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TRANSVERSELY CURVED SHALLOW SHELLS:
ONE LEADS TO RELAXATION

ROBERTO PARONI AND MARCO PICCHI SCARDAONI

ABSTRACT. We study the I'-limit of sequences of variational problems for straight, transversely
curved shallow shells, as the width of the planform € goes to zero. The energy is of von Karman
type for shallow shells under suitable boundary conditions. What distinguishes the various regimes
is the scaling of the stretching energy ~ &2, with 8 a positive number. We derive two one-
dimensional models as 8 ranges in (0,2]. Remarkably, boundary conditions are essential to get

compactness.
We show that for 8 € (0,2) the I-limit leads to relaxation: the limit membrane energy vanishes
on compression. For 8 = 2 there is no relaxation, and the limit model is a nonlinear energy

coupling four kinematical descriptors in a nontrivial way. As special cases of the latter limit model,
a nonlinear Vlasov torsion theory and a nonlinear Euler-Bernoulli beam theory can be deduced.
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1. INTRODUCTION

The rigorous derivation of one-dimensional mechanical theories from higher-dimensional frame-
works has seen significant development in recent years.

In this work, we focus on straight, transversely curved ribbons in their natural configuration.
That is, we consider transversely curved shallow shells whose planform projection is a rectangle. In
this setting, the rigorous derivation of limiting one-dimensional models, as the width of the ribbon
planform tends to zero, was first addressed in [31] (see also [11]), inspired by the bending behavior
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of a carpenter’s tape measure, where deformation can localize. The resulting limit model captures
curvature concentration (i.e., the formation of elastic hinges). However, the starting point in that
work was a relatively strong energy, whereas more realistic models, such as those based on von
Karmén energies, have weaker compactness properties, posing additional challenges.

For completeness, we note that several one-dimensional models have been heuristically proposed
in the literature for transversely curved shallow shells; see, e.g., [8, 21, 24, 27, 32]. Rigorous
derivations of one-dimensional models for ribbons with a curved cross-section starting from three-
dimensional nonlinear elasticity can be found in [13, 28], while the case of flat cross-sections has
been addressed in [17, 18]. Derivations starting instead from two-dimensional theories are presented
in [15, 16].

Here, we consider families of von Karman-type energies, as commonly used for modeling shallow
shells and prestrained plates [4, 5, 7, 9, 14, 22, 23, 26, 33, 35, 36]. In particular, we impose a
specific scaling for the stretching energy: as the ribbon width ¢ tends to zero, we assume the
natural curvature scales like 1/e, and the stretching energy is of order €27, with 8 a non-negative
real number.

Additionally, we assume that one short end of the shell is clamped, while the other undergoes a
rigid roto-translation at a suitable scale. As it will become evident, the order of the longitudinal
displacement plays a crucial role in determining the limit behavior. Specifically, we obtain com-
pactness for appropriately scaled displacement sequences, of order e? for in-plane displacements
and /2 for out-of-plane ones. Furthermore, for § € (0,2), the problem exhibits relaxation. In
contrast, when 8 = 2, the energy functional is sufficiently rigid to prevent relaxation. In all cases,
a shared feature is compactness in relatively weak topologies, alongside surprisingly regular limit
displacements.

It is well known that boundary conditions can significantly influence the resulting limit models.
In the context of three-dimensional nonlinear elasticity, for instance, clamping a plate along its
boundary can (under suitable scalings) lead to a membrane theory whose energy vanishes on con-
tractions [10]. A broader overview of how various scaling regimes interact with boundary conditions
is presented in [20].

In our setting, a similar phenomenon occurs, arguably in an even more evident way. When
natural boundary conditions are imposed, a wide class of displacements yields zero membrane
energy, resulting in a soft response dominated by out-of-plane bending. However, for 5 € (0,2),
introducing the additional boundary condition stiffens the shell considerably: the kernel of the
membrane energy is reduced or even eliminated. The practical consequence is that the out-of-plane
bending term becomes negligible in the limit model (i.e., the second derivative of the transversal
displacement disappears).

The case § = 2 is critical: both the membrane and bending contributions are retained, and
a “complete” limit theory is obtained. In this regime, the four kinematic descriptors of the limit
displacement are nontrivially coupled. Interestingly, it also includes, as a particular case, a nonlinear
version of Vlasov’s torsion theory.

To the best of our knowledge, the two limit models obtained in the present work are new.

The paper is structured as follows. Section 2 reviews the main technical tools and establishes
notation. In Section 3, we introduce the sequence of variational problems under consideration.
Section 4 is devoted to compactness results. Section 5 proves the I'-convergence result in the
case 8 = 2, while Section 6 addresses the case 8 < 2.

2. PRELIMINARIES AND NOTATION

The Euclidean (Frobenius) product in R¥ is indicated with - and the corresponding induced
norm by |- |. If £ = (z1,29) € R?, 2 = (=29, 21).
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Let us summarize some useful properties of matrices. For every A, B € ]ngme
det(A+ B) =det A+ det B+ A - cof B,
|A|2 > 2| det A, (1)
A -cof A=2detA.

where (cof A)ag = EayEssA4s and £ is the Levi-Civita symbol. The dyadic product of two vectors
a,b € R", written as a ® b, is defined by (a ® b)(c) = (¢ - b)a for every ¢ € R™. If not specified,
we adopt Einstein’ summation convention for indices, and C' denotes a positive constant that may
vary from line to line.

We denote the integral average by fQ fdr = |512| fQ f dz. If f,g: R — R, their convolution f x g is

given by (f * g)(x) = [ f( y)dy = [ f(y)g9(x —y) dy (whenever the integrals exist).
The Characterlstlc functlon of the set A C RN is denoted by

1 z€A
Lale) = {0 z e RN\ A.

The positive part of a is denoted by a® := max{a,0} while the negative part of a is a= =
—min{a, 0}, so that a = a™ —a™.

Let Q C RY be an open, bounded, Lipschitz domain. If k& € N U {co}, then C*(Q) denotes
the space of real-valued, k-times continuously differentiable functions on £ and C*(Q) denotes the
space of real-valued, k-times continuously differentiable functions up to the boundary of (2. C{f(Q)
denotes the completion with respect to the sup-norm of C¥(€2), the space of functions belonging to
C* () that have compact support in Q. The dual space of infinitely differentiable functions with
compact support on 2 (space of distributions) is denoted by D’(2).

The Lebesgue spaces of p-integrable functions on 2 are denoted by LP(Q) for 1 < p < co. We
endow L?(2) with the canonical scalar product (f,g) Jo fgdx for every f,g € L2(9).

The Sobolev’ spaces of LP(€2) functions whose derivatives up to the order k are in LP(2) are denoted
by WP (). We denote strong convergence (convergence in norm) with the symbol —, while weak
convergence will be denoted by —.

The strain of a vector-valued function u € H'(2,R?) is defined as

Eu= %(VuT + Vu).

Let H2(2) be the closure of C2°(Q) with respect to the H2 norm. The dual space of H3(Q) is
denoted by H~2(Q). The latter is endowed with the usual dual norm

oz = s )l
€HF (Q),llll g2 (0y=1

We introduce the operator curl curl : L?(€, R2X2) — H~2(Q) defined as

sym

curl curl A = 911 Agg + G99 A1y — 2010415 ¥ A € L*(Q,R2%2).

Sym
We recall that curl curl and cof V? : H5(Q) — L*(€, R2%?) are adjoint operators, in the sense that
(curl curl A, @) = / A-cof Vipdr YV AeL*(QRY2), V¢ € Hy(Q). (2)
Q
In particular, we have in H~2 (see for instance [12]) that
curl curl (Fu) =0 Y u e H(Q,R?) (3)

and that
curl curl (Vw ® Vw) = —2 det V2w YV w e HX(Q). (4)



4 R. PARONI AND M. PICCHI SCARDAONI

We denote by M(Q) the space of finite Radon measures on 2, and by M™(Q) the subset of

the non-negative ones. The restriction of a measure ;1 on RV to a measurable set £ C R is the
measure u L E defined as p L E(F) :== u(F N E) for all measurable sets F ¢ RY. Let A, B be
two sets and let p € M(A), v € M(B). The product measure p @ v € M(A x B) is the measure
satisfying (u @ v)(E x F) = u(E)v(F) for every Borel set E € A and F € B.
With £ we denote the n-dimensional Lebesgue measure. If I is an interval and p € M(I), by the
Radon-Nikodym decomposition we can write uniquely p = g—gﬁ + us where g—gﬁ is the part of u
which is absolutely continuous with respect to L, g—ﬁ is the Radon-Nikodym derivative of u with
respect to £, and s is the singular part of u (with respect to £).

