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Abstract. A comprehensive study of one-dimensional metric currents and their relationship to the geometry

of metric spaces is presented. We resolve the one-dimensional flat chain conjecture in this general setting,

by proving that its validity is equivalent to a simple geometric connectedness property. More precisely, we

prove that metric currents can be approximated in the mass norm by normal currents if and only if every

1-rectifiable set can be covered by countably many Lipschitz curves up to an 1
-negligible set. Building on

this, we demonstrate that any 1-current in a Banach space can be completed into a cycle by a rectifiable

current, with the added mass controlled by the Kantorovich–Rubinstein norm of its boundary. We further

refine our approximation result by showing that these currents can be approximated by polyhedral currents

modulo a cycle. Finally, in arbitrary complete metric spaces, we establish a Smirnov-type decomposition

for one-dimensional currents. This decomposition expresses such currents as a superposition, without mass

cancellation, of currents associated with curves of bounded variation that have a vanishing Cantor part.
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1. Introduction

The theory of normal and integral currents, pioneered by Federer and Fleming in [29,27], has been

instrumental in the mathematical study of geometric objects like curves, surfaces, and volumes in ℝ
𝑑
.

Formally, a 𝑘-current 𝑇 is a continuous linear functional (distribution) on the space of smooth, compactly

supported 𝑘-forms:

𝜔 = 𝑓 𝑑𝜋1 ∧ ⋯ ∧ 𝑑𝜋𝑘 . (1.1)

Those 𝑘-currents that extend continuously to all compactly supported continuous 𝑘-forms are called Fed-

erer–Fleming (FF) currents. By the Riesz representation theorem, such currents correspond to 𝑘-vector-

valued Radon measures. In this way, an FF 𝑘-current generalizes the notion of a 𝑘-dimensional oriented
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surface, capturing concepts such as size (mass) 𝐌(𝑇 ) = ‖𝑇 ‖(ℝ
𝑑
), orientation and boundary. We write

M𝑘(ℝ
𝑑
) to denote the space of FF 𝑘-currents in ℝ

𝑑
.

A central operation in this theory is the boundary operator 𝜕, defined via duality in analogy with Stokes’

theorem: if 𝜔 = 𝑓 𝑑𝜋1 ∧ ⋯ ∧ 𝑑𝜋𝑘−1, then

𝜕𝑇 (𝜔) = 𝑇 (𝑑𝜔) = 𝑇 (𝑑𝑓 ∧ 𝑑𝜋1 ∧ ⋯ ∧ 𝑑𝜋𝑘−1), (1.2)

where 𝑑𝜔 denotes the exterior derivative of 𝜔. The subclass of normal 𝑘-currents N𝑘(ℝ
𝑑
) consists of FF

currents whose boundaries also have finite mass. Altogether, these notions proved pivotal in solving clas-

sical problems, such as Plateau’s problem [38,39], and laid the foundation for the development of modern

geometric measure theory (see, e.g., [27,35]).

Yet, this distributional framework has its limitations: many non Euclidean spaces of interest, such as

fractal sets, path spaces in optimal transport, or general metric spaces, lack a smooth differentiable struc-

ture. In such settings, the classical definitions of differential forms and their derivatives, as in (1.1)–(1.2), no

longer apply. To address this challenge, Ambrosio and Kirchheim developed in [7] a theory of metric cur-
rents on complete metric spaces (𝑋, 𝑑). Their approach, which draws inspiration from De Giorgi’s ideas,

elegantly bypasses the need of a differentiability structure by defining metric currents as functionals on

(𝑘 + 1)-tuples (metric 𝑘-forms):

« 𝑓 𝑑𝜋1 ∧ ⋯ ∧ 𝑑𝜋𝑘 = (𝑓 , 𝜋1, … , 𝜋𝑘) » (1.3)

where 𝑓 ∶ 𝑋 → ℝ is a bounded Lipschitz function and the 𝜋𝑖 ∶ 𝑋 → ℝ are Lipschitz functions acting as

coordinate functions of 𝑋 . A metric 𝑘-current is then a multilinear functional 𝑇 ∶ Lip
𝑏
(𝑋) × Lip(𝑋)

𝑘
→ ℝ,

satisfying axioms of continuity, locality, and finite mass (see Definition 2.1), which ensure that (𝑓 , 𝜋1, … , 𝜋𝑘)

behaves formally like a differential form. The boundary operator is also defined via duality, using an ex-

terior differential on metric forms: 𝑑(𝑓 , 𝜋1, … , 𝜋𝑘) = (1, 𝑓 , 𝜋1, … , 𝜋𝑘). As in the classical setting, a metric

current is called normal if both the current and its boundary have finite mass. We denote the spaces of

metric 𝑘-currents and normal metric 𝑘-currents by 𝐌𝑘(𝑋) and 𝐍𝑘(𝑋), respectively.

1.1. The flat chain conjecture: a source of motivation. A central question in this theory is howmetric

currents relate to FF currents in Euclidean spaces. In their foundational work, Ambrosio and Kirchheim

observed that each metric current 𝑇 ∈ 𝐌𝑘(ℝ
𝑑
) can be associated with an FF current 𝑇 ∈ M𝑘(ℝ

𝑑
), and this

correspondence restricts to a linear isomorphism 𝐍𝑘(ℝ
𝑑
) ≅ N𝑘(ℝ

𝑑
) between normal metric and normal FF

currents.

Despite this important link, the full scope of this correspondence is not fully understood. In particular,

it is unclear which FF currents can be realized as metric currents. A key intermediate notion in this context

is that of flat chains, introduced by Federer and Fleming in [29] (see also [28]). The space of flat 𝑘-chains

with finite mass, denoted F𝑘(ℝ
𝑑
), is defined as the closure of N𝑘(ℝ

𝑑
)with respect to the flat norm (defined

equally for FF and metric currents):

𝐅(𝑇 ) ∶= inf {𝐌(𝑅) + 𝐌(𝑆) | 𝑅 + 𝜕𝑆 = 𝑇 } .

Ambrosio and Kirchheim observed that the correspondence between normalmetric and FF currents extends

to flat chains: every flat chain 𝑇 ∈ F𝑘(ℝ
𝑑
) induces a metric current 𝑇 ∈ 𝐌𝑘(ℝ

𝑑
). This led them to

conjecture (see [7, p.68]) the identification 𝑇 ↦ 𝑇 extends to an isomorphism betweenF𝑘(ℝ
𝑑
) and𝐌𝑘(ℝ

𝑑
)

—a statement now known as the flat chain conjecture (FCC).
The FCC has been resolved positively for 𝑘 = 1 and 𝑘 = 𝑑. Schioppa [43] provided the proof of the

one-dimensional case through deep algebraic and geometric methods, with alternative and simpler proofs

appearing later [3,34,23]. For the top-dimensional case 𝑘 = 𝑑, the only known proof relies on Schioppa’s

framework and a groundbreaking rigidity result for PDE-constrained measures by De Philippis and Rindler

[25]. For the intermediate dimensions 1 < 𝑘 < 𝑑, results (derived from Schioppa’s theory and work by

Arroyo-Rabasa et al. [12,9]) are currently limited to rectifiability and dimensional estimates of the form
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‖𝑇 ‖ ≪ 𝑘
≪ 𝑘

, where 𝑘
and 𝑘

denote the integral-geometric and Hausdorff 𝑘-dimensional measures,

respectively.

Recent work by Alberti and Marchese [4] (see also [24]) gives additional structural insight, showing that

flat chains can be thought of as normal currents “punctured” by Borel holes. Thus, resolving the FCCwould

not only bridge a theoretical gap but also yield a characterization of metric currents in Euclidean space.

From a practical perspective, the FCC can be viewed as a density statement for metric currents: for any

𝑇 ∈ 𝐌𝑘(ℝ
𝑑
), there exists a sequence (𝑇𝑗 ) ⊂ 𝐍𝑘(ℝ

𝑑
) such that 𝐅(𝑇 − 𝑇𝑗 ) → 0. When the limit 𝑇 has

finite mass, it is well-known (see [27, §4.1.17, p. 374]or [20, Lem. A.7]) that this convergence is equivalent

to convergence in mass 𝐌(𝑇 − 𝑁𝑗 ) → 0 for some (possibly different) sequence (𝑁𝑗 ) ⊂ 𝐍𝑘(ℝ
𝑑
). Figure 1

illustrates this idea:

Figure 1. 𝑇 and 𝑇
′
(left) are 𝜀-close in the flat norm: their difference 𝑇 − 𝑇

′
can be ex-

pressed as 𝜕𝑆+𝑅, where 𝑆 is a current with area of order 𝜀 and 𝑅 is a 1-current with length

of order 𝜀 (middle). On the right: 𝑇 is 𝜀-close in mass to the normal current 𝑁 = 𝜕𝑆 + 𝑇
′
.

It is easy to see that the same reasoning carries over to metric spaces. We will therefore adopt the

following formulation of the FCC in a general metric space:

Definition 1.1 (Flat chain conjecture). Let 𝑘 ≥ 0 and let 𝑋 be a metric space. We say that 𝑋 satisfies the

𝑘-FCC if 𝐍𝑘(𝑋) is dense in 𝐌𝑘(𝑋) with respect to the mass norm. That is, for every 𝑇 ∈ 𝐌𝑘(𝑋), there

exists a sequence 𝑁𝑗 ∈ 𝐍𝑘(𝑋) such that

lim
𝑗→∞

𝐌(𝑇 − 𝑁𝑗 ) = 0.

Main contributions. The goal of this paper is to develop a comprehensive study of one-dimensional

currents in metric spaces, primarily employing functional and optimal transport ideas. Our main results

address both their structure and the validity of the 1-FCC. What follows is a brief overview of the principal

contributions; we refer the reader to the next section for precise definitions and terminology.

a) Characterizing the 1-FCC via curve rectifiability. Our first main result (contained in Theorem A)

provides a sufficient and necessary condition for the validity of the 1-FCC in a general separable and

complete metric space 𝑋 . This condition, which we term as curve rectifiability, requires that every

1-rectifiable subset of 𝑋 can be covered, up to a set of1
-measure zero, by a countable union of Lipschitz

curves. Therefore, we identify the minimal "connectedness" condition required for the 1-FCC to hold.

b) Approximations by rectifiable and polyhedral currents. We strengthen this approximation prop-

erty under a more quantitative assumption of connectedness, which we formalize through the notion of

piecewise quasiconvex metric spaces (see Definition 2.10). This class includes many familiar settings,

such as quasiconvex spaces, geodesic spaces, and vector spaces. In such spaces, we demonstrate (see Theo-

rem B) that every metric current can be approximated (modulo a cycle) by a sum of integral curve currents,
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i.e., currents associated with Lipschitz curves. Moreover, in Banach spaces, we further refine the approxi-

mation using polyhedral currents —finite linear combinations of oriented segments.

A key aspect of our methods in piecewise quasiconvex spaces is a novel construction of primitives asso-

ciated with 0-currents (see Lemma 2.12). This construction is based on an understanding of the Arens–Eells

space Æ(𝑋) of 𝑋 as a pre-dual of the quotient space Lip(𝑋)/ℝ, displaying interesting connections to opti-

mal transport theory.

c) Covering metric currents by cycles. Crucially, establishing the 1-FCC in Banach (and piecewise qua-

siconvex) spaces opens the door to a deeper structural analysis. In Theorem C, we show that every one-

dimensional metric current 𝑇 ∈ 𝐌1(𝐸) in a Banach space (of dimension at least two) 𝐸 can be covered by

a cycle 𝐶 ∈ 𝐍1(𝐸) in an almost optimal way, with respect to a suitable generalization of the Monge trans-

portation problem associated with 𝜕𝑇 . Specifically, we establish that 𝑇 can be written as 𝑇 = 𝐶
¬
𝐵 for

some Borel set 𝐵 ⊂ 𝐸, with the mass of the "remaining" cycle 𝐶
¬
𝐵
𝑐
controlled by the Kantorovich norm of

𝜕𝑇 . This construction extends very recent ones by De Pauw [24, Thm 2.12] and refines prior ones —such

as those in [4]— by providing an efficient method for “filling the holes” of a current with a cycle of almost

minimal mass.

d) A Smirnov-type decomposition for metric currents. Drawing inspiration from Smirnov’s decom-

position of solenoidal measures [44,41] and its extension to normal 1-currents in metric spaces by Paolini

and Stepanov [36,37], we conclude our main results by establishing a complete structural description of

one-dimensional metric currents. Our Smirnov-type decomposition applies to any complete metric space

and notably requires no assumptions on connectedness.
Theorem D shows that any 𝑇 ∈ 𝐌1(𝑋) admits a decomposition into an integral over currents associated

with a class of 𝑆𝐵𝑉 -curves. These are curves 𝑢 ∶ [0, 1] → 𝑋 of bounded variation, possessing well-defined

left and right limits at every point, whose "fractal-like" part (the Cantorian part) vanishes. This means

they only exhibit absolutely continuous behavior or jump-type discontinuities. A version of this result

(Corollary 2.19) can also be phrased in terms of path fragments—a more familiar concept in the metric

geometry community. However, the SBV framework offers additional advantages: it distinguishes between

the jump and continuous parts of a curve and aligns naturally with tools from analysis and stochastic

analysis (e.g., the study of flows, evolutions, or transport along discontinuous trajectories).

More precisely, we demonstrate that there exists a finite Borel measure 𝜂 on the space of SBV-curves,

equipped with the topology of Càdlàg functions, such that the current and its mass can be represented as:

𝑇 =

ˆ
𝑆𝐵𝑉 ([0,1],𝑋)

J𝑢K𝑎 𝑑𝜂(𝑢),

𝐌(𝑇 ) =

ˆ
𝑆𝐵𝑉 ([0,1],𝑋)

𝓁(𝑢) 𝑑𝜂(𝑢),

where J𝑢K𝑎 denotes the current associated with the absolutely continuous part of 𝑢 and 𝓁(𝑢) is its length.

A Note on Related Work. While writing this paper, we became aware that Bate et al. [13] have simulta-

neously and independently obtained results related to those presented here. To the best of our knowledge,

their techniques draw on metric geometry and analysis on metric spaces, whereas ours are typically linked

to optimal transport and functions of bounded variation. A notable point of convergence is the independent

discovery of the utility of the Arens-Eells framework for constructing approximations of metric 1-currents,

which was also found by De Pauw very recently [24].

2. Definitions and description of the main results

Throughout this paper, we assume that𝑋 is a separablemetric space. This assumption is standard and

simplifies the presentation, though it can be lifted under a specific set-theoretic axiom. The assumption of

separability can be replaced by the condition that the cardinality of any set is an Ulam number (see [27,
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p. 58]). Under this axiom, the mass measure of any metric current 𝑇 ∈ 𝐌𝑘(𝑋) is supported on a 𝜎-compact

set (see [7, Lem. 2.9]).

Fundamental definitions. Metric currents are fundamentally defined as linear functionals on metric
forms, which are constructed from Lipschitz functions on 𝑋 . A function 𝑓 ∶ 𝑋1 → 𝑋2 between two

metric spaces (𝑋1, 𝑑1) and (𝑋2, 𝑑2) is Lipschitz if its Lipschitz constant is finite:

Lip(𝑓 ) ∶= sup

𝑥,𝑦∈𝑋

𝑥≠𝑦

𝑑2(𝑓 (𝑥), 𝑓 (𝑦))

𝑑1(𝑥, 𝑦)

< ∞.

We denote the space of all such Lipschitz maps by Lip(𝑋1, 𝑋2). When the target space is the real line,

𝑋2 = ℝ, we simply write Lip(𝑋), and Lip
𝑏
(𝑋) to denote its subspace of bounded Lipschitz functions.

A metric 𝑘-form on 𝑋 is a tuple (𝑓 , 𝜋1, … , 𝜋𝑘), where 𝑓 ∈ Lip
𝑏
(𝑋) and 𝜋1, … , 𝜋𝑘 ∈ Lip(𝑋). The space of

such forms is denoted by D𝑘
(𝑋) ∶= Lip

𝑏
(𝑋) × Lip(𝑋)

𝑘
, with D0

(𝑋) ∶= Lip
𝑏
(𝑋).

With this notion in hand, we can define metric currents.

Definition 2.1 (Metric 𝑘-currents). Let 𝑘 ≥ 0. A metric 𝑘-current on 𝑋 is a multilinear functional 𝑇 ∶

D𝑘
(𝑋) → ℝ that satisfies three key properties:

i) Finite Mass: There exists a finite Borel measure 𝜇𝑇 on 𝑋 such that

|𝑇 (𝑓 , 𝜋1, … , 𝜋𝑘)| ≤

(

𝑘

∏

𝑖=1

Lip(𝜋𝑖)

)

ˆ
𝑋

|𝑓 | 𝑑𝜇𝑇 .

The minimal measure 𝜇𝑇 satisfying this inequality is called the mass measure, and the mass of 𝑇 is

defined as𝐌(𝑇 ) ∶= ‖𝑇 ‖(𝑋).

ii) Continuity: If (𝑓 , 𝜋𝑗

1
, … , 𝜋

𝑗

𝑘
) converges pointwise to (𝑓 , 𝜋1, … , 𝜋𝑘) in 𝑋 and Lip(𝜋

𝑗

𝑖
) ≤ 𝐶 < ∞ for all 𝑗

and all 𝑖 ∈ {1, … , 𝑘}, then

𝑇 (𝑓 , 𝜋
𝑗

1
, … , 𝜋

𝑗

𝑘
) → 𝑇(𝑓 , 𝜋1, … , 𝜋𝑘).

iii) Locality: If for a tuple (𝑓 , 𝜋1, … , 𝜋𝑘), there exists 𝑖 ∈ {1, … , 𝑘} such that coordinate function 𝜋𝑖 is

constant on a neighborhood of the support of 𝑓 , then

𝑇 (𝑓 , 𝜋1, … , 𝜋𝑘) = 0.

The space of metric 𝑘-currents, denoted 𝐌𝑘(𝑋), is a Banach space when endowed with the mass norm.

Any current 𝑇 ∈ 𝐌𝑘(𝑋) can be uniquely and continuously extended to act on 𝐿
1
(‖𝑇 ‖) × Lip(𝑋)

𝑘
. Notice

that𝐌0(𝑋) coincides with the space of finite signed Borel measures.

The standard operations of restriction and push-forward are defined in the natural way. For any Borel

set 𝐸 ⊂ 𝑋 , the restriction of a current 𝑇 on 𝐸 is given by

𝑇
¬
𝐸(𝑓 , 𝜋1, … , 𝜋𝑘) ∶= 𝑇 (𝟏𝐸𝑓 , 𝜋1, … , 𝜋𝑘).

Similarly, if Φ ∶ 𝑋 → 𝑋
′
is a Lipschitz map, the push-forward of 𝑇 under Φ is defined as

Φ#(𝑇 )(𝑓 , 𝜋1, … , 𝜋𝑘) ∶= 𝑇 (Φ ◦ 𝑓 , Φ ◦ 𝜋1, … , Φ ◦ 𝜋𝑘). (2.1)

The boundary operator is defined in the following way:

Definition 2.2 (Boundary operator). The boundary of a multilinear functional 𝑇 ∶ D𝑘
(𝑋) → ℝ is the

multilinear functional 𝜕𝑇 ∶ D𝑘−1
(𝑋) → ℝ defined by

𝜕𝑇 (𝑓 , 𝜋1, … , 𝜋𝑘−1) ∶= 𝑇 (1, 𝑓 , 𝜋1, … , 𝜋𝑘−1).

Normal metric currents are then defined analogously to classical currents:

Definition 2.3 (Normal currents). A current 𝑇 is called normal if both 𝑇 and its boundary 𝜕𝑇 have finite

mass. The space of normal 𝑘-currents is denoted by 𝐍𝑘(𝑋). A current 𝑇 is a cycle if its boundary is zero,

that is, 𝜕𝑇 = 0.
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The Kantorovich–Rubinstein norm. A key quantity associated with the boundary of a 1-current is the

Kantorovich–Rubinstein (KR) norm, a foundational concept in optimal transport theory. For a boundary 𝜕𝑇 ,

its KR norm is defined as:

‖𝜕𝑇 ‖KR ∶= sup{𝜕𝑇 (𝑓 ) ∶ 𝑓 ∈ Lip
1
(𝑋)},

where Lip
1
(𝑋) is the space of 1-Lipschitz functions on 𝑋 . By the definition of a metric current, a crucial

inequality holds:

‖𝜕𝑇 ‖KR ≤ 𝐌(𝑇 ), for all 𝑇 ∈ 𝐌1(𝑋).

When 𝑋 is a geodesic space, then equality is attained attained if 𝑇 is a transport minimizer for 𝜕𝑇 in a

suitable Monge–Kantorovich problem framework (see [16,14]). In this case, the KR norm acts as a "homo-

geneous flat norm" for boundaries of 1-currents, since

𝐅0(𝜕𝑇 ) ∶= inf {𝐌(𝑆) : 𝜕𝑆 = 𝜕𝑇 } = ‖𝜕𝑇 ‖KR.

In general spaces it holds ‖𝜕𝑇 ‖KR ≤ 𝐅0(𝜕𝑇 ) for all 𝑇 ∈ 𝐌1(𝑋), but the inequality can be strict.

Currents associated to Lipschitz curves. We now recall a fundamental construction that allows us to

associate a metric normal 1-current to any Lipschitz curve 𝜃 ∈ Lip([0, 1], 𝑋).

Definition 2.4 (Integral curve current). Given a Lipschitz curve 𝜃 ∶ [0, 1] → 𝑋 , we define its associated

(integral) curve current J𝜃K by

J𝜃K(𝑓 , 𝜋) ∶=
ˆ

1

0

𝑓 (𝜃(𝑡)) ⋅ (𝜋 ◦ 𝜃)
′
(𝑡) 𝑑𝑡.

The derivative (𝜋 ◦ 𝜃)
′
exists almost everywhere by Rademacher’s theorem, ensuring that the integral

is well-defined. Furthermore, by the area formula in metric spaces (see [33]), the definition of J𝜃K is inde-
pendent of the specific Lipschitz parameterization of the curve. The mass of this current is bounded by the

length of the curve: 𝐌(J𝜃K) ≤ 𝓁(𝜃), where

𝓁(𝜃) ∶=

ˆ
1

0

|
̇
𝜃|(𝑡) 𝑑𝑡, |

̇
𝜃|(𝑡) ∶= lim sup

ℎ→0+

𝑑(𝜃(𝑡 + ℎ), 𝜃(𝑡))

ℎ

.

If 𝜃 is an injective curve, then 𝐌(J𝜃K) = 𝓁(𝜃). The fundamental theorem of calculus ensures that the

boundary of this current is given by:

𝜕J𝜃K = 𝛿
𝜃(1)

− 𝛿
𝜃(0)

,

where 𝛿𝑥 is the Dirac delta measure at point 𝑥 .

Integral curve currents belong to the space of rectifiable 1-currents, denoted 1(𝑋), which are cur-

rents whose mass is concentrated on a 1-rectifiable set and whose mass measure is absolutely continuous

with respect to the 1-dimensional Hausdorff measure 1
.

In a vector space, we can also define polyhedral 1-currents as finite linear combinations of oriented

segments. The current associated with a straight line segment [𝑥, 𝑦], from 𝑥 to 𝑦, is denoted by J𝑥, 𝑦K. A
polyhedral 1-current is thus of the form:

𝑇 =

𝑟

∑

ℎ=1

𝜂ℎJ𝑥ℎ, 𝑦ℎK, 𝜂ℎ ∈ ℝ, (𝑥ℎ, 𝑦ℎ) ∈ 𝑋 × 𝑋.

The space of such currents is denoted by P1(𝑋).

For a complete treatment of the theory of metric currents, we refer the reader to Ambrosio and Kirch-

heim’s seminal work [7], which contains all the basic theory of metric currents.
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2.1. The 1-flat chain conjecture: a characterization in terms of connectedness. Our first main result

establishes sufficient and necessary conditions for the validity of the 1-flat chain conjecture on complete

metric spaces. This characterization is given in terms of a sufficient degree of "curve-like connectedness."

To precisely formulate these findings, we first recall some basic concepts concerning one-dimensional rec-

tifiable sets in metric spaces (see [27, p. 251]).

Definition 2.5 (Fragments and 1-rectifiable sets). A subset 𝐸 ⊂ 𝑋 is called 1-rectifiable if there exists a

surjective Lipschitz map 𝛾 ∶ 𝐵 → 𝐸, where 𝐵 is a bounded subset of ℝ. If, in addition, 𝐵 is compact, then

𝛾 is called a Lipschitz fragment. The canonical current associated with such a fragment is defined similarly

to that of a Lipschitz curve:

J𝛾K(𝑓 , 𝜋) ∶=
ˆ
𝐵

𝑓 (𝛾 ) ⋅ (𝜋 ◦ 𝛾)
′
𝑑𝑡.

With these definitions, we introduce a specific property for metric spaces that relates to how their 1-

rectifiable sets are covered by Lipschitz curves.

Definition 2.6 (Curve rectifiable space). Ametric space𝑋 is said to be curve rectifiable if every 1-rectifiable
subset (or any fragment) in 𝑋 can be covered, up to an 1

-negligible set, by a countable union of images

of Lipschitz curves.

This property is central to our first result:

Theorem A. Let 𝑋 be a complete and separable metric space. The following are equivalent:

1. 𝑋 is a curve-rectifiable space.

2. For every 𝑇 ∈ 𝐌1(𝑋), there exists a sequence (𝑁𝑗 ) ⊂ 𝐍1(𝑋) such that

𝐌(𝑇 − 𝑁𝑗 ) ⟶ 0 as 𝑗 → ∞.

Vector spaces, quasiconvex spaces (which we will define shortly), and geodesic spaces are all examples

of curve rectifiable spaces. In particular, Theorem A extends prior work by Schioppa ([43, Thm. 1.6]),

who established a version of this result for Banach spaces equipped with a "finitely generated differential

structure." Our result shows that the 1-FCC holds on any Banach space, regardless of the dimension of its

differential structure. A key distinction of our proof lies in its methodology: where Schioppa employed deep

algebraic and measure-theoretic techniques, we rely solely on fundamental functional analysis principles,

thus sidestepping a detailed geometric analysis of fragments or abstract differentiability properties.

Schioppa himself recognized the potential for his proof to adapt to spaces where fragments can be "filled-

in" to produce Lipschitz curves ([43, p. 3012]). While this property aligns with the intuitive notion of curve

rectifiability, it is not necessary for the 1-FCC’s validity. For example, two disjoint closed intervals in ℝ are

curve rectifiable but do not allow for such "filling-in." The examples below further clarify this concept.

2.1.1. Examples concerning curve rectifiability. It is important to note that 1-rectifiable sets and fragments

can exist even if𝑋 does not contain any non-trivial Lipschitz curves. The following simple example exhibits

a metric space that is 1-rectifiable but its only Lipschitz curves are constants.

Example 2.7 (Fat Cantor set). Let 𝑋 ⊂ [0, 1] be the Smith–Volterra–Cantor set of size 𝛼 ∈ (0, 1/3), also

known as the "fat Cantor set." This is a closed and nowhere dense set on the real line withmeasureL 1
(𝑋) =

1 − 𝛼. It is straightforward to see that every subset of 𝑋 is 1-rectifiable as a subspace of [0, 1]. However,

as 𝑋 is totally disconnected, it contains no non-trivial Lipschitz curve 𝜃 ∶ [0, 1] → 𝑋 , and thus it is not

curve rectifiable. In fact, every Borel subset of 𝑋 defines a metric 1-current in a canonical way, but the only

normal 1-current in 𝑋 is the zero current, that is, 𝐍1(𝑋) = {0}.

Remark 2.8 (Totally disconnected spaces). More generally, 𝐍1(𝑋) = {0} for any totally disconnected com-

plete space 𝑋 . This is consequence of representation of normal 1-currents as a superposition of Lipschitz

curves, established by Stepanov and Paolni in [36,37].
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Figure 2. Iterative approximations of the Smith–Volterra–Cantor set.

Certain geometries can also prevent curve rectifiability, even if the space is arc-connected:

Example 2.9 (Almost transversal rectifiable set). Let 𝐶 ⊂ [0, 1] be the Cantor ternary set, and consider

the space 𝑋 = (𝐶 × (0, 1)) ∪ ([0, 1] × {0}) as a subspace of ℝ
2
. Notice that 𝑋 is complete and arc-connected.

Let 𝑢 be the Cantor function and let Γ𝑢 be its graph. Since 𝑢 is monotone, the graph is 1-rectifiable in ℝ
2
.

Moreover, it has length 1
(Γ𝑢) = 2 (see, e.g., [6, p.143]). On the other hand, a projection argument shows

that 𝐸 = 𝑋 ∩Γ𝑢 is 1-rectifiable in 𝑋 with1
(𝐸) = 1. For any 𝑐 ∈ 𝐶 ∩(0, 1), the segment {𝑐}× [0, 1] intersects

𝐸 precisely at the point (𝑐, 𝑢(𝑐)). Any Lipschitz curve on 𝑋 touching two such points must intersect each of

their associated segments in a set of positive length; therefore, it can only intersect countably many of the

segments. Since the Cantor set 𝐶 is uncountable, 𝐸 cannot be covered by a countable collection of Lipschitz

curves. This proves that 𝑋 is not curve rectifiable.

