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Abstract

In this paper, we investigate the recovery of the sparse representation of data in general
infinite-dimensional optimization problems regularized by convex functionals. We show that
it is possible to define a suitable non-degeneracy condition on the minimal-norm dual cer-
tificate, extending the well-established non-degeneracy source condition (NDSC) associated
with total variation regularized problems in the space of measures, as introduced in [31]. In
our general setting, we need to study how the dual certificate is acting, through the duality
product, on the set of extreme points of the ball of the regularizer, seen as a metric space.
This justifies the name Metric Non-Degenerate Source Condition (MNDSC). More precisely,
we impose a second-order condition on the dual certificate, evaluated on curves with values
in small neighbourhoods of a given collection of n extreme points. By assuming the validity
of the MNDSC, together with the linear independence of the measurements on these extreme
points, we establish that, for a suitable choice of regularization parameters and noise levels,
the minimizer of the minimization problem is unique and is uniquely represented as a linear
combination of n extreme points. The paper concludes by obtaining explicit formulations
of the MNDSC for three problems of interest. First, we examine total variation regularized
deconvolution problems, showing that the classical NDSC implies our MNDSC, and recov-
ering a result similar to [31]. Then, we consider 1-dimensional BV functions regularized
with their BV-seminorm and pairs of measures regularized with their mutual 1-Wasserstein
distance. In each case, we provide explicit versions of the MNDSC and formulate specific
sparse representation recovery results.

1 Introduction

In this paper, we are concerned with the recovery of the sparse representation of data in convex
optimization problems formulated in general Banach spaces. In particular, given a Banach
space X, a linear operator K mapping to a Hilbert space Y, and a convex functional G, we
are interested in ensuring both sparsity and uniqueness for the minimizers of the following
minimization problem:

1
Jg)fdllf(u—yo—WH%Jr)\G(U)a (PA(yo + w))

for a small parameter A > 0 and low noise w € Y. We aim at obtaining such a result under
suitable assumptions on the solution ug € X to the following hard-constrained problem with no
noise:

vex i, G- (Pu(y0))

Convex optimization problems such as Py (yg) and Py(yo + w) have been successfully employed
in a wide variety of fields, where data is best modelled as an infinite dimensional Banach space.
From an inverse problems perspective [8], Px(yo + w) is a classical Tikhonov regularization
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problem. This is employed to reconstruct the original data ug from a noisy measurement yg =
Kug — w by enforcing a regularization given by the convex penalty G. Notable applications
can be found in various domains, such as super-resolution where G is the total variation of
Radon measures (BLASSO) [6, 21], image processing with G as the BV-seminorm (or higher-
order variants) of an image [49, 17, 24], PDE-based optimization and splines theory where G
is the residual of a given PDE [52, 29, 51], inverse problems regularized with optimal transport
energies [22, 16, 13], and more recently, in theoretical machine learning approaches [7, 45].

The sparse structure of minimizers for the problems Py (yo) and Pi(yo + w) has been recently
the focus of many works. In [10, 11] it has been pointed out that the sparse building blocks of
Pr(yo) and Py(yo + w) are the extreme points of the ball of the regularizer G. This claim has
been justified by the introduction of so-called representer theorems [10, 11] that, under finite
dimensional measurements, ensure the existence of a minimizer that can be represented as a
finite linear combination of such extreme points. In recent years, representer theorems have been
obtained for a wide range of optimization problems, showing the generality of such an infinite-
dimensional point of view of sparsity. We refer the interested reader to [12, 22, 43, 41, 45, 1,2, 19]
for more examples of representer theorems. However, despite their generality, these results are
only scraping the surface of an infinite-dimensional theory of sparsity. This paper aims at
achieving a firm step in this direction, addressing the sparse representation recovery of solutions
to Px(yo + w). It is important to remark that representer theorems apply to problems with
finite-dimensional data, whereas the present paper deals with an infinite-dimensional Hilbert
space Y. In this context, a solution wug, obtained from the hard-constrained problem, must be
assumed to be sparse.

The study of sparse representation recovery in finite dimension received extensive attention dur-
ing the 1990s, particularly focusing on sparse stability and recovery properties of ¢!-regularized
optimization problems [28, 35]. On the contrary, similar results in infinite-dimensional settings
have been achieved only recently. Sparse representation recovery has been successfully analyzed
for TV-regularized problems in the space of measures on the torus (BLASSO), as presented in
the seminal work of Duval and Peyré [31]. This result was later extended to variants of BLASSO
and under more general perturbations in [30, 27, 40, 47, 48]. However, beyond BLASSO, very
little is known. While few recent results have been obtained for TV-regularized BV functions
[23, 39], a general theory is currently not available. This paper aims to bridge this gap.

In their work [31], the authors proved that, for a sparse measure po = > iy 065333 such that
Ko = yo, and satisfying a suitable non-degenerate source condition (NDSC) for the minimal-
norm dual certificate 9 € C(T), the minimizer of BLASSO is unique and composed exactly of
n Dirac deltas as pg. The NDSC introduced in [31] requires that ng is twice differentiable, and
the following conditions hold:

(1) Im K. N O||pollarery # 0,
(it) argmax, |no(x)| = {xg, ..., 25},
(iii) nf(zh) # 0 for every i = 1,...,n.

Since the extreme points of the unit ball of the total variation are precisely Dirac deltas, our
work can be viewed as an extension of [31] to general convex optimization problems whose sparse
structure is determined by the extreme points of the ball of the regularizer G. In particular,
given ug = >0 4 chuf such that ¢ > 0, u} € Ext({u € X : G(u) < 1}) and Kugy = yo, we aim to
prove that the solution 4y € X to Py(yo + w) is unique and can be uniquely represented as a
linear combination of n extreme points of {u € X : G(u) < 1}. Similarly to [31], we also need to
impose a set of appropriate assumptions on the solution to the dual problem of Py (yo). These
assumptions are necessary to guarantee the uniqueness and sparsity of the minimizer of Py (yo),
that there exists a solution to the dual problem associated with P (o), and to ensure a non-
degeneracy for the dual certificate. To this end, we consider the minimal-norm dual certificate



for P (yo), defined as ng := K.py € X, where pg represents the minimal-norm solution to the
dual problem associated with Py (yo). Since the extreme points of the ball of G are, in general,
not Dirac deltas, we have to examine how 1y is acting on the extreme points set. This is achieved
by looking at the duality mapping

u— (no,u), (1.1)

where u € B := Ext({u € X : G(u) < 1}) . In particular, B is a metric space because there
exists a metric dg that metrizes the weak™ convergence on B. Therefore, to understand the non-
degeneracy of (1.1), we have to analyze the local behaviour of the mapping (1.1), taking values on
the metric space B (according to the metric topology of B). These considerations justify our term
Metric Non-Degenerate Source Condition (MNDSC) and lead to the following generalization of
conditions (i), (#4) and (ii7). Condition (i) can be simply rewritten for general regularizers G
and turns out to be the classical source condition in inverse problems [20]. Condition (i7) can
be generalized in our setting by simply requiring that the duality product (1.1) achieves its
maximum precisely on the extreme points {uj, ..., u2} representing ug. The crucial challenge
of this paper lies in the generalization of condition (ii7). Indeed, since we avoid making any
structural assumptions about B, the task is to formulate a suitable second-order condition for
the mapping (1.1), where u is varying in the metric space B. This challenge is compounded
by the fact that, in general, B lacks a differentiable structure. To overcome these difficulties,
we introduce a non-degeneracy condition formulated using parameterized curves in the metric
space B. Precisely, we require that there exist £, > 0 such that for any two elements in
Be(ud) := {u € B:dg (u},u) < e}, there exists a curve v : [0,1] — B.(u)), connecting them,
satisfying

d2

—3(m0,7(D) < =8 vt e (0,1). (1.2)

We note that this non-degeneracy condition is not defined pointwise, in the sense that (1.2)
must hold for any pair of points in a neighbourhood of u. In other words, we are testing the
non-degeneracy along all the possible curves inside B.(u}), not only those passing through uj.
With the MNDSC established, we can proceed to describe our main theorem. We define the set
of admissible parameters/noise levels as

Noxo ={(Aw) e Ry xY :0< A< N and |Jw|ly < a}, (1.3)

for suitably chosen values of @ and A\g. Note that the set (1.3) is the classical admissible region
that allows to show the convergence of minimizers of Py(yo + w) to those of Pp(yo). This
convergence is observed when both the noise level and regularization parameter approach zero
while belonging to N, », [38]. We consider ug = Y.I"; chuf such that Kug = yo, where ¢ > 0
and u} € B\ {0} for every i = 1,...,n. We prove that if ug satisfies the MNDSC, and if
{Kué}zn:l are linearly independent, then, for ¢ > 0 small enough, there exist a > 0,y > 0
such that, for all (A, w) € Ng \,, the solution @y to Px(yo + w) is unique and admits a unique
representation of the form:

n
~ ~i ~1
u) = ZC)\UA,
=1

where @4 € B.(u}) \ {0} such that (fjy,a5) = 1, & > 0 and & are continuous functions of
(A, w). We call this result ezact sparse representation recovery, meaning that in a suitable range
of parameters (A, w), the representation of @) recovers the sparse representation of uy with the
same number of extreme points. Moreover, this recovery process is continuous with respect to
the weights and the extreme points in the representation, where, for the latter, continuity is
defined in the metric topology of B.



To conclude the paper, we provide three specific examples showing possible applications of our
result. The first example aims at recovering the results of [31] by applying our general theorem.
We consider BLASSO for Radon measures on the torus and convolutional operator K. Since the
extreme points of the ball of the total variation are signed Dirac deltas, we establish a connection
between our MNDSC and the NDSC introduced in [31]. In particular, the NDSC implies our
MNDSC for this specific case. Additionally, we show that, by applying our main theorem, we
can achieve a result similar to the one presented in [31], without obtaining a decay rate for the
coefficients and the locations of the Dirac deltas. This difference results from our use of a more
general version of the implicit function theorem [42], which does not require differentiability of
the function with respect to all variables, but ensures only continuity for the unique implicit
function obtained through the theorem.

In the second example, we shift our focus to one-dimensional BV functions with zero boundary
conditions, using the BV-seminorm as the regularizer. We prove that the extreme points are
signed indicator functions of an interval contained in (0, 1). Moreover, we show that the MNDSC
can be ensured by requiring that the first derivative of the minimal-norm dual certificate has a
suitable sign at the jumps of wug.

In our final example, we consider pairs of Radon measures on the torus, regularized with the
mutual 1-Wasserstein distance and their total variation norms. Taking advantage of the results
in [22], we prove that the extreme points of the regularizer include not only the trivial pair (0,0),
but also pairs of rescaled Dirac deltas of the form ( %, QJF‘ST”_;E‘) We show that our general
MNDSC can be ensured by requiring that the Hessian of the #unction

wo(z) +¢o(Z)

F(z,7) = 24 —7

is negative definite on the support of ug, where n9 = (0,%0) € C?(T) x C%(T) is the minimal-
norm dual certificate. This condition is a reminiscence of the second-order condition required in
[22] to prove fast convergence of a generalized conditional gradient method [14, 54, 25, 13, 15]
for an optimization problem regularized with the KR-norm [37].

1.1 Outline of the paper

In Section 2, we introduce the notations and preliminary results that are used throughout
the paper. In Section 3, we present the minimization problems Pp(yo) and Px(yo + w), their
corresponding dual formulations, and discuss their optimality conditions. In Section 4, we
introduce the Metric Non-Degenerate Source Condition (MNDSC) and show how it implies that
the solution to Py (yo + w) has a unique extreme point in a neighbourhood of each extreme point
representing the solution to Py (yg). Section 5 is devoted to our main result, which provides the
exact sparse representation recovery of the solution @y to Py(yo + w). Finally, in Section 6, we
present and analyze three examples. In these examples, we rephrase the MNDSC and apply our
main theorem to practical scenarios, showing its applicability and relevance.

2 Notations and Preliminaries

Let X be a Banach space with the norm denoted by | - || x and Y an Hilbert Space with scalar
product (+,-). Suppose that X is the dual of a separable Banach space X, with norm denoted
by || - ||x.. We consider:

e K:X —Y is a linear weak*-to-weak continuous operator;

o G:X —[0,400] is a convex, weak™® lower semi-continuous and positively 1-homogeneous
functional, i.e. G(Au) = AG(u) for every A > 0.



We denote the duality pairing between n € X, and v € X by (n,u). Since the linear operator
K : X — Y is weak*-to-weak continuous, there exists a linear continuous operator K, : Y — X,,
that is the pre-adjoint of K [18, Remark 3.2]. In particular, it holds that

(Kyy,u) = (Ku,y) VyeVY, ueX.

Moreover, the existence of such a continuous pre-adjoint K, implies the strong-to-strong conti-
nuity of the operator K. We make the following additional assumptions on G.

Assumption 2.1 (Assumptions on G). The following assumptions on G hold:

(1) The sublevel set
ST(G,a) ={ue X :G(u) < a} (2.1)

is weak* compact for every a > 0.
(2) 0is an interior point of 0G(0).

Remark 2.2. Note that item (2) in Assumption 2.1 is only required to ensure strong duality
for the minimization problem and consequently the validity of standard optimality conditions.
Therefore, independently of the validity of (2), all the results of this paper would carry through
if strong duality and optimality conditions hold.

We set B = S7(G, 1) and we give the following definition of extreme points of B.

Definition 2.3 (Extreme points). An element u € B is called an extreme point of B if for every
uy,ug € Bys € (0,1) with u = (1 — s)uy + sug, then u; = uy = u.

The set of all extreme points of B is denoted as Ext(B). By the Krein-Milman theorem, which
applies because B is weak™ compact, non-empty, and convex due to the assumptions on G, we
conclude that Ext(B) # 0. Let B := Ext(B) . Since the predual space X, is separable and B is
weak* compact, there exists a metric dg metrizing the weak™ convergence on B. In other words,
for any sequences (uy),cy in B and u € B, we have:

up — U = kl;n;o dg (ug,u) = 0.
In particular, we know that (B,dp) is a compact separable metric space.
Remark 2.4. Note that, since B = B", we have that
Ext(B) C B C B.
Assumption 2.5 (Assumption on K). We make the following additional assumption on K:
1. The operator K : X — Y is sequentially weak*-to-strong continuous in
dom(G) :={u € X : G(u) < oo},

ie., for any sequence (uy),cy in dom(G) such that uj, — u for some u € X, it holds that
Kup — KuinY.

Thanks to Choquet Theorem [46, page 14] we are able to work with measures on the metric space
B instead of considering u € X. Let us introduce some notations and definitions of measures on
metric spaces. Denoting the space of real-valued bounded continuous functions over B as C(B),
we endow it with the supremum norm

1 fllcwm) = rggglf(lt)l, (2.2)



which transforms it into a Banach space. In line with the definitions presented in [3], we denote
11 as the o-algebra of Borel sets on B with respect to the topology induced by dg. A finite Radon
measure on B is a o-additive mapping p : [T — R, and we classify p as positive if u(E) € [0,400)
holds for every E € II. Given a finite Radon measure p, its total variation measure |u| is defined
as

l(E) i=sup{ [ p@)du@) i ¢ € CB), Ivllow <1} € 0 +00) VEe L

The set of finite Radon measures over B is a vector space denoted by M (B), which turns into a
Banach space when equipped with the following total variation norm

14l sy = [l (B)-

We note that M (B) endowed with its weak™ topology is a locally convex space, with its pre-dual
being precisely C(B) with the norm (2.2). The duality pairing will be referred to as (-, -)s.
Additionally, we denote M ™ (B) as the set of all positive finite Radon measures on B.

