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The main aim of this three-part work is to provide a unified consistent framework
for the phase-field modeling of cohesive fracture. In this first paper we establish the
mathematical foundation of a cohesive phase-field model by proving a I'-convergence
result in a one-dimensional setting. Specifically, we consider a broad class of phase-
field energies, encompassing different models present in the literature, thereby both
extending the results in [CF116] and providing an analytical validation of all the
other approaches. Additionally, by modifying the functional scaling, we demon-
strate that our formulation also generalizes the Ambrosio-Tortorelli approximation
for brittle fracture, therefore laying the groundwork for a unified framework for vari-
ational fracture problems. The Part II paper presents a systematic procedure for
constructing phase-field models that reproduce prescribed cohesive laws, whereas

the Part III paper validates the theoretical results with applied examples.
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1 Introduction

1.1 Background and Motivation

Understanding and predicting fracture initiation and propagation is essential for designing safer and
more resilient mechanical systems while preventing structural failures. Over the past century, Griffith’s
brittle fracture theory | | has become one of the most fundamental and widely used models in
fracture mechanics. In Griffith’s framework, fracture energy is assumed to be dissipated entirely upon
the formation of a crack, with no residual forces acting between the crack surfaces, regardless of the
displacement jump across them (Fig. 1).
Despite its simplicity and historical significance, Griffith’s model presents two key limitations: (i) it
cannot predict crack initiation in an initially pristine elastic body, requiring a pre-existing defect | ,
, ], and (ii) it leads to unrealistic scale effects in fracture predictions | ]. Cohesive
fracture models overcome these issues by admitting nonzero forces, the cohesive forces, between crack
surfaces. These models, originally proposed by Dugdale and Barenblatt | , ], define a surface
energy density that depends on the displacement jump, providing a more realistic representation of
fracture processes (Fig. 1). Characterized by a critical stress and a characteristic length, cohesive laws
effectively address the deficiencies of Griffith’s model | ]
Building on the variational reformulation of Griffith’s fracture as a free-discontinuity energy minimiza-
tion problem | , ], cohesive fracture models have also been recast within a similar variational

framework | ]. The free-discontinuity brittle fracture energy minimization problem admits a reg-

free-discontinuity fracture problem
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Figure 1: Paradigmatic fracture problem: qualitative trends of the surface energy density g and associated
cohesive stress o with respect to the crack opening (displacement jump) [u] for brittle and cohesive
fracture models.

ularization that has been explored by the first time in | , ], drawing inspiration from the
work of | ] (see also | ]). Within the context of I'-convergence, the crack path emerges from the
localization of a smooth phase-field as the regularization length approaches zero | ]. The regulariza-

tion of brittle fracture via phase-field models has enabled the numerical simulation of complex fracture
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processes that were impractical with classical methods | , |. Today, the phase-field ap-
proach is a leading strategy in fracture mechanics, allowing for the capture of crack nucleation, both
with and without pre-existing notches, and the modeling of intricate crack patterns. Its simple numerical
implementation, often done by alternate minimization schemes, has also contributed to its widespread
diffusion. The work of | | provides a key link between the mathematical results and engineering
application within the fracture mechanics field.

However, phase-field models for brittle fracture inherit a critical limitation from Griffith’s model: the
inability to independently control the critical strength, the fracture toughness (or critical energy release
rate), and the regularization length. As a result, the nucleation stress threshold cannot be directly
linked to the sharp interface of Griffith’s model. This limitation hinders the development of a flexible
and general model capable of accurately describing crack nucleation in smooth or notched domains
[BFMOS, , .

As noted in | |, cohesive fracture models are a natural way to address the shortcomings of
Griffith’s brittle fracture theory. Inspired by | ) L ] developed a standalone gradient-
damage (phase-field) model, which is not derived from a free-discontinuity fracture problem. This model
was first used to study cohesive fracture in a one-dimensional setup, providing closed-form solutions.
A higher-dimensional extension of this model applied to large-scale simulations of failure processes has
been accomplished in | ]. Despite its potential, this cohesive phase-field model initially received
little attention from the fracture mechanics community.

A successful attempt to create a mathematically consistent variational phase-field model regularizing
the free-discontinuity cohesive fracture problem in | | was made by | ] (see also | ,

| for the vector valued analogues). This work, like | ], represents a valuable intersection
between the mathematical and engineering communities. The subsequent numerical implementation by
[ ] faced several challenges, such as developing a backtracking algorithm and further regularizing
the degradation function with respect to the internal length. Additionally, the difficulty in tuning the
elastic degradation function to match a specific cohesive law, combined with the use of a fixed quadratic
phase-field dissipation function, likely limited the model’s flexibility and hindered its broader use within
the fracture mechanics community.

Significant advancements were made by | , ], who, building on [ ], introduced a new
generation of phase-field cohesive fracture models. Also these models are grounded in the well-established
variational framework of gradient-damage models [ , ]. By incorporating polynomial crack
geometric functions and rational energetic degradation functions, they allow for the independent tuning
of critical stress, fracture toughness, and regularization length to match specific softening laws. A key
aspect in these models, adopted by | , , ], is the inclusion of the regularization length
within the elastic degradation function, enabling a more precise description of cohesive fracture failures.

Despite their flexibility and soundness, the process of setting the material functions to achieve a
target softening law remained unclear. A major contribution in this regard came from [ ], who
introduced an integral relation that links a single unknown function, defining both the degradation and
phase-field dissipation functions, to the desired traction-separation law.

It is worth emphasising that despite claims of I'-convergence in | , Sec. 5.1] and in | ,
Sec. 6], these efforts primarily demonstrated numerical convergence rather than a rigorous mathematical
proof. It is then clear that an analytical proof of the I'-convergence of | , ] and | ]

phase-field models towards the free-discontinuity variational cohesive fracture model set up by | ]
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is still missing, in the same spirit of what has been done by | ] (cf. also | ) ) D-
A timeline, visually summarizing the state of the art discussed above, is presented in the introduction
of the third part paper, [ ], where the the key milestone works with their logical connections are

highlighted, including the present study, within the variational approach to fracture.

The main aim of this three-part work is to provide a unified consistent framework for the phase-
field modeling of cohesive fracture, similar to what has been done in | | for the the phase-field
modeling of brittle fracture, that bridges the mathematical results of the first two parts with the more
applied and engineering oriented third part. One of the main goals of this first part work is exactly to
fill the gap discussed above by extending the I'-convergence results in | ], thus proposing a unified
mathematically foundation for cohesive phase field fracture models. More precisely, in this first paper
we prove a ['-convergence result in the one-dimensional setting for a very general family of phase-field
energies which encompass at the same time the models introduced in | L1 , L ]
and in | ) | (see Section 1.2 below). In addition, changing the scaling in the functionals, we
show that our model also include and provide a generalization of the classical Ambrosio-Tortorelli model
for the approximation of brittle energies. In the second paper [ ], we take advantage of the general
model introduced in this first part work to set-up an analytical procedure to construct the phase-field
model in order to obtain assigned cohesive laws, either by fixing the degradation function and choosing
the damage potential or viceversa. This validates rigorously and generalizes the numerical results of
[ | allowing, for instance, to derive different phase-field models sharing the same target cohesive
law, and hence exhibiting the same overall cohesive fracture behaviour, but different localized phase-field
profiles evolutions. In the third paper | ], the mechanical responses of different phase-field models
associated to canonical traction-separation laws in a one-dimensional setting are investigated in depth
under a more engineering oriented perspective providing a link with and supporting the conclusions of

the theoretical results of the first two parts.

1.2 A general phase-field model

To introduce the mentioned new phase-field functionals we recall both the model introduced in | ]
(actually a slight generalization of it), and its regularization proposed in | , ] and later specified

in [ ]. To this aim we fix some notation and state some assumptions that will be used throughout
i\
flt) = () , 1.1
0= (5025 (1)

(Hp 1) 1, Q € C°([0,1],]0,00)) with I(1) = 1, I71({0}) = Q71({0}) = {0}, @ non-decreasing in a right
neighbourhood of the origin, and such that [0,1) 5 ¢ — f(¢) is non-decreasing in a right neighbour-

the paper. For every t € [0,1) let

where

hood of the origin.

Clearly, assuming (1) = 1 is not restrictive up to a change of @ by a multiplicative factor. Then, for
every € > 0, set f.(1):=1, for t € [0,1)

() :=1APf(1), (1.2)
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and

- el(t) s
fs(t) = <€l(t)+Q(1t)) . (1.3)

Note that [0,1] 2 t — f-(¢) is non-decreasing in a right neighbourhood of the origin, as well. Consider

next

(Hp 2) w € C°([0,1],[0,00)) such that w=1({0}) = {0}, and the following limit exists

o (w®\”
t1_1)I51+ (Q(t)) =:5 € [0,00]. (1.4)

Let © C R be a bounded and open interval, and A(Q2) the family of its open subsets. Then define
D Fe) L'(Q,R?) x A(Q) — [0, 00] respectively by

- 1—
F(u,v, 4) 1= / (ff(v)U’2 + M(T) +elv’l2) do (1.5)
A
and .
Fua)i= [ (P L ) ao (16)
A 4e
if (u,v) € HY(Q,R x [0,1]) and oo otherwise.
Some remarks are in order: the original model in | ] corresponds to f- defined with I(t) as above,
Q) =A"2(1-1)2%,¢>1, X € (0,00), and w(t) = (1 —¢)? in (1.2) (see also | , ]). Therefore,
¢ =MXif ¢ =1, and T = oo otherwise. Instead, the model proposed in | , ] corresponds to

I(t) :==t? with p € (0,00) in (1.3).

Under the above quoted choices of @ and w, the I'(L!)-convergence of {]-'5(1)}5>0 to a cohesive type
functional has been addressed in | , Theorem 2.1] (cf. below for the explicit expression of the
limiting functional, and see | , ] for the vector-valued geometrically nonlinear setting). We
prove here an analogous result for the families {]-"5(1)}90 and {]—"8(2)}5>0, and actually for a broader family
of functionals including both those defined above and those used in | , | as particular

cases. Indeed, let ¢ : [0,00) — [0,00) be a non-decreasing function, and consider the functionals
Fe: LYQ,R?) x A(Q) — [0, 00] defined by

Fo(u,v, A) = /A (gp(sf2(v))u’2 + % + €|v’|2> dz (1.7)

if (u,v) € HY(Q,R x [0,1]) and oo otherwise. In particular, in formula (1.7) above, the functions
[0,1) = o(ef?(t)) are extended by continuity to ¢t = 1 with value p(oc0) for every e > 0. In the main

result below we will assume that ¢ satisfies
(Hp 3) ¢ € C°([0,00)), ¢ is non-decreasing and ¢p(oc) := tlim ©(t) € (0, 00);
—00

(Hp 4) ¢~1(0) = {0}, and ¢ is (right-)differentiable in 0 with ¢’(07) € (0, 00).
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Now let Z=: L'(Q2) x A(Q) — [0, 00] be given by

[ s + (@) D) + [ gllulan
A

J,NA
Fe(u, A) = if u € GBV(Q) (1.8)

00 otherwise

where for ¢ € [0, 00] we define h¢ : [0,00) — [0, 00) by

ho(t) := inf 1 2+f (1.9)
ST e 1P\ T i :

(in particular, ho(t) = 0 and heo(t) = @(o0)t? for every t € [0,00), cf. Proposition 2.1 below), h*
denotes the convex envelope of he, and g : [0,00) — R is defined by

1 1/2
g(s):= _inf / (1= AL OV P2ANE+181)) " az, (1.10)

(v,B)eLhs

G(v,B):=

where 4 is defined in (2.18). Throughout the paper we adopt the convention 0 - oo = 0. Therefore, if
Foo(u) < 00 then |Du|(Q) = 0 (cf. (1.8)), and thus we conclude that u € GSBV (Q) with «' € L*(Q).

