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Unbalanced optimal transport (UOT) is a natural extension of optimal transport
(OT) allowing comparison between measures of different masses. It arises naturally
in machine learning by offering a robustness against outliers. The aim of this work
is to provide convergence rates of the regularized transport plans and potentials
towards their original solution when both measures are weighted sums of Dirac
masses.
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Notations

The following notations we will be used throughout the article.
o ./ *(X) is the set of finite positive measures defined on X.

(-]-) is the inner product associated with the Euclidean norm |-|| in R?.

« = stands for a component-wise inequality between vectors in R¥.
o < stands for < up to a multiplicative universal positive constant.
o Ay is the (d—1)-dimensional simplex of R? defined by

i;zizl}.

A E {Z € (Ry)*
i=1

e Ll stands for a disjoint union of sets.

e ||I-|la is the norm given by ||z||4 = \/(Ax|x) where A is a positive definite self-adjoint
operator.

o dom f denotes the domain {z : f(x) < 400} of a convex function valued in R U {4o00}.

1 Introduction

Given two positive measures 1 and v on compact domains X C R? with same total mass and
Y C R? and a cost function c¢: X xY — Ry, the Monge-Kantorovich optimal transport (0OT)
problem consists in

[ wg) e (1.1)
YEl (1) Jxy

where I'(u,v) denotes the set of all probability measures on the product space X xY having
1 and v as marginals. A popular way to solve numerically this problem consists in adding an
entropy regularizing term, tuned via a non-negative parameter ¢, which leads to the following
entropic optimal transport problem

mf [ ) droy) + e Buty]ucw), (1:2)
vel (1,v) Jxy

where Ent is the relative entropy.
Over the last decade this kind of approach has witnessed an impressive increasing interest
since it has proved to be an efficient way to approximate OT problems. From the computational



point of view, (1.2) can be solved by an iterative projections method, which turns out to
correspond to the celebrated Sinkhorn’s algorithm | ; |, successfully developed in
the pioneering works | ; ; ].  The simplicity of the implementation and
the good convergence guarantees | ; ] determined the success of entropic optimal
transport for a wide range of applications, see for instance [ | and the references therein.
Notice now if we look at (1.2) as a perturbation of (1.1), then it is quite natural to study
the behavior of both optimal values and minimizers, when the regularization parameter varies,
and in particular when € — 0. According to this let us mention some related works | ;
; ; ], which established I'-convergence results of (1.2) to (1.1), | : :
; ; ; ; ], which provided asymptotic expansions for the cost. Here
we want to focus on the convergence rate of the primal and dual variable in the spirit of | ;
| in the discrete setting for a generalized OT problem: unbalanced OT.

By definition, classical optimal transport requires the two given measures to have the same
total mass, which can be a limitation for certain practical applications, particularly in machine
learning, or imaging. An extension of the classical framework, known as unbalanced optimal
transport, addresses this limitation by relaxing the marginal constraints and incorporating a
divergence term into the objective function to penalise the marginals. It was simultaneously
introduced by | ; ; | and may be expressed in the following form,

inf c(x,y)dy(z,y) + D +D V)l 1.3
[ e @) Dyl + D(ral) (1.3

where ~; is the i-th marginal of the coupling v and Dy is a ¢-divergence, also known as Csiszar
divergence (see Definition 2.3).

As in the usual optimal transport problem, one can introduce an entropy regularized version
of the unbalanced optimal transport problem, depending on a parameter € > 0, as follows

inf c(x,y)dvy(z,y) + D +D v) + ¢ Ent ®U) |, 14
[ ) @) + Dol + Dylral) + < Bmtlalpen) (1)

This paper focuses on this problem when both measures have finite support. The aim is to
establish convergence rates of the regularized optimal variables, for the primal and dual prob-
lems, towards the original ones. The main contributions can be summarized in the following
two theorems.

Theorem A (Simplified statement of Theorem 4.6). For positive €, let € — ~y(g) be the curve
of optimal solutions to the reqularized unbalanced optimal transport problem (1.4). Under the
assumption that u and v are atomic measures, and under certain conditions on ¢, the trajectory
e — v(e) converges towards an optimizer 5 of (1.3) at a rate of at least /e, i.e.

17 =)l < Ve

Theorem B (Simplified statement of Theorem 4.5)). For positive e, let € — £(g) be the curve
of optimal solutions to the regularized dual problem to (1.4). Under the assumption that
and v are atomic measures, and under certain conditions on ¢, the dual trajectory € — £(g)
converges towards the dual optimizer € at a rate of at least €, i.e.

l€ =€) S e



Outline of the paper. The paper is organized as follows: in Section 2.2 we introduce the
discrete balanced and unbalanced optimal transport problems, their dual problems, and their
regularized counterparts. In particular we focus on the dual unbalanced problem and give
some preliminary results. Section 3 is devoted to the convergence of both the primal and
the dual trajectory of solutions to the regularized unbalanced OT. In Section 4 we provide
the announced asymptotic rates of the regularized problem when the regularization parameter
tends to 0. Section 5 is devoted to numerical experiments and comparisons with the established
asymptotics.

2 Discrete unbalanced optimal transport

2.1 The setting

Since we study the case of measures u, v with finite support, we assume from now on that X, Y
are finite sets. Notice that measures u € .#Z*(X), v € A4 (Y) and v € 4T (X x Y) can now
be written as

= Z by, V= Z Vy(syv and = Z ’71,y5(a:,y)’
zeX y€eY (z,y)€XXY

and can thus be identified with their respective weight vectors (u;). € RY, (v,), € R? and
(Vo) (@y) € R?. In the same way, the cost ¢ can be identified with the vector (c(z,y))(z.y) €
RY¥*Y_ By introducing the linear map A: R**Y — R*@ RY defined by

Ay = (Z ’Yﬂc,y) ) (Z ’Yx,y) s
yey zeX zeX yeY

one can reformulate the marginal constraint as Ay = (u,v) def q and the optimal transport
problem and its regularized formulation can then be expressed as finite-dimensional problems

z,Y)

as follows,
inf c Ay =q}, oT
ety Ll [ Ay =d} (OTo)
and for any non-negative ¢,
inf {(c[v) +eEnt(y) ]| Ay =q}, (OT:)
~ERXXY

where (c|~) e > (w)exy €(T,Y)Va,y denotes the canonical inner product on R™Y and Ent :
R™J R is the discrete entropy, i.e. the entropy relative to the counting measure H° defined
by
Z Yoy (108Vzy — 1)  if 42y > 0 for every (z,y)
Ent(y) % Ent(y]H°) = { (@y)exxy

+00 otherwise.
We take the convention 0log(0 = 0 providing a continuous extension of ¢t — tlogt on R;.

