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Abstract

We consider fully connected and feedforward deep neural networks with dependent and possibly
heavy-tailed weights, as introduced in [26], to address limitations of the standard Gaussian prior. It
has been proved in [26] that, as the number of nodes in the hidden layers grows large, according to a
sequential and ordered limit, the law of the output converges weakly to a Gaussian mixture. Among
our results, we present sufficient conditions on the model parameters (the activation function and the
associated Lévy measures) which ensure that the sequential limit is independent of the order. Next, we
study the neural network through the lens of the posterior distribution with a Gaussian likelihood. If the
random covariance matrix of the infinite-width limit is positive definite under the prior, we identify the
posterior distribution of the output in the wide-width limit according to a sequential regime. Remarkably,
we provide mild sufficient conditions to ensure the aforementioned invertibility of the random covariance
matrix under the prior, thereby extending the results in [8]. We illustrate our findings using numerical
simulations.
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1 Introduction

A fully connected and feedforward neural network (which we simply refer to as a “neural network” throughout
the paper) is the simplest neural network architecture and consists of a sequence of hidden layers stacked
between an input layer and an output layer. Each node (or neuron) in a layer is connected to all the nodes
in the subsequent layer. These networks are used to estimate unknown functions relating observed inputs
to outputs. Once the parameters of the network, i.e. , biases and weights, have been estimated on the basis
of a training dataset, network’s output is a good approximation of the unknown target function. A neural
network is called “deep” if it has more than one hidden layer and “shallow” if it has only one (we refer the
reader to [17] for an introduction to neural networks).

The Bayesian approach to the analysis of neural networks allows to include in the model both a prior
knowledge on the parameters and the observed data through a prior distribution on neural network’s param-
eters and a likelihood function, respectively. Neal [32, 33] initiated the theoretical study of Bayesian neural
networks by proving that, if a Bayesian shallow neural network is initialized with independent Gaussian
parameters (i.e. , the prior is Gaussian), then the output of the neural network converges in distribution
to a Gaussian process as the number of neurons in the hidden layers increases, i.e. , in the infinite-width
limit. This result was extended to Bayesian deep neural networks two decades later (see [19, 25, 30]), and
has only recently been made quantitative using optimal transport theory (see [6, 37]), the Stein method for
Gaussian approximation (see [3, 4, 14]), and alternative techniques ([7, 11]). Another promising approach to
analyze Bayesian neural networks is through the lens of large deviations. First results in this direction are
given in [20, 27]. A different perspective is provided by the so-called mean field analysis of neural networks
(see [18, 31)).

The emergence of Gaussian processes improved our understanding of how large neural networks work and
how to make them more efficient. It also motivated the use of Bayesian regression inference methods, see [25].
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However, as noticed in [32] and [26], the connection with Gaussian processes also highlighted the limitations
of Bayesian neural networks with a Gaussian prior. Indeed, there are at least three drawbacks with the choice
of independent Gaussian weights: (i) Hidden layers do not represent hidden features that capture important
aspects of the data; (i¢) In the infinite-width limit the coordinates of the output become independent and
identically distributed Gaussian processes, which is usually undesirable; (ii4) The assumption of independent
Gaussian weights is often unrealistic, as estimated weights of deep neural networks show dependencies and
heavy tails (see [16, 29, 38]).

To circumvent these limitations, some authors ([5, 13, 23]) proposed priors which account for independent
and identically distributed non-Gaussian weights. However, due to the independence assumption, in the
infinite-width limit, the output of the neural network still converges to a stochastic process with independent

coordinates. A more structured prior on the weights has been proposed by [1, 26]. Letting W}E?l) denote the
random weight between the node h at the layer £+ 1 and the node j at the layer ¢, in [26] it is assumed that

W,%H) = V,Ef?jN}(Lﬁ), where VTff)J are independent random variances, which are identically distributed

over j, and IV, ,sl.) are independent and Gaussian distributed random variables, with mean 0 and variance
Cw > 0, independent of the random variances. We refer the reader to Section 2.2 for a rigorous description
of the model. The prior proposed in [26] is more general than the Gaussian one, which is retrieved setting

v =1 /ne, and it accounts for dependent and heavy-tailed weights. Indeed, for fixed ¢ and j, the weights

ne,J

{W,%H)} n are stochastically dependent and, if the random variances are distributed according to the square
of a heavy-tailed distribution with support on (0, 00), a simple computation shows that the corresponding
weights are also heavy-tailed. It is proved in [26] that if the aggregate random variances at the level of the
layer £+ 1 converge in distribution to an infinitely divisible law, as the number of nodes in the layer ¢ grows
large, then the output of the neural network converges in law to a mixture of Gaussian processes whose
coordinates are dependent but still identically distributed. Such a convergence takes place as the number of
nodes in the hidden layers grows large, according to a sequential limit with a prescribed order (see Theorem
16 in [26] or Theorem 4.1 for the precise statement). In [26] it is left as challenging open problem to find
more natural “limiting schemes” for the validity of such a convergence to a Gaussian mixture. Theorem 4.2
(whose proof is in Appendix) establishes sufficient conditions for the sequential limit of Theorem 16 in [26]
to be independent of the order. This generalization is achieved via an alternate representation of the neural
network (see Lemma 7.1), which has been used in [27] to study the large deviations of the output in the case
of a Gaussian prior.

To the best of our knowledge, progress in the study of posterior Bayesian neural networks refers to models
with a fixed variance for the Gaussian prior, see [10, 21, 22, 34, 37]. An exception is the recent work [9],
where it is proved that, if the parameters of the Bayesian neural network follow a Gaussian prior and the
variance of both the last hidden layer and the Gaussian likelihood function is distributed according to an
Inverse-Gamma prior law, then the posterior Bayesian neural network converges to a Student-t process in
the infinite-width limit.

In this paper we are concerned with posterior Bayesian neural networks with dependent and possibly
heavy-tailed weights {W}Eﬁ-ﬂ)} as described above. If the likelihood is Gaussian, we identify the infinite-width
posterior distribution of the output and show that, under a suitable probability measure, it is a Gaussian
mixture whose coordinates are dependent and not identically distributed (see Theorem 5.1). This result
entirely circumvents one of the limitations arising from the choice of a Gaussian prior. Such a result holds,
however, under the assumption that the random covariance matrix of the infinite-width limit of the output
is invertible under the prior distribution. Remarkably, we provide sufficient conditions that guarantee such
an invertibility assumption, extending the results in [8] to a more general framework. (see Theorems 6.1 and
6.2). The posterior law of the output of the Bayesian neural network at a finite width is very complicated,
especially for large values of the depth. One must resort to simulations to gain insight into this distribution.
In the final section of the paper, we provide numerical illustrations of our main result.

The paper is organized as follows. Section 2 presents the Bayesian neural network model which is inves-
tigated in the article. Section 3 is devoted to preliminaries on matrices, infinitely divisible distributions and
mixtures of Gaussian distributions. Section 4 first presents the main result in [26], i.e. , the Gaussian mixture
approximation of the output of the prior Bayesian neural network in the infinite-width limit, according to a
sequential limit with a prescribed order. It then presents a generalization of this result, providing sufficient
conditions to guarantee that the order does not matter in the sequential limit. As the proof of this result



is quite technical, we have deferred it to the Appendix. Section 5 studies the infinite-width limit of the
posterior distribution of the output of the Bayesian neural network, providing identification of the limit in
the case of a Gaussian likelihood. Section 6 addresses the challenging problem of invertibility of the prior
random covariance matrix mentioned previously. A couple of numerical illustrations of our main result are
provided in Section 7.

2 Neural networks

In this paper, for positive integers p and ¢, R? is the real numerical vector space whose elements are the
column vectors with p entries, while RP*? is the real vector space of real p x g matrices. The transposition

operator T acts on RP and RP*? in the usual way. Hereafter, we also use the notation X £ Y to denote that

two random elements X and Y have the same law and the notation - to denote convergence in distribution.
Usually in the sequel ¢ denotes a positive normalizing constant, which may vary from line to line.