We will prove the following result.

Theorem 1.1. Assume (Hp 1)-(Hp 4), and (1.4) hold with S € (0,00]. Let F. be the functional defined
in (1.7). Then, for all (u,v) € L'(Q,R?)

NP _
(L )-;%Fa(u,v) = Fe(u,v),
where, Fz: L*(Q,R?) x A(Q) — [0,00] is defined by

Fz(u) ifv=1L'"ae onQ

Fz(u,v) := (1.11)

00 otherwise.
The proof of Theorem 1.1 follows some of the ideas introduced in | , | for the I'-convergence
analysis of the geometrically nonlinear counterpart of the model studied in | ] in the scalar case.

Despite this, several nontrivial difficulties have to be overcome due to the generality of the model.
In passing, note that .7-}(1), ]-'5(2) correspond, respectively, to the choices ¢1(t) = 1At and @o(t) = l%rt

for every t € [0,00), and [(t) = t? in the second setting. Therefore, @;, i € {1,2}, satisfies (Hp 3) and

(Hp 4), with ¢;(c0) = ¢5(0) = 1. Moreover, if K denotes the corresponding function defined in (1.9),

we have for every ¢ € (0, 00]

()0 = h 0 = Wy =1, S

NN NN

ot— s ift>

Note that the same bulk energy density is obtained in both cases, without the need of taking the
convexification with the choice 5. We then expect the bulk energy density of the corresponding I'-limit
to be convex also in the vector valued setting, contrary to the case when ¢y is chosen (cf. |

9
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Section 2.2] and | -

In addition, we remark that the dependence of g on ¢ is elementary and explicit. This claim can be
highlighted letting, for instance, g; be the function corresponding to the choice p; = 1At asin | I,
so that (1.10) itself yields for every s > 0

9(s) = 1 ((¢'(07))s) . (1.12)

Note that any other function ¢ with slope equal to 1 in t = 0 would work the same.

We point out that the surface energy densities g we obtain can have either a linear or a superlin-
ear behaviour for small jump amplitudes, the difference between the two cases being encoded by the
finiteness or otherwise of the value of the limit $ (cf. (1.4)). The approximation of superlinear surface
energy densities slightly departs from the analysis in | , Section 7.2], there the numerator [ of the
degradation function is € dependent in contrast to our approach, and is closer to the approach in | ]

We underline that another advantage of the introduction in the model of the function ¢ is that a
simple change of the scaling in the functionals F. provide a family of energies including those originally
defined by Ambrosio and Tortorelli in | ] to approximate the Mumford-Shah energy. Therefore, we
provide a unifying phase-field model for the approximation of Griffith energy in brittle fracture ([ )
and cohesive zone models. Indeed, let v. > 0 with 7/ — oo as € — 07, and consider the functionals
Fo: LYQ,R?) x A(Q) — [0, 00] defined by

Fatwod)i= [ (trarone?+ S0 e as (113)

if (u,v) € HY(Q,R x [0,1]) and oo otherwise. As a consequence of Theorem 1.1 we obtain the following

result.

Theorem 1.2. Assume (Hp 1)-(Hp 4), (1.4) hold with < € (0,00], and that ¥:/e — 0o as € — 0T. Let
F. be the functional defined in (1.13). Then, for all (u,v) € L*(2, R?)

I(LY)-lim F.(u,v) = F(u,v),

e—0

where, F : L*(Q,R?) x A(Q) — [0, 00] is defined by

(00) /A 2z + 20(1)HO(J, 1 A)

F(u,v,A) := ifue SBV(Q),v=1L'a.e. onQ - (1.14)

00 otherwise

Finally, the role of the assumptions {¢(c0), ¢’(07)} C (0, 00) are analysed in Section 3.4 by discussing
the complementary cases.

Let us conclude the comments to Theorem 1.1 by remarking that the one-dimensional setting is not
mandatory for the I'-convergence analysis. Indeed, results similar to those contained in [ | can be
obtained in the vector-valued setting (see | ]). In this respect, | , Corollary 3.5] establishes that
the surface energy density of the I'-limit depends only on the modulus of the jump via the one-dimensional
surface energy density obtained in | ] in the so called isotropic setting, roughly speaking if the (linear

recession function of the) bulk energy density in the phase-field model is the modulus squared of the
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deformation gradient. We expect the same to be true in this generalized setting, so that the problem of
assigning a specific cohesive law studied in the second part paper | ] can be also addressed for

some vector-valued models, as well.

1.3 Contents of this Paper

In Section 1.2 we have introduced the phase-field model under study and the main I'-convergence result
has been stated (cf. Theorem 1.1). The proof of Theorem 1.1 is given in Section 3 where the compactness
properties of the phase-field functionals and the I'-convergence with the addition of Dirichlet boundary
conditions are also studied (cf. Theorems 3.1 and 3.6, Theorem 3.11, respectively). All the needed
technical results to prove the above mentioned statements are collected in Section 2. The approximation

of brittle type energies is discussed in Section 3.4, together with other consequences of Theorem 1.1.

2 Technical results

2.1 Preliminaries

We adopt standard notation for Sobolev, BV, GBV spaces for which we refer to | ]. Let us only
recall that if u € L* N G(S)BV (Q), setting

uM = (uv M)A (M), (2.1)

for M € Nand u € L*(Q), then u™ € (S)BV(Q), u™ — uwin LY(Q) as M — oo, J, = Uprendym, [u](z) =
[uM](z) for M sufficiently large, v’ = (u™)’ L'-a.e. on {|u| < M}, and |Du|(A) := sup,, |DuM|(A)
for all A e A(Q) | , Section 4.5].

For the standard theory and results on I'-convergence we refer to | , ].

In what follows when taking the right-(left-)limit of a monotone function % : (a,b) — R, where
a € [~00,00) and b € (—00,00], in a point ¢y € [a,b] we will simply write ¥(t]) (¥(ty)) if to is finite,
and 1 (+o0) otherwise.

2.2 Technical results for the diffuse part

We establish in the next statement several useful properties of the functions h for functions ¢ satisfying
slightly more general assumptions than (Hp 3) and (Hp 4). In particular, in what follows with ¢'(0%) = oo

we mean that the limit of the difference quotient of ¢ in ¢ = 0 exists and it is not finite.

Proposition 2.1. Let ¢ € C°([0,00)), be positive, non-decreasing with o~1({0}) = 0. Let h¢ be the
function defined in (1.9), then

(i) he(0) =0, he € C°([0,00)), he is strictly increasing for every ¢ > 0, ho(t) < he(t) < he(t) < hoo(t)
if 0 < ¢ < ¢ < oo for everyt > 0. Moreover, for every t > 0 and for every ¢ € (0,00) we have
lim ho (t) = he(t), and
§'—¢

lim R (t) = hZ*(t). (2.2)

/=<
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(11) Let s € (0,00). If v has right derivative ©'(0%) € [0, 00] then

lim Lg ®) = lim Lg(t)

t—00 t t—oo t

= (¢(07)) . (2.3)

If in addition ©'(0%) € [0,00), then there is & > 0 such that for every t € [0, 00)

(@' (0M) st — &) VO < BE*(t) < (¢/(07)) et . (2.4)
Moreover,
he*(t he
%%372() = thi% tgt) = p(00) € [0, 00]. (2.5)

(iii) Let ¢ = co. If p(o0) € (0,00) then hoo(t) = @(c0)t? for every t € [0,00). If, moreover, ©'(0F) €
(0, 00] then for every t € [0, 00)

lim A2 () = lim he(t) = heo(t). (2.6)

¢—00 ¢—00
(iv) Let ¢ =0, ho(t) =0 for every t € [0,00) and

Jim B (0) = T Ao(t) = hol®). (2.7
Proof. Step 1: Proof of item (i).

It is clear that h.(0) = 0 for every ¢ € [0,00], and moreover that ho(t) = 0 for every ¢ > 0 as
©(0) = 0. Note that the infimum in the definition of h.(t), ¢ > 0, is actually a minimum by the
continuity and monotonicity of ¢, and thus h¢(f) > 0 = hg(t). Denote by 7¢; > 0 a minimizer, then
Tt € 10, ;%go(l/t)tQ + t] by choosing 7 = t in the very definition of h,(¢). Using 7., as a test in the
definition of hc(s) for s < t yields hc(s) < he(t).

To establish the equality lim he(t) = he(t) for ¢ > 0 (the cases ¢ € {0,00} will be discussed after-
wards) it is sufficient to noteg tz;t for every ¢,¢’ € (0,00) with ¢’ < ¢ and t > 0 we have by the very
definition of A

hc’ (t) < hc(t) < (C,)z hc’ (t) (2'8)

S

The latter formula also implies the validity of (2.2) (the fact that h*(t) < oo is a consequence of (2.4)
that will be proved below).

By definition A is upper semicontinuous, thus its continuity in 0 follows from its non negativity and
h(0) = 0. To establish the continuity of hc in ¢t > 0, it is then sufficient to show its left continuity, and
actually that Shj?, hc(s) > he(t) by monotonicity. Since by the very definition of h¢ for every s € (0,t)

helt) < (t)ths),

S

we have

the conclusion then follows. Actually, the latter estimate implies that k¢ € Lip;,,((0, 00)), with Lipschitz
constant on any interval [a,b] C (0,00) estimated by 25 h(b).
Step 2: Proof of item (ii).

Assume first that ¢’(07) € [0,00). Let ¢ > 0 and ¢ > 0 be fixed, and let 7. > 0 be such that
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@(nj,t 2 = %ncM its existence follows from the continuity and monotonicity of ¢, then

he(t) < (‘P(l/m.,t)nc,t)lh st.

In particular, it easy to check that 1, — oo as t — 0o, so that

hE* (¢
lim sup — ®) < lim sup he(®)

t—o00 t—o0 t

< (¢'(07)) .
If ¢'(07) = 0 we are done, otherwise to prove the opposite inequality we assume first ¢ to be bounded.
Then h<®) /¢ is upper bounded on (0, 00), as by testing the definition of h(t) with 7 = ¢ itself yields

hgt(t) <@+

and the claim follows being ¢ continuous, bounded and differentiable in ¢ = 0. Thus, 7.+ — 00 ast — oo,

in turn implying

h(t 3
O et T > (o0 s
and we may conclude
imint 7<) > (1 (00)) 2

Hence, for every € € (0, (¢’ (01))"/%¢) there is €. > 0 such that ¢(t) := 0V (((¢’(07)) ¢ —e)t — &) < he(t)
for all £ > 0. In particular, A" > ¢, and thus

liminf —=
t—o00 t

> (¢/(0%) /s — ¢,

and (2.3) for h’* follows at once by letting ¢ — 0. If ¢ is not bounded, consider ¢ A j and h ; the
RIS o o RIS !
> lim 50 = (1 (0%)) s,

corresponding function in (1.9). Then using (2.3) for A ; yields lirtgi(?f
and thus the conclusion.

