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Abstract. We study lower semicontinuity problems for a class of integral
functionals depending on a bulk energy and a jump part energy. These
functionals are naturally defined on functions of bounded variation, and
can be extended by relaxation to a larger set of discontinuous functions.
We give a representation formula for this extension showing the appearance
of an additional “Lavrentiev” term, which values the energy necessary for
the creation of a singularity with unbounded variation. In general the
difference between the functional and its relaxation implies that the same
minimization problem may have different solutions on BV functions and on
larger spaces of discontinuous functions.

In the special case of autonomous functionals the Lavrentiev term can
be expressed as an inf-convolution between the jump-part energy density

and a rescaled bulk energy density.



1. Introduction

In many problems involving free discontinuities we come up with the study
of minimum problems for functionals defined in some set of functions of
bounded variation. In the simplest case of autonomous functionals in di-

mension one, these have the form
F(u)= [ f/'@®)dt+ Y glu(ty) —ult)), (1.1)

where I is some interval of the real line, v’ is the approximate derivative
of the function u, u(xy) and u(x_) are the right-hand side and left-hand
side approximate values of u at the point x, and S, is the set where these
two values differ. For example, if we choose f(£) = |£|?, and g the constant
1, the functional F' is the 1- dimensional version of the Mumford & Shah
functional of computer vision (see [18]). Functionals of the same type model
also, in dimension 2 and 3, some static problems in fracture mechanics
(see [2], [8]). Under some hypotheses of convexity on f, of subadditivity
on g, and of compatibility between the two functions, the functional F' is
weakly lower semicontinuous in a suitable subspace of the space of functions
of bounded variation, the space SBV(I) introduced by E. De Giorgi &
L. Ambrosio [13]. In this space we also get compactness, and hence existence
for minimum problems, if f and g satisfy some growth conditions.

The expression in (1.1) may make sense for a larger class than the
space SBV (I). The problem arises then of finding whether this extension
is sensible; i.e., if the value given by F' on some function u corresponds
to some approximation of this function with functions (uj) of bounded
variation, for which the functional has a precise meaning. In the words of
the theory of relaxation, this can be expressed by the question: does the

functional F' coincide with the relaxation of its restriction on SBV (I)? The
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answer is in general negative, and the functional must be “corrected” with
an extra term. We show that the relaxed functional F can be expressed in
many cases as F'(u) + L(u), where the functional L is not trivially 0, and
it is given by an explicit formula. In the case of an autonomous functional
as in (1.1) above, and of a function u that has a degenerate behaviour only
at the point 0, the form of L is particularly simple:

L(u) = liminf V(2e,u(ey) —u((—¢)-)), (1.2)

e—0+

where V' is given by the inf-convolution

Viz,s) = (f"Vyg)(s), (1.3)

and we define f*(t) = = f(L).

We remark that in general the difference between F and F implies that
the same minimization problem for the functional F' may have different so-
lutions on SBV (I), and on larger spaces where SBV (I) itself is dense. This
phenomenon was first observed for integral functionals defined on Sobolev
spaces by M. Lavrentiev [16], where the réle of SBV is played by the class
of Lipschitz functions (see also e.g. Mania [17] and Ball & Mizel [9]). The
link between this kind of phenomena and the theory of relaxation has been
recently investigated by G. Buttazzo & V.J. Mizel [11].

2. Preliminaries

2.1. The spaces SBV and GSBV

We shall consider some spaces of functions that have been introduced by
E. De Giorgi & L. Ambrosio [13] in order to study variational problems
which take into account free discontinuities. In the special case of dimension
one, the definition of these spaces is particularly simple. These problems
can be also included in the framework of the non-convex functionals defined
on spaces of measures, studied by Bouchitté & Buttazzo [7].

Let I be an open interval of IR. We shall consider the space SBV (1)

of special functions of bounded variation, defined as the set of the functions
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u of bounded variation whose measure first derivative, denoted by Du, is
of the form

0o

Du=4u'dt + Z adt,

k=1
where t), € I, ar, € R, Y p—; |ax| < oo, and d; is the Dirac measure at ¢. The
density u' of Du with respect of the Lebesgue measure is the approximate
differential of u. Note that, if we define u(ty), u(t—), the right-hand and
left-hand traces respectively of the function u at ¢, which exist for all ¢t € I,

then ap = u(try ) — u(ty_). We define the set of the jump points of u as
Su=A{tel : u(ty) #ult_)}={tel : § << Du}.