Figure 3. The space 𝑋 in Example 2.9 is depicted by the vertical lines, parametrized by

the Cantor set, and the bottom segment connecting them. The 1-rectifiable set 𝐸 is the

intersection of the graph with the family of vertical lines.

2.2. Constructions in piecewise quasiconvex spaces. The proof of Theorem A relies on a sequence of

structural results (Theorems B, C and D); see Fig. 2.4.1. Our strategy begins by demonstrating the validity

of the 1-FCC when 𝑋 is piecewise quasiconvex (but not necessarily complete), which is stronger than curve

rectifiability, and will play a pivotal role in our constructions. In what follows, readers who wish to simplify

the discussion may skip the definition of "piecewise quasiconvex" spaces and instead think in terms of the

more familiar notions of "quasiconvex" (see below) or "Banach" spaces.

Definition 2.10 (Piecewise quasiconvex space). We say that 𝑋 is piecewise quasiconvex if there exists a

constant 𝑐 ≥ 1 with the following property: for any pair of points 𝑥, 𝑦 ∈ 𝑋 and any 𝜀 > 0, there exist pairs
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of points (𝑥1, 𝑦1), … , (𝑥𝑚, 𝑦𝑚) in 𝑋 such that (see Fig. 4 below)

𝑑(𝑥, 𝑥1) + 𝑑(𝑦𝑚, 𝑦) +

𝑚−1

∑

𝑖=1

𝑑(𝑥𝑖+1, 𝑦𝑖) < 𝜀,

together with Lipschitz curves 𝜃1, … , 𝜃𝑚 ∶ [0, 1] → 𝑋 satisfying

𝜃𝑖(0) = 𝑥𝑖, 𝜃𝑖(1) = 𝑦𝑖,

𝑚

∑

𝑖=1

𝓁(𝜃𝑖) ≤ 𝑐𝑑(𝑥, 𝑦).

•

Figure 4. Collection of Lipschitz paths "almost" connecting the points 𝑥 and 𝑦.

Remark 2.11 (Quasi-convex spaces). If 𝑋 is a complete metric space, then piecewise quasiconvexity implies

classical quasiconvexity: there exists 𝑐 ≥ 1 such that, for any 𝑥, 𝑦 ∈ 𝑋 , there exists a Lipschitz curve

𝜃 ∶ [0, 1] → 𝑋 with 𝜃(1) = 𝑦, 𝜃(0) = 𝑥 , and 𝓁(𝜃) ≤ 𝑐𝑑(𝑥, 𝑦).

Under this assumption we can construct rectifiable "primitives" of 𝜕𝑇 , almost minimizing a version of

the Monge transport problem:

Lemma 2.12 (Almost optimal primitives). Let 𝑋 be a separable and piecewise quasiconvex space (with qua-
siconvexity constant 𝑐 ≥ 1) and let 𝑇 ∈ 𝐌1(𝑋). Then, for any 𝛿 ∈ (0, 1), there exists a rectifiable current
𝑅 ∈ 1(𝑋) satisfying

𝜕𝑅 = 𝜕𝑇 and 𝐌(𝑅) ≤ 𝑐(1 + 𝛿)‖𝜕𝑇 ‖KR.

Remark 2.13. The proof of Lemma 4.1 is surprisingly simple, once one observes that the boundary 𝜕𝑇 of

any metric 1-current belongs to the Arens–Eells space Æ(𝑋) —the Kantorovich–Rubinstein completion of

dipole measures. These ideas, presented in Section 3, are pivotal for this work and seem to form a novel

approach when applied to the understanding of metric currents.

As a direct consequence of this construction, we obtain the following refinement of Theorem A:

Theorem B. Let 𝑋 be separable and piecewise quasiconvex (with quasiconvexity constant 𝑐 ≥ 1) and let
𝑇 ∈ 𝐌1(𝑋) be a one-dimensional metric current. For any 𝜀 > 0, there exists a cycle 𝐶 ∈ 𝐌1(𝑋) and and a
sequence (𝑃𝑗 ) ∈ 𝐍1(𝑋), where each 𝑃𝑗 is an integral current of the form

𝑟

∑

𝑖=1

𝜂𝑖J𝜃𝑖K, 𝜂𝑖 ∈ ℝ, 𝜃𝑖 ∈ Lip
1
([0, 1], 𝑋), (2.2)

satisfying
𝐌(𝑇 − 𝐶 − 𝑃𝑗 ) ⟶ 0 as 𝑗 → ∞

and

𝐌(𝑃𝑗 ) ≤ 𝑐‖𝜕𝑇 ‖KR + 𝜀.

Moreover,
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a) If 𝑋 is a geodesic space, then the curves 𝜃𝑖 in (2.2) can be chosen to be geodesics

b) If 𝑋 is a Banach space, then the 𝑃𝑗 can be chosen to be polyhedral (cf. [4, Remark 3.4]).

2.2.1. On the connectedness assumptions. Many familiar spaces are piecewise quasiconvex: these include

geodesic spaces, quasiconvex spaces, and Banach spaces.

We observe the following direct implication of Theorems A and B:

Corollary 2.14. If 𝑋 is complete, separable and quasiconvex, then 𝑋 is curve rectifiable.

It is crucial to note that the converse of Corollary 2.14 does not hold: not all curve rectifiable spaces are

quasiconvex. To illustrate this, we provide an example of a complete, arc-connected, and separable metric

space that is curve rectifiable but not quasiconvex.

Example 2.15. Consider the piece-wise affine curves 𝜃𝑛 ∶ [−2, 2] → ℝ
2
defined by

𝜃𝑛(𝑡) ∶=

{

𝑛(2 + 𝑡) if −2 ≤ 𝑡 < 0

𝑛(2 − 𝑡) if 0 < 𝑡 ≤ 2

, 𝑛 = 1, 2, …

Define the metric space (𝑋, | ⋅ |
ℝ
2), where 𝑋 = ⋃

∞

𝑛=1
im 𝜃𝑛. Clearly, 𝑋 is complete, arc-connected, and

separable as a subspace of ℝ
2
. Moreover, 𝑋 is the union of images of countably many Lipschitz curves.

However, 𝑋 is not quasiconvex since |(−1, 𝑛) − (1, 𝑛)|
ℝ
2 = 2 while the shortest path-length from (−1, 𝑛) to

(1, 𝑛) is 2

√

1 + 𝑛
2
.

The following diagram summarizes the relations between arc-connectedness and the recently introduced

connectedness assumptions on complete spaces:

quasiconvex

arc-connected curve rectifiable

Example 2.15

/

Example 2.9

/

Example 2.9

/

𝑋 = [0, 1] ∪ [2, 3]

/

2.3. Filling currents into cycles. Building upon the approximation results, we now explore how metric

currents relate to cycles and rectifiable currents, drawing parallels with recent advancements in Euclidean

spaces. Recently, Alberti and Marchese demonstrated [4] (see also [1,10,22]) that every 𝑘-dimensional FF
flat chain with finite mass, 𝑇 ∈ F𝑘(ℝ

𝑑
), can be “completed” into a cycle 𝐶 by adding a rectifiable current 𝑅,

with the mass of 𝑅 being roughly the same as that of 𝑇 . Simultaneously to this work (announced in [11]),

De Pauw [24, Thm. 2.12] improved on these approximations by showing that

𝑇 = 𝐶 + 𝑅, 𝐌(𝑅) ≤ ‖𝜕𝑇 ‖KR + 𝜀 for all 𝑇 ∈ F1(ℝ
𝑑
). (2.3)

The validity of the 1-flat chain conjecture in sufficiently well-connected spaces suggests that similar state-

ments might hold for general metric currents. The next result demonstrates that (2.3) holds for 1-currents

in piecewise quasiconvex spaces. Because our approximations rely on an optimal transport construction,

we are also able to derive mass estimates in terms of the Kantorovich-Rubinstein norm of the boundary:

Corollary 2.16 (Filling by rectifiable currents). Let 𝑋 be a separable and piecewise quasiconvex space (with
constant 𝑐 ≥ 1) and let 𝑇 ∈ 𝐌1(𝑋) be a one-dimensional metric current. Then, for any given 𝜀 > 0, there exists
𝐶 ∈ 𝐌1(𝑋) and 𝑅 ∈ 1(𝑋) such that

1. 𝜕𝐶 = 0
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2. 𝑇 = 𝐶 + 𝑅

3. 𝐌(𝐶) ≤ 𝐌(𝑇 ) + 𝑐‖𝜕𝑇 ‖KR + 𝜀

4. 𝐌(𝑅) ≤ 𝑐‖𝜕𝑇 ‖KR + 𝜀

We can establish an even stronger result if we consider Banach spaces of dimension at least two. Every

one-dimensional metric current can be expressed as the Borel restriction of a cycle. This generalizes a result

by Alberti and Marchese for flat chains in Euclidean space to a broader class of metric spaces.

TheoremC (Covering by cycles in a Banach space). Let𝑋 be a separable Banach space with dim(𝑋) ≥ 2 and
let 𝑇 ∈ 𝐌1(𝑋) be a one-dimensional metric current. Then, for any given 𝜀 > 0, there exists a cycle 𝐶 ∈ 𝐌1(𝑋)

and a Borel set 𝐵 ∈ (𝑋) such that

1. 𝜕𝐶 = 0

2. spt 𝐶 ⊂ conv{𝑥 ∶ dist𝑋 (𝑥, spt ‖𝜕𝑇 ‖) ≤ 𝜀}

3. ‖𝑇 ‖ and ‖𝑅‖ are mutually singular; in particular, 𝑇 = 𝐶
¬
𝐵 and 𝑅 = 𝐶

¬
𝐵
𝑐

4. 𝐌(𝐶) ≤ 𝐌(𝑇 ) + ‖𝜕𝑇 ‖KR + 𝜀

It’s important to note that, even in compact subsets of ℝ, the only cycles are constants, meaning the

previous characterization cannot hold (although, for one-dimensional spaces, a similar version holds with

normal currents instead of cycles).

The next example shows that the estimate in Corollary C.4. is optimal:

Example 2.17 (Optimality of the filling). Consider 𝜃, a clockwise parametrization of the upper semi-circle

in ℝ
2
, and the current 𝑇 = J𝜃K ∈ 𝐌1(ℝ

2
). Observe that𝐌(𝑇 ) = 𝜋 (length of the semi-circle) and ‖𝜕𝑇 ‖KR = 2

(distance between its endpoints). The smallest cycle “covering” 𝑇 is the clockwise oriented upper half-circle

𝐶 = J𝜃K + J𝑒1, −𝑒1K. Thus,𝐌(𝐶) = 𝜋 + 2 = 𝐌(𝑇 ) + ‖𝜕𝑇 ‖KR.

2.4. 𝐒𝐁𝐕-representation of one-dimensional currents. For the remainder of this section, we assume

𝑋 is a complete and separable metric space. To streamline our notation, we will denote the open interval

(0, 1) ⊂ ℝ with the usual Euclidean metric as 𝐼 .

To fully describe the structure of metric currents in general complete metric spaces, we exploit a funda-

mental fact: any separable metric space can be isometrically embedded into a separable Banach subspace

of 𝓁
∞
. Since metric currents and Lipschitz maps behave well under isometries, this allows us to transfer

our problem to a more structured Banach space, where we can then apply the powerful tools developed in

Corollary C.

This approach enables us to establish a Smirnov-type decomposition for metric 1-currents in arbitrary

complete metric spaces, critically, without any connectedness assumptions. This extends the work

of Paolini and Stepanov [36,37], who previously provided such a decomposition for normal (cyclic and

acyclic) metric one-currents on complete metric spaces. Their work represented normal 1-currents as a

superposition of currents associated with Lipschitz curves with constant speed, topologized as a subspace

of 𝐶(𝐼 , 𝑋). Our approach generalizes this by representing arbitrary metric 1-currents as a superposition of

currents associated with compact curves in 𝕊𝔹𝕍(𝐼 , 𝑋), topologized as a subspace of 𝔻(𝐼 , 𝑋), the space of

Càdlàg functions (right-continuous functions with existing left limits).

Here, 𝔻(𝐼 , 𝑋) is equipped with the Skorokhod metric

𝑑𝑆(𝑢1, 𝑢2) = inf

𝜆∈Λ

max {‖𝜆 − id‖∞, ‖𝑑(𝑢1, 𝑢2(𝜆))‖∞} (2.4)

where Λ is the set of strictly increasing, continuous bijections 𝜆 ∶ [0, 1] → [0, 1]. This metric, is particu-

larly well-suited for paths with jumps and coincides with the topology of uniform convergence in 𝐶(𝐼 , 𝑋).

Convergence in this space does not necessarily imply pointwise convergence, however, it does imply con-

vergence in 𝐿
1
((0, 1), 𝑋).
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Compact 𝐵𝑉 -curves. Let’s first introduce the main properties and definitions of the curve spaces central

to this representation. A Borel curve 𝑢 ∶ 𝐼 → 𝑋 belongs to 𝔹𝕍(𝐼 , 𝑋) if 𝑢 ∈ 𝐿
1
(𝐼 , 𝑋𝑐) for some compact

metric subspace 𝑋𝑐 ⊂ 𝑋 and its essential total variation is finite:

inf
𝑣=𝑢 a.e.

{

sup

0<𝑡1<⋯<𝑡𝑚<1

𝑚−1

∑

𝑖=1

𝑑(𝑣(𝑡𝑖+1), 𝑣(𝑡𝑖))

}

< ∞.

This is equivalent to the existence of a least finite Borel measure |𝐷𝑢|, the total variation measure, such that

|𝐷𝑢|(𝐵) ≥ |𝐷𝑓 (𝑢)|(𝐵) for all Borel sets 𝐵 ⊂ 𝐼 and 𝑓 ∈ Lip
1
(𝑋). A key property of 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋) is that 𝑢

has well-defined left and right limits 𝑢
−
, 𝑢

+
at every point. Moreover, its discontinuity set 𝑆𝑢 ⊂ 𝐼 is at most

countable, and the total variation measure can be decomposed into mutually singular measures as:

|𝐷𝑢|(𝐵) =

ˆ
𝐵

|𝑢̇| 𝑑𝑡 +

ˆ
𝐵∩𝑆𝑢

𝑑(𝑢
−
, 𝑢

+
) 𝑑0

+ |𝐷
𝑐
𝑢|(𝐵) ,

where the approximate metric differential

|𝑢̇|(𝑡) ∶= lim

|ℎ|→0

𝑑(𝑢
+
(𝑡 + ℎ), 𝑢

+
(𝑡))

|ℎ|

(2.5)

existsL 1
-a.e. and defines summable function on 𝐼 . Here, |𝐷

𝑐
𝑢| is the cantorian part, a singularmeasure van-

ishing on countable sets, often representing the "fractal behavior" of 𝐵𝑉 functions. A curve 𝑢 ∈ 𝕊𝔹𝕍(𝐼 , 𝑋)

is a 𝔹𝕍-curve for which the Cantor part |𝐷
𝑐
𝑢| vanishes.

Currents associated with 𝕊𝔹𝕍-curves. Before stating our representation result, we extend the fun-

damental correspondence 𝜃 ↦ J𝜃K for 𝜃 ∈ Lip([0, 1], 𝑋) to a correspondence 𝕊𝔹𝕍(𝐼 , 𝑋) → 𝐌1(𝑋) for

𝕊𝔹𝕍-curves. Specifically, every 𝕊𝔹𝕍-curve gives rise to a rectifiable metric 1-current corresponding to its

absolutely continuous part:

J𝑢K𝑎(𝑓 , 𝜋) ∶=
ˆ

1

0

𝑓 (𝑢) 𝑑𝐷
𝑎
(𝜋 ◦ 𝑢) 𝑑𝑡, (𝑓 , 𝜋) ∈ Lip

𝑏
(𝑋) × Lip(𝑋).

As detailed in Section 6, this functional defines a metric 1-current in 𝑋 . The mass of this current is related

to the length of the curve: with a slight abuse of notation, we have𝐌(J𝑢K𝑎) ≤ 𝓁(𝑢), where

𝓁(𝑢) ∶=

ˆ
1

0

|𝑢̇|(𝑡) 𝑑𝑡.

As it is the case for Lipschitz curves, equality holds on the left-hand side if 𝑢 is injective. If moreover

𝑢 ∈ 𝕊𝔹𝕍(𝐼 , 𝑋) has constant metric speed (approximate differential), then im 𝑢 ⊂ 𝑋 is 1-rectifiable and

‖J𝑢K𝑎‖ = 1 ¬
im 𝑢 as measures on 𝑋.

The boundary of J𝑢K𝑎 is a collection of dipole measures, given by

𝜕J𝑢K𝑎 = 𝛿
𝑢
−
(1)

− 𝛿
𝑢
−
(0)

− ∑

𝑡∈𝑆𝑢

(𝛿
𝑢
+
(𝑡)

− 𝛿
𝑢
−
(𝑡)
).

We emphasize that J𝑢K𝑎 may fail to be a normal current. This is because its boundary mass 𝐌(𝜕J𝑢K𝑎)
becomes infinite whenever 𝑢 has infinitely many discontinuities. The Kantorovich norm, however, remains

bounded:

‖𝜕J𝑢K𝑎‖KR ≤ 2 +

ˆ
𝑆𝑢

𝑑(𝑢
−
, 𝑢

+
) 𝑑0

< ∞.

All of these properties will be discussed in detail in Section 6.
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The representation. Our representation result states that any metric 1-current can be understood as

a superposition of integral currents associated with injective 𝕊𝔹𝕍-curves, without mass cancellations.

The contribution of each curve 𝑢 ∈ 𝕊𝔹𝕍(𝐼 , 𝑋) with constant speed is restricted to the metric current

J𝑢K𝑎 associated with its absolutely continuous part. The "Borel holes" (cf. Corollary 2.16) of the current are

modeled by the jump discontinuities in an almost optimal sense with respect to the Kantorovich–Rubinstein

norm.

With these considerations, we finally state our decomposition result:

Theorem D (𝕊𝔹𝕍-representation). Let 𝑋 be a complete and separable metric space. Then, 𝑇 ∈ 𝐌1(𝑋) if and
only if there exists a finite Borel measure 𝜂 on the Càdlàg space 𝔻(𝐼 , 𝑋), concentrated on the set Θ𝕊𝔹𝕍(𝑋) of
injective curves in 𝕊𝔹𝕍(𝐼 , 𝑋) with constant metric speed, satisfying the following:

1. For any (𝑓 , 𝜋) ∈ Lip
𝑏
(𝑋) × Lip(𝑋),

𝑇 (𝑓 , 𝜋) =

ˆ
𝔻(𝐼 ,𝑋)

J𝑢K𝑎(𝑓 , 𝜋) 𝑑𝜂(𝑢).

2. The representation extends to a representations of the mass measures: for any Borel set 𝐵 ⊂ 𝑋

‖𝑇 ‖(𝐵) =

ˆ
𝔻(𝐼 ,𝑋)

‖J𝑢K𝑎‖(𝐵) 𝑑𝜂(𝑢)

=

ˆ
𝔻(𝐼 ,𝑋)

1
(𝐵 ∩ im𝑢) 𝑑𝜂(𝑢).

In particular, it is free of mass cancellations:

𝐌(𝑇 ) =

ˆ
𝔻(𝐼 ,𝑋)

𝐌(J𝑢K𝑎) 𝑑𝜂(𝑢)

=

ˆ
𝔻(𝐼 ,𝑋)

𝓁(𝑢) 𝑑𝜂(𝑢).

3. Moreover, for any 𝜀 > 0, there exists 𝜂 satisfying 1. -2. andˆ
𝔻(𝐼 ,𝑋)

(

ˆ
𝑆𝑢

𝑑(𝑢
−
, 𝑢

+
) 𝑑0

)
𝑑𝜂(𝑢) ≤ ‖𝜕𝑇 ‖KR + 𝜀.

When 𝑋 = ℝ
𝑑
, Theorem D specializes into the following representation result :

Corollary 2.18 (Structure of one-dimensional flat chains). Let 𝑇 ∈ F1(ℝ
𝑑
) be an FF flat chain with finite

mass. Then, there exists a finite Borel measure 𝜂 on 𝔻([0, 1])
𝑑 , concentrated on the injective constant speed

curves in 𝑆𝐵𝑉 ([0, 1])
𝑑 , and satisfies

𝑇 (𝜔) =

ˆ
𝔻([0,1])

𝑑 (

ˆ
1

0

⟨𝜔 ◦ 𝑢, 𝑢
′
⟩ 𝑑𝑡

)
𝑑𝜂(𝑢) for all 𝜔 ∈ 𝐶

1

𝑐
(ℝ

𝑑
; ℝ

𝑑
),

𝐌(𝑇 ) =

ˆ
𝔻([0,1])

𝑑

𝓁(𝑢) 𝑑𝜂(𝑢).

Moreover, for 𝜂-a.e. 𝑢, the pointwise derivative 𝑢′ exists a.e. in (0, 1) and satisfies |𝑢′| ≡ 𝓁(𝑢).

Following Schioppa [43], We write Frag(𝑋) to denote the space of fragments 𝛾 ∶ 𝐵 ⊂ [0, 1] → 𝑋 ,

topologized as a subspace of ([0, 1] × 𝑋). Here, for a metric space 𝑌 , (𝑌 ) denotes the class of com-

pact subsets of 𝑌 endowed with the Hausdorff distance 𝑑𝐻 . We construct an 𝜂-measurable identification

Θ𝕊𝔹𝕍(𝑋) ↪ Frag(𝑋) ∶ 𝑢 ↦ 𝛾𝑢 satisfying J𝑢K𝑎 = J𝛾𝑢K. Therefore, a direct consequence of the 𝕊𝔹𝕍-

representation theorem is the following fragment representation, which might appeal to a more funda-

mental metric space theory setting:
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Corollary 2.19 (Fragment representation). Let𝑋 be a complete and separablemetric space. Then, 𝑇 ∈ 𝐌1(𝑋)

if and only if there exists a finite Borel measure 𝜇 ∈ Frag(𝑋) satisfying

𝑇 (𝜔) =

ˆ
Frag(𝑋)

J𝛾K(𝜔) 𝑑𝜇(𝛾) for all 𝜔 ∈ D1
(𝑋),

𝐌(𝑇 ) =

ˆ
Frag(𝑋)

𝓁(𝛾 ) 𝑑𝜇(𝛾).

2.4.1. Comments on the choice of the topology. Our use of the Càdlàg topology is a deliberate choice, as it

offers a natural extension of the uniform metric topology from continuous functions. It is worth noting,

however, that our methods are robust enough to extend Theorem D to other topologies on Θ𝕊𝔹𝕍(𝑋). Three

interesting examples are:

1. The length-strict topology on 𝕊𝔹𝕍([0, 1], 𝑋), generated by the metric

𝑑1(𝑢, 𝑣) ∶=

ˆ
1

0

𝑑(𝑢(𝑡), 𝑣(𝑡)) 𝑑𝑡 + |𝓁(𝑢) − 𝓁(𝑣)| +
|
|
|𝐷

𝑗
𝑢|((0, 1)) − |𝐷

𝑗
𝑣|((0, 1))

|
|
.

2. The extended graph topology on 𝕊𝔹𝕍([0, 1], 𝑋), generated by the metric

𝑑2(𝑢, 𝑣) ∶=

ˆ
1

0

𝑑(𝑢(𝑡), 𝑣(𝑡)) 𝑑𝑡 + 𝑑𝐻 (Γ𝑢, Γ𝑣),

where Γ𝑢 ∶= { (𝑡, 𝑥) : 𝑡 ∈ (0, 1), 𝑥 ∈ [𝑢
−
(𝑡), 𝑢

+
(𝑡)] } ⊂ [0, 1] × 𝑋 is the extended graph of 𝑢.

3. A stronger Skorokhod metric, which is a refined version of the standard one. Instead of allowing any

strictly increasing continuous reparameterization 𝜆, it restricts 𝜆 to be bi-Lipschitz with constants

bounded by 2. This choice imposes more regularity on the re-parameterizations, leading to a stronger

topology.

Each of these metrics ensures the continuity of the embedding Θ𝕊𝔹𝕍(𝑋) ↪ Frag(𝑋), however, neither of

them is comparable with the Càdlàg topology.

Organization. The diagram below summarizes the logical dependencies among the main results.

Theorem B

Theorem C Theorem D

Theorem A

𝑋 piecewise quasiconvex

1-FCC

1-FCC characterization

𝑋 curve-rectifiable

𝑋 Banach space

filling of currents 𝑆𝐵𝑉 -representation

𝑋 complete

This paper is organized as follows. Section 3 introduces the necessary background on Lipschitz spaces

and their dualitywith the Arens–Eells space. Section 4 presents the key optimal transport construction used

to define primitives for boundaries of metric 1-currents (see Lemma 2.12). Section 5 contains the proof of

the approximation of one-dimensional metric currents by normal currents in piecewise quasiconvex spaces
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(Theorem B), and establishes the hole-filling property for metric currents (TheoremC). Section 6 introduces

compact 𝐵𝑉 - and 𝑆𝐵𝑉 -curves and their associated currents. We also develop the 𝐵𝑉 -parametrization of

sets in the real line, which plays a key role in assembling fragments into 𝑆𝐵𝑉 -curves. Section 7 proves the

𝑆𝐵𝑉 -curve decomposition for metric 1-currents in arbitrary separable metric spaces. Section 8 uses the

𝑆𝐵𝑉 -representation to establish the equivalence between curve rectifiability and the validity of the 1-flat

chain conjecture. We also include a List of Symbols to assist readers unfamiliar with some of the technical

vocabulary introduced throughout. The Appendix contains a few technical measurability lemmas used in

the main proofs.
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3. Preliminaries

3.1. Functional analysis. Given a normed vector space 𝐸, we denote its dual space, the set of all con-

tinuous linear functionals, by 𝐸
∗
. The following remark is crucial for our purposes (see [21, Proposition

3.14]):

Proposition 3.1 (Weak-∗ continuous maps). If 𝐸 is Banach and 𝜑 ∶ 𝐸
∗
→ ℝ is weak-∗ continuous, then

there exists 𝑥0 ∈ 𝐸 such that 𝜑(𝑓 ) = 𝑓 (𝑥0) for all 𝑓 ∈ 𝐸
∗.

There is a canonical isometric embedding 𝐽 ∶ 𝐸 → 𝐸
∗∗

given by the evaluation map 𝑥 ↦ 𝑒𝑥 . Therefore,

we often identify 𝐸 with a subspace of its bidual 𝐸
∗∗
. If 𝐸 is not complete, we denote its norm-completion

by 𝐸. It is a fundamental fact that dual spaces are stable under completion: 𝐸
∗
= 𝐸

∗

. We also make use of

the following classical results:

Theorem 3.2 (Banach–Alaoglu–Bourbaki, [21, Thm. 3.16]). Let 𝐸 be a Banach space. The unit ball 𝐵𝐸
∗ =

{ 𝑓 ∈ 𝐸
∗ : ‖𝑓 ‖𝐸∗ ≤ 1 } is compact in the weak-∗ topology.

Remark 3.3. If 𝐸 is separable, then 𝐵𝐸
∗ is metrizable in the weak-∗ topology (see [21, Theorem 3.28]).

Theorem 3.4 (Banach–Dieudonné–Krein–Šmulian, [21, Theorem 3.33]). Let 𝑉 be a Banach space and let
𝐶 ⊂ 𝐸

∗ be convex set. Suppose that for every integer 𝑛 the set 𝐶 ∩ (𝑛𝐵𝐸
∗) is weak-∗ closed. Then, 𝐶 is closed in

the weak-∗ topology.

This has the following immediate corollaries:

Corollary 3.5. Let 𝑉 and 𝑊 be Banach spaces and 𝑇 ∶ 𝑉
∗
→ 𝑊

∗ be a linear map. Then 𝑇 is weak-∗
continuous if and only if its restriction to 𝐵𝑉

∗ is weak-∗ continuous.

Paired with the Banach–Alaoglu theorem, it yields the following weak-∗ continuity criterion:

Corollary 3.6. Let 𝑉 and𝑊 be Banach spaces and 𝑇 ∶ 𝑉
∗
→ 𝑊

∗ be a linear map. If 𝑉 is a separable Banach
space and 𝑇 is sequential weak-∗ continuous, then 𝑇 is weak-∗ continuous (even if the weak-∗ topology is not
metrizable).
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3.2. Lipschitz functions in a metric space. Let 𝑋 = (𝑋, 𝑑) be a metric space. The vector space of

real-valued Lipschitz functions, denoted as Lip(𝑋), consists of all functions 𝑓 ∶ 𝑋 → ℝ satisfying:

Lip(𝑓 ) = sup

𝑥≠𝑦

|𝑓 (𝑥) − 𝑓 (𝑦)|

𝑑(𝑥, 𝑦)

< +∞

We denote by Lip
1
(𝑋) the space of all Lipschitz maps with Lipschitz constant Lip(𝑓 ) ≤ 1. If 𝑋 is a pointed

metric space, meaning it has a distinguished "base point" 𝑥0 then we define Lip
0
(𝑋) to be the space of all

Lipschitz functions 𝑓 ∶ 𝑋 → ℝ vanishing at 𝑥0. Endowed with the Lip(⋅) semi-norm, Lip0(𝑋) is a Banach

space. Note that the Banach space structure of Lip0(𝑋) does not depend on the base point.

