ASYMPTOTICALLY COMPATIBLE ENTROPY-CONSISTENT
DISCRETIZATION FOR A CLASS OF NONLOCAL CONSERVATION LAWS
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ABsTRACT. We consider a class of nonlocal conservation laws modeling traffic flows, given by
Otpe + 0z (V(pe # ve)pe) = 0 with a suitable convex kernel 7¢, and its Godunov-type numerical
discretization. We prove that, as the nonlocal parameter £ and mesh size h tend to zero simul-
taneously, the discrete approximation W, j of W, := pc * 7. converges to the entropy solution
of the (local) scalar conservation law d:p + 0z (V(p)p) = 0, with an explicit convergence rate
estimate of order € + h 4+ +/et + vht. In particular, with an exponential kernel, we establish the
same convergence result for the discrete approximation p. 5 of pe, along with an L!-contraction
property for We. The key ingredients in proving these results are uniform L®- and TV-estimates
that ensure compactness of approximate solutions, and discrete entropy inequalities that ensure
the entropy admissibility of the limit solution.

1. INTRODUCTION

1.1. Nonlocal conservation laws and the singular limit problem. Nonlocal conservation
laws have proven effective for diverse applications, including traffic flow, supply chains, crowd
dynamics, opinion formation, spectrum of large random matrices, chemical engineering processes,
sedimentation, slow erosion of granular matter, materials with fading memory effects, and conveyor
belt dynamics (see, e.g., [KP23a] for a recent survey). In particular, in this paper, we focus on a
nonlocal version of a macroscopic traffic flow model (as introduced by Lighthill-Whitham-Richards,
[LW55; Ric56]): the traffic density p. : Ry x R — R satisfies the Cauchy problem

1) upe(t, ) + 0n (V(Ws[ps](t,x)) ps(t,x)) —0, (t,z)eR; xR,
p=(0,2) = po(z), r€eR,

where the initial datum'

(1.2) po € L¥(R), 0<po <1, TV(po) < +0,

represents the initial traffic density, where p = 0 indicates empty-road traffic and p = 1 indicates
bump-to-bump traffic; the velocity function

(1.3) V e Lip([0,1]) and V' <0in [0,1],

is decreasing (i.e., the higher the density of cars on the road, the lower their speed);
1(* (z—y

(1.4) Welpel(t,2) = = | 7 (== | pe(t.y)dy,  (tx) Ry xR,

is the nonlocal impact that decides the car speed v := V (W.[p:]); and the nonlocal kernel
7€BV(R) nL*(R), suppy <] —00,0], =0,

1.5 0
(1-9) ~ non-decreasing and convex in | — o0, 0], f v(z)dz =1,
—0Q0

rescaled as 7. = %’y (g) with the nonlocal horizon parameter € > 0, which serves as a characteristic
length scale for the nonlocal effect encoded by ~.. For traffic flow modeling, it is reasonable to
assume that « is anisotropic and, in particular, supported in | — 00, 0] and non-decreasing. This
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1 With slight abuse of notation, we use pg to denote the initial datum, where the subscript does not correspond
toe=0in pe.
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means that the drivers adjust their speed based only on the “downstream” traffic density (i.e., only
looking forward) and give it more consideration the closer it is to their position.

For the existence, uniqueness, and stability of weak (distributional) solutions of the nonlocal
conservation law (1.1) with the nonlocal impact defined by (1.4), we refer to [BS20a; Coc+22;
KP17] and references therein. Notably, an important feature of (1.1) is that those well-posedness
results do not require an entropy condition, owing to the nonlocal effect.

The problem of the convergence of {p.}-~0, as € \, 0 (i. e., as the kernel ~. converges to a Dirac
delta distribution?) to the (unique®) entropy solution p of the conservation law

(1.6) {‘%P(t’x) + 0. (Vip(t.2) p(t,)) =0, (t,2) € Ry xR,
p(0,z) = po(z), zeR,

has drawn much attention in the last few years. The aim is to bridge the gap between nonlocal
and local modeling of traffic flow and other phenomena described by conservation laws.

First, in [ACT15], this convergence was observed numerically. However, in [CCS19], several
counterexamples showed that it does not hold in general for physically unreasonable kernels (e. g.,
in the context of traffic modeling, kernels looking backward and forward, or only backward). On the
other hand, positive results on the nonlocal-to-local convergence were obtained in more particular
situations: in [Zum99] for even convolution kernels, provided that the limit entropy solution is
smooth; in [KP19|, for a large class of nonlocal conservation laws with monotone initial data,
exploiting the fact that monotonicity is preserved throughout the evolution; and, in [Col+21b],
under the assumptions that the initial datum has bounded total variation, is bounded away from
zero, and satisfies a one-sided Lipschitz condition, and the kernel grows at most exponentially (that
is, there exists D > 0 such that v(z) < D~/(z), for a.e. z €] — 00,0[). In [BS21; BS20b|, Bressan
and Shen proved a convergence result for the exponential kernel v := 1j_. o1(-) exp(-), provided
that the initial datum is bounded away from zero and has bounded total variation, by reformulating
the nonlocal conservation law as a hyperbolic system with a relaxation term. If the initial datum is
not bounded away from zero, then, as observed in [Col+21b], establishing compactness properties
of {pc}e=0 is difficult because the total variation of p., denoted TV (p.), may blow up.

To overcome these restrictions on initial data, it is convenient to work with the family {W.}.~¢
instead (where we use the simplified notation W, = W,[p.]), which has better stability and
convergence properties. It was demonstrated in [Col+23a, Theorem 1.1] that TV(W.) < TV(pp)
holds, under the assumptions (1.2), (1.3), and (1.5).* This estimate yields strong convergence in
Ll . of the family {W.}.~¢ to a limit function, which, in turn, is shown to be the entropy solution
p of (1.6) (see, e.g., [Col+23a, Theorem 1.2]).

In summary, as established in [Col+23a, Theorem 1.3], {W.}.~o converges strongly in L (R, x

loc
R) to the entropy solution p of (1.6) as € N\, 0; moreover, if the first moment of ~ is finite, i.e.,

(1.7) v(2) z € L*(R),
then the following convergence rate estimate holds:

(1.8) [We(t,:) —p(t, )| < K (5 + \/Et) TV(po), forevery e >0 and a.e.t >0,

where the constant K > 0 depends only on v and V. The main tool in proving these results is the
fact that (by [Col+23a, Eq. (3.1)]) We solves

oW (t,x) + V (We(t,z)) 0, We(t, x)

w7 ) - v ) et () <Ry xR

1(* (z-—
w00) = [ 2 (222 s an rek

T

2 We say that the family {7 }c>0 converges to the Dirac delta &g (or is an approzimation to the identity (of the
convolution product); see [Rud91, §11.6.31]) if lime o {3 ¥(2)7e(2) dz = (0) for all test functions ¢ € C(R).

3 We refer to [GR91; HR15] for the well-posedness of entropy solutions of (1.6).

4 On the other hand, [Col+23a, Theorem 1.4] shows that, without the convexity assumption in (1.5) (which is
not entirely standard in traffic flow modeling), TV(W,) may increase.
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The TV-estimate TV(W,) < TV(po) and the convergence result for W, were established earlier
in [Coc+23a, Theorems 3.2 and 4.2| in the particular case where 7 := 1j_, ¢(-) exp(-), leading to
the identity

(1.10) wmmwm=@(me{ﬂf)uwm@=jmmmw—yww»

x

The analysis is based on the following evolution equation for W, (see [Coc+23a, Lemma 3.1]):

OWe(t,x) + V(W(t, x)) 0. We(t, x)

1 [ x— ,
i) =2 [ e () VOV e W )W), (1) € Ry xR
1 T —y
W.(0,z) = EJ oxp | ——— po(y) dy, zeR,

which is analogous to (1.9), but written purely in W, owing to (1.10). In this case, the combination
of (1.10) and the TV-estimate on W, further allows us to deduce the convergence of {p;}e=q to
the same limit as {W.}.~0 (see [Coc+23a, Corollary 4.1]) as € \, 0.

Initial data with unbounded variation can also be addressed (in specific cases) using an Oleinik-
type regularization effect, as demonstrated in [Coc+24; Coc+23b]. Moreover, results on the singu-
lar limit problem for certain classes of nonlocal hyperbolic systems are available in [CK24; CD25;
MS25], while different types of nonlocal approximations have been studied in [Fri+24; GVW25;
KP23b; KP25]. Furthermore, the study of the singular limit in the presence of artificial viscos-
ity (which is relevant because many numerical tests used to conjecture the convergence results
employed a (dissipative) Lax—Friedrichs scheme) has also been investigated, subject to a suitable
balance condition between viscosity and nonlocal parameters, in [CP83; Coc+21; Col+21a; Col+20;
CCS19]. We refer to [Col+23b; KP23a] for further discussion, results, and references.

1.2. Numerical discretizations for nonlocal conservation laws. A substantial body of lit-
erature addresses numerical discretizations for conservation laws with nonlocal fluxes, including
first-order finite-volume methods such as the Lax—Friedrichs scheme (cf. [ACG15; ACT15; BG16;
CG18]) and the Godunov scheme (cf. [FKG18]), the second-order Nessyahu—Tadmor central scheme
(cf. [Bet+11; GS16; KP09]), and higher-order WENO and DG methods (cf. [CGV18; FK19]). See
[FSR23; HD24] for discussions on a broader class of finite-volume methods and [AHV24a; AHV24b]
for convergence rate results therein. We also refer to [Pfl18, Chapter 3] or [KP23a, Section 5] for
a scheme based on the method of characteristics, and to [Chi+20; DR15; DFR19; FFR25; GR17;
RS23; RS19] for particle discretizations. These methods often extend to a broader class of nonlocal
conservation laws, with (1.1) as a special case, and have been employed to establish well-posedness
of the underlying continuous problems. In the associated numerical analysis, stability and conver-
gence are generally established for a fixed € > 0.

However, a recurring issue in these results is that stability estimates such as TV-bounds and
entropy inequalities typically deteriorate as € vanishes, with no uniform convergence rates available
in terms of both the nonlocal horizon parameter ¢ and the mesh size h. This challenge is partic-
ularly pronounced in contrast to local conservation laws like (1.6), where monotone finite-volume
schemes enjoy maximum principles, total variation diminishing (TVD) properties, and discrete
entropy inequalities. These properties ensure uniform stability estimates on numerical solutions,
which are essential for convergence analysis (including convergence rates). However, the presence
of the nonlocal effect in (1.1) disrupts this monotonicity even for first-order finite-volume schemes,
leading to stability estimates that lose uniformity in the singular limit as € N\, 0, rendering them
incompatible with the uniform stability estimates and convergence results from the continuous
problem (1.1) (as discussed in Section 1.1, e.g., TVD properties for W,). This underscores a sig-
nificant gap between numerical and analytical stability and convergence properties in the singular
limit. Developing a numerical discretization that remains stable and accurate in the singular limit
for (1.1) is therefore of both theoretical and practical importance.

1.3. Novel contributions. The gap in the literature highlighted in Section 1.2 motivates us
to study asymptotically compatible (AC) numerical discretizations for problem (1.1) and their
convergence rates. The main goal of AC discretizations is to use a uniform mesh across all € > 0
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while accurately capturing the system’s behavior in the limit € N\, 0. This concept is illustrated in
the following diagram:

e\ 0

Pen P,
,h 0
h N\ O =R N
e\ 0
P. P

Here, P, stands for the nonlocal problem (1.1) with the nonlocal parameter ¢ > 0; P.j is a
consistent numerical discretization of P. with the mesh size h > 0; P is the local problem (1.6);
and Py, is a suitable discretization for P. In this diagram:

e the arrow from P. to P denotes the singular limit of the nonlocal problem as ¢ \, 0, with
an established convergence rate of order € + v/et (see (1.8));

¢ the arrow from P, j, to P, indicates the numerical convergence of the nonlocal discretization
to the nonlocal problem for a fixed € > 0 (cf. the references cited in Section 1.2);

e the arrow from P, j, to P, captures the relation between the nonlocal and local discretiza-
tions as € \ 0 for a fixed h > 0;

e the arrow from Py to P then represents the well-established numerical convergence for the
local problem, with a rate of order h + v/ht (see, e.g., [HR15]).

