MINIMIZATION OF DEGENERATE NONLINEAR FUNCTIONALS
UNDER RADIAL SYMMETRY

VALERIA CHIADO PIAT, VIRGINIA DE CICCO, AND ANDERSON MELCHOR HERNANDEZ

ABSTRACT. In this work, we study the minimization of nonlinear functionals in di-
mension d > 1 that depend on a degenerate radial weight w. Our goal is to prove the
existence of minimizers in a suitable functional class here introduced and to establish
that the minimizers of such functionals, which exhibit p-growth with 1 < p < 400, are
radially symmetric. In our analysis, we adopt the approach developed in [9, [13], where
w does not satisfy classical assumptions such as doubling or Muckenhoupt conditions.
The core of our method relies on proving the validity of a weighted Poincaré inequality
involving a suitably constructed auxiliary weight.

CONTENTS
[l.__Introductionl 1
[2. Setting and preliminaries| 3
[2.1. A radial weight| 3
[2.2. 'The class of the absolutely continuous functions in several variable] 4
[2.3.  The degenerate tunctionall 7
[2.4.  An auxiliary weight| 10
3. Weighted Poincaré inequalities] 13
[3.1. A Poincaré inequality with a double weight]| 13
|4.  Relaxation for finitely degenerate weights| 19
[5.  Existence of minimizers for radial degenerate variational problems| 22
[References] 25

1. INTRODUCTION

In this work, we consider the analysis of nonlinear functionals in dimension d > 1,
allowing for a degenerate weight w. Our main result concerns the minimization of a
functional (see formula below) involving the lower semicontinuous envelope of F,
denoted as F, where F satisfies p-growth for 1 < p < 4+00. More precisely, we consider

/ \VulPwdz  if u e ACYQ),
F(u) =< Ja

+ 00 ifue X\ ACYQ),
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where € is an open bounded set in R¢ and rotational invariant, w is a nonnegative, locally
integrable radial function, and X is a topological space comprising measurable functions
which will be introduced later on, and ACY(€2) is the space of radial functions (introduced
in in Sect. 2) contained in the class AC?(9) of the d-absolutely continuous functions
in the sense of Maly, see [I8, Page 2].

Before giving all the precise details of our main result, let us give some review about the
study of functionals like ' and F'. Several works have investigated the functional above
by adopting different functional frameworks; see, for instance, [8 9} 10, 13|, 14, 15}, 19].
Particular attention has been devoted to the case p = 2, which is considered canonical due
to its connection with probabilistic issues involving the so-called Dirichlet forms [II, [17].
Further recent works have been dedicated in the analysis of a weaker form of F' where the
gradient is replaced by the upper gradient [3|, 4] [6]. These works have been given a new
field of research where the authors have aimed to extending the theory of regularization
by heat kernel to metric measure spaces. In doing that, some important difficulties taking
place, for instance, what is the natural definition of Sobolev space when 2 is a metric
space of arbitrary dimension supporting a generic measure p, say, u(dz) = w(z)dz, see
[16]. The theory of weighted Sobolev spaces in infinite-dimensional spaces is known for
instance when the measure y is the gaussian measure which allows even to define space
of bounded variation, see for instance [7]. Recently some works have been dedicated
to establish a theory of weighted Sobolev spaces where the reference measure do not
satisfy any doubling or Poincaré inequality [5]. As a matter of fact, they proposed
the definition of weighted Sobolev spaces, defined over a complete and separable metric
space equipped with a boundedly-finite Borel measure using three different approaches:
via approximation with Lipschitz functions; by studying the behaviour along curves;
via integration-by-parts, using Lipschitz derivations with divergence. Furthermore, they
proved (see [0, Theorem 7.1]) the equivalence of all definitions. Let us mention that
the case of approximation with Lipschitz functions is related to the relaxation of F. In
general, the identification of the functional F is a challenging task, and some authors have
been used the density of C'-functions in weighted Sobolev spaces as an important tool,
see for instance, [I1, [13]. In such an approach, however, some additional assumptions on
w, as described in [I1], were necessary. For example, to prove the density of C!-functions,
it is sometimes assumed that w satisfies the doubling or Muckenhoupt conditions [16}, 20].
Alternatively, in [I3], have been adopted the case where such requirements on w are not
satisfied, p = 2, and where X is not fixed a priori.

Recently, in [9] an explicit formula for F' have been obtained in the onedimensional
case with 1 < p < 4+00. We emphasize that, a priori, the choice of X strongly depends on
the weight w. In fact, as observed in [9], X can be defined with respect to an additional
weight, denoted by w,. As noted by the authors, this function plays a crucial role in
compensating for the degeneracy of w and allows for a proper characterization of the
domain of F. At this stage, let us highlight a key difference between our approach
to relaxing F' and the one developed in [5]. In our relaxation procedure, we establish
a Poincaré inequality that allows us to identify the appropriate topology in which to
relax F'. Moreover, our density argument involves two distinct measures, in contrast
to [5, Definition 5.2]. Let us also notice that the approach via density proposed in [5],
Subsection 5.1] comes from [2]. However, let us mention that in [2] the authors were
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involved with metric spaces where a doubling condition is assumed. On the other hand,
we also observe that, since we work in a finite-dimensional setting, there is no need to
define Sobolev spaces via relaxation, as is done in that work.

In the present work, we then aim to analyze the minimizer of

(1) H(u) := F(u) + |lu = gl o0, (,)7-1)

