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Abstract

These are notes of a short course I gave in SISSA in 2024 and have been written with
the intent to give a straight to the point presentation of some fundamental results about
measure theory on Polish spaces. Among others, they contain full proofs of some key
theorems, such as the disintegration and Kolmogorov’s ones, that in the literature are
often presented from a probabilistic perspective.

Hopefully, they will convince students that, all in all, the proofs of these crucial state-
ments fit in just a handful of pages, at least if one writes them with a sufficiently small
font.

The material collected here is very classical. For more on the topic and references I
shall refer to the beautiful textbooks [Bogl8] and [Dud02].
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1 Basic notions

An algebra on a set X is a collection of subsets containing X and stable by complementation
and finite unions and intersections. A o-algebra A is also stable by countable unions and
intersections. A measure on (X, .A) is a map p: A — [0, 4+00] such that () = 0 and

p(Undn) =Y p(A,)  for (A,) C A disjoint. (1.1)

Such measure is finite if ©(X) < +oo. A finite signed measure on (X, A)isamap p: A — R
such that u(0@) = 0 and (1.1) holds, where now it is part of the requirement the fact that the
right hand side is well defined as imy_o0 Y, < 5 (Ay). Notice that in this case the value of
the limit is independent on a reordering of the sequence, because the union U, A,, is so.

Theorem 1.1 (Hahn-Jordan). Let u be a finite signed measure on (X, A). Then we can
uniquely write it as p = pt — u~ where ut are finite measures concentrated on disjoint
subsets.

Proof. We say that B € A is positive if u(C) > 0 for any C C B, C € A. We claim that given A € A with
w(A) > 0 there is B C A positive with p(B) > p(A). To see this let Ag := A, t,, := infoca, p(C) and then
pick Cy, C Ap so that u(Cp) < max{—1, 2} and let Ay := A, \ Cy. Finally put B := A\ U,C,, and notice
that p(B) = p(A) — >, 1#1(Cn) > pu(A). Suppose B is not positive. Then there is C C B C A, for every n
with p(C) < 0. Thus t, < pu(C) per ogni n and therefore pu(Cp) < max{—1, %} Since the C’s are disjoint
we would get pu(UnCr) =3 u(Cr) = —oo, contradicting the fact that p takes values in R.

Now define recursively Po := 0, pn = supcx\p, , #(A), pick A, C X\ Pr_1 so that u(A,) > B
and use the above to find P, C A, positive with p(P,) > min{Z,1}. Put P := U,P,. We claim that if
A C N =X\ P, then u(A) < 0. Indeed, from > u(Pn) = p(P) < oo we see that > pn < oo, and if
u(A) > 0 the above argument produces P’ C A positive with u(P’) > u(A4) > 0 implying, as above, that

prn > min{l, %Pl)} for every n € N, giving the contradiction.

It is now clear that the formulas pu*(E) := u(E N P) and p~ (E) := —u(E \ P) define finite measures
satisfying the claim. For uniqueness, we observe that if 4 = v+ — v~ is another decomposition, then the
above argument show that v~ must be concentrated on N and v* on P, giving u(E) = vT(E) — v~ (E) =
vT(ENP)—v (E\P) for any E € A and the conclusion.

In particular, the above shows that any finite signed measure must be bounded, i.e. takes
value in some compact subinterval of R.

Given a finite signed measure p we define |u|(E) := ut(E) + = (E) for any £ € A. Tt
is clear that this is a non-negative measure. The total variation |u|tv of u is defined as
|| (X). It is clear that || ||Tv is a norm on the vector space M (X, A) of finite signed measures.

Proposition 1.2. The total variation is a complete norm on M(X,.A) and probability mea-
sures are a closed subset.

Proof. We have |u(E)| = |uT(E) — ™ (B)| < pT(E) + p~ () < pH(X) + p~ (X) = ||ullvv for every E, thus if
(tn) is || - [[rv-Cauchy we have |pn(E) — pim (E)| < ||tn — im||7v and thus n — p, (E) is also Cauchy for every
E and uniformly so in E, i.e. denoting by L(E) the limit we have that lim, supg |L(E) — pn(E)| = 0. We

claim that L is a measure. Clearly L() = 0 and we have finite additivity. For o-additivity pick (E,) disjoint
and pass to the limit first in n then in ¢ in the bound

| L(UnEn) = L(Unan En)| = [L(Un>n Bn)| < |1l (Un> v Bn) + sup [L(E) — pi(E)]

to deduce that limy, |L(UnEn) — L(Up<nErn)| = 0, i.e. that L is a measure. To see that it is the TV-limit of
(14n) notice that for suitable P, we have

1L = anlivy = (L = ) (Pa) = (L = ) (PE) < |(L = ) (Po)| + (L = p) (PE)] < 250D (L = ) (B)| = 0.

The fact that probability measures are closed is trivial. O



Let u, v be two measures on the same o-algebra. We say that u is absolutely continuous
with respect to v, and write y < v, provided v(E) = 0 implies u(E) = 0. We say that pu is
singular w.r.t. v, and write p L v, provided there is E with |u|[(F) = 0 and |v|(E) =0. A
measure is o-finite provided the underlying space can be decomposed in a countable collection
of sets having finite measure.

Theorem 1.3 (Radon-Nikodym). Let p,v be two o-finite measures on (X, A) with p <
v. Then p = fv for some non-negative A-measurable function f, called Radon-Nikodym
derivative and denoted 3—5

Proof. Decomposing X in sets where p,v are finite we can assume u(X),v(X) < oco. Let F := {g : X —
[0,400] : gis A-meas. and gv < p}, S = sup,cr [gdv and (gn) C F with [g,dv — S. Tt is clear that
fn = max{gi,...,gn} € F and, by monotone convergence, that f := sup, fn € F with S = [ fdv. We
claim that f is the required function, i.e. that p = fr. If not, since we know that fr < pu we must have
w(X) — fx fdv > ¢ for some ¢ > 0 and thus Theorem 1.1 and its proof gives the existence of a positive set
P e Afor p— fv with (u— fv)(P) > ¢. The positivity of P means that u(A) > [, f + c¢dv for every A C P,
i.e. that f + cxp € F, contradicting the maximality of f (because [ f+ cxpdv > [ fdv). O

Theorem 1.4 (Lebesgue decomposition). Let p,v be two measures on (X, A) with u being
o-finite. Then there are unique measures p, p~ with p® < v, p= L v and p = p + pt.

Proof. As before, we easily reduce to the case u(X) < oo. Let N :={N € A: v(N) =0}, m :=sup e #(N)
and (N,) C N with pu(Nn) = m. Put N := U,N, and notice that v(N) = 0 and u(N) = m. Also, the
formula p*(E) := u(E N N) defines a measure singular w.r.t. v. We claim that p® := yu — wh is absolutely
continuous w.r.t. v. If not, there is N’ € A with »(N') = 0 and 0 < p**(N’) = u(N’) —u(N'NN) = p(N'\ N)
contradicting the maximality of N (because p(N UN') = u(N) U u(N'\ N) > u(N)).