A numerical discretization is said to be asymptotically compatible if it ensures the convergence from
Pen toPase, b\, 0 along any limit paths, thereby making the diagram commutative. Studies on
AC numerical discretizations for (1.1) are scarce in literature. To the authors’ knowledge, the only
result is in [HD24|, considering restrictive initial data that satisfy a one-sided Lipschitz condition
and are bounded away from zero, within the framework of [Col+21b].

In this work, we consider the following Godunov-type numerical scheme® for (1.1) and (1.4):

(1.12) Pt = pt + Apf V(W) = pfV(WTL), JEZ, n=0,
o0

(113> an = Z 7]?hp?+k5 .7 € Z7 n = 07
k=0

where \ := 7/h is the CFL (Courant—Friedrichs—Levy, [CFL67; CFL28|) ratio, and {’Y?h}kzo is a
sequence of numerical quadrature weights such that

©
e,h
= 1
ek ;O’Yk R

is a piecewise constant approximation of the nonlocal kernel v, = éy (E) on the spatial mesh grids
with mesh size h. We omit the superscripts €, h in p7 and W}* but keep in mind that they depend
on both £ and h. The initial condition is discretized as

1 U+h
(1.14) ,0? = fJ po(x)dz, jeZ.
h JGg-sm
Inspired by singular limit results for (1.1), we focus on the discretized nonlocal impact {W}* ??ZO.

From (1.12)—(1.13), we derive the following time-step update for {WJ”}?EZZO:

0

, o on .

(1.15) WJnH =W+ A Z N (P?+k71V(an+k) - p?+kV( jn+lc+1)) ) JEZ, n=0.

k=0

The main contributions of this work are threefold. First, we establish the total variation di-

minishing (TVD) property for the discretized nonlocal impact {W]" ;‘EZO through a refined analysis
that exploits the nonlocal kernel’s convexity, overcoming limitations of standard monotonicity ar-
guments or nonlocal versions of Harten’s lemma (e.g., those used in [DHL17; FR21]) for (1.1).

5Following [FKG18], we term the scheme a Godunov-type (or simply Godunov) scheme, interpreted as considering
the Riemann problem for (1.1) with V = V(Wc[pc]) as a given velocity field; it can also be viewed as an upwinding
scheme, as (1.1) is linear in p. with the given velocity field.
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This TVD property ensures uniform TV-bounds across Pe p,, Pe, Pp, and P. Second, we introduce
a novel entropy condition for (1.1):

Om(We) + 09 (We) < 0 (UI(WE)(V(WE)WE — (V(Wo)pe) * ’Ys))
+ 00 ((pe Hy(We(t, @) | We(t,-))) * 7e),
where ¢'(§) = 7'(§) (EV(E)), Hyla | b) = I;(b) — Iy(a) — V(0)(n'(b) — n'(a)), and I} (§) =

n”(£)V (€). This condition is compatible with the entropy condition for the scalar conservation law
(1.6) in the limit € N\, 0, and it allows for the following discrete Kruzkov-type entropy inequality
(see Lemma 3.8):

‘anﬂ —c| - |an — c| n \117+1/2 - \II?—1/2

T h

.
with W7y = Wy — V() = D " pn s [VIWT,) = V()]
k=0

<0, for all c e R,

using Kruzkov’s entropy function 7(¢) = |¢ — ¢|. This form of entropy condition, novel in the
literature (see Remark 3.12), ensures entropy admissibility for the limit of P, ) and, combined
with uniform TV-bounds, establishes convergence from P, j, to P (i.e., the scheme (1.12)—(1.14) is
asymptotically compatible). Third, applying Kuznetsov’s argument with this entropy condition,
we derive an asymptotically compatible convergence rate of order € + h + /et + v/ht for Pe.n to
P. This rate is consistent with the known convergence rates for P. to P and P, to P.

2. MAIN RESULT AND OUTLINE OF THE PAPER

We begin by specifying the conditions imposed on the numerical quadrature weights, which will
be used in the formulation and analysis of the numerical scheme (1.12)—(1.14). We assume that

the family of quadrature weights {Vi’h} k>0 satisfies the following conditions:

(2.1) ’Y;i’h = ’YZL}:l =0, for all k > 0;
[e0]
(2.2) vl =1,
k=0
(2.3) A =2t =0, forallk > 1
0
(2.4) lim sup > Luns gy = 0;

R—0 ¢ p>0 =0
& €

(2.5) Z k:v,i’h < €7 with ¢, > 0 depending only on 7.
k=0

Our main result is the convergence, in the strong topology of Ll (R x R), of the piecewise
constant reconstruction of {W}' };fzo to the unique entropy solution of (1.6) as €, h \, 0 along any
limiting paths, with an L'-convergence rate estimate.

Theorem 2.1. Let us assume that (1.2)~(1.3) hold, the quadrature weights satisfy (2.1)~(2.4), and
the CFL condition

(2.6) AWVl + 21V ) <1

holds, with the CFL ratio X := 7/h fized. Let us consider the numerical solutions {p} ;fzo and
{wp ;;520 constructed with the numerical scheme (1.12)—(1.14), and let W, be the piecewise con-

. > .
stant reconstruction of {WJ” ;.LE/ZO, 1. €.,

o0
(2.7) Wen = 23 23 WF - Lur sy x (G- b+ AL
n=0jez

Then, as e,h \, 0, the approzimate solution W, converges strongly in Ll . to the unique entropy

solution p of (1.6). Moreover, assuming (2.5), the following error estimate holds:

(2.8)  |[Wen(t,) —p(t, )| < K (E +h+Vet+ Vht) TV(po), foreverye,h>0,t>0,
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where the constant K > 0 only depends on A, |V |v=, |V'||Le, and cy (as specified in (2.5)).

We prove Theorem 2.1 in Section 3. This theorem extends the result of [HD24] to initial data
satisfying only (1.2), with general convex kernels and nonlinear velocity functions. The work [HD24|
focuses exclusively on the convergence of p, j; its result and Theorem 2.1 are complementary, with
neither containing the other. In Theorem 4.3 presented below in Section 4, we provide the analogue
of Theorem 2.1 for the exponential kernel v := 17_y ¢](+) exp(+), where we can additionally establish
convergence of p. p, as ,h ™\ 0.

2.1. Discussions on the main result. In this subsection, we provide remarks on the assumptions
on quadrature weights and on how our main result relates to existing convergence rate results for
local and nonlocal conservation laws.

Let us first discuss the assumptions on quadrature weights. The conditions (2.1)—(2.2) spec-
ify non-negativity, monotonicity, and normalization requirements (analogous to (1.5)), which are
needed to establish a maximum principle for the numerical scheme (1.12)—(1.14). The convexity
condition (2.3) is needed to prove that the scheme is TVD, analogous to the corresponding condi-
tion in (1.5) in the continuous setting. The condition (2.4) is motivated by a characterization of
approximations to the Dirac delta distribution® and is used in the convergence proof. Finally, the
momentum condition in (2.5)—which actually implies (2.4) and is analogous to (1.7)—is required
to establish the convergence rate.

The choice of quadrature weights for a given kernel is non-unique. Here, we give two examples.

Example 2.1. The ezxact quadrature weights
—kh —kh/e
1
(2.9) vt = J -y (5) dz = f v(z)dz,
—(k+1)n € € —(k+1)h/e
satisfy (2.1)-(2.5), with ¢, = {; |z|7(2) dz being the first order moment of .

Example 2.2. The normalized Riemann quadrature weights

1 h
h ~e,h . ~e,h
k=0 Tk € €

satisfy (2.1)-(2.5) too, where 7(0) is taken as v(0—) when k = 0, and ¢, = 2 {, |z|v(z) d=.
Next, we offer some remarks on the limiting cases for the convergence result in Theorem 2.1.

Remark 2.2 (Limit for e \, 0, when h > 0 is fixed). Let us fix h > 0 and let € \, 0 in the numerical
scheme (1.12)~(1.14). Under (2.2), the limit of (1.13) gives W' = pi!, thus (1.12) becomes

(2.11) Pt = pl + Mpi V(o)) = PV (pf1)),s

which together with (1.14) is a monotone scheme for the local conservation law (1.6). Moreover,
suppose that the kernel v is supported on a finite interval, without loss of generality, let us assume
that supp~y < [—1,0]. Then the scheme (1.12)—(1.14) reduces to (2.11) (with the initial condition
(1.14)) when e < h.

Remark 2.3 (Limit for N\, 0, when & > 0 is fixed). Assuming
1
(2.12) ﬁ,y <_M) < ,y]?h < ﬁ7 <_kh> 7
€ € € €

the numerical scheme (1.12)—(1.14) is consistent with the nonlocal conservation law (1.1) for any
fized € > 0 (see [HD2/, Section 1], in particular the discussion surrounding Assumption 3, for
details on the role of (2.12)).

We note that the assumption (2.12), together with (1.5), implies (2.1) and (2.4); moreover, when
combined with (1.7), it implies (2.5).

6 We recall that a family {Kp}n=0 < L!(R) converges to the Dirac delta &y if

—R +0o0
K, =0, [Knllpr =1, J Kn(z)dz + Ky, (z)dz — 0 as n — o for every fixed R > 0.
—0 R
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Finally, in the next remark, we discuss the optimality of the convergence rate in Theorem 2.1,
inspired by the rich literature on convergence rates of monotone approximations of (local) scalar
conservation laws.

Remark 2.4 (Convergence rates and monotone approximations of local conservation laws). For
local conservation laws, the vanishing viscosity approzimation (obtained by adding a parabolic reg-
ularization term €02,p.) and monotone numerical schemes are known to converge to the entropy
solution with at most first-order accuracy (see [CM80; HHL76]).

Although viscous approximations and monotone schemes are formally first-order, they may lose
half-order accuracy across shocks. Indeed, Kuznetsov’s O(y/2) or O(vh) convergence rates (see
[Kuz76] and also [Luc85; San83; Tad91]) is indeed optimal for all monotone approximations applied
to linear advection equations (see in [TT95]) as well as for genuinely nonlinear fluzes in the case
of BV data (see [Sab97]).

For the special case of monotonic initial data, rates of O(e|loge|) or O(h|logh|) have been
obtained and are optimal (see [Har88]). This also holds for piecewise smooth initial data, as
proven in [TT97; TZ97; Wan99], where the rate is actually O(e) or O(h) for initial data with
non-interacting shocks, provided that no shocks form at later times as well.

In Section 5.1, we present numerical investigations of the convergence rates. For Riemann shock
initial data, the rate appears to reach O(e + h), whereas for Riemann rarefaction initial data it lies
between O(e + h) and O(v/ +V/h). A more detailed study of the optimality of the rate in (2.8) will
be addressed in future work.

2.2. Outline of the paper. We present the outline of the paper and the structure of the main
theorems and lemmas, as illustrated in Figure 1.

In Sections 3.1-3.2, under appropriate CFL conditions, we establish the maximum principle
(Lemma 3.1), the total variation diminishing (TVD) property (Lemma 3.4), and a temporal total
variation estimate (Lemma 3.6) for the approximate solution W, . From these stability properties,
by Helly’s compactness theorem (see, e. g., [Bre00, Theorem 2.3, p. 14]), we deduce the convergence
of W, (up to subsequences) to a limit point p* in Lemma 3.7. Then, in Section 3.3, we use a
discrete entropy inequality (Lemma 3.8) to show that p* coincides with the entropy solution p of
(1.6) (Lemma 3.9).

In Section 3.4, we derive a convergence rate estimate (Lemma 3.10) using a Kuznetsov-type
lemma (recalled in Lemma 3.11) through careful estimation of a “relative entropy”. Finally, in
Section 3.5, we assemble all the preceding components to complete the proof of Theorem 2.1.

In the particular case of an exponential kernel v := 1;_. o1(-) exp(-), we also prove the con-
vergence of p pn, a piecewise constant reconstruction of {p7 ;-fzo. The statement of the result,
Theorem 4.3, and its proof are given in Section 4: it follows from Theorem 2.1 upon noticing a
suitable L!-deviation estimate between pj and Wi (see Lemma 4.2). We particularly highlight
that, in this case, the TVD property can be shown more straightforwardly (see Lemma 4.1) and
that {p} ;fzo also satisfies a suitable discrete entropy inequality (see Lemma 4.6 in Section 4.1).

Furthermore, in Section 4.2, we establish an L!-contraction property for the evolution equation
(1.11) satisfied by W, (see Theorem 4.7) and discuss its consequences.