Definition 2.6 (Support of a measure). The support of a measure p € M (B) is defined as

supp p:={v € B : Ve > 0, |u|(B:(v)) > 0},
where B.(v) :={w € B :dp(v,w) < e}.

Definition 2.7 (Barycenter). We say that a measure p € M ™ (B) represents u € X if

(n,u) =/B<777v>du(v) vn € X, (2.3)

An element u € X such that (2.3) holds is also called the barycenter of y in B.

Finally, for the convenience of the reader, we give the following definitions.

Definition 2.8 (Choquet set). Given u € X, we define a Choquet set as follows:
Cy :=A{p € M*(B) : i represents u and G(u) = ||pl|p ) }-

Remark 2.9. Thanks to [14, Proposition 5.2], that is based on Choquet Theorem [46, page
14], we have that each u € B is the barycenter of at least one measure p € M™(B) with
G(u) = ||pllars)- Therefore, the set C, is non-empty.

Definition 2.10 (Unique Representation). We say that u € X is uniquely representable if and
only if there exists only one u € C,,.

3 Minimization Problems

Given an observation yg = Kug € Y for some uy € dom(G), we aim at reconstructing the data
ug from the measurement 1y, by solving either the soft-constrained problem

.1
Jg(jmu—yo\@/*')\@(u), (Pa(yo))
or the hard-constrained problem
inf  G(u).
vex G (Pn(y0))



If the observation is noisy we want to reconstruct ug by solving
g 51K I3 +AG ()
inf — — Yo —

ol ol =Y — wily u),

where w € Y is the noise and A > 0 is a well-chosen value. Thanks to our initial assumptions,
solutions exist for both Pp(yo) and Pi(yo) (analogously for Pi(yo + w)) through the direct
methods of the calculus of variations. In particular, the existence of minimizers for Py (yo)
follows from the weak™ compactness of the sublevel sets of G (as indicated by (1) in Assumption
2.1) and the weak* lower semi-continuity of G, combined with the weak*-to-weak continuity of
K, and the convexity and continuity of || - ||2-. The existence of minimizers for Py (yo) follows
by analogous reasoning, noticing that uy € dom(G) and that the constraint Ku = yq is closed
under weak® convergence, due to the weak™-to-weak continuity of K.

3.1 Duality theory and optimality conditions

In this section, we introduce a useful tool for the study of our minimization problem, which is
the associated dual problem. The Fenchel dual problem associated with Py (yo) is given by (see
for instance [32, Remark 4.2, Chapter III])

)\2
sup — Ayo.p) = S lIpl- (DA (v0))
pEY :K.pcdG(0)

Under our assumptions, we can prove strong duality and provide suitable optimality conditions
for Px(yo) and D (yo).

Proposition 3.1. The strong duality between Py (yo) and Dx(yo) holds, namely

A2 1
S Ayo,p) — 5 Ipl} = min o 1 Ku — gol} + AG(w). (31)
pEY: K, .pedG(0) ueX
Moreover, the existence of uy € X solution to Px(yo) and px € Y solution to Dy(yo), is equivalent
to the following optimality conditions:

{K*m € 0G(uy),

1 (3.2)
=P = (Kuy —y0)-

Proof. Note that, since G(0) = 0 < oo and the function w — ||w — yo||? is continuous in Y for
every w € Y, we can apply [32, Remark 4.2, Chapter III] and write that

: 1 2 . HQH% * K*q
min 1K~ ol + AG() = sup(,) ~ ¥ - A ( : )

Since G is positively 1-homogeneous, it is a standard fact that its Fenchel conjugate is the
characteristic function of dG(0), denoted as xag(p)- Therefore, with the rescaling argument
q/A = p, we obtain (3.1):

1 q 2 K.q
min §||KU —yoll¥ + AG(u) = sup (yo,q) — lally AXaG(0) < >

qu 2 )\
2
q

= sup  (y0,q) — %

qeY:££1€0G(0)

2
p

= sup  Ayo,p)— el

pEY K. pedG(0) 2



From [32, Remark 4.2, Chapter III], we get that uy € X is a solution to Py(yp) and ¢\ € Y is a
solution to

lall5
2

sup (Yo, q) —
qeY:52€0G(0)

if and only if
Kiqx

€ aG(U)\),

[
2

1
§”KUA —yoll¥ — (o, qn) + + (gx, Kuy) = 0.

The second optimality condition becomes:

15 ux = yoll¥ — 2(y0, ax) + llar ¥ + 2(ax, Kuy)

= (Kuy — yo, Kux — yo) + 2(Kux — yo,9x) + (ax, qn)

= (Kux — yo, Kux — yo + qx) + (Kux — Yo + qx, q)

= |[Kux —yo + oally =0 & Kuy —yo+qx = 0.
Therefore, we obtain the following optimality conditions:

Kiqy
A
—q = Kuy — yo.

€ 0G(uy),

Finally, by setting pyn = ¢x/\, we obtain the desired optimality conditions (3.2) for py € Y
solving the problem Dj(yp). O

Note that, finding 7y € 0G(u)) such that ny = K.p) = —%K*(KU)\ — yo) gives a proof that
uy is a solution to Py(yo). As a result, we name ny a dual certificate for uy (following the
definition proposed in [31]). Moreover, observe that Dy(yp) shares the same minimizers with
the minimization problem

Yo 2
~ — D

. (D4 (30))

min .
pEY :K.pedG(0) Y
In particular, note that {p € Y : K,p € 0G(0)} is weak closed since K, is weak-to-weak
continuous. Therefore, due to the weak lower semi-continuity of || - ||y, the problem D4 (yo), and
thus D) (yo) as well, always admits a minimizer. Finally, since D) (yo) is the projection of yo/A
onto the closed convex set {p € Y : K,p € 9G(0)}, such solution is also unique and it will be

denoted by p).

Remark 3.2. Note that the same argument applies to the problem with noise, as defined in
Px(yo + w). In this context, the associated dual problem becomes:

)\2
sup  Myo +w,p) — o (Do + w))
peY:K,pedG(0)
In particular, the strong duality (3.1) remains valid with yo + w instead of yo. Moreover, the
existence of ) solution to Py(yp + w) and py solution to Dy(yo + w), is equivalent to the
following optimality conditions:

1 (3.3)

K*ﬁ)\ S 8G(ﬂ>\)’
—pr = X(K@A — Yo — w).

Similarly to the noiseless case, a unique solution py exists always for D) (yp + w) and we denote
as 7y = K,py the dual certificate for .



If we look instead at the problem with a hard-constrained Py, (yo), its dual counterpart is

sup (Y0, D). (Du(wo))
pEY:K.pedG(0)

Let us proceed to analyze the strong duality and the optimality conditions for Py, (yo) and Dy, (yo).

Proposition 3.3. The strong duality between Pp(yo) and Dy (yo) holds, namely

min  G(u) = sup Yo, D)- 3.4
ueX: Ku=yo () peY:K*peaG(O)( ) ( )

Moreover, the existence of ug € X solution to Pp(yo) and pg € Y solution to Dp(yo), is equivalent
to the following optimality conditions:

(3.5)

{K*PO S 8G(U0),
Kug = yo.

Proof. Consider the problem

- sup (Y0, p) = min —(yo, p) + Xac(0) (K«p)-
pEY:K.pedG(0) peY

Since 0 is an interior point of dG(0), we know that xaq(o) is continuous at zero in X,. Therefore,
we can apply [32, Remark 4.2, Chapter III] to get that

min —(yo, p) + Xoc(0) (K«p) = sup “X{w=—yop(W) —G-w) == min _G(-w).
If we apply the change of variable u = —w, we obtain:
- sup (Y0,P) = SUp —X{Ku=yo}(v) —G(u) = sup —G(u)=— min G(u),
peY :K,pedG(0) ueX ueX:Ku=yo ueX:Ku=yo

which is equivalent to (3.4). Once again, by [32, Remark 4.2, Chapter III], we establish that
po € Y is a solution to Dy (yo) and wy € X is a solution to

in K.
gg/l (0, ) + Xoc () (K«p)
if and only if

{ = (Y0, P0) + X{Kwo=—yo} — (Kw0,p0) = 0 & Kwy = —ypo, (3.6)

— wo € IXac(0)(K«po)-

Thanks to [32, Corollary 5.2, Chapter I], the second optimality condition in (3.6) is equivalently
expressed as

K.po € 0G(—wy).
By setting ug = —wq, we obtain:

KUO = Yo,
K.po € 0G(ug),

which are the desired optimality conditions (3.5) for ugp € X solving the problem P (yp). O



Considering the problem Dy, (yp), it is important to note that we do not know if a solution exists.
Therefore, in the following, we will proceed with the assumption that a solution does indeed
exist until we define the Metric Non-Degenerate Source Condition. Moreover, we keep using
a similar notation for the dual certificate associated with Pp(yo), denoted as 19 = Kypo. In
general, dual certificates for Py (yo) are not unique. Therefore, for the upcoming analysis and
following the same approach as in [31], we will consider the dual certificate that possesses the
minimal norm in the Hilbert space Y.

Definition 3.4 (Minimal-norm dual certificate). The minimal-norm dual certificate associated
with Pp(yo) (when it exists) is defined as 19 = K,py, where py € Y is the unique solution to
Dp(yo) with minimal || - ||y norm. In other words:

po = argmin {||p||y : p € Y is a solution to Dy (yo)} -

Now, if a solution to Dp(yo) exists, the unique solution to Dy(yo) converges strongly to the
minimal-norm solution to Dp,(yp) as A — 0. This is stated in the following proposition. Its proof
follows similar reasoning as [31, Proposition 1].

Proposition 3.5 (Convergence of the dual solution). Let py be the unique solution to Problem
Dix(yo). Suppose that a solution to Dp(yo) exists and let py be the solution to Dp(yo) with
minimal-norm as defined in Definition 3.4. Then,

I —polly =0.
Jim{|py — polly

Proof. Let py be the unique solution to Dy (yo) and py be the solution to Dy (yg) with minimal-
norm as defined in Definition 3.4. Since they are solutions, we have:

A A
(Y0, ) — 3 IpAlly = (yo,p0) — 3 Ipolly (3.7)

(Y0,P0) = (Y0, PA),
where in the first inequality we divided by A > 0. This implies that
polly = llpally VA > 0. (3.8)

Now, let (An),cn be any sequence of positive parameters converging to 0. Since, by (3.8), the
sequence py, is bounded in Y, we may extract a subsequence (A, )ren such that Px,, — P in
Y. Passing to the limit in (3.7) as k — oo, we get:

(y07ﬁ) 2 (y07p0)-
Moreover, since K, is a weak-to-weak continuous operator,
K*p)\mC — K,p in X,. (3.9)

Let uy be a sequence of minimizers of Py(yg). Thanks to [38, Theorem 3.5], we may extract
another subsequence, denoted again (A, )xen, such that

* .
uy,, —up in X,

where ug € X is a minimizer of Pp(yo). Using the Cauchy-Schwarz inequality, the following
estimates hold for every v € X:

(v = un,, , Kupr,, ) — (v — w0, Kip)| = [(uo — un,, , Kupr,, ) + (v — w0, Kipy,, — KiD)|
= |(K(uo = un,, ), Pan, ) + (0 = uo, Kupy,,, — Ksp)|
< K (uo — ur, )y llpan, v + [{v = wo, Kipa,, — Kup)l.

10



The first term is going to zero, because py, —is bounded in (3.8) and K is weak*-to-strong
continuous in dom(G), while the second term vanishes, because (3.9) holds. Therefore, as
k — oo, we obtain:

(v —un,, s Kipr, ) = (v — uo, Kup). (3.10)

Due to the weak* lower semi-continuity of G' and the convergence established in (3.10), it holds
that

(v — g, Kip) + G(up) < lign inf(v —uy, , Kipa,, ) + Glur,, ) < Gv) VveX,
—00

where the second inequality is equivalent to the optimality conditions (3.2) (see for instance
[32, 5.2, Chapter I]). These conditions are satisfied because Py, 1s the unique solution to the
problem D) (yp). This implies that K,p € 0G(ug), consequently establishing p as a solution to
the dual problem Dy (yo), thanks to the optimality conditions (3.5). Furthermore, thanks to the
weak lower semi-continuity of || - ||y, the estimate (3.8), and the definition of minimal-norm dual
solution pg, we can readily write that

[2lly <liminf [y, [ly <lpolly < [Iplly -
k—o0
Therefore, the following norm convergence holds:
A lps, v = [lpolly = (121l -

Now, since pg is the unique solution to Dp(yp) with minimal-norm and ||polly = ||plly, we
conclude that pg = p. Since weak convergence, together with convergence in norm, implies strong
convergence (see for instance [33]), we can conclude that PA,, converges strongly to po in the ¥’
topology. If this holds for any sequence )\, — 07, we obtain the desired result. Let us assume
by contradiction that there exists € > 0 and a sequence )\, — 07 such that ||pg — pa, ||y = € for
all n € N. By repeating the previous argument, we may extract a subsequence (A, )ren such

that py,, X p. However, this directly contradicts the condition |[py — Pin, |ly = e, implying that
lim py = pg holds strongly. O
A—=0t

We can now introduce the notion of extreme critical set.

Definition 3.6 (Extreme critical set). Let ug € X be such that yo = Kug. Suppose that a
solution to Dy (yp) exists, and denote 1y € X, as the minimal-norm dual certificate associated
with Pp(yo). The extreme critical set of ug is defined as follows:

Exc(ug) :={u € B : (no,u) = 1}.

Remark 3.7. Note that in the setting considered by Duval and Peyré in [31], the concept of
the extreme critical set simplifies to the extended support. In their context, this terminology
is particularly fitting as they deal with Radon measures, allowing them to establish a concrete
definition of support.

In the following proposition, we will present an alternative criterion for characterizing ug as a
solution to Py, (yo). This criterion is expressed about the support of all measures in M+ (B) that
belong to the Choquet set C,,,, c.f. Definition 2.8.

Proposition 3.8. Given ug € X such that yo = Kug, suppose that there exists a solution to
Di(yo). Then, the following two properties hold:

(a) If ug is a solution to Pp(yo), then supp pg C Exc(ug) for all pg € Cy,.
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(b) If there exists pp € Cy, such that supp po C Exc(up), then ug is a solution to Pr(yo).

