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Abstract. We consider a fully discrete and explicit scheme for the mean curvature flow of boundaries,
based on an elementary diffusion step and a precise redistancing operation. We give an elementary
convergence proof for the scheme under the standard CFL condition h ∼ ε2, where h is the time
discretization step and ε the space step. We discuss extensions to more general convolution/redistancing
schemes.

1. Introduction

We analyze a basic explicit fully discrete (in space and time) scheme for computing the mean curvature
flows of curves and surfaces which are boundaries of sets. This approach belongs to the family of
convolution-generated motions, yet it is much more elementary. It consists in alternating an explicit
approximation of the heat equation, with time-step h > 0, with a redistancing operation on rescaled
regular grids εZN , for ε > 0.

It is heuristically well known that this type of approach is effective, and variants of the correspond-
ing algorithm have been proposed many times in the literature as a natural, more accurate extension
of the celebrated Merriman-Bence-Osher (MBO in short) scheme [26]. See for instance [24], where a
discrete, finite-elements based approach is implemented using a brute-force redistancing (as in our work)
and experimented on several interface evolution problems, and the first Algorithm in [16]. Rigorous
convergence results and error estimates for this algorithm can be found in [23, 22]. We also refer to [17,
27], where similar techniques are primarily used to simulate higher-order geometric flows, and to [15],
which implements a method introduced and analyzed in [16, Sec. 5.3] for the simulation of large-scale
multiple-grain evolution in materials.

Indeed, as clearly pointed out in [16], despite its computational efficiency, the MBO algorithm has
some well-known limitations. In particular, if the spatial discretization is not refined alongside the time
step, pinning phenomena may appear. More generally, significant discretization errors may arise in the
computed evolution. To address these issues, it is crucial to use a discretization method that allows for a
more precise representation of the interface position within the grid. Unlike the characteristic functions
used in the original MBO scheme, signed distance functions can be represented more accurately on
uniform grids, even at subgrid resolutions, thanks to their Lipschitz continuity.

The algorithm we propose aims to address these issues by combining a diffusion step with a redistancing
one, as proposed in [24, 16] — in a fully discrete formulation. In the first part of the paper, instead
of considering the MBO-type diffusion step, based on the discrete heat kernel, we directly consider the
Euler explicit scheme for the discrete heat equation. The redistancing step also changes, as we now use
the redistancing operator we recently introduced in [9]. In our first main result, Theorem 2.3, we show
the convergence of such a fully discrete scheme towards a generalized solution to the mean curvature
flow. We then generalize this result in two directions. From Section 4 on, we modify the diffusion step
to allow for general kernels Kε depending on the space discretization parameter ε and satisfying natural
assumptions. Precisely, the kernels Kε are required to be non-negative, symmetric and of mass one.
Moreover, their second moment (which is assumed to be vanishing as ε → 0) intrinsically defines the
time step h as a function of the space step ε (see (4.4)). Finally, the kernels are assumed to suitably
approximate the Laplacian. Such an approximation property is imposed in terms of the pointwise
convergence of the discrete Fourier transform of the kernels to the symbol of the Laplacian (see (4.5)),
which allows for straightforward verification in many practical examples, as detailed in Section 6. Under
these assumptions, we can show that our diffusion/redistancing scheme converges, see Theorem 4.6.

We then study a modification of the discrete redistancing operator we defined in [9] to account for
a nonlinearity γ in the scheme. The idea is that, in some applications, it may be more interesting to
consider evolving profiles of the form γ( sd) rather than the signed distance function itself, for instance
in the context of Allen-Cahn-based approximation schemes for the mean curvature flow [2, 7]. We show
how to design such a scheme in the instance where γ is the Modica-Mortola (or Cahn-Hilliard) optimal
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profile. We refer to Section 5 for a more detailed explanation of the heuristic. Considering the general
kernels Kε previously introduced for the diffusion step, we are able to show in Theorem 5.4 that the
proposed diffusion/nonlinear redistancing scheme converges. This seems to give a partial explanation for
the good results produced by fully learned approaches for the mean curvature flow, introduced in [7].

