GLOBAL WELL-POSEDNESS FOR A TIME-FRACTIONAL
DOUBLY NONLINEAR EQUATION

GORO AKAGI, GIACOMO ENRICO SODINI, AND ULISSE STEFANELLI

ABSTRACT. We consider a time-fractional parabolic equation of doubly nonlinear type,
featuring nonlinear terms both inside and outside the differential operator in time. The
main nonlinearities are maximal monotone graphs, without restrictions on the growth.
In addition, a Lipschitz continuous perturbation is considered. The existence of global
weak solutions is obtained via a regularization and Galerkin approximation method.
Uniqueness is also discussed under some additional assumptions.

1. INTRODUCTION

This paper is concerned with the nonlinear time-fractional parabolic equation
90 (o) — afug)) — Au+ Blu) 3 oo, t,u). (1.1)

Here, the symbol &¢ stands for the Riemann-—Liouville fractional derivative of order

6 € (0,1) which is defined by
¢
0 r() . d R
o10) = 5 ds/o (=) f(s)dt Wt >0

where I' is the Euler I'-function. Hence if o(u)|i—0 = a(up), then the Riemann-Liouville

derivative 0?(a(u) — a(ug)) coincides of the Caputo derivative of a(u) of order € (0,1)
in a weak sense.

Equation (1.1) is posed in the space-time cylinder @ := Q x (0,T), where T' > 0 is a final
time and €2 is a nonempty, open, connected, bounded set of R™ with Lipschitz boundary
€. The nonlinearities a, 8 : R — 2% are maximal monotone graphs, with no growth
restrictions, whereas g(z,,-) is a Lipschitz continuous function. The initial value a(ug) is
given and the equation is complemented by homogeneous Dirichlet boundary conditions.

1 d

The occurrence of nonlinearities both inside and outside the differential operator in time
dY qualifies equation (1.1) as of doubly nonlinear type. Doubly nonlinear problems occur
frequently in connection with applications, especially in relation to nonlinear diffusion
phenomena. In the nonfractional case, for different choices of the map «, equation (1.1)
may arise in connection to the two-phase Stefan problem (for a = id + H, where H is the
Heaviside graph), the porous-medium equation (for a(u) = |u[P~2u for some p € (1,2))
and the Hele-Shaw model (for a« = H), see [42] for a detailed discussion.

Also motivated by their relevance in applications, doubly nonlinear problems are a
mainstay in evolution-equation theory. In the classical, nonfractional case, existence results
for doubly nonlinear equations can be traced back to Grange-Mignot [21]. Besides the
classical references by Barbu [12], DiBenedetto-Showalter [17], Alt-Luckhaus [10], and
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Bernis [13], one may also refer to [2, 3, 4, 5, 19, 23, 24, 25, 29, 34, 35, 36|, among many
others. See also [9, 37] for some global variational approaches and [8, 14, 26, 27, 30] for a
collection of recent results.

To the best of our knowledge, existence for time-fractional parabolic doubly nonlinear
equations has not been proved yet. This note is intended to fill this gap. Our main result
is the well-posedness of a variational formulation of equation (1.1), where the elliptic
operator is considered in the classical weak sense. Note that, in case « is linear, existence
of solutions to equation (1.1) has already been obtained in [6], see also [28, 7]. In fact, the
specific case of porous media has already been considered in [31, 32, 33]. In addition, a
number of results on long-time behavior and decay is available, see [1, 18, 39, 40], where
nonetheless existence of solutions is just assumed. Furthermore, in [15], the asymptotic
behavior of solutions for such time-fractional porous medium equations has also been
studied in detail. The reader is also referred to [20, 38] for some alternative approaches
based on viscosity solutions.

To prove existence of a solution to (1.1) we proceed by regularization and approximation.
The maximal monotone graphs « and [ are replaced by their Yosida approximations
and « is made strongly monotone by adding a multiple of the identity to it. Such a
regularized problem is then tackled by a Galerkin discretization method. A suite of a-priori
estimates allows the passage to the limit, first in the Galerkin approximation and then in
the regularization, bringing to the existence proof. In the classical nonfractional case, a
pivotal tool in the analysis of doubly nonlinear problems driven by subdifferential operators
is the availability of a local chain-rule equality, which eventually allows for obtaining
a-priori estimates. In the time-fractional setting, the local chain-rule equality is replaced
by a nonlocal chain-rule inequality, which makes the analysis more challenging.

Uniqueness is generally not to be expected for doubly nonlinear problems, see [17].
We are nonetheless in the position of providing a uniqueness result under some stronger
assumptions, namely, for a strongly monotone and f Lipschitz continuous.

The plan of the paper is as follows. We present our setting and state the well-posedness
result, i.e., Theorem 2.1, in Section 2. The uniqueness of solutions is proved in Section
3. The existence proof is then presented in Section 4. A regularization and Galerkin
approximation of the problem is introduced in Sections 4.1-4.2. We then prove a-priori
estimates and pass to the limit in the Galerkin approximation in Sections 4.3-4.4. Addi-
tional estimates for the regularized problem are obtained in Section 4.5 and we eventually
remove the regularization by a limit passage in Sections 4.6-4.7.

2. MAIN RESULT

We devote this section to the statement of the main well-posedness result, namely
Theorem 2.1. Let us start by introducing some notation.

2.1. Functional analytic framework
Recall that we ask for
(A0): Let 2 C R™ be a nonempty bounded Lipschitz domain, and let T € (0, 00).

In the following, we set ) := 2 x (0,7") and we use the spaces
H:=L*Q), V:i=H}Q), V' :=HYQ)
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where V* is the dual of V, so that (V, H,V*) is a classical Hilbert triplet. Note that
the choice of the space V corresponds to the case of homogeneous Dirichlet boundary
conditions. Other boundary conditions can also be treated, by redefining V' to be a closed
subset of H'(§) containing H}(2). The symbol (-, -) stands for the standard scalar product
in H whereas (-, -) is the duality pairing between V* and V. We denote by || - || the norm
in H, by || - ||z the norm in the generic Banach space E, and by ¢y > 0 the norm of
the injection V' C H, namely, ||u|| < cyl|ul|y for all w € V. We note that ¢y is given as
cvy = A1(Q)7Y2, where \(€) stands for the principal eigenvalue of the Dirichlet Laplacian
in 2. Weset A:V — V* to be the Riesz mapping given by

(Au,v) = / Vu(z) - Vo(z)dz Vu,v e V.
0
In particular, it holds ||u||?, = (Au, u) for all u € V.