3.3. Lip
0
(𝑋) as a dual Banach space. In a pointed metric space 𝑋 (with base point 𝑥0), the space Lip0(𝑋)

is a dual Banach space (in the sense that it has a pre-dual) of a particular space of measures Æ(𝑋), often

referred to as the ‘Arens-Eells space’ or the ‘Lipschitz-free space’ of 𝑋 . This space is constructed as follows:

an atom in𝑋 is a measure of the form 𝛿𝑥−𝛿𝑦 , where 𝑥, 𝑦 ∈ 𝑋 . A molecule in𝑋 is a finite sum𝑚 = ∑
𝑗
𝜂𝑗𝛿𝑥𝑗

,

where each 𝑥𝑗 belongs to 𝑋 and 𝜂𝑗 ∈ ℝ satisfy ∑
𝑗
𝜂𝑗 = 0. Note that atoms form a linear basis for the

molecules. Also note that amolecule𝑚may not have a unique representation in terms of the sums described

above. The metric on 𝑋 defines a norm on a molecule 𝑚 by:

𝜌(𝑚) ∶= inf

{

∑

𝑗

|𝜂𝑗 |𝑑(𝑥𝑗 , 𝑦𝑗 ) : 𝑚 = ∑

𝑗

𝜂𝑗 (𝛿𝑥𝑗
− 𝛿𝑦𝑗

)

}

(3.1)

where the infimum is taken over all atomic representations of 𝑚. The Arens–Eells space Æ(X) is then

defined as the completion of all molecules with respect to the metric 𝜌 introduced above.

Remark 3.7. Æ(𝑋) is separable if and only if 𝑋 is separable.

Next, we elucidate the relationship between the dual of the Arens-Eells space, Æ(𝑋)
∗
, and Lip

0
(𝑋). First,

notice the fact that 𝑑 is a metric on 𝑋 implies that the topology induced by 𝜌 on Æ(𝑋) is Hausdorff. Arens

and Eells established the following crucial identification: any function 𝑓 ∈ Lip
0
(𝑋) defines a functional as

Ψ(𝑓 )(𝑚) ∶= ⟨𝑚, 𝑓 ⟩. (3.2)

Through this identification, the following holds (see [46, Thm. 3.3] for a modern exposition):

Theorem 3.8 (Arens–Eells [8]). Let 𝑋 be a pointed metric space. The linear map Ψ in (3.2) defines a one-
to-one correspondence between Lip

0
(𝑋) and the linear functionals 𝜑 ∶ Æ(𝑋) → ℝ that are continuous with

respect to the norm 𝜌. Moreover, this map defines a linear isometry since

Lip(𝑓 ) = sup

𝑚∈Æ(𝑋),𝜌(𝑚)≤1

Ψ(𝑓 )(𝑚) .

In particular, Æ(𝑋)
∗
≅ Lip

0
(𝑋) is a dual Banach space with the Lip(⋅) (semi-)norm.

Remark 3.9. A direct consequence of this is that an equi-Lipschitz sequence (𝑓𝑗 ) ⊂ Lip
0
(𝑋) converges

weak-∗ to 𝑓 (relative to the pre-dual Æ(𝑋)) if and only if it converges pointwise, i.e.,

𝑓𝑗 (𝑥) → 𝑓 (𝑥) ∀𝑥 ∈ 𝑋.

Therefore, in the following we will write 𝑓𝑗

∗

⇀ 𝑓 to denote that (𝑓𝑗 ) ⊂ Lip
0
(𝑋) is uniformly equi-Lipschitz

and converges pointwise to 𝑓 .

Remark 3.10. If 𝑋 is separable and 𝜆 ∶ Lip
0
(ℝ) → ℝ is sequentially weak-∗ continuous, then 𝜆 is weak-∗

continuous. In particular, 𝜆 can be identified (under the canonical bidual isometry) with an element of

Æ(𝑋).

Corollary 3.11. Let 𝑋̂ be the completion of 𝑋 . Then, Lip
0
(𝑋) is isometrically isomorphic with Lip

0
(𝑋̂). In

particular,Æ(𝑋) is isometrically isomorphic withÆ(𝑋̂).
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Proof. By standard completion methods, there exists a unique canonical embedding 𝑖 ∶ 𝑋 ↪ 𝑋̂ . This

embedding gives rise (with a possible abuse of notation) to an embedding 𝑖 ∶ Lip
0
(𝑋) ↪ Lip

0
(𝑋̂) given by

𝑖𝑓 (𝑥̂) ∶= lim

𝑥𝑗→𝑥̂

𝑓 (𝑥𝑗 ), 𝑥̂ ∈ 𝑋̂ ,

where the pointed Lipschitz spaces are pointed at some point 𝑥𝑜 ∈ 𝑋 and are endowed with the strong

Lipschitz semi-norm. Notice that 𝑖𝑓 is well-defined since, due to the Lipschitz continuity of 𝑓 , the limit

on the right-hand side does not depend on choice of the sequence 𝑥𝑗 → 𝑥̂ . This way, using the density

of 𝑋 ↪ 𝑋̂ it is straightforward to show that 𝑖 is injective. Similarly, one can show that the restriction

operator 𝑟 ∶ Lip(𝑋̂) → Lip(𝑋) given by 𝑟
̂
𝑓 =

̂
𝑓 ◦ 𝑖 is also one-to-one and hence it follows that both 𝑖 and 𝑟

inverses of each other. Moreover, by definition and by density, it follows that both 𝑖 and 𝑟 are isometries. In

particular, Lip
0
(𝑋) is isometrically isomorphic with Lip

0
(𝑋̂)when equipped with the Lipschitz semi-norm.

The isometry between the Arens–Eells spaces follows from Theorem 3.8. □

The following characterization will play a crucial role in our constructions:

Corollary 3.12 (Sequential continuity characterization). Let 𝑋 be a separable metric space and let 𝜙 ∶

Lip(𝑋) → ℝ be a linear functional satisfying the following properties:
(i) 𝜙 vanishes on constants: 𝜙(1𝑋 ) = 0

(ii) 𝜙 is sequentially weak-∗ continuous, i.e.,

𝑓𝑗

∗

⇀ 𝑓 ⇒ 𝜙(𝑓𝑗 ) → 𝜙(𝑓 ) ∀𝑓 ∈ Lip(𝑋).

Then, there exists 𝜆 ∈ Æ(𝑋) satisfying

𝜙(𝑓 ) = ⟨𝜆, 𝑓 ⟩ ∀𝑓 ∈ Lip(ℝ). (3.3)

Proof. Since 𝜙 vanishes on the constants and there is a natural isometric isomorphism between Lip(𝑋)/ℝ

and Lip
0
(𝑋)with 𝑋 as a pointed space, we may without any loss of generality consider 𝜙 as a functional on

Lip
0
(𝑋). We recall that if 𝑋 is separable, then Æ(𝑋) is separable, and therefore Æ(𝑋) is a separable Banach

space. It then follows from Remark 3.10 that 𝜆 is weak-∗ continuous and hence there exists an element in

the Banach pre-dual of Lip
0
(𝑋) representing it, i.e., there exists 𝜆 ∈ Æ(𝑋) satisfying (3.3) for all 𝑓 ∈ Lip

0
(𝑋).

The fact that this holds for all 𝑓 ∈ Lip(𝑋) follows from the fact that 𝜙 vanishes on constants. □

Remark 3.13. If 𝑋 is separable, then the weak-∗ topology of Lip(𝑋)/ℝ is metrizable on bounded sets (sets

of maps with bounded Lipschitz constant) and coincides with the topology of pointwise convergence.

3.4. The Kantorovich completion of signedmeasures. This subsection will not be used directly in our
proofs, but it provides context to some of the “optimal transport” ideas which underpin our constructions.

Let us assume that𝑋 is a real separable Banach space and denote byM (𝑋) the Banach space of real-valued,

finite Borel measures 𝜆 on 𝑋 , equipped with the total variation norm |𝜆|(𝑋). We then define 𝐗0,1(𝑋) to be

the subspace of measures with zero average and finite first moment, i.e., those satisfying 𝜆(𝑋) = 0 and´
|𝑥| 𝑑𝜆(𝑥) < +∞. Notice that 𝐗0,1(𝑋) ⊂ M (𝑋). This space is endowed with the Kantorovich–Rubinstein

norm:

‖𝜆‖KR ∶= sup

𝑓 ∈Lip
1
(𝑋)

ˆ
𝑓 𝑑𝜆.

The well-known Kantorovich–Rubinstein Duality Theorem establishes a crucial link to optimal transport.

It states that the Monge distance 𝑊1(𝜇, 𝜈), also known as the Wasserstein-1 distance, between two non-

negative measures 𝜇 and 𝜈 of equal mass is given by:

𝑊1(𝜇, 𝜈) = ‖𝜆‖KR where 𝜆 = 𝜈 − 𝜇.

This identity forms a significant bridge to optimal transport theory. However it can be easily shown that

the KR norm is not complete when 𝑋 is not discrete. In the particular case when 𝑋 = ℝ
𝑑
, the closure of

zero-average measures with respect to the KR norm does not include only measures of finite mass but also
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a subclass of distributions of order one. A simple illustration of this situation is the case of infinitely many
dipoles (see also [40]):

Example 3.14 (Infinite dipoles; [27, p. 368]). For each 𝑗 ∈ ℕ, consider

𝑚𝑗
∶=

𝑗

∑

𝑖=1

𝛿
2
1−2𝑖 − 𝛿

2
−2𝑖 ∈ 𝐌0(ℝ), 𝜆 ∶=

∞

∑

𝑖=1

𝛿
2
1−2𝑖 − 𝛿

2
−2𝑖 .

By construction, the sequence of “molecules” (𝑚𝑗 ) is Cauchy since ‖𝑚𝑗 − 𝑚𝑘‖KR ≤ 3
−1
4
−𝑗

whenever 𝑘 >

𝑗 . Moreover, 𝑚𝑗 → 𝜆 in Lip(ℝ)
∗
, implying 𝜆 ∈ Æ(ℝ). However, a straightforward application of the

fundamental theorem of calculus reveals that

𝜆(𝑓 ) ∶=

∞

∑

𝑛=1

𝑓 (2
−2𝑖

) − 𝑓 (2
1−2𝑖

) ⇒ |𝜆|(ℝ) = +∞.

Completion and tangent bundles to ameasure. The KR-completion of𝐗0,1(𝑋) has been explored from

various perspectives [30,31,15]. In the case of a pointed metric space 𝑋 , this completion coincides with the

Arens-Eells space. All molecules on 𝑋 are elements of 𝐗0,1(𝑋), and, if 𝑚 is a molecule, then 𝜌(𝑚) given by

(3.1) coincides with the Monge transport distance between 𝑚
+
and 𝑚

−
(the positive and negative parts of

𝑚). In other words, we have the equalities: 𝜌(𝑚) = 𝑊1(𝑚
+
, 𝑚

−
) = ‖𝑚‖KR. It follows that the KR-completion

of 𝐗0,1(𝑋) coincides with Æ(𝑋), i.e.,

Æ(𝑋) = closKR{𝐗0,1(𝑋)}.

Notation 3.15. In light of this identification, we shall henceforth write

𝜌(𝜆) = ‖𝜆‖KR for all 𝜆 ∈ Æ(𝑋).

When 𝑋 = ℝ
𝑑
, this completion was identified as the subspace 𝐌0,1(ℝ

𝑑
), comprising distributions (of

order at most 1) that are continuous with respect to the weak-∗ convergence in Lip(ℝ
𝑑
) [15, Lemma 2.6]

(see also [14]). There, the authors of [15] showed that𝐌0,1(ℝ
𝑑
) is the space of divergences div 𝜎 associated

with tangential transport measures 𝜎 = 𝜏𝜇, where 𝜇 is a positive Borel measure and 𝜏 ∈ 𝐿
1
(𝜇)

𝑑
is a vector

field that is tangent to 𝜇. This analysis led to the introduction of a tangent bundle associated with a finite

Borel measure, generalizing the concepts of differential geometry. More precisely, given a positive Borel

measure on ℝ
𝑑
, the tangent bundle 𝑇𝜇 (as defined in [15]) is the unique 𝜇-measurable map 𝑥 ↦ 𝑇𝜇(𝑥) from

ℝ
𝑑
toGr(𝑑), whereGr(𝑑) is the Grassmannian of subspaces ofℝ

𝑑
, characterized by the following tangential

regularity property (see [15, Theorem 2.4, Theorem 3.6]):

𝜏(𝑥) ∈ 𝑇𝜇(𝑥) 𝜇-a.e. ⟺ div(𝜏𝜇) ∈ 𝐌0,1(ℝ
𝑑
).

Building upon a general variational approach from earlier works [17,18,19], the second author and collabo-

rators introduced in [15] the construction of a weak-∗ continuous functional 𝜇-tangential gradient operator

∇𝜇 ∶ Lip(ℝ
𝑑
) → 𝐿

∞
(𝜇)

𝑑
. This operator enables integration by parts against all vector fields 𝜏 ∈ 𝐿

1
(𝜇)

𝑑
such

that 𝜏(𝑥) ∈ 𝑇𝜇(𝑥) 𝜇-a.e., which in turn allows for a differential calculus over 𝜇.

In a forthcoming paper, the authors of the present work will establish that in fact 𝑇𝜇 coincides with the

differentiability bundle D(𝜇, ⋅) introduced in the seminal work by G. Alberti and Marchese [2], where a

remarkable 𝜇-quantitative counterpart of the Rademacher Theorem was obtained.

An interesting application of the results from the next section (see Corollary 5.3 below), will be that

𝐌0,1(ℝ
𝑑
) coincides with the boundaries of 1-dimensional flat chains:

Æ(ℝ
𝑑
) = 𝐌0,1(ℝ

𝑑
) =

{

𝜕𝑇 : 𝑇 ∈ F1(ℝ
𝑑
)

}

.
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4. Primitives: a simple optimal transport construction

Next, we introduce a transport construction to produce primitives of any given 0-metric current, which

substantially improves upon the known estimates of the cone-construction. The construction relies on the

density of molecules in the Arens–Eells space, and we believe it might be independent interest:

Lemma 4.1. Let 𝑋 be a separable and piecewise quasiconvex space (with quasiconvexity constant 𝑐 ≥ 1)
and let 𝑚 ∈ Æ(𝑋) be a molecule. Then, for any 𝛿 ∈ (0, 1), there exists a rectifiable normal current 𝑅 ∈

1(𝑋) ∩ 𝐍1(𝑋) satisfying
𝜕𝑅 = 𝑚 and 𝐌(𝑅) ≤ 𝑐(1 + 𝛿)‖𝑚‖KR.

Remark 4.2. If 𝑋 is a geodesic space, then 𝑅 can be constructed of the form

𝑅 =

𝐿

∑

ℎ=1

𝜂ℎJ𝜃K, 𝜂ℎ ∈ ℝ, 𝜃 ∈ Lip
1
([0, 1], 𝑋)

and satisfying the sharp estimate𝐌(𝑅) = ‖𝑚‖KR. If moreover𝑋 is a Banach space, then 𝑅 can also be chosen

to be a polyhedral current.

Proof. According to its optimal representation, we can write 𝑚 as a finite sum of dipoles

𝑚 =

𝐿

∑

ℎ=1

𝜂ℎ(𝛿𝑦ℎ
− 𝛿𝑥ℎ

)

attaining its minimal transportation cost, so that

‖𝑚‖KR =

𝐿

∑

ℎ=1

|𝜂ℎ|𝑑(𝑥ℎ, 𝑦ℎ) < +∞, |𝜂ℎ| > 0 ∀ℎ = 1,… , 𝐿. (4.1)

For the convenience of the reader, we begin by providing a very simple proof of Lemma 4.1 when the un-

derlying space X is either a geodesic space or a Banach space, thus arriving to the equality stated in Remark

4.2. Second, we’ll look at the case where X is a piecewise quasiconvex space, where completeness is not

anymore assumed.

a) Proof for geodesic spaces.

For each pair of points (𝑥ℎ, 𝑦ℎ), in the optimal representation of 𝑚, let 𝜃ℎ ∶ [0, 1] → 𝑋 be a geodesic

connecting 𝑥 to 𝑦. This means:

𝜃ℎ(0) = 𝑥ℎ, 𝜃ℎ(1) = 𝑦ℎ, 𝓁(𝜃ℎ) = 𝑑(𝑥ℎ, 𝑦ℎ) for all ℎ = 1,… , 𝐿. (4.2)

Now, we define a 1-dimensional normal rectifiable current 𝑅 as the weighted sum of these geodesics, ori-

ented from 𝑥ℎ to 𝑦ℎ:

𝑅 ∶=

𝐿

∑

ℎ=1

𝜂ℎJ𝜃ℎK ∈ 1(𝑋) ∩ 𝐍1(𝑋).

Then we have 𝜕𝑅 = ∑
𝐿

ℎ=1
𝜂ℎ(𝛿𝑦ℎ

− 𝛿𝑥ℎ
) = 𝑚 , whereas by (4.1):

𝐌(𝑅) ≤

𝐿

∑

ℎ=1

|𝜂ℎ|𝓁(𝜃ℎ) =

𝐿

∑

ℎ=1

|𝜂ℎ| dist(𝑥ℎ, 𝑦ℎ) = ‖𝑚‖KR.

On the other hand, we know that 𝐌(𝑅) ≥ ‖𝜕𝑅‖KR whence the equality 𝐌(𝑅) = ‖𝑚‖KR as announced in

Remark 4.2.

b) Proof for piecewise quasiconvex spaces. Now, we consider the more general case where X is a piece-

wise quasiconvex space. We write 𝑋̂ to denote the completion of 𝑋 . Being piecewise quasiconvex allows
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us to approximate a path between two points with a sequence of shorter paths, albeit possibly with a larger

total length up to a constant factor.

1. A first approximation. The first step consists in showing that, for any 𝜀 > 0, we can find a normal

rectifiable-1 current 𝑆 such that

𝑚 − 𝜕𝑆 ∈ Æ(𝑋), ‖𝑚 − 𝜕𝑆‖KR ≤ 𝜀, 𝐌(𝑆) ≤ 𝑐‖𝑚‖KR, (4.3)

where 𝑐 is the piecewise quasiconvex constant of 𝑋 given in Definition 2.10. Appealing to the definition of

piecewise quasiconvex space, we can, for each ℎ ∈ {1, … , 𝐿}, find (𝑝
ℎ

1
, 𝑞

ℎ

1
), … , (𝑝

ℎ

𝑟(ℎ)
, 𝑞

ℎ

𝑟(ℎ)
) ∈ 𝑋

2
such that

𝑑(𝑥ℎ, 𝑝
ℎ

1
) + 𝑑(𝑦ℎ, 𝑞

ℎ

𝑟(ℎ)
) +

𝑟(ℎ)−1

∑

𝑖=1

𝑑(𝑝
ℎ

𝑖+1
, 𝑞

ℎ

𝑖
) <

𝜀

𝐿|𝜂ℎ|

, (4.4)

together with Lipschitz curves 𝜃
ℎ

1
, … , 𝜃

ℎ

𝑟(ℎ)
∈ Lip([0, 1], 𝑋) satisfying

𝜃
ℎ

𝑖
(0) = 𝑝

ℎ

𝑖
, 𝜃

ℎ

𝑖
(1) = 𝑞

ℎ

𝑖
,

𝑟(ℎ)

∑

𝑖=1

𝓁(𝜃
ℎ

𝑖
) ≤ 𝑐𝑑(𝑥ℎ, 𝑦ℎ). (4.5)

We define a rectifiable metric 1-current on 𝑋 by setting

𝑆 ∶=

𝐿

∑

ℎ=1

𝜂ℎ

{
𝑟(ℎ)

∑

𝑖=1

J𝜃ℎ
𝑖
K

}

We claim that 𝑆 is a 1-current satisfying (4.3): Indeed, by using the identity 𝜕J𝜃K = 𝛿
𝜃(1)

− 𝛿
𝜃(0)

for 𝜃 ∈

Lip([0, 1], 𝑋), we get

𝑚 − 𝜕𝑆 =

𝐿

∑

ℎ=1

𝜂ℎ

{

(𝛿
𝑝
ℎ

1

− 𝛿
𝑥
ℎ) +

𝑟(ℎ)−1

∑

𝑖=1

(𝛿
𝑝
ℎ

𝑖+1

− 𝛿
𝑞
ℎ

𝑖

) + (𝛿
𝑦
ℎ − 𝛿

𝑞
ℎ

𝑟(ℎ)

)

}

.

Thus, 𝜕𝑆 −𝑚 is a molecule. On the other hand, the fact that ‖𝛿𝑥 −𝛿𝑦‖KR = 𝑑(𝑥, 𝑦) for any two 𝑥, 𝑦 ∈ 𝑋 and

the triangle inequality and gives

‖𝜕𝑆 − 𝑚‖KR ≤

𝐿

∑

ℎ=1

|𝜂ℎ|

{

𝑑(𝑥ℎ, 𝑝
ℎ

1
) + 𝑑(𝑦ℎ, 𝑞

ℎ

𝑟(ℎ)
) +

𝑟(ℎ)−1

∑

𝑖=1

𝑑(𝑝
ℎ

𝑖
, 𝑞

ℎ

𝑖
)

}

(4.4)

≤ 𝜀.

Recalling that𝐌(J𝜃K) ≤ 𝓁(𝜃) for all 𝜃 ∈ Lip([0, 1], 𝑋), we can estimate the mass of 𝑆 by computing

𝐌(𝑆) ≤

𝐿

∑

ℎ=1

|𝜂ℎ|

𝑟(ℎ)

∑

𝑖=1

𝓁(𝜃
ℎ

𝑖
)

(4.5)

≤ 𝑐

𝐿

∑

ℎ=1

|𝜂ℎ|𝑑(𝑥ℎ, 𝑦ℎ) = 𝑐‖𝑚‖KR.

This proves (4.3).

2. Construction of the Rectifiable Current 𝑅. The strategy here is to iteratively apply the approximation

result from the previous step to construct a sequence of rectifiable currents whose boundaries progressively

approach 𝑚. The sum of this sequence will then converge to the desired rectifiable current 𝑅 with 𝜕𝑅 = 𝑚

and satisfying a controlled mass estimate𝐌(𝑆) ≤ 𝑐
′
‖𝑚‖KR.

∙ The First Step (𝑗 = 1): Starting with 𝑚0
∶= 𝑚, we apply the approximation from Equation (4.3) with

a specific error bound. Let 𝛿 > 0 be a parameter (to be determined later). We can find a rectifiable

current 𝑆1 ∈ 1(𝑋) ∩𝐍1(𝑋) such that the remainder 𝑚1
∶= 𝑚0 −𝜕𝑆1 is a molecule in Æ(𝑋) satisfying:

‖𝑚1‖KR ≤ 2
−1
𝛿‖𝑚‖KR, 𝐌(𝑆1) ≤ 𝑐‖𝑚‖KR.
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∙ The Inductive Step (𝑗 ≥ 2): Now, we proceed inductively. Assume that for some 𝑗 ≥ 2, we have con-

structed a sequence of rectifiable currents 𝑆1, 𝑆2, … , 𝑆𝑗−1 and a sequence of molecules 𝑚1, 𝑚2, … , 𝑚𝑗−1

such that 𝑚𝑖 = 𝑚𝑖−1 − 𝜕𝑆𝑖 for 𝑖 = 1, … , 𝑗 − 1, and they satisfy the bounds:

‖𝑚𝑖‖KR ≤ 2
−𝑖
𝛿‖𝑚‖KR, 𝐌(𝑆𝑖) ≤ 𝑐‖𝑚𝑖−1‖KR for 𝑖 = 1, … , 𝑗 − 1.

Applying the approximation from (4.3) to the molecule 𝑚𝑗−1 (with an error bound scaled by 2
−𝑗
), we

can find a rectifiable current 𝑆𝑗 ∈ 1(𝑋) ∩ 𝐍1(𝑋) such that the next remainder 𝑚𝑗
∶= 𝑚𝑗−1 − 𝜕𝑆𝑗 is a

molecule in Æ(𝑋) satisfying:

‖𝑚𝑗 ‖KR ≤ 2
−𝑗
𝛿‖𝑚‖KR, 𝐌(𝑆𝑗 ) ≤ 𝑐‖𝑚𝑗−1‖KR. (4.6)

Using the inductive hypothesis, we can bound the mass of 𝑆𝑗 :

𝐌(𝑆𝑗 ) ≤ 𝑐‖𝑚𝑗−1‖KR ≤ 𝑐2
−(𝑗−1)

𝛿‖𝑚‖KR = 𝑐2
−𝑗+1

𝛿‖𝑚‖KR. (4.7)

3. Construction of a Rectifiable Current. We now define a sequence of partial sums of the rectifiable currents:

𝑃𝑗 ∶= 𝑆1 + 𝑆2 + ⋯ + 𝑆𝑗 ∈ 1(𝑋) ∩ 𝐍1(𝑋)

We can show that the sequence (𝑃𝑗 ) is Cauchy in the mass norm𝐌1(𝑋). For 𝑘 > 𝑗 ≥ 1:

𝐌(𝑃𝑘 − 𝑃𝑗 ) ≤

𝑘

∑

ℎ=𝑗+1

𝐌(𝑆ℎ)

(4.7)

≤

𝑘

∑

ℎ=𝑗+1

𝑐2
−ℎ+1

𝛿‖𝑚‖KR ≤ 𝑐𝛿‖𝑚‖KR2
−𝑗+1

.

Since𝐌1(𝑋̂) is a Banach space, the Cauchy sequence (𝑃𝑗 ) converges in mass to a limit current 𝑅 ∈ 𝐌1(𝑋̂):

𝐌(𝑅 − 𝑃𝑗 ) → 0 as 𝑗 → ∞, where 𝑅 ∶=

∞

∑

ℎ=1

𝑆ℎ ∈ 𝐌1(𝑋).

From the mass bound for each 𝑆ℎ (recalling that𝐌(𝑆1) ≤ 𝑐‖𝑚‖KR), we can estimate the mass of 𝑅:

𝐌(𝑅) ≤

∞

∑

ℎ=1

𝐌(𝑆ℎ)

(4.7)

≤ 𝑐‖𝑚‖KR + 𝑐𝛿‖𝑚‖KR

∞

∑

ℎ=2

2
−ℎ+1

≤ 𝑐(1 + 𝛿)‖𝑚‖KR.

This proves the mass bound.

5. Proof that 𝑅 is a rectifiable current in 𝑋 . Observe that ‖𝑅‖ is concentrated on Γ = ⋃
𝑗
𝐵𝑗 ⊂ 𝑋 , where 𝐵𝑗

is the (finite) union of curves over which each ‖𝑆𝑗 ‖ is concentrated. This follows from the first inequality

in the estimate above. In particular, Γ is a rectifiable set contained in 𝑋 . Now, let 𝑈 ∈ (𝑋̂) be a Borel set

with vanishing 1
measure. Then, since each 𝑃𝑗 is 1-rectifiable, it follows that

‖𝑅‖(𝑈) ≤ ‖𝑅 − 𝑃𝑗 ‖(𝑈) + ‖𝑃𝑗 ‖(𝑈 ∩ 𝑋) ≤ 𝐌(𝑅 − 𝑃𝑗 ) ∀𝑗 ≥ 1.

Letting 𝑗 → ∞, we discover that ‖𝑅‖(𝑈) = 0. This proves that 𝑅 ∈ 1(𝑋̂). Since 𝑅 is concentrated on Γ ⊂ 𝑋 ,

it follows that 𝑅 ∈ 1(𝑋).