If ¢'(07) = oo, there is a diverging sequence of integers k; € N such that the connected component
of {t € (0,00) : ¢(t) > k;t} whose closure contains the origin is bounded. Then consider the function ¢,
equal to k;t on such a set and to ¢ otherwise, and let h¢ ; be the corresponding function in (1.9). Using
(2.3) for he ; gives litrgioglf hzz(t) > (k;)'/*s, and thus (2.3) for h follows by letting j — oc.

The growth conditions in (2.4) are then a conseguence of the convexity of h*, and of the equality
ht*(0) = he(0) = 0.

We prove next (2.5). Assume first p(o0) € (0,00), and note that being h. < hy, we have
he™(t)

he(t
limsup ——>— < limsup gg )
t—0 t t—0 t

< p(00).

In addition, taking 7 = ¢* in the definition of h(¢), the monotonicity of ¢ in (Hp 3) yields

from which we infer 7 ; < @ﬁ +t3. As, for every e € (0,¢(00)) there is . > 0 such that p(1/7) >
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p(o0) —e if 7 € (0,0;), there is t. . > 0, such that for ¢t € (0, (]

he(t) = o(Yre.)t? > (p(00) — €)t>.

In particular, from this it is easy to infer the equality for the limit of h¢ in (2.5). Next, set 0. :=
inf; . o) % Thanks to (2.3), to the strict monotonicity and to the local Lipschitz continuity
of he, we may assume 7. > 0, up to substituting t. . with a slightly smaller value t;a such that h¢ is

differentiable on ¢ . and hl(t{ .) > 0. Therefore, he > 1) ., where

(p(00) — &)t? if t €0,¢t.]
Voe(t) i= o
(¢(00) — E)t?,e + nc,a(t - tc,s) ift >t
in turn implying h* > ¢, where
(p(00) — )t if ¢ € [0, 55—
Pee(t) = ’

2
et — s it E (i )
if ne.e < 2(p(00) —€)tce, and % = 1) - otherwise. In any case, from this it is easy to infer the equality
for the limit of A* in (2.5). Finally, if ¢(c0) = oo, consider ¢ A j and h ; the corresponding function in
(1.9). Then using (2.5) for h. ; yields liggiglf h‘t—;t) > 4, and the conclusion follows by letting j — oco.
Step 3: Proof of item (iii).

Let ¢ > 0, recalling that 7. ; > 0 is a minimum point in the definition of h(t), from h(t) < hoo(t)
we conclude that 7 ; — 0 as ¢ — oo, and thus he(t) = hoo(t) as ¢ — co.

To establish (2.6) for hX*, let ¢ > 0 (as h!*(0) = hoo(0) = 0) and note that by definition hl(t) =
—inf{h(s) —ts : s € [0,00)}. Since (he(-) — t-)e>0 is equicoercive for ¢ > ¢; > t(¢'(0%))~'/2 thanks to
(2.4), the pointwise convergence of h¢ to ho and the fundamental theorem of I'-convergence imply that

2
4

hE(t) — hi,(t) as ¢ — oco. Moreover, the family (h})c>o is non-increasing with h*(t) > hi (t) =
and thus (h?(-) — s-)c>0 is equicoercive, and again the pointwise convergence of (h}).>o to h, implies
hi*(s) = hi5(s) = hoo(s) for every s > 0.

Step 4: Proof of item (iv).

The proof of (2.7) is immediate by choosing 7 = 1/s. Indeed, we have h¢(t) < @(<)t? 4 §, so that
(2.7) follows at once by letting ¢ — 0" by (Hp 2). O
Remark 2.2. We point out that in case ¢'(07) = 0o and ¢ € (0,00), h’* does not necessarily coincide
with p(00)t?. Indeed, taking o(t) = t* A1, a € (0,1), an explicit calculation yields for every t > 0 the

identity h*(t) = (2 A (1 + a)(%)“%atl%a)**, which is sub-quadratic for large values of t.

Next, we prove a truncation result following | , Lemma 4.4]. Tt is then convenient to introduce

the function ¥ : [0,1] — [0, 00) given by

W(t) ;:/0 w2(1 = 7)dr. (2.9)

Lemma 2.3. Let ¢ : [0,00) — [0,00) be non-decreasing and satisfying assumptions (Hp 1) and (Hp 2).
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Then, there exist two functions (1,(a : (0,1) — (0, 00) with

(%1_13(1) Go) =1 and %1_{% ¢2(6) =0 (2.10)

satisfying the following property. For every vy € (0,1 AT) there exists 6, € (0,1) such that for every § €
(0,6), (u,v) € H*(Q,R % [0,1]), and A € A(), there is ss € (1—0,1—02) such that x (>3 € BV(A),
Us = U X{v>s,} € SBV(A) (the previous quantities actually depend also on vy and A) and

Hy(iis, A) < Fo(u, v, A) (2.11)
where Hs : LN9Q) x A(Q) — [0, 00] is defined for € € (0,00) by
Hy(w, A) = ¢1(6) /A he. (ju')dz + G(S)HO (AN J) (2.12)
if we SBV(A), and 0o otherwise with T, == (< — 7)(1 —7); and for < = 0o by
Hs(w.4) = 6 (8) [ By’ Do+ GOH(AN 1) (2.13)

if we SBV(A), and oo otherwise.
Moreover, if u. — u in L*(Q) and v. — 1 in measure on ), then (uz)s — u in L'(A) as e — 0 for
every A C A(Q) and 6 € (0,1).

Proof. With fixed v, 6 € (0,1) and (u,v) € H*(2,R x [0,1]) setting A5 := {z € A : v(x) > 1— 4§}, we

argue as follows:

Fe(u,v, A)
> /AJ (ap(sf(v))|u’|2 +(1 - 5)w(14;1))> dx —i—/A (5 w(%;v) + 5|v/2> da
> /A (ap(sf(v))|u’|2+(1 —5)‘”“42”) dx+51/2/A|\I/(v)’\dx, (2.14)

where ¥ is the function defined in (2.9).
We distinguish the two cases T € (0,00) and § = co. We start with the former. Then, as I(1) = 1 and
(1.4) holds, for every v € (0,5 A 1) there is 6., € (0,1) such that if ¢t € (0,4,)

f)
®)

Therefore, the first summand in (2.14) can be estimated as follows for § € (0, d,) by monotonicity of ¢

£

I(1—1t) > (1—7)?, > (3 —7)2.

QO

[ (eteromm+ =i -2 ) as

>1-0) [ (o (5725w + -2 0

>(1-0) [ he (u'as.
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where ¢, = (S —)(1 — ). Hence, (2.14) yields that for § € (0,0,)

Fe(u,v,A) > (1 — 5)/

h;w(\u’|)dx+61/2/ |’ (v)|dz . (2.15)
As A

If T = oo, by (1.4) for every v € (0, 1) there is 6, € (0,1) such that if ¢ € (0, )

w((z))<727 and 1(1—1) > (1—7)2, (2.16)

from which it follows that for ¢ € (0,d,) we have by monotonicity of ¢
w(l—wv
[ (veronme+a- 920 as
As €
8(1—7)2> 2 w(l—v)>
> - |+ (1= ——= | dx
[, (o (G e+ a -0ty

=/, ((daa" ;;)2) R L

> (1=8) [ s

Therefore, we deduce that for ¢ € (0, d)
Fe(u,v,A) > (1 — 5)/ h1/7_1(|u’|)dx+51/2/ |V (v)|dz . (2.17)
As A

To conclude we follow closely the argument in | , Lemma 4.4]. We observe that ¥ is strictly

increasing, and in particular ¥ is bijective. By the coarea formula,

(1)
/ 0 (0)[dz :/ HO(AN S {T(v) > t})dt.
A 0
Therefore there is t5 € (U(1 — §), ¥(1 — §2)) such that
(T(1—6%) —U(1 - 6))HU (AN {T(v) > t5}) < / |V’ (v)|de.
A

We define @ := ux{w(v)>t;}na (dropping the dependence on both ¢ and A from ). As u € L>(£2), then
u € SBV(A). Being hc(0) = 0 for all ¢ we obtain either by (2.15) or by (2.17)

Fo(u,v,A) > (1—6) /A h(j@|)dz + 62 (W(1 — 62) — T(1 — 6))YH (AN Ja)

where h = hg in the first case and h = hi/,_; in the second case. Defining (1(0) := 1 — 4, and
G(8) == 672 (T(1 — 62) — ¥(1 — §)) we deduce (2.11) and (2.10).
We also remark that ||@ — ul[z1(a) < [|ullz1(fu<w-1(z5)}), hence, if the sequence u. is equi-integrable

and v. — 1 in measure on A, we obtain that u. — @, — 0 in L*(A) for every § € (0,1). O

Next, we resume a partial relaxation result established along the proof of [ , Proposition 4.2] in

the form needed in this paper.
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Proposition 2.4. Let ¢ € (0,00), and ¢ : R — [0,00) be convez such that
0<é(t) <c(l+t]) forallteR.
Define ® : L*(Q) x A(Q) — [0,00) by
B, A)i= [ o(w')de +CHOAN )

if we SBV(Q), and co otherwise.
Then, for any wj,w € BV (), with w; — w in L*(A), we have

liminf ®(w;, A) > /A¢(\w/\)dx + ¢ |Dw|(4),

J

where

t—o0

¢ := lim @ €1[0,¢].

2.3 Properties of the surface energy densities

We collect here some useful properties of the function g. With this aim, for every p € [1, oo] we introduce

the notation

Us(0,T) = {,8€ H'((0,T)) :7(0) = 0,%(T) = s,
0<8<1,p(0)=8(T) =1}, (2.18)

for every T > 0, with the following convention il := $45(0, 1).

2.3.1 Case < € (0,00)

In case ¢ € (0,00), we state without proof some results on g whose proofs can be obtained following
word-by-word the arguments used in the case w(t) = Q(¢) = t? in | , , ] (in the notation
of the last two papers I(t) = fZ(1 —t)). We recall that ¥ is the function defined in (2.9).

