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Abstract

We prove a new characterization of metric Sobolev spaces, in the spirit of Brezis—
Van Schaftingen—Yung’s asymptotic formula. A new feature of our work is that we
do not need Poincaré inequality which is a common tool in the literature. Another
new feature is that we find a direct link between Brezis—Van Schaftingen—Yung’s
asymptotic formula and Cheeger’s Lipschitz differentiability.
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1 Introduction

Recently, Brezis, Van Schaftingen and Yung [BVSY21] discover an asymptotic for-
mula for Sobolev norms:

i WLN(EE) = BN gu, veewtr®Y),  (BVY)
A——+00 ’ N

where
N
Sy ={(e.y) €RY xRY 12 £y, [u(z) — ul(y)] = Az — >},

and kpn = [ono e wPdw, e € SV=1. As a variant of the well-known asymptotic
formula of Bourgain—Brezis—Mironescu (cf. [BBMO1]), this new formula has received
a lot of attention since its discovery and has been generalized to different settings
such as ball Banach function spaces [DLY 23], Orlicz spaces [KMS23,1524], convex
bodies [GH23], Triebel Lizorkin spaces [BSY23|, metric measure spaces [DLY*22],
and one parameter families of operators [DM22].

Naturally, one may ask whether this formula is valid on more general spaces or
not. A more interesting question is, once we have such a formula, what can we say
about the structure of the underling space?

Inspired by recent papers [DMS19] and [DLY*22], in which the authors proved a
characterization of Sobolev spaces in PI spaces in the spirit of Bourgain—Brezis-Mironescu’s
formula and Brezis—Van Schaftingen—Yung’s formula respectively, we can partially
answer the above questions and reads as follows. Denote by lip(u) and Lip(u) the
lower and upper pointwise Lipschitz constants. We refer to Section 2 for other
missing definitions.

Theorem 1.1 (Theorem 3.1, Theorem 3.2 and Theorem 3.6). Let p > 1 and
(X,d, m) be a metric measure space equipped with a [-doubling measure m. De-

note by N the doubling dimension %. Assume there are constants b > a > 0, such

that the lower and upper density functions satisfy a < 0y < 0% < b. Then there
exist universal constants C1 and Cy such that

lim A(m x m)(Ex,) > Cy / (lip(u)())” * dm(z),

Artoo (Lip(u)(x))"
)\l_i>_riloo AP(mxm)(E,,) < CQ/X (Lip(u)(m))pdm(x)
for any u € Lip,(X,d), where
By ={(@y) € X x X :a £y, u(@) —u(y)| > Mdz.9) "'} (1)

Furthermore, the parameter N appearing in (1.1) cannot be replaced by any other
constant.

In the seminal paper [Che99], Cheeger studied the differentiability of Lipschitz
function in the setting of metric measure space. In PI spaces (i.e. it is doubling
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and it satisfies a p-Poincaré inequality), he proved that any Lipschitz function u
is differentiable and lip(u) = Lip(u) almost everywhere. In the next decade, this
“generalized Rademacher’s theorem” was further studied by Keith [Kei04] and sev-
eral authors, and was formed into a concept, called Lipschitz differentiability space
named by Bate [Bat15]. A characterization of Lipschitz differentiability spaces, ob-
tained by Keith and Bate, tells us that (X, d, m) is a Lipschitz differentiability space
if and only if Lip(u) and lip(u) are comparable for any Lipschitz function w.

Surprisingly, recently Bate, Eriksson-Bique and Soultanis [BEBS24] prove that
a metric measure space (X,d, m) is a Lipschitz differentiability space if and only if
for any u € Lip(X,d),

Lip(u) = lip(u) = |Du|. m-a.e.

where |Dul, denotes the minimal *-upper gradient of u introduced in [BEBS24].
Applying their theorem to Lipschitz differentiability spaces, we get the following
characterization of Sobolev norms. To the best of our knowledge, this is the first
asymptotic formula of this type without Poincaré inequality (we refer to [DMS19]
for a characterization of Sobolev spaces in PI spaces in the spirit of the Bourgain—
Brezis—Mironescu and Nguyen).

