to get for every k € N, every p small enough and every j (up to a subsequence), m, €
{M +1,...,2M?} such that

)

C2 dILL as k
! 7) z U l P (—”“’*"y,k””t Vi )d , (5.75
( + d|Deu |( 0) = H;I)T;Sel}léo) liﬂ_ilip Tt /Q?kf < pok VU y, (5.75)

where the y-term in Lemma disappears because u?’k — u¥ in Ll(QT’k;RN) and uF € L.
Furthermore

~p, — v,k k
Hn 1( P kM Q ) + || p - uk||L1(Q11/k) S Hn 1(1]"5’ N Ql ) + HU? — ’UzkHL1(Q;,Ic)

Where T Tmp (u?*) € SBV(QY",RYN). Therefore, choosing M such that ay; > |al, it follows
from and (5.74) that

lim  lim (H"(J me )+ s * —ukHLl(QT,k)):o. (5.76)

p—0,p€I(z0) j—00

Next we change the boundary datum 12? *on a neighborhood of 9+Q%* with u*. For every p small
enough and every j large enough (depending on p), we have that

A~ D, 14
H sk ukHLl(Q'f‘k) + ; =:7,; €(0,1)

and thanks to Fubini’s Theorem and the trace properties of BV functions on rectifiable sets, there
exists ¢, ; € (1/2 — 72 1/2)

Tpij
15" =l 2 oo
~p Ky — k n—1 J LY Q™) 1/2
/(M ) =t < . <72 (5.77)
(By.s) pJ
where (ﬁ;”k)* is the inner trace of @’ ”k on R, ( j), where Bk = (- ]2“, Eyn=l x (=gp.j,4p,;) and

R, is the rotation in |( . of the notation list. Deﬁnmg the functlons wf ¥ e BV(QVF,RN) as

a*(y) ify € R,(BY))
u if y € Q7" \ Ry(B)),

k
Wi (y) =

we have that

as T+ p1 n— ~p,k k
=i /Q,,kf( oejpv7k 1tp,kVu§-’ Ydy + a5C||Vu ||L1(Q,1,,k\RU(B§J))+
as v,k as z n— k
Rl . LYQYY\ Ru(B) ) > W/ka(%,k Yok Vi ") dy.
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. . . n/ Ak k _
Since ll)lg})jgn;oﬁ (QY"\ Ru(B,;)) =0, we get from ([5.75)

(1 + 0—2) 7(1”6 (zg) > limsup limsup _w / f(Zotoy pn—ty Vw’?’k)d (5.78)
M d|DCu| 0) = 30, pel(ze) J—ro0 k”_ltp’k Qv * e p,k J Y. .
In particular, we infer that
C?\ dul k
1+ 7) ——(x9) > Cas limsup lim sup/ [Vw? " |dy , (5.79)
( M d‘DCU| p—0, pel(xzg) j—o0 QT’k ’

and thus by (5.77)) we conclude

p,k
| D w

(Ru(B)) + | D*uM|(Q7* \ Ry (B} ) + 7,

k . pk
Q") < |D*af P

1
< 2a2M+1Hn_1(Ja]?=k N QTk) + IDgukI( Ifk \Ru(Bl;,j)) + sz,j

and therefore

lim  lim [D*w?*|(QYF) = 0. 5.80
P—>0,p€I(z0)j—)oo‘ J |( 1 ) ( )

In addition, thanks to Lemma and (5.78) we deduce that
B

C*\ dp k
1+ 7) —(xz9) > limsup limsupas oo (ZotLy 7o) dy). 5.81
( M d|D6u| ( O) p—0, p€I(zg) Jj—ro0 Q'l"k ( € J ) ( )

We now change the boundary datum wf’k on a neighborhood of AlQY* with ¢;. Let hy, € (0, k)

be such that £7(Q%* \ QV") — 0 as k — oo, necessarily hj, — co. Then, by Fubini’s Theorem
there exists )\];,j € (k — hg, k) such that

2
[ ™y =t < 2 [t = gy, (5.2
alQ, I Ry, QYF

P,k
P k
0+ Q7", using Poincaré inequality on the one-dimensional restrictions of w?" in the v direction,

we obtain that

p

k
_ . . k Vg . k
where (wf"")~ is the inner trace of w}™” on olQ, 7. Furthermore, since wp” = uF = ¢ on