Let I be an interval |a,b]. We shall consider boundary conditions
on functions in SBV of the form u(a) = «a and u(b) = 8. It is well-
known that these conditions are not well-posed for problems in BV (I) and
SBV (see Anzellotti & Giaquinta [6]). We have instead to relaz these
conditions, penalizing jumps also at ¢t = a, b by simply defining u(a_) = «,
and u(by) = B, and extending the definition of S, to the closed interval
[a,b]. An equivalent approach is to extend the definition of u to the whole
R by setting u(t) = a if t < a, and u(t) = g if t > b.

In some problems it will be natural to consider a larger class of general
functions: we will say that u € GSBV(I) if the truncations of u belong to
the space SBV (I); i.e.,

ur = (=T)V (uANT)e SBV(I) for every T' > 0.

If u € GSBV(I), we define S, as

Su= | Sur-

T>0

For the general properties and definitions of these spaces in higher dimen-
sions we refer to the papers by Ambrosio [1], [2], [3].

We shall sometimes consider on SBV (I) the weak topology of BV (I),
which is defined as the product topology of the strong topology of L!(2)
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for u, and of the weak® topology of measures for Du. Recall that every
sequence in BV (Q) with ||up|| gy < ¢ admits a subsequence (uy,, ) such that
up, — v in LY(Q), and Duy, — Du in the weak* topology of measures.

For the properties of BV spaces we refer to Federer [14] and Ziemer [19].

2.2. Relaxation

Let X be a topological space and F' : X — [—00, +00] be a functional
on X. We define the relazation, or (sequentially) lower-semicontinuous en-
velope, of F' as the greatest sequentially lower semicontinuous functional F'
less than or equal F'. For a general introduction to the theory of relaxation
we refer the interested reader to the books by G. Buttazzo [10] and G. Dal
Maso [12].

Let F' be as above, and define the functional G by

G(u) = inf{limhian(uh) ©up — uin X}
It is easy to check that if G is sequentially lower semicontinuous then G = F.

2.3. Notation

Let g : R — IR be a function. If g is convex, we define

. . g(t2)
ACRRUN

We will say that g is subadditive if for every s,t € IR we have

g(s+1t) < g(s)+g(t).

If g is subadditive, we define

(see Bouchitté & Buttazzo [7]).
The inf-convolution of two functions f, g : IR — IR is defined by

(fVg)(t) =inf{f(s) +g(t—s) : s R}.
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The letter ¢ will denote throughout the paper a strictly positive con-
stant, whose value may vary from line to line, and which is independent

from the parameters of the problems each time considered.

We end this Section with a lower semicontinuity result that will be

needed in the sequel.

Theorem 2.1. Let J be any open interval of R. Let f : J x IR x IR —
[0, +00[ be a Carathéodory function, convex in the third variable, and such

that there exists a convex function v : IR — IR with

t
fla,u,p) 24 (pl) forallu,p e R, z € J,  lim @Z#LOO- (2.1)

Let g: J x R x IR — [0, +o0[ be a function, satisfying
(i) g(-,u,v) is continuous for all u,v € R;

(ii) g(t,-,-) is lower semicontinuous for every t € J, and g(t,u,v) > ¢ >0
for |u — v| # 0 sufficiently small,
(iii) the subadditivity condition

g(z,u,v) < g(z,u,w) + g(x,w,v) forallu,v,w e R x € J
(iv) the growth hypothesis
g(z,u,v) > clu—wv| forallu,ve R, z € J,

for some constant ¢ > 0.

Then the functional

Fu) = [ st 3 gl ue)

teS.NJ

is lower semicontinuous on SBV (J) with respect to the topology of the

convergence a.e.