This proves existence. For uniqueness observe that if g = 1% + g+, then p* — % = gt — pt and the
two sides of this equality are mutually singular measures, forcing both to be zero. O



2 Identifying and constructing measures

A m-system on a set X is a non-empty collection of subsets stable by finite intersection.
A A-system (or Dyinkin system) on X is a non-empty collection A of subsets such that:

a) X € A,
b) if A, B € A are so that B C A, then A\ B € A,
c) if A, € A with and A,, C A4+ for every n € N, then U, A,, € A.

Theorem 2.1 (7 — X theorem). The smallest A-system containing a w-system P coincides
with the o-algebra generated by P.

Proof. One inclusion is obvious. For the other one, let D be the smallest A-system containing P and let
D1 C D be the set of those A € D such that ANC € D for every C € P. It is clear that D; is a A-system
(using (A\B)NC = (ANC)\ (BNC) and (Up,An)NC = U, (A, NC) and that it contains P (as this is stable
by intersection). Thus D1 = D.

Now let D2 C D be the set of those A € D such that ANC € D for every C € D. Since D; = D we have
P C D> and the same arguments just used show that D2 is a A-system. Hence Dy = D, i.e. D is stable by
finite intersection. Since it contains X and is stable by relative complement, it is also stable by finite union.
For here the conclusion easily follows using property (c) to improve finite unions to countable ones. O

Corollary 2.2. Let u,v be two finite measures on the same o-algebra. Assume that they
coincide on a w-system generating the o-algebra. Then they coincide on the whole o-algebra.

Proof. The collection of measurable sets F such that u(F) = v(E) contains the given m-system and is, trivially
from the definition of measure, a A-system. The conclusion follows from the above theorem. O

Let A be a collection of subsets of X and p : A — [0, 400] be arbitrary. Then we can define
an outer measure u* (i.e. a o-subadditive function defined on all subsets with p*(0) = 0)
by

p*(A) ;= inf { Z w(Ay) : (Ap) C Ais an at most countable cover of A.} (2.1)

It is clear that this is an outer measure and that if u(A) < > u(A,) whenever A, A, € A,
n € N, are so that A C U, A, then p*(A) = p(A) for every A € A.
Given an outer measure p*, a subset £ C X is called p*-measurable provided

PHNF) > i (FNE)+ " (F\E) VFCX.

Lemma 2.3 (Carathéodory’s criterion). The set B of p*-measurable sets is a o-algebra and
the restriction of u* to it a measure.

Proof. B contains the empty set and is stable by complement. Let (E,) C B and FE := U, E,. Given F we
have p*(F) > p*(F\ Eo) + p* (FN Ey) and also p*(F\ Eo) > u*(F\ (Eo U E1)) + u*((F\ Eo) N E1) therefore

p(F) Z @ (F\ (Eo U Ev)) + " (F 0V Eo) + p” ((F\ Eo) N Ex)

and thus by induction

n n

pH(F) > pt (F\ (Ui E:)) + > p* (F\ (UjZ0)Ey) N Ei) > p(F\ E) + > _ " (F\ (Uj=0)E;) N Ey)

i=0 =0
having used that F\ E C F\ Uy FE; for every n. Letting n — oo and using subadditivity we get
pH(E) 2 (FAE) + ) 0" (F\ (UZo)Ey) N E:) 2 " (F\ E) + " (F 0 E),

i€N



proving that F € B and thus that B is a o-algebra. To conclude, assume the E,’s are disjoint and pick
F = E = U, E, in the first inequality above to deduce that p*(E) > > p"(E;). Since the other inequality
holds by o-subadditivity, we are done. O

Proposition 2.4. Let A be an algebra on X and p : A — [0,1] finitely additive. Then
w extends to a measure on the o-algebra generated by A if and only if for any (A,) C A
decreasing with Ny Ay, = 0 we have p(4,) | 0.

Proof. Uniqueness follows from Corollary 2.2. For existence define the outer measure p* from p as in (2.1)
and notice that the assumption ensures that p(A) <3 u(An) whenever A, A,, € A with A C U, A, (because
En := A\ Ui<nA; is decreasing with N, E, = 0 and thus pu(A) — >, u(A:i) < p(En) — 0). As already
noticed, this implies u*(A) = p(A) for A € A. It thus remains to prove that sets in A are pu*-measurable.
This, however, is a trivial consequence of the additivity of u. Indeed, for given A € A, F C X arbitrary and
(An) C A cover of F' we have that (A, N A), (A, \ A) C A are cover of F N A and F \ A respectively and
D (An) =32, 1(An NVA) + pu(An \ A) 2 p"(FNA) + p"(F\ A). O

Proposition 2.5. Let u* be an outer measure on a metric space X that is additive on distant
sets (A, B C X are distant if infyca yepd(x,y) > 0). Then Borel sets are p*-measurable.

Proof. Tt suffices to prove that closed sets are measurable. Let thus C C X be closed and B C X arbitrary.
We want to prove that
p'(B) > p (BNE)+p"(B\ E)

thus we can assume p*(B) < co. Let B, := {z € B : d(z,C) € [n%rl, 11} and notice that B, and B2 are

distant, thus by additivity we deduce that >  p*(Ban) < p*(B) and > p* (Bant1) < p*(B) for every n.
Hence Y pu*(Bn) < oo and thus by o-subadditivity u* (Up>nBr) — 0 as N — co. Since B\ C = U, B, (here
we use that C is closed), from o-subadditivity we see that

p(BNC)+p" (B\C) < p (BNC) + p" (UnenBn) + 1" (Un>n Bn) < i (B) + 1" (Un>nBn),
having used that B and U, <y B,, are distant in the second inequality. Letting N — oo we conclude. O

Corollary 2.6. Let X be a metric space and i be a non-negative map defined on the open
sets. Then u extends to a Borel measure if and only if:

01) (C) < u(A) + p(B) whenever C C AU B,

02) u(AU B) > u(A) + u(B) if A, B are distant,

03) p(A) <limy, pu(A,) if A, T A (i.e. the sequence is non-decreasing and A = U, A,,).
Proof. The ‘only if’ is clear. For the ‘if’ we notice that (O1) and (03) imply that u(A) < 3, u(A) if A C
UnAnp, thus from the initial discussion we see that the outer measure u* induced by p coincides with y on the

open sets. Then, since distant sets are covered by distant open sets (trivially) we see that (O2) and subadditivity
imply that p* is additive on distant sets, hence the conclusion follows by the above proposition. O



3 Polish spaces

A Polish space is a topological space (X, 7) whose topology can be metrized by a complete
and separable distance. Fixing a distance, for which there is in general no canonical choice,
is not necessary for the results we are going to discuss, that are only linked to topology.

Proposition 3.1. Open and closed subsets of Polish spaces are Polish and so is the countable
product of Polish spaces. If X is Polish and A,, C X is Polish (with the induced topology) for
every n € N, then so is N, A,.

Proof. The claim for closed sets and products are obvious. For the intersection notice that the diagonal
(z,z,...) is a closed subset of the product I, A,. If U C X is open and d a complete and separable distance
on X inducing the topology, then dy (x,y) := d(x,y) + |d(z,0U) " —d(y,0U) '] is a complete and separable
distance on U inducing the subspace topology. O

Proposition 3.2. A subset Y of a Polish space X is Polish iff it is a countable intersection
of open sets.