2.1 Neural networks and statistical learning

From a mathematical point of view, fully connected and feedforward neural networks are a parametrized
family of functions, recursively defined as follows. Let L, ng,..., np+1 € N* be integers. For £ =1,... L,
we set

ne
Z}(LZ+1)<x) — B}(L€+1) + ZWiEﬁH)U(Zg('E)(x))’ h=1,...,n0

j=1

no
Zy (@)= B+ Y Wy h=1m
j=1

where 2 € R™ is the input, o : R — R (a measurable function) is the activation function, {B;(f)}é:l,...,L+1;h:1,...

and {W,g?}5:1,“,7L+1;h:17_,,,W;jzl,mmfl are real parameters called biases and weights, respectively. The net-
work consists of L hidden layers stacked between the input layer (the layer 0) and the output layer (the layer
L+1). On each hidden layer ¢ € {1,..., L}, there are ny nodes. The network is called deep if L > 2 and shal-
low if L = 1. Throughout the paper, we often apply o to vectors, meaning that o(z) = (o(21),...,0(zp))"

for x = (z1,...,7,)".
In statistical learning, neural networks are used to estimate unknown target functions. More precisely,
for a fixed network architecture (L, ng,...,nr+1, o), for a given unknown target function f : R™ — R™L+1

and a training dataset D := {(x(3),y(¢))}i=1,..a C R™ x R+, d € N*, (i.e., couples of data x(i) and
outcomes y(i) := f(x(i))) the objective is to produce an estimate of the parameter © = ({B,(f)}7 {W,E?}),

say @), in such a way that the output of the neural network is a good estimate of f, i.e.,

(2" D (@),..., 20 (@)T| =~y V(zy) eDUT

where
T:={(2'(4),y'(j))}j=1,... CR™ x R"+ teN*

is a test set. Throughout the paper we encode the inputs (data) in the ng x d matrix x := (z(1)...z(d))
and the outcomes (responses) in the ny41 X d matrix y := (y(1) ... y(d)).

2.2 Neural networks with dependent and possibly heavy-tailed weights, and
Bayesian statistical learning

From now on, all the random quantities are defined on a measurable space (€2, F), on which different prob-
ability laws will be defined. Hereon Np(u,v) denotes the one-dimensional Gaussian law with mean p and
variance v.

The prior knowledge on the parameter © is modeled via a prior probability measure Ppyior on (€2, F). In
particular, throughout the paper we assume that, under Ppyior,



e For/=1,....L+1land h=1,...,ng, B}(f) are random variables with B,(f) ~ N1(0,Cp), for a constant
Cp > 0;

eftor/=1,....L+1,h=1,...;,npand j=1,...,np_1, W}E? are random variables defined by

0 ._ =D nO
Wi =\ Va1 Nnj >

where: for j = 1,...,n9, V") = ng!, for £ = 2,..., L+ 1, {V\'" ) }J .

ng,J ng—1,J

and identically distrlbuted (over j) random variables, and for £ = 1,..., L+ 1, h = 1,...,ny and

ne_, are non-negative

ji=1,... np_1, N}(L? are random variables with N}(L? ~ N1(0, Cw), for a constant Cy, > 0;

e All the random variables {B(Z) AN N, ¥, ; } are stochastically independent.

ne—1,j°

Under these distributional assumptions, one speaks of neural network with dependent and possibly heavy-
tailed weights, see the seminal paper [26], where this prior has been introduced. Indeed, note that, for a

fixed ¢ G {2,...,L+1} and j € {1,...,ns_1}, the random weights W(lf) . W are dependent, and that,

nej
if VTEZ .. 1s distributed as the square of a random variable with a heavy tail law with support on (0, c0), then
the distribution of Wh is heavy tail. Note also that if V (6~ 1) = ﬁ, then we recover the usual Gaussian
prior.

The Bayesian appraoch to the statistical learning problem allows to incorporate in the model the train-
ing dataset D through a likelihood function £(D,©). Then the posterior knowledge on the parameter is
summarized by the posterior probability measure

(@ 0)dPprior
dPposterior '= = 7m o
PO Eprior£ (D, ©)

where E,,ior denotes the expectation under the prior probability measure and it is assumed Epyi0, £ (D, ©) > 0
If the law of © under the prior has density pprior(-), then the law of © under the posterior has density

pposterior(e) X L(Da 9)pprior (9)7

and one estimates the parameter © by maximizing pposterior(-) via an adequate variant of the Stochastic
Gradient Descent (maximum a posteriori estimate), see e.g. [16].

3 Preliminaries

In this section we provide some preliminaries on matrices and infinitely divisible distributions, and we give
the formal definition of Gaussian mixture distribution. As general references for the first two topics, we cite
the monographs [24, 28] and [36], respectively.

3.1 Matrices

For positive integers p and ¢, both RP*? and RP? are Euclidean spaces when equipped with the Frobenius
inner product (-,-)r and the standard dot product (-,-) defined, respectively by (A, B)r = Tr(ATB), with
Tr(-) the trace operator, and {(a,b) = ab. We denote by ||- || and ||- || the Frobenius norm and the standard
Euclidean norm, induced by (-, -)r and (-, -}, respectively. For A € RP*? let vec(A) be the column vector in
RPY obtained by stacking the columns of A on top of each other, starting from the leftmost column. Since
for A € RP*? and B € R?*P_ it holds that

Tr(AB) = vec(A ") Tvec(B), (1)

it follows that vec : RP*? — RP? is an isometry between the Euclidean spaces (RP*9, (-,-)r) and (RPY, (-,-)).
In view of this bijection, we think of a random matrix U as a matrix-valued random variable whose law is



induced by the random vector vec(U) (via vec™!). Accordingly, the characteristic function of the random
matrix U € RP*? is given by
6(6:0) = E (001 ) = (0 V)

where i := y/—1 and 6 ranges in RP*9. The Kronecker (also known as tensor) product of matrices A =
(a;;) € RP*? and B € R"**, is the pr x ¢s real matrix A®B = (a;;B)1<i<p, 1<j<q- If A and B are invertible
matrices, then (A®B)~! = A=1 @ B~1. Moreover, if A, B and C are matrices such that ABC exists, then
vec(ABC) = (C" ® A)vec(B). Therefore, with Id the identity matrix of appropriate dimension, choosing
C =1d and A invertible, identity (1) and the preceding properties yield the useful relations

vec(B) " (Id ® A)vec(B) = Tr(B" AB) and vec(B) ' (Id ® A) "!vec(B) = Tr(BTA™'B). (2)

For later purposes, we recall that, for every symmetric positive semi-definite matrix A = (@ps)rs=1,....d, there
exists a unique symmetric positive semi-definite matrix A% = (ags)nszl,wd (the square-root of A) such that

ATAY = A e, ay5 = 2?21 af,jags, rs=1...,d.

For A € RP*? we denote by rk(A) the rank of A, i.e., the number of linearly independent columns or
rows within A. We denote by 0 the null vector of RP, by diag,(a1,...,a,), r € N*, a diagonal r x r real
matrix with diagonal elements as, ..., a,, by Id, the p x p identity matrix, and we set 1, := (1,..., )T e Rp,
p € N*.

The following elementary lemma can be easily proved.

Lemma 3.1. Let ay,...,a, € RP, with n > p, be p-dimensional (column) vectors and let cy,...,c, be
arbitrarily chosen positive numbers. Then the p X p matriz Z?zl ciaza; is positive definite if and only if the
p X n matriz (a1,...,a,) has rank equal to p.