Proof. (a) Suppose that ug is a solution to Py, (yo) and let g be the minimal-norm dual certificate
associated with Dp(yo). Thanks to the optimality conditions (3.5) it holds that ny € G (ug),
which is equivalent to the following condition:

(Mo, u — up) + G(up) < G(u) Yue X.
The previous inequality holds if and only if the following conditions are satisfied:
(no,uo) = G(ug), (no,v) < G(v) Yve X. (3.11)

Let us divide the inequality in (3.11) by G(v) and note that w = v/G(v) belongs to B. Indeed,
thanks to the homogeneity of G, we have G(w) = 1 for every w € X. Therefore, (3.11) implies
that

(10, uo) = G(uo), max(no,w) < 1.
weB
Thanks to Remark 2.4, we know that B C B, which implies the following inequality:

e o ) < g, w) < 1

Consider any positive measure pg € C,,, that is a measure in the space M (B) such that
G(up) = |po|(B) and it also satisfies the following condition:

u0) = [ widio(w)  vne X.. (3.12)

To obtain the sought result, we just need to prove that (ng,w) = 1 for all w € supp pg. Let
us assume by contradiction that there exists ¢ > 0 and w € supp po such that (ny,w) < 1 —e.
From the weak* continuity of the mapping w — (g, w), it follows that there exists § > 0 such
that

(o, w) <1 — g Yw € Bs(w), (3.13)

where Bs(w) := {w € B:dp(w,w) < d}. Now, with n = ng, we split the integral in (3.12) in
the following two parts:

(meu) = [ (ov0)dpo(u) = [

Bs(w)

{10, w)dpo(w) + /B 5, (w)<no,W>d/~co(w)-

Thanks to the inequality (3.13) and Definition 2.6, we get:

(M0, ug) < <1 - %) 10| (Bs(w)) + |po|(B\ Bs(w)) = |pol(B) — %|M0|(BJ(U7)) < G(uo).

This immediately leads to a contradiction with (3.11). Thus, we conclude that (19, w) = 1 for
all w € supp po-

(b) Consider a positive measure pug € Cy, such that supppug C Exc(ug). Let pg € Y be the
minimal-norm solution to Dy(yg) and 79 = K.pg be the minimal-norm dual certificate. Then,
due to the constraint imposed by the problem Djy(yo), we have 1y € dG(0), which leads to the
following inequality:

(no,v) < G(v) YveX. (3.14)

Furthermore, since supp po C Exc(up) and po € Cy,, we have:

(m.uo) = [ 10,0) dpo(v) = |1ol(B) = Glun) (3.15)
Coupling (3.14) and (3.15) is equivalent to the condition 79 € dG(ug), which, together with the
assumption Kug = yg, establishes the minimality of ug based on Proposition 3.3. U
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We also need to prove the statement (a) for a solution @y to Py(yo + w). To achieve this, we
introduce the extreme critical set of @) following Definition 3.6:

Exc(iy) :={u e B: (M, u) =1},
where 7, is the dual certificate associated with Py (yo + w).
Proposition 3.9. If uy € X is a solution to Px(yo + w), then

supp fix C Exc(ay) Vi € Cy,.

Proof. Let ) € X be a solution to Py(yo + w) and py be the unique solution to Dy (yo + w).
Setting 77y = K,.py, by the optimality conditions (3.3), it holds that 7, € 90G(uy), which is
equivalent to the following condition:

(M, u—1ay) +G(uy) < G(u) YueX.
Replicating the same steps as outlined in the proof of Proposition 3.8, we find that
(M, Ux) = G(ay), max(ny,w) < 1.
weB

Consider any positive measure fiy € Cy,, that is a positive measure such that G(ay) = |f,|(B)
and it also satisfies the following condition:

<77,Z~L)\> = /B<"7aw>dﬂ>\(w) \V/U € X,.

Using a similar argument by contradiction as the one proposed in the proof of Proposition 3.8,
we obtain that

(M, w) =1 Yw € supp fiy,

i.e. supp fix C Exc(ay) for every fiy € Cy, . O

4 Localized properties of the solutions

In this section, we focus on the local properties of solutions to Py (yo + w) for small X\ and w.
In particular, we consider the following set of admissible parameters/noise levels for A\g > 0 and
a>0:

Noyo ={(Aw) eRxY:0< A< and | w|y < ad}.

Note that N, ), is the natural admissible set that allows to show the convergence of minimizers
of Px(yo +w) to those of Pr(yg) when both the noise level and the regularization parameter
approach zero while belonging to Ny, [38]. As a reminder, for any u € B, we use B.(u) to
represent the ball centered at v with a radius € > 0, employing the dg metric. In other words:

B.(u) ={v € B:dp(u,v) < €}.
We also denote yy = Kug for some uy € X, and

Exc®(up) := U B (u).

u€Exc(uo)

Lemma 4.1. Assume that there exists a solution to Dy(yo) and let )y € X be any solution to
Pa(yo + w). Given e > 0, there exist a > 0, g > 0 such that, for all (A\,w) € Ny x,,

supp jiy C Exc®(ug) Vi € Cy,.
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Proof. Consider py € Y the minimal-norm solution to Dy (yo) and denote ny = K.py € X, the
minimal-norm dual certificate. Recall that, according to Definition 3.6, the mapping u +— (19, u)
is equal to 1 precisely when u € Exc(ug). Therefore, if we define K. = B\ Exc®(ug), due to the
weak™® continuity of the mapping u — (19, u), we have:

sup {no, u) < 1.

ueKe
Define s = 1 — sup,¢cg_(no,u) > 0. We are going to prove the following claim. If there exists
g € X, such that sup,cz(g — n0,u) < s, then

{ueB: (g,u) =1} C Exc®(up).
If we assume by contradiction that there exists u € K. such that (g,u) = 1, then

<g_7707a> =1- <7707ﬁ> 2 1-— sup <7707u> =S,
UEKE
which immediately contradicts sup,cz(g — 1o, u) < s. Hence, the claim holds.
Now, let p) and py be the unique solutions to Dy (yo) and Dy (yo + w) respectively, for w € Y.
Thanks to Lemma A.1, we know that the function % — pj is non-expansive, that is the following

estimate holds: ]
~ w\y
lpx = Bally < =~ < e (4.1)

Defining 1y, = K,py and 7, = K,p) the dual certificates of the noiseless and noisy problems
respectively, we can use (4.1) and strong continuity of K, to deduce that for all u € B:

[{nx = 7ix, w)| = [(Ks(px = Da), w)
A = Pally llullx

~X
< Ml exnallully

< Kl evx

where L(Y, X,) is the space of linear bounded operators from Y to X, and |lul , is bounded,
because B is norm-bounded. Choosing a = in N »,, we are able to write, for

S
2Kl 2 (v, x 0 Tullx
any u € B and every ||w|| < «, the following inequalities:

[(no — 7, w)| < [{no — ma,w)| + [(mx — 7x, w)|

<
S
< [(no —nx, w)| + B

s
S B lzvx) llpo = pally llullx + 3

According to Proposition 3.5, it holds that limy_,o ||[po — pallyy = 0. Thus, by selecting a suffi-
ciently small A, we ensure that || K||zv,x,) [P0 — Pally lullx < §. This implies that

s
’PO _pAHy ”UHX + B < s.

[0 = 7x, w)| < [ Kxl2ovx.)
Finally, applying the initial claim with g = 7, yields
Exc(y) C Exc®(up). (4.2)
By using Proposition 3.9 and (4.2), we get the desired result:

supp fix C Exc(uy) C Exc®(ug) Vi € Cy,.
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4.1 Metric Non-Degenerate Source Condition

Up to this point, we have not given any assumptions regarding the behaviour of the minimal-
norm dual certificate locally around the points in Exc(ug). Similarly, we do not know anything
about the local structure of %), which could potentially exhibit a non-sparse nature.

Therefore, we will introduce an assumption that defines a local non-degeneracy criterion for some
elements u} € Exc(ug), and we will use such assumption to show the sparse nature of iy for
(A, w) € Ny 5,- This assumption is referred to as the Metric Non-Degenerate Source Condition
(MNDSC). We consider curves v : [0,1] — B in the following set for a fixed M > 0:

< M}.
Y
In the definition above, %K (7(t)) has to be intended as the second weak Gateaux derivative
of the mapping t — K (y(t)).

2

CIKO)

I'y = {fy € C([0,1],B) : t — K(y(t)) is C*((0,1)) and tzl[épl]

Definition 4.2 (Metric Non-Degenerate Source Condition). Let ug = 31, ciul € X be such
that yg = Kug. We say that ug satisfies the Metric Non-Degenerate Source Condition (MNDSC)
if

(i) Im K, NG (ug) # 0,
(i) {u}, ..., uf} = Exc(up),

(iii) 3e,0 > 0 such that, for all i = 1,...,n, and for any vi,vs € B.(u}) where v; # vg, the
following condition holds. There exists a curve v : [0,1] — B.(u}), belonging to 'y, with
7(0) = vy and (1) = vq, such that

2
%WO,WU» < -0 Vte(0,1).
Remark 4.3. Let us remark on the main differences between our Metric Non-Degenerate Source
Condition (MNDSC), as introduced in Definition 4.2, and the standard Non-Degenerate Source
Condition presented in [31, Definition 5]. First, note that we are dealing with general extreme
points {ué}?zl, while they focus on positions xé € Tforalli=1,...,n, because they work with
Dirac deltas as extreme points.

Condition (i): It corresponds to the classical source condition [20], which implies the
optimality conditions. Therefore, by Proposition 3.3, ug is a minimizer of Pp(yp) and
there exists a solution to Dy (yo). This is identical to the first condition described in [31,
Definition 5].

Condition (ii): This condition specifies that only at the n extreme points {u}}™ ,, the
relation (ng,u) = 1 holds, implying also that u{ # 0 for every i. In contrast, thanks to
the optimality conditions (3.5) for ug, all other points satisfy (np,u) < 1. This aligns nat-
urally with the first part of the second condition proposed in [31, Definition 5], essentially
identifying our extreme critical set with their extended support for measures.

Condition (7ii): This condition plays an essential role in distinguishing between our
MNDSC and the NDSC introduced in [31, Definition 5|, where the only requirement is
that the second derivative of the minimal-norm dual certificate 19 = K.pg, computed at
the support of n Dirac deltas, is different than zero. In our condition (iii), we instead
prescribe the non-degeneracy of the map ¢ — (1o, y(t)) for curves v with values in B (u})).
Note that we do not only ask that %(no,'y(t» < —§ at t such that y(f) = uj, but we
require that this condition must be satisfied at every point along a curve connecting any
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pair of extreme points in a small neighbourhood of u, (not necessarily passing through uj,).
This makes our condition not defined pointwise reflecting the lack of differential structure
of the set B.

. . 2 2
Remark 4.4. Note that, a2 direct computation shows that C‘li?(p, K(v(t)) = (p, j?K(W(t)))
holds for any p € Y, where C}%K (7(t)) represents the second weak Gateaux derivative of the func-

tion £ — K (y(t)). In particular, we have that % (no,¥(t)) = 4 (po, K(7(t))) = (po, = K (v(1)))
is well-defined. The same holds also with 7, and 7.

Due to Remark 4.3, condition (i) in the MNDSC directly implies that ug = > chul) is a
minimizer of Pp(yo). Furthermore, given that {Kwuf}!" are linearly independent, ug is the
unique and uniquely representable minimizer. This is the content of the following lemma.

Lemma 4.5. Let ug = Y1, chul € X be such that yo = Kug and satisfy conditions (i)-(ii) in
Definition 4.2. If {Kul}? , are linearly independent, then ug is the unique minimizer of Pp(yo)
and it is uniquely representable as in Definition 2.10.

Proof. Let u € X be a minimizer of Pp(yp). By Remark 2.9, we know that there exists at least
one measure g € Cyz. Moreover, thanks to Proposition 3.8, we also know that

supp it C Exc(up) = {u(l], . ,ug} .
Therefore, p is a discrete measure composed of at most n Dirac deltas as follows:
n .
=) cd,, (4.3)
i=1
where ¢ > 0 for every i = 1,...,n. Thanks to (4.3), we get that
.3 = [ (. 0)di(w) = Y uf) = (0, > ul) Ve XK.,
i=1 i=1
This implies that
n . .
u= ZE“u’O
i=1
Since Ku = Kug = yo, by the linear independence of {Kuj}™ ,, we deduce that
Ky (ch—c)uh=> (ch— &) Kuy=0 = ¢ =c. (4.4)
i=1 i=1

This shows that u = g is the unique minimizer of P (yp) and i = Z?:Nééug € Cy,-
Finally, we establish the unique representability of ug, that is u € C,,, is unique. Let pg € Cy,.
According to Proposition 3.8, we have that

n
=
o =Y @l

i=1
where & > 0 for every i = 1,...,n. Repeating the computation above and using the linear
independence of {Ku}}™ , in (4.4), we deduce that ¢} = ¢. This implies that i = pg =
?:1065% , that is ug is uniquely representable. ]
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We note that in the previous lemma, the coefficients cf) could potentially be greater or equal
than zero. This observation indicates that the unique solution ug € X to Pp(yo) could be a
linear combination of a maximum of n extreme points u{, € B. This arises from the fact that if
certain coefficients are equal to zero, the respective terms in the combination would vanish.

If such a case would happen, a straightforward solution would be to adjust the extreme critical
set of ug, removing terms corresponding to the zero coefficients, in such a way that

{u(l), . ,ugl} = Exc(up),

where m < n. In this case, Lemma 4.5 would remain unchanged, mirroring the procedure with
m instead of n. Therefore, from now on, we will consider an additional assumption for the
minimizer ug = Y7 chul, referred to as the complementarity assumption. This assumption
restricts our focus exclusively to coefficients ¢ that are greater than zero.

Assuming the validity of the MNDSC in Definition 4.2 for ug, we now prove any minimizer )
of Px(yo + w), is actually sparse for (A, w) € N, ,, namely it is a linear combination of extreme
points &Z)\ in B. Furthermore, such ﬂg\ are unique, satisfy (ﬁ)\,ﬂgj = 1, and the corresponding
coefficient ég\ are strictly greater than zero.

Lemma 4.6. Assume that ug = .1 chul, where ¢ > 0 and u}y € B\ {0} for everyi=1,...,n,
satisfies the MNDSC' given in Definition 4.2. Let {Ku}, ..., Kull} be linearly independent and
) € X be any solution to Px(yo + w). Then, for e > 0 small enough, there exist a > 0, Ay > 0
such that, for all (\,w) € Ng,, there exists a unique collection of @ € B.(u}) that satisfies
the following identity:

n
iy =y AT,
i=1
where & > 0 and (i, @5) = 1 for everyi=1,...,n.
Proof. Let us consider the ball with respect to the metric dg:

B.(uh) = {v € B: dg(u,v) < e}

Thanks to the MNDSC for g, we know that there exists £ > 0 such that, for every ~: [0,1] —
Be(u}) in I’y connecting two distinet points in Be(u)), it holds:

d2

ﬁ@oyy(t» <=6 Vte(0,1).

Moreover, it also holds that (ng,u) < 1 for every u € B.(u}),u # uj, and (no,ul) = 1. As a
result, for sufficiently small € > 0, Exc(ugp) N Be(u}) = {u}}, that is uf is an isolated point of
Exc(up).

We now aim to prove that the function u — (7, u) has a unique maximizer in the ball B (uf)
for each i. Suppose by contradiction that there exist ﬁ&l,ﬂl)\g € B.(u}) such that &Z)\’l ay”,
both maximizing u — (7, u). Then, by the MNDSC, there exists a curve v € I'y, satisfying

~(0) = @', y(1) = @52, such that

d? d?
(1) = S5 (0, KO(0)) < =5 Ve (0,1), (15)

where 0 and 1 are also maximizers of ¢t — (7, 7(t)). Thanks to the Cauchy-Schwarz inequality,
we have:

2

d 2
|(Po — s @K(V(t)m < lpo — pally

d
@K(W(t)) < M |lpo — pally

Y
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where M is a bounded positive constant, because v € I'y;. Recall also that, thanks to Lemma
A1, the function % — py is non-expansive, which implies that

lox = Bally < == <o (4.6)
From (4.6), we obtain that
d? d?
[(x = Bx; —5 K(YO))] < [lpa = Bally || 75 K (4(1))
dt dt v
< Ma.