Proposition 2.5. Under the assumptions of Theorem 1.1 with < € (0,00), the function g defined in
(1.10) enjoys the following properties:

(i) g(0) =0 and g is subadditive;

(ii) g is non-decreasing, g(s) < (¢'(07))"25s A2W(1), g is Lipschitz continuous with Lipschitz constant
equal to (¢'(07))'/25;

(iii) the ensuing limit exists and

’le g(s) =2¥(1); (2.19)
(iv) the ensuing limit exists and
lim 9 _ (¢'(07))"%. (2.20)
s—0 8
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(v) the following alternative representation for g holds

: : T / / w(l B ﬂ) /
O I (TR R L EERCEY
(vi) For alln € [0,1] and s € [0,00)
0 < g(s) = gn(s) < 2Xo(n)n (2.22)

where Ao(s) = maxe(o ¢ w'/2(t), and g, : [0,00) — [0,00) is defined by

. ! / 2 "2 i)
i) = inf [ (=B ONPANE+ 1)) ar (223)
where
W= {7, 8 € H'(0,1)) :9(0) = 0,7(1) = 5,0 < 8 < 1,4(0), 8(1) = 1 - n} (2.24)

2.3.2 Case =00

We turn next to establish the structural properties of the surface energy density ¢ in case ¢ = co. The
proof somewhat follows that of | , Propositions 4.1 and 7.3] to which we refer in case they are an

immediate adaptation of the latter. We highlight only the main changes.

Proposition 2.6. Under the assumptions of Theorem 1.1 with < = oo, the function g defined in (1.10)

enjoys the following properties:
(i) g(0) =0, g is non-decreasing, and subadditive;

(ii) g € C°(]0,00)), 0 < g(s) < G(s) for every s > 0, where

a(s) = _int, {200) ~ v -0+ (2070 -2)555) s} (2.25)
G € CO([0,00)) is concave, non-decreasing, §(s) < 20(1), and
lim @ = . (2.26)
(iii)
27 < lisg(i)xlfggz; < 11?1231) ggg <1, (2.27)
(iv

lim g(s) = 2¥(1);

S§—00

(v) the alternative representation for g in (2.21) holds.

Proof. For the proofs of items (i), (iv) and (v) we refer to | , Proposition 4.1]. To prove (ii), let

s € (0,1) and consider v = 0 on [0,1/3], v = s on [2/3,1] and the linear interpolation between 0 and s
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on [1/3,2/3], while 8 =1 — ¢ on [1/3,2/3] and the linear interpolation between ¢ and 1 on [0,1/3] U [2/3,1],

where § € (0,1] is arbitrary. In particular, (v, 8) € s and a simple calculation gives

s _ _ /0t _ @ v s
olo) < 200(1) — w1 -0 + (P07~ 9 55 )
Therefore, by (2.25) it holds that for every s > 0
9(s) <9(s)- (2.28)

Note that by its very definition g is concave, non-decreasing, g(s) > g(0) = 0, and g(s) < 2¥(1) for every
s > 0. Therefore, g is continuous. Moreover, by assumptions (Hp 1)-(Hp 4) and as § = oo, it is easy to
infer that for s > 0 at least a minimizer exists for the problem defining g(s). Clearly, all minimizers are
strictly positive if s > 0. Denote by ((s) the smallest minimizers, which exists by continuity of [, w, @,
and . Then ((s) > 0if s > 0, and as g(s) > 2(¥(1) — (1 — ¢(s))), we have ((s) — 0T as s — 0.
Thus, to establish (2.26) it is sufficient to take into account that $ = oo and to note that

9(s)

S

w(¢(s)) )1/2
Q((s)/

Having fixed s1 , s2 € [0, 1], by the monotonicity and subadditivity of g, (2.28) yields that |g(s2)—g(s1)| <

> (901101 ¢(s)

g(|s2 — s1]) < g(|s2 — s1]). The continuity of g then follows.

We establish next item (iii). First, note that by (2.28) it immediately follows the inequality on the
right hand side of (2.27). On the other hand, if {s;},cn is an infinitesimal sequence realizing the inferior
limit in (2.27), let \; = o(g(s;)) > 0 as j — oo, and (v;,B;) € Us, (cf. (2.18)) be competitors such that

1 1/2
| (=)@ 2@ +15P)  de < g5 + 4.

then defining &;(z) := (@I(OJr)l(ﬁj(x))Zg((i:imyhv and using the concavity of the square root we have

9(si) + A5 2 271/2/ (&5 +1(2(5))) da
0
> 912 (,gj (z;)s; +2(¥(1) — min \I/(ﬁj)))
> 272 (€(x5) 55+ 2V (D) — U(B;(x7)) 2 275 (s;).

where z; € (0,1) denotes an absolute minimum point of £; € C°((0,1)) (note that ; — oo both as
r — 07 and as # — 17 being f; € ;). Then the first inequality in (2.27) follows at once being
Aj =o0(g(s;)) as j — oco. O
3 TI'-convergence and compactness

In this section we address the I'-convergence and compactness properties of the family {F.}.s9. We

distinguish the cases < € (0,00), T = oo.
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3.1 Cases e (0,0)
We begin with establishing compactness and identifying the domain of the eventual I'-limit.

Theorem 3.1 (Compactness). Under the assumptions of Theorem 1.1 with< € (0,00), let {(ue,ve)}eso €
LY (2, R?) be such that

sulg(}'g(ug,vg) + el 1)) < 0. (3.1)
e>

Then there are {ex }ren and u € L' NGBV (Q) such that (ue,,ve,) — (u,1) L -a.e. on Q. If, moreover,

(ue)e is equi-integrable then u., — u in L'().

Proof. Let C' > 0 be the supremum on the left hand side of (3.1), then
/ w(l —ve)dx < Ce,
Q

so that v. — 1 in measure on €, and moreover (u.,v.) € H'(Q,R x [0,1]).

We show next that there is a subsequence of (u.). converging in measure on 2. With this aim,
fix v € (0,5 A1), then Lemma 2.3 provides 6, > 0 and functions . := (uz)s € SBV(Q) such that
H;s(tie 5) < Fe(ue,ve) for every 6 € (0,0,), with bulk density he, where <, = (¢ —7)(1 — ) (cf. (2.12)).
Therefore, by (2.4) we deduce that for some constant Cy depending on <, v and § we have

sup/ |11'6’5|dx+H0(J@575) <Cy.
e Ja

Considering the truncated functions ﬂé‘ﬁ; € SBV(Q) for M € N (cf. (2.1)), (3.1) and the previous
estimate yield that sup..q [|@25]/py @) < Cu < co. The BV compactness Theorem and an elementry
diagonal argument imply the existence of a subsequence ¢ (independent from M, but depending on )
and of u™ € BV() such that @’ ; — u™ in L'(Q) for every M € N.

We recall that in the proof of Lemma 2.3 we have set te 5 = ueX{w(v.)>t. 5} fOr some t. 5 € (P(1 -
§),¥(1—6%)), and thus L' ({¥(v.) < t.5}) — 0 as e — 0 as v, tol in measure on €. Thus, we infer the

M M 3

(uZ; )x convergence in measure on 2 to u™, i.e.

lim sup El({|ﬁé‘f 5 — ué\f\ >n}) < limsup El({\If(vg) <tes}t)=0. (3.2)

M+1 _ M

It is easy to check that u we conclude

that v € GBV(Q2). In addition, we have u € L' (Q2) as

uM if [uMFL| < M, therefore defining u := sup ey v

[ullr@) < Hn}winf [l L1 ()

< hHlelnf(hmklnf g, |21 () < hmklnf e, 1) < C. (3.3)
Finally, for every n > 0 we have that

LY(Ju—ue,| > n) < LY(jul > M)+ L1 (ju — uM| > nj3)

LA | 2 ) < LM |2 ) 420

where in the last inequality we have used (3.1) and (3.3). From this we conclude that (uc, ); converges
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in measure on ) to u by letting first £ — oo and then M — oo.
The claimed £!-a.e. convergence on €2 holds up to extracting a further subsequence. Finally, if (u)e

is equi-integrable, by taking into account (3.2) we estimate as follows
HU_UEkHLl(Q) < ~/{| | ) |U|d1‘—|— H'UJM—U?{HLl(Q) —|—Hu%—u€k||L1(Q)
u|>

g/ uldz + [ — @2 sl (o)
{|u|>M}

—|—/ |u5k|dx+/ |ue,, |dz .
{\I’(ng)gtgkys} {|u5k|>M}

The conclusion then follows by letting first £ — oo and then M — oo. O
Next, we show the lower bound inequality for the diffuse part, for which we follow | , Proposi-
tion 4.2].

Proposition 3.2. Under the assumptions of Theorem 1.1 with < € (0,00), for every (ue,ve), (u,v) €
LY (Q,R?) with (ue,v.) — (u,v) in L'(Q,R?), we have

[ b+ (07) 6| Dou (4) < limigt ey 4), (3.4
A E—r

for every A € A(Q).

Proof. By superadditivity of the inferior limit it suffices to assume that A € A(f2) is an interval. More-
over, we can suppose the inferior limit on the right hand side of (3.4) to be finite, otherwise the claim is
obvious. Therefore, (uc,v.) € H*(A,Rx[0,1]) for e > 0 sufficiently small, u € GBV (A) and v = 1 L -a.e.
on A by Theorem 3.1 applied on A in place of . Let M € N and v € (0,1), using the notation and the
results in Lemma 2.3 we find 0, s € (0,1) such that for every 6 € (0,8, ar) if @l := (uM)s € SBV (A)

(for every e small enough) such that
HCS(?]Q?&A) < ]:E(uévlvusaA) < ]:E(U’E7v€7A) .

Thus, by taking the inferior limit as ¢ — 0, in view of Proposition 2.4 we conclude that for ¢, =
C=7 =)

Gi(9) /A B (1M )dz + GO (@ (04)) 25, | D7 |(A) < liminf F (e, vz, 4). (8:5)

By letting first 6 — 0, v — 0 and then M — oo, we conclude (3.4) in view of (2.10), (2.2) and Beppo

Levi’s theorem. O
We establish next the lower estimate for the surface part.

Proposition 3.3. Under the assumptions of Theorem 1.1 with S € (0,00), for every (ue,ve), (u,v) €
LY(Q,R?) with (uc,v:) — (u,v) in LY(Q,R?), we have

/ o(|[u][)AHO < Timinf Fu (ue, v., A), (3.6)
JuNA e—0
for every A € A(QY), where g is the function defined in (1.10).
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Proof. By superadditivity of the inferior limit it suffices to assume that A € A(f2) is an interval. More-
over, we can suppose the inferior limit on the right hand side of (3.6) to be finite, otherwise the claim
is obvious. Therefore, (ue,v.) € H*(A,R x [0,1]) for £ > 0 sufficiently small, u € GBV(A) and v = 1
L'-a.e. on A by Theorem 3.1.

We claim that it is sufficient to show that if w € BV(A) we have for every zo € J, N A

9(|[u](zo)|) < liminf liminf F (u., ve, I.(x)), (3.7

r—0 e—0

where I.(z) = (z — 7/2,x + 7/2). Indeed, given (3.7) for granted, if u € BV (A) we can find a nested
sequence of finite sets {K,,}men such that Up,enK,, = Ju, N A. Then, for every m € N, there is
rm > 0 such that {I,.(z)}sck,, are disjoint and contained in A for all r € (0,7,,). In particular, by the
superadditivity of the inferior limit operator and by (3.7), for every m € N we get

O < . . . .
/ng(|[u](x)|)d7-£ (x) < P hing)l(l)lfhin*}lélffg(ug,UE,IT(Z‘))

< lim inf XK: lim inf 7 (ue, ve, I () < liminf F. (ue, ve, A).
TEKm
Taking the limit for m — oo we conclude (3.6) for u € BV (A).
Moreover, if u € GBV \ BV (A) then J, = UpyrenJ,m and [uM](zg) = [u](zg) for M € N sufficiently
large. Noting that F.(ul, v., A) < F.(ue,ve, A), we conclude (3.6) for u thanks to (3.6) for u™ and

Beppo Levi’s theorem.