where g € LP(Q, ()P~ !) is a given radial function. To this end, we address the

multidimensional extension of the results from [9] about the relaxation of F. In the
one-dimensional setting considered in that work, the embedding of Sobolev functions
into absolutely continuous functions played a crucial role in deriving an explicit formula
for F. However, it is worth noting that this property does not hold in higher dimensions,
making the extension of those results to the multivariate case far from straightforward.
In particular, let us recall that the notion of absolute continuity in higher dimensions
differs significantly from the one-dimensional case [1§].
We now outline our approach to study the minimizer of H. In our setting, we restrict
ourselves to the case of a radial weight w, which can be written as w(-) = n(| - |), where
7 is a measurable function of a single variable. Furthermore, we construct an additional
radial weight, denoted by w,, which will be used to define the space X, and the forcing
term in involving a generic function g € LP(f2, (1,)P~'). This particular structure of
w enables us to introduce the space ACY, consisting of radial functions that are absolutely
continuous on supp(n). This space of functions is new, and it is a subset of the space of
d-absolutely continuous functions of d-bounded variation defined in [I§], see Lemma
below. By following [9], we then need to prove Poincaré inequalities involving w and .
Specifically, we consider the p-norm of the gradient term of a generic function u weighted
by w, while the p-norm of u itself is weighted by (,)P~1. Subsequently, assuming that w
is finitely degenerate (see Definition [2.1| below), we proceed to choose X = LP((w,)P~1),
and we show that ACY-functions are dense, in a suitable Sobolev space W C X (see
formula below). Therefore, we obtain an explicit identification of the domain of F
performing the relaxation in the strong topology of X. The resulting relaxed functional
F still maintains the same form of F as in the onedimensional case considered in [9],
and its ambient space consists of functions that are of LP((1,)P~!)-integrable type.

Lastly, after providing the explicit expression for F' we then aim to prove that the
minimizer of H is a radial function among all possible functions in I/Vllocl (©2) whose
gradient belongs to LV (€2), see Theorem The fact that F is given explicitly allows
us to proceed in proving our minimization result by employing the lines of [12].

This work is structured as follows. In Section [3| we study the validity of Poincaré
inequalities with double weight, see Theorem [3.4] below. In Section [} we formulate and
prove a relaxation theorem, see Theorem below. In Section [5) we prove firstly that
there exists a radial minimizer in the class of radial competitors and then in the class of
general functions, and eventually that the minimizer of H is radial.

2. SETTING AND PRELIMINARIES
2.1. A radial weight. Let d > 1 be a natural number, and consider 2 to be an open

bounded subset of R? which is invariant by rotation, i.e.

Q={zecR?:|z|<b} or Q={recR?:0<a<|z|<b}
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with a,b € R. Given 1 < p < oo, we let ]% =1- %. In what follows, we consider a radial
weight w : R — R satisfying
(2) w(z) = n(z|), n >0 ae. ne L ([0, +00]) with compact support.

Next, we denote by supp(n) the support of 7. It is not restrictive to assume that
supp(n) C (a,b) is a bounded open interval with 0 < a < b, and we consistently in-

terchange supp(n) and (a,b) throughout the text. We denote by I}, gupp(;) the set

(3) Ly supp(n) == {r € (supp(n))° :de > 0 such that 77_1’%1 cL'((r—er+e) },

where (supp(n))° denotes the interior of supp(n). The set I.

psupp(n) 1S the largest open set

1
in (a,b) such that n »—1 is locally summable. Without loss of generality, we can express
I (n) as the disjoint union

Pp,Supp
Npn

(4) I supp(n) = U (ap,i» bp,i),
i=1

with 1 < N, < +oo. Subsequently, for the sake of a lean notation, we set a; = ay;,
b; == bpi, Ny = Npy. Let us now provide the following definition.

Definition 2.1. (1) If Lguppg)n = 0, we put N, := 0.
(ii) If 1 < N, < +oo we say that 7 is finitely degenerate in supp(n).

(iii) If N,y = oo we say that n is not finitely degenerate in supp(n).

Furthermore, we define the set

(5) Inw={reQ:|z| e Ip7supp(n)},
and also
(6) Iaiﬂi = {.T € Iva oy < ’l‘| < 51}, a; < o < B <b, 1=1,.. "NTI'

2.2. The class of the absolutely continuous functions in several variable. By
following [18], given a function u :  — R, let us define the d-variation of u on an open
set G C Q) as

(1) Vy(u,G) = sup {Z (Oscp,u)? : {B;} is finite family of disjoint balls in G} ,
where Oscp,u denotes the oscillation of u on B;, and is defined as

Oscp,u == sup |u(z) —u(y)|.
z,yEeB;

We say that v has a d-bounded variation in € if V;(u, Q) < 4+00. We denote by BV%(Q)
the class of all functions with d-bounded variation in 2. Furthermore, we denote by
ACY(Q) the space of all d-absolutely continuous functions in BV4(f2). Recall that a
function u :  — R is d-absolutely continuous (see [I8, Page 2]) if for each € > 0 there
is 0 = d(¢) > 0 such that for each disjoint finite family B; of closed balls in Q2 we have

> £4B)<i=)Y (Oscpu)’ <e.
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As proven in [I8, Theorem 3.3] every function u with d-bounded variation (and so
every d-absolutely continuous function) is differentiable a.e. and its gradient Vu €
LA (Q; RY). Hence

(8) ACHQ) N LYQ; RY) ¢ wh(Q).
Moreover, if p > d, then
(9) whr(Q) c AC(Q),

(see [I8, Theorem 4.1]). Let U C Q be an open bounded subset such that I, C U. We
denote by ACY(U) the following set of functions:

ACYU) ={u : U — Rmeasurable : u € V[/li’(:l(IQw),

(10) .
u(z) = v(|z]) in Iq,, for some v € AC(supp(n))}.

Lemma 2.2. Let AC%(Iq,,) be defined as in (L0). Then

(11) ACH(Iq.) € ACH(Ig.4).
Furthermore, if Iq ,, = Q, then
(12) ACHQ) c ACYD).

Proof. Let u € AC%(Iq,,,). Then by definition u is radial and so there is v € AC(supp(n))
such that u(-) = v(|-|). Furthermore, v € BV (supp(n)) the space of functions of bounded
variation. Let us take € > 0, notice that

(13)  Oscgu= sup [u(@) —u(y)| = sup [v(|z]) = v(ly)| < sup essV[¥(v),

||

z,yeB; z,y€B; z,y€B;
where
m
essV)¥ (v) == sup ¢ S~ [u(tj41) — v(ty)]
j=1
and the supremum taken over all finite partitions {|z| < 1 < -+ < ty41 < |y|} such

that ¢; is a point of continuity of v. Now consider R; be the radius of B;. Notice that

N p N ﬂ_% J
LY(B;) = Ri <,
2B = 2

so that

i=1,..N r (% +1) ’

where N denotes the number of balls. Hence, we have that for each ¢ = 1,..., N that