In Section 5, we present comprehensive numerical experiments to illustrate our main results
and suggest further conjectures. In Section 6, we conclude the paper with a summary of our main
findings and directions for future work.

3. PROOF OF THE MAIN THEOREM

We will start by proving the strong pre-compactness of the family {W. }c n~0 in L{, .(R). To this
end, in Section 3.1, we prove uniform L*-bounds through a maximum principle; in Section 3.2, we
prove that W, j, is total variation diminishing (TVD), implying uniform total variation estimates.
These estimates imply the convergence of W, j, (up to subsequences) to a limit point p* strongly
in Li_ as e, h ™\, 0. To show that this limit point p* is the entropy solution of the local scalar con-
servation law (1.6), we will introduce a discrete entropy inequality for W, j in Section 3.3. Finally,
in Section 3.4, we will adapt Kuznetsov’s argument [Kuz76| to derive a convergence rate estimate

in L'. Combining these ingredients, in Section 3.5, we will complete the proof of Theorem 2.1.
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Convex kernel Exponential kernel
Maximum principle L*-contraction
Lemma 3.1 Theorem 4.7

TV-estimates Entropy inequality TV-estimates Entropy inequality
Lemma 3.4, Lemma 3.6 Lemma 3.8 Lemma 4.1, Lemma 3.6 Lemma 4.6

Convergence Convergence rate Deviation between pj and W}*
Lemma 3.7, Lemma 3.9 Lemma 3.10 Lemma 4.2
Theorem 2.1 Theorem 4.3

FIGURE 1. Logical structure of the paper: dependencies of the main theorems and lemmas for
convex (LEFT) and exponential (RIGHT) kernels.

3.1. Maximum principle and uniform L®-bounds. As a first step, we establish a maximum
principle for the numerical scheme (1.12)—(1.14). Similar results have been shown for a broader
class of numerical schemes in [BG16; FSR23; HD24|. For completeness, we state the result here
and provide a proof.

Lemma 3.1 (Maximum principle). Let us assume that (1.2)~(1.3) hold, the quadrature weights
satisfy (2.1)—(2.2), and the CFL condition

(3.1) AVl + V') <1
holds. Let {p} ;fzo and {W} };fzo be the numerical solutions constructed with the numerical scheme
(1.12)—(1.14). Then the following uniform bounds hold:

Pmin < P? < Pmax for all ] € Z, n = 0’
where pmin = infzer po(r) = 0 and pmax = sUpeg po(x) < 1.

Proof. We show p < pmax by induction. The base step for n = 0 follows from the definition of
Pmax- Now, assuming that the result holds for n, we prove it for n + 1. We have

p}Hl — Pmax = (p? - pmaX> (1 - )‘V( jn+1>) + )‘p}L—lv(WJ‘n) — AMPmax V( jn+1)
< (P;‘L - PmaX) (1 - AV( gﬂ+1>) + APmax (V(W]ﬂ) - V( ]n+1)) .
Using (1.13), we deduce that
oe]
Wi =Wi, = 2 ’Yli’h(Pﬁk — Prrr1)
k=0

eh n

0
. R
=% P; T Z (’YZH - Y )P k41
k=0

0

h b h h
=570 + pmax Y (Ve — 87 = 76" (P} — Pmax)-
k=0

We recall that V’ < 0 and deduce that
P;'H_l — Pmax < (P;L — Pmax) (1 —AV( jn+1) - ApmaXHV/HLw'VS’h) <0,

provided that 1 — AV(WZE, ;) — Momax [V [Lo76™ = 1 = A(|V|ue + V1) = 0 due to the CFL
condition (3.1). The lower bound estimate p;‘ = Pmin can be proved in a similar manner. O
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In particular, Lemma 3.1 implies that the numerical scheme preserves positivity. Consequently,
it also conserves the L!-norm.”

Lemma 3.2 (L'-conservation). Under the conditions of Lemma 3.1, we have
(3.2) WY il =h Y 1S foralljeZ, n>0.
JEL JEZ

Proof. Owing to Lemma 3.1, we have p7 > 0 for all j € Z and n > 0. We can then compute
h2pn+l —hZ(p?+)\p?71V(Wj”)—)\pJ J+1 *thJ’
J

which yields (3.2). O

Remark 3.3 (L®-bound and L!-conservation for WI). As a direct consequence of Lemmas 5.1-3.2

and of the conditions (2.1)~(2.2) on quadrature weights, we deduce that {W}' ;‘EZO also satisfies

(3.3) pmin < W' < pmax and W Y (W[ =h ) |08 forall jeZ, n>0,
JEL JEZL
With pmin = Infzer po(z) = 0 and pmax = Sup,eg po(z) < 1.
3.2. TVD property and limits of approximate solutions. In this subsection, we show that

the scheme (1.15) for W exhibits the TVD property with respect to the spatial variable, leading
us to derive a uniform estimate of the total variation of W, j; in space and time.

Lemma 3.4 (TVD in space). Let us assume that (1.2)~(1.3) hold, the quadrature weights satisfy

(2.1)+(2.3), and the CFL condition (2.6) holds. Let {p} ;LEZZO and {W”};L:ZO be the numerical solu-

tions constructed with the numerical scheme (1.12)—(1.14). Then the following spatial TV -estimate
holds:

(3.4) DUWIE =W < YW = WP < TV(pg),  foralln > 0.
JEZ JEZL

Before proving this TVD property, we first prove a lemma that will be used in the proof and
subsequent results.

Lemma 3.5. Under the conditions of Lemma 3.1, we have

(3.5) DRV W ) = V(W Z(Epﬁl) V(WPy) — V(WD

JEL JEZ

Proof. A direct calculation gives

k
DRV ) = VIV < D o D VIV ) = VW)

Ier jez =0
k
= SN VW) = V)]
l—OjeZ
N Z Z Pir—tl V(W) = V(IWT)
=0 jeZ
- (Z ﬂm) ) = V(WL
JEZ
O
Proof of Lemma 8.4. From (1.15), we have
Wi — Wi

0 0
h h
= _7+1 an —A Z ’Y}i p?+k+1V(an+k+2) + 2A Z ’YZ P?+kV(Wgn+k+1)
k=0 k=0

71In (1.2), we do not assume that o1 is finite; so, in principle, both sides of (3.2) could be infinity.
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—-A Z % P]+k 1V an-‘rk)
k=0

T = WA (205" = AP) VW) = MG V()

o]
e,h e,h
+A Z (2%@ = Tk—1 '7k+1) PV Wiy
k=1

= WA (%S’h - vf’h) PrV(WE) = Mg el V(W)

+AV(W)) (2 (W" — hp?) Wiy — (W —" ey =y hp?))
0
h h n n n
+A Z (2%? —ml 7k+1) Ptk (V(Wj+k+1) — V(W )

= Wiy =W+ A (205" = 50") o (VW) = V) + VW)W = Wy = W)

0
A (2 =i =R ) Pk (VW) = VOVT)
k=1
= )\V(W;‘)(W]” - anfl) + (1 - )‘V(W]n) + A (278)}1 - 'V? ) pj ) (an+1 an)

[oe]
+A Z (Q’YZJL - 'Yliﬂ - 7;f1> Prie (VW i) = VW),
k=1

VWi )-VW)

where a7 = 2~ . From this, we obtain

J W, W
n n N s 7
(36) YW =W < 3 (14 A (205" = 7" ) o) + AV(Wyy) = VW) W) —
JEL JEZ

o0

7h »h 7h n n n

A Z <7271 + Ve — 2% ) Z Pitk |V(Wj+k+1) - V(W] )|
k=1 JEZL

where we have used the CFL condition (2.6) to ensure
L+ A (205" = 27" gt + A (VW) = VW) 0,

and the condition (2.3) to give v{"", + 2" — 295" = 0.
For the second term on the right-hand side of (3.6), owing to (3.5) in Lemma 3.5, we have

o0
3 (958 ot = 25" ) D VOV ) = VOV

k=1 JEZL
0
< Z ('Yk 1 +’7k+1 _27k h) 2 (Z p]+l> ’V j+1 ( gn)’
k=1 JEL
0 k 0
= (Z (vt =32") Ypa = X (08" =) Zpﬁz) VW) = Vv
J€Z \k=1 1=0 k=1
[e¢]
= <— > (it =) Benen = (35" = 6") o ) V(W7 = VW
JEZ k=0

P (205" =) o) VW) = V)

I
flng
—~
§
=
%
:

I
10d

h A
—aQ ( ]+1 Wn (278 _,YT )p])| ]+1 an|

<
m
N

(Vo) —vowg) = (205" =58") g ) Wh = W)

<.
m
N
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VWi )=V(W;)

In the last two lines, we have used the fact that ay =
j+1 J

Combining the above estimates, we deduce that

Z |WJ"++11 WJTL+1| < Z (1 + A (2737” - ’yi’h) piaf + X (VW) — V(W;L))) Wi, — W7
JEZ

JEZ
Y] (V(W;‘) VW) — (2737’1 - ﬁ’h) p;a;) W, — W
jez

= Z | J+1 anl'
JEZ
Therefore, we conclude that

DW= WP < Y WP = WP < D o041 — 09l < TV(po),  forallm > 0.
JEL JEZ JEL

From Lemma 3.4, we can derive a temporal total variation estimate.

Lemma 3.6 (Temporal TV-estimate). Under the conditions of Lemma 3.4, the following temporal
TV -estimate holds:

(3.1 Z |T/I/'j"+1 — W< A(|V]Le + [V'[Le) TV (po), for all n > 0.
jez
Proof. Tt follows from (1.15) and (1.13) that
Wit =W+ AW — WHV(W])

FA Y A (Pncs (VOVT) = VOVD) = e (VO ) = VWD) )
=0

e}
= W+ AW =WV + A Y (5l = 92" ok (VW) = VW)
k=0
where in the last step we have used the summation by parts. Then we have
2 |an+1 - W]’.ﬂ| <A H‘/v”LOc 2 |an - W]"n71|

JEL JEL

o0
+A Z (VZ’ 'Vk+1) Z pg+k ]+k+1) V(an)| .
k=0

JEL

Next, we use (3.5) in Lemma 3.5 to deduce

0
Y3 (" =El) XAk VW) = VW)

k=0 JEZ
o0 N k
Z (Z ( - ’Y}i’u) <Z P?H)) V(Wiq) = V(W)
JEZ \k=0 =0
= Z (70% + Z 7k+1pg+k+1) V(Wi — VW)
JEZ k=0
= 2 WHV (W) = V(D)
JEL
< V' [ue 3 Wiy = W7,
JEZL
Then, using Lemma 3.4, we conclude that (3.7) holds. O
From the uniform L*-bounds and total variation estimates for {IW' ;fzo obtained in the previous

lemmas, we are able to show the strong convergence in L{. . and almost everywhere of the piecewise
n=0

constant reconstruction of {WJ”} iz to a limit point, up to a subsequence.
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Lemma 3.7 (Convergence). Let us assume that (1.2)-(1.3) hold, the quadrature weights satisfy

(2.1)~(2.3), and the CFL condition (2.6) holds with the CFL ratio X := 7/h fized. Let {p} ;-LEZZO and
{W]”}?EZZO be the numerical solutions constructed with the numerical scheme (1.12)—(1.14). Then the
approzimate solution W j, constructed from {W]”}?EZO

in L (R4 x R) and almost everywhere, up to a subsequence, to a limit point p* € LL (R4 x R).

Moreover, 0 < p* < 1 almost everywhere.

using (2.7), as e,h "\, 0, converges strongly

Proof. Leveraging the L*-bounds from Lemma 3.1 and Remark 3.3, and the spatial and temporal
TV-estimates from Lemma 3.4 and Lemma 3.6, all uniform in ¢ and h, we can apply Helly’s
compactness theorem (see, e. g., [Bre00, Theorem 2.3, p. 14]) to conclude the strong convergence of

a subsequence of W j, as e, h \, 0, in L] _ and almost everywhere, to a limit point p* € L] (R4 xR).

The fact that 0 < p* < 1 follows from Lemma 3.1 and Remark 3.3. ]

3.3. Consistency with the entropy admissibility condition. We now need to show that the
limit point p* obtained in Lemma 3.7 is the (unique) entropy solution p of (1.6). To this end, we de-
rive a discrete entropy inequality for V" that aligns with a continuous entropy inequality, adapted
from [Col+23a] to support a discrete version. We outline below the key (formal) computation in
the continuous setting.