Corollary 1.2 (Corollary 3.3). Let (X,d,m) be a Lipschitz differentiability space.
Using the same notations and assumptions as Theorem 1.1, we have

lim A(m x m)(E),) > Ci||Dul. HLP X,m

)\—H—oo

)\EI_POO )\p(m X m)(EA u) < 02|||DU| ||LP (X,m)

)’

for any u € Lip,(X,d).

In [Han24|, via a metric geometry approach (after Gorny [Gér22]), the first
author finds a unified proof to Bourgain—Brezis—Mironescu’s asymptotic formulas
on some important spaces, including finite dimensional Banach spaces and equi-
regular sub-Riemannian manifolds. Concerning the asymptotic formula (BVY), such
geometric approach still works. We remark that one can also prove more asymptotic
formulas, by replacing E), by {(z,y) € X x X :x # vy, |u(z) — u(y)| > pr(z,y)} for
suitable mollifiers {py}xo-

Theorem 1.3 (Theorem 3.5). Let p > 1, N € N and (X,d, m) be a metric measure
space satisfying the hypothesis in Proposition 3.4. Then for any u € Lip,(X,d), we
have

lim N(m x m)(Ey.) = [Vally .

A——+o00

Uo (W) [P
IVulf . = /X /S 10wl g ) tm(), (1.2)

where SY is the unit ball centered at the origin in the tangent space €, and g,
denotes the uniform limit of the rescaling functions s, (y) == M, 0> 0.

where



The rest of this paper is organized as follows. In Section 2 we recall some
preliminaries on calculus on metric measure spaces. In Section 3, we prove our
characterization of metric Sobolev spaces.
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2 Preliminaries

In this paper, (X, d) is a Polish space, and m is a o-finite Radon measure on X with
full support. The triple (X, d, m) is called a metric measure space.

Given a function u : X — R, the upper pointwise Lipschitz constant Lip(u)(z) :
X — [0, +0o0] is defined as

Lip(u)(z) = Tm  sup W) = 0@ _ o ul) = ul@)]
r—0t y€By () r y—x d(x, y) )

and the lower pointwise Lipschitz constant lip(u)(x) : X — [0, +00] is defined as

lip(u)(z) == Lim sup M’
r—0+ yeB, (x) r
where B,(z) :={y € X : d(z,y) < r}. The (global) Lipschitz constant is defined as
LIP(U = sup —~—>.
) Ty d(l’, y)

If Lip(u) < +oo, we call u a Lipschitz function and write v € Lip(X,d). We
denote by Lipy(X,d) the collection of Lipschitz functions with bounded support.
The following property provides an alternative definition of Lip(u)(z) and lip(u)(z).

Proposition 2.1 ( [Kei04]). For any u € Lip(X,d) and r > 0, define

Lu(z) = inf sup 1A @]
O<ssr yEBs(x) s
and
0<s<r yeBs(z) S

Then for any x € X,
lip(u)(z) = lir(r)1+ Lu(r) and Lip(u)(z) = lim Lyu(z).

r—0+

In particular, lip(u) and Lip(u) are Borel measurable.
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Definition 2.2 (Doubling measure). We say m is $-doubling if there exists a con-
stant 5 > 1, called doubling constant, such that for any = € supp(m) and r > 0, it
holds

m(Bgr(x)) < Bm(Br(a:)).

Lemma 2.3. Let m be a [-doubling measure. Then for any xq € X, ro > 0,
x € By, (x0), we have the following sharp estimate:

m(B@) 1 rNEE
m(Bro(ﬂUo)) > 52( ) , Vr € (0,79).

To

log 8
log 2

In particular, the exponent 15 optimal and we call 1t doubling dimension.