3.2 Infinitely divisible distributions

A real-valued random variable X is said to have an infinitely divisible law if, for each n € N*, there exist

independent and identically distributed R-valued random variables X1, ..., X,, such that X £ Xp1+...+
Xon-

If X is a non-negative random variable it turns out that X has an infinitely divisible distribution if and
only if there exists a couple (a, p), where a > 0 is a non-negative constant and p is a Lévy measure on (0, c0),
i.e., a Borel measure on (0, c0) with

/ min{l, z}p(dx) < oo,
(07O<>)

such that X has characteristic function of the form e¥) with

U(u) = iua + /(0 )(ei“:’C — 1)p(dx).

We write X = ID(a, p).

3.3 Gaussian mixtures

We denote by Ny, (¢, C) the m-dimensional Gaussian distribution with mean ¢ € R™ and covariance matrix
C. Let k be a random vector with values on R and let K be a positive semi-definite and symmetric random
matrix with values on R™*™. We say that a random vector X, defined on the probability space (Q,F,P)
and with values on R™, has the Gaussian mixture distribution (under P) with random mean x and random
covariance matrix K, denoted by SME (k,K), if X | (&, K) ~ Ny (%, K). Note that if P(detK > 0) = 1, then
X has density (with respect to the Lebesgue measure) E[p(. k)(£)], £ € R™, being ¢, c) the density of
N (e, C). In the definition of Gaussian mixture we explicited the dependence on the probability measure P
(with an upper index) since in this paper we will work with Gaussian mixtures under different probability
measures.



3.4 Sequential limits

For a positive integer £ let [¢] := {1,...,¢}. We think of [{] either as a set of indices or as an interval of N,
linearly ordered by the natural order. Let f : N¢ — R be a function, S := {i1,. - yip}y 41 <dg--- < i, bea

linearly ordered subset of [¢] and 3 : S — [¢] be an injection. By Slimf we mean
lim lim <o lim f,
TR (ip) OO NB(iy ) 700 TB(ig) OO
and we say that the limit is sequential along 5. Note that if S = [¢], then f is a permutation 7 of [¢]. In

particular, if 7 is the identity, then we write lim for #lim. If 7limf = f, then we also write f N f. If Bis
the injection obtained by restricting 7 over S, then we write ?ﬂ for the sequential limit of f along 5. By
(m < j) we denote the injection obtained by restricting 7 on [j]. Analogously, (7w = j) denotes the injection
obtained by restricting 7 on {j,j +1,...,¢}. If j =0, then (7 < 0) is the unique permutation of the empty

set and we set (m < 0)limf = f. Clearly, if j = ¢, then (7 < j) = 7 while (7 > j) is the unique permutation
of {m(¢)}. Moreover, if j # ¢, then

rlinaf = (r = j + Vit [ (x < j)fim ] (3)

The preceding definitions can be adopted other notions of limits, for instance, if f a random object, we write

Lo _ P _
f (ﬁ—> [ to mean that f converges in law to f sequentially along 3, and we write f fﬁ—> fp to mean that

f converges P-a.s. to ?ﬁ sequentially along . When f is the identity permutation on [¢], we simply omit it
in the corresponding symbol.

4 The infinite-width limit under the prior

We start introducing some notation. For / =1,...,L+1andi=1,...,d, we set

ZO(x(i)) == (2" (2(3))...., 2\ (x(i))) T,
and we consider the n, x d random matrix
7O (x) == (29 (x(1))... 29 (x(d))).

For later purposes, we vectorialize the ny x d random matrix Z® (x) defining the nyd-dimensional random
vector

ZO0(x) :=vec((ZP(x)T), ¢=1,...,L+1.

The following Theorem 4.1 is the main result in [26] (see Theorem 16 therein). It extends to the case
of dependent and possibly heavy-tailed weights the Gaussian behavior in the infinite-width limit of a neural
network with a Gaussian prior (see the seminal paper [33] and the more recent contributions by [19, 25, 30]).

Theorem 4.1. Assume that:
(i) The activation function o is continuous and such that

V z €R, |o(2)| < a1 + az|z|*® for some positive constants a1, as,az > 0.

(@) Ve=1,...,L, 355, Vrffj — ID(a', pO) in distribution as ny — oo, for some non-negative constant

a¥) and Lévy measure p(‘])(~) n (0, 00).
Then, under Pprior, we have

Iz (x) = GEHD (x) ~ GV (0,1d

nL+1d

@ KD (x)) in distribution. (4)

NL+1
Here, K(LJrl)(X) is defined by the following stochastic recursion:

KW (x) := (KW (i), 2(i"))1<iir<d: (5)



where
NT (5!
KD (a(i),2(i") = Cp + CW%ZJ(”’

and

KO (x) := Cplal] + Cyy (““_”Epﬁorw D))oV ()T KD (x)]

Ne-1((0,00))
> T}f‘”a@}“)<x>>a<<;-“”<x>f>, (6)
j=1
fort=2,... L+1.
Here, {(;1)(X)}j21 18 a sequence of independent and identically distributed random vectors with Cfl)(x) ~
Na(0, KW (x)), for £ =3,..., L+1, given K¢ (x), {C;Eil)(x)}jzl is a sequence of independent and identi-
cally distributed random vectors with Cy—l)(x) ~ Ng(0, K-V (x)), and, fort =2,..., L+1, {Tj‘(g_l)}j:l,...,Ng,l(((Loo))
are the points of a Poisson process on (0,00) with mean measure p(e_l), independent of the sequence

(G 69hz1
Let us represent G“+1) (x) (the limiting random vector in (4)) as
G (x) = vee((GHHH (x))T), (7)
where G+ (x) is the ny 41 x d random matrix
G (x) = (G (@(1)) ... G (x(a))),

and

G (i) = (G (D), .., G @), i=1,....d

NL4+1

Note that, under Ppior, the rows of G(L‘H)(x) are pairwise dependent and uncorrelated, and identically
distributed according to the Gaussian mixture law with mean 0 and random covariance matrix K&+ (x).
In Section 5 we will see that if we consider the posterior distribution with a Gaussian likelihood, then, under
a suitable probability measure, the infinite-width limit of the posterior output has dependent and, in general,
not identically distributed coordinates (see Theorem 5.1).

The limit in (4) not only is sequential, but it has also a prescribed order. Theorem 4.2 provides sufficient
conditions which guarantee that in the sequential limit the order doesn’t matter. Its proof is quite technical
and postponed in Appendix.

Theorem 4.2. Assume L > 2 and the condition (ii) of Theorem 4.1. If either

o is continuous and bounded (8)
or
o satisfies the condition (i) of Theorem 4.1 and p¥((0,00)) < ooV £=2,...,L, (9)
then, for any fized permutation ™ of 1,..., L, under Pprior,

AimZ ) (x) = GEFD (x) ~ GV (0, Td

nL+1d

@ K (%)) in distribution.

NL4+1

Remark 4.3. Note that, although Theorem 4.2 generalizes (under suitable assumptions) the claim (4), it
does not imply that the weak convergence to a Gaussian mizture holds as min{ny,...,np} — co.



5 The infinite-width limit under the posterior

Theorem 4.1 provides the distribution of the output of the neural network in the infinite-width limit, under
the prior probability measure Ppior defined in Section 2.2. Here we give the distribution of the output of
the neural network in the infinite-width limit, under the posterior probability measure Pposterior defined by

d
dPposterior X €XP (— D125 (i) — y(i)||2> dPprior- (10)
i=1

Hereon, (when the inverse matrices exist) we will consider the ny1d X nyy1d random matrix

AT () = Td,,, &L ()7,
where L4 (x) is the d x d random matrix

LAY (x) := 2Idy + KETD (x) 7L
We will also consider the ny jd-dimensional random vector

A (e, y) = vee A (x,3) ),
where ALY (x,y) is the ny 41 X d random matrix

)\(L'H)(x,y) = 2yL(L+1)(x)*1.

Hereafter, for a p-dimensional random element X defined on a probability space (2, F,P) and with values
on some metric space, we denote by Px (or by (P)x) the probability law induced by X on the metric space.
The following theorem holds.

