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ABSTRACT. A comprehensive study of one-dimensional metric currents and their relationship to the geometry
of metric spaces is presented. We resolve the one-dimensional flat chain conjecture in this general setting,
by proving that its validity is equivalent to a simple geometric connectedness property. More precisely, we
prove that metric currents can be approximated in the mass norm by normal currents if and only if every
1-rectifiable set can be covered by countably many Lipschitz curves up to an H'-negligible set. Building on
this, we demonstrate that any 1-current in a Banach space can be completed into a cycle by a rectifiable
current, with the added mass controlled by the Kantorovich-Rubinstein norm of its boundary. We further
refine our approximation result by showing that these currents can be approximated by polyhedral currents
modulo a cycle. Finally, in arbitrary complete metric spaces, we establish a Smirnov-type decomposition
for one-dimensional currents. This decomposition expresses such currents as a superposition, without mass
cancellation, of currents associated with curves of bounded variation that have a vanishing Cantor part.
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1. INTRODUCTION

The theory of normal and integral currents, pioneered by Federer and Fleming in [29,27], has been
instrumental in the mathematical study of geometric objects like curves, surfaces, and volumes in R¢.
Formally, a k-current T is a continuous linear functional (distribution) on the space of smooth, compactly
supported k-forms:

w= fdm A Ndmg. (1.1)

Those k-currents that extend continuously to all compactly supported continuous k-forms are called Fed-

erer—Fleming (FF) currents. By the Riesz representation theorem, such currents correspond to k-vector-

valued Radon measures. In this way, an FF k-current generalizes the notion of a k-dimensional oriented
1
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surface, capturing concepts such as size (mass) M(T) = |T|(R?), orientation and boundary. We write
M.(R?) to denote the space of FF k-currents in R

A central operation in this theory is the boundary operator 9, defined via duality in analogy with Stokes’
theorem: if w = f dmy A -+ A dmy_q, then

0T(w) = T(dw) = T(df Ndmy A+ A drg—1), (1.2)

where dw denotes the exterior derivative of w. The subclass of normal k-currents .4#(R?) consists of FF
currents whose boundaries also have finite mass. Altogether, these notions proved pivotal in solving clas-
sical problems, such as Plateau’s problem [38,39], and laid the foundation for the development of modern
geometric measure theory (see, e.g., [27,35]).

Yet, this distributional framework has its limitations: many non Euclidean spaces of interest, such as
fractal sets, path spaces in optimal transport, or general metric spaces, lack a smooth differentiable struc-
ture. In such settings, the classical definitions of differential forms and their derivatives, as in (1.1)-(1.2), no
longer apply. To address this challenge, Ambrosio and Kirchheim developed in [7] a theory of metric cur-
rents on complete metric spaces (X, d). Their approach, which draws inspiration from De Giorgi’s ideas,
elegantly bypasses the need of a differentiability structure by defining metric currents as functionals on
(k + 1)-tuples (metric k-forms):

« fdm N Ndrg = (f, 71,00, 7T1) » (1.3)

where f : X — R is a bounded Lipschitz function and the 7; : X — R are Lipschitz functions acting as
coordinate functions of X. A metric k-current is then a multilinear functional T : Lip,(X) x Lip(X ¥ >R,
satisfying axioms of continuity, locality, and finite mass (see Definition 2.1), which ensure that (f, 7y, ..., 7x)
behaves formally like a differential form. The boundary operator is also defined via duality, using an ex-
terior differential on metric forms: d(f, 7y,..., 7x) = (1, f, 71,..., 7). As in the classical setting, a metric
current is called normal if both the current and its boundary have finite mass. We denote the spaces of
metric k-currents and normal metric k-currents by My (X) and Ny (X), respectively.

1.1. The flat chain conjecture: a source of motivation. A central question in this theory is how metric
currents relate to FF currents in Euclidean spaces. In their foundational work, Ambrosio and Kirchheim
observed that each metric current T € Mi(R?) can be associated with an FF current T € .Z(R?), and this
correspondence restricts to a linear isomorphism Ni(R?) = #4(R?) between normal metric and normal FF
currents.

Despite this important link, the full scope of this correspondence is not fully understood. In particular,
it is unclear which FF currents can be realized as metric currents. A key intermediate notion in this context
is that of flat chains, introduced by Federer and Fleming in [29] (see also [28]). The space of flat k-chains
with finite mass, denoted .#(R?), is defined as the closure of . #4(R?) with respect to the flat norm (defined
equally for FF and metric currents):

F(T) := inf {M(R) + M(S) | R + 85 = T}.

Ambrosio and Kirchheim observed that the correspondence between normal metric and FF currents extends
to flat chains: every flat chain T € .Z(R?) induces a metric current T € M(R?). This led them to
conjecture (see [7, p.68]) the identification T +> T extends to an isomorphism between .Z(R%) and M (R¢)
—a statement now known as the flat chain conjecture (FCC).

The FCC has been resolved positively for k = 1 and k = d. Schioppa [43] provided the proof of the
one-dimensional case through deep algebraic and geometric methods, with alternative and simpler proofs
appearing later [3,34,23]. For the top-dimensional case k = d, the only known proof relies on Schioppa’s
framework and a groundbreaking rigidity result for PDE-constrained measures by De Philippis and Rindler
[25]. For the intermediate dimensions 1 < k < d, results (derived from Schioppa’s theory and work by
Arroyo-Rabasa et al. [12,9]) are currently limited to rectifiability and dimensional estimates of the form
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|T| « I* « H*, where I¥ and H* denote the integral-geometric and Hausdorff k-dimensional measures,
respectively.

Recent work by Alberti and Marchese [4] (see also [24]) gives additional structural insight, showing that
flat chains can be thought of as normal currents “punctured” by Borel holes. Thus, resolving the FCC would
not only bridge a theoretical gap but also yield a characterization of metric currents in Euclidean space.

From a practical perspective, the FCC can be viewed as a density statement for metric currents: for any
T € Mi(R?), there exists a sequence (T)) c Ni(R%) such that F(T — T;) — 0. When the limit T has
finite mass, it is well-known (see [27, §4.1.17, p. 374]or [20, Lem. A.7]) that this convergence is equivalent
to convergence in mass M(T — N;) — 0 for some (possibly different) sequence (N;) C Ni(R%). Figure 1
illustrates this idea:

S +T

FIGURE 1. T and T’ (left) are e-close in the flat norm: their difference T — T’ can be ex-
pressed as dS + R, where S is a current with area of order ¢ and R is a 1-current with length
of order ¢ (middle). On the right: T is e-close in mass to the normal current N = 9S + T’.

It is easy to see that the same reasoning carries over to metric spaces. We will therefore adopt the
following formulation of the FCC in a general metric space:

Definition 1.1 (Flat chain conjecture). Let k > 0 and let X be a metric space. We say that X satisfies the
k-FCC if N¢(X) is dense in Mi(X) with respect to the mass norm. That is, for every T € My(X), there
exists a sequence N; € N¢(X) such that

hm M(T - N]) =0.

]—)OO
Main contributions. The goal of this paper is to develop a comprehensive study of one-dimensional
currents in metric spaces, primarily employing functional and optimal transport ideas. Our main results
address both their structure and the validity of the 1-FCC. What follows is a brief overview of the principal
contributions; we refer the reader to the next section for precise definitions and terminology.

a) Characterizing the 1-FCC via curve rectifiability. Our first main result (contained in Theorem A)
provides a sufficient and necessary condition for the validity of the 1-FCC in a general separable and
complete metric space X. This condition, which we term as curve rectifiability, requires that every
1-rectifiable subset of X can be covered, up to a set of H'-measure zero, by a countable union of Lipschitz
curves. Therefore, we identify the minimal "connectedness" condition required for the 1-FCC to hold.

b) Approximations by rectifiable and polyhedral currents. We strengthen this approximation prop-
erty under a more quantitative assumption of connectedness, which we formalize through the notion of
piecewise quasiconvex metric spaces (see Definition 2.10). This class includes many familiar settings,
such as quasiconvex spaces, geodesic spaces, and vector spaces. In such spaces, we demonstrate (see Theo-
rem B) that every metric current can be approximated (modulo a cycle) by a sum of integral curve currents,
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i.e,, currents associated with Lipschitz curves. Moreover, in Banach spaces, we further refine the approxi-
mation using polyhedral currents —finite linear combinations of oriented segments.

A key aspect of our methods in piecewise quasiconvex spaces is a novel construction of primitives asso-
ciated with 0-currents (see Lemma 2.12). This construction is based on an understanding of the Arens—Eells
space Z£(X) of X as a pre-dual of the quotient space Lip(X)/R, displaying interesting connections to opti-
mal transport theory.

c) Covering metric currents by cycles. Crucially, establishing the 1-FCC in Banach (and piecewise qua-
siconvex) spaces opens the door to a deeper structural analysis. In Theorem C, we show that every one-
dimensional metric current T € M;(E) in a Banach space (of dimension at least two) E can be covered by
a cycle C € Ny(E) in an almost optimal way, with respect to a suitable generalization of the Monge trans-
portation problem associated with dT. Specifically, we establish that T can be written as T = CLB for
some Borel set B C E, with the mass of the "remaining" cycle CLB¢ controlled by the Kantorovich norm of
dT. This construction extends very recent ones by De Pauw [24, Thm 2.12] and refines prior ones —such
as those in [4]— by providing an efficient method for “filling the holes” of a current with a cycle of almost
minimal mass.

d) A Smirnov-type decomposition for metric currents. Drawing inspiration from Smirnov’s decom-
position of solenoidal measures [44,41] and its extension to normal 1-currents in metric spaces by Paolini
and Stepanov [36,37], we conclude our main results by establishing a complete structural description of
one-dimensional metric currents. Our Smirnov-type decomposition applies to any complete metric space
and notably requires no assumptions on connectedness.

Theorem D shows that any T € M;(X) admits a decomposition into an integral over currents associated
with a class of SBV -curves. These are curves u : [0,1] = X of bounded variation, possessing well-defined
left and right limits at every point, whose "fractal-like" part (the Cantorian part) vanishes. This means
they only exhibit absolutely continuous behavior or jump-type discontinuities. A version of this result
(Corollary 2.19) can also be phrased in terms of path fragments—a more familiar concept in the metric
geometry community. However, the SBV framework offers additional advantages: it distinguishes between
the jump and continuous parts of a curve and aligns naturally with tools from analysis and stochastic
analysis (e.g., the study of flows, evolutions, or transport along discontinuous trajectories).

More precisely, we demonstrate that there exists a finite Borel measure 7 on the space of SBV-curves,
equipped with the topology of Cadlag functions, such that the current and its mass can be represented as:

T= / [u]® dn(u),
SBV([0,1],X)

M(T) = / €(u) diu),
SBV([01],X)

where [u]® denotes the current associated with the absolutely continuous part of u and #(u) is its length.

A Note on Related Work. While writing this paper, we became aware that Bate et al. [13] have simulta-
neously and independently obtained results related to those presented here. To the best of our knowledge,
their techniques draw on metric geometry and analysis on metric spaces, whereas ours are typically linked
to optimal transport and functions of bounded variation. A notable point of convergence is the independent
discovery of the utility of the Arens-Eells framework for constructing approximations of metric 1-currents,
which was also found by De Pauw very recently [24].

2. DEFINITIONS AND DESCRIPTION OF THE MAIN RESULTS

Throughout this paper, we assume that X is a separable metric space. This assumption is standard and
simplifies the presentation, though it can be lifted under a specific set-theoretic axiom. The assumption of
separability can be replaced by the condition that the cardinality of any set is an Ulam number (see [27,
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p- 58]). Under this axiom, the mass measure of any metric current T € My(X) is supported on a o-compact
set (see [7, Lem. 2.9]).

Fundamental definitions. Metric currents are fundamentally defined as linear functionals on metric
forms, which are constructed from Lipschitz functions on X. A function f : X; — X, between two
metric spaces (Xj, d1) and (X3, ds) is Lipschitz if its Lipschitz constant is finite:

) e sy LUCLFOD
e = s Sy <

x£y

We denote the space of all such Lipschitz maps by Lip(Xj, X;). When the target space is the real line,
X, = R, we simply write Lip(X), and Lip, (X) to denote its subspace of bounded Lipschitz functions.

A metric k-form on X is a tuple (f, 71, ..., ), where f € Lip,(X) and ny, ..., 7 € Lip(X). The space of
such forms is denoted by 2¥(X) := Lip, (X) x Lip(X)¥, with 2°(X) := Lip, (X).

With this notion in hand, we can define metric currents.
Definition 2.1 (Metric k-currents). Let k > 0. A metric k-current on X is a multilinear functional T :
Z*(X) — R that satisfies three key properties:

i) Finite Mass: There exists a finite Borel measure pur on X such that

k
ip(7r; dur.
IT(f, 71, e i) < <1;ILIP(7T)>/X|f| pr

The minimal measure p7 satisfying this inequality is called the mass measure, and the mass of T is
defined as M(T) := | T|(X).

ii) Continuity: If (f, Jr{, s ﬂi) converges pointwise to (f, 1, ..., 7x) in X and Lip(ﬂij) < C < ooforall j
andalli € {1,..., k}, then ' '
T(f, n{,...,ni) — T(f, 71, ..., k).

iii) Locality: If for a tuple (f, 71,..., 7r¢), there exists i € {1,..., k} such that coordinate function ; is
constant on a neighborhood of the support of f, then

T(f,m1,..., k) = 0.

The space of metric k-currents, denoted M (X), is a Banach space when endowed with the mass norm.
Any current T € M(X) can be uniquely and continuously extended to act on L!(|T|) x Lip(X)*. Notice
that My(X) coincides with the space of finite signed Borel measures.

The standard operations of restriction and push-forward are defined in the natural way. For any Borel
set E C X, the restriction of a current T on E is given by

TLE(f,my,...,mx) = TQAgf, my, ..., 7k).
Similarly, if ® : X — X’ is a Lipschitz map, the push-forward of T under ® is defined as
Ou(T)(f, 1y, 7mg) 1= T(@o f,Pomy,..., Do my). (2.1)
The boundary operator is defined in the following way:

Definition 2.2 (Boundary operator). The boundary of a multilinear functional T : 2¥(X) — R is the
multilinear functional aT : 2¥1(X) — R defined by

8T(f, /ST 77.'k_1) = T(l, f, /ST 7Tk_1).
Normal metric currents are then defined analogously to classical currents:

Definition 2.3 (Normal currents). A current T is called normal if both T and its boundary T have finite
mass. The space of normal k-currents is denoted by Ni(X). A current T is a cycle if its boundary is zero,
thatis, 0T = 0.
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The Kantorovich—-Rubinstein norm. A key quantity associated with the boundary of a 1-current is the
Kantorovich—Rubinstein (KR) norm, a foundational concept in optimal transport theory. For a boundary 9T,
its KR norm is defined as:

|0T ke := sup{oT(f) : f € Lip,(X)},
where Lip,(X) is the space of 1-Lipschitz functions on X. By the definition of a metric current, a crucial
inequality holds:

0T |kr < M(T), for all T € My(X).
When X is a geodesic space, then equality is attained attained if T is a transport minimizer for 9T in a

suitable Monge-Kantorovich problem framework (see [16,14]). In this case, the KR norm acts as a "homo-
geneous flat norm" for boundaries of 1-currents, since

Fo(0T) :=inf {M(S) : 9S = 9T } = |0 Tkr-

In general spaces it holds [0 T|kr < Fo(aT) for all T € M;(X), but the inequality can be strict.

Currents associated to Lipschitz curves. We now recall a fundamental construction that allows us to
associate a metric normal 1-current to any Lipschitz curve 6 € Lip([0, 1], X).

Definition 2.4 (Integral curve current). Given a Lipschitz curve 6 : [0,1] — X, we define its associated
(integral) curve current [0] by

1
[01(f. ) = / FO) - (x + 6Y (1) .

The derivative (rr - 0) exists almost everywhere by Rademacher’s theorem, ensuring that the integral
is well-defined. Furthermore, by the area formula in metric spaces (see [33]), the definition of [0] is inde-
pendent of the specific Lipschitz parameterization of the curve. The mass of this current is bounded by the
length of the curve: M([0]) < #0), where

0) = /01 |9|(t) dt, |9|(t) - hzn f)uP d(o(t +hh)’ G(t))‘

If 6 is an injective curve, then M([0]) = #(0). The fundamental theorem of calculus ensures that the
boundary of this current is given by:

a[0] = So1) — So(0)»

where J, is the Dirac delta measure at point x.

Integral curve currents belong to the space of rectifiable 1-currents, denoted R(X), which are cur-
rents whose mass is concentrated on a 1-rectifiable set and whose mass measure is absolutely continuous
with respect to the 1-dimensional Hausdorff measure H'.

In a vector space, we can also define polyhedral 1-currents as finite linear combinations of oriented
segments. The current associated with a straight line segment [x, y], from x to y, is denoted by [x, y]. A
polyhedral 1-current is thus of the form:

.
T =Y nulxn yal, mh € R, (xn, yn) € X x X.
h=1

The space of such currents is denoted by Z2;(X).
For a complete treatment of the theory of metric currents, we refer the reader to Ambrosio and Kirch-
heim’s seminal work [7], which contains all the basic theory of metric currents.
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2.1. The 1-flat chain conjecture: a characterization in terms of connectedness. Our first main result
establishes sufficient and necessary conditions for the validity of the 1-flat chain conjecture on complete
metric spaces. This characterization is given in terms of a sufficient degree of "curve-like connectedness."
To precisely formulate these findings, we first recall some basic concepts concerning one-dimensional rec-
tifiable sets in metric spaces (see [27, p. 251]).