Definition 2.4 (Density functions). For any N > 0, the upper and lower density
functions 65 (z) : X — [0, +0c0] are defined as

i) = T )

m(Br(m))'

and Oy(z):= lim N

r—0t

On a metric measure space, we can also talk about the differentiability of Lips-
chitz functions. Recall the following definition proposed by Cheeger [Che99]:

Definition 2.5. Let n € N and (X, d) be a metric space. We say a Borel set U C X
and a Lipschitz function ¢ : X — R" form a chart (U, ¢) of dimension n and that a
function u : X — R is differentiable at xy € U with respect to (U, ¢) if there exists
a unique d,u € R™ such that

= Ju(@) —u(wo) = dayu - (9(x) — B(x0))|

=0.
T—x0 d(z, xo)

Definition 2.6 (Lipschitz differentiability space). We say a metric measure space
(X,d, m) is a Lipschitz differentiability space if there exists a countable decomposi-
tion of X into charts such that any u € Lip(X,d) is differentiable at almost every
point of every chart.

It is proved by Cheeger [Che99] that PI spaces are Lipschitz differentiability
spaces. Furthermore, Lipschitz differentiability can be characterized by the following
“Lip-lip condition”, introduced by Keith in [Kei04].

Definition 2.7. We say a metric measure space (X, d, m) satisfies Lip-lip condition
if there exists a countable Borel decomposition X = J; X; and for each i € N, there
exists ; > 0 such that for any u € Lip(X,d), we have

Lip(u)(z) < dlip(u)(x), for m-ae. z € X;.

Theorem 2.8 ( [Batl5, Gonl2, Kei0O4]). If (X,d,m) is a metric measure space
equipped with a doubling measure m, then (X,d,m) is a Lipschitz differentiability
space if and only if it satisfies the Lip-lip condition.



Surprisingly, the inequality in Lip-lip condition can be improved to an equality.
For any u € Lip(X,d), there exists a minimal *-upper gradient, denoted by |Duls.
We refer to [BEBS24, Section 2] (and [Sch16,CKS16] ) for details.

Theorem 2.9 ( [BEBS24]). (X,d, m) is a Lipschitz differentiability space if and
only if for any u € Lip(X, d),

Lip(u) = lip(u) = |Dul., m-a.e..

Remark 2.10. There are some different notions about weak gradient in metric mea-
sure setting. In general, we can not replace |Dul|, by Cheeger’s minimal p-weak
upper gradient |Dul, in the above theorem. Consider a Lipschitz differentiability
space (K, |-], L”|K), where K C R" is a Cantor set with £"(K) > 0. In such a space,
|Dul, = 0 for any u € Lip,(K) and p > 1. We refer to [AGS13, HKST15,1PS22] for
more discussions about this topic.

3 Main results

3.1 Lower bound estimate

Theorem 3.1. Letp > 1 and (X, d, m) be a metric measure space equipped with a [3-
doubling measure m. Assume 6y > a for some a > 0. Then for any u € Lip,(X,d),
we have

A%ivmxmwﬁwzcéﬁﬁiigwdm@,
)

where Ey,, is defined in (1.1), N = el ' =C(B,a,p) > 0.

log2”’

Proof. For any u € Lip,(X,d), denote

L= {m €eX: #Lip(u)(w) < lip(u)(z) < %Llp(u)(x)} , 1EN, (3.1)

then X = (J:2, L; (U{lip(u)(z) = 0}. By Proposition 2.1, for any i € N, L; is Borel.
We divide the proof into six steps.