Indicating by Du the distributional derivative of u, the spaces of functions of bounded variation,
bounded Hessian, and bounded deformation are defined as

BV(Q) = {u € L(Q) : Du e M(Q,RV)},
BH(Q) == {u e WH(Q) : D*u € M(Q,RN*N)}, (5)

sym

BD(Q,R?) = {u € L*(Q,R?) : %(Du + DuT) € M(Q,R2X2)},

sym

The (total) variation measure of a function in v € BV () is defined as
Dul) = sup{ [ wdivipds ¢ € CHRRY), ol < 1)
Q

According to the Riesz’s representation theorem, M(2) can be identified with the topological dual
of Cy(Q). We say that (u,) C M(Q) converges weakly* to p € M(Q) (and we write p, — p in
M(Q)) if for every ¢ € Cp(Q) liTm Jo e dpn = [oedp.

We say (u,,) C BD(, R?) converges weakly* in BD(Q,R?) tou € BD(Q,R?) (and we write u,, — u
in BD(Q,R?)) if u, — u in L'(,R?) and 2P % DutDul iy pq(, RZS2),
We further recall the continuous embedding BD (2, R?) — L?(2,R?) (see [34] for details).

If (ac); is a component of an e-parameterized vector- (or matrix-) valued sequence, from time to

time we may write equivalently (a.;) or (af).

3. THE PROBLEM

Let € be a sequence of positive numbers converging to zero. We consider a family of shells,
parameterized by e, obtained by translating a planar curve (the cross-section) lying in the xo—x3
plane along the xq-axis.

Let ¢ > 0, define the domains

= (-éi) W= (‘%%) O, =T x W..

The region €. is the projection of the shell onto the x1—x5 plane.
We also define
W =W, Q=0 =1xW.

To describe the cross-section, we consider a non-affine, even function w € C?(W) satisfying

/W () das = 0 (6)

and such that w” = 0 only in a finite number of points of the interior part of W. Let Y be the set
of points in W in which the curvature of the cross-section is zero:

Vi={yeW:a"(y) =0}, (7)
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and
IXY:{(xl,xg) VR EY}.

Whenever Y is not nonempty, I xY" is the union in 2 of a finite number of disjoint segments parallel
to e1 of length £. We define the shell’s natural configuration ©. € C?(W.) as

o o L2

Ve (o) = aw(?).
Then, the cross-section of the shell parameterized by ¢ is described by the curve zg — (2, 0:(x2))
in the xo—x3 plane.

FicURE 1. Reference configuration and shell planform

Let B € (0,2]. For an out-of-plane displacement v € H?(€2.) (in the z3 direction) and an in-plane
displacement y € H'(Q:;R?), we define the von Kdrméan-type energy functional
2

1 . 11 1 1_. .
Ff(y, v) = / 5|V21) — V20> + 5% Ey+ §Vv ® Vv — §Vva ® V.| dx, (8)
subject to the following set of boundary conditions
l 14 . 14
y(_§7$2) = (030)7 U(_Q,xQ) :’UE(.IQ), 81”(_571‘2) :07
l . _
y(§,$2) = (651\1 — 56/2(132’05($2) — 6’8/2(I>2q)1$2 — 56 1@31’2,
@2:1:2 (9)
77 Ay — Dy (z2) — L),
2
l 14
U(§7$2) = 05<$2) + 6’8/2/\3 + 29D, 811)(5,332) = 8’8/2<I)2.

for a.e. z9 € 5(—%, %) and for given real constants Ay, Ag, Az, 1, P59, P3. The choice of the expo-

nents of ¢ appearing in (9) will become transparent in Section 4.

Mechanically, we may think the thickness of the shell to scale like ¢®. The further condition 8 > 1
ensures the thickness vanishes at least as fast as the width . However, from a mathematical
viewpoint, we need not to restrict 5 to the interval [1,2].

The boundary conditions (9) ensure that the end of the shell at z; = —% is clamped. The
constants A; can be interpreted as the average translation of the cross section at z1 = ¢/2 along e;,
while the constants ®; represent rotations (slopes) of the endmost section around e;.

We introduce the scaled out-of-plane displacement w : @ — R

w(xy, T2) = v(w1,e12),



6 R. PARONI AND M. PICCHI SCARDAONI

the scaled cross-section w. : Q2 — R
We(x1, x2) = Ve(ex2) = ew(xa),
and the scaled in-plane displacements v : Q — R?
w1 (z1, x2) = y1(x1,e22), ug(x1,x2) = eya(x1, £22).

We also define the scaled operators as

_ T 0 K

Jo (EZ)H Efl(EZ)lg
€ 671(EZ)21 872(EZ)22 ’
Changing variables in (8) and (9), and dividing by the Jacobian, we obtain the rescaled energy
2

. 1 1
B (u, w) ::2/ ng—gd)"@@eg dzx
Q
1 1 1 1. 2
+2/QE2B EE’U,—{-ivEU}@va— §wl2e2®e2 dl’, (10)
under the constraints
(-5 = (0,0),  w(-t,m)—ed,  Ouw(—5,) =0
U(—=,x9) = w(—=,x9) = W w(—=,") =
2’ 2 ) b) 2’ 2 M 1 27 )
/
u(i,xg) = (651\1 — 81+5/2q)2110} — 61+5/2q)2q)1l‘2 — E'B(I):),IEQ,
(11)
2 2 DTy
851\2—8@1110]—5 1 )7

2

12 l
w(i,m) :€w+5’8/2A3+8.’L‘2@1, f)lw(i,m) 28'3/2@2

valid for a.e. x5 € (—%, %) Note that, in particular, the first and the fourth prescription in (11)
imply that

/ 81u1(:z:1, .CCQ) dr = Aléﬁ Ve > 0. (12)
Q
This constraint has a pivotal role in Section 4.

With the function space X' = L'(Q;R?) x L?(Q) we define the extended functional on X’:

i

£

B () if (w.w 1(0- 2 2 an olds
(u,w)'—{F‘E(’ ) if (u,w) € HY(;R?) x H*(Q2) and (11) holds, 13)

400 otherwise.

3.1. Geometric Quantities. It is helpful to introduce the following constants, which depend on
the domain §2:

1 22 1\’ 1
Jo—/a;de, Jl—/xdeg—, J2—/ (2—> dry = —. (14)
Q =1 w2 12 w2 24 720
We also define two functions that depend on w:
T2
i (2) ::/ (b (8) — (1)) db, iy (a) = ib(w2) — cra, (15)
0
where
1

o= /W sw(s) ds. (16)
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Additionally, the following constants—dependent on the cross-section profile—will be useful:
1 21

= — — — ) (t)dt

2T W(z 24)“’() ’

J / < b(t) (tz 1 >>2 dt, J. / 5% (1) dt
= w(t) —co | — — , = W .
57 \2 " R

2
. T 1
w:/€<2—>, for some k € R

(17)

(in this case, ca = k). Moreover, cp and J3 cannot both be zero. Also, Jy = 0 if and only if w is
affine, which is excluded by assumption. In fact, J4 = 0 if and only if @ = 0, i.e.,

/:2 (t'(t) —w(t)) dt = 1o,

which implies tw'(t) — w(t) = ¢1. The general solution of this ordinary differential equation is
w(t) = at — ¢1, with a € R.

We conclude this section by stating some useful properties of @ and .
Lemma 3.1. Let @ and i) be defined as in (15). Then:

(i) W is odd;

(i1) Wy and Wiy are odd;
(iii) / t gy (t) dt = 0;

w

i) The functions 1, x9, w(xs), and W (x2) are mutually orthogonal in L*(W);
(0)

2
1
(v) The functions 1, xa, % ~ o w(xa) — 2 (? — ﬁ), and W) (r2) are mutually orthogonal in

L2(W).

PRroOOF. Integration by parts yields:
T2
W(xe) = xow(x2) — 2/ w(t) dt.
0

Since 1 is even, both xg — z2t(x2) and 29 = [ w(t) dt are odd, hence @ is odd. Therefore, @
is also odd. Moreover, since w is even, the product o i) is odd.
For the third point, using the definition of ¢;:

/tf@<0>(t)dt=/ tﬁ?(t)dt—cl/ 2 dt = 0.
w w w

The fourth claim follows from points (i)—(iii) and from (6).
For the fifth point, the first three functions are orthogonal in L?(W) as they correspond to
Legendre polynomials on W. By point (iv), 1, @2, w(x2), and @ gy(w2) are mutually orthogonal.

Furthermore, since @) is odd, it is orthogonal to the even function = — 5;. The result follows.
4. COMPACTNESS

Throughout the section we consider a sequence (ug,w.) C X such that

sup F (ue, w) < oo. (18)
3
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This bound implies that sup, o (e, we) < 400, where

N 1 ,d’]// 2
Ff(usawe) :2/ ’ngs - 7e2 ®e2‘ dzr

Q

° /2 2
UE We We w
/’E W@)VEW 2562®62 dx.
For convenience, we set
W o2
SE:—E( )—I— V = ——ey ® ey, (19)

€ 6/ 2 ® “eB/2 9B
Our first result establishes partial compactness properties for all 0 < 5 < 2.