We are not aware of any previous rigorous convergence result for a fully discrete similar scheme
towards mean curvature flows, as the steps go to zero, with precise bounds on the possible ratio between
the time and space steps, even in the basic instance of the very simple Euler explicit scheme. Most of
the previously mentioned references consider a time-discrete setting, but continuous in space, and then
assume that if the space step is small enough, one will approximate the continuous process. The point
is that analyzing the convergence of a fully discrete approximation requires a quite precise control of the
redistancing operation, which is in general unavailable. There are, however, some works addressing this
issue [28, 25] for MBO-type algorithms (see also [38] for a similar study in the level-set framework). In
the first reference, a study of convergence of the fully discrete MBO scheme is presented in dimension
2, showing convergence towards viscosity solutions to the mean curvature motion under the assumption
that ε = o(h), while pinning is present whenever h = o(ε). The second reference studies the instance
of general graphs, supported on a fixed submanifold M . The authors consider MBO-type algorithms
where the convolution kernels approximate the heat kernel corresponding to a weighted Laplace-Beltrami
operator on M . The convergence of this scheme towards mean curvature flows on the manifold M is
proved under some technical assumptions on the kernels, and for ε = o(h

3
2 ). Last, in the aforementioned

work [24], a fully discrete finite-element approximation was introduced and experimentally justified for a
few geometric flows. It would be interesting to check whether a theoretical analysis similar to ours could
be possible for that approach, at least for basic flows which enjoy a comparison principle. However, this
is not straightforward, in particular since the discretization in [24] is not translational invariant.

In our case, by introducing a particular form of (brute force) redistancing (actually, already introduced
in [9] for the study of discrete crystalline curvature flows), defined by means of inf and sup-convolution
formulas, we address this issue in a simple way and establish convergence of various (similar) approaches,
with vanishing spatial and time discretization steps determined by the convergence to the heat equation
of the convolution step. Our method relies strongly on the comparison principle and on the standard
“stability-monotonicity-consistency” framework for approximation schemes, which ensures convergence
in similar settings; see, for instance, [32, 3, 4]. In our case, monotonicity is elementary. Moreover,
since the redistancing step based on inf/sup-convolutions is essentially exact, consistency follows in an
almost straightforward way (using Lemma 2.1). As a consequence, showing stability is the only step
that requires additional (but not particularly refined) bounds, which need not be sharp in the present
context. On the other hand, the approach does not yield error estimates, which would require a much
more precise asymptotic analysis of the flow near the boundaries, at least in the smooth case.

Our definition of a redistancing operator is computationally more expensive than standard PDE based
approach computed using fast-marching type technique [32, 34, 30, 14, 33], yet whose definition make less
clear the actual error estimates and regularity properties of the distance that they compute (see Section
8.1 for a practical method to reduce the computational cost). Our redistancing operation is designed to
compute a “true distance” on lattice points. In this sense, it differs from the standard graph distance,
which measures distances along the edges of a prescribed graph. Equivalently, our construction can be
interpreted as a graph distance on a complete graph. For this reason, one cannot expect standard effi-
cient methods such as fast–marching or Hamilton–Jacobi solvers to provide a significant computational
advantage over our brute-force approach. As we show in [9, Appendix B], in certain cases (for instance
when the weights are rational, see [9, Corollary B.2]), the problem can be reduced to a finite-range inter-
action. In such situations, dynamic programming techniques may be employed to improve computational
efficiency (see, e.g., [34, 37]). This problem is also closely related to the framework of Lipschitz learning
on graphs [31, 8]. At its core, it consists in extending a function prescribed on a subset (here the zero
sublevel set) to a 1-Lipschitz function on the whole space in a maximal way. We refer to Section 2 for
further details.

In a previous contribution [9], we were studying an implicit approach for the crystalline mean curvature
flow and we could show that, in some situation, one could completely uncouple the time and space steps
and still get consistency of the scheme. This is not the case here, as any redistancing still produces some
(spatial) error which can accumulate (in time) as the steps go to zero, if the time-step is not always
larger than the spatial error of the redistancing, that is h ≳ ε2. We show however that this is the only
limitation.

The paper is structured as follows. We first study in Sections 2-3 the discrete diffusion/redistancing
scheme built upon the standard discretization of the Laplace operator on a grid. Then, in Section 4
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we generalize the convergence result to rather general symmetric, non-negative convolution kernels. In
Section 5 we introduce and study the instance of nonlinear redistancing operators. We show some
examples of kernels fitting in our framework (as the heat kernel, or the kernel associated to the implicit
Euler’s scheme) in Section 6 and some numerical experiments in Section 7. In Section 8, we provide
some concluding remarks.

2. A simple algorithm

2.1. Laplacian operator and redistancing on a regular discrete grid.

Laplacian. The first scheme we present is based on the resolution of an explicit scheme for the heat flow,
based on a standard discretization of the Laplacian. We will see in Section 4 how to generalize to other
convolution or averaging type operators.