Proof. The ‘if’ follows from the proposition above. For the ‘only if’ let d,dy be complete separable distances
on X,Y respectively and V,, C X be the union of all the open subsets W,, of X with dx-diameter < 27" so
that W, NY has dy-diameter < 27". We claim that Y = Yn (N»V4) and notice that this gives the conclusion.
The inclusion C is obvious. For D let z € Y N (N V) and for every n find W, as above, containing = and
contained in V;,. Since d-diameters go to 0, we know that there is at most an element of X belonging to all the
X-closures WX of the W,’s, and this element is z. Similarly, from the completeness of Y and the fact that the
dy-diameters go to 0 we know that there is an element y € Y belonging to the Y-closures W,, N Y c WX of
Wy, NY for every n. Thus x = y. (I

For X Polish we define Cj,(X) as the space of real valued, bounded and continuous func-
tions, equipped with the (complete) norm || f|| := sup | f|. The support supp(f) of a function
is the closure of {f # 0} C X.

Exercise 3.3. Prove that Cy,(X) is separable if and only if X is compact. |

Proposition 3.4. Let X be Polish. Then there is a countable collection D C Cy(X) such that
for any f € Cy(X) there is (gn) C D increasing so that f(x) = sup,, gn(x) for every x € X.

If d is a complete and separable distance inducing the topology on X, we can choose D so
that it only contains d-Lipschitz functions.

Proof. Let (z;) C X be countable and dense and D’ C C,(X) be the countable collection of functions of the
form (a —bd(-,z;)) Ve for a,b,c € Q and ¢ € N. It is easy to see that for any f € Cy(X), z € X and € > 0 there
ish €D sothat h < fonXand f(z) < h(z)+e. Then D:={h1V---Vhy,:n €N, g; € D'} does the job, as
for f € Cp(X) we enumerate as (hy,) the functions in D’ that are < f and then consider g, := h1V---Vh,. O

For X Polish we denote by M (X) the collection of finite signed Borel measures on X and
by P(X) € M(X) that of Borel probability measures.

Lemma 3.5. Let X be Polish and p € P(X). Then for every E C X Borel we have
w(E) =sup{u(C) : C C E closed} = inf{p(U) : E C U open}. (3.1)

Proof. Let A be the collection of Borel sets E for which (3.1) holds. Since open sets in X are countable union
of closed sets, A contains the open sets, so if we prove that it is a o-algebra we are done. It is clearly stable
by complementation, thus it suffices to prove that if (E,) C A then E := U,FE, is also in A. Let ¢ > 0
and then C,, C E, C U, with pu(E, \ Cpn),u(Un \ Ern) < 27". Then U := U,U, is open, contains E and
p(U\E) <>, uw(Un\ Ey) <e. Also, find N € N so that u(UnCr \Upn<nCr) < € and put C := Up<nyCrn C E.
Then C is closed and pu(E\ C) = p(E \ UnCh) + u(UnCr \ C) < 2e. O



4 The Riesz-Daniell-Stone theorem
Lemma 4.1. Let X be Polish and p € M(X). Then

ul(U) =sup{ [ fdu = feCp(X), |fIl<1 supp(f) CU} VU CX open.

and in particular
lpllrv =sup { [ fdu : feCy(X), f] <1} (4.1)

Proof. > is obvious. For < let P C X be a positive set of u with P¢ negative as in the proof of Theorem
1.1, € > 0 and then find closed sets C, D in U N P,U N P° respectively with ™ (U N P)\ C) < ¢ and
p(UNnPY\D) < e Let fo := (1 —nd(-,C)", gn := (1 —nd(-,D))" and then put h, := f, — gn
so that h, — Xc — Xp and ||hnllc < 1. By dominate convergence we get [h,du — pt(C) + p= (D) >
W (U) + pm (U) — 26 = | (U) — 2. O

To any p € M(X) we can associate the linear continuous functional L on Cy(X) given by

C(X)sf = L(f):=[fdp

and the above lemma ensures that the operator norm of L is ||u||Tv. The Riesz-Daniell-Stone
theorem tells which functionals arise this way. It can be thought of as a regularity theorem,
and in fact is the initial step in many structural results, as something that initially only acts
on continuous functions turns out to act also on Borel ones!.

Below we write ¢, | 0 to mean that ¢,+1 < ¢, for every n and ¢, (x) | 0 for every x € X.
Theorem 4.2. For L : Cy(X) — R be linear and continuous the following are equivalent:
i) L is tight, i.e. for every f € Cyp(X) and (¢n) C Cp(X) with ¢y, | 0 we have: L(fp,) — 0.

ii) The map m defined on open sets as m(U) := sup{L(f) : ||f|| < 1, supp(f) C U} is the
restriction to open sets of a finite Borel measure

ii1) L is induced by a finite signed Borel measure (.

If these hold then m = |u| and the operator norm of L is ||u|tv.

Proof. (i4i) = (i) holds by dominated convergence.

(2) = (i), We check that m satisfies (O1), (02), (03) of Corollary 2.6. For (O1) we take f with ||f]] <1
and support in C' and find (see below) ¢, ¢ € Cy(X) with support in A, B respectively, norm < 1 and with
@+ 1 =1 on supp(f). Then L(f) = L(fy) + L(f¢) < m(A) + m(B) and taking the sup in f we are done.
To find ¢, ¥ notice that there is a continuous function ¢’ [0, 1]-valued with support in A and identically 1 on
supp(f) \ B (pick % for Fy := A and F» := supp(f) \ B). Define symmetrically ¢’ and then put
pi= #/w/ and 1) 1= wa/w" both set to 0 where ¢’ + ¢’ = 0.

(O2) is obvious. For (O3) fix f with norm < 1 and support in A, then use the same construction as above
to find n : X — [0,1] with support in A equal to 1 on supp(f). Then for every n let (¢}) C Cy(X) so that
@k T Xa,. Then given an enumeration (n;, k;) of N2 put 1 := max;<; QOZJJ and notice that n — ny; | 0. By
tightness of L we get L(f) = L(fn) = lim; L(fny:) = lim; L(f;) < lim; m(A;), hence taking the sup in f we
are done.

(#1) = (4i1) We have m(X) = || L|jop < +00. We claim that

|[L(p)] <m({p #0}) provided ¢ € Cy(X) takes values in [—1, 1]. (4.2)

!This should be taken with a grain of salt: surely we know from Hahn-Banach theorem that any linear
continuous functional on Cy(X) can be extended in many ways to a functional on, say, bounded Borel functions.
Only one of these extensions will come out from the integral w.r.t. a measure, so we might think at Theorem
4.2 as a ‘regular selection’ result.



Indeed, given € > 0 arguing as above we can find € C(X) [0, 1]-valued identically 1 on {|¢| > 2¢} with
support in {[p| < e}. Then [nel < 1 and [[(1 — n)¢| < 2, hence [L(g)| < [L((1 = n)¢)| + [L(ne)| <
2¢||L|lop + m({¢ # 0}) and (4.2) follows.