To establish (3.7) for u € BV (A) we argue by blow up. We can restrict to a subsequence F, (u., , Ve, )
such that lim i(I)lf Fe(te,ve, A) = klim Fe, (ug,v) < 0o, where we have set (ug,vg) := (ue,,vs, ). Next,
E— — 00

consider an infinitesimal sequence of radii {r;};en such that
lim inf lim inf F, (ug, vk, I (20)) = lim liminf 7, (uk, vk, I, (20)) ,
r—0 k—oo j—oo k—oo J

and select a subsequence {k;};cn such that n; := e, /r; < 1/j,

\]—}kj (uk;, vx;, I, (20)) — lilcrggffsk (g, vi, Ir, (0))| < Y/

and
v, = Ulpre) + llu, — ullzy) <73/ (3.8)
for all 7 € N. Therefore, we have
lim inf lim inf ¢, (ug, vk, Ir(20)) = lim F., (ug;,vr,, I, (20)). (3.9
r—0 k—oo j—00 7

For every j € N define the pair (4;,9;) € H'(I1,R x [0,1]) by @j(x) := ug,(xo + rjz) and 0;(z) :=
vk, (o +rjz) for all z € I;. A change of variable yields that

‘FEkj (ukjavkjaITj(zO)) :gj(ﬂjaﬂﬁll) (310)
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where G; : L' (I;,R? — [0,00] is defined for every (u,v) € H'(I;,R x [0,1]) by

Gytu) = [ (Lot Pplu?+ 2o as. (311)

k;
and oo otherwise. In addition, changing variables it is straightforward to check that inequality (3.8)

implies that

limsup(||@; — wollrr(r,) + 195 — LlL1(1y))
j—oo

< limsupr; *(|lug, — ullzr () + ok, — Llzr(@) =0, (3.12)

Jj—o0

where ug € BV (I1) is given by uo(z) := u(zq )Xx(~1,0) + u(a:ff)x[o,%), and we have used that }13}) lu(zo +
rz) —uo(x)||Lrr) = 0.

With fixed 6 € (0,1), for all € > 0 set 6. :=sup {t € [0,1) : ef*(t) < }. Recalling that f(0) = 0 and
f(t) > o0 ast — 17, 6. € (0,1) is actually a maximum by the continuity of f on [0,1). Moreover, we
have for all t € (d.,1)

§ < ef?(t) (3.13)

and actually
ef?(6.)=9. (3.14)

In particular, the latter equation implies . — 1 as ¢ — 0.

Moreover, f is non-creasing in [y,1) for some v € (0,1) by (Hp 1). Define M := max| ) f. Having
fixed 6, for all e sufficiently small we have /e > M2, thus 6. € (v,1) for ¢ small enough, and for all
t € [0,0.] we conclude that

ef?(t) <94. (3.15)

Then, for every j € N define 0; = 0; A d;, where §; := dc, . We have

Gj(ty, 05, Ir) = G;(u;,05,{0; < d;})

j - w(l —9; -
v [ et I, 2 0, (3.16)
Vj 205 3 yi

We analyze the first term in the last line of (3.16): we employ (3.13) to infer
o (5) it |2dw < i 2(5,)) @ 2de < G;(a;, 95, {8; > 6 3.17
p(6)]u;|"dz < plen, f7(v5))a5"de < G;(a;, 05, {0; = 6;}). (3.17)
{9;26;} Ek; (9,26} Ek;
Instead, for what the second term in the last line of (3.16) is concerned, being ¢ finite, the definition of

n; and the identity in (3.14) imply that

lim sup Mﬁl({f}j >6;}) <32+ lim Mrj =32 lim l(?)rj =0. (3.18)

j—00 Ur J—0 €kj j—00

By taking into account (3.13) and that ©; < §; L'-a.e. on I, we have by (3.15)

(e, 12(07)) > (1 00))¢(09)£2(55), (3.19)

3
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where 0(5) — 0% as § — 0T. In particular, by (3.16)-(3.19) we conclude that

hmlnf g_](’lj,], 17']) Z hmlnf gj(’l)/], QA}]) Z (1 — 9((5)) hmlnfﬁm (’&,J,’IA}],Il) 5 (320)
Jj—o0o

Jj—o0 Jj—o0
where fnj : LY(I1,R?) — [0, 0] is the functional defined for every (u,v) € H(I;,R x [0,1]) by

~

Fown) = [ (@@ + X ) o, (321)

and oo otherwise.
Up to extracting a subsequence not relabeled, we may use (3.12) to find points —% <r1 <0<z < %
such that 0;(z;) — 1 (so that 0;(z;) — 1), @j(z;) = uo(x;), ¢ € {1,2}, and moreover that
lijrgirgf}_m (az,05,11) = jlggo]:nj (@, 05, I1) -
In particular, with fixed any n > 0, for all j sufficiently large by Cauchy-Schwartz inequality we get for
gn defined in (2.23)
—~ 1

Byl i)z [ (w0 - o) (0@ + 1) e

Z1

> gy(lag(z2) — a5(x1)]) - (3.22)

In deriving the last inequality, we have used that the functional to be minimized in the definition of g,
is invariant under reparametrization.
The conclusion in (3.7) then follows by (3.10), (3.20), (3.22) and item (vi) in Proposition 2.5. O

We gather the lower estimates on the diffuse and surface parts obtained in Propositions 3.2 and 3.3,

respectively, via a standard measure theoretic argument.

Proposition 3.4 (Lower Bound inequality). Under the assumptions of Theorem 1.1 with < € (0,00),
for every (ue,v:), (u,v) € L (Q,R?) with (us,ve) — (u,v) in LY(Q,R?) we have

Fe(u,v) < liminf F, (ue,ve), (3.23)

e—0
where F. and Fz are defined in (1.7) and (1.11), respectively.

Proof. Without loss of generality, we assume that the inferior limit in (3.23) to be finite. Thus, (u.,v.) €
HY(Q,R x [0,1]) for every & > 0 sufficiently small, and moreover u € GBV () and v = 1 L!-a.e. on Q in
view of Theorem 3.1. It is sufficient to establish (3.23) if w € BV () by employing a standard trucation
argument and the fact that the functionals F. are decreasing by truncation.

Thus, for u € BV (), we may consider the superadditive set function defined on A(£2) by
w(A) = liminf F. (ue, ve, A),
e—0

it A e A(f2), and the Radon measure

vi=LLQ+HOLJ, +|D%l.
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In particular, v is the sum of three Radon measures concentrated on mutually disjoint Borel sets

Uy, Us, Us partitioning 2. Then, we may define two Borel functions 1,13 :  — [0, o0] by

he([u/(z)]) on Uy
9(|[u](z)]) on Uz B
i (z) = and Yo(x) =< ¢ on Us
0 otherwise
0 otherwise

Propositions 3.2 and 3.3 then imply for ¢ = 1,2 and A € A(Q?)

p() = [ i,
A
thus [ , Proposition 1.16] yields that
W) = [ (01 v va)dy = Fe(u,1). 0
Q
To show the upper bound inequality we follow in part the strategy in [ , , Proposition 5.2]

and take advantage of the one-dimensional setting. More generally, we establish it for the perturbed
family of functionals F* : L*(Q,R?) x A(2) — [0, ]

Fr(u,v, A) == Fo(u,v, A) + ne/ lu'|?da, (3.24)
A

if (u,v) € HY(,R x [0,1]) and oo otherwise, where k. = o(¢) as ¢ — 0 and k. > 0, in order to
gain coercivity for applications to Dirichlet boundary value problems (see Section 3.3). We denote by
F" :=T(L")-limsup F~.

We divide tflzoargument into several steps, by providing first a rough bound for the diffuse part in
the case of Sobolev functions and then obtaining the sharp bound optimizing upon the former rough
one through a relaxation argument. The extension of the upper bound to piecewise Sobolev functions is
done thanks to an explicit construction matching the surface energy density at jump points, finally the
sharp bound for any BV function is obtained again through relaxation.

In what follows it is convenient to consider the functional H : L!(Q) x A(2) — [0, 0o] defined by

H(u, A) ::/Ahg(|u’|)dx, (3.25)

if u € WH1(Q), and oo otherwise. Given the continuity of hc (cf. item (i) in Lemma 2.1) and the growth
conditions in (2.4), the functional H in (3.25) is continuous with respect to the strong convergence in
W11(€). The same remark applies to the functional .#z. We will take advantage of this fact by proving
in several instances the upper bound inequality (cf. (3.26) below) on classes of functions which are dense
in L1(Q2) or in a stronger topology, and along which H and .%c are continuous, respectively. The L!
lower semicontinuity of F” will allow to extend the validity of (3.26) to functions in the L' closure of

such dense classes.

Proposition 3.5 (Upper Bound inequality). Under the assumptions of Theorem 1.1 with § € (0,00),
for every (u,v) € L'(Q;R?)
F"(u,v) < F<(u,v). (3.26)
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Proof. Step 1. If u(x) = £x + 7 is affine on Q) then for every interval I C Q
F'(u,1,1) < H(u,T) = he(|€)L (1) (3.27)

Let 7¢ € [0,00) be such that hz(|€]) = @(1/r)E? + —7'5 (with the convention that ¢(1/7) is extended by
continuity as ¢(co) € (0,00) in 7 = 0). Then set u. = u and v. = \. where f?(\.) = sQl(’\ =1/

(note that A, = 1 if 7¢ = 0). By the very definition A. — 1 as ¢ — 0. Therefore

Fi(ueve 1) = (90 /)€ + meg? + X022 o
= (406 + 1 + 5RO £140)

the conclusion then follows by taking into account (1.4), and the fact that I(A;) — (1) = 1.