Remark 2.1. Notice that, contrary to the problem stated in the general case in (1.2), we took
the entropy with respect to 7 instead of u®v. However in the case where u € P(X), v € P(Y)
and Ay = (u,v), they satisfy the following relation:

Ent(y| g ®v) = Ent(y) — Ent(u) — Ent(v) — 2.



Remark 2.2. Assuming that X and Y are finite subsets of RY, say X = {z1,--- ,zy} and

Y = {y1, - ,ym}, the linear map A can be associated with its matrix A,,, in the bases
B = (61173;1’6361,242’ T 7633n:y1V1) and B’ = (exn Tt Cayy Cypy eyM) defined as
Iy Oy -0 Op Iy ’
O 1y -+ Onp I
Amat =
Opr Opp -0 1 5

Proposition 2.1. For anye > 0, (OT.) and its dual admit a unique solution v. and & (up to
the kernel of A*, which has dimension 1, for £, ), respectively. Moreover, the following relation
holds )

Ve = eg(A*gsfc)'

We will not detail the proof since it is well known in the literature (for instance it is a
by-product of the result in [ , Proposition 4.4]).

The unbalanced optimal transport problem is a natural extension of classical optimal trans-
port problem where one can consider measures of different masses by relaxing the mass conser-
vation constraint; for more details we refer the reader to the seminal works | ; ;

; ]. This approach, in particular, allows the creation or destruction of mass. To
formalize this problem, we introduce a general function F: R*@ RY — R U {+o0} which is
used as a penalization on the marginals of the transport coupling. The unbalanced optimal
transport problem then takes the form:
inf {{c[7) +F(Ay)}| (UOTy)

yE(R4)™Y

In the same way as before, we consider a regularized version of this optimization problem
which is given by the minimization of 4. defined for every € > 0 by

©.(v) € (c|7) + F(A7) + e Ent(y),

i.e. we consider

inf {{e]7) + F() + e Ent(y)) | (UOT,)

Throughout all this paper we will use the following assumptions for F.
(Ho) F is a proper convex and lower semi-continuous function.
(Haom) There exists (p,v) € (R%)*& (R%)? such that F(u,v) < +oc.

In the literature, for instance | |, F is often taken to be a Csiszar ¢-divergence defined
as follows.

Definition 2.3. (Discrete Csiszar ¢-divergence)

Let ¢ € (Ry)" be a non-negative vector and ¢: R — R, U {+oco} an entropy function meaning
that it is a convex and lower semi-continuous function such that dom ¢ C Ry. The discrete
Csiszar ¢-divergence is defined on RY by

Dy(pla) & 3 qwﬁ(Z)Jrqﬁéo > i

1:9;>0 i:q;=0

where ¢/ C i, o ¢(t)/t is the recession constant at infinity.



Remark 2.4. The choice of considering a general function F instead of a Csiszar divergence is
motivated by the fact that one may also want to consider variational problems given by the
sum of an optimal transport term and a congestion on the marginals, which are not Csiszar
divergences. All assumptions that we make on F can easily be translated as assumptions on
the entropy function ¢ when F(-) = Dg(-|q) and (p,v) = ¢ = 0. In that case (Ho) and (Hqom)
are equivalent to the following:

(Hj) ¢ is a proper convex lower semi-continuous functions;

(!

dom

) there exists @ > 0 such that ¢(a) < 4o0.

2.2 Properties of the regularized unbalanced optimal transport

Let us start by introducing the dual formulations of the unbalanced OT problem and its
regularization. We will use the adjoint operator of A defined for any &€ = (p,4) € R*@ R? by

A*f =SB ¢ = ((1036 + %)(w,y)ew-

The dual problems of (UOT() and (UOT.) are given by

inf {F*(=¢) | A*¢ < ¢}. DUOT
et PO [ A=) ( 0)
and
inf  F*(=¢) + > cexp (1(A*§ —c| em,y>> , (DUOT,)
{ERYERY (z,y)€XxY <

where (ezy)(z,y)exxy denotes the canonical basis of R¥*Y. We denote by .#; the functional of
the dual problem, that is for £ = (¢, ),

He(€) = F*(=¢) + Z cot (Patiy—cy))
(z,y)€XXY

Remark 2.5. When F(-) = Dy(-|q), F* is given by

F*(§) = {q] 67 (8)) + 1($),

where I(£) = 01if &, < ¢l for every z € X LY such that ¢, = 0, and I(£) = 400 otherwise.

We are now ready to state the basic results concerning existence, uniqueness and duality for
these problems.

Proposition 2.2. Let us assume (Hy) and (Hgom). Concerning the unbalanced OT problem,
the following results hold:

(i) strong duality, i.e.
inf (UOT,) + inf (DUOT,) = 0;

(7i) existence for (UOTy) if F is coercive, and uniqueness up to ker A = R(1gx, —1gy) if F is
strictly convex;

(iii) existence for (DUOTy), and uniqueness if F* is strictly convex.