Now let £ C X Borel, ¢ > 0 and find (recall Lemma 3.5) C C E C U with U open, C closed and
m(U\ C) <e. If p1,92 are 1 on C and 0 outside U, then by (4.2) we get |L(v1) — L(p2)| = |L(p1 — p2)| <
m({¢1 # p2}) < 2e. It follows that for C,, C E C U, with m(U, \ Cn) — 0 and corresponding sequence (¢n)
the limit u(E) of n — L(p,) exists and thus in particular is independent on the chosen sequence. We claim
that

|W(F) — w(E)| <m(F\E)  VEC F Borel. (4
To see this fix C C E C F C U and notice that we can take sequences (¢n), (¢n) as above defining p(E), p(
respectively so that all the functions are 1 on C and 0 outside U. Hence by (4.2) we get |u(F) — u(E)|
lim,, |L(¢n — pn)| < m(U\ C) and (4.3) follows. Now observe that y is, as trivial consequence of the definition,
additive on sets with disjoint closure. For general disjoint sets E1, Fa, for € > 0 we find (by xxx) closed sets
C; C E; with m(E;\C;) < e,i=1,2, and use (4.3) and the arbitrariness of € to conclude that u(E1)+ u(E2) =
u(E1U Es). To conclude that it is a measure it thus suffices to show that if (E,,) is an increasing sequence then
lim, pu(Ern) = p(E), where E := U, E,: this follows from (4.3) as |u(E) — p(Ui<n Ei)| < m(E \ Ui<n Es) = 0,
having used that m is a finite measure.

We now show that [ fdu = L(f) for any f € Cy(X). The key is that for ¢ : X — [0, 1] continuous we have

1L(p) = u({e > 0})] < m(p™1(0,1)). (4.4)

Indeed, let € > 0 and then ¢ € Cy(X) [0, 1]-valued, identically 1 on {¢ > e} and with support in {¢ > 0}.
Notice that L(y) — p({¢ > 0}) when ¢ | 0 (by definition of p) and that |L(¢) — L(¢)| = |L(¢ —¢)| < m({ep #
¥}) <m(p~1(0,1)) (by (4.2)), which proves the claim.
Since L(1) = u(X) = [1du, by linearity it suffices to prove the representation formula for f > 0. In
this case we prove that L(f) = [;° u({f > t})dt, which by Cavalieri’s formula is enough to conclude. Let
v := f Atand F(t) := L(ft). For h > 0 we have

3
F

=&

sup f _ sup f+h h
/0 wdt:%( /f " rwya— 0 F(t)dt) — F(sup(f)=L(f)  ashio,

having used that |F(t)] < ||fellllLllop < t||L|lop — 0 as t | 0. On the other hand the function W takes

values in [0, 1], thus (4.4) gives ’L(W) —u{f > t})’ <m({f € (t,t + h)}) and thus

sup f F(t+h) _ F(t) B sup(f) sup(f)
’/O e a /0 w({f > t})dt) 5/0 m({f € (t,t + h)})dt.

The conclusion follows noticing that the last term on the right goes to zero by dominated convergence.
The last claim now follows from Lemma 4.1 above. O

Lemma 4.3 (Dini). Let X be compact and (yp,) C C(X) be so that ¢, L 0. Then |py| — 0.

Proof. Say not. Then for some ¢ > 0 we can find z,, € X with ¢, (x,) > ¢ for all n € N. By compactness and
possibly passing to a subsequence we can assume that x, — x for some z € X. For every m € N, since ¢ > ¢n
for n > m, we have ¢, (z) = limy, ©m(zn) > lim, @, (zn) > & contradicting the assumption ., (z) | 0. O

Corollary 4.4. Let X be a compact metric space. Then the map M(X) > p— (f — [ fdu)
is a bijective isometric isomorphism of (M(X), | - [[Tv) and the Banach dual C(X)* of C(X).

Proof. Consequence of Theorem 4.2, as by Dini’s lemma every L € C'(X)* is tight as in (¢) of Theorem 4.2. [

Remark 4.5. The Riesz theorem is often stated for positive operators (i.e. sending non-negative functions
to non-negative reals): these are automatically bounded as for f > 0 the monotonicity gives L(f) < L(1]|f]]) <
IfIIL(1), and writing a generic f as sum of its positive and negative parts we easily get |L(f)| < ||f||L(1). A
generic linear bounded operator L : Cy(X) — R can be decomposed in its positive and negative parts via the
Riesz-Kantorovich formulas:

LT(f) :=supgcyc; Llg)  and L7 (f):=infocy<s L(g) Vf>o.

It is easy to check that ||LF||op < ||L|jop. It is not clear to me whether tightness of L directly implies that of

L* (after Riesz theorem as stated above this is obvious) |



5 Weak topology

Let X be a Polish space. The weak (or narrow, or vague topology) topology on P(X) is the
weakest making p — [ f dp continuous for every f € Cp(X).
Notice that for D C Cp(X) as in Proposition 3.4 we have

The weak topology is the weakest making p — [ g dp continuous for every g € D.  (5.1)

Indeed, from Proposition 3.4 and monotone convergence we see that [ f du = supyep ,< ¢ [ gdp.
This proves that if 41— [ gdu is continuous for every g € D, then p+— [ fdp is lower semi-
continuous for every f € D and replacing f with —f we get continuity.

We shall write p,, — p to intend that (u,) converges to p in the weak topology.

Fix a complete and separable distance d on X. The Levy-Prokhorov distance is:

Dip(p,v) :==1inf{r > 0: u(A) <v(A") +r and v(A) < u(A") + r for every A C X Borel},

where A" := {z : d(x, A) < r} is the r-neighbourhood of A. It is easy to check that Dip is
indeed a distance. It clearly depends on d, but the topology it induces does not:

Theorem 5.1. The distance D p is separable and induces the weak topology on P(X).

Proof. Let f: X — RT be 1-Lipschitz (w.r.t. d) and bounded. Put S := sup f and notice that for any ¢,r > 0
we have {f < c¢}" C {f <c+r}. Thus if Dip(p,v) < r we have

s s s
/fdl/:/ V({f<c})dc§/ w{f < c}r)—&—rdcg/ w{f < c+7"})+7’dc§7‘(1+5)+/fdu,

0 0 0
from which it easily follows that Dip(ptn, ) — O implies [ fdun — [ fdp and thus, easily from (5.1), that
fin = fu.

Conversely, fix y € P(X) and r > 0: we will prove that there is a weak neighbourhood U of p contained
in the Dip-ball B of radius 5r centred in pu.

Notice that for any E C X Borel the function f := max{0,1—2r"d(-, E)} € Cy(X) satisfies Xz < f < Xzr,
hence there is a neighbourhood U (F) of u such that u(E")+r > v(E) and v(E")+r > u(E) for every v € U(E).
Now let (z;) C X be countable and dense and notice that since 1 = p(X) = limy p(Un<nBr(zi)) thereis N € N
such that for F' := U;< v Br(z;) we have u(X \ F) < r. For every J C {1,...,N} let Ej := U;cyBar(2:) and
then define U :=U(X\ F") N (NJU(Es)). We claim that U C B. To see this, let A C X be arbitrary Borel, let
J:={i: By(z;) N A# (0} and notice that A C (X\ F")U Es and E} C A®", thus

wA) <7+ p(BEy) < 2r+v(E)) < 2r +v(A°) Yvelu.
Noticing that (X \ F")" C X\ F' we also have
v(A) <v(X\F') +v(Es) <2r+ p(X\ F) + p(E)) <3r+p(A°)  Wwel,

concluding the proof that U C B.

