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ABSTRACT. Given the eigenvalue problem for the Laplacian with Robin boundary conditions,
(with 8 € R\ {0} the Robin parameter), we consider shape minimization problems if 8 > 0 and
shape maximization problems if 5 < 0. Both problems are settled in a suitable class of generalized
polygons with an upper bound on the number of sides, under either perimeter or volume constraint.
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1. INTRODUCTION

The classical Robin eigenvalue problem is formulated as follows: given a nonzero real parameter
B, we look for which values of A the boundary value problem

Au+du=0 in Q
) %—Fﬁu:O on 0f2
ov

admits a nonzero weak solution. Here € is a bounded set in R¢ with sufficiently smooth boundary
and v is the outer normal. It is well known (see e.g. [9]) that this problem admits a weak formulation
based on the bilinear form

(2) Eg(u,v):/Vu-Vvdx+ﬁ/ wo dHTY, w,v e HY(Q),
Q o0

where H4! is the (d — 1)-dimensional Hausdorff measure and u on 952 is the boundary trace. By
the trace inequality in the Sobolev space H'(Q) the bilinear form &g is semibounded in L%(12),
i.e., there are constants ¢y, o > 0 such that Eg(u, u) + c1||ul[32 > |lul|3;:, hence £z defines a closed
operator (—Ag) in L?(Q2) which is self-adjoint and has compact resolvent, so that its spectrum
is real and consists of an increasing sequence ()‘kﬁ)k N of eigenvalues such that A\ g3 — +o00 as
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k — 400, with Ay g > 0if 8 > 0. The corresponding variational formulation for the first eigenvalue
leads to the minimization of the Rayleigh quotient

/ |Vul|? dz + ﬁ/ u? dHI
(3) Ro p(u) := 2 = ;
/u2 dx
Q

4 A Q) = i R .
(4) 1,3(2) e oy a,5(u)

As in the more classical Dirichlet and Neumann problems (that can be formally obtained from
(1) by letting 8 to +o00 and to 0, respectively) one can look for the sets € that optimize suitable
functions of the Robin spectrum. Such problems are different in nature according to the sign of the
boundary parameter 5. The simplest one is obviously that of finding the set  with minimal first
eigenvalue with 8 > 0 among the sets with prescribed Lebesgue measure: the optimal set turns
out to be the ball, as proved in dimension two by M.-H. Bossel [4] and in higher dimension by D.
Daners [18]. In the negative boundary parameter regime 5 < 0, by using a constant test function
in (4) it is easily checked that the first eigenvalue verifies

(5) M) < BHITHOQ)/19] <0,

where || is the Lebesgue measure of ). As a consequence, the first eigenvalue is bounded from
above but one should expect it to be bounded below under either the perimeter constraint or the
measure constraint. Therefore it is very natural to study the mazimization of the first eigenvalue.
In this case the optimal set is not yet known in general, though in the planar case with measure
constraint it is proved in [20] that the disk is a maximizer for sufficiently small (in absolute value)
values of the boundary parameter and that there exists a critical threshold under which the disk is
not a maximizer anymore. On the other hand, in [7] it is proved that the ball is the only maximizer
among convex sets, in any dimension and for any value of 5 < 0.

Generalizing the Courant-Fischer formula (4) to higher eigenvalues, we consider
(6) Aip(€) = min max o g(u)
where Sj, denotes the set of all k-dimensional subspaces of H'(2). Notice that the presence of
boundary integrals makes the study of the Robin problem deeply different from the Dirichlet and
Neumann problems.

In this paper we study two shape optimization problems (according to the sign of /3) for some
functions of the Robin eigenvalues, in the planar case d = 2, where the class of competitors is
that of polygons. In order to tackle these optimization problems, we fix a suitable topology on the
polygons (the one induced by the H¢ convergence, see Definition 2.3), we enlarge the class of simple
polygons in Definition 2.1 to encompass their H¢ limits, i.e., the generalized polygons introduced in
Definition 2.4, and we extend the variational characterization of the eigenvalues to such class, see
(8).

Though the formulation of spectral shape optimization problems in some subclasses of polygons
is rather simple, there are several issues in this setting. Let us start with the polygonal Faber-Krahn
inequality stated by Polya and Szégo, see |29, Pag. 158|: among polygons with at most N sides
and given area, does the regular N-agon minimize the first Dirichlet eigenvalue? Even if the result
seems natural and expected, a direct proof of it is available only for N = 3 and N = 4. Indeed,
in these two cases, the classic symmetrization techniques work and thus it is natural to obtain
the equilateral triangle and the square as minimal polygons, respectively. On the other hand, if
N > 5, the Steiner symmetrization of a polygon could increase the number of sides, in general. In
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[23, Section 3.3] it is proved that among polygons with at most N sides, optimizers exist and have
exactly N sides. This result is proved by showing that a small cut near a convex corner produces a
better competitor with more sides. This idea is exploited in Section 3 below. Anyway, the question
of the precise shape of the optimal polygons remains open. Recently, it has been pointed out in [2, 3]
that for some N > 5 the proof that the optimal set is the regular N-agon can be reduced to a finite
number of certified numerical computations and the local minimality of the regular pentagon and
hexagon has been shown. Concerning other boundary conditions, the possibility to handle explicit
eigenfunctions or to separate the variables plays an important role. For what concerns Neumann
conditions, it is worth mentioning [31], where the authors address the problem of maximizing the
Neumann eigenvalues on rectangles with a measure or perimeter constraint. Instead, concerning
Robin eigenvalues with positive boundary parameter 8 > 0, in [19] the authors have proved that
the square minimizes the first eigenvalue among all (unions of) rectangles of a given area. For
the higher eigenvalues, they proved that the square (respectively, the union of k equal squares)
minimizes A; g (respectively, Ay 3) among rectangles (respectively, unions of rectangles) of given
area if 8 is below a certain threshold; on the other hand, they showed that the optimizers are not
the square or the union of k equal squares if 3 is large enough. It is worth mentioning also [26],
where the author showed how the rectangular case supports some well-known conjectures about
spectral shape optimization problems involving the Robin eigenvalues. For the case g < 0, we
mention [25], where the authors proved that the equilateral triangle locally maximizes the first
eigenvalue among all triangles of a given area, again provided that |3| is below a certain threshold
depending only upon the area constraint. We also cite [21], where the maximization of the second
Robin eigenvalue in general space dimension for general sets is addressed, and it is shown that
in a suitable range of values of the boundary parameter that includes those for which the second
eigenvalue remains positive, under volume constraint, the maximizing set is the ball.

When dealing with the negative boundary parameter case, in some situations it turns out that
the perimeter constraint is rather natural, see for instance [7, 17|, where the optimality and the
stability of the ball for the first eigenvalue in the convex case is addressed, [1] where the maximality
of the ball is proved among all bounded planar sets of class C? with fixed perimeter for all the values
of the (negative) boundary parameter, or also [32] for some extensions in dimension d = 3. Even
in our framework, the (generalized) perimeter constraint is very helpful to obtain some additional
properties of the optimal shapes, see Proposition 4.4.

As highlighted in the previous round-up of references, for the polygonal case we have very little
information about the optimizers even for the first eigenvalue (except for special cases in which
either the eigenfunctions are explicit or the symmetrization techniques work, see [27, 19|, or some
restrictions on the admissible polygons). The main difficulty in tackling this problem is that it is
not possible to transpose the same argument used in [4, 18| to prove an isoperimetric inequality for
the first Robin eigenvalue. Indeed, such results are based on the radiality of the first eigenfunction
of the disk and on a comparison between the (smooth) level sets of such function and the level
sets of an eigenfunction of a generic domain. On the other hand, the possible presence of parts of
the boundary with multiplicity 2 is a challenging problem even in more general settings, see [16].
Moreover, in the Robin case, the optimality of the regular N-agon is ensured only if N € {3,4}
within some ranges of the boundary parameter. For this reason, our intent is to get more general
existence results for both cases § > 0 and g < 0, without any assumption on the magnitude of
the parameter, the number of sides and the order of the eigenvalue. More precisely, we focus on
a wider class of spectral functionals, whose prototype is the sum of the first k£ eigenvalues, we
consider both the perimeter and measure constraint and we prove the existence of solutions and
some qualitative properties, combining well established techniques holding in more general settings
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(generalization of the eigenvalues, existence in a weaker framework, continuity of the traces along
moving boundaries, etc.) and peculiar features of the polygonal case.

