LIPSCHITZ REGULARITY OF ALMOST-MINIMIZERS IN ONE-PHASE PROBLEMS
WITH GENERALIZED ORLICZ GROWTH
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AssTrACT. Optimal local Lipschitz regularity for scalar almost minimizers of Alt-Caffarelli-
type functionals

?(U;Q):fggo(x,IVv(x)l)+/\X{v>0](x)dx,

with growth function ¢ a generalized Orlicz function, is established.
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1. INTRODUCTION AND THE MAIN RESULTS

Our paper is concerned with giving a unifying perspective on the regularity theory of
scalar-valued almost minimizers of an Alt-Caffarelli type functional with generalized Orlicz
growth in the energy:

f ()D(x/ |V1/l|) + /\X{u>0} dxl (11)
Q

where ¢ models non-standard growth conditions, encompassing classical p-growth and
Orlicz growth settings and allowing for inhomegeneities in the space variable.

The Alt-Caffarelli functional arises naturally in a variety of contexts involving phase
separation phenomena, such as fluid interfaces, combustion, and optimal material design.
Its central feature is the appearance of a free boundary - i.e., the boundary of the region
where the solution is positive — which is not known a priori and must be determined as
part of the problem. From a mathematical perspective, this functional serves as a canonical
model in the study of free boundary problems. It brings together variational methods,
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geometric measure theory, and PDE analysis. Understanding the regularity of minimizers
and their associated free boundaries is crucial not only for theoretical reasons but also for
the stability and accuracy of computational methods in applications.

Nonlinear growth conditions induce additional complexities: most nonlinear regularity
approaches must distinguish between subquadratic (1 < p < 2) and superquadratic (p > 2)
growth regimes. Structural assumptions on ¢, such as uniform convexity and appropriate
control of the growth exponents, are essential to obtain Lipschitz regularity results.

The Lipschitz continuity of minimizers to the Alt-Caffarelli functional is a fundamental
property that guarantees the well-posedness of the problem and serves as a stepping stone
toward free boundary regularity.

In the variational framework, minimizers (and more generally, almost minimizers) arise
as solutions to energy minimization problems. The pioneering work of Alt and Caffarelli [1]
established Lipschitz regularity for scalar minimizers, leveraging a delicate blow-up analysis
and monotonicity formulas. Caffarelli later refined these techniques [5, 6| [7], introducing
tools like Harnack-type inequalities and improvement of flatness. In its most general
version, developed in an Orlicz-Sobolev setting in [29], this approach reformulates the

minimization problem for gy, 1(u, Q) := fQ (go(IVul) + A )({u>0}) dx as a nonlinear PDE

div ((p’(|Vu|)|§—Z|) 0 in u>0NnQ
u=0, [Vul=A* on Ju>0nNQ
(p/(/\*)/\* _ (P(/\*) — /\

with suitable boundary conditions. This weak formulation, and a sub- and supersolu-
tion method (in a suitable viscosity sense) allow the authors to prove that solutions to the
optimization problem are locally Lipschitz continuous. This extends the Alt-Caffarelli’s
results for the scenario of the Orlicz-Sobolev framework. Additionally, they address Caf-
farelli’s classification scheme: flat and Lipschitz free boundaries are locally C'# for some
a(universal) € (0,1). Although not directly addressed in our contribution, let us also re-
mark that a flourishing literature on the regularity of the free boundary has developed from
these results, particularly in the scalar case. Key contributions include [1} 5} 6} 7, 16} 31] for
the scalar case, and [3| 19, 12,13, [14] for the vectorial setting.

The above tools are however not available when dealing with almost minimizers. This
concept, introduced in works such as De Silva and Savin [15], allows for perturbative and
non-exact minimization, providing a robust framework to study solutions in inhomoge-
neous or approximate settings. Related contributions by David, Engelstein, Smit Vega and
Toro [9, 110, [11] use compactness and approximation arguments to extend regularity results
beyond the exact minimizer class.

A remarkable approach to regularity of almost minimizers in a nonlinear p-Laplace setting
has been later devised in [18]. Their approach is based on local regularity estimates on the p-
harmonic replacement of an almost minimizer and a dichotomy theory according to which,
roughly speaking, the average of the energy of an almost minimizer decreases in a smaller
ball, unless one is arbitrarily close to the case of linear functions. This analysis, concerning
interior regularity, introduces some restrictions on the exponent p, and is essentially carried
out with different techniques and estimates for the sub- and superquadratic case.

In the vectorial setting, Lipschitz regularity becomes even more subtle due to the inter-
action between components. Recent results by Bayrami, Fotouhi, and Shahgholian [4], and
by De Silva, Jeon, and Shahgholian [12, [13], address weakly coupled systems and singu-
lar behaviors, obtaining Lipschitz bounds under structural and coupling assumptions. In
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particular, the paper [4] handles regularity (up to the boundary), obtained via a blow-up
approach which will be also expedient for our analysis, as described below.

The analysis has been further extended to the case of non-standard growth (e.g., Orlicz
spaces) further enriching the theory of Lipschitz regularity of almost minimizers in non-
classical environments. This has been mostly done for autonomous integrands (i.e., the case
where ¢(x,t) = @(t)). The scalar case has been addressed in [8], and later extended to the
vector valued case in the recent contribution [30], always dealing with a weakly coupled
system. We may also refer the reader to the introduction in [30] for a thorough analysis of
the state-of-the-art for this kind of problems, as well as for a rich bibliography.

Description of our result. We now come to the description of our results. In this paper, we
prove Lipschitz regularity for scalar-valued almost minimizers of by exploiting the
very general theory for non-autonomous functionals with Uhlenbeck structure introduced
in [26]]. It is based on a single condition involving both the x and ¢ directions (see Definition
below), which allows one for comparison estimates with minimizers of a locally well-
defined autonomous integrand ¢ whose properties are recalled in Section[2.2]

This approach can be succesfully combined with the scheme pursued in [4]. The path we
follow runs along these lines:

e atfirst, higher integrability estimates, and a reverse Holder-type inequality for almost
minimizers are established;

e alocal comparison estimate with the ¢-harmonic replacement allows one to recover a
Morrey-type estimate (see (3.23)) and eventually C* continuity of almost minimizers
for any a in (0, 1);

e a Cl@ regularity result away from the free boundary for suitable « is established by a
compactness and lower semicontinuity argument on blown-up sequences of almost
minimizers, which are shown to tend to a minimizer of an autonomous functional.
Here, assumption [(VAT)|in Definition 2.4 plays a crucial role;

e a key step, as in [4], is finally to show that a bounded almost minimizer of is
sublinear in a neighborhood of a free-boundary point. For this, in particular, the C*
continuity of almost minimizers is exploited.

Observe that the combination of the estimates in [26] with blow-up arguments causes
some additional nontrivial difficulties to our analysis, as we must ensure that some con-
stants, which depend themselves on the chosen local almost minimizer u, can also be used
for providing uniform estimates for the blown-up sequences: this is apparent, for instance,
in the proofs of Propositions and

The unified treatment we develop encompasses all the relevant examples in literature,
provided the bulk energy has a growth from below with exponent p > 1 and needs not
distinguish between sub- and superquadratic energies. As relevant examples of energies
undergoing non-standard growth we report here the perturbed Orlicz, the so-called variable
exponent, and the double-phase case

a@e(&), &P, and &P +a@)ET  for (x,&) € RT X RY,

while an exhaustive list of examples can be found in [26].

We remark that in this paper we limit ourselves to the case of scalar-valued almost
minimizers but the same result can be extended to the vectorial problem of a weakly
coupled system with some additional, but manageable, effort, using the same procedure of
[4]. Extensions to both the autonomous and non-autonomous vectorial case for strongly
coupled systems represents a challenging direction of research which we plan to address in
future contributions.
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In order to introduce the main result of our paper, we formulate our problem and specify
the definition of almost-minimizer.

Given a constant A > 0, and a bounded open set () C R? (d > 2), we will deal with local
almost-minimizers of the functional

T, = [ gl Vo) + Ao (), 12
for v € WY?(Q) with v > 0. The precise notion of almost minimizers that we use is the
following.

Definition 1.1. We say that u : QO — R is a (local) almost-minimizer for J in Q, with constant
K and exponent f, if

T By(xo) < (1 + 1rF) T(@; Br(xo)),
for every ball B,(xo) such that B,(xp) C Q and every w € WY (B,(xo)) such that u = w on dB,(x).

The main result of the paper is the following.

CY([0, o)) be satisfying (VA1) and such that @; comply with |(AO)L |(inc)p_1|and |(dec)q_1| for some
1 <p <q. Letu : Q) — R be an almost-minimizer of F in Q. Then, u is locally Lipschitz continuous
in Q.

Theorem 1.1 (Interior regularity). Let Q) C R? be a bounded open set. Let ¢ € D(Q), p(x,) €
R !

We are investigating the boundary version of the previous result in a paper currently in
preparation.

