FRACTIONAL INFINITY LAPLACIAN WITH OBSTACLE

SAMER DWEIK AND AHMAD SABRA

AsstrACT. This paper deals with the obstacle problem for the fractional infinity Laplacian
with nonhomogeneous term f(u), where f : R* — R*:

L[u] = f(u) in {u>0},
u>0 n Q,
u=g on 9Q,

with
L) = sup “OTHD) e 1Y)~ u6)

O<a<l.
yeq yex 1Y = A yeQy#x |y —xjv

Under the assumptions that f is a continuous and monotone function and that the
boundary datum g is in C"#(9Q) for some 0 < 8 < a, we prove existence of a solution u
to this problem. Moreover, this solution u is f—~Holderian on Q. Our proof is based on
an approximation of f by an appropriate sequence of functions f, where we prove using
Perron’s method the existence of solutions u,, for every ¢ > 0. Then, we show some
uniform Holder estimates on u, that guarantee that u, — u where this limit function u
turns out to be a solution to our obstacle problem.
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1. INTRODUCTION

The analysis of solutions to the infinity Laplacian equations dates back to the early
results of Arronson in [4, 5]. Let Q be a Lipschitz domain in R” and g be a Lipschitz
function on JdQ. Then, the optimal Lipschitz extension u of the boundary datum g
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minimizing the L*~norm of the gradient of u on Q (i.e. [|Vul|;~q)) is a solution in the
viscosity sense of the following Dirichlet infinity Laplacian boundary value problem:

Aot :=D?uVu-Vu=0 in Q,
(1.0.1)

u=g on JQ.

Generalization to the Aronsson Functional ||F(x, u, Vu)||i~q) has been also extensively
studied in [Z, (8, 11].

From [6], the solution u to the infinity Laplacian problem (1 can also be obtained
as the limit when p — oo of the minimizers u, of the p- Laplac1an mimimization problem

min {f IVuPP : ue W(Q), u=g on 89}.
0

On the other hand, the fractional Laplacian operator is a non-local operator which
appears in many differential equations related to non-local tug-of-war game [9, [14],
optimal control problems [3], image processing [2], SQG and porous medium models
[1,15]. In [10], the authors studied the limit of the fractional p—Laplacian when p — oo.
More precisely, they consider the minimization problem

{Jf |u(x) — u(y)l” dxdy : ue W(Q), u=g on aQ}, (1.0.2)

G Ul
where a € (0,1) is fixed, s = a — E, g € C*(9Q) and the fractional Sobolev space
Ws#(Q) is defined as follows:
W (Q) = {u € L/(Q) : [lull, + [ulspq < o
where
Jux) = u(y)P v
[M]sp() [J;[ |x y|SP+n dx dy) .
OxQ

Let u, be the unique minimizer of Problem (1.0.2). Then, it is easy to see that u, solves
the following Euler Lagrange equation: for any test function ¢ € C;°(Q2), one has

J"f |u(x) - u(y)l” !

ue sgn(u(x) — u(y)) (p(x) — p(y))dxdy =0

QxQ
where sgn(s) =  fors # 0. It is then proved in [10, Proposition 6.4] that u,, is a viscosity
solution of the equation:

L,[u] := f
0

From [10, Theorem 1.1], u, converges uniformly to a function u., € Co(Q) which is

'sgn(u(x) — u(y))
lx — yl*

u(x) —u(y)|’~
lx — yl*

dy =0. (1.0.3)

a viscosity solution to the Holder (or fractional) infinity Laplace equation (we can see
this operator L as the limit of L, when p — o0):

Lu](x) :== sup M+ inf M:

1.04
yeQyze 1Y =X yeQy#x |y —x|* ( )
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Moreover, u,, is an optimal Holder extension of the boundary datum g € C%*(9Q), in
the sense that the Holder seminorm [u. ] is always less than or equal [u],q for any
a—Holder function u such that u = g on JQ), where

u(x) — u(y)l.

[u]a,Q = o
x,y€Q), x£y |x — yl

In [13], the authors have considered the associated Dirichlet obstacle problem to (1.0.4),
i.e. they studied the fractional infinity Laplacian problem but in the presence of an
obstacle 1

Llu]=0 in {u>1},

Llul <0 in {u=1j, (1.0.5)
u= in €,

u=g on JQ.

Following the approximation of (1.0.4) by the fractional p—Laplacian as in [10, Section
6], the authors in [13] proved existence of a viscosity solution to (1.0.5) by studying the
limit when p — oo of the following fractional p—Laplacian problem with obstacle:

{H '”(lx )_uiy)l dedy : ue WP(Q), u> in Qu=g on aQ}. (1.0.6)
QxQ =y | '

On the other side, we note that the existence of a solution to the nonhomogeneous
fractional infinity Laplacian, i.e. to equation but with right hand term f(x),
cannot be obtained by means of a p—Laplacian approximation. However, the authors
of [10] have also considered the nonhomogeneous version of (1.0.4):

{L[u]: f(x) in Q, 1.0
u=g on JQ.