Given v = (vi)i∈εZN a real-valued function on the discrete grid εZN , N ≥ 1, we introduce the discrete
Laplace operator:

(∆εv)i :=
1

ε2

N∑
n=1

(vi+εen − 2vi + vi−εen) =
1

ε2

N∑
n=1

(vi+εen + vi−εen)−
2N

ε2
vi.

It is well known, and straightforward to show that if η is a smooth (C2) function defined near a point
x ∈ RN and ηεi := η(i) for i ∈ εZN , then (∆εη

ε)εi → ∆η(x) as ε→ 0, whenever εi→ x.

Redistancing. As in [16], the scheme will alternate a step of the discrete heat-flow and a redistancing
operation. The redistancing is a general and important issue in the approximation of geometric flows,
and there are many ways to address it, usually based on the resolution of a Hamilton-Jacobi equation,
either static or evolutionary [32, 21]. However, in general, the method is studied in the continuous
setting and one assumes that the spatial discretization is fine enough so that the scheme which is used
approximates well enough the continuum limit.

We analyze here the global convergence of such schemes as the space and time steps go to zero. In
that case, most approximate redistancing schemes do not seem robust enough to yield consistency of
the evolution with the continuous limit. In some sense, we need to compute an “exact” discrete distance
to the evolving set. This is why we propose, as in our previous work [9], an inf/sup-convolution based
approach.

In practice, our method takes a 1-Lipschitz1 function over εZN and returns a proxy for the distance
to the zero level set, which takes into account the values of the initial function and keeps a (more or less
good) sub-pixel accuracy. Assuming that (ui)i∈εZN is 1-Lipschitz:

|ui − uj | ≤ |i− j| ∀i, j ∈ εZN ,

we define the redistancing functions sd±[u] by letting for i ∈ εZN :

(2.1)

{
d+[u]i := infj:uj<0 (uj + |j − i|) ,
sd+[u]i := supj:uj≥0 ( d

+
j − |j − i|)

and

(2.2)

{
d−[u]i := supj:uj>0 (uj − |j − i|) ,
sd−[u]i := infj:uj≤0 ( d

−
j + |j − i|) .

We use the convention that inf ∅ = +∞, sup ∅ = −∞. When not ambiguous, we drop the dependence
“[u]” in the notation.

The function sd+, sd− can be seen as discrete “signed distance functions” to respectively the set
{i : ui < 0} and {i : ui ≤ 0}. In some sense, sd+, sd− are respectively the largest and smallest
distance functions which we may use in our scheme, and proving convergence for these choices will yield
convergence for any other choice which lies in between. A good choice for a more precise distance is, for
instance, to consider the average ( sd+ + sd−)/2. The first elementary properties of the redistancing are
shown in the following lemma, compare with [9, Section 4].

Lemma 2.1. Assume still that (ui)i∈εZN is 1-Lipschitz. Then the distance function sd+ may also be
defined as follows:

(1) d+ is the largest 1-Lipschitz function such that d+i ≤ ui when ui < 0, and in particular d+i = ui
if ui < 0 and d+i ≥ ui if ui ≥ 0,

1Note that the definition itself does not require u to be 1-Lipschitz. However, without this assumption, Lemma 2.1,
which is essential to our proof strategy, fails to hold.
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(2) sd+ is the smallest 1-Lipschitz function such that sd+i ≥ d+i when ui ≥ 0, and in particular
sd+i = d+i ≥ ui if ui ≥ 0 and sd+i ≤ d+i = ui if ui < 0.

We also deduce that sd+i ≥ 0 ⇔ ui ≥ 0 and sd+i < 0 ⇔ ui < 0.

A similar, symmetric statement holds for sd−, see [9]. We note that the definitions (2.1), (2.2) are
coherent and Lemma 2.1 holds even if {u < 0} = ∅ (and thus sd±[u] = +∞) or {u > 0} = ∅ (and
sd±[u] = −∞).

Proof. First, clearly d+ is 1-Lipschitz as the inf-convolution of a function with | · |: indeed, given
i, i′ ∈ εZN and σ > 0, if j is such that uj < 0 and d+i ≥ uj + |j − i| − σ, then

d+i′ − d+i ≤ uj + |j − i′| − (uj + |j − i| − σ) = |j − i′| − |j − i|+ σ ≤ |i− i′|+ σ

by the triangle inequality. Letting σ → 0 shows that d+ is 1-Lipschitz. Also, d+i ≤ ui if ui < 0, choosing
j = i in the definition (actually, this is an equality, since if j ̸= i one has ui ≤ uj + |j − i|).