1

) d

< P .
Ri < (NC)
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For simplicity, let us choose ¢ := Observe that

ed
24C"

3

1
d

m
DIt =5 < llel = |yl < [ —y| < 2R; <
j=1

The absolutely continuity property of v implies that there exists §; > 0 such that

m m
€
(14) D olti =t <01 = D foltin) —olty)] < —
j=1 j=1 Na
Now, if we choose ¢ sufficiently small, we get
< <4y
(NC)s

Hence by for all finite partitions {|z| < t; < -+ < tj41 < |y|} such that ¢; is a
point of continuity of v it holds

£

;{;\U@j+1)-v(%)|<ipJ1

d
and, taking the supremum over these partitions, we obtain

‘f‘y| £
€SS v) < .
( ) - N%

|z

Thus by
Oscpu= sup |u(z) —uly)| < —¢
z,y€B; Nid
and we obtain that for every i :1,..., N
N €d
Oscpu)? < N=- <.
Z (Oscpu)” < N =€
=1
Since ¢ is arbitrary, we are done. O

Let us consider W; 1(Q) the Sobolev-type space of radial functions with ¢ € [1, 00],
defined as

Wha(Q) = {u € ACYUQ) : Vu € Lq(Q)} .

By @ if p > d, then

WP (Q) € ACH(Q),
where

WhP(Q) := {u € W'P(Q) : u radial}.

Therefore

WIP(Q) c WHP(Q).
On the other hand, by forp=d

ACH(Q) N LY(Q) C WH(9),

then

ACH(Q) © Li (),
6



and we conclude that
whiQ) c wkhe ().

r,loc

2.3. The degenerate functional. Let us now define
/ |VulPwdz  if u e ACHRQ)
F(u) =< Ja

+ 00 if ue X\ AC4(Q).

Here, X is an appropriate set of integrable functions, that will be chosen in Section
Further, let F': X — [0, +00] denote the lower semicontinuous envelope of F' w.r.t. the
topology of X. As we will see later on, our objective is to characterize the relaxation
of the functional F' concerning LP(, (,)P~!)-convergence, where w0, is is defined below

(see (20)). Let us now set

Dom,, := {v :supp(n) > R:v € Wlig(lp,supp(n)%/ = () |Py(r)dr < —l—oo} )

Ip supp(n)

We now introduce the set

(15)  Domy,, == {u : 2 — R : measurable and u(z) = v(|z|) for some v € Domn} .

We point out that

Dom, o, = {u : 2 = R : measurable, u € Wl’l(]Q’w),/ \VulPw dz < +oo} ]
Q

loc
yw

Lemma 2.3 (Fundamental convergence). Suppose that n is finitely degenerate. Let
(up)p € WHH(Q) be a sequence of radial functions such that

(a) sup/ |Vup|Pwdr < 00,
heN Iﬂyw
(b) for every i = 1,..., N, there exists ¢; such that a; < ¢; < b; and there exist

finite the following limits
lim wup(z) =d; € R for all x € I, such that |x| = ¢;.
h——+o00

Then there exists a subsequence (up, ) and a radial function w: Iq ., — R such that
(i) lim wup, (z) = u(z) for every x € I, ,
k——+o0
(ii) w € Domy 4,
(iii)
/ |Vu|Pwder < liminf/ |Vup, [Pwdz.
hk IQ,w

IQ,w — 400

Proof. Let us note that, by assumption (b), I ., # 0. By hypothesis, we have that (up)p,
is a sequence of radial functions. That is,

up(x) = vp(|z|), for all h € N, z € Q.
Notice that
Oup(x)
6a;j

T )
= v%(|w!)7j, r=lz|,j=1,...,d,
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and thus

d / 2 ‘Ij‘Z
/ wwwmz/ S o (la) 222
IQ,u) IQ,w le ’II:|

[ Wit da.

I(Z,w
Moreover, since w is radial, we have that by the change of variable theorem

/ mwwwm:/ o (2]) (] d

IQ,w Iﬂ,w

=w/ ol () [P (r)
I

p,supp(n)

where

(16) wg = HI(SY).

By (a), notice that
sup/ v}, (r)|Pré~in(r) dr < +oo.
heN J I, supp(n)

Then there exist a subsequence (vp, )x of (va)n, and a function v € LP(I, supp(n)> 1) such
that

(17) v, — v weakly in LP(I, qupp(n)» 1) as k — oo,
9 .
el N v(]a:|)x—] weakly in LP(Iq 4, w) as k —o00,j=1,...,d.
O || ’

Moreover, let us observe that

L{)OC(IQﬂl” w) - Llloc<IQ7w) ’ L:foc(I

p,supp(n)» 77) - Llloc<I

p,supp(fi))'

Indeed, let us notice that by the change of variable
/ wrdz = wd/ nf%rdfldr,

Ta,w Ip supp(n)
where % + ;z% =1. Then for i =1,...,N,, and for each K & (a;,b;), we get by , and

i P 1 that
ince & = 1
since - = = tha

/ n_%rd_ldr < bgl/ n_%dr < +o0.
K K

Let us take a compact set K € In, ,, @ = 1,..., N, with I,, 3, as defined in (6)). Then
by Holder’s inequality

1
v

(18) /K|z]d:c < (/}C]z\pwdx>; (/Kw‘?dx>” < 400

8



for any z € LP(K,w). Notice that from and (18), we get that v € L] _(I5;R) and

loc
/Iaﬁ

for each [a, B] C I, supp(n)- Let us consider u : @ — R defined in the following way: let
i=1,...,N,, and consider an interval (a;, b;) and define I, ;, as in (), so that we let

8uhk Zj

o vl

|z

dr — 0 as k = oo,

0 if z€Q\ I, p,,
|
u'(z) = d; + /C v(r)dr if ¢; < |z| < by,
0 +/ o(r)dr  ifa; < J2] < i
|
Then we define

Ny

u(z) =) ul(@)xa,, ,, (2)-

i=1
In what follows, we aim to prove that
1,1
u € ‘/I/loyC (Iﬂ,w)-

As before, let us take some K € I,, 8, ¢ = 1,...,N,. First, notice that by the funda-
mental theorem of calculus, one has that

ou xj
87]- = U(W)m,
and then

b;
Ou dz §/ [o(|z])|dz < wd/ 4Ly (r)dr < +o0,
O K a

)

where wy is defined according . Moreover, let us notice that

(N Q

i

|VulPwdx = / |V (|z]) [Pwdz = wd/ |v/(r)|prd71n(r)dr
Q I

Jw Jw p,supp(n)