In fact, they prove that if f € C(Q) N L®(Q) and g € C(dQ), then a viscosity solution
u € C(Q) to Problem exists. Moreover, they show that solutions u are locally
p—Holder continuous, for any 0 < f < a, and a global f—Holder estimate was also
obtained when g € C*(9dQ). In addition, there is a partial result in [10] about the
uniqueness of the solution u to (1.0.7). In the homogeneous case (i.e. when f = 0),
the solution u is unique and locally Lipschitz (see [10, Theorem 1.5]) and an implicit
representation of this solution u has been proven; u(x) is the unique root r to the
following equation:

=0.

gty)—r g(y) -7
sup +
yedQ ly — x| yeaQ ly — x|

But, the uniqueness of the solution to Problem (1 in the general nonhomogeneous
case (i.e. when f # 0) is still widely an open questlon. Moreover, the optimal
C%—regularity of the solution remain open for general functions f.
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Motivated by the results of [10], we study in this paper the fractional infinity
Laplacian equation but with nonhomogeneous term f(u) that depends on the solution
u. To be more precise, we aim to prove the existence of a solution u to the following
equation that satisfies also the Dirichlet boundary condition u = g on 9Q:

Llul = fw) in Q. (1.0.8)

We note that the dependence of the right hand term f(u) on the solution itself makes
the problem more complicated. So, the question here is to find the good assumptions
on f that guarantee the existence of a solution to (1.0.8). Like in [10], the continuity
of f will be essential here too. But, we will not assume that f is bounded (which is a
required condition in [10]). However, we will impose a monotonicity condition on f
and prove by the mean of maximum principle that if f is monotone and g is f—Holder
continuous then a solution u to exists satisfying u = g on dQ. Local and global
Holder regularity of solutions will be also proved.

In addition, we will consider equation but in the presence of an obstacle.
Concretely, we will prove existence of a function u that is nonnegative over Q) (here
u > 0 represents the obstacle), that takes the datum g on d€), and solves the following
equation but inside the positivity set {u > 0}:

Llu] = f(u) in {u > 0}. (1.0.9)

The paper is organized as follows. In Section 2, we show some properties on the
operator L. In particular, we show that the function |x — x| (where B < a) is a strict
subsolution to (1.0.4); this will be fundamental in our later analysis. In section 3} we
introduce the notion of viscosity (sub/super) solution to and show in Proposition
B.5|the comparison principle. Moreover, we will prove a stability result on subsolutions.
We also develop a Perron’s Method argument in Section [3.2| and prove the following
existence and regularity results.

Theorem 1.1. Assume f : R +— R is continuous and monotone and the boundary datum g is
B—Holder for some 0 < < a. Then, the following fractional infinity Laplacian problem:

Llu] = f(u) in Q,
u=g on dQ,
has a solution u. Moreover, u € C*F(Q).

We note that the solution constructed in the proof of Theorem [1.1}is non-negative
whenboth f and g are non-negative; this will allow us to introduce the obstacle problem
in Section 4{and show the following second main result of the paper.

Theorem 1.2. Assume f is nonnegative, continuous and monotone on [0,00)] and g €
C%(9Q) non negative with 0 < B < a. Then, there exists a nonnegative f—Holder solution u
to the following obstacle fractional infinity Laplacian problem:

Llu] = f(u) in {u>0},
u=g on Q.
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The main idea of the proof of Theorem [1.2| is to approximate the function f with
a sequence of non-decreasing continuous functions and use the result of Section
to obtain a sequence of solutions to converging to a solution for the obstacle
problem [I.0.9 with boundary data g.

2. PRELIMINARIES

In this section, we introduce some properties of the fractional infinity Laplacian
operator L that we will use later in our paper. First of all, we define the following
intermediary operators
u(y) — u(x u(y) — u(x

() — ux) and L= inf "W 4@

L[u] = su
Py T yebyex |y — 7

yeQ, y#x

Recalling the definition of the operator L, we clearly have L[u] = L*[u] + L™[u].
We start by the following simple lemma that we use frequently in the sequel (we give
the proof just for the sake of completeness).

Lemma 2.1. Fix a € (0,1). Then, for all x, y € R", we have the a—triangle inequality:
Ix + y|* < |x|* + |y|*.
In addition, the equality holds if and only if we either have x = 0 or y = 0.

Proof. Leta, b > 0. For any r > 0, we define the function h(r) = (r + b)* — r* — b®. Notice
that
W(r)=a«a [(r +b)* !~ r“‘l] < 0.
Hence, we infer that h is strictly decreasing on [0, o) and so, one has the following
inequality:
h(a) = (a +b)* —a® = b* < h(0) = 0. (2.0.1)
For x, y € R" non zero, we get from with a = |x|, b = |y| and using the classical
triangle inequality, that
e+ yI* < (el + Iy < I + lyl”
Finally, we note that equality follows immediately whenx =0ory =0. O
Fix xo € Q. Then, we define the barrier function Ypx(x) = |x - xolf. First, we calculate

L[Y,] when 0 < < a. We note that ¢g,, will be used later in Section 3.2|to construct
sub/supersolutions as well as to show f—Holder regularity on solutions.

Proposition 2.2. Assume 0 < f < a <1, xy € Q and P, (X) = x — xolf. Then, for every
x € Q\ {xo}, we have

|
L[p1(x) < Jx — xol" ™ (m - 1] <0, (2.0.2)

where 1, >

o is the unique solution in (1, c0) to the following equation:

(ac—ﬁ)rﬁ+/3rﬁ_1 —a=0.