Mirroring the reasoning in the proof of Lemma 4.1, set a = ﬁ in Ny ), (note that o does not
depend on the curve chosen). Then, we can write:

. d? d? &2
(5r o, K] < 10— P S KGO + (3~ P g K((0)
2
< 10— pa T KGO +
< llpo— pally M+ 5.

For X small enough, using Proposition 3.5, we can assume that ||pg — pa|ly M < g, which implies
that

2
(s~ po, S KO0 < 3. (@)

Hence, combining (4.7) and (4.5) and using (7i¢) in the MNDSC, we get that

d2 ~ ~ d2
22 (1) = (B 75 K(v(1)))
2 2
< 1(r 2o S KGO+ (o, 5 K (4(1))
2
R )

This implies that the function ¢ — (7, v(t)) is of class C([0, 1]), twice differentiable in the interval
(0,1) and its second derivative assumes negative values in the open interval (0,1). Therefore,
since the function is strictly concave in (0,1), it has a unique maximizer #, that is

iy =(0) = (f) = (1) = @y,

where we denote (f) := 5. We immediately obtain contradiction, which means that u — (7, u)
has indeed a unique maximizer @ in Be(u)) for each i.

In particular, given that the optimality conditions (3.3) ensure (7, u) < 1 for all u € B, we
note that @} is the unique point that could possibly achieve (7jy,u) =1 in B:(u}). We will show
that, with our assumptions, @} indeed attains (7, @) = 1 for every i. By applying Proposition
3.9, we obtain that, for every iy € M (B) that represents @y and such that G(ux) = ||filla (),
it holds that supp fix N B:(uf) C Exc(ay) N B:(uy) for every i. We note that, up to this point,
Exc(iiy) N Be(u)) may also be an empty set. Furthermore, when Exc(@iy) N Be(ub) # 0, it is
necessarily equivalent to the isolated maximizer {@}, that is (fj, @5 ) = 1.
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Since, by Lemma 4.1, the support of the measure fiy is contained in Exc®(up), it holds that
n .
B = Zc)\éﬂf\a
i=1
where 6& > 0 for each i. Therefore, since jiy represents iy, it also holds that
n . .
iy =Y 4.
i=1
In particular, when Eg\ = 0, it means that supp jix N Be(u}) is an empty set. In other words,
the term in the linear combination associated with ¢4 = 0 vanishes, regardless of the behaviour
of 223\ On the contrary, when Eg\ > 0, it implies that supp fix N Be(u}) is not empty. In this
case, the term in the linear combination associated with ¢} > 0 is present, and it is necessary
that supp fix N B:(u)) = Exc(@y) N Be(u) = {@4}. Therefore, it is sufficient to prove that & is

greater than zero for every i to obtain the desired result. First, we note that ég\ is bounded for
(A, w) € Nq. .\, and for every i. Indeed, by the minimality of @y for Py(yo + w), it holds that

1 2
AG(i) < LK — o —wl} +AG(x) < 1A 4 AGuy),

where we used that Kug — yg = 0. Therefore, dividing by A > 0, we obtain:

9 n

w - ~ &

Glug) + ! zly > G(an) = [l = D28
=1

Since ug, minimizer of Py (yo), belongs to dom(G), we have that {&}}" , are bounded for all
possible choices of (A, w) € Ny ,-

Now, let us prove that ég\ > 0 for every i = 1,...,n. Assume by contradiction that there exists
a sequence (Mg, wg)ken C Na, With Ay — 0 and consequently wy, — 0 (|lwg|ly < adg) such
that, for some j, it holds that

6{\ —0 as k — oo.
k

By weak* compactness of the sublevel sets of G (Assumption 2.1) and boundedness of {&}1
proved above, there exists a subsequence (A, wi)ren C Na ), (not relabelled) such that

&&k—*\ﬂé as k — oo,
& =& as k— oo
Ak 0 ’

where ¢ = 0. In particular, it holds that
n . .
iy, — Zééﬂé as k — oo.
i=1

Thanks to the linear independence of {Kwu{}?" ;, we can apply Lemma 4.5, establishing the
uniqueness of the minimizer ug, and combining it with the convergence result from [38, Theorem
3.5], which states that ay, X up, we can conclude that

n

i i

Uy = ZCOUO.
i=1
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Furthermore, since ug is uniquely representable again by Lemma 4.5, we have that &) = ¢} and
Uy = ug for all . Thus, since ¢ # 0 for all ¢ = 1,...,n, we reach a contradiction. We proved
that

n
iy =Y a4,
=1

where 63\ > 0 for every i. This implies that supp fix N Be(u}) = Exc(iiy) N Be(u}) = {a4}, that
is (M, @Y) = 1 for every . This also confirms that @ # 0 for every ¢, thus concluding the proof.
O

5 Exact Sparse Representation Recovery

In this section, we present the main result of this paper. Under the assumption that ug =
S, chud satisfies the MNDSC in Definition 4.2 and the linear independence of the measure-
ments {Ku§}? ;, we can establish that the solution to Py (yo + w) is both unique and uniquely
representable as in Definition 2.10. Moreover, this solution can be expressed as a linear combi-
nation of exactly n extreme points, matching the number of extreme points in the solution ug to
Pr(yo). Finally, as the regularization parameter A and the noise w approach zero, the extreme
points and their corresponding coefficients converge to those exhibited by the original solution
uQ-.

Theorem 5.1 (Exact Sparse Representation Recovery). Assume that ug = Y. chub, where
ch > 0 and vl € B\ {0} for every i = 1,...,n, satisfies the Metric Non-Degenerate Source
Condition, and let {Ku}}™ | be linearly independent. Then, for e > 0 small enough, there exists
a > 0,\g > 0, such that, for all (A\,w) € Ng,,, the solution Uy to Px(yo+ w) is unique and
admits a unique representation of the form:

where @4, € B:(u}) \ {0} such that (fjx,@4) =1, & >0 and |&} — c}| < e for everyi=1,...,n.

Proof. Since the MNDSC holds for up and {K ug}?zl are linearly independent, we can apply
Lemma 4.6. Therefore, we know that for every & > 0 small enough, there exist a > 0,y > 0
such that, for all (A, w) € Ny »,, any solution @y is composed of exactly n extreme points, i.e.

where & > 0 and @5 € B.(u}) \ {0} such that (fj, @) = 1 for every i = 1,...,n. In Lemma 4.6
we also showed the uniqueness of the extreme points 223\ for every ¢ = 1,...,n. To complete our
proof, it is necessary to prove the uniqueness of the coefficients Eg\ as well, in such a way that

4 is unique and admits a unique representation.
Define the function f = (f1,..., f") : R" x Ny, — R" as

n
fj(c7 ()\,ZU)) = <K*(KZCZQZ)\ — Y — w)aag\> + )‘a .] = 1’ sy 1
i=1
Since @) satisfies the optimality conditions (3.3) and using the fact that (K,py, &Q = (M, &Q =
1, we obtain the following implicit equations for &\ = (&,...,&):
. n . . . .
(@, (A w)) = (KoK ) &) —yo — w), @) + A = —A(K.px, @) + A = 0.

i=1
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For the case where A =0, w = 0 and ¢ € R", we set:
n
f] (C, (07 O)) = <K*(K Z CZUZO - yO)? u{)>
i=1

Note that, for ¢ = co = (¢}, ..., cl}), it holds that f7(co, (0,0)) = 0, because Kug = yo.

Our next objective is to apply our version of the implicit function theorem, as presented in Theo-
rem A.3. Note that Theorem A.3 requires continuity of f7 in all variables (c, (\,w)), demanding
its differentiability only with respect to c. Therefore, let us start proving the continuity of the
function (¢, (A, w)) = f(c, A, w) in the domain R"™ x N, y,.

For this purpose, we first prove that ﬂg\ is weak™® continuous in X with respect to (A, w) € Ny »,
for every ¢ = 1,...,n. Consider a sequence (A, wi)ren C Nqz, converging to (A, w) € Ny 5, as
k — oo. Note that, due to the weak* compactness of the sublevel sets of G (Assumption 2.1),
and by applying similar reasoning as in the proof of Lemma 4.6, there exist u} € B:(u)) and
Eﬁ\ > 0 such that, up to subsequences,

~17 * g
ay, —uy as k— oo,
&, —C as k— oo,

implying that along such subsequence it holds that

n

Uy, A ZE&&Z)\ as k — oo.

i=1
If we consider A\, — 0 and consequently wy — 0, then [38, Theorem 3.5] implies that @y, N
S chub, where Y| b is a minimizer of Py (yo). This result, combined with the uniqueness
of the minimizer proved in Lemma 4.5, leads to the conclusion that uy = > 1 ; E’dﬂg. Furthermore,
since ug is uniquely representable again by Lemma 4.5, we deduce that ¢ = ¢} and u} = uf for
every 1 =1,...,n.
On the other hand, if Ay — A with A > 0 and w, — w with w > 0, the stability Theorem A.2
ensures that -7, e @ is a minimizer of Py(yo +w). Then, applying Lemma 4.6, we deduce
that ﬁf\ = 223\ holds true for every ¢ = 1,...,n. This conclusion establishes the weak™ continuity
of &Z)\ with respect to (A, w) for each i. Moreover, with a similar reasoning it holds that any
collection of & in the linear combination that represents @, are such that & — ¢ for A — 0
and (A, w) € Ny -
Now, let us rewrite the functions f7 as

File,(\w)) = (Ko (K Y7 iy — yo — w), @) + A

=1
n
= ((KZcZﬂ’A—yo—w),Kﬂ&)—l—)\ (5.1)
=1
T ,
— ch( ay, Ku}) — (yo + w, K@) + A.
i=1

Consider the converging sequences c}'C — ', M — X and wy — w for (A, wp)ren C Na,x,- Note
that

](Kagk, K@, ) — (K, K@&)\ = ](Kagk,KaﬂAk) — (K@, K,) — (Ka, K@) + (K@, , Kag)\
<|(K@,, K, - Ka)| + (K@, - Kih, Ka)|
<K ey sup lullx 1K@, — K@ |ly
ueB
+ Kz vy sup [Jull x [[Ka), — K|y
ueB

(5.2)
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This implies that (K ﬁg\k,K ﬁf\k) — (K4, K ﬁg\), because K is weak*-to-strong continuous in
dom(G) and the sublevel sets of G are norm-bounded. Therefore, the term 7 ¢! (K}, K ﬁ&)
is continuous. A similar computation shows that (yo+w, K ﬂg\) is also continuous, implying that
the function f(c, (A, w)) is continuous on R™ x N, y,.

To successfully apply the Theorem A.3, we also need to verify that derivative of f with respect
to ¢ not only exists but is also continuous on R™ x N, »,. Referring to (5.1), we observe that

afj
oct

= (K}, K).
Therefore, the Jacobian matrix of f with respect to the variable ¢ becomes:
IKailly (K}, ki) o (K3, Ka))

~9 112
1Ky

(Df)c(cv ()‘7 w)) = : . :
(Ku3, Ki}) IR

Once more, thanks to the weak* continuity of ﬁf\ with respect to (A, w) and the weak*-to-strong
continuity of K in dom(G), we are able to make analogous computations to those in (5.2). This
immediately gives us the continuity of (D f). on R™ x Ny »,-

As previously highlighted, when considering (co, (0,0)) € R™ x Ny »,, it holds that f(co, (0,0)) =
0. Thus, to apply Theorem A.3, the remaining requirement is to show the invertibility of
(Df)c(co,(0,0)). To establish this, we aim to prove that the columns of the Jacobian matrix
computed at (co, (0,0)) are linearly independent. In other words, we need to show that

(Kué, Sy ozl-Ku%)) =0
: o =--=aqa,=0
(Kug,>"  a; Kul) =0

The previous system of equations implies that
a1 (K’I,L(l], E?:l CkZ]:(uZO) = 07
an (Kug, ¥ a;Kuf) = 0.

Summing up all the equations, we obtain that

n n
0= (ZaiKuf),ZaiK%) =
i=1 i=1

n .
Z a; Kug,
i=1

2

Y

which implies that 31" | a; Kuj) = 0. Since {Ku}}? ; are linearly independent, we conclude that
ap = =a,=0.

Finally, we can apply Theorem A.3. There exist two open balls according to their respective
topologies, namely B, (co) and B,((0,0)), where 7, s > 0, such that for each (\,w) € B,((0,0)),
there is a unique ¢y ,, € B,(cp) satisfying the condition f(¢y ., (A, w)) = 0. Furthermore, there
exists also a continuous function
g : Bs((0,0)) — By(co)
(A @) = g(\, @),
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uniquely defined near (0, 0) by the condition g(\, w) = Cxw- Since ¢y, is the only c that satisfies
the equation f(c, (A, w)) = 0 for (A\,w) € N,., in B(cp), and any collection of coefficients &
converges to ¢y for A — 0 and (A, w) € N, »,, we conclude that

g(x,@) = E)x,w = C) V(S"@) € BS((O,O)).

Hence, we proved that also ¢y is unique and it is a continuous function of (A, w) € Ny, »,, where
for (A, w) = (0,0) we set g(0,0) = ¢p,0 = ¢o = co. O

Remark 5.2. Here, we would like to discuss the result obtained using our general theorem
in comparison with the one presented in [31, Theorem 2, Section 3|. First, we note that they
consider a linear combination of Dirac deltas, which leads them to work with positions {#4}7 ;.
On the other hand, in our analysis, we are dealing with generic extreme points {ﬂg\}?zl.
Another difference compared to [31] is that we are not requiring the linear independence of the
first derivatives of Ku computed at uj, which in principle may not even exist. Since in their
work, they consider a convolutional operator K : M(T) — L?(T) defined as

Ku:sn—>/T<p(x—s)du(x) Vu € M(T)

and ug is a linear combination of Dirac deltas 59[36 , their requirement is essentially equivalent to

demanding the linear independence of {¢’ (3:6 —)}™,. As a consequence, we are not able to
achieve a rate of decay for coefficients & and functions @} of order O(\) when |lw|ly ~ A as in
[31]. This arises from the fact that in Theorem 5.1, we do not rely on the differentiability of the
optimality conditions with respect to the extreme points ﬁg, because when B is a general metric
space, such property might not even hold.

Comparing the proof of Theorem 5.1 with [31, Theorem 2, Section 3], it becomes evident
that the latter is based on the application of the implicit function theorem to a C' function
((c,z), (N, w)) € (R® x T") x (R x L?(T")) ~ f((c,z), (\,w)), which explicitly depends on the
positions {#4}™ ;. In our proof, however, the function f does not explicitly depend on {@}7 ;.
Thus, ﬂg\ is no longer treated as a variable for every i = 1,...,n, and generally it is not differ-
entiable. We only prove its weak® continuity. Therefore, we have to resort to a weak version
of the implicit function theorem, (see Theorem A.3), which does not require differentiability of
the function f with respect to all variables. One could try to achieve the decay O(|)\|) either
by introducing a notion of derivative in metric spaces, known as the slope (as defined in [4,
Definition 1.2.4, Chapter 1]), and treating @} as a variable for every i = 1,...,n, or by imposing
additional structure on the set of extreme points B to enable differentiability for &Z)\ with respect

to (\,w) for every i =1,...,n.