Then, if (vi)i∈εZN is 1-Lipschitz and below u where u is negative, then for any j with uj < 0,

vi ≤ vj + |j − i| ≤ uj + |j − i|,

so that vi ≤ d+i . The proof of the second point of the claim is identical. □

Let us give some more details concerning the previous statement about “signed distance function”. If
di = minj:uj<0 |i − j| is the distance to {j : uj < 0}, then by definition d ≥ d+ and it is 1-Lipschitz,
hence d ≥ sd+. On the other hand, let j with uj < 0, i with di > 0 (hence ui ≥ 0), and consider
J = {j′ ∈ εZN : dist(j′, [i, j]) ≤ 2

√
Nε}, where [i, j] ⊂ R denotes the line segment between i, j. For

j′ ∈ J , |i− j′|+ |j′ − j| ≤ |i− j|+ 4
√
Nε (considering an intermediate point j̃′ ∈ [i, j] ∩ (j′ + [0, 2ε]N )).

If uj′ < 0, one has di ≤ |i − j′| ≤ |i − j| − |j − j′| + 4
√
Nε. We may take for j′ the closest point in

{j′ : uj′ < 0} ∩ J , so that j′ has a neighbor j′′ (at distance ε) in J with uj′′ ≥ 0, and uj′ ≥ −ε. Using
that |j − j′| ≥ uj′ − uj , we find that

di ≤ |i− j′| ≤ |i− j| − |j − j′|+ 4
√
Nε ≤ |i− j|+ uj − uj′ + 4

√
Nε

≤ uj + |i− j|+ (4
√
N + 1)ε.

Taking the infimum over all possible j, we find that di ≤ d+i +Cε = sd+i +Cε since ui ≥ 0. We deduce

(2.3) sd+i ≤ dist(i, {j : uj < 0}) ≤ sd+i + Cε,

for C = 4
√
N + 1 and all i with ui ≥ 0. Similarly, if ui < 0 then:

(2.4) − sd+i ≤ dist(i, {j : uj ≥ 0}) ≤ − sd+i + Cε.

Proposition 2.2 (Comparison). Given 1-Lipschitz functions (ui)i∈εZN , (u′i)i∈εZN , and denoting re-
spectively sd± = sd±[u], ( sd′)± = sd±[u′] the functions obtained by applying (2.1), (2.2) to u, u′, we
have:

(1) sd− ≤ sd+,
(2) For any s ≥ 0, if u ≤ u′ − s then sd± ≤ ( sd′)± − s.

Proof. For the first point, recall that d− ≤ u, hence d+ ≥ d−. But then for i ∈ εZN ,

sd−i := inf
j:uj≤0

( d−j + |j − i|) ≤ inf
j:uj<0

( d+j + |j − i|) = inf
j:uj<0

(uj + |j − i|) = d+i ,

using that d+j = uj if uj < 0. Since sd+i = d+i if ui ≥ 0, we deduce that sd−i ≤ sd+i when ui ≥ 0.
Symmetrically, sd+i := supj:uj≥0 ( d

+
j − |j − i|) ≥ supj:uj≥0 ( d

−
j − |j − i|) ≥ d−i , which coincides with

sd−i whenever ui ≤ 0.
For the second point, we have that d+i := infj:uj<0 (uj + |j − i|) ≤ infj:uj<0 (u

′
j − s + |j − i|), yet

if u′j < 0, uj ≤ u′j − s < −s ≤ 0, hence {j : u′j < 0} ⊂ {j : uj < 0} and the inf is less than
infj:u′

j<0 (u
′
j+|j−i|−s) = ( d′)+i −s. Then, sd+i := supj:uj≥0 ( d

+
j −|j−i|) ≤ supj:uj≥0 (( d

′)+j −|j−i|−s)
and similarly, uj ≥ 0 ⇒ u′j ≥ s ≥ 0 and we deduce the claim. □
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2.2. Algorithm. We consider the following algorithm. Given an initial closed set E0 ⊂ RN , we set
E0,ε := {i ∈ εZN : i+ [0, ε)N ∩E0 ̸= ∅}, and let u0,ε = sd0,ε be a 1-Lipschitz function on εZN such that
sd0,εi < 0 on E0,ε, and > 0 else. For all k ∈ N we define:

(2.5)
uk+1,ε
i − sdk,εi

h
= (∆ε sd

k,ε)i,

where the time-step h will be precised right after, as a function of ε. We then let

(2.6) sdk+1,ε = sd+[uk+1,ε],

applying (2.1) to u = uk+1,ε (alternatively, we could use (2.2)).
We fix θ ∈ (0, 1] and let h = θ ε2