K k_AQVI vk ki ik
o = ey < 2 D = S| @4) < 2D @1) + 2l
Therefore, by (5.82)) we infer that
4 4
/ o )T = G H T < —[Dwl QYY) + —lal. (5.83)
alQ e hp B

; ~psk
Defining @} as
k
ik wf’k ify € Qlf’)\”’j
wj’ (y) - . vk V,)\k .
Ce(y) iy eV \Q"

we have that wf’k € BV(QY*F, RN), uA)j’?’k = 0 on 9QY", and by (5.83)
4 4
s ~p,k v,k s Jk v,k Jk v,k
D" [(QY) < [Dwi™|(QF )+hfk|Dwf (@7) + 5 -lel

4 4
s k v,k Jk
< 2D WM QL) + 2 IV s gty + 2l
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In particular, by (5.80]), we obtain

4 4
limsup limsup|D?® Apk|(Q11’k) — limsup limsup ||V} o

vky F —— 5.84
p—0,pEI(x0) J—00 hy p—0,p€l(z0) j—00 ||L1(Q1 ) hu ( )
and, from ([5.81)),
C?y dp Clal£™(@7"\ Q7"™)
(1 + )dﬁn (o) + kn 1
> limsup limsupas fOO(Lij,vw?”“)dy. (5.85)
p—0, p€I(z0) J—00 Qu* J :

We now argue as in Proposition E -, P and for every p and j ﬁxed we use
Lemma to infer the existence of W' wJ VV1 1 ) such that wp’ =/} on 8Q

oo (T ~p,k Too (T ~p,k
(R VP T)dy > | fee (R V) dy
Qv QY
> sc™ (LY ES5 (@) — C|D*af " |(Q1")
= J 1
> [ (et vty - C|psal Q) - 2.
Qr J

Therefore, by (5.79)), (5.84)), (5.85) we conclude from the last inequality above that

c? dp? Clal£™ (@ \ Q™) 4ja|
PR o
(1+ 5 acn (™0 T o,
> limsup limsupas f;(w,V@g’k)dy. (5.86)
p=0, p€l(wo) Jj—roo Quk !
Set r,,; == E% and u?fk(x) = rp]wf’k (% - xp‘)) we have that " € Wh(QyF (%xo) ,RM)
with 1D§”k ={ — if—;) on 9Q;, ( ’;‘-7 xo) and, thanks to the 1-homogeneity of f°° (cf. item (i) in

Lemma , we infer that

— (o + _ 1 — e -
L= ”y,w;”f)dy—knm Lo o FEwrm vy,
Qv g T Q1! (o)

P>J

In particular, since k"~ 102" = l40, — kz;lxo on 8@?{:’3 (%xo), thanks to (5.86) we obtain
C* andg' | Clafn (@ \QM™) | 4lal
14— — 7) Cas -2
(1+ 5 he ) age (o) * o s,

>  limsup limsupL/ ﬁ(yvkn—lvﬁ)p’k)dy
p—0, p€l(zo) J—o0 kn—1rn Q:’f ( leO) J

mf°° ( a®U7Qrp] (ijl'o)>

> limsup limsupag

: 1
p—0, p€l(z0) J—© kn= TPJ
oo e (T
. O O ol ) L
= limsup limsupas T im = s from(a @ V),

p—0, p€l(zo) J—o0 p.J
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where the last-but-one equality follows from Lemma [5.5] (vi), and the last equality follows from
Proposition Then, taking £ — oo and M — oo in this order, we infer that

dp? dDu
> O — 00 e
d|Dcu\(x0) = aéfhom(a®V) aéfhom(d|Dcu|($O))

Therefore, using (5.67) we conclude that

F(u,1,A") > liminf H? (uf, A’) = liminf pd(A") > ) > 045/ Io ( ddlgf 1(x))d|Deul,
j—o0o J j—o0 u

thus (5.66) follows by letting 6 — 0 recalling that as — 1 and by the arbitrariness of A’ €
A (A). O

Finally, we are in a position to prove the deterministic homogenisation result Theorem

Proof of Theorem[5.1 Theorem implies that from any strictly positive infinitesimal sequence
we can extract a subsequence (¢;) such that