2.2. Maximal monotone operators

Given any maximal monotone graph v : R — 28 with 0 € v(0), for all r € D(y) := {r €
R : ~(r) # (0} we define by ~°(r) the point in the closed interval v(r) which is closest to 0.
One can uniquely find (see e.g. [16, Example 2.8.1, p. 43]) a proper, lower semicontinuous
and convex function 7 : D(¥) C R — [0, o0] such that v = 07, where 0 = 7(0) = min7
and O denotes the subdifferential in the sense of convex analysis [16]. The symbol D(7)
indicates the effective domain of 7, namely, D(7) := {r € R : J(r) < co} . In particular,
we have that ¥ > 0, as well as 7* > 0, where 7* is the Legendre-Fenchel conjugate of 7,
namely 7*(r) := supseR(rs —7(s)) for all r € R. The Fenchel identity 7(s) +7*(r) =rs
for all r € v(s) or, equivalently, all s € 95*(r) in particular ensures that v~! = 97y*.

We indicate by ¢, : H — [0, oo] the convex, proper, and lower semicontinuous functional
given by

/a(v(x))dx it 500 e L1(Q),
Q

00 else

for v € H. Moreover, we set U, : L*(0,T; H) — [0, 00] to be

/% )dt = // v(z,t))dzdt  ifFove LY(Q), (2.2)

else

Py(v) = (2.1)

for v € L*(0,T; H).
Let us consider the subdifferential vy := 9¢, : H — 2 and recall that v € vy (u) if
and only if u € D(v,) and

(0,0 — ) < (W) — Y (u) Vo€ H.
In fact, the subdifferential vy is characterized (cf. [16, Proposition 2.16, p. 47]) as, for
u,v € H,

veEyp(u) & v(z)ey(u(z)) forae xeQ
with domain D(vy) = {v € H : Jv € H with v(z) € y(u(z)) for a.e. x € Q}.
the following, for any u € D(yy) we use the symbol 7% (u) to indicate the element of

minimal norm in the nonempty, convex, and closed set vy (u). One can also consider the
subdifferential 9W., : L*(0, T; H) — 27" OT#) and check that D(9W,) = {u € L*(0,T; H) :
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T; H) with v € y(u) a.e. in Q} and that, for all w € D(V,) one has 0V, (u) =
T

Jv e L*0,T; H
0,T;H): vey(u) ae in Q}.

{ve L

)

2.3. Convergence of maximal monotone operators and convolution

Given a sequence of maximal monotone maps (), for h > 0 with 0 € v,(0), one says
that 0¥, — 0¥, in the graph sense in L*(0,T; H) as h — 0 if, for all u, v € L*(0,T; H)
with v € OV (u), one can find two sequences (uy)p, (vp)p in L*(0,T; H) with v, € 00, (uy,)
such that uj, — u and v, — v in L*(0,T; H) [11, Definition 3.58, p. 360]. A straightforward
extension of [11, Proposition 3.59, p. 361] guarantees that

oV, — 0V, in the graph sense in L*0,T; H),

vy, € OV, (up,), up, — win L*(0,T; H), v, — v in L*(0,T; H),

T T
and limsup/ (v, up)dt g/ (v,u)dt
0 0

h—0

= v € 0V, (u) and /T(vh,uh) dt — /T(v,u) dt. (2.3)

Under the assumption 0 € 75(0), the graph convergence 0V,, — 0V, is equivalent to
the Mosco convergence V., — W. in L*(0,T; H) of the corresponding functionals [11,
Theorem 3.66, p. 373], namely, to the following two conditions

U, (u) < lil;Ln iélf ., (up) Vup, —win L*(0,T; H), and (2.4)
—>
Vy € L*(0,T; H) Jy, — y in L*(0,T; H) such that W, (y,) — ¥, (y). (2.5)

Given any a € LP(0,T) and b € L9(0,T) (or b € L%(0,T; E) with E being a Banach
space) with 1/p+1/qg =1+ 1/r for some 1 < p,q,r < o, in the following, we indicate
the standard convolution product on (0,t) as

t
(a5 b)(t) = / a(t — ) b(s) ds
0
and we make use of Young’s convolution inequality

la*0llzr0,0 < llallzeo 16|z  VE € [0,T7]. (2.6)

2.4. Setting of the problem
Our setting is specified as follows:

(A1): 4,k : (0,T) = R, ¢, kK € L*(0,T) are nonnegative and nonincreasing such that
(xr=1.

(A2): a =04 : R — 2% is maximal monotone with a strictly convex potential @.

(A3): B : R — 2% is maximal monotone.
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(A4): g: Q% (0,7) x R — R is a Carathéodory function, and moreover, there exist ¢ > 2
and Ay > 0 such that

lg(z,t,ur) — g(z,t,ug)| < Aglug —ug| Vug, ug € R, ae. (z,t) € Q,
lg(x,t,u)| < Ay(1+u?) VueR, ae. (z,t) € Q.

(A5): vy € am(ug) N L*2(Q) for some uy € D(ag) N D(By) with B (uy) € L*2((),
where ¢ > 2 is given in (A4).

Assumption (A1) covers the case of the Riemann-Liouville fractional derivative of order
6 € (0,1), corresponding to the choices

t—@ 6—1

t
K(t) = T(1=0) and ((t) = X0

vt e (0,7).

Then & is also convex.

Note that no growth conditions are imposed on « and 5 in (A2)—(A3). Correspondingly,
both maximal monotone operators ay and Sy are possibly unbounded. Moreover, Sy can
be degenerate.

Assumption (A5) entails that D(ay) N D(By) # 0. Without loss of generality, in the

following, we additionally assume that

0 € «a(0) and 0 € 3(0).
Indeed, this can be achieved by considering the shifted graphs a(r) = a(r + r%) — a® and
B(r) = B(r + 1) — B° for some r° € D(a) N D(B), a® € a(r?), and ° € B(r?), as well as
the shifted Lipschitz function g(x,t,7) = g(z,t,7 + ro) — 8°.

Given assumption (A4) we can define a mapping G : L*(0,T; H) — L*(0,T; H) setting
G(u)(z,t) :== g(z,t,u(x,t)) for all u € L?(0,T; H) and a.e. (x,t) € Q. Indeed, for all such
u the function g(x,t,u(x,t)) is measurable in @) and

90zt ulw, )] < 9(2t,0)] + Aglulz, )] < A1+ Ju(w,B)]) for ae. (,8) € Q

where we also used the sublinearity bound in (A4) to control |g(z,t,0)| < A,. This ensures
that G(u) € L*(0,T; H), as well as

