GLOBAL MINIMALITY OF THE HOPF MAP IN THE
FADDEEV-SKYRME MODEL WITH LARGE COUPLING CONSTANT

ANDRE GUERRA, XAVIER LAMY, AND KONSTANTINOS ZEMAS

ABSTRACT. We prove that, modulo rigid motions, the Hopf map is the unique minimizer of the
Faddeev—Skyrme energy in its homotopy class, provided that the radius of the target 2-sphere
is not smaller than the radius of the domain 3-sphere.

1. INTRODUCTION

The Skyrme model, introduced in [32], is a classical nonlinear O(3)-sigma model which has
proved successful in quantum field theory. The static fields in Skyrme’s model, which are called
Skyrmions, can be mathematically described as critical points of the energy

1
S(u) ::/ \du\Q—i—/ |du A dul?, u: M3 — S?,
M3 4 Sy

where M? is a Riemannian manifoldﬂ Skyrmions are a particular example of topological solitons,
and we refer the reader to the monograph [27] for further physical background. The existence
of maps minimizing S in suitable homotopy classes has been proved rigorously in the works
[8,9], in the case M® = R3. In this case, finite-energy maps exhibit rapid decay at infinity to a
constant value b € S, so that they can be considered as maps from R3 U {oo} 22 S? — S3.

A further refinement of Skyrme’s model was proposed by Faddeev [I1], considering Skyrme’s
model in the case where the maps take values in an equator S? C S2. As in Skyrme’s model,
there is a satisfactory existence theory for this problem, especially in the case of compact M3
[T, 23, 24, [35], the case of non-compact M? being more challenging [23, 24]. In the simplest non-
compact example M?® = R?, and following Ward [35], one can consider an approximation of R?
by Si, the sphere of radius p > 1. Thus, considering the energy on Si, after a change of variables

1

and normalization by a factor p~, one is led to a perturbed version of the Faddeev—Skyrme

energy, namely
1
FSp(u) == / |du|* + / |du A du)? u: S — S2. (1.1)
S8 4p? Jgs
One can rewrite the second term in the energy above as
1
Z|du Adul? = [utwse|?,

where wg2 is the volume form on S?, see (2.4) below. The energy (1.1)) is therefore naturally
defined on the space

Urs = {u € WhH2(s3;$%): / |du? +/ lu*wse|? < +oo} . (1.2)
s3 s8

1Here, A is the natural wedge product on T*M? @ R* characterized by (o« ® a) A (B®b) = (a A B) @ (a A D).
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Homotopy classes of smooth maps from S? to S2, corresponding to elements of m3(S?) = Z are
classified by their Hopf invariant (or Hopf charge in the physics literature) [36], which is defined
for u € C°(S?;S?) as
1
=— NdB e T, 1.3
Q) = {52 /Sg B nap (1.3)

where f3 is any 1-form on S? such that d8 = u*ws2. This definition can be meaningfully extended
to the class of finite Faddeev—Skyrme energy maps, see [2, [14] or Section [3| below.

A basic question concerning the above models is whether one can characterize minimizers in
some simple cases; the non-convexity of the problems makes this a rather intriguing question.
For the Skyrme model with M3 = Sf’,, it is conjectured [26] that the homothety = — z/p is

a minimizer in its homotopy class whenever 0 < p < 4/2; this map is known to be unstable
whenever p > /2, and linearly stable for 0 < p < v/2, see [25]. At present minimality and
uniqueness modulo isometries is only known for 0 < p < m < /2, see [25] where the range
0 < p <1 was first covered, and [30].

For the Faddeev—Skyrme model the situation is more complicated, as one has knotted
solutions to the variational equations, and the Hopf map h is a critical point of 7S, of particular
interest from the point of view of both geometry and physics. This map gives a prominent
example of a non-trivial S'-fiber bundle of S? onto S?: in complex coordinates, and denoting
by m: C — S? the inverse stereographic projection, i.e.,

2z |22 -1
. 2 o
m: CU{o0} — S, 7r(z).—<’2‘2+1,‘z|2+1>,

the Hopf map h : S? ¢ C2 — S? is given by
h(z,w) == n(z/w) = (22w, |z|* — |w|?), (1.4)
where the last equality holds true because |z|2 + |w|? = 1 for (z,w) € S3.

For the Faddeev—Skyrme model it is also known [35] that & is unstable for p > /2, while it is
linearly stable for 0 < p < /2, cf. [I8, [33], similarly to the homothety in the Skyrme model. It
is therefore conjectured that, in the latter case, h is the unique (modulo isometries) minimizer
of the energy in its homotopy class.

Actually, as pointed outﬂ in [34], the above conjectured minimality property of the Hopf map
was unknown for any value of the coupling constant 0 < p < v/2. In this paper we give a
positive answer to the above conjecture for a certain range of p:

Theorem 1.1. For every p € (0,1] and u € Urs with Hopf invariant equal to 1, it holds that
FSp(u) = FSy(h),
with equality if and only if u=ho R for some R € SO(4).
The case where the energy consists only of the second term in (1.1), which formally cor-

responds to the limit p — 0, was previously considered in [34], where a short proof of the
minimality of the Hopf map was provided.

It is also interesting to compare our results with another natural conjecture [29], that the
Hopf map should minimize, in its homotopy class, the conformally-invariant energy

|dul?, u: S — S2. (1.5)
S3

2Speciﬁcally, cf. the paragraph below Theorem 1.4 in [34].
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Linear stability of & in this case was already proved in [29], as well as minimality if the power
3 is replaced with 4, but otherwise this conjecture remains open; see also [7, 31] for related
results. A possible approach to the conjecture via min-max methods is actually outlined in
[31]. On the one hand, there are several similarities between and the Faddeev—Skyrme
problem, cf. for instance [23], 24], and as we will see in this paper the required spectral analysis
is also quite similar. On the other hand, the problems are at the same time fairly different,
since is not conformally invariant and the corresponding integrand is non-convex.

A natural strategy to prove Theorem would elaborate on two already mentioned known
facts about the Hopf map:

(a) it is linearly stable for 0 < p < /2, cf. [I8, 25, 33];
(b) it is minimal for the second term in the Faddeev-Skyrme energy (1.1), cf. [34].

If one could establish quantitative versions of these two facts: loosely stated that,

(a’) the Hopf map is (modulo symmetries) a strict W12-local minimizer for 0 < p < v/2;

(b’) if a map is almost minimal for the second energy term, then it must be close to the
Hopf map (modulo symmetries),

then since the second energy term in is dominant for small p, these strengthened assertions
would provide a proof of Theorem[I.1]for a sufficiently small, though non-explicit range of p. Our
proof is actually a more direct variant of the aforementioned strategy and it yields an explicit
range. The local minimality property (a’) together with a contradiction argument easily imply
the following non-quantitative improvement of the minimality property of the Hopf map with
respect to FS,:

Corollary 1.2. There exists py € (1,v/2] such that for every p € (0, po) and u € Urs with Hopf
invariant equal to 1, the conclusions of Theorem [I.1] hold.

Even though Corollary [I.2] strictly contains Theorem [I.I we have decided to present the
statements (as well as their proofs) separately, to make a distinction between the quantitative
result (and relevant arguments) and the perturbative ones.