Outline of the paper. The rest of the paper is organized as follows. In Section [2| we
fix the basic notation and recall some basic facts and technical results about Orlicz and
generalized Orlicz functions, together with some technical lemmas. Section contains
some supporting regularity results for autonomous problems in divergence form, which are
exploited in Section[3.2) where we obtain Caccioppoli type estimates and higher integrability
results for almost minimizers, together with useful comparison estimates with the solution
of a suitable autonomous problem. Section 3.3|collects two main ingredients in order to get
the main result: the local Holder continuity of almost minimizers, Theorem 3.7}, and that of
their gradients away from the free boundary, Theorem Section 3.4]is entirely devoted
to the proof of the main result: the main steps are Lemma where an interior uniform
bound for the gradient of an almost minimizer is provided; Proposition showing
that a suitable blow-up sequence of almost minimizers converges to the solution of a limit
autonomous problem, and its consequence Proposition where the sublinearity of a
bounded almost minimizer in a neighborhood of a free-boundary point is shown. Finally,
in Appendix|A] we collects some technical results mainly employed in the proof of Lemma
3.10]and Proposition [3.11}

2. BASIC NOTATION AND PRELIMINARIES

We start with some basic notation. Let Q ¢ R¥ be open and bounded. For every x € R?
and r > 0 we indicate by B,(x) C IR? the open ball with center x and radius . We will often
use the shorthand B, when either x = 0 or the center x is not relevant. For x, y € RY, we use
the notation x - y for the scalar product and |x| for the Euclidean norm. The m-dimensional
Lebesgue measure of the unit ball in IR™ is indicated by y,, for every m € IN. We denote by
£ the d-dimensional Lebesgue measure. The closure of A is denoted by A. The diameter of
A is indicated by diam(A). We write x4 for the characteristic function of any A ¢ R?, which
is 1 on A and 0 otherwise.
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Given two functions f, g : [0,400) — R, we write f ~ g, and we say that f and g are
equivalent, if there exist constants c1,c2 > 0 such that c1g(t) < f(f) < cpg(t) for any t > 0.
Similarly the symbol < stands for < up to a constant. L°(Q) denotes the set of the measurable
functions on Q.

2.1. Generalized ®-functions and Orlicz spaces. We introduce some basic definitions and
useful facts about generalized ®-functions and Orlicz spaces, only considering concepts we
will use. We refer the reader to [23] for a comprehensive treatment of the topic.

Definition 2.1. Let ¢ : [0,+00) — [0, +o0] be increasing with ¢(0) = 0, tli%l+ pt) = 0 and
tlim @(t) = +o0. Such ¢ is called a
—+00

(i) weak ®-function if @ is almost increasing, meaning that there exists L > 1 such that

@SL@forO«sz.
(ii) convex ®-function if ¢ is left-continuous and convex.

By virtue of Remark each convex ®-function is a weak ®-function. If ¢ is a convex
®-function, then there exists ¢’ the right derivative of ¢, which is non-decreasing and right-
continuous, and such that

t
o= [ e

A special subclass of convex ®-functions is represented by the N-functions (see, e.g., [27,
Ch.I]).

Definition 2.2. A function ¢ : [0,00) — [0,00) is said to be an N-function if it admits the
representation

t
) = f a(t)dr
0
where a(s) is right-continuous, non-decreasing for s > 0,a(s) > 0 for s > 0 and satisfies the conditions

a(0) =0, SETOOH(S) = +00. (2.1)

The function a(t) is nothing else than the right-derivative of ¢(t). As a straightforward
consequence of the definition, we have that an N-function ¢ is continuous, ¢(0) = 0 and ¢ is
increasing. Moreover, ¢ is a convex function, and, in view of Remark it satisfies
Conditions imply
.9

t
lim 0, lim m = 400
t—0+ f t—+00 f

(22)
It can be shown that an equivalent definition of N-function is the following: a continuous

convex function ¢ is called an N-function if it satisfies (2.2).
For our purposes, we need functions ¢ to depend also on the spatial variable x.

Definition 2.3. Let ¢ : QQ X [0,00) — [0,00]. We call ¢ a generalized weak ®-function (resp.,
convex ®-function, N-function) if

(1) x = @(x,|f(x)]) is measurable for every f € LO(Q);
(2) t = @(x,t)is a weak P-function (resp., a convex D-function, an N-function) for every x € €.

We write ¢ € ©y(Q), ¢ € O(Q) and ¢ € N(Q), respectively. If ¢ does not depend on x, we
will adopt the shorthands ¢ € @y, ¢ € O and ¢ € N, respectively. For the right-derivative of a
generalized convex ®-function, we will use the notation ¢y in place of ¢’.
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For a bounded function ¢ : Q X [0, +o0) — [0, +o0) and a ball B,(xg) C Q we define, for
every t > 0,

Pryo) = inf @x,t) and @ (t):= sup @(x,1). (2.3)
XGBy(XO) xeBr(xg)

Following the terminology of [23] 26], we give the following definitions. The first three
ones concern with the regularity of ¢ with respect to the t- variable, (A1) imposes a bound
on how much ¢ can change between nearby points, while the last one is a continuity
assumption with respect to the spatial variable x.

Definition 2.4. Let p,q > 0. A function ¢ : Q X [0, +00) — [0, +00) satisfies

(inc), if t € (0, +o0) > (P(;;’t) is increasing for every x € Q

(dec); ift € (0, +o0) (p(t’f,’t) is decreasing for every x € )
(AO) if there exists L > 1 such that 1 < ¢(x,1) < L for every x € Q
(A1) if there exists L > 1 such that, for any ball B,(xo) C Q),

_ _ 1
@rxo() <Ly, (5, Yt>0 suchthat @, (t)€ [1, m] )
(VA1) if there exists an increasing continuous function w : [0, +00) — [0, 1] with w(0) = 0 such
that, for any ball B,(xo) C €,

1
+ - f—
()or,xo(t) < (1 + a)(r))gor,xﬂ(t), Yt >0 such that (Pr,xo(t) S [a)(r), m} .
Remark 2.1. Note that assumption [(VAT)|implies[(AT)] see [26, Remark 4.2]. By[(inc),} condition
(A1)|implies
(AY’) there exists p € (0,1) such that, for any ball B,(xo) C €,

1
+ —_— —_—
(pr,xo(ﬁt) < (P,,,XO(t), Yt >0 such that (Pr,xo(t) S [1, m] ,
which in its turn implies|(A1)|i hence a doubling condition, holds. In this setting, conditions
(AO)|and|(Al)|are invariant under a notion of function equivalence (see [23, Lemma 4.1.3]), provided
the constant L (or p) is suitably rescaled. In particular, if ¢ satisfies |(inc),} [(dec)| [(AO)|, and |(AT)]
so does c@ for every c € R,

Remark 2.2. If ¢ satisfies (resp., for some p > 0 (resp., q > 0), then so do ¢, and
Prx, for any Br(xo) < Q.

Remark 2.3. If ¢ : Q) X [0,4+00) — [0, +00) is convex and ¢(x,0) = 0 for every x € Q, then ¢

satisfies If @ satisfies then it satisfies for every 0 < po < p1. If @ satisfies
then it satisfies[(dec)g,|for every g2 > qy.

Next simple results can be found in [26, Section 3].

Proposition 2.4. Let 1 < p < g < +oo and ¢ € D (QQ) with right derivative @;. Assume that @y
satisfies|(inc),-1|and (dec),_1} Then

(i) @ satisfies|(inc),|and ((dec)q| and the following estimate hold:

@(x, s) min{t?, 17} < @(x, ts) < max{t’, tT}p(x,s), VYxe€Q, Vs, t €[0,+o0). (2.4)
(ii) @(x,t) and to(x, t) are equivalent, in the sense that
Pe(n ) < teix, ) <qo(x,b), V(x, 1) € QX [0, +oo); (25)
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(iii) if, in addition, @ complies with then also ¢ does with constants depending on L, p, q.
More precisely,

1 L
— <o, 1) <=, VxeQ. (2.6)
=" p

If, in addition, (x,-) € C}([0, +00)) for every x € Q, then @ € N(Q).
For ¢ € ®,(Q), the generalized Orlicz space is defined by
LP(Q) = {f € L%Q) : Ifllo(q) < o}

with the (Luxemburg) norm

Iflle) = inf{A >0: Q(P(]X() < 1}, where g,(f) := fQ @(x, |f(x)]) dx.

We denote by W9(Q) the set of f € L?(Q) satisfying that d:f,...,d;f € L?(Q), where 9, f is
the weak derivative of f in the x;-direction, with the norm || fllyy1(qy) = Il fllLe)+2i [19i fllLe -
Note that if ¢ satisfies [(dec),| for some g > 1, then f € L?(Q) if and only if g, (f) < oo, and if
@ satisfies |(A0)L |(inc)p| and |(dec)q| for some 1 < p < g, then L?(QQ) and W#(Q) are reflexive
Banach spaces. In addition we denote by Wé’(p(Q) the closure of C7°(Q) in We(Q).

The following version of Sobolev-Poincare inequality for weak ®-functions can be de-
duced by [24, Proposition 3.6].

Proposition 2.5. Let B, C R? be a ball and ¢ € ®y(B,) be complying with |(A0)l |(A1)L |(inc)pl
(dec)gy 1 < p <gq,andlets € [1,p] withs < %. Then there exists a constant Cp = Cp(d, s,p,q,L)
such that

S

f(p (x, W) dx < Cp J[(p(x, IVuI)% dx| +1 (2.7)
B,

r

for any u € WY(B,) such that ||VullLeg,) < 1.