1G(u) ()] < A(IQY* + |Ju(t)]]) Yu € L*0,T; H) for ae. t € (0,T). (2.7)
Moreover, for all uy, uy € L?(0,T, H) we have that
|G (u1)(t) — G(ua) ()] < Agllur(t) — ua(t)|| for ae. t € (0,7) (2.8)

and the sublinearity assumption in (A4) ensures, with an application of Young’s inequality,

that
1
(G(u),u) < ﬁHuH2 +Cq Yu€ L*0,T;H), ae. in (0,7T) (2.9)
%
for C¢ > 0 given by

a+2

Co= o+ L2 (4 ) "
v 2¢ 7 \22+q

As (z,t) — g(x,t,0) € L*(Q), one can find a measurable set J C (0,7") of full measure,
ie., [(0,7)\ J| =0, such that z — g(z,t,0) € L>(Q) for all t € J. We may now define
g:(0,7)xH — H by g(t,v)(z) = g(z,t,v(x)) fort € J and g(t,v) = 0fort € (0,7)\J for
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v € H. Moreover, since (z,t) — g(z,t,v(z)) € L*(Q), one observes that = — g(z,t,v(x))
is measurable in 2, for all t € (0,7"). Moreover,

lg(t,v)(x)] < |g(x,t,0)] + Aglv(z)| for ae. xz€Q, Vte (0,T)

which implies that g(¢,v) € H for all t € (0,7T) and that the map ¢t € (0,T) — g(t,v) € H
is strongly measurable. Eventually,

||g(t,7}1) — g(t,’Ug)” S AgHUl — UQH Vvl, Vo € H, YVt € (O,T) (210)

Let X be a Banach space and let 1 < p < oo. Define a map B : D(B) C L?(0,7;X) —
LP(0,T;X) by u — B(u) := Ok xu) for u € D(B) := {u € LP(0,T;X): kxu €
WhP(0,T; X), (k*u)(0) = 0}. Then B is linear and m-accretive in LP(0,T; X) (see,
e.g., [43, 6]). In the following, we use the nonlocal-in-time chain-rule inequality from
[7, Proposition 4.2. ii]: if v : R — 2® is a maximal monotone map, for all vy € D(3,),
u € L*0,T, H) with ¢, (u) € L*(0,T) and r* (u—wug) € WH2(0,T; H) satisfying (k* (u—
u0))(0) =0, and z € L*(0,T, H) with z € v (u) a.e. in (0,7, one has that

[6  (0p(k * (u — up)), z)} (t) > ¥y (u(t)) — ¢y (ug) forae. t € (0,7). (2.11)

If 7 is (single-valued and) Lipschitz continuous, a nonlocal chain-rule inequality holds
also for u € L?(0,T;V) satisfying x * (u — ug) € WH2(0,T; V*) and (k * (u — ug))(0) =0
only. Then we see v(u) € L*(0,T;V). We argue by approximation: Let us € W2(0,T;V)
be such that us — u in L2(0,T;V) and & * (us — ug) — k * (u — ug) in WH2(0,T;V*) as
d — 0. Moreover, we find that (k * (us — ug))(0) = 0. By passing to the liminf as 6 — 0
in inequality (2.11) written for us and zs = vy (us) a.e. in (0,7) we get

[€ * (Op(k * (u — ug)) >] ) >y (u(t)) — 1y (ug) for ae. t € (0,T). (2.12)

We are now in the position of stating our main result.

Theorem 2.1 (Well-posedness). Under assumptions (A0)—(Ab) there exists a triplet
(u,v,w) € L*(0,T;V x H x H) such that kx (v —1vy) € W2(0,T;V*), (k% (v—1p))(0) =0
and

O(kx(v—1))+Au+w=G(u) inV* ae in (0,7T), (2.13)
veEalu) ae in@, (2.14)
w e p(u) a.e in Q. (2.15)

In addition, if k is convezx, « is strongly monotone and (3 is (single-valued and) Lipschitz
continuous, such w s unique.

The remainder of the paper is devoted to giving a proof of Theorem 2.1. At first, we
check uniqueness in Section 3. Existence is then proved in Section 4 via an approximation
and Galerkin discretization approach.

3. PROOF OF THEOREM 2.1: UNIQUENESS

For the purpose of proving uniqueness, « is assumed to be convex and o and [ are
assumed to be strongly monotone and (single-valued and) Lipschitz continuous, respectively.
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That is, let C, > 0 and Ag > 0 be such that
Colri — o> < (1 —y2)(r1 —12) Vs € afry), i = 1,2,
|Zl—22‘ SAﬁ‘Tl_TQ‘ VZl:ﬁ(T'l), Z:1,2

As ¢ € L*(0,T), we can find m € N large enough so that the number 7 := T/m satisfies
C

11 0,r) £ =

077 VEA +A,)

Let (u;,v;, w;) for i = 1,2 solve (2.13)—(2.15) in the sense of Theorem 2.1 and define
0= U — Uz, D= U] — Vg, W 1= w; — wy, and G := G(u1) — G(ug). Writing (2.13) for
(u;, v;, w;), for i = 1,2, in place of (u,v,w) and taking the difference of the two resulting
equations we get

(3.1)

O(k*0) +Au+w =G inV* ae. in (0,7).
Convolving with ¢ and using that ¢ x k = 1, see (A1), one obtains
D4+ 0x A+ xw=(xG inV* ae. in (0,7T). (3.2)

Test (3.2) by @ and integrate on (0,¢) for ¢ € [0,7]. Using the strong monotonicity of «

we get
t t t
ca/ HﬂHstg/(ﬁ,ﬁ)ds:/@,ﬂ)ds
0 0 0

t t t
(?;2)_/<£*Aa7ﬂ>d3_/(E*[T},ﬂ)dS—F/(E*é,ﬁ)dS. (3.3)
0 0 0

Since, in addition to (A0), we assumed that k is convex, then, as ¢ is of positive type
(see [22, p. 500, Proposition 3.1]), the first term in the above right-hand side is nonnegative,
namely,

¢ ¢
/(E*Aﬁ,&)ds://(ﬁ*Vﬂ)-Vﬂdwdszo.
0 0Ja

The second and third terms in the right-hand side of (3.3) can be controlled as follows

t t t t
—/(é*w,ﬂ)der/(é*é,a)dsg/ |w*w|y|yauds+/ 10+ Gl ds
0 0 0 0
t

SAWWWMMHAMWWWWEQM+MAMWMWMS

t A A 2 t
< S [areas+ BLESE [ jap2as,
0 0

2C,
where we have used the Lipschitz continuity of § and G. Therefore (3.3) reads,
t A A 2 t
S [naeas < SR8 [ jazas (3.4

Now, if ¢ = 7, we can use the Young convolution inequality (2.6) and inequality (3.1) in
order to obtain

Cq t~2 (A[H'Ag)Z 2 ! ~ 112 @1 Cy t~2
S [l as < SRl [ akas < S [ paras
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We deduce that @ = 0 a.e. in © x (0, 7).

We now prove that, if 4 =0 a.e. in Q x (0, j7) for some j = 1,...,m — 1, one also has
that @ = 0 a.e. in Q x (0, (j + 1)7). This will imply that @ = 0 a.e. in Q. From (3.4) with
t € [j7, (j + 1)7] and the fact that @ = 0 a.e. in Q x (0, j7) we get that

S [ vaeas < Co 8l [ as 35

Let ; : (0,t) — R be defined as

= . JAllo) for 0<o<t—jT,
gt(a)‘_{O for t—jr <o <t.