Proof. We begin by introducing the convex function G : R**Y — R defined by
G(v) = (c|7) + ¢ryyxxv (),

where (g, jxxy denotes the indicator function of the non-negative orthant in RY*Y. With this
definition, the unbalanced optimal transport (UOT() problem can be written as

inf G(7) + F(4).
Lanf, GO) + F(A7)

By (Hy) and (Hgom ), F is proper convex and lower semi-continuous, and there exists (u,v) €
(R7)* @ (R%)? such that F(u,v) < +oo. By definition of A, there exists v € (R%)**¥ such
that Ay = (u,v). Since both F and G are finite at v and F is continuous at -y, we may apply
FenchelRockafellar’s Theorem | , Theorem 1.12] to assert that strong duality holds and
that there exists a solution to the dual problem:

inf G(y)+F(4y) = —G*(A*E) — F* (=€),
L (7) + F(4y) L (A7¢) — F*(=¢)
where F* and G* are the LegendreFenchel transforms of F and G, respectively. Computing
these transforms explicitly yields (i). .
Now, assume that F is coercive. Notice that setting Ay = (A~, (c¢|v)) and € (p,t) = t+F(p)
for (p,t) € (R* @RY) @R, (UOTy) can be equivalently written as

inf  €(Av).
e A7)

By (Hp), it admits a competitor with finite cost. Let us notice that the cone A = A((Rgxw) is

a closed convex cone, as a finitely generated convex cone (this can be shown by Caratheodory’s
theorem for cones). To get existence, we just have to show that % is coercive on A. Take a
sequence (Avn, (¢|7n))nen € A which is unbounded. If (A~,) is unbounded, F(A~,) — 400
by coercivity of F, and since (¢|~,) > 0 for every n, €(y,) — +oc. If on the contrary (A~,)
is bounded, then ({(c|~y)) is unbounded, and necessarily it tends to +o0o0. Since F is convex
proper and lower semi-continuous, it is bounded from below by a linear map, and since (A~;)
is bounded, then (F(v,)) is lower bounded. This shows that € (7,) — +oc also in this case,
hence € is coercive on the closed set A thus the primal problem problem admits a minimizer.
Existence for the dual problem has been justified above, and the uniqueness statements are
straightforward consequences of strict convexity, thus (ii) and (iii) hold true. O

We shall need the definition of slack variable associated with this problem later on.

Definition 2.6 (Slack variable). Assuming that (DUOT) has a unique solution €= (p,9)
then we denote by k the slack variable, i.e. the gap between A*¢ and ¢, given for every
(,y) € XxY by

def — -
Fay = (2, Y) = Po — Py.
We denote by Iy the set of saturated constraint where x = 0, namely

€

Io ¥ {(2, ) €XXY | §r + by = ez, )}

Let us now deal with existence and duality for the regularized problem.



Proposition 2.3. Under assumptions (Hg) and (Hgom), the following hold concerning the
reqularized unbalanced OT problem for every e > 0:

(i) strong duality, i.e.
inf (UOT.) + inf (DUOT;) = 0;

(ii) existence and uniqueness for (UOT.);

(iii) existence for (DUOT,), and uniqueness if F* is strictly convez.

Proof. Let ¢ > 0. Rather than using Fenchel-Rockafellar as in the unregularized case, we
are going to show existence for the primal problem first then use subdifferential calculus to
deduce strong duality and existence for the dual problem. Since F is proper convex and lower
semi-continuous, there exist a € R* @ R? and b € R such that for any ¢ € R* @ RY, we have

F(§) = (al&) +0.
This implies that
€-(v) = {(c|v) + F(AYy) + e Ent(y) > (c+ A*a|~) + e Ent(y) + b.

Using the superlinearity of the entropy functional Ent, we deduce that %; is coercive. Since
it is also lower semi-continuous, the (UOT.) admits at least a solution. The strict convexity
of Ent ensures that 4. admits a unique solution, so that (ii) holds. Now, let 7. be the unique
minimizer of (UOT.). Then, by first-order optimality conditions,

0 € 9%-(7:)-

Define the functional G, : R¥*Y9 — R by

G:(7) & (c|v) +eEnt(y) sothat 4. =G.+F.
Then the optimality condition becomes
0€ A*OF(Ay.) + 0G:(e),

where we used assumption (Hqom) (see | , Theorem 23.8]) to guarantee the existence of a
point « such that G. is continuous at v and A+ lies in the interior of dom F. Therefore, there
exists u € OF(Av.) and v € 0G<(7e) such that

0=A%u+w.
By the FenchelYoung equality, we have
F(Av) + F'(u) = (u] Aye), and  Ge(ve) + Ge(v) = (e |v) = (e e — A™u) = —(u] Axe).
Summing the two equalities yields:
F(A72) + Ge(ve) + F(u) + G2 (=A"u) = 0,

from which we get
F(Av) + Ge(ve) = —F(u) — GZ(—A"u).

This shows at the same time that u is a solution to the dual problem and strong duality holds.
Since the Legendre transforms F*, G can be computed explicitly we have (i). Obviously,
uniqueness holds if F* is strictly convex, and (iii) holds. O



Remark 2.7. Uniqueness of the solution for (DUOT.) holds modulo ker A*, even in the absence
of strict convexity of F*.

Remark 2.8. In the case where F(-) = Dy(:|¢) and ¢ > 0, we have already seen that (Hqom)
holds if and only if ¢(a) < 400 for some a > 0, in which case the previous proposition holds,
and we have existence for (DUOT,). Let us show that existence for (DUOT.) may fail without
the assumption ¢ > 0. Consider a function ¢ such that ¢/, = 400 and assume for example
that ¢z, = pz, = 0 for some zp € X. By contradiction assume that there a solution £(g) of
(DUOT;). We define a sequence (£"(g))nen such that for any n € N,

£n(e) = {—n if z =xg

€.(e) otherwise.
Since ¢/, = +oo, by Remark 2.5 we have
F*(=€") = (q| o7 (=¢"(€))) = F*(=¢)
and

HAE ) =F (€@ + Y cet WOl D

(z,y)€XXY
= H(E(e)) + e Z et (Wy(e)—c(z0.y) =2 _ o2 (9mg(e)+epy(e)—c(zo,y))
y€eY
1
T HlE(E)) e 3 el TR < H(S(e)),
)

which is a contradiction.

