MAZ’YA-TYPE BOUNDS FOR SHARP CONSTANTS IN FRACTIONAL
POINCARE-SOBOLEV INEQUALITIES

FRANCESCO BOZZOLA AND MATTEO TALLURI

ABSTRACT. We prove estimates for the sharp constants in fractional Poincaré-Sobolev inequalities
associated to an open set, in terms of a nonlocal capacitary extension of its inradius. This work
builds upon previous results obtained in the local case by Maz’ya and Shubin and by the first
author and Brasco. We rely on a new Maz’'ya-Poincaré inequality and, incidentally, we also
prove new fractional Poincaré-Wirtinger-type estimates. These inequalities display sharp limiting
behaviours with respect to the fractional order of differentiability. As a byproduct, we obtain a
new criterion for the embedding of the homogeneous Sobolev space Dy (Q2) in L?(Q), valid in
the subcritical regime and for p < ¢ < p%. Our results are new even for the first eigenvalue of the
fractional Laplacian and contain an optimal characterization for the positivity of the fractional
Cheeger’s constant.
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2 BOZZOLA AND TALLURI

1. INTRODUCTION

1.1. Overview and goal of the paper. Let © C R™ be an open set, its fractional principal
frequencies are given by

1.1 A ()= nf 7(1 d ay =17, € (0,1),
(L1.1) p’q( ) ueé’é’c(ﬂ){//]RNxRN |x—y|N+s” e Hu”L @) } s€(0,1)

where 1 < p < oo and ¢ > 1 satisfies

q < pt, if spe (0,N)U (N, o0),
(1.2)
q < pi, if sp=N,

Here we adopt the usual notation for the critical fractional Sobolev’s exponent

Np
N —sp’

if sp< N,

oo, ifsp>N.

For s = 1, the previous notation corresponds to the classical critical Sobolev’s exponent, which will
be denoted by the symbol p*. The quantity which is minimized in (1.1) corresponds to the p—power
of the Gagliardo-Slobodeckii seminorm, in the sequel denoted by the symbol [ |y «.»@~). For p =g,
we will use the distinguished notation A;(Q) := A ,(€2).

By definition, the variational quantity )\f,’q(Q) coincides with the sharp constant in the fractional
Poincaré-Sobolev inequality

(1.3) ca o Ju|? dx < //RNX]RN 7= |NErS)pp dzdy, for u e CF(Q),
associated to an open set 2 C RY. Noteworthy, we have the following equivalence
Ag(2) >0 = DyP(Q) — LYQ),
and in this case D3P(Q) = WP(Q) (see for instance [41, Corollary 1.2, Theorem 1.3 & Lemma

2.3]). Here Dy*(2) stands for the homogeneous fractional Sobolev space with nonlocal Dirichlet
boundary conditions, suitably introduced in Section 2.

Remark 1.1. By standard approximation arguments, see for instance [39, Lemma 11], for every

Q C RY open set
u(y)[?
Ap = inf 70! d ay =14,
pal ung{//RNx]RN |z — y|Ntsp ady : [|ul oo }

where X can be indifferently chosen among the spaces C§°(€2), Lipy(€2) or W(f’p(Q) N L9(§2). This
equivalence will be used throughout whole the paper without mention. We refer to Section 2 for
the precise definitions of these spaces.
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In analogy with the local case, for 1 < p < oo if there exists a nonnegative solution u € Dy*(£2)
attaining the infimum (1.1), then it satisfies in the weak sense the following nonlocal Lane-Emden-
type equation

(—A,) u = Aul™!, in €,
with A = A7 (Q),
u=0, in RV \ Q,
where the nonlocal operator (—A,)® stands for the fractional p— Laplacian
— p—2 —
A ule) 2 tim u(e) = )P () —uly)

N
T € RY.
€20 JRN\ B, (x) |z — y[Ntsp ’

In the last decade, there has been growing interest in studying properties of the sharp fractional
Poincaré-Sobolev constants of an open set, in connection with Spectral Geometry, regularity and
properties of extremals, Hardy and Faber-Krahn-type inequalities of nonlocal nature, and several
other issues. Without any effort to be exhaustive, we only mention the following papers [1, 5, 6, 17,
18, 23, 25, 26, 27, 41, 42, 48], which provide themselves, along with the references therein contained,
a solid mathematical background on the themes analyzed in this manuscript.

The same due attention has to be paid to the literature available for the “local” counterpart of
these topics. As one may expect, the corresponding literature is even more vast. Here, as major
sources of inspiration, we mention the fundamental Maz’ya’s book [50], the recent book by Brasco
[13] and the following articles [10, 11, 12, 14, 15, 16, 19, 20, 22, 24, 28, 29, 30]. Along with the
references therein contained, these works may be of some help to the interested reader to imagine
(with a little of fantasy) a bridge between the local and nonlocal counterpart of the subject we will
treat.

Before entering into the heart of the matter, as a straightforward consequence of the definition we
record the following relations

1.4 A (B _ 4B d AL () <A (D if 0y C Q
(1.4) 5.q(Br(20)) = sp-NTNE OB 5.q(21) <A (Q2), i Q2 C Q.
These entails the following sharp upper bound on the frequencies
S (B1)
P.q
(1.5) A q(Q) < Sp-NiNI
Ta

where 7o denotes the inradius of 2, namely
(1.6) rQ = sup {r > 0: Jzg € Q such that B,.(zg) C Q}

The upper bound (1.5) can be interpreted by saying that the Poincaré-Sobolev inequality (1.3)
ceases to be true whenever () contains balls of radius arbitrarily large. The following particular
cases deserve a special mention.

o If ¢ = p¥, where sp < N, the power appearing in the denominator of the rightmost term of
(1.5) vanishes. The quantity 5 .(Q) is independent from the open set €, that is

(1.7) Appz (1) = Ap e (RY),  for every Q C RY open set,

and it corresponds to the best constant in the fractional Sobolev’s inequality

. p
C (/Q [ulPs dx) //]R . |x — yN&S)pl dzdy, for u € C§° ().
N xRN
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This observation can be made rigorous by arguing as in [54, Chapter I, Section 4.5]. For
later convenience, we introduce a distinguished notation for the inverse of A5 . (RY)

Np_ u(y)[?
Snps = sup (/ u|N=s» dm) // dedy =1, .
b uECE (Q) { RN [ RN xRN |3j - 3/|N+9p

More details on this constant can be found in [25, 34, 51] and in the references therein
contained.

e If p=¢q =1, by [23, Theorem 5.7], the Poincaré constant A; () coincides with the fractional
Cheeger’s constant of )

P,(E

(1.8) hs(2) := inf{ |1(7J| ) : B € Q open set with smooth boundary }
first considered! in [23]. Here P, stands for the fractional s—perimeter, which can be defined
in terms of the Gagliardo-Slobodeckii seminorm as

1a(z) — 1aly
Ps(A) == [1a]lwsa@mn) = //RNXRN ||o:y|N+(S)| dxdy, for every Borel A C RY.

Also for the s—perimeter, we do not claim to give an exhaustive list of references and we
mention only the papers [2, 23, 38, 49].

o If p = ¢ = 2, the operator (—A,)*® coincides with the well-known fractional Laplacian, up to
a normalization constant ¢ = ¢(V, s), and A3(2) corresponds to the bottom of the spectrum
of the fractional Laplacian with nonlocal Dirichlet boundary conditions on £2. If the infimum
(1.1) is attained, then A3(Q2) is also called the first (Dirichlet) eigenvalue of the fractional
Laplacian. We refer to Chapter 3 of the monograph [8] and to the references therein
contained for a detailed account on the eigenvalue problem for the fractional Laplacian.

The previous preamble was in order to settle the problem we aim to attack. Here, we are interested
in characterizing the positivity of the sharp fractional Poincaré-Sobolev constants AJ  , among the
class of all the open subsets of RY.

A first prototype result one could imagine might be to reverse the estimate (1.5). Unfortunately,
this cannot be achieved unless by adding quite restrictive assumptions on the open set 2 and/or
restrictions on the parameter s, for instance see [5, Theorem 1.3] for a counterexample and [6,
Introduction]. Positive results in this direction can be found in [3, Corollary 2] and [17, Corollary
5.1].

P,q’°

For a general open set €2, the ultimate reason which prevents to infer the positivity of A5 (€2) in
terms of the finiteness of its inradius, is that, differently from rq, the frequencies )\f,’q(Q) are not
affected by capacitary perturbations of {2 by compact sets ¥ C Br(zo) of null homogeneous relative
(s,p)—capacity

P
1.9 cap, , (3; Br(zg)) = inf // (@) = o)I? dxdy : ¢ > 1 on E} )
(1.9) P ’p( & 0)) »€Cs°(Br(z0)) { RN xRN [T — |N+Sp vew

1Actually, the authors in [23, formula (5.1)] propose a slightly different definition of fractional Cheeger’s constant.
In particular, their quantity is always smaller than (1.8), and the two notions coincide for open and bounded Lipschitz
sets, see [23, Theorem 5.8] and Lemma 3.1 below.
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see Proposition 2.10 (see also [5, Remark 1.4]). Typically, we will call Eﬁf)s’p just fractional capacity
or (relative) (s, p)—capacity and refer to Section 2.3 for some fundamentals on this notion.

The same obstruction occurs in the local setting. To encompass this difficulty, in [52] Maz’ya and
Shubin introduced the interior capacitary radius and proved a two-sided estimate for A, in terms
of this quantity valid for every open set, in the case p = 2. Here, we denote with

i@ = ot [ [l ao: e =1},
Q

5 ()

the sharp constant in the Poincaré’s inequality
cq / |ulP doe < / |Vul|Pde, for u € C5°(0).
Q Q

We also recall that, if 1 < p < oo and E C RY is an open set, the relative p— capacity of a compact
set ¥ C Fis

. — 3 p .
(1.10) cap,, (3; E) @egg(m {/E [VolPde: 9 >1on E} .
Observe that the relative (s, p)—capacity (1.9) is the natural nonlocal counterpart of (1.10).

The interior capacitary radius is a capacitary variant of the inradius, in the sense that the
competitors balls B,.(x¢) in (1.6) are allowed to cross 92 for a small portion, uniformly controlled
in 2—capacity by means of a precise power of their radius, V=2, and a parameter . We refer to
[11, 12] for a wider discussion.

In [11] the authors sharpened and extended the results contained in [52]. More precisely, in [11,
Main Theorem], the first author and Brasco obtained the following equivalence?

(1.11) ONp Y (R,J(Q))p <M\(Q) < Crpy (Rl(ﬂ))p, for v € (0,1),

2]
for every 1 < p < N and for every 2 C RY open set. The quantity R,, ., stands for (p,y)—capacitary
inradius given by

(1.12) R, ~(Q) = sup {7’ > 0:3B,(xp) such that B, (xo) \ Qis (p,v) — negligible},

where, by saying (p,y)—negligible, we mean that

cap,, (Br(xO) \ Bzr(zo)) < ycap, (W; BQr(IO)) :

We kindly refer the reader always to [11, 12] for an in-depth account on the capacitary inradius and
possible variations of it. Here we confine ourselves to saying that R, - is a variant both of Maz’ya
and Shubin’s interior capacitary inradius considered in [52] and of Maz’ya’s (p,1)—inner (cubic)
diameter (see [50, Definition 14.2.2]).

The relevant feature of the (p,~y)—capacitary inradius and of the interior capacitary radius, or
the (p,1)—inner diameter, is that their finiteness completely characterizes the positivity of A,, and
more in general of \,, with ¢ € [p, p*), among the class of all the open subsets of RV. This was
first noticed by Maz’ya in the 70’s, by using the notion of (p,1)—inner diameter, see [50, Theorem
15.4.1] and the historical comment in [50, pag. 692].