I(Lio(R", RN*1)- lim F.,(u,1,A) = F(u,1,A)
‘]‘)OO

with F : LL (R? RNH1) x of — [0,+00]. Moreover, F(u,1,-) is the restriction to open sets of
a finite Radon measure on A and F(u,1,A) < C(|Du|(A ) + L™(A)) for every A € &/ and every
u € L (R",RY) such that u € BV (A,R"). Therefore, F(u,1,-) is absolutely continuous respect
to the measure LA + |Du|lL A + H" 1L J, N A. Since £"I_A, |Deul LA, H" 1L J, N A are

mutually singular, by the properties of Radon-Nikodym derivatives, for every B € «7(A) we have

that
~ dF(u,1,") dF(u,1,-) dF .
Fu,1,B)= | —227 24| pe S Vi
(u,1,B) /B i da:+/B dDeu] d| u|+/MB danll_JudH

In particular, if A € & and u € LL (R",RY) with u € BV (A,RVN)NL>(A,RY), Propositions
(.7 and [5.9] give that

(L (R™ RYVHL))- ‘lim F. (u,1,A) = F(u,1,A) = Fom(u, 1, A),

loc

where Fyom is as in (5.4). From |(f2) m for every A € o and every (u,v) € LL_(R",RN*1) with
(u,v) € WHHA,RN) x W12(A, [0,1]) we have that

1— 2
/ (C’_lv2|Vu\ + d-v" + 6j|Vv|2)dx < Fe,(u,v, A),
A €5

hence, by [7, Theorem 4.1] and [8, Remark 3.5], for every (u,v) € L}
u g GBV(A,RY) or v # 1 on A we get

T(LL (R, RN+ Timiinf FL (u, v, A) = Fhom (u, v, A) = +00..
j—o0

(R™,RN*1) such that

loc

Eventually, arguing exactly as in [8, Section 6] we obtain

D(Li, (R*,RYT1)- lim F. (u,1,A) = Fhom(u, 1, A)
J—o0

for every A € o/ and every u € L .(R",RY) such that u € GBV(A RY). Indeed, the lower bound
inequality for general GBV maps follows easily from Lemma [5.3| and the result in the BV N L*°-
setting. Instead, the upper bound inequality is a consequence of the latter together with both
the L (R",RN*1) lower semicontinuity of I-limsup,_, ., Fz,(-,1, A) and the continuity of Fyom

along sequences of maps obtained via the smooth truncations (7x)xen, namely Fyom (Te(u), 1, A) —
Fhom(u, 1, A) as k — oo for every u € GBV (A, RY) (cf. [8, Lemma 6.1]).
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Since the I'-limit does not depend on the extracted subsequence Urysohn’s property of I'-
convergence yields the claim. O

6. STOCHASTIC HOMOGENISATION

This section is devoted to the proof of the stochastic homogenisation result stated in Theo-
rem The proof will be achieved by showing that if f is a stationary random integrand in the
sense of Definition then the assumptions of Theorem are satisfied for P-a.e. w € ). Here
a pivotal role is played by the Subadditive Ergodic Theorem, Theorem [2:3]

The following proposition establishes the existence and spatial homogeneity of fhom. The proof
can be found in [24, Proposition 9.1] and in [42] Lemma 4.1].

Proposition 6.1 (Homogenized random volume integrand). Let f be a stationary random in-
tegrand. Then there exist ' € T, with P(Y) = 1 and a T @ BY*"-measurable function
fhom : QX RVN*" — [0, +00) such that for every w € @/, x € R, £ € RN*" v € S"! and
kEeN
fw /¢ v,k fuw Y
fhom(wag): lim my (EaQr (Tl‘)) — lim M

r—+oo kn—1pn r—+oo rn

If in addition f is ergodic, then fhom 1s independent of w and
. 1
roml€) = tim_ [ mf(06.Q)AP(w).

r—+oo r’
Propositions [.9] and [6.1] readily imply the following result.

Proposition 6.2 (Homogenized random Cantor integrand). Let f be a stationary random in-
tegrand. Then there exist Q' € T, with P(Y) = 1 and a T @ BY*"-measurable function
oo Q x RVX — [0, 400) such that for every w € ', every £ € RVN*" every k € N, every
x € R™ and every v € S*~1

. fhom (wa tf)
oo _
fhom(w7 f) - tl}I-Poo n
and
& v,k g
oo _ i M@)oy (G @)
Jhom (€)= 732100 kn—lpn - 7'115{100 rn ’

If in addition f is ergodic, then f2o. is independent of w and

fom© = lim - / ml (te, Q)dP(w). (6.1)

r—+oo T
The analogous result for the surface integrand is more involved and requires a new proof.