Proposition 2.4. Let ¢ > 0. Under (Hy) and (Haom), the optimal regularized transport
coupling for (UOT.) denoted v(¢) and any solution of (DUOT.) denoted & are related through
the following formula

(e) = exp(Z (A€ — o).
Proof. We observe that by strong duality, as stated in Proposition 2.3,
* 1 *
F() + (e[ 7o) +eBut() + F'(-6) —= ¥ exp (246 —clery)) =0
(z,y)€XxY

Denoting (y1¢,72.) = Avy(e) and (¢, ¢:) = &, by Fenchel-Young inequality F(vy(e)) +
F*(*fa) > <’7(5) |£E> = <'71,5 Q0€> + <’72,6 |7/)€> thus

(1) + £Bnt(1(6) < (el o) + (e v +2 5 exp (S~ cleny) )
(z,y)eXxY

The left-hand side is the primal functional of (OT.) with fixed marginals (v ¢, v2,) evaluated
at v(¢), and the right-hand side is its dual functional evaluated at &. Since the former is
always greater than the latter, we have equality and ~(e) and & are respectively optimal for
the primal and dual regularized OT problems with these fixed marginals. It classically follows
that

v(e) = exp (£(A*¢ —¢)).



3 Convergence and regularity of the trajectories

This section is devoted to the study of the trajectory in e of the solutions for the primal and
dual problems, (UOT.) and (DUOT.) respectively. Before making more assumptions on the
function F, let us recall some definitions for real valued functions defined on a normed vector
space F.

Definition 3.1. A function f: E — RU {400} is super-linear at infinity if

f(z)

lzl|—=+oo |||

:+OQ

Definition 3.2. A proper convex and lower semi-continuous function f: E — R U {+oc} is
strongly convez at xo € dom f, if there exists r > 0, 2 € df(xo) and A(zg,7) > 0 such that

Az, 1)

Va € B(zo,r) Ndom f,  f(z) 2 f(zo) + (x| 2 — 20) + —

lz = wol|*.

Let us introduce a further series of hypotheses that we shall use several times throughout
the paper.

H; N (Ry )Y C dom F, for some neighborhood W of the origin;

Hs

(H) W

(H2) F is super-linear at infinity;

(H3) F* is strongly convex at every point of its domain;
(Hq) F

Hy) F* is €2 on int(dom F*).

Notice that (H;) implies (Hgom) and (Hs) implies strict convexity of F*.

Remark 3.3. In the case where F(-) = Dy(-|q), with ¢ > 0 fixed, all these assumptions on F
are equivalent to the following assumptions on ¢:

(H}) dom ¢ contains some neighborhood of 0 in R4;

(Hy) ¢l = +o003

(Hf) ¢* is strongly convex at every point of its domain;

(H}) ¢* is €2 on int(dom ¢*).

This can be proven straighforwardly using the expression of F* given in Remark 2.5.

The following proposition shows in particular that under (Hs), F* has full domain. Its proof
can be found for example in | ], but we provide it for the sake of completeness.

Proposition 3.1. Under assumptions (Hy) and (Hs), the Legendre transform F* is bounded
on every ball.

Proof. Let R > 0. Recall that for every £ € B(0, R) we have

FOY sup (v]€) —Fv).

vERXPRY

10



By super-linearity at infinity of F, there exists M > 0 such that F(v) < R||v|| whenever
|lv]| > M, in which case |[v]|||£]| — F(v) < 0, while for v < M we have

(v]€) —F(v) < M|[{]| — _inf F,
B(0,M)

)

the infimum being a finite quantity since a proper lower semi-continuous convex function always
has an affine minorant. We have shown that F* is bounded from above on every ball, and since
it is also proper convex and lower semi-continuous by (Hy), it is also bounded from below on
every ball. O

Lemma 3.2 (Uniform coercivity of J#z). Under assumptions (Hy) and (Hy), the functional

inf % is coercive.
e>0

Proof. For any & = (p,1)) € RY@ RY, one has

. Tk : %(‘Pw'f'?/) —c(z,y))
inf J(§) = F" (=€) + inf Y e v
(z,y)EXXY
1
> F*(— ; < (patipy—c(z,y))
> F* (=€) + inf > e v +
(z,y)EXXY

SFH =)+ Y (ot —cla,y), LV,

(z,y)€XXY

where u4 = max{0,u} denotes the positive part of u. Let us show that V is coercive. Let
(M) nen = ((©™ 9™))nen be a sequence in R*@ RY such that [|€"]| — 400 as n — +oo. On
one hand, if there exists zp € X U such that, after taking a subsequence, {7 — —oo then we
have, using (Hi), that there exists r € R such that re,, € domF. It leads to

V(E") > Fr(=€") > —rél — Fres,) “= 4oc.

On the other hand, if that is not the case, then for any z € X 1Y, ¢7 is bounded from below
by some constant M < 0. Thus there exists zg € X LY such that £ — +oo. Without loss of
generality we assume that zgp € X. Then we have, using (H;) again, that for any y € Y, there
exists r € R’ such that re, € domF. For n large enough, it leads to

V(") = F*(=£") + (¢, + ¥y — c(20,¥))+
> —ripy — F(rey) + @5 + by — c(20,9)
> |1 —r|M — F(rey) + wgo —c(z0,y) — Ho0.

n—-+00

We have shown that V(£") — +oo along a subsequence, but since the same reasoning applies
to any arbitrary subsequence taken in the beginning, we get the result for the whole sequence,
which establishes the coercivity of V. O
3.1 Dual trajectory

In this section we show that the primal trajectory is regular, that it sastisfies an ODE (that
will be used in Section 4), and that it converges as £ — 0.

11



Proposition 3.3. Assume that assumptions (Hy)-(Hy) hold. Then, there exists a unique
solution £(g) to (DUOT.) for every e > 0 and the trajectory e — &() is a C' function on RY..

Proof. The existence and uniqueness of the solution to (DUOT.) comes from Proposition 2.3

)

and the strict convexity of the functional J#;, resulting from (Hj).
Let us first consider any €9 € R% and denote by f: R’ x (R*®RY) — R the function defined by
f(e,&) = DA(€). Tt is well-defined and of class €2 by Proposition 3.1 and (H,). By optimality
of £(e0), f(c0,&(0)) = 0 and by (Hs), we get det D¢ f(eo, &(g0)) = det D2%#z,(£(g0)) > 0. Thus
the implicit function theorem allows to deduce that the trajectory is of class C! on R%. 0

In the following £(¢) will always denote the unique solution of (DUOT.).

