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1 Introduction

Approximate differentiability a.e. of vector valued non-smooth maps is a fundamental property in order to
deal with currents carried by graphs of non-smooth maps, compare Giaquinta-Modica-Soucek [9, Sec. 3.1.4].
Calderén-Zygmund theorem [7] implies that the latter property is satisfied by Sobolev functions, see [9,
Sec. 3.1.2], and also by functions of bounded variation (BV), see [4, Sec. 3.7]. However, it appears that it is
not known whether the same holds true for functions in the Sobolev-Slobodeckij trace spaces W1=1/P:»,

More precisely, as communicated to us by G. Crippa in [1], in dimension two there is a function f in
C1@ for each 0 < o < 1 that does not satisfy the so called weak Sard property, see [2]. Correspondingly, the
function b = V+f belongs to the fractional Sobolev-Slobodeckij classes W*P for each p > 1 and 0 < s < 1.
Therefore, such a function b does not belong to the class t%! (functions with first order Taylor expansion
in L'-sense), see [3]. If it were the case, in fact, the corresponding function f had to satisfy the C2-Lusin
property and, definitely, the weak Sard property. Notice that the existence of a first order Taylor expansion
in L'-sense is a slightly stronger property than approximate differentiability a.e.

Therefore, it is reasonable to conjecture the existence of maps in W' ~1/PP that are not a.e. approximately
differentiable. Notice that it is known that traces of Sobolev maps may not be functions of bounded variation,
but to our knowledge the previous question is an open problem.

In this paper, we find a characterization of the BV property for functions in trace spaces.

For n, N > 2 and Q a bounded domain of R”, we denote by W'=/7P(Q RY) the Banach space of trace
maps in  x {0} of the Sobolev class W1?(Q x I, RY), where I = (0,1) and p > 1 is a real exponent.

Using the classical extension due to Gagliardo [8], to any map u € W'=1/PP(Q RY) we associate a
Sobolev function Ext(u) € WhP(Q x I, RY) given by a minimizer of the infimum problem

1nf{/ |DU($,t)|pdedt | U e Wl’p(Q X I,RN), U|Q><{O} :U} .
QxI

The norm of maps v in W1=1/P? is equivalent to the norm

HUHLP(Q,RN) + HDUHLP(QXI,RN) , U =Ext(u),

1
HDUHIZP(QX,’RN):/ /IDU(az,t)|pdt dz .
Q 0

The main result of this paper is contained in the following

where

Theorem 1.1 Let u € W =1/PP(Q RN) for some p > 2. Then, u is a function of bounded variation, say
u € BV(Q,RYN), if and only if we have

1 €
lim inf 7/ (/
e—0t € Q 0

gg(x7t)’dt> dr <oo Vi=1,...,n. (1.1)




Notice that property (1.1) does not involve the partial derivative of the extension map U in the direction
of the variable ¢. Moreover, the validity of (1.1) guarantees the a.e. approximate differentiability property
of maps that are e.g. traces of Sobolev functions U in W12(Q x I,RY).

For real valued maps u € W'~1/P2(Q, R), Theorem 1.1 holds true for any exponent p > 1, see Remark 3.1
below. Its proof relies on some ideas contained in [10] and [1]. Roughly speaking, it is based on the analysis
of the properties of the lower order strata of the n-current

T, = (=D 10Gy)L (2 x {0}) xRY), U = Ext(u),

where Gy is the (n + 1)-current carried by the graph of the Sobolev map U, see [9].

2 Notation and preliminary results

We deal with mappings u : X — RY defined in a smooth, connected, compact Riemannian manifold X
without boundary, of dimension n > 2. Actually, we let X = M for some smooth and compact (n + 1)-
manifold M, the model case being X = S”, the unit sphere in R"*!. By Nash-Moser theorem, the manifold
M is isometrically embedded into some Euclidean space RY. We shall equip M and X with the metric
induced by the Euclidean norm on the ambient space.

For z € X and 0 < h < 19, where rg > 0 is the injectivity radius of X, denote by B(z, h) the geodesic
n-ball of radius h centered at z € X. For 0 < § < rg small, let

M;s = {z € M |dist(z,X) < 6}, X =0M.