For separability we claim that the collection of probability measures of the form 3 i<N 00z, with (z;) c X
fixed dense set and (a;) C Q is Dip-dense. But this is clear, as given p € P(X) and € > 0 we can find, as
above, N € N so that u(U;<nB:(z;)) > 1—¢. Then picking «; € Q sufficiently close to p(Be(x;) \Uj<iBe(z;))
and putting v := >, _\ @iz, it is easy to see that Dip(u,v) < e. O

We say that £ C P(X) is tight if for every ¢ > 0 there is K C X compact such that
w(X\ K) < ¢ for every pu € K.

Theorem 5.2 (Prokhorov). K C P(X) is weakly relatively compact if and only if it is tight.



Proof. We know from the above that the weak topology is metrizable, hence (relative) compactness is equivalent
to (relative) sequential compactness. For the ‘if’ we can thus assume to have a tight sequence (u») and aim to
prove that is has a weakly converging subsequence. For every i € N let K; C X be compact with p, (X\ K;) < %
for every n € N. For fixed i, the restrictions p, K, of the u,’s to K, are bounded in total variation and thus
by Corollary 4.4 and Banach-Alaoglu admit a weakly converging subsequence. With a diagonal argument we
can pass to a non-relabeled subsequence and assume that for every i we have fin|g, = Vi (in duality with
C(Kj5), in particular [ fdv; = lim, fKi fdpn) for some v; € M(K;) C M(X). From the trivial identity
XK, — Xr; = Xx\k; — Xx\k; we see that | [ fd(vi —v;)| <lim, [[fl[Xx\x; — Xx\x; | dpn < £11(3 + %) that
by (4.1) shows that (v;) is || - ||[rv-Cauchy and thus, by Proposition 1.2, admits a limit v.
We claim that p, — v, that would prove relative weak compactness of the u,’s. Indeed we have

T | [ 70— )| < IAI0 = vllrw + 3) 4 Tom | [ 705 = o, )| = 1010 = vy +3) ¥F € Cox)

and letting ¢ — oo we conclude.

Conversely, using again that the weak topology is metrizable it suffices to show that if u, — p, then (un)
is tight. Let (x;) C X be countable and dense and fix e > 0. For every m € N put &, := 27 ™¢ and find
M., € N so that for Cy, := Ui<m,, Be,, (z;) we have u(Cp,) > 1 — €,,. Recalling that Dip(pn, ) — 0 we see
that there is Ny, € N so that pn(Crm) > 1 — 2e,, for every n > N,,. We now increase M,, to ensure that
pn(Cm) > 1 —ep, holds also for n < N, (thus we have u,(Cym) > 1 — 2e,, for every n,m). Finally we define
K := N, Cr™ and notice that this is closed and totally bounded, hence compact. Also, for every n we have
pn(X\K) <3, un(X\ C5m) <3, 2'7™e < 4e, proving the desired tightness. O

Corollary 5.3 (Ulam’s theorem). Any p € P(X) is concentrated on a countable union of
compact sets.

Proof. The singleton {u} is compact (w.r.t. any topology) hence tight by Prokhorov’s theorem. O

Corollary 5.4. Let p € P(X). Then for every Borel set E C X we have
w(E) =sup{u(K) : K CE compact} =inf{u(U) : ECU open}.

Proof. The formula with open sets has been proved in Lemma 3.5. For that about compact sets, let K, C X
be compact with u(X\ K,,) — 0 (use Ulam’s theorem) and, given E, let C,, C F be closed with u(E\ C,) — 0.
Then C, N K, C E is compact for every n and p(E \ (Cr N Ky)) < p(E\ Crn) + p(X\ Kpn) — 0. O

Proposition 5.5. The Levy-Prokhorov distance Dy p on P(X) is complete. In particular,
P(X) with the weak topology is Polish.

Proof. Let (un) C P(X) be Dip-Cauchy. By Theorems 5.2 and 5.1 it suffices to prove that it is tight. Fix
¢ > 0 and for every n € N let €, := 27 "¢ and find N,, € N so that SUD,,> N, Dip(ptin, tm) < €n. Also, use the
tightness of the finite set {u1,...,un, } to find K,, C X compact so that i, (K,) > 1 — &, for every m < N,,.
By definition of D p and the choice of N, we also have p,,(K;"*) > 1 — 2e, for every m > N,.

Then, as before, we notice that K := N, K" is compact (being closed and totally bounded) and pim (X '\
K) <> mum(X\K;) <23 27" =4e for every m € N and the tightness follows. O

Remark 5.6. One could, and often does, define the weak topology on M(X) in the very same manner. It
is clear from (4.1) that on M(X) such topology is still Hausdorff and from (5.1) that it has a countable base
(exercise).

Still, in general the weak topology on M(X) is not metrizable, not even if we restrict the attention to
measures with some given bound on the mass. To see why, consider X := N with the discrete, Polish, topology
and notice that in this case M(X) = ¢! and Cy(X) 2 £°°, so that the weak topology on M(X) is in fact the
weak topology on £'. The key fact to notice is that a sequence in £* weakly converges if and only if it strongly

converges (this is Schur’s lemma, see also Lemma 10.1). Thus if the weak topology were metrizable on, say,

the close unit ball B;(0) in M(X), then the weak and strong topologies would agree (because on metric spaces
converging sequences characterize the topology). However, the two topologies are not the same, because the
strong topology has open sets contained in By /3(0), while every weakly open set must intersect the unit sphere

{llullrv = 1}. u
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6 Disintegration theorem

Let X,Y be Polish spaces. A map y +— p, € P(X) is said to be weakly Borel if it is Borel
whenever we endow the target space with the weak topology, i.e. if it is measurable w.r.t. the
Borel o-algebra on Y and the o-algebra generated by the weak topology on P(X).

Lemma 6.1. Let X,Y be Polish andy — p,, € P(X) given. Then the following are equivalent:
i) the map is weakly Borel,
it) For every p € Cy(X) the map y — [ ¢ du, € R is Borel,
i) For every E C X Borel the map y — py(E) € [0,1] is Borel,

w) For every f: X — [0, +00] Borel the map y — [ fdu, € [0,+00] is Borel.

Proof. (iii) < (iv) is trivial and so are (i) = (4¢) and (iv) = (i4). For (i¢) = (i44) we notice that for U C X
open the functions ¢, := (nd(-,U°)) A1l € Cy(X) monotonically converge to Xy, thus by monotone convergence
it follows that p,(U) = sup,, [ ¢n dpy for every y, showing that y — p,(U) is Borel. The class of Borel sets
E C X such that y — puy(F) is Borel is easily seen to be a A-system, and since it contains the 7-system of
open sets, by the m — A theorem it coincides with the Borel o-algebra.