Step 1: Letig € N besuch that m(L;,) > 0. Given 0 < € < min {i ( : ) R %m(Lio)}
satisfying
, 2
m{x € Ly, : lip(u)(z) > 23} > gm(LiO), (3.2)
where T;, depends only on %y to be determined. We claim:

o there is K. C L;, such that

m(Ly, \ K.) < e, (3.3)



e there is r. > 0 such that for any 0 < r <r. and z € K,

lip(u)(z) —e < sup July) = ul=)] < 20 ip(u)(z) + (3.4)

YEBy () r
e for any z,y € K, with d(z,y) <r,,

lip(u)(z) = lip(u)(y)| <, (3.5)
e forany x € K, and 0 < r <r,

m(B,(z) N K.)
m(B,(z))

>1—e (3.6)

Firstly, by Proposition 2.1, lip(u) = lim, o+ [,u pointwisely. By Egoroff’s the-
orem, there is K! C L;, with m(L;, \ K!) < £ such that [,u converges to lip(u)
uniformly on K!. So there is r! such that for any 0 <7 < r! and x € K!, it holds

Lu(x) = inf sup [uly) = u(@)] > lip(u)(x) — €,
0<s<r yEBs(x) S
so that
sup [u(y) — u(@)| > lip(u)(z) — €.
yEB(z) r

Similarly, there is K? C Lj;,, such that m (L;, \ K?) < £ and L,u converges to

Lip(u) uniformly on K2. So there is r? such that for any 0 < r < r? and x € K2, it

holds
[u(y) — u(z)|

Lou(x) = sup sup ————— < Lip(u)(z) +e.
0<s<r yeBs(z) S
Note that = € L;,, we also have
sup Juty) = u(@)] < Lip(u)(x) + € < 2° M ip(u)(z) + .
yEBr(2) r

Next, by Lusin’s theorem, there exists a compact set K2 C L, such that
m (L;, \ K?) < £ and lip(u) is continuous on K?. By Heine-Cantor theorem, there is
r3 such that for any z,y € K3 with d(z,y) < r?, we have |lip(u)(x) —lip(u)(y)| < e.
By Lebesgue differentiation theorem, for m-a.e. x € K2, we have
m(B,(z) N K3
lim (B:(2) °) =1
r—0t  m(B,(z))
By Egoroff’s theorem again, there is K! C K? C L;, such that m (K?\ K}) < £
and m (B, ()nK?)
m (B, ()
any 0 < r <r? and z € K?, it holds

m(B,(z) N K?) .
mB@) L ©

Choosing 7. = min{r}, 72,73 r’} K. = K! N KN K3 N K?, we get the claim.

€)' er el e

converges to 1 uniformly on K. Thus there exists r? such that for
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Step 2: Denote
Acio = {z € K. C L, : lip(u)(z) > 20"} . (3.7)

We know that A ;, is non-empty. Indeed, if A.;, is empty, by the choice of € and
(3.3), we have

m({z € K. C L, : lip(u)(z) < 2°"%c}) = m(K,) > %m(LiO),

which contradicts (3.2).
Fix z € Acj, and 0 <r <r.. By (3.4), there is §,, € Br(x) such that

|u(:v) - u(gxﬂ"” >

N3

(lip(u)(z) — €) > (% — 2i01+4> lip(u)(x)r. (3.8)

Let Ti, > 2 and consider geodesic balls B _r (yw ) and B_r
contradiction that B _r (yx A\ B_r (yw) C KC Note B - (yg; r) C B.(z), by (3.6),

(Yur). Assume by

we have
M(B (War) \ By (9er)) (B, (x) N K?)
< <e.
m(BT(x)) m(B,(z))
However, there is z € B,(z) such that d(z,J,,) = 32— and B+ (2) C B_r (Jur) \
0 iQ )

B2

7o (¥zr). By Lemma 2.3, we get

m(B

7 )\ Bog ) (B (2)) 4 ( 1 )';;ié
m(B,(z)) = wm(B.(x)) T B2\8T,

(ym)\B

which is a contradiction. So there is y,, € B_» (ym +) N K. Then

B4 r .
sup u(z) = ulyes)] < = (207D (W) () + €)
ZGBTL_(yz,r) iO
i

(3.5) ) .