6. Proof of the boundary identity. It remains to verify that 𝜕𝑅 = 𝑚. Notice that by construction, 𝑚 − 𝜕𝑃𝑗 =

𝑚 − (𝜕𝑆1 + ⋯ + 𝜕𝑆𝑗 ) = 𝑚𝑗 . Hence, for 𝑗 ≥ 2 we get

‖𝜕𝑅 − 𝑚‖ ≤ ‖𝑚 − 𝜕𝑃𝑗 ‖KR + ‖𝜕𝑃𝑗 − 𝜕𝑅‖KR

≤ ‖𝑚𝑗 ‖KR +𝐌(𝑃𝑗 − 𝑅)

We know from Equation (4.6) that ‖𝑚𝑗 ‖KR ≤ 2
−𝑗
𝛿‖𝑚‖KR → 0 as 𝑗 → ∞. Therefore, letting 𝑗 → ∞, we

conclude that 𝜕𝑅 = 𝑚. Since |𝑚| is a finite Radon measure, it follows that 𝑅 is a normal current, i.e.,

𝑅 ∈ 𝐍1(𝑋). □

The following variant of the previous lemma will useful later on:
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Lemma 4.3. Let 𝑋 be a separable Banach space and let 𝑚 ∈ Æ(𝑋) be a molecule. Then, for any 𝜀 ∈ (0, 1),
there exists a rectifiable normal current 𝑅 ∈ 1(𝑋 ⊕ ℝ) ∩ 𝐍1(𝑋 ⊕ ℝ) satisfying

𝜕𝑅 = 𝑚 ⊕ 0, ‖𝑅‖
¬
(𝑋 ⊕ {0}) ≡ 0 and 𝐌(𝑅) ≤ ‖𝑚‖KR + 𝜀.

Proof. Let

𝑚 =

𝑟

∑

ℎ=1

𝜂ℎ(𝛿𝑦ℎ
− 𝛿𝑥ℎ

), 𝑥ℎ, 𝑦ℎ ∈ 𝑋,

be an optimal decomposition of 𝑚 with respect to the Kantorovich–Rubinstein norm.

Letting 𝑀 ∶= max{|𝜂ℎ|}
𝑟

ℎ=1
and 𝑡 ∶= (2𝑀𝑟)

−1
𝜀, we define 𝑅 ∈ 𝐍1(𝑋 ⊕ ℝ) ∩1(𝑋 ⊕ ℝ) by

𝑅 ∶=

𝑟

∑

ℎ=1

𝜂ℎJ𝑥ℎ ⊕ 0,

𝑥ℎ + 𝑦ℎ

2

⊕ 𝑡K + 𝜂ℎJ
𝑥ℎ + 𝑦ℎ

2

⊕ 𝑡, 𝑦ℎ ⊕ 0K.

By construction 𝜕𝑅 = 𝑚 ⊕ 0. Moreover,

‖𝑅‖ = 1 ¬

𝑟

⋃

ℎ=1

{

(𝑥ℎ ⊕ 0,

𝑥ℎ + 𝑦ℎ

2

⊕ 𝑡) ∪ (

𝑥ℎ + 𝑦ℎ

2

⊕ 𝑡, 𝑦ℎ ⊕ 0)

}

.

Since 𝑋 ⊕{0} intersects the support of ‖𝑅‖ on finitely many points (the ones associated to the dipoles of 𝑚),

it follows that ‖𝑅‖
¬
𝑋 ⊕ {0} is the zero measure. Finally, the triangular inequality and the isometry of the

embedding 𝑋 ↪ 𝑋 ⊕ {0} give

𝐌(𝑅) ≤

𝑟

∑

ℎ=1

|𝜂ℎ|‖𝑥ℎ − 𝑦ℎ‖𝑋 + 2

𝑟

∑

ℎ=1

|𝜂ℎ|(2𝑀𝑟)
−1
𝜀 ≤ ‖𝑚‖KR + 𝜀.

This finishes the proof. □

5. Proof of the approximation and filling results

5.1. Proof of Theorem B. Our goal is to show that any metric current 𝑇 ∈ 𝐌1(𝑋), can be approximated

in mass by a sequence of normal currents (𝑇𝑗 ) ⊂ 𝐍1(𝑋), which, in fact, can be chosen to be rectifiable up

to a cycle.

Step 1. Approximation byMolecules. By the axioms of currents, the boundary 𝜕𝑇 acts as a linear functional

on Lip(𝑋) satisfying the assumption of Lemma 3.12, which guarantees that 𝜕𝑇 ∈ Æ(𝑋). Notice that this

is a subtle but powerful advantage of the Arens–Eells approach. Indeed, 𝜕𝑇 could "go out" of 𝑋 , as we are

not assuming that 𝑋 is complete. However, 𝜕𝑇 is still represented as an element of Æ(𝑋). Another way

of seeing this, is to work directly in the completion 𝑋̂ of 𝑋 and recall from Corollary 3.11 that Æ(𝑋) is

isometrically isomorphic to Æ(𝑋̂).

Since the space of molecules on 𝑋 is dense in Æ(𝑋) under the Kantorovich–Rubinstein norm (‖ ⋅ ‖KR),

this means we can find a sequence of molecules (𝑚𝑗 )𝑗 ⊂ Æ(𝑋) satisfying

‖𝜕𝑇 − 𝑚𝑗 ‖KR → 0 as 𝑗 → ∞. (5.1)

Step 2. Telescopic Estimates. For a fixed small positive number 𝜀 ∈ (0, 1) (whose specific value is not

crucial for this part of the proof but will be used later for other computations), we can choose, without loss

of generality, the sequence (𝑚𝑗 ) to satisfy the following conditions:

‖𝑚1‖KR ≤ ‖𝜕𝑇 ‖KR + 2
−2
𝜀, ‖𝑚𝑗 − 𝑚𝑗−1‖KR ≤ 2

−(𝑗+1)
𝜀 for each 𝑗 ≥ 2. (5.2)

These conditions ensure that the “jumps” between consecutive molecules in the sequence become progres-

sively smaller.
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Step 3. Constructing the approximating sequence. For 𝛿 ∈ (0, 1) and for each 𝑗 ≥ 1, considering the

difference between consecutive molecules (with 𝑚0 defined as the zero measure), Lemma 4.1 produces a

rectifiable current 𝑆𝑗 ∈ 1(𝑋) ∩ 𝐍1(𝑋) such that:

𝜕𝑆𝑗 = 𝑚𝑗 − 𝑚𝑗−1, 𝐌(𝑆𝑗 ) ≤

{

𝑐(1 + 𝛿)‖𝑚1‖ ≤ 𝑐(1 + 𝛿)‖𝜕𝑇 ‖KR + 𝑐2
−1
𝜀 for 𝑗 = 1

𝑐(1 + 𝛿)‖𝑚𝑗 − 𝑚𝑗−1‖KR ≤ 𝑐2
−𝑗+1

𝜀 if 𝑗 ≥ 2

. (5.3)

We now define a sequence of rectifiable currents (𝑃𝑗 )𝑗≥1 by taking the cumulative sum

𝑃𝑗 ∶= 𝑆1 + 𝑆2 + ⋯ + 𝑆𝑗 ∈ 1(𝑋) ∩ 𝐍1(𝑋).

Notice that the sum 𝜕𝑆1 +⋯+𝜕𝑆𝑗 telescopes to 𝑚𝑗 , giving 𝜕𝑃𝑗 = 𝑚𝑗 . We now observe that (𝑃𝑗 ) is a Cauchy

sequence in𝐌1(𝑋). For any 𝑘 > 𝑗 ≥ 2, the estimate in (5.3) gives

𝐌(𝑃𝑘 − 𝑃𝑗 ) = 𝐌(𝑆𝑗+1 + ⋯ + 𝑆𝑘) ≤ 𝑐2
−𝑗
𝜀.

Following the reasoning from Steps 4 and 5 in the proof of Lemma 4.1, we deduce that there exists a limit

current 𝑅 ∈ 1(𝑋) satisfying

𝐌(𝑅 − 𝑃𝑗 ) → 0 as 𝑗 → ∞. (5.4)

Notice that, even though 𝑅 is a priori only a limit of a Cauchy sequence in 𝐌1(𝑋), it is itself concentrated

in 𝑋 (and not in the completion 𝑋̂ ). Moreover, notice that each 𝑆𝑗 is supported on some Γ𝑗 ⊂ 𝑋 , which is a

finite union of images of Lipschitz curves.

For later use, we record that the mass convergence, the first bound in (5.2) and the bounds in (5.3) give

𝐌(𝑅) ≤ sup

𝑗

𝐌(𝑃𝑗 ) ≤ 𝑐(1 + 𝛿)‖𝜕𝑇 ‖KR + 𝑐𝜀. (5.5)

Now, we relate the boundary of𝑅 to the boundary of 𝑇 . Using the triangle inequality for the Kantorovich–

Rubinstein norm and the estimate ‖𝜕 ⋅ ‖KR ≤ 𝐌(⋅), we have:

‖𝜕𝑅 − 𝜕𝑇 ‖KR ≤ ‖𝜕𝑅 − 𝜕𝑃𝑗 ‖KR + ‖𝜕𝑃𝑗 − 𝜕𝑇 ‖KR

≤ 𝐌(𝑅 − 𝑃𝑗 ) + ‖𝑚𝑗 − 𝜕𝑇 ‖KR.

Therefore, taking the limit as 𝑗 → ∞, we conclude, from (5.1) and (5.5), that 𝜕𝑅 = 𝜕𝑇 as 0-functionals on

𝑋 . Hence, 𝐶 ∶= 𝑇 − 𝑅 is a cycle in𝐌1(𝑋). Finally, we define a sequence of currents 𝑇𝑗 by adding the cycle

𝐶 to the sequence of rectifiable currents 𝑃𝑗 :

𝑇𝑗 ∶= 𝐶 + 𝑃𝑗 ∈ 𝐍1(𝑋), 𝑗 ∈ ℕ.

Since the difference 𝑇 − 𝑇𝑗 is precisely 𝑅 − 𝑃𝑗 , from (5.4) we know that

𝐌(𝑇 − 𝑇𝑗 ) = 𝐌(𝑅 − 𝑃𝑗 ) → 0 as 𝑗 → ∞.

This shows that the original current 𝑇 can be approximated in the mass norm by a sequence of currents

𝑇𝑗 , where each 𝑇𝑗 is the sum of a cycle 𝐶 and a rectifiable current 𝑃𝑗 .

The fact that the elements of sequence (𝑃𝑗 ) constructed above can be chosen to be

a) a sum of of geodesic integral curves (in geodesic spaces),

b) polyhedral 1-currents (on Banach spaces)

follows directly from Remark 4.2. This completes the proof. □

5.2. Proof of Corollary 2.16. The proof follows directly from the decomposition 𝐶 = 𝑇 − 𝑅 and the

estimate (5.5) with 𝜀
′
=

𝜀

2
(1 + 𝑐)

−1
and 𝛿 =

𝜀

2
(1 + ‖𝜕𝑇 ‖KR)

−1
in the proof of Theorem B.
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5.3. Proof of Theorem C. If 𝑋 is a Banach space of dimension dim(𝑋) ≥ 2, we can modify the con-

struction to ensure that the original current 𝑇 and the rectifiable current 𝑅 from Step 2 are concentrated in

disjoint sets. The argument follows by slightly modifying certain steps in the proof of Theorem B, namely:

In Step 1, we canmodify the approximating sequence (𝑚𝑗 ) in the followingway: for fixed 𝑗 , let∑
𝐿(𝑗)

ℎ=1
𝜂ℎ(𝛿𝑦ℎ

−

𝛿𝑥ℎ
) be the optimal decomposition of 𝑚𝑗 . Now, let ℎ ∈ {1, … , 𝐿(𝑗)}. The fact that 𝑋 is a normed space with

dimension at least 2, implies that we can find 𝜈𝑗 ∈ 𝜕𝐵𝑋 that does not belong to span{𝑦ℎ − 𝑥ℎ} for all

ℎ{1, … , 𝐿(𝑗)}. In particular, since ‖𝑇 ‖ is 𝜎-finite, we can also find

0 < 𝑡𝑗 < 𝐿(𝑗)
−1
2
−𝑗+1

𝜀
′
max{|𝜂1|, … , |𝜂

𝐿(𝑗)
|} (5.6)

such that

‖𝑇 ‖(

𝐿(𝑗)

⋃

ℎ=1

[𝑥ℎ + 𝑡𝑗𝜈𝑗 , 𝑦ℎ + 𝑡𝑗𝜈𝑗 ]) = 0.

We then define

𝑚
′

𝑗
∶=

𝐿(𝑗)

∑

ℎ=1

𝜂ℎ(𝛿𝑦
′

ℎ

− 𝛿
𝑥
′

ℎ

), 𝑥
′

ℎ
∶= 𝑥ℎ + 𝑡𝑗𝜈𝑗 , 𝑦

′

ℎ
∶= 𝑦ℎ + 𝑡𝑗𝜈𝑗 .

Notice that ‖𝑚𝑗 − 𝑚
′

𝑗
‖KR ≤ 2

−𝑗
𝜀
′
and therefore (𝑚

′

𝑗
) still satisfies (5.1).

In Step 2, we consider the estimates with 𝜀
′
= 𝜀/2 instead of 𝜀.

In Step 3, the associated primitive 𝑆
′

𝑗
to 𝑚

′

𝑗
(given by Lemma 4.1 and Remark 4.2) is then of the form

𝐿

∑

ℎ=1

𝜂ℎJ𝑥′ℎ, 𝑦
′

ℎ
K, with ‖𝑇 ‖(

𝐿

⋃

ℎ=1

[𝑥
′

ℎ
, 𝑦

′

ℎ
]) = 0.

Following the proof by verbatim, replacing (𝑚𝑗 )with (𝑚
′

𝑗
) and (𝑆𝑗 )with (𝑆

′

𝑗
), we obtain that both (𝑃𝑗 ) and 𝑅

satisfy the same properties as in Corollary 2.16 for 𝜀
′
. Moreover, they are concentrated on a countable union

Γ ⊂ 𝑋 of intervals where ‖𝑇 ‖ vanishes. In particular, 𝐶 = 𝑇 − 𝑅 is a cycle, and, letting 𝐵 = 𝑋 ⧵ Γ ∈ (𝑋)

we get

𝑇 = 𝐶 + 𝑅 ⇒ 𝑇 = 𝑇
¬
𝐵 = 𝐶

¬
𝐵 + 𝑅

¬
(𝑋 ⧵ Γ) = 𝐶

¬
𝐵.

Recalling that (𝑃𝑗 ) and 𝑅 satisfy (5.5), we obtain (recall that 𝐶 = 1 on a geodesic space)

𝐌(𝐶) = 𝐌(𝑇 ) + 𝐌(𝑅) ≤ 𝐌(𝑇 ) + ‖𝜕𝑇 ‖KR + 2𝜀
′
≤ 𝐌(𝑇 ) + ‖𝜕𝑇 ‖KR + 𝜀.

This finishes the proof. □

Similar arguments building on Lemma 4.3 (instead of Lemma 4.1) yield the following version of Theo-

rem C, which will be instrumental in the proof of Theorem D.

Corollary 5.1. Let 𝑋 be a separable Banach space and let 𝑇 ∈ 𝐌1(𝑋). Then, for any given 𝜀 > 0, there exists
a cycle 𝐶 ∈ 𝐌1(𝑋 ⊕ ℝ) and a rectifiable current 𝑅 ∈ 1(𝑋 ⊕ ℝ) such that

1. 𝐶 = 𝑖𝑇 + 𝑅, where 𝑖 ∶ 𝑋 ↪ 𝑋0
∶= 𝑋 ⊕ {0} is the canonical isometric embedding

2. ‖𝑖𝑇 ‖ is concentrated on 𝑋0 and ‖𝑅‖
¬
𝑋0 ≡ 0

3. ‖𝑇 ‖ and ‖𝑅‖ are mutually singular; in particular, 𝑇 = 𝐶
¬
𝑋0 and 𝑅 = 𝐶

¬
{𝑋 ⊕ (0,∞)}

4. 𝐌(𝑅) ≤ ‖𝜕𝑇 ‖KR + 𝜀

Proof. The proof follows by verbatim the steps of Theorem B, using the primitives provided by Lemma 4.3

(instead of the ones provided by Lemma 4.1). □
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5.4. Direct consequence of the proofs. Here we collect two side results results, which are connected to

the discussion in Section 3.4. A direct consequence of the proof of Theorem B is the following construction

of primitive currents for elements in Æ(𝑋):

Corollary 5.2 (One-dimensional metric primitives). Let 𝑋 be a separable and piecewise quasiconvex space
(with piecewise quasiconvexity constant 𝑐) and let 𝜆 ∈ Æ(𝑋). For any 𝑠 > 0, there exists a rectifiable metric
current 𝑅 ∈ 𝐌1(𝑋) ∩1(𝑋) satisfying

𝜕𝑅 = 𝜆 and 𝐌(𝑅) ≤ 𝑐‖𝜆‖KR + 𝑠.

Proof. The proof follows by verbatim the steps of the proof of Theorem B under the following considera-

tions: in Step 1, replace 𝜕𝑇 by 𝜆; in Step 2, let 𝜀 > 0 be small enough so that 𝜀(1 + 𝑐) < 𝑠 in (5.5). □

In particular, the Arens–Ells space coincides with the space of boundaries of metric currents:

Corollary 5.3. Let 𝑋 be a piecewise quasiconvex space. Then

Æ(𝑋) = { 𝜕𝑇 : 𝑇 ∈ 𝐌1(𝑋) }

= { 𝜕𝑇 : 𝑇 ∈ 𝐌1(𝑋) ∩1(𝑋) } .

If moreover 𝑋 is a geodesic space and 𝜆 ∈ Æ(𝑋), then

‖𝜆‖KR = inf {𝐌(𝑅) : 𝑇 ∈ 𝐌1(𝑋), 𝜕𝑇 = 𝜆 } .

In particular, for 𝑋 = ℝ
𝑑 with the standard Euclidean metric, we recover the results from [15]:

Æ(ℝ
𝑑
) = 𝐌0,1(ℝ

𝑑
) =

{

𝜕𝑇 : 𝑇 ∈ F1(ℝ
𝑑
)

}

and also that

‖𝜆‖KR = inf

{

𝐌(𝑇 ) : 𝑇 ∈ F1(ℝ
𝑑
), 𝜕𝑇 = 𝜆

}

.

Proof. The first two assertions follow directly from Corollary 3.12 and Corollary 5.2, taking into account

that geodesic spaces are quasiconvex with constant 𝑐 = 1. □

6. Currents associated with 𝐵𝑉 -curves

This section introduces a specific type of one-dimensional metric current associated with certain curves

of bounded variation (𝐵𝑉 ). These currents decompose naturally into absolutely continuous and cantorian

parts, reflecting the structure of the 𝐵𝑉 function’s derivative.

6.1. The class of curves with bounded variation on a metric space. Let’s first recall the definitions
of curves that we shall consider.

Notation 6.1. For the reminder of this section, we write 𝐼 to denote the open interval (0, 1) endowed with

the Euclidean metric. We also assume that 𝑋 is complete and separable.

Integrable curves and the essential total variation. If 𝑌 is a metric space, we define 𝐿
1
(𝐼 , 𝑌 ) as the

class of Borel curves 𝑢 ∶ 𝐼 → 𝑌 such that 𝑑(𝑢, 𝑦) ∈ 𝐿
1
(𝐼 ) for some point 𝑦 ∈ 𝑌 . The essential total variation

of 𝑢 ∈ 𝐿
1
(𝑌 ) is the defined as the (possibly infinite-valued) infimum

𝑉 (𝑢) ∶= inf
𝑣=𝑢 a.e.

{

sup

0<𝑡1<⋯<𝑡𝑚<1

𝑚−1

∑

𝑖=1

𝑑(𝑣(𝑡𝑖+1), 𝑣(𝑡𝑖))

}

∈ [0,∞].

We introduce the space

𝔹𝕍(𝐼 , 𝑋) ∶=

{

𝑢 ∈ 𝐿
1
(𝐼 , 𝑋𝑐) : 𝑋𝑐 ⊂⊂ 𝑋, 𝑓 (𝑢) ∈ 𝐵𝑉 (𝐼) ∀𝑓 ∈ Lip

1
(𝑋)

}
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of 𝐵𝑉 -curves with values on𝑋 and compactly supported images. We purposefully consider compact curves

in order to exploit the theory developed in [5], where it is shown that 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋) if and only if the class

of finite measures 𝜎 on 𝐼 satisfying

𝜎(𝐾) ≥ |𝐷𝑓 (𝑢)|(𝐵) for all 𝐾 ⊂⊂ (0, 1) and all 𝑓 ∈ Lip
1
(𝑋) (6.1)

is non-empty. In this case, there exists a minimal measure |𝐷𝑢| with this property, called the total variation
measure of 𝑢.

Next, we recall some of the highlights of this theory for a curve 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋). The fact that 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋)

is equivalent with the finiteness of the essential total variation 𝑉 (𝑢); in this case it holds 𝑉 (𝑢) = |𝐷𝑢|(𝐼 ).

Every 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋) possesses left and right continuous representatives. In other words, there exist left and

right continuous curves 𝑢
−
, 𝑢

+
∶ 𝐼 → 𝑋 satisfying

𝑢
−
(𝑡) = lim

𝑠→𝑡
−

𝑢(𝑠) and 𝑢
+
(𝑡) = lim

𝑠→𝑡
+

𝑢(𝑠) for every 𝑡 ∈ (0, 1).

Moreover, 𝑢
−
and 𝑢

+
coincide outside a countable 𝑆𝑢 ⊂ 𝐼 , where 𝑢 is discontinuous. In particular, every 𝑢 ∈

𝔹𝕍(𝐼 , 𝑋) curve has an 𝐿
1
-representative in the space of Càdlàg curves. The approximate metric differential

|𝑢̇|(𝑥) ∶= lim

|ℎ|→0

𝑑(𝑢
−
(𝑡 + ℎ), 𝑢

−
(𝑡))

|ℎ|

= lim

|ℎ|→0

𝑑(𝑢
+
(𝑡 + ℎ), 𝑢

+
(𝑡))

|ℎ|

exists1
-almost everywhere, defining a function in 𝐿

1
(𝐼 ) satisfying |𝑢̇| = |𝐷𝑢|/1

. Lastly, the total variation

measure can be decomposed into mutually singular measures as:

|𝐷𝑢|(𝐵) ∶= |𝐷
𝑎
𝑢|(𝐵) + |𝐷

𝑗
𝑢|(𝐵) + |𝐷

𝑐
𝑢|(𝐵), ∀𝐵 ∈ (𝐼 ), (6.2)

where

|𝐷
𝑎
𝑢|(𝐵) ∶=

ˆ
𝐵

|𝑢̇| 𝑑𝑡 and |𝐷
𝑗
𝑢|(𝐵) ∶=

ˆ
𝐵∩𝑆𝑢

𝑑(𝑢
−
, 𝑢

+
)

are the absoutely continuous and jump parts, and |𝐷
𝑐
𝑢| is the cantorian part, a singular measure vanishing

on countable sets, often representing the "fractal behavior" of 𝐵𝑉 functions.

Compact curves with special bounded variation. A curve 𝑢 ∈ 𝕊𝔹𝕍(𝐼 , 𝑋) is a compact 𝐵𝑉 -curve for

which |𝐶𝛾 | vanishes. It can be shown (fromMcShane’s extension theorem [46, Thm 1.33] and [5, Rmk. 2.4])

that 𝕊𝔹𝕍(𝐼 , 𝑋) also satisfies a weak formulation by composition with Lipschitz maps:

𝑢 ∈ 𝕊𝔹𝕍(𝐼 , 𝑋) ⇔ 𝑓 (𝑢) ∈ 𝑆𝐵𝑉 (𝐼) ∀𝑓 ∈ Lip
1
(𝑋) (6.3)

where 𝑆𝐵𝑉 (𝐼) is the classical space of functions with bounded variation on 𝐼 (see [6, p. 212]).

6.2. Currents associated with injective 𝐵𝑉 -curves. Now that we have introduced the concept of com-

pact 𝐵𝑉 curve, we will associate to any curve 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋), two particular integral currents:

Definition 6.2 (Currents associated with 𝐵𝑉 curves). Let 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋). We define the absolutely contin-
uous metric current J𝑢K𝑎 and the cantorian metric current J𝑢K𝑐 associated with 𝛾 as bi-linear functionals

acting on pairs (𝑓 , 𝜋) ∈ D1
(𝑋) by

J𝑢K𝑎(𝑓 , 𝜋) ∶=
ˆ

1

0

𝑓 (𝑢) 𝑑𝐷
𝑎
(𝜋(𝑢))

and

J𝑢K𝑐(𝑓 , 𝜋) ∶=
ˆ

1

0

𝑓 (𝑢) 𝑑𝐷
𝑐
(𝜋(𝑢)).

Here,𝐷
𝑎
and𝐷

𝑐
denote the absolutely continuous and cantorian parts of the classical 𝐵𝑉 derivative. When

𝑋 is a Banach space, we also define the jump metric current

J𝑢K𝑗 ∶= ⋃

𝑡∈𝑆𝑢

J𝑢−(𝑡), 𝑢+(𝑡)K
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and (with a possible abuse of notation)

J𝑢K ∶= J𝑢K𝑎 + J𝑢K𝑐 + J𝑢K𝑗 .

The following identity for post-composition with Lipschitz maps will be useful throughout the rest of

the manuscript (for the definition of push-forward, see (2.1)):

Remark 6.3. If Φ ∶ 𝑋 → 𝑋
′
is Lipschitz and 𝑢 ∈ 𝕊𝔹𝕍(𝐼 , 𝑋), then Φ(𝑢) ∈ 𝕊𝔹𝕍(𝐼 , 𝑋

′
) and

JΦ(𝑢)K𝑎 = Φ#J𝑢K𝑎.

Proof. The fact that Φ(𝑢) ∈ 𝕊𝔹𝕍(𝐼 , 𝑋
′
) follows from the fact that continuous images of compact sets are

compact. Let (𝑓 , 𝜋) ∈ D1
(𝑋

′
) be given. The associativity of the composition gives

JΦ(𝑢)K𝑎(𝑓 , 𝜋) =
ˆ

1

0

𝑓 (Φ(𝑢)) 𝑑𝐷
𝑎
(𝜋(Φ(𝑢)))

=

ˆ
1

0

(𝑓 ◦ Φ)(𝑢) 𝑑(𝐷
𝑎
(𝜋 ◦ Φ)(𝑢)) = J𝑢K𝑎(𝑓 ◦ Φ, 𝜋 ◦ Φ) = Φ#J𝑢K𝑎(𝑓 , 𝜋).

This proves the desired identity. □

Proposition 6.4. If 𝑢 ∈ 𝔹𝕍(𝐼 , 𝑋), then J𝑢K𝑎, J𝑢K𝑐 belong to 𝐌1(𝑋). If moreover 𝑋 is a Banach space, then
J𝑢K − J𝑢−(0), 𝑢+(1)K is a cycle.

Proof. First, we recall by the definition of𝔹𝕍(𝐼 , 𝑋) through compositionwith Lipschitzmaps that |𝐷(𝜋(𝑢))| ≤

Lip(𝜋)|𝐷𝑢| for any 𝜋 ∈ Lip(𝑋). This, in turn, implies that

|𝐷
𝑖
(𝜋(𝑢))| ≤ Lip(𝜋)|𝐷

𝑖
𝑢| for all 𝑖 ∈ {𝑎, 𝑐, 𝑗}. (6.4)

From this, it is straightforward to compute that

‖J𝑢K𝑎‖ ≤ 𝑢#|𝐷
𝑎
𝑢| ana ‖J𝑢K𝑐‖ ≤ 𝑢#|𝐷

𝑐
𝑢|

as measures. This implies that both J𝑢K𝑎 and J𝑢K𝑐 have finite mass provided that 𝑢 ∈ 𝔹𝕍(𝐼).

Now, suppose that (𝑓 , 𝜋) ∈ D1
(𝐶) are such that 𝜋 ≡ 𝑐0 on a neighborhood 𝑉 of spt 𝑓 . Then, it follows

that 𝜋(𝑢) ≡ 𝐶0 on a neighborhood 𝐽 of spt 𝑓 (𝑢). This follows from the fact that 𝑢 has left and right

continuous representatives. In particular 𝐷(𝜋(𝑢)) ≡ 0 on 𝐽 and hence J𝑢K𝑎(𝑓 , 𝜋) = J𝑢K𝑐(𝑓 , 𝜋) = 0. This

demonstrates J𝑢K𝑎 and J𝑢K𝑐 satisfy the locality property.