FRACTIONAL INFINITY LAPLACIAN WITH OBSTACLE 6

Proof. First, it is clear that
Yo (30) = Vg ()

L [(g,1(x) < = —|x — xolf . 2.0.
[l < HEE2— = (203)
On the other hand,
ly = x0lf = |x — xoff ly = x0lf = |x = xolf
L¥ps](x) = sup . ly — xl - - ly =«
yeQ, y#x y yeQ, ly—xol>|x—xol y
(Iy — Xo| )5
-1
ly = x0lf = |x — xolf oa lx — xol
< sup — . = ¥ X0l sup .
yeﬁ,ly—x0|>|x—x0| (ly xOl |x xOl) yeﬁ, [y—xol>|x—xo| (ly B Xol _ )
|l — xol
Hence
L* [ ](x) < lx —xo// ™ sup W(r), (2.0.4)
1<y < diam(@)
Jx=xg
-1 ) 0 ifax<l )
where W(r) := . We note that lim,_,;+ W(r) = and lim,_,, W(r) = 0.
(r=1) g ifa=1

Moreover, one has

pritr =1 —a(r -0 =1) prrlr-1)-a(-1) B-a)y’-pf'+a
(r— 1) (r — 1)+l (r — 1)+l

Now, set p(r) = (B — a)r’ — BrP! + a. Notice that p(1) = 0, lim,,c p(r) = —o0, and we

have

W' (r) =

pi(r)=pB -y’ = -1r' 2 = pri?[(f —ayr — (B - 1.
1-
Let rp = afﬁ be the unique root of p’(r) = 0. From above we deduce that p has a

unique root 7, > ry such that
sup W(r) = W(ry).

r>1

Combining the estimates (2.0.3) on L™ and (2.0.4) on L* , we conclude (2.0.2). But, from
Lemma 2.1, we have

P <=1 +1<(re — 1) +1.
Hence, we have L[ig,](x) <0. O
Moreover, we give an estimate on L[tg,] but in the case when = a. This will be

used in Section {4 to show a—Holder regularity on solutions to the obstacle problem
(1.0.9).

Proposition 2.3. Letting 1, »,(x) = |x — xo|* with a € (0,1) and x, € Q. Then, one has
(diam(g))“ 1

[x — xol

L[Yax](x) < - <0, forall x # xo.

(diam(Q) ~ 1)“
|x = xol
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Proof. From Lemma one has |x — xo|* < |x — y|* + |y — xo|* and so for y # x, we have
the following:
ly — xol" — |x — x|
ly — x|
with equality attained at y = xy. So, L™[14+,](x) = —1. Proceeding as in Proposition

-1,

one has
L' [axl(x) < sup W(r),
1<r<diam(Q)
lx=xl
) -1 ) Lo al—rh
with W(r) = TR In this case, W'(r) = W > 0. Consequently, we get that
(dMnﬂQva_l
i X—x
L[ty ](x) < \y(d&ami?)) _ | ol < Tim () = 1.
0 r—00

(deKD_ly
| = xo

If o <1, then we have for x # xg

(diam(Q) )a 1

lx — xol

L[lpa,xo](x) < -1+ (d1am(Q) j 1)a <0

lx = Xol
In the following lemma, we will show some estimates on L*[¢] in the case when ¢ is

a smooth function.

Lemma 2.4. Assume ¢ is a C' function in a neighborhood of some point xo € Q. Then, for
a € (0,1], we have

L7[@l(xo) < 0 < L*[@](x0).

Moreover, if « = 1 then
L*[pl(xo) = Vp(xo)l  and  L7[@](x0) < —[Vep(xo)l.
Proof. Let e be a unit vector in R". From the definition of L*, one has the following;:

@(xo + he) — p(xo) _1 @(xo + he) — p(xo)

+ > 1 1-a
L[@H%)_gg. e lim i |h|
B 0 if O0<ax<l,
Vo(xp)-e if a=1

Vo(xo)
IVp(xo)l

For @ =1, taking e =

IVp(xo)l.
The estimates on L™[¢] follow directly from the fact that L™ [¢] = —-L*[-¢]. O

when V@(xp) # 0, we deduce in this case that L*[¢](x) >

Next, we show that L*[¢] must be continuous for smooth functions ¢.

Proposition 2.5. If ¢ € C}(Q), then L*[¢p] € C(Q).
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Proof. Fix xy € Q) and let {x,,} be a sequence of points converging to x,. Let us show that
q p gmng

L*[@](xn) = L™ [@](x0).

We have W) )
Ply) — pXy
L[ol(x,) = sup ————.
P e W=l

First, assume that there exists an ¢y > 0 such that for all n there is a point y,, € Q\B(xo, &)
such that

( n) - (xn) ( ) - (xn)

L+[(P](-xn):g0y (Pa Zqoy q)a
Y — Xl ly — x|

ly = xol*
L*[p](x0). On the other hand, y, has a convergent subsequence y,, say to vy, then since

Yo F Xo,

,  forall yeQ, y#x,.