Let n € C%(R) be a convex entropy function and let ¢ be the corresponding entropy fluz, which
is defined by ¢'(&) == n'(£) (V(§) €)’. Then, applying the chain rule on (1.1), we compute

2n(W.) + (W) = 1 (W)ou (VIWW, — (V(W2)p.) +7.)
= 0 (o (W) (VIWW, — (V(Wo)p.) +2.))
g (W2, W (VW)W — (V(Wo)pe) +7.)
=11+ Ip..
We introduce the function I} (£) := 7" (§)V (£) and rewrite I .:
Ipe = 0un/ (We) (V(We)pe) # 7e) — OuIy(We) We
= 0ut) (We) (V(We)pe) #72) = Iy (We) (pz * 7e)
=:Ipg e — Ioppe.
In turn, we write
Iya.e = 0x (1] (W) (V(We)pe) 7. — (0 (Wo)V(We)pe) * 7e)
— (1 (We)(V(We)pe) = 4L — (f (We)V (We)pe) L)
Ippe = 0 (Ly(We)(p= # 7e) — (Iy(We)pe) *7e)
= (L (We)(pe 5 72) = (Ly(We)pe) L),
By introducing the function H,(a | b) = I,,(b) — I,(a) — V(b)(1'(b) — n'(a)), we can write

he=a " ety Hy (Wt 2) | Wt ) — ) dy

- f pe(tay) Hy (We(t,2) | Wt 97 — ) dy

= 51((/)5(15, ')Hn(Ws(tax) | Ws(ta ))) * '75) - (ps(tv ')Hn(Ws(tvx) | Ws(tv ))) * '7{5'
In conclusion,
om(We) + 0xp(We) = 0s (ﬂ’(Ws)(V(We)Ws — (V(Wo)pe) * ’75))
+ am((pE(t7 ')Hn(WE(t7x) | Ws(t7 ))) * '75)
= (pe(t, VHy(We(t, ) | We(t, ) # L.

Moreover, since the function H,, satisfies H,(a | b) = H, (b | b) = 0 for all a,b e R and 7. > 0, we
deduce that (p. H,(W.(t,z) | W.(t,-))) =~ > 0, which yields

om(We) + 0x9p(We) < 0 (ﬂ’(Ws)(V(We)We — (V(Wo)pe) * ’75))
+ 0 ((peHy(We(t, ) | We(t, ")) * 7).
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This motivates us to define the nonlocal entropy flux function
v, (pe, We) = (W) — n,(Ws)(V(Ws)Ws — (V(Wo)pe) * 76) - (Pan(Ws(tvx) | We(t, ))) * Ve
which leads to a nonlocal entropy inequality

on(We) + 029, (pe, We) < 0.

Specifically, taking Kruzkov’s entropy function® n.(¢) := |¢€ — ¢|, for any constant ¢ € R, we have
1e(§) = sign (§ — ¢), ¥e(§) = sign (§ —¢) - (EV(§) —cV(c)), I, (§) = sign (§ — ¢) -V (c), and Hy,(a |
b) = |V(b) — V(c¢)| +sign(a —¢) (V(b) — V(c)). A direct calculation gives
e, (pe, We) = [We — |V (c) = (pe|V(We) = V(e)]) * e,
and the following estimate regarding the compatibility between ¥, ., and .:
Ve, (e, We) = the(We)| < [V(We(t, ) = V(We(t, 2))] # 7.
Thus, by passing to the limit € \, 0 and using W, — p*, we deduce that

ilf(l) e, (pes We) = Pe(p™).
These considerations lead us to formulating the following discrete entropy inequality.

Lemma 3.8 (Discrete entropy inequality). Under the conditions of Lemma 3.1, the following

discrete entropy inequality holds:

|W;LH —c| =W — | \I’?+1/2 B ‘I’;'L—l/2
T N h

(3.8) <0, for all ce R,

Q0
h T n
(3.9) with W7, » = = |Wjty —clV(e) Z’V}i Pjtk— 1 (Wj+k)—V(C)’.
Proof. From (1.15), we have

ee]
WJnJrl —Cc= an —c+A Z VZ’h (pﬁ-@kfl (V( jn+k:) - V(C)) - /);'lwc (V(an+k+1) - V(C)))
k 0

AV () (W) — WD)
= (1-AV(e)) (W” —¢)+ /\V(c)(Wj”_1 —0)

+AZ}v (Pt (VW) = V(©) = ot (VIWapsn) = V(€))
-(1- AV( ) (W =) + AV(©) W)y — ) + Mg "oy (VW) = V(e))

+A2(%H o) e (VW 0) = V(©)),
where we have used the summation by parts in the last step. Noting that
A5y (VW) = V(@) < IV Le W = el < (1= AV () W' = o],
provided the CFL condition (3.1), which implies that
(1= AV () (W) = o)+ X" oy (VW) = V(0)]

— sign (W} — ¢) ((1 —AV(€) (WP =) + Mgty (VT — V(c)))
= (L= AV(e) W' —c| = Mg " iy V(W) = V(o).

Then we obtain

(W — ] < (L= AV() W] — c| + AV (Q)|Wy — el = Mg " py [V(W]) = V(<)
o0
e,h
—A Z (7k+1 ) pj+k }V JJrkJJrl) V(C)’
k=0

8 Kruzkov’s entropy does not belong to C2(R), but an approximation argument solves this technical issue; see
[HR15, Chapter 2, pp. 56-58].
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=W} —c|+ AV (c) (|I/V]”_1 —c| =W} — c|)

0
- A Z '7 P]-Hf 1 ‘V _]+k} + A Z 'Y p]+k |V ]+k:+1) V(C)|

=W — C| F AW — VT )0),
which leads to the desired entropy inequality (3.8)—(3.9). O

With the discrete entropy inequality in Lemma 3.8, we can now show that the limit point p*
obtained in Lemma 3.7 is entropy-admissible.

Lemma 3.9 (Entropy admissibility). Let us assume that (1.2)—(1.3) hold, the quadrature weights
satisfy (2.1)~(2.4), and the CFL condition (2.6) holds with the CFL ratio A\ = 7/h fized. Let

{p? ;‘GZZO and {W"};lgzo be the numerical solutions constructed with the numerical scheme (1.12)—
(1.14). Then any limit point p* (as e,h \, 0) of the approzimate solution W, j, constructed from

{W”}?;ZO using (2.7), in the strong topology of L , is the unique entropy solution of (1.6).

loc?

Proof. From Lemma 3.8, multiplying (3.8) by ¢} 7h = ¢(n, jh)Th, where ¢ € Cl(R,; x R) is any
test function, and summing it over all j € Z and n > 0, we obtain
0 n+1 n
ot = g o — o
h LR R A E AN L A L.

for all ¢ € R. By passing to the limit as 7 = Ak N\, 0, € \{ 0, and using the fact that

?—1/2 = |an —c|[V(e) Z Ve P;+k 1 |V ik) — V(C)|
=W —c|V(c) |V (W}) = V(e)| Wi,y
+ Z W s (VOV?) = V(O = VW) = V().
where the last term is controlled by |V’ |r= 37— ve "W T — WP, we deduce that

J f(|p*—c|8t¢+wc( )0y q’))dxdt—l—hmsupZ'ythah 0,
0o Jr

£,h\\0 k=0
where 1.(&) = sign (£ —¢) (§V (&) — cV(c)) = |§ — |V (c) — [V (&) — V(¢)|¢ is Kruzkov’s entropy
flux function, and

Hfh—7h22| e — W 9= %

n=0 jeZ

We keep in mind that all W} are ¢, h-dependent.
Suppose that supp(¢) < [0, T] x [-M, M]. Following [Col+23a, Lemma 4.1 and Theorem 1.2],
we split the sum over k and write

© 0
E’YZ’hHZ’h:Z]lkh<R’yk H€h+2]lk;L>R’}/ZhH5h
k=0 k=0 k=0

for any R > 0.
On the one hand, noting that HZ’h is uniformly bounded, i.e.,

H" < 4)0,¢|1»MT for all k>0, e,h > 0,
by (2.4) we have
lim su 1 EhHEh 0.
R—ow hEO kZ:O kh >R’Yk

On the other hand, when %h < R, we have

o < HﬁxquHLooff W (s + kh) — Wen(t, 2)| da i
M—kh
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T M
< |2sdle sup j j Won(t +€) — Wt 2)| da dt
0 —M—Re

0<(<Re
o Je,h,
= Jg"
By Fréchet—Kolmogorov—Riesz—Sudakov’s theorem (see [HH16; HH10; HHM19]), we deduce that

J;,jh—>0as e, h \, 0.
Now, for any v > 0, we first choose R sufficiently large such that

0
e,h>0 =, €

Then, we estimate

€

0 0
DL g HY" <0l D) Lin g "R < |00lie TR
=0 k=0

which converges to zero as e, h \, 0, implying that limsup, ;- o Yoo *y]i’hH,i’h <wv. Since v >0 is

arbitrarily chosen, we conclude that limsup, ;o > fy,i’hH Z’h = 0. Therefore, we obtain

00
J J (1p* = c|0vd + Ye(p*)020) dxdt = 0,
o Jr
for all ¢ € CL(R, x R) and c € R, thus p* is the unique entropy solution of (1.6). O

3.4. Asymptotically compatible Kuznetsov’s convergence rate. We now use Kuznetsov’s
argument (see [Kuz76]) to establish a convergence rate estimate for W, towards the unique
entropy solution p of (1.6). A similar approach was carried out in [Col+23a, Proposition 5.1 &
pp. 18-22] to quantify the nonlocal-to-local limit from W, to p. In contrast, our setting involves
both the nonlocal horizon parameter £ and the discretization parameter h, with the argument
extended to address.

Throughout this subsection, we let T > 0 be a selected time and estimate |W, (T, ) —p(T,-)|L1-

Lemma 3.10 (Convergence rate). Let us assume that (1.2)—(1.3) hold, the quadrature weights
satisfy (2.1)—(2.3) and (2.5), and the CFL condition (2.6) holds with the CFL ratio A\ = 1/h

fized. Let {p? ?EZZO and {Wj”};fzo be the numerical solutions constructed with the numerical scheme

(1.12)~(1.14). Let We p, be the approximate solution constructed from {W}' ;LfZO using (2.7), and p

be the unique entropy solution of (1.6). Then the following error estimate holds:
[Wen(T,) — p(T,)|lLr < K (E +h+vVeT + th) TV(po), foreverye, h>0,T >0,
where the constant K > 0 only depends on A, |V |v=, |V'|lLe, and cy (as specified in (2.5)).

A key tool in the proof of Lemma 3.10 is the following lemma (see [Kuz76]; we also refer to
[HR15, Theorem 3.14], [AHV24a, Lemma 3.2], and [KRO01, Lemma 2.1]), which provides an explicit
estimate of the difference between any function v in a suitable class K and the entropy solution u
of a scalar conservation law (3.10) in terms of their relative (Kruzkov’s) entropy.

Lemma 3.11 (Kuznetsov’s lemma). Let
veK = {v 'Ry xR >R :v(t-) e L (R) and the right and left limits v(¢4,-) exist in Li

forallt>0  and  [v|per, xr) + Supio TV(0(t, ) < +oo}
and let u be the entropy solution of the scalar conservation law

(3.10) owu(t, @) + O f (u(t,z)) =0, (t,z) e Ry xR,
' (0, z) = uo(x), z eR.
If0 <69 <T and 6 > 0, then

[o(T—,) = (T, ) < [v(0,) = uoflys + TV (uo) (26 + dof/|L=) + v (v,80) — Ass (v, ),
where

ve(v,0) = S[l(l)p] [v(t+ s,:) —v(t,)|L, forallt > 0,0 >0,
s€[0,0
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v(v,o) = sup v(v,0), for all o > 0,
te[0,T]

T
Ar(v, ¢, ¢) = L JR (v = ¢|0edd + Ve (v)0r @) daxdt — J}R [o(T, z) — c|o(T, z) dx

+ J [v(0, z) — c|p(0, z) dz, for all e CL(Ry x R,R,), ceR,
R

T
As s, (v, u) = J J- Ar (0, Q (-, @) ,u(t,2')) da’ dt’,
o Jr
with w € CP(R) being a standard molliﬁer i. e., an even function satisfying suppw < [—1,1], 0 <
w < 1, w increasing on [—1,0], and {5 w(z)dz =1, and ws(z) = 3w (%),
Q1 x ") =ws, (t—t") ws (x—2a'), (.t x,2") € R*,
and ¥.(§) = sign (£ — ¢) (f(&) — f(c)) is Kruzkov’s entropy flux function.