Lemma 4.1. Let 0 < 8 < 2. Let (us,w:) C X be a sequence that satisfies (18). Then there exist
re HY(I), 9 € HY(I), y11,722 € L*(Q) such that, up to a subsequence,

82% i in HY(Q), (20)
ﬁ)” 19/
Viw, — —e e <7191’1 ,m> in L*(Q, R, (21)
e w={" < in HY(Q). (22)
eb/2 r+ad b if B=2
Also, there exist S € L*(, ngxlﬁ) (&1,&2) € BV(I) x BH(I), such that, up to a subsequence,
S.—~ 8 in L*(Q,RZ:2), (23)
- S in BD(Q,R?), (24)
€
with u given by
(& — 2265, &) ifB <2
u= ¢ (&1 —x2(& + 'Y+ c1?) —wr' — wpd, (25)

& — Lo —w9)  if =2

PROOF. Let (us, we) C X be a sequence that satisfies (18). Then
ol

w
sup vaws ——e® ez‘
€

L2(9, Rg;ﬁ) <oo and Sgp HSEHLZ(Q,R?;(H%) < o0, (26)
with S as defined in (19). From the first of (26), we deduce that up to a subsequence

R W, R we W’
O11we — Y11 in L (Q), 812? — 72 in L (Q), O29— 22 — ? — 792 in L (Q) (27)

with 11,712,722 € L?(2). By the second and the third of (27), and the fact that w is independent

of z1, it follows that V(@gwg /e —1i') is a bounded sequence in L?(£2,R?). By Poincaré-Wirtinger’s
inequality, ow. /e — ' is bounded in H'(f2), and hence

62% i =9 in HY(Q), (28)

up to a subsequence, for some ¥ € H!(£2). From the third of (27), we deduce that ¥ is independent
of x5 and therefore ¥ € H'(I). Also, from the second of (27) we have that v13 = ¥'.
The 11-component of S; is
e 81u§ 1(8110&)2
W B Tt es2l
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From the second of (26) and Jensen’s inequality, we find

su ( 81u§ 1(81105
5p Q 55 2 86/2

and by using condition (12) it follows that

Ohwe 2 2
sl;p(A1+/Q(€B/2) dx) < 00

)2 dw>2 < 00,

and

We
sup|]815—/2\|Lz(Q) < 0. (29)

This inequality, the fact that § < 2, (28), and Poincaré’s inequality, imply that (
sequence in H'(Q). Hence, up to a subsequence,

=) is a bounded

We N . 1
B2 w in H (),
for some w € HY(Q). By (28) it follows that dew = @' + 9 if 8 = 2 and dow = 0 if 8 < 2. Thence,
r(z1) if <2
w(zy, x2) = ) ‘
r(z1) + zo¥(x1) +w(xe) if B =2

for some r € H(I).
From the second of (26) it immediately follows (23), and also that

Ue we 1 5 B2 H
Sgp“Esﬁ+ vgﬁ/Q v55/2 ¢ wrex ® ey 12(9) < +o00.

This inequality and (22) imply that

< +00.
LY(Q,RZX2)

supHE%
&€

Since (ue) C H*(Q2,R?) and (11) hold, we can apply the Korn’s inequality [34, Sec. 2.4] to deduce
that (%) is bounded in BD(Q2,R?) and that Y5 X in BD(Q,R?) for some u € BD(Q,R?).
Since (S:) is uniformly bounded in L?(12), we have

31u§ + 82u§ 1 01w, Orw,

— 1 2
6512 = 2:8 9 55/2 65/2 —0 in L (Q) (30)
Ous 1 ,0w 1
2 _ 22Uy 2We \ 2 2_ 2 . 2
6552—74-5(66/2) 25 ﬁ % —0 1nL(Q)

For 8 =2, (20) implies that ‘Zﬁ;f; — ¥+ = dw in LP(Q) for every 1 < p < +o00, while for 8 < 2

(20) implies that i?f; — 0 = Oqw in LP(Q) for every 1 < p < +o0. Thus from (22) and (30) we
deduce that
81u§ + 821@ 1 B Oug + Oy

285 — —58111)8210 = 5

hus 1, o 1[0 p<2
o 30w) +{ 2 B=2

2
By integration and arguing as in Lemma A.3, we deduce that there are functions (£1,&2) € BV (I) X
BH(I) such that (uj,u2) is as in the statement of the lemma.
We now state a Lemma that we will systematically take advantage of.

in LP(Q) for 1 <p < 2,

= 82U2 in LQ(Q).
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Lemma 4.2. Let 0 < 8 < 2. Let (us,w:) C HY(Q,R?) x H*(Q) and let S: as defined in (19).
Then for every e >0

— ng —
/Q pdetV A2 dr =

/ ST1022¢ — 2655501290 + 52552811cp dx Ve Hg(Q) (31)
Q

If additionally Se is such that sup, ||Sc|[12(q) < 00, there exists a constant C' > 0 such that for
every € >0

2 We
‘/ngdetv A2 dac‘<

(”622<PHL2(Q +el|O12l| L2() + € ||311<P”L2(Q)) Vo€ H§(Q). (32)

If sup, ||VZw. — " /ees ® 62HL2 < o0, there exists a sequence (d:) bounded in L*(2) for which
2 We 2-3 1-43/2 W'
det V 55/2 =c d. + ¢ 811 ﬁ/2 (33)

for every e > 0.
PROOF. By (2), (3), (4), and since det V% = 0, we have the identity

1 1
/ @ det V2w, dz = — / (Bus + §Vw5 ® Vwe — 55212/2@ ® eg) - cof V2p dx
Q Q

1 1
= g2 / (Beue + §v5wa ® Vow, — §fu°/2e2 ® eg) - cof V2<p dx (34)
0

1 1 1
248 / —(Boue + 5Vow. ® Vew, — 1i%e; @ &) - cof V2 da
Q¢ 2 2

which is equivalent to (31) after a little manipulation.
Inequality (32) follows from (31) by Holder’sinequality and the boundedness of S, in L?(£2).
The identity (33) can be easily verified by posing

ol

d. = det (nga — %62 & 62).
That d. is bounded in L' (£2) follows by recalling the second and the first of (1).

Remark 4.3. Let Q be the extended domain (— 30,30) x (—3,3) = : I x W. For every e > 0 and
for every (ue,w:) € HY(Q,R?) x H2(Q) we conszder the following extension

0 if 1 € (—30,-%)
u1e(z) if 1€ (—5,5)
tie(x) = PN — TP 0aray — PRy ifar € (5,50 (35)
2
—€ (I; (x1 — g) — P D3y
0 if ;1 € (—3¢,-%)
Une () = { uge () ifvi € (=55 | (36)
eONy — 22z — 200 + PBy(zy — L) if m € (4, 30)
0 if w1 € (—30,-%)
We () = { we(w) ifz1€(—5,5) (37)

eP12Ng + e + exo @y + £%2®o(xy — £)  if a1 € (§,30)
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By (11), (@, w.) € H'(Q,R?) x H(Q). Moreover, we deﬁne
~ ~ 110}/2

Se —E( =)+ VE M@Vs 5/2—25e2®e2 (38)

and
2

F (Ue, we) 1= / ‘V2ws——e2®e2 dx
U w, W, W' 2 (39)
€ g g
+2/§ ’EE(?) + ivagﬁﬁ ® vE?ﬂ/Q — 25762 ® ey| dx.

The main property of such an extension is that the energy on Q \ Q is null, in the sense that
FPlug,w.) = FP(az,w.) Ve > 0. (40)
Moreover, the analogous counterpart of (12) holds for Ule- Argumg as in the proof of Lemma 4.1,

we deduce the existence of functions €& € BV (I), & € BH(I), 7 € H'(I), ¥ € H'(I) such that

OrWe

— 9 in HY(Q), (41)
fr VT {?Jr it =2 O (42)
and ?—g X% in BD(Q,R2) with T given by
(&1 —228h,6) B ifB<2
u(z1,x2) = ¢ (& — .fg(fé + 79 + 6119/) —wr’ — 1013<0>19/, . (43)

&2 — gu20” —il)  if f=2
Equivalently, if (£1,&,7,9) € BV(I)x BH(I)x HY(I) x H'(I) are as in Lemma 4.1 it can be easily
seen by passing to the limit in (35)—(37) that

N 0 if 11 € (=3¢,-%)

&G =9%& ifzy € (5,5 (44)
A1 — %@%(1}1 — f/2) ZfZL‘l S (% %f)

N 0 if 11 € (=3¢,-%)

=146 ifeie(-5,5) (45)
Ao+ @3(z1 — €/2)  ifzy € (§,30)
0 fol S (_%£7 _%)

F=<{r ifzr € (5,5 (46)
Az + @1 — £/2)  if w1 € (5,30

B 0 if x1 € ( % —%)

v=< if x1 € (— % %) (47)

051 Zf$1€(2,2€)

4.1. Finer compactness for 0 < § < 2. The main efforts are now to show the enhanced regularity
(than naively expected) of the limit functions and to characterize the boundary value traces. When
0 < B < 2 it is convenient to work with the extension defined in Remark 4.3.

