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Abstract

This work focuses on a phase field approximation of Plateau’s problem. Inspired by Reifenberg’s
point of view, we introduce a model that combines the Ambrosio-Torterelli energy with a geodesic
distance term which can be considered as a generalization of the approach developed in [LS14,
BLS15] to approximate solutions to the Steiner problem. First, we present a ['-convergence analysis
of this model in the simple case of a single curve located on the edge of a cylinder. In a numerical
section, we detail the numerical optimisation schemes used to minimize this energy for numerous
examples, for which good approximation of solutions to Plateau’s problem are found.
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1 Introduction

In this paper we introduce a phase field approximation of the famous Plateau’s problem, which consists
in finding a surface of minimal area spanning a given set of curves. The precise formulation of this
topological constraint raises challenging mathematical questions that contributed to the development
of the geometric measure theory, from which different major schools of thought have emerged.

On the one hand, Federer and Fleming introduced objects known as integral currents to describe
the boundary constraint, in the case of oriented surfaces [FF60]. They established the existence of an
integral current with fixed boundary and minimal mass, which can be interpreted as a weighted area.
On the other hand, Reifenberg developed a different approach using Cech homology to characterize the
property of spanning a curve [Rei60]. He obtained the existence of surfaces of minimal area in a class
including non-orientable surfaces, as well as those studied by Federer and Fleming. At the same time
De Giorgi developped the theory of sets of finite perimeter which provides a powerful approach in the
co-dimension one case (see [DG54, DG60] and the books [Magl2, Giud4]). More recently, some new



approaches have been introduced as the one of Harrison and Pugh [Har14, HP16] using a very natural
spanning criterium together with an existence result. Another nice framework is the very general
existence theory in [DLGM17, MNR23b]. Alternatively, the notion of sliding minimizers of [Dav20]
attempts to give yet a better description of what a soap film should be.

Numerous numerical methods have been developed to approximate minimal surfaces. In refer-
ences [Dou28, Wag78, CG88, DH99a, DH99b], the surface is represented parametrically and then
discretized using a finite element approach. Numerical techniques involving an implicit representation
of minimal surfaces have been developed, for example, in references [Cho93] and [Cec05], in which a
level set method is employed. Concerning phase field methods, the approach proposed in [WC21] offers
particularly suitable numerical approximations, but is restricted to oriented surfaces. It is also worth
mentioning that a phase field approximation for Plateau’s problem was already proposed by Chambolle,
Merlet and Ferrari in [CFM19b, CFM19a], or more precisely for the a-Mass energy, which corresponds
to Plateau’s problem in the limit o« — 0. In these works, the authors start with another interpretation
of the Steiner approximation introduced in [LS14], by looking at a dual formulation for the geodesic
distance. This allows them to transform the topological constraint into a divergence constraint on the
second variable, and gave rise to the paper [CFM19b] which focuses on the 2D-Steiner problem. It
was then extended by the same authors for any dimensions and co-dimensions in [CFM19a], but the
topological constraint in that paper is again a divergence constraint on the second variable that can
be seen as a boundary constraint on a k-current. Let us also mention the paper [MNR23a], in which
the authors study the I'-limit of a phase field approximation but where the topology is prescribed as
a constraint in the level set of the field. The paper [BHM24] also proposes a numerical investigation
of Plateau’s problem based on Allen—Cahn’s equation and a penalty term localized on the skeleton of
the interface in order to control its topology during the computation.

In this paper, we propose a new phase field model to approximate a certain instance of Plateau’s
problem, that more closely resembles Reifenberg’s example than the formulation with currents pro-
posed in [CFM19a]. In particular, the present work also contributes to the challenging question of
prescribing the topology of the level set of a function. For that purpose we use a penalty term involv-
ing a certain geodesic distance, weighted by wu, in the spirit of what was done for the Steiner problem
in [LS14, BLS15, BLM18, BBL20]. For the recall, the classical Steiner problem consists in finding
the shortest path connecting a given finite set of points, and can be interpreted as a Plateau problem
in lower dimension. In this context, a geodesic distance has been used to enforce the connectedness
constraint on the level set of the phase field u. On the other hand the elliptic energy of Cahn-Hilliard
type on w is the quantity that will encode the surface area. In this paper we aim to generalize this
approach to more complicated topological constraints in higher dimensions. Our approach is different
from [MNR23a], in the sense that we add a penalty term that prescribes the topology only at the limit,
which is more relevant in view of performing numerical results. Actually, showing that this penalty
term is indeed able to prescribe the topology is exactly the core of our results.

A curve geodesic phase field model for Plateau’s problem. Let us now describe how
to extend the mathematical formulation of the phase field approximation of Steiner’s problem to
Plateau’s problem. In the rest of the paper, we will always consider 2-dimensional surfaces in R?, since
it corresponds to the physical observations of soap films. However, we point out that the model and
the analysis performed in Section 2 can be generalized in codimension 1 for any dimension.

The approach developed in [LS14, BLS15, BLM18, BBL20] for Steiner’s problem over a set 2 C R
consists in adding to the classical Ambrosio-Tortorelli length approximation term

AT (u) = /Q (g\w? + 4715(1 _ u)Q) da,

a penalization term involving a geodesic distance to enforce the topological constraint of Steiner’s
problem. The energy to minimize reads

1 n
AT&(U) + CT;- ; du,e(aO; ai)v (1)

where d, (a0, a;) is the geodesic distance between the points ag and a;, with weight u? + 6., defined



as follows:
dy.(ag,a;) := inf {/(u2 +6.)dH",~ Lipschitz curve connecting ag to ai} )
¥

In the previous definition, (d.) is a sequence of positive numbers converging to zero, whose role in the
modeling is to control the length of the geodesics associated with the energy (1), and gain compactness.

The goal of this paper is to propose and justify a variational approximation of the form (1) for
Plateau’s problem in R3, where the Ambrosio-Tortorelli term A7 . (u) naturally approximates the area
of the sought surface, and the penalized term enforces the topological constraint of spanning a set
of curves. By analogy with Steiner’s problem, where geodesic curves connect given points, optimal
surfaces for Plateau’s problem will connect fixed closed curves.

More precisely, we intend a set F to be spanned by a boundary I', when any pair of closed curves
1,72 contained in the boundary I' can be joined continuously by an homotopy inside E. This is
inspired by Reifenberg’s topological assumption that any element of the first group of homology of T’
should be trivial in the homology group of E. By interpreting these homotopies connecting two given
closed curves as a geodesic distance between the two curves, we obtain a very natural analogy between
Steiner’s approximation and Plateau’s approximation.

To explain this fact more in detail, let us define as follows, the set of admissible homotopies

Hom(v;,7;) := {¢ € Lip([0, 1] x S*,R?) such that £(0) = v, and £(1) = ;}.

For the sake of clarity, in the sequel, we will use the term “curve” only to refer to the given curves
associated with the topological constraint of Plateau’s problem. We shall employ the term “homotopy”
(or “path”) to identify an element of Hom(~;,7;).

For all paths ¢ € Hom(;,~;), we define the surface Sy as the image

Sy :=£(]0,1] x Sh). (2)

Notice that the surface Sy is H2- rectifiable and has finite H2-measure.
We are now in position to define the generalized geodesic distance between curves, associated with
a given continuous function wu.

Definition 1.1. Let p € [1,4+00] and (0c)e>0 be a sequence of positive numbers that converges to zero.
We define the p-geodesic distance between v; and vy; as follows:

dﬁye(%,'yj) = inf {/ (Jul? + 55)d"H2 | ¢ € Hom('yi,'yj)} if p < o0,

Se

e (vis ;) = inf {SEP(IUI )| Le Hom(%m)} -
4

Subsequently, for the sake of simplicity, we will use the notation df, instead of df, .. We can now
introduce the approximation functional for Plateau’s problem using this approach, with the given
closed curve 7, ...,74 contained in an open set C, as follows:

d
1 1
— 2 2
FP(u) := 5/0 |Vu|*dx + P /C(l —w)*dx + —CE E d? (o0, 7vi)- (3)

i=1

In the above definition, (d.) and (c.) are a sequences of positive numbers that converge to zero, such
that the ratio d. /c. converges to zero. The phases u are H' functions with values in [0, 1], that we also
assume to be continuous. They will satisfied extra conditions, defined in the next Section, to ensure
that the topological constraint is fulfilled.

Main theoretical result. Our main result states that from a sequence of minimizers of F?, we
can construct a solution of Plateau’s problem. More precisely, this solution is obtained as the limit of
connected components of the complementary set of a level set {u. < t.}. For the sake of simplicity, we
will prove this result in the particular case of a single curve, contained in the boundary of a cylinder.
In this particular situation we obtain the following Theorem.



Theorem 1.1. Letp € [1,+00], d =1 (the constant in (3)), and 1 be a single curve which is the graph
of a Lipschitz function lying on the boundary of a cylinder. We also let vo be a constant curve inside
the support of v1 (as precisely described in Section 2.1). Then, for any quasi-minimizing sequence
ue for FP (in the sense of Definition 2.4), and setting ge := u. — u2/2, there exists s. = O(c.) and
te € [se,1/2—¢] such that the connected component of the level set {g. > t.} containing the upper part
of the cylinder, converges in L' (up to a subsequence) to a solution of Plateau’s problem (as defined

in (4)).