Hence, liminf, . L*[@](x,) > forevery y # xpand so, liminf, ., L*[¢](x,) >

P(o) — pxo) _ ¢(y) — ¢(x0)
lyo—xol* |y —x0l*
and so limy_,. L*[@](x,) = L*[@](x0). We conclude that in this case lim, . L*[@](x,) =

L*[p](xo).
Now, assume that for every n there is a point y, # x, such that |y, — x| — 0 when

%im L*[@](x,,) = forally € Q,y # xo,

n — oo and

Py —pla) 1 < L'[](xy) - % = %

ly — xal® n
forall y € Q, y # x,,. Take 6 > 0 such that B(xg, 6) € Q. Since ¢ € C(Q), then we clearly
have

(2.0.5)

lp(x) — p(x)] < M|x — x| Yx,x" € B(xg, 0).
If « < 1, for n large, we get

lp(yn) — p(xn)l < M, — yn|1—a 0.

|y” - xn'“
Hence, (2.0.5) becomes
% < limsup L*[¢](x,) <0, for all y # x.
- O n—00

Since y is arbitrary, then L*[¢](xy) < limsup, ,  L*[¢](x,) < 0. From Lemma we
infer that

lim L*[p](x,) = L*[¢](x0) = 0.
Finally, we assume a = 1. Notice that and Lemma 2.4/imply together that

IVo(xo)l < L*[@](x0) < hillglfy[@](x”)'

From the mean value theorem, there exists a point &, on the line segment joining x, to
Y, such that

(P(yn) B (P(xn) _ .
|yn - xnl B V@(En)

I V(&)
1Y — xal ~ Pren)l
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Then, again from (2.0.5),
lim sup L*[p](x,) < [Vo(xo)l,

n—oo

concluding in this case that
lim L*[p](x,) = L*[](x0) = Vp(xo)l. DO

Remark 2.6. Notice that the result of Proposition|2.5)fails if ¢ is assumed to be only continuous.
In fact, let xo € Q) and consider V), (x) = |x — xo|. We have from the proof of Proposition [2.3|that

L[y, ](x) = =1 for x # xo though L[, ](x0) = 1.
We complete this section with the following Lemma.

Lemma 2.7. Assunte @ € C1(Q) N C(Q) and xo € Q. Define @s(x) = @(x) + dlx — xo2, with
0 € R. Then, we have
IL[@s](x) — L{](x)] < 46|diam(Q)*™*.

In particular, this estimate implies that L[qps] converges uniformly in 6 to L[¢].
Proof. Notice that for y # x, one has
Ps(y) — ps(x) _ @(y) — (x) v ly = xo* = Ix — xof?

ly—x*  Jy—af ly — x|
_ W - -0 (y+x-2x%)
ly — x| ly — x|

Hence,

IL*[@s]1(x) = L[]l < 18lly = 2"~ (Iy = xol + |x = xol) < 26ldiam(Q)*™. O

3. EXISTENCE OF VISCOSITY SOLUTION

In this section, we show the existence of a viscosity solution to (1.0.8) by using the
Perron’s method with some conditions on the function f.

3.1. Subsolutions and Supersolutions. First of all, we start by introducing the notions
of viscosity subsolutions, supersolutions and solutions. For the theory of viscosity
solutions, we refer the reader to [12].

Definition 3.1. Let Q) be an open bounded domain, a € (0,1], and f : R = R. We say
that u : Q + R is a subsolution (resp. supersolution) to the equation L[u] = f(u) and write
L[u] = f(u) (resp. L[u] < f(u)) ifand only ifu : Q > R is upper semi- continuous (resp. lower
semi-continuous), and for any test function ¢ € C(Q) N C(Q) such that u < @ (resp. u > @)
with equality at some xo € Q then —L[p](x0) + f(@(x0)) < 0 (resp. —L[@p](x0) + f(p(x0)) > 0).
If the last inequality is strict for every such ¢ and x, we say that u is a strict subsolution (resp.
supersolution) and write L[u] > f(u) (resp. L[u] < f(u)).

We say that u is a viscosity solution to L[u] = f(u) if it is a viscosity subsolution and a
viscosity supersolution to the same equation.
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Remark 3.2. Notice that since L[-u] = —L[u] so if u is a supersolution to L[u] = f(u)
then —u is a subsolution to L[v] = —f(-v); this follows from the fact that —u is upper
semi-continuous and if ¢ € CH(Q) N C(Q) is such that —u < @ with equality at x; then
u — (—¢) attains a minimum at x, and since u is a supersolution to L[u] = f(u), we get

—L[-¢](x0) + f(=¢p(x0)) = 0.
Yet, this implies that —L[¢](x0) — f(—¢@(xo)) < 0.

Remark 3.3. The notion of viscosity solution in this paper is stronger than the one
in [10] where a viscosity solution there is not necessarily continuous but the upper
semicontinuous envelope is a subsolution and the lower semicontinuous envelope is a
supersolution.

Let u be a viscosity solution on €). Since L is a non-local operator, then it is not
clear whether or not u will be always a solution on a subset of Q. In the following
proposition, we will show that this is true provided we remove only one point.

Proposition 3.4. Fix x, € Q). Assume that u is a subsolution of L[u] = f(u) on Q, then u
is also a subsolution on Q) \ {xo}.

Proof. Letp € C'(Q\ {x})NC(Q) such that u < ¢ on Q with equality at some x; € Q\ {xo}.
From Lemma for & > 0 @s(x) = @(x) +|x —x1 > € CH(Q\ {x}) N C(Q) such that u < @
for every x € Q\ {x;) with equality at x1, and L[¢s](x1) = L[g](x1) as 6 — 0.

Fix 6 > 0. We have x # x1, let £y > 0 be such that B(x,, €9) € Q and not containing x;.

We construct a sequence ¢, € C}(Q) converging uniformly to ¢, in B(x, &) and such
that @, = @5 on Q \ B(xp, €9). We have u < @5 in B(x, &) then for n sufficiently large

u < @, in B(xy, &y) and so u < @, in Q\ {x;) with equality at x;. Since u is a subsolution
on ), then

_L[(Pn](xl) + f((pn(xl)) <0.