Proof. We can follow word for word the proof of Braides & Coscia [§]
Proposition 4.1 (see also Proposition 4.2 in [1]). U
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Remark 2.2. Under the hypotheses above on f and the hypotheses (i)—
(iii) on g, the functional F' is lower semicontinuous on SBV (J) with respect
to the sequential weak topology of BV (J) (or, equivalently, with respect
to the L!(J)-topology along sequences with bounded BV norm). In fact,

it suffices to consider the functionals

Feo(u)=F(u)+e Y |u(ty) —u(t-)].
teSuNJ
By Theorem 2.1 every F. is lower semicontinuous with respect to the
L!(J)-topology. We now take a sequence (uj) C SBV(J) converging to
u € SBV(J) with respect to the sequential weak topology of BV(J). In
particular u;, — u in L(J). We then have

limhian(uh) > lin%inf F.(up) — elimsup || Duy||
h
> F.(u) —ec > F(u) — 2ec.

By the arbitrariness of ¢ we have the lower semicontinuity of F'.

Remark 2.3. In the case of g(¢,u,v) = g(u — v) hypothesis (ii) implies
the strict positivity of g near 0. This condition can be weakened requiring
that §°(z) = +oo for z # 0 (taking into account Lemma 4.1 by Ambrosio
[1]). The condition of positivity of a general g near the points of the form
(u,u) can be weakened in a similar way. Also note that in the autonomous
case we can use the lower semicontinuity results for functionals defined on

measures of Bouchitté & Buttazzo [7].

Note that in higher dimension the subadditivity condition on g becomes

necessary, but it is not sufficient to obtain lower semicontinuity (cf. [5],

2])-

3. The Main Result

We attack now the problem of the computation of the lower-semicontinuous

envelope of functionals on GSBV(I) on a special yet meaningful model case,

7



Andrea Braides

when it is possible to give a precise description of the relaxation. We shall
fix an interval of IR, that we can take without loss of generality to be
I =]—1,1[, and we shall focus our attention on the behaviour near a point
of I where we may get a “degenerate” behaviour. Again, we can suppose,
and we will, this point to be 0.

Our first result is a characterization of the behaviour of functionals
with free discontinuities, when the “jump part” energy has a degenerate

behaviour only at the point 0. We define the space of functions
A= GSBV(I) N SBV 1,c(I\ {0}),

and the functionals

F(u) = /If(t,u(t),u’(t))dt—l— Z g(t,u(ty),u(t-)) u e SBV(I)

Fo(u) = /If(t,u(t),u’(t))dt—l— Y gltulty),uts))  ue A

te S, NI\{0}

—_

(3.1)
Remark that F(u) = Fo(u) if u € A and 0 ¢ S,, (for example if 7%im% u(t) =
—
+00).

Theorem 3.1. Let f: I xIRxIR — [0, +oo[ be a Carathéodory function,
convex in the third variable, satisfying (2.1). Let g : I x IR x IR, — [0, 400
be a function, satisfying for all n > 0

(i) g(-,u,v) is continuous on I \ {0} for all u,v € IR;

(ii) g(t,-,-) is lower semicontinuous for every t € I, and g(t,u,v) > c¢(n) > 0
for |t| > n, and for |u — v| # 0 sufficiently small,
(iii) the subadditivity condition

g(z,u,v) < g(x,u,w) + g(z,w,v) forallu,v,w e Rz el
(iv) the growth hypothesis
g(z,u,v) > c(n)|u —v| for all u,v € R, |x| >mn,

8



Lavrentiev Phenomenon for Free Discontinuity Problems

for some constant c¢(n) > 0.
Let F' and F, be defined as in (3.1), and define
F(u) ifue SBV(I)

H(u) = (32)
+oo  ifue A\ SBV(I).

Then the relaxation of H with respect to the topology of a.e. convergence
is given by
H(u) = Fo(u) + L(u) (3.3)

for all u € A, where the Lavrentiev term L is defined by

L(u) = lim mf V' (e, u(—e-), u(e+)), (3.4)
with
V(z,s,t) = liminf V(z,u,v), (3.5)
(u,v)—(s,t)
and

Vs =iwt{ [ fou@a/@)d s Y o). (o)
- SuN[—z,z]
cue SBV(), u(—x-) = s,u(zy) = t}.
(3.6)

Our second result will take into account the case of autonomous inte-
grands satisfying weaker growth condition. We shall obtain a result analo-
gous to Theorem 3.1 with respect to a stronger convergence. We define a
convergence on A, by saying that a sequence (up) C A converges to u in
A if up, = uwin BVjec(I\ {0}) (note that this convergence implies trivially

a.e. convergence on /).