Definition 2.5 (Fragments and 1-rectifiable sets). A subset E C X is called 1-rectifiable if there exists a
surjective Lipschitz map y : B — E, where B is a bounded subset of R. If, in addition, B is compact, then
y is called a Lipschitz fragment. The canonical current associated with such a fragment is defined similarly
to that of a Lipschitz curve:

(. 7) = /B F()- (o yY dt.

With these definitions, we introduce a specific property for metric spaces that relates to how their 1-
rectifiable sets are covered by Lipschitz curves.

Definition 2.6 (Curve rectifiable space). A metric space X is said to be curve rectifiable if every 1-rectifiable
subset (or any fragment) in X can be covered, up to an H'-negligible set, by a countable union of images
of Lipschitz curves.

This property is central to our first result:

Theorem A. Let X be a complete and separable metric space. The following are equivalent:
1. X is a curve-rectifiable space.

2. For every T € My(X), there exists a sequence (N;) C N1(X) such that
M(T -N;) — 0 asj— oo.

Vector spaces, quasiconvex spaces (which we will define shortly), and geodesic spaces are all examples
of curve rectifiable spaces. In particular, Theorem A extends prior work by Schioppa ([43, Thm. 1.6]),
who established a version of this result for Banach spaces equipped with a "finitely generated differential
structure.” Our result shows that the 1-FCC holds on any Banach space, regardless of the dimension of its
differential structure. A key distinction of our prooflies in its methodology: where Schioppa employed deep
algebraic and measure-theoretic techniques, we rely solely on fundamental functional analysis principles,
thus sidestepping a detailed geometric analysis of fragments or abstract differentiability properties.

Schioppa himself recognized the potential for his proof to adapt to spaces where fragments can be "filled-
in" to produce Lipschitz curves ([43, p. 3012]). While this property aligns with the intuitive notion of curve
rectifiability, it is not necessary for the 1-FCC’s validity. For example, two disjoint closed intervals in R are
curve rectifiable but do not allow for such "filling-in" The examples below further clarify this concept.

2.1.1. Examples concerning curve rectifiability. It is important to note that 1-rectifiable sets and fragments
can exist even if X does not contain any non-trivial Lipschitz curves. The following simple example exhibits
a metric space that is 1-rectifiable but its only Lipschitz curves are constants.

Example 2.7 (Fat Cantor set). Let X C [0, 1] be the Smith-Volterra—Cantor set of size « € (0,1/3), also
known as the "fat Cantor set." This is a closed and nowhere dense set on the real line with measure Z(X) =
1 — a. It is straightforward to see that every subset of X is 1-rectifiable as a subspace of [0, 1]. However,
as X is totally disconnected, it contains no non-trivial Lipschitz curve 6 : [0,1] — X, and thus it is not
curve rectifiable. In fact, every Borel subset of X defines a metric 1-current in a canonical way, but the only
normal 1-current in X is the zero current, that is, N;(X) = {0}.

Remark 2.8 (Totally disconnected spaces). More generally, N;(X) = {0} for any totally disconnected com-
plete space X. This is consequence of representation of normal 1-currents as a superposition of Lipschitz
curves, established by Stepanov and Paolni in [36,37].
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FIGURE 2. Iterative approximations of the Smith—-Volterra—Cantor set.

Certain geometries can also prevent curve rectifiability, even if the space is arc-connected:

Example 2.9 (Almost transversal rectifiable set). Let C C [0, 1] be the Cantor ternary set, and consider
the space X = (C x (0,1)) U ([0, 1] x {0}) as a subspace of R%. Notice that X is complete and arc-connected.
Let u be the Cantor function and let T, be its graph. Since u is monotone, the graph is 1-rectifiable in R?.
Moreover, it has length H'(T',)) = 2 (see, e.g., [6, p.143]). On the other hand, a projection argument shows
that E = X nT, is 1-rectifiable in X with H!(E) = 1. For any ¢ € Cn(0, 1), the segment {c}x [0, 1] intersects
E precisely at the point (c, u(c)). Any Lipschitz curve on X touching two such points must intersect each of
their associated segments in a set of positive length; therefore, it can only intersect countably many of the
segments. Since the Cantor set C is uncountable, E cannot be covered by a countable collection of Lipschitz
curves. This proves that X is not curve rectifiable.

=

FiGure 3. The space X in Example 2.9 is depicted by the vertical lines, parametrized by
the Cantor set, and the bottom segment connecting them. The 1-rectifiable set E is the
intersection of the graph with the family of vertical lines.

2.2. Constructions in piecewise quasiconvex spaces. The proof of Theorem A relies on a sequence of
structural results (Theorems B, C and D); see Fig. 2.4.1. Our strategy begins by demonstrating the validity
of the 1-FCC when X is piecewise quasiconvex (but not necessarily complete), which is stronger than curve
rectifiability, and will play a pivotal role in our constructions. In what follows, readers who wish to simplify
the discussion may skip the definition of "piecewise quasiconvex" spaces and instead think in terms of the
more familiar notions of "quasiconvex" (see below) or "Banach" spaces.

Definition 2.10 (Piecewise quasiconvex space). We say that X is piecewise quasiconvex if there exists a
constant ¢ > 1 with the following property: for any pair of points x, y € X and any ¢ > 0, there exist pairs
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of points (x1, y1), ..., (Xm, ym) in X such that (see Fig. 4 below)

m—1

d(x,x1) + d(ym. ¥) + Y, d(xier, 31) < e,

i=1
together with Lipschitz curves 04, ..., 0, : [0,1] — X satisfying

m

6:(0) = x;, 6:(1) = yi, > 10) < cd(x, ).

i=1

7
T

x

FiGure 4. Collection of Lipschitz paths "almost" connecting the points x and y.

Remark 2.11 (Quasi-convex spaces). If X is a complete metric space, then piecewise quasiconvexity implies
classical quasiconvexity: there exists ¢ > 1 such that, for any x,y € X, there exists a Lipschitz curve

0 : [0,1] - X with 6(1) = y, 6(0) = x, and #0) < cd(x, y).

Under this assumption we can construct rectifiable "primitives" of 9T, almost minimizing a version of
the Monge transport problem:

Lemma 2.12 (Almost optimal primitives). Let X be a separable and piecewise quasiconvex space (with qua-
siconvexity constant ¢ > 1) and let T € My(X). Then, for any § € (0, 1), there exists a rectifiable current
R € R(X) satisfying

OR =0T and M(R) < c(1+ 9)|9T|kr.
Remark 2.13. The proof of Lemma 4.1 is surprisingly simple, once one observes that the boundary T of
any metric 1-current belongs to the Arens—Eells space £(X) —the Kantorovich-Rubinstein completion of

dipole measures. These ideas, presented in Section 3, are pivotal for this work and seem to form a novel
approach when applied to the understanding of metric currents.

As a direct consequence of this construction, we obtain the following refinement of Theorem A:

Theorem B. Let X be separable and piecewise quasiconvex (with quasiconvexity constant ¢ > 1) and let

T € M(X) be a one-dimensional metric current. For any ¢ > 0, there exists a cycle C € My(X) and and a
sequence (P;) € N1(X), where each P; is an integral current of the form

Z m[[@i]], n; € R, 91' € Llpl([O, 1], X), (22)
i=1

satisfying
M(T-C—-P))— 0 asj— oo
and
M(P)) < c|oT|kr + €.

Moreover,



10 ADOLFO ARROYO-RABASA AND GUY BOUCHITTE

a) If X is a geodesic space, then the curves 0; in (2.2) can be chosen to be geodesics

b) If X is a Banach space, then the P; can be chosen to be polyhedral (cf. [4, Remark 3.4]).

2.2.1. On the connectedness assumptions. Many familiar spaces are piecewise quasiconvex: these include
geodesic spaces, quasiconvex spaces, and Banach spaces.

We observe the following direct implication of Theorems A and B:
Corollary 2.14. If X is complete, separable and quasiconvex, then X is curve rectifiable.

It is crucial to note that the converse of Corollary 2.14 does not hold: not all curve rectifiable spaces are
quasiconvex. To illustrate this, we provide an example of a complete, arc-connected, and separable metric
space that is curve rectifiable but not quasiconvex.

Example 2.15. Consider the piece-wise affine curves 6, : [-2,2] — R? defined by

6,(t) ::{n(2+t) if—-2<t<0

. s n=12,...
n2-t) if 0<t<2

Define the metric space (X,| - |rz), where X = | J;_; im0,. Clearly, X is complete, arc-connected, and
separable as a subspace of R?. Moreover, X is the union of images of countably many Lipschitz curves.
However, X is not quasiconvex since |(—1, n) — (1, n)|gz = 2 while the shortest path-length from (-1, n) to

(1,n)is 2v1 + n2.

The following diagram summarizes the relations between arc-connectedness and the recently introduced
connectedness assumptions on complete spaces:

quasiconvex
Example 2.9 Example 2.15

Example 2.9 ,

arc-connected 7 ” curve rectifiable
) "X =10,1]u[2,3]

2.3. Filling currents into cycles. Building upon the approximation results, we now explore how metric
currents relate to cycles and rectifiable currents, drawing parallels with recent advancements in Euclidean
spaces. Recently, Alberti and Marchese demonstrated [4] (see also [1,10,22]) that every k-dimensional FF
flat chain with finite mass, T € .Z((R%), can be “completed” into a cycle C by adding a rectifiable current R,
with the mass of R being roughly the same as that of T. Simultaneously to this work (announced in [11]),
De Pauw [24, Thm. 2.12] improved on these approximations by showing that

T=C+R, M(R) < |0T|kg + ¢ forall T € Z(RY). (2.3)

The validity of the 1-flat chain conjecture in sufficiently well-connected spaces suggests that similar state-
ments might hold for general metric currents. The next result demonstrates that (2.3) holds for 1-currents
in piecewise quasiconvex spaces. Because our approximations rely on an optimal transport construction,
we are also able to derive mass estimates in terms of the Kantorovich-Rubinstein norm of the boundary:

Corollary 2.16 (Filling by rectifiable currents). Let X be a separable and piecewise quasiconvex space (with
constant ¢ > 1) and let T € M;(X) be a one-dimensional metric current. Then, for any given ¢ > 0, there exists
C e Mi(X) and R € R{(X) such that

1. oC=0
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2 T=C+R
3. M(C) < M(T) + ¢|oT|kr + €
4. M(R) < c|oT|xr + €

We can establish an even stronger result if we consider Banach spaces of dimension at least two. Every
one-dimensional metric current can be expressed as the Borel restriction of a cycle. This generalizes a result
by Alberti and Marchese for flat chains in Euclidean space to a broader class of metric spaces.

Theorem C (Covering by cycles in a Banach space). Let X be a separable Banach space with dim(X) > 2 and
let T € M1(X) be a one-dimensional metric current. Then, for any given € > 0, there exists a cycle C € M;(X)
and a Borel set B € B(X) such that

1. 0C=0

2. spt C C conv{x : distx(x,spt|aT]) < ¢}

3. |T| and |R| are mutually singular; in particular, T = CLB and R = CLB¢
4. M(C) < M(T) + |0T|xr + ¢

It’s important to note that, even in compact subsets of R, the only cycles are constants, meaning the
previous characterization cannot hold (although, for one-dimensional spaces, a similar version holds with
normal currents instead of cycles).

The next example shows that the estimate in Corollary C.4. is optimal:

Example 2.17 (Optimality of the filling). Consider 6, a clockwise parametrization of the upper semi-circle
in R?, and the current T = [0] € M;(IR?). Observe that M(T) = 7 (length of the semi-circle) and |0 T|xr = 2
(distance between its endpoints). The smallest cycle “covering” T is the clockwise oriented upper half-circle
C =[0] + [e1, —e1]. Thus, M(C) = 7 + 2 = M(T) + [0 T|kz-

2.4. SBV-representation of one-dimensional currents. For the remainder of this section, we assume
X is a complete and separable metric space. To streamline our notation, we will denote the open interval
(0,1) C R with the usual Euclidean metric as I.

To fully describe the structure of metric currents in general complete metric spaces, we exploit a funda-
mental fact: any separable metric space can be isometrically embedded into a separable Banach subspace
of £~. Since metric currents and Lipschitz maps behave well under isometries, this allows us to transfer
our problem to a more structured Banach space, where we can then apply the powerful tools developed in
Corollary C.

This approach enables us to establish a Smirnov-type decomposition for metric 1-currents in arbitrary
complete metric spaces, critically, without any connectedness assumptions. This extends the work
of Paolini and Stepanov [36,37], who previously provided such a decomposition for normal (cyclic and
acyclic) metric one-currents on complete metric spaces. Their work represented normal 1-currents as a
superposition of currents associated with Lipschitz curves with constant speed, topologized as a subspace
of C(I, X). Our approach generalizes this by representing arbitrary metric 1-currents as a superposition of
currents associated with compact curves in SBV(I, X), topologized as a subspace of D(I, X), the space of
Cadlag functions (right-continuous functions with existing left limits).

Here, D(I, X) is equipped with the Skorokhod metric

ds(un, 1z) = inf max{]2 ~ idl, |du, ua(D)le) (2.4

where A is the set of strictly increasing, continuous bijections A : [0,1] — [0, 1]. This metric, is particu-
larly well-suited for paths with jumps and coincides with the topology of uniform convergence in C(, X).
Convergence in this space does not necessarily imply pointwise convergence, however, it does imply con-
vergence in L!((0,1), X).
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Compact BV-curves. Let’s first introduce the main properties and definitions of the curve spaces central
to this representation. A Borel curve u : I — X belongs to BV(I, X) if u € L'(I, X,) for some compact
metric subspace X, C X and its essential total variation is finite:

m—1
inf { sup Y d(u(ti), v(ti))] < oo,

VSUAC | 0<t < <tp<1 j—;

This is equivalent to the existence of a least finite Borel measure |Dul, the total variation measure, such that
[Du|(B) > |Df(u)|(B) for all Borel sets B C I and f € Lip,(X). A key property of u € BV(, X) is that u
has well-defined left and right limits u~, u* at every point. Moreover, its discontinuity set S, C I is at most
countable, and the total variation measure can be decomposed into mutually singular measures as:

|Du|(B) = / || dt + / d(u™, ut) dH° + |D°u|(B),
B BNS,

where the approximate metric differential

d(ut(t + h), u* (1))
vy 1A

|ul(2) = |}11\ (2.5)

exists .#!-a.e. and defines summable function on I. Here, |Du| is the cantorian part, a singular measure van-
ishing on countable sets, often representing the "fractal behavior" of BV functions. A curve u € SBV(I, X)
is a BV-curve for which the Cantor part |D¢u| vanishes.

Currents associated with SBV-curves. Before stating our representation result, we extend the fun-
damental correspondence 6 +— [0] for 6 € Lip([0,1], X) to a correspondence SBV(I, X) — M;(X) for
SBV-curves. Specifically, every SBV-curve gives rise to a rectifiable metric 1-current corresponding to its
absolutely continuous part:

1
[ul“(f,n) := /0 f(uw) dD%(r o u) dt, (f, m) € Lip, (X) x Lip(X).

As detailed in Section 6, this functional defines a metric 1-current in X. The mass of this current is related
to the length of the curve: with a slight abuse of notation, we have M([u]*) < #(u), where

o(u) ::/O |u|(t) dt.

As it is the case for Lipschitz curves, equality holds on the left-hand side if u is injective. If moreover
u € SBV(I, X) has constant metric speed (approximate differential), then im u C X is 1-rectifiable and

I[u]®l = H'Limu as measures on X.

The boundary of [u]* is a collection of dipole measures, given by

Au]® = 8y-(1) = Su(0) — Z(5u+(t) —8u-(1)-

teS,

We emphasize that [u]* may fail to be a normal current. This is because its boundary mass M(d[u]?)
becomes infinite whenever u has infinitely many discontinuities. The Kantorovich norm, however, remains

bounded:

lofu]“lkr < 2+ / d(u, u™) dH° < co.
Su

All of these properties will be discussed in detail in Section 6.
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The representation. Our representation result states that any metric 1-current can be understood as
a superposition of integral currents associated with injective SBV-curves, without mass cancellations.
The contribution of each curve u € $SBV(I, X) with constant speed is restricted to the metric current
[u]® associated with its absolutely continuous part. The "Borel holes" (cf. Corollary 2.16) of the current are
modeled by the jump discontinuities in an almost optimal sense with respect to the Kantorovich-Rubinstein
norm.