Proposition 6.3 (Homogenized random surface integrand). Let f be a stationary random in-
tegrand. Then there exist Q' € T, with P(Q') = 1 and a T @ BV @ B%-measurable function
Ghom : 2 X RY x §"~1 — [0, +00) such that for everyw € ', x € R", ( € RY and v € S*7!

ml (e, QU(re) o md (ug,, QF)

w,(,v)= lim lim
ghom( 7<7 ) rS+oo ’I”n_l r+oo Tn_l

If in addition f is ergodic, then gnom 1s independent of w and

Ghom(C,v) = lim 1 /Q mie (ug,, QY)dP(w). (6.2)

r——4oo rn—1
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Proof. We divide the proof into a number of steps.

Step 1: Let u¢, be as in of the notation list. In this step we prove that for every ¢ € QV
and v € S ' N Q" and for P-a.e. w € Q there exists the limit

i mi (ﬂc,zlu Q)
r——+o00 rn—
and defines an z-independent random variable.

To prove the claim let v € S*1NQ" and ¢ € QN be fixed, R, € O(n)NQ"*" be the orthogonal
matrix as in @ of the notation list, and M, be a positive integer such that M, R, € Z"*™, so that
M,R,(7',0) e ITyNZ™. Given A’ = [a1,b1) X+ X [an—1,bn—1) € Z,—1 we define the n-dimensional
interval T}, (A’) as

1
A ’ _ . — o
T,(A") :==M,R, (A" X [—¢,c)), withe: 5 1§I;l£r}f—1(bj a;). (6.3)
For every w € Q and every A’ € Z,,_1 we set
1 o
He(w, A) (@, T, (4). (6.4)

= ———7Ms
Myt

We now show that p¢, : Q x Z,,_1 — [0, +00) defines an (n — 1)-dimensional subadditive process
on (Q, T, P). The separability and completeness of W1(A,RYN) x W12(A,[0,1]) for every A € o7
combined with [41l Lemma C.2] and (f2) in Definition give the 7T-measurability of the map
W mie (e, T, (A")) for every A’ € Z,,_;.

Next, we prove that pe, is stationary with respect to an (n — 1)-dimensional group of P-
preserving transformations (7%)./¢zn—1. To this end, fix 2’ € Z"~! and 4’ € Z,,_1. By we
have that

T, (A +2')=M,R, (A" x [—¢,c)) + M,R,(z',0) =T, (A") + 2,
where 2, := M, R, (2',0) € II" N Z™. Thus by (6.4) we get

n n
v v

el A+ 2) = el (@ T (A + ) = el (@, T(A) + 2. (69)
Now let u, v be test functions in the definition of mi< (e, T, (A') + 2,,) and for z € T, (A’) set
w(x) :=u(r+2,) and o(z):=v(x+2.).
Then, a change of variables together with the stationarity of f yield
ST @ (0, T, (A) + ) = 87 .9 (4,5, T, (A")).

Set (71))zrezn—1 = (T21)ezn—1; We notice that (7)./czn—1 is well defined since z;, € Z" and it
defines a group of P-preserving transformations on (2, P, 7). Then, the equality above can be
rewritten as

ST (u,0, Ty (A) + 24) = 877059 (0,5, T, (A)). (6.6)

Moreover, since z,, € II" N Z™ we also have that 4 = ¢, on 0T,(A"). Thus gathering (6.5 and
(6.6), by the arbitrariness of @, o we infer

/’L<7’/(w7 A+ Z/) = :LLQV(T;’W? Al)v

and hence the stationarity of p ,, with respect to (74),/czn-1.
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To show that y , is subadditive in Z,,_1, fix w € Q and A’ € Z,,_; and let (A})1<i<pm C Z,,—1 be
a finite family of pairwise disjoint sets such that A’ = UM A.. For every n > 0andi € {1,..., M},
let (uj,v;) € WHH(T, (AL, RN) x WH2(T, (A)),[0,1]) with (ui,v;) = (U¢,., 1) on 0T, (A}) such that

/ (vffoo(w,y, Vu;) + (1 — vi)2 + |Vvi|2) dy < méc“o’o (T, T, (AY)) + 1.
T, (A%)

Note that by construction we always have UM T, (A}) C T, (A’

)
(ui(y),vily)) ify € T,(A})
(T¢ v, 1) ity eT,(A")\ U;T,(A4S).