Proposition 3.4. Assume that assumptions (Hg)-(H4) hold. Then the trajectory € — £(e)
satisfies the following ordinary differential equation (ODE) on R?_,

0

DUAL(E()EE) + (D2 ) (€le)) =

which can be explicitly written, denoting () the unique solution to (UOT.), as

Adiagy(e)A*E(e) + eD*FH(—£(e))é(e) — Adiag 7(5)14*5(?_6 = 0. (ODE)

Here diag~ denotes the linear operator on RV given by (diagy)p = (YeyPuy)z.y-

Proof. For every € > 0, by using the optimality of £(g) for the functional J#Z, one can obtain
DA(E(E)) = 0.

The function € — D#z(£(¢)) is €' on R*%. Differentiating the previous equality with respect
to t and using the chain rule leads to

0

DUAL(EE)EE) + (5D ) (€le)) = .

Recalling the expression of ¢, i.e. Az(y) = F*(=¢) + > (z,)eXxy € €XP (%(A*f —c e%y)) and
the relation between (¢) and £(g) given in Proposition 2.4, we may compute D, D2#., D
and (0/0e)(D.J;) explicitly, so as to obtain (ODE). O

Proposition 3.5. Under assumptions (Hy)-(Hs), the trajectory e — &(g) converges as € — 0
towards the unique solution & to (DUOTy).

Proof. Recall that ¢ is unique by strict convexity of F*. Using the optimality of £(e) for
(DUOT.), we leverage the following inequality :

H(EE)) = F (=€) + Y eertt@elees) <pr(g) 4 Y eeriiiTelens),
(z,y)€XxY (,y)€XXY

The constraint A*¢ < ¢ allows to deduce that

HEO) =€)+ Y et el <E(—g) touyl (1)
(z,y)€XXY

12



From this, and the uniform coercivity of JZ; as stated in Lemma 3.2 (which applies thanks to
(Hp) and (Hs)), we deduce that the trajectory ¢ — &(g) is bounded on (0,1). By Bolzano-
Weierstrass Theorem, we may consider a sequence (£, )nen such that &(g,) — € as n — 400,
where € is an accumulation point of the trajectory (at 0). Since (&(¢,))nen is bounded, by
Proposition 3.1 we know that |[F*(—£(ey,))| is bounded by some constant C' > 0 for any n € N.
Thus by (3.1), for every n and every (z,y) € X x Y,

Ene$<A*§(6n)—C|€x,y> <C+F* (—5) + en|X[[Y].

def bt

a = (A*¢ —clegy) > 0 then for n large enough we would have 5,16504*5(5”)_6'e“”’y> >

If

enpe2n — 400: a contradiction with the boundedness of the right-hand side of the previous
equation. We conclude that A*¢ < ¢, meaning that any accumulation point is feasible for the
non-regularized dual problem. Moreover by (3.1) we also have

F*(—&(en)) < F* (=€) + enlX[1Y],

and taking the limit as n — +o0, we obtain by lower semi-continuity of F*:

F(=§) <F(=9).
This shows that any accumulation point of the trajectory is optimal for (DUOT() thus equal
to £, hence £(e) converges to &. O

3.2 Primal trajectory

The purpose of the following proposition is to show that the curve € — ~y(g) converges to 7,
the solution of (UOT() of minimal entropy (which is unique by strict convexity of Ent), under
suitable assumptions.

Proposition 3.6. Under assumptions (Hy)-(Hy), the trajectory e — ~(g) converges towards
7, the solution of (UOTy) with minimal entropy Ent, as e — 0. Moreover, € +— v(¢) is a C
function on R .

Proof. We start by showing that the trajectory is bounded. For any positive e, by optimality
of y(e) for (UOT.) we have that

(c]7(e)) + F(Av(e)) + e Ent(v(¢)) < (c[7) + F(A7) 4 € Ent(7). (3:2)
Since 7 is optimal for (UOT), we have
(c]7) +F(Ay) < (c[~(e)) + F(Ay(e))
and combining it with (3.2) we get
Ent(y(e)) < Ent(%). (3.3)

By coercivity of Ent, we can conclude that the trajectory (y(€))e>o is bounded. It implies
that there exists (£,)nen converging to 0 such that v(e,) — 4 as n — +o00, where ¥ is an
accumulation point at 0. Since Ent is lower bounded, Ent((e)) is bounded, thus taking
€ =&, in (3.2) and passing to the limit shows that ¥ is a solution of (UOTy). Finally, using
(3.3), taking € = ¢, and passing to the limit, by lower semicontinuity of Ent we obtain

Ent(7) < Ent(3),

which implies that 4 = 7, and thus y(¢) — 74 as € — 0. Finally, the regularity of the trajectory
is a direct consequence of Proposition 2.4 and Proposition 3.3. O
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4 Asymptotics for the regularized unbalanced problem

This section is devoted to an asymptotic analysis of the regularized unbalanced problem as
€ — 0. We divide our study into two parts: we start with the dual problem and then we tackle
the primal problem. The proofs are strongly inspired from | ], which dealt with linear
problems with exponential penalization (corresponding to entropy penalization in the primal).
We adapt their strategy to the non-linearity induced by the function F.

4.1 Asymptotic analysis of the dual trajectory

We start by introducing the linear space Ejy & span{Aez , | (z,y) € Io}, where Ij is the set
of saturated constraint as set in Definition 2.6. It corresponds to the space of marginals of
(signed) measures concentrated on the set of saturated constraints.

Lemma 4.1. Under assumptions (Hy) - (Hy), the quantity DF*(—£) belongs to Ej.