The proof of Theorem 1.1 follows from a I'-convergence type analysis, combining a limsup and a
liminf inequality. The proof of the limsup inequality is rather standard, and relies on constructing the
appropriate recovery sequence using the 1D-profile. The more delicate part is for the liminf inequality,
for which the argument used in [BLS15] does not work. Indeed, for the Steiner problem in [BLS15] the
liminf was achieved by use of an integral geometric functional involving the length of the projection
over lines in every direction, that was able to bound the total length of the union of the geodesic
curves. This argument was purely 1D and here in higher dimensions, the analogue integral geometric
functional cannot be used in the same manner. We therefore have developed a completely different
argument, based on the co-area formula and on the selection of certain good level sets of u.. The main
issue is to show that those level sets satisfy the desired topological constraint, and that the convergence
is robust enough to preserve the topology at the limit.

Numerical experiments. The objective of the numerical part is twofold. First, it aims to demon-
strate the effectiveness of our approach for computing approximations of solutions to Plateau’s problem
in a framework that goes well beyond the scope of I'-convergence proofs, taking into account multiple
curves, singularities, and non-oriented solutions. For example, Figure 1 shows three numerical approx-
imations of solutions to Plateau’s problem. These include the well-known cube example, which has a
singular solution. The second objective is to propose an efficient scheme to minimize the functional 2
by considering a discretization of it’s L2?-gradient flow following the relaxation proposed in [BBL20].
We also consider a variant consisting of replacing the Ambrosio-Tortorelli length approximation with
the Willmore-Cahn-Hilliard energy recently introduced in [BCM24] in order to improve the regularity
of the phase field function u and accelerate the optimisation process. The minimization of the geodesic
term is also a delicate point that requires some approximation to use fast-marching algorithms as in
the case of the Steiner problem.

n =920
n =552

/02
pi

Figure 1: Examples of numerical approximations of the solution of the Plateau problem

Outline of the paper. The rest of the paper is organized as follows. In Section 2, we justify
precisely the convergence result outlined above in the simplified setting of a single curve prescribed in
a cylinder. In Section 3, we detail a numerical approach to justify the relevance of this approximation
and provide a proof of concept of the method in a wide class of examples.
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2 Gamma-convergence of the approximate functional

To carry out the convergence analysis of the phase field approximation that we propose, we consider
the simplified setting where the boundary of the minimal surface is composed of only one closed curve,
contained in the side edge of a cylinder. As will be detailed in the next subsection, these geometric
assumptions will allow us to exploit the theory of sets with finite perimeter to get existence of a solution
to the limit problem. They will also imply separation properties that will be at the core of the level
set method developed in the proof of the lim inf result.

2.1 Definition of Plateau’s problem

We choose to work in a cylinder to guarantee the separation property described in detail in Subsec-
tion 2.3.1. Although the results remain valid for any cylinder with convex basis, we assume this basis
to be a disk for the sake of simplicity. This open cylinder is denoted by Cy, and is assumed to be of
radius 1, centered at the origin and of height 2k > 0.

The prescribed closed curve T is assumed to be contained in the lateral edge of Cy. Indeed, we as-
sume that T is a Lipschitz graph and denote by 7 the Lipschitz function such that ' = {(z’,¥(z")), 2’ €
S'}. This setting will allow us to impose the boundary constraint in Plateau’s problem using a radial
extension of T' outside Cp, from which we will construct two open sets DT defined as follows.

We denote by C the dilatation of cylinder Cy by a factor A > 1, in other words C = ACp, as shown in
Figure 2a, so that Cy C C. Analogously, we denote by ¥ the radial extension of I" in C, which consists
in the surface described in cylindrical coordinates by

Y= {(r,w,5(1,w)), r €]1, [ and w € S'} C C.

This surface 3 separates C \ Cp in two open connected components Dt and D™, located respectively
above and below, and defined by

Dt = {(r,w,2) €C\ Co,z > F(w)},
D™ = {(r,w,2) €C\Co,z < Y(w)}.

We represent the geometrical setting in Figure 2.

Since the prescribed boundary is composed of only one curve, denoted by v := (Ids:,7), in order
to use the geodesic distance between curves as in Definition 1.1, we introduce a constant curve -y
associated to an arbitrary fixed point xg € I'. Upon translating I' vertically, we can assume that zg is
at height 0.

Having introduced the objects required to define the boundary constraint, we are now in position
to define the competitors for the problem.

Definition 2.1. We say that a Borel set Q C C is a competitor if its characteristic function xq has
bounded variation in C, D¥ C Q and D~ C Q°.

Definition 2.2. The Plateau problem that we consider is defined as
inf{P(2,C), Q is a competitor}. (4)

The existence of a minimizer follows from the theory of sets with finite perimeter, and the direct
method of calculus of variations. Moreover, in this particular simplified case we also know from the
standard theory of minimal surfaces that the minimizer is actually a graph inside the cylinder Cy, that
coincides with I' on the boundary of Cy. In the following statement we gather the known properties of
the minimizer that will be used later.

Proposition 2.1. Plateau’s problem (4) admits a solution Q0 which is equivalent to an open set such
that H*-a.e. 0*Q = 0Q (where 9*Q denote the essential boundary of ). Moreover 9QNCy is a smooth
graph which is locally analytic in Cy, and QN OCy = T'. In particular, Q2 N Cy is of the form Sy for
some £ € Hom(vy,7o), and Sy is Ahlfors reqular “up to the boundary T'” in the sense that there exist
some constants C1,Cy > 0 such that for all z € 02 NC and r > 0 such that B(x,r) C C,

P(Q,B(x,r))

C: <
1 x 7“2

< Co. (5)



(a) Dilated cylinder (b) Section of the nested cylinders

Figure 2: Geometrical setting of Plateau’s problem. The boundary constraint is defined through a
radial extension of a prescribed curve I' contained in the lateral edge of a cylinder Cy.

Proof. The existence of a set of finite perimeter {2 that is a solution for the Problem (4) follows from
the direct method of calculus of variations (see for instance [Magl2, Proposition 12.29] or [Mac25]).
The fact that this minimizer is equivalent to an open set such that 9*Q = 9Q H?-a.e., together with
the Ahlfors-regularity (up to the boundary) is one of the main results of [Mac25]. It is also known
from the regularity theory of perimeter minimizers, that 02 is locally an analytic surface inside Cy
(see [Magl2, Theorem 27.3]). It remains to prove that 9 is a graph that coincides with the curve T
on the boundary of Cy, in other words that 02N dCy = I'. This will directly imply that 9Q N Cy = S
for some ¢ € Hom(y,7). This claim actually follows from the theory of minimal surfaces. Indeed,
it was proved by Rado [Rad33] (see also [Law80, Theorem 16 page 94]) that when a Jordan curve T’
admits a one-to-one orthogonal projection onto a convex Jordan curve in the plane (which is clearly
the case here for our choice of T, that is a graph above a 2D-circle), then there is a unique solution
to the minimal surface equation satisfying the Dirichlet condition I". Moreover, this solution can be
expressed as a graph. Now we claim that our BV-solution 2 must coincide with this minimal graph
solution. There are at least two different ways to prove it: the first one is to use the graph solution
as a barrier, to touch 92 from above and below and then invoke the unique continuation property
for the minimal surface equation. The second way to see it is to use that a minimal graph admits a
calibration, obtained by extending the normal to the surface. O

2.2 Statement of the main results

We recall the Definition of the approximation functional in the case of one closed curve.

Definition 2.3. Let p € [1,400], (¢:) and (d:) sequences of positive numbers converging to zero such
that 6c/cc — 0, and uw € H*(C) N C(C) such that 0 < u <1 and u =1 on §C. We define the energy

functional

1
€

FP(u) ::a/ |Vul*dz +
c 4

1
J R G} (6)
C Ce
The T'-convergence type result that we prove in this paper is divided, as usual, into a I' — lim sup
and a I' — lim inf inequality.

Remark 2.1. In the following two statements we will use the notation P(Q, F') for the relative perime-
ter of Q0 in the closed set F. This means HN~1(0* QN F), which is well defined for any set ) that has
finite perimeter in RN,



Theorem 2.1 (I' —limsup). Let p € [1,+00] and Q C C be a competitor for the Plateau problem (4),
in the sense of Definition 2.1. Then, there exists a sequence (u:) € HY(C)NC(C) such that 0 < u. < 1,
us =1 on 0C and o
limsup FP(us) < P(Q,Co). (7)
e—0
Theorem 2.2 (I —liminf). Let p € [1,+00] and Q2 be a solution to the Plateau problem (4). For any
sequence u. € HY(C) N C(C) such that 0 < ues <1 and u. =1 on 9C,
lim inf FP(u.) > P(,C). (8)
e—0
As already mentioned in the Introduction, by combining these Theorems we obtain Theorem 1.1
which is a classical consequence of a I'-convergence type result, and justifies the relevance of this

approach. Here below is the definition of a quasi-minimizing sequence that was used in the statement
of Theorem 1.1.