, thus we define

(u(y),v(y)) == {

In particular, (u,v) € WH(T,(A"),RN) x WH2(T,(A"),[0,1]) with (u,v) = (Ue,p, 1) on OT,(A").
Hence, we get

mfi" (ﬂg7y7Tu(A,)) < /T " (UQfOO(w,y,Vu) + (1 — 1;)2 + ‘VU|2) d

M
- Z/ (02w, 5, Vui) + (1 — ) + [Vur[2) dy < 3 md (g, To(A)) + My
T,( i=1
and the Subadd1t1V1ty follows by the arbitrariness of n > 0.
Finally, we show that s, is bounded. To this end we observe that for every A’ € Z,,_; and
every w € () we have

1 e c
picw(w, A') = Wms“ (¢, T, (A") < i

where we used T,,(A") NI = M, R, (A" x {0}) and {|V(u¢,.(y)| > 0} C {|y-v| < 1/2}. Therefore,
for every ¢ € QN and v € S"' N Q", ¢, defines a subadditive process. Then, we can apply
Theorem to deduce the existence of a T-measurable function ¢, ¢ : & — [0, +00), and a set
Q¢ € T with P(Q¢,) =1, such that for every w € Q¢ .
I3 (7 v
_ i A2 Q) g s (e Q)
1/)<,u(w) B rggloo pn—1 B TLHJ}OO (MVT)n_l

[y [Pty < CUIIT i €77 4),

where Q). := Q, N {xz,, = 0}, with r > 0, is a (n — 1)-regular family of sets (cf. Definition [2.2)).

Step 2: In this step we prove the existence of Q € 7 with P(Q) = 1 such that for every w €
and for every ¢ € RY and v € S*~! the following limit exists

IS v
m Uu
hm S ( «Z Qr)
r——+00 rn—1

and defines an z-independent 7 ® ZY ® Z%-measurable function.

To prove the claim let 2 denote the intersection of the sets (¢ ., as in Step 1, for ¢ € QV and
v € S"1NQ". Clearly, 2 € T and P(Q) = 1. Let 9,9 2% RY x §"~1 — [0, +00] be the functions
given by

fw o2 ,
g(w,Cv) = lim inf = e, Or ) g(w, ¢, v) := limsup w

400 pn—1 100 pn—1
By Step 1, for every w € Q, every ¢ € QY and every v € S" ' N Q" we have that
g(w,¢v) =7g(w, ¢ v). (6.7)
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Furthermore, fixed w € Q and v € S*~!, arguing as in Proposition (i) we have
|Q(W7 Clv V) - Q(Wa 427 V)I + |§(w7 Clv V) - g(W, 427 V)I < QCHn_l(an)Kl - <2| (68)
for every (1,2 € RY. From (6.7) and we deduce that for every w € Q, every ¢ € RY and
every v € S~ nQ"
Q(W,C,I/) :g(wvcay>7 (69)
and that g(-,¢,v) : Q — [0, +00) is T-measurable for every ¢ € RY and every v € S*~1 N Q™.
We now claim that for every w € Q and every ¢ € RV, the restrictions of the functions v
g(w,(,v) and v — G(w, (,v) to the sets St are continuous. We show only the continuity of g on
Si‘l, the proof for g is analogous. To this end, let w € Q, ( e RN, v € Si‘l, then by density let

(vj)jen C SQL*l N Q™ be such that v; — v as j — +00. By the continuity of v — R, on Siﬁl, for
every 0 € (0,1/2) there exists a js € N such that

QY CC Q{445 CC Q1) (6.10)
for every j > js and every r > 0.

Setting x; := max{|R,,(e;) -v| : i =1,...,n — 1} we have that x; — 0 as j — +o0, thanks to
the continuity of v — R, on Sl‘l. We observe that for every y € Z(HJ)’ we have y = '+ (y-v;)v;
where
’ T T n—1
v € Ry, (= 5040, 50+8)"" x {0})
and in particular, if in addition |y - v| < %, for j large enough depending only on §, we get

"v n—1k;r(14+6
v vil < 155+ e < ety L= K(@)rss 41,

where K (0) := %. Then, by applying Lemma , with R = K(§)rk; + 1, we obtain

ml® (T, Qi s) <Ml (T, Q1)+ ™!
+ K(20(1 4 20)" 27"~ 4 (K (8)rr; + 1)[C|(1 + 6)"2r"72).