There exists 0 < d < rg such that the nearest point projection ITxs from M, onto X is well-defined, and
hence we may consider the fibration
O X x [0,d = Mg, (2.1)

where ®(2) := (Ilp(2), dist(z, X)) for any z € M.

2.1 Trace spaces

The fractional Sobolev-Slobodeckij space W1=1/p:» (X), where p > 1 is a real exponent, is the Banach space
of LP-functions u : X — R which have finite W'~1/?P-seminorm

e = [ [ O e an ).

x |z —ylrtrt
where HF is the k-dimensional Hausdorff measure in R¢, endowed with the norm
lall?_y = Tl ey + 0l (2.2)

We denote by Wl_l/p’p(X,]RN) the space of vector valued maps v : X — RY with components v’/ €
W=1/rP(X) for every j = 1,...,N. Since X = M for some smooth manifold M, then W'=1/7P (9 M, RN)
can be characterized as the space of functions w that are traces of functions U in the Sobolev space
Whe(M,RY).

Following Bethuel-Demengel [5], to each map u € W!'~/PP(X RY) we associate a function U in
WP (Mg, RY) given by U = v o ®, where

o(@, h) = ]{B( RENNCOERS W (2.3)

It turns out that U € WP(Mg,RY) and U is smooth outside X, with ﬁIX = u in the sense of the traces,
compare [8]. Moreover, setting up(z) := v(z, h), we have (cf. [1, Prop. 1.1])

Proposition 2.1 uj, — u strongly in W'=1/PP a5 h — 07,



2.2 Semi-currents carried by graphs

We refer to [9] for the basic notation on the theory of currents. According to [10], every compactly supported
smooth differential k-form w € D¥(X x RY), where k < n, splits as a sum

k ,
w = A Ow(J), k := min(k, N).
j=

Here the w)’s are the k-forms that contain exactly j differentials in the vertical RN variables. For fixed
r=1,...,k we denote by D¥-"(X x RY) the subspace of D¥(&X x RN) of k-forms of the type w = > 7_jw.
The dual space of “semi-currents” is denoted by Dy, (X x RY). Of course we have Di.;, = Dy, the space of
all k-currents. A similar notation holds by replacing X with M or M.

Example 2.2 If U € W'?(M,RY), then the graph current Gy is a well defined (n + 1,p)-current in
Dyi1,p(M x RY), where we have set

p := min{[p], N}, with [p] the integer part of p.
Denoting by f < ¢ the join map (f < g)(z) := (f(z),g(x)), in an approximate sense we have
Gu = (Idp = U)x[M].
For example, if w = v An € D" (M x RY), where v € D"*="(M), n € D"(RY), and 0 < h <

min{n + 1, p}, by the area formula we have

(Guoy A) = (IMT, (dpe 5 UVE(y Am)) = ([M ], A U#1) = /Mm Uy,

Setting moreover
Gy = sup {(Gv,w) |w € D"P(M xRY), |w| <1},

where ||w|| is the comass norm of w, by using the parallelogram inequality we infer that
IGull < C / (14 [DUP) dH™ < oo
M

for some absolute constant C' = C(n,p, M) > 0, not depending on U. As a consequence, if p > N
it turns out that Gy is an integer multiplicity rectifiable (n 4 1)-current in My x RY with finite mass,
M(Gy) = |Gyl < oo, compare [9].

Definition 2.3 To any map u € W'=1/PP(X RY) we associate a Sobolev map Ext(u) € WhP(M,RN)
given by a minimizer of the infimum problem

inf {/ |DUP dH™ | U € WP (M,RY), Ux = U} .
M

The (n,p — 1)-current T, in D,, p—1(X x RY) carried by the graph of u is given by
T,:=(-1)""10Gy)L (X xRY)  on D"P Hx xRY), (2.4)
where U := Ext(u) and Gy € Dy11,p(M x RY) is defined as in Example 2.2.