2Actually, in [11, Theorem 6.1] a more general result is stated, valid for Poincaré-Sobolev constants Ap,q With
p<g<p"
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For this reason, in the present paper we introduce the terminology Maz ya-type bounds to refer to
two-sided estimates of the sharp Poincaré-Sobolev constants in terms of capacitary-based objects,
like the capacitary inradius/inner diameter and their fractional variants.

In this manuscript, we obtain Maz’ya-type bounds for the sharp constants in the fractional Poincaré-
Sobolev inequalities A} ,. More precisely, our main goal is to formulate and transpose a two sided-
estimate like the one provided by (1.11) into the nonlocal framework. In analogy with (1.12), we
are led to introduce the following

Definition 1.2. Let 1 < p < oo and 0 < s < 1. For every 0 < v < 1, we say that a compact set
Y C By(zo) is (s, p,v)—negligible if

b, (% Bar(20)) < 7D, (Brlwo); Bar(wo) )

Accordingly, for every Q C RY open set its (p,y)—capacitary inradius of order s is given by
(1.13) Ry () := sup {r > 0: 3B,(z0) such that B, (zo) \ Q is (s,p,7) — negligible}.
Typically, we will refer to R, ., just as fractional capacitary inradius.
Remark 1.3. By definition

ro < R, (Q), forevery 0 <y <1, and v~ R} () is monotone non-decreasing.

For a comparison between R, , and R, ., we refer to Proposition 2.13.

1.2. Main Theorems. The following theorems are the main achievements of the paper. They can

be interpreted as nonlocal variants of [11, Main Theorem & Theorem 6.1].
The lower bound on A} , reads as follows

Theorem 1.4 (Lower bound). Let 1 < p < oo and 0 < s < 1 be such that sp < N and let p < g <
pt. Let 0 <y <1 and let Q@ C RY be an open set. There exists a constant o = o (N,p,s,q) > 0
such that

sp—N—l—N%
(1.14) vo (RSl(Q)> <A 4(Q).

DY
Moreover, for 1 < p < co we have

1
U(N’pasaq)Ni GSS\O,
s
and for 1 <p < N we have

1
U(N,p,s,q)wi as s 1.

As for the upper bound on A} ,, we have the following

Theorem 1.5 (Upper bound). Let 1 < p < 0o and 0 < s < 1 be such that sp < N and let
p<q<p: Let Q CRY be an open set. There exists 0 < vo = vo(N,p,s) < 1 such that for every
0 < v < 70, we have

1 sp—N+N %
R} (Q)> ’

P,y

(1.15) AL <C (
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for some constant C = C(N,p,s,q,v) > 0; if p=1 we can take o = 1. In particular, if Ry (Q) =
+oo then A, ,(2) = 0. Moreover, if 1 < p < oo we have

1
C(N,p,S,(],’Y)N* aSS\‘O,
s
for 0 < v <liminfs_0vo (N,p,s), and if 1 < p < N we have

1
C(N7pasaQ7’y)N17 0483/(1,
—s
for 0 <y < liminf,_1 v (N, p, s).
For a discussion on the negligibility threshold vy we refer to Remark 5.1.

Remark 1.6. We stress that the conclusions of the Main Theorems are a novelty even for the
bottom of the spectrum of the fractional Laplacian with nonlocal Dirichlet boundary conditions,
corresponding to the case p = g = 2.

As a byproduct of Main Theorems, we get the following equivalence.

Corollary 1.7. Let 1 <p < oo and 0 < s <1 be such that sp < N and let p < q < p%. For every
Q CRY open set, we have
Dy?(Q) = LYQY) <<= R, (Q) < oo,
for some 0 < v < v(N,p,s), where g is the same of Theorem 1.5.
Already contained in the Main Theorems, we have the following optimal characterization for the
positivity of the fractional Cheeger’s constant of an open set, which we emphasize with a separate

statement. The optimality has to be intended in the sense that the full spectrum of the admissible
values of 7 is allowed.

Corollary 1.8. Let 0 < s <1 and 0 <y < 1. For every Q C RN open set, we have

o <R§j(m> <h(@)<cC (Rij(ﬂ)) ,

where the constants o = o (N,s) and C = C(N,s,v) are the same of the Main Theorems, with
C (N, s,v) which diverges to +oc0 asy — 1 and

O<i1_r>%sC(N,s,7)<oo, 0<£L11}(1—S)C(N7s77)<m.
In particular, we have
hs() >0 <= R () <0,
and the last condition does not depend on 0 < vy < 1.

As a byproduct of Theorem 1.4, in analogy with [11, Corollary 2], we can also infer an upper
bound on [|wp s .allL= () in terms of Ry (), where w,, s o stands for the so-called (s, p)—torsion
function on Q. Loosely speaking, it can be seen as the unique solution of the following problem

(—A,)’u=1, 1inQ,

u=0, inRYV\Q,

we refer to [41, Section 3] for the precise definition. The importance to get L> bounds on w, s o is
encoded in [41, Theorem 1.1]. We have the following
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Corollary 1.9. Let 1 <p < oo and 0 < s < 1. let Q CRY be an open set, then we have

1
C 7 -
lwp,s.allLe @) < (Nps) (R;%Q)) ! 1, for every 0 < v < 1,

yo

where o is the same constant in Theorem 1.4 and Cy p s is the same constant of [41, formula (5.7)].

1.3. Strategy of the proofs. The guidelines we followed for the proofs of our Main Theorems
are inspired by the proofs of [11, Main Theorem & Theorem 6.1]. We refer to [11, Introduction]
for an exhaustive discussion. Roughly speaking, we tried to obtain the nonlocal counterparts of
the crucial results used to prove [11, Main Theorem & Theorem 6.1] and tried to reproduce the
argument.

Nevertheless, technical difficulties arose in adapting the local technique to the nonlocal frame-
work. This led us to modify parts of the proofs in a nontrivial way and gave rise to a number
of results, which weren’t available in the literature and which are of independent interest, as well.
Below, we comment separately the proofs of Theorem 1.4 and Theorem 1.5.

Comments on the proof of Theorem 1.4.

e The first step is the choice of a tiling of the whole RY made of balls having equidistant
centers, the same radius r and an explicit control on the multiplicity of the covering. The
choice of the radius r is not by chance and made in such a way to exploit the definition
of R, (), Definition 1.2. More precisely, by taking r > R (£2) we exploit a uniform

estimate from below on the fractional capacity of B, (z) \ € in terms of v and r

(1.16) cap, , (B,.(xo) \ BQT($0)) > WTN_Spc’éf)sm (B1;Bs), for every zo € RV,

e The crucial step is now to use a fractional version of the Maz’ya-Poincaré inequality, see
Lemma 4.11, on each ball of the tiling introduced in the previous point and then adding all
the contributions. For local formulations of this inequality, see for instance [50, Theorem
14.1.2]. One could be tempted to use fractional variants of the Maz’ya-Poincaré inequality
already existing in the literature: for example [6, Proposition 4.3] and its natural extension
to the case p # 2. Unfortunately, this would not lead to sharp limiting behaviours with
respect to the fractional parameter of differentiability s in (1.14), more precisely for the
regime s \, 0. Let us explain a little more clearly this issue, assume for simplicity ¢ = p = 2.
By keeping in mind Example A.4 below, we can take an open set €2 such that

(1.17) lims(l)lp R5.(Q) <rnn, for 0 <y <(N),
S5—

for some ry. > 0, and denote by & the family of balls introduced in the previous step.
Then by using [6, Proposition 4.3] and (1.16) on each B € % we would obtain®

[u]%/llsv2(RN) Z Z [U}%Vs,z(B)
Be®
Y - Y -
2 25 5aDs 2 (B1; B2) Z lull2(m) = 2% 5CaDs 2 (B1; B) [lullZ @y
Be®

?’Here, the symbol “2>” indicates that we have the inequality “>” up to a universal constant depending only on
N and p.
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for every u € C§°(€2). This would entail the following estimate

2s
__ — 1
A3(Q) 2 7y scapg o (Bl;Bz) <R5(Q)> )
2,y

which becomes trivial as s N\, 0, in light of (1.17), (2.17) and Proposition A.3. The loss of
sharpness as s \, 0 in the previous argument is eventually imputable to the fact that for
every 1 <p < oo and 0 < s < 1, the inequality

1 o0
o Wwer@yy < [ulwen(p,(z0)),  for every u € Cg°(B(20)),
fails, see for instance [31, Lemma 2.3]. For this reason, by taking inspiration from [5,

Proposition 3.1], we introduce an asymmetric seminorm on “strips”

)P g
(1.18) u (//3( - dedy> ,  forue CE(RY),
xo)X N

which well-behaves in the limits s \, 0 and s /1 (see Remark 1.10 below). A new frac-
tional Maz’ya-Poincaré inequality for the seminorm (1.18), encoding the sharp asymptotic
behaviours in s, is then established in Lemma 4.11. By using this inequality on each ball
of the tiling introduced in the previous point, we eventually get the lower bound (1.14),
equipped with the correct asymptotic behaviours with respect to s.

Remark 1.10 (Limiting cases). Let o € RY and > 0. It is immediate to verify that the function

1

— P P
(1.19) U (//B - |x)|NU(+s);|; dxdy) , foru € CP(RY),
xo)X N

is a seminorm (actually it is a norm on C§°(R")). Noteworthy, it inherits from [- ]y ep@ny its
interpolative nature. In other words, for every u € C§°(RY) we have

[u(z) — u(y)[ 1 /
————" dxdy ~ ulPdx, for s \, 0,
//BT(J:O)X]RN |z — y|Ntsp RN o

u(z) —u(y)l 1 /
— " dxdy ~ —— VulP dx, fors 71,
//Br(zo)x]RN |z —y|NFsp 1—s ]RNl |

in accordance with the celebrated convergence theorems for the Gagliardo-Slobodeckii seminorm,
for s \, 0 and s 7 1, respectively contained in [51] and [9] (see also [33]). Indeed, by [31, Remark
3.4] and Proposition 4.1 below we can infer

1> (K(t,u, LP(RY), DyP(RY)) // (z) —u(y)
— 7d dy <
C/O ( 15 (20) XN |z — y[N+sp xdy < [u ]Ws P(RN)

where K indicates the K-functional, conveniently introduced in Section 4. In light of [31, Proposition
4.1], this entails that

1 |u(z) = u(y)|”
P < dxdy < [ul},
C el @y < //BT(:DO)XIRN oy Y= ey

which yields the desired limiting behaviours by [51, Theorem 3] and [27, Proposition 2.8].

and
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Comments on the proof of Theorem 1.5.

e As in the proof of [11, Main Theorem)], the first step is an approzimation argument for the
capacitary potential of the set B,.(zp) \ by means of smooth functions (¢s)s>0, where
B,.(x9) is any (s,p,v)—negligible ball in the sense of Definition 1.2. By using a suitable
cut-off function, we then modify each approximating functions into a feasible competitor for
Apg (©). In order to verify the last condition, we use an expedient technical result, Lemma
2.4, which is of independent interest.

e The second step is to obtain explicit constants (and possibly the sharp ones) in a L' — WP
Poincaré inequality on balls. In Lemma 3.2, by means of a geometric argument, we are able
to compute the explicit form of the sharp constant for p = 1. The case p # 1 is more delicate:
as in [11], we are only able to estimate the sharp constant of the corresponding L' — W*?
Poincaré inequality. Nevertheless, we pay due attention to the constants appearing in the
bound. This would be important to assure that the Poincaré inequality has the correct
asymptotic behaviour as s \, 0 and s 1, see Lemma 3.4. This difference between the
cases p = 1 and p # 1 entails an artificial restriction on the negligibility parameter ~, for
p # 1. On the other hand, the result obtained for p = 1 is optimal since we get the full
range of the admissible values of the parameter v, as in [11].