Therefore, dividing by r"~!, passing to the liminf as » — +o00, and to the limsup as j — +oo, and
finally letting 1,d — 0 we obtain

limsup g(w, ¢, ;) < g(w, ¢, v).

j—+oo

An analogous argument using the cubes QZ’L 8y shows that
g(wa Cv V) < hmlnfg(waca Vj)
Jj—r+oo

implying the claim. B
In particular, thanks to we deduce that for every w € , ¢ € RY and v € S*!

Q(‘%Cal/) :g(w7<7y)‘ (611)
The T-measurability of g(-,{,v) : Q — [0,+00) for every ¢ € RN and v € S*! follows from the
analogous property for v € S*~! N Q". Furthermore, the map g(w,,-) : RY x St [0, 400) is
continuous for every w € ) thanks to .
Thus, defining ghom : 2 x RY x S*=1 — [0, +00) by

gw,C,v)  ifwe

ghom(w7<7y) = { 2[¢| . ~
oy Hw g
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we have that gpom is 7 ® &Y ® Ai-measurable and, thanks to Corollary

gy v fo y
o me? (U, QF) L ms® (ue,, Q)
Ghom (W7 C’ V) o TETOO T B TETOO T

(6.12)

for every w € Q, every ¢ € RY and every v € S*~ 1.

Step 3: In this step we show the existence of Q' € T with Q' C Q and P(Q’) = 1, such that for
every w € Q, z€Z", ¢ € QV, v e S* 1 NQ", and for every integer sequence (r) with rp > k for
every k

oo

o=

s —kz,(,vs ql: —k

i T e Qn CR) 0. (6.13)
k—4o00 T

Let z€Z™, (€ QN, v eS"1NQ" n>0andd e (0,1/4). Arguing exactly as in [23, Theorem
6.1] we can prove the existence of a set Q$*" € T, with Q&7 C Q, P(Q$*") = 1, and an integer
mo = mo((, v, 1, z,w, ) > % satisfying the following property: for every w € Q5" and for every
integer m > mg there exists i = i(¢,v,n, z,w,d,m) € {m +1,...,m + £}, with £ := [5md], such
that

ml® (Wiz ¢, Qh(—i2))
hn—l

— ghom(w, (,v)| <n for every h € N with h > jo, (6.14)

where jo = jo((, v, 1, 2,w,d), and |s| denotes the integer part of s € R.

Define € as the intersection of the sets Q5" for ¢ € QV, v € S""1'NQ", n € Q, with > 0 and
z€Z". Thus ' C Qand P(Q) = 1. Let w € Q' and 7, be as required, § > 0 with 205(|z|+1) < 1
and n € Q with n > 0. For every k > 2mo({,v,n, 2,w, 6), let 1, 7r € N be defined as

rp =1 —20k —k)||z| +1] and T =1+ 200k — k)| |2] + 1],
where
ir =1, v,m, 2, w, 0, k) € {k+1,...,k+ |5kd]}, (6.15)

therefore, by construction, we have that Q; (—ixz) CC Q7, (—kz) CC QF, (—ixz).
Since 205(|z[ +1) < 1, k < 7 and i, — k < 5k0 by (6.15)), for every y € QF (—ixz) such that
|(y +ixz) - v| < 1, we obtain that

1
@y +kz) v =|(y +in2) v+ (k2 —ixz) - v| < 5 +[(kz —ixz) - V|
1 1 1
< (ix — k)|2| + 3 < 5kd|z| + 3 < 5ridlz| + 3

and rp — 1y = 2(ix, — k) [|2| +1] < 10kd||2z|+1] < 10r,0][2| +1] < 5. Applying Lemma with
R = 5ry,8|z| + 3, we obtain

Ml (ke ¢ Q4 (—2)) <l (@ iz ¢, QY (—ik2)) + iy !