<walimint [ Jof, (P (s
I

k p,supp(n)

= limh inf/ |Vup, [Pwde < 400,

k IQ,'LU

where in we have used that 7 is finitely degenerate, and in the last inequality we
have used the radiality and assumption (a). O
9



2.4. An auxiliary weight. In what follows, by following closely [9] we define a suitable
weight w, for 1 < p < 400 for which it is possible to prove a Poincaré inequality
involving w and (w,)P~!. Let w: Q — [0,00) be a function satisfying and (4). We
let Wy, : Q — [0, +00[ be defined as

1
lim | / ——dy if 2] = a;
lel=ai” \ T aites [|y|(d71)pw(y)}p‘ll
1 s
/ —dy if a; < |o| < 20ith
1 [Py
—1
1
) dy lf 3a;+b; S |$| S a;+3b;
(20) wp(z) := /Iaaﬁbi 3a;+b; Hy|(d71)pw(y)]ril ) '
[t
—1
1 s¢ a;+3b;
T dy 1f%§|x|<bl
R e
-1
) 1 .
lim / ——dy if o] = b;
|| —b; Iai;'ii,\z\ Uy‘(d_l)pw(y)]p71
\ 0 if xeQ\ Igw-

Remark 2.4. Let us point out that the definition of w, is the extension of the one
considered in [9] to our multivariate context. Like as in the one-dimensional case, its
definition heavily depends on p, and it is defined as the inverse of an multivariate integral
term along annular regions (or spherical shells) dictated by the decomposition of the
weight 7. This allows us to use its nice properties, such as continuity, that is needed to
prove Proposition Furthermore, let us also notice that w, still is a radial function
as the original weight w. That is,

p(-) = wy (] ),
10



where

a;+b; -1
2 1
lim / s if t = a
t—>a;~_ t (Sd—ln(s))ﬁ

a;+b; 1 —1
2
s if a; < t < Sacth
¢ (g
3a;+b; 1 -1
4
R ds if 3a;+b; <t < a;+3b;
o aitbs 1 4 -7 = 4
) ( g (sl () 7T )

if 2830 < ¢ <y

—_
(oW
Vo)
N———
L

-1
t 1
lim / — s ift =10,
t—by \JHgR (sd=lp(s))p1

2

0 if t € supp(n) \ Iy supp(n) -

Remark 2.5. As in [I3], Sect. 4.2] we could introduce a truncated weight

ﬁp(T) = min{n(r)a ﬁp(’r)’ 1}7 re [0,+OO]

if r € Q is a Lebesgue’s point of 77 and 0 otherwise, and the corresponding weight
y(2) = iy ([2]) = min{w(e), w,(2), 1}.
As in [I3], Proposition 4.6] w € L*°(Q) and
(21) L*(Q,10,) U L*(Q, w) U L*(Q) C L*(Q,d,) .
In the next Lemma we prove that is well-defined. We only need to observe that

(22) Ly supp(ri=1n(-)) = Lp.supp(n)-
and I (rd-1y(.)) defined according to .

Lemma 2.6. Let us consider the I, supp(n)s p.SUpp

Then holds true.

Proof. Let us first prove that I clI Then there

) p,supp(n) = “p,supp
exists € > 0 such that n~ »~1 € L(r —&,r + €). Notice that

r+¢e 1 1 r4+e 1
/ —ds < — / —ds < +o0
r—e [sIn(s)]PT [r—e]p=t Jr=e [n(s)]7-1

and thus r € Ip,supp(rdflnt))'

I (rd-15(.))- Notice that

p,supp
r+e 1 d-1 r4¢ 1
/ 71(18 S (7‘ + E)p_l / —1d$ < +OO,
r=e [n(s)]7-T r—e [stIn(s)]P T

and we are done. O
11

(rd=1(-))- Take r € Ip,SUPP(n)'

Let us prove the reverse inclusion. Let us take r €



The previous function w, will play an important role in the relaxation of F. In par-
ticular, we will consider its relaxation involving the LP((2, (10,)P~!)-convergence. Before
providing the precise details of how we relax F', let us before reproduce some proper-
ties of the functions w, in the following proposition closely to the one obtained in [9,
Proposition 2.5]. To this aim, we need to introduce the following notion of increasing,
and decreasing functions along curves.

Definition 2.7. Let us suppose that we have a curve v : [0,1] — R
I. We say that a function « : R? — R is increasing along + if the following holds

true.
(23) If0 <t <ty <1,and |y(t1)| < |y(t2)| implies that u(y(t1)) < u(y(t2)).
II. We say that a function u : R? — R is decreasing along v if the following holds
true.
(24) If 0 <t <te <1,and |y(t1)| < |y(t2)| implies that u(y(t2)) < u(y(t1)).

Proposition 2.8.

1
(i) Suppose that w™ »=1 is not locally summable in Q, that is, In., = 0. Then
wy = 0.
(ii) For each i = 1,..., Ny, let us define I, g, o < B; as in @ for two generic

numbers oy, Bi. Wy 1s constant in Isa;+v; a;+3v;, increasing along the curve
4 ’ 4

71(t) = (1 —t)z + ty which is contained in I sa;4v;, and where |z| = a;,
(3 4

ly| = ?miTH”, and t € [0,1], decreasing along the curve v2(t) = (1 — t)x + ty,

where |z| = %?’bi, ly| = b; which is contained in La;+sv; , and absolutely con-

4

tinuous along y1(t) and v2(t), t € [0,1]. In particular, the following hold true:

0 <wp(x) < sup Wy(y) < oo V€& lyy,,
ye[ai,bi

ir}f w(xz) > 0 for each x € Ing, a; < a < < by,
r€ln,

and wy(a;) = 0 (respectively wy(b;) = 0) if and only if w™ T ¢ L! (Ia. a,--o—bi)
i g

1
(respectively w™ »—1 ¢ L1 (Iai;bi ,bi))'
(iii) We have
ow y,)?
27 ( pl) L ae. in I sagen; Ulagtse, ,
Oxj i |2] T T