2N . Then (2.5) becomes:

uk+1,ε
i = (1− θ) sdk,εi +

θ

2N

N∑
n=1

(
sdk,εi+εen

+ sdk,εi−εen

)
,

where (en)
N
n=1 is the canonical basis of RN : this guarantees (by induction) that uk+1,ε

i is 1-Lipschitz as
a convex combination of 1-Lipschitz functions, and in particular Lemma 2.1 holds for all iterates. From
this, we deduce that at points i ∈ εZN where uk+1,ε

i ≥ 0 or equivalently sdk+1,ε
i ≥ 0 it holds:

(2.7)
sdk+1,ε

i − sdk,εi

h
≥ (∆ε sd

k,ε)i,

while where uk+1,ε
i < 0 ⇔ sdk+1,ε

i < 0,

(2.8)
sdk+1,ε

i − sdk,εi

h
≤ (∆ε sd

k,ε)i.

We see that approximately, we have built a signed distance function which is a supersolution of the heat
equation where positive, and a subsolution where negative, which is consistent with the distance function
to a set evolving by its mean curvature see [36]. Our first result is the following.

Theorem 2.3. As ε→ 0, the function (dε(t)i), defined for t ≥ 0 and i ∈ εZN by dε(t)i = sd
[t/h],ε
i (where

[ · ] denotes the integer part), converge up to subsequences, for almost all times and locally uniformly in
space to a function d(x, t) such that d+ = max{d, 0} is the distance function to a supersolution of the
(generalized) mean curvature flow starting from E0, and d− is the distance function to a supersolution
starting from E0∁. In particular, if the mean curvature flow E(t) starting from E0 is unique, then dε(t)
converges to the signed distance function to E(t), up to extinction.

Here, by generalized solution, we mean a solution in the viscosity sense, as defined in [19, 5, 4, 36], or,
equivalently, in the distributional sense introduced in [12] for nonsmooth flows. We make this precise in
the next section, before proving Theorem 2.3.

3. Convergence of the algorithm

3.1. Notions of generalized mean curvature flow. We consider the classical generalized sub/superflows
which have been defined since [19] by viscosity solutions or barriers [6], yet the characterization which is
best adapted for showing consistency of our schemes is the one involving the (signed) distance function
to the interface, introduced in [36, Def. 5.1] (which essentially is saying that the flow is characterized by
the property that the distance to the evolving boundary should be a supersolution of the heat flow away
from the boundary), and the distributional variant in [12, Def. 2.1] which was introduced for the study
of nonsmooth flows (but it is equivalent in the smooth case). We recall the definition in [12, Def. 2.1]
(see also [10, Def. 2.2]), specified to the case of the standard mean curvature flow, which is less common
than [36].

Definition 3.1. Let E0 ⊂ RN be a closed set. Let E be a closed set in RN × [0,+∞) and for each t ≥ 0
denote E(t) := {x ∈ RN : (x, t) ∈ E}. We say that E is a supersolution of the mean curvature flow (in
short, a superflow) with initial datum E0 if

(a) E(0) ⊆ E0;
(b) for all t ≥ 0, if E(t) = ∅ then E(s) = ∅ for all s > t;
(c) E(s)

K→ E(t) as s ↑ t for all t > 0 (Kuratowski left continuity);
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(d) setting d(x, t) = dist(x,E(t)) for (x, t) ∈ (RN × (0, T ∗)) \ E where

T ∗ := inf{t > 0 : E(s) = ∅ for s ≥ t},
then the following inequality holds in the distributional sense in (RN × (0, T ∗)) \ E

(3.1)
∂d

∂t
≥ ∆d.

A subsolution (in short, subflow) is the complement of a supersolution, and we say that E is a solution
if it is a supersolution while E̊ is a subsolution.

Remark 3.2. Note that in definition [10, Def. 2.2], an additional requirement on ∆d is imposed, namely:
∆d is a Radon measure in (RN × (0, T ∗)) \ E, and (∆d)+ ∈ L∞({(x, t) ∈ RN × (0, T ∗) : d(x, t) ≥ δ})
for every δ ≥ 0. However, when d is the distance induced by the Euclidean norm, this condition is
automatically satisfied, thanks to the following standard semiconcavity estimate. Let d(x, t) ≥ δ > 0, y
be the projection of x on ∂E(t) and h small enough (|h| ≤ δ/2). Then

d(x+ h, t)− 2d(x, t) + d(x− h, t) ≤ |x+ h− y| − 2|x− y|+ |x− h− y|

=

∫ 1

−1

(1− |s|) 1

|x− y + sh|
(
I − (x− y + sh)⊗ (x− y + sh)

|x− y + sh|2
)
h · h ds

≤ c|h|2
∫ 1

−1

1− |s|
|x− y + sh| ds ≤

c

δ
|h|2,

where we used a Taylor expansion. From this, it follows that the distributional second spatial derivatives
of d are uniformly bounded above by c

δ in the region {d ≥ δ}.
It has been proven in [12] (see also [11]) that generically (up to fattening) there is a unique solution

starting from a set E0; in addition, it is proved in [12, Appendix] that (3.1) holds in the viscosity sense
and that this definition is equivalent to [36, Def. 5.1].