Proof. The role of the further assumption [(dec),| with respect to [24) Proposition 3.6] is that
it allows to transfer the constant f3 = f3(d,s, @) > 0 therein to the right-hand side of the

inequality as Cp := max{g;”, 1}. o

2.2. Regularized Orlicz function. Let ¢ € ®(Q), ¢(x,-) € C}([0, o)) satisfying and
such that ¢; comply with [(A0)} |(inc),-1|and |(dec),—1|for some 1 < p < gq. Then, as proven in
[26, Proposition 5.10], on each ball B = By,(x¢) a regularized function ¢ = @p € CL([0, )) N
C2((0, )) can be constructed such that

(i) ¢ satisfies|(A0)} [(inc),} [(dec)y, while ¢” complies with|(A0)} ((inc),_i|and |(dec),—1} In

particular,
@' (t) ~ tp”(t), uniformly for all £ > 0. (2.8)
(ii)
P(t) < c(p(x,t)+1) forall (x,) € Bx[0,). (2.9)
Moreover, taking into account (2.8), it can be shown that (see [26, Lemma 3.8(2)-(3)])

—~ 2 —~ ~ a’(lzzl) d
¢ (1z1] + |22])lz1 — 22|” < @(Iz1]) — p(I22]) - izl 2 (z1—22), foreveryz,z € R%. (2.10)

and

P(lz1 — z2)) < e [@(Iz1]) + P(zal)] + 1@ (|z1] + lzal)lz1 — zal*,  for every z1,22 € R, & > 0.
2.11)
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2.3. Some technical lemmas. The following lemma, useful in order to re-absorb certain
terms, is a variant of the classical [22, Lemma 6.1].

Lemma 2.6. ([25, Lemma 4.3]) Let Z be a bounded non-negative function in the interval [r, R] and
let X be an almost decreasing function on [0, +00). Assume that there exists 0 € [0, 1) such that

Z(s) < OZ(t) + x(%) ,

forallr <s <t <R. Then

Z(r) s X ( ) ,
where the implicit constant depends on the constant of almost monotonicity and on 6.

In order to derive reverse Holder estimates, we need a variant of the results by Gehring [20]
and Giaquinta-Modica [22, Theorem 6.6].

Lemma 2.7. Let By C R" be a ball, f € LY(By), and g € L°(By) for some oo > 1. Assume that for
some 6 € (0,1), c1 > 0and all balls B with 2B C By

1/6
flfldxgclflflgdx +J(|g|dx.
B 2B 2B

Then there exist 01 > 1 and ¢y > 1 such that for all o, € [1,01]
1/02 1/02

J[Ifl‘72 dx §czf|f|dx+cz J(IgIU2 dx
B 2B 2B

The following iteration lemma can be found, e.g., in [22, Lemma 7.3].

Lemma 2.8. Let f : [0, R] — [0, o0) be a non-decreasing function. Assume that

ﬂmsA«p

r
for positive constants A and B, and 6 < y. Then for any o € (0,0), there exist g, c > 0 depending
onlyony, 6, A and o such that if ¢ < &, then

o) < c((g)w £+ Bpa-o) -

5
) +€)f(7)+BVV forall0<p<r<R,

3. LocAL LIPSCHITZ REGULARITY OF ALMOST MINIMIZERS

3.1. Regularity estimates for autonomous problems. Let iy € ®. N C}([0, %)) N C3((0, o))
with ¢’ satisfying|(inc),-1|and |(dec),-1| for some 1 < p < g. For a given ball B;(xo) € Q and
wy € WW¥(B,(x0)) we consider a weak solution to the Dirichlet problem

div(w](vlz)Tl)Vw) ~0  in Bx)

w = wp on dB,(xp).

(3.1)

As proven in [26, Lemma 4.12], the following Harnack-type inequality and excess decay
estimate hold for any such w.
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Proposition 3.1. Let 1 € ®. N C}([0, 00)) N C2((0, o)) with Y’ satisfying |(inc)p_1| and |(dec)q_1|
for some 1 < p < g. Let w € WYW(By(xo)) be a weak solution to (3.1). Then there exists
po = Ho(d,p,q) € (0,1) such that Vw € Cﬁ;‘é °(By(x0); RY) and the following estimates hold: there
exists a constant ¢ = c(d, p,q) > 0 such that, for every B,(y) C By(xo),

sup |[Vw| <c J( [Vw|dx, (3.2)
B
p/Z(y) Bp(y)
and for any © € (0,1),
)( [Vw = (Vw)p, | dx < c7t J( IVw| dx. (3.3)
Brp(y) By(v)

Foragivenu € Wll(;f(Q) local almost-minimizer of ¥, and a ball B,(x) € Q, we consider ¢
the N-function defined in Sectionon B,(x0), and the unique weak solution to the Dirichlet
problem

div MV@U =0 in  By(xg)
IVl o (3.4)
w=1u on dB,(xp),
or, equivalently, the solution to the minimization problem
min f o(IVwl|) dx. (3.5)
weu+W,? (By(x)) Br(xo)

The existence and uniqueness in the minimization problem above follows from the fact
that, by 2.9), u € WU (B,(x)), for which u is an admissible boundary-value function. This
suggests the following definition.

Definition 3.1. We define the p-harmonic replacement of u in B,(xo), and we denote it by v,, as
the unique solution to the variational problem (3.5).

Since we may choose ¢ = ¢ in Proposition we have Vo, € C?O’*Cl *(By(x0); le) and the
estimates and (3.3) hold for v, on every B,(y) C B(x).

3.2. Preliminary regularity results for almost-minimizers and comparison estimates. We
start by proving a Caccioppoli-type inequality for almost minimizers of J.

Lemma 3.2. Let ¢ € ®(Q) be such that[({dec)y|holds for some q > 0. Let u be an almost-minimizer
of F in Q, with constant k < ko and exponent B, and let xg € Q and By, (xo) € Q, with 2r < 1. Then
there exists a constant ¢ = c(q, ko) such that

J( @(x, [Vul)dx < ¢ J[ () (x, W) dx+A]. (3.6)

Br(x(]) BZr(x(])

Proof. Let1 < s <t < 2and n € C7°(B(x0), [0,1]) be a cut-off function such that 7 = 1 on

B (x0) and V7| < (t_zs)r. Set v := u — n(u — (1t)x,2r). Then we have v = u on dB(x() and

Vo=1-nVu-Vnu-— )y .
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Then, since u is an almost minimizer of F, using also the convexity of ¢(x,-) and |(dec),| we

get
f ( )(p(x, [Vul) dx < F(u; Byr(x0))
Bsr X0
< (1 + x0) F(v; Bi(x0))

<q ( f o(x, [Vul(1 = n)) dx + f (p(x, W) dx + M;d(Bz,))
By (xo) Bir(x0) (t - S)r

< (f @(x, [Vul) dx + f @ (x, W) dx + )\Ld(BZr)) ,
Btr(xO)\Bsr(xO) Bzr(XO) (t - S)r

where c1 = ¢1(g, x0), whence adding ¢; fB (x0) @(x, [Vul) dx to both the sides and then dividing
by 1+ c1 we get \

1 | — (14)x,2] d
x, |Vu|) dx < (f x, |Vul) dx + f (x, ———" | dx+ AL%B .
Vstr(xO) (P( ) 1 + Cl Btr(xO) (P( ) BZ?(XO) (p (t - S)r ( zr)

Now, an application of Lemma with 0 := =, Z(t) = th (x0) @(x,|Vul)dx and X(7) :=

1+cq
e ﬁb’zr(xo) (@ (x, Tl = (1)xy20]) + A) dx gives

@(x, [Vul)dx < cf (0] (x, w) dx + cALY(Byy) .
Br(xo) BZr(XO) 27’
Taking the average of both the sides we finally get the desired result. ]

The following lemma contains a higher integrability result and reverse Holder type
estimates for the gradient of an almost minimizer of F.
Lemma 3.3. Let ¢ € @y,(Q) satisfy (AO), (A1)} [(inc),| ((dec)y| with constant L > 1and 1 <p < q.

Let u € Wll(;f(Q) be an almost-minimizer of I in Q) with constant k < ko and exponent B, and let
xo € Qand By, (x0) € Q, with |[Vullre(s,,(x,)) < 1, and 2r < 1. Then

(i) (Higher integrability) there exist so = so(d,p,q,L) > 0and c = c(d,p,q,L, x0) > 1 such that

1
1+sg

ds ds,
)( o, IVu) "o dx| < c2Tos o J( o (6, [Vul) dx+ A, 3.7)
By (xo) B1+s)-(x0)
forany 6 € (0, 1], where A := A + 1. In particular, this implies (-, |Vul) € Lll(;so Q).
(ii) (Reverse Holder type estimates) for every t € (0,1], there exist ¢; = cy(d,p,q,L, xo,t) > 0
such that
T i
J[ @(x, [Vul)™o dx < J( @ (x,|Vu)' dx| +A[|, (3.8)
B,(xo) Bar(xo)

and c=c(d,p,q,L,xo0) > 1 such that

1
1+sg

J( o(x, Vi) dx < )( Pl IVu)* 0 dx|  <c|@p f Vuldx|[+A].  (3.9)

B,(xo) By (xo) Bar(xo)
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Proof. The higher integrability result for Vu in (i) can be obtained in a standard way combin-
ing the Caccioppoli inequality of Lemma 3.2l with the Sobolev-Poincare inequality (Proposi-
tion[2.5), by Gehring’s lemma (Lemma[2.7). The reverse Holder type inequalities (ii) follow
from (i) by a similar argument as for [26, Lemma 4.7]. We omit further details. o