S TL(TO—HHP(U)(I‘) +210+16_,r_6) (39)
)

(3.7) 2104—2

< —7—lip(u)(2)-

20

Step 3: In this step we will estimate |u(yy,) — w(Pz,)|- Denote ¥ = yur, ¥ = Yur,
and s = d(y,y) € [2T T ] By (3.4), (3.5), (3.7) and the fact d(y,z) < r, we have

IN

sup [u(z) — u(y)|
z€Bs(y)

s (2" ip(u)(y) + €)
s(2° ip(u)(z) + 2 e + ¢)
22lip(u) (x)d(y, )-

[u(y) = u(y)]

AN VANRVAY
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Step 4: Denote S, (z,7) = {z € B,(z) : v € Ac, [u(2) — u(z)| > $lip(u)(z)d(z, z)}.
We claim, for T}, large enough,

B (Yar) C Sig(,7), Vo € Acig, 7 < 7. (3.10)
Recall that d(yu.,, Yor) < 7—. By Step 3, we have
20
2i0+2 )
[u(Ya,r) = W(Ya,r)| < ——lip(u)(z)r. (3.11)
10
For T, = 2" we have
_ 1.
‘u(yx,r) - u(yx,r)‘ < éhp(u)(x)r (312)

Thus, by (3.8) and (3.12),

|u($) - u(y:c,r)| > |U(IL') - u(@z,r” - |u(yx,r) - u(ﬂx,r” > ihp(u)(x)r (313)

By (3.9) and (3.13), for any z € Bﬁ(y“) C B.(z),

u(2) — u(@)] = |u(@) = ulye,)| = [u(z) = w(ye,)| > élip(U)(ﬂf)d(w)- (3.14)

Therefore, B

T
T; o

(ym,'r> - Sz'o (Q},T).

Step 5: Fix xz € A4, Let A\,7 > 0 be such that 8Ar™¥/? = lip(u)(z). Denote
R N
Brule) = {z € X : |u(z) — u(z)] > Ad(x, 2)) p“} .

We can see that
B r

T; 0

(Yor) C Sig(@,7) C Bxa(2). (3.15)

Then by Fatou’s lemma, we have

lim A7 / | /X N (@, y)dm(y)dm ()

A—400
(3.15) P\ /AN
> lim Ap/ (—> (—Z> m(BL zr)dml‘
i Ja \Tig) \r 7y Wer) ) Am(2)
a .
W/A. [lip(u) () ["dm (),

€,1Q

where we use 0 > a in the last inequality.

Letting ¢ — 0, we obtain

A——+00

. a :
lim A” /L /XXEA,H(%?J)dm(y)dm(x) > 2(io+—5)N8P/L. lip(u)(z)[Pdm(x).
i %0
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Step 6: Finally,
lim A(m xm)(E),)

A——+00
_ mgw//mm@wmwmm
A—+o0
> lim )\p/ /XEA z,y)dm(y)dm(x)
—0 /\%+oo
>

+oo
a/ .
; /L SareNgs HP(W) (@) dm(z)

B g (lip(u)(w))N+pdmx
25N8P/X (Lip(u)(2))™ )

v

which is the thesis.

3.2 Upper bound estimate

Theorem 3.2. Let p > 1 and (X, d, m) be a metric measure space equipped with a [3-
doubling measure m. Assume 05 < b for some b > 0. Then for any u € Lip,(X,d),
we have

lim M (m xm)(E),) < Qb/X (Lip(u)(z))” dm(z),

A—400

where Ey ., is defined in (1.1) and N =

log2
Proof. Note that if z,y ¢ suppu, then (z,y) ¢ E,,. We just need to consider

. N
x € suppu. Denote E) ,(z) ={y € X 1y # z,|u(x) — u(y)| > )\(d($,y)) ”H}. For
any € > 0, there exists § > 0 such that for any y € Bs(z),

|u(z) — u(y)
d(z,y)
Note also that there exists A;, such that for any A > Ay,

(Lrtte) eyt (Lint o)

So for any y € E),(x), we have

< Lip(u)(z) + €.