A key difficulty is related to the symmetries in these statements: the second energy term
in , which depends only on the closed 2-form a := u*wg2, has more symmetries than the
full energy. But this difficulty is resolved thanks to an idea introduced by Riviere [29, [30] and
used also in [I8], which allows to apply the outlined strategy using a relaxed energy on closed
2-forms. Note that, in contrast to our setting, in [30] the relaxed energy is quadratic, cf. (1.10)
therein, and thus the associated relaxed minimization problem can be solved explicitely.

Plan of the paper: In Section [2] we gather some notation and basic properties related to
the Hopf map and the Hodge Laplacian on S3. In Section [3| we prove several useful facts about
the Hopf invariant for maps from S* to S? with finite Faddeev-Skyrme energy, and include a
concise proof of its integrality in this lower-regularity case. In Section [4] we establish global
minimality properties for a relaxed energy functional on closed 2-forms, the main result therein
being Proposition With this as our key ingredient, at the end of the section we obtain
the minimality of the Hopf map as an immediate consequence, and in Section [5| we conclude
the proof of Theorem and Corollary by verifying the uniqueness (modulo rotational
symmetries) in the statements.
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2. PRELIMINARIES

For p € [1,4+00) and for a vector bundle E — S3, we denote by LP(S?; E) (respectively
WLP(S3; E)) the space of LP- (respectively W1P-) sections of E — S3.

2.1. Some basic identities involving differential forms. Let us first define precisely the
terms in ([1.1). Here we adopt an extrinsic viewpoint, namely we consider
ui= (ul,u?,u?) : $* = S C R?,

where R? is endowed with the standard Euclidean basis (ej, ez, e3), so that du(z) € T;S? @ R?
is given in coordinates as

3 du?
du(x) = Z du®(z) ® ep= | du?
k=1 du?

This gives rise to an alternating vector-valued 2-form du(z) A du(z) € A\*(T:S? @ R3), which in
coordinates is expressed as

3 3 du? A du®
du(z) A du(z) = (Z du®(z) ® ek> A <Z du¥ (z) ® ek/) =2 | dud ANdut |, (2.1)
k=1 k=1 dut A du?

where we also used the relations e; Aes =e3, ea Aeg =€y, esNe; =es.

For later reference, we note that the volume form on S* C R™*! is given by

n+1
wsn = Z(—l)jflxjdxl/\--'/\dxj/\‘”AdaE"H, (2.2)
j=1

where as usual = denotes that the corresponding term is omitted. Thus, when n = 2, its
pull-back by u is
wrwse = uldu® A du? + u?du® A dut + wddut A du?
1 .
=5u du N du = Z u - (Bju x Opu) da’ A dx® (2:3)
1<j<k<3

where - and x denote the Euclidean inner and outer products respectively. Since |u| =1, (2.1)
and ([2.3) imply that

1
lu*wee|* = Z |0;u x Opul* = Z|du A dul* . (2.4)
1<j<k<3

Throughout this paper we will use systematically Hodge theory for differential forms with
coefficients in Sobolev spaces, and we refer the reader to [19, §5] for a comprehensive discussion
of this theory. Here we record the following simple lemma.

Lemma 2.1. The following statements hold true:

(i) Let o, € WH2(S3; AP T*S3). Then,

/a/\dﬁz daNp. (2.5)
S3 S3
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(i) There exists a constant C > 0 such that for every o € Wh2(S3; AP T*S3) with d*p = 0,

there holds
| [onde <c [ 1. (2.6)
S3 S3

Proof. The proof of (i) is immediate by the formula d(a A §) = da A — a A df and Stokes’

i), consider T*S? € T*R* and view ¢ as belonging to W12(S3; A'(R4)*).
Let p := fua¢ € ALH(RY* be the mean value of ¢, intended componentwise in the basis
{dx', ..., dz*} of N'(R*)*. Then,

theorem. Regarding (i

| [ enae =] [ o= Ade| < llo = Gluaen gl o
< C|IVellLzss) ldellL2ss) < Clldel|72(ss

where in the first line we used that, by (2.5), [ss dz Ndp = 0 for every j € {1,...,4}, and the
Cauchy-Schwartz inequality. In the passage to the second line we used successively the Poincaré
inequality on forms, that ¢ is co-closed and Gaffney’s inequality

IVollrzss) < C(lldell 2y + ld* el 2s)) (2.7)
which the reader can find in [19, §4]. O

Actually, in the proof of Proposition cf. (4.12)) therein, we will calculate the optimal
value of the constant C' > 0 in ([2.6). We will also use, often implicitly, the characterization of
the De Rham cohomology groups of spheres. In particular, for S* we have that

R, fork=0,3,

dr(S%) {o, for k=1,2,

cf. [22, Theorem 17.21]. In particular closed 1- and 2-forms on S* are exact, and the same
holds distributionally for forms with coefficients in LP for 1 < p < oo, thanks, e.g., to [19,
Corollary 5.6] and the fact that harmonic 1- and 2-forms on S? are trivial.

2.2. Spectral properties of the Hodge-Laplacian on closed forms. We collect here some
well-known spectral properties of the Hodge-Laplacian A := dd* + d*d on closed 2-forms on S?,
where we recall that for every k € N,

d* = (—1)% s« dx: QF(S?) — QF1(SP).
In fact, it is also useful to consider the square root of A which, restricted to closed 2-forms,
becomes the operator dx. The corresponding eigenvalue equation is then
d*a =M\, with a € Q*(S?) such that da =0. (2.8)

Note that if o solves then Aa = M\a. Since the spectrum of A on Q2(S?) is the set
{(k +2)?}ren, cf. [17, 20], it follows that for to be solvable we must have A = +(k + 2).
In fact is solvable for all such values, see again [I7, 20] as well as [29, Proposition IV.2],
and we have the following precise description of the corresponding eigenspaces:

Proposition 2.2 (Spectrum of d*). Let Id: Q?(S3) — Q2(S?) be the identity operator. The
eigenspaces

Ef :=ker (d* F(k +2)Id) Nkerd C Q*(S?) (2.9)
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are the restrictions to S® of the self-dual (respectively anti-self-dual) closed and co-closed 2-forms
on R* which are homogeneous and polynomial of degree k. These spaces induce an L?-orthogonal
decomposition

12(s? A T°8%) Nkerd = é(E,j ©E;). (2.10)
k=0

We recall that a form a € Q%(R*) is said to be self-dual/anti-self-dual if *a = +a.

Remark 2.3. Since x = Id on 2 (R4) and the Hodge-star operation is an isometry, the spaces
of self-dual and anti-self-dual forms give a pointwise-orthogonal decomposition of Q?(R*). In
the case k = 0, the elements in E(j)[ have a specially simple description, since they are the
restrictions to S of constant-coefficient 2-forms on R*, and hence they can be identified with
the self-dual (or anti-self-dual) constant-coefficient 2-forms on R*. For instance, we have

Ef = span{wafl, ngQ, waf?)}, (2.11)
where
wafl = dat A da? + da® A dat w& = dat Ada® — da? A da?, watg = da! Adat 4+ da® A da?,
with a similar basis for £, , up to flipping the middle signs in the above basis. Note in particular
that dim Ej = 3.