Open problem. In light of the previous discussion, we may expect that the negligibility threshold
o of Theorem 1.5 is not optimal for 1 < p < co. Prove or disprove that the conclusion of Theorem
1.5 holds by taking 79 = 1 even for 1 < p < 0.

1.4. Plan of the paper. In Section 2, we settle the notation, the functional analytic framework and
some basic results needed throughout the whole manuscript. In particular, we prove an expedient
lemma for fractional Sobolev function, Lemma 2.4, and some fundamentals on the notion of relative
(s, p)—capacity. Among which, we emphasize a nonlocal variant of the relation between 1—capacity
and perimeter due to Maz’ya and Fleming, Proposition 2.9. In Section 3, we derive some Poincaré-
type estimates on balls, see Lemma 3.2 and Lemma 3.4, which will be crucially exploited in the proof
of Theorem 1.5. Section 4 is devoted to derive two new fractional Maz’ya-Poincaré-type inequalities
involving an asymmetric seminorm, Lemma 4.4 and Lemma 4.11, which are the cornerstones of
the proof of Theorem 1.4. Incidentally, we also establish new fractional Poincaré-Wirtinger-type
estimates, Lemma 4.2 and Lemma 4.9, which are of independent interest. Noteworthy, all the
inequalities previously mentioned display sharp dependence with respect to the fractional order of
differentiability s. Section 5 contains the proofs of the Main Theorems, Theorem 1.4 and Theorem
1.5. Eventually, in Appendix A we briefly discuss the qualitative asymptotic behaviours of the
frequencies as s \, 0 and s /1, and exhibit an expedient example.
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2. PRELIMINARIES

2.1. Notation and functional spaces. Unless otherwise specified, throughout the whole paper
we will assume the dimension of our ambient space RV to be N > 1. As usual, given a point
2o € RV and a real number R > 0 the symbol Br(zg) stands for the N—dimensional open ball,
centered at xg and having radius R > 0, i.e.

Br(zo) = {z € RN : [z — 20| < R}.

Whenever an open ball with radius R is centered at the origin, we will use the shortcut notation Bg.
The volume of the N—dimensional ball with radius 1 will be denoted by wy. The N —dimensional
open hypercube centered at xy and having radius R is given by

N
Qr(xo) = H(xf) —R,z{ + R), where zo = (2}, ...,z") € RY.
i=1
The N—dimensional Lebesgue measure is denoted by | - | and often it will be addressed just as

volume or measure. For 1 < p < oo the Lebesgue spaces LP, L ~and the norms || - [|z» are defined
as usual in the literature. The conjugate exponent of p will be denoted by p’ = p/(p—1). If E C RY
is a measurable set having finite and positive volume we set

1
av(u; E) := ][ udr = —/ udz, for u € Ll (RY),
E El /e

for the ijmean of u over E. Let E,Q be open subsets of RY, the symbol E € Q means that the
closure F is a compact subset of 2.
If E C RY is a non-empty open set, the notation C§°(E) stands for the space of infinitely

differentiable functions whose support is a compact subset of . For 1 < p < oo, we will denote by
WLP(E) the standard Sobolev space

WiP(E) = {u € LP(E) : Vue Lp(E;RN)},
endowed with the norm
[ullwrrzy = llullerz) + VUl Lo (), for u € W'P(E),

where we used the notation
@]l o () = (/ ()| dw) . for & € LP(E;RY).
E

For 1 < p < oo, the homogeneous Sobolev space denoted by the symbol ’Dé’p(E) is defined as the
completion (in the sense of metric spaces) of C§°(F) with respect to the norm

o = IVollLr(r)

The space W, ¥ (E) is given by the closure of Cg°(E) in W'P(E) with respect to || - lwir(m)-

We now introduce basic definitions from the theory of fractional Sobolev spaces. The reader is
referred to [36, 37, 44, 46, 53, 55] and to the references therein included for a systematic treatment
of these spaces. Let 1 < p < co and 0 < s < 1 and let E C RY be as before. The Gagliardo-
Slobodeckii seminorm is defined as

P »
[ulwsw(m) = (//E . |x7 |NEFS)Z|) dxdy) ) for u € Li,.(E).
X
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The space of functions given by
W*P(E) = {u € LP(E) : [ulwsrp) < o0},
endowed with the norm
ullwere) = llullLee) + [ulwerm)
is called fractional Sobolev space. The symbol WP (E) stands for the closure of C§°(E) in W*P(RY)

with respect to its norm. We recall that the homogeneous fractional Sobolev spaces Dy?(Q) are
Banach spaces defined as the completion of

(C°(Q), [ lwsew@ny)
equipped with the natural norm produced by this procedure, that is

||UHDg>P(Q) = [u]WS>P(RN)-
We refer to [21] for a comprehensive treatment of D, the homogeneous Sobolev spaces of functions
satisfying nonlocal Dirichlet conditions. See also [31] and [46, Chapter 6] for further information,

references and extensions.

Remark 2.1. For 1 < p < oo, since the spaces Dj*(€2) are uniformly convex? Banach spaces, they
are also reflexive, in light of Milman-Pettis Theorem (for instance see [32, Theorem 3.31]).

Remark 2.2. In general, we only have that WiP(E) € DiP(E) and the inclusion is possibly
strict, see [21, Remark 3.2]. Nevertheless, if E C RY is an open set supporting the (s, p)—Poincaré
inequality, namely A5(E) > 0, then Wg P(E) = DiP(E). We also recall that in general we only
have the inclusion

W§7P(E) C{ue WP(RY):u=0 ae. on R\ B} =Wy (E),

see for instance [39, Remark 7]. However, if we assume that E has continuous boundary the
three functional spaces considered coincide, by the density of C§°(E) in WP (E) as proved in [39,
Theorem 6], see also [44, Theorem 1.4.2.2] and [27, Proposition B.1] for a slightly less general result
obtained with a different proof.

For 0 < s < 1, we say that a function u : E — R is s—Holder continuous if

[u]co,s(E) = sup M

< o0
z,YyEE, z#y |x —yl* ’

in particular for s = 1, the function w is also said to be Lipschitz continuous. The space of s—Holder
continuous functions on E will be denoted by C%*(E). We set

Cy*(E) == {u € C"*(E) : supp(u) is a compact subset of E},
and for s = 1 we will often use the distinguished notation Lipy(F). Given two functions u,v, with

the notation “u ~ v for x — x¢” we mean that

0 < liminf @) < limsup @)
a=z0 0(r) 7wz 0(2)

< oQ.

4The homogeneous Sobolev space D;’P () inherits the uniform convexity property from the uniform convexity of
LP(Q x Q), for instance see [35, Chapter 6, Paragraphs 11 & 12]. Indeed, by definition, we have

u(z) — u(y)

lullps @) = T (WllLr@xa),  where J(u) := — % ..
|z —yl»

for every u € Dy ().
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2.2. Two expedient lemmas. The following interpolation estimate was established in [7, Lemma
2.6] for compactly supported C!—regular functions. With the same proof therein given, it is possible
to state a more general result which will be useful in the sequel.

Lemma 2.3. Let 1 <p < oo and 0 < s < 1. For every ¢ € CS’S(RN), we have

[o(x) = oY) CNp (es)p  1m
/RN |x—y|N+sp d S5(1—5)”@”L°°(RN)[¢]00~3(RN)’

sup
zERN

where we can take cyn p = 2P %.
The next lemma may be regarded as a nonlocal analog of [32, Theorem 9.17]. It reads as follows

Lemma 2.4. Let 1 <p<ooand0<s<1. Let EC I@IVV be an open and bounded set. For every
@ € Cy*(RN) such that ¢ = 0 on RN \ E, we have o € WP (E).
Proof. Without loss of generality, we assume that 0 € E. We need to exhibit a sequence of functions

(¢pr)hen € C3°(F) such that

(1) Hm flon = @llp@sy =05 (i) lim [on — @lwes@y) =0.
—00 h—oc0

We set
1
E;, = {J;EE:dist(a:;aE)>h}, for h € N,

this is an open set. For every h € N, we take ny, € C§°(Eyy) satisfying

(2.1) Ny =1 on Ejy, 0<m <1, [Vn| < Ah,
and set
(2.2) on = nn @ € Cp* (Ean)-

Point (i) is straightforward. We focus on point (ii). We split the seminorm on the set E \ Ej,

[(nn(z) — 1) p(z) — (nn(y) — 1) (y)|P
©n = Plyyep@ny = // . drdy
[ by (E\En)x (E\E) |z — y|NFep

|(na(y) — 1) e(y)|
+2 dy | dx
RN\(E\E,) \JE\E, |t —y[Ntsp

=:A; + As.
For the first term, by adding and subtracting ¢(z) (1 —nn(y)) and by using Minkowski’s inequality,

we get
Ay / / |7 () — ()|
< w(x)|? ——————dy | dx
op—1 E\En I ( )| ( B\, |(E _ y‘NJrsp

lp(z) — p(y)P
+/ 1= ()| / let@) = eWI” ;) 4
E\Eh| Wh(y)| (E\Eh |1.7y‘N+sp Y
=: By + Bs.

By using (2.1) and Lemma 2.3, we have

CN,p
s(1—

sp

(1-s)
By < s) [@]Co‘s(RN) ||80||L00(R£) |E\ Epl.
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In order to estimate B;, we need to use that ¢ is s—Holder and vanishes on RY \ E. For every
x € E\ Ej, we have

(23) @) = 19(0) = PP < [elmmy b = 21 < el (7)

for some z € OF. This yields

CN 1 sp
B < —=2 _T1y]? E\EL (AR .
S T el [ Bl (407 (7)
where we used (2.1) and Lemma 2.3. By collecting the previous estimates and by sending h — oo,
we get that

(2.4) lim A; = 0.

h—o0

We now turn to Az, we have

A _ | (y) = D)l N |G () = () (y) |7 N
2 AN\E </E\Eh |z —y[Ntsp dy) ot /Eh </E\Eh |z — y|Nt+sp dy) d

1 |1n () — nn(y) P
§2/ e(y)lP / — dy+/ goyp</ RAT) ~ IRV 3o ) dy
E\Eh| W)l R\ g [T —y|N TP E\Ehl ) B, v —ylNtsp
:=C1 + Ca.

Since ¢ vanishes on RY \ E, in light of [46, Theorem 6.97], we have

1
p ———dx | dy < o©.
[ et ( [ ) y

This allows to use the Lebesgue’s Dominated Convergence Theorem to infer that

(2.5) lim C; = 0.

h—o0

For Cs, by using Lemma 2.3 and (2.3) we have

2 < S el (AR (1) 1B\

This entails that limp_, . Co = 0, which in combination with (2.5) yields limp_, A2 = 0. By
spending the last information and (2.4), we can infer that point (ii) holds for the sequence of
functions given by (2.2). Eventually, by standard approximation arguments, we can modify each

wp, so that for the sequence of modified functions (not relabeled) we have (pp)pen € C5°(E) and
(i)-(ii) still hold. 0

2.3. Basic properties of fractional capacity. As anticipated in the Introduction, we will work
with the following notion of fractional capacity.