The paper is organized as follows: in Section 2 we describe our framework, recall the necessary
preliminary results and state our main results. Sections 3 and 4 are devoted to the proofs of our
main results, namely Theorems 2.18 and 2.19, respectively. In Section 5 we discuss some further
issues.
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2. PRELIMINARIES AND MAIN RESULTS

In order to introduce the class of admissible polygons, we start from the definition of simple
polygon. In the whole paper by line segment we always mean a mazimal subset of a straight line
in the plane belonging to the boundary of a polygon.

Following [8], we introduce the class of admissible polygonal sets.

Definition 2.1 (Simple polygons). A simple polygon is the open bounded planar region P delimited
by a finite number of not self-intersecting line segments (called sides) which are pairwise joined at
their endpoints (called vertices) to form a simple closed path.

Let us denote by Py the family of simple polygons with at most IV sides. Notice that simple
polygons are connected and simply connected.

In the following, we use as a key tool the H¢convergence, as it preserves many topological
properties of polygonal domains. Let us start from the Hausdorff distance in R2.

Definition 2.2 (Hausdorff distance). Let A, B C R? be closed. We define the Hausdorff distance
between A and B by

di(A, B) := max {sup dist(z, B), sup dist(x,A)} .
z€A z€B

The Hausdorff convergence of a sequence of open sets is defined using the distance between their
complements.

Definition 2.3 (Hausdorff convergence of open sets). Let D C R? be compact and let E, F C R?
be open. We define the Hausdorff complementary distance in D between E and F' by
dpe(E,F)=dy(D\ E,D\ F).

If E, C D for every n € N, we say that E,, H®-converges to E C D if lim,, dge(E,,E) =0 in D.
For a general sequence E, C R?, we say that E, locally H°-converges to E if for any ball B the
sequence E, N B H®-converges to E N B.
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It is easily seen that the definition of H¢-convergence is independent of the choice of the compact
set D.

Notice that in general the H-limit of a sequence of simple polygons in Py is not a simple polygon
in Py, as shown in Figure 1.

FIGURE 1. The sequence (P,) C P; HC¢converges to the “degenerate polygon” P,
which has a boundary given by line segments, but is not a simple polygon.

To overcome this problem, we follow the approach in [8] and set our shape optimization problems
in a class of sets that contains the H¢-limits of simple polygons.

Definition 2.4 (Generalized polygons). We say that an open set P C R? is a generalized polygon
with at most N sides if there exists a sequence (Py,) of simple polygons in Py such that (Py) locally
He¢-converges to P and limsup |P,| < co. We denote by Py the class of generalized polygons with

n—o0
at most N sides.

Remark 2.5 (counting the sides of a generalized polygon). The number of sides of a generalized
polygon P is the least number of line segments such that P is a (connected) closed path. We say
that a side has multiplicity 2 if it appears twice in such curve. For instance, the polygon P in Figure
1 has boundary given by the union of 5 segments, but according to our convention it has 7 sides.

Notice that if P is a generalized polygon, any side having double multiplicity has at least one
vertex on the topological boundary of P.

The following compactness result is contained in [5, Proposition 4.6.1]

Proposition 2.6. Let D C R? q fized compact set. Then, the class of the open sets contained in
D is compact in the Hausdorff-complementary topology.

Remark 2.7 (see Remark 2.2.18 in [24]). If Q, % Q0 into a fired compact B, then, denoting by
#E the number of connected components of E, #(Q¢N B) < liminf, #(Q5 N B).

In dimension d = 2 this allows us to obtain further topological information: if a bounded open
set Q C R? is a disjoint union of simply connected open sets, then, for any compact set B C R?,
B\ Q is a compact connected set. This implies that the H¢-limit of unions of simply connected set
is union of simply connected set. Indeed, let (2,) be a sequence of open bounded subsets of R? such

that each 2, is a bounded disjoint union of simply connected open sets; if 2y, ELiN Q, then
1< #(Q°N B) < liminf #(Q;, N B) =1
and so ) is union of simply connected open sets.

Remark 2.8. The following facts hold true for the family Py (see 8] for details).
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(i) P is closed with respect to the local HE-convergence since the number of connected compo-
nents of the complement of each generalized polygon is uniformly bounded.
(ii) Every P € Py is union of simply connected generalized polygons, since P¢ is connected.
(iii) P € Py may be disconnected; each connected component of P is delimited by a finite number
of line segments (still called the sides of P), which are pairwise joined at their endpoints
(still called vertices of P) to form a closed path, possibly containing self-intersections; in
particular, P has at most N sides, counted with their multiplicity. P has at most L%j
connected components. If N is odd, this upper bound is obtained for instance if P is the
union of triangles with consecutive bases lying on the same line (so their union is considered
as one side, according to our definition of line segment). If N is even, the upper bound is
obtained by replacing one of the triangles in the previous construction with a quadrilateral.

FIGURE 2. The sequence (P,) C Ps H°-converges to P € Ps, that has 2 = |21 |
connected components.

(iv) Since the topological boundary of the closure of any P € Py is a closed curve, P is bounded
and thus has finite Lebesque measure. Conversely, since any P € Py has finite Lebesque
measure, it is bounded (otherwise, in view of the bound on the number of sides, necessarily
P would have two parallel sides with infinite length, contradicting the fact that |P| < +00.)

Remark 2.9. Let us observe that the number of sides is lower semicontinuous for locally H°-
converging sequences (P,) C Py.

Indeed, let (P,) be a sequence of generalized polygons HE converging to P € Py and let M < N
be the biggest integer such that there are infinitely many P, in Pyr. Then, by Remark 2.8(i) the
limit P belongs to Pyr C Pn. Notice that this fact does not hold if the number of sides is not
bounded a priori (the sequence (Ry) of reqular n-agons of measure m centered at a point ro € R?
He¢-converges to the disk of measure m centered at xg).

The definition of the trace of u € H'(P), where P is a simple polygon, is defined in the usual
way. Following [22, Section 1.1.7], we can define the trace of u also when P is a generalized polygon,
that may lie on both sides of an inner boundary segment. To this aim, we can assume that there is
only one inner boundary segment S (otherwise, divide P in smaller polygons with such a property).
Then adding a further segment S’ starting from the inner endpoint of S, we divide P as the union
of two simple polygons and in each of them the trace of u is well defined. Of course, the traces of u
on both sides of S’ coincide, whereas on S they can be different. Henceforth, we denote by u™ and
u~ these traces. In the sequel, it is not important to make explicit a criterion to distinguish the two
sides, which we call right and left only to simplify the presentation. Moreover, to deal with simple
and generalized polygons at the same time, we agree that all functions defined in P are extended
as 0 out of P and denote by u* the interior trace on JP.
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In order to take into account inner boundary segments, we relax the definition of the Rayleigh
quotients (6) and we define the generalized Rayleigh quotient by

/ |Vu|? da + B/ [(u®)? + (u™)?] dH!
P oP

/u2 dzx
P

and the generalized eigenvalues on a generalized polygon P by

(8) Akp(P) = inf e Rpg(u),

(7) Rpp(u) ==

where as above Sy, denotes the set of all k-dimensional subspaces of H'(P). This definition is well
posed, since it does not depend on the orientation of 9P. Moreover, if P is a simple polygon, then
e 3(P) = M\ g(P), as on the boundary u™ = u and v~ = 0.

We recall two useful properties of the classical eigenvalues A, 5 (see [9]) that are generalized to
Ak, in a standard way.

Remark 2.10 (Some properties of generalized eigenvalues). Let P € Py, |P| < 4+o00. The
following properties hold:

o 3+ A\ g(P) is strictly increasing
e Fort >0 we have

_ 1_
)\k,ﬁ(tp) = ﬁAk,tﬂ(P)'
In particular, when 8 > 0, we have
_ 1— _

(9) Mg (EP) < 5 Ak6(P) < Ak (P)

for every t > 1. o

o [f P =P UP,, with P, P» € Py nonempty and disjoint, it holds

(10) Xh,B(P) = i:r(r)linhmax {Xi’g(Pl), Xh_i’ﬂ(PQ)}

(where we set Ao g(P;) = 0).