With these considerations, we finally state our decomposition result:

Theorem D (SBV-representation). Let X be a complete and separable metric space. Then, T € M1(X) if and
only if there exists a finite Borel measure n on the Cadlag space D(I, X), concentrated on the set Ospy(X) of
injective curves in SBV(I, X)) with constant metric speed, satisfying the following:

1. Forany (f, ) € Lip,(X) x Lip(X),

I(f.7) = / [u]“Cf. 7) dn(u).
D(L,X)

2. The representation extends to a representations of the mass measures: for any Borel set B C X

ITI(B) = /E 1 W71 )

= / H*(B nim u) dn(u).
D(,X)

In particular, it is free of mass cancellations:

M(T) = / M([u]®) dn(u)
D(I,X)

= / o(u) dn(u).
D(I,X)

3. Moreover, for any € > 0, there exists n satisfying 1.-2. and

/ (/ d(u",u") dHO) dn(u) <|9T|kr + ¢.
D,X) \JS,

When X = R¢, Theorem D specializes into the following representation result :

Corollary 2.18 (Structure of one-dimensional flat chains). Let T € % (R?) be an FF flat chain with finite
mass. Then, there exists a finite Borel measure n on D([0, 1])¢, concentrated on the injective constant speed
curves in SBV ([0, 1])¢, and satisfies

1
T(w) = / (/ (wou,u') dt> dn(u) forallwe Cg(]Rd;]Rd),
D([o,1])4 0

M(T) = / f(u) dn(uw).
D([o,1])?

Moreover, for n-a.e. u, the pointwise derivative u’ exists a.e. in (0,1) and satisfies |u’| = f(u).

Following Schioppa [43], We write Frag(X) to denote the space of fragments y : B C [0,1] — X,
topologized as a subspace of ([0, 1] x X). Here, for a metric space Y, K(Y) denotes the class of com-
pact subsets of Y endowed with the Hausdorff distance dy. We construct an n-measurable identification
Ospy(X) — Frag(X) : u +— vy, satisfying [u]* = [yu]. Therefore, a direct consequence of the SBV-
representation theorem is the following fragment representation, which might appeal to a more funda-
mental metric space theory setting:
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Corollary 2.19 (Fragment representation). Let X be a complete and separable metric space. Then, T € M;(X)
if and only if there exists a finite Borel measure ji € Frag(X) satisfying

@)= [ @duy) foralloe o),
Frag(X)

M(T) = / €y) dyy).
Frag(X)

2.4.1. Comments on the choice of the topology. Our use of the Cadlag topology is a deliberate choice, as it
offers a natural extension of the uniform metric topology from continuous functions. It is worth noting,
however, that our methods are robust enough to extend Theorem D to other topologies on Osgy(X). Three
interesting examples are:

1. The length-strict topology on SBV([0, 1], X), generated by the metric

1
di(u,v) ¢=/0 d(u(t), v(t)) dt + &) — €)| + ID’ul((0, 1)) — [D70]((0, 1)) -

2. The extended graph topology on SBV([0, 1], X), generated by the metric

dy(u,v) := / 1 d(u(t),v(t)) dt + dy(Ty,T,),
0

where T, :={(t,x):t €(0,1),x € [u(t), u™(¢)]} C [0, 1] x X is the extended graph of u.

3. A stronger Skorokhod metric, which is a refined version of the standard one. Instead of allowing any
strictly increasing continuous reparameterization 4, it restricts A to be bi-Lipschitz with constants
bounded by 2. This choice imposes more regularity on the re-parameterizations, leading to a stronger

topology.

Each of these metrics ensures the continuity of the embedding Ospy(X) — Frag(X), however, neither of
them is comparable with the Cadlag topology.

Organization. The diagram below summarizes the logical dependencies among the main results.

X curve-rectifiable
Theorem A
1-FCC characterization

N

X Banach space X complete
Theorem C Theorem D
filling of currents SBV-representation

N

X piecewise quasiconvex

Theorem B
1-FCC

This paper is organized as follows. Section 3 introduces the necessary background on Lipschitz spaces
and their duality with the Arens—Fells space. Section 4 presents the key optimal transport construction used
to define primitives for boundaries of metric 1-currents (see Lemma 2.12). Section 5 contains the proof of
the approximation of one-dimensional metric currents by normal currents in piecewise quasiconvex spaces
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(Theorem B), and establishes the hole-filling property for metric currents (Theorem C). Section 6 introduces
compact BV- and SBV-curves and their associated currents. We also develop the BV-parametrization of
sets in the real line, which plays a key role in assembling fragments into SBV-curves. Section 7 proves the
SBV-curve decomposition for metric 1-currents in arbitrary separable metric spaces. Section 8 uses the
SBV-representation to establish the equivalence between curve rectifiability and the validity of the 1-flat
chain conjecture. We also include a List of Symbols to assist readers unfamiliar with some of the technical
vocabulary introduced throughout. The Appendix contains a few technical measurability lemmas used in
the main proofs.
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3. PRELIMINARIES

3.1. Functional analysis. Given a normed vector space E, we denote its dual space, the set of all con-
tinuous linear functionals, by E*. The following remark is crucial for our purposes (see [21, Proposition
3.14]):

Proposition 3.1 (Weak-* continuous maps). If E is Banach and ¢ : E* — R is weak-* continuous, then
there exists xy € E such that ¢(f) = f(xo) forall f € E*.

There is a canonical isometric embedding J : E — E** given by the evaluation map x — e,. Therefore,
we often identify E with a subspace of its bidual E**. If E is not complete, we denote its norm-completion
by E. It is a fundamental fact that dual spaces are stable under completion: E* = E". We also make use of
the following classical results:

Theorem 3.2 (Banach—Alaoglu-Bourbaki, [21, Thm. 3.16]). Let E be a Banach space. The unit ball Bg- =
{f € E*:|flg- <1} is compact in the weak-+ topology.

Remark 3.3. If E is separable, then Bg- is metrizable in the weak-* topology (see [21, Theorem 3.28]).

Theorem 3.4 (Banach-Dieudonné-Krein-Smulian, [21, Theorem 3.33]). Let V be a Banach space and let
C C E* be convex set. Suppose that for every integer n the set C N (nBg+) is weak-x closed. Then, C is closed in
the weak-* topology.

This has the following immediate corollaries:

Corollary 3.5. Let V and W be Banach spaces and T : V* — W™ be a linear map. Then T is weak-*
continuous if and only if its restriction to By- is weak-* continuous.

Paired with the Banach-Alaoglu theorem, it yields the following weak-* continuity criterion:

Corollary 3.6. Let V and W be Banach spaces and T : V* — W™ be a linear map. If V is a separable Banach
space and T is sequential weak-* continuous, then T is weak-+ continuous (even if the weak-* topology is not
metrizable).
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3.2. Lipschitz functions in a metric space. Let X = (X, d) be a metric space. The vector space of
real-valued Lipschitz functions, denoted as Lip(X), consists of all functions f : X — R satisfying:

, fG) = f)
Lip(f) = sup ————= < 4o
p(f x#:E)) d(x,y)
We denote by Lip,(X) the space of all Lipschitz maps with Lipschitz constant Lip(f) < 1. If X is a pointed
metric space, meaning it has a distinguished "base point" xy then we define Lip,(X) to be the space of all
Lipschitz functions f : X — R vanishing at xy. Endowed with the Lip(-) semi-norm, Lipy(X) is a Banach
space. Note that the Banach space structure of Lipy(X) does not depend on the base point.

3.3. Lipy(X) as a dual Banach space. In a pointed metric space X (with base point x;), the space Lipo(X)
is a dual Banach space (in the sense that it has a pre-dual) of a particular space of measures £(X), often
referred to as the ‘Arens-Eells space’ or the ‘Lipschitz-free space’ of X. This space is constructed as follows:
an atom in X is a measure of the form 6, —§,, where x, y € X. Amolecule in X is a finite sum m = Zj nj 5x,-,
where each x; belongs to X and 7; € R satisfy };7; = 0. Note that atoms form a linear basis for the
molecules. Also note that a molecule m may not have a unique representation in terms of the sums described
above. The metric on X defines a norm on a molecule m by:

p(m) = inf{ imildGe, y) sm =Y ni(Sx, = 8y) } (3.1)
J J

where the infimum is taken over all atomic representations of m. The Arens-Eells space Z£(X) is then
defined as the completion of all molecules with respect to the metric p introduced above.

Remark 3.7. Z£(X) is separable if and only if X is separable.

Next, we elucidate the relationship between the dual of the Arens-Eells space, £(X)*, and Lip,(X). First,
notice the fact that d is a metric on X implies that the topology induced by p on Z£(X) is Hausdorff. Arens
and Eells established the following crucial identification: any function f € Lip,(X) defines a functional as

¥(fH)(m) :=(m, ). (3.2)
Through this identification, the following holds (see [46, Thm. 3.3] for a modern exposition):
Theorem 3.8 (Arens—Eells [8]). Let X be a pointed metric space. The linear map ¥ in (3.2) defines a one-

to-one correspondence between Lip,(X) and the linear functionals ¢ : ZA(X) — R that are continuous with
respect to the norm p. Moreover, this map defines a linear isometry since

Lip(f)=  sup  ¥(f)(m).

meZ(X),p(m)<1
In particular, £(X)* = Lip,(X) is a dual Banach space with the Lip(-) (semi-)norm.

Remark 3.9. A direct consequence of this is that an equi-Lipschitz sequence (fj) C Lip,(X) converges
weak-* to f (relative to the pre-dual £(X)) if and only if it converges pointwise, i.e.,

filx) = f(x) vxeX.

Therefore, in the following we will write f; = f to denote that (f;) C Lipy(X) is uniformly equi-Lipschitz
and converges pointwise to f.

Remark 3.10. If X is separable and A : Lip,(R) — R is sequentially weak-* continuous, then A is weak-*
continuous. In particular, A can be identified (under the canonical bidual isometry) with an element of
A(X).

Corollary 3.11. Let X be the completion of X. Then, Lip,(X) is isometrically isomorphic with Lip,(X). In
particular, £(X) is isometrically isomorphic with E(X).
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Proof. By standard completion methods, there exists a unique canonical embedding i : X < X. This
embedding gives rise (with a possible abuse of notation) to an embedding i : Lip,(X) < Lip,(X) given by

if(%) := lim f(x;)), %€ X,
xj%x

where the pointed Lipschitz spaces are pointed at some point x, € X and are endowed with the strong
Lipschitz semi-norm. Notice that if is well-defined since, due to the Lipschitz continuity of f, the limit
on the right-hand side does not depend on choice of the sequence x; — x. This way, using the density
of X & X itis straightforward to show that i is injective. Similarly, one can show that the restriction
operator r : Lip(X) — Lip(X) given by r f = f o i is also one-to-one and hence it follows that both i and r
inverses of each other. Moreover, by definition and by density, it follows that both i and r are isometries. In
particular, Lip,(X) is isometrically isomorphic with Lip, (X) when equipped with the Lipschitz semi-norm.
The isometry between the Arens—Eells spaces follows from Theorem 3.8. g

The following characterization will play a crucial role in our constructions:

Corollary 3.12 (Sequential continuity characterization). Let X be a separable metric space and let ¢ :
Lip(X) — R be a linear functional satisfying the following properties:

(i) ¢ vanishes on constants: p(1x) =0
(ii) ¢ is sequentially weak-* continuous, i.e.,

[=f = )~  vfeLip(X).
Then, there exists A € £(X) satisfying

¢(f) =4 f)  VfeLip(R). (3.3)

Proof. Since ¢ vanishes on the constants and there is a natural isometric isomorphism between Lip(X)/R
and Lip,(X) with X as a pointed space, we may without any loss of generality consider ¢ as a functional on
Lip,(X). We recall that if X is separable, then Z£(X) is separable, and therefore Z£(X) is a separable Banach
space. It then follows from Remark 3.10 that A is weak-* continuous and hence there exists an element in
the Banach pre-dual of Lip,(X) representing it, i.e., there exists A € £(X) satisfying (3.3) forall f € Lip,(X).
The fact that this holds for all f € Lip(X) follows from the fact that ¢ vanishes on constants. 0

Remark 3.13. If X is separable, then the weak-« topology of Lip(X)/R is metrizable on bounded sets (sets
of maps with bounded Lipschitz constant) and coincides with the topology of pointwise convergence.

3.4. The Kantorovich completion of signed measures. This subsection will not be used directly in our
proofs, but it provides context to some of the “optimal transport” ideas which underpin our constructions.
Let us assume that X is a real separable Banach space and denote by .# (X) the Banach space of real-valued,
finite Borel measures A on X, equipped with the total variation norm |4|(X). We then define X, ;(X) to be
the subspace of measures with zero average and finite first moment, i.e., those satisfying A(X) = 0 and
[ |x] dA(x) < +eo. Notice that Xo1(X) C .#(X). This space is endowed with the Kantorovich-Rubinstein
norm:
P = s [ rar
feLip,(X)

The well-known Kantorovich-Rubinstein Duality Theorem establishes a crucial link to optimal transport.
It states that the Monge distance Wi(y, v), also known as the Wasserstein-1 distance, between two non-
negative measures p and v of equal mass is given by:

Wi(u,v) = |Alxkr where A = v — p.

This identity forms a significant bridge to optimal transport theory. However it can be easily shown that
the KR norm is not complete when X is not discrete. In the particular case when X = R, the closure of
zero-average measures with respect to the KR norm does not include only measures of finite mass but also
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a subclass of distributions of order one. A simple illustration of this situation is the case of infinitely many
dipoles (see also [40]):

Example 3.14 (Infinite dipoles; [27, p. 368]). For each j € N, consider

J 00
mj = Z Og1-2i — Og-2i € My(R), A= Z Og1-2i — Og-2i.
i=1

i=1

By construction, the sequence of “molecules” (m;) is Cauchy since [m; — mi|xkr < 3747/ whenever k >
j. Moreover, m; — A in Lip(R)*, implying A € Z(R). However, a straightforward application of the
fundamental theorem of calculus reveals that

Mf) =) f@78) - f@'%) = [A(R) = +oo.

Completion and tangent bundles to a measure. The KR-completion of X ;(X) has been explored from
various perspectives [30,31,15]. In the case of a pointed metric space X, this completion coincides with the
Arens-Eells space. All molecules on X are elements of X, ;(X), and, if m is a molecule, then p(m) given by
(3.1) coincides with the Monge transport distance between m*™ and m~ (the positive and negative parts of
m). In other words, we have the equalities: p(m) = Wi(m*,m™) = |m|g. It follows that the KR-completion
of Xy.1(X) coincides with £(X), i.e.,

A(X) = closgr{Xg1(X)}.
Notation 3.15. In light of this identification, we shall henceforth write
p(A) = |A|kr for all A € £A(X).

When X = R, this completion was identified as the subspace Mg ;(R¢), comprising distributions (of
order at most 1) that are continuous with respect to the weak-* convergence in Lip(R?) [15, Lemma 2.6]
(see also [14]). There, the authors of [15] showed that M ;(R¢) is the space of divergences div ¢ associated
with tangential transport measures ¢ = 1, where 1 is a positive Borel measure and 7 € L'(i)? is a vector
field that is tangent to p. This analysis led to the introduction of a tangent bundle associated with a finite
Borel measure, generalizing the concepts of differential geometry. More precisely, given a positive Borel
measure on R, the tangent bundle T, (as defined in [15]) is the unique y-measurable map x = T,(x) from
R to Gr(d), where Gr(d) is the Grassmannian of subspaces of R%, characterized by the following tangential
regularity property (see [15, Theorem 2.4, Theorem 3.6]):

7(x) € Ty(x) prae. = div(rp) € Mo,l(]Rd).

Building upon a general variational approach from earlier works [17,18,19], the second author and collabo-
rators introduced in [15] the construction of a weak-* continuous functional y-tangential gradient operator
v, Lip(R?) — L=(p)?. This operator enables integration by parts against all vector fields 7 € L'(y)? such
that 7(x) € T,(x) p-a.e., which in turn allows for a differential calculus over .

In a forthcoming paper, the authors of the present work will establish that in fact T, coincides with the
differentiability bundle Z(y,-) introduced in the seminal work by G. Alberti and Marchese [2], where a
remarkable p-quantitative counterpart of the Rademacher Theorem was obtained.

An interesting application of the results from the next section (see Corollary 5.3 below), will be that
Mo,l(]Rd) coincides with the boundaries of 1-dimensional flat chains:

ERY) =My (R) = {oT: Te Z1RY) }.
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4. PRIMITIVES: A SIMPLE OPTIMAL TRANSPORT CONSTRUCTION

Next, we introduce a transport construction to produce primitives of any given 0-metric current, which
substantially improves upon the known estimates of the cone-construction. The construction relies on the
density of molecules in the Arens-Eells space, and we believe it might be independent interest:

Lemma 4.1. Let X be a separable and piecewise quasiconvex space (with quasiconvexity constant ¢ > 1)
and let m € Z(X) be a molecule. Then, for any § € (0, 1), there exists a rectifiable normal current R €
R1(X) N Ny(X) satisfying

dR=m and M(R) < c(1 + §)|m|xzr.

Remark 4.2. If X is a geodesic space, then R can be constructed of the form

L
R= n[6], nn € R, 6 € Lip,([0,1], X)
h=1

and satisfying the sharp estimate M(R) = |m|xgr. If moreover X is a Banach space, then R can also be chosen
to be a polyhedral current.

Proof. According to its optimal representation, we can write m as a finite sum of dipoles

L
m = Z T']h(ayh - 5x;,)
h=1

attaining its minimal transportation cost, so that

L

Imlxr = . naldCen, yn) < +o0,  |gpl >0 Vh=1,.. L (4.1)
h=1

For the convenience of the reader, we begin by providing a very simple proof of Lemma 4.1 when the un-
derlying space X is either a geodesic space or a Banach space, thus arriving to the equality stated in Remark
4.2. Second, we’ll look at the case where X is a piecewise quasiconvex space, where completeness is not
anymore assumed.

a) Proof for geodesic spaces.