1
(iv) Suppose that w™ »—1 € L*(Q)). Then there exists a constant ¢ > 0 such that
1
0< - < wWp(z)< e ae e
c

(v) Suppose that w is finitely degenerate in 2, that is, holds with 1 < N, < 0.
Then there exists a constant ¢ > 0 such that

0< Wp(z) < ¢ ae zeQ.
12



(vi) Suppose that w is not finitely degenerate in ), that is, holds with Ny = oo.
Then Wy, € LS. (Iow)-

Remark 2.9. Let us notice that since w, is a radial function, along every increasing
and open curve v : [0,1] — I4p,, © = 1,..., Ny, the statements of Proposition
hold true. Furthermore, as already pointed out in the onedimensional (see [9, Remark
2.6]), if w is not finitely degenerate in some open set 2, then it can also happens that
W, ¢ L'(Q). Here, the example given in [0, Remark 2.6] serves as a recipient to the
present multidimensional case. Indeed, suppose that supp(n) C (0,1) and let (a;,b;),
i=1,...,400, be a sequence of disjoint open intervals in (0, 1) and m; be a sequence of
positive real numbers which will be fixed later on. Let n : (0,1) — [0,+00) defined as
follows:

mirl_d(r —a;)* ifa; <r< —ai;bi,
n(r) =< mirt=4(b; —r)> if —‘”;bi <r <,

0 otherwise.

Let us fix a; < r < &“TH”. Then the corresponding auxiliar weight associated to 71 is
given by
1
A (ap — D)m{ ™" (r — ai)

fp(r) = L (21()%3;))%4 )

where ap = %, and thus w,(z) = w; 'ip(|7]), @ € B1(0) the d-dimensional ball of
radius 1. By [9, Remark 2.6], one gets that 7, ¢ L'((0,1)), and thus @, ¢ L' ().

ap—1

3. WEIGHTED POINCARE INEQUALITIES

3.1. A Poincaré inequality with a double weight. In what follows, we derive a
weighted Poincaré inequality that we use later on. We first state some preliminary
lemmas.

Proposition 3.1. Let d > 1 be a natural number and define wq as in . Let us
consider a fized u € Domy,,,, ¢ = 1,..., Ny, and let ]% + 1% = 1. Let us take ¢,x € Iq

such that a; < |¢| < |z| < “’TH’Z The following hold true:
25 u(z) — u(Q)|wg §/wy(¢) < /
(25) u(z) — u(Q)|wa §/wp(<) ( f

(26)  [u(Q)P(wp(Q))P el < 277 (IU(fC)I”(@p(C))”_IwS +/I

ai,lacl

V() Pu(y) dy> "

ISRES

[Vu(y)[Pw(y) dy) :

Let us take ¢, x such that %bi < l|z| <|¢] < b;. The following hold true:

(27) u(z) —u(Q)wa §/wp(C) < </1 7

V() Pu(y) dy> "
13
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1

(28)  |u(Q)Pwi(ip(¢)P~! < 27 (IU(I)I’”wg(ﬁ)p(é))p1 +/ [Vu(y)[Pw(y) dy) :

lz],b;

Proof. In what follows, we closely follows the proof of [9, Proposition 2.8]. Let us consider
u € Dom, ,,. By definition, one has that there exists v € Dom,, such that

u(z) = v(|z|) for a.e. & € I, v € Wl’l(Ip,Supp(n))'

By the immersion of W (I, supp(n)) into AC (I, supp(y)) » We also have that v € ACc((as, b)),
foralli =1,..., Ny. Then for every ri,72 €la;, “ZTH’Z] such that a; <19 <r; < C”TH” we

have
71
/ o' (r)dr|.
r2

[v(r1) —v(r2)| =

Notice that

[u(r1) —v(r2)| =

/ o(r) dr| < (wd / [ () Pr= () dr) : (wd v / L5 (1) dr)
< (wd / (P (r) dr) 1

Then, by letting |z| = r1, and ry = |(| with ,( € I a;+s;, One gets
19 2

i1
/N
&
&
ST
—~
[V
=)
T
—
=,
|
I8
—
=
SN—
Q.
=
N~

2] ol |0 () /S0 |2
o / ! (1) Pt (r)dr = wy / I )y
| <] r

ol [/ SL |
d/ rn(r)dr




Hence, we have obtained that

s =
VN
&
&

s [
=
- 5

v -
S

vt
vt

(d 1)p’ d 177_(’/")d7">

() — u(0)] < ( / VulPwdy
IqREd

(29) = </ |VulPwdy
Ti¢) ol

= (/ |VulPwdy
Li¢) Ja|

= (/ |VulPwdy
Li¢) Ja|

where in equality we have used that % + 1 = p/. Furthermore, notice that if a; <

I<| < min{MiTer", |z|}, then follows by and the definition of w. Furthermore, if

3 =
VN
&
=T
’E\
LA B
o
o
?

1
7

1
I

__1
[y Pw(y) 7T dy |

hSA Sl
P N
& &
QU QU T
<. .
T K\D
~ I
- ml

, since we have that

1
1 v 1
[ly| = DPaw(y)] "7 dy) <
</|<|7a2-2'—b7' X, wp(()

(25) still follows by and the definition of w,. Then, since
(O < 27 (Ju(@) [P + [u(¢) — u(@)IP) ,

by , we then deduce . The remaining formulas and follow by arguing

in a similar way. O

Remark 3.2. Let us observe that the previous proposition is the multidimensional version
of [9, Proposition 2.8]. Here, we have closely followed the argument used in the one-
dimensional case, which relies on the fundamental theorem of calculus. However, the
multivariate version of this theorem is somewhat different and is not directly related
to absolutely continuous functions. Additionally, unlike the one-dimensional case, in
our current setting we have a Poincaré inequality, which differs from its onedimensional
counterpart by a factor of w?.