Lemma 4.4. Let 0 < 8 < 2. Let (uc,we) C X and (&1,&,7,9) € BV(I) x BH(I) x H(I) x H'(I)
as in Lemma 4.1. Then, with the notation of Remark 4.3,

(i) r(=5§) = 0, r(§) = Az, ¥(=5) = 0, 9(3) = 1;
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(ii) (§1,7) € Bi={(&1,7) € BV(I) x H'(I) : 3x € MF(I), & + A+ 372 € LA(D)};

(iii) S5, — Si1 in L2(Q) where Sty = (& + 3L+ X) © L — & @ 2oL where X € MF(I);
(iv) & € H*(I);

(v) &a(~5) =0, a(3) = ha; &(~5) = 0. €(5) = 0.
PROOF. Let (us,w.) C X as in Lemma 4.1.

Claim (i). The claim follows from (46), and (47), since 7 and ¥ belong to H'(I).
Claims (4i) and (%ii). By (40) and the uniform bounds (26) and (29) we deduce that (0 5/2) is

uniformly bounded in Ll(Q). Thus, up to subsequences, (015 /2) converges weakly™ in the sense

of measures to some 7 € M*(Q). By convexity and (42), we have that 7 > (8;@0)2L2 = 2L @ L
since § < 2. For every ¢ € C2°(€2), by the above convergence it follows that

81{175 _ 8117)8812&;5 €
JL s =t [ (T 0hpds = -2 [ SO 2

pdr =0,
by (41) and (42). By Corollary A.2, there exists p € M™(I I) such that ¥ = g @ £ > 7L ® L.
Hence, the measure 2X := j — 2L € M*(I) and

L ini
2" B/2

)2 (%fﬂc FN@L i M@ (48)

Let S. as defined in (38). By (23) and (40) we have that (S.)1; — Si1 in L2(9). From (43) and
(48) it follows

~ ~ 1 ~ -
S = (& + 5?425 +N)®L—E @l
Note that Lemma 4.2 holds if we replace 2 with SN), S. with gg, and (ue,w.) with (., w.). By

the counterpart of) (33), we find that det V225 — 0 in L Q). By passing to the limit in (the
eB/2
counterpart of) (31) we also deduce that

/~§11822(p dr =0
Q

for all ¢ € Hg(ﬁ) Hence, there exist two functions f,§ € L2(I) such that Sy (x1,22) = f(a1) —
azgﬁ(ml) By uniqueness of the weak limits, it follows that E{ +172L + X = fL and gg = gL. Thus,
Y e L2(I) and & + 372L + X € L2(1).
Claims (iv) and (v) The claims follow from (45) the fact that & € H2(I).

4.2. Finer compactness for 5 = 2. We now focus on the case § = 2. We break the proof into
several lemmas. Unlike the case 8 < 2, it is not convenient to restore immediately to the extension
introduced in Remark 4.3.

Lemma 4.5. Let 3 = 2. Let (us,w.) C X as in Lemma 4.1. Then, = — w in L>(Q).

PROOF. Let % denote the extension to R? of == for every € > 0, as in Lemma A.4. Let Qoo 0
be the common (compact) support for all the terms in (). For every ¢ > 0, and for every
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x = (x1,22),y = (y1,y2) € Q, we have on one hand

A~

We w W W

—W-—@l=1—W-—)

£
Y1 Y2 A T2 A
= |/ 812—(8 t) dtds+/ 612—(3 t) ds dt|

o0

Y1
|/ / 1 8127 S t dtd8+/ / 1 812 8 t)dsdﬂ

< C(Vly2 — w2 + V]y1 — m1)) 512*5
€ 2 r2)
We W,
< C(Vly2 — wa + V|1 — »’Ul\)(H@lz? . H* Hl(ﬂ))

< C(Vly2 — w2l + Iy — z1))

where we used Holder’s inequality, the boundedness of 2, Lemma A.4, and (21), (22). Thus, (*=)
is equicontinuous on €, the closure of . B
On the other hand, for every ¢ > 0 and every z = (x1,x2) € 2, we have

%( z)| = \_y/ / alg—stdtds|

‘312 312*
< L1<R2> S 2(9)
We We
< — — < (.
< C’(Halz = 20 H Hl(Q)) <C

By Ascoli-Arzela’s theorem, recalling that ©= — w in H 1(Q) by Lemma 4.1, we deduce that up to
a subsequence = — w uniformly. By Urysohn s lemma, the full sequence (“*) converges.

Lemma 4.6. Let § = 2. Let (us,w:) C X as in Lemma 4.1. Then, there exists n € M™T(Q) such
that

(1220202 5 (9uw)2L2+2u  in M(Q). (49)

32

PROOF. By the uniform bounds (26) and (29) we deduce that (1 we:)? is uniformly bounded in

LY(Q). Thus, up to subsequences, (O e =)? converges weakly* in the sense of measures to some
v € M(Q). By convexity, we have that v > (9yw)2L£2. We set 2u := v — (O1w)?L? which clearly
belongs to M™(Q).

The next result will call upon the finite set Y defined in (7).

Lemma 4.7. Let 3 = 2. Let p as in Lemma 4.6. Then, the support of p is contained in I XY . In
particular, for every y € Y there is Ay € M (I x {y}) such that

=) Ay ®0,

yey

PROOF. Let w =1 + 290 + 1 be as in (22). As r,99 € H'(I), by Lemma A.5 there are sequences
(re), (V) € C°°(I) such that (re,9.) — (r,9) in HY(I) x HY(I) and (er”,&9”) — (0,0) in L*(I) x
L3(I). The convergence (1c,9:) — (r,9) is actually uniform by the compact embedding H'(I) —
CO(I). Thus, the sequence W, := r. + x99, + w converges uniformly to w in €. Combining this
with Lemma 4.5, we have that z. = “= — 0. converges uniformly to 0 in 2. By using (22) and (20)
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we deduce that

w
ellonzellz) = elldr— — i — 229 20) = 0,
N (50)
1022¢ | L2(02) = ||(92* — e — W' g2() = 0
as € goes to zero. Also, by using (21) we find that
82\\811z6||L2(Q) =¢||Ow. —erl — xQE'lg;HLQ(Q) — 0,
w
cllons2el ey = 0122 — 9120y = O, 51)
|O222e | L2(02) = |!522? —@"||[2(q) = 0.
Let ¢ € C2°(€2). By taking ¢, = 1z, in place of ¢ in (32) we have
2 We 2
)/Q% det VZ— dw‘ < C (19220 2(0) + €llOr2el L2 () + €°[10119¢ | L2(0)) - (52)

From (50) and (51) it immediately follows that the left side of (52) goes to zero as € — 0.
We now study the right side of (52). By (33) we have

0 = lim cpe det VQ— dr = lim / Yze (dE + 11'}"811%) dx
e—0

e—0

=lim [ vYz.w ’811— dzx,
e—0 Q

where the last equality follows since d. is bounded in L'(£2) and z. converges uniformly to zero.
But by (22) we deduce that

0=—lim [ Yz 811— dr = hm (25811/1 + 1/18125)@"81% dx
e—0 QO g —0 Q g

— lim wﬁ’)"ﬁlzg@l%dx, (53)

e—0 0
that is equivalent to

lim/ " (0 2dx = hr% b’ 8111)581— dr = / D" (0yw)? dx
Q Q

e—0

as We — w in H'(Q) and w./e — w in H(Q). So &”(01%)* — @"(dw)? in D'(2). Since the
sequence (w”(01%)?) is bounded in L'(£2), we have that

w"(al%)%c? 2B (Oww)2L in M(Q).
On the other hand, by (49), we also have that

We

11’)”(81?)2/:2 A" (Orw)2L? + 20" in M(Q).

Hence, by uniqueness of the weak limits, we deduce that w”p = 0. This implies that also the total
variation of the measure w”y is null, that is |w”u| = |w”|u = 0. We now show that u concentrates
on I xY.Let AC Q\ (I xY) be a Borel set, and let

Ap = {z € A:i|(z) > ~}.
n

For n large enough, A, is nonempty and (A4,,) C A monotonically converges to A. Then 0 =
(Jo"|p)(An) > Lp(A,) > 0, that implies pu(A4,) = 0. In turn, we deduce p(A) = 0. Thus
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p=plL(IxY)=>3 cpbl (I x{y}),since Y is finite. For fixed y € Y, let A, be the Radon
measure defined on the Borel sets of I x {y} by

Ay(By) = n (I < {y})(By) = u(By),
for all Borel sets B, C I x {y}. For a Borel set B C Q, we have that

Ay @0y(B) = Ay(BN{za =y}) = Ay(BN (I x{y})) = (BN x {y})) = pL (I x{y})(B)
and hence pL (I x {y}) =\, ® 6.

The characterization of the support of u for 5 = 2 is enough to assess an enhanced regularity for
r and 9.

Lemma 4.8. Let 3 = 2. Letr and ¥ as in Lemma 4.1 and p1 as in Lemma 4.6. Then, r,9 € H?(I).
Moreover, for every y € Y the measures \y € M™(I x {y}) defined in Lemma 4.7 are equal to
Ay = hyL for some hy € L*(I) and hy > 0 almost everywhere in 1. In particular,

p=> hyLeds, (54)
yey

PRrROOF. Let (u.,we) C X as in Lemma 4.1. We start by observing that (20), (22), and (49) imply
that

We We (81w5 )2 O we Dpwe N (Olw)2£2 +2u Orwdhw
Vo evo = (81w5 Sarwe (%Qge )2 O1wdrw (Dpw)?