Proof of Lemma 3.10. We first assume 7" = N7 for N € N; and apply Lemma 3.11 to v = W,
and u = p, using the flux function f(p) = pV( ) and Kruzkov’s entropy flux function ¥.(§) =
sign (£ — ¢) (§V () — ¢V (c)). We denote t,, == n1 for n > 0 and x;_ 12 = (j— %) for j e Z.
It is straightforward to verify that Ws,h € IC. Then Lemma 3.11 gives
Wen(T=,-) = p(T, )L < [Wen(0,-) = pollp,s + TV (po) (26 + dof| V][ wr.e0)
+ v (Wen, 60) — As 50 (We ns p),

for any 0 < 69 < T and 6 > 0, where v and A; s, are as defined in the statement of Lemma 3.11.
Step 1. For the first term W, 5(0,-) — po|; ., we have

IWe,n(0,+) = pollpr < [Wen(0,+) = pe,n(0, )12 + [pe,n(0,2) = poll s
where
[Wen(0,) = pen(0, )0 = B D WP = p)| < h Z kv 10500 — P91 < ey TV (po),
JEL JEL

with ¢, specified in (2.5), and

Tj+1/2

0.9 = ol = 3 [ Ion(o) = e < BTV (o)

JELYTi—1/2
Therefore, we have
IWe,n(0,) = pol1 < (eye + h) TV(po).
Step 2. For the term v(We p,d0) = supsefo 7 Vt(We,n, d0), we first estimate
ve(Wen,00) = sup  [Wen(t+s,) = Wen(t,)|rr

0<s<do

For any t € [0,T] and s € [0, dp], suppose that ¢ € [ty, tmi1| and ¢ + s € [ty, tn+1[. Owing to the
temporal TV-estimate (3.7) in Lemma 3.6, we have

[Wen(t 4 8,) = Wt )|ie = D5 W7 = Wb < A — m)A [V [[yr. TV (po)-

JEZL

Noting that (n —m — 1)7 < s and 7 = Ah, and taking the supremum over s € [0, dy] and ¢ € [0, 7]
in the above inequahty, we obtaln that

v (Wens60) < (60 + 7) [V [lywr.e TV(po).
Step 3. For the term As s, (Wz n, p), we first consider

Az (W, 6, ) =JO fR (Wen — closd + o (Won)ud) dadt

- J |Wen (T, z) — c|p(T, x) do + J [We n(0,2) — ¢|¢(0,2) dz
R R
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where ¢ € CI(Ry x R,R,) and c € R. We have

T
J f (|W57h — C|at¢ + wc(Wah)(‘}z(ﬁ) dx dt
0 R

N-1
= Z Z (Wit — ¢

Tj41/2 tn41

n=0 jeZ Tj—1/2 tn
and
Tj+1/2
J (Wen(T, ) = clp(T,z)dz = > [W — ] d(tn,z)dz,
JEL. Ti-1/2
Tj+1/2
J [We 1 (0,2) — |60, z) dz = Z \WO — ¢ @(to, x) da.
JEZ Tj—1/2
Using summation by parts, we obtain
N-1 Tj+1/2
Z Z |W;’1 — ¢ P(tnt1,2) — d(tn, x) do
n=0 jeZ Tj_1/2
1 Tj+1/2
Z Z (W —c| = [Wpt — \)J d(tnt1, ) de
n=0 jeZ Tj-1/2
Tj+1/2 Tj+1/2
+ )W = B(to, x)dz — Y W) —¢| dtn, ) da.
jeZ Tj1/2 jez Tj_1/2

and

1

N— tnt1
2 e (W. f O, wjp1p2) — Ot xj_1/2) dt

n=0 jeZ n
1

N— -
Z Z QZ}C Wn ’(/}C( ]+1))J (b(t; $j+1/2)dt.

n=0 jeZ n

Therefore, we deduce that

N— Tj41/2
Ar(We, 6,0) ZZ Wy el =W o) [ bt o) o

n=0 jeZ Tj—1/2
N— tnt1
2 3 @elW) = 0elW) [ oltyi)
n=0 jeZ tn

Next, we use the discrete entropy inequality (3.8)—(3.9) in Lemma 3.8 to obtain

Lj+1/2
AT(WE,h,d)a Z Z ]+1/2 J 1/2)f ¢(tn+1,$) dx

n= OgeZ Tj—1/2

tn+1
Y W) — (W) J Ot 2 41)2)

n= OJEZ tn
N-1 tn4+1
= Z 2 (Q?—l/Z - ¢C(Win)) J Pt zj1/2) — d(t, j41/2) A
n=0 jeZ n
N—-1 Tj11/2 tn+1
+ (‘I’?H/z - ‘I’?—l/z) )\f (tnt1,r)dr — f Pt xjiay2)dt
n=0 jeZ Tj1/2 n

where we have used summation by parts in the last step, and \I/” 12 is as defined in (3.9).

Now we take the particular test function Q(¢,¢,z,2’) = wao(t — t")ws(x — 2’) and estimate

(3.11) AT(WE,MQ(':t/a'aJ;/)?C)

¢(tn+17 93) - ¢(t"v ‘T) dz + wC(WJn) J ¢(ta ‘Tj+1/2) - ¢(t Lj— 1/2) d

)

17
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1

N—
-2 ‘31/2 be(WJ")

n=0 jeZ

Z Z ’\IljJrl/Q ] 1/2 J;L(t/’x/)7

tnt1

I}L(t,, I’l) = ’wg(Ij,1/2 — IIZI) — W§($j+1/2 — I]C/)| f Wso (t - t,) dt,

in

Tj+1/2 trt1
TPt a") = | Aws, (tn1 — 1) J ws(z —a')de — ws (w412 — o) J ws, (t —t") dt].
Tj_1/2 tn
To proceed, we need to derive estimates on ‘\If’l —Ye(W. n ‘ and ‘\IfjJrl/z \112‘71/2‘.

For‘ Toap — V(W]

‘Wﬁufﬂmm$ﬂ<HV”*WTJV@HWW“*WﬁﬂWUWU*V@H

(W) = W =V (c) = WP |[V(W]) = V(c)|, thus

+ Z r)/k p]-Hi: 1 ( ]n+k) - V(W_]n)|

[oe]

S 2|V (W] = Wiy | + [V | P = W
k= O

=: K;-l.

For ’\Il”

j4+1/2 v

j—1/2)

‘\I’;‘lﬂ/z - ‘I’?_yg‘ S |WJ =W V(e) + W] — Wi ]V(W;’) —V(e)]

Zm Do (VW2 = V()| = VW) = V()
k=0

- Z 7}? hp?+k Wgn+k+1) - V(C)| - |V(W]“) - V(C)D |

< 2[[ViiLe \W}’ - WLl

0
+ Z (fylifl - ’YZ’ )pJ-H’c (|V ]+k+1) (C)| - |V(an> - V(C)D ‘
k=0
[ee]
<2 Vllge W = Wil Y (35" = 92l) ek VW i) = VOV
k=0
= "

i
Noting that K7 and L’ are independent of the choice of ¢, we take ¢ = p(t',2’) in A7 and integrate
Ar(Wepn, Q- ¥, ' '), p(t’ a’)) with respect to t',2’. Then the estimate (3.11) yields

J JAT Eha 'a )L )P(t',x/))dx/dt’
ZK”JJI" da' dt’ — ZL"JJJ”twdxdt
0

n=0 jeZ n=0 jeZ

where we have

T
L JRIJ’-L(t',x') da’ dt’ < TJR lws(zj—1/2 — &') — ws (@412 — 2')| da’
2ht

< TV(ws)ht < 5

and

T Tj+1/2
J f J;’(t/,x') de’ dt’ < AJ J |w5(:c — ') —ws(xjs1/0 — x’)| dz’ dz
R R

0 Tj—1/2
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tny1r T
+ f J |wsy (t — ") — wey (tns1 — t')| dt' dt
0

Tji+1/2 tn+1

< )\TV(w(;)J & — 2;41)0] dz + TV(ws,) f [t — b ] dt
Tj_1/2 tn

< ht N 72

<S5 T

implying that

JJAT i Q2 ot ') da A > —512; Jn_<hT EO)NZ::%:

We then estimate
o0

n n n h wn
Z K} =2[V|» Z (Wi = Wi |+ [V e Y Z Wiy, — W
JEZ JEL k= 0 JEZL
o0
= <2||V|L00 + [V = ) ke ) DLW -
k=0 JEZ
€
< (21Vlle + V'l 7 ) TV(po).
with ¢, specified in (2.5), and
o0
Z Ly =2Vl Z (Wi =Wt + Z ('YZ - 7k+1) Z Ptk |V Wiki) — V(an)| :
JEL JEZ k=0 JEZ

Using (3.5) in Lemma 3.5, we derive

0
Z('}’Ji ’Yk+1 Zp3+k’V J+k,‘+1) V(W;'l)‘

k=0 JEZ
0 N N k
< (2 (v =) (Z p)) VW) = Vwy)|
J€Z \k=0 1=0
B Z Wn |V ]+1 (an)’
JEL
< V'l Y Wy = W),
JEZ
and thus
DL < Ve + [V ) Y Wy = W< 21Vl + [V L) TV (po)-
JEZ JEZ

Finally, we deduce the following estimate on Ass,:

As.60(We,ns p) :J f Ar(Wen, Q1 ) P(tl,l'/)) dz’ dt’
2hT
> =N 2Vl + &IV ) TV (o)
hr 12
(545 ) ¥ CIVIe 1) TV )

6h 2 2 h
=t (55 ) Wl + (P55 + 54 5) IVl ) TV (o0

Step 4. Putting together the above estimates, we have

[Wen(T—=, ) = p(T' ) s
< (¢4 + R)TV (po) + (26 + 6o [[V]wr.) TV (po) + (S0 + 7) [V [[yyr. TV(p0)

V(p
+T<(6;L 2T)IIVIILao (2057 +§ T)V/|Lsc)TV(p0).
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By taking appropriate 0 and §y to optimize the right-hand side, we conclude that
(3.12) [Wer (=) = p(T, ) < K (2 + b+ VET + VAT) TV(po),

for all e,h > 0 and T = N7 > 0, where the constant K > 0 only depends on A, |V|pe=, ||V/||Le,
and c,.

For an arbitrary time T' > 0, let N € N be chosen such that N7 < T < (N + 1)7. Then, by
the construction of W¢ , in (2.7), we have W, (T, ) = W, ,,(N7,-). A triangle inequality yields

IWen(T,) = p(T,)Lr <[Wen(N7—,-) = p(NT,-)|Ls
+ [Wen (N7, ) = Wen(NT=, ) [ + [o(T'-) = p(NT, ) |1,

where the first term on the right-hand side is bounded by K (6 +h+veT +vh T) TV (pp) using

(3.12), the second term by 7-||V||yy1.. TV(po) using the temporal TV-estimate (3.7) in Lemma, 3.6,
and the last term also by 7 [|V||y1... TV(po) using a temporal TV-estimate of p (see, e. g., [Coc24,

Lemma 7.5]), leading to the desired conclusion.
O

Remark 3.12 (Comparison with the literature). Let us offer some additional comments comparing
our version of Kuznetsov’s argument to the ones in [AHV24a; Col+23a].
First, we stress that [AHV2/a] deals with

(3.13) {atpf(tvx) +0s (V(We [p:](t, 2)) f(pe(t,x))) =0, (tz)eR, xR,
pE(O,CC) = PO(CE)7 zeR,

while both [Col+23a] and this work focus on a special case of (3.13) where f(§) =&, giving (1.1).

There are subtle differences between (3.13) and the special case (1.1): when f is a nonlinear
function, (3.13) is a nonlinear conservation law even if V(VV,S [pe]) is replaced by a given velocity
field. As a result, weak solutions of (3.13) are non-unique in general; then [AHV24a] specifies the
following entropy condition to select a physically meaningful one:

f f 0(p2)0 + V(pe)V (Welpe))0u6 da dt
314

f j () (02) — 0(pe))aV (Welpe]) da dt + jRn<po<x>>¢<o,x>dm>o,

where (n,) is an entropy-entropy flux pair with ¥'(§) = 7' (&) f'(£), and the convergence rate
estimate of numerical schemes is via Kuznetsov-type arguments based on (3.14).