6 Examples

6.1 Radon measures and total variation norm regularizer

We want to apply the main Theorem 5.1 with X being the space of Radon measures on the
one-dimensional torus T, denoted by M(T), and Y = L?(T). We aim to show that with this
particular setting our result recovers all the assumptions made by Duval and Peyré in [31], and
achieve similar results. Note that

o M(T) endowed with the total variation norm is a Banach space whose pre-dual is C(T),
the space of continuous functions on T, i.e. M(T) ~ C(T)*;

o G=|"|mer): M(T) — [0,+0q] is the total variation norm defined as

sy = sup { [ d(a)duta) : 6 € (). ol < 1

which is a convex, weak™ lower semi-continuous and positively 1-homogeneous functional.
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We now define the linear operator K : M(T) — L?(T) as
Ku:sw— / k(x — s)du(z) Vu e M(T), (6.1)
T

where the convolutional kernel k is in C?(T). Let us show that, in this specific scenario, K is
weak*-to-strong continuous, thereby fulfilling Assumption 2.5. In particular, it is weak*-to-weak
continuous.

Proposition 6.1. The operator K is weak*-to-strong continuous.

Proof. Let (up)ren C M(T) be a sequence such that up — wask — oo. Then, using the
definition of K we obtain that

| K ug, — Ku||L2(T) /‘/kx—s )dug(z /k:x—s Ydu(zx)

Observe that uy is uniformly bounded in total variation, due to the Banach-Steinhaus theorem.
Therefore, since k is continuous, using u; — wu and the Lebesgue’s dominated convergence
theorem we conclude. U

ds.

Note that K, : L*(T) — C(T) for K defined as in (6.1) can be characterized as
Kuy:s— / k(s — x)y(x)dz Vy € L3(T).
T

Let us also notice that the sublevel sets of G are weak™ compact by Banach-Alaoglu theorem, and
in particular the ball B = {u € M(T) : ||u|la < 1} is weak™ compact, non-empty, and convex.
Our goal is to apply Theorem 5.1. To this end, we want to rephrase the Metric Non-Degenerate
Source Condition, c.f. Definition 4.2, in this specific case. It is well known that the extreme
points of B are exactly Dirac deltas (see for example [11, Proposition 4.1]), that is

Ext(B) = {0d, :x € T,o0 € {—1,1}}.

Moreover, such set is weak™ closed, and thus Ext(B) = B. Now, let us show that in a small
neighbourhood of positive deltas, there are only positive deltas and the same holds for negative
ones.

Proposition 6.2. Given 0dz € Ext(B), where o0 € {—1,1} and & € T, there exists € > 0 such
that B:(0dz) contains only extreme points of the form od,, where x € T.

Proof. Let us consider the case where o = 1 (the argument is analogous for 0 = —1). Suppose by
contradiction that there exists a sequence —d,, A §z. In particular, this implies that —p(z) —
() for every ¢ € C(T). By choosing ¢ = 1 we immediately obtain a contradiction. O

Remark 6.3. Note that, since the Wasserstein distance metrizes the weak* convergence for
probability measures, the metric dp(d,,dz) between two extreme points is equivalent to the
p—Wasserstein distance between the two deltas, which is exactly the Euclidean distance |z — |
(see for instance [53, Chapter 7.2]). In particular, given a sequence (zg)reny C T, it holds that

zp — x if and only if 6, -

xzp — 2 ifand only if —d,, RN
We now aim to show that the Non-Degenerate Source Condition initially introduced in [31]
implies our Metric Non-Degenerate Source Condition outlined in Definition 4.2. By applying
the exact sparse representation recovery theorem, we will then obtain a result that is similar to

the one presented in [31]. In this specific case, the Metric Non-Degenerate Source Condition can
be reformulated as follows. Let ug = Y"1, céaiémé € M(T) be such that yg = Kug, where cf) > 0,

o; € {—1,+1} and xé € T for all ¢ = 1,...,n. Then, ugy satisfies the Metric Non-Degenerate
Source Condition (MNDSC) if
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(') Im K, N 0G(ug) # 0,
(i3") {01596(1), . ,Unéxg} = Exc(ug),

(#4i") Je, 0 > 0 such that, for all i = 1,...,n and for any 0;0,,,0;0,, € Be(aiémé) where 11 # xa,
the following condition holds. There exists a curve 036, : [0,1] — B:(03d,; ), belonging
to Iy, with 040y = gy and d,(1) = s, such that

2

72 Po, K (0i0y))) < =0Vt € (0,1). (6.2)

Note that in (i7i") we are using Proposition 6.2 to ensure that in a small enough weak* neigh-
bourhood of positive (resp. negative) Dirac deltas, there are only positive (resp. negative) Dirac
deltas.

Condition (i) is the classical source condition that ensures that there exists a minimal-norm
solution pg € L?(T) to Dy (yo), while condition (i4’) is the classical dual certificate condition given
n [31]. We now show that (i4’) holds if we assume that 1y = K.py € C%(T) and o;nf(z}) < 0
for every ¢ = 1,...,n. This condition is exactly the Non-Degenerate Source Condition presented
in [31].

Lemma 6.4. Let g be the minimal-norm dual certificate associated with Pp(yo). Assume ny €

C*(T) and omfj(z}) < 0, where o; € {—1,+1} and zi € T for every i = 1,...,n. Then,
condition (iii’) holds.

Proof. Fix z, = 19 € T and choose ¢ > 0 to be sufficiently small. Without loss of generality,
we can assume that o; = +1, because for o; = —1 the reasoning is similar. Since all considered
properties are local, we will identify the torus T with R. Given an interval I.(xg) = (xg—e&, xo+¢)

and z1,x9 € I.(x¢) where x1 # x9, consider a curve z(t) in I.(x), connecting the two locations
x1 and x9, defined as

x(t) = txg + (1 — t)zy.

Given the curve d,¢) : [0,1] = B:(ds,), note that

K(8y0) 5 /T Bz — 5)dd, = k(x(t) — s)

is twice weakly Gateaux differentiable, because k belongs to C?(T). Moreover, since 19 € C%(T)
and 74 (z9) < 0, we can ensure, by choosing a sufficiently small ¢, that there exists § > 0 such
that ng(x(t)) < —0 holds for every z(t) € I.(z¢). Therefore, we obtain:

d? d?
252 (P0: K (00(1))) = —5 (00, Oty ) 1 = 1o (z(t)(zy —21)* < =6Vt € (0,1).

In particular, we observe that condition (6.2) in (iii") holds. O

Remark 6.5. While we selected a specific curve d,(;) for computational convenience, a similar
proof can be made with a different choice of curve. Moreover, we expect the same result (and
the next theorem as well) to hold for measures defined on open domains 2 C R™ and higher-
dimensional torus T™. Much interesting and unclear to us is how to generalize this argument to
measures defined on general C2-manifolds.

If we additionally assume that {K (5936 3, = {k(z} — -)}», are linearly independent, we can
apply Theorem 5.1.

Theorem 6.6. Let ug = > i cgaiémé € M(T) be such that yo = Kug, where ¢ > 0, o; €
{~1,+1} and z} € T. Suppose that
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1. Tm K, NG (ug) # 0,
2. omo(z) =1 if and only if v = x},
3. mg € CX(T) such that o;nf(zh) < 0,

foralli=1...,n. Moreover, assume that {K(&xé) ", are linearly independent.
Then, for every sufficiently small € > 0, there exist a > 0 and Ao > 0 such that, for all
(A, w) € Ngqn,, the solution uy to Py(yo + w) is unique and admits a unique representation
composed exactly of n signed Dirac deltas, denoted as {01-5553 .. In other words:

n

~ ~i

Uy = g c)\aiéji,
i=1

where 005 € B:(0i0,1) such that o (F8) =1, & >0 and |& — c| <e foralli=1,...,n.

Proof. Assumption 1 is exactly (i'). Assumption 2 on 7 is equivalent to (i7’), while assumption
3 implies, thanks to Lemma 6.4, that condition (i4i") is satisfied. Thus, thanks to the MNDSC
and the linear independence of { K (5@‘6 )}, we can now apply Theorem 5.1 to obtain the desired
result. O

Remark 6.7. Note that condition Ui(sgg € Bg(aiémé) can be simply rephrased as |} — zj| < ¢

due to Remark 6.3.

6.2 One-dimensional BV functions and BV-seminorm regularizer

In this setting we consider X = L°((0,1)) and Y = L?((0,1)). Let us also consider L* functions
with zero boundary conditions as follows. For 0 < & < 1 we introduce the set:

E={ueL>*((0,1)) : u(x) =0 for a.e. x € (0,6) U(l—2,1)}.
Note that
e L>®((0,1)) is a Banach space whose pre-dual is L'((0, 1)), which is a separable space.

o The regularizer G : X — [0, +0o0] is defined as

O G

where

IDul((0,1) = sup { [ ute)divple)de - o € CHOD) e < 1)

is the BV-seminorm.

Remark 6.8. We remark that similar results to those presented in this section could be easily
obtained for BV functions defined on the one-dimensional torus T, instead of BV functions on
(0,1) with zero boundary conditions. The choice of the current setting shows the generality of
our method.

Lemma 6.9. G is a convex, 1-positively homogeneous, weak* lower semi-continuous functional
and its sublevel sets are weak™ compact. Moreover, 0 is an interior point of IG(0).
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Proof. Convexity and positive 1-homogeneity are straightforward. We now prove that G is weak*
lower semi-continuous in L*°((0,1)). Take (ug)ren weak™ converging to some u € L°((0,1)).
Without loss of generality, we can assume that

lim inf G(uy) < 4o00.
k—ro00

In particular, up to extracting a further subsequence, we can assume that G(u;) < +oo for
every k, that is u;, € BV((0,1)) N E for every k. Since we are in the 1-dimensional case, we can
use the fundamental theorem of calculus in BV (see for instance [3, Theorem 3.28]). For almost
every x € (0,€) and ¢ € [£,1 — £], it holds:

up(t) = |ug (t) — up(2)] = | Dug((2, 1)) < | Dugl((0,1)),

where ufﬁ is the left continuous representative of u,. Hence, the following Poincaré inequality
holds:

luklloo = lluflloo < [Dukl((0,1)) < St;plchl((O, 1)) (6.3)

implying the uniform bound

sup { [ el o+ D] (0,1)} < 4.

This allows us to apply the BV compactness theorem ([3, Theorem 3.23]). Therefore, up to a
subsequence, there exists 4 € BV((0,1)) such that

up — @ in LY((0,1)),
Duy, = Dii in M((0,1)).

Convergence in L'((0,1)) implies, up to extracting another subsequence, uy — @ a.e. in (0, 1).
Since uy € BVNE, ie. u =0 for a.e. z € (0,6) U (1 —¢,1), also &« € BV N E. Now, we need
to prove that indeed @ = u. Thanks to (6.3), we have that

|ur(z)p(2)] < sup | Dug|((0,1)|e(x)] Vo € L((0,1)),

that is ug(z)p(z) is dominated by some integrable function. Therefore, since |ug — @|lp| — 0
a.e. in (0, 1), applying the Lebesgue’s dominated convergence theorem we get that

1
[l = llelds 0 Vo € L1((0,1)).
0

Thus, u; — @ in L>((0,1)), which, by uniqueness of the weak* limit, gives us that @ = .
Finally, since G(ux) < +oo for every k and the BV-seminorm is weak* lower semi-continuous
with respect to the weak™® convergence in M ((0,1)), we get:

G(u) = |Du|((0,1)) < liminf |Dug|((0,1)) = lim inf G(uy),
k—ro0 k—o0

which gives us the desired result.

Thanks to the weak™ lower semi-continuity, we can now easily show that the sublevel set S™(G, «)
in (2.1) is weak* compact for every o > 0. Indeed, take a sequence uy € S~ (G, a), by (6.3)
we have that ||ug|leo < |Dug|((0,1)) < a. Therefore, by Banach-Alaoglu theorem, up to a
subsequence, u, — u in L>((0,1)), and by weak* lower semi-continuity of G, we obtain:

G(u) < liminf G(ug) = lim inf |[Dug|((0,1)) < a,
k—o0 k—o0
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for every a > 0. In other words, u € S~ (G, ).
It remains to prove that 0 is an interior point of OG(0). The subdifferential in zero is

1
0G(0) = {77 e L'((0,1)) : /0 n(z)u(x)der < G(u) Yu e L((0, 1))}
_ {n e L'((0,1)) : /01 n(@)u(z)dz < |Du|((0,1)) Yu e BV((0,1)) N E} .

If we consider 7 such that [|n||11(,1)) < 1, and we use (6.3) with u instead of uy, we get that

1
/0 n(@)u(z)dz < [lullol[nllLr < [0l [Dul((0,1)) < [Dul((0,1)),

which implies that every n € L'((0,1)), whose norm is less than one, belongs to the subdifferen-
tial of G in zero. In particular, n = 0 is an interior point of 9G(0). U

We now define the linear operator K : L>((0,1)) — L?((0,1)) as
1
Ku:t— / k(x — t)u(z)dx,
0

where the kernel k is in C2((0,1)). The weak*-to-strong continuity of K can be shown similarly
to Proposition 6.1, and the pre-adjoint K, : L%((0,1)) — L'((0,1)) can be characterized as
follows:

Koyt /01 k(t — 2)y(x)de Yy € L2((0,1)).

Again, our goal is to apply Theorem 5.1, and in order to do that we need to understand how
it becomes the Metric Non-Degenerate Source Condition 4.2 in this particular scenario. First,
we want to characterize the extreme points of the ball B = {u € L*((0,1)) : G(u) < 1},
proving that they are indicator functions on an interval. We denote the indicator function of a

measurable set A C [0, 1] as
1 ifteA,
Ta(t) := {

0 iftd A

Theorem 6.10. It holds that

1
Ext(B) = {0511[&},] ca,b€efE,1—¢l,a<bando € {—1,1}} )

Proof. First, let us prove that u = %]l[a,b} is an extreme point of B. The proof for u = —%]l[a,b}
is identical. In particular, we have to show that for every u;,us € B, s € (0,1) with u =
suy + (1 — s)ug, it follows that uy = ug = u = %]l[a,b}' Since Du = %(5a — &), applying the
distributional derivative to the convex combination we obtain:

%(5(1 — &) = sDuy + (1 — s)Dus. (6.4)
Moreover, since ui,us € B, it holds that
1= |Dul((0,1)) = [sDuy + (1 = 5)Du|((0,1)) < s|Dua[((0,1)) 4 (1 — 5)[Dua|((0,1)) < 1.
Therefore, the inequalities become identities:

1= 5[Dus|((0,1)) + (1 = 5)| Duz|((0, 1)),
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which implies that
1 = Dt [((0, 1)) = [ Dus]((0,1)). (6.5)
By the fundamental theorem of calculus for one-dimensional BV functions, we get:
Du((0,1)) = Du1((0,1)) = Dusy((0,1)) = 0. (6.6)

Thanks to the Jordan decomposition theorem, as outlined in [34, Theorem 2], we can write
Duy = Duj — Dujand Duy = Dug — Duj , where the pairs (Duf, Duy ), (Dud, Duy ) are the
Jordan decompositions of Duy, Dugy respectively. Hence, (6.4) becomes:

1
3 (60 — 6) = sDuj — (1 — s)Duy + (1 — s)Dug — sDuj .