Proof. Consider the curve ¢ — £(¢) of solutions to (DUOT.). By (Hp), (H2), (H4) and Propo-
sition 3.1, F* is differentiable on R* @ RY, thus the first order optimality condition reads as:
Dr:(§(e)) =0
= DF* (=€) + Y tayle)Aesy =0

(z,y)eXxY

By Proposition 3.5 and Proposition 3.6, £(¢) — € and y(g) — 7 as € — 0, thus taking the limit
in the above expression leads to

DF*(_@ + Z VoyAezy =0,
(:L“,y)EIo
where we have used the fact that for any (z,y) ¢ Iy, one has
1

_ i{AE(e)—clexy)
Tay(€) =€ Y 6_)—>00.

From this, we conclude that DF*(=¢) € Ej. O

For any positive €, we consider the quantity

and we look at 7z as a function of d instead of §, namely we introduce the new functional
Hz: R*@® RY — R defined as

H(d) e (—ad - 5_) + Z celAd=zr]eay)
(z,y)eXxY

where £ is the gap between A€ and ¢ as defined in Definition 2.6. Notice that it is defined in
such a way that JZZ(1(¢ — §)) = HL(€).

Proposition 4.2. Under assumptions (Hp)-(Hy), the curve € — d(g) is bounded for ¢ suffi-
ciently small.
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Proof. Let € > 0. Notice that for any (x,y) € Iy, one has

* 1 * * 1 *
(Ad(e) | eay) = _(AE(e) = A€ | eay) = —(ATE(e) — cleay),
and thus by Proposition 3.6,
(A%d(e) | ez,y) = logVay(e) 0 log z.y-

Since 7 has finite entropy and 4 > 0, we deduce from this and from the regularity of £(¢) (stated
in Proposition 3.3), that (A*d(e)|eg,) is a bounded quantity on (0,1) for any (x,y) € Iy,
which in turn implies that d©)(e), the projection of d(e) onto Ejy, is bounded. Besides, since

He(L(E— &) = He(€) and £(e) is the unique minimizer of J#, d(¢) is the unique minimizer of
. Comparing it with d(©)(¢) yields

H(d(e)) < He(d(e)),

which implies

F* (—ed(e) — &) + 3 eeltdOtnlen)

(x,y)EIo
<F* (fed(o) (e) — 5) + Y e AV n o),
(z,y)€XxY

Using that (A*d(e) | ex,) = (d(e) | Aes ) = (A*dO)(e) | e, for any (z,y) € Iy, we obtain

F* (— 5) < F*( ed© (e 5) + > el d V)~ 2rlery) (4.1)
(zy)¢lo

Notice that ed(¢) = £(e) — € — 0 and —¢ € dom F*, because F* has full domain thanks to
Proposition 3.1. Thus, by (Hs), for some r € (0,1), for all ¢ < r we have

P (wed(e) ~ €) = F* (<€) - e(0F* (~€) It + 220D, )
where \o(—&,7) > 0, and by (H;) and Taylor’s expansion, we have
F* (—ed(e) — ) <F* (=€) — e(DF* (=€) |dO)(e)) + C&? (4.3)
for some C' > 0 and ¢ sufficiently small. By Lemma 4.1, we have
(DF* (=€) |d(e)) = (DF* (=€) |dV(e)),

and combining this with (4.1), (4.2) and (4.3), we obtain

Xolld(e)[P < D

(J?,y)¢10

2 (A0 @) Lhleay) 4 1

We have seen that d(®)(¢) is bounded, and since Ky > 0 for every (z,y) & Io, the right-hand
side is bounded, thus d(¢) is bounded as well for e < r. O
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Proposition 4.3. Under assumptions (Ho)-(Ha), the trajectory e — d(e) converges towards a
finite quantity denoted d.

Before going into the proof, we introduce the following useful lemma.

Lemma 4.4. Let E' be a normed vector space, f: E' — R a strictly convex function and
L: E — E' a linear operator. If the set of solutions U of the problem

)

is nonempty, then for any xg € U, one has
U = x¢ + ker L.

Proof. Let xg € U. If 21 = x¢g +y, with y € ker L, then Lzg = Lz thus f(Lz1) = f(Lxo), and
it follows that x1 € U.

Conversely, let 1 € U. We set y = 21 — 29 and 29 = %(a:o +x1) =20+ %y. Assuming that
y ¢ ker L, Lxy # Lxo and by strict convexity of f we have

f(Lao) = 5 (Lao) + 5/ (Ler) > f(La2),

where x def (xo+x1)/2 =m0+ %y. This contradicts the optimality of xg, therefore y € ker L
and x1 € zg + ker L. O

Proof of Proposition 4.3. Let d be an accumulation point at 0 of the curve € — d(c), meaning
that d(e,) — d as n — +oo for some sequence &, — 0, which exists thanks to Proposition 4.2.
Since £(ey,) is a minimizer of (DUOT,) for ¢ = ¢, we obtain the following equation:

DF* (—5nd(5n) - f) + Z 6<A*d(5")7$”|61’y>146x,y =0.
(z,y)EXXY

Taking the limit in this expression leads to

DF* (=) + S eAdlennlge, =0,
(z,y)€lo

We recognize that is the first order optimality condition of the following differentiable convex
function,
CG:zeRY®RY = (DF* (=€) |2) + Z (A2l ez}
(z,y)€lo
so that d is a minimizer of G. Notice that by Lemma 4.1, (DF*(—£) | z) is a linear function of
the quantities (A*z| ey ,) for (z,y) € Iy, and since the exponential is strictly convex, we may
apply Lemma 4.4 to assert that the set of optimal solutions U of G is given by

U=d+ n ker Aey 4.
(z,y)€lo

Now, let us introduce d; € U such that d; # d. We define d;(¢) by

def

di(e) S d(e) +dy —d
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which satisfies dy(e,,) — dy as n — +00. )
We know that d(¢) is a minimizer solution of the functional J#, thus

He(d(en)) < H(di(en)),

or equivalently

F* (—and(an) — é) + Y gnetAdEn) [ eay)
(z,y)€XxY

<P (cedi(en) —€)+ Y enelthlen) e,
(z,y)eXxY

Since d(ey,) and di(g,) are bounded, we can write the second order Taylor expansion of F* at
—& to get