Theorem 5.1. Assume conditions (i) and (ii) of Theorem 4.1 and

(et (K (x)) > 0) = 1. )
Then .
Hm(Pposterior) z(2+1) (x) = SMiLHd(/\(LH)(X, y), AT (%)) weakly. (12)

Here S denotes the probability measure

exp (Tr(y(Idg + 2K (x))~1) ")y ")

ds
X T (det(Tdy + 2K (x))) e /2

derior )

and SMiLHd(A(L‘*‘l)(X,y), A (x)) s a Gaussian mizture underS, i.e., it has density

Eslo(at () a0 o (E)]: - € € R
where Es denotes the mean with respect to S.

As clarified by Lemma 5.5, the assumption (11), which will be explored in the next section, is crucial
only to identify the limiting law.

Remark 5.2. Let GUHY(x) be the vector defined in (7) and suppose that it is distributed according to the
Gaussian mizture law in (12). Then, under the probability measure S, the rows of G+ (x) are dependent
and, in general, not identical distributed. Indeed, under S, the i-th row of G(L+1)(X) 1s distributed according
to a Gaussian mizture with random covariance LEY) ()1 and random mean given by the i-th row of
2yL(L+1)(X)71; note that the rows of this latter matriz are all equal if and only if the rows of y are such.



Remark 5.3. Note that

exp (Tr(y(Idd + (Qk)_l)_l)yT)
(det(Idg + 2k))me+1/2

§K(L+1)(x)(dk) X (Pprior)K(L+l’(X)(dk)’
is a probability measure on the space of positive definite d x d symmetric matrices which can be interpreted
as a posterior with likelihood
exp (Tr(y(Idq + (2k)~") "Dy ")
(det(Idy + 2k))nL+1/2

Finally, we remark that if K(L'H)(x) is deterministic (as it happens when the Lévy measures are all equal
to zero), then S = Pprior-

Remark 5.4. A simple modification of the proof of Theorem 5.1 shows that if L > 2, and we replace the
condition (i) of Theorem 4.1 with either the assumption (8) or the assumptiﬂ)l (9), then, for any permutation

7 of [L], by Theorem 4.2 it follows that in (12) we can replace lim with wlim.

The proof of Theorem 5.1 exploits the following Lemma 5.5 which, for the sake of completeness, will be
proved at the end of this section.

Let {X,}n>1 and X be random variables defined of the probability space (2, F,P) and with values on
some metric space. Consider on (£2, F) the tilted probability measures:

dQ, x g(X,)dP and dQ «x g(X)dP

where ¢ is a bounded continuous function such that the normalizing constants are different from zero.
The following lemma holds.

Lemma 5.5. Suppose that Px, — Px weakly, as n — oco. Then (Qn)x, — Qx weakly, as n — co.

Proof. (Theorem 5.1) Thanks to Theorem 4.1 and Lemma 5.5, we only need to compute the law Qe+ (x)s
where

d
dQ ox exp (— S IGH (i) - y(z’)n?) A(Pprior) a1+ o)
=1

and
(Pprior)G(L"'l)(x 9M prior (OvIdnL-H ® K(LJrl)(X))'

7LL+1d

Note that 330, GO+ (a(0)) - y()]12 = [GEHD (x) — y |3 Tet € = vec(€T), where & := [£(1).....£(d)] and
£(i) € R™+1. By identity (2) ad the definition of Frobenius norm, we have

dQgz+1) (x)(§) = cexp < Z 1€(4) ||2>

X Eprior [(det(IdnL+1 @ K+ (x)))*1/2 exp (;gT(IdnHl ® K(L+1)(x))1g)] d¢

nL41

= Eprio l(dtK(lJr)(x)) exp (~Thlle - y)(E - 3)T] - éTr[aK(””(x))—lsT])] d

nL41
1 2 1 _
= cE[(dthn(x)) exp( Tr2(6 - y)(€ - y) " - €KV (x) 1?])]&. (13)
Next, for ease of notation set A = A\ED(x,y), A = AL (x,y), A = AL (x), L = LED(x) and
K = K(**1(x) and observe that by identity (2) we have

(E=NTATH(E=N) = (vec(€) —vee(AT)) T (Id,,, ., @ L)(vec(£") — vec(AT))
=Tr((€ -~ ANLE-XN)T). (14)



On the other hand
Tr((€ = AML(E—X)T) = Tr(€LE ) — 2Tr(ALE ") + Tr(ALAT).

By definition ALY — 2yL~!. Hence )\LET = 2y£T. Plugging this expression in the previous identity and
re-arranging in (14) yields

Tr[eLe " —4y€'] = (€= N TATH(€ = A) — Tr(ALAT), (15)
A straightforward computation shows
Te[2(6 ~ y)(€ ~y) " +EK €] = Tr[€LE" — 4éy ']+ 2Te(yy ).
On combining this latter relation with (15) we have
Te2(6 —y)(§ —y) " +EK ¢ = (€= NTATH(E = A) = Tr(ALAT) + 2Tr(yy ). (16)
Plugging the right-hand side of (16) in (14) yields
dQgz+1) (x) (§)

_ CEprior [(detK(L+1) (X))*”L+1/2 exp (;TI'(A(L-H) (X, y)L(L+1) (X) (A(L'H) (X, y))'l')>

X exp (3@ = A e, y)) TATTD ()T (€ - AT, y)))] dg

(det K+ (x)) 24172 exp (%Tr(A(L“)(x, Y)LEFD ) (A (%, y))T))
(27T)7(nL+1d)/2det(A(L+1) (x))*1/2

= c]Eprior [

x (2m) (D2 et (AT (x)) 712 exp (—;(5 = A e y)) TAETY () 7HE = A (x, y)))} de

= Es[onw+1 (x,y), A0+ () (§)]dE,
and the proof is completed. O

Proof. (Lemma 5.5) Set
¢ = (E[g(Xn)])™" and ¢:= (E[g(X)])"".

Let S be the metric space where the random variables X,,, n > 1, and X take values and let f : S — R be
a bounded and continuous function. We have

Therefore
| [ 1600005, = [ 10a0x(©O)] < cullul + len =11 € eu ]+ ol e =

Since g(-) and f(-)g(-) are bounded and continuous functions by the weak convergence of Px_  to Px it
follows

lim ¢, =¢ and lim [, =0,
n—oo n—oo

and the proof is completed. O

10



6 Sufficient conditions for (11)

Condition (11) is crucial to identify the distribution of the infinite-width limit of the posterior output of the
neural network (see Theorem 5.1). The following results provide sufficient conditions for (11).

Theorem 6.1. Assume o Lipschitz continuous and non constant and
a’ D =0 = Pprior(Ne_1((0,00)) =00) =1,V £ € {2,..., L +1}. (17)

If moreover
The data 2(1),...,z(d) are linearly independent vectors, with ng > d, (18)

then (11) holds.

Theorem 6.2. Assume o Lipschitz continuous and nonlinear and

a® >0 and a"V =0 = Ppior(Ne_1((0,00)) =00) =1,¥ £ € {3,...,L+1}. (19)
If moreover
If Cp > 0 then the data x(1),...,z(d) are all distinct (20)
and
If Cp =0 then the data x(1),...,x(d) are pairwise non-proportional, (21)

then (11) holds.
The proof of these theorems relies on the following proposition which is proved later on in this section.

Proposition 6.3. Assume o Lipschitz continuous and non constant, and let £ € {2,..., L+ 1} be fized. If

Pprior (det (K (x)) > 0) = 1 (22)

and
a D =0 = Ppior(Ne_1((0,00)) = 00) = 1, (23)

then
Pprior (det (K (x)) > 0) = 1. (24)

The proof of Proposition 6.3 exploits the following results, which are proved at the end of the section.