In particular, inequality (9) entails the decreasing monotonicity under dilation of the generalized
eigenvalues with positive boundary parameter.

Remark 2.11. Let P € Py a simple polygon. A useful result (holding in general for every bounded,
Lipschitz, connected, domain) is the following: the map B — A1 g(P) is differentiable in R and it
holds

1
(11) tim (5hae) = 50,

see |9, Formula (4.16)]. More generally, if P is a simple polygon whose k-th Neumann eigenvalue
wi(P) is simple, then B +— A g(P) is differentiable in =0 and it holds

. d . fap % do
(12) élg%) (dﬁ)\k’B(P)> = W?

where 1y, is the corresponding Neumann eigenfunction, see |9, Formula (4.12)]. An example of
simple polygon having some simple higher Neumann eigenvalues is every non equilateral triangle
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T, whose second eigenvalue is always simple, see [30, Theorem 1]. A consequence of (12) is that,
ezpanding Ao g(T') near =0 and recalling X2 o(T') = p2(T), we get

faT V3 do

(13) A2,(T) =~ pa(T) + ﬂm
T

as B — 0.

As we are dealing with convergent sequences of (generalized) polygons, the corresponding Rayleigh
quotients are settled on different function spaces whose convergence in turn must be defined. The
right notion of convergence is the Mosco convergence (see e.g. |5, Chapter 4]), as it combines a geo-
metric notion of convergence of the domains with a functional-analytic convergence of the Sobolev
spaces.

Definition 2.12 (Convergence in the sense of Mosco). Let X be a Banach space and let (G,,) be
a sequence of closed subsets of X. We define weak upper and strong lower limits in the sense of
Kuratowski the spaces

w—limsup Gy, = {u € X : I(ng)k, Jup, € Gy, s.t. uy, — u weakly in X},

n—-+o0o

s—liminf G, = {uv e X : Ju, € Gy, s.t. u, — u strongly in X}.

n——+00

We say that (G,) Mosco-converges to G if

G = w—limsup G,, = s— liminf G,,.
n—+o0 n—>+00

Under suitable topological constraints, Mosco convergence of function spaces is equivalent to
convergence in measure and Hausdorff convergence of the domains. An important result is the
following theorem, see [5, Theorem 7.2.1].

Theorem 2.13. Let us denote by #E the number of connected components of the open set E C R2.
Let £ € N and let (Q,) be a sequence of open domains in R? such that (Q,) is HC-convergent to
some Q, with #(R%\ Q,) < £ for every n € N. Then H'(Qy,) converges to H' () in the sense of
Mosco if and only if |Qy,| converges to |Q].

In order to handle the possible fractures of a generalized polygon, we define the generalized
perimeter of a polygon, recalling the approach in [13, 16]. Roughly speaking, we quantify the
boundary length with the natural multiplicity.

Definition 2.14 (Generalized perimeter). Let N € N, P € Py. We set
O*P := 0P, I':=0P\o*P
and we call generalized perimeter of P the quantity
Per(P) := H'(0*P) 4+ 2H ().
Remark 2.15. %(), in general, is only lower semicontinuous, see Figure 2.

Let us recall a condition that entails the compactness of the minimizing sequences. It is a
reformulation of [10, Lemma 4| adapted to our framework.
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P P P

FIGURE 3. %(Pn) —12>10= f’\e?(P).

Lemma 2.16. Let M > 0, P € Py with |P| < 400 and u € H'(P) such that ||ul|;2py = L > 0
and assume that

/ |Vul|? dz —i—/ [(uh)? + (u™)?] dH' < M.

P oP

Then, there exist y € R? and a positive constant C = C(|P|, M, L) such that
[supp(u) N Q1(y)| = C(|P|, M, L),

where Q1(y) is the square with center y and sidelength 1.

The lower semicontinuity of the boundary integral is proved in [6, Lemma 19].

Lemma 2.17. Let Q C R? be open, k € N, and let (K,), K C Q be compact sets with at most k
connected components, such that limsup, H'(K,) < +oo and K, — K in the Hausdorff metric.
Let u, € H'(Q\ K,,) be such that

(14) Hm sup [[un || g1 o0 e,y + / [(uw})? + (uy,)?] dH' < +oo.
n—-+oo K
Then, there exists u € H'(Q\ K) such that, up to subsequences, we have

U, — u  strongly in LE (),

Vu, — Vu  weakly in L*(Q;R?),

and

(15) / [(uh)? + (u™)?] dH! ghminf/ [(uh)? + (uy)?] dH'.
K n—-+4oo Kn
Notice that inequality (15) holds even under the less restrictive hypothesis that K is only a
subset of the Hausdorff limit of K,,. This is the situation when, for instance, the open sets €2,
H¢converge to the open set 2: in that case, the compact sets 0€2,, H-converge to a compact set K,
but, in general, K is only a subset of 9. See |24, Proposition 2.2.16| and the following discussion.
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Main results. Since the kind of optimization depends on the sign of the boundary parameter 3,
we split the discussion into two parts. Let N > 3 and m,p > 0.

Let us fix 8 > 0 and let us study the problems

(16) min {\ g(P) : P € Py, |P| <m},

(17) min {F(A\ g(P),..., A\ s(P)): P € Py, |P|<m, PC D},
and

(18) min {F(X15(P),.... \s(P)) : P € Py, Per(P) <p},

where D C R? is a nonempty compact set and F € C'(R*) is nondecreasing in each variable with
strictly positive derivative with respect to the first variable and such that

(19) lim F(£) = +oo.
l6l—-+00

Our main result for 8 > 0 is the following.

Theorem 2.18. Problems (16), (17) and (18) admit a solution in the class of generalized polygons.
Any minimizer P of (16) or (17) verifies |P| = m and any minimizer P of (18) verifies Per(P) =
p. Moreover, any solution of each problem has exactly N sides counted with their multiplicity.

Let us now consider the case of a negative boundary parameter. To simplify the notation, we set
n:= —08 > 0. As will be clarified in Remark 4.1, the case of negative boundary parameter is more
delicate since it is rather sensitive in terms of dilations or contractions of the domains. In other
words, a bound from above on volume or on generalized perimeter allows sequences to shrink and,
differently from the case of positive boundary parameter, each eigenvalue of order £ > 2 can go
both to +00 and —oco. In view of the continuity of the volume under the convergence in measure
of sets, it is then natural to consider the following maximization problem with volume constraint
given in terms of prescription:

(20) max { F(A,—y(P), ..., A\p—n(P)) : P € Py, |P|=m},

where F : R¥ — R is nondecreasing and upper semicontinuous in each variable and such that, for
any variable ;, it holds

l_lgzlooF(fh . 75]{:) = —0Q.

&

On the other hand, ]3\67"() is not continuous, in general (see Remark 2.15), unless we add some
very restrictive hypotheses like convexity, but in this case Per(P) = H!(0P). For this reason, we

consider the constraint "]32;(13) < p" and we restrict our analysis to the maximization of the first
eigenvalue. We thus study the following problem

(21) max {X_,(P): P € Py, Per(P)<p}.
Our main result for 8 < 0 is the following.

Theorem 2.19. Problems (20) and (21) admit a solution in the class of generalized polygons.
Every optimal polygon P in (21) is union of simple polygons.
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3. POSITIVE BOUNDARY PARAMETER
We start this section with an important remark.

Remark 3.1 (Generalized eigenvalues of a cracked set are actually eigenvalues). Following the
approach of |13] (see also [16]| for analogous results in any dimension), we get that the A g(P) are
actually eigenvalues of the elliptic operator defined by the bilinear form

Es(u,v) = / Vu-Vvdx+ [u+v+ + u_v_] dH', wu,ve HY(P).
P op

Clearly, the latter definition coincides with (2) when P is a simple polygon. The minimum in the

Courant-Fischer formula is thus attained, namely

22 Ai.g(P) = mi R ,

(22) k,p(P) = min i p(u)

where Rpg(u) is defined in (7). This fact allows us to test the Rayleigh quotient with actual

eigenfunctions.