Definition 2.4 (Quasi-minimizing sequence for FP). Let p € [1,00]. We say that a sequence u. €
HY(C)NC(C) such that 0 < ue <1 and ue =1 on 9C is a quasi-minimal sequence for FP if
FP(u.) — inf FP(u) — 0. 9)

e—0

2.3 Technical tools
2.3.1 Separation

In this section, we discuss the property of separation satisfied by the surfaces S;, where we consider
more precisely the set Hom(vy, 7o) of Lipschitz curves in Cy connecting 7 to vo,

Hom (v, 7o) := {¢ € Lip([0, 1] x S*,Cp) such that £(0) = v and £(1) = v}
This topological feature will be crucial for the proof of the I' — lim inf inequality.

Proposition 2.2. Let ¢ € Hom(vy,v0). The set Sy defined by (2) separates the cylinder Co, in the
sense that Co \ S¢ has at least two connected components, one containing the north pole N = (0,0, h),
the other one containing the south pole S = (0,0, —h).

In order to show this result we will use the following Theorem (see for instance [Dug66, Chapter
XVII)).

Lemma 2.1 (Borsuk theorem). Let A C R™ be compact, and let p,q be in distinct connected compo-
nents of R" \ A. If A is deformed over R™ into a set B, and if A never crosses either p or q during
this deformation, then p,q are still in distinct connected components of R™ \ B.

Remark 2.2. The hypothesis of deformation, in the above Lemma, can be written as the existence
of a continuous function ¢ : A x [0,1] — R™ such that, Vo € A, ¢(z,0) = z, ¢(A x {1}) C B and
pq & o(A x[0,1]).

Proof of Proposition 2.2. Upon considering a higher cylinder, we can assume that there exists a cylin-
der A, with the same radius as Cy and smaller height, containing Sy in its adherence. For simplicity,
we also suppose that the height of the cylinder A; is 2 and that it is centered, i.e, z € [-1,1]. This
way A; contains the unitary closed disk with height 0, denoted D := {(z,y,0) € R?, /22 + 32 < 1}.

We consider A := dCy UD (which is compact) and B := 9Cy U 5.

It is clear that the disk separates the cylinder, thus we can choose p,q € Co \ A; belonging to
distinct connected components of R™ \ A. We now check the assumptions of the Borsuk theorem.
We will justify that we can deform A into B. To this aim, we introduce the following function on
ACR?xR:

(1 —r,e™) ifz=0
P1(r,w,2) = 4 (rw, (1= [2))7(w) + 2[2]) if[2] < 1.
(r,w, z) if |z2] > 1

This function is continuous on A since for z = 0 and 7 = 1 we have £(0,w) = v(e™) = (1,w,(w))
from the assumption that I' is a Lipschitz graph over the unitary circle.



Then, we define ¢(-,t) := (1 — t)id + t¢1 on A. It is clear that ¢ is continuous on A x [0, 1] and
that for all € A, we have ¢(x,0) = = and ¢(x,1) = ¢1(z) € B. Finally, we must make sure that
the deformation does not cross either p or g. One can easily check that ¢(A; x [0,1]) C A; and
#(0Co \ Ay x [0,1]) C OCy, which guarantees that p,q ¢ (A4 x [0,1]).

Thus, we can apply Borsuk’s Theorem and conclude that p and ¢ are points in the cylinder Cy and
in distinct connected components of B¢ = (9Cy U S¢)¢. Hence S, separates Co. O

Corollary 2.1. Let ¢ € Hom(y,70). The set Sq UX separates the cylinder C.

Proof. This is an immediate consequence of the fact that the Lipschitz graph 3 separates C \ Co and
Proposition 2.2. L
2.3.2 Covering a set by an open set with controlled perimeter

The following elementary lemma will be needed later for the proof of the liminf inequality.

Lemma 2.2. Let K C RY be any set such that 0 < HN~Y(K) < 4+oo. Then for every e > 0 there
exists an open set Ac C RY such that:

1. K C A,
2. Ac C {z e RN : dist(z,K) <¢}
5. P(A.) < CHNI (),

where C' > 0 is a universal constant.

Proof. Let K C RY and ¢ > 0 be given. By definition of the Hausdorff measure, there exists a
countable family of closed sets A; such that diam(A4;) < e and

> diam(4;)V ! < CHNTH(K).
el

For each ¢ € I we let B; be an open ball of radius diam(A;) such that A; C B;. Then the balls {B;}

form a new covering of K. We define A, := J,c; Bi. Then,
P(A.) <) P(By) =) Cydiam(B;)N ™' < CHN(K),
el icl
thus A, fulfils all the requirements of the statement and the lemma follows. O

2.3.3 An average formula for finite measures

In this section we give a standard average formula for finite measures that will be used later in the
proof of the liminf inequality.

Lemma 2.3. Let A C R™ be a non empty set. Let p be a finite measure on A and f : A — R be a
w-measurable function such that fA fdu > 0. Then, there exists tg € A such that

[ sz wAfto). (10)
Proof. If p(A) = 0, the statement (10) is trivial, hence we may assume that p(A) > 0 and set
m = %. If m = 0, then either f = 0 p-a.e. on A, or there exists ¢y € A such that f(ty) < 0.

In both cases, there exists ¢y € A such that (10) holds. Otherwise, if m > 0, we recall the following
inequality, valid for any ¢ > 0:

1 1
= d — du < — du.
w({f > ) /{M u<t/{f>t}f M<t/Afu

p{f > m)) < /A Fdu = u(A).

Thus, p({f < m}) > 0, so there must exist ¢y € A such that f(¢9) < m. This proves (10). O

Taking t = m, we get



2.4 Proof of Theorem 2.1: the limsup inequality
This section is devoted to the proof of the limsup inequality.

Proof of Theorem 2.1. Let Q C C be a competitor and Qo be a minimizer for problem (4). It is enough
to show that there exists a sequence (u.) € H*(C) N C(C) such that 0 < u. < 1, u. = 1 on 9C, for
which the lim sup inequality holds with €, i.e.

limsup FP(u.) < P(Qo,Co). (11)

e—0

Indeed, P(Q0,Co) < P(Q,Co) by definition of (4) (notice that in C \ Cy the essential boundaries both
coincide with X), therefore inequality (11) implies (7).

Let Qo be a solution of problem (4). To prove (11), we introduce the set K := 9*Qq N Cy, where
we recall that 9*Qq is the essential boundary of Qq. Thus, P(Q,C) = H2(0*Qo NC) = H2(0*Q N
Co) + H2(0*Q N (C\ Cp)) = HA(K) + H2(Z), since 0*Qp N (C\ Cp) = X, by definition of the boundary
constraint.

Then, we follow the standard construction for the I' —lim sup inequality, which is based on the well-
known optimal profile of minimizers for a Modica-Mortola type energy. We recall from Proposition 2.1
that, since €)g is a minimizer, its essential boundary is Ahlfors regular. Moreover, we also know from
Proposition 2.1 that K NdCy = 0. As a result, for all z € K, and all r > 0 such that B(z,r) C C,

H3(K N B(z,7)) = P(Qo, B(x,7)) > Cr. (12)

Applying [AFP00, Theorem 2.104], we deduce that the Minkowski content and the Hausdorff measure
of K coincide:

LK) 3
lim ———= = H*(K), where K, :={x € R’ |d(z,K) < r}. (13)
r—0 2r
Let (k.)e>0 be a sequence of positive numbers, converging to 0, that will be specified later on. We
define a. := —2eIn (¢), b. := 2 and \. := L% and we consider the function
ke on Ky_,
Ue = < ke + Ao (1 — exp (%(;K))) on Kp_ya. \ Ko,
1 on C\ Ko_s. -

We also take e small enough so that K, 1, C C. We notice that with this definition, u. is continuous
and equal to 1 on dC. We can also easily show that u. is Lipschitz on C, therefore u. € H(C) N C(C).
We claim that the sequence of functions (u.)e>o satisfy the inequality

lim sup (/c | Vue|? + %) < HA(K). (14)

e—0

On C\ Kj_1q_ it is clear that the integral is exactly 0, and the contribution of the integral on Kj_ is of
order ¢ since £3(K},) < Ce?. The main contribution of the integral is thus attained on Kp_4q. \ Kp. .
Setting 7(z) := d(z, K), we may observe that, in this region, u. is a function of 7, since u.(x) =
Ae fe(T(x)) + ke with fo(¢) == (1 — exp(bggt)). Moreover, this last function is the solution of the
ordinary differential equation

1— =
{ fl=4E,
fe(be) = 0.
Applying the coarea formula to the Lipschitz function 7 (see for instance [EG91, Theorem 3.11}), and

noticing that

1-— ICE — )\Efg(t) - Ae(l — & fE(t))a



we get

1— 2
A, = / e|Vu.|? + (A —ue)”
K”‘E+bE\KbE 46

betac —u 2
-/ ( [ v+ wdﬂ2<y>> t
b T(y)=t c

e

betac _ _ 2
= [ (sor + SR 2O g~

4e
betac _ 2 —e— 2
g [ (U e EOY g
2 pbetac
<[ - rorrdr=m
2 be+ae _
_ % /b exp (%) H2({r = t})dt.