We prove that the sequence of distance functions produced by the algorithm defines, in the limit,
generalized solutions in this sense. This will follow from (i) an estimate on the motion of a ball which
yields enough control on dε in time to show compactness, (ii) an elementary consistency argument. We
point out that the only true difficulty for generalizing this result is point (i), which is where the precision
of the redistancing plays a major role.

3.2. Evolution of a ball. As said, a crucial point for proving the convergence of the method, is to
control the behavior of the algorithm when sdk,εi represents a ball of radius R > 0. For this, given
θ ∈ (0, 1], we let for i ∈ εZN ,

(3.2) ui = |i| −R, vi = (1− θ)ui +
θ

2N

N∑
n=1

(ui+εen + ui−εen)

and let d = sd+[v]. Then, we show:

Lemma 3.3. There exists a dimensional constant C ≥ 1 such that if ε/R is small enough (depending
only on the dimension), then for every i ∈ εZN

di ≤ |i| −R+
C

R
ε2 = |i| −R+

2NC

θR
h

Here as before h, ε, θ are linked by the relationship θ = 2Nh/ε2.

Proof. Without loss of generality we assume θ = 1. We first observe that

vi = −R+
1

2N

N∑
n=1

|i+ εen|+ |i− εen|.

We remark that if |i| ≥ 2ε, e ∈ {en,−en : n = 1, . . . , N}, by a Taylor expansion it holds:

(3.3) |i+ εe| = |i|+ ε
i · e
|i| +

∫ 1

0

(1− t)
1

|i+ tεe|

(
I − (i+ tεe)⊗ (i+ tεe)

|i+ tεe|2
)
εe · εe dt

≤ |i|+ ε
i · e
|i| +

1

|i| − ε

ε2

2
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so that:

vi ≤ |i| −R+
1

|i| − ε

ε2

2
, for |i| ≥ 2ε.

If we assume that ε ≤ min{1, R/2}, then for |i| ≤ R− ε, vi < 0. Hence, since by Lemma 2.1 it is enough
to estimate d+i at points i ∈ εZN with vi ≥ 0, we assume |i| ≥ R− ε. For all such i we have:

d+[v]i : = inf
j:vj<0

(vj + |j − i|) ≤ inf
j:R2 +ε≤|j|≤R−ε

(vj + |j − i|)

≤ inf
j:R2 +ε≤|j|≤R−ε

(|j| −R+
ε2

R
+ |j − i|),

(3.4)

assuming ε ≤ R/8 so that the set of j’s is not empty. Consider j with R
2 + ε ≤ |j| ≤ R− ε, close to the

segment [0, i]: if ȷ̃ is the projection of j onto [0, i], one has

|j|+ |j − i| =
√
|j − ȷ̃|2 + |ȷ̃|2 +

√
|ȷ̃− i|2 + |j − ȷ̃|2

≤ |ȷ̃|+ |j − ȷ̃|2
2|ȷ̃| + |ȷ̃− i|+ |j − ȷ̃|2

2|ȷ̃− i| = |i|+
(

1

2|ȷ̃| +
1

2|ȷ̃− i|

)
|j − ȷ̃|2

If ε/R is small enough (depending only on N), we can find j, ȷ̃ such that |j − ȷ̃|2 ≤ Nε2 and R/2 ≤ |ȷ̃| ≤
3R/4, so that |ȷ̃− i| ≥ R/4. We obtain for such a choice:

(3.5) |j|+ |j − i| ≤ |i|+ 3N

R
ε2

This shows that where d+i is non-negative, it is less than |i|−R+ 3N+1
R ε2 as soon as ε/R is small enough.

As sd+ is the smallest 1-Lipschitz function larger than d+i where it is non-negative (Lemma 2.1), this
achieves the proof. □

3.3. Consistency of the algorithm. In this section as before, θ ∈ (0, 1] is fixed and the small para-
meters ε, h are linked through h = θε2/(2N). We investigate the limit of the scheme as ε, h→ 0.