Remark 3.2. If P is a connected generalized polygon and u € HY(P) is a positive eigenfunction
for X1 g(P) for some 8 > 0, then there exists a > 0 such that u > o, see [12, Theorem 1].

An important result is the following adaptation to our context of [16, Theorem 3.15].

Theorem 3.3 (Boundedness of the eigenfunctions). Let P € Py. Then, there exists a positive
constant C, depending only on |P| and 3, such that for every L?-normalized eigenfuction w € H'(P)
for Xng(P) > 0 it holds

(23) lulloe < CAnp(P)?.

A consequence of the previous result is that, given a sequence of generalized polygons P, such that
|P,| = m and sup A, g(P,) < 400, their L2-normalized eigenfuctions u,, € H'(P,) are uniformly
bounded in L.

In order to count the sides of the optimal polygons, we adapt a cutting technique used in [15].
There, the author proved that optimal convex shapes for a class of Robin spectral functionals are
C'; the technique exploits an argument by contradiction addressed to remove possible corners. In
the present framework, we cut a generalized polygon near the vertex of a convex corner to show
that increasing the number of sides (within the prescribed constraint) decreases the value of the
functional. Aiming at cutting a convex corner of the polygon P, if there is such a corner with
both sides of multiplicity one, we argue on that corner. If all the convex corners have a side of
multiplicity two, we cut the corner only on one side as follows.

For definiteness, assume that g = 0 is the vertex of a convex corner of the polygon P and that
the segment ¢,, vertexed at zy has double multiplicity. Assume also that P lies in the half-plane
{z2 < 0} and apply the technique only on one side of the segment, say on

Pnay=Pn{z- v, >0},
where vy, s one of the normal unit vectors to £5,. Accordingly, we define the following sets:
(24) me:=PnNayn{xe>—c}, P.:=P\mg, 0o :=PNayn{zy=—c}, s.:=0m.\o..

Notice that

max dist(x, o) = dist(0,0.) = €.
TEMe
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o

FIGURE 4. In the polygon P all convex corners are determined by self-intersected
sides; choosing the vertex z( as above, without loss of generality, we can argue only
on PNay or PNa_.

FIGURE 5. The cutting procedure of P

Lemma 3.4. Let P € Py. Then, there exist ¢g > 0 and C = C(P,3) > 0 such that for every
0 < e < eg, we have

(25) M g(P.) < Apg(P) — Ce.

Proof. Let us assume that P is connected. We start observing that both H!(o.) and H!(s.) are
infinitesimal of order ¢, hence |m.| = eH!(0.)/2 is infinitesimal of order ¢? as ¢ — 0. Moreover,
since the m. are triangles and the o. are parallel, there exists a constant C; > 1, depending only
on P, such that

(26) Hl(s.) = C1H (02).
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Let us compare A\ g(P:) with A; g(P). Let us consider u € H'(P) an L?(P)-normalized eigen-
function for A\ g(P) positively bounded away from zero (see Remark 3.2) and denote by u. its
restriction to P. extended by zero outside P.. We have that u. € H'(P.) is a test function for
A1 5(P:) and it holds

)+

(ug)™ =wu, (ue)” =0 ono;

(u)t =ut, (u)” =0 on OP.\ o..

‘We thus have

\Vue|? do + ﬁ/ ((u)? + (uz)?) dH?

/ |Vul|? dm+ﬂ/ (™) + (u™)?) d”H1+ﬂ/ u? dH' —ﬂ/ (u™)? ar!
(27) <2F i = =
1 —/ u? dx

< [Xlﬂ(P)Jrﬁ/g u® dH? —5/8 (u™)? d”Hl} (1+2/m u? da:)
<A g(P)+p (/ u® dH! —/8 (u™)? d%1> + Cae?

g

for € small enough. We can consider the restriction of w on m. continuous on 7, since it solves
the mixed boundary value problem

Av+ A g(P)u=0 in m,
0

v +pv=0 on g
ov

v=1u on o,

(see [28]), so we can argue by continuity as in the Lipschitz case. To ease the readability, we denote
such solution on m. still by u. Let us fix § > 0, with (u(0) + §)? < C1(u(0) — §)2. There exists
go > 0 such that

0 <u(0) =6 <u(z) <u(0)+4
for every x € my,, since u(0) > 0. In particular, the trace u™ (z) of u for = € s, satisfies the above
estimate as well.
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Now, m, is decreasing in € with respect to inclusions, then we can choose gy small enough so
that P. satisfies (27). Combining the latter with (26) we get

Ag(Pe) < Mig(P) + B (H (02)(w(0) + 6)% — H' (se)(w(0) — 6)?) + Coc?
<M g(P) + BH (00) ((u(0) + )% — Cp(u(0) — 5)2) + Cye?
= A1,5(P) — BCse + Cae® < Xy g(P) — Ce,

where the last constant C' takes into account all the previous constants and depends only on the
domain P and on S.

The previous argument holds also if P is not connected: it is enough to apply it on a connected
component of P realizing A; 5(P). U

Higher order eigenvalues are considered in the following result.

Lemma 3.5. Let P € Py be connected. Then, for every h € N, h > 2,

(28) Ang(Pe) < Xng(P) + o(e).

Proof. Let {uy,...,un} C H'(P) be a L?-orthonormal system of h eigenfunctions associated with
M g(P), ..., A g(P) respectively and define S := span {u1,...,up}. Then, for € sufficiently small,
S. :=span{ui|p.,...,un|p.} is a test space for the variational characterization (8) of Ap g(P:). In

particular, we can consider on P test functions of the form Y/ | afu; with Z?:l (a)? = 1. This
in turn implies that, up to subsequences, of — «o; € [—1,1] and

h h
§ : € §
o u; — QUG
i=1 i=1

strongly in H'(P). Let us denote by (af5,...,a5) the h-tuple of coefficients that maximizes Rp, g
in S. with E?:l (6?)2 = 1 and by (@i,...,a,) the h-tuple of coefficients such that, for every
i=1,...,h, @ — @; (up to subsequences). For any ¢ > 0 sufficiently small, we can estimate
An.g(P:) using S. as a test space:

/ayzizafVuiQda:—i—ﬁ . [(;afui_f—i- <zz:afu;r)2] dH’
[ (o)
de+ 8 s [(;agu;)2+ (zl:afujf] aH!
1—/m (Zafui)de:
5/ (Za;‘uifcml —85/ (Zafu;fdm
— 1_/m (Zafz)2;x
gAhﬁ(P)w/% (Zau>2 n! _5/56 (Za?ui>2d%1+C’|ms|

_l’_
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where we have used that

S

Rpp (Z afuz') < max Rpg(v) = Anp(P).

Now, as highlighted at the beginning of Lemma 3.4, H'(c0.) and H!(s.) are both infinitesimal of
order € and |m,| is infinitesimal of order £ as ¢ — 0; moreover, a; —a; — 0. Then, summing and
subtracting the contribution of ), @;u; in the boundary integrals in (29), we get

/ (Z(a§ —a)ui + aiui)z dH?

7

(30) - / (Y@~ +aw;) an'

_ 2 2
<Anp(P)+f (/ (Zaiui) dH! —/ (Z@'UJ) d’H1> + o(e).
To conclude, we now consider two possible situations. If
2
(@) #o,

(where the pointwise value u;(0) is meant in the same sense as in Lemma 3.4) then, for any
sufficiently small €, we can proceed as in Lemma 3.4 and conclude that

[ (S [ (S o <o

Anyg(P) <Xnp(P)+

+ Ce?