Theorem 3.2. Let f,g: R — [0,400] be functions satisfying

(a) f is convex;
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(b) g is lower semicontinuous and subadditive;

(€) 1%(2) = §°(2) = +o0 if 2 0.
Define F on SBV (1) by setting

:/If(u’(t))dt+ S glulty) —uft)),

and H as in (3.2). Then the relaxation of H in the topology of A is given
by
H(u) = Fo(u) + L(u)
for all u € A, where
W= (s Y gt - i),
€S, NI\{0}

and the Lavrentiev term L is defined by

L(u) = liminf V1 (26, u(ey) — u(—e_)),

e—0+

with V' given by the inf-convolution

Vi(z,s) = ((« f(;))Vg)(S) (3.7)

Remark 3.3. 1) If the functions f and g in Theorem 3.1 do not depend
on the first variable it may be useful to rewrite the formula for V' in (3.6),

using a change of variables, as a minimum problem in the whole SBV (I):
Vi) =int{a [ fu). S d+ Y gtut) ()
Sun[—1,1]
cue SBV(I), u(—1-) =s,u(ly) = t};

in particular if f is positively y-homogeneous with respect to the last vari-

able we have

Viz,s,t) —1nf xt W/f ) dt + Z g(u(y+), u(y-))
Sun[—1,1] (3.8)

we SBV), u(~1_) = s,u(ly) = t}.
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2) Theorem 3.2 can be extended to functions satisfying conditions (i)—
(iii) of Theorem 2.1, provided that we define L(u) as in (3.4)—(3.6).

Proof of Theorem 3.1. Define for every u € A
G(u) = inf{limhian(uh) D oup — U a.e.}.

We now check that Fy + L = G on A.
We shall prove first that G < Fy + Lj; i.e., that for every u € A there
exists a sequence (up) € SBV (I) with up — u a.e., such that

Fo(u)+ L(u) > lim H(up). (3.9)

h—4o00
By the definition of L(u) for every h € IN there exists €5, €]0,1/h[ such that

Ve u(—en_),ulens)) < L(u) + 5o

Again, by (3.5) and (3.6) there exist v, € SBV (I) such that

1
[on(—en—) —un(—en_)| + lvn(ens) — un(eny )| < 7
and
en ) 1
Flon ) det S gltnlt) n(t)) < L) + 5
—&h tesvhﬁ[—ah,€h]
If we define uj by setting
u(t) + 2} if t €]—1, —ep]
uh(t) = Uh(t) if t E]—Sh,aSh[
u(t) + 22 ift € [en, 1]
where
2z, = vn(—en_) — up(—en_), 2z = vn(eny) — un(eny),
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we obtain

limhian(uh) =

nr%inf(/}_L_M ftu) + 25 @) d+ Y gt ulty), u(t)

Suﬂ]—l,—sh]

+/[ 1[f(t,u(t)+z,%,u’(t))dt+ D> gt ulty) ut-))

Suﬂ[eh,l[

* /[—Eh,sh] f(t’vh(t)’v;l(t)) dt + Z g(t,vh(t+),1}h(t_)))

t€Sy, N[—¢en,en]
> Fo(u) 4+ L(u).

Note that u;, — u a.e.
We prove now the inequality G > Fy + L; i.e., for every u € A, and
for every sequence (up) € SBV(I) with up, — u a.e., we have

Fo(u) + L(u) < liminf H (up).
h—-+oco

We fix n €]0, 1] such that up(—n-) — u(—n-), and up(ny) — u(ny). For
every h € IN we have

He= [ fm@ s Y gt w)

tesuh \[_77777]

T /[ S @ mh Ot S gl w)

t€ Sy, N[—n,m]

- /I\[??ﬂ?] ftun(t), uh%(t))dt T Z g(t,up(ts), un(t-))

+V(n,un(=n-),un(ny))

(we have used the definition of V' (z,s,t) with the function wy). Since

V < V, and recalling that functionals of the type of F' are weakly lower
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semicontinuous with respect to the a.e. convergence on SBV (I \ [—n,7]),

we obtain
limhian(uh)
zlimhinf< / Ftoun(),un’ @)t + Y g(t,uh(t+),uh(t_)))
I\[-n,n] t€Su, \[—n,m]
+ limhinf Vn,un(n=),un(—n4))

Z/I\[_Mf(t,u(t),u’(t))dtJr > gltouty),u(to))

+ V(n,u(n-),u(=ny)).