Proposition 6.4. Let o be Lipschitz continuous and non constant, and let X be a d-dimensional random
vector with a density with respect to the Lebesque measure which is strictly positive on R%. Then there exist
A=A, € B(R?) (A does not depend on X ) and @, (x) : A — [0,00) measurable such that

Plo(X)eC) = /Cgog(X)(y)dy, for any C € B(A), and P(o(X) € A) > 0. (25)

Proposition 6.5. Let X be a real-valued m-dimensional (column) random vector and suppose that its law
and the Lebesgue measure on R™ are not singular and that E[XX "] < oo (i.e., all the entries of the matrix
E[X X ] are finite). Then the matriz E[X X "] is positive definite.

Proposition 6.6. Let Xi,..., X, ber (column) random vectors with values in R, 1 < r < d. If the law
of vec((X1,..., X)) is absolutely continuous with respect to the Lebesque measure on R, then the random
vectors {X1,...,X,} are linearly independent almost surely.

11



6.1 Proof of Theorems 6.1 and 6.2

Proof of Theorem 6.1. The assumption (18) implies det(K*)(x)) > 0 (indeed, it is easily verified that if the
columns of a matrix A are linearly independent then the Gram matrix AT A is positive definite). The claim
follows by Proposition 6.3. 0

Proof of Theorem 6.2. By Theorems 6 and 7 in [8] we have that the matrix Epior[o( fl)(x))o(gl(l)(x))—r] is
positive definite. Recall that

N1 0 OO))

K (x) = Cplal] + Cw <a<l>1@pmr[a< 1 e0)o (¢ ()] + Z TV o(¢V (x)o <<§-”<x>>T).
Since a() > 0, the matrix Cg 1d1;lr is positive semi-definite and the random matrix
ZTJ(I)O' C(l) (CJ( )(x))T is positive semi-definite, Pprior-a.s.
j=1

we have Pyior(det(K?) (x)) > 0) = 1. The claim follows by Proposition 6.3. O

6.2 Proof of Propositions 6.3, 6.4, 6.5 and 6.6

Proof of Proposition 6.3. We assume Cg > 0. The proof in the case when Cp = 0 is similar, and therefore
omitted. Recall the definition of K“(x), £ = 2,...,L + 1, in the statement of Theorem 4.1, and note
that it consists of the sum of three positive semi-definite matrices. Since by assumption (23) we have that
Porior(Ne—1((0,00)) = 00) = 1 when a1 = 0, the claim follows if we prove that

Eprior[a(gl(z_l)(x))o((l(g_l)(x))—r |K(€_1)(X)] is positive definite, Ppyior-a.s., (26)
and
N (= - —
ST VoV @) TV @) T ] >0, Pruioreas. (27)
i—1

Proof of (26). By (22), for (Pprior)k-1)(x)-almost all k, under the prior, Cy*l)(x) | KD (x) = k has a
Gaussian density (which is obviously strictly positive on R?). So, by Proposition 6.4 we have that the law of
0(({271)(x)) K~ (x) = k under P4, and the Lebesgue measure are not singular. By the Lipschitzianity
of o and the Gaussianity of dz_l)(x) | K1 (x) = k, all the entries of

Eprior[o (¢ (x)o (¢ (%)) T [ K (x) = K|

are finite. The claim then follows by Proposition 6.5.
Proof of (27). Note that, for n > d arbitrarily fixed, by Lemma 3.1 we have

{rk((a( ff—”(x)),...,o(g,gf*)(x)))):d} {ZT“ Do(¢c V)¢ D(x)T s positive deﬁnite}

C {ZTj(e_l)cr(cj(.e_l)(X))U(CJ@_U(x))T is positive deﬁnite}.
Jj=1
Therefore
Pprior | det [ > 11 Vo (V)¢ x)T | >0
j>1

> Posior (rk((o( D (x)), ..., o(CV(x)))) = d) . for each n > d. (28)

n

12



By Proposition 6.4, for (Pprior)K@_l)(x)—almost all k, there exist A = A, € B(RY) and

P (D (30)) | K- (x)=k ° A — [0, 00) measurable such that
(e 1 xX X)=

L— _
Pprior(a( § D(X)) cC | K¢ 1)(x) = k) = /C (pa(gibl)(x))|K(‘7*1>(x):k<y)dy’ vVCe 'B(A) (29)

(indeed, since K“fl)(x) is positive definite Pprior-a.s. , for (]Pprjor)K(Z—l)(x)—almOSt all k, the random vector
Cl(e_l)(x) | K~ (x) = k, which has the Gaussian distribution N4(0,k), has a strictly positive density). Set

pr = Poen (0D () € A KCD () = o) = /A @t oy e W)Y > 0. (30)
For all n > d, define the event
D, 4 = {the matrix (o( fe_l)(x)), .., 0(¢¥ "V (x))) has at least d columns in A}.
We will prove later on that

Pprior(Dra N {rk((o(C 7V (), ... o(( V(%)) <d —1}) = 0. (31)
Thus, by assuming (31),
Pprior (Dna) = Pprior (D N {rk((0(¢{ 7V (), ..., (¢ (x)))) > d})
< Porion (rk((0(¢{ TV (%)), -, o (¢ (%)) = d).

So (27) follows by (28) and this latter relation if we prove that lim, oo Pprior(Dn,a) = 1. Due to the
dominated convergence theorem, in turn, this latter limit holds if

lim Pprior(Dp.a | KV (x) = k) = 1.

n— oo

In order to prove this latter relation, we note that since, under Ppyior, given {K@ 1Y (x) = k}, the random
vectors o fH) (x)),...,0( égil)(x)) are independent and identically distributed, recalling the definition of
px in (30), we have that

Pprior (Dt [ K (30) = ) = Pprion (0617 ()., (¢ ) 30)

has at least d columns in A| K¢V (x) = k)

n

- (a0 = o

Since

we have

. (n . = (n . . _
1= lim ) (k)p{i(l —p)" = lim Y <k>p1’i(1 — )" = Tim Prior(Dia | K7V (x) = k),
k=0

and the proof is completed.
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It remains to prove (31). We start noticing that
L— _
Dy 0 {rk((o(¢f V), o (¢ (X)) <d — 1}

= {Hje {d,...,n} and i1,...,4; € {1,...,n} such that U(Q(f*l)(x)) EAVRh=1,...,j
and k(o (V). oD )) < d - 1}

U U {a((i(f_l)(x))eAVhl,...,]
: ,n}

{7’17 7LJ}C{1

and U(Ci(f_l)(x)), cee U(Ci(f_l)(x)) are linearly dependent}.

Set
Lj:={(z1,...,2;) ERI: zy,... 2; are linearly dependent}.

Using the union bound, it follows
- _
Posior (Dn.a N {rk((o(G ™V (), .o (¢ () < d = 1})

<y ¥ Ppm< (VX)) eAVR=1,...j

j=d {i1,...;i; }C{1,....n}

and o(¢) V(x)),....o (¢ (%)) lin. dep.)