Note that, for j7 <r < s <t we have 0 < s —r <t — j7 < 7. This in particular entails
that

U(s —r)||a(r)| = b(s —r)||a(r)| for jr <r < s <t (3.6)

One can use this fact in order to control the right-hand side of (3.5) as follows:

(et [ pupyras = D208 (e aniar) as
:W[ (/jjﬁ(s—r)”ﬂ(r)”dr) ds
50 (B £ A1 A> / ( / B(s — )a()] dr)st

=%/ ([ it mlaeiar) as= o phel

) (A +A (A +A)
< Bt A R I. / il ds = L2 e, o / 2 ds

(A5+Ag) 2 ~ 112 ) a ~ 112
< 5aMhen | s - ﬁuuu ds

for t € [j7,(j + 1)7]. In combination with (3.5), this proves that @ = 0 a.e. in Q x (j7,t)
for all t € [j7, (7 + 1)7]. We have hence checked that @ = 0 a.e. in Q x (0, (5 + 1)7) and
the uniqueness assertion follows.

b

L2(0,t)

4. PROOF OF THEOREM 2.1: EXISTENCE

As mentioned in Section 1, the proof of the existence of solutions to (2.13)—(2.15) follows
from regularization and Galerkin approximation procedures.

For the reader’s convenience, we split the argument into subsections. At first, we
regularize the maps a and 3 by passing to their Yosida approximations and by adding a
multiple of the identity to « (Section 4.1). The ensuing regularized problem is then tackled
via a Galerkin approximation (Section 4.2). After establishing some a-priori estimates
(Section 4.3), we pass to the limit in the Galerkin approximation (Section 4.4) and prove
the well-posedness of the regularized problem, namely, Proposition 4.2 below. We then
obtain additional a-priori estimates for the solution to the regularized problem (Section
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4.5) and pass to the limit in the regularizations (Sections 4.6-4.7), eventually proving
Theorem 2.1.

4.1. Regularization

Given a parameter ¢ € (0,1), we denote by

o idgp — (ldR + 60&)_1 B L idgp — (idR + 86)_1
g 7 c ) g 7 c )

the Yosida approximations of the maximal monotone graphs e and /3 at level ¢, respectively.
Here, idr stands for the identity in R. Moreover, we define the truncated one by

Be(r) = min{maX{Ba(T), — e vreR.
Recall that a.y and B.y are single-valued, e~ !-Lipschitz continuous in H, and that
a.g(0) = B (0) =0 (cf. [16, Proposition 2.6 (i), p. 28]).
We additionally define

. . -1
o, =vidg +a, o :=vidg +a., N =0,

for all v € (0,1). Note that o,y is monotone, (v+&~!)-Lipschitz continuous, and coercive
from H to H. Hence, it is maximal monotone and onto. The mapping 7,.y is v~ !-Lipschitz
continuous in H. Moreover, we have a,cg(0) = 1,.5(0) = 0.

Recall that a.(r) — a°(r) and |a.(r)| < |a°(r)| for all r € D(«) and B.(r) — 5°(r)
and |B:(r)| < |5°(r)| for all » € D(f), where we recall that a°(r) and §°(r) denote the
elements of smallest absolute value in the closed intervals a(r) and SB(r), respectively
(cf. [16, Proposition 2.6(iii)]). Moreover, we see that a. &, a,. ~ @, and B\g Ve B
pointwisely. Owing to [11, Theorem 3.20, p. 298] we have that ¥,. — ¥,, ¥, _— VU, ,
and Ws. — Wz in the Mosco sense in L*(0,7; H). Hence, [11, Theorem 3.66, p. 373]
implies that

oV, — 0V, and OVs — OVs in the graph sense in L*(0,T, H) (4.1)
as € — 0. Moreover, one can easily check that
oV, — 0¥, in the graph sense in L*(0,7T, H) (4.2)

as v — 0.

We next introduce some approximation (ug, vo:) of initial data (ug, vo) satisfying (A5),
for which we can check not only that a.g(ue) — vo in H but also that S.g(u.) is bounded
in H as ¢ — 0. This approximation will play a crucial role when « is not supposed to
be single-valued (in other words, when « is single-valued, i.e., ay(ug) = v, the following
construction is not necessary). Let (s;);es indicate all values in D(«) where the value of «
is not a singleton. As « is monotone in R, the index set J is at most countable. Starting
from uy € D(ay) as in (A5), for all j € J we define the measurable sets Q; := uy ' (s;)
and we set () := ( \ Ujes€;. Note that these sets form a disjoint partition of €2, up to null
sets. We set

L U on Q,
o = { sj+evy on Qy, Vj e J, (43)

Voe := e (Uoe), (4.4)
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where vy is as in (A5). We can now state several properties of the approximation of the
initial data.

Lemma 4.1 (Properties of the approximation of the initial data). Under assumptions
(A0), (A2)—(A5), and positions (4.3)—(4.4) we have the following:

(i) It holds that
voe = Vo in H and |jvee|| < ||vol| (4.5)

as € — 0.
(i) It holds that

|uge — uwo| < elvg|  a.e. in Q, (4.6)

which in particular yields

[[uos — uol| < el[vol, (4.7)
|Berr (uoe)| < B (uo)| + [vo| - a.e. in €, (4.8)
for any e € (0,1).
(iii) For alle € (0,1) and v € (0,1), set
Vove := Qe (Upe) = VUge + Voe,

where uge and vo. are defined in (4.3)—(4.4). Then, there exists a constant C' > 0
depending on ||ug|| and ||vo|| but independent of ¢ and v such that

/ 72 (vove) A < [utoc]|? + | (ttoe, v02)| < C,
Q

where M, = a,". This in particular implies that vo,e € D(4y,.), for any e,v €
(0,1).

(iv) Let ¢ > 2 be given as in (A4). For all e € (0,1), setting Be,(r) = |B(r)|728.(r)
for allr € R, it holds that

/ By o az (vove) d < C(lluoe]] + oo,
Q

where C' > 0 depends on q, |83 (uo)|| L2020y, and ||vol|r2a-2(0y but is independent
of ¢ and v. This also yields that vo,= € D(1g_ o0:1)-

Proof. We prove (i). As vp. = a-(ug) a.e. on €, since there a(ug) is singleton, i.e.,
a(ug) = {vo} = {a°(up)}, one has that vo. — a°(ug) = v and |ve:| < |a®(ug)| = |vo|
a.e. on ). On the other hand, for all j € J one has

1
Voe = e(Sj + €vp) = z ((sj +evo) — (id +ea) ' (s; +cvg)) = vy a.e. on Q,

where we used that s; + ca(s;) 2 s; + evg, and hence, (id + ca) ' (s; + cvg) = s;. We
have hence proved that vo. — vy and |vp| < |vg| a.e. in Q, whence (4.5) follows by the
dominated convergence.