Note that, under our assumption on ¢, it holds that

IVulle B, <1 &= @(x,|Vul)dx < 1
BZV(XO)

(it is sufficient that ¢ € @,,(Q) and ¢(x, -) be left-continuous; see, e.g., [23|, Lemma 3.2.3]).
Remark 3.4 (Choice of small radii). (i) Arquing as in [26], with fixed )’ € ) we can show that
there exists rg € (0,1), ro = ro(d, L, w(*), [lp(-, |Vul) 1¥0]| . () satisfying

2+sg

2(1+sg)

1 1 1 __20+s) E
n<s, 0@ <, LBx)<minds-27 ( f qo(x,|w|>1+50dx) L, @a0)

where L > 1 is that of condition and sg is the exponent of Lemma such that for any
By, (xg) € Q" with r € (0, ], it holds that

f @, [Vul)dx < 1.
B2r(x0)

Therefore, we can exploit the estimates of Lemma |3.3|in each of these balls.
(ii) If, in addition, u € L} (€2), the choice of sy and, accordingly, of ro can be done in such a way
that the dependence of ro on u is through |lullp=qy. This observation will be crucial when dealing

with some auxiliary sequences in our proofs. To show this, let QO € Q' € Q be fixed, y € Q" and
r< % min{1, dist(Q)”", dQ")}. Then, by the Caccioppoli inequality of Lemma |(inc)pl |(dec)ql |(AO)|
we first find

|[ul|r (B,
f P(x, IVu)) dx < (g, xo) ( f Piow (%) dr+ wl(B»)
Bar(y) By (y) r

00 () P (04 1
< c(d,p,q, %0, L) (max {(IIuIILy <g)) ,(IIuIILr (u)) } n /\)

=:¢(d, p,q, L, xo, 7, lullie(cry, A)

where ¢ depends increasingly on ||ul|p~q. If ¢ < 1, then by for t =1 and a covering arqument
we get the bound

f @(x, [Vu)™ dx < [c1  + A)]HF
=:C= E(d/ p.4q, L/ Ko, “u“L‘X’(Q’)/ diSt(Q”/ 80’)/ /\) ’

(3.11)

where € depends increasingly on ||ul|~). Hence, in (3.10), it will suffice to require

1 1 i ) 1 _ 2(14sp) ~_z+ﬂ
rSE, a)(2r)£z, L%(Byy) < min E,Z 0 ¢ %0 o,

If ¢ > 1, we can apply the same argument to ¢(x, t) := %(p(x, t), observing that |(AO)L |(inc)pl |(dec)q|
and |(A1)|still hold (see Remark . In this case, as the constants in |(AO) may have changed, the
value of so > 0 could become possibly smaller.

With the following Lemma, we prove a further reverse Holder type inequality for Vi and
a Calderén-Zygmund type estimate for the problem (3.4).
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Lemma 3.5. Let ¢ be as in Lemma Letu € Wll(;f(Q) be an almost minimizer of F in QQ with

constant x < o and exponent B, and v, € WYP(B,(xo)) be the @-harmonic replacement of u in
B,(x0), where Bay(x0) € Q with r satisfying (B.10), and ¢ defined on B,(xo) as in Section Then
there exists a constant ¢ = c(d, p,q,L, ko) > 1 such that

1
T+sg

]( e, [Vuh)™ dx|  <c|o )( |Vuldx [+ A (3.12)
B,(x0) Bor(x0)
and
I
J( o(x, Vo)) dx < J( o(x, Vo) 7 dx
By (x0) By (x0) 1 (3.13)
, 1+
<c J[ Q(x, VU dx + A
B, (xo)
Moreover,
)( Vo, |dx < ¢ J( [Vuldx + Al. (3.14)
By (xo) Bar(xo)

Proof. The proof can be obtained exactly as in [26, Lemma 5.15] by using[(A0)} Lemma 3.3[(ii)
and some general techical results (see [26, Proposition 5.12 and Lemma 4.15]). We omit
further details. ]

With the following Proposition, we establish a comparison estimate between the gradient
of an almost minimizer of F and that of its ¢-harmonic replacement in a ball. From now on,

the stronger condition is needed in place of

Proposition 3.6. Let ¢ € O.(Q), p(x,-) € CL([0, )) be satisfying such that ¢; satisfies
(AO),|(inc)p—1|and|(dec),-1|for some 1 <p < q. Let u € Wll(;f(Q) be an almost-minimizer of I in Q,
with constant k < xg and exponent B, let xo € Q and r > 0 be such that By,(xo) € Q and complying
with (3.10). Let ¢ be defined on B,(xo) as in Section and v, € WY (B,(xo)) be the p-harmonic
replacement of u in B,(xo). Then, there exists a constant ¢ = c(d, p,q, L, ko) = 1 such that

f Eﬁ"qw+|er|)|vM—vU,|2dxs(w(zrﬁ+rmin{ﬁ'ﬂ)€ﬁ f IVu| dx |+ A. (3.15)

B,(xo) Bay(x0)
ds? )
where y := min {1, 4(2—i(]50)} and sy is the exponent of Lemma

Proof. Here we follow the argument of [26, Lemma 6.2]. First, since v, is a weak solution

to (3.4) and u — v, € Wé’a(Br(xo)) is an admissible test function for the weak formulation of
(3.4), we obtain

=11V
f Mer-V(u—v,)dx:O.
Br(xO) |er|
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Now, with this and (2.10), we get

jﬁ @”ﬂVuk+ﬁthVu—‘hw2dxs.f‘ ¢MVundx—¥f‘ (Vo)) d
By (x0) By (x0) By (x0)

- Vo,
- "(\Vo,))=— - (Vu — Vo,)dx
Sy VDR (Ve

- [ v~ [ Gvepdr
By (x0) By (x0)

=f( )5(|Vu|)—¢(x,IVu|)dX+f P(x, [Vul) = p(x, [Vor|) dx
By X0

Br(xO)

+ f o, Vo) — (Vo) dx = + [ + I3
B'r(x(])
(3.16)

We proceed to estimate each integral separately.
Both the terms I; and I3 can be estimated as

P
J[ lp(x, [Vul)—@(IVul)l dx, J( lp(x, Vo, ) —p(IVo ) dx < ¢ (0)(27’)5 + Vy) ¢ )( Vuldx |+ A
B, (x0) B, (x0) Boy(x0)
(3.17)
by the very same argument of [26, Lemma 6.2] exploiting [(A0)} [(inc),} [(dec),} 2.9),
and (3.13), where the constant ¢ depends on d, p, g, L.
As for I, using v, in the definition of u as almost minimizer of J, and taking into account

(3.13) and (3.12), we get

I, < £4B,)xr? f @, Vo) dx + A |+ £L4B)A

Br(xO)

< ek LU B)p )( [Vuldx |+ cL4B,)A.

Bor(x0)
Plugging this estimate together with (3.17) into (3.16) we obtain (3.15). m|

3.3. Local Holder continuity. In this section, we will establish two main regularity results
for almost minimizers, which will be instrumental in the proof of the local Lipschitz conti-
nuity result. First, we will prove the C%%-regularity of any almost-minimizer u for &, locally
within €, for any exponent a € (0,1). Then, we will show that Vu is locally Co for some
exponent a € (0,1) away from the free-boundary d{u > 0}.

We are now in position to prove the first regularity result.

Theorem 3.7 (C%*-regularity). Let ¢ € D.(Q), ¢(x,-) € CL([0, 00)) be satisfying|(VA1)| and such
that ¢; comply with|(AO)} |(inc),-1|and |(dec),-1|for some 1 < p < q. If u € Wll(;f(Q) is an almost

minimizer of I with constant ¥ < ko and exponent 3, then u € Cﬁ;‘z(Q) for any a € (0,1). More

precisely, if Q' € ) is fixed, there exists 0 < Rg < %dist(Q’, dQ) complying with (3.10) (thus
depending on u) and a constant ¢ = c(d, p, g, a, ko, Ro, Q") such that

[M]CH(Q’) < C(L |Vu|dx + A) . (3.18)
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Proof. Let Ry € (0, 1) be sufficiently small to be determined later. Let (' € Q be fixed, and
assume that (3.10) holds for Ry, Ry < dist(€)’, dQ2)/2. For any B,, € (), with 2r < R, denote

by v, the ¢-harmonic replacement of u in B,. Set 1(r) := a)(21f)§ + M8y} and note that
n() <2
Let T e ( 1) Then by (2.11) with ¢ = %, z1 = Vu and z, = Vo, Proposition for

=, 29 and we get

f P(IVul) dx sf @ (IVul + |Vo,))|Vu - Vo, dx+f P(IVoy]) dx
By B, By

< c'n@2ne IVu| dx |+ cAF¥ + c(tr)? sup @(|Vo,))
n@2ne p¢

B (x0) Bz
< c'n(Ro)@ \Vu| dx |+ cA¥ + c(tr)? 4+ o(|Vo,|) dx
No)p %
Bar(xo) B,
(3.19)
< c'n(Ro)@ J(Wul dx |+ cA¥ + c(w)df((p (x, |Vo,]) + 1) dx
Boy B,
< cnRo)@| 4 Vul dx |+ cAr + c(xr)?@ | + [Vul dx | + cA(tr)?
No)p %
Bz,‘ B2r
<cr ( (Ro)+ T ) fqul dx |+ cAr?,
BZr
whence, by Jensen’s inequality,
J(|Vu| dx <J((p(|Vu|)dx < c(”( 0, ) J(|Vu| dx +c—
B'{r B’n BZY (320)
~|{n(R
<ce (TT( dO) +1)J(|Vu| dx+% ,
T T
By
so that
f IVuldx < (@(Ro) + 7 | [Vu|dx + Ar*. (3.21)
B BZV

The previous estimate trivially holds also for 7 € (%, 2). Let 0 € (0,d) and choose Ry small
enough such that

N(Ro) < €, (3.22)



¢ ALMOST-MINIMIZERS 15

where ¢g is that of Lemma applied to the function f(7) := fB [Vul[dx. We then obtain
the Morrey-type estimate

-0
J( Vuldx < c (Rﬁ) f Vuldx + Ap~®| forall balls B, C Q' with p € (0,Ro], (3.23)
0
Bp BRO

where the constant ¢ > 1 depends on d, p,q, L, ko and o.