But, we have that outside B(xo, €¢), ¢, = @5 and so, @,(x1) = @s(x1) = @(x1). Therefore,
one has

©n(y) = Pulx1) _ su Ps(y) — (P(S(xl).

su
P =l =l

y€Q\B(xo,0), y#x1 yeQ\B(xo,£0), y#x1

Now, by uniform convergence of ¢, and since x; ¢ B(xy, €y), then we have the following:

Pn(Y) — Pulx1) = sup Ps(y) — ps(x1)

ly — x1]*

lim sup

nooo  —— |y —xq|*

y€B(xo,€0) y€B(x0,€0)

and similarly for the infimum. Hence, we get that lim,_,., L[¢,](x1) = L[@s](x1), and so
—L[ps](x1) + f(ps(x1)) < 0.
But, 6 > 0 is arbitrary and ¢s(x1) = ¢(x1) so letting 6 — 0%, we infer that —L[¢](x;1) +

f(p(x1)) <0, concluding that u is a subsolution on Q \ {xp}. O

We next show a comparison principle when f is non-decreasing which will help later
in proving our Holder estimates.
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Proposition 3.5. Assume that f is non-decreasing. Let u be a subsolution (resp. supersolution)
of L[u] = f(u) and v be a strict supersolution (resp. subsolution) such that u < v (resp. u > v)
on dQ and v € CHQ) N C(Q). Then, u < v (resp. u > v) in Q.

Proof. Assume this is not the case, i.e. there is a point x* € Q) such that u(x*) — v(x*) =
m%x[u(x) —o(x)] == M > 0. Note that the maximum is attained since u is upper
X€!

semicontinuous and v is continuous on Q. We clearly have u < v + M on Q with
u(x*) = v(x*) + M. Since u is a subsolution and v € C'(Q2) N C(Q), then we must have

—L[v + M](x*) + f(v(x*) + M) < 0.
Yet, f is non-decreasing. Hence, we get that
—L[v](x*) + f(v(x*)) < 0.

But, this contradicts the fact that v is a strict supersolution which concludes the proof.
O

Now, we prove the following stability result when f is continuous.

Proposition 3.6. Assume f is continuous. Let ¥ be a non-empty family of subsolutions to
(1.0.8). Define v(x) := sup,. u(x) < oo and assume that v is continuous on ). Then, v is a
subsolution to (1.0.8).

Proof. We show that —L[v]+ f(v) < 0in the viscosity sense. We proceed by contradiction.
Assume there exists ¢ € CH(Q) N C(Q) such that v(x) — @(x) < 0on Q with equality at
xo and such that —L[¢](x0) + f(¢(x0)) > 0. Take @s(x) = @(x) + Slx — xo>, with 6 > 0, a
peturbation of . We have v(x) < @(x) < @s(x) for x # x¢ and v(xg) = @(x0) = @s(x0).
Hence, xy is the unique maximum to v — @;. From Lemma (2.7), we have

—L[@s]1(x0) + f(@s(x0)) = =Ll@s](x0) + f(@(x0)) = —L[@](x0) + f(p(x0)) — 46diam(Q)*™* > 0,

for 6 small enough. Then, we deduce the existence of a function that we still call it
@ € CY(Q) N C(Q) such that v < ¢ with equality only at xo and such that —L[p](xo) +
f(p(x0)) > 0.

Since v(x) = sup,.+ U(xo), then for every n € IN* there exists u, € ¥ such that

v(xg) — % < u,(xo). (3.1.1)

Let M,, = sup, g[u.(x) — @(x)], which by upper-semicontinuity of u, and compactness
of Q is attained at some v, € Q.

Claim. M,, —» Oand vy, — xpasn — oo.

Proof of the Claim. Suppose there exists a subsequence v, that converges to x; € Q.

We have
M, =t Yn) = @) < 0(Yn) = P(Yn) = 0(1) = p(x1).
On the other hand, by (3.1.1), one has

1
M, > u, (x0) — p(x0) > ——.
Ny
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Then lim inf; ..o M, > 0, implying that
v(x1) = (1) 2 0,

but v < ¢ with equality only at x; hence x; = xy. We conclude that every convergent
subsequence of i, converges to x;, and hence by compactness y, — xy as n — co. From
the argument above, we get also that

lim M,, = 0.

n—-0o0

Now, we complete the proof of the proposition. We define ¢, = ¢ + M,,. Notice that
Uy = Uy — Q)+ P <M, + ¢ =@y,

with equality at y,. Then, since u, € ¥, we get

02 ~L[@a](yn) + f(@n(Yn)) 2 =LIMy +@1(yn) + f(My +@(yn)) = —LIp1(Yn) + f(Mn+ @(y2))-
Hence, thanks to Lemma (2.5), the claim and the continuity of f, we conclude that
—L[p](x0) + f(@(x0)) <0, a contradiction. O

Remark 3.7. From Remark we obtain a similar stability result for supersolutions,
that is, if G is a family of supersolutions to L[u] = f(u) and if w(x) := inf,cg u(x) is
continuous, then w is aslo a supersolution.

3.2. Perron’s Method. The aim of this subsection is to construct a viscosity solution to
(1.0.8) by applying the Perron’s method. First, we start by constructing a sub/supersolution.

Lemma 3.8. Assume f is non-decreasing and continuous, and g € C*#(dQ) for some g > 0.
Then, there exist a subsolution u™ and a supersolution u* to (1.0.8) such that u= < u* on Q
and u~ =u* = g on JQ.