More precisely, for each § > 0 we choose a cut-off function n = ns € C*°([0, d], [0, 1]) such that n(t) =1
for 0 < ¢ <§/4, n(t) =0 for 36/4 <t < 4, and ||| < 4/6. Then, on account of (2.1), to each smooth
n-form w € D*(X x RY) we associate the smooth n-form @ in M;s x RY given by

Gi= (@sald))wAn,  (®ealdY)(zy) = (().y). (2.5)
Now, since U is smooth out of X, the above formula (2.4) reads as
(Ty,w) = (T,®) == (=1)""YGy,dw) YweD"PHX xRY), (2.6)

where we can choose 1 = 7(d) independently of 0 < ¢ < d.



Remark 2.4 The above definition, introduced in [10], does not depend on the choice of the Sobolev ex-
tension. In fact, in [9, Sec. 3.2.5] it is shown that two Sobolev maps Uy, Uy € WEP(M,RN) have the same
traces on OM, i.e., Uyx = Uy, if and only if

(0Gy,) L (X xRY) = (0Gy,) L (X xRY)  on D"PH(x xRY).
Moreover, the following null-boundary condition holds true (cf. [1, Prop. 2.4]).

Proposition 2.5 If p > 2, for every u € W'=V/PP(X RN) we have
(0T, &) == (T, d€) =0 VEe D" P2 x RY). (2.7)
Notice that if X = S? and N = 2, the function

(1‘1,1'2)

w1 )
)

belongs to u € Wl’l/p’p(Sz, R?) for each exponent p < 3, whence p = 2, but one has
T, = (6p. —0p,) x[S']  on DYS*xR?),

where [S'] is the 1-current corresponding to integration on the naturally oriented unit circle S', and dp,
denotes the unit Dirac mass at the point Py := (0,0,+£1). Therefore, u is not a Cartesian map in the sense

of [9].

2.3 Functions of bounded variation

If © C R" is a bounded domain, a summable function u € L*(£,RY) is said to be of bounded variation,
u € BV(Q,RY), if the distributional derivative Du is an RY*"-valued Borel measure in 2 with finite total
variation, |Du|(Q) < oo. In that case, u is approximately differentiable a.e. in 2 and the approximate
gradient Vu agrees with the Radon-Nikodym derivative of Du with respect to the Lebesgue measure in R™.
We refer to the treatise [4] for further details.

3 Currents carried by graphs in W!=1/P?

Let T}, be the semi-current given by Definition 2.3 for some map u € W'~1/P?(xX RYN), where p > 2.
Following [10], in this section we write explicitly the action of the “lower” components of T, in terms of the
WP extension map U.

We assume for simplicity X = €, a bounded domain in R, and Mz = Q x [0,4]. In fact, the general
case of mappings u : X — RY is recovered by means of local coordinates and a partition of unity argument.

Notice that T;, agrees with the n-current GG,, carried by the rectifiable graph G, if u is a Sobolev map
in Wh4(Q,RY), where ¢ > min{n, N}, or, more generally, if v € BV (Q,RY) and the determinant of any
minor of the approximate gradient matrix Vu € RV*" is summable in €.

According to (2.4), we decompose T,, = Z?;Ol T (jy, where T, ;) is the component of T}, acting on forms

in D" (2 x RN ) with exactly j vertical differentials:
(Tujyw) = (Ty,w?),  weD'(QxRY).

For 0 < e < 6, set n.(t) :==1—t/e for 0 <t < ¢ and n.(t) = 0 for t > ¢. For each w € D"P~1(Q x RY)
we have

(=1)" YTy, w) = (Gu,nL(t) w A dt +n-(t) A dw) . (3.1)
Setting U = (U',...,U"N), for j = 1,..., N we denote

. J ) J
DU (1) 1= aalt(x,t), Dyl (1) = %(x,t), i=1,...m.



3.1 The component T,
If w = ¢(z) ¥(y) dz, where ¢ € C°(Q) and ¢ € C°(RY), formula (3.1) gives

(Tur d(a) Ply) dr) = /Q¢<x> B(U (. 1)) dt da
N

[0.¢]
%l

-5 [ o) /0 e(8) g (U, ) DA (.0t

Since U € WH1(Q x (0,6),RY), passing to the limit as ¢ — 0 we get

(T 9()6(w) d) = [ oe)bula)) do
Q
By a density argument, this yields that
Twdle,)ds) = [ dlou@)ds Vo CR(@xRY). (32)
Q
In particular, we have: M(Ty ) < oo.