Now, let @ € (0,1) be arbitrarily fixed. Then choosing ¢ = 1 — a in (3.23), by Morrey’s
Theorem (see, e.g., [21, Chapter III, Theorem 1.1]) we infer that u € CO'“(B_p), for every
B, C Bg, and

[M]CR(BP) <c R(l)_a J( [Vu|dx + A| . (324)
Br,
Therefore, u € C?(;‘;‘(Q) for every a € (0,1) fixed. Since Q' is compact, (3.18) follows from
(3.24) by a standard covering argument. m|
y g arg

With the following result, we establish the local Holder continuity of the gradient of
almost-minimizers, away from the free boundary.

Theorem 3.8 (C“-regularity in {u > 0}). Let ¢ € O(Q), ¢(x,-) € C([0, o)) be such that ¢y
comply with|(A0),|(inc),—1|and|(dec),-1|for some 1 <p < q. Ifu € Wllo’f(Q) is an almost minimizer
of I with constant k < ko and exponent 5 and ¢ satisfies with

w(r)<cr®,  forall v € (0,1] and for some 0 € (0,1), (3.25)

then u € Cll(’)i‘({u > 0}) for some & € (0,1) depending on d,p,q,L,, 0. More precisely, for any Qe

{u > 0}NQ, there exists an exponent & = a(d, p,q,L, B, 0) and a constant C = C((~2, d,p,q,L, xo,pB,0)
such that

[Viles < C ( f IVl dx + A) . (3.26)
Q

Proof. Let Qe {u >0} N Q. Then, from (3.23) and a standard covering argument we deduce
that, for every o € (0,d),

J( |[Vuldx < ¢, (f |Vu|dx + A) r~° for all balls By, C Q with 2r € (0, Ro], (3.27)
Q
BZr

where Ry is that of Theorem 3.7/and ¢, = ¢,(d, p, 4, L, Ro, 0).

Let us fix any of such balls, say B, € ), with r < Ry/2 small enough and to be determined
later, and denote by v, the @-harmonic replacement of u in B,. Arguing as in the estimate
(3.16) we get

f@"(lwl + Vo, )IVu = Vo,I* dx Sf@(IVMI) — @(x, [Vul) dx +J[<P(x, IVul) = p(x, [Vor|) dx

Br Br Br
+J((P(x/ |er|) - a(lvvrl) dx.
B,

(3.28)
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Since, by the convex-hull property, v,(B;) is contained in the convex hull of v,(&BT) = u(dB,)
and so in particular xy,s0; = Xjo,>0; on B;, taking into account also (3.17) , (3.25), (2.9) and

(3.12) we get

]( o(x, [Vul) — p(x, |Vo,|) dx < xrP J[ @(x, [Vo|) dx + kP A f Xio,>0)(%) dx

B,

< Krﬁj((@(x, Vo)) — o(IVo,l)) dx + Krﬁf @(IVul)) dx
B, B
+ AxrP

< xrP (r 7+ ry J[|Vu| dx|+ A+ K”ﬁf(P(x [Vul)) dx

By,

(3.29)
+ AxrP

—KTﬁ(TW + 7 +1) J(IVuldx + A
BZr

<cxtP|@ fquldx + Al .

Boy

Now, plugging (3.29) into (3.28), and estimating the other two integrals again as in (3.17),
we obtain

J( @ (IVul + [Vo,)|Vu - Vo,[* dx < (ko + 71) | @ J[ [Vuldx [+ A, (3.30)
B, B2r

where y; = mm{ ,y} < 1. Following the argument in [26, Lemma 6.3], we set 1(r) :=

P+ <2,and apply 2.11) with € = /n(r), 2.9), Lemman 0) and (3.15). We find that

f@(qu - Vo,|) dx

B:

< Vi f [@(Vul) + F(Vor)] dx +
B,

J( @"(IVul + |Vo,))|Vu - Vo, |* dx

1
\/177 [p(x, IVul) + @(x, [Vo,]) + 1] dx + /n(r) ( (JC

B2r

(\%71 dx) + A)

gmzﬁfwmdx +A|.
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Therefore, by Jensen’s inequality and of ¢, we have

3 J(|Vu - Vo,|dx Sf@(qu - Vo,)dx S @ 17(7)%7 J(IVuIdx +All,

Br Br BZ;‘

whence, since ¢ is strictly increasing, we finally obtain

J( IVu — Vo,| dx < 11 J[ IVu|dx + A, (3.31)
Br BZr

where 81 := min{f—q, g—;} < 1 and the implicit constant depends also on .

On the other hand, with 7 € (0, 1),

J( |Vu - (Vu)p,,| dx < c)( |Vu - (Vou,)B,,

B’U’ BTV

< cr‘df |Vu — Vo,| dx + CJ( |er - (Vo,)B,,

B, Bzr

Note that using and (3.14) we obtain

J( Vo, = (Vo,)s,, | dx < ctho )( IVo,| dx

B'n Br/Z

dx

(3.32)
dx.

(3.33)
< ctto J(‘|Vu|dx+A .

B,
Inserting the estimate (3.33) into (3.32), and taking into account (3.31)), we get

J( |Vu - (Vu)p,

BTV

dx < CT_dJ( |Vu — Vo,| dx + ctt0 J[|Vu| dx+ A
B,

= (3.34)

< C[T_drﬁl + T“O] J(IVuI dx+Af.
BZr
Now, with (3.27), we get

§ - v,

Bzr

dx < c[’c_df’ﬁl_a + T#or—U] (f |Vu|dx +A) . (3.35)
Q

B1 B1to
. — — _ =0
Choosing 7 := r#*, we have T dpp1=0 = rHoy=0 = yuo*rd 7 g0 that

Bug _
J( |V = (Vu)g,, | dx < crro™ f [Vuldx + A
Q
BT?’

B1#o=0(ug+d)
= c(tr) #otd+h fquIdx+A ,
Q

(3.36)
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ug+d _

. . — tio+d . . - o —o(u+d)
and ifr < %mm{Ro,él-_ fi ), then p := 7r < 5. Fixed 6 := z(i%lild) and setting a := % =
% < 1, the previous estimate (3.36) can be rewritten as

)(|VM — (Vu)3p| dx < c(f |Vu|dx + A) ot (3.37)
Q
BP

where B, C By, C Q. From the Campanato-type embedding (see, e.g., [21, Chapter III,

Theorem 1.3]), this implies Vu € C?c’)‘z(ﬁ) and, since Q was arbitrary, Vu € C?(;”;‘({u > 0}).
Moreover, (3.26) follows by a covering argument as in the end of the proof of Theorem
3.8 ]

3.4. Proof of the local Lipschitz continuity.

Lemma 3.9. Under the assumptions of Theorem let u be a bounded almost minimizer of & in
B1(0) with constant x < xo and exponent p. Assume that B1(0) = {u > 0}. Then

[Vu(0)] < C, (3.38)
where the constant C depends on p,q,d, L, ko, 3, 0, A, |[ull.=(8, 0))-

Proof. We have
[Vu(0)l < [Vu(0) = (Vu)p, o + [(Vit)s, o)l - (3.39)
4 4

Now, the first term on the right hand side above can be estimated by Theorem 3.8} observe
that, since we are assuming u to be bounded, by Remark (ii) the constant appearing
there depends on p, q,d, L, ko, 3, 0, A, l[ullr =8, 0)).- We then have

[Vu(0) — (Vu)B%(o)l < J(‘ |[Vu(0) — Vu(x)| dx
B1(0)

<47 [Vulces 10) (3.40)

<C f Vuldx + A,
B%(O)

while

|(Vu)31(0)|sad(31)[f IVuldx + Al . (3.41)
1 VB0
2

Further, from the Caccioppoli inequality Lemma 3.2} (2.6), and the boundedness of u
on B1(0), we get

f IVuldx < Lg f (p(x, IVul) +1) dx < ¢ f (e, 2l o) + A) dx
B (0) By (0) B1(0) (3.42)

< c(maX {||M||§m(31(0))' Hu“i""(Bl(O))} - A) ’