Let us now give some consequences of Proposition in the following Corollary.
Corollary 3.3. Let us fix u € Dom, ,,, and i =1,...,N,. Then the following hold true:

() Ok iy < 27! <|u<x>rp By +

[Vu(y)[Pw(y) dy> 7
a;,b;
for each ¢ € Iq ., with |C| € (a;,b;), and for each x € Iq,,, such that |z| =
Furthermore, u € LP(14, p,, (0p)P~ 1), and if Ny < +00 then u € LP(S2, ()P~ 1)

15
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(ii) Let us suppose that
a;+b;
2

dr = 400
a o [rdo ]

(respectively, suppose that/ ——————dr = 400). Then there erists
T'd 1 ]p 1

lim (up( 2P 1) () = 0 (respectively, lim (u? (1,)P 1) (x) = 0).

|J:|—>a |z|—b;

(iii) Suppose that

a;+b;
2

——dr< o

ai [rdin(r)]pT
b; 1

(respectively, suppose that/ ————dx < o). Then

aitbi r.d—1 vy
= [rn(r)]?

u e ACY (Ia_ ai+bi> (respectively, u € AC? <Iai+bi b~> )
19 2 2 b2

Proof. (i) Note that by and with z such that |z| = %bi, we can obtain the

desired inequality. Let us now justify (ii). Consider ¢,z € Iq,, such that a; < |¢] < |z| <
a;tb;
1

. Further, suppose that ————dr = +00. By the definition of @, and

1
e O
its radiality, we obtain that lim‘ ¢l—aF Wp(¢) = 0. Furthermore, for each z € Ia~ a;+b; , WE
2

have that by the following inequality holds true: 7

fimsup [u(n) P, ()~ <27 [ [Vu)Pwd.

I¢|—a; aglal

a;+b;
2

Hence, by letting lim as |z| — a-+ in the previous inequality, then

. lhm (O P (,(¢))P = 0.

b;

The same reasoning works for / —dx = +o0 because the radiality of w,,.
w3t i)

Then, we immediately obtain that

1
(iii) To conclude, let us now suppose that —— —dr < oo. We now prove

)

a4 ) for each § > 0, it is sufficient to

that u € ACg(Iai,%T*bi)‘ Since u € AC’d( e,

prove that there exists the following limit
(30) lim u(¢) € R.

I¢|—a;f
16



Indeed, since u can be written in terms of a radial function v, one gets the following:
consider ( € Iahai;bi. Since u(-) = v(] -])

a;+b;
(31) o) =o(*5 ) = [ 7 vian
2 9
for some x € Ig,, such that |z| = “LTH” Furthermore, let us notice that
a;+b; a;+b; % 1 a;+b; ﬁ
2 / 2 / d—1 1 2 d-1 e
[v'(r)|dr < | wa [ (r) [P n(r)dr | | wy (r () vtdr
1q i<l i<l

1
a;+b; o

(32) < <<ai;bi>dlwd /|<2 Iv'(r)\pn(r)dr> x

= N d—1 -1
X | wy . (r¢ " n(r)) r-tdr < 400.
Therefore, by and ,we then deduce the existence of the desired limit .
Lastly, let us notice that the remaining case follows by using the previous reasoning.

OIn what follows, we state our Poincaré type inequality in higher dimension with
respect to the weight function (w,)P~*.

Y e

Theorem 3.4 (Poincaré type inequality on Dom, ,,). Let 1 < N, < 4o00. For every u €
Domy y, there exists a family of points x; € Iy, p, such that |x;| = C”TH”, fori=1,...,N,
such that

Ny p—1
d —u (23)|P (W p—1 w(y)|Pw )
(33) ;1 T— /Ia [u(C) — u () ]" (wp(C)) dCS/ [Vu(y)[Pw(y) dy

ibg I w

Remark 3.5. As in [I3] Theorem 4.11], since w, < w, on €2, inequality holds with
the weight w0, in the left hand side, instead of w,. Since the results of this paper from
this point on will be based on this Poincaré inequality, we can assume that w,, is bounded
(up to change it by w,) and so by we can assume that

(34) LP(Q) € LP(Q, (wp)"Y).

Proof. The proof of this Proposition can be done by using the radiality of u, and the
same reasoning used in the onedimensional case in [9, Theorem 2.10]. For the sake of
completeness, we give the proof of . Take 1 < i < Ny, and consider z; on the sphere

of radius ‘”TH)’ By in , one gets

oo (454)

() — u(Q)Pe ()P < / V() Pu(y) dy;

a;+b;
I¢|, 4ifbe

aitb;

Syt [T W) d

aq

17



Hence, by integrating with respect to ¢ gives that

bi —a;
[ o —utaraaortacs 2= [ wug)Pug) an
Iai,ai;rbi Iai,ai;rbz‘

Further, by letting the same reasoning, we get

[ O -uP eyt ac s = [ v pag) ay
Tajto, I

a;+b;
ib, i b,

Therefore, we deduce that

[ e = u@r dartac < L= [ v puty) ay
1 Ta; b,

a;,b;

and our conclusion follows. Now, since u € Dom, ,,, then

N77
> / Vu(y)[Pw(y) dy = / Vu(y)[Pw(y) dy < +oo,
i=1 7 La;.b; Ia,

w

and we are done. O
By following the same reasoning used in [9], we define
(35) W = W(Q,w) := Domy,, N LP(L, (d,)P ™).

In the next, we prove that W endowed with a suitable norm is a Banach space.

Proposition 3.6. Let us consider W be defined as in , and endow it with the norm

(36) ulw = /T oy + 1Vl g i €W
Then (W, ||ullw) is a Banach space. Further, if w is a finitely degenerate weight, then
(37) ACHQ) is dense in (W, || - |w)

in the following sense. For every u € W there exists a sequence (up), C ACI(Q) such
that

lim up = uwin (W] - ||lw),
h—o0

that is,

(38) lim wuy, = u in LP(Q, (w,)P 1), and lim Vuy, = Vu in LP(Iq ., w;R).
h—o0 h—400

Proof. Tts proof is a direct consequence of the radial condition and [9, Proposition 2.11].
Indeed, let us first observe that W is a Banach space. Suppose that (uz), C (W, |- |lw)
is a Cauchy sequence. Hence by definition uy,(z) = vp,(|z|), where v, € Wi (supp(n)) N
LP(supp(n), (7)P~1). Then by [9, Proposition 2.11], the space

W = Dom,, N LP(supp(n), (i3,)" )

is a Banach space with norm

e — p 1P : 5
0l = Il 1 oy )+ 10Tl iy 10 E TV
18



Hence, it follows that there exist v € LP(I (s ()P~ 1), and 0 € LP(I, qupp(n)» 1) such

that, e

(39) vy, — v in Lp(Ipﬁupp(n), (ﬁp)pfl), and vj, — ¥ in Lp(Ip’supp(n), n),
as h — +oo. Furthermore, for each i =1,..., N,,

(40) v € AC((a;,b;)) and v' = © a.e. in (a;,b;).