We have made use of the lower semicontinuity of V' with respect to the last

two variables, and of the convergence

up(ne) = u(ng)  up(—=n-) = u(-n-). (3.10)

At this point we can pass to the liminf as n — 04, recalling that the set
of n €]0, 1] for which (3.10) does not hold is negligible, and obtain then

lin}lian(uh)
> tmint([ fua®)des 3 gtult) - u(e)
T N N reSI\ny)

+ liminf V(n, u(n-), u(=n+))

Z/If(t,U(t),U’(t))dtJr Y gltoults) ult-)) + L)

t€S,NI\{0}
= Fy(u) + L(u).
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The proof of Theorem 3.1 will be completed by showing that Fy + L is

sequentially lower semicontinuous on A; i.e., that if u;, — u a.e., then we

have

Fo(u) + L(u) < limhinf(Fo(uh) + L(up)).

Without loss of generality we can suppose the existence of the limit

li}{n(Fo(uh) + L(up)) < +o0.

Choose a decreasing sequence (tp) with ¢, — 0, and v, € SBV(I) such

that

[Un(thy) — un ()| + |vn(=th-) — un(=th_)| <

Y

S| =

and

/[t .y /(b on @i (B) At <V (s ), un(—tas) + .

If we define wy, € SBV(I) by setting
up(t) +op(—th_) —up(—tp_) ift < —ty
wp(t) = < vp(t) if [t| <ty
up(t) + vn(thy) — un(tng) if t > ty,
then we have wy, — u a.e., and

Fo(u) + L(u) < limhian(wh) = lilrln(Fo(uh) + L(up)).

The proof of Theorem 3.1 is thus complete.

O

Proof of Theorem 3.2. The representation of the relaxation as H =
Fy+ L on A, where L is given by (3.4)—(3.6), follows immediately from the

proof of Theorem 3.1, and from Remarks 2.2 and 2.3. We have only to show

that we can define V' as in formula (3.7) (remark that this formula gives
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a lower-semicontinuous function of s, and hence V = V). We can modify
slightly (3.6), and define

x/2

Vi) =int{ [ f@@hdee 3 glulys) - u)

—z/2 Sun[—z/2,2/2]
T X
cue SBV(I), u(—5 ) =0.u(g )= s}.
(3.11)
We have then, by Theorem 3.1,

L(u) = lin_lﬂi)gl_fvlﬁx, u(zy) —u(xz_))

(V1(x,-) being the lower-semicontinuous envelope of V;(z,)).
We now check the value of Vi(z,s). Given any u € SBV (I), by the
convexity of f we can suppose that u/(y) = a, a constant, a.e., and hence

we get the sum

zfa)+ Y glulys) —u(y-)). (3.12)

By the boundary conditions we must have

> (u(ys) —uly-)) = s — ax.

S.N[—%,5]

With fixed a € IR, by the subadditivity of g, a minimum for the functional
in (3.12) is given by the function u(t) = a (¢t + 5), which has at most one
jump, for t = £, of size s — ax (remember that by the boundary conditions

we must take u(x;) = s). Hence we get
Vi(z,s) = inf{zf(a) + g(s —ax) :a € R}

= inf{xf(%) +g9(s—y):yeR} = ((xf(5)>Vg) (s); (3.13)

that is, the desired expression for V. L]
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4. Examples

In this section we shall illustrate the results of Section 3 with some ex-
amples. We shall limit our analysis mainly to the case of autonomous

integrands.