Definition 2.5. Let 1 <p < oo and 0 < s < 1. For every £ C RY open set and for every X C
compact set, we define the (homogeneous) (s, p)fcapacity of X relative to E as

- o(@) — o)l
(X F f dxd > 1] >
Py (X E) = Inf {// |x— Ta -y W iw = ton }

In the sequel, we will often refer to caps,p just as fractional capacity.
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Directly from the definition, we record the following scaling property.

Remark 2.6. Let 1 <p < oo and 0 < s < 1. By using the change of variable formula for multiple
integrals in the Definition 2.5, we can infer that

caps (By; Br) = pN=sp caps (B1; Bgryy), forevery 0<r <R.

Remark 2.7. In the Definition 2.5, it is not restrictive to assume that every feasible competitor ¢
is nonnegative. Indeed, if ¢ € C§°(E) is such that ¢ > 1 on X, by the triangle inequality we have

le]ws,pw) < [Plwew@y)-

By taking ¢ := f- o ¢, where
1
t2 + 62 2 _ €
fe(t) = %, fort e R, € >0,

(14€2)? —¢

we can verify that . is an admissible nonnegative competitor in the Definition 2.5 and
gig%[@]vvw(w) = [[ellwsp @y,

by the Lebesgue’s Dominated Convergence Theorem.

A useful equivalent characterization of fractional capacity is given below. For the proof, we share
ideas from [4, Remark 1.4.2].

Proposition 2.8. Let 1 < p < 0o and 0 < s < 1. For every E C RY open set and for every X C E
compact set, we have

— P
cap, ,(¥; E) =  inf {//RN RNdedy:OSgogl,cp:lonZ}.
X

¢€Lipy(E) |z — y|N+sp
Proof. We first claim that
(2.6) @D, (B E) = _inf Al par 020 92 1on T}
By Remark 2.7, the inequality
(2.7) @b, F) > ok {lyeony 920, 92 1on z}.

trivially follows by the inclusion of sets C§°(E) C Lipy(F). On the other hand, let ¢ € Lipy(F)
be a nonnegative function such that ¢ > 1 on X. If (p.)eso is a family of standard mollifiers,
we consider the convolution p. = ¢ * p. and set p; := ./ miny ., for € > 0. The function ¢,
belongs to C§°(E), as long as e > 0 is sufficiently small, and by construction @, > 1 on X. Since
e converges uniformly to ¢ and by [39, Lemma 11], we get

[@]5{/@? RN
%SVP(RN) _ TWeEr®RN) [P

6aﬁs,p(z; E) < ;E}%[@] mzlnﬁ/? > P Wsp(RN)*

Thus, by the arbitrariness of ¢, we get the reverse inequality of (2.7) and so also (2.6). To conclude
the proof, we observe that by truncating a Sobolev function we can lower the seminorm [- |y s.»,
see [57, Lemma 2.7] for instance. Thus, we can restrict the class of admissible competitors function
¢ on the right-hand side to the ones that are ¢ < 1 on RV, ([

When p = 1, we have a further characterization for the (s, 1)—capacity in terms of the s—perimeter.
The following result can be seen as a nonlocal analog of [50, Lemma 2.2.5].
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Proposition 2.9. Let 0 < s < 1 and E C RY be an open set. For every ¥ C E compact set, we
have

65/1%,1 (3 E) = inf {PS(O) : O € FE open set with } .

smooth boundary such that ¥ C O
In particular, if ¥ is the closure of a bounded open convex set then

cap, ; (5; E) = Ps(2).
Proof. For simplicity, we say that an open set O € E is admissible if it has smooth boundary and
Y. C O. Let O be admissible, we claim that
(2.8) cap,q (35 E) > inf {P;(O) : O is admissible } .

Let ¢ € C§°(E) be a nonnegative function such that ¢ > 1 on X. By using the nonlocal Coarea-type
Formula for [ ]y =1 g~y established in [56] (see also [2, Lemma 10]), we get

o'} 1
[Plw s (myy = / P, ({p>t}) dt > / P ({¢ > t}) dt > inf {P,(O) : O is admissible },
0 0

where the last inequality follows since for a.e. t € (0,1) the open set {¢ > t} has smooth boundary
and so it is admissible, in light of Sard’s Lemma. By the arbitrariness of ¢, we get our claim
(2.8). To prove the reverse inequality, take any O admissible set. We set ¢ := dist (3;00) /2 > 0,
and define O’ := {z € O : dist (x;00) > ¢} . By construction ¥ € O’. Let (p:)c>0 be a family of
standard mollifiers and set . := 1o * p.. For € > 0 small enough, we have

(2.9) ve € C3°(E), 0<p.<1 onRY, and =1 on 0.

In particular, the last property follows since if 2 € O’ then |B:(z) \ O] = 0 for € small enough, thus
we have () = 1, by standard properties of the mollifiers. Then, by Fubini’s theorem

cap,; (33 E) < //]RNXRN (/n lofe |_Iz) ;Vlﬁgy —2) pe(?) dZ) dzdy

[lo(z) — lo(y)|
< HPEHLl(RN) //RNXRN Wdl‘dy = PS(O)7

which entails the reverse inequality of (2.8), by the arbitrariness of O.

To prove the last sentence of the statement, let 3 C E be the closure of a bounded open convex set
and assume that 0 € int(3). By [38, Lemma B.2], for every O admissible we have

(2.10) Py(Y) = Ps(XN0) < P(0).
On the other hand, for A > 0 we set

Oxi= (14N int(D) = {1+ N)w : @ € int(S) }.
By convexity ¥ C Oy and Oy € E, for A small enough, thus O, is admissible. Moreover, by the
scaling properties of the s—perimeter

P(0x) = (1+1)"7" P(),
which converges to Ps(X), as A — 0. By recalling (2.10), this entails that
P,(¥) = inf {P;(O) : O is admissible },

and so the desired conclusion follows by the first part of the proof. |
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For p = 2, the following proposition is already contained in [1, Proposition 2.6 & Corollary 2.7].

Proposition 2.10. Let 1 < p < 00, 0 < s < 1 and take an exponent q satisfying (1.2). Let E C RN
be an open and bounded set, and let F C E be compact set such that F' @ Br(xg) and

(2.11) cap, ,, (F; Br(xo)) =0,
for some o € RN and R > 0. Then we have

Wo(E\ F) = Wg(E).
In particular

A g(BE) =, J(E\F).

Proof. Without loss of generality, we assume g = 0. Since C§°(E \ F') C C§°(E), we have
(2.12) X, (B) < 28 (E\ F),
by definition. Observe that A; (E\ F) > 0, as a consequence of [23, Lemma 2.4] and Holder’s
inequality. Then, in order to prove thi, reverse inequality of (2.12), given any u € Wy (E) we
need to find a sequence of functions in Wg**(E'\ F) converging to u with respect [ -]y =»@ny. Let
(un)nen C C§°(E) be such that
(2.13) nh_}rrgo |tn, — ullyysp@yy = 0.
By Proposition 2.8, there exists a sequence (¢m)men C Lipy(Bg) satisfying
(2.14) 0<@n<1 onRY Ym=1 on F and lim [oy]wep@yy =0,

m— oo

for every m € N. We set

o) = ((1 — ©m) un) , for every m,n € N.
+

Since F € FE, we have RV \ (E\ F) = FU (RV\ E). By construction, o e WeP(RY) and
o =0on FU (RV\ E), thus by Lemma 2.4 we get that o) e WP (E \ F). By Minkowski’s
inequality and Lemma 2.3, we obtain

[vﬁ,’f) — un]Ws,p(]RN) < [pm Un]WS’p(RN)

1
[un () — un(y)[? E
p AL
< lembwery ol + ([ lomtilr 25 =n 8 gy

1

CN, P 1—s
S [(Pm}Ws,p(RN) ||Un||LOC(RN) + (5(1p5)> ||(,DmHLp(]RN) ||Vun||ioo(RN) ||uTL||Loo(RN)

CN, » s 1—:
§WMWMM)<%MMMH<¥ﬂ%M%_@>|WWMMMNWMQMJ7

where in the last line we also used Poincaré’s inequality on balls. From (2.14), we then obtain
lim [v{™)
m—0o0

and so also u, € WiP(E \ F), for every n € N. By (2.13), we infer that u € WSP(E \ F), as
wanted. O

— Up]wsp@ny =0, for every n € N,
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In the next simple proposition, we derive basic estimates between the fractional capacity and its
local counterpart/Lebesgue measure.

Proposition 2.11. Let 1 <p <00, 0 < s < 1 and let E CRY be an open set. For every compact
set ¥ C E, we have

__ cw, .
(2.15) cap, ,(3; ) < 8(17_1)8)/\1,([2) 1 cap,(%; ),
and
(2.16) 1N (E) < @D, (5 ).

Proof. We assume \,(E) > 0, otherwise there is nothing to prove. Let ¢ € C§°(E) be such that
p>1on .

We first prove (2.15). By using [27, Corollary 2.2] and [23, Proposition 4.2], for the case p > 1
and for the case p = 1 respectively, we get

— CN, 1—s s CN, s—
B0 (55 ) < (el iy < 7o Wl o IVl 2 oy < 25 2 B 91y

By the arbitrariness of ¢, we obtain the conclusion. For (2.16), we have
/\;(E) ¥ < )‘;(E) HSDHII),P(E) < [‘P]gvs,p(RN)a
and we conclude, as before. O

Remark 2.12. Let 1 < p < co and let E C Q be an open set. From the previous result and by
Propositions A.1-A.3, we can infer that

__ 1 __ 1
(2.17) capg , (X5 E) ~ =, for s 0, cap; , (X5 B) ~ 13 for s 71,
; s :
for every ¥ C E compact set.

A first comparison result between local and nonlocal variant of capacitary inradius is derived
below.

Proposition 2.13. Let 1 <p < oo and 0 < s < 1. There exists a constant B = B(N,p, s) > 0 such
that for every Q C RN open set we have

1
Ry 5,(Q) <R, (), for every 0 < v < min {17 5} .

Proof. Let r > R, _(Q2) then, by using Proposition 2.11 and Remark 2.6, for every zq € RY we
have

cap,, (m \ Q; Bgr(xo)) > cnps(1—s) A, (Bar)' " cap,, (Br(fo) \ Bzr(:vo))
>enps(1—38) Ay (Bg)t* 7y caps , (W; B2r(930))

= By cap, (Br(xo); Bzr(wo)) ;
where we set
cNp Ap(B2)'™*
capp(Bl; BQ)

This entails that r > Rj, 3.4(£2), for every v < min {1, 1/8}, so we get the desired inequality, by
the arbitrariness of r. O

6:6(]\7,[),8) = S(lis)gé/ps,p(Bil;BQ)'
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The following technical result will be useful in the sequel.

Proposition 2.14 (Capacity with respect to balls). Let 1 < p < oo and0 < s < 1. Let ¥ C B,(xz)
be a compact set. For every R > r, there exists a constant € = €(N,p, s, R/d) > 0 such that

(2.18) cap, ,, (35 Br(2o)) < cap, , (35 Br(20)) < ¢ cap, , (X; Br(2o)) ,
where d := dist(X; 0B, (xg)) > 0. Moreover, the function 7 — € (N,p,s,7), as T > 0, is increasing.

Proof. The leftmost inequality is trivial. Without loss of generality we can assume that xo = 0. Let
u € C§°(Bg) be such that u > 1 on X. We fix § = d/2 and define a cut-off function n € Lipy(B;)

given by
N A
)= {((rd)(rd));l}'

(2.19) n=1on B,_g, n=0onRY\ B,_s, IVl oo (rrvy =

In particular
1
d—36
By construction, the function ¥ := nu is admissible to test the definition of relative p—capacity.
Then, by Minkowski’s inequality we have

1 p »
(<. 2:5) (/ / )
1 dy v
+ 27 / x)|P / — | dz
( B, W( )l < RN\ B, |x_yN+sp> )

= Ay + As.