As for (ii), as we have that

U — e — 0 on Q,
0= 0" EVp On Qj, VJ S J,
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we readily obtain (4.6) and (4.7). This in particular implies that
|/8€H(U/OE)| < ‘ﬁsH(UON + |B€H(u05) - BsH(u0>|

1 (49) '
< [Bg(uo)| + = |U05 —up| < |By(ug)| + |vo] a.e. in €
Thus (4.8) follows.

We next prove (iii). Since vg,e = qpep(ug:) we have

/ ﬁt/\s(v[)ua) de = / 0/41/\5*(1}01/5) dor = _/ @(UOE) dz + (u0€7 UOVE)
Q Q

)
< [(uoe, vove)| < vl|uoe|* + |(uoe, vos)|
< 2v]fuo||* + 2v[|uos — uoll* + ([luol| + [[uoe — woll) [0l
< 2vJuo|* + [Juo|l |voll + (2ve + 1)elfvo||*.
where we also used (4.5) and (4.7).
We finally prove (iv). Recalling that ug. = o} (vg,.) a.e. in 2, we see that

/Qﬁsq/o\a;gl (UOI/E) dx S ((ﬁqu o a;51H>(UOV6)7 UOIJE) = (Bqu (u05)7 UOZ/E)

< | Bzqrr (o) | (v [[uoe || + [[voe)-

The assertion follows by using (4.8) in order to check that

1/2 (4.8) 1/2
ol = ( [ BeatuaPr-2ae) < ([ 155 + ol a0

<27 3/2(”5H(U0)||L2q 2) T ||UO||L2q 2( ))
This completes the proof. U

4.2. Galerkin approximation

Let (e;); C V denote normalized eigenfunctions of the Laplacian with the homogeneous
Dirichlet boundary condition, i.e., solutions e; € V' to Ae; = \;e; with ||le;||y = 1 for every
7 € N and increasing eigenvalues \; > 0. Such a set is orthogonal in H and orthonormal
in V. By setting

H, :=span{ey,...,e,} ~R"
for all n € N one has that the closures of U, H, in H and V coincide with H and V,
respectively. Let m, : H — H, denote the orthogonal projection on H, and recall that
T (u) = >0 we; for all w € H where u; := (u, ;) for i = 1,...,n. We also introduce the
mapping r, : R" — H,, given by

:inei \V/CL':(Q?l,...,ZEn)ERn.

We claim that

(Tn 0 Qvep)|m, = (M 0 (vidy + acn))|m,
|

=vidy, + (m, o aey)|m, : Hy, — H, is onto (4.9)
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where idy and idy, denote the identities in H and H,,, respectively. Indeed, (4.9) follows
from the fact that vidy, + (7, o aey)|n, is well defined on H,,, strongly monotone and
Lipschitz continuous on H,,, hence maximal monotone and onto. In particular, its inverse

1 g ) H, — H,

NvenH ‘= ((Trn o auaH)|Hn)_ - (V ldHn + (7Tn o aaH)
is well defined, monotone, and Lipschitz continuous (and therefore, maximal monotone).

We now proceed to the Galerkin approximation. To start with, for all €, v € (0,1), and
n € N we set

Z0ven = 7Tn(/001/s) = (7Tn o ausH)(“Os)-
Here vg,. is given by Lemma 4.1. We assume zg,., € R" to be given by (2ouen )i := (Zoven, €:),
for i = 1,...,n, and we define the mapping d,c, : [0,7] x R — R" as
(éuen(ta m))z = )\z((nuanH © rn)(m)7 ei) + ((ﬁs O NvenH © Tn>(CL'), 61‘)
— ((g(t,*) o Nyenm o) (), €;) fori=1,... n.
Notice that d,.,(t,-) is Lipschitz continuous in R™ uniformly for ¢ € [0,7], as it is a
composition of Lipschitz continuous maps (see in particular (2.10)) and H, ~ R". An

application of [6, Theorem 5.1] then ensures that there exists a unique z,., € L*(0, T;R")
such that & * (2yen — Zoven) € WH2(0, T;R™), (K * (Zyen — Zoven))(0) = 0, and

O (K * (Zyen — Zoven))(t) + Open(t, Zuen(t)) =0 in R, for a.e. t € (0,7). (4.10)
Indeed, in the notation of [6, Theorem 5.1] it suffices to choose H :=R", ¢ :=0, f := 0,
and F = 0,.p.

Set Now Zyen := T (2ven) € L*(0,T; Hy,) and Uyepn = Nyenm (Zven) € L*(0,T; H,), so that

Zyen = (7rn o aVEH)(uVE’n)‘

By multiplying the i-th component of (4.10) by e; and summing from i = 1 to i = n we
find that
8,5(/{ * (Zuen - ZOVE’VL)) + Auuan + (7Tn o BaH)(uuan)
= (m, 0 G)(Upen) in Hy, a.e.in (0,7), (4.11)

where Au,., also denotes its realization in H, i.e., Atyep = > i ; Ai(Upen, €;)€; € Hy,. In

the following, we shall use the notation
Vyen = Querr(Upen) € L*(0,T5 H), (4.12)
so that z,e, = T, (Vsen) € L2(0,T; Hy,).

4.3. A-priori estimates for the Galerkin approximation

For the sake of notational simplicity, henceforth we use the same symbol C' to denote
a generic positive constant, possibly depending on data but independent of ¢, v, and n.
The actual value of the constant C' may vary from line to line. We will denote by C'(¢) a
generic positive constant depending on data and on &, but not on neither v nor n.

Let us start by testing equation (4.11) by w,., and getting
(at(Kf * (Zuen - ZOVEn))a uusn) + (Auz/z-:n7 uusn)
+ (7 © Bemr) (tven ) Uven) = (T © G)(Upen), Unen)  ace. in (0,7).



TIME-FRACTIONAL DOUBLY NONLINEAR EQUATION 13

Since Uyen, Zyen € H,, a.e. in (0,7, we drop 7, in the above equation, and replace z,., by
Vyen and Zgyen DY vope. This gives

(at('% * (Uwsn - UOV&))a uuan) + ”uuanH%/ + (ﬁaH(uusn)a uVETL) = (G(uuan)a ur/an) (413)

a.e. in (0,7). As vg,e € D(¢,.) (see Lemma 4.1, (iii)), Vyen, tpen, € L2(0,T; H), K% (Vyen —
Vove) € W0, T H), (K * (Vyen — Voue))(0) = 0, ¢y, (Vpen) € LY(0,T) (indeed, one can
prove it as in the proof of Lemma 4.1, (iii)), and uyen, € Myep(Vyen) a.e. in (0,7) (see (4.12)),
by applying the nonlocal chain-rule inequality (2.11) we get

f * (875("<u * (UVEn - UDI/E))) uyen) 2 /

Noe(Vyen) da — / Moe(vVore) dz ace. in (0,7).
Q

Q

Hence, convolving (4.13) with ¢ we get

/ e (0yen) dt — / 7= (vove) 2 + € % [tyn[% + € 5 (Bort (tyon), tyen)
Q Q

< U (G(Upen), Upen) a.e.in (0,7).