On the other hand, if
2
<Zazul(0)) =0,

the uniform continuity of the eigenfunctions u; on m,. implies that ZZ @;u; has values close to
>, @ui(0) = 0 in m,, namely that

< d(e)

E QU
i

in m., where d(¢) — 0. Then, both boundary integrals are o(¢) as ¢ — 0. In both the possible
situations, (30) gives

A (P:) < Xng(P) + o(e).
0

Remark 3.6. Let us compare the results of the previous lemmas. In Lemma 3.4 we proved that,
after a small cut, the first eigenvalue decreases by a term of the same order as the perimeter. In
Lemma 3.5, we proved that a small cut could increase Ap, g (h > 2) at most by a term infinitesimal of
higher order than the perimeter. In other words, the possible increase of A g (h > 2) is infinitesimal
of higher order than the decrease of A1 g.

In the following proposition we prove that the number of sides of possible optimal generalized
polygons is maximal.
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Proposition 3.7. Let F : RF — R satisfy the hypotheses of Problems (17) and (18). For every
P € Py, there exists a generalized polygon P’ € Py such that |P'| < |P|, Per(P') < Per(P) and

F(Xl,ﬁ(P,>7 s 7Xk,B(P/)) < F(Xl,ﬁ(P)7 S 7Xk,,3(P))
In particular, no P € Py can be a minimizer for (17) or (18) in Py1.

Proof. The proof is based on an argument similar to that in the proof of [15, Theorem 5.3]. Consider
P € Py. For every € > 0 sufficiently small, the polygon P: defined in (24) has N +1 sides; moreover,
Lemma 3.4 and Lemma 3.5 imply that

(31) M(Pe) < Mip(P) = Ce and Mg g(P:) < Mg g(P) + ofe).

The hypotheses on F' lead to the first assertion, once we set P’ := P. € Py, for a suitable value
of € > 0. Indeed, a Taylor expansion gives

Fg(Pe)y.. oy e p(Pe)) =F(Ag(P), ..., A pg(P))
k
) #3 SE GusP Ks(P) - (B2 — R (P)
h=1

o (| = 3as P,y )

Now, using (31) yields

‘()\h,g(P ) )\hﬁ ‘ = \/ )\175 ) X175(P))2 + ...+ ()\k,ﬁ(Ps) — Xk,B(P))Q

g2 +o0(e)2 =+ o(e)

Plugging the latter in (32) and using again (31) on each term in the sum at the third line we finally
get

F(Xl,ﬁ(PE)v s 7Xk,/3(PE))
< PR (P T (P) = G- (Pl Rea(P) - (C2) + ofe)
= F(Xl’g(P), e ,Xk’g(P)) - C/E + O(E) < F(Xl’g(P), ce ,Xk’g(P)).

In particular, if we consider a generalized polygon P € Py C Pn,1, the corresponding generalized
polygon P’ (built as above) gives us a strictly lower value for Problem (17) in Py1, then P cannot
be a minimizer in Pyy1. O

In order to prove Main Theorem 2.18, we focus for the moment only on Problem (16), since
the generalized perimeter constraint in Problem (18) provides extra compactness. It seems that
removing the bounded design region hypothesis in the measure constrained case of Problem (17)
is not possible, since the detection of two disjoint polygonal components in the dichotomy case of
the concentration-compactness argument similar to those in [11, 16], could create extra sides more
than N. We first prove the existence of an optimal polygon for Xlﬁ.

Proposition 3.8. Problem (16) admits a solution. Any solution is a connected polygon with exactly
N sides.

Proof. Let us consider a minimizing sequence (P,), C Py for Problem (16). Without loss of
generality we can assume |P,| = m and A\ g(P,) < A for some A > 0. Since R? \ P, has a
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uniformly bounded number of connected components, we deduce from Remark 2.8(i) that there
exists P € Py such that

and locally in measure as well.

We claim that |P| = m. In order to do this, we apply a concentration-compactness argument to
the sequence (xp, )nen, Where xp, is the indicator function of P,. For every r > 0 let us consider
the monotone increasing functions ay, : [0, +00[— [0, 00|

an(r) := sup |P, NQr(y)l,
yERN

where @, (y) is the square centered at y with side . Up to a subsequence, in view of Helly’s selection
theorem, we may assume that
an = @ pointwise on [0, +00]

for a suitable monotone increasing function « : [0, +oo[— [0, +oo[. Only the three following situa-
tions may occur.

(a) Vanishing: lim,_, o a(r) = 0;

(b) Dichotomy: lim,_, 4+~ a(r) = & €]0, m[;

(c) Compactness: lim,_, oo a(r) = m.
Let us show that, for our problem, only situation (c¢) can occur.

Step 1: Vanishing cannot occur. Indeed, if it were the case, one would have for every r» > 0

(33) sup [P, N Qr(y)] — 0
yeRN

as n — +00. Let u,, be a L?-normalized eigenfunction of P,. The uniform estimate

/ |Vu,|? dz + B/ [(u;)Q + (u,‘f)ﬂ dH! <A,
Pa P,

induces the following
1
/ Vo, |* dx —i—/ [(uy)? + (uh)?] dH' < A (1 + —) :
P, oP, B

So, in view of Lemma 2.16, there exists y € R? such that
|IP,NQi(y)| >C VYneN

for some uniform constant C' > 0, in contradiction with (33).

Step 2: Dichotomy cannot occur. Let us assume that dichotomy occurs. Then there exists
& €]0,m] such that the following assertion holds true: we can find z,, € R? and 0 < 7, < Ry,
R, — r, — 400, such that we have

1Pn N @r(2n)] =& = 0, |[Pa\ @R, ()] = (m = )] =0,
with
H' (PN 0Qy, (z4) =0,  H'(PyNOQg,(zn)) — 0.
Now, let us define P, ; and P, as follows. If the "transition region" P, N (Qg, (zn) \ Qp, (7)) is
empty, we set P, 1 := P, NQy, (x,) and P, 2 := P, \ Qr, (z,). If not, let us consider the connected
components Ay, ..., Ay of the open set P, N (Qr, (zn) \ Qr, (7,)). Without loss of generality, we

can assume that 0A4; N0Q,, (z,)) and 0A; NOQR, (z,)) consist of only one segment each. We now
remove "channels" that connect plain parts as in Figure 3 below.
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an E QRn E
Pn,l I : Pn,2

FIGURE 6. P, is the generalized polygon with the black contour; P, 1 and P, 2 are
detected in color as in the picture.

More precisely, we take a connected component A; and analyze the adjacent connected polygons:
if both have measure tending to a positive number, then we remove A;, otherwise we keep it in.
Let us assume that such removed channels are Ay, ..., A;. We obtain a disconnected polygon

Dn =P\ |4

By construction, for every connected component D;,, of D,, it holds

(34) |Dj7n N Qr, (Tn)] — ¢ >0 = ’Dj,n \ Qr,, (7y)| =0
and
(35) [Djn \ Qr, (xn)| = ¢; >0 = [DjnNQy,(s) = 0.

We denote by P, 1 and P, 2 respectively the union of the connected components of D,, satisfying
(34) and (35).

Notice that both P, and P, 2 belong to Px. Indeed, for instance, P, 1 is obtained removing
from P, the [ channels and the [ adjacent connected polygons associated with P, 2; each discarded
component has uniformly nondegenerate measure. At each step, we remove the extra sides of
the connected component, that has at least three sides; notice that at least two of these sides lie
outside Q,, (z,,) (one side can be a long segment starting from Q,, (z,,) and so already counted in
the number of sides of P, ;). On the other hand, at each step we add at most one straight cutting
segment (cap) on the boundary of @, (x). So the total number of sides of P, is strictly lower
than N; the same holds for P, ».

Moreover, both polygons have positive measure. In particular |P, ;| — & and |P, 2| — m — a.
Furthermore

HY (OP,1 NOQR, (20)) — 0, H' (OP,2NIQR, (21)) — 0.