In contrast, the weak solutions of (1.1) are unique (as shown in [KP17]) and there is no need for
entropy conditions and (3.14) is automatically satisfied by the unique weak solution. In [Col+23a]
and this work, the concern is about showing that the local entropy condition holds for the local limit
of nonlocal solutions of (1.1), i.e.,

(3.15) f f )+ (p*)0p e di + f n(po(2))6(0, z) dz > 0,

R
where (n,) is an entropy-entropy flux pair with ¥'(£) = n'(£) (V (&) &)'.
In the case where f(§) = &, the entropy conditions (3.14) and (3.15) are incompatible: one
cannot directly pass a limit from (3.14) to (3.15) because 0,V (We[pc]) becomes singular as € \, 0.

3.5. Completion of the proof. Putting together the lemmas in the previous subsections, we are
ready to complete the proof of Theorem 2.1.

Proof of Theorem 2.1. As shown in Lemma 3.7, the approximate solution W, j is strongly pre-
compact in L], thus having a limit point as e, h ~\, 0. The fact that the limit point is the (unique)
entropy solution of (1.6) is proven in Lemma 3.9. As a consequence of the uniqueness of entropy
solutions, we deduce (owing to Uryshon’s subsequence principle) that the whole family (not just up
to subsequences) converges. Finally, the convergence rate estimate is proven in Lemma 3.10. O
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4. THE EXPONENTIAL KERNEL CASE

For the exponential kernel v = 17_ o1(*) exp(+), the exact quadrature weights from Example 2.1
and the normalized Riemann quadrature weights from Example 2.2 coincide, with the common
expression given by

4.1 o[ legeoew B
(4.1) %" crdemeUmer)
—(k+1)h
yielding
et =1—et, AP e tph for k0.

With these quadrature weights, it follows from (1.13) that
Wi an e% —1

(4.2) e L)

(=

In general, we may assume that the quadrature weights {W}i’h}k;o form a geometric sequence

(4.3) Ve b= ’yg’h (1-— vg’h)k for k > 0,

m\»—n

(W' —p}) provided that h « 5),

which is analogous to (1.10).

hos
where ;" satisfies

1_ e,h
(4.4) 0<~v"<1 and % < c% for all e,h > 0,
Yo'

and the constant ¢ > 0 is independent of €,h. The quadrature weights specified by (4.3)—(4.4)
satisfy (2.1)—(2.5); the condition 7% < ¢ £ in (4.4) is exactly the condition Y ;7 k’y,i’h < cypin

(2.5). Specifically, the exact quadrature weights (4.1) satisfy (4.3)—(4.4) with the constant ¢ = 1.
We supplement our numerical scheme (1.12)—(1.14) with the quadrature weights specified by
(4.3)-(4.4). Then (1.13) implies the following identity that relates pi to W* and W}

FESE
e,h
n ’yO n n
(4.5) i — Wi = 1_75’h (Wj *Pj)a
0
which gives
1 1—A5"
(4.6) pj = vs,hWJn - ~or j1-
0 0

Using (1.12)—(1.13) and (4.6), we obtain
n h n
Wit = Z W

- h

= n AZ’YE’ p;L+k 1V(an+k) Pj+kV(Wy+k+1))
k=0
= k+1

= 2 (W +k+1v(Wj+k+1) Wj+kV(Wg+k)>

7)‘2 Wn+kv( Ferr1) = Wi V( J+k))

Then, summation by parts ylelds

0 o0

k+1 hyrm n n n
PNIEET Wl VIV ) = W V(W) = DWW = WV (W),
0 k=0

kel
Il

18

(1 - 787 ) (W +kV(WJ+k+1) Wj+k IV j+k Z VZ +kV ]+k+1) W;LlV(an),

x>
|

0
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which lead to

@7) WP =W A (W, - W) AZv ok (VOVn) = VW) -

We observe that the particular structure of the exponential kernel and its suitable discretization,
as specified by (4.3)-(4.4), enable the derivation of the scheme (4.7) for {W} ?EZZO. This scheme
serves as a numerical discretization of (1.11) for W, and is conservative.

Owing to (4.7), we can prove the TVD property more simply compared to Lemma 3.4.

Lemma 4.1 (TVD in space). Let us assume that (1.2)—(1.3) hold, the quadrature weights satisfy
(4.3)~(4.4), and the CFL condition (3.1) holds. Let {p ?5; and {W]”}?GZZO be the numerical so-
lutions constructed with the numerical scheme (1.12)—~(1.14). Then the spatial TV -estimate (3.4)

holds.

VWi ,) V(W

Proof. Let us introduce the notation o} = ) for Jj€Z,n >0, and rewrite (4.7) as

Wt =W+ X (W), —W)) -\ Z Al W (W — W)

Then a straightforward calculation gives

WIEE =W AV(W) (W] = W) + (1= AV(W]) + My W) (W — W)

J+1
+ A Z — Y 1 G Wi (Wi — Wikp),
which yields
DLW =W < 3 (AVWEL) + 1= AV (W) + Moa W
JEL jEZ
+ A 2 - 'Yk 1 T‘LW;Z>| e — W
Z | ]+1
JEL

where we have used the CFL condition (3.1) to ensure 1 — AV(W, ;) + Mypa? W > 0. Finally, by
induction, we have

DW= W< D IWPey = WP < X 1pf s = pl < TV (po)-

JEL JEL JEL

Owing to (4.5), we can estimate the L'-distance between p7 and W7

Lemma 4.2 (L!-deviation estimate between p; and W") Let us suppose that the quadrature

weights satisfy (4.3)—(4.4). Let {p} ?520 and {W}' }?;ZO be the numerical solutions constructed with

the numerical scheme (1.12)—(1.14). Then the following L' -estimate holds:
(48) ST = prlh < e Y W — W,
JEL JEZ

where the constant ¢ > 0 is as in (4.4), independent of €, h.

Proof. The inequality (4.8) follows directly from (4.4) and (4.5). O

As a consequence of Lemma 4.2, we can state the counterpart of Theorem 2.1 for the exponential
kernel, which also addresses the question of the convergence of p. p as e, h ™\, 0.

Theorem 4.3 (Convergence (exponential kernel)). Let us assume that (1.2)—(1.3) hold, the quad-
rature weights satisfy (4.3)—(4.4), and the CFL condition (3.1) holds with the CFL ratio X :== 7/h
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fized. Let us consider the numerical solutions {p} ?EZZO and {W} ?EZZO constructed with the nu-
merical scheme (1.12)-(1.14), and let p., and W, be the piecewise constant reconstructions of
{p} ;‘EZZO and {W}' ;fzo, respectively, 1. e.,

0
Pe,h = Z 2 P? : ]l[nr,(n-&-l)T[x[(j—%)h,(j-&-%)h[,

n=0 jeZ

o0
Wen = D0 2 Wi L (it [x (= 5 (G4 AL
n=0 jeZ

Then, as €,h \, 0, both approzimate solutions We j, and p. j converge strongly in LllOC to the unique
entropy solution p of (1.6). Moreover, the following error estimates hold:

(4.9) [Wen(t,-) —p(t, ) < K (5 +h+ Vet + Vht) TV(py), foreverye,h>0,t>0,

(4.10)  lpen(t,) —p(t, ) < K (6 +h+Vet+ \/ht) TV(po), foreverye,h>0,t>0,
where the constant K > 0 only depends on A, |V|v=, |[V'||lLe, and cy (as in (4.4)).

Proof. The assumptions used in Theorem 2.1 are satisfied. In particular, the conditions (4.3)—(4.4)
on quadrature weights imply (2.1)—(2.5).

We observe that the only additional claims in Theorem 4.3 compared to Theorem 2.1 concern
the convergence of p. ;, and the convergence rate estimate in (4.10). These follow directly from the
conclusions of Theorem 2.1 (namely, from (4.9)), thanks to Lemma 4.2, which holds due to the
relation (4.5). Indeed, for every ,h > 0 and ¢t > 0, we compute

lpen(t,) = p(t, )L < [Wen(t, ) — p(t, ) + [Wen(t, ) — pen(ts )i
<K (s +h+et+ \/ht) TV (po) + ez TV (po),

where we used the triangle inequality, (4.9), Lemma 4.2, and the spatial TV-estimate in Lemma 4.1.
|

Remark 4.4 (CFL conditions). The mazimum principle in Lemma 3.1 is a prerequisite for all
results in this work, and so is the CFL condition (3.1). The spatial TV-estimate in Lemma 3./ needs
a stronger CFL condition stated in (2.6), which is thus used in the statement of Theorem 2.1. On
the other hand, in the specific case of the exponential kernel, the CFL condition (3.1) is sufficient
for the same spatial TV-estimate in Lemma 4.1, and thus Theorem 4.3 holds.

Remark 4.5 (Alternative quadrature weights). Alternatively, we can discretize (1.10) as
jn+1 - an _ 1

h €

This discretization is equivalent to using the quadrature weights

k
e,h ,_ﬁ l—ﬁ
’Yk T € c ’

which satisfy (4.3)—(4.4) when h < €. The conclusion of Theorem 4.3 then holds, provided that
the spatial mesh size h does not exceed the mnonlocal horizon €. Hence, we achieve conditional
asymptotic compatibility.

(W = o).

4.1. Consistency with the entropy admissibility condition for p. ;. As demonstrated in
Theorem 4.3, both p. ; and W, converge to the unique entropy solution of (1.6), with the en-
tropy admissibility for the limit of W, ;, proved using the discrete entropy inequality (3.8)—(3.9) in
Lemma 3.8. Yet, it is useful to give a direct proof of the entropy admissibility for the limit of p. 3,
which aligns with a continuous entropy inequality for p., adapted from [BS21; BS20b; Coc-+23al
and tailored to the exponential kernel:

(4.11) 5#7(%) + O (¢(Pa) + n(pa)(V(We) - V(pa)) + Q(Wa) - Q(pa)) <0,

where (n,v) is an entropy-entropy flux pair, and @ satisfies Q'(§) = P(§)V'(§) with P(§) =
En'(€) — n(8).
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We outline below the key (formal) computation to obtain (4.11):

on(pe) + 0zt (pe)

=1 (pe) 0z (p=(V (pe) = V(W)

=1 (pe)0upe(V(pe) = V(We)) + 1 (pe) pedu(V (pe) — V(W2))
= 0:1(pe)(V (pe) — ( 2)) + 1 (pe)pe0s (V(ps)— V(W)

= 02 (n(p)(V(pe) = V(IWL))) + (1 (pe)pe — 1(p:=)) 02 (V (pe) = V(We))
(using P(§) = &§n'(€) — (ﬁ))
=0y ( ( )(V(ps) - ) + ( s) - P(Ws))az(v(pe) - V(WE))

+ P(We)dn(V (ps) V(W)
(using Q'(£) = P(§)V'(E)):
= 0a (n(p=)(V(p=) = V(W) + 02 (Q(pe) — QW) + V' (We) (P(We) — P(pe)) 0. We
= 2 (1(p2)(V(pe) = VW) + QUpe) = QUVL)) + V! (W) (P(WL) = P(p)) (W — p),
where the last term in the last line is non-positive because V' < 0 and P’(§) = £n”(§) = 0 when
£ >0, yielding (4.11).

Taking Kruzkov’s entropy function 7.(£) = |£ — ¢|, for any constant ¢ € R, we have ¢.(§) =
sign (§ = ¢) - (EV(£) — ¢V (c)), Pe(§) = c-sign(§ — ¢), and Qc(§) = —c[V(§) — V(c)|. In this case,

we can rewrite (4.11) as
(4.12) Otlpe = ¢ + 0 (|pe — c|V(We) — c[V(We) = V(e)]) < 0.

Therefore, we can define ¥.(p, W) = |p — c|V(W) — ¢|[V(W) — V(c¢)| as a nonlocal entropy flux
function, which satisfies W.(p, p) = ¥.(p), i. e., it is compatible with the local entropy flux function.

With these observations in mind, in the following lemma, we prove a discrete entropy inequality
that aligns with (4.12).