Proof. Assume without loss of generality that f < a. We define
u™(x) = sup{g(xo) = Cp(x), o €9Q),  forall x€Q,

where we recall that 1 (x) = [x— x|’ and the constant C > 0is to be chosen sufficiently
large. For every x, € dQ), thanks to the monotonicity of f, we see that

—L[g(x0) = Chpx, J(x) + f(&(x0) = CPpx(x)) < CL[Yp0](x) + f(IIllco)-
Recalling Proposition 2.2} we have

2 r-1
L[ ](x) < Jx = ol ((r:— I ™ 1) < diam(Q)*™ (m - 1).

Hence,

|
~L[g(x0) = C ] + F(g(x0) = Cp,) < Cdiam(Q)F—2 ((r:_ - 1] + £(lIgllo) <0

as soon as ‘ y
C> diam(€2) f(llglloo).

b
[1 - (r:— 11)a]




FRACTIONAL INFINITY LAPLACIAN WITH OBSTACLE 13

Moreover, it is clear that u~ € C%(QQ). Thanks to Proposition this yields that u™ is a
subsolution. On the other hand, it is clear that

u”(xo) = g(x0) — CPpay(x0) = g(x0), for all x, € JQ.

Thanks to the f—Holder regularity of ¢ on JQ2, we have the following estimate for

C> [g ]a,&Q
g(x0) = CPp () < g(x), for all xq € 0Q.

Hence,
u (x) < g(x), for all x € 0Q.

Consequently, u~ = ¢ on JQ.
Now, we define

u*(x) = min{g(xo) + C Yy (x), X €9Q}  forall x € Q.
One has

—L[g(x0) + CPpq,] + f(8(x0) + CPpx)) = —CL[Pp,] + f(=lIgllc) = 0

provided that Cis large enough. Hence, thanks to Remark[3.7, u* € C*#(Q) is a viscosity
supersolution. In addition, u* = g on JQ.

Finally, let us check that u~ < u* on Q. For xj, x; € JQ), we have from Lemma
that

g(xo) — g(x1) < Clay — xolf < C(lx — xolf + |x — x1[f),  for every x € Q.
Fix x € Q. Hence, one has
g(x0) = Cp (%) < g(x1) + CPpy, (), for every x; € JQ.
Thus,
g(x0) = C gy, () < minfg(xy) + CPp, (%), x1 € dQ} = u(x), for every xg € JQ.
Consequently, we get that
u™(x) = sup{g(xo) — C 1Py, (x), xo € IQ} < u'(x) on Q.
Yet, this concludes the proof. O

We are now ready to prove Theorem 1.1, We first show the regularity of subsolutions
and then prove existence.

Proposition 3.9. Assume f is non-decreasing. If u is a bounded continuous viscosity
subsolution of (1.0.8), then u is locally p—Holderian, for any p < a. More precisely, we
have

for every w CC Q,

2ulle  [diam(Q)]*P [f(_”u”oo)]—}
dist(w, JQ)F’ 1—W(ry) ’
where using the notation of Proposition

[M]Co,ﬁ(w) < max{

-1

<1.
(re = 1)

W(ry) =
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In addition, assume that ¢ € C*(dQ), if u is a continuous viscosity solution of (1.0.8) with
u = g on 9Q, then u is fp—Holderian in Q, and we have the following estimate:

lillcory < Ol B, diam(@), gl [, [Flull]- )

Proof. Fix xg € w CC Q. Thanks to Proposition 3.4} u is a viscosity subsolution of (L.0.8)
on Q\{xy}. Now, we define
v(x) = u(xy) + Clx — xolf.
Recalling Proposition v is a strict supersolution on Q\{x,} since
—L[u(xo) + Clx = xol’] + f(u(xo) + Clx — x/’) = =CL[lx — x0l’] + f(~llullwc) > 0

[diam(@)1** [f(-llulle)]-
T-9(r,)

as soon as C > . Moreover, one has v(xg) = u(xp), and for every

x € dQ), we have
u(x) — v(x) = u(x) — u(xo) — Clx — xolf < 2||ulleo — C dist(w, IQ)? <0

as soon as we choose the constant C > 2||ul|/dist(w, dQ)F. Thanks to the comparison
principle in Proposition 3.5 we infer that u < v in Q\{x,} and so, we have

u(x) <u(xo) + Clx —xoff  forall x € w.
Interchanging the role of xy and x, we get that
|u(x) = u(xo)l < Clx = xolf.

This shows that u € C%(w).
Now, let us show the second statement. Assume g € C*#(dQ). Fix xo € dQ. Then, we
set the function
w*(x) = g(xo) + Clx = xolf,
where C > [g]ga0. Since g € C*#(dQ) and u = g on JQ, then we have for every x € 9Q
the following inequality:

u(x) = g(x) < glxo) + Clr = xolf = w*(x).

Moreover, one can show thatw™ is a strict supersolution provided that Cis large enough.
Indeed,

~L[w*] + f(w") = =CL[Yp] + f(8(x0) + Clx = xol) = Clx — xol™*[1 = W(r,)] + f(~lIgll) > O

provided that
. a_ﬁ _
c » dam@)TPLFlgllo)l-
1-W(ry)
Thanks again to the comparison principle in Proposition so we get that u < w™ in

Q). Therefore, one has
u(x) < g(xo) + Clx —xolf,  forall x € Q.