Now, we demonstrate that both currents satisfy the continuity axiom. For any 𝑣 ∈ 𝐵𝑉 (𝐼 ), let 𝑖 ∈ {𝑎, 𝑐}

and define 𝑣
𝑖
(𝑡) ∶= 𝐷

𝑖
𝑣(0, 𝑡] for 𝑡 ∈ (0, 1). Observe that 𝑣

𝑖
is continuous, belongs to 𝐵𝑉 (𝐼) and satisfies the

identity 𝐷
𝑖
𝑣 ≡ 𝐷𝑣

𝑖
as measures. In particular, by the locality property,

J𝑢K𝑖(𝑓 , 𝜋) =
ˆ

1

0

𝑓 (𝑢) 𝑑𝐷
𝑖
(𝜋(𝑢)) =

ˆ
1

0

𝑓 (𝑢) 𝑑𝐷(𝜋(𝑢)
𝑖
), 𝑖 ∈ {𝑎, 𝑐}. (6.5)

By the finite properties of 𝐵𝑉 -functions of one-variable, it follows that 𝜋(𝑢)
𝑖
is continuous and 𝜋(𝑢) ∈

𝐵𝑉 (𝐼). Hence, integration by parts holds and we get (recall that 𝑣
𝑖
(0

+
) = 0)

J𝑢K𝑖(𝑓 , 𝜋) = −

ˆ
1

0

𝜋(𝑢)
𝑖
𝑑𝐷(𝑓 (𝑢)) + 𝑓 (𝑢

−
(1))𝐷𝜋(𝑢)

𝑖
((0, 1)), 𝑖 ∈ {𝑎, 𝑐}. (6.6)

Now, let 𝜋𝑗

∗

⇀ 𝜋 in Lip(𝑋). The definition of 𝔹𝕍 by composition with Lipschitz maps warrants that

|𝐷
𝑖
(𝜋𝑗 ◦ 𝑢)| ≤ Lip(𝜋𝑗 )|𝐷

𝑖
𝑢| for all 𝑖 ∈ {𝑎, 𝑗 , 𝑐}. Since moreover 𝜋𝑗 (𝑢) → 𝜋(𝑢) pointwise, we gather that

𝐷(𝜋𝑗 (𝑢)
𝑖
) = 𝐷

𝑖
(𝜋𝑗 (𝑢)) converges on 𝐼 in the weak sense of measures to 𝐷(𝜋(𝑢)

𝑖
) = 𝐷

𝑖
(𝜋(𝑢)) for each

𝑖 ∈ {𝑎, 𝑐, 𝑗}. In fact, the uniform mass bound in (6.4) warrants that no mass of |𝐷𝜋𝑗 (𝑢)
𝑖
| can concentrate

towards {1} and hence

𝐷𝜋𝑗 (𝑢)
𝑖
((0, 1)) → 𝐷𝜋(𝑢)

𝑖
((0, 1)), 𝑖 ∈ {𝑎, 𝑐}.

By the standard 𝐵𝑉 -compactness, we further deduce that 𝜋𝑗 (𝑢)
𝑖
converges to 𝜋(𝑢)

𝑖
in 𝐿

1
, and hence

also pointwise up to taking a subsequence (not relabelled). On the other hand (6.4) tells us that |𝜋𝑗 (𝑢)| ≤
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Lip(𝜋𝑗 )|𝐷𝑢|(𝐼 ) for each 𝑗 . Since this is uniformly bounded on 𝑗 , we can apply the dominated convergence

theorem to the sequence (𝜋𝑗 (𝑢)
𝑖
) and pass to the limit in (6.6):

J𝑢K𝑖(𝑓 , 𝜋𝑗 ) = −

ˆ
1

0

𝜋𝑗 (𝑢)
𝑖
𝑑𝐷(𝑓 (𝑢)) + 𝑓 (𝑢

−
(1))𝐷𝜋𝑗 (𝑢)

𝑖
((0, 1))

→ −

ˆ
1

0

𝜋(𝑢)
𝑖
𝑑𝐷(𝑓 (𝑢)) + 𝑓 (𝑢

−
(1))𝐷𝜋(𝑢)

𝑖
((0, 1)) = J𝑢K𝑖(𝑓 , 𝜋)

for 𝑖 ∈ {𝑎, 𝑐}. Since this holds for all convergent subsequences, this proves that J𝑢K𝑎 and J𝑢K𝑐 satisfy the

continuity property, as desired.

Let 𝐷̃ ∶= 𝐷
𝑎
+ 𝐷

𝑐
and let 𝑓 ∈ Lip(𝑋). Since 𝑆

𝑓 (𝑢)
⊂ 𝑆𝑢 and 𝜕J𝑢K𝑗 = ∑

𝑡∈𝑆𝑢
𝛿
𝑢
+
(𝑡)

− 𝛿
𝑢
−
(𝑡)
, it follows from

the fundamental theorem of calculus for 𝐵𝑉 (𝐼) functions that

𝜕J𝑢K(𝑓 ) =
ˆ

1

0

𝑑𝐷̃(𝑓 (𝑢)) + J𝑢K𝑗 (1, 𝑓 )

=

ˆ
1

0

𝑑𝐷̃(𝑓 (𝑢)) + ∑

𝑡∈𝑆
𝑓 (𝑢)

𝑓 (𝑢)
+
(𝑡) − 𝑓 (𝑢)

−
(𝑡)

=

ˆ
1

0

𝑑𝐷(𝑓 (𝑢)) = 𝑓 (𝑢
−
(0)) − 𝑓 (𝑢

+
(1)).

Since 𝑓 was chosen arbitrarily, this demonstrates that 𝜕(J𝑢K − J𝑢−(0), 𝑢+(1)K) = 0. □

We will also need the following semicontinuity result:

Lemma 6.5. Suppose that 𝑢ℎ → 𝑢 in 𝕊𝔹𝕍(𝐼 , 𝑋) ⊂ 𝔻([0, 1], 𝑋). Then

|𝐷
𝑗
𝑢|(𝐼 ) ≤ lim inf

ℎ

|𝐷
𝑗
𝑢ℎ|(𝐼 ) and |𝐷

𝑗
𝑢|(𝐼 ) ≤ lim inf

ℎ

|𝐷
𝑗
𝑢ℎ|(𝐼 ).

Proof. We may assume without loss of generality that both limit inferiors are limits. Since 𝑑(𝑢ℎ, 𝑢) → 0

in 𝐿
1
((0, 1)), we may pass to a subsequence (𝑢ℎ𝑘

) such that 𝑢ℎ𝑘
→ 𝑢 pointwise almost everywhere. Then,

by [5, Thm. 2.4], we get

|𝐷𝑢|(𝐼 ) ≤ lim inf

𝑘

|𝐷𝑢ℎ𝑘
|(𝐼 ) = lim inf

ℎ

|𝐷𝑢ℎ|(𝐼 ).

Let 𝛿 > 0 and let 𝐹𝛿 ⊂ 𝑆𝑢 consist of those points 𝑡 with 𝑑(𝑢
+
(𝑡), 𝑢

−
(𝑡)) > 𝛿. Clearly, 𝐹𝛿 ↑ (0, 1) and therefore

|𝐷
𝑗
𝑢|(𝐹𝛿) → |𝐷

𝑗
𝑢|(𝐼 ). On the other hand, the Càdlàg convergence warrants that 𝛿ℎ = 𝑑(𝑢, 𝑢ℎ(𝜆ℎ)) + ‖𝜆ℎ −

id‖∞ → 0 with 𝜆ℎ ∈ Λ. This translates into the following key estimate (used throughout the text):

|𝑑(𝑢
+
, 𝑢

−
) − 𝑑(𝑢

+

ℎ
(𝜆ℎ), 𝑢

−
ℎ(𝜆ℎ))| ≤ 2𝛿ℎ (6.7)

In particular, if 𝑡 ∈ 𝐹𝛿 , then 𝜆ℎ(𝑆𝑢) ⊂ 𝑆𝑢ℎ
provided that ℎ = ℎ(𝛿) is sufficiently large. From the estimate

above and the finiteness of 𝐹𝛿 it follows that |𝐷
𝑗
𝑢ℎ|(𝜆ℎ(𝐹𝛿)) → |𝐷

𝑗
𝑢|(𝑆𝑢) as 𝑗 → ∞, for each 𝛿 > 0. Gathering

both limits, we conclude that

lim inf

ℎ

|𝐷
𝑗
𝑢ℎ|(𝐼 ) ≥ lim inf

𝛿→0

lim inf

ℎ

|𝐷
𝑗
𝑢ℎ|(𝜆ℎ(𝐹𝛿)) = lim inf

𝛿→0

|𝐷
𝑗
𝑢|(𝐹𝛿) = |𝐷

𝑗
𝑢|(𝐼 ).

This finishes the proof. □

6.3. From 𝑆𝐵𝑉 -curves to fragments. We write Θ𝕊𝔹𝕍(𝑋) to denote the class of injective 𝕊𝔹𝕍-curves 𝑢 ∶

[0, 1] → 𝑋 with constant metric speed. For a given 𝑢 ∈ Θ𝕊𝔹𝕍(𝑋), we consider the cumulative distribution

function of its total variation:

𝑔𝑢(𝑡) ∶=

ˆ
𝑡

0

𝑑|𝐷𝑢|, 𝑡 ∈ [0, 1].

Notice that 𝑔𝑢 is right-continuous and strictly monotone; the latter, due to the fact that 𝑢 has constant

metric speed. In fact, 𝐷𝑔𝑢 = |𝐷𝑢| ≥ 𝓁(𝑢)L 1
> 0 as measures and hence 𝑔

−1

𝑢
is Lipschitz in its domain of

definition (which can be extended to the closure 𝐾𝑢 of im 𝑔𝑢).
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Definition 6.6 (Fragment map). For any 𝑢 ∈ Θ𝕊𝔹𝕍(𝑋), we define a fragment 𝛾𝑢 ∈ Frag(𝑋) by

𝛾𝑢 ∶= 𝑢 ◦ 𝑔
−1

𝑢
∶ 𝐾𝑢 → 𝑋, 𝐾𝑢

∶= im𝑢.

To see that 𝛾𝑢 is indeed a fragment, we use the definition of 𝑔𝑢 to observe

|𝛾𝑢(𝑠) − 𝛾𝑢(𝑡)| = |𝑢(𝑔
−1

𝑢
(𝑠)) − 𝑢(𝑔

−1

𝑢
(𝑡))| =

|
|
|
|
|

ˆ
(𝑔

−1

𝑢
(𝑠),𝑔

−1

𝑢
(𝑡)])

𝑑|𝐷𝑢|

|
|
|
|
|

= |𝑠 − 𝑡|, 𝑠 < 𝑡.

This proves that 𝛾𝑢 is Lipschitz with constant metric speed 1, and hence it defines a fragment. Moreover

the map is stable under the integral current associations: if 𝑢 ∈ 𝕊𝔹𝕍, then 𝛾𝑢 ∈ Frag(𝑋) and by the chain

rule for Lipschitz functions (see (6.12) below) and the area formula it holds

J𝑢K𝑎(𝑓 , 𝜋) =
ˆ

𝑓 (𝑢)𝐷
𝑎
(𝜋(𝑢))

=

ˆ
(𝑓 ◦ 𝑢)(𝑔

−1

𝑢
) 𝐷

𝑎
(𝜋 ◦ 𝑢)(𝑔

−1

𝑢
)(𝑔

−1

𝑢
)
′

=

ˆ
𝑓 (𝛾𝑢) (𝜋(𝛾𝑢))

′
= J𝛾𝑢K(𝑓 , 𝜋).

(6.8)

In particular J𝑢K𝑎 ≡ J𝛾𝑢K as currents and the following holds:

Remark 6.7. If 𝑢 ∈ Θ𝕊𝔹𝕍(𝑋), then im 𝑢 is 1-rectifiable in 𝑋 . Moreover, by the area formula for Lipschitz

maps into metric spaces (see [33, Thm. 7]),

‖J𝑢K𝑎‖ = ‖J𝛾𝑢K‖ = 1 ¬
im 𝑢 as measures on 𝑋. (6.9)

Notation 6.8. For a Borel map 𝑢 ∶ 𝐾 ⊂ [0, 1] → 𝑋 , we write Γ𝑢 ⊂ [0, 1] × 𝑋 to denote its graph.

The following result establishes sufficient conditions for the continuity of the fragment map.

Lemma 6.9. Let (𝑢ℎ) ⊂ Θ𝕊𝔹𝕍(𝑋) be a sequence converging 𝑢ℎ in 𝔻([0, 1], 𝑋) to some 𝑢 ∈ Θ𝕊𝔹𝕍(𝑋). If
moreover 𝓁(𝑢ℎ) → 𝓁(𝑢) and |𝐷𝑗

𝑢ℎ|(𝐼 ) → |𝐷
𝑗
𝑢|(𝐼 ), then

Γ𝛾𝑢
ℎ

⟶ Γ𝛾𝑢
with respect to the Hausdorff metric in ([0, 1] × 𝑋).

In particular, 𝛾𝑢ℎ → 𝛾𝑢 in Frag(𝑋).

Proof. By definition of the Skorokhod metric, there exist monotone bijections 𝜆ℎ ∶ [0, 1] → [0, 1] satisfying

𝛿ℎ ∶= sup
𝑡∈[0,1]

𝑑(𝑢ℎ(𝜆ℎ(𝑡)), 𝑢(𝑡)) + ‖𝜆ℎ − id‖∞ ⟶ 0.

For the ease of notation, we write 𝑔 = 𝑔𝑢, 𝑔ℎ = 𝑔𝑢ℎ
for the cumulative distribution functions associated

with |𝐷𝑢 and |𝐷𝑢ℎ| respectively; we also write 𝐾 = 𝐾𝑢 and 𝐾ℎ = 𝐾𝑢ℎ
for the closures in𝑋 of im 𝑢 and im 𝑢ℎ.

Then, recalling that the inverse function 𝑔
−1

∶ 𝐾 → [0, 1] is Lipschitz continuous, we define a one-to-one

monotone map 𝜌ℎ ∶ 𝐾 → 𝐾ℎ by the concatenation of the bijective maps

𝐾

𝑔
−1

⟶ [0, 1]

𝜆ℎ

⟶ [0, 1]

𝑔ℎ

⟶ 𝐾ℎ.

We claim that ‖𝜌ℎ − 𝟏𝐾 id‖∞ → 0 as ℎ → 0. Letting 𝑠 = 𝑔(𝑡) ∈ 𝐾 and computing we get

|𝜌ℎ(𝑠) − 𝑠| = |𝐷𝑢ℎ|((0, 𝜆ℎ(𝑡)]) − |𝐷𝑢|((0, 𝑡])| + |𝐷𝑢ℎ|.

Decomposing |𝐷(⋅)| = |𝐷
𝑎
(⋅) + |𝐷

𝑗
(⋅)| on the right hand side we obtain the following estimate (recall that 𝑢

and 𝑢ℎ have constant metric speed at most 1):

|𝜌ℎ(𝑠) − 𝑠| ≤ |𝓁(𝑢ℎ) − 𝓁(𝑢)| + 𝛿ℎ

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝛼ℎ

+ ||𝐷
𝑗
𝑢ℎ|((0, 𝜆ℎ(𝑡)]) − |𝐷

𝑗
𝑢|((0, 𝑡])|

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝛽ℎ(𝑡)

.

By assumption, 𝛼ℎ → 0 as ℎ → 0. In order to prove the claim we need to show that 𝛽ℎ(𝑡) → 0 uniformly

for all 𝑡 ∈ 𝑔
−1
(𝐾). Let 𝐼𝑡 ∶= (𝑔

−
(𝑡), 𝑔

+
(𝑡)) so that |𝐷

𝑗
𝑢| = ∑

𝑡∈𝑆𝑢
|𝐼𝑡 |𝛿𝑡 . Here, we have used that 𝐷𝑔 =

|𝐷𝑢| as measures. Now, for fixed 𝛿 > 0, let 𝛿 = { 𝑡 ∈ 𝑆𝑢 : |𝐼𝑡 | > 0 } be collection of points where the
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jump discontinuity has size larger than than 𝛿. The cardinality of this set is trivially bounded as #(𝛿) ≤

𝛿
−1
|𝐷𝑢|(𝐼 ) ≤ 𝛿

−1
. Now, we use the fact that 𝑢ℎ converges to 𝑢 in the Skorokhod metric: if 𝑡 ∈ 𝛿 , then

writing 𝑡ℎ ∶= 𝜆ℎ it holds

| |𝐼𝑡 | − 𝑑(𝑢
−

ℎ
(𝑡ℎ), 𝑢

+

ℎ
(𝑡ℎ)) | ≤ 2𝛿ℎ. (6.10)

This shows that 𝑠ℎ ∶= 𝜆ℎ(𝑠) ∈ 𝑆𝑢ℎ
whenever |𝐼𝑡 | > 2𝛿ℎ. The fact that 𝜆ℎ is monotone conveys 𝜆ℎ((0, 𝑡]) =

(0, 𝑡ℎ]. Gathering the observations above, we get

𝛽ℎ(𝑡) ≤ 2𝛿ℎ𝛿
−1

+ |𝐷
𝑗
𝑢ℎ|(𝐼 ∖ 𝜆ℎ(𝛿)) + |𝐷

𝑗
𝑢|(𝐼 ∖ 𝛿).

Now, we make crucial use of the convergence 𝜀ℎ ∶= |𝐷𝑢ℎ|(𝐼 ) − |𝐷𝑢|(𝐼 ) → 0, as it will allow us to get a a

more uniform estimate on the second term of the right hand side:

|𝐷
𝑗
𝑢ℎ|(𝐼 ∖ 𝜆ℎ(𝛿)) = |𝐷

𝑗
𝑢ℎ|(𝐼 ) − |𝐷

𝑗
𝑢ℎ|(𝜆ℎ(𝛿))

(6.10)

≤ 2𝛿ℎ𝛿
−1

+ |𝜀ℎ| + |𝐷
𝑗
𝑢|(𝐼 ∖ 𝛿). (6.11)

Choosing 𝛿 =

√

𝛿ℎ and ℎ sufficiently large (so that

√

𝛿ℎ > 2𝛿) gives

𝛽ℎ(𝑡) ≤ 2

√

𝛿ℎ + |𝐷
𝑗
𝑢ℎ|(𝐼 ∖ 𝜆ℎ(√

𝛿
)) + |𝐷

𝑗
𝑢|(𝐼 ∖ √

𝛿
)

≤ 4

√

𝛿ℎ + |𝜀ℎ| + 2|𝐷
𝑗
𝑢|(𝐼 ∖ √

𝛿
)

Since 𝛿 ↑ 𝑆𝑢 as sets and |𝐷𝑢| is a Radon measure, we conclude that 𝛽ℎ(𝑡) → 0 as ℎ → 0.

This proves the claim. We are now ready to prove the assertion. Recalling that

𝛾𝑢ℎ
(𝜌ℎ) = 𝑢ℎ ◦ 𝑔

−1

ℎ
◦ (𝑔ℎ ◦ 𝜆ℎ ◦ 𝑔

−1
) = 𝑢ℎ ◦ 𝜆ℎ ◦ 𝑔

−1
,

we conclude ‖𝑑(𝛾𝑢ℎ
(𝜌ℎ), 𝛾𝑢)‖∞ = ‖𝑑(𝑢ℎ ◦ 𝜆ℎ(𝑔

−1
), 𝑢(𝑔

−1
))‖∞ ≤ 𝛿ℎ → 0.

Since 𝜌ℎ ∶ 𝐾 → 𝐾ℎ is bijective, it follows that

𝑑𝐻 (Γ𝛾𝑢
ℎ

, Γ𝛾𝑢
) ≤ 𝛿ℎ + ‖𝜌ℎ − 𝟏𝐾 id‖∞ → 0 ,

hence the wished convergence in ([0, 1] × 𝑋). This finishes the proof. □

6.4. The area formula for real-valuedmonotonemaps. Now, assume that 𝑋 = ℝ. The chain rule (see,

e.g., [6, Thm. 3.99]) for functions of bounded variation ensures that if 𝑓 ∈ Lip(ℝ), then 𝑓
′
exists |𝐷̃𝑓 |-almost

everywhere and

𝐷(𝑓 ◦ 𝑢) = 𝑓
′
(𝑢) 𝐷̃𝛾 + (𝑓 (𝑢

+
) − 𝑓 (𝑢

−
))0 ¬

𝑆𝛾 , (6.12)

where 𝐷̃𝑢 ∶= 𝐷
𝑎
𝑢 + 𝐷

𝑐
𝑢.

Notation 6.10. If 𝐴 ⊂ ℝ be a Borel set, we write (with a possible abuse of notation):

J𝐴K(𝑓 , 𝜋) ∶=
ˆ
𝐴

𝑓 𝜋
′
𝑑𝑡, 𝑓 ∈ Lip

𝑏
(ℝ), 𝜋 ∈ Lip(ℝ).

We have the following characterization:

Lemma 6.11. Let 𝜙 ∶ [0, 1] → ℝ be a Borel monotone function. Then, the classical pointwise derivative 𝜙′

exists L 1-almost everywhere and the push-forward of the absolutely continuous and cantorian parts of 𝐷𝜙
under 𝜙 are given by:

𝜙#𝐷
𝑎
𝜙 = L 1 ¬

𝜙(𝐴)

𝜙#𝐷
𝑐
𝜙 = L 1 ¬

{ im𝜙∖ 𝜙(𝐴) },

where

𝐴 ∶=

{

𝑡 ∈ [0, 1] :
𝑑L 1

𝑑𝐷
𝑐
𝜙

(𝑡) = ∞

}

.
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In particular, the metric currents associated with 𝜙 can be represented as currents over the following sets:

J𝜙K𝑎 = J𝜙(𝐴) K
J𝜙K𝑐 = J im𝜙∖ 𝜙(𝐴) K

J𝜙K = J𝜙+
(0), 𝜙

−
(1)K,

Proof. Assume that 𝜙 is non-decreasing without loss of generality. Since 𝜙 ∈ 𝐵𝑉 (𝐼), the approximate

gradient ∇𝜙 exists and is non-negative almost everywhere, and satisfies 𝐷
𝑎
𝜙 = ∇𝜙L 1

. Notice also that

𝐷
𝑗
𝜙 = 𝜕J𝜙K𝑗 , as measures in𝐌0(ℝ). Proposition 6.4 and the fact that the only cycle onℝ is the zero current,

imply that J𝜙K = J𝑎, 𝑏K with 𝑎 = 𝜙
+
(0) and 𝑏 = 𝜙

−
(1).

Since 𝜙 has left and right limits at every point, it follows that Γ𝜙 ∶= ⋃
𝑡∈𝑆𝜙

(𝜙
−
(𝑡), 𝜙

+
(𝑡)) = [𝑎, 𝑏]∖ im𝜙.

This, the fact that J𝜙K = J𝑎, 𝑏K and the definition of push-forward yields

𝜇 ∶= 𝜙#𝐷̃𝜙 = L 1 ¬
im 𝜙 = L 1 ¬

im 𝜙. (6.13)

By the Besicovitch Differentiation Theorem, the Borel set 𝐴 is 𝐷
𝑐
𝜙-null and has full L 1

-measure. In

particular 𝐷
𝑐
𝜙 is concentrated on 𝐵 ∶= im𝜙 ∖ 𝐴 and 𝐷

𝑎
𝜙 is concentrated on 𝐴. If 𝜙 is injective, then

𝜇
𝑎
∶= 𝜇

¬
𝜙(𝐴) and 𝜇

𝑐
∶= 𝜇

¬
𝜙(𝐵) are mutually singular and hence the first assertion holds when 𝜙 is

injective.

To address the case when 𝜙 is only monotone, we argue as follows: for any given 𝜀 > 0, let 𝜙𝜀(𝑡) ∶=

𝜙(𝑡) + 𝜀𝑡. Since 𝜙𝜀 is strictly monotone, it is injective. Denoting by 𝐴𝑢 and 𝐵𝑢 the 𝑢-dependence of the sets

𝐴 and 𝐵 introduced above, we have 𝐴𝜙𝜀
= 𝐴𝜙 and 𝐵𝜙𝜀

= 𝐵𝜙 since 𝐷
𝑐
𝜙𝜀 = 𝐷

𝑐
𝜙. By the previous step, for

every 𝑔 ∈ 𝐶𝑐(ℝ) it holdsˆ
𝑔(𝜙𝜀) 𝑑𝐷

𝑎
𝜙 + 𝜀

ˆ
𝑔(𝜙𝜀) 𝑑𝑡 =

ˆ
𝑔(𝜙𝜀) 𝑑𝐷

𝑎
𝜙𝜀 =

ˆ
𝜙𝜀(𝐴𝜙)

𝑔 𝑑𝑡.

Since 𝜙𝜀 → 𝜙 uniformly and 1
𝜙𝜀(𝐴𝜙)

→ 1
𝜙(𝐴𝜙)

in 𝐿
1
as 𝜀 → 0, we conclude from the identity above that

ˆ
𝑓 (𝜙) 𝑑𝐷

𝑎
𝜙 =

ˆ
𝜙(𝐴𝜙)

𝑓 𝑑𝑡.

This, together with (6.13) gives ˆ
𝑓 (𝜙)𝐷

𝑐
𝜙 =

ˆ
𝜙(𝐵𝜙)

𝑓 𝑑𝑡,

as desired. The identities for J𝜙K𝑎 and J𝜙K𝑐 are consequences of the push-forward identities. □

The following version of the area formula is a direct consequence of the previous result:

Corollary 6.12 (Area formula). Let 𝛾 ∶ ℝ → ℝ be a monotone non-decreasing function and let 𝑔 ∈ 𝐿
1
(ℝ).

Then, ˆ
𝑈∩im 𝛾

𝑔(𝑥) 𝑑𝑥 =

ˆ
𝛾
−1
(𝑈)

𝑔(𝑡) 𝑑𝐷̃𝛾(𝑡) for all Borel sets 𝑈 ⊂ ℝ.

Moreover, these integrals do not depend on the choice of Lebesgue representative of 𝛾 .

6.5. Parametrization of sets in the real line. For a Borel set 𝐾 ⊂ ℝ, we write 𝟏𝐾 ∈ 𝐿
1
(ℝ) to denote its

Lebesgue representative indicator function. In this way, we shall indentify the Borelians ([0, 1]) modulo

negligible sets as a metric subspace of 𝐿
1
((0, 1)). We will write |𝐾 | to denote the one-dimensional Lebesgue

measure of 𝐾 . The following lemma demonstrates a fundamental property: any Borel set (up to Lebesgue

equivalence classes) in the real line can be parametrized by arc-length using a 𝐵𝑉 curve.
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Figure 5. Optimal transport maps (paths in red) 𝑇 ∶ 𝐼𝐾 ∶= [0, |𝐾 |] → 𝐾 associated with

the transportation of 1 ¬
𝐼𝐾 into 1 ¬

𝐾 . The monotone map 𝑢𝐾 constructed in Lemma 6.13

can be expressed in terms of 𝑇 as 𝑢𝐾 (𝑡) = |𝐾| ⋅ 𝑇 (|𝐾 |
−1
𝑡).

Lemma 6.13 (Transport parametrization). Let 𝐾 be a Borel set in [0, 1]. There exists a monotone non-
decreasing Càdlàg function 𝑢𝐾 ∶ [0, 1] → [0, 1] satisfying:

J𝑢𝐾 K𝑎 = J𝐾K

J𝑢𝐾 K𝑐 = J im 𝑢𝐾 ∖ 𝐾 K = J𝐾 ∖ 𝐾 K

J𝑢𝐾 K𝑗 = Jess inf 𝐾, ess sup𝐾K ∖ J𝐾 K.

Moreover,

i) For L 1-almost every 𝑡 ∈ (0, 1), it holds

𝑢
′

𝐾
(𝑡) ∶= lim

|ℎ|→0

𝑢𝐾 (𝑡 + ℎ) − 𝑢𝐾 (𝑡)

|ℎ|

= |𝐾 |.

ii) The map ([0, 1]) ⊂ 𝐿
1
([0, 1]) → 𝐿

1
((0, 1)) ∶ 𝐾 ↦ 𝑢𝐾 is continuous.

Proof. The case when |𝐾 | = 0 is trivial and therefore we may assume that |𝐾 | > 0.

Define 𝑓 ∶ [0, 1] → [0, 1] by 𝑓 (𝑥) = |𝐾|
−1
´
𝑥

0
1𝐾 = |𝐾∩[0, 𝑥]||𝐾 |

−1
. The function 𝑓 is non-negative, mono-

tone non-decreasing, 1−Lipschitz and satisfies 𝑓
′
= |𝐾|

−1
almost everywhere on 𝐾 . Let 𝑎 = ess inf 𝐾 and

𝑏 = ess sup𝐾 . Now, let us consider its pseudoinverse 𝛾 ∶ [0, 1] → [0, 1] defined by 𝛾(𝑡) = inf { 𝑥 ∈ [0, 1] : 𝑓 (𝑥) > 𝑡 }.

Here, we have adopted the convention that the infimum above is 𝑏 when {𝑓 > 𝑡} is empty. Notice that this

function is defined by the condition 𝛾(𝑡) ⩽ 𝑥 if and only if 𝑡 ⩽ 𝑓 (𝑥). Since 𝑓 is monotone, so is 𝛾 and

in particular 𝛾 ∈ 𝐵𝑉 (𝐼). In addition, by definition and the Lipschitzianity of 𝑓 , it follows that 𝛾 is right-

continuous (independently of its 𝐿
1
-representative). Notice that 𝛾(0

+
) = 𝑎 and 𝛾(1

−
) = 𝑏 , and more

generally 𝑓 (𝛾 )(𝑡) = 𝑡 on 𝐼 . This follows from the left-continuity of 𝛾 and the definition of 𝑓 and 𝛾 .

The chain rule for BV functions (see [6, Theorem 3.99]) guarantees that 1𝐾 (𝛾 ) is well-defined |𝐷̃𝛾 |-a.e.