3.2 The component T,

If w=¢(z)Y(y) dzi A dy’, where dai = dz' A - Adzi= U AdrTIA A dz™, by (3.1) we get

(Tu,é(x)w(y)dfx\iﬂdw=(—1)H/Q¢($) o (U (x,4)) DU (2, 1) dt dx

R ]
) [ 22 [ ) vUe ) Dt ded (3.3
£ 7 k
s Y [ o) [ 050 B e,

k£

Since U € W12(Q x (0,6)), both the terms ag{;(i;) and DU are summable functions in © x (0,0), and

hence the last two integrals in (3.3) go to zero as € — 0.

Remark 3.1 We thus deduce that T, (1) has finite mass provided that property (1.1) holds true. In addition,
in case N = 1, the same conclusion holds true for any exponent p > 1.

4 Proof of the Main Result

We proof Theorem 1.1 in two steps. We then give an example of W'/22 maps that are not functions of
bounded variation, and collect some final remarks.

4.1 Step 1

We show that if (1.1) holds, then u € BV (2, RY). We follow the lines in [1, Prop. 3.4], where we used
arguments taken from Thm. 3 in [9, Sec. 4.2.3].
Since u € W=1/P2(Q,RN) for some p > 2, we have seen in Remark 3.1 that if property (1.1) holds,

the component T, ;) has finite mass. We now choose the form & = y/ o(z)dx?, where ¢ € C'(Q) and
|Dg| € L*°, so that

dé = (=) Dy dx + o(x) dy’ A dzt .

Since the coefficient of (d¢)(®) grows linearly in y and the coefficient of (d¢)M) is bounded, using that
M(Tw(0)) + M(Tu(1y) < 00, the action of T, on d§ can be computed, by approximation, as limit of (T, day),



the aj, being smooth (n — 1)-forms in  x RY with compact support and such that a;, = aglo). Since p > 2,
property (2.7) gives (T, day) = 0, and passing to the limit

0 = (T, d€) = (T, (—1)" "' Dipy? da) + (T, p(x) dy? A da),

whence by the formula (3.2) we have

[ Do do = (<1)/(Tupta) 1 ).
Setting for every ¢ = (¢',...,¢") € C(Q,RVN*")
N n o ) .
we =Y Y (-D)¢ldr' Ady', ¢ =(d].....4)),
j=11i=1

by linearity this gives

N
Z/ div ¢/ vl dx = (T, wg)
j=179
and hence the estimate
|Du|(€2) < M(Ty (1)) (4.1)
follows from the definition of variation, see [4]. We thus conclude that u € BV (Q,RY).

4.2 Step 2

We show that if u is a function of bounded variation, then property (1.1) is satisfied. To this purpose, we
recall from [1] the following approximation property:

Proposition 4.1 Forn > 2, let p: R® — R be the summable symmetric convolution kernel given by

1

p(z)i=¢ (n—1)ay,
0 elsewhere

lz'7" —1) if 0<|z| <1 N
(] 2 T

so that p € LY(R™), sptp=B", p>0, and [ p(z)dz =1. Let u € L'(B",RN) and U(x,t) = F, () ¥
Then for each € >0 and x € B}

. we have

(u*pe)(zx) = ]{ ]U(:I:,t) dt, pe(z) == "p(z/e) .
0,e
Therefore, if u € BV(B™,RY), for everyi =1,...,n we have that

lim
e—0 B

D;U(x,t), dt’ dr = lim |D;(u * pe)(z)| de = |D;u|(B™) < oo (4.2)
[O,E] e—0 Bn
and if u € Wh4(B" RYN), the map = — 3‘:[0 g U(x,t)dt converges to u strongly in W9, as e — 0.