Let u,, be a L?-normalized eigenfunction of P,. By exploiting the elementary algebraic property of

positive fractions
a+b . {a b}
> Z Z
crd=""ea)>
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we can bound the Rayleigh quotient from below as follows (possibly switching P, ; and P, 2):

(36)
/ Vu,|? dz + ﬁ/ [(u;)Q + (u;{ﬂ dH*
Py OPp

Xl,ﬁ(Pn) = / 5
u,, dz

-1
:(/ u%dm—{—/ u%dm—%—/ uidz)
Pn,l Pn,2 n\(Pn,IUPn,Q)

(/ |Vun|2d:r+/ |Vun|2dx+/ Vun |2 dz + B () + ()?] dH
Pn,l

P2 n\(Pr,1UPx,2) OPn 1

+8 [ Q)+ ()] dH 4B [(un)? + (up)?] a3t
8Pn,2 aF’n\(F)n,lUPnQ)

[(ur)? + (uh)?] dH' — B

-1

)+ (7] cml)

5 /
8Pn,1ﬁ8Q,'n (In) 8Pn,208QRn (xn)

2(/ u%daz—{—/ u%daz—{—sn)
Pn,l Pn,?

(/ |V, |? de + 3 [(up)? + (uh)?] dH!
Pn,l 8Pn,1

+/ \Vun|? dz + 8 [(ur)? + (uh)?] dH' — 5n>
Pn,2 BP’VL,Q
[P dees [ ) ?) o
Pnl apnl
> , ,
/ u? dx—i—/ u? dx
Pn,l Pn,2
| vwldees [ ) w?) an
Pn2 8Pn2
’ : —0n | - (1—en)

/ u? dx + / u? dx
Pn,l Pn,2

Z (min {Epnylﬁg(un),an’gﬁ(un)} - 571) . (1 - 5n) Z (min {Xlzﬂ(anl)’leﬁ(anz)} - 5n) . (1 - 5n)
= (Mig(Par) = ) - (1 —20)

with e,,d, — 0. Now, let us consider the polygons

~ [ m
P,1:=4/—PFP,1
" |Pn,1| "

whose measure is m > | P, 1]. In view of (9) we have

m

2 s(P,1).
o 1,5(Pn)

M g(Pri) >
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Plugging in (36) we get

Ns(Py) > (,/mxw(ﬁn,l)—én) (A—en) > (/o inf  Ng(P)—dn |- (1—ep).
‘Pn,l |Pn,1| PePy,|P|I<m

Since P, is a minimizing sequence, passing to the limit as n — +o0o we get

Y < m _
inf Mg(P)= lim M g(P,) > [ inf M s(P),
PP PI<m 1,8(P) pm 1,8(Fn) & peppiem 1,8(P)

getting a contradiction since the infimum is positive and /Z > 1.

Step 3: Compactness. Since neither vanishing nor dichotomy occur, then compactness occurs.
So, the HY -limit generalized polygon P has measure m. This implies that P is bounded. Let us

loc

fix R > 0 such that P C Qr. Without loss of generality we can choose R large enough in such a
way that, up to subsequences

lim H'(P,NQg) =0, S [B\ Qr| = 0.

n—-+0o

Let us consider the sequence of open generalized polygons P, r := P, N Qr. Notice that, since the

number of sides of P, g is uniformly bounded and each side has maximal length V2R (the diagonal
of Qr), it holds
supH' (0P, r) < +o0.
n

Moreover, it holds that
Por 25 P and |P,g|— |P|

So, thanks to Theorem 2.13, H*(P, r) converges in the sense of Mosco to H!(P). Let us consider the
first L? (Py)-normalized eigenfunction u, of P, and denote by w, g its restriction to P, r extended
outside by zero. In view of the convergence in the sense of Mosco of H(P, r) to H'(P), there
exists u € H'(P) such that

Up,r — u strongly in L*(R?),
xp,Vun, r — xpVu weakly in L*(R%,R?)
and so
(37) /Pu2 dr = nEI-sI—loo . U?L,R dx, /P |Vu|? dz < 17%1_I>1_~1_Iolof /Pnﬂ Vi, g|* dz.
We recall that, in view of Theorem 3.3, ||up||oc < C for some positive constant C' independent of n
and R, so ||up rllcc < C as well. We can apply Lemma 2.17 in the open set Q r+1 with the sequences

of compact sets 0P, r. We consider a subsequence, not relabeled, u, p € H 1(@ Rr+1 \ 0P, r) such
that its L2-limit is v in view of the Mosco-convergence of the Sobolev spaces H'. It holds

|un, Bl 51 (Qrii\0Pa R) T+ /ap [(w)? + (u;)?] dH' < C
n,R

(the latter boundary integral being bounded thanks to the L uniform bound) and 9P is contained
in every Hausdorff limit of every converging subsequence of 0P, r. So, we get that (15) holds:

(38) /8 1+ (0] @ < T /8 ) () + (. )?] M.

n—+400

Notice that
apn,R: (QRQaPn)U(PnﬂaQR) CaPnU(anaQR)'
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We thus get
N(P) < [p|Vul? dz + 8 [p [(uh)? + (u™)?] dH?
’ [pu?dx
Jp NunglPdz+8 [y [(whp)? + (u, )?] dH!
< lim inf =2 "’g ’ ’
T (Va8 o [+ (0] 4+ 6 g [+ ()7
T n—4o0 1-— an\QR ui}R dx
.. X1,6’(Pn)+2ﬁHun”2 H! (anaQR) . ~ .

<1 f— - = lim Ay g(P,) =inf (16).
= oo 1~ [[un] 2| Po \ Q] oA A1,5(F) = inf (16)

We infer that P is a minimizer for Problem (16). O

We are now in a position to complete the proof our Main Theorem 2.18.

Proof. Let us start observing that in the case of problem (18) with perimeter constraint, the gen-
eralized perimeter constraint entails a uniform bound on the diameters. So there exists a compact
D such that every admissible polygon is contained in D. So, the proof follows the same pattern for
both problems (17) and (18) and we present it only once, for the volume constrained case.

Let us consider a minimizing sequence (P, ), for (17). Without loss of generality, we assume that

(39) Fip(P),... s hep(Pr) < _inf  F(g(P),..., A p(P)) + 1.
PePy,|P|I<m

Now, since P,, C D, there exists, up to a subsequence, a generalized polygon P € Py, P C D,
such that P, H®-converges to P.

It is immediate to see that P # (), using Lemma 2.16 as in the "vanishing cannot occur" case
of Lemma 3.8. Moreover, we also have that |P,| — |P| and sup H'(0P,) < +oo since P, has at
most N sides of length diam(D). This entails the convergence in the sense of Mosco of H(P,) to
H'(P), as well.

We now claim that

A < liminf X =1,...,k
(40) Nn(P) < liminf M g(P) Vh=1,... .k
To show it, we consider a L?(P,)-orthonormal set, say {ut,...,up}, where u;l is an eigenfunction

for A; 3(P,), and denote by V,, the h-dimensional subspace of H'(P,) generated. Since H'(P,)
converges to H'(P) in the sense of Mosco we conclude that, up to a further subsequence, for every
j=1,...,h there exist u; € H'(P) such that u? — uj strongly in L?*(R?) and xp, Vuj = xpVu;
weakly in L?(R?;R?). Let V be the h-dimensional vector space spanned by {ui,...,us} (in view
of the L2-convergence we can suppose the u;’s are linearly independent) and let us consider v :=
Z?zl aju; such that

Rpp(v) = max Rp,g(w).

Let us consider v, := Z?:l ajuf € V, and observe that v, — v strongly in L?(R?) and xp, Vv, —
xpVv weakly in L%(R?;R?). Thanks to the continuity of the volume integrals at the denominator

and to the lower semicontinuity of the gradient integral and of the boundary integral (obtained in
the same way as in Lemma 3.8), we obtain

Xh,ﬁ(P) § mg/(ﬁpﬁ(w) = Rp’g(v) S lim infﬁpn’g(vn)

n——+00
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< W {a e Forap) = Jmdul s,
i.e. (40). The hypotheses on F' immediately imply that P is a minimizer for Problem (17).

Finally, P has exactly N sides and |P| = m. Indeed, if it had less than N sides, say N — K sides,
we could apply K times Lemma 3.7 to P to obtain a polygon P’ with exactly N sides, |P'| < m
and

F()\lﬁ(P/), - ,)\k,g(P/)) < F()\Lg(P), ceey )\k’g(P)),

contradicting the minimality of P; the saturation of the volume constraint is assured thanks to the
decreasing monotonicity under dilations (9). We also deduce that no minimizer in Py can be a
minimizer in Py and this implies that the sequence of minima (my) is strictly decreasing.