We will also need the fact that the natural action of SO(4) on the space of self-dual (or
anti-self-dual) constant-coefficient 2-forms on R* is transitive, i.e.,

Vwi,ws € EF with |w;| = |ws| there exists R € SO(4) such that wy = R*w; . (2.12)

This follows directly from the fact that any w € Ej can be represented as w = /\R*waf , for some

A€ Rand R € SO(4) (and analogously for E; ). To check this, consider the skew-symmetric
matrix A € R**4 of the 2-form w in the canonical basis, i.e., A;; = w(e;,e;) Vi, j = 1,...,4:
there exists a rotation R € SO(4) such that RAR! is block-diagonal with 2 x 2 skew-symmetric
blocks. Since w is self-dual, these two blocks must be the same. This means that RAR! = )\Aat 1

for some A € R, where A(T,l is the matrix of w({l, and therefore w = )\R*w({l.

2.3. The Hopf map and horizontal conformality. In this subsection we gather some well-
known facts about the Hopf map. We first recall the following definition, which the reader can
find more generally in [3, Definition 2.4.2 and Lemma 2.4.4]:

Definition 2.4. A map u € WH2(S3;S?) is said to be horizontally weakly conformal if
1
du(z) o du(z)' = 5]du(:c)|2 Id, sz for H3-ae x€S?, (2.13)
where du(z)!: Tu(x)SQ — T,S? denotes the adjoint map of du(z): T,S® — Tu(I)SQ.

The following lemma gives a simple but very useful pointwise inequality related to weak
horizontal conformality. Its proof is elementary and can be found for instance in [I8, Proof of
Lemma 2.1].

Lemma 2.5. For a map u € WH2(S3;S?) the following inequality holds for H3-a.e. x € S3:
1
|u*wgz (z)| < §\du(x)|2 (2.14)

Equality holds if and only if u is horizontally weakly conformal at x.
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We remark that this type of estimate also plays an important role in the minimality arguments
in [7].

The Hopf map h introduced in (1.4]) is a main example of a horizontally conformal map. We
now detail some of its basic properties. For the 1-form on S C R?* given by

0 = —z?dx' + xlda? — 2tda® + 23da?t (2.15)
it holds that
h*wse = 2d0 = 4(dxt A da? + da? A dz?), (2.16)
and as a result of , and we also have
0N db = 2wss . (2.17)

It is actually convenient to choose particular coordinates on S* and S?, namely
(i) [0,7/2] x S x St 3 (¢, €71, €¥2) s (™1 sint, 2 cost) € S?, (2.18)
(i) [0,7/2] x St 3 (t,€"?) (" sin2t, — cos 2t) € S2. ’

In these coordinates,
gss = (dt)* 4 sin? t (dipy)? + cos® t (dp2)?
ger = A(dt)? + (sin? 20) (dp)?,
and the Hopf map takes the simple form
he (t, €%, e%2) s (t,e(P17%2))
One can choose an orthonormal frame {71, 7o, 73}, defined at a chart point (¢, e, e#?) € S? as

0 0 0

n:'=7—+—=—, T9:=
Op1  Op2

0 0
=, T3:= — — e 2.1
;T cott 5 tant g (2.19)

so that 71 is the fundamental vertical vector field, i.e., the generating vector field of the S'-action
St x $3 3 (e, (u,v)) — (eu, efv) € S3. With this choice,

d 2 0
ot’ dh(m)_sith%’

dh(m) =0, dh(m) = (2.20)

where ¢ := @1 —¢y. In particular, {fi, fo} := {%%, Sir}%%} is an orthonormal frame on S?, and

in these coordinates the differential of the Hopf map dh: TS® — T'S? has matrix representation

dh — (8 . g) . (2.21)

As a consequence of (2.21)), (2.16) and (2.17]), we obtain:

Lemma 2.6. The Hopf map h : S? — S? is a smooth horizontally conformal map of constant
dilation factor, namely

|dh| =2V2  and |h*ws| =4, (2.22)
and is of unit charge, i.e., Q(h) = 1.
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3. THE HOPF INVARIANT FOR MAPS OF FINITE FADDEEV-SKYRME ENERGY

In this section we prove some results concerning the definition and integrality of the Hopf
invariant for maps with finite Faddeev—Skyrme energy, cf. . The integrality property of
the Hopf invariant in this class was correctly claimed in [23], Section 3] but, as explained in [2
§2.1.4], there is a gap in the argument. In [2, Corollary 5.2] a complete proof of integrality was
given, relying on earlier results by the authors in [I]. Both [23] and [2] exploit the Hopf fibration
to lift maps S* — S? to maps S* — S3. In [14, Theorem 10.1], a different proof avoids the use
of such lifting. Here we present another concise proof of this integrality which, although also
not self-contained, we believe to be fairly transparent, and which contains ingredients which
will also be important in the sequel.

In order to discuss how the notion of Hopf invariant generalizes to maps with finite Faddeev—
Skyrme energy, we first recall its definition and basic properties in the smooth setting, so let
u € C™(S*S?). Since the volume-form ws: is closed and the exterior differential commutes
with the pull-back, we have

d(u*wg2) = u*(dwg2) =0,
and in view of the fact that H2;(S*) = 0 there exists 8 € Q(S?) such that u*wsz = dfB. The
Hopf invariant or Hopf charge of u, see [36], is then given by the integral formula , and in
particular Q(u) € Z.

Remark 3.1. The definition can easily be seen to be independent of the choice of the
representative 3. Indeed, if 81,32 € Q'(S3) are such that dB; = dfy = u*wse, using the fact
that H(}R(SS) = 0 there exists ¢ € C*(S?) such that $; — f2 = dip, and then the assertion
follows from the identity

B1 A dpy = B2 AdBa + d(vdfs) ,

and Stokes’ theorem. Moreover, the definition is also independent of the choice of the particular
2-form on S2, i.e., wg2 can be replaced therein with any w € Q2(S?) for which ﬁ fSQ w=1.

In order to generalize these results to maps with finite Faddeev—Skyrme energy, we will
consider the function spaces

A3(S?) := {v € WH(S3;$%): cof(dv) € L¥*(S?)},

where cof(dv) is identified with the pull-back map v*: Q?(S?) — Q2(S?). These function spaces
were introduced in the context of nonlinear elasticity theory in [4] and appear naturally in our
problem, since we have the following generalization of the results in [10, 28, 7], due to [13
Theorems 1.3 and 4.4]:

Proposition 3.2. If v € A3(S?), then v*d = dv*: QY(S?) — QHL(S?) for every ¢ € {0,1,2}.
Moreover, one can define

deg(v) := ][ v wss (3.1)
S3
where wgs is the volume-form on S®, and it holds that deg(v) € Z.

We emphasize that all known proofs of Proposition [3.2] yield the result directly for maps in
As3(S?), i.e., the conclusion does not follow by approximation of maps in As3(S?) with smooth
maps, see already Remark [3.8] below.