Our objective is to prove that sDuf +(1—s)Duj and sDuj +(1—s)Du, are exactly the positive
and negative parts of the left-hand side, that is d,/2 and d;/2 respectively. To achieve this result
we need to prove that sDuf +(1—s)Duj | sDuj +(1—s)Duy . Define u = sDuf +(1—s)Dug
and p— = sDuj + (1 — s)Duy . Note that 4 and p— are both positive measures because they
are sums of positive measures, and py — p— = Du. Moreover, thanks to (6.5) and (6.6), we
know that

0 = Du;((0,1)) = Du((0,1)) — Du; ((0,1)),
1 = [Du|((0,1))

Duf ((0,1)) + Du; ((0,1)),
for i = 1,2. This implies that Du; ((0,1)) = Du; ((0,1)) = 1, and thus p4 ((0,1)) = p—((0,1)) =
l.

2
Let £ C (0,1) be any measurable set. Then

1= iy — 1 |(B) + s — i ]((0,1) \ B)
S p(B) + p-(B) + [pg = p-|((0,1) \ E)
el B) () 4 e O\ B) 4 (0,1 )
— e (0,1) + p((0,1) = 1.

This implies that |py — p—|(E) = py(E) + p—(E) for any measurable set E, that is |uy —

p|
f+ + p—. This equation is equivalent to require py L pu— (see for instance Exercise 9B.5 in [5]),
which gives us the sought result. In particular, we proved that

J J
Ea =sDuj + (1 —s)Dug and Eb =sDuy + (1 —s)Du, .

Hence, since d,/2 and d;/2 are extreme points of the total variation ball for measures, we have:

0, 0,
— and Duj = Duy = )
2 2

Duf‘ = DuéF =
which implies Du = Du; = Duy = %(5(1 — 0p). Finally, since u; and ug are zero outside the
interval [€,1 — €], we necessarily have:

1
U] =Up = U = 5]1[(1,,)}.

Now, we prove that if v is an extreme point of B then either u = %]l[a,b} or u = —%]l[a,b}. First,
let us notice that 0 is not an extreme point because it can always be written as the convex
combination 0 = 5144 — 51[44. Moreover, [Du|((0,1)) = 1. Indeed, assume by contradiction
that 0 < |Dul((0, 1)) <1 and write the convex combination

w= (1= Dul((0,1))0 + [Dul((0, ) s
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where 0 € B and m € B. By the extremality of v in B, we can deduce that © = 0, which
immediately leads to a contradiction.
Let us consider the Jordan decomposition of Du = Dut — Du~. Since Du((0,1)) = 0 and

|Du|((0,1)) = 1, we have:
Du+«Q1D::Du_«Q1»::%

Let us suppose by contradiction that either Du™ or Du~ is supported in more than one point.
We first consider the case with Du™ supported in more than one point. Then, there exists a
measurable set B C (0, 1) such that

0< Dut(B)< =, 0<Du"((0,1)\B)<

DN | =
N | —

Let us define v (t) = Du™((0,¢)) and vq
that

—~

t) = Du=((0,t)) for almost every t € (0,1), and note

vi(t) = va(t) = Dut ((0,4)) = Du™((0,1)) = Du((0,1)) = uft).

Therefore, it holds that v —vs = u and Dvy = Du™", Dvy = Du~. We write the following convex
combinations for v;

v1L((0,1) \ B)

v = (1 - 2Du+(B)) 1 —2Du*(B)

+2Dut(B)

and for vy
vy = (1 - 2Du+(B)) vy + 2Dut (B)vy,

which combined give us

uU=v, — v = (1 - 2Du+(B)) (% - vz) +2Du"(B) (% - vz) .

Note that both elements of the convex decomposition above belong to B. Indeed, we have:

[Dvi L((0,1) \ B)[((0,1)) Du*((0,1) \ B) 1

(
D 1)) = —=1
G—2pur(B) PO = G ) —pur By T2~
Doy L BJ((0,1)) Dut(B) 1
D )=l — =1,
2Dut(B) [Dvs[((0, 1) °Dut(B) ' 2
Thus, using the extremality of u we obtain:
- o U1 LB
YT R T o Dut(B)
which implies
v1(B)
B) —vy(B) = —————— —v3(B).
Ul( ) UQ( ) 2]Du+](B) UQ( )

We immediately reach a contradiction, because 0 < 2|Du™|(B) < 1. We obtained that Du™ is
actually supported in one point ¢ € [€,1 — £, that is Du™ = %50, where the constant 1/2 is due
to Dut((0,1)) = 1/2. A similar argument applies to Du~, implying that Du~ = %5d, where
d € [£,1 — &]. We note that d # ¢ because Du = 0 implies u = 0 by the boundary conditions,
which is not an extreme point. Finally, we get that

1
Du= Du" — Du~ = 5((5c — 04),
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which leads us to the two possibilities:
1 1
Du = 5(5,1 — &) or Du= 5(55, — 0a),

where a < b. Once again, since u is zero outside the interval [¢,1 — £], we deduce that

1 1
U = §]l[a,b] or u= —E]l[mb].

O

Let us now show the equivalence between the convergence of the endpoints of the indicator
functions on the interval and the weak® convergence of the extreme points.

Proposition 6.11. Let (ax)ken and (bg)ren be two sequences with ag,by € [€,1 — &| such that
ap < by for every k € N. Consider a,b € [£,1 — &] such that a < b and o € {—1,1}. Then,
ar — a and by, — b if and only if %a]l[ak,bk} N %all[a,b}. Moreover, the following statements hold:

a) Given J%]l[&’,;] € Ext(B), where £ < a < b < 1—¢, there exists € > 0 such that BE(U%]I[@B])

contains only extreme points of the form aﬁﬂ[a,b}.
b) B =Ext(B)U{0}.

Proof. Suppose that ap — a, bp — b, where a < b. Then, (%U]l[ak,bk])kEN converges almost
everywhere in (0,1). Therefore, by Lebesgue’s dominated convergence theorem we have:

1 1
| 3otman@s@de [ Sotun@i@ds v e (o.1),

that is 30 L{g, p,] — 301[4y in LOO((O, 1)).

Viceversa, suppose éa]l[ %all[a y in L>((0,1)). By compactness, there exist a, b €

ak,bk]
[£,1 — &] with @ < b such that, up to subsequences, a; — @ and b, — b. Based on the above
argument, we know that 2]1[ 2]1[675)} in L>°((0,1)). This implies, thanks to the uniqueness

of the weak* limit, that

akvbk]

1 1
3 Lot = 5@

In particular, we obtain that @ = a and b = b, where c_z < 5

To prove a), suppose by contradiction that l]l[ak by ] N ]l[a 7] with @ < b. Then, by compact-
ness, we have that, up to subsequences, a; — @ and by — b with a < b. ThlS 1mphes thanks to
the first part of the proof and the uniqueness of the weak™® limit, that — ]l[a 5 = [a B which
is a contradiction.

Finally, let us prove b). Suppose that alll[ak b,] — u € X. Then, by compactness, we have that,
up to subsequences, a; — @ and by — b with @ < b. Therefore, if @ < b, then, thanks to the first
part of the proof and the uniqueness of the weak* limit, we have that u = 0211[&1)] € Ext(B).
If @ = b, then the weak* limit is the function u constantly equal to zero. This proves that

B = Ext(B) U {0}. O

We are now ready to reformulate the Metric Non-Degenerate source condition in this particular
scenario. Let ug = 337, céaﬂhmm € L*((0,1)) be such that yg = Kug, where ¢ > 0,

€ {—1,+1}, a, by € [£,1 — 2] and @} < bf. Then, ug satisfies the Metric Non-Degenerate
Source Condition (MNDSC) if

(i) Im K, N OG(ug) # 0,
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(ii") {3010 005> 30w Liag g } = Bxc(uo),

(i7i") Je,d > 0 such that, for all i = 1,...,n and for any %Ui]l[al,bl]a %O'i]l[a%bﬂ € BE(%Ui]l[ag,bg])
where [ay, b1] # [ag, be], the following condition holds. There exists a curve %Ui]l[a(t),b(t)} :
[O, 1] — Bﬁ(%aiﬂ[ag,bg])7 belonging to FM, with ]l[a(O),b(O)} = ]l[(ll,bl] and ]l[a(l)b(l)} = 1[(12,1)2]7
such that

d? 1
52 Po: K(50iliag b)) < =0 ¥t & (0,1). (6.7)

Now, let us examine the condition (#i7'). Our aim is to construct a specific curve that allows us
to find the appropriate conditions to impose on the dual certificate in order to ensure that (6.7)
is satisfied.

Lemma 6.12. Let 1y be the minimal-norm dual certificate associated with Pp(yo). Assume
no € CL((0,1)), aimy(ad) > 0 and omy(by) < 0, where o; € {—1,+1}, @i, b} € [£,1 — &] and
ah < by for every i =1,...,n. Then, condition (iii') holds.

Proof. Fix a} = ap and b}y = by in [£,1 — &] and choose € > 0 sufficiently small. As in the proof
of Lemma 6.4, without loss of generality, we can assume that o; = +1, because for o; = —1 the
reasoning is similar. Given two intervals I.(ag) = (ag — €, a9 + €), I:(by) = (b — €,bp + €) and
a,ay € I(ap), bi,be € I.(bg) where [a1,b1] # [ag,bs], consider two curves a(t) € I.(ag) and
b(t) € I.(by), connecting the two locations aj, as and by, by respectively, defined as

a(t) =tag + (1 — t)al, b(t) = tby + (1 — t)bl.

Then, given the curve %]l[a(t),b(t)} :[0,1] — Be(%]l[a@bé])’ note that

1 1 1
K(51 a0 00)) :/0 k(z = 8)5 (Lagr) by () dz

2
1 rb(®)
=— / k(x —t)dz
2 Ja(t)

is twice weakly Gateaux differentiable, because k € C2((0,1)). Let us notice that condition (6.7)
with this particular choice for the curve, can be rewritten in the following way:

d? 1 1 d? 1 d2 b
/ no(z)dx

22 P0 K (5L 1aqe) b)) = 5755 010 Lfagoy b)) = 5 72 »

1
= 5 (b2 = 02)’np(6(0)) = (a2 — )P (a(®))] < =6 Ve € (0,1).
To ensure the validity of the previous inequality the following condition is sufficient:
(a2 — a1)*no(a(t)) > 1p(b(t)) (ba — b1)* + 26. (6.8)

Given that ny € C1((0,1)) with n)(af) > 0 and n)(b}) < 0 for all 4, it becomes evident that,
by choosing e small enough, there exists § > 0 such that (6.8) is always satisfied. Therefore
condition (#4i") holds for the particular choice of the curve %]l[a(t),b(t)] that we made. O

=1

i n

Using the MNDSC and the fact that {K(]l[ag b)) Yie1 = {f;? k(x — )dx} are linearly inde-
’ 0

pendent, we can apply Theorem 5.1 and prove the following theorem.

Theorem 6.13. ALeAt uy =330, Céain[aé,ba] € L>((0,1)) be such that yo = Kug, where ¢ > 0,
o; € {—1,+1}, ag, by € [€,1 — €] and afy < by. Suppose that
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1. Tm K, NG (ug) # 0,

2. —al/ no dz = 1 if and only if a = af), b = b},

3. mo € CH(0,1)) such that oym)(al) > 0 and om)(by) < 0,

foralli=1...,n. Moreover, assume that {K(]l[ag,bg})}?:1 are linearly independent.

Then, for every sufficiently small € > 0, there exist « > 0 and A\g > 0 such that, for all
(A, w) € Nqn,, the solution uy to Py(yo + w) is unique and admits a unique representation
composed exactly of n signed indicator functions, denoted as {Ui]l[aivgi}}?zl' In other words:

Uy = = ZC}\O‘Z CCA

where %ai]l[ i 5] € B.(3 0ilfgi i) such that 20Zf findr =1, & > 0 and |&, — c§| < e for all
i=1,...,

Proof. The first assumption is (i). The second assumption on 7 is equivalent to the condition
(#¢"). The third assumption implies (i7i’), by Lemma 6.12. Thanks to the validity of the MNDSC
and the linear independence of {K (]l[aé b 1)}iz1, we can now apply the main Theorem 5.1 to
obtain the sought result. O

Remark 6.14. Note that condition %Ji]l[dg,ég} € B. ( [a bz}) can be simply rephrased as
|ay — af| + b — by| < e due to Proposition 6.11.

Remark 6.15. We expect that our general framework applies to variants of the setting we
have considered here. For example, in the case of 1-dimensional BV functions without boundary
conditions, one can resort to quotient strategies and identify the space of BV functions with the
space of Radon measures through the weak derivative operator [41]. In this case, the extreme
points of the BV-seminorm ball are step functions and the MNDSC would amount to require
the non-degeneracy of the dual certificate on the jump. On the contrary, the extension of our
framework to higher dimensions is unclear to us. We believe that property (iii) of our MNDSC
is linked to stability properties of suitable curvature problems as the ones introduced in [23,
Definition 5.3]. However, we have not explored this connection at the moment.

6.3 Product measures and 1-Wasserstein distance regularizer

We consider the product space X = M(T) := M(T) x M(T) of Radon measures on the one-
dimensional torus T and Y := L?(T) x L?(T). In particular, an element u € M(T) can be
written as v = (u,v) for u,v € M(T). Note that

o M(T) endowed with the norm

lullaery = lllarry + I llaeeny

is a Banach space whose pre-dual is C(T) = C(T) x C(T), that is M(T) ~ C(T)* =
C*(T) x C*(T);

o The regularizer G : X — [0, +0o0] is defined as

Wi v) + lpllveery + Wllaeery i v € MAE(T), |l aeery = vl
400 otherwise,

G, v) = {
(6.9)
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where W1 (p,v) := ¢Wi(4, %) when ||ullarry = |[¥|larer) = ¢, with the convention that if

c =0, then W1 (u,v) = 0. We also recall that, denoting w := % and 7 := Z two probability
measures, the 1-Wasserstein distance is defined as

Wie,r) =it { [ dn(ay) dy(op) iy € T,

where dr : T x T — [0,00) is the canonical metric on the torus and 7 (w,7) denotes the
set of couplings v € M (T) such that (), v = w and (my) v = 7, with 75, 7, being the
projections onto the first and second components.

Remark 6.16. Let us recall that the total variation norm |[|u[/5s(ry can also be expressed as
||(T), which is equal to p(T) when p is a positive measure. Henceforth, we will adopt this
notation.

Lemma 6.17. G is a convezx, 1-positively homogeneous, weak™* lower semi-continuous functional
and its sublevel sets are weak™® compact. Moreover, (0,0) is an interior point of 0G(0,0).

Proof. Positive 1-homogeneity is straightforward, while convexity follows from the dual formu-
lation of the 1-Wasserstein distance (see for instance [50, Sec 3.1.1]):

Wi(w,T) = sup {/T d(x)dw —7)(x) : ¢ € Lipl(T)} , (6.10)

where Lip;(T) denotes 1-Lipschitz functions with respect to the canonical metric on the torus.
Now, we prove that G is weak* lower semi-continuous in M(T). Take (ux)ken, (Vk)ken two
sequences weak® converging to some p,v € M(T). Without loss of generality, we can assume
that

lim inf G(ug, i) < +00.
k—o0

Up to extracting a further subsequence, we can also assume that G(ug,vy) < +oo for every k,
that is G (pu, vk) = Wi, vi) + |k || arery + 1vell arery, where g, v € MT(T) and puy,(T) = v (T).
By weak* convergence, we have that p,v € M™(T) and u(T) = v(T), thus satisfying the
constraint. The next step is to prove the weak* lower semi-continuity of the sum of the three
terms in (6.9), which can be expressed as

lign inf 771 g, i) + u(T) + (1) > W1 (g1, ) + () + 0(T).