3 3

in M(Q, ngxrﬁ) Hence, from the identity
1
/detvﬂua@d:ﬂ:—/ V%®V%-Cof V2pdx Ve Cr(Q)
Q € 2 Jq € €
we find that

1
lim det V2 gpdm = —5 / (81w)2822g0 — 26111)821081290 + (82w)2811g0 dx

e—0
/ 82290 dlu'v

for every ¢ € C2°(Q2). By means of (22) we obtain that

1
liII(l] det V222 go dx = —5 / (' 4 2919") 209000 — 2(r" + 221 ) (9 4 W) D104
E— QO

+ (9 + 17)/)2({“)1190 dr — / O dp
Q
1
=-3 / 2020 +2(¥ (9 + ') + (r' + 229 )" ) Orp
Q
— 209 (9 + ") O dw — / Oaop djt,
Q

— —/ 920 + (' + 200" 0y da — / oo dpu
Q Q
for every ¢ € C2°(Q2). By using this convergence result, (23), and (31), we deduce that
/ Sllagzgo dr = / 19'2<p + (’I“, + 1'219,)1101”(91% dx + / 3224,0 d,u
Q Q Q

for every ¢ € C°(€2). From this equality it follows, also using Lemma 4.7, that

/ S11p105 dx = / 920109 4 (17 + 229" )" 0o da + Z ©h( / o1dNy (55)
yEY IX{y}
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for every 1 € C°(I) and ¢ € C°(W).
By choosing @2 odd and ¢ = 0 on Y, recalling that w is even, from (55) we find that

/Sllgolcpgdx:/xgﬁlﬁ)”gollcm dxz/ xgu'}"ch d$2/19,g0/1 dxq
Q Q w I

from which we deduce that | [;9'¢) dz1| < C'llp1¢5l 120y < Clleillpz, for every o1 € C2(I).

By Riesz’s representation theorem (see also [6, Proposition 8.3]), we deduce ¥ € H?(I).
Instead, by choosing 2 even and ¢4 =0 on Y from (55) we find

/511<P1s0/2'd$=/19/2901@2+T/90/1<P2d$,
Q Q

that leads to | [; ¢ da| < C(1+ Hv‘”|]i4(1)) l@1ll 2y for all g1 € C°(I). Thus, r € H*(I).
Finally, let us fix y € Y and let us also fix ¢y € C°(W) such that ¢5(y) # 0 and ¢5 = 0 on
Y\ {y}. From (55) we deduce that

@5 (y) / prdAy = / Si1p1y de — / (92 — (" + 220" )" o102 dz
Ix{y} Q Q
which implies that

‘/]wl d)\y’ < Clleallzzry (56)

for all o1 € C2°(I). By density, the linear functional A, : C2°(I) — R defined by A\, (¢1) = [; p1d)y
can be extended to a linear functional, that we do not rename, A\, : L*(I) — R that satisfies
(56) for all @1 € L%*(I). By Riesz’s representation theorem there exists h, € L?*(I) such that
Jre1dry = [;o1hydxy for all 1 € C2°(I). Thus, A, = h,L. Since ), is a positive measure it
follows that h, > 0 almost everywhere in 1.

Finally, we can prove the following characterization for § = 2.

Lemma 4.9. Let 8 = 2. Let (&1,&) € BV(I) x BH(I) as in Lemma 4.1 and p € M*(Q) as in
Lemma 4.6. Then:

(i) (§1,62) € H'(I) x H*(I);
(ii) 1= 0;
(iii) the component 11 of S, defined in (23), is S11 = dur + 5(01w)>.

PRrROOF. From (49), (23), and (24), we have that
1
S = + 5(31111)2 + i, (57)
where S11 € L?(2), dyug € M(Q), p € MT(Q), and w € H'(Q). By (25) we know that
uy = &1 — xa(& + ' + 19 — ' — Wiy — xoo+ 1y,
and since Lemma 4.8 states that 7,9 € H?(I), we can write dju; as
Orur = & — w265 + f,
where &],& € M(I) and f € L*(Q). Also, from (22) we have that yw = 7’ + x99, and from
Lemma 4.8 we deduce that (0jw)? € L%(Q2). With these considerations, we can rewrite (57) as
1
& — 22 + Y _ hyL @by =51 — f— 5(8“”)2’ (58)
yey

where we have used (54). We observe that the right side of (58) is in L?(£2). From this equality,
for every p1 € C2°(I) and ¢y € C°(W), we infer that

’/ 2 d$2/801 ey —/ Top2 dﬂ?2/<ﬁ1 dey
W I W I

< Cllell 21y
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where the constant C' depends on ||@2l| ooy and ||hy||z2(p). Taking o2 even and arguing as at the
end of the proof of Lemma 4.8 we deduce that & € H'(I). Similarly, with o odd we conclude
that & € H2(I).

With these discoveries and (58), we deduce that .y hyL ® &y € L*(Q), which implies h, = 0
for every y € Y. Indeed, it suffices to multiply (58) by 17,3 with z € Y and integrate over 2, to
deduce that h, = 0 almost everywhere in I.

Under the convergences established in Lemma 4.1 the trace operators are not continuous - apart
for (;;;72 (i%, x2)) - and we cannot readily deduce the boundary values of 7,9, &1, &2, &,. However,
exploiting the extension introduced in Remark 4.3 and the enhanced regularity of the limit functions,
we can prove the following result.

Lemma 4.10. Let B = 2. Let r,9 € H*(I) and (£&1,&2) € HY(I) x H*(I) as in Lemma 4.1, 4.8,
4.9. Then

(i) T(—%) =0, T(%) = A37 "9(_%) =0, 19(%) = ®y;
(ii) r’(—%) =0, r’(%) = Oy,
(iii) 9'(—£) = 0'(§) = 0;

(iv) &1(=%5) =0, &1(5) = A

(v) &(=5) =0, &(5) = Ag; E(—5) =0, &(5) = P35

ProOOF. Claim (7). It is proved directly by using the continuity of the trace under weak convergence
in H'.

Claims (%i) - (v). Consider the extensions (g, w.) as defined in Section 4. We can thus applying
the results of Lemmas 4.1, 4.8, 4.9, to deduce the existence of limit functions (&1, &, 7,9) € HY(I) x
H?(I)x H%(I) x H%(I) whose expressions are given in (44)—(47). Henceforth, by the aforementioned

regularity of (&1,&,7,9) and the embeddings H'(I) «— C°(I), H?(I) — C*(I), we deduce the
stated boundary trace values on 01I.

5. THE I'-LIMIT FOR (8 =2

We begin with the case § = 2, which is simpler.
Recall that X = LY(Q;R?) x L*(Q). Given (A1, Az, Az, @1, Py, ®3) € RO, define the set of
admissible displacements by

A% = {(u,w) € X :3(&,&,7,9) € HY(I) x H*(I) x H*(I) x HX(I),
w =171+ x99 + W,
uy = & — xo(& + 7' + 1) —ir’ — i’5<0>19'

1
ug = 52 — 5.%2’[92 —wv

r(—g) = r'(—g) =0, r(g) = A3, (=) = @
I 5) =9 (-5) =0, 9(3) = B1,9'(5) =0,
€1(—§) =0, 51(3) = Ay,

TR
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We observe that a pair (u,w) € A? uniquely determines the functions (&1, &, 7,19) appearing in the
definition of A2. Hence, the following definition of a functional, with domain X, is well-defined:

4 1 1 1
/1\19'\2 +5l€n+ 51 4
Jl 1 1 2 JQ " 1212 'f 9
F2(u,w) = +§|f2+7" U+ 19" +3|02r — 2P if (ww) € A
J: J
+ Sl S dan
00 otherwise.

We now state and prove the I'-convergence result for 5 = 2. To keep the statement compact, we

express the convergence using strong convergence in X, even though, as shown in Section 4, this
can be significantly improved.