With these notations, and recalling the definition of Urs in ([1.2)), the main result of this
section is the following:
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Theorem 3.3. Let u € Urs. Then u*ws2 is an exact form, that is, there exists a 1-form
B e Wh2(S3; NP T*S%) so that

uwwee =dp, d'f=0. (3.2)
Moreover, there exists a lift 4 € A3(S3) such that u = h o and
1
=— ANdfB =deg(u) € Z. 3.3
Q) = 153 B d8 = deg() € (33)

In addition to Proposition the following result due to [5] is the key ingredient in our
proof of Theorem

Theorem 3.4. A map u € WH2(S3;S?) is in the strong Wh2-closure of C*°(S?;S?) if and only

if u*wge is distributionally closed.

Proof. By [5, Theorem 1], a map u: S* — S? is W!2-strongly approximable by smooth maps if
and only if it pulls-back 2-forms on S? to (distributionally) closed 2-forms on S3. Since any form
in Q2(S?) can be represented as fws: for some f € C°°(S?), it is then necessary and sufficient
to check closedness of u*wge. O
In order to apply Theorem we will use the following:
Lemma 3.5. If u € Urgs, then u*wse is a distributionally closed 2-form.
Proof. This is detailed in [2, Lemma 3.2]. Fix {j, k, ¢} C {1,2,3}. Thanks to classical approxi-
mation by (localization and) mollification, we see that u*, u’ € W12(S?; R) satisfy
d(du® A du®) =0,
hence the 2-form a*: = duF A du’ is distributionally closed, and using again approximation by
a mollification of u/ € W12(S*; R) and of the closed form o** € L2(S?; A> T*S?), we infer that
d(w! A a*) = du? Ao
Using this and (2.3), we obtain
3
d(u*wgs) = 3dul A du? A du® € L1 <S3; A T*S3) , (3.4)
in the sense of distributions.
Since u(z) € S? for H3-a.e. x € S3, which implies
wrdu' + wldu® +uPdu =0 H3-ae. on S?,

the vectors (du’(x))?_; must be linearly dependent, hence the wedge product in the right hand
side of (3.4) vanishes. O

The next lemma, due to [15], gives us a gauge for the lifts of w.

Lemma 3.6. Let u € Urs and B € WH2(S3; /\1 T*S3) as in (3.2)). Suppose that there is a lift
i € A3(S?) such that

hott=u and B =200, (3.5)
where, in the notation of (2.15) and (2.16)),
h*wg2 = 2d60.

Then H3-a.e. on S® it holds that
R 1 1
|alu\2 = Z|5]2 + E\duP. (3.6)
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Moreover, if u € C™(S?;S?) then such a lift evists and is unique up to multiplication by a
constant in S (that is, the action of S' on S3 given in § by componentwise multiplication
in C?).

Proof. The proof in the case of a smooth map u can be found in [I5, Lemma 2.1], and otherwise
the conclusion of can be repeated analogously, since the calculations therein can be carried
over pointwise H3-a.e. on S3. The coefficients in are actually different in [I5] due to a
different choice of normalization for the metric on S* (which also changes the normalization
constant in the integral formula for the Hopf degree). For the readers’ convenience we
reproduce the proof of with the metric used here. In the orthonormal frame {7, 79,73}
on TS?, the 1-form 6 of corresponds to the scalar product against 71, cf. (2.19). Thus,

the condition 8 = 24*6 and (2.18]), (2.19), imply

B=2m(0) -di = |B)? =4|r - da|*. (3.7)
Moreover, recalling the expression (2.21)) of dh in this orthonormal frame, the chain rule gives
du = dhodii = 2(r - dit) f1 + 2(73 - d) fo = |du|? = 4|my - da|? + 4|73 - da|? | (3.8)

which, together with (3.7 directly implies
dldaf® = |8 + |dul?,
as wished. O

Proof of Theorem . Using Theorem and Lemma, [3.5] we can find a sequence of maps
(uj)jen C C*(S%'S?) such that

uj — u strongly in WH2(S*;§%) as j — co. (3.9)
We can also fix forms (8;);jeny C Q(S?) such that
dﬁj = u;w§2 y d*ﬁj = 0, ][ ,Bj =0. (310)
S3

The last condition in (3.10) can be assumed without restriction after possibly subtracting a
constant coefficient 1-form. By standard elliptic estimates we have for instance the bound
1Bill p3/a(s3) < Cllujwsepssy (3.11)
since % < % =: 1*. We note that the borderline L?/%-estimate is actually also true, see e.g.
[21] or [6, Corollary 12], at least in R? instead of S?. Invoking Lemma we now fix lifts
(4j)jen C C(S%;S?) satisfying
hodj =wu; and B; = 2430, (3.12)
cf. (3.5). In view of (2.14) and (3.9)-(3.11), by passing to a non-relabeled subsequence, we
obtain 8 € L5/4 (83; /\1 T*S3) so that
1
B — B weakly in L5/4(SB; /\ T*Sg) as j — 0o, (3.13)

and since convergence of averages is preserved under weak convergence, also
B=0. (3.14)
S3

By (3.6]) applied to the triplet (4, 55, u;), together with (3.9) and (3.11]), we have

sug HajHWL5/4(§3;S3) < 400,

JE
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and passing to a further non-relabeled subsequence, we obtain @ € Wb/ 4(S3;$?) so that

G — u weakly in W/ (S%8%) as j — o0. (3.15)
Using now (3.13) and (3.15]), we can pass to the limit in (3.12]), to infer that
hotu=u H-ae., B =20%6. (3.16)

Indeed, in view of (2.15)), the forms 436 can be written in coordinates as second-order polynomi-
als of the form ;e di;, where the latter notation indicates that each monomial in the expression
is of first order separately in #; and di;. In particular, since @; — 4 strongly in LP (S3;83) for
every 1 < p < 400 and di; — du weakly in LO/A(S3; /\l(T*S3 ® R3)), this particular product
structure of weakly convergent objects and strongly convergent ones justifies (3.16)).
By passing to the limit in L' in (3.10)), using that (2.3 and (3.9) imply
HU;WS2 - u*wSQHL1(52) —0 asj — o0,

together with (3.13)), we also obtain

df =u'wg2, d*f=0. (3.17)

Note however that u € Uzrs, which recalling (1.2]) implies that u*wsg2 € L? (83; /\2 T*S3). Thus,

(3.17), Gaffney’s inequality (2.7) and (3.14)) actually imply that 8 € WhH2(S% Al T*S*). The
last assertion and (3.6]) in turn imply that 4 € W12(S3;S?). To conclude the proof it remains
to verify that @ € A3(S?) and that (3.3]) holds true.

As in the proof of (3.6]), recall (3.7) and (3.8)), the identities du = dh o di and 8 = 24*6

provide explicit expressions for the components of d@ in terms of du and : in the orthonormal
frame {71, 72, 73} on T'S? given by (2.19), the matrix of di is given by

B(m) B(72) B(3) N
du = = du(ﬁ) . f1 du(TQ f1 du(7‘3) . f1 = 5 du - f1 y
du(mi) - f2 du(r2) - fo du(rs)- f2 du - fo

where {f1, f2} is the orthonormal frame on T'S? defined after (2.20). Thus, using also (2.4)), we
have

).
).