We estimate the last two terms separately. For A;, we add and subtract n(z)u(y) and use
Minkowski’s inequality obtaining

s (f, o [ 525 ) ([, e [ B2 )

CNvP B 5 1-s
< lworian + (5025 ) 19 I35, Nl

where in the last line we also used (2.19) and Lemma 2.3. In turn, by using the definitions of

A5 (Br) and §, we get
(3) () )
— — s,p(RNY.
d ) \X(B) e En)

ae (1 ()

We focus now on Ay. By recalling (2.19), we have

=

N+sp

1 X N

5 dy i NwN P N 1 P
< 2v P %Yy < v (1 ] .
Az < (/Bé Ju(z)] (/RN\BT |x_y|N+sp> dx) < ( s ) R (5) [

Observe that, in the last inequality we used the following estimate

/ dy < (r)N+SP/ dy  Nwn (r)N+5P 1
rN\B, |z —y|V+sP =\ wv\g, [Nt sp 6 TP’
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which holds since we have

)
= |y|;, for x € B,_s5, y ¢ By.

[z =yl =yl = [z| = [y| = (r = &) = |y| -

Then, by using the (s, p)—Poincaré inequality on Br and by recalling the definition of §, we get

+sp

Noy 1 \? (2R\ 7
< —_— — s,p .
AQ( 5p AZ(Bﬁ) (d) [elwe e

By collecting the previous estimates, we can infer the second inequality in (2.18) by taking

R
N =) =
%< ’p,s7d>
(2:20) 1 \* [2R\® N 1 o\F 2R\ o\
CN,p P 1 wN P P
1 —_— p— 1—3s)r [ ——_ i
<+<s<1—s>Ag<Bl>> (%7) +a-9 (s<1—s>A;<Bl>> (7) ) ’
the proof is thereby complete. O

3. POINCARE-TYPE ESTIMATES ON BALLS

In the proof of Theorem 1.5, we will crucially exploit two L' — W*P Poincaré-type estimates
on balls, derived in Lemma 3.2 and Lemma 3.4 below. We provide such estimates with the cor-
rect asymptotic behaviours with respect to the parameter of fractional differentiability. We treat
separately the cases p =1 and 1 < p < oo, starting from the first one.

3.1. A Cheeger-type constant. Let 2 C RY be an open set, we introduce the following Cheeger-
type problem
oy P,(O) O & Q open with
h (5 Q) = mf{ |ONE| " smooth boundary [’
for every E C . Observe that, by taking E = 2, we have hs(; Q) = h(Q).

Proposition 3.1 (Poincaré vs Chcoger) Let Q CRYN be an open set. For every E C §, we have

lo(x) — o(y)| / }
inf dxd de=1)=hs(F;Q).
PECF( Q){//RNxJRN |9U—y|N+S v EM ( )

Proof. Let O € € be an open set with smooth boundary. We set . = 1o * p./|[1o * pcllL1 ()
where (pc)e>0 is a family of standard mollifiers. Then, by usual properties of mollifiers
(Lo * pelws1@n) P,(O)

inf  {lielw- —1} <1 - .
el o) UPlwery s llelles iy B o sl ONE]

By the arbitrariness of O, we get a first inequality. On the other hand, let ¢ € C§°(Q2) be a
nonnegative function. We can easily observe that this is not restrictive. Then, by the Coarea
Formula for [- ]y s1 g~y and Sard’s Lemma

vy = [ Pllo> ) dtz b (B:9) [ 1 > ) N Eldt = b (B:0) o],
0 0

where the last equality follows by Cavalieri’s formula. This entails the reverse inequality as wanted.
|
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As a byproduct of the foregoing result, we infer the following L' — W*! Poincaré-type inequality

Lemma 3.2. Let 0 < r < R < oo, we have

P, (B,
inf {// ﬁ( )|dxdy / g0|dx:1}: ( ),
©€CE(Br) L JJRN xRN |33 —y|NFs B, | By

that is, E = B, is the unique optimal set for the Cheeger-type problem defining hs (B,; Br). In
particular, we have the followmg sharp estimate

(3.1) ]i ol dz <

Proof. In light of Proposition 3.1, we only need to prove that hs (B,; Br) = Ps(B;)/|B;|. Let
O & Bg be an open set with smooth boundary. By the strict Polya-Szégo-type inequality [40,
Theorem A.1], we have

\m = y|;€5‘9)| dxdy,  for ¢ € C3°(BR).

RN xRN

Pi(0%) < Ps(0),

where O* is the ball centered at the origin with |O*| = ||, and the equality holds if and only if
O = O*, up to translations. Let p* be the radius of O*, if p* < r we have O* C B, and so

|O* N B,| =]0%| =10] > 0N B,|.
On the other hand, if p* > r we have that B, C O* and so again
|O* N B,| =|B;| > 0N B,|.

In particular
PO) _ P(0Y)
|ONB,| ~ |0*NB,|’
with equality if and only if O = O*, up to translations. Thus, we can restrict the class of competitors
for hg (By; Br) to the balls centered at 0 and with radius 0 < p < R. Let B, one of these balls, by
the scaling properties of P; we have

NfsPS B
pNi((l)’ ifr <p<R,
P (Bp) _ reN
B,NB,| s
BoNBil | vsp (B
— ifo<p<r.
pN wn

It is immediate to see that the infimum is attained when p = r, from which we can also infer the
uniqueness of the optimal set, as claimed. O

3.2. A Poincaré-type constant. If 1 < p < oo, we take advantage of the forthcoming nonlocal
torsion-like PDE.

Proposition 3.3. Let 1 <p < o0 and 0 < s <1 be such that sp < N. For every 0 <r < R, there
ezists a unique V € WP (Bg) weak solution of the following equation

(—AP)SV: lBT, m BR,

V=0, in RN\ Bg,
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that is V' satisfies

oz [ WEVOI0E VN o0 oty [ i, or e i)

|z —y[NHer

r

Moreover, V> 0 and we have the following estimates

e ifsp< N,
1
(3.3) Vwsw@yy < <|B | ¥ P Sy ),,<p_1> ;
o ifsp=N
1
L))
(3.4) V]

. _ _IBrI®
WS s (RN) — ﬂ s
T\ wr A, (BY)

Proof. The energy functional associated to the equation is

|u(@) —u(y)|P / S
dxdy — dr, for u € WSP(Bg),
= L g = [ wdn toru e W)

and every function u satisfying (3.2) is equivalently characterized as a minimum of §.

Ezistence & Uniqueness of a nonnegative function V' € WOS "P(BpR) attaining the infimum of § are
direct consequences of the Direct Method in the Calculus of Variations and of the strict convexity
of §, the details are left to the reader.

If sp < N, since V is solution we can use (3.2) with ¢ = V| by density, and by using also the
fractional Sobolev’s inequality we get

1 11
[V]%/s.p(]RN) :/B Vidr < |BT|(p3) ||V||LP§ (Br) < |Br|(ps) 81@,@5 [V}WSvP(RN)v

from which we infer (3.3). If sp = N, since |Bg| < oo we can infer that A%y | (Br) > 0, by [23,

Lemma 2.4] and Hélder’s inquality. Thus, by reasoning as before but using the (£,1) —Poincaré
inequality in place of the fractional Sobolev’s inequality, we can infer the claimed estimate (3.4). O

As a byproduct, we infer the following L' — WP Poincaré-type estimate.

Lemma 3.4. Let 1 <p < oo and 0 < s <1 be such that sp < N. For every 0 < r < R, we have

o ifsp< N,

P
(3.5) (]{9 |<p|da:) < SNp.s |Br |*_1 //]RN x |m— |](5<(|>S)p dxdy,  for ¢ € C3°(BR),
r X

where Sy p s s the sharp constant in the fractional Sobolev’s inequality;

e ifsp=N,

S 1 (1Ba\* lo(x) — p(y)| ¥
3.6 ][ dx) < ( ) // " dxdy, or ¢ € C3°(BR),
(36) ( BTM Kn,s \ |Br| RN xRN |z —y2N Y for 5" (Br)

N
where Kn s = wy Ay | (B1).

2
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Proof. Let V be as in Proposition 3.3. We claim that

(3.7 sop ([ tele) slowomn = 1} = W,

»€C§°(BRr) r

Indeed, by density, we can use the function ¢ =V in (3.2) obtaining

(3.8) /B Vidz = [V]i.p@ny

which yields
p
—1
(3.9) sup {(/B I@Idw) Hlelwer @) =1} > VI

$ECE (BR)

On the other hand, by using again (3.2) and Holder’s inequality

B V() VP2V () - V() (o)~ )
/BT'*"'d”C‘//RW dady

|z —y|NHep
_ V(z) = V()P *(V(z) = V() le@)] = ley)l
= —— = dxdy
RoxRy o=y o~y 7
1

< [V]Iéx;s,p(RN) [SD]WWJ(RN)a

for every ¢ € C3°(Bg). This entails the reverse inequality of (3.9) and thus (3.7). The claimed
estimates then follow by spending (3.3) and (3.4) in (3.7). O

4. POINCARE INEQUALITIES

In this section we derive new fractional Mazya-Poincaré-type inequalities, see Lemma 4.4 and
Lemma 4.11 below. As anticipated in the Introduction, they involve the presence of an asymmetric
seminorm on strips (see Remark 1.10) on the right-hand side and display sharp limiting behaviours
for s \(Oand s 1.

All the inequalities of this section will be stated for smooth functions with compact support, nev-
ertheless they can be extended to every function in W*P?(RY) by density (see for instance [46,
Theorem 6.66]).

For the forthcoming technincal result, we take advantage of the K —method of the Real Interpo-
lation Theory applied to fractional Sobolev spaces, for which we refer to [31], [45, Chapter 16], [46,
Chapter 12] and to the references therein contained.

Proposition 4.1. Let 1 <p < oo and 0 < s < 1. Let zg € RY and r > 0. For every u € C°(RY)
we have

~ (K(t Pdt - P
0 t* t B, (o) xRN |7 —y|VFsP

where K (t,u) is the K —functional’ given by

K (6,0, 27(B(0)) . DY (Bo(w0)) = min [u=vll o, oop +H IV locacaop ] £ € [0.50).
vEWLP (B, (x0))

5Since in this context there is no ambiguity regarding the choice of the interpolation spaces, with an abuse of
notation, we will denote the K —functional K (¢, u, LP(By(z0)) ,Dé’p(Br(xo))) only with K (¢, u).
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Proof. Without loss of generality, we can assume zo = 0. We prove the claimed inequality (4.1)
along the lines of [31, Proposition 4.5]. Let u € C§°(RY), we set

1

U(h) = </B |u(x+h)u(m)|pdx>p, for h € RY.

The rightmost term in (4.1) is then glven by
_ P P
// |u(z) — u(z + h)| dedh — / U(h) dh.
B, xRN |h|N+sp ry R[NP

Ulo) ::][ UdHN L, for o > 0.
OB

We also set

By Jensen’s inequality we get

*_p do 1 o - do
U’ <— U dpN -t
/0 Ql+sp - NWN/O </c’939 H QN+SP

(4.2) _ / Uy”_ o,

NOJN RN |h‘N+SP
1 _ P
S MOl
Nwn J) B, xrn |h|N*+sp
We introduce the function
Y(x) = on (1- |x\)+, for z € R™,

which is Lipschitz with compact support and with L!—norm normalized to 1. We set

1 T
bola) = o ¥ (?) . fort>0,
this function is supported on B; and still have unitary L'—norm. By standard properties of con-
volutions, we have that 1, * u € WP(B,.), thus
K(t,u) <|lu—vs xulpe,) + IV (@ xu) lwies,), for t > 0.