Once again, the coarea formula yields

olt) == £3(K,) = / H2({r = t})dt,

hence g is differentiable a.e. and ¢'(t) = H?({T = t}). Integrating by parts, we deduce the upper
bound

2A2e A2 A2 ae+be (b _ t)
As < - € e) ot € 5 -— ? K :
otac b~ grolb) + 55 [ e (BT ) £

Coming back to (13), we know that for any > 0 and for ¢ small enough, £3(K;) < 2t(H?*(K) + 7).
As a result, using that lim._,o Ac = 1 and lim;_,o g(t) = 0, we can estimate A. as follows:

)\28 2 ac+be b. — 1t
limsup A. < limsup | ——g(ac +b:) + 55 / exp (67> L3(Ky)dt
e—0 e—0 2 2e be €

1 ae+be be ¢
<limsup | 5 / exp <7> L3(Ky)dt
e=0 \ 267 Jp, €

) ) 1 ac+be be —t
< (H*(K) +n) limsup ) exp | ——— 2tdt

e—0 be

e—0

ac/e
= (H*(K) +n) limsup (/0 exp(—s)(bf + s)ds) )

where we have used the change of variables ¢ = b. +¢s in the last integral. Since %= = —21In(g) — +o0
and bf:s—>0, we get

+oo
limsup A, < (H*(K) + n)/ exp(—s)sds = H*(K) + 7,
e—0 0
and letting n — 0,

limsup 4. < H*(K).

e—0

The claim (14) follows from the previous observations.
Now, thanks to Proposition 2.1 there exists ¢* € Hom(y, o) such that K = Sp«. By Definition 1.1,
if p = o0,

do (7,7) < ssup(\ua\ +9:) = S;p(lual) + 0 = ke + 0.,
.

and if p < 400,

& (1,7) < / (luel? + 6.)dH? = / e [PAH? + 612 (K) = H2(K) (ke + 6.).
K

Spx
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Since, % — 0, setting k. = 2 ensures that, for every p € [1, +o0],

1
lim —df,_(v,7) = 0. (15)

e—0 c¢ Pe

This choice of k. also guarantees that for ¢ small enough, u. takes values in [0,1]. Combining (14)
and (15), we obtain inequality (11) and conclude the proof. O

2.5 Proof of Theorem 2.2: the liminf inequality

This section is devoted to the proof of the liminf inequality.

2.5.1 Definition of the relaxed energies E?

The proof will also rely on relaxed energies associated with the functional F?, depending not only on
a phase field u, but also on a path £ € Hom(v, o).

Definition 2.5. Let p € [1,+00], u € HY(C) N C(C) such that 0 < u < 1 and u = 1 on OC and
¢ € Hom(v,v0). We define

1 1
EP(u,f) := E/ |Vul*dz + — /(1 —u)lde+ — [ (JulP +8.)dH? if p < +oo,
I 4e I Ce Se

1 1
E2°(u,l) = 5/ |Vu|?de + — /(1 —u)?dz + — sup(|u| + 6.).
C 45 I Ce Sy

Remark 2.3. From Definition 1.1 of the geodesic distance between closed curves, we know that for all
u€ HY(C)NC(C) such that 0 <u <1 andu=1 on dC,

Fsp(u) = inf {Esp(uv ¢) ,¢ € Hom(v,70)}.

2.5.2 Case p = oo.

In this section we prove Theorem 2.2 in the particular case p = oo.

Proof of Theorem 2.2 for p = oo. Let Q be a solution to Plateau’s problem (4), and u. € H(C)NC(C)
such that 0 < u, <1 and u. =1 on OC.

Step 1. We start by using the relaxed energy E2° to avoid taking an infimum over Hom(vy, yo) but
instead approximating the geodesic distance dg° (7,70) by supg, (|ue| + dc), for a well-chosen /.. For
instance, by Definition 1.1, we can find ¢. € Hom(+, ) such that

sup(Jue|) < sup(|ue| + d:) < dii (7, 70) + ece,

0o e
which implies F>°(ue) + & > EX(ue, ). Since

e o e o S Tim inf Fo°
hgl)l(I)lst (ue) hgn_gglf(Fs (ue) +¢) /h?l)l(r)les (ue, Le),

it is enough to show the following inequality:

lim inf E2°(u., £:) = P(Q,Co), (16)

e—0

to deduce (8).

Step 2. We identify a sublevel-set of u. that contains the surface Sy , which possesses the cru-
cial property of separation (see Proposition 2.2). Without loss of generality, we may assume that
liminf. o E>(ue, ) is finite, and achieved by a subsequence, still denoted . Consequently, the
energy E2°(u,,{.) is uniformly bounded, so there exists a constant C' > 0 such that

sup(Jue|) < Cee.

Se.
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In particular,

Sp. C {ue < Cec}. (17)

Step 3. Using the above inclusion (17) and a classical estimate of the Ambrosio-Tortorelli term in

2
E2°, we now exhibit a sublevel set {g. < t.} of the function g, := u. — %, whose perimeter in C allows
us to estimate from below liminf. o E°(u., {:) by

1
o 00 S . < .
hr{;_n_}(r)leE (ue, le) > 5 hIEH_}(I)lf P({g: <t:},C) (18)
Inequality (18) can be proved as follows. Setting s. = Cc. — c“;:ﬁ’ the inclusion (17) yields by
monotonicity of the mapping ¢ — t — % on [0, 1], the inclusion
Sp. CH{ge < se} (19)

Notice that g. takes values in [0,1/2] a.e. in C, and that s, is positive for & small enough. The definition
of g. comes from the classical estimate

1
E°(ue, be) 2 5/ |Vu|?dz + —/(1 —u.)?dx
c de Je

> / |Vue||1 — ueldz
c

_ / V. |dz.
C

Since g. is an antiderivative of Vu.(1 — u.), u. € H'(C) and C is bounded, g. is in W1(C). In
particular, it has bounded variations in C. As a result, we can apply the coarea formula for BV
fonctions, to obtain

1/2—¢

1/2
[1vala= [ Pta >0t = [ PUa> 00> [ Pl > 1.0

Se

Then, we apply the average formula (10) with p = £, A = [s.,1/2 — €] and f(¢t) = P({g: > t},C).
This gives us the existence of ¢. € [sc,1/2 — ¢] that satisfies

1/2

P({g. > t},C)dt > (% —e—38:)P({g: > t-},0).

Se

Hence, we get

e e oo o] 1. .
llgéleE (te, le) = hmlnf(§ —e—3:)P({ge > t:},C) = 3 hgnﬁl(glfP({gE <t.},0).

e—0
This proves (18).

Step 4. To conclude the proof of inequality (16), we will construct two competitors 2} and Q2 such
that the following inequality holds:

P({ge <t:},C) = P(Q;,C) + P(Q2,C) — 2H*(2). (20)

The construction of these two competitors constitutes the main novelty of our approach. Its main
ingredient is the topological property of separation satisfied by the surface Sy, (see Theorem 2.2).
We denote

A= {ge < ta} (21)

and set A, := A.NCy. Since intersecting a set of finite perimeter with a convex set reduces its perimeter
(see for instance [Magl2, exercise 15.14], and [Mac25] for a proof),

P(A.,C) = P(A.NCoy,C) < P(A.,C).

12



Figure 3: Construction of the competitors Q! and Q2.

Then we recall that Sy, C {g- < 5.} NCo C A. NCo = A, because s. < t.. By Corollary 2.1, A, UX
separates C. This implies that C\(AE U X) contains at least two connected components. We denote
by Q! the connected component containing the north pole N = (0,0,h) (where 2h is the height of
the centered cylinder C) and Q2 the one containing the south pole S = (0,0, —h), as represented on
Figure 3. By construction, 2} and (Q2)¢ are two competitors. Notice that, since g. is continuous, then
Q! and Q2 are open sets.

Now to see that inequality (20) holds true, we will identify the essential boundary of Q¢ in the
three disjoint regions Co, C \ Co, and 9Cp.

We start with the region Cy and notice that,

N NaNincy =0.

Indeed, we know that Sy, separates Cp thus Q1 N Cp is contained in the (different) connected component
of Cy \ Sp. containing N, and Q2 N Cy is contained in the connected component of Cy \ Sp. containing S

(notice that Sy cannot touch Qi N Cy because g, is lower than s. on it which is strictly less than ¢.).
This yields a contradiction in the case when there would exist 2 € QL NJN2NCo, then it would belong
to two different connected components of Cy \ Sy, . Since the essential boundary is always contained in
the topological boundary, we deduce that

LNl nCy = 0. (22)

Now in C \ Cy we clearly have, by construction, that 9*QL coincides with ¥. It remains to identify
the essential boundary of 2% on 9Cy. But here again, we must have that

90L N2 Nacy \ T = 0. (23)

Indeed, the curve I' separates 9Cy into an upper part Z+ C 9Cy \ I and a lower part Z~ C 9Cy \T.
Let us show that Q1 NACo\T C ZT and 9Q2NACy\T C Z~. If not, then there would be for instance
a point z € Z~ and a sequence x,, € Q! such that z,, — z. Since Q! is disjoint from D~ this means
that z,, € C for all n. But this is not possible since Sy, separates Z* from Z~ in Cp, and that QL N Cy
belongs to the same connected component of Cy \ Sy, as ZF. Since x € QL Ny, it cannot be in Z~.
This proves that 9QL N 9Cy \ T' C Z*. The same holds for 902 and (23) follows.