16|cof(da)|* = 4|da A di|*
= BN (du- f1)* + B A (du- f2)]* + [(du- f1) A(du- fo)]?
= |B/\du|2+i\du/\du|2.

Since u € Urs, hence u*wg2 € L%, the last term in the right hand side above is in L', cf.

(2.4). For the other term, we note that by (3.17)), (3.14]), (2.7) and the Sobolev embedding, we
obtain 8 € LO(S* A\' T*S?), thus by Hélder’s inequality 8 A du € L3/2(S3% A\* T*S?), and we
deduce that cof(di) € L3/%(S%).

Since 4 € Aj3(S?), we can apply Proposition to infer that deg() is a well-defined integer
and that 4* and d commute. Hence, recalling (2.16)), we have

Wwge = 1*h*wge = 4*(2d0) = d(24*0) .



12 ANDRE GUERRA, XAVIER LAMY, AND KONSTANTINOS ZEMAS

Thus, by (2.17) and the fact that #3(S?) = 272, we obtain

1 1
= 20%0) N d(2470) = — 0O N GF(do
Q) = 153 [ %0y ndi0) = o [ a0 na @)
1 - 1 x N
:471'2/Sgu(eAde):W/SguwSSZdeg(u)’
which concludes the proof. O

Corollary 3.7. If u € Urs, then du* = u*d: Q1(S?) — Q*(S?).

Proof. This property follows immediately from Theorem in particular the lifting identity
w = h o 4, Proposition [3.2] and the smoothness of h, which also implies that dh* = h*d. O

Remark 3.8. There is a serious obstruction to having a more direct proof of Theorem
namely that it is not known whether one can approximate in the Faddeev—Skyrme energy a
general map in Urg by smooth maps. This is not known even if one ignores the image constraint
on maps in Urg, and we refer the reader to [12] for some partial results in the unconstrained
case. We emphasize that from the above proof one cannot infer that the Hopf invariant of u
is obtained as the limit of the Hopf invariants of (u;);en as in , since the latter sequence
converges to u only in too weak a sense for this purpose (and similarly for the liftings).

We conclude this section with some easy but helpful consequences of Theorem The
first one is that for maps of finite Faddeev—Skyrme energy the integral definition of the Hopf
invariant is independent of the particular choice of the 2-form on S?, as long as its induced
oriented area is fixed.

Lemma 3.9. If wy,wy € L2(S% A2 T*S?) are such that

Lmz@w (3.18)

and v € Urs (cf. ([1.2)) is such that v*wy,v*ws € L*(S?; /\2 T*S3), then
[ oindsi= [ panas.. (3.19)
S3 S3
for any B, Be € WH2(S3; N1 T*S?) satisfying df; = v*w; fori=1,2.

Proof. Since the map H3p(S?) 2 [w] — feow € R is a linear isomorphism, our assumption
(3.18) in particular implies that

[wi] = [wo] € Hir(S?),

thus there exists n € W12(S%; A T*S?) such that
w1 =ws +dn.
Using Corollary we can also calculate
d(pr — P2 —v'n) =dpf1 — dfs — dv'n = v wy — v wy — v dn
= 0w — v 'wy — v (w1 —we) =0,

and since H(S?) = 0, for the 1-form 81 — 82 — v*n we can find v € W12(S?) such that

B = (B2 +v™n) + dy. (3.20)
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In view of (3.20]), Remark (which holds true even in this less regular setting) and (2.5)), we
have

[ sonas = [ (vt (@62 + o)
d 2 d *d
/ﬁ2/\ B2 + / Ba A v* 77+/Sv17/\v n

3

— [ Bendarz [ vnan+ [ vand
S3 S3 S8
= / B2 A dBz,
S3
where in the last step we used the trivial fact that
3

wo Am,mAdn € LI(SQ;/\ T*S2) = {0},

hence the integrands in the last two summands vanish identically. This proves ([3.19)). (Il

As an immediate consequence of the previous lemma, we obtain the following degree formula,
for which we recall that for a map ¢ € W1H2(S?;S?) its degree is defined, analogously to (3.1)),
as the integral

deg()) ::][ V'wg2 €7, (3.21)
SQ
which in particular is continuous with respect to the strong-W12(S2;S?) topology.

Lemma 3.10. Let u € Urs and ¢ € WH2(S%*S?) be such that Y*wse € L*(S? A? T*S*) and
You€Urs. Then

Q¢ o u) = deg(1h)* Q(u) . (3.22)
Proof. By we have that
1672 Q(ou) = / 1 AN dB1, where df; = (Y o u)*wge = u* (P wg2) = u*wy , (3.23)
SS

where w := ¢*wge € L2(S%; A\ T*S?). By (3.21)) we observe that

/SQ wi = / Wwge = 4 deg(y).

Thus, setting wy := deg (1)) wg2 € N%(S?), we automatically have that

S2 S2?

Let now 8 € W12 (S3; /\l T*S3) be such that df = u*ws2. Setting B2 := deg(y) B, we have
dfs = deg(v) u*wgz = u*(deg(Y) wgz) = u*wa . (3.24)
Thus, by (3.23)), (3.24) and Lemma we infer that
1672 Qv ou) = /83 Bi AdB = /SS B2 A dBz = deg(1))? /SS BAdB = 16m%deg(v)* Q(u),

which shows (|3.22]). U
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4. RELAXED FORM OF THE PERTURBED FADDEEV-SKYRME ENERGY

In order to first prove Theorem and following the approach in [I8] 29] [30], we consider
a relaxation of S, to the space of closed differential forms. Let us first define, for a closed
2-form o on S?,

Q(a)::lgﬂ/gsﬂ/\dﬁ, o= dg. (4.1)

By Stokes’ Theorem, this quantity, referred to as the Hopf invariant of the form «, is well-
defined, i.e., @ depends on § only through dS, see also the corresponding discussion in Remark
for the Hopf invariant of a map u. Introducing the space of admissible forms

2
Ars = {a € L2 (83; A T*s3) cda=0,Q(a) = 1} : (4.2)
we consider the relaxed energy £,: Ars — [0, +00), defined by

=2 [ lal+07? [ ol (4.3)

As an immediate consequence of the definitions of the energies and Lemma one obtains:

Corollary 4.1. For every p > 0 and every u € Urs it holds that
FSp(u) = Ep(u'ws2)

with equality if and only if u is horizontally weakly conformal.

Recalling Proposition we further introduce the following notation:

Egy ={a€ Ey: Q(a)=1}. (4.4)
Using (2.11]), it is straightforward to verify that
E0+,1 = {clwofl + czouar’2 + 03w0+’3: (c1,¢2,c3) € R3 with C% + c% + cg = 16} . (4.5)

The next proposition for the relaxed energy &, is the main ingredient in the proof of Theorem
Compared with [I8, Lemma 3.2], Proposition asserts global minimality of E; 1, while
the former only gives minimality in a C°-neighborhood of ES' 1-

Proposition 4.2. For every p € (0,1] and o € Ars, if

aar,l € argmin |la — &l 2(ss) (4.6)
acEy,
then
gp( a) > €& (ao 1) (4.7)

with equality if and only if o € E{{l.