In the same way we get the existence of a minimizer P for Problem (18) that saturates the
generalized perimeter constraint and the maximal number of sides V. O

Remark 3.9. One can reasonably ask whether Problem (17) can be rephrased removing the bounded
design region hypothesis. The technical problem is in the dichotomy case of the concentration-
compactness argument. Indeed, the cutting argument in Proposition 3.8 creates two disjoint polygons
Py, Py with at most N sides each, but their union could exceed N sides. For the first eigenvalue this
1s not a problem, since only one between Py and P realizes the minimum, the other polygon being
discarded. On the other hand, if k > 1, (10) implies that both disjoint parts should be taken into
account (deleting one of them we would contradict the minimality of their union); this would lead
to consider a minimal polygon that in general could have more than N sides, so not admissible.

As a corollary of the results of the section, the following problems
(41) min {F (A1 g(P),...,\ 8(P)) : P € Py, |P| <m, P convex},

(42) min { F(\ g(P),..., A\ 5(P)) : P € Py, H' (OP) < p, P convex}

admit a solution. Notice that, in view of the convexity hypotheses, it is not necessary to consider
also degenerate polygons. An existence result is obtainable as a corollary to Theorem 2.18.

Corollary 3.10. Problem (41) (respectively (42)) admits a solution with exactly N sides and with
maximal measure (respectively with mazimal boundary length).

Proof. The proof is a combination of Theorem 2.18 and of the preservation of the convexity con-
straint under H “-convergence. U

We conclude this section with some remarks about the model problems

min{)\lﬁ (P) : P union of simple polygons,

(43)

P has at most N sides, |P| < m},
min{F()\lﬁ(P), .« .s Ak,g(P)) : P union of simple polygons,
(44)
P has at most N sides, |P| < m,P C D}

and
min{F(/\lwg(P), .« sAk,g(P)) : P union of simple polygons,

(45)

P has at most N sides, H'(9P) < p, }

Indeed, in these case we are not allowed to apply the direct methods of the calculus of variation.
That is the reason why we focused our analysis of their generalized versions (16), (17) and (18),
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respectively. Nevertheless, an easy approximation argument shows that (16), (17) and (18) can be
seen as a sort of relaxation of (43), (44) and (45).

Proposition 3.11. For any P € Py admissible for Problem (16) (resp. (17) or (18)), there exists
a sequence of (Py,) admissible polygons for (43) (resp. (44) or (45)) such that
lim )\h,,B(Pn) = Xh,B(P) Vh € N,

n—-+00

lim F()‘I,B(Pn)w "7)‘7@,5(Pn)) = F(XLB(P)’ "7X/€,B(P))a

n—+o00
lim |P,|=|P| and lim H'(OP,) = Per(P).
n—-+o0o n—-+00

In particular the infima of problems (43), (44) and (45) respectively coincide with the minima of
problems (16), (17) and (18).

Proof. The proof is based on some simple observations. First of all, it is always possible to "detach
the cracks", i.e. to split sides with multiplicity two and obtain two sides of multiplicity one; this
new sides have Hausdorff distance as small as we wish from the original crack. In fact, if the crack
consists of only one segment [A, B] of multiplicity two, two situations can occur. If one vertex, say
B, belongs to the interior of P then it is sufficient to take as a new endpoint a point A, € OP not
lying on the same line as [A, B] and having exactly distance ¢ from A. The new polygon is obtained
replacing one of the two versions of [A, B] with [A., B]. Notice that we increase neither the area
(since we are taking a subset of P) nor the generalized perimeter (since in the triangle of vertices
A, B, A, we replace the two sides [A, B] and [A, A] with the third side [A., B]). If both vertices
A and B do not belong to the interior of P, we can still replace the side where [A, B] lies without
increasing either the volume or the generalized perimeter. In fact, if one of the intersecting sides
is a subset of the other, it is sufficient to replace the shortest one with a segment [A., B| obtained
intersecting P with a parallel line to [A, B] at distance e from the original segment; otherwise, it
is enough to move one vertex, A or B, on another side it belongs and away from the intersection,
giving a rotation around the fixed vertex that provides the required detachment. All the possible
situations are shown in Figure 5.

FI1GURE 7. Building P. starting from P

On the other hand, if a subset of 9P with multiplicity two consists of more consecutive segments,
it is enough to apply the previous argument a finite number of times, starting from the external
vertices and detaching one segment per time. Notice that in all cases, we do not increase the total
number of sides, see Figure 6, because every step of the procedure involves the detachment of sides
which had multiplicity two creating two disjoint sides.
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P

F1GURE 8. When a crack of P consists of more consecutive segments, we apply the
procedure several times

Considering now € = 1/n, we build a sequence of unions of simple polygons with at most N sides
such that

He . . . 1 =y .
P, — P, nll)r_{loo |P,| =|P| and ngr_i{loo% (0P,) = Per(P);

The claim is thus an immediate consequence of the continuity of the eigenvalues proved in [13,
Theorem 6.1, Theorem 6.2]. O

4. NEGATIVE BOUNDARY PARAMETER

In this section we consider the case § < 0 and set n := — > 0. We deal with the problem

Au+Au=0 in Q
(46) u _ nu = on Of).
ov

The existence result follows the same scheme as in [6]. Due to the pathologic behaviour of the
eigenvalues of shrinking sets, we are not able to discuss the optimization problem in the same
generality as for § > 0.

Remark 4.1. A reasonable question is why we do not consider the more general problems

(47) max { F(A,—y(P), ..., Ae—n(P)) : P € Py, |P| <m},
(48) max {F(A,_y(P),..., Ak —y(P)) : P € Py, Per(P) <p},

with F satisfying the same hypotheses as in Problem (20). Let us consider a simple polygon P € Py
of measure m and let us consider the family tP, which is decreasing as t | 0. By (5) we have

tH(OP) < n 2T 10+
2| P ty/m
In particular, we can deduce the asymptotic behaviour of A, —,(tP) using (11) and De L’Hoépital’s
rule; indeed one has
A,y (tP AN iy(P A —ty(P LN —ty(P L@op
i 2mP) o mden@®) o M) o) HAOP)

t—0+ 7 t—0+ 7 t—0+ t t—0+ 1 | P|

Xl,—n(tp) = A, (tP) < =7

So M\,—p(tP) ~ —nH;(g‘P) as t — 0. Now let us consider a nonequilateral triangle T € Pn and
use (13):

Aoy (tT 5o, —tn(T

lim 2+() = lim w = lim Ag,_4y(T) = pa(T) > 0.

t—0t = t—0t = t—0t
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S0 Ag,_n(tT) ~ 20 45t — OF. Taking

t2
F(§,8%) =6 +&

we have that the family tT is admissible for both Problems (47) and (48) for every N > 3 and it
holds

. . M (oP) M2(T)>
lim F(Ay —p, (tT), Ag—p(tT)) = 1 (- - oo
t_1>%I+ ( 1,—n ( ) 2, 77( )) t_l>r(§l+ n t‘P‘ + t2 00

So Problems (47) and (48) do not admit mazimum in general.

We now show that if A, _,(P) is not too small then the number of the connected components of
P and their diameter are bounded according to the size of A g(P), see |6, Proposition 14].

Proposition 4.2 (A priori bound on diameter and on the number of connected components). Let
N €N, P € Py, |Pl =m and let A > 0 be such that A\, g(P) > —A. Then P is union of M
equibounded connected components

P=P U...UPy,

with M < Z’f; + k and diam(P;) < D(m, B, k, A), i.e., the diameters of the connected components

are uniformly bounded.

We are now in a position to prove the main result of the section.

Theorem 4.3 (Existence of a maximal generalized polygon). Problems (20) and (21) admit solu-
tions in Py. Fach optimal polygon P is bounded and can be written as the union of at most

min { {N _ 1J mA; + k}
2 " 47?2
equibounded connected components, where A, > 0 is such that
F()\l,—n(EN)a e /\k,fn(EN)) > F(—A*, ceey —A*)

with En the regular N-agon saturating the constraint of the problem.