Example 4.1. (Lavrentiev Phenomenon) Let f : IR — [0, +00] be convex
and lower semicontinuous, and let g : IR — [0, +oo[ be subadditive and

lower semicontinuous. Fix s € IR and consider the minimum problem

min /]1/21/2[f(U’(t))dt+ S glulty) —u(t))

teS.N[—1/2,1/2]

. ue SBV(I), u(%+) = —u(~3 )=1}.

By the convexity of f and the subadditivity of g we get, as in the proof of

Theorem 3.2, that a minimizer for this problem is given, for example, by

N =

(s—a)+at ift>0
u(t) =
(a—s)+at ift <O,

N[ +—

where a verifies

fa) +g(s —a) = (fVg)(s),
and hence the minimum value is exactly (fVg)(s).

Suppose now that there exists § > 0 such that

o) = 1l o) =0

For every k € IN consider two sequences (t¥) C]d, +-oo[ and (s¥) C]—o0, =]
such that

| =

Sogh) < ¢ oand Y glsh) <
h h

Let a; € IR such that .
flag) < 1%ff + T
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We define u, € GSBV(I) by setting

(

e, 1
s 1ft——§

N =

s —ap) tapt+ 0 tF if - <t < -5 heN

N[ —

h 1
(s—ak)-l—akt—zjzls? 1fh+2<t<h—+1,h€]N

|
s 1ft—§

N —

\

Notice that ur € SBVie.(]—1/2,1/2[\{0}), and that tlin(l)uk(t) = +oo;
—

hence we have 0 € S,,. We obtain

/]_1/2 sl f(ug(t)) dt+ > gun(ts) — un(t_))

t€S,, N[—1/2,1/2]

This shows that

wel [ S 3 gl ()

teS,N[—1/2,1/2]

we GSBV(]-1/2,1/2)), (;) - —u(—%_) - g} = inf f.

Here we tacitly assume the functional defined for all functions u € GSBV
such that {t € S, : Ju(ty)| + |u(t-)| = 400} = O, in order to have
a meaningful expression for the summation. The same reasoning is valid
for all u € GSBV, without any restriction, if we define the values g(—o0)
and g(4+o00). Note that the inf is actually a minimum if and only if f
reaches its minimum and there exist two points ¢ty > 0, and sg < 0 such
that g(to) = g(so) = 0 (in this case we take ap = a, where f(a) = min f,
sk = s, and th = t).

If iI%f f# (fVg)(s) the minimum values for the same boundary value
problem are different in SBV and in GSBV.

Note that the condition infé g(x) = 0 is equivalent to liminf g(t) = 0.
>

t—+4o00

In fact, take (t,) C]0,+oo[ such that limy, g(tn) = 0. If limy ¢, = +oo
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then ltlglj&]&fg(t) = 0; otherwise, we can suppose t, — T > §. By the
lower semicontinuity of g we have then g(7") = 0, and by the subadditivity,
and the positivity, of g we get g(kT) = 0 for all £k = 1,2,... This again
implies that ltigl Jigof g(t) = 0. In the same way we can rewrite the condition

xznfég(a:) =0. U

Remark that in general the expression for F

F(U)=/If(U'(t))dt+ > gluley) —ula-)), (4.1)

zeS, NI

does not give a meaningful energy on GSBV(I) or on the space A as defined
in Section 2, even for functions u such that 0 ¢ S, as shown in the next

example.

Example 4.2. Consider f(p) = |p|?, and the function g; given by
{ 1 ifse¢Z

0 ifse”Z.

91(s) = (4.2)
We have f°(z) = ¢{(2) = +oo for z # 0; moreover g; is clearly subadditive
and lower semicontinuous.

Define, for every function w € GSBV(I) N L*(I) such that {t € S,
u(t4)] + [u(t-)| = +o0} = O,

Fi(u) = / WP+ S giulty) - ulto)). (4.3)
I teSunI
Then, the relaxation of Fy in the strong topology of L!(I) is the functional
identically equal to 0. To prove this fact, it suffices to check that it is 0 on
all functions of the form

_Ja ift<O
“(t>_{b if £ >0,

and show that this implies that F'; be 0 on all piecewise constant functions
in SBV (I), that are dense in L(I).