(𝛾 is continuous |𝐷̃𝛾 |-a.e.) and conveys the following identity of measures:

L 1 ¬
𝐼 ≡ |𝐾 |

−1
1𝐾 (𝛾 ) 𝛾̇ L 1

+ |𝐾|
−1
1𝐾 (𝛾 )𝐷

𝑐
𝛾 + (𝑓 (𝛾

+
) − 𝑓 (𝛾

−
))1 ¬

𝑆𝛾

We deduce that 𝛾(𝑡) ∈ 𝐾 and 𝛾̇ (𝑡) = |𝐾 | for L 1
-almost every 𝑡 ∈ 𝐼 and also that the last two terms on the

right-hand side above vanish, which gives |𝐾 |L 1 ¬
𝐼 ≡ 1𝐾 (𝛾 ) 𝛾̇ L 1

. Integrating both sides and recalling the

pushforward identity L 1 ¬
𝛾 (𝐴𝛾 ) = 𝛾#𝐷

𝑎
𝛾 (cf. Lemma 6.11), we get

|𝐾 | =

ˆ
𝐼

1𝐾 (𝛾 )𝛾̇ 𝑑𝑡 =

ˆ
𝐾

𝑑𝛾#𝐷
𝑎
𝛾 = L 1 ¬

𝛾 (𝐴𝛾 )(𝐾) = |𝛾 (𝐴𝛾 ) ∩ 𝐾|.

From these two observations, we deduce that |𝛾 (𝐴𝛾 ) △ 𝐾| = 0. Recalling Proposition 6.4 and the identities

from Lemma 6.11 we get the desired expressions for J𝛾K𝑎, J𝛾K𝑐 and J𝛾K𝑗 . The first part of the assertion

follows by setting 𝑢𝐾 ∶= 𝛾 .
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Proof of i). To see that the pointwise derivative 𝛾
′
exists almost everywhere in 𝐼𝐾 , we recall that the

fundamental theorem of calculus holds with 𝐷𝛾 outside of the discontinuity set (see [6]):

𝛾(𝑡 + ℎ) − 𝛾(𝑡) = 𝐷𝛾(𝑡, 𝑡 + ℎ) ∀𝑡, ℎ ∈ 𝐼𝐾 ∖ 𝑆𝛾 .

From this, the monotonicity of 𝛾 and the Lebesgue–Besicovitch differentiation theorem (which on the real

line holds with half-intervals) it follows that

lim

|ℎ|→0

𝛾(𝑡 + ℎ) − 𝛾(𝑡)

|ℎ|

= 𝛾̇ (𝑡) = |𝐾| for L 1
-almost every 𝑡 ∈ 𝐼𝐾 .

Proof of ii). The proof of this part can be found in [42, Prop. 2.17]. For the convenience of the reader, we

have furbished a proof here. For an integrable function 𝑓 ∶ [0, 1] → [0, 1] and 𝑡 ≥ 0, we write 𝐸𝑓 ,𝑡 = {𝑓 ≥ 𝑡}

denote the 𝑡 super-level set of 𝑓 . We recall the layer cake representation

𝑓 (𝑥) =

ˆ
1

0

1𝐸𝑓 ,𝑡
(𝑥) 𝑑𝑡. (6.14)

for later use. Now, let 𝐾, 𝐿 ⊂ [0, 1] be any two given Borel sets. If 𝑥 ∈ [0, 1], then by definition it holds

𝑢𝐾 (𝑡) = ess inf 𝐸𝑓𝐾 ,𝑡
and similarly for 𝛾𝐿(𝑡). Moreover, by the monotonicity of 𝑓𝐾 , 𝑓𝐿, we can express the

pointwise distance from 𝑢𝐾 to 𝛾𝐿 as the Lebesgue size difference of their associated super level sets, i.e.,

|𝑢𝐾 (𝑡) − 𝛾𝐿(𝑡)| = |L 1
(𝐸𝑓𝐾 ,𝑡

) − L 1
(𝐸𝑓𝐿,𝑡

)| ∀𝑡 ∈ [0, 1]. (6.15)

Expressing 𝑓𝐾 , 𝑓𝐿 in terms of the layer cake formula (6.14) and changing the order of integration by means

of the Fubini-Tonelli Theorem we deduce

ˆ
1

0

|𝑓𝐾 (𝑥) − 𝑓𝐿(𝑥)| 𝑑𝑥 =

ˆ
1

0

|L 1
(𝐸𝑓𝐾 ,𝑡

) − L 1
(𝐸𝑓𝐿,𝑡

)| 𝑑𝑡

(6.15)

= ‖𝑢𝐾 − 𝛾𝐿‖𝐿1(0,1).

This proves that the assignment 𝑓𝐾 ↦ 𝑢𝐾 is continuous from 𝐿
1
(0, 1) to 𝐿

1
(0, 1). In fact, it is a continuous

isometry. Finally, we make the simple observation that (by the very definition of 𝑓𝐾 )

|𝑓𝐾 (𝑥) − 𝑓𝐿(𝑥)| ≤

ˆ
𝑥

0

|1𝐾 (𝑠) − 1𝐿(𝑠)| 𝑑𝑠 ≤ ‖1𝐾 − 1𝐿‖𝐿1(0,1). (6.16)

This proves that 1𝐾 ↦ 𝑓𝐾 is continuous. In particular, 1𝐾 ↦ 𝑢𝐾 is continuous as it is the concatenation of

a continuous map and a continuous isometry. This finishes the proof. □

Remark 6.14. Notice that

∙ 𝐷
𝑗
𝛾 vanishes if and only if 𝐾 is essentially connected,

∙ 𝛾 ∈ 𝑆𝐵𝑉 (𝐼) if and only if 𝐾 is essentially closed.

Example 6.15 (Fat Cantor set II). Let 𝑋 ⊂ [0, 1] be the fat Cantor set from Example 2.7. Recall that 𝑋 is

closed, is nowhere dense and has measure |𝑋 | = 1−𝛼 for some 𝛼 ∈ (0, 1/3). Consider its open complement

𝐴 = [0, 1]∖ 𝑋 and notice that 𝜕𝐴 = 𝑋 . Therefore,

J𝑢𝑋K𝑎 = J𝑋K, J𝑢𝑋K𝑐 = 0, J𝑢𝑋K𝑗 ≡ 0,

and

J𝑢𝐴K𝑎 = J𝐴K, J𝑢𝐴K𝑐 = J𝑋K, J𝑢𝑋K𝑗 ≡ 0.
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7. Proof of the 𝑆𝐵𝑉 -representation

This section presents the construction of the 𝕊𝔹𝕍(𝐼 , 𝑋) representation for 1-dimensional metric currents

in Banach spaces. We begin by setting up the necessary preliminary tools, including the crucial hole filling

of metric currents (cf. Theorem C) and the decomposition of cyclic currents by Paolini and Stepanov. We

then use the structure of the hole filling results to define a map that pushes continuous curves into 𝕊𝔹𝕍

curves under the Càdlàg topology. In order to keep the presentation as clear as possible, we have decided

to cover the rigorous (and somewhat nontrivial) measurability properties of the push-forward map in the

Appendix.

7.1. Proof on separable Banach spaces. We first establish Theorem D for Banach spaces of dimension
at least 2.

7.2. Preliminaries. To begin, fix an arbitrary 𝜀 > 0. As a first step, we augment our Banach space 𝑋 to

𝑋
′
= 𝑋 ⊕ ℝ, where 𝑋0 = 𝑋 ⊕ {0} is an isometric embedding of 𝑋 , and 𝑋

+
= 𝑋 ⊕ (0,∞) denotes the upper

half-space. As shown in Corollary 5.1, for any given current 𝑇 ∈ 𝐌1(𝑋), we can find a cycle 𝐶 ∈ 𝐌1(𝑋
′
)

and a rectifiable current 𝑅 ∈ 1(𝑋
′
) such that:

(i) 𝐶 = 𝑖#𝑇 + 𝑅, where 𝑖 ∶ 𝑋 ↪ 𝑋0 is the canonical isometric isomorphism.

(ii) 𝑖#𝑇 = 𝐶
¬
𝑋0 and 𝑅 = 𝐶

¬
𝑋

+
.

(iii) 𝐌(𝑅) ≤ ‖𝜕𝑇 ‖KR + 𝜀.

(iv) 𝑅 is of the form 𝑅 = ∑
∞

𝑘=1
𝜂𝑘J𝑥𝑘 , 𝑦𝑘K, with 𝑥𝑘 , 𝑦𝑘 ∈ 𝑋

+
and 𝜂𝑘 ∈ ℝ, such that the union of open

intervals ⋃
∞

𝑘=1
(𝑥𝑘 , 𝑦𝑘) is disjoint.

2 7

l

n n

Figure 6. Depiction of 𝑖#𝑇 (in red) and 𝑅 (in blue).

As usual, we denote 𝐶([0, 1], 𝑋
′
) as the space of continuous curves equipped with the uniform convergence

topology. By Theorem 3.1 and Corollary 4.1 in [37], there exists a finite Borel measure 𝜂̄ on 𝐶([0, 1], 𝑋
′
)

concentrated on Lip
1
([0, 1], 𝑋

′
), such that

𝐶(𝜔
′
) =

ˆ
𝐶([0,1],𝑋

′
)

J𝜃K(𝜔′
) 𝑑𝜂̄(𝜃)
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for all metric 1-forms 𝜔
′
on 𝑋

′
. This superposition is free of mass cancelations:

𝐌(𝐶) =

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝜃K) 𝑑𝜂̄(𝜃) =
ˆ
𝐶([0,1],𝑋

′
)

𝓁(𝜃) 𝑑𝜂̄(𝜃). (7.1)

Moreover, 𝜂̄-almost every curve 𝜃 is an injective arc (hence 𝐌(J𝜃K) = 𝓁(𝜃) = 1) with constant speed

|
̇
𝜃| ≡ 1. The evaluation maps 𝑒𝑡 ∶ 𝐶([0, 1], 𝑋

′
) → 𝑋

′
(defined by 𝑒𝑡(𝜃) = 𝜃(𝑡) for 𝑡 ∈ [0, 1]) are Borel, and

(𝑒0)#𝜂̄ = (𝑒1)#𝜂̄ = ‖𝐶‖. From property (ii), we deduce 𝑇 , 𝑅 ≤ 𝐶 and their associated measures ‖𝑇 ‖, ‖𝑅‖ are

mutually singular. In particular, from (7.1) it follows that for any 𝜔
′
∈ D1

(𝑋
′
) we have

𝑖#𝑇 (𝜔
′
) =

ˆ
𝐶([0,1],𝑋

′
)

J𝜃K ¬
𝑋0(𝜔

′
) 𝑑𝜂̄(𝜃) (7.2)

𝐌(𝑖#𝑇 ) =

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝜃K ¬
𝑋0) 𝑑𝜂̄(𝜃) (7.3)

and

𝑅(𝜔
′
) =

ˆ
𝐶([0,1],𝑋

′
)

J𝜃K ¬
𝑋

+
(𝜔

′
) 𝑑𝜂̄(𝜃) (7.4)

𝐌(𝑅) =

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝜃K ¬
𝑋

+
) 𝑑𝜂̄(𝜃). (7.5)

Remark 7.1. Notice that, since 𝑖 is an isomorphism of Banach spaces,

𝑇 (𝜔) = 𝑇 (𝜔 ◦ 𝑖
−1

◦ 𝑖) = 𝑖#𝑇 (𝜔 ◦ 𝑖
−1
) for all 𝜔 ∈ D1

(𝑋).

The fact that 𝑖 is an isometry further gives𝐌(𝑇 ) = 𝐌(𝑖#𝑇 ).

Remark 7.2. In all that follows we will make use of the following property (see [43, Sec. 6]): for any 𝜔 ∈

D1
(𝑋), the maps 𝛾 ↦ J𝛾K(𝜔) and 𝛾 ↦ 𝓁(𝛾) are Borel from Frag(𝑋) to ℝ, where the space of fragments is

topologized as subspace of 𝐊([0, 1] × 𝑋).

7.3. Constructing 𝐒𝐁𝐕-curves via push-forward. In all that follows, we write 𝐼 ∶= (0, 1). The next step

is to construct a 𝜂̄-measurable map from 𝐶([0, 1], 𝑋
′
) to 𝕊𝔹𝕍-curves on 𝔻([0, 1], 𝑋). This push-forward

mechanism is central to translating the decomposition of cyclic currents into a representation in terms of

𝕊𝔹𝕍 paths.

Let 𝜃 ∈ 𝐶([0, 1], 𝑋
′
) and let 𝐾𝜃

∶= 𝜃
−1
(𝑋0) ∈ ([0, 1]). By Lemma 6.13, there exists a monotone non-

decreasing Càdlàg curve 𝛾 ∶ [0, 1] → [0, 1] belonging to 𝐵𝑉 (𝐼), with 𝛾̇𝜃 ≡ 𝛾
′

𝜃
in 𝐿

1
(𝐼 ), and satisfying (cf.

Remark 6.14):

J𝛾𝜃K𝑎 = Jim 𝛾𝜃K = J𝐾𝜃K
J𝛾𝜃K𝑐 = Jim 𝛾𝜃 ∖ 𝐾𝜃K ≡ 0

J𝛾𝜃K𝑗 = J𝑎𝜃, 𝑏𝜃K − Jim 𝛾𝜃K = J(𝑎𝜃, 𝑏𝜃)∖ im 𝛾𝜃K,
(7.6)

where 𝑎𝜃 = ess inf 𝐾𝜃 and 𝑏𝜃 = ess sup𝐾𝜃. Therefore 𝛾𝜃 ∈ 𝑆𝐵𝑉 (𝐼) for all 𝜃 ∈ 𝐶([0, 1], 𝑋
′
).

Define 𝛽 ∶ 𝐶([0, 1], 𝑋
′
) → 𝔻([0, 1], 𝑋) ∩ 𝕊𝔹𝕍(𝐼 , 𝑋) by 𝛽(𝜃) ∶= ℵ ◦ 𝜃 ◦ 𝛾𝜃, where ℵ ∶ 𝑋

′
→ 𝑋 is the

composition of the isometry 𝑖
−1

∶ 𝑋0 → 𝑋 with the canonical projection 𝑝 ∶ 𝑋
′ ↠ 𝑋0. Here, the space

𝔻([0, 1], 𝑋) is topologized with the Skorokhod metric (2.4). Notice that 𝛽 is well-defined since𝔻([0, 1]) and

𝑆𝐵𝑉 (𝐼) = 𝕊𝔹𝕍(𝐼) are both stable under the composition with metric-valued Lipschitz maps.

Proposition A.5 in the Appendix and the lipschitzianity of ℵ ∶ 𝑋0 → 𝑋 warrant that 𝛽 is 𝜂̄-measurable.

We have thus far defined an 𝜂̄-measurable map that assigns an 𝕊𝔹𝕍-curve to every continuous curve with

values on 𝑋 . The crucial property for 𝛽 is contained in the following chain of identities: First, observe that

if (𝑓 , 𝜋) ∈ Lip
𝑏
(𝑋) × Lip(𝑋), then

J𝛽(𝜃)K𝑎(𝑓 , 𝜋) = J𝛾𝜃K𝑎(𝑓 (ℵ ◦ 𝜃), 𝜋(ℵ ◦ 𝜃)) = J𝐾𝜃K(𝑓 (ℵ ◦ 𝜃), 𝜋(ℵ ◦ 𝜃)) (7.7)
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Here, in passing to the first equality we have simply used the definition of J⋅K𝑎. The second equality follows
from the identity J𝛾𝜃K𝑎 = J𝐾𝜃K from (7.6). Using that 𝟏𝐾𝜃

≡ 𝟏𝑋0
◦ 𝜃 and computing on the right-hand side

of (7.7), we deduce that

J𝛽(𝜃)K𝑎(𝑓 , 𝜋) =
ˆ

1

0

(𝟏𝑋0
◦ 𝜃)(𝑓 (ℵ) ◦ 𝜃)(𝜋(ℵ) ◦ 𝜃))

′
= J𝜃K ¬

𝑋0(𝑓 (𝑖
−1
)), 𝜋(𝑖

−1
)), (7.8)

where the last inequality follows from the fact that ℵ|𝑋0
= 𝑖

−1
.

The push-forward. We define Θ𝕊𝔹𝕍(𝑋) ⊂ 𝔻([0, 1], 𝑋) as the metric subspace of injective Càdlàg func-

tions, whose restriction to 𝐼 are 𝕊𝔹𝕍, and possess constant metric speed (i.e., |𝛾̇ | ≡ 𝓁(𝛾 )).

We claim that 𝛽(𝜃) ∈ Θ𝕊𝔹𝕍(𝑋) for 𝜂̄-almost every 𝜃. Since 𝜂̄ is concentrated on Θ(𝑋), the subspace

of Lip
1
([0, 1], 𝑋) of all injective curves with constant metric speed one, we may assume without loss of

generality that 𝜃 ∈ Θ(𝑋). The injectivity of 𝛽(𝜃) is clear. We are left to demonstrate the constant-speed

property. To verify this, let us first recall from Lemma 6.13 that 𝛾
′

𝜃
(𝑡) = 𝓁(𝛾𝜃) for L 1

-a.e. 𝑡 ∈ (0, 1).

Since 𝜃 ∈ Θ(𝑋), we have |
̇
𝜃|(𝑠) = 1 for L 1

-almost every 𝑠 ∈ [0, 1]. Then, resorting to properties of

the metric differential established in [33, Thm. 2], we find that for L 1
-almost every 𝑥 ∈ im(𝛾𝜃), it holds

|𝜃(𝑧) − 𝜃(𝑦)|𝑋 − |𝑧 − 𝑦| = o(|𝑧 − 𝑥| + |𝑦 − 𝑥|). Letting 𝑧 = 𝛾𝜃(𝑡 + ℎ) and 𝑦 = 𝛾𝜃(𝑡), we conclude that:

|𝜃(𝛾𝜃(𝑡 + ℎ)) − 𝜃(𝛾𝜃(𝑡))|𝑋

|𝛾𝜃(𝑡 + ℎ) − 𝛾𝜃(𝑡)|

− 1 = o(|𝛾𝜃(𝑡 + ℎ) − 𝑥| + |𝛾𝜃(𝑡) − 𝑥|).

Letting 𝑥 = 𝛾𝜃(𝑡) in the identity above yields

|∇(𝜃 ◦ 𝛾𝜃)|(𝑡) = lim

|ℎ|→0

|𝜃(𝛾𝜃(𝑡 + ℎ)) − 𝜃(𝛾𝜃(𝑡))|𝑋

|ℎ|

= 𝓁(𝛾𝜃).

This proves the claim.

With the measurability of 𝛽 and the constant speed of 𝛽(𝜃) established, we can now define a finite Borel

measure 𝜂 on 𝔻([0, 1], 𝑋) by pushing forward 𝜂̄ under 𝛽, i.e., 𝜂 = 𝛽#𝜂̄. This measure will serve as our "𝑆𝐵𝑉

representation measure." Notice from the previous step that 𝜂 is concentrated on Θ𝕊𝔹𝕍(𝑋).

7.4. The representation. By definition, for any 𝜂-summable Borel map 𝑔 ∶ 𝔻([0, 1], 𝑋) → ℝ, its integral

with respect to 𝜂 is: ˆ
𝔻([0,1],𝑋)

𝑔(𝑢) 𝑑𝜂(𝑢) ∶=

ˆ
𝐶([0,1],𝑋

′
)

𝑔(𝛽(𝜃)) 𝑑𝜂̄(𝜃). (7.9)

Let 𝜔 ∈ D1
(𝑋) be an arbitrary metric 1-form. We define a map 𝑔 ∶ 𝔻([0, 1], 𝑋) → ℝ by

𝑔(𝑢) =

{

J𝑢K𝑎(𝜔) if 𝑢 ∈ Θ𝕊𝔹𝕍(𝑋)

0 else

To be able to represent 𝑇 as a current, the key step is to prove that 𝑔 is Borel measurable. We recall from

Lemma 6.5 that the maps 𝑢 ↦ |𝐷𝑢|(𝐼 ), |𝐷
𝑎
𝑢|(𝐼 ), and |𝐷

𝑗
𝑢|(𝐼 ) are measurable with respect to the𝔻([0, 1], 𝑋)

topology. By Lusin’s theorem for finite Borel measures in metric space (see [32, Thm. 17.12]), it suffices to

show that 𝑔 is Borel on any set where these maps are continuous.

Consider any Borel set 𝐹 ⊂ 𝔻([0, 1], 𝑋) ∩ Θ𝕊𝔹𝕍(𝑋) on which these maps are continuous. Lemma 3.12

provides the following convergence property: for any sequence 𝑢𝑗 → 𝑢 in 𝐹 , their associated fragments

converge, i.e., 𝛾𝑢𝑗
→ 𝛾𝑢 in the fragment topology on Frag(𝑋). Since J𝑢K𝑎 = J𝛾𝑢K as currents and 𝑔 is known

to be Borel measurable with respect to the fragment topology (see [43, Sec. 6]), we conclude that 𝑔 is Borel

measurable on 𝐹 . This establishes the overall 𝜂-measurability of 𝑔 .

Since also 𝐵 ↦ ‖J𝛾K‖(𝐵) is Borel for all 𝛾 ∈ Frag(𝑋) and all Borel 𝐵 ⊂ 𝑋 , the Lusin-type property

argument above can also be applied to show that the map

𝑢 ↦

{

‖J𝑢K𝑎‖(𝐵) = 1
(im𝑢 ∩ 𝐵) if 𝛾 ∈ Θ𝕊𝔹𝕍(𝑋)

0 else
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is 𝜂-measurable.

We can hence now make use of the push-forward identity (7.9) with these two maps.

By construction, we obtain (cf. Remark 7.1):

ˆ
𝔻([0,1],𝑋)

J𝑢K𝑎(𝜔) 𝑑𝜂(𝑢)
(7.9)

=

ˆ
𝐶([0,1],𝑋

′
)

J𝛽(𝜃)K𝑎(𝜔) 𝑑𝜂̄(𝜃)

(7.8)

=

ˆ
𝐶([0,1],𝑋

′
)

J𝜃K ¬
𝑋0(𝜔 ◦ 𝑖

−1
) 𝑑𝜂̄(𝜃)

(7.2)

= 𝑖#𝑇 (𝜔 ◦ 𝑖
−1
) = 𝑇 (𝜔).

This proves that 𝜂 represents 𝑇 as a superposition over Θ𝕊𝔹𝕍(Θ). Testing with metric differentials of the

form 𝜔 = (1, 𝑓 ), we deduce that the boundary of 𝑇 also satisfies a similar representation: for every 𝑓 ∈

Lip(𝑋) it holds

𝜕𝑇 (𝑓 ) =

ˆ
𝔻([0,1],𝑋)

𝜕J𝑢K𝑎(𝑓 ) 𝑑𝜂(𝑢)

=

ˆ
𝔻([0,1],𝑋)

{𝑓 (𝑢
+
(0)) − 𝑓 (𝑢

−
(1)) − 𝐷

𝑗
𝑢(𝑓 )} 𝑑𝜂(𝑢).

(7.10)

7.5. Absence of mass cancellations. Let 𝐵 ⊂ 𝑋 be a Borel set. Similarly as above, we get

ˆ
𝔻([0,1],𝑋)

‖J𝑢K𝑎‖(𝐵) 𝑑𝜂(𝑢)
(7.9)

=

ˆ
𝐶([0,1],𝑋

′
)

‖J𝛽(𝜃)K𝑎‖(𝐵) 𝑑𝜂̄(𝜃)

(7.8)

=

ˆ
𝐶([0,1],𝑋

′
)

‖J𝜃K‖(𝑋0 ∩ 𝑖𝐵) 𝑑𝜂̄(𝜃)

(7.2)

≥ ‖𝑖#𝑇 ‖(𝑖𝐵) = ‖𝑇 ‖(𝐵).

This tells us that ˆ
𝔻([0,1],𝑋)

‖J𝑢K𝑎‖ ≥ ‖𝑇 ‖ as measures on 𝑋 . (7.11)

Recalling (7.3), we get:

𝐌(𝑇 ) = 𝐌(𝑖#𝑇 ) =

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝜃K ¬
𝑋0) 𝑑𝜂̄(𝜃)

(7.7)

=

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝛽(𝜃)K𝑎) 𝑑𝜂̄(𝜃) =
ˆ
𝔻([0,1],𝑋)

𝐌(J𝛾K𝑎) 𝑑𝜂(𝛾).

Since𝐌(𝑇 ) = ‖𝑇 ‖(𝑋), we conclude that the inequality of measures in (7.11) must be an equality and hence

ˆ
𝔻([0,1],𝑋)

‖J𝛾K𝑎‖(𝐵) = ‖𝑇 ‖(𝐵) for all Borel sets 𝐵 ⊂ 𝑋 .

This proves the mass decomposition for 𝑇 , in terms of 𝜂.

7.6. Estimate for the jump part. Let 𝜃 ∈ Lip([0, 1], 𝑋). Recalling Remark 6.3 we compute

J𝛽(𝜃)K𝑗 = ∑

𝑡∈𝑆𝛾
𝜃

Jℵ ◦ 𝜃(𝛾−

𝜃
(𝑡)), ℵ ◦ 𝜃(𝛾

+

𝜃
(𝑡))K

= ℵ#J𝜃 ◦ 𝛾𝜃K𝑗 = ℵ#𝜃#J[𝑎𝜃, 𝑏𝜃]∖ 𝐾𝜃K = ℵ#J𝜃|𝑎𝜃 ,𝑏𝜃K
¬
𝑋

+
.
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Since Lip(ℵ) ≤ 1, we deduce 𝐌(J𝛽(𝜃)K𝑗 ) ≤ 𝐌(J𝜃K ¬
𝑋

+
). From this bound for Lipschitz curves on 𝑋

′
and

the fact that 𝜂̄ is concentrated in Lip
1
([0, 1], 𝑋

′
), we deduce:ˆ

𝔻([0,1],𝑋)

|𝐷
𝑗
𝛾 |(0, 1) 𝑑𝜂(𝛾) =

ˆ
𝔻([0,1],𝑋)

𝐌(J𝛾K𝑗 ) 𝑑𝜂(𝛾)

=

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝛽(𝜃)K𝑗 ) 𝑑𝜂̄(𝜃)

≤

ˆ
𝐶([0,1],𝑋

′
)

𝐌(J𝜃K ¬
𝑋

+
) 𝑑𝜂̄(𝜃)

(7.5)

= 𝐌(𝑅)

((iii))

≤ ‖𝜕𝑇 ‖KR + 𝜀.

This establishes the Kantorovich estimates for the superposition of the approximate jump derivatives.

This finishes the proof of the 𝑆𝐵𝑉 -representation in Banach spaces (of dimension at least 2). □

7.7. Proof of the 𝐒𝐁𝐕 representation in separable metric spaces. This section extends the 𝐒𝐁𝐕 rep-

resentation from Banach spaces to general separable metric spaces. The key idea is to leverage isometric

embeddings of separable metric spaces into 𝓁
∞
and then apply the result established in the previous section.

7.8. Push-forwards between ssometric metric spaces. Here, we establish how metric currents and

𝕊𝔹𝕍-curves behave under isometric push-forwards, which is essential for transporting our representation

result.

Let 𝑋,𝑋
′
be metric spaces and let Φ ∶ 𝑋 → 𝑋

′
be an isometric isomorphism. Recall that every current

𝑇 ∈ 𝐌1(𝑋) induces a current 𝑇
′
∈ 𝐌1(𝑋

′
) by the push-forward 𝑇

′
= Φ#𝑇 , defined by:

Φ#(𝑇 )(𝑓 , 𝜋) = 𝑇 (𝑓 ◦ Φ, 𝜋 ◦ Φ), (𝑓 , 𝜋) ∈ D1
(𝑋

′
).

The locality and continuity properties are straightforward to verify, as the composition of Lipschitz maps

is Lipschitz. Since Φ is an isometry, Lip(𝜋 ◦ Φ) = Lip(𝜋) for any 𝜋 ∈ Lip(𝑋
′
). Thus,

|𝑇
′
(𝑓 , 𝜋)| ≤ Lip(𝜋)

ˆ
𝑋

|𝑓 ◦ Φ| 𝑑‖𝑇 ‖ =

ˆ
𝑋

|𝑓 | 𝑑(Φ#‖𝑇 ‖),

whereΦ#‖𝑇 ‖ is the standard push-forward of a Borelmeasure. This implies ‖𝑇
′
‖ ≤ ‖Φ#𝑇 ‖. BecauseΦ

−1
is also

an isometry, an analogous argument shows ‖𝑇 ‖ ≤ ‖(Φ
−1
)#𝑇

′
‖. Therefore, Φ# ∶ 𝐌1(𝑋) → 𝐌1(𝑋

′
) ∶ 𝑇 ↦ 𝑇

′

is a bi-Lipschitz isomorphism.