For (i4) = (i) we notice that the open sets generated by the maps y — [¢du, for ¢ € Cp(X) are a
subbase of the weak topology and since such topology is separable, every weakly open set is the countable
union of finite intersections of open sets in this subbase (alternatively, use a countable collection of ¢’s as in
(5.1)). This is enough to conclude. O

Theorem 6.2. Let X,Y be Polish, p € P(X), T : X — Y Borel and let v := Typ (i.e.
v(E) = w(T~Y(F)) for every F CY Borel). Then there is a weakly Borel map y + p, € P(X)
such that:

1) py is concentrated on T (y) for v-a.c. y,

2) For any ¢ € Cp(X) we have

/wdu:/</¢duy) dv(y) (6.1)

If y — [iy has the same properties, then p, = fiy for v-a.e. y. Also, for any such (p,) formula
(6.1) also holds for any ¢ : X — [0, 400] Borel.

Proof.

Final statement. By monotone convergence we see that the class of ’s for which (6.1) holds is closed by the
operation of pointwise supremum of an increasing sequence. Thus, by the approximation also used in the above
lemma, such class contains the characteristic functions of open sets. Then, again as above, we notice that the
collection of Borel sets E such that for ¢ := Xg formula (6.1) holds is a A-system: since it contains the open
sets it coincides with the whole Borel o-algebra. Then by linearity we see that if ¢ Borel only attains a finite
number of values, then (6.1) holds. A final monotone approximation yields the claim for general non-negative
Borel functions.

Uniqueness. Let £ C X and F' C Y be Borel. Then by what just proved we can pick ¢ := XgXp-1(p) in
(6.1) written with both (i) and (fi:) to deduce, taking into account also property (1), that [, py(E)dv(y) =
[ iy (E) dv(y). Being this true for any Borel ' C Y we can deduce that pu, (E) = fi, (E) for every y € Y\N(E),
with N(E) C Y Borel and v-negligible. Let then A be a countable algebra on X generating the Borel o-algebra
(e.g. the algebra generated by a countable base of open sets) and notice that N := UgecaN(E) is Borel and
v-negligible and that for every y € Y \ N we have u,(E) = jiy(F) for every E € A. By Corollary 2.2 this
suffices to conclude that py = fiy for every y € Y \ N.
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Existence As before, let A be a countable algebra on X generating the Borel o-algebra. For each F € A
choose an increasing sequence of compact sets K, C E with p(K;) 1 u(E) and then let A be the algebra,
still countable, generated by A and these compact sets. For each E € A we obviously have 0 < Xgpu < u
and thus the Radon-Nikodym derivative %)SE“)) admits a Borel representative p(E)(-) : Y — [0,1]. By the
very definition of Borel representative and the fact that A is countable we see that there is N C Y Borel and

v-negligible such that for every y € Y \ N we have:

a) p(0)(y) =0 and p(X)(y) = 1 (because Xpu = 0 and Xxp = p)

b) p(E)(y) + p(F)(y) = p(E + F)(y) if ENF =0 (because Xpp + Xrp = Xpurp if ENF =0)

¢) For any E € A and the previously chosen sequence (K,) C A associated to E we have p(K,)(y) 1

p(E)(y) (because Xk, 1 < Xpp for every n and pu(Kyn) T u(E)).

We claim that for any y € Y \ N the map A 3— pg(y) € [0,1] is the restriction to A of a Borel probability
measure. According to Proposition 2.4, given (a), (b) above to prove this it suffices to prove that if (E,) C A
is decreasing with N, E, = 0, then pg, (y) J 0. Say not. Then using (¢) we can find compact sets K, C E,
with 3 pe.\x, (¥) < e. It follows that for every n € N we have

P(Ni<nK3)(y) = p(En)(y) — p(Ui<n Bn \ Ki)(y) > € — p(Ui<n B \ Ki)(y) >0

and in particular (by (a)) we have Ni<,K; # 0 for any n € N. Being the K,’s compact, this implies that
NienKi # 0, contradicting the fact that K,, C E, and N, E, = 0.

Thus for y € Y \ N the map A 35— pg(y) € [0,1] is indeed the restriction to A of a Borel probability (by
(a)) measure, that we shall denote u,. For y € N we set p, := 0z, where T € X is some arbitrarily chosen
point. Since for any E € A Borel the map y — p(E)(y) is Borel, it is easy to see that also y — py(E) is Borel.
Since the class of Borel sets F for which y — uy(E) is Borel is, quite clearly, a A-system, and A generates the
Borel o-algebra, we see that y — py(E) is Borel for any £ C X Borel, which by the above lemma proves that
Yy > fby is weakly Borel.

For any E € A we have [, (E)dv(y) = [p(E)(y)dv(y) = f%)f’f“)dy = [1dT%(Xep) = [ Xedy,
proving that formula (6.1) holds for ¢ := Xg. Then again an approximation argument, based first on the
m — A-theorem to extend the above to all Borel sets, then linearity and uniform density of simple functions,
shows that (6.1) holds for any bounded and Borel functions, and in particular for ¢ € Cy(X).

It remains to prove that p, is concentrated on T~ (y) for v-a.e. y. To see this recall that for E € A the
identity py(E) = %ﬁf‘;“)(y) holds for v-a.e. y € Y, and since the collection of sets with this property is
clearly a A-system, by the m — A-theorem we see that this holds for general Borel sets E. In particular, this
is true for E := T~ '(F) for F C Y Borel and recalling the identity T.(f o Tu) = fTwp (that can be checked
directly from the definition) we see that p, (T~ (F)) = X#(y) holds for v-a.e. y for all ' C Y Borel. Let B be
a countable base of the topology of Y. Then there is a v-negligible Borel set N C Y such that for any y € Y\ N
we have p, (T™H(F)) = Xr(y) for any F € B. Fix y € Y\ N and find a decreasing sequence (F,,) C B with
NnFy = {y}: then we have p, (T~ (y)) = lim, py (T~ (F,)) = 1, proving the claim. O

Remark 6.3 (Variants).

- The statements holds, with trivial modifications to the proof, even if the measure p is only o-finite,
provided v = T, is o-finite as well.

- The Polish structure on Y played no role: we only used that its o-algebra is countably generated and
contains the singletons.

- In probability theory the disintegration theorem is often used to speak about conditional expectations.
In this case, rather than having a map between two spaces one typically has two different o-algebras
on the same space, one included in the other, with a measure given on the biggest one. The smallest
one, that ‘does not distinguish all the events’ so to say, is the one on which we want to condition our
expectation. In the language of the theorem as we stated it, the biggest o-algebra would be the Borel
o-algebra on X and the smallest one that generated by sets of the form T *(E) for E C Y Borel.

- In some instances, rather than giving a target set Y and a map, one is only given an equivalence relation
on X (or, which is the same, a partition of X) and takes Y as the quotient space and T as the quotient
map. In this scenario the required regularity properties of Y and T are read through properties of the
equivalence relation, such as, for instance, the existence of a Borel subset of X meeting each equivalence
class precisely once. |

Exercise 6.4. Let X be Polish and u € P(X). Prove that {v € P(X) : v < u} is weakly Borel. [
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7 Kolmogorov’s theorem

Let I be an infinite set of indexes (not necessarily countable) and for each i € I let X; be a
Polish space. Consider the product space X := Il;c;X; equipped with the product topology
(always Polish if I is countable, not necessarily so otherwise). For F' C I not empty put
Xp = IierpX; and for 7 C Fy C I let Pr% : X, = X[, be the natural projection. Let
1 € P(X) and define pp := (Prk),u for any ) # F C I. Since Pr% oPrfT2 = PrfTl for Fy C F»
we see that

(Pri2)spim, =pr,  YO#F CFC L (7.1)

Now assume that for any non-empty finite set F' C I we are given up € P(Xp) and we
ask whether there is u € P(X) such that pp = (Prk).u for any such F. Clearly, the above
relation (7.1) is a necessary condition. Kolmogorov’s theorem ensures it is sufficient as well:

Theorem 7.1. With the above notation and assumption, assume that for every non-empty
0 # F C I finite we are given up € P(Xp) so that the compatibility relation (7.1) holds for
Fl, F2 ﬁnite.