Theorem 5.1. As e | 0, the sequence of functionals (F2) T-converges to F? in X. Precisely

(a) (Liminf inequality) for every (u,w) € X and for every sequence (u.,w:) C X such that

Ue W .
E—;,f) = (u,w) in X

(

we have

liminf F2(ue, we) > F2(u, w);
el0

(b) (Recovery sequence) for every (u,w) € X there exists a sequence (uz,w;) C X such that

Use W .
6—;,?5) — (u,w) inX

(

and
lim F2(ue, w.) = F2(u,w).
el0

PROOF. (a) (Liminf inequality) Without loss of generality, let us assume lim inf. o F2 (ue, we) < 0o,
otherwise there is nothing to prove. Hence, up to a subsequence, sup, F2(ue,w.) < co. Therefore,
we can rely on the results stated in Section 4 and in particular deduce that (u,w) € A%

With the definition (19) and by weak sequential lower semicontinuity we have that

1
lim inf Ff(us, we) > lim inf / |V§w8 —w'ey ® e2|2 + |5'€|2 dz
€l0 elo 2 Jq

1 Y11 ?9/) 2 1/ <(‘)1u1+1(81w)2 512) 2
> 1 da + 2 dz,
_2/9‘<19' Y22 | Ty Q‘ S12 S22 I"dz
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where we used (21), (23), and Lemma 4.9. Hence, since (u,w) € A? we have

1
liminf F2 (ue, w.) zfyﬂ’yzdx1+2/ O1ur + = (81w)2!2d9:
I

el0
= /|19/\2dx1 + 2/ 1€ — o (& + "9 + 1" + c19") — "
I Q

o 1 1
_w<0>19//_‘_ 57"/2 +9U27’/19,+ 590%19/2!2 dx

1 1 1
- / 1 [*dzy + 2/ (& + §r’2 + ﬂﬁ’g) — z2(&5 + "9 + 1 9")
I Q

% 5 1 . 2 1

- cg(& — —))r” — Wy + (—x; - —24)(19’2 — cor")* dx
1

/|?9l|2 1€ + S *19/2|2 7|§2 + "9 + 19" ?

| //’2 ‘19//|2 £|CQT// . 19/2’2 dz1,

where to obtain the last equality we used Lemma 3.1.

(b) (Recovery sequence) It suffices to consider pairs (u,w) € X such that F?(u,w) < co. In
this case, we have (u,w) € A2, and the pair can be uniquely represented in terms of functions
(€1, &,7,7) as introduced in the definition of A2, We therefore define, simply,

We = W, ue = £2u.

a1 er” 9\ 9 1 Ay + % (8110) 0\ |2
lim F2 (ue,wg)—hinf Q‘(ﬂ’ 0>| daz+/Q|( O 0 |“ dx

/|19'|2dx +1/ |O1ur + = (81w)2]2da:

Thus

as requested.

5.1. The Euler-Lagrange equations and some examples. The presence of nontrivial trans-
verse curvature (w” # 0) forces the Euler-Lagrange equations to be of the fourth-order in r and of
the fourth-order in 9.

Supposing & = & =7 = 0 (and A; = Ay = A3 = &3 = &3 = 0) the limit energy F? reduces to,
after substituting (14),

+ 12Jy
9 79/2d 19/4d Cl /19,/2d
»—>/I|\:c1+640/|| T |0"|* day

with 9 € {9 € H2(I) : 9(=5) =¥ (—%) = 0,9(4) = ®1,9'(§) = 0}. The Euler-Lagrange equation
reads

2
ey +12Jy
) 719/2 19// 1719//// -0 in I.
BEARTIR 12 o
We can interpret this equation as a nonlinear Vlasov torsion model, where the warping stiffness is
A2+12Jy

75— and the torsion stiffness, depending itself by 9, is (2 + 12—019’ 2). As expected, the warping
stiffness depends w. Note that Vlasov’s linear torsion theory has been already deduced by I'-
convergence from the 3D linear elasticity in [19]. Here, we have deduced a nonlinear version of that
theory.

Similarly, supposing & = & = 9 = 0 (and Ay = Ay = &7 = ®3 = 0) for the purely flexural
model, the limit energy reduces to

1 1212 720J3 + 62 / 112
— = d d
" 8 /] 1 da + 1440 1 dey
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with r € {r € H*(I) : r(—=%) = '(=%£) = 0,7(%) = A3,7'(£) = ©2}. The Euler-Lagrange equation
reads )
_§ 2,0y 720J3 + C274////

2" T 720

2
Note that in this case the bending stiffness (722‘21302) is of purely geometrical nature, while the

constitutive contribution vanishes at the limit. )
. o . . . o X
We provide an explicit solution for two cases of interest. For w = = — i we have

=0 in 1.

3 3
U D TR B
W= Ty W0 T T qy
1 1

= — =1 = =
¢ =15 Co , J3 =0, Jy

While, for w = (l‘% — 1y 230 we have

100800°

16 384
oo oo 2 Z2
W= 480 =2 (28823 — 2022 + 1), W) = 480 =2 (28824 — 2022 + 1) — 34’
1 _5 ! Lo 15T
Y 27 9% 57 44100 4 124185600

6. THE I'-LIMIT FOR 0 < 8 < 2
We begin by establishing an auxiliary result that will be used in the proof of the liminf inequality.
Lemma 6.1. Let (&1,7) € B, the set defined in Lemma 4.4. Then, with the notation of Remark
4.8,
1, ~

mﬂ/K“+A+ ST dey s X e ME(D), &+ A+ 57 e (D)}

l\')

/ (L Layep g (s0)

where 4 a7 %1 denotes the Radon- Nikodym derivative of £ with respect to the one dimensional Lebesque
measure L.
PROOF. Any A € M*(I) can be decomposed uniquely as A = AL + s where X, = 32 e L'(I),
and \, and £ are mutually smgular Similarly, we have & = (&)oL + (€})s.

The requirement & + X + 372 € LQ(I) implies, since 7 € HY(I), that (£])s = —Xs and (&])q +
Xa +1im e LQ(I) For brev1ty, we set f = (&)a + 12 e LYI). Let It :={f >0}, I := {f <0},
and f i == f 17.. We have accordingly

mﬂﬁﬁ#Xﬁdm:XgﬂLf+LeL%ﬂ}
1

:ﬂﬁ{éﬁ*—f;+dem:Xa20,f+XaeL%B}

iﬁ{[ ﬁ*+XJ%m1+/:|—f‘+Xﬁdm:Xon,f+XaeL%D}
I+ I—
> inf{/~ F* 4 Rl dan  Re >0, F& 4+ he € 2T}
]+
+inf{[ | T 4 Rl dan s he 30, —F + A € L2(I))
-

= inf{/~ 1F5 4 Xal?dzy : Aa >0, fH+Xg € LA(IT)} (60)
i+
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where the last equality has been obtained by taking Ao = f~‘_ on I~. Since f € Ll(:f ), it follows
that f+ e LY(IT). Similarly, A\, € LY(I"). However, the requirements f* + A, € L?(I'") and
Ft, X >0, imply that f*,X, € L2(I*). Hence, it is allowed to take Aal7 = 0in (60) and deduce
that

1nf{/\§1+)\+ 722 day : X e MT(D), §1+A+1 e L*(I)}

> /ﬂlf*Izdm: /,frfﬂzdan. (61)

To show the converse inequality, it suffices to take the admissible choice Xa = f_lff_, to obtain

l\')

inf{/~|f+ Nl2dey i he >0, 4+ e € (D} < /~\f+2dx1. (62)

Henceforth, (62) holds with the equality sign. To conclude the proof, it suffices to notice that by
(44) and (46), f =& + ~’2—OonI\I

Let
A2 = (4, w) € X :3 (&,9) € HX(I) x H'(I), 3 (&1,7) € B,
¢ ¢
r(=5) =0, 7(5) = As,
¢ l;
79(—5) =0, 79(5) =y,
¢

v, ¢ 0
52(—5) = 52(—5) =0, 52(5) = A2,f2(§) = &3
w=r,u; =& — 228, ux =&}

We note that given (u,w) € A02) - we uniquely determine r and &, while & is found up to a
constant. The following functional on X is well-defined:

dé; .
92+ 12 4+ 71 + +12 (0,2)
FOD (g w)={2 /2‘ [+ J1l] |( 27‘ NP Pdry  if (u,w) € A

+00 otherwise.

We now state and prove the I'-convergence result for 0 < 5 < 2. Again, we express the conver-
gence using strong convergence in X', even though this can be significantly improved.

Theorem 6.2. As e | 0, the sequence of functionals (FE(OQ)) -converges to F(O2) in X, in the

following sense:

(a) (Liminf inequality) for every (u,w) € X and for every sequence (ue,w.) C X such that

Ue We
(6757 5’8/2

) = (u,w) in X

we have

hm&)nf FOD (u w.) > FO (u,w);
&

(b) (Recovery sequence) for every (u,w) € X there exists a sequence (uz,ws) C X such that

U  We .
(Q,m)—%uaw) in X

and

hﬁ)l FO2 (u, w,) = FO (u,w).
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PROOF. (a) (Liminf inequality) Without loss of generality, we assume lim inf, o FE(0’2) (e, we) < 00.

Up to a subsequence, sup, f ol (ue, we) < 0o and Lemma 4.1 holds. With S. as defined in (19) we
have

1 o
liminf £ (4., w.) > liminf = / ‘ngs - w—eg ® e2|2 + |Sc|? dx
el0 elo 2 Q £

1
> liminf/(vgwe)%z‘F( 0 d
el0 Q 2

1
= hmmf(/ (V2 w5)12da:+/ 2( )2 dx)
> / ' 12 day + = / \§1+>\+ 72 — 228y da
where the last inequality follows from (21) and Lemma 4.4 with \e M*(I). Integrating we find

liminf £ (uz, w) > /|19'|2 dri + = /|§1—|—)\—|— 722 dxy + = /|£ 2 day

el0
/|z9’2dx1+/~rsé’| d
I 2 I

1 - - -
—|—21nf{/~|§i +)\+§7“42|2dx1 t A€ MT(D),
1

§1+)\+ L 72 e L2(1)}

Jan + 3 [1gPan + /|d§1 o) P,
I

where the last equality follows from Lemma 6.1 and (45).