From (22), (23), using also the fact that T' N dCy has zero H2-measure and the fact that 9QL
coincides with ¥ on C \ Cp, we deduce that

P({g- <t.},C) = P(QLU Q% C) = P(QL,C) + P(Q2,C) — 2H* (%), (24)
and so follows (20).

Step 5. Since liminf._,o E° is finite, (20) yields that the perimeters of Q! and Q2 are uniformly
bounded. Thus, there exist subsequences (not relabeled) of (2!) and (Q2) and two sets of finite
perimeter in C, Q' and O2, such that

lim Q! = Q' and lir% Q2 =0%in LY(C).
E—

e—0
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This naturally implies that Q' and (Q2)¢ are competitors. And, the lower-semi-continuity of the
perimeter, combined with (18) and (20), yields

lim inf B (u, () > %(P(Ql, C)+ P(Q2,C)) — H2(3)
= (PO G) + PO2.G) (25)
= S(P(91,Go) + P(97), o)) (26)

By definition, Q' and Q2 have larger perimeter in Cy than the minimizer €2, so inequality (26)
clearly implies (16). O

2.5.3 Case p < oo.

Proof of Theorem 2.2 for p < co. Step 1. As in the p = oo case, we introduce £, € Hom(~, o) such
that

| udr < [l 0)dHE < a2 (n0) +
Se. See
Hence, we need to prove the inequality
lim inf EP (uc, £.) = P(2,C). (27)
e—0
Step 2. As in the case p = co, we may assume that EP(u.,S;.) < C, in particular

/ lue[PdH? < Cee.
Se.

Contrary to the p = oo case, we cannot conclude from the above inequality that S, is contained in
the sublevel-set {u. < Cc.}. However, Tchebychev inequality yields that for all a > 0,

P
H2(S,. N {u. > a}) < (Cof) .
Thus, taking a. := ,/cc > 0 leads to
H2(Sp. N {u. > a.}) — 0. (28)

Now we introduce K. := Sy N {u. > a.}, and we apply Lemma 2.2 to find an open set U, C C, such
that K. C U, and
P(U.) < CH*(K.), (29)

for a universal constant C' > 0. By construction we have
Sp. C {ue < a}UUL. (30)

The main idea of the proof relies on the fact that the set {u. < o, }UU, still possesses the separation
property whilst adding the set U, to the sublevel set of u. does not contribute to the perimeter in the
limit.

2
Step 3. As previously, we introduce the function g. := wu. — % and using the monotonicity of
2
t — t —t2/2, the inclusion (30), and setting s. = a. — %7 we get
SZE - {gs < Se} U Us..

The same computations as in case p = oo yield the existence of t. € [s.,1/2 — ¢] such that

1/2 1
E?(ue,le) > / P({ge > t},C)dt > (5 —e—38:)P({g: > t:},0).

e
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We claim moreover that
liminf P({g. < t.},C) = liminf P({g. < t.} UU,,C). (31)
e—=0 e—=0
This follows from the following estimates,
P({g- <t} UU.C) < P({g: <t},C) + P(Ue, C),

and
liminf P(U,,C) =0
e—0

because of (28) and (29).
Then, following exactly the same reasoning as in Step 4 from Section 2.5.2, replacing the sublevel-
set {ge <t} by {ge <t} UU., we obtain the desired lim inf. O

2.6 Proof of Theorem 1.1

We finally give a proof for the main result stated in the Introduction.

Proof Theorem 1.1. We start with the case p = +00. We recall the conclusion (26) from the proof of
Theorem 2.2, where we have constructed two competitors Q! and (Q2)¢ such that

1
2

We denote by . the sequence obtained in Theorem 2.1. Since wu. is assumed to be a quasi-
minimizing sequence for FP?, it follows that

lim inf F? (u.) > lim inf B? (ue, ) > (P(QY,Co) + P((Q%)¢,Co)).
e—

e—=0

Ff(ue) < Fep(ds) +o(1).
Thus passing to the limit and applying Theorem 2.1 yield

1 _ _
S(POLE) + P(©2)°, ) < liminf F2(uc) < liminf F2(d.)

< limsup F?(uz) < P(Q0,Co),

e—0

where Qg is a minimizer of Plateau’s problem (4). Hence,
1 — _ _
i(P(Ql,CO) + P((9%)¢,Co)) < P(Q0,Co). (32)

This impose that at least P(2!,Co) or P((922)¢,Cp) is smaller than P(Qg,Cp). Let assume that
P(QY,Cp) is smaller that P(Qg,Cp). Then, since Q! is a competitor and €y is a minimizer, it follows
that Q! is also a minimizer of Plateau’s problem, i.e., P(Q',Cy) = P(Q0,Co). Thus, (32) yields that
P((922)¢,Cy) < P(Q0,Cp), which implies that (222)¢ is also a minimizer.

Hence, both Q! and Q2 are minimizers of Plateau’s problem (4), and this achieves the proof of
Theorem 1.1 in the case when p = +o0.

Now if p < 400, the only difference is that §2; is no more the limit of the connected component €2, of
the level set {ge > t.}, but we had to remove the set U, for topological reasons. But since P(U.) — 0,
we deduce from the isoperimetric inequality (see [Magl2, Proposition 12.35]) that |U.| — 0. This
proves that the L!-limit of . is the same as Q. \ U, and achieves the proof of of Theorem 1.1. [

3 Numerical experiments

This section details the numerical discretization schemes that enabled us to perform the experiments
presented in the Introduction. We consider Plateau’s problem where the given boundary I' is a finite
union of d closed curves:

I =ud 1

K2
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I =Im(y!)
It = Im(

Y

o

Tto

..
il
b

I = Im(~%)

Figure 4: Left: case of one curve I'!, parametrized by 7! and connected to a point 2 € I'!, represented
by the constant curve v2. Right: case of two curves I'! and I'2, resp. parametrized by 7! and v2. Several
possibilities occur: I'' can be connected to a point 23 € I'?, or I'? to a point 2* € I'!, or the curves I'!
and I'? can be connected globally through the use of the geodesic distance d, (!, ~?).

We also assume that each component I'V is parametrized by a Lipschitz function ~* : S — R3. The
case analysed in Section 2 corresponds to d = 1 where the geodesic distance term connects the curve
~:=~v! to a fixed point z» € I'', represented by a constant curve 2.

To extend this approach to cases with multiple components (d > 2), we can add a finite collection
of distinct points 27 € T7~%, indexed by d + 1 < j < N = 2d and identified to a constant curve 7.
In this general setting, the first step towards the generalization of the approximation functional F;
defined in case d = 1 in Section 2, will be to set

Fo(w) = AT.(w) + — 32 &) ()

€ .
(1,9)€1,

where I, contains the couples (i, j) for which we propose to connect the curves 7%, v7. Here d,, is still
the geodesic distance introduced in Definition 1.1 (with p = 2) and defined by

(ot ?) =t { [ (02480082 € € Hom(y', )}
Se
with o o . '
Hom(y%,~7) := {¢ € Lip([0, 1] x S*,Cp) such that £(0) = ~* and £(1) =47},
and S, = £([0,1] x S1).
As shown in Figure 4, let us give some examples to illustrate the possible choices of energies Fy of
the form (33).

Case d = 1: T'! is the image of one closed curve ' : St — R3. In this situation, we use the exact
same framework as the one studied in Section 2: for a given point 2 € I'!, identified with a constant
curve 2, the energy F. reads

1
Fe(u) = AT c(u) + ;di(71772)~

Case d = 2: T is the union of two distinct curves I'! and I'2, which are respectively parametrized by
~' and 2. In such configuration, one may consider several strategies in order to preserve the topology
of the approximate optimal surface.

- Connect I'! to I'? globally, which conduces to

F(w) = AT-(0) + (1 72). (34)
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- Connect I'! to a point 23 € I'?, and I'? to a point z* € I'' as well. In this second configuration,
the energy reads

Fe(u) = AT.(u) + Ci B9 + (739" (35)

Since Plateau’s problem can be interpreted as an extension of Steiner’s problem in three dimensions
and the phase field models are ultimately very similar, we begin by recalling in Section 3.1 the numerical
strategies developed in [BBL20] to obtain efficient approximations to Steiner’s problem. In particular,
we review the following concepts:

- relaxing the energy F. avoids the need to compute the derivative of the geodesic term with
respect to wu;

- regularizing the geodesic term to improve the smoothness of phase field function w;

- using a variant of the Ambrosio-Tortorelli term to improve the regularity of the phase field
solution u, and facilitate its minimization;

- detailing the schemes used to solve the phase field PDE.

In section 3.2, we apply the same strategy to Plateau’s problem. The novelty mainly lies in our
treatment of the geodesic term, for which we propose two approaches. The first one, which is limited
to circles, demonstrates how to reduce the problem of computing an optimal geodesic in infinite
dimensions to a reduced space. For this smaller space, we can use fast marching algorithms in 2D.
However, this approach is too restrictive, so we then explain how to compute a non-optimal geodesic
easily allowing us to deal with a large number of cases. Despite the non-optimality of the calculated
geodesics, our model’s ability to find approximations of the minimal surface in many configurations
is illustrated by numerical experiments, extending far beyond the mathematical study of Plateau’s
problem of a curve in a cylinder.