Then there is a unique u € P(X) such that ur = (Prk).u holds for any such F.

Proof. Let A be the collection of subsets of X of the form (Prk)™'(B) for some F C I finite and B C Xp
Borel. Then, clearly, A is an algebra that generates the Borel o-algebra on X. The requirement ur = (Prr).pu
forces p((Prk)~"(B)) to be equal to ur(B), so that uniqueness follows from Proposition 2.4. For existence we
start defining 4 on A as above. Then to conclude again by Proposition 2.4 it suffices to prove that if (A4,) C A
is a decreasing sequence with N, A, = (), then u(A,) — 0.

Say not i.e. that u(A,) > ¢ > 0 for every n and some . Then there are finite subsets F;, of I and
B,, C XF, Borel such that A, = (Pr}n)fl(Bn) for every n. Replacing F, with U;<, F; we can assume (Fy) to
be increasing. Then by inner regularity we can find compact sets K, C B, such that > pur, (Bn \ Kn) < .
Put for brevity Py, = Pr?ﬁl for every m < n and let C,, := ﬂignP;il(Ki). Since K, is compact and P;}(Ki)
closed, we see that C,, C Xp, is compact. Since B, C P;}(B;) for i < n (because A, C A;) by (7.1) we get

OB \PLI(KD)) 2e =) ur(Bi\Ki) >0

(3

1, (Cn) = i, (Br) = (B \ Cn) > € =, (U,

proving that C,, # 0. We claim that
Pin(Ci) C Pimn(Cm) Vk>m>n (7.2)

and notice that to prove this it suffices to show that Pg,,(Cx) C Cy,. In turn, this follows from P,;nll (Cm) =
Ni<m P (Po1(K;)) = NicmPr (Ki)) D Ck. We then define Dy, := Ng>nPrn(Cr) C Xp, and notice that
being this the intersection of a decreasing sequence of non empty compact sets it is also non empty. We claim
that

Ppn(Dm) =D, VYm>n (7.3)

and notice that since ‘image of the intersection C intersection of the images’, the inclusion P, D,, C D, is
obvious. For the converse, let € D,, so that in particular € Py, (Ck) = PrmnPrm (Ck) for every k > m > n.
Then the sets Ei, := P (Cr) NPk (x) are non empty (by what just said), compact (as intersection of a
compact and a closed), and decreasing in k (by (7.2)). Hence Ng E) # 0 and any element y of this intersection
belongs to D,, and satisfies P.,,(y) = z, proving our claim (7.3).

Pick xo € Dy arbitrary, use (7.3) to find z1 € D1 with Pig(z1) = xo and iterate to produce a sequence
n+— o, € D, with Pyn(zm) = x, for every m > n. In other words, for ¢ € F,, C I and m > n the i-th
coordinates of x, and x,, agree. Hence we can define x € X so that for every n € N and ¢ € F,, the i-th
coordinate of x is that of z, (what just proved shows that this is a good definition, meaning it only depends
on ¢ and not on n) and chosen arbitrarily for i ¢ U, F,.

Then we have Pﬁwn (z) = xn € Dn C Cn C K, for every n € N, proving that N,C, = Ny, (Prfmn)fl(Kn) C
ﬂn(Prfpn)fl(Bn) =N, A, is not empty, giving the desired contradiction. O
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8 Borel selection

A multivalued map F : X — Y is a map that assigns to every = € X a subset of Y. Its
graph is the set {(z,y) : y € F(x)} C XxY. A selector for F'is a (ordinary) map f: X — Y
such that f(z) € F(z) for every x € X. A necessary condition for a selector to exist (also
sufficient, if one believes in the Axiom of Choice) is that F(z) # ) for every x € X. In general,
if F' has some regularity/structural properties, one would like to build a selector sharing these
properties (and here the Axiom of Choice is of no help). Here we discuss measurability.

Let A be a o-algebra on X and Y a topological space. We say that F' is A-measurable if

for any U C Y open the set {x € X: F(z) N U # 0} is in A. (8.1)

Notice that if F' is single valued this reduces to ordinary A-measurability.

Theorem 8.1 (Kuratowski-Ryll-Nardzewski). Let (X,.A) be a set with a o-algebra, Y Polish
and F : X = Y multivalued, A-measurable so that F(x) is a non-empty closed set for every
x € X. Then F admits an A-measurable selector.

Proof. Let d < 1 be a complete and separable distance inducing the topology of Y (replace a given d with
1 Ad if necessary). We shall define a sequence of A-measurable maps fn : X = Y so that d(fn(z), F(z)) <27
and d(fn (), frr1(z)) < 27V for every n € N. If these are built, the desired selector f can be found as
pointwise limit of the f,’s.

Let fo be constant. Given f, and given y € Y and r > 0 consider the sets {z € X : d(fn(x),y) < r}
and {z € X : d(F(z),y) < r} (here d(A4,y) := inf.cad(z,y)). These are A-measurable: the first by the
measurability of f,, the second by that of F. Let now (y;) C Y be countable and dense and put

Aii={z € X:d(F(z),y:) <277, d(fula),y:) <277V},

The density of (y;) and the inductive assumption give that U; A; = X and by what previously said we know
that the A;’s are measurable. Let then By := Ao, B; := A; \ Uj<;A; and define fn41 so that, for every i, it is
constantly equal to y; on B;. O
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9 DMeasurable projection and selection

Let X be Polish. A Souslin subset S C X is, by definition, a set of the form f(Y) for some
Polish Y and f : Y — X continuous (here we allow Y to be empty, so that () C X is Souslin).

Exercise 9.1. Prove that any non-empty Polish space is a continuous image of NV, [

Lemma 9.2. The class of Souslin subsets of X is closed by countable unions and intersec-
2

tions*.
Proof. Let Sn = fn(Yn), put Y := N x II,,Y, and define f : Y — X as f(n,(y:)) := fn(yn). Then f is
continuous with f(Y) = U, Sn. Also, the subset Z C Y of (n, (y;)) so that fi(y1) = f2(y2) = ... is closed, hence
Polish, and f(Z) = NpSh. O

Proposition 9.3. Borel subsets of X are Souslin.

Proof. Let A be the smallest collection of subsets of X containing the closed sets and stable by countable
unions and intersections and notice that by the above lemma it easily follows that elements of A are Souslin.
Put A" :={E € A: E° € A} C A and observe that A’ is also stable by countable unions and intersections.
Also, since every open subset of X is the countable union of closed sets, we see that closed sets are in A’ and
thus that A" D A and therefore A = A’. This shows that A is a o-algebra, hence the Borel o-algebra. O

Lemma 9.4. Let p be a finite non-negative measure, p* the outer measure it induces (as in
(2.1)) and A, T A. Then p*(A,) T u*(A).