The largest part of the rest of the section is devoted to the proof of Proposition [4.2] Before
doing so, we present some auxiliary lemmata that will be essential for the proof. For q=1,2,
let us introduce the auxiliary functionals Z, : Ars — [0, +00), defined as

T, (a) == /Ss la]?. (4.8)

Observe that for oe('{ 1 € Eg: 1, setting

1
Bo = 5(>f<048r,1), we have dfy = 0‘[{1 . (4.9)
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The normalization condition for the Hopf invariant in (4.4]), together with the facts that a[{ 1 1s
a constant coefficient 2-form, cf. (4.5)) and Remark that

Bo Adpo = %(*0‘(—{1) N aé,l = %’a(—{l‘Qa
and that H3(S?) = 272, altogether imply that
|aaf1] =4, hence Iq(aafl) = 27249 for every aafl € Eafl . (4.10)
From the analysis in [34] it can be directly deduced that elements in Eaf | minimize the
functional o — Zs(«r)/Q(c) on closed 2-forms with Q(a) > 0. More precisely, this statement

can be derived by essentially the same short argument as for the proof of [34], Theorem 2.1].
Indeed, for any closed a € Q2(S?), choosing 8 € Q1(S3) such that dB = a, d*8 = 0, we have

o) = [ 1ask = [ .8 =4 [ 152, (4.11)

where we used that the first eigenvalue of the Hodge-Laplacian on co-exact 1-forms on S? is
equal to 4. By (4.1] , Cauchy—Schwartz and m, we also estimate

Q) =

5 [ 8148 < 5518l 4Blan < g5gTale),

1672 — 327

for any closed o € Q?(S?), with equality if and only if « € EO,l' Our first main tool in the proof
of Proposition is a quantitative version of this inequality, providing an explicit control on
the distance to Ear in terms of Zp — 327%(QQ, as well as a similar estimate for the distance to Ey .

Proposition 4.3. The following estimates hold true:
(i) For every ¢ € WhH2(S3; /\1 T*S3) such that dypL» Ef & Ey, it holds that

1
‘/SgwAd¢‘§3/SS|d¢|2. (4.12)
(ii) Let a € L*(S% N> T*S*) be a distributionally closed 2-form. Then

Tr(a) F 3272Q(ar) > % min / la —ag?. (4.13)

Proof. For (4.12]), using Proposition the L?-orthogonality assumption, and the fact that
H2: (S?) = 0, we can write

dyp = Z(n,j +), with ni = diif € B,

where nk is the L%- Orthogonal prOJectlon of di onto EjE Since for every ¢ € N the 2-form d%
solves with eigenvalue )\ = +(¢+2), using also Lemma . we have that for k, ¢ € N,

1
/wkmzw[ )\i/ GE A dx dyF = )\i/g(*dwe)/\dz/}k

‘s (4.14)
k[

S i

1
T / (dipy diye) =
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In particular, (4.14]) together with the fact that |/\i] > 3 for k£ > 1, indeed implies
1 1
vndd| =| 5 [ utnav| <X o [ e < g [ ok,
/S3 k%l ’ ! el il Jss 3 Jso

with equality holding for 1/)1 .

For the proof of (&.13)), consider a closed 2-form «, thus a = d for some 8 € Wh2(S3; A' T*S?)
with d*8 = 0. The lowest eigenvalue of the Hodge Laplacian A := dd* + d*d on closed 2-forms
is 4, and the corresponding eigenspace is given by

ker(A —4)Nkerd = Ef @ Ej ,
cf. [18, Section 3] and (2.9). Therefore, we can (L?-orthogonally) decompose

xB=ag +ay +dp, where dx* ozat = :|:2a(jf, dp L2 Ef ® Ej (4.15)
which, by taking the Hodge-dual and then the exterior differential results in
a=2ag — 20y + dip, where ¢ :=xdp, d L2 Ef @ E . (4.16)
Using (4.15)) and (4.16)), we find
) =4/SS o+ [ lag P+ [ lavl?, (4.17)

and

1 o P 1 /ﬁ 2, 1 ‘/
= - Ady. 4.18
We now proceed to give a lower bound on the last term in the right hand side of (4.18]).
Combining (4.17) and (4.18)), using the estimate (4.12)) and again (4.16)), we deduce

1) 732Q() =8 [ lof P+ [ k2 [ vnav

28/ o+ (1=3) [ v

/!a$2ai]2> min / la —ag|?,

ateET Js3

concluding the proof. O
The next lemma gives a precise expansion for the relaxed energy &, around elements in Ear, 1-

Lemma 4.4. Given o € WH2(S?; \' T*S?), let a := a&l + dp, where O‘(J)r,l € E(J)fl- Then,

glo) = Eplat) = (5 5) [ (odnda + 5 [ ek +20i0i a0, @9
where we have set
ot
gl(aafl,dw) = / {’a(J)rJ + dy| — ’a(J)r,ﬂ - < (ll 7d90>} >0. (4.20)
S8 ’amﬂ

Proof. Since HgR(S?)) =0, by the L?>-Hodge decomposition we can assume that ¢ satisfies
d'¢=0.



GLOBAL MINIMALITY OF THE HOPF MAP IN THE FADDEEV-SKYRME MODEL 17

Using the notation in , the relaxed energy in can be written as
Ey(a) = 271 (a) + p*Ts(a) . (4.21)
We first expand the two quantities appearing in separately, obtaining:
(1) Tw(e) =Talag,) + Tilag ) lde] + Gilagy, dw)

(i) Talo) = Tolay) + Tl )ldel + [ | 1dgl.

where we have used the standard notation
7 dy] ‘
(ao 1)lde] =0

and similarly for @’ (aar, 1)]de], which we will also compute here for later purposes. Note that

(4.22)) (i) follows simply by the definition of G; in (4.20)), and (4.22))(ii) by a simple expansion of

the quadratic energy Z,.
To proceed further we note that, by the definition of gy in and Lemma [2.1fi), we have

167°Q" (agf ) [dep) = / Bo A dp + / o NdBy = 2/ BoNdp = / (agy,de) . (4.23)
Then, a simple calculation using and (| reveals that, for ¢ = 1,2,

(4.22)

ao | Ftdy),

Ty (o) lde] = Zq(a&)Q’(aofl)[d@], v<P€WI’Q(S?’;/\IT*S?’)- (4.24)

This last equation, together with Q(O‘(J)FJ) = 1, expresses the fact that ozg’ 1 is a critical point of
the functionals « |—> Q 9/2(a) T,(ar). We now analyze each of these two functionals separately:

using and -, we find that

() Tie) - Tulaify) = 5 [ (afde) + Galaiy o)
s (4.25)

(i) Zo(a) —Ig(a('{l) = /S3 |dep|? + 2/Sg<a('{1,dcp) )
Collecting (4.3]), and the expansions (4.25))(i)-(ii), we find precisely (4.19)). O