The above right-hand side can be controlled via (2.9) as
9 1 , 1 ) .
0 (G(Upen), Upen) < £ 2—2Hul,€n|| +0*xCq < % §Hul,€n|lv +C ae.in (0,7).
Cy
Accordingly, we get

—~ ].
[ ) e €5 St + Bttt
Q

< / Noe(Vope) dz + C (4.14)
0

a.e. in (0,7). Recalling (iii) of Lemma 4.1, we also find that

/ Noe(Voye) dx < C.
Q

Since all the terms in the left-hand side of (4.14) are nonnegative, each of them is uniformly
bounded. In particular, we have that £  ||u,.,||? < C a.e. in (0,T). By convolving this
with k we get that

|tven ]| L20,mv) < C. (4.15)
As A:V — V* is bounded we also get
||AU’V€TL||L2(O,T;V*) S C. (416)

Bound (4.15) and the e~ !-Lipschitz continuity of o and . entail that

||OéeH(Uuen)HL2(o,T;V) + ||55H(Uusn)”L2(o,T;V) < C(&‘); (4-17)

which in particular also gives

|| (7Tn o ﬂaH)(Uuan)HL?(O,T;H) < 0(5) (418)

Moreover, the (v + e~1)-Lipschitz continuity of a,. and a,.x(0) = 0, gives that

HUZ/ETLHLQ(O,T;V) + qusn”Lz(O,T;H) S C<€> (419)
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uniformly for n € N and v € (0,1) (see (4.12)). Bound (2.7) implies that

H(ﬂ-n o G) (uusn) HL2(O,T;H) S HG(uusn>HL2(O,T;H)
< ATV + Agllten]| 20,10y < C- (4.20)

Finally, a comparison in (4.11) and bounds (4.16), (4.18), and (4.20) entail

[0c(5 * (Zven — 2oven)) || 20,77 < C(€). (4.21)

4.4. Passage to the limit as n — oo

The a-priori estimates from Section 4.3 allow us to pass to the limit as n — oo, for
e>0and v € (0,1) fixed. We start by controlling the time increments of z,.,. Using the
short-hand notation

Guen(t) = 04(K * (Zyen — 2oven))(t), t € (0,T),

for every h € (0,T'), we can estimate

T—h
/‘ [2ven(t + h) = 2oen(t)]2. dt
0

s, dt

:/O ) (€ % Guen) (t + h) — (€ goen)(t)]

— H(E(. +h)—0) *guan+/'+hf(' - h— $)guen(s) ds

L2(0,T—h;V*)
2
<2 ||(€< + h’) - E) * gVE”HLQ(O,T—h;V*)

v2|f et b= )|

. (4.22)
L2(0,T—h;V*)

The first term in the above right-hand side can be bounded via the Young convolution
inequality (2.6) as follows:

(2.6)
2(6¢ + ) = O) * GuenllToor-nvey < 200 +h) = UlTsomllgvenllZz oz
< C@E)|(-+h) - g”%l(O,T)a

where we used (4.21) in the last inequality. By defining

[ lo)  for o e (0,h),
gh(U) = { 0 for o € [h7T>>
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we can control the second term in the right-hand side of (4.22) as follows:

o [ P Ut b S guens) s N
SQ/OT ' (/ €t +h = )| guen(s)]
) / ( / ”hehm b= )lgoen(s)|

(4.21)
) < 2H£h”L1 0,7) ngxanH (0,T;V*) < C(£)||£||%1(o,h)-

2
V* dS) dt

2
V* dS) dt

All in all, we have proved that

T—h
/O Vaven(t + 1) = zuen@®- dt < CG&) (6 +R) = oy + 10 som )

As ¢ € L'(0,T) this entails that

T—h
lim sup sup/ | Zven(t + h) — 2yen(t) |3+ dt = 0. (4.23)
0

h—0 neN

As a consequence of bounds (4.15)—(4.19) and of (4.23), an application of the Aubin—
Lions lemma entails that, up to a subsequence, as n — oo,

Upen = Uye 0 L2(0,T; V), (4.24)

Vyen — Ve in L*(0,T;V), (4.25)

Zyen = Vye in L*(0,T; V*), (4.26)

Zyen = Uye in L*(0,T; H), (4.27)

Ou(k * (Zyen — Zoven)) — & in L2(0,T; V). (4.28)

It is a standard matter to check that v,. = v,.. Indeed, for all y € L*(0,T, H) one has

T (4.27) T T
/ Boery) dt "2 tim [ (o) dt = Tim [ (vyen, 7 (y)) dt
0

n—o0 0 n—oo 0

T T @a25) [T
_ Jim ( / (0, ) dE + / (v,,m,wn@)—y)dt) 2 / (0yer ) dt

where we used bound (4.19) and the fact that m,(y) — y in L?(0,T; H) as n — oo.
Moreover, from the linearity and maximal monotonicity of the map B defined with
X =V*and p =2 (see §2.4), from the fact that zp,en, = T, (Vore) = Vove in H as n — 00,
we readily obtain & * (v,e — vo,e) € WH2(0,T;V*) with (k * (v, — vo,e))(0) = 0 and
Eve = Oy(K * (Vye — Voye)). Furthermore, we note that

Atyen, — Au,e in L*(0,T;V*). (4.29)
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Owing to convergences (4.24) and (4.26) we have that

T T T
/ (Uusna uusn) dt = / (zuana ul/STL) dt = / <Zusn7 ul/sn> dt
0 0 0

T T
—>/ <vl,5,u,,5>dt:/ (Vpe, Uye) di. (4.30)
0 0

By the classical tool [16, Proposition 2.5, p. 27], it follows from (4.12) that v,. € 0V, (u..)
or, equivalently, v,. = qc(u,e) a.e. in Q.

The lower semicontinuity and convexity of ¥, _, convergences (4.24)—(4.25), and (4.30)
ensure that

U, (uye) <liminf W, (u,e,) < limsup ¥, _(Ue,)

n—00 n—o00

T
< Jim sup (w%(uw) i / Oy, tyon — 1) dt) — U ().
0

n—oo

This in particular proves that

Vo, (Upen) = Wa,. (Upe).

Since the functional U, is strictly convex, we deduce from convergence (4.24) and [41,
Theorem 3 (ii)] that indeed

Upen — Upe in L2(0,T; H). (4.31)
Since B.p is e '-Lipschitz continuous in H, we also find that
BaH(uuan) — BaH(uue) in LQ(Oa T; H) (432)

Here we note that B.p(u,.) € L*(0,T;V) as 8. is e '-Lipschitz continuous in R and
uye € L?(0,T;V). The strong convergence (4.31) and the Lipschitz continuity in (2.10)
allow us to check that

1(7n © G) (tyen) — Gwe) || L2010
< [l © @) (tsen) — (w0 © G)we)llzoiziany + (7o © G) (1) = Glue) 20,
< Aglltven = wellzzomm + 1107 0 G)(upe) = Glune) 200 = 0,

so that
(T 0 G) (Upen) — G(uye) in L*(0,T; H). (4.33)
Moreover, one can similarly verify that
(7 © Berr) (Upen) — Bemr(wye)  in L*(0,T; H). (4.34)

Owing to convergences (4.28), (4.29), (4.33), and (4.34) we can pass to the limit in
equation (4.11) and in bound (4.15). Taking also into account the uniqueness argument of
Section 3, we have proved the following proposition.