For each pair of points (xp, y), in the optimal representation of m, let 65 : [0,1] — X be a geodesic
connecting x to y. This means:
0,(0) = xp,, 0,(1)=yn, AOp)=d(xp,yp) forallh=1,..,L (4.2)

Now, we define a 1-dimensional normal rectifiable current R as the weighted sum of these geodesics, ori-
ented from xj, to yp:

L
R =) mu[64] € R1(X) N N:(X).
h=1

Then we have oR = 2%:1 nn(8y, — dx,) = m, whereas by (4.1):

L L
MR) < Y [nnl€0n) = Y, nal dist(xn, yi) = [mlke-
h=1 h=1

On the other hand, we know that M(R) > |dR|xr whence the equality M(R) = |m|kr as announced in
Remark 4.2.

b) Proof for piecewise quasiconvex spaces. Now, we consider the more general case where X is a piece-
wise quasiconvex space. We write X to denote the completion of X. Being piecewise quasiconvex allows
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us to approximate a path between two points with a sequence of shorter paths, albeit possibly with a larger
total length up to a constant factor.

1. A first approximation. The first step consists in showing that, for any ¢ > 0, we can find a normal
rectifiable-1 current S such that

m—0Se AX), [m-dSke<e,  M(S) < c|mlke. (4.3)

where c is the piecewise quasiconvex constant of X given in Definition 2.10. Appealing to the definition of
piecewise quasiconvex space, we can, for each h € {1,..., L}, find (pf, q{‘), s (pf(h), qf(h)) € X? such that

r(h)—-1

&
d(xen, p!) + Ay gl) + Y, d(plhy. g < T (4.4)
i=1
together with Lipschitz curves 0%, ..., Qf(h) € Lip([0, 1], X) satisfying
r(h)
0/ =pf', ') =g, Y, O < cdCon ). (45)

i=1
We define a rectifiable metric 1-current on X by setting
L r(h)
. h
S = Z Nh Z[[Qi |
h=1 i=1

We claim that S is a 1-current satisfying (4.3): Indeed, by using the identity 9[0] = g1y — dg(o) for 6 €
Lip([0, 1], X), we get

L r(h)—1
m—9S = Z Nh {(510{1 — 6,0) + Z (517?11 N 5Qf’) + (53’h B 5‘15(;1))} ’
h=1 i=1

Thus, 3S — m is a molecule. On the other hand, the fact that |5, — 6, |xr = d(x, y) for any two x, y € X and
the triangle inequality and gives

L r(h)—1
(4.4)
||as—m||KRsme{d(xh,p?)+d<yh,qf<h)>+ >, d(p?,qh} < e

h=1 i=1

Recalling that M([0]) < #(0) for all 6 € Lip([0, 1], X), we can estimate the mass of S by computing

L r(h) (4.5) L
M(S) < ) [mal ), €61 < ¢ ), InnldCen, yi) = clmlxe.
h=1 i=1 h=1

This proves (4.3).

2. Construction of the Rectifiable Current R. The strategy here is to iteratively apply the approximation
result from the previous step to construct a sequence of rectifiable currents whose boundaries progressively
approach m. The sum of this sequence will then converge to the desired rectifiable current R with R = m
and satisfying a controlled mass estimate M(S) < ¢’|m|kg.

» The First Step (j = 1): Starting with my := m, we apply the approximation from Equation (4.3) with
a specific error bound. Let § > 0 be a parameter (to be determined later). We can find a rectifiable
current S; € R1(X)NN;(X) such that the remainder m; := my— 95; is a molecule in £(X) satisfying:

Imalxe < 27 8lmlke, M(S1) < cfmlxg.
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+ The Inductive Step (j > 2): Now, we proceed inductively. Assume that for some j > 2, we have con-
structed a sequence of rectifiable currents Sj, S,, ..., Sj—1 and a sequence of molecules my,my, ..., m;_4
such that m; = m;_; — 9S; fori = 1,..., j — 1, and they satisfy the bounds:

Imilkr < 27 8|mlke, M(S) < c|mi—yxkr fori=1,...,j—1.

Applying the approximation from (4.3) to the molecule m;_; (with an error bound scaled by 27/), we
can find a rectifiable current S; € R1(X) n N1(X) such that the next remainder m; := m;_; — 3S; is a
molecule in Z£(X) satisfying:

Imjlke < 2778mlkr,  M(S)) < clmj lkz. (4.6)
Using the inductive hypothesis, we can bound the mass of §;:
M(S)) < clmj-lkr < €279 8|mlkr = 277+ 5|mlxe. (4.7)
3. Construction of a Rectifiable Current. We now define a sequence of partial sums of the rectifiable currents:
Pj =5+85+ -+ Sj € R1(X)nNy(X)
We can show that the sequence (P;) is Cauchy in the mass norm M;(X). For k > j > 1:

k k
(4.7) )
M(Pc—P)< Y, M(S) < D 2" 8mlr < cdlmlxr2 ™+
h=j+1 h=j+1

Since M;(X) is a Banach space, the Cauchy sequence (P;) converges in mass to a limit current R € M, (X):

M(QR—-Pj)—> 0 asj— oo, whereR := Z Sp € Mi(X).
h=1

From the mass bound for each S, (recalling that M(S;) < c|m|kr), we can estimate the mass of R:

= (4.7) —
M(R) < > M(Sy) < clmlxr + clmlxr Y. 27" < ¢(1+ 8)Imlxr.
h=1 h=2

This proves the mass bound.

5. Proof that R is a rectifiable current in X. Observe that |R| is concentrated on T’ = (J; B; C X, where B;
is the (finite) union of curves over which each |S;| is concentrated. This follows from the first inequality

in the estimate above. In particular, I is a rectifiable set contained in X. Now, let U € B(X ) be a Borel set
with vanishing H' measure. Then, since each P; is 1-rectifiable, it follows that

IRICU) < IR=PiI(U) +IPI(UNX) <M(R—-P))  Vj=1

Letting j — oo, we discover that |R|(U) = 0. This proves that R € R1(X). Since R is concentrated onT C X,
it follows that R € R(X).

6. Proof of the boundary identity. It remains to verify that R = m. Notice that by construction, m — 9P; =
m—(9S; + -+ + 9S;) = m;. Hence, for j > 2 we get
[0R —m]| < |m — oPjlkr + |0P; — R|xr
< Imjlke + M(P; — R)

conclude that 9R = m. Since |m| is a finite Radon measure, it follows that R is a normal current, i.e.,
R e N1 (X). O

We know from Equation (4.6) that [mj[xr < 27/8|m|xkr — 0 as j — oo. Therefore, letting j — oo, we

The following variant of the previous lemma will useful later on:
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Lemma 4.3. Let X be a separable Banach space and let m € Z£(X) be a molecule. Then, for any ¢ € (0, 1),
there exists a rectifiable normal current R € R1(X ® R) n N1(X & R) satisfying

OR=m®eO0, IRIL(X ®{0}) =0 and M(R) < |m|kr + ¢.

Proof. Let
,
m=Y Sy, —Ox).  xnyn€X,
h=1

be an optimal decomposition of m with respect to the Kantorovich-Rubinstein norm.
Letting M := max{|np|};_, and ¢t := (2Mr)~'e, we define R € N1(X @ R) n R{(X & R) by

’
Xp+ Yh Xp t+ Yh
R := Z}]h[[Xh@O,Ty@tﬂ+I]h[[7y@t,)/h@0]].
h=1

By construction R = m @ 0. Moreover,

Xh

' + xp +
IRI =H1LU{(xheBO, Yh @t)u(weat,yh@o)}.
ho1 2 2

Since X @ {0} intersects the support of |R| on finitely many points (the ones associated to the dipoles of m),
it follows that |R|LX & {0} is the zero measure. Finally, the triangular inequality and the isometry of the
embedding X — X @ {0} give

r r
M(R) < ) Innllon — yulx +2 ) Innl@Mr) e < [mlxx + &.
h=1 h=1

This finishes the proof. g

5. PROOF OF THE APPROXIMATION AND FILLING RESULTS

5.1. Proof of Theorem B. Our goal is to show that any metric current T € M;(X), can be approximated
in mass by a sequence of normal currents (T;) C N;(X), which, in fact, can be chosen to be rectifiable up
to a cycle.

Step 1. Approximation by Molecules. By the axioms of currents, the boundary o T acts as a linear functional
on Lip(X) satisfying the assumption of Lemma 3.12, which guarantees that 9T € Z£(X). Notice that this
is a subtle but powerful advantage of the Arens—Eells approach. Indeed, 9T could "go out" of X, as we are
not assuming that X is complete. However, 97T is still represented as an element of £(X). Another way
of seeing this, is to work directly in the completion X of X and recall from Corollary 3.11 that £(X) is
isometrically isomorphic to E(X).

Since the space of molecules on X is dense in Z£(X) under the Kantorovich-Rubinstein norm (| - |xgr),
this means we can find a sequence of molecules (m;); C £(X) satisfying

10T —mjlxkr — 0 as j — oco. (5.1)

Step 2. Telescopic Estimates. For a fixed small positive number ¢ € (0,1) (whose specific value is not
crucial for this part of the proof but will be used later for other computations), we can choose, without loss
of generality, the sequence (m;) to satisfy the following conditions:

Imilkr < 10Tlkr + 272, |mj—mj_ylkr < 27°0"De  for each j > 2. (5.2)

These conditions ensure that the “jumps” between consecutive molecules in the sequence become progres-
sively smaller.



ONE DIMENSIONAL METRIC CURRENTS 23

Step 3. Constructing the approximating sequence. For § € (0,1) and for each j > 1, considering the
difference between consecutive molecules (with m, defined as the zero measure), Lemma 4.1 produces a
rectifiable current S; € R1(X) n N1(X) such that:

c(1+8)|mi] < c(1+8)|0T|xr +c27'e forj=1

) 5.3
c(1+ 8)|mj —mj_qlkr < c277/*e ifj>2 -3

6Sj=mj—mj_1, M(S])S{

We now define a sequence of rectifiable currents (P;);>; by taking the cumulative sum
Pj =S+ S+ + Sj € Rl(X) n Nl(X)

Notice that the sum 95; + --- + 9S; telescopes to m;, giving OP; = m;. We now observe that (P;) is a Cauchy
sequence in M;(X). For any k > j > 2, the estimate in (5.3) gives

M(Pp — P;) = M(Sjs1 + -+ + Sp) < e277e.
Following the reasoning from Steps 4 and 5 in the proof of Lemma 4.1, we deduce that there exists a limit
current R € R(X) satisfying
M(R—-P;)) =0 asj— oo (5.4)
Notice that, even though R is a priori only a limit of a Cauchy sequence in M; (X)), it is itself concentrated
in X (and not in the completion X). Moreover, notice that each S; is supported on some I'; C X, which is a

finite union of images of Lipschitz curves.
For later use, we record that the mass convergence, the first bound in (5.2) and the bounds in (5.3) give

M(R) < sup M(P)) < (1 + 6)[0T|xr + ce. (5.5)
J

Now, we relate the boundary of R to the boundary of T. Using the triangle inequality for the Kantorovich-
Rubinstein norm and the estimate |9 - |[xr < M(-), we have:
[oR — 0T |kr < [0R — 9Pjlxr + [0P; — 9T |kr
< M(R - Pj) + ||m] — aT”KR.
Therefore, taking the limit as j — oo, we conclude, from (5.1) and (5.5), that dR = 9T as 0-functionals on

X. Hence, C := T — Ris a cycle in M;(X). Finally, we define a sequence of currents T; by adding the cycle
C to the sequence of rectifiable currents P;:

Tj :=C+PjeNi(X), jeN.
Since the difference T — Tj is precisely R — P}, from (5.4) we know that
M(T-T;))=M(R—P;) >0 asj— oo.

This shows that the original current T can be approximated in the mass norm by a sequence of currents
T;, where each T; is the sum of a cycle C and a rectifiable current P;.
The fact that the elements of sequence (P;) constructed above can be chosen to be

a) a sum of of geodesic integral curves (in geodesic spaces),
b) polyhedral 1-currents (on Banach spaces)

follows directly from Remark 4.2. This completes the proof. g

5.2. Proof of Corollary 2.16. The proof follows directly from the decomposition C = T — R and the
estimate (5.5) with ¢’ = £(1 + c)land § = 1+ |0T|kr) ™! in the proof of Theorem B.
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5.3. Proof of Theorem C. If X is a Banach space of dimension dim(X) > 2, we can modify the con-
struction to ensure that the original current T and the rectifiable current R from Step 2 are concentrated in
disjoint sets. The argument follows by slightly modifying certain steps in the proof of Theorem B, namely:
In Step 1, we can modify the approximating sequence (m;) in the following way: for fixed j, let Zﬁ(zjl) Mh(8y,—
Jy,) be the optimal decomposition of m;. Now, let h € {1, ..., L(j)}. The fact that X is a normed space with
dimension at least 2, implies that we can find v; € dBx that does not belong to span{y, — x,} for all

h{1,..., L(j)}. In particular, since |T| is o-finite, we can also find

0 <ty <L(N'27"e max{|ml, ... |nycpld (5.6)
such that
L(j)
ITIA (0 + v m + 5v;]) = 0.
h=1
We then define
L()
m :=Z’7h(5y,’[_5x;,)’ Xp i=Xp+ vy, Yh = Yh+ L)
h=1

Notice that [m; — m|xr < 27/¢ and therefore (m’) still satisfies (5.1).
In Step 2, we consider the estimates with ¢/ = ¢/2 instead of «.
In Step 3, the associated primitive S} to m} (given by Lemma 4.1 and Remark 4.2) is then of the form

L L
> mlxh il with Il v2D) = o.
h=1 h=1
Following the proof by verbatim, replacing (m;) with (m;) and (S;) with (5;), we obtain that both (P;) and R
satisfy the same properties as in Corollary 2.16 for ¢. Moreover, they are concentrated on a countable union
I' C X of intervals where |T| vanishes. In particular, C = T — R is a cycle, and, letting B = X \ T € B(X)
we get

T=C+R = T=TLB=CLB+RL(X\T)=CLB.
Recalling that (P;) and R satisfy (5.5), we obtain (recall that C = 1 on a geodesic space)
M(C) = M(T) + M(R) < M(T) + [T gz + 2¢" < M(T) + [0T|kr + ¢.

This finishes the proof. O

Similar arguments building on Lemma 4.3 (instead of Lemma 4.1) yield the following version of Theo-
rem C, which will be instrumental in the proof of Theorem D.

Corollary 5.1. Let X be a separable Banach space and let T € M1(X). Then, for any given ¢ > 0, there exists
a cycle C € M1(X ® R) and a rectifiable current R € R1(X ® R) such that

1. C=iT + R, wherei : X = X, := X @ {0} is the canonical isometric embedding

2. |iT| is concentrated on Xy and |R|LX, = 0

3. |T| and |R| are mutually singular; in particular, T = CLX, and R = CL{X & (0, %)}

4. M(R) < |0T|xr + €

Proof. The proof follows by verbatim the steps of Theorem B, using the primitives provided by Lemma 4.3
(instead of the ones provided by Lemma 4.1). O
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5.4. Direct consequence of the proofs. Here we collect two side results results, which are connected to
the discussion in Section 3.4. A direct consequence of the proof of Theorem B is the following construction
of primitive currents for elements in £(X):

Corollary 5.2 (One-dimensional metric primitives). Let X be a separable and piecewise quasiconvex space
(with piecewise quasiconvexity constant c) and let A € A(X). For any s > 0, there exists a rectifiable metric
current R € My(X) n R1(X) satisfying

OR=1 and M(R) < c|A|xr + s.

Proof. The proof follows by verbatim the steps of the proof of Theorem B under the following considera-
tions: in Step 1, replace 9T by A; in Step 2, let ¢ > 0 be small enough so that (1 + ¢) < s in (5.5). O

In particular, the Arens—Ells space coincides with the space of boundaries of metric currents:

Corollary 5.3. Let X be a piecewise quasiconvex space. Then

E(X)={T: T e Mi(X)}
={0T: T e My(X)nR(X)}.

If moreover X is a geodesic space and A € Z£(X), then
[Alkr = inf {M(R) : T € M;(X),0T = A}.
In particular, for X = R? with the standard Euclidean metric, we recover the results from [15]:
ERY) =M (R) ={0T: T e Z;(RY) }
and also that
[Alxe = inf { M(T): T € Z1(R%),0T =1 }.

Proof. The first two assertions follow directly from Corollary 3.12 and Corollary 5.2, taking into account
that geodesic spaces are quasiconvex with constant ¢ = 1. g

6. CURRENTS ASSOCIATED WITH BV -CURVES

This section introduces a specific type of one-dimensional metric current associated with certain curves
of bounded variation (BV). These currents decompose naturally into absolutely continuous and cantorian
parts, reflecting the structure of the BV function’s derivative.

6.1. The class of curves with bounded variation on a metric space. Let’s first recall the definitions
of curves that we shall consider.

Notation 6.1. For the reminder of this section, we write I to denote the open interval (0, 1) endowed with
the Euclidean metric. We also assume that X is complete and separable.

Integrable curves and the essential total variation. If Y is a metric space, we define LY(I,Y) as the
class of Borel curves u : I — Y such that d(u, y) € L'(I) for some point y € Y. The essential total variation
of u € L(Y) is the defined as the (possibly infinite-valued) infimum

VSUAE | 0<ty < <tp<1 j—1

m—1
V(w) := inf { sup Zd(v(tm),v(ti))}E[O,OO].