Step 2. The inequality in (3.27) holds if u is piecewise affine on 2 = (a,b), that is u € C°(£2) and there

are {a;}¥, where a1 = a, ay =b and a; < a;41 for i € {1,... N — 1} such that

N

u(@) =Y (& + 1) X[arai0) (@) -
i=1
First, we show explicitly the claim for the (dense) subclass of piecewise affine functions u such that v’ = 0
on (a;,a;+1) fori € {2,...,N—1} even. Let ¢ € (0, min;(a;+1 —a;)), set Q5 := (a; —9/2,a,11+9/2), and
let {¢;}¥, be a partition of unity subordinated to the covering {Q; s}V, of Q, i.e. ¢ € C(Q;5,[0,1]),
Bil(ai+9/2,a001—0/2) = 1, maxi<i<n || d5]lcow) < /s, for some C' > 0, and Zf\il ¢i(x) = 1 for every x € Q.
Set us = v and v, := Zf;l Ae,i¢i, where ef(Ae ;) = Yre, for every i € {1,..., N} with A\.; € [0,1]
(using the notation introduced in the previous step). In particular, A.; =1 for i € {2,...,N — 1} even

because &; = 0 and hz(0) = 0. Therefore, from Step 1 we get for § sufficiently small

f:(UEaUE’I)SH(UvI)"_Ost'(&p( +’<‘76£1 Z|£z|2

a7+5/2 1 _
“E)dx, (3.28)

+CN-= +CZ/

=5/

where C' > 0 is a universal constant, o, — 0 as ¢ — 0, and we have used (1.4) and the convergence
ve = 1in L®(£2). Next, note that ¢;_1(z) + ¢;(x) = 1 on (a; — 9/2,a; + 9/2) for ¢ sufficiently small, so
that on such a set 1 —v. = (1 — Az i—1)¢i—1 + (1 — Az ;)¢;. In addition, using that v = 0 on (a;, ait1)
for even i € {2,. — 1}, then 1 —v. = (1 — A ;)¢; if i > 3is odd, and 1 — v, = (1 — Aei—1)pi—1 if

1> 2 is even. Hence if 7 is odd on (a; — 9/2,a; + 9/2) we have

Q(l - Us) = Q((l - )\s,i)(bi) < Q(l - )‘6,1') = 57—61-1()‘6,2’) )

where we have used that @ is non-decreasing in a neighbourhood of the origin (cf. (Hp 1)), and ¢, € [0, 1].

Clearly, an analogous statement holds if ¢ is even. Thanks to this estimate and to (3.28) we conclude
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that

N
Fr(te,ve, 1) < H(u, 1) + 0z + (5p(00) + 5L () D 1€
=1

N
g
5+C0 D Tel(Aei)

=1

+CN

from which we conclude (3.27) by taking first the superior limit as e — 0 and then as § — 0.

Finally, given any piecewise affine function u with an underlying partition {aq,..,an}, consider

u(gj) if x € [al, ag}
uj(z) = S u(a;) if € [a;,a; + 1/j]

u(ai41) + w(m —a;y1) ifx € la; + 5, ai41]

air1—a;—1/j

for i € {2,..,N — 1}, where 0 < /; < min;(a;4+1 — a;). It is easy to show that u; — u in L*>°(Q) and
u; — u' in LP(Q) for every p € [1,00) as j — co. We conclude using the density argument explained at

the beginning of the proof.

Step 3. The inequality in (3.26) holds on W1 1(Q).

We use first the continuity of H with respect to the strong W11(Q) convergence together with the
density of piecewise affine functions in W1(Q) (this is easily established for the dense class of smooth
functions, see also | , Proposition 2.1 in Chapter X]) to extend the validity of inequality (3.27) to
every u € Wh1(Q) via the density argument explained at the beginning of the proof.

Step 4. The inequality in (3.26) holds if u is SBV(Q) with H°(J,) < oc.

We explicit the construction first for uw € SBV () with J,, = {xo} such that u = u(zy ) on (zg—2A, o)
and u = u(zf) on [zg,xo + 2\) for some A > 0 with (zg — 2\, 20 + 2)) C Q, where u(zy ), u(zy)
are respectively the left and the right limit of w in xy (without loss of generality we suppose that
u(eg) < uad).

A simple contradiction argument yields that it is sufficient to show that for every infinitesimal se-

quence {e;}jen there are a subsequence {ej, }ren and (uc; ,ve; ) — (u,1) in L'(Q,R?) for which

lilIcllsolip ]:‘fm (ufjk , vgjk) < Fe(u,1).

Fix, {¢;},en infinitesimal, and consider I; := (a,x¢) and I := (zo,b). Being u € WH1(I; U L), there
are sequences (ué?,vg)) — (u,1) in L'(I;,R?) such that F"(u,l;) = lim; FL (ug),vg),li). We may
then extract a subsequence such that (ug)k,vgl) — (u,1) L'-a.e. on I; for i € {1,2}, as well. For
the sake of notational simplicity in what follows we denote (ugl,vgl) simply by (ug),vg)). By a.e.
convergence we can find points 1 € Iy N (xg — 2X, 20 — A) and z2 € Io N (xg + A, 2o + 2X), such that
(u,(f) (xl),v,(:)(ml)) — (u(z;),1), with u(x1) = u(zy ) and u(z2) = u(zy).

By item (v) in Proposition 2.5 for every n > 0 there exist T, > 0 and (v, 8;) € Yj[u)(z0)((0,T3;) such
that

T"I w —
L (F oo+ “U3 P 45 ) o < gl +. (3.29)

Set A} = (fﬂo — EJ;CZTn’xO + Ej’“QT"), then A} C (z1 + X\, 22 — A) for k sufficiently big. Then define
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{(u, vi) Yeen by

u,(;) x € (a,z1)
ug)(ail) + (u(zy) — u,(cl)(xl)))\_l(m —x1) z €[z, 1+ A
u(zg ) T € (214 A\ xo — 2T,
ul(z) = Culzy) + (%Z”"Jr%) e Al
u(zd) T € [wo+ Ty, 20 — N),
u (2) + (u (x2) — u(@D)A "z — 22) @ € [w2 — A, 2]
u,(f) x € (22,b),
and
v,(:) x € (a,z1)
C,El) x € [z1,20 — Ej’“zT"]
@) =48, (52 + ) seq
C,?) x € [zo + Eng",xg]
v,(f) x € (x2,b),

where C,gl)(x) = (v,(cl)(xl) + i(l‘ — 1)) A1 and C}gz) (x) (vl(f) (22) + =~ " L (29 — x)) A 1. Therefore, if
g‘]gi) < 1 then z € [z1,21 + €, (1 — U,il)(ml))] ifi=1,and z € [z2 — Ejk(l véﬂz (x2)),@o] if @ = 2.
Note that (u],v]) € H'(Q,R x [0,1]) thanks to the assumptions on u. Moreover, (u},v]) = (u,1) in
LY(Q,R?) as v, 8, € L>=(0,T;,). To estimate the energy of {(u}, v}) }ren we start with the contribution

on Il UIQ\AZ

limsup 7 (uk,vk7ll UL\ A))

k—o0

= lim sup (}""‘ (u,gl),v,il),fl \ A+ FL ('U,Ef),’l)’(f),jg \ 47))

k—o0

< P, ) + P (w1, 1) < / he(|/])dz, (3.30)
Q

by the previous step as the intervals are disjoint. Next, we use a change of variable to estimate the
contribution on A} as follows

Fe, (ug v, AR)

€j

Ty _
< [ (S e+ room? + 2O 4 ) as.

Being ¢ (right) differentiable in 0 and bounded, there is C' > 0 such that ¢(t) < Ct for all ¢ > 0. Hence
by Lebesgue dominated convergence theorem, by k., = o(ej,) as k — oo, and by (3.42) we conclude
that

limsup 72 (uyl, vy, A}) < g([[u)(o)]) + 7, (3.31)

k—o0

Finally, we are left with estimating the energy on the set Q) := Q\ (I U I, U 4}). Recalling that v is

constant on (zg — 2\, zg) and on (zg, zg + 2X), then v} is piecewise affine, and v} is affine, respectively,
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on such sets by construction. A direct computation then yields

" 1
Fr, (ol ) < S (0(00) + ey, ) ((uled) = (@) + (u(e) — 0 (22))?)
ke, [T
2 [ a4 2= of2(@1) = of? (w2)) oupe + 1).
Eix Jo [0,1]

Therefore, by the choice of z; and x2 we conclude that
limsup 72 (ujl,vjl,Q2)) =0 (3.32)
k

By collecting (3.30)- (3.32) and letting nn — 0, (3.26) follows at once.
To remove the assumption that u is piecewise constant close to the jump point zg, we define the

sequence

u](x) = u(x)XQ\[xo—%,xo-i-%] + ”U,(J?O - %)X(wo—%,xo} + u(l'o + %)X(xo,xoﬁ-%) . (333)

We have u; — u in L'(Q) and v} = ’U’IXQ\[M)—%@O%-%] Ll-a.e. on Q, and thus we conclude using the
density argument explained before the statement.

Finally, since our construction modifies recovery sequences of I on each sub-interval on which u is in
W1 only in a neighbourhood of the endpoints, we can extend the validity of (3.26) to every u € SBV (£2)
with H(J,) < oo arguing locally.

Step 5. The inequality in (3.26) holds if u € SBV ().

We claim that each function v € SBV() can be approximated with a sequence of functions u; €
SBV(2) and H%(J,,) < oo for every j € N, converging to v in L*(2) and with energies F=(u;) — F(u).
Indeed, consider the decomposition u = u(® + u(®), where u, € WH'(Q) and u,(z) = 2 yedun(a W)
is piecewise constant, and define u; := u(® + Zyeljﬂ(a,w] [u](y), where I; :={y € J, : |[u](y)] > 1/}

Step 6. The inequality in (3.26) holds if u € GBV ().
Note that if (3.26) holds on BV (), we may conclude it on GBV () by means of the sequence of
truncations defined in (2.1), together with the standard density argument.

To show inequality (3.26) on BV () we use a relaxation argument. Indeed, thanks to Step 5 we may
apply | , Theorem 3.1] to get that the relaxed functional with respect to the weak* BV topology
of Fe BV (92) — [0, 00] defined as F- = F- on SBV () and oo otherwise is given by

Felw) = [ 49 ) (e + [ () <vo)(ppart + [ perugyma, (@30
for every u € BV (Q), where 1)1 Vo (t) := inf{¢1 (x)+12(t—2) : = € [0,¢]} is the usual infimal convolution
of two functions, and for every s > 0

hX* (st
9°(s) = lim sup @, (Y (s) i= Tim ")

t—0 C oot

In particular, ¢°(s) = (h2*)>®(s) = 5(¢'(0%))"/%s for every s > 0 by Lemma 2.1 and (2.20), respectively.
We have 11 Vs < 1)1 A 2 by the very definition. On the one hand, item (ii) in Proposition 2.5 implies
g < (hZ*)™ so that (hf*)>Vg < g and actually the equality holds by sub-additivity of g. On the other
hand, (2.4) in Lemma 2.1 implies h2* < g° so that h2*Vg" < hX* and actually the equality holds thanks
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to the convexity of hZ*, and the fact that if ¢ belongs to the subdifferential of AZ* in ¢, then ¢ < g°(1)
by °(s) = (hz)>(s) = (¢ (01)) 5.
The conclusion then follows at once from (3.34) by taking into account that " < %z on SBV (Q)x {1}

by Step 5, and that F" is L' lower semicontinuous. O

3.2 Case<=o0
In this section we consider the case ¢ = oo.

Theorem 3.6 (Compactness). Under the assumptions of Theorem 1.1 with § = oo, let {(ue,ve)}eso €
LY (9, R?) be such that

Sulg(]:e(usave) + HUEHLl(Q)) <0, (335)
e>

then there are {ex}ken and u € LY NGSBV(Q) with v’ € L?(Q) such that (ue,,ve,) — (u,1) L1-a.e. on

Q. If, moreover, (u.)- is equi-integrable then u., — u in L*(Q).

Proof. The proof follows the same strategy of Theorem 3.1. We adopt the same notation used there and
highlights only the main changes. The convergences of (v:). to 1 in measure on €2, and of a subsequence
(ue,, )k to some u € L' NGBV (Q) follows from the same argument. The £!'-a.e. convergence on 2, and
the L1(Q) convergence if (u.). is equi-integrable, are analogous.