3.1 Phase-field models and discretization of Steiner’s problem

In this section, we focus on Steiner’s problem in dimension two to observe the influence of the phase
field model on numerical solutions. We first recall the numerical discretization strategy proposed in the
article [BBL20], following the approximation strategy introduced in [BLS15] and refined in [BLM18].
We then compare this method with a new phase field model for which we replace the Ambrosio-
Tortorelli term A7 . with a higher-order version whose profile is smoother and better located around
the diffuse interface.

Consider a bounded and convex open set 2 C R?. The Steiner problem consists in finding, for a
given collection of points ayg,...,any € €2, a compact connected set K C () containing all the a;’s and
having minimal length. The idea is to obtain a minimizer of energy

N
1
F.(u) = AT (u) + )\— z:D(u2 + de; a0, Gi),
€ =1
where D(w; a,b) is now defined by
D(w;a,b) :=  inf /wd’Hl.
FEGa’b(Q) r

Here, G,(2) is the set of Lipschitz curves in € connecting a and b.

3.1.1 Reminder of the discretization scheme from [BBL20]

From a numerical point of view, as the minimization of F. requires the computation of the gradient
of the geodesic terms with respect to v and raises some numerical difficulties, a relaxation approach
was proposed in [BBL20]. It consists in introducing an extra variable v := (7;)1<;<n, Where each
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~i : [0,1] — Q is a Lipschitz curve joining the base point ag to the point a; in 2, and then consider
the relaxed energy E. defined by

N
1
E.(u,v) = AT :(u) + Rc(u,7), where R.(u,7y) = ~ / . ])(5e +u?)dH'.
€ ;—177(0,1

In particular, this approach can be viewed as a relaxation since

Fe(w) = inf {E.(uw7)},

where P, is the set of N-uplets of Lipschitz curves defined by
Pa = {7y = (7i)i=1.~v : Vi € Lip([0, 1];2),v:(0) = ag and v,;(1) = a;}.
An advantage is that its L2-gradient flow
{ut = —V.FE:(u,7),
v = argminep {Ee(u,7)},

can be approximated at time ¢ = nd; by the solution (u™,~™) of a time-decoupled scheme which
alternates

- a geodesic computation:

~A™ = argmin E. (u",v) = argmin R.(u",~);
YEPa YEPa

- a phase field evolution: u™™! ~ v(§) where v is the solution of the PDE:

N
1 2
vy = =V E.(v,9") = eAv — EV'(U) b lz 7—l1|%n([071})] v,
¢ Li=1

with v(0) = u™ and where the potential V' is defined Vs € R by V(s) = (1 — s)2.

Regularization of the geodesic term. The method presented above makes it possible to avoid
differentiating the geodesic term with respect to the phase field function u. However, another difficulty
arises from the lack of regularity of the solution v, which is a consequence of the singularity of the
geodesic contribution. » ;" 7—[1\7?([071]). In particular, without additional regularization, the numer-
ical approximation of the solution is likely to be highly dependent on the spatial discretization used,
with non-negligible anisotropic effects. An initial solution proposed in the work [BBL20] consisted of
filtering this geodesic term using a convolution kernel

N
vy = eAv — éV’(v) - )%ws,a['y]v, where w, »[y] = ; (psr * H! L ;. ([0, 1])) ,

and p.r if a kernel of size ", i.e. p. = Zp(-/e). Notice that this new term is still variational and
corresponds to the geodesic term

N
1 1
Rer(wn) =3 [ werbl@er e = =37 [ g+ )it

i=1 7i([0,1])
Computation of v”. The computation of each geodesic v = (77*)1=1.n defined as

7" = argmin R (u", ),
YEPa

can then be carried out in two steps:
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1) Use the Fast Marching Method [Set99a, Set99b] to compute the weighted distance function
x +— dg, . (x) corresponding to the distance function from ag to z, associated to the weight
w = per * (0c442). Notice that it can be defined as a viscosity solution of the non linear Eikonal
equation
|Vda, w(z)| = w(x), in Q, with dg, . (a0) =0.

In practice, we use the Toolbox Fast Marching proposed by G. Peyre in the Matlab environment
http://www.mathworks.com/matlabcentral /fileexchange/.

2) Compute each geodesic 7; : [0,1] — Q satisfying 4*(0) = ag and (1) = a; by considering a
discrete version of the flow

(7Y (5) = —Vday (7)), with 5°(0) = a;.

Here, we can use the Matlab function compute_geodesic from the Fast Marching Toolbox to obtain
an approximation of each geodesic. Figure 5 shows an example of distance function dg, . and
the associated estimate geodesic 1 connecting the points (ag, a1).

Figure 5: Numerical example of geodesic computation. Left: the weight function w = ||z||?> and the
endpoints ag = [—0.7,0.7] and a; = [0.7, —0.7]. Right: the distance function d,, 4, computed using a
fast Marching algorithm, and the geodesic v; between ag and a;.

Computation of u"t!. As far as the numerical resolution of PDEs is concerned, we assume here

that the computation box Q is a square Q = [0, 1] and that all PDEs are considered with additional
periodic boundary conditions. In order to get a high accuracy approximation in space, we also use a
semi-implicit convex-concave Fourier-spectral method [Eyr98, SWWW12] where for instance u™*! can
be defined as follows:

—u” 1 2

= Ayt — 2—6(1/”'1 —1) —au™tt — (A—Ew&r['y"] - a) u”.

As explained in [BBL20], « can be viewed as a stabilization parameter which ensures the decrease of
E.(-,y"), i.e BE-(u"t1,4™) < E.(u™,~4™) as soon as

2 n
o > sup )\—we,r['y I¢-
€N €

In practice, we will consider a stabilization parameter « which evolves along the iterations and take
a™ =sup,cq {)\%wg,r[’y"]}. Finally, 4" *! is computed using the following formula

1 -1 1 2
n+1 __ n n _ ny __ n n
u = (Id + 0 (eA+ % + « )) (u + &y (725 (—)\Ews,rh e )u )) ,

where the operator (Id +0:(eA+ é + oz"))_1 can be computed easily in Fourier space using Fast
Fourier Transform.
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Numerical experiments. Figure 6 shows two examples of numerical approximations of solutions to
Steiner’s problem in the case of 3 and 4 points uniformly distributed over a circle. These simulations
were carried out with a spatial discretization step of §, = 1/P with P = 27. We have also chosen
an approximation parameter € = 49,. Without going into detail about the choice of other simulation
parameters, these two experiments show that the numerical approach does indeed provide a relatively
good approximation to the solution of Steiner’s problem. On the other hand, it was difficult to use
a smaller € parameter without resorting to a multi-resolution approach, where the ¢ parameter could
decrease during the iterations. Another remark concerns the phase field solution u, which appears
rather singular and poorly localised around the interface K, with an expected profile of the form

—dist(z, K) > 7

ue(x) ~ 1 —exp < 5

which admits singularity on K.
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Figure 6: Numerical experiments to approximate solutions of Steiner’s problem. First line with 3
points, second line with 4 points. In each line, we plot the phase field function u at different time ¢,
along the iterations.

n=1471

3.1.2 A new Willmore Cahn-Hilliard phase field model

Although the previous numerical experiments have all shown the ability of our phase field model to
approximate the solutions to Steiner’s problem, the minimization of the E. function itself raises a
number of practical difficulties.

e Firstly, the solution u of the phase field model is not very regular, which leads to a strong
influence of the discretization parameter field on the solution itself. Therefore, we now propose
to modify the Ambrosio-Tortorelli length approximation term to improve the regularity of the
associated profile.

e One of the major difficulties in the optimisation of E. is that it contains 2 terms whose action
is ambivalent, which leads to ill-conditioned problems. It is indeed the alternating action of
computing the geodesic and minimizing the phase field model that causes the interface to evolve
towards Steiner’s solution, but each of the two energies A7 . and R, does not independently allow
the interface to be moved in order to reduce its length. Here, we propose to use a Willmore Cahn-
Hilliard energy [BCM24], which approximates the perimeter of the set K and whose L?-gradient
flow allows us to approximate mean curvature flow of interface K.