The total variation is weak* lower semi-continuous with respect to the weak® convergence in
M(T). Therefore, we only need to prove the weak™ lower semi-continuity of Wi, which is an
immediate consequence of the duality formula (6.10). This follows from the fact that

Wiw0) = esup{ [ o) (£ = 2) @) 0 € Liy ()

—sup{ [ (@)l —v)(@) s 6 € Liny (1)}

is the supremum of weak™ continuous functions. Finally, given that G(ug, ) < +oo for all k,
we obtain:

G, v) = Wip,v) + () + v(T) < L inf W (g, vi) + p(T) + v4(T)

= liminf G (ug, vk ),
k—o0
which gives us the desired result.
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Thanks to the weak™ lower semi-continuity, we can show that the sublevel set S™(G, ) in (2.1)
is weak™ compact for every o > 0. Indeed, take a sequence (ug,vi)reny C S~ (G, ), that is
G(pu, i) < a. This implies that p;(T) < o and v, (T) < «, which allow us to apply the Banach-
Alaoglu theorem. Therefore, up to subsequences, iy — p and v, — v in M (T). By the weak*
lower semi-continuity of G, we obtain:

G(p,v) < likm inf G(pg, i) < «
—00

This holds for every a > 0, establishing that (u,v) € S7 (G, a).
Lastly, we need to prove that (0,0) is an interior point of dG(0,0). Since the duality pairing
between u = (u,v) € M(T) and n = (¢, 1) € C(T) is given by

() = [ odu+ [ v,
the subdifferential of G in zero becomes:
0G(0,0) = { (@) ec(n): [+ [ v <Guv) W) e M(T)]
—{.vrecm: [odu+ [vay <Wi(u0)+ (D) +v(D)
Vi, v € M*(T), u(T) = y(']r)}.
If we consider (¢,%) € C(T) such that ||¢|lc < 1 and |[t]|es < 1, we obtain:

[odut [ v < u(0) + v(T) < W) + (1) + w(T).
T T

This implies that every (¢,1) € C(T) whose norm is less than one belongs to the subdifferential
of G at the point (0,0). In particular, (0,0) is an interior point of G(0,0). O

As a linear operator, we consider K : M(T) — Y, which is the vector-valued version of the one
introduced in Section 6.1, defined as

K(uv) : s </T kl(x—s)dp(x),/jrkzg(x—s)dy(x)> V(u,v) € M(T). (6.11)

Here, the convolutional kernels k; and ks are in C?(T). Applying Proposition 6.1 for each
component of K, we can conclude that K is weak*-to-strong continuous. In particular, it is also
weak*-to-weak continuous, and thus, it satisfies Assumption 2.5.

Note that K, : Y — C(T), for K defined as in (6.11), can be characterized as

K*(y,z):sr—></1rk1(s—x dx/kg s—ux) dx> V(y,z) €Y.

Once again our main goal is to apply Theorem 5.1. To achieve this, we need to reformulate the
MNDSC as in Definition 4.2 for this specific scenario. Therefore, we need to characterize the
extreme points of the set B = {(p,v) € M(T) : G(p,v) < 1}. The main tool for characterizing
these extreme points is an adapted version of [22, Proposition 2.8], using [11, Lemma 3.2]. This
characterization is the content of the following theorem.

Theorem 6.18. The extreme points of
B = {(1,v) € MH(T) x M*(T) : Wi(,v) + u(T) +»(T) < 1, s(T) = »(T) }

Oz Oz
2+drp ($7f) ) 2+4dr ($7f

are the pair (0,0) and the pairs of rescaled Dirac deltas ( )), where (z,x) €

T x T.
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Proof. In [22, Proposition 2.8] the authors showed that the extreme points of

B ={peM(T): Wi(u*,p™) + p* (1) + p~(T) < 1,1 (T) = p~(T) }

0y —0z

T (5] where (z,z) € T x T, x # z. Consider the linear map

are the rescaled dipoles
L: M(T) — M*(T) x MT(T)
= (uhuo),

where (u*,u”) is the Jordan decomposition of p. Note that L is injective. Indeed, given
p1, g € M(T) with their respective Jordan decompositions (u}, 1) and (13, p3 ), we have that

if (1, p1) = (n3, 12 ), then
p = p =y =y = py = pla
Therefore, [11, Lemma 3.2] yields
Ext(LB) = LExt(B), (6.12)

where LB = BN {(u,v) € M(T) : 4 L v}. Since

2+d11‘(x,x) 2+d11'($,$)’ 2+d11'(x,x) ’
by (612)7 we have:

Oy 0z
2+dy(z,z)’ 2+ dp(x, x)

Ext(BN{(p,v) e M(T) : p L v}) = {( ) DX, T ET,x#f}. (6.13)

We want to prove that

Ext(B) = {<2 m dff(sn,:v)’ 2+ dff(w)) e T} V1005

We first show the inclusion:

{<2 + dfrm(x,x)’ 2+ df:(g;,x)) cx,T € T} U{(0,0)} C Ext(B).

Since we are considering positive measures, (0,0) is straightforwardly an extreme point of B.

Now, let us show that <2+d5T”(‘m7f), 2+d511~5zm,f)) is an extreme point of B for every z,z € T. If x = Z,
Oz

then we have (%z, 7) and the proof follows directly from the extremality of the Dirac deltas for
the total variation. If x # &, given two convex decompositions:

Oy 0z

Sty T Npe and 5 e

=iy + (1 — )\)1/2,

where (u1,v1), (t2,2) € B and X € (0,1), we note that py L 14 and pe L vy, because they are
supported in two different points. Therefore, from (6.13), we conclude that #ﬂm =[] = U3

0z — — ; ; O Oz
and T @E — Y= Ve deducing the extremality of (2+d1r(x,5c)’ 2+dqr(x,5c))'

We now show the inclusion:

Ext(B) C {( L L

2+ d’]r(ﬁl?,j)’ 2+ d']f(x,f)

) 2,7 € ’]1‘} U{(0,0)}.

In the following, we will consider all the possible relations between p and v, when (u,v) €
Ext(B).
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Let (u,v) € B be an extreme point of B such that p L v. We claim that (u,v) is also an
extreme point of BN {(u,v) € M(T) : p L v}. Indeed, given two convex combinations:

=1+ (1 —=XNpe and v=Ay+ (1— Ny,

where (u1,v1), (u2,2) € B, A € (0,1) and p L v, we deduce from the extremality of (u,v) in
B that 4 = py = pe and v = v; = vy. This implies the extremality of (u,v) in B N {(u,v) €
M(T) : p L v}, and therefore, by (6.13), (u,v) = (2+d61rgfx,5c)’ 2+d‘§x’f)) for some = # .

Suppose now that (u,v) € B is an extreme point of B with p and v not mutually singular
and p # v. We will prove that such (u,r) does not exist. Since p and v are not mutually
singular, there exists a measurable set A C T such that pu(A) > v(A) > 0. Define ng =

v(A¢) 4+ u(T) — v(A) + W1(u,v), and note that na # 0, because u # v. Then, consider the
following convex decompositions:

vL A (b —vL A)
=2v(A +
1% ( )QI/(A) nA na
v = 2(A) v A v A

+ )
20(A) M

where na + 2v(A) = G(u,v) = 1, because (u,r) is an extreme point of B different from (0,0)
and G is positively 1-homogeneous. Indeed, suppose by contradiction that G(u,v) < 1. Since
G(p,v) > 0 we can write the following convex combination:

(1,0) = (1 = G, )(0.0) + Glju,v) o)

where (0,0) € B and, thanks to the 1-positive homogeneity of G, also CE‘ZLVZ) € B. We de-
duce, from the extremality of (u,v) in B, that (u,v) = (0,0), which immediately leads to a

contradiction. Therefore, the only possibility is G(u,v) = 1.

Note also that (u1,v1) := (é’kjﬁ, ;’Vl@f‘)) and (ug,12) == ((“_Z#, %) are in B. Indeed, we
have:

= (vLA vLA v(A) v(A)

Glnsvn) = Wh (QV(A)’ 2V(A)) w(A) " 2w(A)

- TNy (022t
u(T) —v(A) +v(A°)  w(T) —v(A) u—vLA vl AC
- 1A TR <M(T) —v(A)’ V(AC)>

H(T) = v(A) + v(A%) + (u(T) — v(A) Wy (=i, )

v(A%) + pu(T) — v(A) + Wi (p,v)

C(M, V) +W1(/L _ V'—A’VLAC) <1

C(M7V)+W1(M7V) s
where ¢(p, v) = v(A°) 4+ u(T) —v(A). Again, thanks to the extremality of (u,r) in B, we obtain
0= é’l/'?f) = v, which contradicts p # v.
It remains to consider the case where (u,v) € Ext(B) and p = v. Following the same argument
used to prove the extremality of the Dirac deltas for total variations (see for example [11,
Proposition 4.1]), we can straightforwardly deduce that either p = v =0or p = v = 57” for
x € T, where x = .

O

Proposition 6.19. Consider two sequences (zx)ken, (Tx)ken. Then, xx — x, Ty — T if and
. O Oz R 5y 5z . o
only if (2+d1r(rkk,fk)’ 2+d1r(mkk,fk)) <2+dT(m,f)’ 2+dT(m,f))' Moreover, it holds that Ext(B) = B.
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Proof. Let xp, — x, x — . Then, we observe that

o(Tr) ©(Zk) o(x) o(z)
(2 + d']f(xk, fk)7 24+ d’]r(xk, xk)) - (2 + d’]r(x, f)’ 24+ d’]r(x, f)

) Vo € C(T). (6.14)

This is equivalent to

< Oz, O, > EN ( Oa i > (6.15)
2+ dr(zy, 7x) " 2 + dr(Tk, T1) 2+dr(z,z)" 2+ dr(z,2)/ '

Viceversa, if (6.15) holds, then, by using (6.14) and choosing ¢ = 1, we get dr(zy, zr) — dr(z, T).
Therefore, from (6.14), we deduce that ¢(xp) — ¢(z) and ¢(Zx) — ¢(z) for all ¢ € C(T).
Finally, if we select ¢ = Id, we obtain that z; — x and zx — .

It remains to prove that B = Ext(B). We immediately have the inclusion Ext(B) C B. Therefore,
we just need to prove that B C Ext(B). Consider (u,v) € B, which is the weak* limit of a
sequence (ug,vg) of extreme points. If there exists a subsequence such that uy and vy are both
zero on that subsequence, then (u,rv) = (0,0) € Ext(B). Otherwise, we can assume, without

x 6%
2+d'ﬂ“(;k753k) ’ 2+d'ﬂ“(;k753k)
and Zr — T, up to subsequences. Using the first part of the proof and the uniqueness of the

weak* limit, we deduce that (u,v) = (2+d‘;ﬂzx@, 2+d6ﬁx,f)) € Ext(B), as we wanted to prove. [

loss of generality, that (ug,vg) = ( ) for all k. By compactness, x — =

Remark 6.20. In this remark, we want to compare the metric induced by the weak* distance
of extreme points with the Hellinger-Kantorovich distance. Following [44], we know that the
Hellinger-Kantorovich distance between two rescaled Dirac deltas is

o ) ao+ a1 —2\/agay cos(dr(y,x)) for dr(y,r) <,
HK(a0d;, a19,)” = { ag + ay + 24/apay for dr(y,x) >,

where z,y € T and ag,a; > 0. Consider two sequences (Zg)ren, (Tk)ren and denote ap :=
m, a = m. If we let z — =z, T — Z, then ap — a, and both dr(zy,z) and

dr(zy, ) are less than 7. Therefore, the following holds:

HK (1,6, , ad;)* + HK (apdz, , adz)? = 2a + 2a — 2+/aga cos (dr(zy, z)) + cos(dr(zx, 7)) — 0
(6.16)
as k — +oo. Viceversa, suppose limy_, oo HK (a40y, , ad;)>+HK (axz, , adz)? = 0. Since ay, a >
0, it becomes evident that the only possible case to consider is when dr(z, x), dr(Zg, 2) < 7. In
this case, we can observe that

2ay, + 2a — 2\/aga(cos(dr(zy, x)) + cos(dr(Zx, Z))) = 2ax + 2a — 4y/aga = 2(\/ag — Va)* > 0,

which implies /a; —+/a — 0, i.e. ap — a. By compactness, we can assume, without loss of
generality, that x; — 29 and Ty — Ty up to subsequence. Thanks to (6.16), we obtain that

4a — 2a(cos(dr (o, z)) + cos(dr(zo,z))) = 0,

which implies g = = and g = . By Lemma 6.19, the previous computation establishes

. 8o 8= [ 0y 2
an equivalence between dg ((2+dqr(m,f)’ 2+dqr(m,f)) , (2+dTy(y,g)’ 2+dTy(y,g) )) and (HK (apd,, a16y)” +
HK (agdz, a105)?)'/?, where ag := both of which metrize the weak*
convergence.

and a 1=

1 1
2+dy (z,7) 2+dr(y,9)”

In this case, we can rewrite the MNDSC as follows, where from now on we denote Dy :=
( O Oz ) and x := (z,Z). Let uy = (uo,0) = iy Cngg € M(T) be such that

2+dr(x,z)’ 2+dr(x,x) ) i
(Yo, 20) = K (po, 1), where ¢ > 0 and x, € T x T. Then, ug satisfies the MNDSC if
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(i) Im K, N OG(ug) # 0,
(id") {Dx(l), . ,ng} = Exc(up),

(i#i") Je,0 > 0 such that, Vi = 1,...,n and for any Dx,, Dx, € Bc (Dx ) where x; # X3, the
following condition holds. There exists a curve Dy @ [0,1] — Be(Dy ) belonging to 'y,
with Dy ) = Dx, and Dy(1) = Dx,, such that

2

73 (00, K (Dyy)) < =8 V€ (0,1). (6.17)

Remark 6.21. We warn the reader that in the proof of the following lemma, we will identify
the torus T with the Euclidean space R. In particular, the distance on the torus will be rewritten
as dr(x,z) = |z — x|, and geodesics on the torus will be identified with geodesics on R. This
does not affect any of the arguments performed. Moreover, for the sake of simplicity, we will
assume that z§ > ). Note that an entirely analogous argument can be applied when 7§ > .

Now, let us explore an explicit requirement that can be imposed on the minimal-norm dual
certificate to ensure the fulfilment of condition (i7i’) when choosing a specific family of curves.

Lemma 6.22. Let ny = (vo,v%0) € C(T) be the minimal-norm dual certificate associated with
Pr((yo,20)). Assume no € C*(T) x C*(T) and

HE(x}) is negative definite  Vi=1,...,n
where HF(x}) is the Hessian of the function F(x) = %&f%)@ computed at x}y = (x},zh) €
T x T. Then, condition (iii") holds.