We need only to show that u € GSBV () and that v’ € L?*(Q). With this aim we note that in case
¢ = 00, the estimate Hs(t.5) < F:(ue,v:) established in Lemma 2.3 holds with bulk density hi/,_,
for every v € (0,1) (cf. (2.13)). Thus, in view of Proposition 2.4 we conclude that for every M > 0,
v € (0,1) and 6 € (0,4,)

G0) [ (e + (0 (i - 1) DeuM|(9) < C.

By letting first 6 — 0 and then v — 0 we conclude |Du™ |(£2) = 0 for every M € N, that is equivalently
uM € SBV(Q), from which we conclude that u € GSBV(Q). In addition, the latter estimate and
Lemma 2.1 imply

o) [ )Pz <.
Q
The conclusion then follows at once by letting M — oo. O
The lower bound inequality in the case § = oo follows as the analogous result in Proposition 3.2.
Proposition 3.7. Under the assumptions of Theorem 1.1 with T = oo, for every (ue,v.), (u,v) €
LY (Q,R?) with (ue,v.) — (u,v) in L'(Q,R?), we have

/ hoo(Ju'|)dz < liminf . (u., ve, A), (3.36)
A e—0

for every A € A(Q).

Proof. First of all we suppose that the inferior limit on the right hand side of (3.36) to be finite, otherwise
the claim is obvious. Therefore, (uc,v.) € H'(2,R x [0,1]) for ¢ > 0 sufficiently small, v € GSBV (Q)
and v = 1 L'-a.e. by Theorem 3.6. We show the result in case u € SBV(Q), the general case follows as

in Proposition 3.2.
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Fix v € (0,1) and A € A(f), using the notation and the results in Lemma 2.3 we find ¢, € (0,1)
such that for every 0 € (0,d,) there is @. 5 := (uz)s € SBV(A) (for every ¢ small enough) we have

H(S(ﬂ‘E,(SaA) S ]:E(UE7U67A) l)

with density hi,, (cf. (2.13)). Thus, in view of Proposition 2.4 we conclude that

gl(a)/ 5 (! )dz < liminf F(ue, ve, A), (3.37)
A v e—0

recalling that |Du|(Q2) = 0. By letting first § — 0 and then v — 0 we conclude (3.36) in view of (2.10),
(2.6) in Lemma 2.1, and Beppo Levi’s theorem. O

The proof of the lower bound inequality for the surface part takes advantage of Proposition 3.3 and
of | , Step 2 in Corollary 4.8].

Proposition 3.8. Under the assumptions of Theorem 1.1 with < = oo, for every (ue,v:), (u,v) €
LY (Q,R?) with (ue,v:) — (u,v) in LY(Q,R?), we have

/ o(|[u][)dHO < Timinf 7. (e, v., A) (3.38)
JuNA e—0

for every A € A(QY), where g is defined in (1.10).

Proof. The proof is similar to that of Proposition 3.2, therefore we highlight only the necessary changes
adopting the notation introduced there. We proceed up to formula (3.12), noticing that Theorem 3.6
implies that u € GSBV () with v/ € L?(Q). Next, we change the argument as the truncation procedure
in (3.13)-(3.15) does not work in this setting. As an outcome of the blow up procedure we are given a
sequence (ij,9;) — (ug,1) in L*(I;), where I} = (—1/2,1/2) and ug(z) = u(zg )X(~1,0) u(;var)x[o’%),
such that liminf; G;(4;,7;) < 0o, G; defined in (3.11).

Let v > 0 and § > 0 such that @ > o' (07) — v for all t € (0,6). Because of the continuity
of f on [0,1) and f(t) — oo as t — 17, then {t € [0,1) : g;f%(t) > 0} = (J;,1) for j large, where
6 = 17 as j — oo. Hence, {t € I : &;f*(;) > 0} = {t € I : ©; > §;} = Uy(a},b}), being
o; € H'(I1). Consider the function iy = GjX{s,<s,} + Do ﬂj(a§)x(a;7bé), then 4; € SBV(I;) with
Diy; = Wxqa,<s,) L 11 + 30, (a;(b5) — ﬂj(a;ﬁ))dt:b;. Take its absolutely continuous part w; in the
standard decomposition of BV functions, namely

wj(z) == a;(—1/2) + /i/ wp(t)de .

We claim that w; — ug in L*(I;) and that

1— v,
Fi(wj, v5) = /Q <77j(<ﬂl(0+) =2 (@) + W + ;] 2) dz
J

< Gj(wj, 05) < Gj(ag, ;). (3.39)
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Indeed, first note that

U - N - - A
% o 6) / 1% 24z < / (e P2\ Pdx < G (a5, 55),
€j {9;>6;} € J{;>6;}

and then that w = @)X (5,<s,3 = W)X {5;<5;} L'-a.e. on I. Hence, w; — ug in L'(I1) as

1/2
e
[ =l oo S/ |a’»|dxs<3 g‘(d,ﬂ)) ,
J jllLee(I7) (5,55, j 50(5)771' VA ERY/

and furthermore we have

Fi(w;, v;) <Gj(wj, 05) = Gj(ay,05,{0; < d;})
1— %
+/ (M +€j|1fj'|2> dz < G;(uy,7;),
{8;>0;} €

and thus (3.39) follows.
The final argument is similar to that employed in Proposition 3.3 using Proposition 2.6 rather than

Proposition 2.5, and finally letting v — 0T, O
The lower bound inequality follows arguing analogously as in Proposition 3.4.

Proposition 3.9 (Lower Bound inequality). Under the assumptions of Theorem 1.1 with S = oo, for
every (ue,ve), (u,v) € LY*(Q,R?) with (ue,v:) — (u,v) in L' (Q,R?) we have

Foo(u,v) < limiglffe(ug,ve), (3.40)

e—
where F. and Foo are defined in (1.7) and (1.11), respectively.

To conclude we show the upper bound inequality in this setting for the perturbed family {F }.s0
defined in (3.24). We recall that the notation F” = T'(L')-limsup F7.

e—0
Proposition 3.10 (Upper Bound inequality). Under the assumptions of Theorem 1.1 with T = oo, let
(u,v) € L*(;R?) then
F'(u,v) < Foo(u,v) . (3.41)

Proof. Without loss of generality we assume v € GSBV(Q) with v/ € L*(Q), and v = 1 L'-a.e. on €,
the inequality being trivial otherwise. Moreover, we can reduce to u € SBV(Q) with v’ € L?(Q) by the
density argument explained before Proposition 3.5 by using the sequence of truncations in (2.1). Fur-
thermore, we may even assume that H%(.J,) < oo by using the construction in Step 5 of Proposition 3.5.

First, consider u € SBV () with v’ € L?(Q), J, = {0} and u = u(zy ) on (29—, x0) and u = u(zd)
on [z, zo + A) for some A > 0 with (g — A\, m9 + A) C Q, where u(z; ), u(x{) are respectively the left
and the right limit of u in z¢ (without loss of generality we can suppose that u(zy) < u(zg)), and argue
as in Step 4 of Proposition 3.5. In particular, the assumption that u is constant near the jump point xq
is not restrictive up to a density argument and the construction in (3.33).

By item (v) in Proposition 2.6 for every 1 > 0 there exist 75, > 0 and (vy, 8;) € Ujju)(a0) (0, T3;) such
that

[ (#nreme+ ST 4 g ) ao < gl +. (3.42)
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Set A := (fUO - %,xo + ET”), then A7 C (2o — A, zo+ A) for € sufficiently small. Define {(uZ,v7)}. by

2 €7 e

w(wg) +y (B +G) wear
U x e\ Al

and

=0 —&-%) x e Al

ol (x) = (=
1 x e\ AL,

Note that (u?,v7) € HY(Q,R x [0,1]) thanks to the assumptions on u. Moreover, (u?,v?) — (u,1) in
LY(Q,R?) as vy, B, € L>=(0,T5,).

Next, we estimate the energy of the family {(u?,v7)}.. We start with the contribution on €\ A7
by taking into account that v7 = 1 and u7 = u on such a set to get (recall that ¢(cf?) is extended by

continuity with value ¢(c0) to t = 1)

|u'|2dx . (3.43)

FE o2 0\ D) < (p(00) + 1) |
Q\A7

For the contribution on A7 we change variable to get

TT/ —
ot A < [ (el e ¢ nob+ ST 4 e ) da

Being ¢ (right) differentiable in 0 and bounded, there is C' > 0 such that ¢(t) < Ct for all £ > 0. Hence

by Lebesgue dominated convergence theorem, k. = o(e) as ¢ — 0, and by (3.42) we conclude that

lim sup P (u?, o7, A7) < g(|[ul(z0)]) + 1, (3.44)

e—0

By collecting (3.43) and (3.44) and letting n — 0, (3.41) follows at once.
Finally, arguing locally we can extend the validity of (3.41) to every u € SBV?2(2) with H%(J,) < oo
(cf. Step 4 of Proposition 3.5). O

3.3 Dirichlet boundary values problem

In this section we impose Dirichlet boundary conditions on the approximating energies, determine the
related I'-limit and discuss the convergence of the related minimum problems. With this aim define
D. : LY(Q,R?) x A(Q) — [0, 00] by

D.(u,v, A) := Fr(u,v, A) (3.45)

if (u,v) € HY(Q,R x [0,1]) and u(a™) = 0, u(b™) = L, v(a™) = v(b™) = 1, where Q = (a,b), and oo

otherwise. Here, k. = o(g) and it is strictly positive.

Theorem 3.11. Assume (Hp 1)-(Hp 4) hold with € (0,00], and let D, be the functional defined in
(3.45). Then, for all (u,v) € L'(Q,R?)