The aim of this section is to show how replacing the term A7 . by this new phase field model leads
to a much more numerically efficient model, without fundamentally changing the spirit of our phase
field model. In particular, the I'-convergence result should always be true and obtained in a similar
way.
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Phase field approximation of mean curvature flow in non oriented interface. In [BCM24],
the authors propose a I'-convergence analysis of the modified Cahn-Hillard functional

Eivupl 4+ X ) %e ( Ly )2
/Q(2|Vu| JrEW(u) daerQS/Q eAu EVV(U) dz,

where the real novelty concerns the non smooth potential W which is defined as

P.(u)

W(s) = {32(1/2 —2s5) ifs< i

—+00 otherwise.
Here, 0. > 0 satisfies €2/0. — 0 to obtain a phase field profile sufficiently stable. Notice that the
potential W admits a smooth well in s = 0 and an obstacle at s = 1/4. More precisely, it has been
constructed so that the derivative y = —¢' of the standard phase field profile g(s) = 3(1 — tanh(s/2)))
satisfies the equation

[y (s)] = /2W(q), and y"(s) = W' (y(s)).
An optimal minimizing sequence u. of P is then expected of the form

= g (SR (1, (B0,

£ 9

as soon as the contribution of the second order term of P., which can be viewed as an approximation
of the Willmore energy, is sufficiently important to stabilize the profile y = —¢’. In particular, the
authors show in [BCM24] that the e-gradient flow of P, which reads
1 ! 1 !/ W//(/U/) 1 /
up = Au — 6—2W (u) + o (—A(Au - 6—2W (u)) + 2 (Au — 6—2W (w) |,

can be used to approximated the non oriented mean curvature flow. Without going into detail about
the simulation parameters and the choice of numerical discretization, Figure 7 shows a numerical
approximation example of a mean curvature flow based on the modified Cahn Hilliard energy P.. Note
that the profile is stable and the minimization of P allows the interface K to evolve, which was clearly
not the case by considering the L2-flow of Ambrosio-Tortorelli energy.
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Figure 7: Example of numerical approximation of mean curvature flow using the e-gradient flow of P-.
The phase field function u is plotted along the iterations.
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Application to the case of Steiner’s problem and discretization. We now propose to replace

AT . by P.. One just has to be careful about the profile, which does not have the same properties. In

the case of AT, the profile vanishes on the interface K and takes the value s = 1 far from it, whereas
1

for P, the profile u vanishes far from K and takes the value s = 7 on it. We thus consider the relaxed

version E defined by

E. (u,v) = P.(u) + Re s(1 — 4u, ).
In particular, its L2-gradient flow reads
{ut = _que(ua'Y)a
v =argmin cp {Ec(u,7)}-

The solution (u™,4™) at time ¢t = nd; can be still approximated using a time-decoupled scheme, which
alternates
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- a geodesic computation:

A" = argmin E. (u", ) = argmin R, . (1 — 4u™, 7),
V€EPa YEPa

- a phase field evolution: u"™! ~ v(§) where v is the solution of the PDE:

S (Au _ EiQW/(u) +o. <—A(Au _ E%W’(u)) + W;(“) (Au— E%W’(u)))))
2

- Tews,rhn](‘w - 1),

with v(0) = u".

n+1 1

We compute u by a semi-implicit convex-concave Fourier-spectral method which reads u™*! =
L[g(u™)], where the explicit term g is defined as

g(u) = u+ e (_F;(Qu) + o0, <—A[F’(u)/€2] + F’;gu) [Au — F’(u)/eﬂ) + ou — BAu
2

b))

and where the homogeneous linear operator L satisfies L = (Id +edi(—A+ 0. A%+ aly — ﬁA)))fl.
Here, o and 3 can be viewed as stabilization parameters which need to be chosen sufficiently large to
guarantee the decrease of E.(-,v").

Numerical experiments. In Figure 8, we present two numerical experiments analogous to the
cases presented in Figure 6. For these experiments, we are still using a spatial resolution given by
P = 27. However, with this new phase field model, it is possible to use smaller ¢ parameters and, in
particular, we have used € = 2/P. We first point that from a qualitative point of view, the numerical
results obtained with this method seem comparable with the ones obtained by our original model (see
Figure 6). However, the interface appears to localize better around the Steiner tree, probably due to
the choice of the € parameter, which is twice as small. Note also that the solution u seems smoother,
which was expected with this new profile. From a convergence rate point of view, the use of this new
phase field model makes it possible to obtain approximations to Steiner’s solution more quickly. In the
case of three points, for example, we manage to obtain a correct solution after 1000 iterations only,
which is clearly not the case using A7 . term, even though the ¢ parameter is smaller.

In conclusion, this new model appears to be highly beneficial in all respects, justifying our use of
this modified version to approximate the numerical solutions to Plateau’s problem.

Remark 3.1. The stabilisation of the profile is due to the presence of the second order terms in the
energy P., which improves the conditioning of the optimisation problem. However, this Willmore term
only makes sense for profiles with regular phase fields and could not have been applied in the case of
the standard potential V(s) = +(1 — s)%. It is therefore the combination of the potential W with the
Willmore term that makes it possible to significantly improve Steiner’s phase field model.

3.2 Plateau’s problem and geodesic distance approximation

The numerical results for the approximation of Steiner’s problem have shown the significant numerical
advantage of using Cahn-Hilliard’s approximation P. instead of its original version A7 .. Consequently,
we will use this variant in the case of Plateau’s problem by subsequently considering the following
model: )

Fe(u) = Pe(u) + — > ()

© (id)Ely

The idea is to adapt also the same regularization strategy by considering a relaxed and regularized
version of the geodesic term. We are primarily interested in a relaxed version which consists of
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Figure 8: Numerical experiments to approximate solution of Steiner problem using the second order
Cahn-Hilliard model; First line with 3 points, second line with 4 points. In each line, we plot the phase
field function u at different time ¢,, along the iterations

introducing the variable ¢ = (¢; ;)i j)er, Where each /; ; € Hom(v%,77) and considering the following
relaxed energy

E-(u,0) = P-(u) + Re(1 — 4u, (), withRE(u,z):i Z/ (62 4 u®)dH?.
S

As in the case of Steiner, with Py, = {¢ = (¢; ;)¢ jyer, ; li; € Hom(y",77)}, one has

Fw = o {E(0}

and the geodesic term is regularized and replaced by
1 1
Re(u,0) = - / w6 +uP)de =~ 3 per (6. + u2)dH2,
Ce Jq Ce = Sy, .
(,9)€ly "7t
with we r[f] = 32 jyer, (per * H2L Sy, ;) - It is then possible to effectively minimize the relaxed and
regularized energy

E. o(u,l) = P-(u) + Re (1 — 4u, £),
by considering the discretization of its L?-gradient flow
{ut = —VuE.a(u,0)
¢ =argmingp, {E: o(u,l)}
with a time decoupled scheme (u™, ¢™) which alternates
- a geodesic computation :

{" = arg min Egﬂ(u”,é) =argmin R, (1 — 4u”, {);
LeEPy LeEPy

- a phase field evolution : u"*! ~ v(§) where v is the solution of the PDE:

W (au— Zwr)))

1 1
v = (Au - ?W’(u) + 0. <—A(Au — ?W’(u)) +
2
- /\—Ew&r[ﬁ"](llv —1),
with v(0) = u™.

The phase field part is very similar to the approaches presented in the case of Steiner’s problem and
for which we use exactly the same choices of discretization of the PDE to estimate v(d;). It therefore
did not seem appropriate to repeat these algorithms here. On the other hand, the treatment of the
geodesic part is quite different here and requires clarification.
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3.2.1 Computation of the geodesic

The first point to understand here is that, from a methodological point of view, the step

(" = argmin R, (1 —4u™, {).
LeEP,

requires some approximation and simplification.

Indeed, let us consider the case of a Plateau problem where the given boundary contains only a
single regular curve I'' which corresponds to taking I, = {(1,2)} and (y!,~?) such that ([0, 1]) = I'!
and v2([0,1]) = zp € I'!. Using the initial condition u® = 0, it is not difficult to see that the first step
of our algorithm, i.e. the computation of ¢° defined by

¢ = argmin R,. . (1, ¢),
LEP,

requires determining the geodesic that connects the curves ¥' and +2, whose image precisely corre-
sponds to the desired solution of the Plateau problem. It therefore seems unrealistic to solve this
optimisation problem and, except in very specific cases, we treat an approximate version that allows
us to obtain one curve in the set P,.

Case of a circular curve. The first idea is to calculate a geodesic in a small space. For instance,
in the case where v! 42 correspond to horizontal circles with respective radii 7, and o and positioned
at X' = (0,0,21) and X? = (0,0, 22), then at least when u = 0, we can expect the geodesic ¢; 5 to be
identified for all t € [0, 1] with horizontal circles of radius R(t) and positioned at X (t) = (0,0, 2(¢)). In
this specific case, the problem can therefore be reduced to a calculation of geodesics in a 2 dimensional
space corresponding to a radius r and a height z. The next step is to determine numerically the weight
function w : R? — R defined by

2
V(r,z) €R? w(r,z) = / (1 — 4u(r cos(), rsin(0), 2))* rdo.
0

Thus, as in the case of Steiner’s problem in dimension 2, an approximation of the geodesic ¢ will be
obtained by

1) computing using the Fast Marching Method the weighted distance function x — dx, () corre-
sponding to the distance function from 7; = (r1,21) to ¥ = (r, 2) and associated to the weight
ws

2) computing the geodesic f1 5 : [0, 1] — R? satisfying £1 2(0) = 7; and ¢; 2(1) = ¥, by considering
a discrete version of the flow

(012)'(5) = =Vdy, w(f12(s)), with £12(0) =7,.

Figure 9 shows an example of a geodesic obtained numerically using this reduced space approach.
In Figure 10 we present a second example of a geodesic computation. In this case, the reduced space
corresponds to the radii of circles of same center X = (z1,0,0), connecting a small circle to a large
one in the same horizontal plane.

This approach produces consistent results, but it is difficult to generalize to more complicated
Plateau problems since Fast Marching algorithms are challenging to use in spaces greater than three
dimensions. Therefore, we will not use it in the complete model with the phase field approach.