po | =

+ —(108(]2] + 1)7“,?_1 + (10ryd)2| + 1)\C|7“Z_2).
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In particular, from the latter estimate, (6.14) and r, < rg, for every k large enough such that
Ty Z j0(<7 v,n,z,w, 5)3 we obtain

oo

mi (Ui, ¢ QY (—i2)) . ml (Ui, QY (—ik2))

ghom(o‘)’C’V) +n 2 n—1 = n—1
Ty Tk
iy -
mg® (U—kz,g‘,anqIf (7kz)) K 1
> o =1 = 5 (108([2] + 1) + (105]z] + —)]c])
T Tk

and thus, taking the limsup for & — +o00 and letting 1,d — 0, we get

oo

1S (= v
ms (u_ Qr (—kz
Ghom (OJ, Ca V) 2 liHl sup > ( kz,cnili,l Tk( )) .
k—+o0 T

Arguing analogously with the external cubes Q% (—ixz) we get

oo

5@ v (—k
Ghom (@, C,v) < lim inf T2 ket O (Th2)),
k—+oo 7“27

obtaining the claim.
Step 4: Let € be the set introduced in Step 3, then for every w € @, z € R?, ¢ € QY and
v e S" 1 N Q" there holds
o M (g, Q4 (re))
r——+o00 rn—1

= ghom(MC,V) . (616)

Fix w,x,{,v as required, n € (0, %), g € Q™ with |x — g| <, and h € Z such that z := hqg € Z™.
Consider a sequence of real numbers t; — +00 as k — 400 and let s; := % Fixing an integer
J > 2|z| + 1 and setting rj. := |ty + 2ntx] + j we have that Qf (txx) CC QF, (|sx]z). Since
|(tex = [sk]2) - v| < [tex — trgl + [skz — [sk]z| < ten + |2], for every y € QF (|sk]z) such that
|(y — tpx) - v| < 3 we have that |(y — [sg]2) - v| < ten+ |2| + 3. In particular, for k large enough
depending only on z, we can apply Lemma with R =t;n + |z| + %, to obtain

i (@ gy 2 e Q% ([51)2)) < ML (Wipac0, QY (t12)) + ™!
- ) _ 1 -~
+ K (e + )i + (e + 2] + )1l 2), (6.17)

where we used ry > ti. From (6.17), dividing by tz_l and recalling that ry >t > sp > [sk], we
obtain that

oo v . IS = v
ms® (U|s,|z,¢C.05 r Sk|z ~ z 1 ms® (u z,(,vy trpx
s (Usy) ,47;7162 (s1:]2)) —n—K((2n+l)+(n+u+ )K') < (T, fl;thk( k)
Ty Tk Tk 27‘k tk

Since w € Q' and ry > [sk], we can apply (6.13)), taking the liminf as k — oo and letting n — 0
we obtain

1o (= v
o oms® (U, QY (thT))
ghom(w7 C) V) S lklgl_il_gcf - k$tle—/1 L :

Arguing analogously we obtain

IS (= v
m, U , QY (tpx
Ghom (w, ¢, v) > limsup — ( M’f{fl b (B ))-
k— o0 tk

deducing the claim, thanks to the generality of the sequence (tx)gen-
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Step 5: Let € be the set introduced in Step 3, then for every w € ', x € R”, ¢ € RV, and
vesSrt

IS (= v
. ms© (u , Q¥ (rx
ghom(wvgvl/) = Tgrlloo : ( N:fol T( )) .

For w, x, {,v as above define
o

L (Grw,c.v, QU(ra))

£ ’
g(w,z,¢,v) == liminf — ms” (Ure g, Qr(re))

, J(w,z,¢,v) := limsup

= r——+00 rn—1 r——+00 rn—l
Arguing exactly as in Proposition (i) and in Step 2, we obtain from Step 4 that
g(w7 x’ C? I/) = ghom(w743 V) = g(w7 x’ C? I/) (6'18)

for every w € ¥, 2 € R*, ( e RN, and v € S"" 1 N Q".