Proof of P’roposmon [4.3 In view of and (£.5), we can identify Ej = R? and Ea' =
Using (|2 it is immediate that (| also implies

ag € agegg:{n g = aHL2(S3)’

where aj = Ppra is the L?-projection of a onto EJ. Thus, (aj — 0‘&1) is in the normal space
to ESL,l = SZ C R? at aar’l, 1.€.,
af =(1 +t)0‘6L,1 for some t € R.
Actually, since d(a — aafl) =0 and H3,(S?) = 0, there exists ¢ € WH2(S%; A T*S?) with
a= 0‘(4)—,1 +dp and d*p=0. (4.26)
Recalling , we can write o = ozafl +dp=(1+ t)aar’l + (dp — tdpp), or equivalently,
a:a(}L+d¢, for ¢ : = —tfy, (4.27)
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where we note that dyp € (Eg )+, the latter intended in the L?-sense: hence, by (4.27) and using
also (4.10]), we have

1
+ _ _ +
/S‘3 <Oéo,1,dw> =0 <= t= W /83<a0’1,d<p> . (428)
Moreover, since Q(«a) = Q(a&l) =1, by (2.5 we have
1
1= Qlagy +dp) = Qagy) + Qdy) + /S Bo N dep =1+ Q(dyp) +2t,
where in the last equality we used again (4.9)), (4.10), and (4.28)). Thus,
1 1
— T1de) =t=—-Q(dp). 4.29
3272 /S3 <a0,17 90> QQ( 90) ( )
Note further that by (4.6]), and since —a[{ 1 € Eat 1> we have
o= aifalzes) < o+ oz = [ (ovagy) >0,

which, by (4.26) is equivalent to the simple bound
t>—1 < Q(dp) <2. (4.30)
The definition of 9 in (4.27)), together with (4.28)-(4.30]) further yield the relation

Qo) = Q) + Qo) = Qdy) + Q)

4.31
— Q(dp) = 2(1 — /1 - Q(dy)), -
since and the first line in the above identity imply that Q(dy) < 1.
We can now apply Lemma and use , , and , to find
o) = Eylogy) > 72 [ Jaef =167 (5 + ) Q)
= 72(Taldy) - 327°Q(dy) ) - 87°Q(dy) (4.32)
= p72(To(dy) - 327°Q(dw) ) — 167% (1 — /T Q(d))
The last equality follows from , the fact that
Ty(dp) = Ta(dyp) + t°Ta (o) (4.33)
by the orthogonality in , and that
Tr(og,) = 320°Q(ag,) = 3277, (4.34)

cf. (4.10). We rewrite as
et ()t -1y %)
+ 5 (Ta(aw) - 487°Qaw))
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Note that in view of (4.1]) and (4.12]), combined with decomposing di € (Ey)* according to the
orthogonal sum (Ej )+ = (Ef ® Ey )* @ E; , the last line in the above inequality is nonnegative,
hence we deduce

-2
E9(0) ~ Eplagy) > L2 (To(dy) — 327°Q(dw))

- 167r2(1 —J/1-0dy) — Q(;hp)) , (4.35)

which can be equivalently written as,

Ep(a) — 5/)(@({1)
1672

> 202 - 1)( 29 gawy) - L jo(aw)

+ a0 - (1- vI— Q) - 29,

2
By the elementary fact that the smallest value of A > 0 such that the function

(—oo,l]as»—>/\|s|—<1—\/m—%>

is nonnegative is A = 1/2, (4.36]) together with (4.1) and (4.12) again, finally yield,

-2
£4(0) — Eoify) > (272 — 1) (200 BNy B (P m N ay > 0, (a3)

the latter inequality holding for 0 < p < 1. This proves the desired minimality (4.7)) of ozaf 1-

(4.36)

For the characterization of the equality cases, the equality £,(a) = &(a[{ ;) implies that
equalities hold throughout the above chain of inequalities. In particular, it holds in the first
inequality in , which implies that gl(a({ 1,dp) = 0. Thus the integrand in vanishes
H3-a.e. on S? and so, by strict convexity of the Euclidean norm, we find a measurable A: S — R
such that do(x) = )\(:c)aa 1 - Taking a weak exterior derivative in this equation, since aar, 1
is closed, we see that A is constant, say A(z) = t for all z € S?, thus by we have
a=(1+ t)ozg’l € Ey . But by assumption Q(a) =1, s0 o € Eafl, as wished; in particular, we
must have (1 +¢)? = 1, hence t = 0, since the case t = —2 is excluded by . ]

Remark 4.5 (On the threshold for linear stability). A similar spectral analysis as the one in
the proof of Proposition had already been used by Isobe in [18] to prove that

the Hopf map h is a linearly stable critical point for FS, for every p € (0, \/5) ,

and by continuity weakly stable also for p, = v/2, cf. the first assertion of Theorem 1.1, Propo-
sition 4.1 and Corollary 4.1 therein. The role of the threshold p, = v/2 for the linear stability
of h is also revealed by our calculations in the proof Proposition for instance in .
Indeed, by Proposition and that

1+60>2V6 Vv8>0,

the latter applied for 6 := 1 — Q(dv), if p > /2 the right hand side of (#.35)) becomes negative,
leading to an insufficient lower bound for the conclusion.

For the extension of Proposition to p € (0, pg) for some (unspecifiable) py € (1,v/2], the
main technical ingredient is a version of the local minimality (a’) of the Introduction in this
relaxed formulation, which is made precise in the following.
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Proposition 4.6. For every r € (0,v/2) there exist g9 := o(r) > 0 and ¢ := c(r) > 0, such
that the following statement holds. If p € (0,r], a« € Ars and aar’l is as in (4.6), with

o = O‘(—~)_71HL2(83) <e¢o, (4.38)
then
Ep(a) = & (a01 ) > c||a— a01HL2(S3) cdist?,(a, E01) (4.39)

Proof. The roof can be deduced by a careful 1nspection of the arguments in the proof of
Proposition Let r 6 (0 V/2) be fixed, and g¢ := 50 ) >0 to be chosen sufficiently small at

the end. Recalhng -, and using also -7 , , and -, we can

estimate

/ dgl? = / dy|? + 320%8% = / di? + 8771 Q(di)
S3 S3 S3

2
< [JasPvc( [ 1agP) < [ lavP v [ b,
s3 S3 S3 S3

where C' > 0 is an absolute constant. By choosing €9 > 0 sufficiently small we can ensure that

[ [ jaap <z [ e, o)

1 g2
d)| < —— dip|? < =0 1. 4.41
QU0)| < g5 [ 1avf? < 355 < (4.41)
By (4.35)), (4.40), (4.41)), and the Taylor expansion

and also

I—t=1- % + O(t*) whenever |t| < 1,
we can estimate for 0 < p <7 < v/2,
£1(0) - £,(07) > 2072 - (2 1622(a)) - o))
> (B0 eat) )

6
Ly@2r2-1
> 7<<7“7) - Ceg)zz(dgp) >0
2 6
by choosing g9 > 0 smaller if necessary with respect to r € (0,v/2). Recalling (4.26)), this
completes the proof. O

A contradiction/compactness argument together with Proposition easily lead to the fol-
lowing.

Lemma 4.7. There exists py € (1,v/2] such that for every p € (0,p0) and a € Ars, the
conclusions of Proposition [4.2 hold.