=3 Y Piel@C V), 0TV ) € 470 L),

j=d {i1,...,i; } C{1,...,n}

and so it suffices to prove that

For each j = d,....1, Poior((0(¢\ Y (x)), ..., 0(¢( 7V (x))) € 470 L [ KD (x) = k) = 0. (32)

11

Define the probability measure

(@), o (V) THO)
pmr«o(q“ V), oV () € Cn AT [ KD (x) = k)
Pprior(0(¢ ()., (¢ (%)) € A7 K- (x) = k)
= P Pprior (0(¢ 1’<x>),...,o<<<?‘1)<x>>>ecmAﬂ'\K“*“(x):k), C e BR™).  (33)

vj

Here the equality follows by (30) and the fact that, under the prior, given K~ (x), the random vectors

Cle_l (X),.. .y ff_l)(x) are independent and identically distributed. Due to (29), combining this condi-
tional independence with (33) we have that, under ny, the joint law of J(C (&= 1)(x))7 e 7J(C-(Z_l)(x)) is

i
absolutely continuous with respect to the Lebesgue measure, and so by Proposmon 6.6 the random vectors

(C(g 1)( ))s--- ,U(Ci(f_l)(x)) are linearly independent ny-a.s.. Therefore

e (1600006 V00) (1)) =

]

which gives (32). O

14



Proof of Proposition 6.4. We will prove that (25) holds with

> rco-1(y) %((f)) if 071(y) is a finite set

A:=RI\S and ¢, =
\ 4 (X)(y) {+oo otherwise

where J,(z) is the absolute value of the determinant of the Jacobian matrix of o,

S:={yeR?: Iz eo y) with J,(z) =0}

and px is the density of X. Let B € B(R?\ S) be arbitrarily fixed. By the area formula applied to
non-negative and measurable functions u (see Theorem 3.2.2 in [15] and Theorem 2.93 together with the
following remark in [2]), we have

/R ula) J (a)dr = / S ule)dy. (34)

d
R z€o—1(y)

By taking

_ px () o(x
u(z) = 7o) 1{o(x) € B},

we get

P(o(X) € B) = /

ox(z)dr = / Yo(x)(y)dy.
oc~1(B) B

It remains to prove that P(o(X) € R%\ S) > 0. This claim is equivalent to P(o(X) € S) < 1 ie. P(X €
R9\ c71(9)) > 0. Note that

o7 1(8) =Ty UTy, where Ty := {z € 07 1(S) : J,(x) #0} and T} := {x € 0 *(S) : J,(x) =0}.

We will show later on that
Leb ¥ (Ty) = 0, (35)

where Leb® denotes the Lebesgue measure on R?. Therefore, by the absolute continuity of X, we have
P(X ¢ R\ 071(S)) = P(X € R'\ T1),

and we reduce ourselves to prove that P(X € R?\ T}) > 0. Since by assumption X has density ¢x such
that px > 0 on R this latter inequality is equivalent to Leb(? (R4\ T1) > 0. In the final part of this proof,
we show that this latter claim is guaranteed by the fact that o is non constant and Lipschitz. Reasoning
by contradiction suppose that Leb™® (R%\ T1) = 0, then for Leb®-almost all # € R? we have z € T} and
so J,(z) = 0. Since o acts componentwise on vectors the Jacobian matrix of o at x = (z1,...,74) € R?
is diagonal with diagonal elements o'(z;), ¢ = 1,...,d. Therefore, for Leb®M-almost all z € R it holds
o'(z) = 0. Since o is Lipschitz continuous this implies that o is constant, which is a contradiction. We
finally prove (35). By the area formula (34) with

u(zx) = 1{z € Tp}

1
Jo ()

we have

Leb(d)(TO):/d > Jal(x)l{xETo}dy/( Jal(w)dyg/s 3 %(x)dy:o,

*aeo1(y) o) wea=1(y)
where the vanishing of the latter integral follows noticing that the Lipschitzianity of ¢ implies Leb(@ (8) =0,

which, in turn, follows by the (co)area formula (34) with the choice u(xz) = 1{z € Ty} (this is the weak
Morse-Sard property, see Remark (i) after Theorem 1 in [12, Section 3.4.2]). O
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Proof of Proposition 6.5. We start noticing that the matrix E[X X '] is positive semi-definite. Reasoning
by contradiction, suppose that there exists v € R™ \ {0} such that E[v" X|? = 0. Hence, v' X = 0 P-a.s.,
ie. Px(H,) = 1, where by H, we are denoting the hyperplane {y € R™ : vy = 0}. Let A° denote the
complement of a set A. Since Px and the Lebesgue measure are not singular, letting Px « denote the
continuous part in the Lebesgue decomposition of Px with respect to the Lebesgue measure, we have that
there exists a Borel set C' C R™ such that Px «(C) > 0. Therefore, since Px «(H,) = 0, we have

0=1-Px(H,) =Px(H) 2 Px «(H;) 2 Px «(CNH)

This is a contradiction, and the proof is completed. O

Proof of Proposition 6.6. Recall that, for 1 < r < d, the vectors ay,...,a, of R are linearly dependent if
and only if every r X r submatrix of A := (a1, ...,a,) has determinant equal to zero. Let J,. be the collection
of subsets of {1,...,d} with cardinality equal to 7. For J € g, J = {j1,...j.}, let p; : R — R" be the
projection (x1,...,2q4)" = (zj,,...,2;.)". Clearly, for every J € J,, ps(A) := (ps(a1),...,ps(a,)) is an
r X r submatrix of A, and every r X r submatrix of A arises in this way for some J € J,.. Note that aq,...,a,
are linearly dependent if and only if f(A) = 0 where f : R¥X" — [0, 00) is defined by

F(A) =D |det(ps(A))].

JEJ -

It is easily realized that f is a continuous function (as composition of continuous functions), and so f is
measurable. Set X = (X1,...,X,) and

E := {the random vectors Xi,..., X, are linearly independent}.

We have
P(E) =1-P(f(X) =0) > 1 = P(det(p(s,...r} (X)) = 0).

Since det(pyi,...,3(+)) is a polynomial function, by the absolute continuity of the law of vec((Xy,..., X))
with respect to the Lebesgue measure we have

P(det(py,...,3(X)) = 0) = 0.

Here, we also used the classical fact that every non-identically zero polynomial function p : R™ — R is
non-zero almost everywhere, which can be seen by induction on m in view of Fubini’s theorem (see, e.g., [15,
Section 2.6.5]). Therefore P(E) = 1, and the proof is completed. O

7 Numerical illustrations

In this section we provide numerical illustrations of Theorem 5.1. More precisely, we consider two specific
models of neural networks with dependent and heavy-tailed weights, we sample from the posterior distribu-
tion of the output at a finite and at an infinite width and we verify the convergence, as the number of nodes
in the hidden layers grows large. We start introducing the models.

7.1 Model 1

The first model that we analyze is a neural network with dependent weights, as defined in Sections 2.1 and
2.2, with Cp > 0 and v = Yj(é)/ng, j=1,...,n0 £ =1,..., L, where, under Ppior, {53(2)}j217f=17-~7L

ne,j

are independent random variables and {Yj(z) }j>1 are identically distributed with ]P’prior(Yl(z) > 0) =1 and
EpriorYl(Z) € (0,00). By the law of the large numbers, for each £ =1,..., L, we have

e
‘ ¢
Z Vrgg?j — EpriorYl( ), Pprior-a.5., as ng — oo.

j=1

16



Therefore, the assumption (é¢) of Theorem 4.1 holds with al® = EpriorYl(e) and p(e) = 0. If the inputs are
e.g. distinct and the activation function o is e.g. Lipschitz continuous and nonlinear, then all the hypotheses
of Theorem 6.2 are fullfilled and the corresponding assumption (11) holds.

To make the model more realistic, under the prior, the weights should be heavy-tailed (see the introduction

and the references [29, 38]). For instance, this happens if, under Ppyior, {Yj(g)}j217g:17___, 1, are independent

and identically distributed random variables with Yl(l) £ (WE)?, where WE has the Weibull distribution
with parameters (1,1/2), i.e., it has density (with respect to the Lebesgue measure)

1
fwe(x) = §$_1/2€_ﬁ, x>0

(we could work with other heavy-tailed distributions, however, since we are interested in simulating the
model, we prefer to make a specific choice of the parameters soon at this stage). Indeed, in such a case, the
Laplace transform of W1(12 ) on R \ {0} is equal to infinity, as a simple calculation shows. Note also that a
standard computation gives E o, (W E)? = 24, and so in this specific case ') =24, £ =1,..., L.

7.2 Model 2

The second model that we analyze is a neural network with dependent weights, as defined i 1n Sections 2.1 and
2.2, with Cg > 0 and 1A% ”—in(l), j=1,...,np ¢=1,..., L, where, under Ppyio, {Y }j>1 ¢=1,..L1sa
4

ng,j oy
family of independent and identically distributed random variables with Yl(l) £ (HC)?, where HC' denotes

a random variable distributed according to the half-Cauchy law, i.e., with probability density (with respect
to the Lebesgue measure)

fuc(x) = 1{z > 0}.