General case and approximation. The idea is now to examine each curve using the following
parametric representation:

6172(t) = ’y(t) = {Zl’g(t,e) e ) RS [0,27T]}.

once again, the computation of the geodesic will be carried out in two steps:
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Figure 9: Example of calculation of a geodesic between two centered and horizontal circles. Left:
the weight function w and the geodesic £ in the reduced 2-dimensional space. Right: the geodesic
represented in real space in dimension 3.

0 0.2 0.4 0.6 0.8 1 0 02

Figure 10: Example of calculation of a geodesic between two horizontal circles at z = 0. Left: the weight
function w and the geodesic ¢ in the reduced 2-dimensional space. Right: the geodesic represented in
real space in dimension 3.

1) computation in the real space and using the Fast Marching Method of the weighted distance
function x — d5, ,(7) corresponding to the distance function to the curve 7, and associated to
the weight w = (1 — 4u)?;

2) computation of a geodesic £ by considering a discrete version of the flow

6t(21,2(t, 9)) = —Vd;hw(zm(t, 9)), with 21,2(0, 0) = 72(0), Vo € [O, 271'].

Remark 3.2. To prevent the discrete approzimation of the parametric representation of the curve
from revealing discrepancies, which would correspond to a discontinuity, we propose to re-parameterize
the curve with respect to the variable 8 when it is no longer sufficiently uniform.

Figure 11 shows examples of geodesic approximations obtained by applying this strategy to the case
of a single curve I'!. In the first example, where I'! is a circle, the computed geodesic is a disk, which
effectively corresponds to the solution of Plateau’s problem. On the other hand, the second example
clearly shows a geodesic that does not correspond to the solution of Plateau’s problem. However the
computed path ¢ connects the green curve ! to the red point +2, and therefore properly spans the set
It

Figure 12 shows examples of geodesic approximations in the case of a Plateau problem with two
edges I'1 and I's. Although this case does is not covered by the Gamma-convergence analysis carried
out in Section 2, this situation can be dealt with numerically. As before, the geodesic obtained is
clearly not the optimal geodesic but does allow us to connect the two green and red curves ' and ~2.

Remark 3.3. As we will see in the next subsection, even if the geodesic computation does not provide
the optimal geodesic £ in the sense of the optimisation problem, this approach allows us to find good
approzimations to the solution of Plateau’s problem by considering the complete phase field model. In
a sense, the combined contributions of the phase field and the Willmore Cahn-Hilliard P. energy to the
minimisation of the area of the geodesics, yield the convergence to minimal surfaces.
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Figure 11: Two numerical examples of geodesic computations in the case of a single curve I' with
v1([0,27]) =T and ~%([0,27]) = X2 € T, setting u = 0.

Figure 12: Two numerical examples of geodesic computations in the case of a two curves I'y and I's
with v1([0, 27]) = T’y and 72([0, 27]) = 'y, setting u = 0.

3.2.2 Numerical experiments

All the numerical experiments were done with the same set of numerical parameters, namely P = 27,
e=2/P, 6 =10e% 0. = 1/? and r = 0.1€2. The scheme applied to the phase field part is exactly
the same as that used for the Steiner problem. In particular, we consider all PDEs in the calculation
box = [0,1]® with additional periodic boundary conditions, using a semi-implicit convex-concave
Fourier approach for numerical integration. Numerical approximations of geodesic curves are obtained
by applying the approximate method, which only enforces the connection between curves +* and 7.
Note that in this case, we cannot guarantee that the optimal surface is calculated, as demonstrated
by the example of the two circles, where the cylinder replaces the expected catenoid. Nevertheless,
our approach to numerically minimizing the function F. enables us to find good approximations of
solutions to Plateau’s problem when there are one, two, three or six curves. In particular, we will see
that the choice of the 7% curve and how it is connected has a significant impact on the type of Plateau
solutions that can be approximated.

In each figure, we plot the curves 7 in green or red. The approximation of Plateau’s problem is
plotted in blue and obtained as a level set of the phase field function u:

Se ={r € @ ; uc(x) = 3/16}.

Simple case: one curve, cylindrical case. The first two examples are shown in Figure 13 and
correspond to the case d = 1 with a single I'' curve positioned on a cylinder.

We plot the approximation S, of the minimal surface solution of Plateau’s problem on each line
at different stages of the optimisation process. Initially, the solution resembles the geodesic obtained
when u = 0. Then, under the influence of the Willmore Cahn-Hilliard term, it evolves until it reaches
a stationary solution that is a good approximation of the Plateau solution. These first two examples
correspond to the case studied in the Gamma-convergence analysis of our phase field model.
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Figure 13: Numerical approximations of Plateau’s problem ; case d = 1. In each line, we plot the
solution at different time t,, along the iterations. In green, the curve I', in red, the point 42 = +2(0)
and in blue the surface S..

Case of two curves. Figure 14 shows four new experiments in the case of two curves I'y and T's.
Here we are in the first configuration of the case d = 2 (described at the beginning of Section 3) where
~% and ~? represent a parametrization of the two curves I'; and I'; and where the geodesic term aims
to connect ! and 42 only. Hence, the energy F. is given by (34).

The first line shows the case of two circles that are close enough together (in terms of their radii)
that the Plateau solution is a catenoid. Initially, the solutions resemble a cylinder corresponding to the
geodesic approximation computed with u = 0, and then converge to the geodesic after 3000 iterations
of the algorithm.

The second example is very similar, and as previously, it can be seen that in the first iterations the
solution resembles the geodesic approximation with u = 0, before evolving towards a perturbation of
the catenoid.

The third example is of particular interest since the obtained solution is not oriented, and conse-
quently does not fall within the framework of the analysis of Plateau’s problem in a cylinder.

The fourth example considers circles that are far enough apart to prevent a catenoid from connecting
them. In this case, the solution converges to two disks connected by a narrow tube. Note that the
thickness of the tube depends on the parameter o.. We can expect this tube to disappear when e
approaches 0, which corresponds to two disks — the solution to Plateau’s problem in such case.

Figure 15 presents a numerical experiment of configuration 2 with d = 2: we consider two circles
I't = 41([0,27]), I'? = 42[0, 27] and two points v = v1(0) and v* = 42(0). The geodesic penalization
term connects (v%,7?®) and (v%,4?), and the energy F. is defined by (35).

In this situation, the catenoid is indeed a minimal surface. The point here is that this catenoid
cannot be approached with the chosen penalty term alone. To do so, it must be supplemented by at
least one disk, which is indeed the numerical solution found by our algorithm. This example therefore
illustrates the influence of the choice of the geodesic term on the solution of Plateau’s problem.

Extension to multiple curves. The last three examples presented in Figures 16, 17 and 18 illustrate
how our approach can easily be extended to more than two curves. In the first case, Figure 16, we use
a geodesic term composed of the three terms associated with the pairs (7%,42),(v%, %) and (72, ~3)
where each curve 7' is associated to I'*. This situation corresponds to configuration 1 with d = 3.
In the end, the algorithm does find a surface whose boundary corresponds to the set {I''};c1 23 and
appears to be a minimal surface. The next example in Figure 17 also corresponds to the case of three
circles but using a type 2 configuration: we take v!([0,27]) = I't, 42([0,27]) = T2, 3([0, 27]) = '3,
v+ = ~+1(0), > = v%(0) and 75 = 73(0) and propose to penalize the distance between (v!,7%), (v*,7°),
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Figure 14: Numerical approximations of Plateau’s problem ; d = 2 with configuration 1; I'" =

v1([0,27]) and T2 = ~2[0,27]. In each line, we plot the solution at different time ¢, along the it-
erations. In green, the curve I'', in red, the curve 42 and in blue the surface S..
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Figure 15: Numerical approximations of Plateau’s problem ; d = 2 with configuration 2 ; I'y =
y1([0,27]), T2 = v2([0,27]), v* = v1(0) and 4* = +2(0) . In each line, we plot the solution at different
time t,, along the iterations. In green, the curves I'' and I'%, in red, the points ¥* and * and in blue
the surface S;.
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(2,7, (v3,7%), (73,7%) and (v3,+%). As before, the algorithm seems to converge to a stationary
solution, which is in fact a Plateau solution to our problem. The last example shown in Figure 18
corresponds to the classic cube example, for which we break down the given boundary I' as a union of
six squares connected with a configuration of type 2. In particular, this latest numerical experiment
highlights the ability of our phase field approach to find complex and not smooth solutions to Plateau’s
problem.

n=1 n=736 n=5884

Figure 16: Numerical approximations of Plateau’s problem ; d = 3 with configuration 1 ; I'" =

v1([0,27]), T2 = ~%([0, 27]), T'® = 43([0,27]). In each line, we plot the solution at different time ¢,
along the iterations. In green, the curves I't, I'? and I'2. In blue the surface S..

n=1 n=46 n =920

Figure 17: Numerical approximations of Plateau’s problem ; d = 3 with configuration 2 ; I'' =
v1([0,27]), T? = ~2([0,27]), T3 = ~43([0, 27]), v* = v(0),7° = 72(0) and 7® = +3(0) . In each line, we
plot the solution at different time ¢,, along the iterations. In green, the curves I'', I'> and I'3. In blue
the surface S;.

Figure 18: Numerical approximations of Plateau’s problem ; d = 6 with configuration 2. In each line,
we plot the solution at different time ¢,, along the iterations. In green, the curves Uf-lleZ. In blue the
surface S;.
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