Combining (3.39)-(3.42) we obtain (3.38), and this concludes the proof.
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Lemma 3.10. Let R > 0 be such that Bor(0) € Q, and (r}) jen, (0)jeN be sequences of nonnegative
numbers, with R < 2% for every j,rj — 0as j — +oo, and

oj— 400 and @(0,0))rj >0 asj— +oo. (3.43)
We define, for every j,
-(xt‘)'—M x € Bor(0), t>0 (3.44)
(p] (A (P(O/ O']) s 2R ’ . .
Then,
(i) the functions
@;(t) = mf ¢iy,t), and go;r(t) = sup @(y,t), (3.45)
2r(0) y€B2r(0)
are weak © functions satisfying |(inc)y|and |(dec),| Moreover, for j large enough,
min{t*, t1} < (p;(t) < max{t’,t’}, min{t’,t1} < (p}r(t) < max{t’, t1}, (3.46)

where the hidden constants are independent of j;
(ii) there exists jo € IN such that ¢; complies with((AO)|for j > jo with L = 2;
(iii) there exists jo € IN such that ¢; complies with((VA1)|for j > jo with the same w;
(iv) thereexists a convex function po € C'([0, +00)), whose derivative gL, complies wzthm

and |(dec),_1|such that

Pj(x,t) = Qoo(t) uniformly on Bor(0) X K, where K C [0, +00) is compact. (3.47)

Proof. For the proof of (i) we can argue as in [28, pp. 13-14]. Concerning the proof of (ii), let
jo € IN be such that

ri<l,o0;> Lll“ ®(0,0)) >1, and ¢(0,0))r; < min{l,l/diam(Q)yd} forj>jo. (3.48)

Thanks to (3.48) it is easy to show that ¢, R((;]) € [a)(Zr]R) ] Then applying (VA1)

for ¢ and using that w(2r;R) <1, we deduce (#0).
We turn to the proof of (iii). Let jo € IN be such that (3.48) holds. We show that ¢; satisfies
in Bor(0) for j > jo. Let j as above be fixed and let 7 € (0, 1). We have to prove that

sup @j(x,t) < (1+a)(2'[R)) 1nf (p](x t), Vt>0 s. t inf (p](x t) e [w(ZTR) y L ]
x€By:r(0) Byr (0 x€B2r(0) L (Bz-[R)
(3.49)
Note that
inf (x,t) € [w(2TR), _1 = ¢, (oit) € |9(0,0/)w(2TR), M
x€B7r(0) i Ld(BzTR) (pBZTR’J’(O) J ¢ J Ld(Bzr(R)
(3.50)
Now, from (3.48)),
[ (0,0)w(2TR) (P(O’Gf)]c (2tRr)) PO (21Rr ), —— (3.51)
,0)w(2TR), ——— | C |w(27Rr;), —— | C |w(2TRr;)), ——— | . )
v £4(Barr) 7 2 Boers) 7 2 (Boers)

Then, by for ¢, r; < 1 and the fact that w is increasing, we get

1
+ . - , -
(szij(O)(O]t) <(1 +a)(2TR))(pBZTRrj(O)(O]t)/ Vt>0 s.t. xeégg( Pj(x,t) € [a)(2TR) ﬁd(Bsz)] ,

(3.52)
whence (3.49) follows up to dividing both the sides by ¢(0, 7). The proof of assertion (3.47)
is postponed to the Appendix, see Lemma o



20 CHIARA LEONE, GIOVANNI SCILLA, FRANCESCO SOLOMBRINO, AND ANNA VERDE

Let (¢))jen be the sequence defined in (3.44) and, correspondingly, consider the scaled
functional

A A
Fi(v,Q) = f Pj(x, Vo) dx + ——— 0,7 f Xiws0y(x) dx. (3.53)
With given u, we also consider for every j the blow-up function
u(rjx)
’0]( ) , XE BZR(O). (3.54)
ojTj

We then have the following result about the asymptotic behavior of a blow-up sequence
defined by scaling an almost minimizer of .

Proposition 3.11. Let R, (7)) jen, (0})jeN, (@) jen and Qoo be as in Lemma Let u be a bounded
almost minimizer of F in B»(0) with constant k < ko and exponent . Then, for every j, the function
v; defined in (3.54) is an almost minimizer of the scaled functional F j (8.53) in B2r(0), with constant

= K}’? and the same exponent . Moreover, if |[0jl| =B,z 0)) < M, there exists v € W1 (Bg(0))
such that, up to a subsequence, v; — v weakly in WP (BR(0)), and uniformly in Br(0), and v is
@ oo-harmonic in Br(0).

Proof. Let B,(xo) be a ball such that B,(xo) C B % (0), and w € W(B p(x0)) such thatw = v; on

aBp(xo). Setting yo := rjxo, we then have
M(y) = G]r]w(:_j]) = ZFE](y)/ on 8B7‘jp(y0)

and, by the almost minimality of u, we get

| PV + Ao )y < (L () f P, VT + A o0 ) dy.
rip Yo

r]p ]/0
(3.55)

]/

Now, with the change of variables x = =, we have

f Py, Vwiy)) + Ax @0 (v) dy = r? f P(rjx, Vwj(r)l) + Ax (5,50) (rx) dx
Br]p(yﬂ Bp(xo)

(3.56)
= r? f (p(?’]'x, o]-IVw(x)I) + AX{w>O}(x) dx
Bp(xo)

and, in a similar way,
fB ( )(P(y, VU + Ao @y =+ [ gnaiVo @+ Arodr. G57)
rip Yo

Bp(x0)

Pluggmg 3.57) and (3.56) into (3.55), and multiplying both the sides of the inequality by
<P(0 ok and recalhng the deﬁmtlon of ¢;j, we then infer that v; is an almost minimizer of the

functional F; defined in (3.53).
Now, we notice that applying Lemma to ¢; we obtain for v; the Caccioppoli-type

estimate
[0j = (©})y,20l Ay
@i(x,[Voj)dx < c(f (p<(x, —) dx + p (3.58)
j;,,@ : : By) 2p ©(0,0/)

for any BQP(y) € Byr(0), where the constant ¢ only depends on d, p, g, x, §, and is a uniform
constant with respect to ;.
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Recall that [[v}l|lr=, ) < M. By (8.46), ¢; satisfy [(inc),| and [(dec),} with constants inde-
pendent of j. They also satisfy [(A0)|and with L and w independent of j, by Lemma
Then, the radius ro of Remark 3.4{ii) can be chosen independently of j. It follows that,
applying Proposition to each vj, each of them is locally a-Holder continuous on B,r(0),
and the C%*-estimate on Br(0), holds with a uniform bound not depending on ;.

Since a isw combining the bounds [|v}||r~8,,0)) < M, (3.58) and (3.46) we obtain

P7 (Vo)
supf Vol dx < supf ———+1|dx <C, (3.59)
izjo JB,(0) izjo JB,0 | @7 ()

for a constant C depending on d,p,q,L, ko, M, R, A. Hence the above inequality also holds

for p = R, whence we infer the existence of a function v, € W'?(Bg(0)) such that, up to a
subsequence,

Uj = U  weakly in WP (Br(0)). (3.60)
By (3.18) on Br(0), also gives
Vj = Voo uniformly in Br(0)

since the sequence (v;) is equibounded by M on Bg(0).

So we are left to prove that v is pe-harmonic in Br(0). We first notice that using (3.58))
for & < p < R, exploiting the uniform bound [0/l (B,r(0)) < M and letting p — R, we also get
that the sequence of positive measures y; := @;(-, |Vojl) £¢ is equibounded on Bg(0). Thus,
we can find a Radon measure p on Bg(0) such that

pj —" u onBgr(0)
up to a subsequence (not relabeled). Now, let us fix w € W¥=(Bg(0)) be such that {w #
Us} € Br(0). Since ¢ satisfies we can find a sequence (w).»0 € WV (Bg(0)) of
regularizations of w, strongly converging to w in W¥=(Bg(0)) as ¢ — 0 (see, e.g., [23),
Lemma 6.4.5]).

Let p < p’ € (0,R), with u(dB,) = u(dBy) = 0 and {w # v} € By. Let 1 € C°(By) be such
thatn=1onBy, 0<n<1,|Vn < p,z—_p, and define C; = nw® + (1 — n)v;. Since {C; # v;} € By,
using the almost minimality of v, straightforward computations lead to

fB @i(x, Vol dx < (1 + x(rip")")Fi(Cj, By)
p/

lw® — v/
S f 15, Vo' dx + (1 + K(i’jp')ﬁ)f ((pj(x, IVoil) + @j(x, [Vw]) + ¢; (X, ,—])) dx
Bp BPI\BP p ) p

A

+
¢(0,0/)

LUBy) + x(rjp T (s, By) + (1 + x(rp’)F) LB,y \ Bp)

A
(P(Ol (7])
(3.61)

for a suitable constant ¢ > 1 depending only on L and p, q. First, we note that
lim sup f @j(x,IVojl)dx < u(By \ B,) and  Fj(w®,B,) < CLU(B,)
jo+00 BP; \B,
for j sufficiently large, and
A
¢(0,0/)

as j — +oo, for fixed p, p’, €.