We estimate separately the last two terms. For the first one, we use the integral Minkowski’s
inequality, see [47, Theorem 2.4] for instance, with data

fley) =ulz) —u(@—y), vidy):=(y)dy, p(dz):=dz, Q:=B, TI':=D,

by using the notation therein contained. Along with Fubini’s Theorem, we get

s — e % ull o,y = (/ (/ (u() — u(z — 1)) $u() dy)pdx) '

1
P

< —u(z —y))? d:v) Yi(y) dy

N(N+1) [t—
/ dy<7(tN+ )/Ungldg
0

N+1) [

_7 U dp.
t 0
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For the second term, by the Divergence Theorem

Vipe(y) dy = 0,
By

thus
V(e xu) = (Vi) xu= [ Viu(y) (u(z —y) — u()) dy.

By
Then, by using the integral Minkowski’s inequality, we get

70> lercan = </BT ( 5, Vo (y) (u(z — y) — u(x)) dy>pdx>;

< /B | ( /B Jux ) u(x)V’dz)’l’ V()] dy

N+1 N(N+1)/t
< —y)dy < ————~ do.
S v BtU( ydy < — ; Udo

By collecting the previous estimates, we infer that

ON(N +1) [
%/ Udp, for t > 0,

0

A <K(fu))pit <evw vy [ <1 /otUdg)p e

To estimate the last term, we use the one-dimensional Hardy’s inequality (see for instance [45,
Theorem C.41]) obtaining

/°° K(t,u) p@< 2N(N +1) ”/“Up dt
0 ts t = s+1 0 titsp

P p—1 _ p
(N+1)P N // lu(z) —u(z + h)| dedh,
WN B, xRN |h|Ntsp

K(t,u) < [lu—1e xulzem,) + |V (e xu) [[wirs,) <

yielding

IN

where in the last line we used (4.2). The proof is thereby complete. O
We also need the following Poincaré-Wirtinger-type estimate, which is of independent interest.

Lemma 4.2 (Fractional Poincaré-Wirtinger inequality). Let 1 < p < oo and 0 < s < 1. Let
zo € RY and r > 0. For every u € C§°(RY) we have

|u(x) —uly)”
|lu — av(u; By(x0)) |} ooy SWnhps(l—s)re? // o dady,
Fr(Brio) : B, (zo)xRN [T —y[NF5P

for some Wn , > 0.

Proof. Without loss of generality, we can assume zg = 0. We take v € W?(B,.) and t > 0. By the
triangle inequality and Jensen’s inequality

|lu —av(u; Br)ll1r(B,) < llu—vle(,) + v —av(v; Be)llrr(B,) + lav(u; Br) — av(v; By)|| Ly,
<2flu—vllLe(m,) + [lv —av(v; Br)| e (B,)
<max {2, unp} (lu—vllLes,) + 7 IVllLes,))
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for some 1, > 0, where we used the classical Poincaré-Wirtinger inequality on balls. Thus
lw — av(u; BT)||1£p(BT) <enp K(r,u)? <cnp K(t,uw)P, fort>r,

where we set ¢y, == (max{2, un,})”. This entails that

1 /1 o _dt
Ju = av(us B, (r) =Bl | v

Br) sp
< (K(tu)\" dt
seve |7 )

On the other hand, by arguing as in the beginning of the proof, for every 0 < ¢t < r we have

(4.3)

tlu —av(u; By)| e,y < 4rllu —vl1r(s,) +tlv—av(v; By)| e (s,)
<dnpr (||U - UHLP(BT,) +1 ||VU||W14>(BT.)) ;

where we set dy,, := max{4, un,}, and we used again the classical Poincaré-Wirtinger inequality
on balls. This yields

t? ||u — av(u; BT)||§p(B ) < dy P K (tu)?, for0 <t <,
and so
p T(l—s)p p r tp
(4 4) ||u - aV(u; BT)HLP(BT)W = ||U - av(u; BT‘)HLF(BT) /0 Wdt

T p
iy [ (BCY @
P 0 ts t
By (4.3) and (4.4), we get

1 1 1\°? * (K(t,u)\" dt
_ . p - _— _ < ? -
||’U, aV(UyB’I‘)HLp(BT) ((1 — S)p + Sp> (’I“) =~ aN,p/O < 15 > t’

where we set ay,, := max {Csj\f,p’ d?v,p}. By spending (4.1), we eventually conclude the proof. [

Remark 4.3 (Asymptotic sharpness). By Remark 1.10, the estimate established in Lemma 4.2
displays sharp limiting behaviours with respect to the fractional differentiability parameter s. In
other words, by taking the liminf for s 1, we get the non-trivial Poincaré-Wirtinger inequality

|u—av (u; Br(20)) |Lr (B (o)) < Onp T IVullLowyy,  foru e OSO(RN),
while taking the lim inf for s \, 0, we get
lu — av (u; By-(0)) | o (B, (o)) < Cnop lull oy, for u € C5°(RY).

We are now able to prove a new fractional Maz’ya-Poincaré-type inequality. Its special form has
been kindly suggested to the authors by Lorenzo Brasco.
Lemma 4.4 (Maz'ya-Poincaré). Let 1 <p < oo and 0 < s < 1. Let 290 € RN and 0 <7 < R and

let ¥ C B,.(w0) be a compact set. For every u € C§°(RY) such that u =0 on ¥, we have

o =

1
__ 1 |u(z) — u(y)|” '
cap, , (X; Br(x Pl pe(m, < // dxdy |
( N3 ( ( 0))) [lullz (Br(z0)) ( Br(z0) xRN |.13 _ y|N+sP
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where M = M (N,p, R/r) > 0. Moreover
M (N
(’7])7% <o0o, and 0< lim <R)
R/r—1 (R/’I" _ 1>?+1 R/r—o0

Proof. Without loss of generality, we can assume zy = 0 and

(45) F lulrds =1
B
We set 0 := (R —7)/2. We take n € Lipy(Bgr) such that

— 1
4.6 0<n<1, =1 B,, =0 Br\ Br_s, |Vn|<-——un—,
( ) >N > n on n on R\ R—6 | 77\ (R—0)—r

and we set

RS ((1 —u) 77)+ € Lipy(Bg).

By Proposition 2.8, this function is a feasible competitor for the definition of cap, ,, thus

b, (5 ) < [e(@) — @), // () — Y (y)P ’
(Caps7p (27 BR (//BRXRN |JJ — |N+sp (RN\Br) xRN ‘x _ |N+5p*dl‘dy
= Ay + Ay,

where we used the subadditivity of the function 7 +— 77. To estimate the first term, we use [57,
Lemma 2.6(b)], we add and subtract n(z)(1 — u(y)) and apply Minkowski’s inequality obtaining

e[ o) ([ s ()
(//BRX]RN |z — INSS)de dy) v + (S (CINJ)S)>p ((R 72) ] r)g o

where in the last line we also used Lemma 2.3.
To estimate Ay, we observe that for x € Br_s and y € RV \ Br we have

R—9§ P
lz =yl >yl —|z| > |y| = (R - 5)>|y\—7|y| II,

thus a direct computation leads to

d N+sp
/ yN — < Ny (R) 71, , for z € Bgr_5.
RN\ By [T —y[V TP sp 0 Rsp

This entails that

1 1
P p P
Az = // %dmdy < / 11— u(z)” / LM_ dx
®RN\Bg)xRN [T —y[NTsP Br_s RN\ By [T —y[N TP

ﬂ+s
< (Menyr By Ly
- sp 0 Rs Le(Br)-:

By collecting the previous estimates, we obtain

1 1
1 P P 1 » D
47) (cap,,, (% Br))? // [u@) —ul)l” ) L 1 — |z
07 (@, o)t < (ff, A )"+ () -

=
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where we set
N

) () (1)

In turn, by recalling the definition of d, we can majorize the last constant with another one which

has a simpler expression
N
1 Nwy 2R \* R
X =FE|N,p,— |.
Mo ¥ ( p ) (R_T) ( P 7")

To estimate the LP—norm appearing in the second term of (4.7), by the triangle inequality and by
recalling (4.5) we get

=

D (N,p,s,R,r,0) := (?)

=

2R
. < —
(4.8) D<

11— ullrrBr) < II1— aV(U; BRr)||Lr(Br) + llav(u; Br) — ul|Le(By)

\BR|

S l|av (u; BR)”LI’(BT + [lav(u; Br) — UHLP(BR)

+ 1) |lu — av(u; Br)||Lr (BR)-

By Lemma 4.2, we then obtain

R)” : Ju(@) —u(y)l , \?
1-— » < — 1 1—3))r rd .
= (27 ) st o (] )

By spending this information in (4.7) and using (4.8), we get

1+W]%/,p <<f) ) <//BR><RN iz —y |NS—s)Ilpd dy);.

By recalling (4.5), we eventually obtain

M : ), N
;B P P —————dxd 5
¥ (cap,,, (35 Br))” l|ullLe (s, (//BRXRN 7= |N+Sp y)

N -1
R _1 1 R\ »
M (N,pu T’) = wNT’ 1 + W;\)[’p <<’I") + 1) E

where E is given by (4.8), as desired. O

1
(aﬁs,p (Ea BR)) P <

where we set

Remark 4.5 (Quality of the constants). For future purposes (see the proof of Lemma 4.11 below),
by using the notation of the proof above, we record the following limiting behaviours

N 1
P 1 N, P
0< lim (Rl) E<N,p,R><oo, lim E<N,p,R>2 cr +(°"N) 213].
R/r—1 \ T r R/r—00 r P )

Remark 4.6 (Asymptotic sharpness). By keeping in mind Remark 1.10 and Remark 2.12, we infer
that the estimate established in Lemma 4.4 displays sharp limiting behaviours for s /1 and s \ 0.
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4.1. Poincaré-Sobolev inequalities. We now derive Poincaré-Sobolev-type inequalities. In other
words, in place of the LP—norm appearing on the left-hand side of the estimates established in
Lemma 4.2 and Lemma 4.4, there will be the LY—norm. The exponent ¢ is required to be superho-
mogeneous and subcritical, i.e.

< pi, if sp<N,
(4.9) p<qg{ < oo, if sp=N,
< o0, if sp> N.

We state the forthcoming inequalities separately from that of Lemma 4.2 and Lemma 4.4, since
they shows a slight difference in the asymptotic degeneracy of the constants involved.

Proposition 4.7 (Poincaré-Sobolev). Let 1 < p < oo and 0 < s < 1. We take an exponent q
satisfying (4.9). Let zg € RN and r > 0. For every u € C§°(B,(z0)), we have

2 _ (z) —u(y)
ull?, < pSP—N+NZ [/ 7d$dy.
[[ull7, (Br(zo)) = 5(1 — s) )\f;,q(Bl) B (z0) xRN |z —y[Ntsp

Proof. Without loss of generality, we assume xo = 0. Since A}  (B,) > 0, we have

P
,rsp—N—i-N G

||U||I£q(BT) < /\‘;7(3) [U]I;Vs,p(RN)

_ N // [uz) —uly)l? dy+// fu(@) — @)l ) 0
B, xRN |5'3* |N+Sp (RN\B,)xRN [T —y|NFsP

We focus on the second term. Since u = 0 on R \ B,., we have

[ )=o) gy ] P
(RN\B,)xRN [T —y|NTeP (®RN\B,)x B, |7 —y[Nt5P
p

:// 7|u( z) NEF | dxdy
RN\B)xB |z — y|Ntsp

i (o)~ )l
RN x B, |x*y|N+5p .