Therefore, by the radiality of (u;) we can write in terms of uy, and by we are
done. O

4. RELAXATION FOR FINITELY DEGENERATE WEIGHTS

In this section (and in the following one) we will suppose that w is a finitely degenerate
weight. We consider X = LP(Q, (w,)?~!) where w0, is the weight as defined in (20). Let
us set

/ VulPwdz if ue ACH(R),
u) = QO
“+00 if ue X\ ACHQ)

F(

and thus we study the lower semicontinuous envelopes w.r.t. LP((1,)P~!)-convergence,
that is

F(u) = sc™ (LP((p)P ™)) — F(u),
In what follows, we let
D = {u € LP(Q, (,)P") : F(u) < +o0}.

We notice that, if Io,, = ), then @, = 0 (see Proposition (i)). Therefore, one
gets that LP((a,b), (w,)P~!) = {0}, D = {0} and F(u) = 0. In the next theorem, we
then state an explicit formula for the relaxed functional F with respect to an opportune
convergence.

Theorem 4.1. We have
D = Dom; 4,

where Dom, 4, is defined by and the following representation holds for the relazed
functional

o / |VulPwdz  if u € Dom, ,, N LP(L, (0,)P~1)
F(U) = 1o w
+00 if u € LP(Q, ()P~ 1) \ Domy .

Proof. Note that by Lemma and Proposition we deduce that D C Dom, .
Furthermore, for every u € D one gets

u € Wige (Ia,w) N L (T, (dp)" 1), P ()" ~" € L% (I,w) -
In the next, we show that for every u € LP(Q, (1,)P!)

/ |VulP wdx < F(u).
IQ,w
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By the definition of F, we directly suppose that F(u) < 4+oo. Therefore there exists a
sequence (uy) C Dom, 4, such that u, — u in LP(Q, (i,)P~!) and

F(u)= lim F(up)= lim /\Vuh\pwdx

h—+o00 h—400

Then, thanks to Lemma we get up to extracting a subsequence that
/ |VulPwdx < liminf/ |VupPwdz = lim / |Vup [P wdz = F(u)
Q h—-+o00 Q h—+o00 Q
and we are done. To conclude, it remains to prove that

(41) F(u) < / |VulP wdz, Vu € Dom,y,
I w

and thus Dom,,, € D. In fact, this is a consequence of . Indeed, by property
(i) in Corollary we have that that Dom,,, C LP(Q, (@,)P~!). Thus, if u € W =

Dom, ,, N LP(Q, (4,)P~1) = Domy,,, by (37), there exists a sequence (up), C ACH(Q)
such that holds true. Hence, from (38)), one has that

F(u) < hhmlan(uh) < hhm |Vup|P wde = / |VulPwdx,
%

Ig Io w

and thus holds true. O

Let us define the following spaces:
CHQ) = {ue C*N) : uis radial in Q},
Lip, () := {u € Lip(Q) : u is radial in Q},
Wl’p(ﬂ) {u € ACUQ) : Vu € LP(Q)} .
Notice that
wWhr(Q) c L?

loc

(92, ()P ).
We consider the following functionals defined on the space LP(, (1,)P~1)
/ |VulPwdzr if u € CHQ),
Q J—
oo if u e LP(Q, (1w,)P~1) \ CH(Q),

Fl(u) =

F2(u) = /Q |VulPwdz if u € Lip,(Q),

+00 if we LP(Q, (wy)P~1) \ Lip,(Q),
F3(u) = /Q\Vu]pwdx if u € WrP(Q)
+00 if u e LP(S2, (i,)P~ 1) \ WiP ().
Since
CL@) € Lip, (@) € WH() € ACH(Q),
we have

Fl(u) < F*(u) < F3(u) < F(u).
20



Note also that, when ¢ = oo, F?2 and F? agree. Moreover, let us consider the corre-
sponding lower semicontinuous envelopes w.r.t. the LP(Q, (1,)P~!)-convergence

(42) Fiu) =sc™ (LP(, (0p)P 1)) = Fju)  j=1,2,3,

we have
Fl(u) < F2(u) < F3(u) < Fu).

Corollary 4.2. For every u € LP(Q, (,)P~1) we have
Fl(u) = F2(u) = F3(u) = F(u),
where Fi(u), j =1,2,3 are the functionals in ([“2).

Proof. This is direct consequence of [9, Corollary 3.2] and the radiality of the involved
functions. O

Remark 4.3. Let us point out that, as a consequence of Corollary [£.2} the closure of
Lip, (2) with respect to the norm is given by

174
(43) Lip,(Q) = Dom,,, N LP(Q, (10,)P ).

On the other hand, observe that for p = 2, our Corollary [£.2] recovers the one stated
in [I3, Corollary 4.23] in the one-dimensional case, now extended to higher dimensions
under radial symmetry assumptions. Furthermore, it is important to note that, according
to [13l, Remark 3.4], when d > 2, and p = 2, there exists a non-radial weight for which
the equivalences stated in Corollary no longer hold. In particular, the identity
may fail in the absence of radial symmetry. An explicit counterexample illustrating this
phenomenon can be found in [I1, Example 2.2].

Remark 4.4. Let us observe that, when w = 1, or more generally w > C > 0, then
I, = Q and, since by Remark

LP(Q) C LP(Q, (wp)P ),
we have
VulPwdz if u € ACH(Q),
ro 2 L[ @
oo it u e I2(9, (0,)71) | ACY(Q),
/ \VulPwdz if u € ACY(Q),
=4 Ja
+00 if u € LP(Q)\ ACL(Q).
By Theorem [£.1] we have

— / |VulPwdz  if u € Dom,,, N LP(8),
Flu) = { /o

+o0 if u e LP(2) \ Domy 4.