6% > Lipfo) e R > afate)

Thus Ey,(z) C Bs(z) and
m (Ek,u@)) —m (Em(x) N B(;(x)>
<m ({v € Bile) : Lip(u)(2) + ¢ 2 A(d(.)

(B gy 9)

10

|2

S IECRT)



Zfs

Since m is S-doubling, by Lemma 2.3, for any 0 < r < (%) , we have

N

m| B Lip(u)+e %CE) Lip(u)te v T z
( ()(\A)p) ) < 3 ( ’\T ) m(fri )) :ﬁQ(Lip(u)ﬂLe)pw-

Letting » — 0T, we obtain

Ao (B(Lipwyme)ﬁ (x)> < 3 (Lip(u) +¢)” lim m(Bl) < *(Lip(u) + €)"b.

r—0+ r
Therefore, by Fubini’s theorem and Fatou’s lemma, we have

p
A1_1)13Oo AP(m x m)(E),)

_ Tm o /X /X \en (@, y)dm(y)dm()

A——+00

§2/ m/\pm<B, ) px)dmx
suppu A0 (%)N( ) (@)

§2b/X (Lip(u)(z) 4 €)"dm(z),

(3.17)

where we use 07; < b in the last inequality.

Letting ¢ — 0, then we prove the theorem. O

Concerning Lipschitz differentiability spaces, by Theorem 2.9, we have:

Corollary 3.3. Letp > 1 and (X,d, m) be a Lipschitz differentiability space equipped
with a B-doubling measure m. If a < 0y < 0% < b for some b > a > 0, then for any
u € Lipy(X,d), there exist universal constants Cy and Cy depending on [3,a,b,p,

such that
lim M(m x m)(Ey.) > C1|Dul. ”LP X,m)?

)\—H—oo

lim N(m x m)(E),) < Cof||[Dul. HLP Xm)’

A—~00

3.3 Asymptotic formula

The following geometric characterizations of finite-dimensional Banach spaces and
equi-regular sub-Riemannian manifolds can be find in [Han24, Section 4].

Proposition 3.4. Let (X,d,m) and (€, d¢, mg) be one of the following pairs of
metric measure spaces:

e (X,d,m) is an m-dimensional equi-reqular sub-Riemannian manifold with ho-
mogeneous dimension N > m, equipped with the Carnot—Carathéodory metric
d and the associated Hausdorff measure m = HY | and (€, dg, m¢) is the Carnot
group (R™ dc, fHéVC) with homogeneous dimension N.

11



e both (X,d,m) and (€, d¢, mg) are isometric to an N-dimensional Banach space
(RY || -], £7).

Then we have:

e (Tangent space: metric) For m-a.e. x € X, there is a family of maps
{ds}s>0 from X to € satisfying ¢s(x) =0 € € and

§d(y, 2)
de (95(y), #5(2))

where 1 : (0,1) — (0,1) is an increasing function with lims\ on(5) = 0.

—1| <n(8), ¥y, z€ Bs(x), e (0,1), (3.18)

e (Tangent space: measure) For any € > 0, there exists 5o > 0 such that for
any 0 < g, we have

N N
(L= )07 mel, g,y < (@0): <m’35($)> <A+ mely iy (B19)

e (Homogeneity) For any § > 0, there is a dilation map Ds, which is an
isometry between (€, de¢, me) and (€,071de, 0"V mg) such that Ds(0) = 0 and
Dso Ds—1 =1d. In particular,

(Ds)eme = 0 Ve (3.20)

and
m | = 0" (Dy); (“@sg) , (3.21)

where S§ is the boundary of the ball centered at the origin in the tangent space
¢ with radius &, and mg is the boundary measure.

e (Rademacher’s theorem) For any u € Lip,(X,d) and m-a.e. x € X, there
is a unique function ug, on (€,de), such that the rescaling functions

Ua,ac(y)izw, yeX, 6>0

converge to ug, in the following sense: there is a function «(d) satisfying
a(0) N0 as § (0 such that

Huow [e) ¢5 — u(;’xHLoo(Bé(m),m) < 04(5), Yo > 0. (3.22)

Then we can prove the following asymptotic formula. We remark that our proof
also works for general mollifiers. Interested readers could find more asymptotic for-
mulas by combining our theorems and some carefully selected mollifiers (cf. [Han24,

§3.2)).