The conclusion then follows by Fubini’s theorem. O

Remark 4.8 (Asymptotic sharpness). In light of Remark 1.10, Proposition A.1 and Proposition
A.3, we can infer that the estimate provided by Proposition 4.7 displays sharp limiting behaviours
with respect to s.

As a consequence of the previous proposition and Lemma 4.2, we get the following.

Lemma 4.9 (Poincaré-Sobolev-Wirtinger). Let 1 < p < oo and 0 < s < 1. We take an exponent
q satisfying (4.9). Let to € RN, r >0 and R > v/ Nr. For every u € C*(RN) we have

[ — av(u; By (20))|IP <W AR // Mdmd
e e =19y, Baeoyan g —yer

for a constant W =W (N, p, s,q, R/r) > 0. More preczsely, we have
0 < lim W < oo, 0 < lim W < o0,
s—0 s—1
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and

R 5P R R
0< lim (—\/N) W(N,p7s,q7) < 00, 0< lim W(N,p,&q,) < 00.
R/r—vVN \ T T R/r—o0 T

Proof. Without loss of generality, we assume 2o = 0. We take 0 < § < R —+/Nr. Let € Lip,(BRg)
be such that

1
0<n<1, =1lon B , =0on BR\ Br_5, |Vn|——m—m—.
=n< ] VN T r\ Br-s;, [V (R—6)—VNr

We set
Y :=mn (u—m) € Lipy(Bgr), with m := av(u; Bg).
We have
[u —av(u; Br)”iq(g,,) < Jlu —av(u; Br)”iq(@,,)
< lu = av (s Q) + lav(ws Br) — av(w5 Qo) [ 1= Ar + As.
The second term can be estimated in terms of the first one. Indeed, a routine majorization yields

q

< ]i lu — av(u; Q)| da.

r

lav(u; By) — av(u; Q)|? <

f = av(13Q) o

By integrating over @, and raising to the power p/q, we get

Ay < (|g:|) lu — av(w; Qr)[7a (g, )-

Thus

p

|l — av(u; BT)||1£q(B, ) < (1 + (|Q |) q) lu — av(u; Qr)”iq(@r)

(4.10)

y [43, Remark 2.1]%, we have

Ar = |lu — av(u; QT)HLq(Q ) < 20t % flu — aV(U?B\/ﬁr)”ZL)q(er)

< 2(q+1 ||¢HL<1(BR)

- ola+1) £ +1 oo N+Np// U(y )|pd ay
= X, (B1) BrxRN \w— \N“P

SMore precisely, take £ = m in the last formula of [43, page 48].
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where in the last line we used Proposition 4.7. We need to estimate the last integral. By adding
and subtracting n(x) u(y) and by using Minkowski’s inequality, we get

(//BRX]RN |$ _ y|NJ(ré)p|p d:cdl/) ' 7 l
([ T ) (] - ([ el ) )
<//BRxRN sc—lx(“)d dy) " (s (Cles)> p ((R - 5)1 \/Nr> e = mllee -

where in the last line we also used Lemma 2.3. To estimate the second term in the last inequality
we use Lemma 4.2, this leads to

(//H”')
() | ([ i)

By collecting the previous estimates, we get

C_ ew N// u(y) [P
A TP 2 L dxd
LS N (B . |x—y|N+w Y

(=) |

We fix now 6 = (R — v/Nr)/2. By recalling (4.10), we eventually get

w 2 u(y)P
— av(u; B, RepNHN // B 2 g
|lu —av(u )||Lq( = /\9 (B1 R |x— |N+qp ray,

)1

as desired. 0

Q=

=

< {1 + (CNJ, Wva)

where we set

3 =

C=C(N,p,s,q R,r0) =20t i1 {1 + (enp Wi p)

where we set

R -z P
(411) W=w (N,p, 5,4, r) = (1 + qu) g(atD)f+1 {1 + (CrnpWip)

3=

Remark 4.10 (Asymptotic sharpness). By recalling (4.11) and by arguing as in Remark 4.8, we
infer that the estimate provided by Lemma 4.9 displays sharp limiting behaviours in s.

We are now able to prove the following important inequality, which is the main result of this
section and one of the cornerstone in the proof of Theorem 1.4. For a comment on the relevant
constant, we refer to Remark 4.12.

Lemma 4.11 (Maz’ya-Poincaré-Sobolev). Let 1 <p < oo and 0 < s < 1. We take an exponent q
satisfying (4.9). Let zo € RN, r > 0 and R > v/Nr. Let ¥ C B,(zq) be a compact set. For every
u € C°(RYN) such that u =0 on X, we have

M

1
__ u(z) — u(y)? ’
[ulla (B, (0)) < // dxdy |
o , (Br(z0)) Br(z0) xRN |x_y|N+sp

"=

-~ (caupS » (% BR(xO)))
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where M = M (N, p, s,q, R/r) > 0. Moreover

M<N7p’37q,R>~1’ GSS\O G/I’LdS/(la
r

and
N
q

lim M(]\Lp,s,q,R/Sr) < 00, 0< lim (R>
R/rﬁ\/ﬁ (R/T _ m) R/r—oo \ T

R
0< M<N7p,s7q,T><oo.

Proof. Without loss of generality, we can assume zy = 0 and
(4.12) ][ |u|9dx = 1.
B,

We take R > +/Nr. By arguing as in the beginning of the proof of Lemma 4.4, we are led to

1 — p % 1 %E
413 ey E B P < |u<.’1}) U(y)| 1— »
I3 (€A, (5 B) —(//B e ) i) m e

where F is given by (4.8). In order to estimate the LP—norm appearing in the second term, we use
this time Holder’s inequality and the triangle inequality obtaining

11

11— ullLe(r) < [Brl?~ 711 — ullLa(sy)
11
< |Brl» ™9 (It — av(u; Br)| Loy + lav(u; Br) — ullLa(sy)) -

The first term in the rightmost term can be estimated in terms of the second one. Indeed, by
recalling (4.12) we have
|Br|

1
|1 — av(u; Br)| a(gr) = |Brl|l — av(u; Bg)| = <|B |

) oo, = (s B)lcn s,

1
|BR|>q
< llu — av(u; Br)||Le(Bp)-
( |B7‘| (Br)
This leads to

N

i gl <1+< >q> lu — av(u; Br)| e(Bp)
N< ) (A) w ([, )

where we used Lemma 4.9. By spending this information in (4.13), we get

Lrag (“ (R)> (s(lsgz,qwl));E
<//B ey ey )

L+wk <1+<R>
,

Q=

1
11— ullr(Br) < Wi

S| =

B =

(@@b.., (% Br) x

We set

1 —1

) (sa=mm) 2

2z

(4.14) M=M <N,p,s,q,R> = wN
r
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and, by recalling (4.12), we get the desired estimate. By Propositions A.1-A.3, we infer the claimed
asymptotic behaviours of M with respect to s. Eventually, by Lemma 4.9 and Remark 4.5, we also
infer the limiting behaviours of M as R/r — +/N and R/r — oc. O

Remark 4.12 (Asymptotic sharpness). By Remark 1.10 and Remark 2.12, we infer that the
estimate provided by Lemma 4.11 displays sharp limiting behaviours as s \ 0 and s 1.

5. PROOF OF THE MAIN THEOREMS

Armed with the results of the previous sections, we can now prove the Main Theorems of this
paper: Theorem 1.4 and Theorem 1.5.

5.1. Proof of the lower bound.

Proof of Theorem 1.4. We can assume Rf,y,y(Q) < +00, otherwise there is nothing to prove. Let
r> R, (Q), for every z € RY we have

(5.1) b, (Br(0) \ 5 Bav(w0) ) > y@ab,,,, (Br; By) vV 7.

We introduce now two covering families for the whole RY made of balls with equidistant centers.
Define

Dy :={i= (i1,...,in) € Z" : i isodd for k=1,...,N},
and

ro. . .
Zp = {p:(ph...,pN)eRN: p:\/ﬁlwrchlEDN}.

We set
By := B, + p, B:,::BQ\/NT—i—p, for p € Z,.
Both the families of balls {Bp}pez, and {E;,}pe 7, cover the whole RY. We claim that the multi-
plicity of {Bp}pez, is at most (4N + 1), To prove this, for p € Z, we set
4N +1
N T

Observe that By intersects at most (4N 4 1)V balls of {Bq}qez, . Indeed, if

Qp = Q\/'ﬁ +p, Qp = Qg +p, where ¢ :=

m:(xl,...7:rN)€B:,ﬂ§1, Withp:Li and q=

ro.
VN VN
for some different i,j € Dy, we have

lgr —pel <|lp—qal<|p—z|+ |z —q] <4V Nr, fork=1,...N.
This entails that Qq C @;, since for every y = (y1,...,yn) € Qq we have

.
\yk—pklSlyk—qk|+|qzc—pk\<ﬁ+4mr=g, fork=1,...,N.

Our claim then follows by observing that

card(ZT N 62:,) < (4N + 1)V,
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We can now conclude the proof. Let u € C§°(£2) be extended by zero on the whole RY. For every
P € Z,, we have u =0 on F\Q By using Lemma 4.11 with R = 2v/N r, we get

u(y)|?
4N 1 d dy > 7d d
* // \x— |N+w = Z//B can | —y[Nrse TP

peZ
2 rNs Z E2313571) (FP\Q’BP) Hu”]z,q(Bp),
PEZr

where M = M (N, p,s,q) is given by Lemma 4.11. By using Proposition 2.14, for every p € Z,,
there exists a constant ¢ = ¢ (N, p, s) > 0, independent from p, such that

(5.2)

N1
cap, ,, (Bp \ Bp> > Z P (Bp \Q; By), where B}, := By, +p.

By spending this information in (5.2), we obtain that

u(y)|P 1 MP
4N +1)N // 7dd > = — E cap, B QB3 ||u
RV gy [T —y|NFeP Ne € ~ »(Bp\ ) lullZ,

¥ M
2 NINT cap, , (B1; B2) XZ: el o5,
PE

where in the last line we used (5.1). Since ¢ > p, the function 7 — TP/1 is subadditive, so

ya
q
Z Hu”iq(Bp) > Z ||U||(iq(3p) > ||UH;([)A(Q)'
pPEZr PEZ,
By the last two inequalities and by the arbitrariness of u and r, we get the desired result with
. _ M cap,, (B1; B2)
N,p,s,q — cg (4N+1)N ’

where M and € are as before. Eventually, by recalling (2.20) and by Remark 2.12, we infer the
claimed limiting behaviours of oy p 5.4, as s \,0 and s 7 1. |

5.2. Proof of the upper bound.

Proof of Theorem 1.5. Let 0 < vy < 1 to be chosen later, we take 0 < v < 79. Let B,(xq) be a ball
such that

(5.3) b, (B (20)\ Bay (v0)) < v@ab,.,, (By (20); Bay (w0))
We look for a constant C = C(N, p, s,~y) > 0 such that

s C
(5.4) Mal) = R

The claimed result will eventually follow by taking the supremum over all the admissible r. In
particular, if R) (Q2) = +o0 the last inequality entails that A} (Q) = 0.

Without loss of generality, we assume zo = 0. For simplicity, we set F' = B, \ 2. For every
d > 0, we take a function ¢s € Lip (Ba,) such that

(5.5) 0<ps <1, ws=1on F, [wg]gvsﬂp(RN) < écap,, (By; Bor) + cap, , (I; Ba,) -
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Such a function exists, in light of Proposition 2.8. Fixed 0 < € < 1/2, we take the cut-off function
n € Lipy(B;) given by

o (I—¢g)r—|z|
n(x)_mm{<(1—s)r—(1—2s)r>+’1}7 for x € RN,
1

(56) 0<n<1, n=1lonBu_sy,, n=0mRY\By_., and |[Vy|p~gn) = et

In particular

We use ¢ := (1 — ¢s) n/[I(L — ws)nllLr (@) as a test function in the definition of A;  (€2). This is an
admissible function. Indeed, by construction 1 € Lip,(R") and

l—9ps=0 onF=B5B.\Q, and n=0 onRN\B,.