Let E0,ε, u0,ε be defined as in Section 2.2, so that u0,ε, 1-Lipschitz, with E0,ε = {i ∈ εZN : u0,εi < 0}
and (E0,ε)

∁
= {i ∈ εZN : u0,εi ≥ 0}. Note that as ε → 0, E0,ε → E0 and (E0,ε)

∁ → (E̊0)
∁

in Hausdorff
distance. If we consider a “nice” initial closed set E0, such that E0 is the closure of its interior (and ∂E
has empty interior), and is not empty, nor its complement, we can also choose as E0,ε the set E ∩ εZN .

We let sd0,ε = sd+[u0,ε]. We run the algorithm, obtaining a sequence sdk,ε of “signed distance
functions”.

As in the statement of Theorem 2.3, we let for each t ≥ 0, dε(t) = sd[t/h],ε and then let, for t > 0,
Eε(t) = {i ∈ εZN : dε(t)i < 0}. Then we let Eε = {(i, t) ∈ εZN × [0,+∞) : i ∈ Eε(t)} and Fε = {(i, t) ∈
εZN × [0,+∞) : i ̸∈ Eε(t)}. We find a subsequence such that both Eεk → E and Fεk → A∁ in the
Kuratowski sense in RN × [0,+∞), where A is an open set and E a closed set. Observe that A ⊂ E. We
let

T ∗ = inf{t > 0 : E ∩ (RN × (t,+∞)) = ∅ or A∁ ∩ (RN × (t,+∞)) = ∅},
with T ∗ ∈ [0,+∞]. Note that it may (in general will) happen that after some time, uk+1,ε defined by (2.5)
becomes positive (or negative), in which case sdk+1,ε (defined by (2.6)) will be +∞ (respectively, −∞)
and the corresponding sets Eε(t) (or Eε(t)

∁) will be empty: in the limit, this corresponds to times which
are past the extinction time T ∗ of E or A∁.

Concerning the distances, we see that if for some k, sdk,εi ≥ R > 0 at i ∈ εZN , then sdk,εj ≥ R−|j− i|
(as it is 1-Lipschitz). Therefore, using Lemma 3.3 and the fact that sd+[−u] = − sd−[u] ≥ − sd+[u], we
get

sdk+1,ε ≥ sd+[−v·−i] = − sd−[v·−i] ≥ R− | · −i| − C

R
h,

where v has been defined in (3.2). Therefore, iterating the argument we show that for some C ≥ 1
depending only on the dimension, if ε is small enough,

sdℓ,εi ≥ R− C

R
(ℓ− k)h

for ℓ ≥ k and as long as the right-hand side is larger than R/2 (that is, ℓh− kh ≤ R2/2C).
This may also be written as

(3.6) dε(s)i ≥ dε(t)i −
C

R
(s− t+ h)
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for dε(t)i ≥ R > 0, 0 ≤ t ≤ s ≤ CR2 for some constant C depending only on the dimension. A similar,
symmetric statement holds if dε(t)i ≤ −R < 0. In particular, by our choice of E0, one has T ∗ > 0.

The estimate (3.6) allows to reproduce the proof of [12, Prop. 4.4]. In particular, there exists a
subsequence εk → 0 such that, except for a countable set of times, the function∑

i∈εkZN

dεki (t)χi+[0,εk)N

converges locally uniformly to some function d(x, t) which is locally finite for t < T ∗. Moreover, its
positive and negative parts satisfy (thanks to (2.3), (2.4)):

(3.7) d+(·, t) = dist(·, E(t)) and d−(·, t) = dist(·, A∁(t)),

where E(t) = {x ∈ RN : (x, t) ∈ E} and A(t) = {x ∈ RN : (x, t) ∈ A}, for t < T ∗. For every
x ∈ RN , the functions dist(x,E(·)) and dist(x,A∁(·)) are left-continuous and right-lower-semicontinuous.
Equivalently, the maps E(·) and A∁(·) are left-continuous and right-upper-semicontinuous with respect
to the Kuratowski convergence. Finally, E(0) = E0 and A(0) = E̊0. In addition, d(·, t) ≡ +∞ or −∞
for all t > T ∗.

From (3.7) one has in particular that E∁ ∩ (RN × (0, T ∗)) = {(x, t) ∈ RN × (0, T ∗) : d(x, t) > 0} while
A∩(RN × (0, T ∗)) = {(x, t) ∈ RN × (0, T ∗) : d(x, t) < 0}, and

d+(x, t) = inf

{
lim inf
k→+∞

max{0, dεkik (tk)} : εkZN × R+ ∋ (ik, tk)
k→∞−→ (x, t)

}
−d−(x, t) = sup

{
lim sup
k→+∞

min{0, dεkik (tk)} : εkZN × R+ ∋ (ik, tk)
k→∞−→ (x, t)

}
are the classical relaxed half-limits (see for instance [4, 5]).