PRrROOF: Denote by x4 the characteristic function of a set A C R™. We have

U(x,\)d\ = du dt
]{0,6] (%) Oéné‘"/ tn_/ Y) XB. . (x)(y) dy
1
- dtd
D /Bg(gc)u(y)/o ey XB. () (y) dt dy

1 ! 1
— [ ey
An & JB.(z) lz—yl/e

- si" /Bg(x) "W *11) an (‘ = ‘Hl
= /u(y)pg(x —y)dy =: (uxpe)(z).

—1) dy



The other assertions follow from standard arguments, compare [4]. |

Now, since for every v € W=1/72(Q,RY) and every ¢ > 0 small we have

1 €
7// |D¢U(x,t)|dtdm§/
g JaJo n

for i = 1,...,n, by the limit in (4.2) we infer that if u € BV(Q,RY), then property (1.1) holds, and the
proof is complete.

D,U(z,t),dt|dx
[0.€]

4.3 A counterexample

Denoting for simplicity H'/?2 = W'/22, we give an example taken from [1] of maps @ € H'/?(B? R?) that
do not have bounded variation, u ¢ BV (B? R?).

Following [6, Ex. 5], let f(x) = |log|z||*, where x € R™ and 0 < o < 1. Then f € WIIO’C"(R”) provided
that n > 1/(1 — a). As a consequence, setting Q = (—1,1)? and = = (21, 22) € Q, the function v : Q — R?
given by

1
v(x1,x2) := (| log|z1]|%, |log |z2||) , 0<a< 3

belongs to the class H'/?(Q,R?). Furthermore, denoting v = (v',v?), we have

«

|Dv'| = — |logan||*™",  [det Dv| = [Dv'|-|Dv?|,

|i]
whence |Dv| ¢ LY(Q) and det Dv ¢ L'(2). In particular, v ¢ BV(£2, R?).

We now modify the function v to obtain a function u = (u',u?) € H'/2(Q, R?) such that 0 < u'(x) < 1
for each 4, so that u takes values into the unit square [0, 1]2. To this purpose, define ty = 1 and t,, := e_"l/a,
so that 0 < t,, < t,_1 and |log|t,||* = n for each n € N, and set, for i = 1,2,

i (z) = |log |z;||* —n if tpy1 <|z;|<t, and neN iseven
T n—|log x| |* i tpyr <z <t, and neN isodd.

The function u can be easily extended to a function u from (—2,2)? onto [0, 1] that belongs to the class
H'/? and such that u = (0,0) at the boundary of (—2,2)2.

4.4 Final remarks

We finally point out that if u € W'=1/PP(Q,RN) N BV, where p > 2, we have
M(Tu 1)) = [Dul(£2). (4.3)

In addition, for every ¢ € C°(Q x RY) we have
(Tusdlany) ot ndy') = (<1 [ o(a,u(e) dDw (0) (4.4)
Q

In fact, the averaged integral {5 @) u(y) dy agrees (up to an absolute constant) with the convolution

n

product (u * p.)(x), where p.(z) := e "p(z/¢) for some symmetric kernel p € L*(R"), with sptp = B,
p>0,and [p(z)dz=1.

Let Q. := {z € Q| dist(z,09Q) < ¢}. By [4, Prop. 3.2], we have V(u * p.) = Du * p. in Q., and
Ji IV(u* po)|de — |Du|(U) as € — 0%, for every U CC Q such that [Du|(OU) = 0, see [4, Prop. 3.7].
We thus deduce that the graph currents G, weakly converge (along a sequence {e;} with £; N\, 0) in
D,,.1(2 x RY) to the current T,.

By lower semicontinuity of the mass we have

J—00 usj (1)) I



where M(Gu_,,) < [o|V(u* pc)ldx. Moreover, by the weak-* BV-convergence with the total variation
convergence, we have

M(G.._,,) :/ V(u p.)|dz — | Dul(U) as e — 0%
Q

Therefore, the inequality M(T% 1)) < [Du|(f2) holds, and hence eq. (4.3) follows from the inequality (4.1).
In addition, the structure property (4.4) readily follows.
In conclusion, the maps % in the previous counterexample are such that M(Tz ;) = co.
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