This entails that ¢ = 0 on RY \  and so ¢ € W(}gp(Q) N L4(2), by Lemma 2.4. By Minkowski’s
inequality

)‘;,q(Q) (L (1 — @5)(1 dl’) < 2;0—1 ([n]z‘;vs,p(RN) + [@5];%/5,;;(RN))
(1—2¢) r

< 27 (s an) + (6 +7) @by, (Bri Bar) )
where we used (5.3) and (5.5). By [27, Corollary 2.2], [23, Proposition 4.2] and by (5.6), we have

(5.7)

N, 1—s s
ey < 5oty I 190 2

S
Cnyp 1\°? . ,
< _ZNp [ B, A=) \B .. Bt _on®
> 8(1 78) (57”) | ‘ | r(1 5)\ r(1 2€)| 3
for some Cy,, > 0. By Bernoulli’s inequality, we further have
1
(5.8) 1—e)N —(1-2e)N <1-(1-2¢)" <2¢N, for0<e <,

thus by spending this information, we get
(2N )S Cn P N

p —sp
[n]Ws,p(RN) S wWN ES (p*l) s (1 . S) .
Then, we can majorize (5.7) obtaining
P
! o
(5.9) Apqa(€) (][ (1 —ps)* dw) S 5 NINE
B(1_2¢)r r 4

where we set
A = (N,p,8,q,7,¢,9)

(5.10) 2 Leap, , (BiiBs) ( Cnp wy (2N)*

- |Biac|t s(1— s)cap,,, (Bi; By) e~V

By Jensen’s inequality, we can bound from below the leftmost term in the last inequality obtaining

: o
(5.11) A0 () [1- ][ psdr | < ————.
P:q Ba sy ,SP—N+NZ

+(5+7)>-
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In order to conclude, we need to prove that there exists 0 < ey < 1/2 depending on v, N,p and s
such that

P
(5.12) 1- f psdx | > l,
B(1-2¢)r c

for every 0 < € < gg. In the sequel, we discuss the cases p > 1 and p = 1 separately.

Case . For sp < N, we use (3.5). In combination with (5.3) and (5.5), this yields

p
s 1 i P
(1_7[ wédw) - (1—|B<1—2s>rlN » S s [%]www)
B—2¢)r

s _1 — —_— 1\P
2 (1 - |B(172€)r| Mo (SN,p,s Cap&p (BT7 B2T) (6 + ’Y)) p) .
By spending the last inequality in (5.11) and by passing to the limit as § \, 0, we get
(N, p,s,q,7,¢,0)

p
1 P _1 __ — s
7 5 N8 (0 177(w Sn.p.sap, ., (Br: B ) :
sp-N+NZ pa($) ( (1 _26)%_5 N N.p,s €aDy p (B1; B2) v )

(5.13)

with o given by (5.10). As announced in the beginning of the proof, we now spend the choice 7
by setting

»_ P -1
(5.14) Yo =70 (N,p,s) := min{ (wfvv ! SN p,s Caps (Bl; BQ)) , 1}.
and we also set
1 ey
(5.15) g0 =¢eo(N,p,s,7) == [1— A ,
4 Yo

for every 0 < v < 9. Thus for every 0 < v < 79 and 0 < ¢ < g¢, by considering the second factor
in the rightmost term of (5.13), we have
1 ) P

p
1 L _s — — % 1 Y
11— ——— (wN SN.p,s Cap, ;, (B1; B2 v) >l —F— ()
( (1—2e)7 V07 » (B B2) (1—-2e)»* \0

and the last quantity is positive in light of our choice (5.15). By inserting (5.14) and (5.15) in
(5.13), we then infer the claimed inequality (5.4) with

1l

1

1\ —PpP
1 P
(516) C(N7p7S7Qa ’Y) =|1- o N_. <’Y> 4 (Napa 85Q77a5070)7
(1—2e0)%* \0

with €9 and & respectively given by (5.15) and (5.10).

For sp = N, we need to use (3.6), in place of (3.5), to bound from below the leftmost term in
(5.12). We get

1—][ s dx | > (12 | Bz r| < 1 b, » (Br; B2) (5_’_7))13
Ba-z2e)r a |Bi—2eyr] \En,s = 2% V7

w|z
|z
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By spending the last inequality in (5.11) and by passing to the limit as § \, 0, we get
A/ (N,N/s,s,q,7,¢,0)

N
1 7)1\’ °
>N Q) [1- —
rie =A% )< 1—-2¢ (70 )

N
s

1 ¥ LA
>A\y () [1- —
- )\%7‘1( ) ( 1 7250 <’)/0> ) ’

for every 0 < v < 79 and 0 < € < g, with & always given by (5.10) and where this time

-1
cap, v (Bi; Bz)) ,1}7

(5.17)

1
(5.18) Yo = Y0(IV, §) := min {Q_N <
KN,s

and

(5.19) £ 1= i <1 - (JO)N> .

This entails the announced inequality (5.4), where we can take

_N
1 LAY
(520) C(N’S’q,’y): 1— l CQ{(N,N/S,S,Q,’YN?O,O)
1-2¢& \ 10

Case . This time, we use the sharp estimate in Lemma 3.2 to minorize the integral in the
leftmost term of (5.11). By (5.3) and (5.5), this entails

PS(BT‘) 5+"}/
5.21 ][ 1—ps)dz>1— —""—(6+7)=1— ———,
( ) B(1—2f-:)7‘( ) PS(B(172E)T)( ) (1—25>N S

for every 0 < € < 1/2. By (5.11) and by sending 6 — 0, we get

s Y ”Q‘((Nalasaqv'y’eao)
Al;q(Q) (1 - (]_ _ 2€)Ns) S rs—N—O—% ?

for every 0 < ¢ < 1/2, where «/ is given by (5.10). We now take g9 = o(7y) € (0,1/2) so that

1
~ 1—7x 1 2y \N-*
.22 1-— = — — -1 (= )
(5:22) (1—2e0)N—5 2 073 < (1 I

Then, from the last inequality, we can infer (5.4) for a constant C given by

2
(523) C(N?S7qv’7): T%(NaS7Q7’Y’EOaO)7

-7
as desired. Eventually, for the claimed asymptotic behaviours of C (N, p, s, q,y) we refer to Remark
5.2 below. O

Remark 5.1. Quality of vp. Let 1 < p < 0o, by Remark 2.12 and by [51, Theorem 1] we infer
’Y()(N,]LS)Nl, aSS\IO,
where p is given” by (5.14). Furthermore, if 1 < p < N we also have

70(N7p75) ~ 17 as s /‘ L.

7Observe that we have sp < N eventually, as s N\ 0.
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Remark 5.2. Quality of C. We discuss the qualitative limiting behaviours of the constant C =
C(N,p,s,q,7) of Theorem 1.5.

e For 1 <p<ooand0< s<1such that sp < N, by (5.15) and (5.19), we have

0 < lim
T Yo — Y

< 00,

and so

0< lim (70 —~)"™* @Y ¢(

N,p,s,q,7) < o0,
Y—Yo

by recalling (5.16) and (5.20). Moreover, for 1 < p < oo, by Remark 2.12 and Remark 5.1
we get

1
C(Napvsv(LFY)N*? 385\07
S
and, for 1 < p < N, we also have that

1
C(Nap7S7Q77)NE, aSS/‘l.

e For p =1, we have y9 = 1. By recalling (5.22), we get

0<lim€70<oo, and 0 < lim(1—+)C(N,s,q,v) < cc.
=11 —v =1

Moreover, by Remark 2.12, from (5.23) we get
0< lip%sC(N,s,q,v)<oo, and O<liml(1—s)C(N,s,q,*y)<oo.
S—r S—r

APPENDIX A. QUALITATIVE ASYMPTOTICS

For p = 2, the following proposition is already contained in [18, Lemma A.1]. Its proof relies
on the celebrated Bourgain-Brezis-Mironescu’s Theorem, see [9] and also [33, Corollary 4]. Up to
some minor differences, it is immediate to extend the proof of [18, Lemma A.1] to every frequency
Ap.g-
Proposition A.1. Let 1 < p < oo and 1 < q < p*. For every Q C RN open bounded set with
Lipschitz boundary, we have

lgn%(l = 8) A, 4(Q) = Knp Ap (),
where Ky, > 0 is defined in [9, pag. 6].
The next result is direct consequence of [51, Theorem 1] and Holder’s inequality.

Proposition A.2. Let 1 < p < oo and 0 < s < 1 be such that sp < N. We take an exponent
1 < q < p:. For every Q CRYN open set with finite measure, we have

L*fﬂ
pE 4
s ;

s(L—s) A5 (Q) >cenyp (N —sp)’~t[Q

for some cn,p > 0.

For our purposes the next proposition, which is a plain consequence of Proposition A.2 and [51,
Theorem 3], will be sufficient. The details are left to the reader.
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Proposition A.3. Let 1 < p < 0o and 0 < s < 1 be such that sp < N. For every Q C RN open
set with finite measure, we haved

0< liminf sA° ()< limsup sA? (Q) < oo.
(s,0)—(0,p)+ pa() (s,q)—)(O,E)*’ pa(®)

As a byproduct, we can infer the forthcoming result

Example A.4. Let 1 < p < co. There exists an open set 2 C RY and 0 < v9 = 7o (N, p) < 1 such
that

(A1) limsup R, () <7np,, for 0 <y <7,

s—0

for some 7y, > 0. Indeed, let @ = RV~! x (—1,1) and pick a ball B,(z¢) of radius r > 1 such
that

(A-2) D, p (Br(@0) \ @ By, (w0)) < &b, (Br(wo)s Bz (x0))

Since {2 is invariant by translations, we can assume without loss of generality that g = tey. By
(2.16) and (A.2), we get

B, (ten) \Q‘ \i(Bs(ten)) < cap,,, (B,.(t en) \ Q; Ba, (t eN)>
(A.3) <~r¥=*Pcap, , (B1; Bs)
N-—s CN, s—1 .
<yr pﬁAp(Bz)g cap,, (B1; Bs),
where in the last line we also used (2.15). Furthermore, by arguing as in [11, Example A.2], we can

bound from below the leftmost term in the first line of the previous inequality by ™ ¢y (r), where

B N
on(r) ::2WN—1/ cos’ tdt.

arcsin X
This entails that
Ap(B2)*~ ! cap,, (By; Ba)

(A4) PNr) S Y eN e T T A B

The function @y (r), for r € (1,00), is continuous and monotone increasing and for its range of
attainable values we have impny = (0,wy). Thus, ¢n admits a continuous monotone increasing
inverse, say ¢y, defined on the interval (0,wy). Then, by (A.4) and by the arbitrariness of r

A (32)5*1 cap (E BQ)
s -1 i P :
R, () <oy (mm {VCN”” s(1—s) ;;;(Bz) )

By passing to the limsup as s N\, 0 and by taking

Y (N, p) := min { wn Ap(B2) lim inf s A} (B2), 1} .

cnpcap, (Bi; By) 50

we eventually get (A.1), in light of the continuity of @&1 and Proposition A.3.

8By writing “(s,q) — (0,p)*”, we mean that s — 07 and ¢ — pt.
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