2
HUZ(E’Z)”DQF*({)+ Z iem*d(sn)—iﬁleag,w

2 (e)€XxY "
2
< ||dl(5n)||D2F*(_§’) Z ie(A*dl(an)—iﬂez,y) + 0(1)
> 2 e )
(z,y)€XxY
where we have denoted |lu|| def (Au|u) and omitted the first-order terms, which cancelled

thanks to Lemma 4.1. Besides, thanks to the fact that d(e,) —di(en) € (31, Ker Aey,y, the
terms corresponding to (x,y) € Iy in the sum are equal on both sides. By non-negativity of
the exponential, we forget the terms corresponding to (z,y) & Ip in the left-hand side, and we
get:

—Lkles
ld(en) [ Dope_g) < ldr(en) Ihapg + D 2enet BTz em) 4 o(1),
(w)¢1o

Passing to the limit, we obtain

HJH%QF*(_@ < ||d_1H2D2F*(_£)‘

Thus, we have shown that d is the unique solution of the strictly convex (by (H3)) problem:
. 2 ~
i elpee-g)-

We have shown that d(e) has a unique accumulation point at 0, and since it is bounded on a
neighborhood of 0, it converges to d. O

Now, we shall study the derivative of d(e) with respect to e which is equal to d(e) =
~Ld(e) + 2€(e).

Theorem 4.5. Under assumptions (Hp)-(Hy), the convergence rate of the curve e — £(e) is
at least of order O(g), i.e. for any € sufficiently close to 0, one has

l€Ce) —€ll S e
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Proof. Let € > 0. We define a functional A; by

d(e) |

07714*5_ 2 o+ ——2
D2F*(—¢(e))

def | 4x
Ag(O‘) = A o+ =2 diag('y(a)) + €

e

Note that d(e) is optimal for A., since the latter is convex and

DA.(0) = 2A ding(+()) (A*a 6 ‘Ef*f) +2:D(-g(6)) (o + 1)

and thus, using the ODE satisfied by € — £(¢) and established in Proposition 3.4,
. 2 ) o N : ) A*¢(e) — ¢
DAL(d(e)) = 2 (Adiagr () AEE) +DPFI(-(e))E(e) — Adinglo(e) D= ~o.

Using this property, we get the following,
Ac(d(e)) < A:(0)

. . 2 2
«z |12
— HA*g(g) &) < [le=e|® n {_:H d(e) '
€ ldiag(v(e)) € lp2pr(—¢(e)) diag(()) € ID2F*(—¢(e))
This in turn implies
. 2 _ 2
9 w5 — g
5‘ 5(5) Z Ez%,;,(é)(c — A% ery)® + e5||f eg( )
D2F*(—¢(e )) D2F*(—¢(¢))
= 1€ (e )HDQF Z Py (e){e — A% ery)? + HIE - g(E)HQDQF*(—f(g))
< C max 3
— €@ < = ) ey,

5)\min( ) ( :y)§é10 Vﬂcy( ) Amln(s)

where Cy def (el mi,y and A\pin(€) > 0 and Apax(€) < 400 are respectively the smallest
and the largest eigenvalues of D?F*(—£(¢)). We have already seen that the trajectory ¢ +— d(e)

is bounded for ¢ < r for some small r > 0 thus there exists Cy > 0 such that for ¢ < r,
ld(@)]| < Ca, and for any (z,y) ¢ To

Ve y( ) = €E<A* (€)—clexy) — e<A*d(5)‘ez,y>67é”z,y < CQ@ién*

)

def .
where k* = ( m)lél Kzy- One obtains
x,y)¢ 1o

O 1
€@ < S + K,

where

Cd:ef sup G1C% < 4+o0o and Kd—ef C’QAmaX( €)

0<e<r )\min(E) 0<s<r 2 )\mm( )

< 400,

these quantities being finite because F* is of class €2 by (H,). Moreover, ¢ %67%“* converges

exponentially fast towards 0 and thus %e‘i’“* < 1 when ¢ is sufficiently close to 0. Consequently,
we have as € goes to 0

g < 1,

1€~ (o)) < /0 1) dw < /0 dw <.

which leads to
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4.2 Asymptotic analysis of the primal trajectory

Theorem 4.6. Under assumptions (Hp)-(Hy), the convergence rate of the curve € — y(e) is
at least of order O(y/e), i.e. for any e close to 0, one has

Iv(e) =3I S Ve.

Proof. Let € > 0 sufficiently small in order to have [|{(¢) —¢&|| < € as shown in Theorem 4.5. We
have seen in Proposition 3.4 that £ solves (ODE), which can be recognized as the first-order
optimality condition of the following convex optimization problem

. def ”
inf U.(6)= inf (|4 —1og V(o) |Fiagtyry) + ENEND2rv (o))

t) with the competitor h(e) &t L(&(e) — €) to obtain

(
V. (£(e)) < We(h(e))
< D Yawl(®) (ATh(E) [ eny) — 10872y (€))* + ellh(E) | Dape (o)

We compare 5

= Ly () (ATE(E) — ATE— AE(E) + ¢l eny)? + L1IEE) — ElDap o

z,y)EXXY

< Y By ()A€ — cleny)? + Dmax(e) () — &I

—

where the last inequality is obtained using that > ., yer, (A*€ — c|ery)? and Amax(e), the
largest eigenvalue of D?F*(—£(g)), are bounded quantities. From this, for any (z,y) € X xY,
one can obtain

1

ey (EHATEE) ~087(6) [ery)? § 3 max. 72y (e) +.