Lemma 4.6 (Discrete entropy inequality). Let us assume that (1.2)—(1.3) hold, the quadrature
weights satisfy (4.3)-(4.4), and the CFL condition (3.1) holds. Let {p}}}Z "> and {W"}">0 be

JEL
the numerical solutions constructed with the numerical scheme (1.12)—(1. 14) Then the following

discrete entropy inequality holds:
|pn+1 C| - |p:;1 - C‘ + (p] 7W;L+1) ‘IIC(pz'lfl? W]n) < 0
T h =
forallceR and V. (p, W) = |p— c|V(W) — c|]V(W) — V(c)].
Proof. Noting that 0 < p}}, W}* < 1 for all j,n (from Lemma 3.1 and Remark 3.3), it suffices to
show (4.13) for c € (0,1). From (1.12), we write
Pyt =0 A (P — )V (W]) = (pf = )V (W]yy) +c(VIW]) = V(IW]LY))),
which implies

0T — e SAVW])Ipf_y — e +[(1 = AV(W]L0)) (0 = ©) + Ac (VW) = V(W)
We denote R := (1 = AV(W2))(p} —c) + Ac(V(W}') = V(W] )) and discuss the following cases.

Case 1. It W, > W' > ¢, we have
VW) = VW) = V) = VW7 = [VIWG) = Ve = [VIWF) = V()

(4.13)

yielding
(@14)  (RI< (L= AVW)) [0} — el + de (VWL — V(O] - [VIW]) — V(o).
Case 2. If W', < W' < ¢, we have

|V an - V(an+1)| V( j"”+1) - V( |V ]+1) (C)| - |V(an) - V(C>| )

which also yields (4.14).
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Case 3. If W' > cand W} ; < W], the identity (4.5) implies pj > W}* > ¢, and consequently
VW] = V()| <[V(p}) = V()| < [V'[L=]p] —cl.
Let Ry == (1= AV(W},)) (0} — ) + Ac (V(W}') = V(c)), using the CFL condition (3.1),
we have
A [V(W)) ~ Ve < (1= WOVE) |0} .
thus sign (Ry) = sign (p? —¢) =1and
|R| < Ry + Ae|[V(W],) — V()|
= (1 —AV( ﬂrl)) (P} —c)+ Ac (V(W}l) — V(c)) + Ae |V( 1) — V(c)|
— (L= AV ) 162 — el = Ae[V) = V(@) + Ac [V (W) = V(e
so we still obtain (4.14).

Case 4. If W' < cand W[, > W, by similar arguments as in Case 3., we obtain p} < W <c

and sign (R;) = sign (p;? —¢) = —1, giving
|R| < =Ry + Ac|V(W} ) = V()|
- (L= AV(WED) (0 = ©) = e (VW) = V(@) + Ae|[V(W/ ) = V()
(1= AVWP)) 67— = Ac[VWT) = V(e)| + Ae|V(WE,) — Ve
so we still obtain (4.14).

In summary, the estimate (4.14) holds in all cases, and it gives

pntt =l < lpp = el + A(Iofoy = VW) = |of = V(W)

—e (VW) = V(o) = VW) ~ V) )
= 1o} — el + AM(Telpj_1. W) = Welp}, W}Ly)).
Therefore, we deduce the discrete entropy inequality (4.13). (|
4.2. L'-contraction. This subsection is devoted to the L'-contraction property of W,, the non-

local impact specified in (1.4) based on (1.1), motivated by its critical role in scalar conservation
laws. For a scalar conservation law with a (locally) Lipschitz continuous flux function f: R — R,

Oru+ Opf (u) =0, (t,z) e Ry x R,
considering Kruzkov’s entropy-entropy flux pair (n.,v.), where n.(£) = |£ — ¢| and ¥.(§) =
sign (§ —¢) - (f(&§) — f(c)), which yields
B — el + 8 (sign (u— ¢) (f(u) — £(c))) <0,

in the sense of distributions in R, x R. Then by employing the “doubling of variables” technique,
in [Kru70], Kruzkov obtained

Orlu —a| + 0z (sign (u — u) (f(u) — f(u))) <0,

for any pair of entropy solutions u and u, which then gives

d

This L!-contraction property was also noticed by Volpert in [Vol68] for BV initial data. We refer
to [Ser04] for further discussions. From this property, a comparison principle and a priori bounds
for the L', L™, and BV norms of the solutions follow.?

9 Let us recall a relevant result from [CL98]: Let us suppose that T : L! (R) — L! (R) satisfies the following
conditions:
1. for all u € L! (R), we have {; Tu = {j u;
2. for all u, v € L' (R), with u > v a.e., we have Tu = Tv a.e.;
3. for all h € R and all u € L! (R), we have T'(u(- — h)) = (Tu)(- — h).

Then, for all v € L! (R), the following maximum and minimum principles hold:

ess supTu < esssupu  and  ess inf Tu > essinf u.
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For the nonlocal conservation law (1.1), the violation of the TVD property for p. implies the
loss of the L'-contraction property. In contrast, under the exponential kernel, we can establish
the Ll-contraction property for W., which satisfies the evolution equation (1.11), improving the
existing L!-stability estimates for (1.1) in the literature. We also note that, for a different nonlocal
conservation law inspired by (1.1), an L!-contraction estimate was proven in [CKR25].

Theorem 4.7 (L!-contraction for W.). Let us assume that (1.3) holds, the nonlocal kernel v =
1)_o,01(-) exp(+), and the initial data po, po satisfy (1.2) with py — po € L*(R). Let p., p- be
the solutions of (1.1), with the nonlocal impacts W., W, defined as in (1.4). Then the following
L' -contraction property holds:

[Wet ) = We(t, )lr < [We(0,) = We(0,) |-

Proof. We take functions @) and R that satisfy Q'(¢) := £V'(§) and R/(§) := V(£). Noting that
W, W, e Wh® (R, x R) and using (1.11), the direct analogue of (1.1) and (1.4), we obtain

%JR ’WE(t,x) - Ws(t,x)‘ do

JR sign (Ws(t,x) - I/wag(t,x)) Ot (Wa(t, x) — I/waa(t,x)) dx

— JR sign (Wg(t, x) — Vf[vfg(t7 :r)) Ou (R(VVE(t7 x)) — R(Wg(t, x))) dz

! JR sign (W.(t,2) — Wa(t,)) LOO exp <x - y) oy (QUV-(t,y) — QUT.(t,y)) ) dyde
=: I + I.

For the first term, we have'®

= JR 2011 (1.0) 7. 10} (ROVe(t:2)) = ROV=(t,2))) &, (Welto) = We(t,) ) do = 0.

For the second term, we use Fubini’s theorem and integration by parts (noticing that the boundary
terms vanish as W, W, € WH® (R, x R)) to deduce

B= =2 [ o (vt - @ea)) [ e (T ) sen (Wittn) - Wita)) oy
= L[ (QO00.00) — Q1.0 ) sign (W-(t.0) - Wett.0))
- Ei ] (QV-(t,1) - QUW.(t.v)) JOO exp (x;”) sign (W.(t,2) - W-(t,2)) dody
=: Iy + I32.

Noting that @ is a decreasing function, we have

By == [ |QUV.(t.9) ~ QW (t.)|

on the other hand,
1 ~ Y _
ol < 5 [ ooveten - @] [ e (22) dsay
1 ~
- 2 | lotwtt.n) - @t an

By Crandall-Tartar’s lemma (see [CT80]), conditions 1. and 2. on L!(Q) of any measure space (Q, du) are equivalent
to 1. and
2. for all u, v € L'(Q), we have |Tu — Tl < lu—2vlp1q)-

Thus, on L' (), non-expansive mappings that preserve the integral are the same as order-preserving mappings that
preserve the integral.

10 Here, we observe that sign(v) = dry—03v” holds (in the sense of distributions) for any smooth function v
(cf. [BRNT79, Lemma 2] and [Coc24, Remark 7.1]). To apply this to our setting, we may employ approximations (by
regularizing the initial data) for Wk, W as in [Coc+23a, Theorem 3.1] or [Coc+24, Lemma 3.1].
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Therefore, Iy = I37 + I < 0 and we conclude that

d ~
7J (We(t,2) = We(t,2)| da < 0.
at Iy

5. NUMERICAL EXPERIMENTS

We supplement the paper with a series of numerical experiments that illustrate our theoretical
findings and suggest further conjectures on the approximate solutions produced by the numerical
scheme (1.12)—(1.14). These experiments, organized in Section 5.1 to demonstrate the asymptoti-
cally compatible convergence rates (cf. Theorem 2.1 and Theorem 4.3) and Section 5.2 to investigate
stability properties including the TVD property (cf. Lemma 3.4 and Lemma 4.1) and the entropy
condition (cf. Lemma 3.8 and Lemma 4.6), rely on the following settings.

We use three representative initial data, detailed as follows:

e Riemann shock:

(5.1) po() = 0.1 g oo (2):
e Riemann rarefaction:

(5.2) po(x) == 0.6511_ 07(x) + 0.35 L9 oo (2);
e Bell-shaped:

(5.3) po(z) == 0.4 + 0.4 exp (—100z?) .

We also adopt the Greenshields velocity function [Gre35], V(£) = 1—¢, unless otherwise indicated.
Furthermore, we use the following nonlocal kernels:

e cxponential kernel:

(5.4) 7(2) = exp(z) L]-o 07(2);
e linear kernel:

(5.5) v(2) = 2(z + 1) Lj_1,0)(2);
e constant kernel:

(5.6) 7(2) = 1y_1,0)(2);

discretized with their exact quadrature weights from Example 2.1 unless otherwise specified. Along
with these, we fix the CFL ratio A = 0.25 and restrict the scheme’s implementation to a finite
computational domain and use constant extensions outside.

5.1. Convergence rates. In the following experiments, we examine the asymptotically compat-
ible convergence rates of the approximate solution W, p, produced by the scheme (1.12)—(1.14),
to the entropy solution p of (1.6) as e,h \, 0. We also evaluate the impact of nonlocal kernels,
quadrature weights, and velocity functions on the convergence rates. Further, we investigate the
convergence from p p to p.

Experiment 5.1. First of all, we offer a visual comparison between the approzimate solution Wy p,
(with e =5 x 1073 and h = 1073) and the entropy solution p of (1.6), using the linear kernel (5.5)
and initial data (5.1)=(5.3). Snapshots of W, at times t = 0,0.5,1 and of p at t =1 (computed
on a finer mesh) are shown in Figure 2.

From Figure 2, we see that W, j closely approximates p at ¢ = 1 across all initial data with the
small € and h, and the difference appears as a slight smoothing effect on p. Moreover, the temporal
evolution of W, ;, mimics the dynamics of (1.6) that include a moving shock wave for the Riemann
initial data (5.1), a centered rarefaction wave for the Riemann initial data (5.2), and the formation
of a shock for the smooth bell-shaped initial data (5.3).

Experiment 5.2. Next, we examine the convergence rate from W, to p using the initial data
(5.1)=(5.3) and nonlocal kernels (5.4)~(5.6), and along the following limiting paths:

e ¢ = h N\, 0: in this case, with the linear kernel (5.5) or the constant kernel (5.6), the
scheme simplifies to a monotone three-point scheme solving (1.6) (see Remark 2.2);
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FIGURE 2. Snapshots of W}, at times ¢ = 0,0.5,1 and of p at ¢ = 1 for the Riemann shock
initial data (5.1) (LEFT), the Riemann rarefaction initial data (5.2) (MIDDLE), and the bell-
shaped initial data (5.3) (RIGHT).

e ¢ =5h\,0;

e £ =+/h\,0: in this case, 7 :ﬁ/‘oo.
In Figure 3, we plot the L* error |We i (t,-) — p(t,-)|l ., att =1 against h=' on a log-log scale, with
p computed on a finer mesh, and include reference lines with slopes —1, f%, and f% to indicate
expected convergence rates.

Additionally, we evaluate the impact of nonlinear velocity functions:

o Krystek’s velocity function [Kry80]: V(&) := (1 — &£)*;

e Underwood’s velocity function [Und61]: V(§) = exp(=£);
applied to the initial data (5.1)—(5.3) with the linear kernel (5.5). In Figure 4, we present conver-
gence plots similar to those in Figure 3.