Proposition 4.2 (Well-posedness of the regularized problem). Under assumptions (A0)-
(AB), for all e > 0 and v € (0,1), set vo,e = Vuge + Vo with ug. and vo. defined in
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(4.3)~(4.4). Then there exists a unique triplet (Uye, vye, w,e) € L2(0,T;V X V x V) such
that K * (vye — voye) € WE2(0, T, V*) with (k * (v,e — vo,e))(0) = 0 and

Or(K * (Uye — Vope)) + Atlye + wye = G(uye) in V™, ace. in (0,7), (4.35)

Ve = Que(Uye)  ace. in Q, (4.36)

Wye = Be(ye) a.e. in Q. (4.37)

Moreover, there exists a constant Cy > 0 independent of v € (0,1) and € € (0, 1) such that
[wvellz20.0v) < Ch- (4.38)

4.5. Additional a-priori estimates for the regularized problem

With the aim of passing to the limit in the regularizations, we complement bound (4.38)
by proving some additional estimates for the solution (u,e, vye, w,.) of the regularized
problem (4.35)—(4.37).

Recalling that w,. = BEH(U,,E) € L?(0,T;V) and that |3.(r)| < 1/e for all r € R, we
readily check that y,. := |w,.|7?w,. € L*(0,T;V) with ¢ > 2 given in (A4), as well. We
can hence test (4.35) by y,. and obtain

(D05 % (e = v0re))s o) + (At 1) + el iy = (Gle), ) e in (0,7).

(4.39)
The second term in the left-hand side of (4.39) is nonnegative, since we see that
<Au1/57 yus> - / vuue : v(|ﬁe(ul/5)|q_2ﬁs(uus)) dx
Q
=(q— 1)/ |8 (upe) |92 8L (upe ) [ Ve |* dz > 0. (4.40)
Q

The right-hand side of (4.39) can be bounded from the sublinearity assumption in (A4) as
1 1
(G (), Yoe) < ?vaenqu(Q) + 5HG<UV€)”%4(Q)

1 .
< ?Hwngqu(Q) + C(1 + ||luel|?) ace. in (0,7). (4.41)

Using the fact that .y is invertible and recalling that 8.,(r) := |8.(r)|728(r) for all
r € R as in Lemma 4.1(iv), one can write

Yve = Beqrt (tve) = (Begrr © a2 ) (er (tye)) = (Begrr © 0y 5) (Ve
As vope € D(Yg, o0;1) (see Lemma 4.1 (iv)), Vpe, Yoe € L*0,T;V), K * (vye — vope) €
W20, T;V*) with (k% (ve — vose))(0) = 0, ¥ oot (vie) € L'(0,T) (indeed, one can

prove it as in the proof of Lemma 4.1 (iv))), and y,. = Beqr (Ue) = (Beqm © ) 5) (v0e)
a.e. in (0,7, by applying the nonlocal chain-rule inequality (2.12) we get

€*<at K ¥ Uua 'UOVa yua> >/5&q UV& dZL‘ //Baq UOVE) x

a.e. in (0,7"). Hence, by convolving (4.39) with ¢, also using (4.41) and Lemma 4.1(iv),
we deduce that

—_— 1
/Q g0 03 (1) do + £ <leley < €+ CCL+ el ?).
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As ., 0a;t > 0, one has that
1 2
ey < €+ £ 1+ el

By convolving with x and using bound (4.38) we deduce that
[wpel o) < C. (4.42)
Testing (4.35) by v,. € L*(0,T;V), we have
(O(K * (Ve — Voe)), Vue) + (Atlye, Uye) + (Woe, Upe) = (G(Upe), vye)  ace. in (0,7). (4.43)

The second and the third terms in the left-hand side of (4.43) are nonnegative since
<Aul/s€7vl/€> - <Au1/57 au5<uy5)> Z 0, see (440), and

(wysa /UVE) = (ﬁsH(uus)a OéusH(“us)) = /Qﬁs(uus) aua(uus) dx 2 0

as B(r) aye(r) > 0 for all r € R. Moreover, the right-hand side of (4.43) can be bounded
as in (4.41) with the aid of (2.7), namely,

(G(upe); voe) : HUV€H2 + ‘|£HL1(O,T)HG<UVE)H2

S -
A€l 10,7

1
< el + 2010 0 (A2 + Nel?) -
4||€HL1(O,T) H H H ”L (O,T)( g| | H H )
Asw,. € L*(0,T;V) and s (v,e —vg,.) € WH2(0,T; V*) along with (k% (v,. —vo,e))(0) = 0,
an application of the nonlocal chain-rule (2.12) for the functional v — iq(v) = ||v||?/2
ensures that
1, o, 1

E * <8t("{ * (Uua - UOV&))7UV6> Z EHUV{;‘H - 5

Taking the convolution of (4.43) with ¢ and using the above bounds we hence have that

1 2 1 1 2 2 2
Lo p - L o2 A0 + [[ue?)
2”” E” 9 * 4||€HL1(O,T) ||U 8” + £ % || ”Ll(O,T) ( g| | + ||U 8“ )

Recalling that [[vgye|| < v||uoe||+ [Jvoe]| < C by (4.5)—(4.6) and using the Young convolution
inequality (2.6) along with bound (4.38) we conclude that

vve |20,y < C. (4.44)

lvoe||* a.e.in (0,7).

lvove||* < ¢

Finally, a comparison in (4.35), bounds (2.7), (4.38), (4.42), and the boundedness of
AV — V* ensure that

Hat("i * (UVE - UOZ/E)>HL2(O,T;V*) < C. (445)

4.6. Passage to the limit as ¢ — 0

Bound (4.38) and the a-priori estimates from Section 4.5 allow us to pass to the limit
as ¢ — 0 and v — 0. In fact, these limits can be taken simultaneously. Still, we prefer
to pass to the limit as ¢ — 0 first, in order to obtain an intermediate existence result,
which could be of independent interest. The parameter v € (0, 1) is hence kept fixed in
this section. The limit as v — 0 is discussed in Section 4.7 below.
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From bounds (4.38), (4.42), and (4.44)—(4.45), by passing to the limit (up to a subse-
quence) as € — 0, we get

Uye — u, in L*(0,T;V), (4.46)

Ve = v, in L*(0,T; H), (4.47)

Wye = w, in L(Q x (0,7)), (4.48)

Ou(k * (Vye — vope)) — &, in L*(0,T;V*). (4.49)

Arguing as in Section 4.4, bound (4.45) guarantees that the time increments of v,. can be
controlled as

T—h
limsup sup / |vpe(t + h) — vy () ||} dt = 0. (4.50)
h—0  e€(0,1) Jo
The Aubin—-Lions lemma then gives
ve = v, in L*(0,T; V). (4.51)

Together with convergence (4.46), this ensures that

T T T T
/ (Uw; uua) dt = / </Ul/€7 uus> dt — / <UV7 uzz> dt = / (U,/, uu) dt. (452)
0 0 0 0

Recall that we have the convergence (4.1), in particular, 0¥, — 0V, in the graph sense
in L2(0,T; H). Given the convergences (4.46)—(4.47) and (4.52), the extension (2.3) of [11,
Proposition 3.59, p. 361] guarantees that v, € 0V, (u,), namely, v, € a,(u,) a.e. in Q.