Moreover, we compute

% (elogv(e)) =log(e) + %8

(LA%E(e) — H(A%E(e) — 0)(e)
v(€)

= é(A*g(e) —c)+e
= A*{(e),

—

and in particular A*£(t) — logy(e) = 6%. Thus, we have

. 2
%’y(g)< ’Yz,y(&T)) < i max %y( )+e

’Ym,y(g) (z,y)¢1o
2
z%,y(g) 1
< — max + —
y(t) 7y ¢107$y( ) c
== 'Vx,y(f)z 5 — max Yzy(e) + -,

 (wy)glo €
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where the last inequality uses that € — ~(¢) is bounded when ¢ is sufficiently small. Since d(¢)
is bounded for & small enough and recalling that the transport coupling can be expressed in
terms of the dual variable as

L(axe(e)—c)

v(e) = et Lare@-9-1n _ avde)-Ln

—= ec¢ N

it follows that there exists C' > 0 such that

1.
V(l’, y) ¢ Iy, ’Yx,y(g) < (Ce ¢ R

with x* = min(, y¢r, key. It allows to conclude that for any (z,y) ¢ Io, 7Vuy(€) converges
exponentially fast towards 0. Consequently, we obtain the asymptotic estimate

. 1
\’Yx,y(g)’ N %

Finally, we have

Iv(e) — A1l < /0 (@)l dw < /0 E \1@ dw < V2.

which allows to obtain
[v(e) =7l < Ve. O

5 Numerical experiments

We consider two finite sets X,Y C R? with cardinality N and M, respectively and divergences
which take the form F(-) = Dg(-|q) where ¢ represents the marginals and ¢ is an entropy
function.

For each divergence F considered in this section, we provide numerical illustrations of the
expected upper bounds on the convergence rates for both the primal and the dual problem.
We consider two different datasets. The first dataset is composed of two discretized Gaussian
measures on a regular 1-dimensional grid, also with unequal masses: |u| = 11 and |v| = 10.
The second and third datasets consist of two point clouds X and Y with uniform weights,
respectively of dimension 2 and 3. Notably, Y contains outliers points that are significantly
distant from the others. The measures supported on these sets have different total masses,
with || =11 and |v| = 10.

The convergence rate plots are presented on a logarithmic scale and are compared to their
theoretically expected rates.
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Figure 1: Three Datasets. The left panel shows two discretized Gaussian measures. The center
panel shows two weighted point clouds in 2D. The right panel shows two weighted
point clouds in 3D.

5.1 Kullback-Leibler divergence

The most widely used case corresponds to the function ¢ defined as ¢(x) def z(logx — 1) on
Ry and +oo otherwise. It gives the so-called Kullback-Leibler divergence, defined for any
p € RVMM by

F(y) =

N+M
(o 1) it =0
> v (log 2~ 1) itz 0 (v

400 otherwise.

The Legendre transform of ¢ is given for any y € R by
¢"(y) = ev.

It follows that ¢* is a €2 function on R% that is strongly convex at every point of its domain.

— e -¥ — |ge)-£]

emVE

EmE

slope = 1.017 10° 4 slope = 0.975

Figure 2: F(-) = Dgy(-|q) with ¢(t) = t(logt — 1), i and v are discretized Gaussian measures.
The left plot (log scale) represents the behavior of € — ||v(¢) — 7| (blue) compared
to the expected rate (orange). The right plot (log scale) represents € + [|£(¢) — ]|
(blue) compared to the expected rate (orange).
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100 4

Figure 3: F(-) = 7Dy(+|q) with ¢(t) = t(logt — 1) and 7 = 10, p and v are measures supported
on 2D point clouds. The left plot (log scale) represents the behavior of € — ||y(g) —7/|
(blue) compared to the expected rate (orange). The right plot (log scale) represents
e |€(e) — €| (blue) compared to the expected rate (orange).

M — Ma-¥l N — e -§

envVE N EmE
~
10! § ™
107 5 \
slope = 0.827 . slope = 0.996
\\

Figure 4: F(-) = 7Dy(-|q) with ¢(t) = t(logt — 1) and and 7 = 10, p and v are measures
supported on 3D point clouds. The left plot (log scale) represents the behavior of
e — ||v(e) = 4| (blue) compared to the expected rate (orange). The right plot (log
scale) represents ¢ — ||€(¢) — €| (blue) compared to the expected rate (orange).

We observe that the theoretical rate appears to be sharp for the dual problem, as indicated
by the corresponding slopes when ¢ is sufficiently small. In contrast, for the primal problem,
the observed convergence seems to exceed the theoretical prediction, suggesting a faster rate.

5.2 Distance to the marginals

In the same framework as previously defined, another divergence function found in the liter-

ature is based on the Euclidean norm distance to ¢q. Taking the entropy function defined by
o(x) def 3|z — 1> on RVM Jeads for any ¢ € RMM to the following divergence:

1
F(y) = §H¢ — qlf3.

The Legendre transform of ¢ is given for any y € R as:

. 1
P*(y) = §y2 +v,
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which is €2 and strongly-convex on R.

100 4

— e =¥
enVE

slope = 1.016

10% §

100 4

— lgle -4

EmE

slope = 1.010

Figure 5: F(-) = Dy (-|q) with ¢(t) = [t —1|?,  and v are discretized Gaussian measures. The
left plot (log scale) represents the behavior of € — ||y(g) — || (blue) compared to the
expected rate (orange). The right plot (log scale) represents & — [|€(g) — £]| (blue)
compared to the expected rate (orange).

— M- — e -£
enVE 10? eme
10° 4
100 5
slope = 0.800 slope = 0.916

Figure 6: F(-) = Dg(-|q) with ¢(t) = 3|t — 1|?, 1 and v are measures supported on 2D point
clouds. The left plot (log scale) represents the behavior of € — ||v(g) — 7| (blue)
compared to the expected rate (orange). The right plot (log scale) represents €
1€(e) — £]| (blue) compared to the expected rate (orange).
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Figure 7: F(-) = Dg(-|q) with ¢(¢) = 3|t — 1|?, 1 and v are measures supported on 2D point
clouds. The left plot (log scale) represents the behavior of € — ||y(e) — 7| (blue)
compared to the expected rate (orange). The right plot (log scale) represents & —
I€(g) — &]| (blue) compared to the expected rate (orange).

In this example, we see that the theoretical rate remains sharp for the dual problem, but
once again does not accurately describe the behavior of the primal problem.
Acknowledgments. The authors acknowledge the support of the FMJH Program PGMO
and the ANR project GOTA (ANR-23-CE46-0001).
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