We introduce the space

BV(I,X) :={ueL'(I,X,): X. cC X, f(u) € BV(I) Vf € Lip,(X) }
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of BV-curves with values on X and compactly supported images. We purposefully consider compact curves
in order to exploit the theory developed in [5], where it is shown that u € BV(I, X) if and only if the class
of finite measures o on I satisfying

o(K) > |Df(u)|(B) for all K cc (0,1) and all f € Lip,(X) (6.1)
is non-empty. In this case, there exists a minimal measure |Du| with this property, called the total variation

measure of u.

Next, we recall some of the highlights of this theory for a curve u € BV(Z, X). The fact that u € BV(Z, X)
is equivalent with the finiteness of the essential total variation V(u); in this case it holds V(u) = |Dul|(I).
Every u € BV(I, X) possesses left and right continuous representatives. In other words, there exist left and
right continuous curves u~, u" : I — X satisfying

u () = Iirg u(s) and u*(t) = lint1+ u(s) for every t € (0, 1).

Moreover, u~ and u™ coincide outside a countable S, C I, where u is discontinuous. In particular, every u €
BV(I, X) curve has an L!-representative in the space of Cadlag curves. The approximate metric differential

i) = i d (t+Wu () _ | A’ +h), u (1)
S |h| = o 1A

exists £!-almost everywhere, defining a function in L!(I) satisfying || = [Du|/L!. Lastly, the total variation
measure can be decomposed into mutually singular measures as:

|Du|(B) := |D%|(B) + |D’u|(B) + |D¢u|(B), vB € B(I), (6.2)
where

|D%u|(B) ::/|z'4| dt and |D’u|(B) ;:/ d(u™,u")
B BNS,

are the absoutely continuous and jump parts, and |Du| is the cantorian part, a singular measure vanishing
on countable sets, often representing the "fractal behavior" of BV functions.

Compact curves with special bounded variation. A curve u € SBV(I, X) is a compact BV-curve for
which |Cy| vanishes. It can be shown (from McShane’s extension theorem [46, Thm 1.33] and [5, Rmk. 2.4])
that SBV(I, X) also satisfies a weak formulation by composition with Lipschitz maps:

ueSBV(,X) <« f(u)eSBV(I) Vf € Lip,(X) (6.3)
where SBV(I) is the classical space of functions with bounded variation on I (see [6, p. 212]).

6.2. Currents associated with injective BV -curves. Now that we have introduced the concept of com-
pact BV curve, we will associate to any curve u € BV(I, X), two particular integral currents:

Definition 6.2 (Currents associated with BV curves). Let u € BV(I, X). We define the absolutely contin-
uous metric current [u]® and the cantorian metric current [u]¢ associated with y as bi-linear functionals
acting on pairs (f, 7) € 2'(X) by

1
[u]*(fom) = /0 F(w) dD*(n(w))

and 1
[u](f. ) = /0 F(u) dD(e(w))

Here, D* and D¢ denote the absolutely continuous and cantorian parts of the classical BV derivative. When
X is a Banach space, we also define the jump metric current

[u]’ == | J[u(6), u*(8)]

teSy
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and (with a possible abuse of notation)
[u] = [u]®+ [u]® + [u].

The following identity for post-composition with Lipschitz maps will be useful throughout the rest of
the manuscript (for the definition of push-forward, see (2.1)):

Remark 6.3. If ® : X — X’ is Lipschitz and u € SBV(I, X), then ®(u) € SBV(I, X’) and
[®(w)]* = Duu]®.

Proof. The fact that ®(u) € SBV(I, X”) follows from the fact that continuous images of compact sets are
compact. Let (f, 7) € 2'(X”) be given. The associativity of the composition gives

1
[@(w)]*(f. ) = /0 F((u)) dD(r(@(w)))

1
= [ -0 A0 - 0)) = [l - @ @) = DLl CF ),
This proves the desired identity. g

Proposition 6.4. If u € BV(I, X), then [u]? [u]¢ belong to Mi(X). If moreover X is a Banach space, then
[u] = [u(0), u™(1)] is a cycle.
Proof. First, we recall by the definition of BV(I, X) through composition with Lipschitz maps that [D(7(w))|
Lip(sr)|Dul for any 7 € Lip(X). This, in turn, implies that
|D'(7(w))| < Lip(sr)|D'u| foralli € {a,c, j} (6.4)
From this, it is straightforward to compute that
|14l < wlD%ul ana [u]l < ulDeu

as measures. This implies that both [u]]? and [u]¢ have finite mass provided that u € BV(I).

Now, suppose that (f, 7) € 2'(C) are such that 7 = ¢ on a neighborhood V of spt f. Then, it follows
that 7(u) = Cy on a neighborhood J of spt f(u). This follows from the fact that u has left and right
continuous representatives. In particular D(z(u)) = 0 on J and hence [u]*(f, 7) = [u]°(f,7) = 0. This
demonstrates [u]® and [u]) satisfy the locality property.

Now, we demonstrate that both currents satisfy the continuity axiom. For any v € BV(I), let i € {a, ¢}
and define v'(t) := D'(0, t] for t € (0,1). Observe that v' is continuous, belongs to BV(I) and satisfies the
identity D'v = Dv’ as measures. In particular, by the locality property,

. 1 . 1 .
[uli(f, ) = / F(u) dDH(e(u)) = / F(u) dD(e(w)), i€ {a, c} (6.5)

By the finite properties of BV -functions of one-variable, it follows that 7(u)' is continuous and 7(u) €
BV(I). Hence, integration by parts holds and we get (recall that v'(0") = 0)

1
[ul'(f, 7)) =~ /0 a(uw) dD(f(w) + f(u~()Dx(w)'((0, 1)), i€ {a,c}. (6.6)

IN

Now, let 7; X rin Lip(X). The definition of BV by composition with Lipschitz maps warrants that
ID'(; o w)| < Lip(s;)|D'ul for all i € {a, j,c}. Since moreover x;(u) — n(u) pointwise, we gather that
D(rj(u)") = D'(x;(u)) converges on I in the weak sense of measures to D((u)') = D'(x(w)) for each
i € {a,c,j}. In fact, the uniform mass bound in (6.4) warrants that no mass of |Dr;(u)'| can concentrate
towards {1} and hence
Dﬂj(u)i((O, 1)) —» Dx(u)'((0,1)), i€ {a,c}

By the standard BV-compactness, we further deduce that 7;(u)' converges to 7(u)" in L', and hence

also pointwise up to taking a subsequence (not relabelled). On the other hand (6.4) tells us that |7;(u)| <
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Lip(7;)|Du|(I) for each j. Since this is uniformly bounded on j, we can apply the dominated convergence
theorem to the sequence (rr;(x)") and pass to the limit in (6.6):

1
[ul'(f. 7)) = —/O () dD(f(w) + f(u (1)D7;(w)'((0, 1))

Lo / x(w) dD(F(w)) + f(u (D)D) (0, 1) = [u]'(f. 7)

for i € {a, c}. Since this holds for all convergent subsequences, this proves that [u]* and [u]¢ satisfy the
continuity property, as desired.

Let D := D®+ D¢ and let f € Lip(X). Since Sewy C Suand d[u]’ = ¥ 5. Sur(r) — Sur(p)» it follows from
the fundamental theorem of calculus for BV (I) functions that

Aul(f) = /0 dD(F(w)) + [u] (1, f)

_ /O dD(f)+ Y, ) (B - Fu) (@)

1€
1
= [ an() = )= )
Since f was chosen arbitrarily, this demonstrates that d([u] — [u~(0), u*(1)]) = 0. O

We will also need the following semicontinuity result:

Lemma 6.5. Suppose that up, — u in SBV(I, X) c D([0, 1], X). Then
ID7u|(I) < limhinf ID/up|(I) and |D/ul(I) < limh inf | D/ up|(I).

Proof. We may assume without loss of generality that both limit inferiors are limits. Since d(up, u) — 0
in L((0, 1)), we may pass to a subsequence (up,) such that u,, — u pointwise almost everywhere. Then,
by [5, Thm. 2.4], we get

|Du|(T) < limkinf |Dup, [(I) = limhinf [Dup|(D).

Let § > 0andlet F5 C S, consist of those points t with d(u*(t), u(t)) > §. Clearly, Fs 1 (0, 1) and therefore
|D/u|(Fs) — |D/ul(I). On the other hand, the Cadlag convergence warrants that &, = d(u, up(Ap)) + |An —
id|c — 0 with A, € A. This translates into the following key estimate (used throughout the text):

ld(u®, u™) — d(uy (A), u” h(A))] < 28y (6.7)

In particular, if t € Fs, then A4(S,) C Sy, provided that h = h(J) is sufficiently large. From the estimate
above and the finiteness of Fs it follows that | D’/ u|(A4(Fs)) — |D/u|(S,) as j — oo, for each § > 0. Gathering
both limits, we conclude that

limh inf | DY up|(1) > 111;1 inf lirnhinf |D’ up|(An(Fs)) = liran inf | D/ u|(Fs) = |D/ ul(D).
-0 -0
This finishes the proof. 0

6.3. From SBV-curves to fragments. We write Osgy(X) to denote the class of injective SBV-curves u :
[0,1] — X with constant metric speed. For a given u € Ospy(X), we consider the cumulative distribution
function of its total variation:

gu(t) = /OtdlDul, t €[0,1].

Notice that g, is right-continuous and strictly monotone; the latter, due to the fact that u has constant
metric speed. In fact, Dg, = |[Du| > #(u).£' > 0 as measures and hence g, is Lipschitz in its domain of
definition (which can be extended to the closure K, of im g,,).
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Definition 6.6 (Fragment map). For any u € Ospy(X), we define a fragment y, € Frag(X) by
Yu ::uogljl:Ku—>X, K, :=imu.

To see that y, is indeed a fragment, we use the definition of g, to observe

/ d|Dul|
(g ()81 (D

This proves that y, is Lipschitz with constant metric speed 1, and hence it defines a fragment. Moreover
the map is stable under the integral current associations: if u € SBV, then y, € Frag(X) and by the chain
rule for Lipschitz functions (see (6.12) below) and the area formula it holds

Mwﬁm=/ﬂmmww>

vu(s) = vu(Ol = lu(g, () — u(g, ()] =

=|s—t, s<t

=/UswgbmmMMgWgw (6.8)
=/ﬂmme:MMﬁm

In particular [u]]* = [y.] as currents and the following holds:

Remark 6.7. If u € Ospy(X), then im u is 1-rectifiable in X. Moreover, by the area formula for Lipschitz
maps into metric spaces (see [33, Thm. 7]),

I[u]®l = I[yu]l = H'Limu as measures on X. (6.9)
Notation 6.8. For a Borel map u : K C [0,1] — X, we write T, C [0, 1] x X to denote its graph.
The following result establishes sufficient conditions for the continuity of the fragment map.

Lemma 6.9. Let (up) C Ospy(X) be a sequence converging uy in D([0, 1], X) to some u € Ospy(X). If
moreover £(up,) — #u) and |D’ up|(I) — |D’u|(I), then

r,, —T,, withrespect to the Hausdorff metric in K([0,1] x X).

Yu

In particular, y,, — y, in Frag(X).

Proof. By definition of the Skorokhod metric, there exist monotone bijections A, : [0, 1] — [0, 1] satisfying
1 = supyegoy) dCuy (), u() + 12~ idles —> 0.

For the ease of notation, we write g = gy, g, = gy, for the cumulative distribution functions associated
with [Du and [Dup| respectively; we also write K = K, and K}, = K, for the closures in X of im v and im u,.
Then, recalling that the inverse function g! : K — [0,1] is Lipschitz continuous, we define a one-to-one
monotone map pp, : K — Kj, by the concatenation of the bijective maps

~1

K 550011 25 [0,1] 25 K.
We claim that | pp, — 1kid|e — 0 as h — 0. Letting s = g(t) € K and computing we get
lpn(s) = sl = IDuy|((0, 2,(D)]) — [Dul((0, t])] + [Dupl.
Decomposing |D(+)| = |[D%(-) + |D’(-)| on the right hand side we obtain the following estimate (recall that u
and u;, have constant metric speed at most 1):
|on(s) = sl < [&un) — Q)| + 8 + D unl((0, An(1)]) = ID7ul((0, £]) .

=tqp =:Bn(t)
By assumption, a5 — 0 as h — 0. In order to prove the claim we need to show that f;(¢) — 0 uniformly
for all t € g7'(K). Let I, := (g (t),g"(t)) so that [D/u| = Yes, [T:|0;. Here, we have used that Dg =
|[Du| as measures. Now, for fixed 6 > 0, let F5 = {t €S, :|I;| >0} be collection of points where the
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jump discontinuity has size larger than than §. The cardinality of this set is trivially bounded as #(Fs) <
57U Dul(I) < 67!. Now, we use the fact that uj, converges to u in the Skorokhod metric: if t € Fg, then
writing t, := Ay it holds

(L] = dCuy, (tn), wy (tn)) | < 285 (6.10)

This shows that s, := A5(s) € Sy, whenever |I;| > 25),. The fact that A5 is monotone conveys A,((0, t]) =
(0, ty]. Gathering the observations above, we get

Pu(t) < 28,671 + D up|(I ~ Ap(F5)) + D ul(I \ Fs).

Now, we make crucial use of the convergence ¢, := |Duy|(I) — |Du|(I) — 0, as it will allow us to get a a
more uniform estimate on the second term of the right hand side:

. . . (6.10) .
D upl(I ~ Ap(Fs)) = D upl(1) = D up|(An(Fs)) < 28,67 + len| + [D7ul(I ~ ). (6.11)
Choosing § = \/571 and h sufficiently large (so that \/571 > 20) gives
B(t) < 28 + DT upl(T . An(F ) + IDVul(T N F )
< 48 + lenl + 2ID7ul(I N F )

Since Fs 1 S, as sets and |Dul is a Radon measure, we conclude that f,(t) — 0 as h — 0.
This proves the claim. We are now ready to prove the assertion. Recalling that

Yur(pn) = un o gt o(gnodnog ) =upodpog

we conclude [d(yu,(pn), yu)leo = ld(up o An(g™), u(g™))leo < 51 — 0.
Since pp, : K — Kj, is bijective, it follows that

du(Ty,, . Ty,) < 0n + lpn — 1xidleo — 0,
hence the wished convergence in ([0, 1] x X). This finishes the proof. O
6.4. The area formula for real-valued monotone maps. Now, assume that X = R. The chain rule (see,

e.g., [6, Thm. 3.99]) for functions of bounded variation ensures that if f € Lip(R), then f” exists |D f|-almost
everywhere and

D(f = w) = f'(u) Dy + (f(u) = fu N HLS,, (6.12)

where Du := D% + Du.

Notation 6.10. If A C R be a Borel set, we write (with a possible abuse of notation):

[A](f, ) := / fr’dt, f €Lip,(R), = € Lip(R).
A
We have the following characterization:

Lemma 6.11. Let ¢ : [0,1] — R be a Borel monotone function. Then, the classical pointwise derivative ¢’
exists .1 -almost everywhere and the push-forward of the absolutely continuous and cantorian parts of D¢
under ¢ are given by:

$:D"p = L1 LH(A)
¢:D°¢ =2 L{im¢p \ $(A)},

A::{te[o,l]:ji;(t)zoo}.

where
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In particular, the metric currents associated with ¢ can be represented as currents over the following sets:

[¢1* = [6(A)]
[¢]° = [im ¢~ ¢(A)]
[¢] = [¢*(0). ¢~ (D],

Proof. Assume that ¢ is non-decreasing without loss of generality. Since ¢ € BV(I), the approximate
gradient V¢ exists and is non-negative almost everywhere, and satisfies D?¢ = V¢.#1. Notice also that
D’¢ = 9] ¢]’, as measures in My(R). Proposition 6.4 and the fact that the only cycle on R is the zero current,
imply that [@] = [a, b] with a = $*(0) and b = ¢~ (1).

Since ¢ has left and right limits at every point, it follows that 'y := Ut65¢(¢_(t), #* (1)) = [a, b] . im §.
This, the fact that [¢] = [a, b] and the definition of push-forward yields

i = ¢sDp = Lim ¢ = £ Lim §. (6.13)

By the Besicovitch Differentiation Theorem, the Borel set A is D¢¢-null and has full .#!-measure. In
particular D¢ is concentrated on B := im ¢ \ A and D%¢ is concentrated on A. If ¢ is injective, then
p® = pL¢(A) and p¢ = pL¢(B) are mutually singular and hence the first assertion holds when ¢ is
injective.

To address the case when ¢ is only monotone, we argue as follows: for any given ¢ > 0, let ¢.(¢) :=
@(t) + et. Since ¢, is strictly monotone, it is injective. Denoting by A, and B, the u-dependence of the sets
A and B introduced above, we have Ay = Ay and By, = By since D°¢. = D°¢. By the previous step, for
every g € C.(R) it holds

/ () DG + ¢ / g(ge) dt = / o(¢.) dD$, = /¢ R

Since ¢, — ¢ uniformly and 14, 4,) = 14, in L' as ¢ — 0, we conclude from the identity above that

[ rgraveg - /¢ L

This, together with (6.13) gives

JEOIYE /¢ o

as desired. The identities for [¢]? and [¢]€ are consequences of the push-forward identities. O

The following version of the area formula is a direct consequence of the previous result:

Corollary 6.12 (Area formula). Let y : R — R be a monotone non-decreasing function and let g € L'(R).
Then,

/ g(x)dx = / g(®) dDy(t) for all Borel sets U C R.
Unim y y1(U)

Moreover, these integrals do not depend on the choice of Lebesgue representative of y.