Proof. Assume by contradiction that there exist sequences (p;)jen C (1,v2], (a;)jen C Ars
such that

PN, aj;¢ E(J)fh Ep; () <& (Wo 1) = 16m%(1 + 2p; ) (4.42)
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where w({l € ngl as in (2.11). We choose (8;)jen C WH2(S%; Al T*S*) such that
d,@j = Qj, d*,Bj = 0, ][ Bj =0. (4.43)
S3
In particular, (4.42)), (4.43) and (2.7 imply that

sup || Bjllwr2(s3) S sup [lajl|p2(s3) < +o0,
jeN jeN

so that up to non-relabeled subsequences,
a; = a weakly in L2(S5 \°T'SP), 8 — 8 weakly in WI2(s% A\ TUSY),  (4.44)
with
d=a, d'8=0, ]égﬁzo. (4.45)
In view of , and , we also obtain
Qo) = 5 [ B8 = 1oz Jim [ 6 A5, = Jim Qlay) =1,

i.e., « € Ars. Thus, passing to the limit in (4.42)), and using Proposition (4.44) and the

lower-semicontinuity of L?-norms, we deduce that

487% = & (wiy) < &1(a) < lim &, (o) < 1677 lim (1 4 2p;%) = 4877, (4.46)

Jj—00 Jj—00

so that the weak L?-convergence in (4.44) and the energy convergence in (4.46)), actually imply
2
aj — o € Ars strongly in L*(S?; /\ T*s?). (4.47)

Another consequence of (4.46|) is that & (o) = & (wa 1), hence o € E(J{, 1 by the equality charac-

terization of Proposition We can now obtain the desired contradiction. Fixing r := % and

g0 :=¢e0(2) > 0 as in ({:38), by and we can find jo € N large enough so that
1<p; <5/4, oy —aflp2<ep Vj>jo.
Thus Proposition is applicable for (p;, a;);>j,, giving
Ep; () = &pi(a) = &y () = &, (W(—)i_,l) > cdist s (aj, Eajl) for j > jo.
Recalling from that a; ¢ E(J)f 1, this contradicts the inequality in . (I
Remark 4.8. Lemma states that the set
I:= {p e (0,v2): argmin &, = E(T,l} ,

Ars
contains (0, pg). The same contradiction argument as in the proof of Lemma actually shows
that I is open. It is, however, not clear whether the set I is closed: this hinders establishing
Proposition (and subsequently Theorem in the full range (0, /2], which is a challenging
question to be addressed.

As an immediate consequence of Proposition and Lemma [4.7] we obtain the minimality
of the Hopf map for 7S, in the claimed range.
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Corollary 4.9. There exists py € (1,v/2] such that for every p € (0,p0) and u € Urs with
Q(u) =1, it holds that
FSp(u) =2 FSp(h),

with equality if and only if uw*wge € Ea: 1
Proof. Indeed, for p and w as in the statement, by Corollary (2.16)), Proposition and
Lemma [1.7] we obtain

FS,(u) — FS,(h) > Ep(u'wsz) — Ep(h wgz) > 0. (4.48)
The characterization of the equality case also follows from Proposition .2 and Lemma [£.7,. O

5. PROOF OF UNIQUENESS

The uniqueness statement in Theorem (and Corollary will follow from the following:

Proposition 5.1. Let u € Urg be a horizontally weakly conformal map such that Q(u) = 1
and w*ws2 = h*ws2. Then u=ho R for some R € SO(4).

Proof. We first claim that
du(t) =0 H3-ae. onS?, (5.1)

where 7 is the fundamental vertical vector field for the Hopf fibration defined in (2.19)). By the
assumptions, H3-a.e. on S? the frame {7, ™, 73} satisfies for i, j € {1,2,3},

ws2 (du(n), du(Tj)) = u*wgg (7’2‘, Tj) = h*w§2 (’7’1', Tj) = Ws2 (dh(’]’i), dh(’i‘j)) . (5.2)
Since {dh(m2),dh(73)} span T'S?, cf. (2.20)), (5.2)) implies that
{du(ms),du(rs)} are linearly independent and span T'S? . (5.3)

Using again (2.20)) and (5.2)), this time for j = 2,3, we have
wg2 (du(m), du(7;)) = ws2 (dh(11),dh(7;)) =0,

which by and the non-degeneracy of wg2 implies . Moreover, slicing properties of
Sobolev spaces ensure that, for H?-a.e. y € S?, the restriction of u to the corresponding S'-fiber
h=Y(y) c S? is absolutely continuous, and therefore constant due to . In other words, for
H2-a.e. y € S?, there exists ¥(y) € S? such that u(z) = ¥ (y) for all z € h~'(y). The map
: S? — S? thus defined (almost everywhere) satisfies

u=1oh H3-ae on$S>.

Moreover, since h is a smooth submersion, for any 39 € S? there is a neighborhood U of g in
S? and a smooth right inverse ¢: U — S? such that ho((y) = y for all y € U. This implies that
Y = uo ¢ belongs to W'2(U;S?), and therefore ¢ € W2(S% §?).

Since h is smooth, by the chain rule for the weak derivatives we have
du(z) = dip(h(z)) o dh(zx) for H3-a.e. z € S,
which together with the weak horizontal conformality (2.13]) of u and h gives

A0(h(x)) 0 dh(z) o (dh(x))" o (A(h(x)))" = | (h(@)Pldn(r) Tz, , o
or, equivalently,
A0(h(x) o (db(h()))' = (b)) Tz, , s
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i.e., P € WH2(S%S?) is a weakly conformal map. Moreover, our assumptions, (2.22) and the
weak conformality of ¢ directly imply that

_Jdwf?
2

i.e., di is H?-a.e. an isometry with |dy|? = 2. Using Lemma which is applicable since
[V *we2| = % =1 and ¢ o h = u € Urs, we also obtain

1=Q(u) = Q1) o h) = deg(¢h)*Q(h) = deg(v)?,

4= P ws2| = |u'ws2| = | wee| [P wgz| = 2|dy [,

i.e., we conclude that
P € WH2(S?;§?) is such that dypldy = Idpge with deg(y) = £1.

It follows that 1) = Oidg2 for some O € O(3), as can easily be inferred from Liouville’s theorem,
see for instance [16, Theorem 1.1]. Finally, using the equivariance of the Hopf map exactly as
at the end of the proof of [I8, Proposition 4.2], there exists R € O(4) such that

u=1Yoh=hoR,

and since Q(u) = Q(h) = 1, by applying Theorem we actually deduce that R € SO(4), as
desired. 0

Completion of proof of Theorem (and Corollary . If w is another minimizer in this ho-
motopy class then equality holds in (4.48)), i.e., @ is horizontally weakly conformal by Corol-
lary and u*ws2 € E[')f 1, hence |u*ws2| = 4, cf. (4.10). By the invariance of the energy

under rotations, using (2.12), (2.16) and (2.11), we can find R € SO(4) so that the map

v :=uo R € Urs, which is also a minimizer and horizontally weakly conformal, is such that
Q(v) =1 and v*wg2 = h*wsg2. The conclusion then follows from Proposition O
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