(b) (Recovery sequence) We adapt some arguments presented in [10].

Without loss of generality, let us assume F(©2) < 0o. Accordingly, (u,w) € A:2) Hence, there
exists (£2,9) € H2(I) x HY(I), (¢1,7) € B such that w = r,u; = & — 224, and up = &.

Step 1. Let ns be the standard mollifier and (&15,&25,75,9s) = ns * (&1,&2,7,0). Let us =
(&5 — 72&%5,&s) and ws = r5. Assume for the time being that, for every fixed 0, we can find a
recovery sequence, i.e., a sequence (us.,wse) C X such that

v

(U6,€a Ws e,

86 765/2)%(’“5711]5) in X
as e/ 0, and

lim sup FE(O’2) (use, w5 e) < F02) (us, ws).
el0

Note that 95 — ¢ in H'(I) and also &5 — & in H?(I). Then

lim sup lim sup F€(0’2) (use, wse) < limsup F02) (ug, wsg)

510 <10 510
) 1 1
~timsup [ (95 dor -+ 5 [ 164l dar + 5 [ 1615+ 5052 P dos
4610 I
:/]19'|2dx1+ /|§ |2dm1—|—hmsup/| Es+ = ( ) ) |2d1:1. (63)
I

Let A € M*(I) such that & + X + 3% € L2(I). Let As = 15 * A and note that As > 0 almost
everywhere on I. Using the nondecreasing property of the map a — (a + %bQ)JF, for every b, we
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deduce that

(Els+ 505 < s+ 25+ 5050 onl. (64)

By Jensen’s inequality, for every function z and every convex function g we have that g(ns*z) <
ns * (9(2)). By means of this inequality and observing that the map (a,b) — (a + £b?)T is convex,
we have that

(515+A5+;( +<n5*(51+k+ ")) onl. (65)
Since & + X + 372 € L2(I) also (& + X+ % 2(r")2)T € L2(I). Therefore ns * ((&] + X+ 3(MAT) =
(& + X+ 1(")®)T in L(I). Thus, by using (63), (64), (65), (44), and (46) we obtain
2

(07

lim sup lim sup F ) (Us e, Woe)

610 €l0

J 1
/|19’\2dx + 1/\5 \del—i—hmsup/]n(;* §1+/\+ ( " )+)]2da:1
/Wd il /\5 2dey + 1 /|§1+A+ L2yt duy
/|19’|2d:c vl /\s 2day + 1 /|§1+A+ L2 .

Now, by invoking Lemma 6.1, we deduce that

lim sup lim sup FE(O’Q) (Uﬁ,su wé,e)
510 el0

a
/w’y?dx + 2 /]{”2d1+ /\ W L2y .

By a diagonalization argument (see for instance [3, Corollary 1.16]), we can find a map € — §(e),
with d(¢) | 0 as € | 0, such that

Us(e),e Ws(e),e .
(M2, ML) s () in X
and

lim sup FE(O’Q) (u(;(g),g, wé(s),s)
el0

g/jm’ﬁdm /|§ 2 day + & /rd51 L2yt ey, (66)

Hence, (u(;(g),g,w(g(g)ﬁ) is the requested recovery sequence. It remains to verify that a recovery
sequence exists for u© and w smooth.

Step 2. Assume (u,w) € A2 N (C®(Q,R?) x C>°(Q)). Accordingly, there are (r,9,&;,&) €
(C>°(T))* as in the definition of A2 (apart from regularity).

Consider now the extension & as in (44). Despite & € C>*(I), & € BV(I ) with (possible)
jump discontinuities at x1 = ££/2. We recall that ({1,7) € B: there exists X € M*H(I) such
that & + X + 72 € L*(I). This and (44) imply that Ay — & (£/2) < 0 and & (—£/2) < 0. As
previously notlced &1 is defined up to a constant: we may therefore consider (up to a translation)
that £1(—£/2) = 0. Set p? := £1(£/2) — A1. Fix n > 0 and define

1

14
Ein(21) = &1 (1) — np* (21 — 9 + g)l(g_ %)($1)~

[0,00)) be a simple function that

One can check that &, = & in BV(I) as n 1 0. Let m, € L>(I,
1)% % + 7. L] covering I and such

takes constant value on the disjoint segments I; = (—% +(j—
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that o
/|51+mn+ Y22 day < /sl Y (67)

Let (. C H3(I) be a sequence such that (- — 0 in H'(I), e mm{ﬁ/z 1= WQ}C” — 0 in L2( ), 3(¢)% —
my, + np21(g_; ¢y in L2(I). Such a sequence exists by Lemma A.6, since m,, + np l(g 16y is a
2 n’2 2 n’2

positive simple function by its own.
From Lemma A.7, there exist functions g., h. € H?(I) such that

9e(—4/2) = ge(£/2) =0, ge(=4/2) = —r'(=t/2), gL(t/2) =Dy —1(£/2)  Ve>0,
he(—£/2) = he(€/2) =0, h(=£/2) = =9'(=£/2), h(t/2) = -V (L/2) Ve >0,

and
Geshe — 0 in WHH(I), emin{ﬁ/ﬂ—ﬂ/?}gg, smm{ﬁ/2’1_5/2}h’s’ — 04in L*(I).
Define the recovery sequence as

uie(z) = E’B(&n — x0&h) — €1+’8/2(7’/ + b+ )+ 229+ he)) — 521"13(&/ +hl)

1 £/2
—ef L) () + gL(t) dt + & (2 +£/2)][ Ct)(r'(t) +gL) dt
—£/2 —£/2
uge () = 5552 - 52@(19—1_2]15)2 — 5213(19 + he)

we () = 9/%(r + ge 4+ Co) + ewa (¥ + he) + ctb.
where @ has been defined in (15). Note that [*) 072 G '(t)r'(t) dt — 0 in WHL(I). In fact (' — 0 in

L'(I), and
(1] coroain= [ [1cgmmcor o

(/1( 0/2,01)d71) I/C6 t)dt| — 0.
Accordingly, we have S{, = S5, =0,
£ = € — @€l — PR 4 gl 4 ) (b + w2 (9 + D))
— 2B + B + ][Cé(r’ +gl)dzy +

1
5(7“/ +gL)°

(@)-+ elﬁﬂxﬁﬁ“+hﬂ
and

1
S5, — & +my, + 57“'2 — x0&Y in L?(Q).

Passing to the limit we deduce

lim F(% (u,, w.) = lim =

L[ (PO el ) SR
el0 el0 2

sym
/ 1552 da

1
/|19'|2dac + = /|§1+mn+2r’22dx + = /yg
S/W’Fdwl—i-t]l/‘fgpdxl—i-/’(fi+7’l2)+‘2dxl+c
I 2 I 2 T 2 n

where we used (67) to deduce the last inequality. Since n is arbitrary, the recovery sequence
condition is proved.
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Remark 6.3. In the regime 0 < B < 2, the limit model does not see the transverse curvature
w”. The limit model is essentially an elastic string, since it cannot sustain contractions by the
well-known effect of relaxation (see [1, 10, 25]). However, the string can sustain (uniform) torsion

and in-plane bending.

Remark 6.4. By changing variable, ( == Eﬁ/Q and n = %, after little manipulation, (11) rewrites
as

12 14 —3/9 . 14
7)(_57562) = (070)5 C(_Eal?) = 81 6/2w’ alC(_i’ ) = O’

1 P2
77(5,.7}2) = (A1 — 81_6/2‘1)2’110} — 61_6/2‘1)2(1)1.@2 — (133.%2, A2 — 62_6‘1)1110] - EQ_ﬁle), (68)

¢ 14
C(i,m) = P+ Ay + P 2@, 31((57 rg) = @3,

and we have actually found out the I'-limit for the family of functionals on X
1 w”
gt 2, w 2 ,
= /Q IV~ e @ sl do if (1,) € A,

/|E577+ V(@ V( — w 82®62| dr

+00 otherwise

for 0 < B <2, where A :={(n,¢) € HY(Q,R?) x H%(Q), : (68) holds}.

APPENDIX A. TECHNICAL RESULTS

We provide here some technical results. For some of them, we claim no originality. Nevertheless,
we provide a proof for the sake of completeness. If not specified, I1, s C R are generic bounded
intervals.

The following lemma is a well-known version for distributions of the Du Bois-Reymond lemma.

Lemma A.1. Let Q = I) x Iy, Is = (a,b), and u € D'(Q) with dou = 0 in the sense of distributions.
Then, there exists g € D'(I1) such that u = g ® 1.