18
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We can take the function v, defined on IR by
(a ift <—1

b+k ifmqgk—g, kcIN

L b ift>1,

and the sequence (v;) C GSBV(I) NL(I) of piecewise constant functions,
defined by vy, (t) = v(ht). This sequence converges in L!(I) to the function
u. Moreover, if t € S, we have vy, (t+) —vp(t—) =1if t <0, and vp(t4) —
vp(t_) = —1if t > 0, and hence F;(vy) = 0. This shows that F(u) = 0.
Since the sequence v, modifies v only on an arbitrarily small neighbourhood
of 0, a similar procedure shows that F; is 0 on all piecewise constant u €
SBV(I).

In the same way we obtain that the relaxation of F; with respect to
a.e. convergence is equal to 0 on the whole GSBV(I). Notice that Fj is
lower semicontinuous on SBV (I) with respect to the weak convergence of
BV. U

Example 4.3 Consider the functional F defined on SBV by (4.3). Then,
by formula (3.13) we get the following expression for the “cost” function
V1 defined in (3.11):

Vi(z,s) = inf{za®+ g1(s — ax) : a € R}

= min{<|s| - [|8|])2, (|s| — [|S|] _1)2 1}

T T ’
(we denote by [t] the integral part of ¢ € IR). In the case of the function v
defined in (4.4) we have v(x;) —v(—x_) = b—a for all z € I, and hence

ViQz,v(zy) —v(—2-)) =Vi(2z,b—a) =

= min{(|b_a|_[|b_a|])2 (Jo—al = [|b—al|] —1)? 1}
2z 7 2x e

19
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We obtain then

L(v) = lirg(i)rif Vi(2z,v(zy) —v(—2x_))

0 ifb—ac”Z

- {1 ith—agz ~ N~

Note that in the previous example a recovery sequence for the function
u, along which we can reach the value of the the relaxation can be obtained
simply by considering the “truncations” of u, and choosing among them
those with minor “cost” for Vi; for example we can take up, = u A (a + h).
In general though, we cannot restrict our analysis to these functions, as

explained in the next example.

Example 4.4. Consider f(p) = |p|®, with a > 1, and ¢; as in (4.2), and

the functional

Falw) = [ WO de+ 3 olule) —ut) @)

teS,.NI

Fixed g > 0, consider the function
3]+t ift<0
vs(t) = (4.7)
4] if t > 0.

For every x €]0, 1], we have

vg(w4) —vp(—a-) = —[t|77,

and hence, since in this case V(x, u,v) = V(z, u4+w, v+w) for all z, u, v, w €
IR, we get
V(z,vp(x_),vs(—z4)) = V(2,0,]z|")

= min{1,2! @ gt-ately,
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We then obtain

— T} _ — : l—« : a—1—af
L(vg) = li:gcl)rj_f V(z,vg(x_),vg(—24)) mln{l, 2 kEI—IFloo k }

1 ifg<1-1
=27 ifp=1-1

0 if p>1—-21.

«
Note that if 5> 1 — é the truncations of vg do not give a good approxi-
mation for F,(vg), since we have

liminf F,,(vg AT) = 1.

T—+o00

Remark 4.5. The functions f* defined by f”(¢t) = z f(%) approach the
function f*° as x — 0+. This may suggest, since f>°(t) = 400 when t # 0,
that L(u) could be expressed directly in terms of g (note that f*Vg = g).
The previous example shows that this is not the case, since if § =1 — é we
have L(u) # ¢1(t) for all ¢ € TR.

Example 4.6. Let f = f(¢,p) = |t||p|?, and g(t) = 1. By Theorem 3.1
we get that H = Fy; d.e., L(u) = 0 for all u. To prove this, it suffices to
show that V(x,s,t) = 0 for all x,s,t € IR, and this, in its turn, will follow

from

inf{ ’ ft, o' @) dt - uweH (-, 2z),u(—2) = —a,u(zr) =a} =0

—X

To check that this infimum is 0 it suffices to choose for example the sequence

up(t) = %(% log<|xi|) —|—a)+

(whose choice follows from the examination of the Euler-Lagrange equa-
tion).
In this case the functional F'is not lower semicontinuous in SBV, and

its relaxation is given by Fj.
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