Proof. Fix x} = xg € T x T and choose ¢ > 0 sufficiently small. Given I.(xq) = (r¢—¢, 7o +¢) X
(o — &,%0 + €) and x1,%X92 € I.(X9) where x; # X2, consider a curve x(t) in I.(xp), connecting
X1 and X9, defined as

X(t) =txo + (1 — t)Xl
Note that either z(t) # z(t) for every ¢t € (0,1) or z(¢t) = z(t) for all ¢ € [0, 1]. Since Zy < xg, we

suppose without loss of generality that z(t) < z(t) for all ¢ € [0,1]. Therefore, given the curve
Dy : [0,1] — B:(Dx,), the quantity

K(Dyqy) = m ( | ki@ =s)ds, [ kg(x—s)déw(t))
z(

is twice weakly Gateaux differentiable, since k1 and ks are C?(T). Now, let us compute

2 &2 &2 S 5ait
22 P K (Dx())) = =5 (0 Dxt)) = 5 {(0: ¢o), (2 —i—x(t)( )_ 02 +m(t)( )_ f(t))>
o d2 51; ) d2 5&(,5)
BT Fat) — ()>+ﬁ<¢0’2+m t)—aE(t)>
& po(z(t) i d*  o(Z(h))
T d22+ :c( ) —x(t)  dt?2+x(t) — z(t)

() )
_ < z()2'(t) _ polz(t)(='(t) — w’(t)))
2+a(t)—z(t)  (2+a(t) - 2(t))?
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N ﬁ( Po(z(t)@'(t)  yo(z(t)(@'(t) — 2 (t)))

dt \2+ z(t) — z(t) 2+ a(t) —z(t))2

po () (1 — 22)* + 90 (2(1)) (71 — T2)?

24 x(t) — z(t)
21— @2 — T+ @) (wp () (T1 — ) + Y (T(1)) (T1 — Z2))
2(2 +a(t) — z(t))?

2(x1 — w2 — T1 + 32)* (wo(x (1)) + o (Z(t)))

+ T o= 50) . (6.18)

Since HF(x(t)) can be computed as

eole(®) 200 (x(t) 4 20 (@) +o(F() 20 @)= (1) 2(pq(2(t)+(2(1)))
2+x(t)—z(t)  (2+=z(t)—z(t))2 (2+z(t)—z(t))3 (24a(t)—Z(t))2 (2+z(t)—&(t))3
2O EW)— (@) 2(pq(x(£)+u(2(1)) v (3(1) 294 (3()) 200 (@(8)) +1p0 (£(£)))
(24a(t)—Z(t))2 (24z(t)—z(t))3 2+z(t)—z(t) ' (2+4z(t)—z(t))2 (24z(t)—z(t))3

a simple computation shows that

(.%'1 — T2 i‘l - i‘g) HF(X(t)) <:El B 552>

xr1 — T2
_ p0(x(t)(z1 — z2)? L Z2eo(e®) (@1 = 22)? + (go(a(t) — ¢ (2(1))(#1 — T) (21 — 2)
2+ x(t) — z(t) (24 z(t) — z(t))?
N 2(po(z(t)) + Yo(2(t)) (w1 — 22 — &1 + @2) (21 — 22) N (90( ) (1 — 9)?
2+ z(t) — z(t))3 T a(t) — z(t)
N 20 (2(1)) (21 — T2)* + (@ (x(t)) — ¢/ (2(t))) (21 — w2)(T1 — To)

(2+z(t) — 2(t))?
~ 2(po(x(t)) + Yo(z(t)) (21 — 2 — 1 + T2)(T1 — T2)

2(z1 — 29 — T1 + 72)% (po(z
2+ z(t) —z(1))

which is exactly (6.18). In particular, we have derived the following identity:

_l’_

)

d2

252 (P K (Dx(r))) = (wl —xy Iy — :Ez) HF(x(t)) (ml - @) vt e (0,1).  (6.19)

Ty — T2

Since HF'(x¢) is assumed to be negative definite, it holds that

(1‘1 — T2 .f'l - i‘Q) HF(X()) (%1 B %2> < 0.

1 — X2

Since 19 = (o, %0) € C3(T) x C?(T), which implies by the previous computations that HF is
continuous, we can ensure, by choosing a sufficiently small ¢, that there exists 6 > 0 such that

(21— s &1 — 32) HF(x(1)) <x1 - ””2> <=5

1 — X2

holds for every x(t) € I.(xp). In particular, from (6.19) we deduce that (6.17) in (¢i7’) holds. O
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kr(zi—) ko (3 —)) 1"
Finally, if we additionally assume that {K(D,:)}" , = (2=, 1-2(_1,.0 ) are linearly in-
X0 ? 2+d'JI'(33071'0) i=1
dependent, we can apply, once again, Theorem 5.1 to derive a sparse representation recovery
result. In the following, w € Y is the vector-valued noise and 79 = (g, ¢p) is the minimal-norm

dual certificate.
Theorem 6.23. Let ug = (o, v0) = Y1y C%)ng € M(T) be such that (yo,z0) = K(uo,v0),
where cé > 0 and xf) €T x T. Suppose that

1. ITm K, NG (ug) # 0,

2. {(no, Dx) = 2+ﬁ?r((mm)j) + 2;2??((?75) =1 if and only if x = x§,

3. (po,10) € C*(T) x C*(T) and HF(x}) is negative definite,

foralli=1,...,n. Moreover, assume that {K(Dxé)}znzl are linearly independent.

Then, for every sufficiently small € > 0, there exist o > 0 and Ao > 0 such that, for all
(A, W) € Ng,, the solution iy = (fin, D) to Pr((yo,20) + W) is unique and admits a unique
representation composed exactly of n couples of rescaled Dirac deltas, denoted as {D;(iA e In
other words:

n
iy =Y &Dxi,
i=1
where Dy € B:(Dy; ) such that <77>\,D)~(§> =1,8 >0and |6, —ch| <e foralli=1,...,n.

Proof. Once again, assumption 1 is exactly (¢'). Assumption 2 on 7 is equivalent to (i7'), while
assumption 3 implies, thanks to Lemma 6.22, that condition (i7i") is satisfied. Therefore, we can
conclude that ug satisfies the MNDSC when considering the specific curve ¢ — Dy as in the
proof of Lemma 6.22. Thus, thanks to the MNDSC and the linear independence of {K(Dxé)}znzl?
we can now apply Theorem 5.1 to obtain the sought result. U

Remark 6.24. Note that condition Dy € BE(ng) can be simply rephrased as dr(5, x§) +
dr(#,z}) < e due to Proposition 6.19.

7 Conclusions and future perspectives

The main result of this paper, presented in Theorem 5.1, is the first general result addressing the
exact sparse representation recovery of solutions to convex optimization problems. As shown in
the examples presented in Section 6, it is applicable across a wide range of scenarios. It is worth
pointing out that its applicability is based on the ability to characterize the extreme points of
the ball of a given regularizer and provide an explicit description of curves in the space of the
extreme points (such as geodesics in B). This could be a challenging task, depending on the
optimization problem at hand.

Few recent works have analyzed the exact sparse representation recovery for specific problems
regularized with the TV-norm of BV functions [23, 39]. As highlighted in Remark 6.15, it is
currently unclear to us how to use Theorem 5.1 to recover such results. This challenge arises
from the complex geometry of sets of finite perimeters, that are extreme points of the TV-ball
for BV functions. This nature does not allow for easy characterizations of curves in their space.
The application of Theorem 5.1 to other optimization problems will be investigated in future
works. Interesting examples include dynamic problems regularized with the Benamou-Brenier
energy, where extreme points are identifiable with H' curves [12], and optimization problems
regularized with linear, scalar differential operators [52].

An alternative perspective is to obtain exact sparse representation recovery results by assuming
additional differential structure on the metric space B. In this case, we conjecture that stronger
results can be achieved, addressing a potentially wider range of applications. This is also reserved
for exploration in future research.
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Appendix

A.1 Complements to Sections 4 and 5

In this section, we state and prove a technical lemma about the non-expansiveness of the function
y—)? — pa, and a stability theorem of the solutions @y to Px(yo + w).

Lemma A.1. Let py and py be the solutions to Dy(yo) and Dy (yo + w) respectively, for w € Y.
Then, the mapping % — py is non-expansive, i.e.

[[wlly
A

Hp)\ - ﬁAHY <

Proof. Since the problem Dy (yo) can be reformulated as in D) (yo), we know that the following
variational characterization of the projection operator p,, often referred to as the Bourbaki-
Cheney-Goldstein inequality, holds (see for instance [9, Proposition 1.1.9]):

(%—pmp—p,\) <0 VpeY.

The previous inequality holds also for py € Y, that is
Yo -
<T — PxsPA —m) < 0. (A1)

Applying the inequality with the solution to the problem D) (yo + w), we obtain:

(yo+w
A

—m,p—m) <0 Vpey.
This inequality holds also for py € Y, that is

Yot+w _
( \ —Px,px—m><0,

or equivalently

_ +w
(PA _ 0 Py —pA) <0. (A.2)

If we sum (A.1) and (A.2), and we apply the Cauchy-Schwarz inequality, we obtain:

N W _ wily |
(p,\ —Px— D —p,\) <0 = [pr —pally < WHPA —pally-
Dividing by ||px — pally the result holds. O

The stability theorem that we present is an adaptation of [38, Theorem 3.2]. This adapted
version gives us the stability of solutions to P (yo + w) with respect to the noise w and the
parameter A in N, ,. Note that in the following theorem, we assume A > 0, since the case
A =0 is covered by [38, Theorem 3.5].

Theorem A.2 (Stability). Let (21),cy be a sequence converging to z in'Y with respect to the
strong topology, and (A\g)pecy @ sequence converging to A > 0. Then, every sequence (@i, ),
such that
@iy, € argmin ||[Ku — 23 + MG(u),
ueX

has a subsequence (wy, )jen which converges to a minimizer iy of Px(z) with respect to the
J

weak™* topology.
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Proof. From the minimizing property of iy, , the following inequality holds:
| Ky, — zl> + MG (@y,) < [|[Ku— 2|3 + MG(u) Yue€ X. (A.3)

Thanks to weak® compactness of the sublevel sets of G (Assumption 2.1), @), has a weak*
convergent subsequence (4 Ak )jen with limit @y € X. Since K is weak*-to-weak continuous, we
have that bi\kj — Ky as j — oo. Furthermore, since Zk; = 2, We obtain that also bi\kj — 2k;
converges to Ky — z weakly.

Thanks to the weak lower semi-continuity of || - ||2- and the weak* lower semi-continuity of G(-)
with respect to the topologies of Y and X respectively, it follows that

| Ky — 2|5 < liminf | Ky, — 2, [y,  G(ia) < liminf G(iy, ). (A.4)
J—00 J J—00 J
We now proceed to show that Ag; ﬂ)\kj X \ay. For any 17 € X, the following holds:

’(7% Akt ) = (1, MW‘ < ’(77, Ak; Uy, — )\@Akj>‘ + ‘<77, Ay, — MW‘
<A, ] A, )]

J
1 I

Given that zb\kj X @y, it follows that 7T — 0. Moreover, the convergence of Ag; — A and the
norm-bound property of ﬁAkj due to its weak™ convergence lead to I — 0. Therefore it holds
that

G()\ﬁ)\) < lim inf G()\kjﬁ)\kj ) (A5)

J]—00

Using the inequalities (A.3), (A.4), (A.5), and the 1-positive homogeneity of G, we obtain that
for all w € X it holds that

HKﬁ)\ — ZH% + G(}\ﬂ)\) < liminf ”Kﬂ)\k — Zk]H% + G()\kjﬂ)\kv)
J—00 J J
s ~ 2 ~
= hjrgg.}f ||KU)\,€j — 2, ly + )\ij(uAkj)

< lim inf [[Ku — 2, 12 + i, G(u)
J—+o0
= || Ku — 2|3 + A\G(u).

This shows that @) is a minimizer of Py(z). O

A.2 Implicit Function Theorem

In this section, we state and provide a proof of a variant of the classical implicit function
theorem whose proof is inspired by the celebrated Goursat implicit function theorem [36]. The
main difference with the classical implicit function theorem is that it considers general Banach
spaces and it does not require the differentiability of the function with respect to all variables.
A proof can be also found in [42, Theorem 3.4.10] for functions defined in the product of open
subsets of the initial product space. For the sake of completeness we propose a proof in our
setting, by adapting the proof in [42, Theorem 3.4.10].

Theorem A.3 (Goursat). Let X,Y, W be Banach spaces and U x V' be a subset of X xY', where
UcC X isopen and V CY (U and V are endowed with the respective topologies). Suppose that
f:UXV — W is a continuous function such that (D f),, the Frechét derivative of f with respect
to the first variable, exists and is continuous at each point (u,v) of U x V. Assume also that
there exists a point (ug,vo) € U X V such that f(ug,vo) = 0, and that (D f),(uo,vo) is invertible
with bounded inverse.

Then, there ezist two open balls By(ug) C U and Bs(vg) C Y such that, for each v € Bs(vg) NV,
there exists a unique u € By (ug) satisfying f(u,v) = 0. Moreover, the function g : Bs(vg) NV —
B, (ug) uniquely defined by the condition g(v) = u is continuous.
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Proof. Since (D f)y(ug,vp) is invertible by hypothesis, we can define:
h(u,v) = u — [(Df)u(uo,v0) N f(u,v) VYu € U,ve V.

Since f and (Df), are continuous functions, and (D f),(ug,vo) ! is bounded, we have that also
h and (Dh),, are continuous. In particular, for a point (ug,vg) € U x V such that f(ug,vo) =0,
it holds:

h(ug,v0) = o — [(Df)u(uo,v0)~1f (w0, v0) = uo
and
(Dh)u(uo,v0) = Id — [(Df)u(uo,v0) " 1(Df)u(uo, vo) = 0.

Since h and (Dh),, are continuous functions with respect to both variables, for every 0 < e < 1,
there exist r,s > 0, and two balls B,(up) C U and Bs(vg) C Y, such that, for all (u,v) €
B, (up) x (Bs(vg) N V), the following inequalities hold:

1w, v) = uollx <e,

(A.6)
[(DR)u(u, ) £(x,x) <€
In particular, taking a smaller ball B(vg) if necessary, we can write:
lh(up,v) —wol|lx < (1 —e)r Vo€ Bs(vg)NV. (A.7)

Now, if we want to apply the contraction mapping fixed point principle, we need to prove that
h is a contraction in its first variable uniformly in v € Bs(vg) NV, that is

1A (u1,0) = h(ug, v)|[x < cllug —wllx  Vui,uz € Br(uo),

where 0 < ¢ < 1 is a constant. Given uy,us € B,(ug), applying a generalized version of the
mean-value theorem (see for instance [26, Theorem 6.5]) and using (A.6), we obtain:

1h(u1,v) — h(uz,v)[x < S [(Dh)y(uz + t(ur —uz2),0)||2x,x) lur — uzllx < ellur — uallx,
<t<

implying that h is a contraction. Finally, thanks to (A.7), we can apply [42, Theorem 3.4.6],
which proof relies exactly on the contraction mapping fixed point principle as established in [42,
Theorem 3.4.1]. This allows us to conclude that, for each v € Bg(vg) NV, there exists a unique
u € By(ug) such that h(u,v) = u. This, by the definition of h, is equivalent to the equation
f(u,v) = 0. Moreover, according to the same theorem [42, Theorem 3.4.6], we have that the
unique function g : Bs(vg) NV — By (up), defined by g(v) = u, is continuous.

]
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