PROOF. Let ¢ € D(?) and ) € D(I2) with [} ¢ dws = 1. Define

o) = [ ol s) — ( /I (1, 1) dt)ep(s) ds

which clearly belongs to D(Q2). Hence, denoting with (-,-)x the pairing (-, )p/(x)xD(x)

(s D1yt = {1, B + / (w1, 8) Aty (22)) 1y,

Ip)
= t)d < Iy
(. ottt
since (u, dam) = 0. For fixed 1), the map ((z1) — (u,((x1)Y(x2)) defines a distribution g € D'(11),
ie.
<g> C>11 = <u? <w>l1><lg VC S D(Il)
Hence (see also [29, Ch. 2.7])

(s ) rixry = 9, /] p@t) diyn = (g, (L o)r)n = (98 L o).

Next we specialize Lemma A.1 for LP functions and finite Radon measures.
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Corollary A.2. (i) If u € M(Q) with Oyu = 0, there exists g € M(I1) such that w =g ® L on
Q.
(i7) If u € LP(Q2) (1 < p < 00) with dou = 0, there exists g € LP(I1) such that u =g a.e on ).

PrROOF. Claim (7). By Lemma A.1 exists g € D/(I;) such that and for any ¢; € D(I;) with
I} 1, ¥2 = 1 it holds that

/94,01902 du = (g,01)1,

We have

(g, 1) |0 = Ku, prp2)| < Clul(Q) o]l oo < 0.
By density, g is a continuous linear functional on Cy(I;) and by Riesz’s representation theorem
there exists a unique element of M(Iy), still denoted by g, such that

(9,901) = / 1 dg Vo1 € Co(Ih).
I

Moreover, for every ¢ € Cy(Q2),

/tpdu—/ / sodw2dg—/s0d(g®ﬁ)
Iy
and we conclude u = g ® L.

Claim (). Tt follows from claim (i) when considering measures of the form u£? with u € LP(f2)
and the LP version of Riesz’s representation theorem.

Lemma A.3. Let Q = I1 x Iy and u € BD(2,R?) with Oauz = 0 and O1us + Oauy = 0. Then, there
exist (&1,&2) € BV (I1) x BH(I1), such that

up = & — 128), ug = &o.

PRrOOF. By Corollary A.2 and by the embedding BD (€, R?) «— L?(£2,R?), there exists & € L?(I)
such that ug = &. Take now ¢ € C°(Q).

0= / gOd(aﬂLQ + 62161 / 61QOUQ + ag(pul dzx
—/ O1p€ + Oapuy dx = —/ O1pa(1282) + Oaipus d
Q Q

= / O12p(w282) — Oapuy dx = —(01(§2 @ w2) + U1, O2¢p).
Q
By Lemma A.1, there exists £; € D'(I;) such that §& ® 1 = £, ® x2 + u; from which
=6 ®1-&® .
We now show that (£1,&2) € BV(I1) x BH(I;). For every ¢, € C>(I,) with (2 even and such
that f[z o dry = 1 it holds

/u1<P1802d90:<§1,<P1>7 /@Wzd(aﬂu) (&1, 1)
Q

By the continuous embedding BD (£, R?) — L?(2,R?) we obtain
(&0l < Clluall ey lerllzayy > €L 0l < Clorml(Q) llerllcog,)

and by the Riesz’s representation theorem we conclude & € BV (I1). With similar arguments, but
working with ¢y odd, we deduce & € BH(I).

Lemma A.4. Let Q = I; x I and f € H*(Q). There exist a function f € H*(R?) such that f|o = f
and a positive constant C, independent of f, such that || fl|r2®2) < C([012f |20 + [If | 2 (02))-
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PrROOF. Let f € H?(Q). Up to a change of reference frame, we may suppose I; = (0,a),
I, = (0,b) for some a,b > 0. We start by extending f on the domain obtained by the union of
and its reflection along x9 = 0. Let us call this domain ;. Define (see [30, Ch. 2, Theorem 3.9])

f(l‘l,afg) x e
fi(@r, @2) =
3f(.731, —562) + 4f(:1:1, 23:2) e \Q
It is clear that f; € H?(Qy). Moreover
1fillz2) < Clfllz@ys IVl < CIV 2o

[012f1ll 1202,y < C 10121l 20y

Iterating properly three times more, mirroring along axes parallel to the coordinates axes, we end
up with a function f; defined on a rectangle 4 that compactly contains Q (see Fig. A).

= n

FIGURE 2. A series of domain reflections. 2 in blue.

Moreover,
Ifall 200y < C 2y s IVFall2ny < CIV 2 »
1012 fall 20,y < ClO12f |2
We now take a cutoff function ¢ € C°(,[0,1]) such that ¢ = 1 on Q and pose f = ¢fy
extended by zero to the whole R%. Thus
o125 e, = [227] 2,

< C([012fsll 12(0,) + 1 101201 1200y + 102 f2010] 120y

+ 101 10200 12 (02y))
012 fall L2 py + I fall 2ay) + 102f4ll L2 0y + 101 f4ll 12(02y))
o2 f | 2y + 1F L2y + 102 2y + 1011 L2())-
Lemma A.5. Let f € H'(I). There exists a sequence (f,) C C®(I) such that f, — f in H'(I) as
n 1 oo. Moreover, if (e,) C R is such that e, | 0 as n 1 oo, (fn) can be chosen such that e, f]! — 0
in L2(I).
PROOF. The proof is a refinement of [31, Lemma 11]. Set I = (—2¢,30) and let f € H'(I) be an

extension of f. Take ¢ € C>°(I,[0,1]), ¢ = 1 on I, and consider the function (f¢)(z), extended
by zero to the whole real line. Let 7 : R — [0,00) be a smooth function with compact support in

(—1,1) such that [ n(t)dt = 1. Let (p,) C R a sequence, to be chosen later on, such that p, | 0

as n 1 oo. Let f, = Npr * (f¢) where Npn (T) = p—nn(pn) Let us put also 7, (t) = pinn’(pin), and

notice that it belongs to L' (R):
[ @1de= [ olde < o
R R

L2(R2)

IN A
Q Q
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It is well-known by standard properties of mollification that fn — fgp in H'(R), which implies that
fn = fulr — f in HY(I). Observe now that

() ? = 2| / fso)(>dz|2=p1%|<n;n*<ﬁo>'><x>|2,

from which, by Young’s theorem for convolutlons [2, Corollary 2.25], we get

2y < 1522y
_ ‘
p

ann

«(Fo)|| ,

(R)

C
< —

LQ(R) Pn’
The proof is concluded by choosing p, such that e, / pn — 0 asn T oo.

\ /\

Lemma A.6. Let I C R be an interval and m € L*(1,[0,00)) be a function that is constant on
finitely many segments covering I. Let ~ be a positive number. There exists a sequence () C Hg([)

such that (- — 0 in WH°(I), 1(¢))? = m in L*(I), and €7¢! — 0 in L*(I).

PROOF. We can assume I = (a,b) and m to be a positive constant on I, otherwise we can perform
the construction on each set on which m is constant.
Let g : R — [0, ] be a 1-periodic function defined, on one period, by

t 0<t<i
t) = - 22
9(t) {1—t s<t<l.

For every n € N let 6, = v2m(b— a)2 and g,(t) == &ﬂ(m). Note that ||gnllzeo®) = 0n/2

and g, € {—v/2m, +v/2m} almost everywhere in R. Let (p.) be a sequence of positive numbers that
converges to zero as € goes to zero, and let 7),_ be the standard mollifier whose support is contained
n (—pe, pe). Define (= 1y, * gn. It is clear that ¢, , € C*(R), also ||¢y, nllror) < 0n/2 and

”C;,E’HH Le®) < V2m for every p. and 6,. Moreover, by Young’s inequality for convolutions,
CeY

3

17 nll 2y = €7 Imp. * gnllzzcry < €7l llgnllcecry <

and . ) .
! 2 2 _ ! 2 /\2)2
[5G =i = [1566,.00° = 5P do
1
S R A

<C [ Igp.n =gl do.

Hence, setting p. = £7/2 we deduce that

. 1
gr(l)||evc,’,’a,n||p(1):0 and hm||f( L )= mle =0,

for every n. Given that lim, e lime—0 [|Cp. nl|Lo(r) = 0, by a standard diagonalization process,
we can find a map € + n(e) such that n(e) T oo and (,_,) — 0 in L>°(I). The proof is concluded

by posing (. = (. n(e) = Cp.n(e) (@) and by recalling the bound (), , [|pe®) < V2m.

Lemma A.7. Let I = (a,b) be a bounded interval. Let v > 0 and ag, o € R. Then, there exists a
sequence (g.) C H?(I) such that

ge(a) = g-(b) =0, g.(a) =g, g.(b) = Ve >0 (69)
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and
g- — 0 in WHY(D), e7g! — 0 in L*(I).

PrOOF. For simplicity, we prove the lemma for the case I = (0,1) and o, = 0. Let 7. := €.
Consider the sequence

Ne

(@ =122 =3n+1) np.<z <l

z—g(aa—Q)—Z—Q(Qaa—3)+aam O0<z<n
ge(z) = y

The sequence satisfies (69) and

gL ()] < {

where Cy,Cs, C3,Cy are positive constants that may depend on a,. From these two inequalities,
the lemma follows.

Cs

=3 O<e<
9! (z)] < {7 =
Cine: me<z<l1

Ci 0<z<n
Con: me<zx<l1
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