Proof. Given € > 0 we have p*(A,) +¢ > pu(By) for some measurable set B, D A,. Put B:=U,Ni>, B; D A
and notice that
w*(A) < pu(B) = lim p(Ni>nB;) <limpu(By) < limp*(Ay) +e. O

Theorem 9.5. Let p be a finite Borel measure on X. Then Souslin sets are p-measurable.

Proof. Let S C X be Souslin and & > 0. It suffices to find K C S compact with pu(K) > p*(S) —e. Let
S = f(Y) and C; C Y the union of a finite number of closed balls of radius < 1 with p*(f(C1)) > p*(S) — ¢
(since Y is the union of a countable number of such balls, the existence of C; follows by the Lemma above).
Then by induction find Cy, C Cp—1 finite union of closed balls of radius < L such that p*(f(Ch)) > p*(S) —e.
Notice that N,Cy is compact, as is closed and totally bounded, and then let K := f(N,C,), that is compact
as the continuous image of a compact set. We claim that K = N, f(Cy) and notice that if we prove this we
are done, as then p(K) = lim,, pu(f(Cy)) > lim, p*(f(Crn)) > p*(S) — .

The inclusion K C N, f(C) is trivial (and irrelevant for our argument). For D we take = € N, f(C,) and
then y, € Cp such that d(f(yn),z) < % The key observation is that (y») is relatively compact, because is
totally bounded, hence has a subsequence admitting a limit y € N, C,. The continuity of f gives f(y) =z. O

Theorem 9.6. Let X, Y be Polish, A a o-algebra on X containing Souslin sets and F': X —Y
a multivalued map with Souslin graph and F(x) # 0 for all x € X. Then there is a selection
A-measurable.

Proof. Since the graph is Souslin, there are a Polish space Z and a continuous map g : Z — X X Y with
g(Z) = Graph(F). Let F : X — Z multivalued as “g7to F” ie. (x,z) is in the graph of Fiff z = Prx(g(z))-
The continuity of g grants that F'(x) C Z is closed and the fact that F(x) # () that F'(x) # 0 as well. Given
U C Z arbitrary we have {x € X : F(z) N U # 0} = Prx(g(U)). In particular this holds if U is open, which

shows that F is A-measurable (recall that A contains Souslin sets) as in (8.1). Hence F admits a selector
A-measurable f : X — Z. It follows that f(x) := Pry(g(f(x))) is an .A-measurable selector for F'. O

Exercise 9.7. Let X,Y be Polish, x a o-finite Borel measure on X and f : X — Y so that preimages of
open sets are in the o-algebra generated by Souslin sets. Prove that there is f : X — Y Borel equal to f
outside a p-negligible set. [ |

2but not complementation!
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10 A tightness criterion

Lemma 10.1. (Steinhaus-Schur) Let a, = (...,al,...) € {* for every n € N be so that for
any bounded sequence X = (..., \',...) € £ the sequence n — Y. ay X' € R is Cauchy.

Then (ay) is is Cauchy w.r.t. the £*-distance.
Proof. It is immediate to verify that it is sufficient to prove that ‘tails are uniformly small’, i.e. that for every
€ > 0 there is N € N such that ), \ |ay| < € for every n € N. Say not, i.e. assume that

Je > 0 such that VN, M € N there is n = n(N, M) > M € N such that Z_>N lak,| > e. (10.1)

Choosing A = e’ := (...,0,1,0,...) with the 1 in the i-th position, from the fact that n > at A\’ € Ris
Cauchy we see that for every i € N there exists the limit a® of (af). Let a := (...,a’,...), notice that our
assumption and the uniform boundedness principle grant that (a) is a bounded sequence in £' and then use
Fatou’s lemma to deduce that >°, |a’| < lim, 3", |ak| < co. Thus a € £' and therefore

there exists N such that Z'>1\7 la’| < % (10.2)

Let Ny = N and apply our assumption (10.1) tp ﬁndvnl = n(N1,0) and N2 such that ZZN:ZNI |aillv\ > ¢ and
> isnN, lan, | < §. Then, using the convergence a;, — a and (10.2), find M1 € N such that Zf\le lan| < § for
every n > M. Continue recursively: assume Nj;, M;_; are given, then define n; := n(N;, M;_1), let N1 be
such that Zf\]:’;{,]l |af1j\ > ¢ and Zi>Nj+l |aﬁlj| < % and finally let M; be such that Zivz’;\frl laj,| < £ for every
n > M;. Define the bounded sequence A = (..., A°,...) as

_ 0, ' Vi < N,
A= ¢ sign(ay,;), Vi€ {Nj,...,Njy1 — 1} if j is odd,
fsign(a%j), Vi€ {Nj,...,Njt1 — 1} if j is even

: . iy Nj=1 4§ i Njp1=1 4§ i iy
and notice that for every j € N we have }_, ap, A" = Dilw an A"+ 21:];]1 an A"+ ZiZNj+1 an; A", By
construction the first and last term on the right hand side are bounded in modulus by 5, while the middle
one is > ¢ or < —e depending on the parity of j. Hence n — ZZ an A’ is not Cauchy, giving the desired

contradiction. O

Theorem 10.2. (Alexandrov) Let X be Polish, d a complete and separable distance inducing
the topology and (u,) C P(X) so that for every f : X — R bounded and Lipschitz the sequence
n s [ fdp, is Cauchy.

Then () is tight (and thus by Prokhorov’s theorem and (5.1) has a weak limit).

Proof. Tt suffices to prove that for every e, > 0 there is a compact set K = K(e,r) C X such that for the
r-neighborhood K" := {z € X : d(z, K) < r} of K we have sup,, (X \ K") < e. Indeed, if this is the case, for
any £ > 0 and chosen sequence 7, | 0, for K,, := K(e27",r,) we have that the set K := N, K," is compact
(being closed and totally bounded) and such that u,(X\ K) < 2¢ for every n € N.

We shall argue by contradiction and assume instead that

Je, 7 > 0 such that VK C X compact there is n = n(K) € N such that p,(X\ K") > €.

Let Ko := 0 and define recursively indexes n; and compact sets K;, H; for i > 0 as follows. We put n; :=
n(K;-1), the by inner regularity we find H; C X \ K;_; such that un,(H;) > € and then we put K; :=
K;_1 U H;. Also, for every i > 0 let f* € Lip, (X) be defined as f* := max{0,1 — (3r)'d(-, H;)} and notice
that these functions are uniformly bounded and Lipschitz and with disjoint supports. In particular, for any
A= (..., A,...) € £ the function f* := > X f® is bounded and Lipschitz and thus putting aé = I dptn;
we have that j— 37, ¢ aé)\i = ff>‘ dpin; is a Cauchy sequence.

By Proposition 10.1 we deduce that the sequence j — a; := (..., aé, ...) € £ is Cauchy w.r.t. the £*-norm,
thus letting a = (...,d",...) € £' its limit we see that

lim \ai”| < Iim |a’| 4+ Iim E |azw —d|=o.
1—> 00 1—> 00 1—> 00 "
J
This contradicts the fact that, by construction, we have afh. > ¢ for every i > 0. The conclusion follows. [
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