By observing that Dom, ., N LP(Q2) = W P(Q) defined in (2.2), we recover the classical
results, i.e.

— — — / VulPwdz  if ue WP (Q),
u) =< Ja

+00 if u e LP(Q) \ WP (Q).
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5. EXISTENCE OF MINIMIZERS FOR RADIAL DEGENERATE VARIATIONAL PROBLEMS
Let us consider the following integral functional
H(u) := F(u) + lu — gl Lr(a,(a,)r-1)

where g is a radial function, g € LP(€2, (w,)P~1), defined in the Banach space W (see
(35)) equipped with the norm [|u|| as defined in (36]).

Theorem 5.1. There exists an unique minimizer ug for the minimum problem
min H(u),
vin H (1)
i.e. for every “competitor” z € W we have
H(up) < H(z2).

Proof. 1t is a consequence of the classical direct methods of the Calculus of Variations,
since the functional H (u) is coercive and lower semicontinuous with respect to the norm
in LP(Iq,u, w). The uniqueness is due to the strict convexity of H(u). O

Now, let us consider the larger space

Ny .
Dom,, = {u Q—>R:ue T/Vli)cl(fgw),/ |VulPwdz < —l—oo} = ﬂ Dom',,
Iﬂ,w i=1
where Iq ,, is defined according to . We have
Nu .
Dom,, = ﬂ Domlw7
i=1

with

Dom'y, = {u Q—=>R:ue W110’C1(Iai,bi),/
I

a;,b;

|VulPwdz < —|—oo} )

Theorem 5.2. Let ug as in Theorem [5.1. Then function ug is the minimizer for the
following minimum problem
min H(u),

Domy,

i.e. for every ”competitor” z € Dom,, N LP (£, (,)P~1) we have
H(up) < H(z2).
Proof. By assumption, for every : = 1,..., Ny,
H(up) < H(z1qq),

for every “competitor”
‘ i ~ \p—1
2y qq € Dom'y, N LP(Ig, p,, (Wp)P~ "),

where uf) is the restriction of ug to I, 5,. It is sufficient to prove that, for every i =
1,..., N, we have
H(u) < H(),
22



for every “competitor” .

2" € Dom'y, N LP(I,, p,, ()P~ 1).
On the other hand, fixed ¢ = 1,..., Ny, we can repeat the argument of the proofs of
[12][Theorem 3.2 and Corollary 3.3] with (0, R) = (a;,b;) and f(r,s) = n(r)|s|P. As
proven in [12][Corollary 3.3] the minimization problem for H(u) on Dom',, is equivalent
to the minimization problem for the one—dimensional functional

b;
5 () = / P4 () P (r) dr,

a;

in the functional space
1= {u € ACie((ai b))+ ulei) = di, v ()7 € LY ((ai, b)) }

which plays the role of W. , of [12]. By [12][Theorem 3.2] for every competitor z* €
Dom'y, N LP (1, p,, (10,)P~1) (this space plays the role of VVIEC1 (Ia, p;)), there exists a radial

i)

function 2, , € Domimdjw N LP(Iy, b, (Wp)P~ 1) such that

H(zl,y) < H(Z).

rad

Then ' ‘ '
H(up) < H(z1,q) < H(Z").

rad

O

Remark 5.3. As noticed before in (9), if p > d, then WHP(Q) ¢ ACHQ). In this case,
the space AC%(Q) is larger than the space of WP (Q)-functions. However, our minimum
problem is set in the class of VVIEC1 (Q)-functions whose gradient belongs to LY (Q,w).

loc
Therefore, we cannot assume apriori that u € LY (Q,w), and therefore the minimiza-

loc
tion cannot be directly carried out within WP (©). Formulating the minimization in
WLP(Q) without the radiality constraint, would require an additional assumption on
the integrability of u, namely u € LfOC(Q, w), which does not hold in general in our set-
ting. Accordingly, it is appropriate at this stage to set the minimization problem in the
weighted Sobolev space WP (Q, i), although a rigorous treatment of this formulation is

beyond of the present work and is left for future investigation.

Remark 5.4. Let us give a comment about the weighted Sobolev space W1P(Q,w) in
order to point out that our approach is essentially different. As shown in [5], this space
can be constructed for general metric measure spaces. That is, we may replace (R%,||-|)
by a generic metric space (X,d). The authors showed that at least three different
approaches can be used: The H-approach based on the density of Lipschitz functions,
the W-approach based on the integration by part formula, and the BL-approach based
on the property of functions to be absolutely continuous along curves. In our approach,
we have used the W-approach since we have considered as metric space X = R%, and
the metric d induced by the usual norm. Let us notice that in the H-approach the
construction is as follows. Let (X, d) be a metric mesure space where i is a boundedly-
finite measure. In what follows, let us denote by Lip(f, X)

(44) Lip(f, X) :zsup{W:x,yEX,x#y},
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We denote by Lip(X) the set of such functions for which is finite. Given f € Lip(X)
its upper gradient (or slope) is defined as

: [f(y) — f(=)]
Vf|(x) == lim sup —5————.
Vi) y—r d(z,y)
A non-negative function g € LP(X,d, u) is said to be a relaxed p-upper slope of f if
there exist (fy,)n C Lip(X) of boundedly supported functions, and 0 < ¢’ < g such that

fo— fin LP(X,d, p), Lip,(fn) — ¢, weakly in LP(X,d, p)
where

Lip.(f£.)(z) = | Pir>0LiP(fn, Br(2)) if & is an accumulation point,
1 =
Pl 0 if z is an isolated point.

Here B, (z) denotes a ball of radius r centered at z € X. By following [5], we denote by
RS(f) the set of all possible p-upper slope, and

IDf| = N\ {¢ € LP(X,d,p) : ¢ €RS()}

the minimal relaxed p-upper slope. Then the weighted Sobolev space WP (X) is defined
as

WP(X) i {f € IP(X,d, 1) : RS(/) # 0}
Then the norm in W1P(X) is given by

WA ey = 11 + 1DAE

We point out that in this approach, |Df| is not longer a vector but a non-negative
function. Moreover, by definition, the convergence of Lip,(f,) is considered with respect
to the measure u. In contrast, our framework allows for convergence with respect to a
different measure (say, fi(dz) = w,(x)dx).
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