At the same time, ¥, — ¥, in the Mosco sense in L?(0,7T; H), so that convergence
(4.46) and the liminf inequality (2.4) imply that

U, (u,) <liminf U, _(u.). (4.53)

e—0

Hence, we can use the pointwise upper bound ¥, _(y) < ¥, (y) for all y € L*(0,T; H)
and all € > 0 (indeed, we have a,. < @, in R), and limit (4.52) in order to get

(4.53)
Uy, (uy,) < liminf W, (u,) <limsup U, (u,e)
e=0 e—0
T
< lim sup (\I/aug(ul,) +/ (Vpe, Upe — uy) dt) < U, (u,),
e—0 0

which gives the convergence ¥, _(u,.) = ¥,, (u,) as e — 0. We can similarly verify that
U, (uye) = Wulu,) as e — 0. Indeed, noting that a.(uye) = Ve — VUye = v, — VU, =: a,
weakly in L?(0,T; H), we have

lim Sup(Oég (uuz-:> ) ul/E)
e—0

< lim sup (e (tye ), Upe) — liminf v|u,. ||
e—0 e—0

< (v w) = vlw | = (ay + vy, w) = vijw |l = (a, w),
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which also enables us to check ¥,_(u,.) — W,(u,) as € — 0 in a similar fashion. Therefore
it follows that

. v .
lim sup §Hu,,€\|%2(0’T;H) = limsup (Va,. (tye) — Vo, (pe))
e—0 e—0

< limsup ¥,,_(u,e) — liminf ¥,_(u,.)

e—0 e—0
14
< \Ijal,(uu) - \Ila(ul/) = §||UV||%2(O,T;H)7

which, along with convergence (4.46) and the uniform convexity of || - || 2(0,7;x), implies
that
Uye — u, in L2(0,7T; H). (4.54)

Moving from this strong convergence, the continuity of G in (2.8) gives that G(u,.) —
G(u,) in L*(0,T; H) and we also have

T T
/ (Wye, Uye) At — / (wy, u,)dt.
0 0

As 0U5 — 0¥y in the graph sense in L?(0,7T; H), see (4.1), this last convergence and
convergences (4.46) and (4.48) allow us to apply again the extension (2.3) of [11, Proposi-
tion 3.59, p. 361] and obtain w, € 0Vz(u, ), that is, w, € B(u,) a.e. in Q. Using the linear
maximal monotonicity and m-accretivity of A and B with X = V* and p = 2 (see §2.4),
respectively, one can pass to the limit as € — 0 in equation (4.35) as well as in bounds
(4.38), (4.42), and (4.44)—(4.45), eventually obtaining the following.

Proposition 4.3 (Well-posedness of the regularized problem for v € (0,1)). Under
assumptions (A0)—(A5), for all v € (0,1), set vy, := vug +vy. Then, there ezists a triplet
(wy, vy, w,) € L2(0,T;V x H x H) such that k * (v, —vg,) € W20, T;V*) along with
(k * (v, —v0,,))(0) =0 and w, € LYQ), and

Or(k * (v, —voy)) + Auy +w, = G(u,) in V™, ae. in (0,T), (4.55)
v, € ay(u,) a.e. in Q, (4.56)
w, € B(u,) a.e in Q. (4.57)

Moreover, there exists a constant Cy > 0 independent of v such that

220,75y + lvwllL20,0m) + 1wy || Lag)
+ 10e(k * (vy, — vou)) || L2075 %) < Co. (4.58)

4.7. Passage to the limit as v — 0

We now pass to the limit as v — 0 for the solutions (u,,v,,w,) to problem (4.55)—(4.57)
for proving the existence of a solution to (2.13)—(2.15). Owing to bounds (4.58) we can
extract a (not relabeled) subsequence such that

u, —u in L*(0,T;V),

v, ~v in L*(0,T; H),

w, = w in LY(Q),

Ou(k * (v, —wvp,)) — € in L*0,T;V*).
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Again, thanks to the bound on d;(k * (v, —vg,)) in L?(0,T; V*) from (4.58) we can control
the time increments of v, as

T—h
limsup sup / v, (t + h) — v, ()3 dt = 0,
h—=0  ve(0,1) Jo

so that, possibly extracting again without relabeling, the Aubin—Lions lemma gives
v, = v in L*(0,T; V™). (4.63)
By reproducing the argument in (4.52) we obtain

/O ) dt /0 o)t (4.64)

Using the convergence 0¥, — 0V, in the graph sense in L?(0,T; H), see (4.2), the
extension (2.3) of [11, Proposition 3.59, p. 361] guarantees that v € 0¥, (u), which is
nothing but (2.14).

A second consequence of (4.64), together with the bound (4.58) and convergence (4.59),
is that
U, (u) <liminf ¥, (u,) < limsup ¥, (u,) < limsup ¥, (u,)

v—0 v—0 v—0

T
< lim sup <\I!ay(u) + / (Vy, Uy — w) dt)
0

v—0

T
= lim sup (\Ifa(u) + gHU”QH(o,T;H) +/ (Uy, uy, — ) dt) = U, (u).
0

v—0

This proves that W, (u,) — W, (u). As @ is strictly convex by (A2), [41, Theorem 3 (ii)]
and convergence (4.59) ensure that

u, = u in L7(0,T; H)
for any o € [1,2). In particular, putting 0 = ¢’ € (1,2) (indeed, ¢ > 2), we obtain

/OT(wV,u,,) dt — /OT(w,u) dt.

As convergences (4.59) and (4.61) also imply weak convergence in L?(0,T; H) the latter
allows us to apply [16, Proposition 2.5, p. 27] and obtain the inclusion w € 0Wz(u), that is
(2.15). Moreover, we deduce that G(u,) — G(u) in L7(0,T; H) for every o € [1,2) due to
(2.8). Using the linear maximal monotonicity and m-accretivity of A and B with X = V*
and p = 2 (see §2.4), respectively, one can pass to the limit in (4.55) as € — 0 and obtain
(2.13). This concludes the proof of Theorem 2.1.
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