Theorem 3.5. Letp > 1, N € N and (X, d, m) be a metric measure space satisfying
the hypothesis in Proposition 3.4. Then for any u € Lip,(X,d), we have

3 p = p
Jm A(mox m)(Bya) = [Vl

where )
IVuls . = / / [0 (O 4t (1) dm(a). (3.23)
P x Js¢ N

12



Proof. For x € X, § < §p and A\ > 0, we write

Erus(x) = {(z,y) € Exu} N Bs(x) U{(2,y) € Exu} N Bj(x).

-~

E/\,uﬁ( ) Ei,u,é(‘r)
If y € B3, 5(x), we have

\ < lue) ~u(w)| _ Lip()

T (@)t T8
So m(E3 , 5(x)) = 0 for large A and
T X [ o )dnt) = im0 [ w@dee). 320
Il(/\?;é‘,m)

Concerning I1(\, u, 0, z) we have

()\u(;x)

< m ({y € Bs(x) : |uow(9s(y))| + a(8) > = (de(ds(y), 0)5(1 — 77(5)))1;“}) .

< (¢s)ym ({v 5(Bs(2)) : Jug.(v)| + a(0) > %(dg(v 0)6(1 — n((gmpﬂ})
(3%9) (14 €)6"me { v € ¢5(Bs(x)) : |uoe(v)] + a(8) > %(d@(’U 0)0(1 — n(g)))pﬂ})
A N
5

-~
Iil (Azuv&x)

v € ¢5(Bs(2))\BF(0) : |uo.(v)] + a(8) = %(de(v, 0)8(1 — n(a)))%l}) ,

-~

I%()\,’U,,(S,CC)

13



By considering the dilation map Ds and a change of variable, we get
II(\ u, 0, )

= (1+ 6)5N(D5)ﬁm¢ <{w € Bg(O) : |u0’$(D571(w))| + a(0)

C>')|>/

(de(w, 0)(1 — (5)));{“})
(de(w,0)(1 — n((g)))gﬂ})

1
= (l1+e / / ~.ydmd (w)dr,
9 J s " o Dy-s a2 (0o 5} e ()

where m{ is the boundary measure. By the definition of g, the homogeneity of €
and Fubini’s theorem, we know that

Oqu

= (1+eme ({w € B§(0) : |uoe(Ds—1(w))] + (0)

I\ u, 6, z)

4
= 1+4+e€ / / eyt
( ) se X 6—1r\u0 «(D, _1(w))\+a(6)>i(r(1fn(6)))]ngl} c( )
o e / N 1/ dm dr
5¢ {T|u0z (W)l +a(8)ZA(r(1-n(5 ))) } Q:( )

= N—-1 "
= @+ / /S¢ {Jz\f |“Oz(w)+a(5)}dm€<w)dr

A(1=n(3)) P
— N-—1 n
= (1+e /S@ / X{r ¥ < Juoa@)+a®) }deme (w)
A(1=n(e) P T
1
- i A<)\7U75,$,w)Ndm¢ (’U})’
N Jge
where
5 %
A\ 0,2, w) = min { o, [ o=l F a00)
A(L=mn(6)) "
For A\ large enough, we have
p
1 5
R R e ) (3.25)

N st \ a1 = (o)) 7™

Consider I?(\,u,d,z). Note v € ¢5(Bs(z))\Bf(0) and u € Lip,(X,d). We have
de(v,0) > 1 and |ug,(v)| < Lip(u). So for A large enough, we have

I’(\, u, 6, 7) = 0. (3.26)

14



Combining (3.24)-(3.26), we have

lim )\JT’//XEA (x,y)dm(y)dm(z)

A——+o00
< p
ﬁﬁmx<AhQu5x»d(@
pTa
<,\ETOO ()\ IT(\ u, d, x))d (x)

”/(“ 5 )dm( Jim(z).