6.5. Parametrization of sets in the real line. For a Borel set K C R, we write 1x € L!(R) to denote its
Lebesgue representative indicator function. In this way, we shall indentify the Borelians /3([0, 1]) modulo
negligible sets as a metric subspace of L'((0, 1)). We will write |K]| to denote the one-dimensional Lebesgue
measure of K. The following lemma demonstrates a fundamental property: any Borel set (up to Lebesgue
equivalence classes) in the real line can be parametrized by arc-length using a BV curve.
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I

FIGURE 5. Optimal transport maps (paths inred) T : Ix := [0,|K|] — K associated with
the transportation of £! LIx into £! LK. The monotone map ug constructed in Lemma 6.13
can be expressed in terms of T as ux(t) = |[K|- T(K|™'¢).

Lemma 6.13 (Transport parametrization). Let K be a Borel set in [0,1]. There exists a monotone non-
decreasing Cadlag function ug : [0,1] — [0, 1] satisfying:

[uk]® = [K]
[ug]®=[imux ~ K] =[K ~K]
[ux]’ = [essinf K, esssup K] . [K].
Moreover,
i) For £1-almost every t € (0,1), it holds

. t +h) — ug(t)
W (1) 1= lim uk(
x() Ih—>0 |h|

ii) The map B([0,1]) c L([0,1]) — L'((0,1)) : K = ug is continuous.

= |K]|.

Proof. The case when |K| = 0 is trivial and therefore we may assume that |[K| > 0.

Define f : [0,1] — [0,1] by f(x) = |K[™' [, 1k = |[Kn[0, x]||K|™". The function f is non-negative, mono-
tone non-decreasing, 1-Lipschitz and satisfies f/ = |[K|™! almost everywhere on K. Let a = essinf K and
b = esssup K. Now, let us consider its pseudoinverse y : [0,1] — [0, 1] defined by y(#) = inf { x € [0,1] : f(x) > t}.
Here, we have adopted the convention that the infimum above is b when {f > t} is empty. Notice that this
function is defined by the condition y(¢) < x if and only if t < f(x). Since f is monotone, so is y and
in particular y € BV(I). In addition, by definition and the Lipschitzianity of f, it follows that y is right-
continuous (independently of its L!-representative). Notice that y(0") = a and y(17) = b, and more
generally f(y)(t) =t on I. This follows from the left-continuity of y and the definition of f and y.

The chain rule for BV functions (see [6, Theorem 3.99]) guarantees that 1x(y) is well-defined |Dy|-a.e.
(v is continuous |Dy|-a.e.) and conveys the following identity of measures:

LI =K x(p) 7 L1 + KMM()Dy + (F(y™) — fGr ) H'LS,

We deduce that y(t) € K and y(t) = |K| for £*-almost every t € I and also that the last two terms on the
right-hand side above vanish, which gives |K|.Z' LI = 1x(y) y £". Integrating both sides and recalling the
pushforward identity 2" Ly(A,) = ysD"y (cf. Lemma 6.11), we get

K| = /I () dt = /K dysDy = L1 Ly(A)K) = [y(A)) n K]

From these two observations, we deduce that |[y(A,) » K| = 0. Recalling Proposition 6.4 and the identities
from Lemma 6.11 we get the desired expressions for [y]% [y]¢ and [y]’. The first part of the assertion
follows by setting ug :=y.
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Proof of i). To see that the pointwise derivative y’ exists almost everywhere in Ig, we recall that the
fundamental theorem of calculus holds with Dy outside of the discontinuity set (see [6]):

y(t +h) —y(t) = Dy(t,t + h) vt,h € Ig \ S,.

From this, the monotonicity of y and the Lebesgue—Besicovitch differentiation theorem (which on the real
line holds with half-intervals) it follows that

\l111|m0 W = y(t) = K| for .#!-almost every t € Ix.

Proof of ii). The proof of this part can be found in [42, Prop. 2.17]. For the convenience of the reader, we
have furbished a proof here. For an integrable function f : [0,1] — [0,1] and t > 0, we write E¢; = {f > t}
denote the t super-level set of f. We recall the layer cake representation

1
f(x):/0 IEfyt(x) dt. (6.14)

for later use. Now, let K,L C [0,1] be any two given Borel sets. If x € [0, 1], then by definition it holds
uk(t) = ess inf Ez ; and similarly for y;(t). Moreover, by the monotonicity of fx, f;, we can express the
pointwise distance from ug to y; as the Lebesgue size difference of their associated super level sets, i.e.,

uk(t) = (D = | L (Epe ) = LU ER D vee[o1]. (6.15)

Expressing fx, fi in terms of the layer cake formula (6.14) and changing the order of integration by means
of the Fubini-Tonelli Theorem we deduce

1 1
/ i) = o)l dx = / L ) — L Eg 0 dt 2 Juk — ylbon,
0 0

This proves that the assignment fx — ug is continuous from L!(0, 1) to L}(0, 1). In fact, it is a continuous
isometry. Finally, we make the simple observation that (by the very definition of fx)

If(x) = fr(x0)] < /0 [1x(s) — 1.(s)l ds < |1k — 1Llp1o,1)- (6.16)

This proves that 1x — fx is continuous. In particular, 1x — uk is continuous as it is the concatenation of
a continuous map and a continuous isometry. This finishes the proof. O

Remark 6.14. Notice that

« DJy vanishes if and only if K is essentially connected,
+ y € SBV(I) if and only if K is essentially closed.

Example 6.15 (Fat Cantor set II). Let X C [0, 1] be the fat Cantor set from Example 2.7. Recall that X is
closed, is nowhere dense and has measure |X| = 1 — « for some « € (0,1/3). Consider its open complement
A =[0,1] \. X and notice that dA = X. Therefore,

[ux]=[x].  [ux]°=0,  [ux] =0,
and

[ual® = [A],  [ual*=[Xx],  [ux]’ =0
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7. PROOF OF THE SBV -REPRESENTATION

This section presents the construction of the SBV(I, X) representation for 1-dimensional metric currents
in Banach spaces. We begin by setting up the necessary preliminary tools, including the crucial hole filling
of metric currents (cf. Theorem C) and the decomposition of cyclic currents by Paolini and Stepanov. We
then use the structure of the hole filling results to define a map that pushes continuous curves into SBV
curves under the Cadlag topology. In order to keep the presentation as clear as possible, we have decided
to cover the rigorous (and somewhat nontrivial) measurability properties of the push-forward map in the
Appendix.

7.1. Proof on separable Banach spaces. We first establish Theorem D for Banach spaces of dimension
at least 2.

7.2. Preliminaries. To begin, fix an arbitrary ¢ > 0. As a first step, we augment our Banach space X to
X’ = X ® R, where Xy = X @ {0} is an isometric embedding of X, and X* = X & (0, ) denotes the upper
half-space. As shown in Corollary 5.1, for any given current T € M;(X), we can find a cycle C € M;(X")
and a rectifiable current R € R1(X”) such that:

(i) C=1isT + R, where i : X — Xj is the canonical isometric isomorphism.
(i) isT=CLXpand R=CLX".
(iii) M(R) < |0T|kr + €.
(iv) R is of the form R = Y1, nk[xk, yx], with x, yr € X* and 5y € R, such that the union of open

intervals (i, (x, yx) is disjoint.

Rk

FIGURE 6. Depiction of ix T (in red) and R (in blue).

As usual, we denote C([0, 1], X”) as the space of continuous curves equipped with the uniform convergence
topology. By Theorem 3.1 and Corollary 4.1 in [37], there exists a finite Borel measure 77 on C([0, 1], X”)
concentrated on Lip, ([0, 1], X”), such that

(@) = / [6]() di ()
Cc([o,1],x7)
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for all metric 1-forms o’ on X’. This superposition is free of mass cancelations:
MO= [ MDdO) = [ 6)dne) &
C([0.11.x7) c(lo.11.x")

Moreover, fj-almost every curve 6 is an injective arc (hence M([0]) = #0) = 1) with constant speed
|6] = 1. The evaluation maps ¢; : C([0,1],X’) — X’ (defined by e,(6) = 6(t) for t € [0,1]) are Borel, and
(e0)s71 = (e1)s#7] = |C|. From property (ii), we deduce T,R < C and their associated measures |T|, |R| are
mutually singular. In particular, from (7.1) it follows that for any o’ € 2'(X’) we have

BT = [ [1Xw)dn(®) (72)
C([0,1],x7)

MG = [ M1 o) (73)
c([0,1],X7)

and

R@H= [ o @) dne) (7.4)
c([0,1],X7)

M(R) = / M([O] LX) dif(6). (7.5)
c([0,1],x7)

Remark 7.1. Notice that, since i is an isomorphism of Banach spaces,
T(w)=T(woitei)=iyT(woil) for all w € 2 (X).
The fact that i is an isometry further gives M(T) = M(ix T).

Remark 7.2. In all that follows we will make use of the following property (see [43, Sec. 6]): for any w €
2'(X), the maps y — [y](w) and y — £(y) are Borel from Frag(X) to R, where the space of fragments is
topologized as subspace of K([0, 1] x X).

7.3. Constructing SBV-curves via push-forward. In all that follows, we write I := (0, 1). The next step
is to construct a 7j-measurable map from C([0, 1], X”) to SBV-curves on D([0, 1], X). This push-forward
mechanism is central to translating the decomposition of cyclic currents into a representation in terms of
SBV paths.
Let 0 € C([0,1], X”) and let Ky := 071(X,) € K([0,1]). By Lemma 6.13, there exists a monotone non-
decreasing Cadlag curve y : [0,1] — [0,1] belonging to BV(I), with yp = y} in L'(I), and satisfying (cf.
Remark 6.14):
[vel® = [im yo] = [Ko]
[ve]© = [imys \ Ko] =0 (7.6)
[vel’ = [ag. bo] — [im yo] = [(ap, bo) ~ im ye],

where ay = essinf Ky and bg = ess sup Ky. Therefore yy € SBV(I) for all 6 € C([0, 1], X”).

Define f : C([0,1], X”) — D([0,1], X) n SBV(I, X) by f(0) := Xo 0o yg, where X : X’ — X is the
composition of the isometry i™! : X, — X with the canonical projection p : X’ — X,. Here, the space
D([0, 1], X) is topologized with the Skorokhod metric (2.4). Notice that f is well-defined since D([0, 1]) and
SBV(I) = SBV(I) are both stable under the composition with metric-valued Lipschitz maps.

Proposition A.5 in the Appendix and the lipschitzianity of & : X, — X warrant that § is fj-measurable.
We have thus far defined an 7-measurable map that assigns an SBV-curve to every continuous curve with

values on X. The crucial property for f is contained in the following chain of identities: First, observe that
if (f, m) € Lip,(X) x Lip(X), then

[BO]*(f. ) = [yvol “(f(x o 0), m(x = 0)) = [Ko[ (f (X o 0), m(x = 0)) (7.7)
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Here, in passing to the first equality we have simply used the definition of [-]*. The second equality follows
from the identity [yp]* = [Kp] from (7.6). Using that 1g, = 1x, o € and computing on the right-hand side
of (7.7), we deduce that

1
[BO]“(f. ) = /0 (1x, » OF®) > () © ) = [O] LXo(FG™), 2 (1), (7.8)

where the last inequality follows from the fact that X[y, = i"".

The push-forward. We define Ospy(X) C D([0, 1], X) as the metric subspace of injective Cadlag func-
tions, whose restriction to I are SBV, and possess constant metric speed (i.e., |y| = &y)).

We claim that f(0) € Ospy(X) for f-almost every 0. Since 7 is concentrated on ©(X), the subspace
of Lip,([0, 1], X) of all injective curves with constant metric speed one, we may assume without loss of
generality that 8 € ©(X). The injectivity of () is clear. We are left to demonstrate the constant-speed
property. To verify this, let us first recall from Lemma 6.13 that yj(t) = €(yp) for £'-ae. t € (0,1).
Since 6 € ©(X), we have |0|(s) = 1 for .#'-almost every s € [0,1]. Then, resorting to properties of
the metric differential established in [33, Thm. 2], we find that for .Z!-almost every x € im(yp), it holds
|0(z) — 0(y)Ix — |z — y| = o(|z — x| + |y — x|). Letting z = yp(t + h) and y = yp(t), we conclude that:

10Cyo(t + 1) — 0(yro())Ix

lyo(t + h) — yo(D)l
Letting x = yp(t) in the identity above yields

1= o(lys(t + h) — x| + |ye(2) — xI).

|0Cye(t + 1)) — 0(ye(1))Ix
|h|

(6 < yo)l(6) = lim = o)

This proves the claim.

With the measurability of § and the constant speed of f(6) established, we can now define a finite Borel
measure 1 on D([0, 1], X) by pushing forward 7 under f, i.e., n = B«7. This measure will serve as our "SBV
representation measure." Notice from the previous step that 7 is concentrated on Ospy(X).

7.4. The representation. By definition, for any n-summable Borel map g : D([0, 1], X) — R, its integral
with respect to 7 is:
[ swanw = [ gp@)ano, 79
D([0,1].X) c([0,1].X")
Let w € 2'(X) be an arbitrary metric 1-form. We define a map g : D([0, 1], X) — R by

o) = [ﬂu]]“(w) if u € Ospv(X)
0 else

To be able to represent T as a current, the key step is to prove that g is Borel measurable. We recall from
Lemma 6.5 that the maps u — |Dul(I), |D%u|(I), and | D’ u|(I) are measurable with respect to the D([0, 1], X)
topology. By Lusin’s theorem for finite Borel measures in metric space (see [32, Thm. 17.12]), it suffices to
show that g is Borel on any set where these maps are continuous.

Consider any Borel set F ¢ D([0, 1], X) n Osgy(X) on which these maps are continuous. Lemma 3.12
provides the following convergence property: for any sequence u; — u in F, their associated fragments
converge, i.e., yu; = ¥y in the fragment topology on Frag(X). Since [u]* = [y,] as currents and g is known
to be Borel measurable with respect to the fragment topology (see [43, Sec. 6]), we conclude that g is Borel
measurable on F. This establishes the overall n-measurability of g.

Since also B — |[y]I(B) is Borel for all y € Frag(X) and all Borel B C X, the Lusin-type property
argument above can also be applied to show that the map

R I[u]*I(B) = H'(imu n B) if y € Ospy(X)
0 else
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is y-measurable.
We can hence now make use of the push-forward identity (7.9) with these two maps.
By construction, we obtain (cf. Remark 7.1):

[ @™ [ o) die
D([0,1],X) c([0,11,xX7)
@ / [6] . Xo(w - i) dii(8) & i, T(w o i7Y) = T(w).
Cc([0,1],X7)

This proves that 5 represents T as a superposition over Ospy(0). Testing with metric differentials of the
form w = (1, f), we deduce that the boundary of T also satisfies a similar representation: for every f €
Lip(X) it holds

IT(f) = / o[u*(f) dnw)
D([0,1],X)

(7.10)
= [ ) - f @) - DIaCh dntw)
D([0,1],X)
7.5. Absence of mass cancellations. Let B C X be a Borel set. Similarly as above, we get
a (7.9) a _
[ i@ ® [ o) e
D([0,1],X) C([0,1],X7)
(7.8) R (T
= I[611(Xo niB) dn(0) > |ixTI(iB) = | TI(B).
Cc([0,1],X7)
This tells us that
/ Iu]l > |T|] as measures on X. (7.11)
0,11,X)

Recalling (7.3), we get:

MO =MGD = [ o]0 i)

2y / M([B(0)]%) d7(6) = / M([y 1) dn(y).
c([0,11,X7) D([0,1],X)

Since M(T) = |T|(X), we conclude that the inequality of measures in (7.11) must be an equality and hence
/ ITy]¢I(B) = |T|(B) for all Borel sets B C X.
D([0,1].X)

This proves the mass decomposition for T, in terms of 7.

7.6. Estimate for the jump part. Let 6 € Lip([0, 1], X). Recalling Remark 6.3 we compute

B = > [xo 0y (D).x e 0(yg ()]

tesm

= Re[0 o ya]/ = Re0s[[ a0, ba] ~ Ko]] = Re[0]4p5,] L X
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Since Lip(R) < 1, we deduce M([B(9)]’) < M([0]LX™"). From this bound for Lipschitz curves on X’ and
the fact that 7 is concentrated in Lip, ([0, 1], X”), we deduce:

/ ID7y|(0,1) dn(y) = / M([y]?) dn(y)
D([0,1],X) D([0,1],X)
- / M([B(O)]) dii(6)
c(0,11,x7)

((iii))
< / M([0] LX) di(0) = M(R) < 9Tl + e
c([o0,11,xX7)

This establishes the Kantorovich estimates for the superposition of the approximate jump derivatives.
This finishes the proof of the SBV -representation in Banach spaces (of dimension at least 2). g

7.7. Proof of the SBV representation in separable metric spaces. This section extends the SBV rep-
resentation from Banach spaces to general separable metric spaces. The key idea is to leverage isometric
embeddings of separable metric spaces into £ and then apply the result established in the previous section.