The left panel of Figure 3 reveals that, for a moving shock wave in p, the error of W, ; decays
at a rate h for ¢ = h and € = 5h, and at a rate vh for ¢ = v/h, indicating a potential convergence
rate of € + h, which exceeds the /e + vh estimate in Theorem 2.1. The middle panel shows that,
for a centered rarefaction wave in p, the error decay lies between h and Vh for e = h and € = 5h,
and between vk and ht for e = Vh, suggesting a rate between e+ h and Ve+ V/h. The right panel
exhibits similar trends for a shock formed from the bell-shaped initial data. These findings align
with Theorem 2.1, with observed convergence rates lying between €+ h and 1/ + Vh. Remarkably,
the non-convex constant kernel (5.6) leads to quadrature weights violating the assumption (2.3),
falling outside the scope of Theorem 2.1, yet its conclusion remains valid. The convergence reaches
a rate of h along € = h in shock and bell-shaped cases, but declines slightly below h for a centered
rarefaction wave in p, consistent with discussions in Remark 2.2 and Remark 2.4.

Moreover, from Figure 4 we observe that, with nonlinear velocity functions V(§) = (1 — &)*
and V(§) = exp(—¢), the convergence rates remain consistent, reinforcing the robustness of these
convergence rates in velocity models.

Experiment 5.3. In this experiment, we evaluate the impact of alternative quadrature weights be-
yond the exact ones. Specifically, we use the linear kernel (5.5) and assess the Riemann quadrature
weights i,i’h and the normalized Riemann quadrature weights Wi’h defined in Example 2.2, where
the former sums to 1 + g and the latter to 1. In Figure 5, we present convergence plots akin to
Figure 3 across the initial data (5.1)—(5.3) for these weights. Since the Riemann quadrature weights
’yi’h fail the normalization condition (2.2) and may lead We 5, to violate the mazimum principle,
we adopt V(&) == (1 = &) to prevent negative velocities.

The top row of Figure 5 reveals that, for Riemann quadrature weights &Z’h, the error of W,
stagnates along ¢ = h and € = 5h, as ZZO:O ’y;’h equals 2 and 1.2, respectively, failing the nor-
malization condition (2.2) and leading to persistent overestimates of the nonlocal quantity W in
(1.13), thus preventing convergence. For ¢ = v/h with )7 ﬁ,‘i’h = 1 + v/h, the violation of the
normalization condition with magnitude v/A decays to zero as h \ 0, leading to an error decay rate
of v/h for Wep as b\, 0. The bottom row shows that, for normalized Riemann quadrature weights

'y,i’h, convergence rates align with those in Figure 3 using exact quadrature weights, confirming
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F1GURE 3. Convergence from W, ;, to p for the Riemann shock initial data (5.1) (LEFT), the
Riemann rarefaction initial data (5.2) (MIDDLE), and the bell-shaped initial data (5.3) (RIGHT)
with the exponential kernel (5.4) (TOP), the linear kernel (5.5) (MIDDLE), and the constant
kernel (5.6) (BOTTOM).
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FIGURE 4. Convergence from W, ;, to p for the Riemann shock initial data (5.1) (LEFT), the
Riemann rarefaction initial data (5.2) (MIDDLE), and the bell-shaped initial data (5.3) (RIGHT)
with V() = (1 — €)% (Top) and V(£) = exp(—¢) (BoTTOM) for the velocity function.
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the sufficiency of the normalization condition. These findings align with [HD24|, underscoring the
critical role of the normalization condition in ensuring asymptotic compatibility. Moreover, they
indicate that conditional asymptotic compatibility may hold if the violation of the normalization
condition vanishes along specific limiting paths.
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FIGURE 5. Convergence from W, , to p for the Riemann shock initial data (5.1) (LEFT), the
Riemann rarefaction initial data (5.2) (MIDDLE), and the bell-shaped initial data (5.3) (RIGHT)
with the Riemann quadrature weights ?y,i’h (TopP) and the normalized Riemann quadrature
weights v;" (BoTTOM) defined in Example 2.2.

Experiment 5.4. Finally, we examine the convergence from pe j, to p using the initial data (5.1)-
(5.3) and nonlocal kernels (5.4)—(5.6). In Figure 6, we present convergence plots akin to Figure 3.

The convergence behaviors in Figure 6 mirror those in Figure 3, suggesting that the convergence
result in Theorem 2.1 may apply to p. j for a broader range of kernels, despite the theoretical result
applying only to the exponential kernel (cf. Theorem 4.3). Moreover, with the Riemann shock initial
data (5.1) and along € = V/h, the convergence rate from Pe,n to p exceeds v/h, implying convergence
rates possibly surpassing ¢ + h in certain regimes despite the scheme’s first-order nature.

We defer the investigation of diverse convergence behaviors across different initial data, nonlocal
kernels, limiting paths, and transitions from W, ; to p. 5 to future research.

5.2. Stability properties. In the following experiments, we explore the stability of numerical so-
lutions, examining their TVD property and entropy condition with respect to Kruzkov’s entropies,
while also shedding light on the stability of their continuous counterparts with specific initial data.

We begin by addressing the TVD property. It is established in [Col+21b] that the piecewise
constant initial data

(5.7) py(x) = 0.511_5 _s/ap(x) + Ljg cof(2),

where § €]0, €], induces total variation increase in the solution p. of (1.1). In the following ex-
periment, we investigate numerical solutions using this initial data, providing visual insight into
the total variation increase mechanism of p. j while confirming the TVD property of W, ;, across
specific €, values with a fixed mesh size h.

Experiment 5.5. We set the mesh size h = 2 x 1073, Initially, we use ¢ = 0.2, § = 0.2 in the
ingtial data (5.7), and nonlocal kernels (5.4)—~(5.6). In the top row of Figure 7, we present snapshots
of pe,p, at timest = 0,0.1,0.4,1.6. Subsequently, we apply a sequence of € values, € = 0.2,0.1,0.05,
with § = € n the initial data (5.7) and the same nonlocal kernels. In the bottom row of Figure 7,
we plot the total variation of pe n and We p, versus time t € [0,1.6], using solid and dashed lines,
respectively.
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FIGURE 6. Convergence from p. j to p for the Riemann shock initial data (5.1) (LEFT), the
Riemann rarefaction initial data (5.2) (MIDDLE), and the bell-shaped initial data (5.3) (RIGHT)
with the exponential kernel (5.4) (TOP), the linear kernel (5.5) (MIDDLE), and the constant
kernel (5.6) (BOTTOM).

The top row of Figure 7 shows that the evolution of p. j is consistent across all nonlocal kernels:
the initial shock at = 0 remains stationary, and the initial rectangular profile for = €] — §, —4/2[
develops into a right-moving wave with a growing peak, which then merges with the stationary
shock, resulting in a standing shock on the negative axis. The bottom row indicates that, for all
cases, the total variation of p. ;, increases initially for ¢t < ¢. before decreasing to 1 for ¢ > t., where
t., the time of wave-shock connection at x = 0, decreases as € = § diminishes. In contrast, for all
cases, the total variation of W, j, is non-increasing over ¢ € [0, 1.6], remaining constant at 1 for the
exponential and constant kernels, and decreasing rapidly to this value for the linear kernel. These
findings support and extend the analytical insights in [Col+21b| on the total variation increase
of p. with initial data (5.7). They also suggest conjectures on the TVD property of W, ; with a
broader range of kernels, including the non-convex constant kernel, and the total variation bounded
(TVB) property, which is weaker than TVD, may hold for p. j.

Next, we examine the entropy condition. As noted in Remark 2.2, in the local limit where
W = p}, the scheme (1.12)-(1.13) reduces to the three-point monotone scheme (2.11) for solving
(1.6). Therefore, the numerical solution satisfies a discrete entropy condition derived from (2.11):

. et - ol —lpf —el | Welpfspia) = Welpfos, p)

gn T h
where W.(p7_, p}) = (pf_y v )V (p} v c) = (p]_1 A )V (p] A c), for any c € R. Equivalently,
|W;1+1 - C| - |W]n - C| + (W j+1) (W 1aWn)

T h

Here, Ep and E]W measure the local entropy condition violation, staying non-positive in the local
case. In the nonlocal case, Lemma 3.8 and Lemma 4.6 derive nonlocal entropy conditions for W, j,

<0 forallj,n

EJVZL = <0 foralljn
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FIGURE 7. Top: Snapshots of p, j, for ¢ = 0.2 at selected times; BorTOM: Total variation of
pen (solid lines) and W, , (dashed lines) versus time ¢ for ¢ = 0.2,0.1,0.05. Initial data are
(5.7) with § = ¢, the nonlocal kernels (5.4)—(5.6), and the mesh size h = 2 x 1073.

with general convex kernels and for p. , with the exponential kernel (5.4), both aligning with the
local case as ¢ N\, 0, where the positive parts of E£ , and Ej”; vanish for all j,n. This motivates
the evaluation metrics

(5.8) g =rhY E?,, &V =7h) E,
Jjmn 7n

to quantify the local entropy condition violation for p. j and W, p, respectively.

Experiment 5.6. We fiz the mesh size h = 2 x 1073 and select € = 2 x 107" for 1 = 1,2,3. For
each e, we compute numerical solutions p. and W, over the time horizon t € [0,1] using the
initial data (5.1)~(5.3) and nonlocal kernels (5.4)~(5.6). We then evaluate the metrics £° and EW
defined in (5.8) with ¢ = 0.5 in Krukov’s entropy. The results are presented in Table 1.

The results in Table 1 show that the local entropy condition violation for p. ; and W, ;, quan-
tified by £7 and £V respectively, decreases as € approaches zero. These findings confirm the as-
ymptotic compatibility of the nonlocal entropy conditions derived in Lemma 3.8 and Lemma 4.6,
suggesting that such conditions may extend to both W, ; and p. j for a class of kernels including
all convex kernels and the constant kernel (5.6). Furthermore, the local entropy condition is fully
satisfied for both p. 5 and W, (with £ = EW = 0) when using the linear and constant kernels
(5.5)—(5.6) with € = h = 2 x 1073, confirming the local limit behavior in Remark 2.2.

6. CONCLUSIONS AND FUTURE DIRECTIONS

In this work, we studied a Godunov-type numerical discretization for a class of nonlocal con-
servation laws modeling traffic flows. We proved asymptotic compatibility of the discretization,
i.e., as the nonlocal parameter £ and mesh size h vanish, the discretization converges to the en-
tropy solution of the respective (local) scalar conservation law, with an explicit convergence rate in
terms of both € and h. These results justify that the numerical discretization can provide robust
numerical computation for the model under variations of the nonlocal parameter, which is of both
theoretical and practical significance.

The results of this study open several avenues for future research. First, extending the re-
sults to nonlocal kernels with weaker properties, such as constant kernels, and to initial data with
unbounded variation, is suggested by our numerical experiments. Second, applying the asymp-
totic compatibility framework to other first-order finite-volume methods or higher-order DG and
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Initial data (5.1) Initial data (5.2) Initial data (5.3)

¢ Metric Exp. Linear Const. Exp. Linear Const. Exp. Linear Const.

Er 8.3e-3 5.5e-3 8.2e-3 9.4e-3 58e-3 5H.0e-2 4.6e-2 1.le-2  2.5e-2

2e-1

EW 222 20e2 21e2 1.0e-3 85e4 T.de-3 23e-2 T.5e-3 1.5e-2
502 er 1.2¢-4 0 0 6.2e-4 1.9e-4 1.1e-3 4.5e-3 2.8¢-3  3.5e-3
e_

EV 1.7e-2 6.5¢e-3 8.0e-3 1.6e-4 1.le-d 3.0e-4 4.1e-3 2.8¢-3  3.5e-3
503 er 0 0 0 3.3¢-5 0 0 8.0¢-4 0 0

EW  5.0e-4 0 0 3.9e-5 0 0 8.4e-4 0 0

TABLE 1. Local entropy condition violation for initial data (5.1)—(5.3) with nonlocal kernels
(5.4)—(5.6), evaluated by metrics £” and €W defined in (5.8) with ¢ = 0.5 in Kruzkov’s entropy.

WENO methods, could improve accuracy and broaden applicability. Third, investigating the L!-
contraction property at both continuous and discrete levels for a broader class of kernels, like all
convex kernels, presents a promising direction. Finally, we are interested in extending these results
to more general nonlocal conservation laws in diverse applications, such as those with nonlocal
fluxes of the form f(p.)V (We[pe]) for nonlinear f, or to nonlocal systems of conservation laws.
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