F(Ll)—alig(l)Da(u,v) = D<(u,v), (3.46)

30 ACF-Part-I-final.tex [JuLy 16, 2025]



where

Dofu) = F=(u) + g(Ju(a™)|) + g(Ju(d™) — L|) ifv=1L'a.e onQ (3.47)

00 otherwise .
Moreover, if (uc,v:) € argmingi g p2yDe, there are a subsequence (not relabeld) and a function u €

GBV () such that (uc,v.) — (u,1) in L'(Q,R?) and

lim D, (ue,ve) = De(u,1). (3.48)

e—0

Proof. We first show how to deduce (3.46) thanks to the results in Theorem 1.1. With this aim, for
every (u,v) € H'(Q,R?) denote by (U, V) the extensions given by

u(z) ifxeQ v(z) fzef
U(x) =140 ifzxe(a—1,d Vir) =<1 ifx € (a—1,qa
L ifx e (b,b+1] 1 if x € (b,b+1]

Note that for every (u,v) € L*(£,R?) and n € (0,1) we have
DE(U,U) = -FE(Ua ‘/a (a - b+ 77)) :

Therefore, given (ug,v.) — (u,v) in L*(Q,R?) then (U, V.) — (U, V) in L*((a —n,b+n),R?) and either
by Proposition 3.4 if § € (0, 00) or by Proposition 3.9 if ¢ = 0o, we deduce that

lim inf D, (ue, ve) = liminf Fe (Ue, Ve, (a — 1,0+ 1))
e—0 e—0

ZF?(UaVTa(a7777b+77)):D?(uav)'

It is sufficient to show the upper bound inequality for u € GBV () and v = 1 L!-a.e. on €. In this case,
by using the standard density argument we can reduce to functions which are constant on a neighborhood
of the boundary of Q by considering A € (0,1) and uy(z) := U(%E2 + A(z — 4£2)), for z € (a — 1,b+ 1),

and vy = 1 L'-a.e. on . Indeed, we have

lim Fz(uy,vy) = Dz(u,1).
A—=1-

For this class of functions the upper bound inequality follows from Propositions 3.5 if § € (0, c0) or from
Proposition 3.7 if ¢ = co.

Finally, for every ¢ > 0 the functional D, is coercive. Denote by (uc,v:) a minimizing sequence.
By truncation we can assume that u. € [0, L] £L'-a.e. on Q. Therefore, Theorem 3.1 if ¢ € (0,00) or
Theorem 3.6 if ¢ = oo provide the L(£2,R?) convergence of (u.,v:) up to a subsequence not relabeled.

The fundamental theorem of I'-convergence yields (3.48). O

3.4 Corollaries of Theorem 1.1

In this section we collect several consequences of Theorem 1.1 essentially by using only simple comparison

arguments. First, we establish Theorem 1.2.
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Proof of Theorem 1.2. We give the proof in case ¢ € (0,00), the case T = oo being similar and even
simpler. By assumption /e — +00, therefore for every j € N and for e sufficiently small depending
on j we deduce the pointwise estimate ]NUE > ]-'E(j ), where the latter functionals are defined as F. in
(1.7) with (. f?) substituted by ¢(jef?). Thus, we deduce that T'- lign_jglffs >TI- ;gr%) FO) = F?(j)
for every j € N. In particular, if I'- liggglffg(u,v) is finite, then u € GBV(Q) and v = 1 Ll-ae.

x € . Furthermore, Theorem 1.1 yields that the energy densities of Féj ) are given by the convex
envelope of héj)(t) = i[rolf ){gp(%)ﬁ + %jr} for every t > 0 for the bulk term (cf. (1.9) and use a
T7€|0,00

reparametrization), g\ (s) = g1 (j'/2s) for every s > 0 for the jump term (cf. (1.10) and use (1.12)), and
(' (01))'/?5t for every t > 0 for the Cantor term. From the latter, by letting j — oo we immediately
deduce that u € GSBV(Q). Moreover, from the equality g\ (s) = g1(j'/%s) (cf. (1.12)) it is clear
that g)(s) = 2W(1)x(0,00)(s) as j — oo thanks to (2.19) in Proposition 2.5. Therefore, u € SBV(Q).
Finally, let ¢ > 0 and 7; € [0, 00) be such that g@(%)tQ + %jTj < héj)(t) +1/5. Then, as héj)(t) < ¢(o0)t?
for all j, (7;); is infinitesimal as j — oo, so that héj)(t) — ¢(00)t? as j — co. Thus, we have shown that
I-lim inf F.>F.

The upper bound inequality easily follows from the estimate ¢(v.f2(t)) < X(0,00) (t) for every t > 0,

and the construction in Proposition 3.10. O

Note that if 7. = 1 for every € > 0 and @ is strictly increasing, we recover exactly the Ambrosio and
Tortorelli model with any assigned continuous degradation function ¢ choosing ¢ appropriately.

Now we turn to address the case < = 0.

Proposition 3.12. Assume (Hp 1)-(Hp 4), and (1.4) holds with <= 0. Then
L(LY)-lim Fe(u,v) =0 (3.49)
e—0

ifue LY(Q) and v =1 L -a.e. on Q, and 0o otherwise on L' (), R?).

Proof. By a standard density argument and the L!(£2) lower semicontinuity of the I-limsup, to prove
the result it is sufficient to establish the upper bound inequality for v € BV (2) and v = 1 L!-a.e. on Q.
With this aim, fix 7 € N and define for every ¢ € [0,1)

1)
(Pw(l=1))AQ(L—1)"

fO) =

Notice that, fU)(t) > f(t) for every ¢t € [0,1) and j € N; and moreover as ¢ = 0 there is ¢; such that
(2wl =) AQ(l —t) = j2w(1 —t) for all ¢ € [t;, 1), and fU)(t) = f(¢) for all ¢ € [0,¢;]. In particular,
if ]-'E(j) denotes the functional defined as F. with fU) in place of f, we have that F.(u,v) < ]-"E(j)(u,v),
for every (u,v) € L*(©,R?), and j € N. Thus, by Proposition 3.5 we get that

DL limsup £ (u,1) < [ A (u' e+ SDeal@)+ [ gOP(ful)ane,
e—0 Q J Q
where ¢g('/%) is defined as g in (1.10) with f) in place of f.
Finally, we conclude by dominated convergence by taking into account that (h;‘/*j) jen and (g(l/j)) jeN
are decreasing in j, with hi} — ho = 0 by (2.7) in Lemma 2.1, and g*/?)(s) — 0 for every s € [0,00) as
g (s) < s/ A2W¥(1) by item (ii) in Proposition 2.5. O
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Finally, we discuss the role of the assumptions {p(00),¢’(0%)} € (0,00). Clearly, p(c0) > 0 not to
have a trivial limit, the other alternatives are dealt with in the next result. Recall that with ¢'(0%) = oo
we mean that the limit of the difference quotient of ¢ in t = 0 exists and it is not finite, and that in such
a case the corresponding function hZ* is superlinear at infinity (cf. (2.3)). Instead, if ¢(oc0) = oo, hZ* is

subquadratic in the origin (cf. (2.5))
Corollary 3.13. Assume (Hp 1) and (Hp 2).

(a) If (Hp 4) holds, and ¢ is continuous, non-decreasing with ¢(co0) = oo, then T'(L')- li_%fs = Ft (¢f.
€
(1.11)) if S € (0,00). Instead, if T = oo

D(LY)- i £ (o) = [ gllful)an’ (3:50)
if u € GSBV(Q) with v/ =0 L'-a.e. on Q andv =1 L'-a.e. on Q, co otherwise on L', and g is
defined in (1.10);

(b) if (Hp 3) holds, ¢=1(0) = 0, ¢'(0%) = 0, then for every < € (0, o0]
L(LY)-lim Fe(u,v) =0 (3.51)
e—0

ifue LY(Q) and v =1 L'-a.e. on Q, and 0o otherwise on L' (£;R?);

(c) if (Hp 3) holds, p=(0) =0, ¢'(0%) = oo, then for every < € (0, 0]

F(Ll)-lim]-'s(u,v):/th*(|u’|)dx+2\lf(1)7-[0(JM) (3.52)

e—0

ifue SBV(Q) andv=1 L'-a.e. on Q, and o otherwise on L'(Q,R?);

(d) if ¢ is continuous, non-decreasing, with ¢~(0) =0, and p(cc) = ¢'(0F) = oo, then the equality in
(3.52) holds for every < € (0,00), while for T = oo

F(Ll)-gii%]-}(u,v) = 2U(1)H"(J.,) (3.53)

if u € GSBV(Q) withu' =0 L'-a.e. on Q and v =1 L'-a.e. on Q, co otherwise on L*(Q;R?).

Proof. The general strategy is to compare each F. with an auxiliary functional }‘E(j ) either from below
or from above according to the case. For every j € N, we may apply Theorem 1.1 to ( E(j )) e, letting F' éj )
be the corresponding I'-limit, we then pass to the limit as j — oo to obtain an estimate from above for
the I'-limsup or from below for the I'-liminf with the functional in the corresponding statement.

Proof of (a). If ¢ € (0,00), we can argue as in Theorem 1.1. Indeed, the only difference is that
the bulk energy density hZ* is sub-quadratic close to the origin (cf. (2.5)). Instead, if T = oo let F
be obtained substituting ¢ with j A ¢(t), then T'- lilsn_jélf Fe(u,v) > Fég). Note that the surface energy
densities are given by g in (1.10) for every j € N, instead the bulk energy densities equal to jt? by item
(ii) in Lemma 2.1. The lower bound then follows. The upper bound is a consequence of Proposition 3.10.

Proof of (b). Let ]—'E(j) be obtained by substituting ¢ in the definition of F. with the function given
by t/j on the connected component of the set {t € (0,00) : (t) < t/;} whose closure contains the origin,

()

and equal to ¢ otherwise. Then, I'-limsup F.(u,v) < F¢’. In view of (1.12), the surface energy density

e—0
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g\ of the latter equals gy (j~'/2s). Thus, g¥/)(s) — 0 for every s € [0,00). Hence, for every < € (0,c] a
rough upper bound for I'-lim sup F; is given by

e—0

Fe(u, ) = p(o0) /Q 2 da

ifue GBV(Q) and v =1 L-a.e. on Q, and oo otherwise on L. The L' lower semicontinuous envelope
of F- coincides with the functional on the right hand side of (3.51), as the class of piecewise constant
functions with a finite number of jumps is dense in L!.

Proof of (c¢). Let % be the functional on the right hand side of (3.52), and let FY9) be obtained
substituting ¢ with jt A ¢(t) for every j € N. Then I'- lign_}élf Fe(u,v) > F?(j)7 with g\ (s) = g1(js) —
2U(1)X(0,00)(8), and hZ% < hZ%., with hZ% — hZ* for every j € N. Indeed, the latter assertion is
trivial if T = oo thanks to the identity hX} ;(t) = @(c0)t? for every j € N and t > 0 (cf. item (iii) in
Proposition 2.1). Instead, if T € (0,00) as hz () = inf(g o) {(£ A go(j%))tz + %jT} < he(t) < p(c0)t?, a
minimum point 7; satisfy j7; < Z%ga(oo)t? Thus, being ¢ bounded, we have hz ;(t) = ‘P(j%)tz + %jTj >
hz(t) for j sufficiently large. More precisely, for every M > 0, hz ; = he on [0, M] for j sufficiently large.
The conclusion then follows arguing as to establish (2.6) in Proposition 2.1. Thus, I'- liIEIijélf Fe > :/6:;,
and the upper bound follows as in Proposition 3.10 if ¢ = oo, and Proposition 3.5 otherwise (in the latter
case hZ* has superlinear growth at infinity, cf. (2.3) in Lemma 2.1).

Proof of (d). If T = oo we consider j A ¢(t) and use the approximation argument in item (a) to
conclude. Instead, if T € (0,00) we consider jt A ¢(t) and use the approximation argument in item (c)

to conclude. O
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