Now let w e Q, z e R*, ( e RN and v € Si_l, byA density there is (v;)jen in Si_l N Q" such
that v; — v as j — +o00. Thanks to the continuity on Sfffl of the map v — R, for every § € (0, %)
there exists js, such that

QU(15) CC Q15 (r7) CC Qs a3, (1) (6.19)
for every j > js and every 7 > 0. Let us fix j > js, r > 0 and n > 0. Setting c; := max{|R,, (e;)-V| :
i=1,...,n—1} we have that ¢; = 0 as j — 400, by continuity of v — R, on Siﬁl, and recalling
that R, € O(n) and R e, = v (cf. of the notation list). For every y € QZ(H(;)(W:) we have
that y —re =y' + ((y — rz) - v;)v; where

: CTa48). 1)
v e Ry, ((—50+0),501+9)" " < {0}),
with, if j is large enough depending only on 6,

v —1)c; 5
(g —re) - vil < 250+ gty < Uity + 1= K(S)re; + 1,

where K(9) := %, if in addition |(y — rz) - v| < 4. Therefore, we can apply Lemma
with R = K()rc; + 1, and we get

ML= Ty, Quly 4 ) (12)) < L (T 0, QU (rz)) + 1

+ K (20(1 +26)" 21 4 (K (8)re; +1)[C](1 4 6)"2m2).
Dividing by r"~! and letting r — +o0, we obtain

_ T
(1 +6)n 1&((&)7 m7<—7l/j) S Q(W,CE,C, V)

+ 14 K(26(1+20)" 2 + K(8)c;[¢|(1 4 6)"72).

Hence, we may use (6.18)) as v; € S~ N Q" and deduce by taking the superior limit as j — +oo
and letting n — 0 in the latter estimate

(14 6)" ! lim sup gpom (w, ¢, vj)=(1+ st limsupg(w, L, ¢, 1/]-)
Jj—+o0 j—4oo T 1+0

<glw,z,¢v) + 2K5(1 + 20)" 2,
Therefore, by the continuity of gpom established in Step 2, letting § — 0 we obtain
ghom(w7 Cr V) < Q(w7 €z, Ca V)'

Arguing analogously we have g(w, z,(,v) < ghom(w, {, ), and recalling Corollary we conclude.
Step 5: In this step we show that if f is ergodic then gyop, is deterministic.
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Set ) = N.czn 7.(Q); we clearly have that Q@ € 7, Q C Q and 7.(Q) = Q for every z € Z™.
Moreover, since 7, is a P-preserving transformation and P(Q) = 1, we have that P(Q) =1. We
claim that

ghom(TzW, Cv V) S ghom (w; C7 I/) (620)

for every w € Q, every ( € RN and every v € S"!. Fix 2 € Z", w € Q and v € S"~L. For every
r > 3|z], let (ur,v,) € WHL(QY,RYN) x WL2(QY,[0,1]), with (u,,v,) = (T¢,., 1) on QY such that

/ (02 £ (w9, V) + (1= 0,)? + Vo, [2) dy < md™ (@, Q%) + (6.21)

T

By the stationarity of f (and hence of f*°) we infer that

e — oo
T (W, Q) = M (W 0, QY (2) (6.22)
Observe that Q) CC @}, (z) for every r > 3|z[, and for every y € Q)5 ,,(z) such that [y-v| < 3
we have that

1> %+\V~Z| 2ly-vi=Illy—2)-v+z-v+lv-zl =y —2) vl
Then we can apply Lemma with R =1, and for every n > 0 we obtain
i (e s QY12 (2)) < il (e, Q) +
+R(T+3IZ\)”’2(3IZI +1¢1)-

Therefore, by definition of ghom, €2 C 2, and ( we obtain

I
Mg ( )(U’CIMQ ) —

-1

md® (@0, QU(2))

Yhom (Tzw7 <’ V) - TEI}"IOO rn—1 rlil-’&r-loo prn—1
1 (= v oo
. ms (uz,(,w Qr+3|z|(2)) . mg® (UC vy er/)
- 7‘11141:100 rn—l = TETOO ol < Jhom (@, €, V)

thus deducing the claim.
By (6.20) and the properties of (7,).ezn, we clearly infer that

Ihom (72w, (V) = ghom(w, ¢, V)
and hence, using the same argument as in [23] Corollary 6.3], if (7.).czn is ergodic we deduce
that gnom does not depend on w and thus is deterministic. To conclude, we just observe that
the representation of ghom (¢, v) as in (6.2) is a direct consequence of (6.12)), and the Dominated
Convergence theorem (cf. (4.16])). O

Finally, we are in aposition to prove the main result of this paper, Theorem [3.4]

Proof of Theorem[3.} The proof readily follwos by combining Theorem Proposition
and 0
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