2
(1 + a?)
Note that Pprior(Yl(l) >0)=1,¢=1,...,L. Under Ppior, it turns out (see Appendix E in [26]) that, for
¢(=1,...,L,
Z Ve ID(0,p), in distribution, as ny — oo,

ne,j

where
p(dz) := z73?1{z > 0}dz. (36)

Therefore, the assumption (ii) of Theorem 4.1 holds with a( = 0 and p(® = p for each ¢. Note that, for
any € > 0,
p((e,00)) =2e712 and  p((0,¢]) = +oo,

and therefore a Poisson process with mean measure p have infinitely many points on (0, 00). Consequently,
the assumption (17) holds. If the inputs are such that (18) is satisfied and the activation function o is
Lipschitz and non constant, then all the hypotheses of Theorem 6.1 are fullfilled and the corresponding
assumption (11) holds.

Here again, to make the model more realistic, under the prior, the weights should be heavy-tailed (see
the introduction and the references [29, 38]). This is the case for the Model 2. Indeed, the Laplace transform

of Wl(f ) on R \ {0} is equal to infinity, as can be easily verified by a simple computation.

7.3 Simulation of Model 1

We counsider the Model 1 with Cg :=1, Cyw :=1, L:=2,ng :=4, ng :=1, n; =ngs =n € {2,4,8,16, 32},

z(1) := (1,0,0,0)7, x(2) := (0,1,0,0)7, (3) := (0,0,1,0), d := 3, y(1) := f(z(1)), y(2) = f(x(2)),
y(3) := f(x(3)), where f(v1,v2,v3,v4) := v} + 20109 + v2, and activation function o () := max{0,2}. Then

KW (x) := (KW (2(i), 2(i"))1<i.ir <3, where KW (x(i),2(i") =1+ im(i)—rx(i’),
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1st 10 marginal distribution 2nd 1D marginal distribution 3rd 10 marginal distribution

Figure 1: Simulation of Model 1. The non-green curves are estimates of the one dimensional marginal
distribution functions (with n; = n nodes in first hidden layer and ns = 2n in second hidden layer, for
different values of n = 4,8,16,32) of the distribution function of the posterior law of the 3-variate output
Z®)(x). The green curves are the one dimensional marginal distribution functions of the distribution function
of the 3-variate infinite-width limit G(®)(x). All the parameters are specified in Section 7.3.
_ ; (0) (0)
and for £ = 1,2, given ;" (x) ~ N3(0, K\“(x)),
KD (x) = 131 + 24Eyi0r[max{¢\? (x), 0} max{¢{“ (x),0} T].
By Theorem 5.1 if we denote by G(3)(x) the infinite-width limit of the posterior law of the output, then
G(3) (X) ~ N3(>‘(3) (X, Y)v A(3) (X))

Since, for A € B(R?),

]P)postcrior(Z(g) (X) S A) = c]Eprior

3
14(Z2(x)) exp ( D 12P () - y(i)ll2>1 :

i=1

if the number of nodes is kept fixed, we sample from the posterior law of Z()(x) simulating this random
variable under the prior, and then using a Monte Carlo estimator. See Figure 1 for a numerical validation
of Theorem 5.1.

7.4 Simulation of Model 2

We consider the Model 2 with Cg := 1, Cw := 1, L = 1, ng := 4, ny € {2,4,8,16,32}, no := 1, d := 3,

(1) = (1,0,0,0)7, z(2) := (0,1,0,0)", z(3) := (0,0,1,0)7, y(1) := f(z(1)), y(2) = f(z(2)), y(3) :=
f(z(3)), where f(v1,v2,v3,v4) = v? 4 2v1v9 + v3, and activation function o(z) := max{0,z}. Then

KW (x) = (KW (2(i),2(i")))1<iir<s,  where KW (x(i),z(i")) ::1+im(i)%(i’),
and

K®(x):= 1317 + fjT;”o@;”<x>>o<<§”<x>f.
j=1

Here, {C;l)(x)}jzl is a sequence of i.i.d. random vectors with C:El)(x) ~ N3(0,K()(x)), independent of

{Tj(l)}j21, which are the points of a Poisson process on (0, 00) with mean measure p defined by (36).

By Theorem 5.1 if we denote by G®)(x) the infinite-width limit of the posterior law of the output, it
holds
G (x) ~ MNP (x,y), AP (x)).

Therefore, the probability of the event {G()(x) € A}, A € B(R?) is equal to
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1st 1D marginal distribution 2nd 1D marginal distribution 3rd 1D marginal distribution

—G2 Limit
n=2
n=4
n=8

— n=16

— n=32

Figure 2: Simulation of Model 2. The non-green curves are estimates of the one dimensional marginal
distribution functions (for different values ny = n = 2,4, 8,16, 32 of the number of nodes in the hidden layer)
of the posterior law of the 3-variate output Z(?)(x). The green curves are the one dimensional marginal
distribution functions of the distribution function of the 3-variate infinite-width limit G®)(x). All the
parameters are specified in Section 7.4.

Es [/A SO(A@)(x,y),A(z)(x))(f)df]

exp (Tr(y(Ids + (2K® (%)) )y "
= (det(I(133—|—2K(2)(x)))nz/2 ) /AW(A(2><x,y>,A<2><x>>@dﬁ

= c]Eprior

So, we sample from the law of G(?(x) simulating the random matrix K (x) under the prior, and then
using a Monte Carlo estimator. To sample the random matrix K () (x) (under the prior), we note that letting

1)

{ ) }j21: T((1)) > T((Ql)) .., denote the sequence of points {Tj }j>1 ordered in decreasing way, one has

S 1Mo x)e (V)T E DT o (P ))e(¢s (x)T

jz1 i>1

and, as noticed in Appendix E.3.2 of [26],

G ( i:l Ek)z’

where {Ej }1>1 is a sequence of independent random variables with the exponential law with mean 1.
If the number of nodes is kept fixed, we sample from the posterior law of Z(¥)(x), ¢ = 1,2, simulating
these random variables under the prior, and then using a Monte Carlo estimator as described in Section 7.3.
See Figure 2 for another numerical validation of Theorem 5.1.

Appendix: Proof of Theorem 4.2

The proof of Theorem 4.2 is based on two lemmas. The first one, Lemma 7.1, provides an alternative
representation of the neural network; its proof is omitted since it is similar to the proof of Lemma 3 in [27].
The second one, Lemma 7.2, is concerned with the weak limit of triangular arrays; its proof can be found in
[26], see Corollary 41 and the last lines of the proof of Theorem 16 therein.

Let {N ~(e)} j.e>1;r=1,....d be a family of independent standard normal random variables, independent of the

family {Vn(f 11)]}2 1, L+41;j=1,.n, .- For £ =1,..., L, we define the symmetric d x d positive semi-definite
random matrices
o) - —
HO() = Cola1] +Cw 3 V00D 0)o () ()T (37)
Jj=1

and

HO (x) = KV (x) := Cp + ClXTX.
o
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Here, for / =1,...,Land j =1,...,ny,

.
d d
-1 ~ (¢ 0—1), ¢ 0—1
WD (x) = (ZNJ%)H& Mx), NP HT Y (x >> .

t=1 t=1

Moreover, for { =0,...,L and r,s = 1,...,d, we denote by HS? (x) the rs-entry of H®)(x) and by (¢ ) ﬁ( )
the rs-entry of [H®)(x)]* (i.e., the square-root of H)(x)). Note that, given H*~1(x), {yj Y(x )}J:anné
are independent and identically distributed with law Ny (0, H¢~1)(x)). Note also that

Ny
009 = Co v o 3oV (SO V00 ) o (SO 00).
t

Jj=1

I we set /D (x) = [TV (), 8 V] € R VO = diag (Vi Vi, ) € RrO and
N® = (Nf]) € R"*4 then

HO (x) = Cplgl] +CWU( <‘v’)[H<f—1>(x)]ﬁ)Tv<% (N“MH(@—U(X)]LT) (38)
A0 () = (ROEEDG) (39)

Recall that the characteristic function of a radom matrix U is denoted by ¢(8; U).