In the same way, we set
w™(x) = g(x0) — Clx — xo’,
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where C > 0 is a large constant that we will choose later. We claim that w™ is a strict
subsolution. In fact, we have the following;:

~L[w ]+ f(w™) = CL[Yp] + f(8(x0) = Clx = x0l) < Clx — 0/ *[W(rs) = 1] + f(lIgll) < O

provided that

. diam(Q)* P [£(llglleo)]+
= 1-W(r,) '

On the other hand, assuming that the constant C > [¢]zo0 then we get thanks to the
Holder regularity of g that

u(x) = g(x) = w(x) = g(xo) — Clx — xolf, for all x € 9Q.

Hence,
u(x) >w(x), forall xeQ.
Consequently,
w™(x) < u(x) <w(x), for all x € Q.
Yet, u(xp) = g(xo). Then,
lu(x) — u(x)| < Clx —xoff,  forall xeQ.

Now, we are ready to prove our existence result.

Theorem 3.10. Under the assumptions that f is non-decreasing, continuous and g € C*#(9Q)
for some B > 0, there exists a viscosity solution u to Problem (1.0.8).

Proof. Without loss of generality, we assume that < a. Set
S = {w € C(Q) is a subsolution : ¥~ <w <u* on 5}

First, we note that S # () since the subsolution u~ constructed in Lemma [3.§ belongs to
S. Then, we define the function

u =supw.
weS

For any w € S, we clearly have
lolleo < max{lles*{leo, Il oo} = A
Then, by Proposition 3.9 one has

2A Mmmmm*ﬂﬂfML}
dist(w, dQ)B’ 1-W(r,) ’

[W]cos) < rnax{ for every w ccC Q.

Hence, we infer that u is locally f—Holder. In particular, u is continuous in Q. From
Proposition this implies that u is a subsolution of (1.0.8) with u = g on JQ.
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Let us show that u is also a supersolution, so that it will be a viscosity solution.
Assume that this is not the case, i.e. there is a point x; € Q and a function ¢ €
CHQ) N C(Q) such that u > ¢ on Q with u(xy) = ¢(x) and

~L{@I(x0) + fp(x0)) <O. (3.2.1)

We recall that we may assume x, to be the unique minimum of u — ¢. Indeed, for 6 > 0
small enough, set @s(x) = @(x) — dlx — xo[>. Hence, we clearly have @5 < ¢ < u on Q
with @5(x0) = @(x) = u(xp). Moreover, by Lemma we have

—L[ps](x0) + f(@s(x0)) < —L[p](x0) + CO + f(p(x0)) <O,

as soon as 0 > 0 is sufficiently small.

Now, we claim that u(xy) < u*(xp). Suppose it is not the case, i.e. we have u(xy) =
u*(xp). Hence, we infer that ¢ < u < u* on Q with u*(xg) = @(x9), and having u™ is a
viscosity supersolution, then

—L{pl(x0) + f(p(x0)) 2 0,

which is a contradiction.

Since u*, ¢ are continuous on Q, @(xg) = u(xp) < u*(xp), ® < u < u" and xy is the
unique minimum of u — ¢, then there will be a small constant {y > O such that o +C < u*
on Q, for all 0 < { < (. We set

uc = maxiu, ¢ + C}.

We shall prove that u; € S, for C > 0 small enough. In this case, since u > u; on Q, one
has in particular at x = x; that

u(xo) = uc(xo) = p(xo) + C = u(x) + ¢,

which is clearly a contradiction as C > 0. Hence, it remains to prove the claim that
uc € S. First, it is clear that u~ < u < ug < u™. Let us show that u; is a subsolution.
Assume it is not the case, so there exists a point x; € Q and a function ¢ € CH(Q)N C(Q)
such that u; < ¢ on Q and u(x;) = @¢(x;) with

—Llpc](xc) + f(pc(xc)) > 0. (3.2.2)

Here, we have two possibilities: either u¢(x;) = u(xc) or uc(xc) = @(xc) + C. If uc(xe) =
u(x¢) for some C, then we have u(x;) = @c(x¢) and u < ur < . But u is a subsolution,
then we must have
—Llpcl(xo) + fpc(xo) <0,
which is a contradiction.
The remaining case is when u¢(x¢) = @(x¢) + C for all C small, so @¢(x¢) = @(x) + C.
Since ¢ + C < ug < ¢, then one has

P =pc—C on Q.

Hence, we have
Llg](xc) < Loz = Cl(xc) = Llgc](xo)-
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In particular, we get that

—Llpcd(xc) + f(p(x0)) < =Llp](xc) + f(p(xc)).

Consequently,

[=Llpcl(xc) + fl@cxo)] + [f(@(x0) = f(pc(xo))] < =Llpl(xc) + f(p(xc))- (3.2.3)

Recalling (3.2.2), yields that
flp(x)) = f(@c(x0)) < —Llgl(xc) + fp(x0)). (3.2.4)

However, we claim that the sequence of points x; converges to xo. Otherwise, it means
that up to a subsequence x; — x* # xy. But, we have

u(xe) < ue(xe) = p(xe) + ¢, forall C.

Letting C — 0%, we infer that u(x*) < @(x*). Hence, u(x*) = ¢(x*) and x* is a minimum
point of u — ¢. Yet, xy is the unique minimum point for u — ¢ and so, x* = x¢. Yet, this
is also a contradiction. So, our claim is proved.