Notice that if Φ ∶ 𝑋 → 𝑋
′
is an isometry, then the map Φ𝔻 ∶ 𝛾 ↦ Φ ◦ 𝛾 also induces an isometry of

Cadlag spaces 𝔻([0, 1], 𝑋) → 𝔻([0, 1], 𝑋
′
). Indeed, since Φ is bi-Lipschitz from 𝑋 to 𝑋

′
, it follows that Φ𝔻

is bi-Lipschitz. The fact that it is an isometry follows directly from the fact that Φ is itself an isometry. This

isometry also restricts to an isometry between Θ𝕊𝔹𝕍(𝑋) and Θ𝕊𝔹𝕍(𝑋
′
).

7.9. Embedding a separablemetric space𝑋 into a separable Banach space. The classical Kuratowski
embedding theorem states that every (pointed) separable metric space can be isometrically embedded into

𝓁
∞
. This section briefly reviews the construction of this embedding. Let (𝑋, 𝑑) be a separable metric space.

Choose a countable dense set (𝑥ℎ)
∞

ℎ=1
⊂ 𝑋 and an arbitrary reference point 𝑥𝑜 ∈ 𝑋 . Define the map

Φ ∶ 𝑋 → 𝓁
∞
by:

Φ(𝑥) ∶= (𝑑(𝑥, 𝑥ℎ) − 𝑑(𝑥𝑜 , 𝑥ℎ))
∞

ℎ=1
, 𝑥 ∈ 𝑋.

The triangle inequality ensures that ‖Φ(𝑥)‖𝓁∞ = sup
ℎ∈ℕ

|𝑑(𝑥, 𝑥ℎ) − 𝑑(𝑥𝑜 , 𝑥ℎ)| ≤ 𝑑(𝑥, 𝑥𝑜), so the map is well-

defined. Since 𝑋 is Hausdorff, Φ is injective. For any 𝑥, 𝑦 ∈ 𝑋 , the triangle inequality also gives:

‖Φ(𝑥) − Φ(𝑦)‖𝓁∞ = sup

ℎ∈ℕ

|𝑑(𝑥, 𝑥ℎ) − 𝑑(𝑦, 𝑥ℎ)| ≤ 𝑑(𝑥, 𝑦).

Conversely, the map 𝑧 ↦ |𝑑(𝑥, 𝑧) − 𝑑(𝑦, 𝑧)| is 1-Lipschitz. By the density of (𝑥ℎ), for any 𝜀 > 0, we can

find 𝑥ℎ such that |𝑑(𝑥, 𝑥ℎ) − 𝑑(𝑦, 𝑥ℎ)| ≥ 𝑑(𝑥, 𝑦) − 𝜀. Taking the supremum and letting 𝜀 → 0
+
, we conclude

that ‖Φ(𝑥) − Φ(𝑦)‖𝓁∞ = 𝑑(𝑥, 𝑦). Thus, Φ is an isometry. This implies that Φ restricts to a bijective isometric

isomorphism from 𝑋 into its image 𝑋
′
∶= Φ(𝑋), which is itself contained in a separable subspace of 𝓁

∞
.
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7.10. Proof of the representation TheoremD. Wenow combine the previous sections to prove the 𝑆𝐵𝑉

representation for 1-dimensional metric currents in any separable metric space. Let𝑋 be a separable metric

space and 𝑇 ∈ 𝐌1(𝑋) be a 1-dimensional metric current. Let Φ ∶ 𝑋 → 𝓁
∞
be the isometric embedding

constructed in the previous section. Let 𝐸 ⊂ 𝓁
∞
be a separable Banach space of dimension at least 2

containing 𝑋
′
= Φ(𝑋) (this can always be found by considering a larger space). Define 𝑇

′
= Φ#𝑇 ∈

𝐌1(𝑋
′
) ⊂ 𝐌1(𝐸). Since 𝐸 is a Banach space of dimension at least two, by the results of the previous section,

there exists a finite Borel measure 𝜇 on 𝔻([0, 1], 𝐸), concentrated on Θ𝕊𝔹𝕍(𝑋
′
) ∩ 𝔻([0, 1], 𝑋

′
) satisfying:

𝑇
′
(𝜔) =

ˆ
𝔻([0,1],𝐸)

J𝜁 K𝑎(𝜔) 𝑑𝜇(𝜁 ), (7.12)

‖𝑇
′
‖(𝐵) =

ˆ
𝔻([0,1],𝐸)

‖J𝜁 K𝑎‖(𝐵) 𝑑𝜇(𝜁 ). (7.13)

Now, let Ψ = Φ
−1

∶ 𝑋
′
→ 𝑋 be the inverse isometry. Recalling that 𝜇 is concentrated on 𝔻([0, 1], 𝑋

′
) ∩

Θ𝕊𝔹𝕍(𝑋
′
) we get

𝑇 (𝑓 , 𝜋) = 𝑇
′
(𝑓 ◦ Ψ, 𝜋 ◦ Ψ)

=

ˆ
𝔻([0,1],𝑋

′
)

J𝜁 K𝑎(𝑓 ◦ Ψ, 𝜋 ◦ Ψ) 𝑑𝜇(𝜁 ) =

ˆ
𝔻([0,1],𝑋

′
)

JΨ(𝜁 )K𝑎(𝑓 , 𝜋) 𝑑𝜇(𝜁 ).

Let 𝜂 = Ψ#𝜇. By construction and the stability of Càdlàg spaces under Lipschitz isometries, 𝜂 is a finite

Borel measure on 𝔻([0, 1], 𝑋), which by the previous identity yields the representation:

𝑇 (𝑓 , 𝜋) =

ˆ
𝔻([0,1],𝑋)

J𝑢K𝑎(𝑓 , 𝜋) 𝑑𝜂(𝑢).

Moreover, by construction 𝜂 is concentrated on the injective curves of Θ𝕊𝔹𝕍(𝑋) with constant speed.

The mass identity:

‖𝑇 ‖ =

ˆ
Θ𝕊𝔹𝕍(𝑋)

‖J𝑢K𝑎‖ 𝑑𝜂(𝑢)

follows directly from the identity Ψ#‖𝑇
′
‖ = ‖𝑇 ‖ and (7.15).

For the boundary estimate, recall that for any 𝜀 > 0, the representation in the Banach space 𝐸 satisfies:ˆ
Θ𝕊𝔹𝕍(𝐸)

|𝐷
𝑗
𝜁 | 𝑑𝜇(𝜁 ) ≤ ‖𝜕𝑇

′
‖KR + 𝜀.

Since Ψ is an isometry, it preserves the jump lengths, that is, |𝐷
𝑗
Ψ(𝜁 )| ≡ |𝐷

𝑗
𝜁 | as measures. Also, ‖𝜕𝑇

′
‖KR =

‖𝜕𝑇 ‖KR because push-forwards by isometries also map Arens–Eells spaces isometrically. Thus, pushing

forward 𝜇 to 𝜂 yields: ˆ
Θ𝕊𝔹𝕍(𝑋)

|𝐷
𝑗
𝑢| 𝑑𝜂(𝑢) =

ˆ
Θ𝕊𝔹𝕍(𝐸)

|𝐷
𝑗
Ψ(𝜁 )| 𝑑𝜇(𝜁 ) ≤ ‖𝜕𝑇 ‖KR + 𝜀.

The full statement of Theorem D is therefore proven.

7.11. Proof of Corollary 2.19. By Theorem D, there exists a finite Borel measure 𝜂 on 𝔻([0, 1], 𝑋), con-

centrated on Θ𝕊𝔹𝕍(𝑋) and satisfying

𝑇 (𝜔) =

ˆ
𝔻([0,1],𝐸)

J𝑢K𝑎(𝜔) 𝑑𝜂(𝑢), (7.14)

‖𝑇 ‖(𝐵) =

ˆ
𝔻([0,1],𝐸)

‖J𝑢K𝑎‖(𝐵) 𝑑𝜂(𝑢), (7.15)

for any 𝜔 ∈ D1
(𝑋) and 𝐵 ∈ (𝑋).

Recalling from Lemma 6.5 that the functions fromΘ𝕊𝔹𝕍(𝑋) into ℝ defined by 𝑢 ↦ 𝓁(𝑢) and 𝑢 ↦ |𝐷
𝑗
𝑢|(𝐼 )

are Borel, and hence 𝜂-measurable. It then follows from Lusin’s theorem and Lemma 6.9 that the fragment
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map Γ ∶ Θ𝕊𝔹𝕍(𝑋) → Frag(𝑋) ∶ 𝑢 ↦ 𝛾𝑢 introduced in Section 6.3 is 𝜂-measurable. This allows us to define

the push-forward 𝜇 ∶= Γ#𝜂, which defines a Borel measure on Frag(𝑋).

Since the functions 𝛾 ↦ J𝛾K(𝜔) and 𝛾 ↦ 𝓁(𝛾), from Frag(𝑋) into ℝ, are Borel (see [43, Sec. 6]) and

𝜇-summable, we can integrate them against 𝜇. Finally, since J𝑢K𝑎 = J𝛾𝑢K as currents, it follows from the

definition of push-forward that

𝑇 (𝜔) =

ˆ
𝔻([0,1],𝐸)

J𝑢K𝑎(𝜔) 𝑑𝜂(𝑢)

=

ˆ
𝔻([0,1],𝐸)

J𝛾𝑢K(𝜔) 𝑑𝜂(𝑢)

=

ˆ
Frag(𝑋)

J𝛾K(𝜔) 𝑑𝜇(𝛾).

The superposition for the mass measures and cancellation-free property follow analogously using that

𝓁(𝑢) = 𝓁(𝛾𝑢) and arguing as in the previous proofs. □

8. Proof of the 1-FCC characterization

This section is dedicated to the proof of TheoremA), which states that ametric space𝑋 is curve rectifiable

if and only if every metric current 𝑇 ∈ 𝐌1(𝑋) can be approximated in the mass norm by normal currents.

Before diving into the proof, let us recall the definition of curve rectifiability: A metric space 𝑋 is said to

be curve rectifiable if every 1-rectifiable set can be covered, up to an1
-null set, by countably many images

of Lipschitz curves.

We divide the proof into two parts:

Sufficiency. First, we show that if every metric current 𝑇 ∈ 𝐌1(𝑋) can be approximated in the mass norm

by normal currents, then 𝑋 must be curve rectifiable.

Since 1-rectifiable sets can be expressed as the union of at most countably many images of fragments,

it suffices to show that the image of any fragment can be covered by at most countably many Lipschitz

curves on 𝑋 . More precisely, we want to prove the following: if 𝛾 ∈ Frag(𝑋) is a nontrivial fragment and

Γ ∶= 𝛾([0, 1]) ⊂ 𝑋 , then there exists a countable set  ⊂ Lip([0, 1], 𝑋) such that

1

(

Γ∖ ⋃

𝜃∈
Γ𝜃
)

= 0 where Γ𝜃 ∶= Γ ∩ 𝜃([0, 1]). (8.1)

By assumption, we can find a sequence of normal currents (𝑁𝑗 ) ⊂ 𝐍1(𝑋) satisfying

𝐌(J𝛾K − 𝑁𝑗 ) → 0. (8.2)

Recalling Paolini and Stepanov’s decomposition of normal metric currents [36,37], for each 𝑗 ∈ ℕ, there ex-

ists a finite Borelmeasure 𝜂𝑗 on𝐶([0, 1], 𝑋), concentrated on a family𝑗 of 1-Lipschitz curves in Lip1
([0, 1], 𝑋)

with constant speed one such that

𝑁𝑗 (𝜔) =

ˆ
𝐶([0,1],𝑋)

J𝜃K(𝜔) 𝑑𝜂𝑗 (𝜃) for all 𝜔 ∈ D1
(𝑋)

‖𝑁𝑗 ‖ =

ˆ
𝐶([0,1],𝑋)

‖J𝜃K‖ 𝑑𝜂𝑗 (𝜃) (8.3)

We observe that, by the triangular inequality, we have:

𝐌(J𝛾K − 𝑁𝑗 ) ≥ 𝐌(J𝛾K ¬
𝐵 − 𝑁𝑗

¬
𝐵) ≥ |𝐌(J𝛾K ¬

𝐵) − ‖𝑁𝑗 ‖(𝐵)|,

where 𝐵 is an arbitrary Borel set in 𝑋 . If we additionally assume that 𝐵 ⊂ Γ, then 𝐌(J𝛾K ¬
𝐵) = ‖J𝛾K‖(𝐵) =

1
(𝐵) due to the injectivity of 𝛾 and, by exploiting the mass convergence (8.2), we infer that

‖𝑁𝑗 ‖(𝐵) → 1
(𝐵) for all 𝐵 ⊂ Γ
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As a consequence, we obtain the following key implication that will be needed later:

𝐵 ⊂ Γ , 1
(𝐵) > 0 ⇒ lim inf

𝑗→∞

‖𝑁𝑗 ‖(𝐵) > 0. (8.4)

Next, for every 𝑗 ∈ ℕ, we consider the following length maximization problem:

𝛼𝑗 ∶= sup

{

𝐻() :  countable ⊂ 𝑗

}

, 𝐻() ∶= 1

(

⋃

𝜃∈
Γ𝜃
)

.

Clearly 𝛼𝑗 is finite, because it is always majorized by1
(Γ). In fact, it is a maximum (i.e., it is attained).

Indeed, let (𝑘)𝑘∈ℕ ⊂ 𝑗 be a maximizing sequence such that 𝐻(𝑘) → 𝛼𝑗 . Now, simply take  𝑗
∶= ⋃

𝑘
𝑘 ,

which is again a countable subset of 𝑗 . Then, since the functional 𝐻 is non-decreasing with respect to set

inclusion of countable families of curves, it holds

𝐻( 𝑗
) ≥ lim

𝑘→∞

𝐻(𝑘) = 𝛼𝑗 .

This proves that the supremum above is indeed a maximum.

Now, consider the family  ∶= ⋃
𝑗
 𝑗

, and notice that  is countable by construction. By the mono-

tonicity property of the functional 𝐻 and since ⋃ Γ𝜃 ⊂ Γ, for every 𝑗 it holds:

𝛼𝑗 = 𝐻( 𝑗
) ≤ 𝐻( ) = 1

(

⋃

𝜃∈
Γ𝜃
)

≤ 1
(Γ),

whence, by the sub-additivity of outer measures:

1

(

Γ∖⋃


Γ𝜃
)

≤ 1
(Γ) − 𝛼𝑗 .

We can conclude with the desired equality (8.1) (proving the sufficiency) once we show the following claim:

𝛼𝑗 → 1
(Γ) as 𝑗 → ∞ . (8.5)

Suppose that (8.5) is false. Then there exists 𝜀 > 0 such that 𝜀 + lim sup
𝑗→∞

𝛼𝑗 ≤ 1
(Γ). In particular, for

sufficiently large 𝑗 , there exists a Borel set 𝐵𝑗 ⊂ 𝑋 such that

𝐵𝑗 ⊂ Γ∖ ⋃

𝜃∈ 𝑗

Γ𝜃, 1
(𝐵𝑗 ) ≥ 𝜀,

where  𝑗
is a maximizer of 𝐻 within the set of countable subsets of 𝑗 .

However, from (8.4), for sufficiently large 𝑗 , it holds ‖𝑁𝑗 ‖(𝐵𝑗 ) > 0. In particular, by (8.3) we have

0 < ‖𝑁𝑗 ‖(𝐵𝑗 ) =

ˆ
‖J𝜃K‖(𝐵𝑗 ) 𝑑𝜂𝑗 (𝜃) =

ˆ
1

(𝜃 ∩ 𝐵𝑗 ) 𝑑𝜂𝑗 (𝜃).

Therefore, there must exist at least one curve 𝜃𝑗 ∈ 𝑗 such that 1
(𝜃𝑗 ∩ 𝐵𝑗 ) > 0. Then, consider

𝑗 ∶=  𝑗
∪ {𝜃𝑗 }. Observe that

1

(

⋃

𝜃∈𝑗
Γ𝜃
)

≥ 1

(

⋃

𝜃∈ 𝑗

Γ𝜃
)

+1
(𝜃𝑗 ∩ 𝐵𝑗 ) > 1

(

⋃

𝜃∈ 𝑗

Γ𝜃
)

.

This contradicts the maximality of  𝑗
for 𝑗 sufficiently large. Hence, (8.5) is true.

Necessity. We show that if 𝑋 is curve rectifiable, then every metric current 𝑇 ∈ 𝐌1(𝑋) can be approxi-

mated in the mass norm by normal currents.
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1. Approximation of fragments by normal currents. The first objective is to demonstrate that any fragment

within a curve rectifiable space can be approximated in the mass norm by normal currents.

To this end, consider an arbitrary fragment 𝛾 ∈ Frag(𝑋). By the definition of a curve rectifiable metric

space, there exists a sequence (𝜃𝑗 )
∞

𝑗=1
⊂ Lip

1
([0, 1], 𝑋) such that

im 𝛾 ⊂

(

∞

⋃

𝑗=1

im 𝜃𝑗

)

∪ 𝑁 , 1
(𝑁 ) = 0. (8.6)

This sequence can be refined inductively so that the images of distinct curves are essentially disjoint:

𝑖 ≠ 𝑗 ⇒ 1
(im 𝜃𝑖 ∩ im𝜃𝑗 ) = 0. (8.7)

The idea is to approximate each "piece" 𝑆𝑗 ∶= J𝜃𝑗K
¬
im 𝛾 separately with normal currents 𝑁𝑗 ,𝜀 ∈ 𝐍1(𝑋)

for each 𝜀 > 0. The critical aspect, enabled by (8.7), is that the length of 𝛾 will not be over-counted when

combining the approximations of these pieces. Moreover, in order to ensure the approximation by normal

currents, we must manage the potential for infinite mass boundaries arising from the full series, which

requires a controlled approximation by partial sums.

Let us then fix 𝑗 ∈ ℕ and focus on the approximation of 𝑆𝑗 = J𝜃𝑗K
¬
im 𝛾 . Since we are working with

Lipschitz parameterizations, the underlying idea is similar to the problem of approximating a compact set

𝐶 ⊂ [0, 1] in length measure by a sequence of finitely many intervals. The following construction mimics

the ideas from [26, Prop. A.2]:

Fix 𝜀 > 0. Let Γ ∶= im 𝛾 and consider the pre-image 𝐾𝑗
∶= 𝜃

−1

𝑗
(Γ), which is a compact set in [0, 1].

Since we do not want to add unnecessary length in the approximation, we consider 𝐼𝑗 ∶= [𝑎𝑗 , 𝑏𝑗 ] ⊂ [0, 1],

the smallest closed interval containing 𝐾𝑗 (whose endpoints are the infimum and supremum of 𝐾𝑗 ). Since

𝐼𝑗∖𝐾𝑗 ⊂ (0, 1) is open, it can be expressed as a union of a sequence (𝐼𝑗 ,ℎ) of disjoint open intervals (possibly

empty) of (0, 1). Therefore, there exists a sufficiently large number ℎ𝑗 ∈ ℕ such that

∑

ℎ≥ℎ𝑗

|𝐼𝑗 ,ℎ| < 2
−(𝑗+1)

𝜀. (8.8)

Now, consider the compact set

𝐶𝑗
∶= 𝐼𝑗 ∖ ⋃

ℎ<ℎ𝑗

𝐼𝑗 ,ℎ.

By construction 𝐾𝑗 ⊂ 𝐶𝑗 , and 𝐶𝑗 is an 𝜀-approximation from the outside of 𝐾𝑗 in terms of length, consisting

of finitely many closed intervals. We may now define a normal current approximation of 𝑆𝑗 , by letting

𝑁𝑗 ,𝜀
∶= J𝜃𝑗K

¬
𝐶𝑗 = (𝜃𝑗 )#J𝐶𝑗K ∈ 1(𝑋).

As the sum of finitely many integral currents associated with Lipschitz curves, it follows that 𝑁𝑗 ,𝜀 ∈ 𝐍1(𝑋).

Moreover, by construction 𝑆𝑗 = (𝜃𝑗 )#J𝐾𝑗K and hence

𝐌(𝑆𝑗 − 𝑁𝑗 ,𝜀) ≤ 𝐌((𝜃𝑗 )#J𝐼𝑗 ∖ 𝐶𝑗K) ≤ 1
(𝐼𝑗 ∖ 𝐶𝑗 )

(8.8)

< 2
−(𝑗+1)

𝜀. (8.9)

Observe that
∞

∑

𝑗=1

(𝐌(𝑁𝑗 ,𝜀) + 𝐌(𝑆𝑗 )) ≤

∞

∑

𝑗=1

(2𝐌(𝑆𝑗 ) + 2
−(𝑗+1)

𝜀) = 21
(Γ) + 𝜀.

From this, we also deduce the existence of a sufficiently large natural number ℎ𝜀 such that

∑

𝑗>ℎ𝜀

𝐌(𝑁𝑗 ,𝜀) + 𝐌(𝑆𝑗 ) < 2
−1
𝜀. (8.10)

We can now "glue" most of our approximations together, by defining

𝑁𝜀
∶=

ℎ𝜀

∑

𝑗=1

𝑁𝑗 ,𝜀 ∈ 𝐍1(𝑋) ∩1(𝑋).
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Thus, we have:

𝐌(J𝛾K − 𝑁𝜀)

(8.7),(8.10)

≤

ℎ𝜀

∑

𝑗=1

𝐌(𝑆𝑗 − 𝑁𝑗 ,𝜀) + 2
−1
𝜀

(8.9)

≤ 𝜀.

Letting 𝜀 → 0 yields the desired approximation. □

2. A superposition of normal approximations. In light of Corollary 2.19, every metric current 𝑇 ∈ 𝐌1(𝑋) can

be represented, regardless of the connectedness assumptions on𝑋 , as a superposition of currents associated

with fragments such that there are no mass cancellations. Specifically, we demonstrated the existence of a

finite Borel measure 𝜂 on Frag(𝑋) such that

𝑇 (𝜔) =

ˆ
Frag(𝑋)

J𝛾K)(𝜔) 𝑑𝜂(𝛾) (8.11)

‖𝑇 ‖(𝐵) =

ˆ
Frag(𝑋)

1
(im 𝛾 ∩ 𝐵) 𝑑𝜂(𝛾). (8.12)

In the previous stepwe have shown that for any 𝜀 and any fragment 𝛾 ∈ Frag(𝑋) there exists (at least one)

normal current𝑁𝛾 ,𝜀 ∈ 𝐍1(𝑋) satisfying𝐌(J𝛾K−𝑁𝛾 ,𝜀) < 𝜀. From a quantitative viewpoint, the superposition

𝑅𝜀(𝜔) ∶=

ˆ
Frag(𝑋)

𝑁𝛾 ,𝜀(𝜔) 𝑑𝜂(𝛾) (8.13)

of such approximations is a natural candidate for the mass approximation of 𝑇 . Indeed, supposing that 𝑅𝜀

is well-defined and defines a normal current, it is straightforward to verify, using (8.12), that

𝐌(𝑇 − 𝑅𝜀) ≤

ˆ
Frag(𝑋)

𝐌(J𝛾K − 𝑁𝛾 ,𝜀) 𝑑𝜂(𝛾) ≤ 𝜂(Frag(𝑋))𝜀.

However, defining (8.13) introduces two key challenges:

(a) The first is the well-definedness of 𝑅𝜀 as a metric current. For the integral in (8.13) to be well-

defined, the map 𝛾 ↦ 𝑁𝛾 ,𝜀 must be 𝜂-measurable, and 𝛾 ↦ 𝐌(𝑁𝛾 ,𝜀)must be 𝜂-summable. Summa-

bility follows directly from (8.12), the finiteness of 𝜂 and the bound 𝐌(J𝛾K − 𝑁𝛾 ,𝜀) < 𝜀. While

our construction in Step 1 might be intuitively measurable, rigorously establishing this directly

can be cumbersome. To address this, we will appeal to Von Neumann’s measurable selection
theorem.

(b) The second is whether 𝑅𝜀 defines a normal current. The mass of the boundary,𝐌(𝜕𝑁𝛾 ,𝜀), gener-

ally increases with the irregularity of the fragment 𝛾 . Consequently, 𝑅𝜀 as defined in (8.13) will not

necessarily be a normal current. This is consistent with the fact that𝐍1(𝑋) is not a closed subset of

𝐌1(𝑋). Our solution involves constructing a monotone sequence of Borel sets 𝑗 ⊂ Frag(𝑋) that

converge to a full 𝜂-measurable set. On these sets, we will ensure that 𝐌(𝜕𝑁𝛾 ,𝜀) ≤ 𝑗 for 𝜂-almost

every 𝛾 , and then we will take the limit as 𝑗 → ∞.

With these considerations in mind, we can now proceed to develop the rigorous mathematical argu-

ments:

2.(a) A measurable selection of normal approximations. The primary goal of this section is to construct an

𝜂-measurable map Φ𝜀 ∶ Frag(𝑋) → 𝐍1(𝑋) using a measurable selection theorem. This map must satisfy

the following condition:

𝐌(J𝛾K − Φ𝜀(𝛾 )) ≤ 𝜀. (8.14)
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Notation. For simplicity of notation, and to avoid carrying a heavy 𝜀-dependence throughout the math-

ematical objects, we suppress 𝜀 from the notation of Φ and other related sets and functions where the

dependence on 𝜀 is implicit from the context of this section.

To begin, we can assume that 𝑋 is a separable space. This assumption is crucial because it ensures

that:

∙ The space of fragments Frag(𝑋), equipped with the Hausdorff metric of their graphs (as subsets

of ([0, 1] × 𝑋)), is a Polish space.
∙ The space 𝐶([0, 1], 𝑋) is a Polish space under the topology induced by uniform convergence.

Consequently, its subspace Lip
𝑚
(𝑋) ∶= { 𝜃 ∈ Lip([0, 1], 𝑋) : Lip(𝜃) ≤ 𝑚 } is also a Polish space for

all 𝑚 ∈ ℕ, when endowed with the uniform distance between functions.

Now, let  ∶= Frag(𝑋). Consider the product spaces 𝑚
∶= Lip

𝑚
(𝑋)

𝑚
. This space is also Polish,

inheriting its topology from the uniform metric on each coordinate (which induces the product topology).

Next, we define a map Δ𝑚 ∶  ×𝑚 → ℝ given by

Δ𝑚(𝛾 , (𝜃1, … , 𝜃𝑚)) ∶= 𝐌(J𝛾K −
𝑚

∑

𝑘=1

J𝜃𝑘K)

These maps are Borel measurable. This follows from the Borel measurability of operations on currents

(e.g., sum, pushforward, mass) and the fact that an integral current associated with a Lipschitz curve is

Borel measurable.

From the preceding discussion, it follows that 𝑚
∶= Δ

−1

𝑚
([0, 𝜀)) ⊂  ×𝑚 is a standard Borel set. As a

result, both 𝑚 and its projection,

𝑚
∶= 𝜋 (𝑚) = { 𝛾 ∈  : ∃(𝜃1, … , 𝜃𝑚) ∈ 𝑚, Δ𝑚(𝛾 , (𝜃1, … , 𝜃𝑚)) < 𝜀 } ,

are analytic sets in ×𝑚 and , respectively. Given that 𝜂 is a finite Borel measure (see [45, Thm. 4.3.1]),

𝑚 is 𝜂-measurable.
Since the assumptions of Von Neumann’s measurable selection theorem (see [45, Thm. 5.5.2]) are satis-

fied, there exists an 𝜂-measurable section Ψ𝑚 ∶ 𝑚 → 𝑚 that satisfies:

𝐌(J𝛾K −
𝑚

∑

𝑘=1

J(Ψ𝑚(𝛾 ))𝑘K) ≤ 𝜀 for 𝜂-almost every 𝛾 ∈ 𝑚.

To be precise, Ψ𝑚(𝛾 ) is a tuple (𝜃1, … , 𝜃𝑚). We then define Φ𝑚(𝛾 ) ∶= ∑
𝑚

𝑘=1
J(Ψ𝑚(𝛾 ))𝑘K, which also defines

a measurable map.

Our construction in Step 1 ensures that any 𝛾 belongs to 𝑚 for some sufficiently large 𝑚 ∈ ℕ. Specif-

ically, since a fragment can be approximated arbitrarily well by a finite sum of integral Lipschitz curve

currents (as shown in Step 1), and since Lip
𝑚
(𝑋) contains curves with Lipschitz constant up to 𝑚, we have

that 𝑚 ⊆ 𝑚+1 for all 𝑚 ∈ ℕ. Thus, we can write:

 = ⋃

𝑚∈ℕ

𝑚 = ⨆

𝑚∈ℕ

𝑚, where 𝑚
∶= 𝑚 ∖ ⋃

0≤𝑘<𝑚

𝑘 .

Since each 𝑚 is an analytic set (and thus 𝜂-measurable), the 𝜂-measurable section Φ𝜀 ∶  → 𝐍1(𝑋)

defined by

Φ𝜀(𝛾 ) ∶= ∑

𝑚∈ℕ

𝟏𝑚
(𝛾 )Φ𝑚(𝛾 ),

satisfies condition (8.14), thereby proving the desired assertion.
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2.(b) Construction of the normal currents. Let 𝜀 > 0. Recalling the notation introduced in the previous step,

we have  = Frag(𝑋) and

𝑚 =

{

𝛾 ∈  : ∃(𝜃1, … , 𝜃𝑚) ∈ Lip
𝑚
([0, 1], 𝑋)

𝑚
, 𝐌(J𝛾K −

𝑚

∑

𝑘=1

J𝜃𝑘K) < 𝜀

}

.