Lemma 7.1. Under the foregoing assumptions and notation, it holds
Z ) (x) £ NEADEE) (x))2.

Hence
$(0; 25V (x)) =E [exp <—;Tr [6"H® (x)o]ﬂ , 0 c RV (40)

Lemma 7.2. Let {V, j}n>1,j=1,..n be a sequence of non-negative random variables such that

.....

ZV”J 51D(a,p), asn— oo
j=1

where a > 0 is a non-negative constant and p is a Lévy measure on (0,00), and let {£;},>1 be a sequence of in-
dependent random vectors with law Ng4(0, C), independent of {Vy, j}n>1,j=1,..n. If o satisfies the assumption
(1) of Theorem 4.1, then

N(0,00)

> Vaso(€)o(€)" S aElo(&)o(€) T+ Y Tio(§)a(s)", asn— o

j=1 j=1
where N = {T;};>1 is a Poisson process on (0,00) with mean measure p, independent of {£;},;>1.

Proof of Theorem 4.2. For ease of notation, we omit the explicit reference to the input matrix x in every
symbol it occurs. Since vec and T are isometries of Euclidean spaces, we equivalently prove the theorem
for the random matrices Z(X+1) and G(+1) rather that for the random vectors Z(:+1) ad G+ Let 84
be the space of the order d symmetric and positive semi-definite real matrices endowed with the Frobenius

norm, and note that, for any fixed 8 € R%*¢, the mapping Si > A~ exp (—%Tr [GTAB]) is real-valued,

continuous and bounded. Hence, by (40) and the definition of weak convergence it holds that,

H® ™5 KD — rling(9; ZE+D) = E {exp (—;Tr [oTK(L“)o]ﬂ = ¢(6;GHY),
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£
Therefore to prove the theorem it suffices to prove that H() il K+ | for every permutation 7 of [L)].

We proceed by induction on the number of layers L, the basis of the induction being H() <Tr—L> K® which

reduces to i
HO £ k® (41)

nip—o0

because, for L = 1, the unique permutation of [L] is the identity. We defer the proof of (41) after the proof
of the inductive step. So, let L > 3 and assume

HED ZE KD for every permutation 7 of [L — 1]. (42)
Clearly, by the Continuity Theorem the claim follows if we prove
mlim ¢(8; H)) = ¢(6; KEHY) v € R™? and every permutation 7 of [L], (43)

assuming (41) (to be proved) and (42). Let m be any permutation of [L] and let j* = 7~1(L). Hence
(r = j* —1) = (1 < j* — 1) for some permutation 7 of [L — 1]. Since the mapping A — Af is continuous

m=j*—1)L
on 8%, the inductive step (42) yields [H(E=D]# % Kgi)ﬁ*q)' Since, by construction, HF~1) is

independent of V(%) and N and o is continuous, by (38) it follows that
N o) T < _ (m=j"-1) & L T S
o (N<L) HE 1>]n) vy (N(m[H(e 1)]11) i (N<L) [Kgﬂlj* 1)]u) vy (N<L>[ EWLJ _1)]11).

Note that also [K(L< 1) ]# is independent of V(X and N@). Therefore, if B := [€1,...,&n,] € RIXD

is the matrix defined by & = N(L)[Kg)jj*_l)]ﬁ, then Z is independent of V) and, given [KEﬁL] _1)]”,

{&,...,&,,} are independent and identically distributed random vectors in RY with law Ny4(0, Kgilj 1))
each. Consequently, in view of (37), one has

nr,

_>
(r <" =Dlimg(0; H) = E |exp | (0, Cplal] + Cw Y Vi lo(&)o(&) r

nrj
j=1

On the other hand, with n(;+) = nr, by Lemma 7.2 we have that

Op1a] + O SV Eo(6)() T —E KD,

nr—0o0
j=1

where, referring to (6), Kgi:]l)) is defined similarly to K(**1 but with the &;’s in place of the C](-L)7S and
(L) .

in place of KX ie.

(r=j*-1)
N ((0,00))
L+1) L
K(/ 1)) == Cplalj + Cw <a< Elo(€)o€)" Kk )+ > T )a(fj)a(fj)T) (44)
=1
Since L = 7(5*) we have proved that
N . - . L
(m < j9)lime¢(0; HEY) = nili)noo {(’ﬂ' =<7 =1)lime¢(0; H(L))} =E [exp (1Tr [OTKEW':;))D} (45)

If j* = L, then we are done. Indeed, since (m = j*) = m and (7 = j*—1) = 7 for some permutation 7

of [L — 1], it follows that Kgﬁ;j*fl) = K@) by (42). Hence Kgfr;lz) = K+ by (44), after recalling (6).

T=3*+1)L
We thus assume j* # L and prove that K(LH) ‘% K&+ | Since (1 = j*+1) = (1 = j*+1) for

(r=5*)
=i +1)L
some permutation 7 of [L], it follows that K% (%

(n=i*) K@) by (42) . A simple computation with

characteristic functions shows

(m=j*+1)L
(Eryeeebny) 5 (¢, (D). (46)

s Sy
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By (46) and Skorohod’s representation theorem, there exists a probability space, say (Q,f}", I@’), and copies
of the random variables £ and ¢ (still denoted, by a little abuse of notation, £ and (, respectively), where
the convergence is P-a.s. Recall that if {X,,},>1 is a sequence of d-dimensional Gaussian random vectors

and X is a d-dimensional Gaussian random vector, one has that if X, LN X, then, for any p1,...,pr > 0,
0<k<d, {i1,...,ix} € {1,...,d} it holds
E| X (61)|P .. | Xn (i) |P* = EIX (i) P .o | X (i) [PF.

Since o is continuous and is either bounded or with subpolynomial growth, using the dominated conver-
gence theorem in the bounded case and the generalized dominated convergence theorem in the case of a
subpolynomial growth, one has that

(m=j*+1)F

B [o(e)o(@) 1K) E[o(Mo(c™)TIK®].

Using the continuity of o, one also has that

NL((07OO)) E) NL((07OO))

S 1P0(g)e(e)T TS 1B Pya(cP)T

j=1 j=1

where, with a little abuse of notation we still denote by Ny = {T(L)} a copy of Nj, = {T(L)} on Q. This

convergence is clear if p(X)((0,00)) < oco. In the case when o is bounded this convergence holds by the
dominated convergence theorem. Indeed, being p(X) a Lévy measure, one has that the versions on § of the

random variables
((0,1))

Z T(L) and Z TJ-(L)

5 T €[1,00)

are finite P-a.s. (the first sum has a finite mean and the second sum has a finite number of addends). So,

by (44), the version of K L+j1.2) on € converges to the version of K&+ on Q, P-a.s.. Therefore, by the
dominated convergence theorem, in view of (3) and (45), one has

rlimo(6; H®) = w>j%4mmk = J)limg(6: H")|
=(r=j*+1) mE [exp ( Tr {GTK L+ D]

(r=5%)
=E {exp (1Tr [OTK(LJrl D}

and (43) is proved. It remains to prove (41). By construction H(®) = K1), Hence, with £ = L = 1, by (39),
for j =1...,nq, it holds that ’yj(-o) £ Cj(-l), where (:](-1) has law N4(0, K(). Consequently, by (37), one has

CBldld —I—CWzVTSB j( ))O'(Cj(l))T
j=1

Hence, after recalling (6), by Lemma 7.2, K is the limit in law of H!) as n; — oco. The proof is thus
completed. O
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