LUBy) + x(r;p T (s, By) + (1 + x(rip’)P) LBy \B,) > 0 (3.62)

@(0/ G])
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Now we deal with the convergence of the integral terms above. Using the uniform
convergence (3.47) we have that

lim @j(x, [Vw|)dx = f Poo(|V) dx,
j=+e JB,\B, B,/ \B,

since |Vw?| is bounded. Likewise, we have

wt —v; £ _
lim @, (x, | - ]l) dx = f Poo (—Iw - U°°|) dx.
j=+e0 JB,\B, pr=p By \B, pr=p

Therefore, passing to the liminf as j — +c0 in (3.61), we have

lim inf f @j(x,|Vojl) dx
By

jo+00

< f Poo(|Vwt]) dx + ¢ {f (gooo(|Vw6|) + Poo ('Z{Ji_—v“")) dxl + u(By \ Bp).
By B,\By pr=p

Now we let ¢ — 0 and, recalling that w = v outside B,, we easily obtain

liminff (p]-(x,|ij|)def
]—>+00 BP B

P

Poo(|Vw|) dx + cf Poo(IVwl)dx + u(By \ Bp) .
By \Bp

Therefore, with the lower semicontinuity result (A.4), letting p’ tend to p we finally get that
for every p € (0,R) and any w € W=(Bg) such that {w # v} € B, we have

fB Poo(|VUe|) dx < f Poo(|Vw]) dx,

P By
as desired. m|
In order to prove the Lipschitz continuity of an almost minimizer, a tool will be the

following Proposition, where we show that a bounded almost minimizer of JF is sublinear
in a neighborhood of a free-boundary point.

Proposition 3.12. Let u be an almost minimizer of F in B1(xg), where xo € d{u > 0} N Q, such that

sup u(x) <M. (3.63)
x€B1(x0)
Then there exists a constant Co = Co(d, p,q, L, ko, ) = 1 such that
0 < u(x) < CoM|x — xol (3.64)

forall x € By(xp) and any 0 <r < 1.

Proof. We may assume, without loss of generality, that xp = 0, and, throughout the proof,
we will omit the center in the notation for a ball centered at xy. We set

Sk, u) = sup lu(x)|, r =27, k>0, (3.65)

xeB,k
and our aim is to prove that there exists a constant C > 1 such that

Sk, u)
2

Indeed, once (3.66) has been established, arguing by induction we can prove that
S(k,u) < CMry, foreveryk>0. (3.67)

S(k+1,u) < max {CMrk+1, } , forevery k>0. (3.66)
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From this, given r € (0, 1] and chosen k > 0 such that 7,1 < r < 1, we obtain
Il B,y < ||”||L°°(B,k) = S(k,u) < CMry = 2CMry,1 < 2CMr, (3.68)

and then (3.64)), with Cy :=2C > 1.

In order to prove (3.66), we argue by contradiction, and, for every j > 1, we assume the
existence of u; almost minimizer of § in B;, with constant x and exponent §, and of an
integer k; such that

S (k iU ]') }

5 (3.69)

Note that ||ul| ~,) < M implies k; — +oo, since by we infer k; > log,(j) — 1 for every
j. Furthermore, with the uniform bound ||ul[;~,) < M and the same argument used in
Proposition we can show that for any 7 € (0,1) the u; are uniformly locally -Holder
continuous in B;. Since u;(0) = 0, we obtain

S(k]' +1, u]') > max {jMTk],+1,

sup [uj(x)| = sup |uj(x) —uj(0) < Cpr] ., < Cyr! (3.70)

k]‘+1 n k] ’
xEB’kjﬂ XEB’k]v+1

where C;, is independent of j.

Now, we set
S(kj +1, Ll]‘)

0; = —, 3.71
= (371)
and we consider the scaled function
u]-(rij) u]-(rk/.x)
(x) := = Bi. 72
U e TS+ Ly TS (3:72)
Note that, by (3.69),
gj = ¥ > o0 asjo +oo. (3.73)
Setting
P(rex, 0jt)
i(x, 1) i = —— 3.74

with this choice of 0; and ¢; we introduce the scaled functional F j defined as in (3.53).
Since, by (3.73), 0 > 1 for j large enough, and ¢(0, t) is[(dec)) we have, in view of (3.70) for
n=1-z

q
. 1, - SkirLup| . .
¢(0, a])rkj < (0, 1)0].rk]. =¢(0,1) - rkj < (0, 1)C1_eri , for jlarge enough,
7 T2 29
k

J
whence (3.43) follows.
Taking into account (3.69), for x € B;, we have

S(kj,u]-) < S(k],u]) _
S(k]'-i- 1,14]') - S(k]‘,uj) B

U]‘(X) < (3.75)

By Proposition 3.11f v; is an almost minimizer of F j in B1(0) with constant Kri < xo and
]

exponent B, there exist a C1([0, +c0)) convex function ¢ whose derivative ¢, complies
with |(inc)p_1| and |(dec)q_1L a function v, € W(B1(0)) such that, up to a subsequence,
Uj = Ve uniformly in B1(0), and v is @o-harmonic in B 1 (0). Since, by (3.75), it holds that

0<7v,<2inB 1 (0), and v(0) = 0 being v;(0) = 0, from the strong minimum principle we
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must have v, = 0 in B1(0). However, from (3.72) we deduce that sup v.(x) = 1 and this
’ xeB1 (0)
2

gives a contradiction. The proof is concluded.

We are now in position to prove the main result, Theorem 1.1}

Proof of Theorem[1.1} Let u be an almost minimizer of ¥ in Q, with constant ¥ < xp and
exponent 8. Let Q € (), define r¢ as in (3.10) and set

r = élzmin {Zro, dist(f), 80)} and Q, :={xeQ: dist(x,dQ) >r}.

We recall that, by virtue of Theorem u € COQ,,) for any fixed @ € (0,1), and set
M = IIuIILw(er). Observe that this value M depends on ry, and hence on u and Q) via the
integral

f_ @(x, [Vul) 0 dx.
Q

Now, let xp € Q N {u > 0} be arbitrarily fixed and, in order to estimate [Vu(xp)| we
distinguish between two cases, according to 7 := dist(xo, d{u > 0} N Q).

Let 7 < r first, and choose yo € d{u > 0} N Q such that |yg — x| = 7. Since Ba:(yo) C Qy,,
we have |u| < Min By:(yo). Then, by virtue of Proposition for every x € B;(x0) C Ba:(yo)
we have

u(x) < CMlx — yo| < 2CMr. (3.76)
Now, let us consider the scaled function u,(x) := M, x € B1(0). Since u is an almost

minimizer of J in B;(xg) with constant x and exponent f3, a simple computation shows that
1, is an almost minimizer in B1(0), with constant k7 and exponent 3, of the functional J;
defined as

Fe(w, Q) := fQ @ (x, [Vw|) dx + A fQ Xw>0)(x) dx,

where . (x,t) := p(xo + Tx, t). It is easy to check that . € ®.(B1(0)), -(x,) € C}([0, 0)) and
that (¢;); complies with|(A0)} ((inc),-1|and [(dec);-1} We only have to remark that also
holds. For this, let p € (0,1), By(y) C B1(0) and recall that ¢ satisfies on Byp(xo + TY),
so that

P oren® < L+ 05 @), @ (O € [0(Tp), 1/£9Byy)] -

Now, since @7 (t) = (pgm(xoﬂy)(t)’ where @7 (t) are computed on B,(y), and 7 < 1, from the
previous estimate we infer

Pr() < (1+pMpr(H), if pr() € [pf,1/£(B,)] -
Moreover, by (3.76)), [u;| < 2CM in B;(0). Therefore, by Lemma we deduce that
Vau(xo)| = Vi (0) < C,
where the constant C dependsonp,q,d,L,«o, B, A\, u, Q.

o . +
If, instead, T > 11, we can perform an analogous argument as before with u,, (x) := ”(xor—lrlx),

<M and J;, inplace of F;. This concludes

x € B1(0)in place of u., which satisfies [[u;, ||, o)) < m

the proof.
o
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APPENDIX A.

We recall a technical result (see [28, Lemma 2.19]) about the ¢-recession function associ-
ated to a sequence of convex functions ¢;, capturing the behaviour at infinity of ¢;.

Lemma A.1. Let (¢j)jen, @; : [0, +00) — [0, +00), be a sequence of C* convex functions satisfying
®;(0) = 0 and assume that (p;. satisfies |(inc)p_1| and |(dec)q_1} where 1 < p < g < +oo. Let
(B)) € (0, ) be a sequence such that lim; ; = +oo. Then, setting
_ @;tp))
(P](t) = ]' ] ’
®i(B))
there exists a subsequence (Bj,) such that @; converge to a C! convex function o uniformly on
compact subsets of [0, +00). Moreover, ¢, satisfies|(inc),—1|and|(dec);1}

te[0,400), jeN,

We are now in position to prove Lemma[3.10(iv).
Lemma A.2. Let ¢; be the sequence defined as in (3.44). Then holds. Moreover, oo is a
C([0, +00)) function such that @/, satisfies (inc),—1|and |(dec),_1}
Proof. We can apply Lemma to the constant sequence ¢;(t) = ¢(0,t), with g; := o;.
Setting for brevity 1;(t) := ¢ (0, ta]-), and defining

Y 9(0,to))
S i) 90,0)
we then obtain that, up to a subsequence, ¢; converges toa C! convex function @, uniformly
on compact subsets of [0, +00), with ¢, satisfying|(inc),-1|and [(dec);-1}

Now, in order to prove (3.47), it will suffice to show that, with fixed t > 0, there exists
j1 = 1 such that