Notice that the sequence (𝑘)
∞

𝑘=1
of 𝜂-measurable subsets of  given by

𝑘
∶= ⋃

𝑚≤𝑘

𝑚, 𝑘 ∈ ℕ,

is monotone with respect to set-inclusion. Moreover, by construction ⋃
𝑘
𝑘 = ⋃

𝑚
𝑚 =  . Hence, from

the dominated convergence theorem we get 𝟏𝑘
→ 1 in 𝐿

1
(𝜂), where 𝟏𝐴 denotes the indicator function of

an 𝜂-measurable set 𝐴 ⊂  . Lastly, since for every 𝛾 ∈ 𝑘 , the current Φ𝜀(𝛾 ) consists of at most 𝑘 integral

currents associated with Lipschitz curves, it follows that

𝐌(𝜕Φ𝜀(𝛾 )) ≤ 2𝑘 for all 𝛾 ∈ 𝑘 . (8.15)

Let 𝜂𝜀 ∶= (Φ𝜀)#𝜂, where Φ𝜀 is the selection from the previous section satisfying (8.14). By construction,

𝜂𝜀 is a finite Borel measure on𝐌1(𝑋), concentrated on 𝐍1(𝑋).

For 𝑘 ∈ ℕ0, we define  = ⋃
𝑚∈ℕ

𝑚 and set

𝑁𝜀,𝑘(𝜔) ∶=

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

ˆ

𝑁(𝜔) 𝑑𝜂𝜀(𝑁 ) if 𝑘 = 0

ˆ
Φ𝜀(𝑘)

𝑁(𝜔) 𝑑𝜂𝜀(𝑁 ) if 𝑘 > 0

Notice that 𝑁𝜀,𝑘 is well-defined, and satisfies all the properties of currents because each 𝑚 inherits the

measurability properties of Frag(𝑋) and Lip([0, 1], 𝑋) as parametrization of metric currents. The only

axiom that requires perhaps an explanation is the continuity property: if 𝜋𝑗

∗

⇀ 𝜋 in 𝑋 , then 𝑁(𝑓 , 𝜋𝑗 ) →

𝑁(𝑓 , 𝜋𝑗 ) for all 𝑁 ∈  and the desired result then follows from the dominated convergence theorem.

In particular, 𝑁𝜀,𝑘 ∈ 𝐌1(𝑋) for every 𝑘 ∈ ℕ0. If, moreover, 𝑘 ∈ ℕ, then for every 𝑓 ∈ Lip(𝑋) it holds

|𝑁𝜀,𝑘(1, 𝑓 )| =

|
|
|
|

ˆ
𝑘

Φ𝜀(𝛾 )(1, 𝑓 ) 𝑑𝜂(𝛾)

|
|
|
|

≤

ˆ
𝑘

𝐌(𝜕Φ𝜀(𝛾 )) 𝑑𝜂(𝛾)

(8.15)

≤ 2𝑘𝜂(𝑘) ≤ 2𝑘𝜂().

Taking the supremum over 𝑓 in the left-hand side we hence obtain𝐌(𝜕𝑁𝜀,𝑘) ≤ 2𝑘𝜂() < ∞, which demon-

strates that 𝑁𝜀,𝑘 ∈ 𝐍1(𝑋) for every 𝑘 ∈ ℕ.

3. Conclusion. Let 𝑘 ∈ ℕ. From the triangle inequality we get

𝐌(𝑁𝜀,0 − 𝑁𝜀,𝑘) ≤

ˆ
Φ𝜀(∖𝑘)

𝐌(𝑁) 𝑑𝜂𝜀(𝑁 )

=

ˆ
∖𝑘

𝐌(Φ𝜀(𝛾 )) 𝑑𝜂(𝛾)

≤

ˆ
∖𝑘

(𝐌(J𝛾K) + 𝜀) 𝑑𝜂(𝛾).

Recalling that 𝜂 is a finite measure, that

´
𝓁(𝛾 ) 𝑑𝜂(𝛾) = 𝐌(𝑇 ) < ∞ and that 𝟏𝑘

→ 1 in 𝐿
1
(𝜂), we deduce

that𝐌(𝑁𝜀,0 − 𝑁𝜀,𝑘) → 0 as 𝑘 → ∞. In particular, there exists 𝑘𝜀 ∈ ℕ large enough so that

𝐌(𝑁𝜀,0 − 𝑁𝜀) ≤ 𝜀, 𝑁𝜀
∶= 𝑁𝜀,𝑘𝜀

∈ 𝐍1(𝑋). (8.16)
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Now, appealing to the properties of the push-forward and the definition of 𝜂𝜀 we obtain

𝐌(𝑇 − 𝑁𝜀,0) = 𝐌
(

ˆ

(J𝛾K − Φ𝜀(𝛾 )) 𝑑𝜂(𝛾)

)
≤

ˆ

𝐌(J𝛾K − Φ𝜀(𝛾 )) 𝑑𝜂(𝛾) ≤ 𝜀𝜂()

for all 𝜔 ∈ D1
(𝑋), which proves

𝐌(𝑇 − 𝑁𝜀,0) ≤ 𝜀𝜂() (8.17)

Gathering (8.16)-(8.17) gives

𝐌(𝑇 − 𝑁𝜀) ≤ 𝐌(𝑇 − 𝑁𝜀,0) + 𝐌(𝑁𝜀,0 − 𝑁𝜀) ≤ 𝜀(𝜂() + 1).

We have thus proved the following: for a givenmetric current 𝑇 ∈ 𝐌1(𝑋), there exists a family of normal

currents {𝑁𝜀}𝜀>0 ⊂ 𝐍1(𝑋) satisfying

lim
𝜀→0

𝐌(𝑇 − 𝑁𝜀) = 0.

This finishes the proof. □
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Appendix A. Measurability results

In this appendix, we address several technical measurability questions that underpin the theoretical framework of

this paper. While the results presented here are largely expected, providing their detailed proofs ensures completeness

and allows the main arguments of the paper to remain focused on core concepts.

Lemma A.1. Let (𝐾𝑗 )𝑗∈ℕ ⊂ ([0, 1]) be a sequence of closed sets converging to a closed set 𝐾 ⊂ [0, 1] in the Hausdorff
distance, i.e., 𝑑𝐻 (𝐾𝑗 , 𝐾) → 0 as 𝑗 → ∞. If, in addition, their Lebesgue measures converge, L 1

(𝐾𝑗 ) → L 1
(𝐾), then their

characteristic functions converge in 𝐿
1
([0, 1]):

𝟏𝐾𝑗
⟶ 𝟏𝐾 as 𝑗 → ∞ in 𝐿

1
([0, 1]).

Remark A.2. The proof given below can be easily extended to the case of a sequence of closed subsets (𝐾𝑗 ) in ℝ
𝑑
.

Proof. Actually we will show that ‖𝟏𝐾𝑗
− 𝟏𝐾 ‖𝐿2(0,1) → 0. By the assumption of convergence L 1

(𝐾𝑗 ) → L 1
(𝐾), we

have that ‖𝟏𝐾𝑗
‖𝐿2(0,1) → ‖𝟏𝐾 ‖𝐿2(0,1). Therore it is enough to prove that 𝟏𝐾𝑗

converges weakly to 𝟏𝐾 in 𝐿
2
(0, 1). As

𝟏𝐾𝑗
is bounded in 𝐿

2
(0, 1)), we can assume, after extracting a subsequence, that 𝟏𝐾𝑗

converges weakly to a function

𝜃 ∈ 𝐿
2
([0, 1]). Then 𝜃 satisfies 𝜃 ∈ [0, 1] a.e. whileˆ

[0,1]

𝜃 𝑑𝑥 = lim
𝑗→∞

ˆ
[0,1]

𝟏𝐾𝑗
= L 1

(𝐾).

Let 𝑥 ∉ 𝐾 and a closed interval 𝐵 centered at 𝑥 such that 𝐾 ∩𝐵 is empty. Then by the Hausdorff convergence 𝐾𝑗 → 𝐾 ,

we have that 𝐾𝑗 ∩ 𝐵 is empty for large 𝑗 , whence

´
𝐵
𝜃 𝑑𝑥 = lim𝑗 L 1

(𝐾𝑗 ∩ 𝐵) = 0. It follows that 𝜃 = 0 a.e. on 𝐾
𝑐
.

Therefore, since 𝜃 ≤ 1, the equality

´
[0,1]

𝜃 𝑑𝑥 =

´
𝐾
𝜃 𝑑𝑥 = L 1

(𝐾) implies that 𝜃 = 𝟏𝐾 - a.e.. We conclude that 𝟏𝐾 is

the unique weak cluster point, thus the weak limit of (𝟏𝐾𝑗
) as we claimed. □

The following standard result is included with a proof for completeness, as we could not find a readily available

demonstration in the literature:

Lemma A.3. Let 𝐵 ⊂ 𝑋 be a closed set. The inverse image map 𝐿 ∶ 𝐶([0, 1], 𝑋) → ([0, 1]) defined by 𝐿(𝜃) = 𝜃
−1
(𝐵)

is Borel measurable. Here, ([0, 1]) denotes the space of non-empty closed subsets of [0, 1] equipped with the Hausdorff
distance 𝑑𝐻 .
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Remark A.4. Notice that the continuity of the map 𝐿 fails in general. Indeed, consider for instance the case where

𝑋 = ℝ
2
, 𝐵 = {(0, 0)} and 𝜃𝑗 (𝑡) = 𝑗

−1
(cos 2𝜋𝑡, sin 2𝜋𝑡). Then 𝐿(𝜃𝑗 ) is empty while 𝜃𝑗 converges to a constant map

such that 𝐿(𝜃) = [0, 1].

Proof. In this proof, for every 𝐶 ∈ ([0, 1]) and 𝛿 > 0, we denote 𝐶
𝛿
the enlarged set 𝐶

𝛿
∶= {𝑠 ∈ [0, 1] ∶ dist(𝑠, 𝐶) <

𝛿} which is relatively open in [0, 1]. The Borel tribe of([0, 1]) is generated by the open balls. The inverse image by

the map 𝐿 of a ball centered at 𝐾 and of radius 𝛿 can written as 𝐴
𝛿

𝐾
∪ 𝐵

𝛿

𝐾
where:

𝐴
𝛿

𝐾
=

{

𝜃 ∈ 𝐶([0, 1], 𝑋) : 𝜃−1(𝐵) ⊂ 𝐾
𝛿
}

, 𝐵
𝛿

𝐾
=

{

𝜃 ∈ 𝐶([0, 1], 𝑋) : 𝐾 ⊂ (𝜃
−1
(𝐵))

𝛿
}

.

Therefore we are done if we show that both 𝐴
𝛿

𝐾
and 𝐵

𝛿

𝐾
are Borel subsets of 𝐶([0, 1], 𝑋).

First we claim that 𝐴
𝛿

𝐾
is an open subset. If it is not the case, there exists 𝜃 ∈ 𝐴

𝛿

𝐾
and a sequence (𝜃𝑗 ) in the

complement of 𝐴
𝛿

𝐾
such that 𝜃𝑗 → 𝜃 uniformly. This means that , for every 𝑗 , there exits 𝑡𝑗 ∈ [0, 1] ∖ 𝐾

𝛿
such that

𝜃𝑗 (𝑡𝑗 ) ∈ 𝐵. As [0, 1]∖ 𝐾
𝛿
is compact, after passing to a subsequence, we can assume that 𝑡𝑗 → 𝑡 where 𝑡 ∉ 𝐾

𝛿
. Then,

by the uniform convergence of 𝜃𝑗 and the fact that 𝐵 is closed, we deduce that 𝜃(𝑡) ∈ 𝐵. This would imply that 𝜃 ∉ 𝐴
𝛿

𝐾

a contradiction.

Next we claim that 𝐵
𝛿

𝐾
is a countable union of closed subsets thus a Borel of 𝐶([0, 1], 𝑋). Indeed we observe that,

for every monotone sequence 𝛿𝑛 ↗ 𝛿, it holds the equality 𝐵
𝛿

𝐾
= ⋃𝐵

𝛿𝑛

𝐾
where

𝐶
𝛿

𝐾
∶=

{

𝜃 ∈ 𝐶([0, 1], 𝑋) : 𝐾 ⊂ (𝜃
−1
(𝐵))

𝛿

}

.

Therefore we are reduced to prove that the subset 𝐶
𝛿

𝐾
defined above is closed. Let 𝜃𝑗 ∈ 𝐶

𝛿

𝐾
be such that 𝜃𝑗 → 𝜃

uniformly. By definition, for each 𝑗 , there exists a point 𝑡𝑗 ∈ [0, 1] ∩ 𝜃
−1

𝑗
(𝐵) such that dist(𝑡𝑗 , 𝐾) ≤ 𝛿. As before, we

may assume that 𝑡𝑗 → 𝑡 ∈ [0, 1] and , by passing to the limit, we deduce that 𝜃(𝑡) ∈ 𝐵 while dist(𝑡, 𝐾) ≤ 𝑡. This means

precisely that 𝜃 ∈ 𝐶
𝛿

𝐾
. □

Finally, we prove the crucial measurability result which we use for proving the 𝑆𝐵𝑉 -representation Theorem D.

Proposition A.5. Let 𝐵 ⊂ 𝑋 be a closed set and let 𝜂 be a finite Borel measure on 𝐶([0, 1], 𝑋), which is concentrated on
Θ(𝑋), the subspace of Lip

1
([0, 1], 𝑋) of injective curves with constant metric speed 1. Then, the map 𝛽 ∶ 𝐶([0, 1], 𝑋) →

𝔻([0, 1], 𝑋) defined by

𝛽(𝜃) = 𝜃 ◦ 𝛾𝜃−1(𝐵),

is 𝜂-measurable. Here, 𝛾𝐾 is the monotone map from Lemma 6.13 associated with a closed set 𝐾 ∈ ([0, 1]),

Proof. Our goal is to demonstrate that the map 𝛽 ∶ 𝐶([0, 1], 𝑋) → 𝔻([0, 1], 𝑋) is 𝜂-measurable. By Lusin’s theorem, it

suffices to show that for any 𝜀 > 0, there exists a closed set 𝐹 ⊂ Lip
1
([0, 1], 𝑋)with 𝜂(𝐹

𝑐
) < 𝜀 such that the restriction

𝛽|𝐹 is continuous. The map 𝛽(𝜃) is the composition of three functions, and we will prove the continuity of each

component in a sequence of steps.

(i) The inverse image map 𝐿 ∶ 𝐶([0, 1], 𝑋) → (([0, 1]), 𝑑𝐻 ), defined by 𝐿(𝜃) = 𝜃
−1
(𝐵).

(ii) The transport map Γ ∶ ([0, 1]) → 𝔻([0, 1]), defined by Γ(𝐾) = 𝑢𝐾 .

(iii) The composition map 𝐶 ∶ Θ(𝑋) × 𝔻([0, 1], 𝑋) → 𝔻([0, 1], 𝑋), defined by 𝐶(𝜃, 𝛾 ) = 𝜃 ◦ 𝛾 .

Step 1: continuity of the inverse image. From Lemma A.3, the map 𝐿 is Borel measurable. A related map, 𝐺 ∶ Θ(𝑋) →

[0,∞) defined by 𝐺(𝜃) = 𝐌(J𝜃K ¬
𝐵), is upper semicontinuous. By Lusin’s theorem, for any 𝜀 > 0, there exists a closed

set 𝐹 ⊂ Lip
1
([0, 1], 𝑋) with 𝜂(𝐹

𝑐
) < 𝜀 such that the restrictions of both 𝐿 and 𝐺 to 𝐹 are continuous. This implies that

if 𝜃𝑗 → 𝜃 in 𝐹 , then 𝑑𝐻 (𝐿(𝜃𝑗 ), 𝐿(𝜃)) → 0.

Now, let 𝐾𝑗 = 𝐿(𝜃𝑗 ) and 𝐾 = 𝐿(𝜃). Since curves in Θ(𝑋) are injective and have constant metric speed 1, their

length corresponds to the measure of the preimage: |𝐾𝑗 | = 1
(im 𝜃𝑗 ∩𝐵) = 𝐌(J𝜃𝑗K

¬
𝐵). Because𝐺 is continuous on 𝐹 ,

we have |𝐾𝑗 | → |𝐾|. The Hausdorff convergence 𝑑𝐻 (𝐾𝑗 , 𝐾) → 0 combined with the convergence of lengths |𝐾𝑗 | → |𝐾|

implies, by Lemma A.1, that the characteristic functions converge in 𝐿
1
:

‖𝟏𝐾𝑗
− 𝟏𝐾 ‖𝐿1 → 0.

Therefore, the restriction 𝐿|𝐹 is continuous from 𝐹 to the space ([0, 1]) equipped with the metric 𝑑𝐻 + ‖ ⋅ ‖𝐿1 .
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Step 2: continuity of the transport map. We now show that the map Γ ∶ 𝐾 ↦ 𝑢𝐾 is continuous from (([0, 1]), 𝑑𝐻 +

‖ ⋅ ‖𝐿1) to the Skorokhod space (𝔻([0, 1]), 𝑑𝑆). Specifically, if 𝑑𝐻 (𝐾𝑗 , 𝐾0) + ‖𝟏𝐾𝑗
− 𝟏𝐾0

‖𝐿1 → 0, then 𝛾𝑗 = 𝛾𝐾𝑗
converges

to 𝛾0 = 𝛾𝐾0
in the Skorokhod topology. This requires finding a sequence of strictly increasing homeomorphisms

𝜆𝑗 ∶ [0, 1] → [0, 1] such that

max{‖𝛾0 − 𝛾𝑗 ◦ 𝜆𝑗 ‖∞, ‖id − 𝜆𝑗 ‖∞} → 0. (A.1)

We begin by defining the sets of open intervals that correspond to the jumps of our transport maps. For each

𝑗 ∈ ℕ0, let  𝑗
be the family of disjoint open intervals whose union is Γ𝑗 ∶= [0, 1] ∖ 𝐾𝑗 . For any 𝛿 > 0, we define

 𝑗

𝛿
⊂  𝑗

as the subfamily of intervals with length strictly larger than 𝛿, and we set Γ
𝑗

𝛿
∶= ⋃

𝐼∈ 𝑗

𝛿

𝐼 .

With these definitions in place, the convergence 𝑑𝐻 (𝐾0, 𝐾𝑗 ) + ‖𝟏𝐾𝑗
− 𝟏𝐾0

‖𝐿1 → 0 gives rise to the following key

observations:

(i) Convergence of total length: The 𝐿1 convergence of the characteristic functions of𝐾𝑗 implies that themeasure

of the symmetric difference of the complements vanishes: |Γ𝑗 △ Γ0| → 0. This is because |𝐾𝑗 △ 𝐾0| → 0.

(ii) Convergence of "large" intervals: For any fixed 𝛿 > 0, the total length of the large jump intervals also con-

verges:

|Γ
𝑗

𝛿
△ Γ

0

𝛿
| → 0 as 𝑗 → ∞.

To see this, note that the Hausdorff convergence 𝑑𝐻 (𝐾𝑗 , 𝐾0) → 0 ensures that each interval 𝐼 ∈  0

𝛿
is uni-

formly approximated by an interval in  𝑗

𝛿
. Since the cardinality of each family  𝑗

𝛿
is finite and bounded

by 𝛿
−1

(independently of 𝑗), we find that lim sup
𝑗→∞

|Γ
0

𝛿
∖ Γ

𝑗

𝛿
| = 0. The analogous estimate holds for

lim sup
𝑗→∞

|Γ
𝑗

𝛿
∖ Γ

0

𝛿
|, proving the claim.

(iii) Uniform measure convergence: A stronger, quantified version of the previous point also holds. Due to the

finiteness of  𝑗

𝛿
and the uniformity of the approximation, there exists a 𝑗1 = 𝑗1(𝛿) sufficiently large such

that for all 𝑗 ≥ 𝑗1:

|Γ
𝑗

𝛿
△ Γ

0

𝛿
|(𝐵) ≤ 𝛿 for all Borel sets 𝐵 ⊂ (0, 1).

(iv) Convergence of small intervals: For each 𝑗 ∈ ℕ0, the total length of the small jump intervals, |Γ𝑗 ∖ Γ
𝑗

𝛿
|, tends

to zero as 𝛿 → 0. This follows directly from the monotonicity of the limit Γ
𝑗

𝛿
↑ Γ𝑗 .

(v) 𝛿-uniform convergence of small intervals: From observations (1) and (2), it follows that 𝟏
Γ
𝑗

𝛿

→ 𝟏
Γ
0

𝛿

and 𝟏Γ𝑗
→

𝟏Γ0
in 𝐿

1
as 𝑗 → ∞. Consequently, there exists a 𝑗2 = 𝑗2(𝛿) ≥ 𝑗1 such that for all 𝑗 ≥ 𝑗2, the length of the

remaining small intervals can be bounded:

|Γ𝑗 ∖ Γ
𝑗

𝛿
| = ‖𝟏Γ𝑗

− 𝟏
Γ
𝑗

𝛿

‖𝐿1 ≤ 𝛿 + ‖𝟏Γ0
− 𝟏

Γ
0

𝛿

‖𝐿1 = O𝛿(1).

From our previous observations, for a fixed 𝛿 ∈ (0, 1), there exists a 𝑗3 = 𝑗3(𝛿) ≥ 𝑗2 such that for every 𝑗 ≥ 𝑗3, we

can find a bijective matching between the large jump intervals of Γ0 and Γ𝑗 . Specifically, there is a bijection  0

𝛿
→  𝑗

𝛿
,

denoted by 𝐼 ↦ 𝐼 , satisfying |𝐼 △ 𝐼 | ≤ 𝛿
2
.

This bijective matching allows us to construct a monotone bijection 𝜆
𝛿

𝑗
∶ [0, 1] → [0, 1] that maps each interval

𝐼 ∈  0

𝛿
to its corresponding 𝐼 ∈  𝑗

𝛿
. We construct this map by concatenating piecewise affine transformations

shifting every point at most by 2𝜀 and sending each interval, into its corresponding matched interval. Due to the

the difference of scales 𝜀 ≪ min{𝛿, 𝑚𝛿}, we can ensure each transformation only acts on a small neighborhood of its

assigned interval, leaving all else invariant. In fact, this construction can be achieved with a bi-Lipschitz bijection 𝜆
𝛿

𝑗

with achievable Lipschitz constants below 2 (although that is will not play any role), satisfying:

𝜆𝑗 (𝐼 ) = 𝐼 for all 𝐼 ∈  0

𝛿
, max{Lip(𝜆

𝛿

𝑗
), Lip((𝜆

𝛿

𝑗
)
−1
)} ≤ 2, and ‖id − 𝜆

𝛿

𝑗
‖∞ ≤ 2𝜖 ≤ 𝛿

2
. (A.2)

To prove Skorokhod convergence, we must now estimate the uniform distance between the original curve 𝛾0 and

the reparameterized curve 𝛾𝑗 ◦ 𝜆
𝛿

𝑗
. We can express the monotone curve 𝛾𝑗 (𝑠) as a sum of its absolutely continuous

part and its jumps. This expression is derived from Lemma 6.13, which establishes the identity between the current

associated with the absolutely continuous part of the curve, J𝛾𝑗K𝑎, and the current associated with its speed function,

J𝐾𝑗K. Similarly, the identity of currents JΓ𝑗K = J𝛾𝑗K𝑗 links the total length of the jump intervals to the jump part of

the current. Therefore, the expression for 𝛾𝑗 (𝑠) is given by:

𝛾𝑗 (𝑠) = |𝐾𝑗 |𝑠 + ∑

𝐼∈ 𝑗

𝛿
, 𝐼∩(0,𝑠]≠∅

|𝐼 | + ∑

𝐼∈ 𝑗∖ 𝑗

𝛿
, 𝐽 ∩(0,𝑠]≠∅

|𝐽 |, 𝑠 ∈ (0, 1).

For all 𝑗 ≥ 𝑗3(𝛿), we can bound the difference |𝛾0(𝑠) − 𝛾𝑗 (𝜆
𝛿

𝑗
(𝑠))| by summing three terms:



Glossary

∙ absolutely continuous part: The difference in the speed and reparameterization is bounded uniformly in 𝑠:

(|𝐾𝑗 | − |𝐾0| + ‖1 − 𝜆
𝛿

𝑗
‖∞)𝑠 ≤ 𝑗

−1
+ 𝛿

2
.

∙ large jumps: The difference in the lengths of the large intervals, which, by construction of 𝜆
𝛿

𝑗
and our

previous observations, is bounded uniformly in 𝑠:

|Γ
𝑗

𝛿
△ Γ

0

𝛿
| ≤ 𝛿.

∙ small jumps: The contribution from the small intervals, which are the remainder of the total length, is

bounded by a term dependent on 𝛿:

|Γ𝑗 ∖ Γ
𝑗

𝛿
| + |Γ0 ∖ Γ

0

𝛿
| = O𝛿(1).

By collecting these uniform estimates, we find that for all 𝑗 ≥ 𝑗4(𝛿) ∶= max{𝑗3(𝛿), 𝛿
−1
}, the overall difference is small:

‖𝛾0 − 𝛾𝑗 ◦ 𝜆
𝛿

𝑗
‖∞ = O𝛿(1).

We can assume 𝑗4(𝛿) is a monotone non-decreasing, surjective function of 𝛿.

To complete the proof, we construct the final sequence of reparameterizations. For each 𝑗 ∈ ℕ, we define 𝛿𝑗 = 𝑘
−1

for the unique integer 𝑘 such that 𝑗4(𝑘
−1
) < 𝑗 ≤ 𝑗4((𝑘 + 1)

−1
). The surjectivity of 𝑗4 guarantees that every 𝑗 belongs

to such a unique interval. We then set 𝜆𝑗 ∶= 𝜆
𝛿𝑗

𝑗
. As 𝑗 → ∞, it follows that 𝛿𝑗 ↓ 0. By construction, 𝑗 > 𝑗4(𝛿𝑗 ), so we

can apply the bounds above to conclude:

‖id − 𝜆𝑗 ‖∞ ≤ 2𝛿𝑗 → 0 and ‖𝛾0 − 𝛾𝑗 ◦ 𝜆𝑗 ‖∞ = O𝛿𝑗
(1) → 0 as 𝑗 → ∞.

This concludes the proof of the second step.

Step 3: Continuity of the Composition. This step is straightforward. The composition map 𝐶 ∶ (𝜃, 𝛾 ) ↦ 𝜃 ◦ 𝛾 is

well-defined for all 𝜃 ∈ Θ(𝑋) and 𝛾 ∈ 𝔻([0, 1], 𝑋). Let a sequence (𝜃𝑗 , 𝛾𝑗 ) converge to (𝜃, 𝛾 ) in the product topology

on Θ(𝑋) × 𝔻([0, 1], 𝑋). By the definition of Skorokhod convergence, there exists a sequence of reparameterizations

𝜆𝑗 ∈ Λ such that ‖id − 𝜆𝑗 ‖∞ → 0 and ‖𝑑(𝛾 , 𝛾𝑗 ◦ 𝜆𝑗 )‖∞ → 0.

We can now estimate the distance between the composed maps using the triangle inequality and the Lipschitz

property of 𝜃𝑗 :

‖𝑑(𝜃 ◦ 𝛾 , 𝜃𝑗 ◦ 𝛾𝑗 ◦ 𝜆𝑗 )‖∞ ≤ ‖𝑑(𝜃 ◦ 𝛾 , 𝜃𝑗 ◦ 𝛾 )‖∞ + ‖𝑑(𝜃𝑗 ◦ 𝛾 , 𝜃𝑗 ◦ 𝛾𝑗 ◦ 𝜆𝑗 )‖∞

≤ ‖𝑑(𝜃, 𝜃𝑗 )‖∞ + Lip(𝜃𝑗 )‖𝑑(𝛾 , 𝛾𝑗 ◦ 𝜆𝑗 )‖∞

≤ ‖𝑑(𝜃, 𝜃𝑗 )‖∞ + ‖𝑑(𝛾 , 𝛾𝑗 ◦ 𝜆𝑗 )‖∞ → 0.

The last inequality holds because the curves 𝜃𝑗 ∈ Θ(𝑋) have a Lipschitz constant of at most 1. Since both terms

vanish as 𝑗 → ∞, the composition map is continuous.

Conclusion. We have demonstrated that for any 𝜀 > 0, we can find a closed set 𝐹 with 𝜂(𝐹
𝑐
) < 𝜀 on which each of the

three component maps—𝐿, Γ, and 𝐶—is continuous. Since the composition of continuous functions is continuous, the

full map 𝛽 = 𝐶(𝜃, Γ(𝐿(𝜃))) is continuous on 𝐹 . This, by Lusin’s theorem, completes the proof that 𝛽 is 𝜂-measurable.
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