7.8. Push-forwards between ssometric metric spaces. Here, we establish how metric currents and
SBV-curves behave under isometric push-forwards, which is essential for transporting our representation
result.

Let X, X’ be metric spaces and let ® : X — X’ be an isometric isomorphism. Recall that every current
T € M;(X) induces a current T” € M;(X”) by the push-forward T’ = ®; T, defined by:

O(T)(f, ) = T(f o ®, 7m0 D), (f, m) € 21(X").

The locality and continuity properties are straightforward to verify, as the composition of Lipschitz maps
is Lipschitz. Since ® is an isometry, Lip(r - ®) = Lip(r) for any 7 € Lip(X”). Thus,

T'(f, 7)| SLip(ﬂ)/le°<I>| d|T| =/X|f| d(@4]T]),

where @] T| is the standard push-forward of a Borel measure. This implies | T’| < |®4 T|. Because ®~! is also
an isometry, an analogous argument shows | T| < (@~ 1), T’|. Therefore, ®s : Mj(X) > My(X’) : T~ T’
is a bi-Lipschitz isomorphism.

Notice that if ® : X — X’ is an isometry, then the map @ : y — ® o y also induces an isometry of
Cadlag spaces D([0, 1], X) — D([0, 1], X”). Indeed, since @ is bi-Lipschitz from X to X’, it follows that ®p
is bi-Lipschitz. The fact that it is an isometry follows directly from the fact that ® is itself an isometry. This
isometry also restricts to an isometry between GOsgy(X) and Osgy(X”).

7.9. Embedding a separable metric space X into a separable Banach space. The classical Kuratowski
embedding theorem states that every (pointed) separable metric space can be isometrically embedded into
. This section briefly reviews the construction of this embedding. Let (X, d) be a separable metric space.
Choose a countable dense set (x3);", C X and an arbitrary reference point x, € X. Define the map
O : X - £ by:
O(x) = (d(x, xp) — d(x0, Xp))pz1>s x € X.

The triangle inequality ensures that |[®(x)[s = supjep [d(x, xp) — d(x0, xp)| < d(x, x,), so the map is well-
defined. Since X is Hausdorff, ® is injective. For any x, y € X, the triangle inequality also gives:

[2Cx) = (Ml = sup |d(x, xp) = d(y, xp)| < d(x, y).

Conversely, the map z — |d(x, z) — d(y, z)| is 1-Lipschitz. By the density of (x3), for any ¢ > 0, we can
find xj, such that |d(x, x,) — d(y, x)| > d(x, y) — ¢. Taking the supremum and letting ¢ — 0", we conclude
that |®(x) — ®(y)|#~ = d(x, y). Thus, ® is an isometry. This implies that ® restricts to a bijective isometric
isomorphism from X into its image X’ := ®(X), which is itself contained in a separable subspace of .
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7.10. Proof of the representation Theorem D. We now combine the previous sections to prove the SBV
representation for 1-dimensional metric currents in any separable metric space. Let X be a separable metric
space and T € M;(X) be a 1-dimensional metric current. Let ® : X — ¢~ be the isometric embedding
constructed in the previous section. Let E C ¢ be a separable Banach space of dimension at least 2
containing X’ = ®(X) (this can always be found by considering a larger space). Define T/ = ®,T €
M;(X”) € M;(E). Since E is a Banach space of dimension at least two, by the results of the previous section,
there exists a finite Borel measure y on D([0, 1], E), concentrated on Osgy(X”) N D([0, 1], X”) satisfying:

(o) = / [£]%e) du0). (7.12)
D([0,1].E)

IT'I(B) = / 1B du(D). (7.13)
D([0,1],E)

Now, let ¥ = @7 ! : X’ — X be the inverse isometry. Recalling that y is concentrated on D([0, 1], X’) n
®$]BV(X/) we get

T(fox) = T'(f o ¥,7 o %)

- / [E1°CF - ¥, 7 - %) d({) = / MO ) dp(0).
D([0,1],X") D([0,1],X”)

Let 5 = Ysp. By construction and the stability of Cadlag spaces under Lipschitz isometries, 7 is a finite
Borel measure on D([0, 1], X), which by the previous identity yields the representation:

T(f.7) = / [u]Cf. 7) dn(u).
D([0,1],X)

Moreover, by construction 7 is concentrated on the injective curves of @sgy(X) with constant speed.
The mass identity:

|7l = /@ I

follows directly from the identity ¥|T’| = | T| and (7.15).
For the boundary estimate, recall that for any ¢ > 0, the representation in the Banach space E satisfies:

/ IDIZ du(0) < 10T lw + €.
Ospv(E

Since ¥ is an isometry, it preserves the jump lengths, that is, |D/¥()| = |D’{| as measures. Also, [0T'|xg =
|0 T|kr because push-forwards by isometries also map Arens-Eells spaces isometrically. Thus, pushing
forward p to n yields:

/ Dl din(u) = / IDME(O)| du(0) < 10Tlxw + c.
Ospy(X)

Ospv(E)
The full statement of Theorem D is therefore proven.

7.11. Proof of Corollary 2.19. By Theorem D, there exists a finite Borel measure n on D([0, 1], X), con-
centrated on Ogpy(X) and satisfying

@)= [ (o) dntw) (714)
D([0,1],E)

ITI(B) = / ]°I(B) dn(uw), (7.15)
D([0,1],E)

for any w € 2'(X) and B € B(X).
Recalling from Lemma 6.5 that the functions from @spy(X) into R defined by u + #(u) and u — |D’u|(I)
are Borel, and hence n-measurable. It then follows from Lusin’s theorem and Lemma 6.9 that the fragment
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map I' : Ospy(X) — Frag(X) : u — y, introduced in Section 6.3 is n-measurable. This allows us to define
the push-forward p := T4n, which defines a Borel measure on Frag(X).

Since the functions y — [y](w) and y — #(y), from Frag(X) into R, are Borel (see [43, Sec. 6]) and
p-summable, we can integrate them against p. Finally, since [u]® = [y,] as currents, it follows from the
definition of push-forward that

@)= [ @) dnw
D([0,1],E)

= / [vul(e) dn(u)
D([0,1],E)
= / [v](e) du(y).
Frag(X)
The superposition for the mass measures and cancellation-free property follow analogously using that
#(u) = {(y,) and arguing as in the previous proofs. O

8. ProoF or THE 1-FCC CHARACTERIZATION

This section is dedicated to the proof of Theorem A), which states that a metric space X is curve rectifiable
if and only if every metric current T € M;(X) can be approximated in the mass norm by normal currents.

Before diving into the proof, let us recall the definition of curve rectifiability: A metric space X is said to
be curve rectifiable if every 1-rectifiable set can be covered, up to an H!-null set, by countably many images
of Lipschitz curves.

We divide the proof into two parts:

Sufficiency. First, we show that if every metric current T € M;(X) can be approximated in the mass norm
by normal currents, then X must be curve rectifiable.

Since 1-rectifiable sets can be expressed as the union of at most countably many images of fragments,
it suffices to show that the image of any fragment can be covered by at most countably many Lipschitz
curves on X. More precisely, we want to prove the following: if y € Frag(X) is a nontrivial fragment and
T := y([0,1]) C X, then there exists a countable set J C Lip([0, 1], X) such that

H! (F ~ U Fg) =0 where Ty :=Tn 6([0,1]). (8.1)
0eJ
By assumption, we can find a sequence of normal currents (N;) C N;(X) satisfying
M(ly] - N)) - 0. (5.2)

Recalling Paolini and Stepanov’s decomposition of normal metric currents [36,37], for each j € IN, there ex-
ists a finite Borel measure n; on C([0, 1], X), concentrated on a family J; of 1-Lipschitz curves in Lip, ([0, 1], X)
with constant speed one such that

Nj(w) = / [60](w) dn;(6) for all w € 2'(X)
C([0,1],X)

IN;| = / 11611 dn;(6) (83)
C([0,1],X)

We observe that, by the triangular inequality, we have:
M([y] = N;) > M([y] LB — N;LB) > [M([y]LB) — IN;|(B)I.

where B is an arbitrary Borel set in X. If we additionally assume that B C T, then M([y]LB) = |[y]I(B) =
H'(B) due to the injectivity of y and, by exploiting the mass convergence (8.2), we infer that

IN;|(B) - H'(B) forallBCT
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As a consequence, we obtain the following key implication that will be needed later:

BcT, H'(B)>0 = liminf|N;|(B) > 0. (8.4)
Jj—o

Next, for every j € IN, we consider the following length maximization problem:

aj :=sup { H(F):F countable c J; },  H(F) :=H' <UF9>'

OeF

Clearly a; is finite, because it is always majorized by HY(T). In fact, it is a maximum (i.e., it is attained).
Indeed, let (F)kew C J; be a maximizing sequence such that H(Fy) — a;. Now, simply take 7/ := | J; F,
which is again a countable subset of J;. Then, since the functional H is non-decreasing with respect to set
inclusion of countable families of curves, it holds

H(F)) > ]}im H(Fy) = a;.

This proves that the supremum above is indeed a maximum.
Now, consider the family J := J; F/, and notice that J is countable by construction. By the mono-
tonicity property of the functional H and since | J; Ty C T, for every j it holds:

a;=HF)<H(J) =H' (U Fe) <HU(D),

0eJ

whence, by the sub-additivity of outer measures:

M <r N Ur9> <H' D) -a;.

J
We can conclude with the desired equality (8.1) (proving the sufficiency) once we show the following claim:
aj — H'(T) as j —oo. (8.5)

Suppose that (8.5) is false. Then there exists ¢ > 0 such that ¢ + limsup,_,, a; < H(T). In particular, for
sufficiently large j, there exists a Borel set B; C X such that

BicT~ | JTo,  H'(B)>e
OeFJ

where F/ is a maximizer of H within the set of countable subsets of Jj.
However, from (8.4), for sufficiently large j, it holds [N}[(B;) > 0. In particular, by (8.3) we have

0 < INJ(B) = / 1O11(B,) d;(6) = / H'(0 1 B,) di(0).

Therefore, there must exist at least one curve 0; € J; such that H*(6; n B;) > 0. Then, consider
G’ :=FJ u{0;}. Observe that

H1<U rg) > M (U r9)+H1(9jnBj)>H1<U r9>.
0egi DeFi OcFi
This contradicts the maximality of 7/ for j sufficiently large. Hence, (8.5) is true.

Necessity. We show that if X is curve rectifiable, then every metric current T € M;(X) can be approxi-
mated in the mass norm by normal currents.
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1. Approximation of fragments by normal currents. The first objective is to demonstrate that any fragment
within a curve rectifiable space can be approximated in the mass norm by normal currents.

To this end, consider an arbitrary fragment y € Frag(X). By the definition of a curve rectifiable metric
space, there exists a sequence (6;)7; C Lip, ([0, 1], X) such that

imy C (Oim 9j> UN, H'(N) =o. (8.6)

j=1
This sequence can be refined inductively so that the images of distinct curves are essentially disjoint:
izj = H(im6;nim6;)=0. (8.7)

The idea is to approximate each "piece” S; := [0;]Lim y separately with normal currents N;, € Ny(X)
for each £ > 0. The critical aspect, enabled by (8.7), is that the length of y will not be over-counted when
combining the approximations of these pieces. Moreover, in order to ensure the approximation by normal
currents, we must manage the potential for infinite mass boundaries arising from the full series, which
requires a controlled approximation by partial sums.

Let us then fix j € N and focus on the approximation of S; = [6;]Lim y. Since we are working with
Lipschitz parameterizations, the underlying idea is similar to the problem of approximating a compact set
C c [0, 1] in length measure by a sequence of finitely many intervals. The following construction mimics
the ideas from [26, Prop. A.2]:

Fix ¢ > 0. Let ' := imy and consider the pre-image K; := 9]71(1“), which is a compact set in [0, 1].
Since we do not want to add unnecessary length in the approximation, we consider I; := [a;, b;] C [0, 1],
the smallest closed interval containing K; (whose endpoints are the infimum and supremum of Kj). Since
I;\K; € (0,1) is open, it can be expressed as a union of a sequence () of disjoint open intervals (possibly
empty) of (0, 1). Therefore, there exists a sufficiently large number h; € N such that

sl < 270, (8.8)
h>h;

Now, consider the compact set

Ci=n~ | L
h<hj

By construction K; C Cj, and C; is an e-approximation from the outside of K| in terms of length, consisting
of finitely many closed intervals. We may now define a normal current approximation of S;, by letting

Nj. :=[6;]LC; = (0,)+[C)] € R1(X).
As the sum of finitely many integral currents associated with Lipschitz curves, it follows that N; . € Ny(X).
Moreover, by construction S; = (6;)+[K;] and hence
M(S) — Njo) < ML ~ O < HU(I~ ) 'S 270D, (8.9)
Observe that . "
D UMN;) + M(S) < D (2M(S)) + 270 Ve) = 2H (D) + e.

j=1 =
From this, we also deduce the existence of a sufficiently large natural number A, such that
DT M(N;) +M(S) < 27 e (8.10)
Jj>he

We can now "glue" most of our approximations together, by defining

he
N := ) Nj. € Ni(X) n Ry(X).
j=1
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Thus, we have:

h
(8.7),(8.10) ¢ (8.9)
M[YI-N) < Y MG -N)+27le < e
j=1

Letting ¢ — 0 yields the desired approximation. g

2. A superposition of normal approximations. In light of Corollary 2.19, every metric current T € M;(X) can
be represented, regardless of the connectedness assumptions on X, as a superposition of currents associated
with fragments such that there are no mass cancellations. Specifically, we demonstrated the existence of a
finite Borel measure 5 on Frag(X) such that

T(w) = / [yD(@) dn(y) (8.11)
Frag(X)

ITI(B) = /F M Gmy 0B dnty). (5.12)
rag

In the previous step we have shown that for any ¢ and any fragment y € Frag(X) there exists (at least one)
normal current N, , € N;(X) satisfying M([y]—N,..) < ¢. From a quantitative viewpoint, the superposition

Re(w) i= / N, (o) dn(y) (.13)
Frag(X)

of such approximations is a natural candidate for the mass approximation of T. Indeed, supposing that R,
is well-defined and defines a normal current, it is straightforward to verify, using (8.12), that

M(T-R)< [ MUY =Ny ) < a0
rag|

However, defining (8.13) introduces two key challenges:

(a) The first is the well-definedness of R, as a metric current. For the integral in (8.13) to be well-
defined, the map y + N, . must be 7-measurable, and y = M(N, ;) must be n-summable. Summa-
bility follows directly from (8.12), the finiteness of 7 and the bound M([y] — N,,) < e. While
our construction in Step 1 might be intuitively measurable, rigorously establishing this directly
can be cumbersome. To address this, we will appeal to Von Neumann’s measurable selection
theorem.

(b) The second is whether R, defines a normal current. The mass of the boundary, M(ON, . ), gener-
ally increases with the irregularity of the fragment y. Consequently, R, as defined in (8.13) will not
necessarily be a normal current. This is consistent with the fact that N;(X) is not a closed subset of
M;(X). Our solution involves constructing a monotone sequence of Borel sets X; C Frag(X) that
converge to a full 7-measurable set. On these sets, we will ensure that M(dN, ) < j for n-almost
every y, and then we will take the limit as j — oo.

With these considerations in mind, we can now proceed to develop the rigorous mathematical argu-
ments:

2.(a) A measurable selection of normal approximations. The primary goal of this section is to construct an
n-measurable map @, : Frag(X) — N;(X) using a measurable selection theorem. This map must satisfy
the following condition:

M([y] = @:(y) < e. (8.14)
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Notation. For simplicity of notation, and to avoid carrying a heavy e-dependence throughout the math-
ematical objects, we suppress ¢ from the notation of ® and other related sets and functions where the
dependence on ¢ is implicit from the context of this section.

To begin, we can assume that X is a separable space. This assumption is crucial because it ensures
that:

» The space of fragments Frag(X), equipped with the Hausdorff metric of their graphs (as subsets
of K([0, 1] x X)), is a Polish space.

+ The space C([0,1], X) is a Polish space under the topology induced by uniform convergence.
Consequently, its subspace Lip,,(X) := {6 € Lip([0, 1], X) : Lip(6) < m} is also a Polish space for
all m € N, when endowed with the uniform distance between functions.

Now, let X := Frag(X). Consider the product spaces Z,, := Lip,,(X)™. This space is also Polish,
inheriting its topology from the uniform metric on each coordinate (which induces the product topology).
Next, we define a map A,, : X x Z,, = R given by

Ay, (01, e, 0)) = M([y] = Y. [6x])
k=1

These maps are Borel measurable. This follows from the Borel measurability of operations on currents
(e.g., sum, pushforward, mass) and the fact that an integral current associated with a Lipschitz curve is
Borel measurable.

From the preceding discussion, it follows that Y, := A} 1([0, £)) C X x Z,, is a standard Borel set. As a
result, both Y, and its projection,

Xy = ”X(ym) = { Yy € X: EI(91’ cees gm) € Zm, Am(%(91, cees 6m)) < £}>

are analytic sets in X' x Z,, and X, respectively. Given that 7 is a finite Borel measure (see [45, Thm. 4.3.1]),
X, is n-measurable.