Passing to the limit in (3.2.4), we get

0 < -Llgl(xo) + f(p(x0))-
But, this contradicts (3.2.1). Hence, this concludes the proof that u; € S. O

We finish this section by the following observation that we will use in the next section.

Remark 3.11. Assume the boundary datum g > 0 on JQ. Recalling the construction of
the supersolution u* in Lemma we see that u* > 0 in ). However, the subsolution
u~ defined in Lemma [3.8/is not necessarily nonnegative.

Now, assume f = 0 on R™. Then, there will always be a nonnegative subsolution
u~ such that u= < u* on Q and u* = u~ = g on dQ. In fact, it is easy to see that
w* := max{u~, 0} is also a subsolution with w* = g on JQ). Moreover, we have w* < u™.
Hence, w* € S. From the definition of the Perron’s solution u (see Proposition [3.10),
this yields that

u=supw >w*>0.
weS
Then, u > 0 on Q.
Finally, assume that there is a point xy € € such that u(xp) = 0. Since u # 0 and
u € C(Q), then there is a point x* # xo € Q such that u > %*) > 0 on B(x*, €), where
¢ > 0 is small enough. Now, let ¢ € C}(Q) N C(Q) be such that supp(@) C B(x*, ¢) and
0<¢c< %*). In particular, we have u > ¢ and u(xp) = @(x9) = 0. Therefore, we must

have
0 < L[g](x0) < f(p(x0)) =0,

which is a contradiction.
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Notice also that when f = 0 on IR™, we obtain from Proposition 3.9 the following
uniform (does not depend on the solution u) estimate:

Iilcos, < Ca B, diam(©), liglleosoen, F(lglh))

4. OBSTACLE PROBLEM

In this section, we assume that f : [0,00) + IR is continuous, non-negative and
non-decreasing and g > 0 on dQ. Assuming a < 1. We prove Theorem [1.2)by showing
that there exists a non-negative function u that is locally a—H®élder continuous and in
C%(Q) for any B < a, solution to the following obstacle problem

{L[u] = f(u) in {u>0}

(4.0.1)
u=g on JQ

Proof of Theorem([1.2} In the case when f(0) = 0, we extend f by 0 on R™. Then, this
extension (we still denote it by f) is continuous and non-decreasing on R and so, by
Proposition[3.10} Problem has a solution u. Thanks to Remark[3.11} u > 0. Hence,
u solves Problem (4.0.1).

We consider now the case when f(0) > 0. Let f. be a sequence of non-decreasing
continuous functions such that f, = 0 on R™ and f, = f on [¢, +o0). For every ¢ > 0,
by Proposition we know that there exists a solution u, to Problem with
ue = g on JQ. Recalling Remark we may assume that u, > 0 on Q. In addition,
by Proposition 3.9 we have that

Ileors, < € B, diam(@), lgllessn, Flglhe)),

for ¢ > 0 small enough. Hence, (u.), is bounded in C%(Q). Therefore, up to a
subsequence, 1, — u uniformly in C*#(Q) and u > 0 on Q.

We will show that u is a viscosity subsolution to (the fact that u is a supersolution
can be treated similarly). Therefore, u will be a viscosity solution for Problem (4.0.1)
with boundary datum u = g. Assume by contradiction that u is not a subsolution then
there exists xy € {u > 0} and a function ¢ € C(Q) N CY(Q) such that u < ¢ on Q with
u(xp) = @(xop) but

~Llp](xo) + f(p(x0)) > 0.
Thanks to the uniform convergence of u, to u, one can find a sequence ¢, converging
uniformly to ¢ such that ¢, € C(Q) N CYQ), u, < Q. on Q and u.(x.) = @e(x.), where
x. — xo when ¢ — 0. Since 1, is a viscosity solution, then

~Llp:l(xe) + fel@e(xe)) < 0. (4.0.2)
Yet,
Lpdec) = sup LW =PCD -y W) = pelee)
yeQ, y#x, |]/ = X yeQ, y#x. |y — x|
We claim that

ILlpe](xe) = LIpl(xo)l < Clipe = @Il
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We will show this inequality for L* (the proof for L~ will be similar and so, it will be
omitted). First, one has
(Pe(y) B (Pe(xe) _ (P(y) B (P(xs) " (Pe(]/) - §0(]/) + @(xe) - gos(xs)
|y — x| |y — x| ly = xl*
But, it is clear that

Pe(y) — p(y) + p(xe) — Pe(x:) <2 min{”% - 90”00’ Cly - x£|1_a},
ly — xel® Xel®

| &

where C < oo is a uniform constant such that Lip(¢,.), Lip(¢) < C on B(xy, 6), for 6 > 0
small enough. Then, we get that

P(y) — W) + ) = pelxe) _ . {Il(ps ~ Pl
<Cmin{ —
ly — xel® ly — x|
On the other hand, it is clear that ¢.(x.) = @(x9) > 0 and so, f.(p.(x;:)) = f(p:(xe)) —
f(@(x0)). Hence, thanks to Lemma and passing to the limit when ¢ — 0 in (4.0.2),
we infer that

ly— xe|1-“} < Cllpe — =,

—L[p](x0) + f(¢(x0)) <0,

which contradicts our main assumption.

Finally, following the same argument in Proposition 3.9/and using the fact that f = 0
on R~ and Propositon 2.3} we get that u. are locally a—Holder continuous uniformly in
€, then letting € — 0 we get that u is locally Holder continuous. m|
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