7,0

lpi(y, t) = aj(t)l <Nj. forevery (y,t) € Br X [0, 7], for j > ji, (A.1)

for some 1;; which is infinitesimal as j — +oo.
The proof of the estimate (A.1) follows by minor adaptations of the argument for the Step
3 of the proof of [28, Lemma 3.1]. For the reader’s convenience, we provide the details.
First, we observe that
00,0~ 5,01 = — loty9,t0) - 0] = awlry o
W, ) — 0.0 = ——= oy, to;) — V)| < w(r)——,
90] Yy (P] I]D](l) Y ]y ] ] ] ¢](1)

if P (to) € [w(r)), —1—], thanks to|(VA1)l Recalling the definitions of ®r; and ¢, together

T8, )
with (2.4), the last terrr]1 can be estimated as
( )—(Pr_j(taj) < w(rj)@;(t) < max{t’, 7} w(r;)
w(r; < w(r))e.(t) < max{t’, 17} w(rj).
Py = /

On the other hand, if ¢ (fo)) < w(r;), from and (2.6), we deduce

min{(to;), (to;)7} < Lgw(r;) <1,  for jlarge enough,

entailing
to; < (Lqa(r)))s.
Then 5 L 1
iy, t) = ;DI < m(qu(rj))q; < o)
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. _ 1 . . . .
Finally, case ¢, (to)) > T, cannot occur for j large enough since, taking into account (2.4)

)
]
and (3.43), it would lead to

ﬁ < ¢i(t) < max{t?, t1};(1),

that is .
= < max{t”, 17}y (0, 0/)r},
j

which clearly would give a contradiction for j large.
Therefore, (A.1) is proven with n;; := max {max{T”, M aw(r)), ﬁ(an)(rj))
enough. m]

P
q

L .
p} for jlarge

In order to prove the lower semicontinuity result of Lemma we also need the fol-
lowing definitions and results about the maximal operator in Orlicz spaces (see [23, Section
4.3]).

Definition A.1. Given an open set Q) C R* and fe Llloc(Q), the (centered) Hardy-Littlewood
maximal operator is Mf : QO — [0, o] defined as

Mf(x) := sup If(y)ldy. (A2)

p>0 L4(By(x)) JB,xn0

The following result of boundedness for the local maximal operator can be found, e.g., in
[28, Corollary 1.9].

Lemma A.3. Let ¢ € Dy satisfy (inc),| and |(dec)y} with 1 < p < g < +oo. Then there exists
C = C(p~'(1),d,p,q) such that

f(p(Mf)deCf(p(lfl)dx
Q Q

for every f € L¥(Q) satisfying f e(f)dx < 1.
Q

We conclude the list of auxiliary results with the following Lusin-type approximation
result in W?, which can be inferred from [17, Theorem 3.3]. Indeed, for a fixed ball B, the
argument therein can be applied to ¢ without requiring u € Wé’(P(B), as the null extension
outside B is not needed taking into account the boundedness of the restricted maximal
operator, Lemma[A.3

Theorem A.4. Let ¢ € O, satisfy |(inc)p| and |(dec)ql with1l < p < g < 400, and let B C R? be
a ball. For every u € WY9(B) and every T > 0 there exists a function u, : B — R, u; € W-*(B)
satisfying Lip(u.) < c T with ¢ = c(d), such that u; = win {M|Vu| < t} and

LAMVu| > 1)) <

- 5 (M|Vul)dx,
P50 Jimvus) s

where M is introduced in Definition [A.1]
Lemma A.5. Let ¢; be the sequence defined as in (3.44), and @o be the function in (3.47). Let
() jen C WY(Bg(0)) be such that

sup ¢j(y,IVoj)dy < C, (A.3)
jEN JBg(0)
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and vj — vg a.e. in Br(0). Then

f (poo(IVvo|)dysliminff @iy, Voi|) dy. (A4)
BR ]+ BR

Proof. Thanks to the bound in (A.3), we apply Lemmato ®;/ which is a weak ®-function
satisfying|(inc),|and |(dec),| obtaining

f ¢; (MVoj))dy < C, (A.5)
Bgr(0)

having taken into account that, thanks to (3.46), (gojf)‘l(l) ~ 1, and the hidden constants
do not depend on j. By Chacon’s Biting Lemma (see, e.g., [2, Lemma 5.32]) there exist a

sequence of Borel subsets Aj, of Br(0) such that L4(A,) = 0ash — +00, and a (not relabelled)
subsequence such that (goJT(M|Vv]-|))(BR(0)\ 4,)j is equintegrable for every h > 1.

Let 7 > 1. Then, applying Theorem A 4to vj, we find v} : Br(0) — R such that
Lip(v;) <ct and v]? = v in Bg(0) \ E;, (A.6)

where E]T. := {M|V9;| > 7} and, by Chebychev’s inequality,

LUET\A) < L 07 (Mo dy, (A7)

¢; (1) E7\

for any Borel set A C Bg(0). Moreover, from (A.7) with A = 0, (A.5), for P; and the
fact that by (3.46), (p]T(l) 2 1 for j large enough, we deduce

] 1 . C
LUED) < f _p;(MIVojhdy < —, (A.8)

(p}f(l)ﬂ’ E;

for j large enough.
We compute

f @iy, IVojl) dy > f @iy, IVoil)dy = f @iy, IVoil) dy
Br(0) BRO)\(A,UED) BRO\A

- [ oitwvoidy= [ o Vorh - pulvoid] v
E\A; Br(0O)\Ay,

+f (poo(IVv]T.l)dy—f (pj(y,IVv]T.l)dy.
Br(O\Ay, EA\Ay,

Since the convergence (3.47) implies

lim |0y, Vo)) = pea(IVOT ] dy = 0,
7+ IBRr(0O)\Ay
passing to the liminf in the previous inequality we obtain

lim inff @i(y,IVoj))dy = lim inff Peo(|VU]) dy — lim sup @iy, IVoi]) dy.
=+ JBy(0) i+ Jpr\ay ! joreo JERA, !
(A9)
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We are first dealing with the second term. We have

[ ewmenays [ preverpa.
ET\A ET\A

In E]T. \ Aj, we distinguish between the points of Bg(0) where go,‘/_(IVv]T.IGj) € [w(r)), 1/ Ld(Brj)],
denoting the corresponding set by S}T, and the points where that condition does not hold.
We then define

§3, = {(p;j(wvﬂa]-) < ()} NBr(0) and 83, = {(p;j(wv; l07) > 1/£%(By))} N Br(0).

3 . . . . . . .
The set S].,T has to be empty for j sufficiently large, as otherwise, using for any fixed point
therein, the resulting inequality ¢(0,0;)77 > ﬁ would imply m uniformly bounded

with respect to j.
In S%T, thanks to and (2.6), min{(le]T.loj)P, (|Vv}|aj)”7} < Lgw(rj) < 1 for j large enough,
then

f @/ (IVoil) dy
(ENANS?, J

1
~ 90,0) JEnanns,
L1 .o
p ¢(0,0/) jo+eo

max{(Vollo ), (Vollo ;1) dy
14

< ya(Lga(r)))”

In S}’T condition|(VA1)lholds, then

f 7 (Vo) dy <2 f @; (IVoih dy < cj (v) £9(E] \ Ap)
(EN\ANNS] (ENNANS]

<c | @] (MIVoj)dy,
{MIVojl>Th\Ay,

where we used (A.6), (A.7), (3.46). From the equiintegrability of the functions (p]T(MIV@]'I) in
Br(0) \ Aj, and from (A.§), given n > 0, we fix 7 = A(n)) sufficiently large in order that

cf (p}(Mlejl) dy <n. (A.10)
{MIVojl>T\A),

Therefore we can state that

jo+oo

lim supf iy, IVv}I)dy <7
E}\Ah

Concerning the first term in (A.9), for the above fixed T = 7(n), the sequence (UJT.) j is equi-

bounded in W"*(Bg(0)), therefore, up to a subsequence, it converges to a function v* weakly*
in W*(Bg(0)) and in measure. Moreover, by the lower semicontinuity under convergence
in measure of the map

w > L({x € Br(0) \ Ay, : w(x) # 0}),



¢ ALMOST-MINIMIZERS 29

then
T”Ld({x €B1\A,: 0" #vo}) < liminf’chd({x €B1\Ay: v]T. # 0j})
oo

< liminf T”Ld(E} \Ap)
jo+oo
p
< liminf :[
e @7 (T) Jpmvoyseivay

~(M|Vo;)d
¢; (M|Vojl) dy (A1)

< liminf —
e @7 (1) Jimvoenay

<clim inff ¢; (MIVoj)dy < cn,
{MIVo;|>Tt\Ay,

@; (MVojl) dy

j—+oo

using that (p]T satisfies the bound from above of (p]T(l), and (A.10). All things consid-
ered, setting C; := {x € BR(0) : |Vouo(x)| < s}, from (A9) we derive

lim inf f @iy, [Voi)) dy > f Pe(VO)dy — 1
Bg(0) Br(O)\Ay,

j—+oo

>

f Poo([Vool) dy — 17
(BR(O\AN(o*=00)NCs

- f Pw((Voo) dy - (Vo0 dy — 1
(BR(O)\A,)NCs (BROO\AR)N{wT£00}NCss

> f Poo(|Vool) dy — (pm(s)Ld({x € BR(O)\ A, : 0" #vp}) —
(Br(0O)\A,)NC;s

> f Poo(|Vool) dy — @oo(s)cn — 1,
(BRO\A,NC,

where we used (A.11)) in the last inequality. Thus, letting first n) tend to zero, then h and
finally s tend to infinity, we proved (A.4). O
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