Proof. Let (P,) C Py be a maximizing sequence for F(A1_y(-),...,Ak,—p(-)). In view of the
hypotheses on F, we observe that any admissible polygon E such that A, _,(E) < —A, for every
h =1,...,k cannot be optimal. Then, it is not restrictive to assume that Xh,,n (P,) > — A, for every
h =1,...,k. By Proposition 4.2 we have that diam(P,) < D for some D independent of n. As a
consequence, since we are in the polygonal framework, we also have sup,,cyy H!1(0P,) < +00. Thanks
again to Proposition 4.2, we can write P, as union of M, equibounded connected components
Pl ..., PMn as follows:

) N —1| mA?
P,=Plu...uPM M, gmmHQJ o k:}
The bound on M, is given both by Proposition 4.2 and by the fact that we are dealing with polygons

with at most N sides, see Remark 2.8(iii). These facts entail the existence of P € Py such that
HC
P,, — P (up to subsequences). _ _

Now, it remains to prove that F(A; _y(:),...,Ap,—y(-)) is upper semicontinuous in Py with
respect to the Hconvergence. This has already been proved in |6, Proposition 18]; we report the
main points of the proof for the convenience of the reader.

Let us show that, for any h = 1,...,k, we have
(49) Ah,—y(P) > limsup Ay —p(Py);

n—-+o0o
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the upper semicontinuity of F' in each variable will give the thesis. Let us fix ¢ > 0 and let S be
an admissible vector space in the min-max formula (8) for A, _, (P) such that

(50) A,—n(P) = uggf\li%} Rp_y(u) —e.

Let {u;:j=1,...,h} be an L?(P)-orthonormal basis for S. Then, for every j = 1,...,h, there
exists vj € H 1(P,) such that, denoting by the same symbol the extension by zero of a function
outside its domain, v} — u; strongly in L?(R?) and Vo — Vu; strongly in L?(R%;R?). Now, since
{uy,...,up} is L?(P)-orthonormal and P, — P in L'(R?), we deduce that, for n € N sufficiently
large, {v7,...,v}'} can be chosen linearly independent in L?(P,). Let S, := span{v},...,v}; it
is an admissible subspace for the computation of Xh7—77(Pn)~ Let

h

n __ n,n

v —g ;v €S,
i=1

realize the maximum for the generalized Rayleigh quotient R on S,,:

max R(w) = R(v").

’LUESTL

n

Without loss of generality, we can assume Z?Zl(ozj )2 = 1. Then, up to subsequences, aj — a; in

R, with Z;”:l(aj)Q = 1. Setting

h
v = E AUy,
j=1

we have that v € S\ {0}, v" — v strongly in L?(R?) and Vv — Vv in L?(R?;R?). Using (50),
the continuity of the volume integrals and the lower semicontinuity of the boundary integral (see
Lemma 2.17), we have

limsup Ay, —p(Py) < limsup sup Rp, _,(w) < limsup Rp_,(v") + ¢

n—-+00 n—+o0o weSy n——+00
<Rp_,(v)+e< max Rp_ < Ap—n(P) +e.
< Rp—y(v) > ué%\?()} P—n(u) < Ap,—p(P)
Letting e — 0" we obtain (49); this concludes the proof. O

When we deal with the negative boundary parameter case, it has been seen in several situations
that the perimeter constraint turns out to be rather natural; see, for instance, |7, 17| where the
optimality and the stability of the ball for the first eigenvalue in the convex case is addressed. Even
in our framework, the (generalized) perimeter constraint gives some additional properties of the
optimal shapes. The following result gives a further property of the solutions of (21), whenever all
the eigenvalues involved in the functional are negative. This happens, for instance, if

F(xl,...,xk):xl

and the k-th eigenvalue of an optimal polygon P is negative. The condition Xk,_n(P ) < 0 is satisfied
if n is sufficiently large, more precisely if n > G (P), were 71 (P) is the k-th generalized Steklov
eigenvalue of P, see e.g. [9]. Notice that 71 (P) = 0 with eigenfunction given by the characteristic
function of P, and so the strict negativity of the first Robin eigenvalue for all n > 0 = 7;(P) is
coherent with the previous consideration.
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Proposition 4.4. For every polygon P € Py with Xk,,n(P) < 0, there exists a polygon P* € Py
which is a union of simple polygons, such that Per(P®) < Per(P) and

(51) Xh,—n(P.) = Xh,—n(P)'

In particular, every solution Py of Problem (21) is union of simple polygons and thus Xl,—n(Po) =
AM,—n(Po).

Proof. Let P be as in the statement. Let us denote by U the unbounded connected component of
R2\ P and consider

P*:=R?\U.

The set P°® is obtained from P by filling the holes and the fractures, see Figure 4. This construction
makes P*® a finite union of simple polygons; it is clear that P® has at most N sides and j;c:r(P') <
Per(P). If An,—n(P®) > 0, then (51) is immediate since Ap_,(P) < 0. Let us assume now

FIGURE 9. Construction of P*

that A, —,(P®) < 0. Now, we fix £ < [\, _,(P*)| and consider an h-dimensional subspace S =
span {uy,...,uy} of H'(P*) such that

A—y(P*)+e> max Rpe_,.
’ ai,...,ap €ER
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We claim that the space generated by the restrictions of wuq,...,up to P, still denoted by S, is
also an h-dimensional subspace of H'(P), so it is admissible to compute A, _,(P). Indeed, let us
assume, by contradiction, that the restrictions of u1,...,u, to P are linearly dependent, so there
exist @1,...,a € R an h-tuple of coefficients such that

h
Zajuj =0 on P.
Jj=1

It follows that both traces on 0P are zero, as well. Let us denote now by

h
V= Zdjuj e=s.
Jj=1

Then, in view of the linear independence in P*, © # 0 on P*\ P and it holds o = 0 on 9P* (in the
sense of the traces). As a consequence we get

Jpovp IVo|? dx

0
= fP-\P 0% dx

— RP',—T](’D) S méiXRP-’_n < Xh7_77(P.) + e< 0,

giving a contradiction.
Let us denote by af,...,a; € R an h-tuple of coefficients realizing the maximum of the Rayleigh
quotient relative to P in span{ui|p,...,ux|p}. Notice that, since P®* D P and 9P D dP*®, for any

¢ € HY(P*) it holds
/ |Vg0\2 dx > / |Vgp]2 dz, / g02 dx > / g02 dx,
Pe P pe P

/ [(*)? +(¢7)?] aH! </ ()2 + (p7)?] dH.
ope

oP

Moreover, since the involved Rayleigh quotients are negative, they are monotonically increasing
with respect to the volume integrals and monotonically decreasing with respect to the boundary
integral. Taking all these considerations into account we get

/. Zaivui le‘ﬁ/ . [(Zaiui)QJr <Zaiu;r)2] dH!
Ap,—n(P®) + € > " max . L or i . i
yees Oty /P. (Zz:a,uz) dzx
/P. >, de_n/aP- [(Zau)2+ (ZM*)QI ”
—\2
/P. (;azuz> dx
e, [(Se) s (S e
() a

/P ‘ ZOTiVUi
> i
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2 N2 2 L

/‘ZaiVui d:z:—n/ (Zaiui) —l—(Zaiui) dH
P opP Z Z
= max 3
sy 0p ER
Qag,...,ap / (Zazuz) dr
Py

> Ap,—n(P).

In view of the arbitrariness of ¢ > 0 we get (51) as required. O

5. FINAL REMARKS

It is interesting to see how the qualitative properties proved in Sections 3 and 4 are somehow
dual. Indeed, for § > 0, we are able to count the sides of an optimal generalized polygon, but not
to show that it is actually a polygon. Unfortunately, removing the possible fractures seems hard
in this framework, as we do not have any monotonicity with respect to inclusion, as in the case of
Dirichlet boundary conditions. Even with the perimeter constraint we cannot infer anything about
the convexity of the minimal polygons, differently to the cases in which a monotonicity holds; see
[5] for several examples or [14] for a recent application to a fourth order problem. On the other
hand, the case 5 < 0 allows to remove fractures or holes but not to count the size of the maximal

polygon.
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