Letting 0 — 0 and ¢ — 0, we get

lim A(m x m)(Ey,) < IVullf, (3.27)

A—~+00
Similarly, we can see

Li(\u,d, )

> (1—-¢€)o ( v € ¢5(Bs(x)) : [uoa(v)] — (d) > %(dc(v,O)é(l +77(5)))PH})

<

Ir ()\uéaz)

) :
{
{UEB : w0 (v)] — a(8) >
{

— (1-66"me | {ve B0 \cbg Ba )) e (V)] — a(d) >

I1Y (A u,6,7)

and

p
11O u,6,0) = € “”Aw”_%wf dmy;(w).
N Jss \ (1 +m(0) 7
By (3.18) we have

B* , (l’) - qbg(B(s(:E)) C B*,

1+n(8) 1-n(5)

().

Since v € BY(0)\¢s(Bs(z)) and u € Lip,(X,d), we have de(v,0) > ﬁ@)
|up »(v)| < Lip(u). So for A large enough, we have

and

I1°(\, u,6,2) = 0.

15



Letting 6 — 0 and € — 0, we get

lim A(mxm)(Eyy) 2 [[Vully , (3.28)
A——+o00
Combining (3.27) and (3.28), we prove the theorem. O

3.4 Optimality of N

We can see that the parameter N is sharp:

Theorem 3.6. Let p > 1, N > 0 and (X,d, m) be a metric measure space equipped
with a B-doubling measure m. If a < 60y < 0+ <b for N = 12g5 and some b > a > 0,
then the following statements are equwalent

a) There exists u € Lipy(X,d) with m({x € X : lip(u)(x) > 0}) > 0 such that

lim M (m x m)(E\,) >0,

A—400

lim M(m x m)(E\,) < +oo,
A——+o00

(3.29)

where
B = { (@) € X 5 X 0 2 g fulo) = )] 2 M) 7' |

b) For any u € Lip,(X,d) with m({z € X : lip(u)(xz) > 0}) > 0, (3.29) holds.
c) N=N=1=5

log 2

Proof. ¢) = b) is a consequence of Theorem 3.1 and Theorem 3.2, b) = a) is trivial.
We will prove a) = c¢) by contradiction.

Case 1: N < N. Similar to the proof of Theorem 3.2, we have

lim A(m x m)(Ey,)

A——+o00

<2 I P B » d

- )\j)I«ll»loo /suppum ( (Llp(u;("lf)-‘re) N <x>> m(ﬂj)

B(Lipmmﬂ)fv(“")) dm(z)
A

AN
[\
T =
=
8
>~
=
—
kel
o]
IS
>~
=%
3
VR

which is a contradiction.

Case 2: N > N. We adopt the same notations and the same argument as in
the proof of Theorem 3.1. For any iy with m(L;,) > 0, set T;, = 20%° and 0 < € <

16



min{% <

log B
1 log 2 1

o > ,§m(LiO)} satisfying m{z € L;, : lip(u)(z) > 20"} > 2m(L;,),
0

z € Ay, and 8A\N/? = lip(u) (). We have

which is a

lim M (m x m)(E),)
A—400

> lim N / / XEy., (T, y)dm(y)dm(z)
Li, JX

A——+o0

AN AN
> lim )\p/ (—) (ﬂ> m(BL o )dm x
A= 400 Ae i T; r Tig (y 7 ) ( )

. aAp(li%) . pN
> lim ———— / lip(u)(2)| ¥ dm(z)
Ao too 200+ NN J 4

€,1Q

:+OO,

contradiction.

In conclusion, N = N.
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