Since the assumptions of Von Neumann’s measurable selection theorem (see [45, Thm. 5.5.2]) are satis-
fied, there exists an 7-measurable section ¥, : X, — Z,, that satisfies:

m

M([y] - Z[[(‘I’m(y))kﬂ) <e for n-almost every y € X,,.
k=1
To be precise, ¥,,(y) is a tuple (01, ..., O,,). We then define @,,(y) := Y1, [(¥m(y))k], which also defines
a measurable map.

Our construction in Step 1 ensures that any y belongs to X, for some sufficiently large m € IN. Specif-
ically, since a fragment can be approximated arbitrarily well by a finite sum of integral Lipschitz curve
currents (as shown in Step 1), and since Lip,,(X) contains curves with Lipschitz constant up to m, we have
that X, C X},41 for all m € IN. Thus, we can write:

X=|J&Xu=||Wn where W,:=&,~ | X

melN melN 0<k<m

Since each W, is an analytic set (and thus n-measurable), the 7-measurable section &, : X — N;(X)
defined by

q)s(}/) = Z IWm(Y)(I)m(Y),

melN

satisfies condition (8.14), thereby proving the desired assertion.
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2.(b) Construction of the normal currents. Let ¢ > 0. Recalling the notation introduced in the previous step,
we have X’ = Frag(X) and

Xy = [ y €X:3(0y, .., 0,) € Lip,, ([0, 1], X)", M([y] — D [6:]) < & }

k=1
Notice that the sequence (Vi);_, of n-measurable subsets of X given by
Vi = JXn  keN,
m<k

is monotone with respect to set-inclusion. Moreover, by construction | J; V¢ = |,, X = X. Hence, from
the dominated convergence theorem we get 1y, — 1 in L'(5)), where 14 denotes the indicator function of
an n-measurable set A C X. Lastly, since for every y € V, the current ®.(y) consists of at most k integral
currents associated with Lipschitz curves, it follows that

M(0®.(y)) < 2k forall y € V. (8.15)

Let 5, := (®,)sn, where ®, is the selection from the previous section satisfying (8.14). By construction,
1 is a finite Borel measure on M;(X), concentrated on N;(X).
For k € Ny, we define Z = J,,cn Zm and set

/N(a))dryg(N) ifk=0
New(@) =%
/ N(w)dn.(N) ifk>0
ch(vk)

Notice that N, i is well-defined, and satisfies all the properties of currents because each Z,, inherits the
measurability properties of Frag(X) and Lip([0, 1], X) as parametrization of metric currents. The only

axiom that requires perhaps an explanation is the continuity property: if 7; ~ rin X, then N (f,mj) —
N(f, n;) for all N € Z and the desired result then follows from the dominated convergence theorem.
In particular, N, € M;(X) for every k € INy. If, moreover, k € N, then for every f € Lip(X) it holds

(8.15)
|Ng,k<1,f)|=‘ /v <I>g(y)(1,f)dr7(y)‘£ /v M(20.(p)) dn(y) < 2kn(Ve) < 2kn().

Taking the supremum over f in the left-hand side we hence obtain M(ON, i) < 2kn(X’) < oo, which demon-
strates that N, x € N;(X) for every k € N.

3. Conclusion. Let k € IN. From the triangle inequality we get

M(Noo — Neg) < / M(N) di.(N)
(DS(X\Vk)

= M(@.(y)) dn(y)
X~V

g/ M([yD + &) dn(y).
XV

Recalling that 7 is a finite measure, that [ #(y) dn(y) = M(T) < o and that 1y, — 1 in L(7), we deduce
that M(N; o — N.x) = 0 as k — oo. In particular, there exists k. € IN large enough so that

M(N;o— N;) < e, N, := Nk, € Ni(X). (8.16)
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Now, appealing to the properties of the push-forward and the definition of 5, we obtain

M(T - N,p) =M (/X([[y]] - ®.(y)) dn(y)) < /XM([[)/]] = @.(y)) dn(y) < en(X)

for all w € 2'(X), which proves
M(T — N;o) < en(X) (8.17)
Gathering (8.16)-(8.17) gives
M(T - Ng) < M(T - Ns,O) + M(NS,O - Ns) S 5(’7(X) + 1)-

We have thus proved the following: for a given metric current T € M;(X), there exists a family of normal
currents {N;},~o C N;(X) satisfying
lirré M(T - N;) = 0.
E—>

This finishes the proof. 0
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APPENDIX A. MEASURABILITY RESULTS

In this appendix, we address several technical measurability questions that underpin the theoretical framework of
this paper. While the results presented here are largely expected, providing their detailed proofs ensures completeness
and allows the main arguments of the paper to remain focused on core concepts.

Lemma A.1. Let (K;)jexn C K([0,1]) be a sequence of closed sets converging to a closed set K C [0,1] in the Hausdorff
distance, i.e., dy(K;, K) — 0 as j — oo. If, in addition, their Lebesgue measures converge, fl(Kj) — ZYK), then their
characteristic functions converge in L*([0, 1]):

1k, — 1x asj— o in L([o, 1]).
Remark A.2. The proof given below can be easily extended to the case of a sequence of closed subsets (K;) in R¥.

Proof. Actually we will show that |1k, — 1x[;2¢0,1) = 0. By the assumption of convergence .2'(K;) — £ (K), we
have that |1k [1201) — I1klr201)- Therore it is enough to prove that 1k, converges weakly to 1k in 12(0,1). As
1, is bounded in L?(0, 1)), we can assume, after extracting a subsequence, that 1, converges weakly to a function
0 € L2([0,1]). Then 0 satisfies 0 € [0, 1] a.e. while

/ 0 dx = lim 1k, = ZY(K).
[0,1]

7% o]
Let x ¢ K and a closed interval B centered at x such that K n B is empty. Then by the Hausdorff convergence K; — K,
we have that K; n B is empty for large j, whence [, 0 dx = lim; £"(K; n B) = 0. It follows that § = 0 a.e. on K*.
Therefore, since 6 < 1, the equality f[0,1] Odx = fK 0 dx = £'(K) implies that 0 = 1 - a.e.. We conclude that 1x is
the unique weak cluster point, thus the weak limit of (1k,) as we claimed. O

The following standard result is included with a proof for completeness, as we could not find a readily available
demonstration in the literature:

Lemma A.3. Let B C X be a closed set. The inverse image map L : C([0,1],X) — K([0, 1]) defined by L(0) = 6~'(B)
is Borel measurable. Here, K([0, 1]) denotes the space of non-empty closed subsets of [0, 1] equipped with the Hausdorff
distance dg.
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Remark A.4. Notice that the continuity of the map L fails in general. Indeed, consider for instance the case where
X =R?% B ={(0,0)} and 0;(t) = j'(cos2rt,sin2xt). Then L(0;) is empty while 6; converges to a constant map
such that L(6) = [0, 1].

Proof. In this proof, for every C € ([0, 1]) and § > 0, we denote C? the enlarged set C? :={s € [0,1] : dist(s, C) <
&} which is relatively open in [0, 1]. The Borel tribe of X([0, 1]) is generated by the open balls. The inverse image by
the map L of a ball centered at K and of radius § can written as A% U By where:

Ay ={0eC(0,1],X):0'B)cK’}, By={0€eC(0,1],X):Kc(67'(B)’ }.

Therefore we are done if we show that both Al‘s( and BI‘S( are Borel subsets of C([0,1], X).

First we claim that A% is an open subset. If it is not the case, there exists 0 € A} and a sequence (0;) in the
complement of AI‘S( such that §; — 6 uniformly. This means that , for every j, there exits ¢; € [0,1] W K 9 such that
0;(t;) € B. As [0,1] K% is compact, after passing to a subsequence, we can assume that t; — t where t ¢ K?. Then,
by the uniform convergence of 6; and the fact that B is closed, we deduce that 6(t) € B. This would imply that 0 ¢ A}
a contradiction.

Next we claim that B is a countable union of closed subsets thus a Borel of C([0, 1], X). Indeed we observe that,
for every monotone sequence 8, /' 8, it holds the equality B = | J BI(S(" where

cl = { 6 e (0,1, X): K c (6-1(B))° }

Therefore we are reduced to prove that the subset C¢ defined above is closed. Let 6; € CJ be such that 6; — 0
uniformly. By definition, for each j, there exists a point ¢; € [0,1] n 9;1(B) such that dist(¢;, K) < 6. As before, we
may assume that t; — ¢ € [0, 1] and , by passing to the limit, we deduce that 6(¢) € B while dist(¢, K) < t. This means
precisely that § € C2. O

Finally, we prove the crucial measurability result which we use for proving the SBV-representation Theorem D.

Proposition A.5. Let B C X be a closed set and let nj be a finite Borel measure on C([0, 1], X), which is concentrated on
O(X), the subspace of Lip,([0, 1], X) of injective curves with constant metric speed 1. Then, the map f : C([0,1], X) —
D([0, 1], X) defined by

B(O) = 0= you (),

is n-measurable. Here, yi is the monotone map from Lemma 6.13 associated with a closed set K € K([0,1]),

Proof. Our goal is to demonstrate that the map § : C([0, 1], X) — D([0, 1], X) is y-measurable. By Lusin’s theorem, it
suffices to show that for any ¢ > 0, there exists a closed set F C Lip, ([0, 1], X) with n(F¢) < ¢ such that the restriction
Plr is continuous. The map S(0) is the composition of three functions, and we will prove the continuity of each
component in a sequence of steps.

(i) The inverse image map L : C([0, 1], X) — (K([0, 1]), dg), defined by L(0) = 07'(B).
(ii) The transport map I : X([0,1]) —» D([0, 1]), defined by T'(K) = ug.
(iii) The composition map C : ©(X) x D([0, 1], X) — D([0, 1], X), defined by C(6,y) = @ o y.

Step 1: continuity of the inverse image. From Lemma A.3, the map L is Borel measurable. A related map, G : O(X) —
[0, o) defined by G(0) = M([O] LB), is upper semicontinuous. By Lusin’s theorem, for any ¢ > 0, there exists a closed
set F C Lip, ([0, 1], X) with n(F¢) < ¢ such that the restrictions of both L and G to F are continuous. This implies that
if §; > 0 in F, then dy(L(6;), L(0)) — 0.

Now, let K; = L(6;) and K = L(6). Since curves in ©(X) are injective and have constant metric speed 1, their
length corresponds to the measure of the preimage: |K;| = H'(im 6;nB) = M([0;] L B). Because G is continuous on F,
we have |K;| — |K|. The Hausdorff convergence dy(Kj, K) — 0 combined with the convergence of lengths |K;| — |K|
implies, by Lemma A.1, that the characteristic functions converge in L.

&, — 1kl — 0.

Therefore, the restriction L|r is continuous from F to the space K([0, 1]) equipped with the metric dy + | - 1.
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Step 2: continuity of the transport map. We now show that the map T’ : K +— ug is continuous from (X([0, 1]), dy +
| - Iz1) to the Skorokhod space (ID([0, 1]), ds). Specifically, if di(Kj, Ko) + |1k, — 1k, |zt — 0, then y; = yk, converges
to yo = yk, in the Skorokhod topology. This requires finding a sequence of strictly increasing homeomorphisms
A; : [0,1] — [0, 1] such that
max{[yo — yj ° 4l lid = 4]} — 0. (A1)

We begin by defining the sets of open intervals that correspond to the jumps of our transport maps. For each
j € Ny, let 7/ be the family of disjoint open intervals whose union is I'; := [0,1] \. K;. For any § > 0, we define
Fg C F/ as the subfamily of intervals with length strictly larger than §, and we set Fé = Ulerg I

With these definitions in place, the convergence dy(Ky, K;) + |1k, — 1k, |1 — 0 gives rise to the following key
observations:

(i) Convergence of total length: The L' convergence of the characteristic functions of K; implies that the measure
of the symmetric difference of the complements vanishes: |T'; 2 Ty| — 0. This is because |K; o Ky| — 0.

(ii) Convergence of "large" intervals: For any fixed § > 0, the total length of the large jump intervals also con-
verges:

|I“f3AI‘?5|—>O as j — oo.

To see this, note that the Hausdorff convergence dy(Kj, Ky) — 0 ensures that each interval I € F§ is uni-
formly approximated by an interval in Fé. Since the cardinality of each family Fg is finite and bounded
by 67! (independently of j), we find that lim SUP;_,o0 [T ¢NT é| = 0. The analogous estimate holds for
limsup, ., I \. T, proving the claim.

(iii) Uniform measure convergence: A stronger, quantified version of the previous point also holds. Due to the
finiteness of 7’({ and the uniformity of the approximation, there exists a j; = j;(§) sufficiently large such
that for all j > j;:

|1"é AT|(B) < 6 for all Borel sets B C (0, 1).

(iv) Convergence of small intervals: For each j € INy, the total length of the small jump intervals, [T'; l"f;|, tends
to zero as § — 0. This follows directly from the monotonicity of the limit Fg 1715

(v) &-uniform convergence of small intervals: From observations (1) and (2), it follows that 1y = 1y and 1r, —
1r, in L! as j — oo. Consequently, there exists a j, = j,(§) > ji such that for all j > j,, the length of the
remaining small intervals can be bounded:

IC; N Tl =15, - 1r§||L1 <6+ |1, — 1rg||L1 = 05(1).

From our previous observations, for a fixed § € (0, 1), there exists a j; = j3(§) > j, such that for every j > j;, we
can find a bijective matching between the large jump intervals of Ty and T';. Specifically, there is a bijection Fj — Fg,
denoted by I + I, satisfying |I » I| < §2.

This bijective matching allows us to construct a monotone bijection )L;-s : [0,1] — [0, 1] that maps each interval
I € F} to its corresponding Ie T’g. We construct this map by concatenating piecewise affine transformations
shifting every point at most by 2¢ and sending each interval, into its corresponding matched interval. Due to the
the difference of scales ¢ < min{d, ms}, we can ensure each transformation only acts on a small neighborhood of its
assigned interval, leaving all else invariant. In fact, this construction can be achieved with a bi-Lipschitz bijection /15-s
with achievable Lipschitz constants below 2 (although that is will not play any role), satisfying:

A = Iforall I eFy, max{Lip(/l}s), Lip((/lf)_l)} <2, and |id- Afﬂm < 2e < 62 (A.2)

To prove Skorokhod convergence, we must now estimate the uniform distance between the original curve y, and
the reparameterized curve y; o /1?. We can express the monotone curve y;(s) as a sum of its absolutely continuous
part and its jumps. This expression is derived from Lemma 6.13, which establishes the identity between the current
associated with the absolutely continuous part of the curve, [y;]% and the current associated with its speed function,
[K;]. Similarly, the identity of currents [I';] = [y;] links the total length of the jump intervals to the jump part of
the current. Therefore, the expression for y;(s) is given by:

p)=IKls+ Y+ > U, se(o,1).

IeF}, In(0,5]%0 IEFINT], Jn(0,5]20

For all j > j;(8), we can bound the difference |yy(s) — yj(/lf(s))| by summing three terms:
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« absolutely continuous part: The difference in the speed and reparameterization is bounded uniformly in s:
(K| = [Kol + 11 = Afo)s < " + 8.
« large jumps: The difference in the lengths of the large intervals, which, by construction of /1? and our
previous observations, is bounded uniformly in s:
I} aTY < 6.
 small jumps: The contribution from the small intervals, which are the remainder of the total length, is
bounded by a term dependent on &:
IT; T} + [T ~ T§| = 05(1).

By collecting these uniform estimates, we find that for all j > j(§) := max{j;(5), 6™}, the overall difference is small:

[0 = vj © A9l = O5(1).
We can assume j;(§) is a monotone non-decreasing, surjective function of §.

To complete the proof, we construct the final sequence of reparameterizations. For each j € IN, we define §; = k™
for the unique integer k such that j(k™!) < j < ju((k + 1)7!). The surjectivity of j, guarantees that every j belongs
to such a unique interval. We then set 1; := /Ifj. As j — oo, it follows that §; | 0. By construction, j > ji(J;), so we
can apply the bounds above to conclude:

lid = Al <28; >0 and [y —yj°Ajle =0O05,(1) >0 asj— oo
This concludes the proof of the second step.

Step 3: Continuity of the Composition. This step is straightforward. The composition map C : (6,y) — Oy is
well-defined for all 8 € ©(X) and y € D([0, 1], X). Let a sequence (6;, y;) converge to (6, y) in the product topology
on O(X) x D([0, 1], X). By the definition of Skorokhod convergence, there exists a sequence of reparameterizations
Aj € Asuch that [id — Aj|e — 0 and [d(y, yj ° 4))|e — 0.
We can now estimate the distance between the composed maps using the triangle inequality and the Lipschitz
property of 6;:
[d(0 <y, 0; 2y Apleo <[d(O 2y, 0; 0 Yl +1d(0 o v, 6) 2 ¥ Ao

< [1d(6, 0)le + Lip(0)]d(y yj © 4))]eo

<[d(6, 0w + [d(y, yj o Ao = 0.
The last inequality holds because the curves 6; € ©(X) have a Lipschitz constant of at most 1. Since both terms

vanish as j — oo, the composition map is continuous.

Conclusion. We have demonstrated that for any ¢ > 0, we can find a closed set F with n(F¢) < & on which each of the
three component maps—L, I', and C—is continuous. Since the composition of continuous functions is continuous, the
full map g = C(6,T(L(6))) is continuous on F. This, by Lusin’s theorem, completes the proof that f is 5-measurable.
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