There are two elementary directions to prove the convergence of the algorithm. One can establish
the consistency with the viscosity approach of [36], showing that d is a viscosity super-solution of the
heat equation in {d > 0} (and a subsolution in {d < 0}), or equivalently the consistency with respect
to the distributional Definition 3.1. We describe both proofs, as the first one is more natural from a
historical point of view, yet we found easier to generalize the second to non-compactly supported kernels
(see Section 4).

The viscosity approach. For the viscosity point of view, the idea is to consider a smooth test function
η(x, t) with η ≤ d, η(x̄, t̄) = d(x̄, t̄) > 0, and assume without loss of generality that the contact point is
unique [13]. Then, it is standard that for small εk, there is ik → x̄, ik ∈ εkZN , and tk → t̄ such that for
all t > 0 and i ∈ εkZN :

ηk(i, t) = η(i, t) + (dεk(tk)ik − η(ik, tk)) ≤ dεk(t)i, ηk(ik, tk) = dεk(tk)ik > 0.

We have:

ηk(ik, tk) = dεk(tk)ik

≥ (1− θ)dεkik (tk − hk) +
θ

2N

N∑
n=1

(
dεkik+εken

(tk − hk) + dεkik−εken
(tk − hk)

)
≥ (1− θ)ηk(ik, tk − hk) +

θ

2N

N∑
n=1

(ηk(ik + εken, tk − hk) + ηk(ik − εken, tk − hk)) ,

so that:
ηk(ik, tk)− ηk(ik, tk − hk)

hk
≥ (∆εkηk(·, tk − hk))ik .

Using that η is smooth and passing to the limit, we recover:

∂η

∂t
(x̄, t̄) ≥ ∆η(x̄, t̄),

showing that d+ is a viscosity supersolution of the heat equation in {d > 0}.
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The distributional approach. On the other hand, the variational point of view is tackled as follows,
considering rather a test function η ∈ C∞

c (E∁∩ (RN × (0, T ∗));R+). The support Uη of η is compact and
at positive distance from E, hence for εk small enough it is also at positive distance from Eεk so that
dεk is bounded from below by a positive number on Uη ∩ (εZN × [0,+∞)). Thanks to (2.7), it follows
that

dεk(t)i − dεk(t− hk)i
hk

≥ (∆εkd
εk(t− hk))i

for (i, t) ∈ Uη, hence:∫ T∗

0

εNk
∑
i∈εkZ

(
dεk(t)i − dεk(t− hk)i

hk
− (∆εkd

εk(t− hk))i

)
η(i, t)dt ≥ 0.

Rearranging the sums, this is also:∫ T∗

0

εNk
∑
i∈εkZ

(
η(i, t)− η(i, t+ hk)

hk
− (∆εk(η(t+ hk, ·))i

)
dεk(t)idt ≥ 0.

In the limit (since η is smooth, and dεk converges uniformly for almost each time), we obtain∫ T∗

0

∫
RN

(−∂tη −∆η)d dxdt ≥ 0

so that

(3.8)
∂d

∂t
≥ ∆d in D′({(x, t) ∈ RN × [0, T ∗) : d(x, t) > 0}),

that is in the sense of distributions (or measures). In the same way, we have:

(3.9)
∂d

∂t
≤ ∆d in D′({(x, t) ∈ RN × [0, T ∗) : d(x, t) < 0}).
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Figure 1. Evolution of a disk (initial radius 50) (left) and decay of the radius (right)

3.4. Examples. We illustrate with some numerical experiments the result in Theorem 2.3. In Figure 1,
we plot the evolution of a circle of radius 50 pixels at equally spaced times (the computation assumes
ε = 1 and h = ε/(2N) = 0.25), until extinction at t = 1250 (actually, extinction occurs too early, at
iteration 4898, that is time t = 1224.5).

We also plot the decay of the radius. We see that it perfectly follows the exact rate, except at too small
scales where the numerical evolution is a bit too fast. The distance is evaluated with the inf-convolution
formulae (2.1), truncated at a certain level d̄ to reduce the cost of this step. We tried different levels of
truncation, yet for this particular experiments, did not see any gain at truncating at levels larger than
d̄ = 10: the plot is for d̄ = 30, and the decay of the radii is plotted for d̄ ∈ {10, 30} yet the two curves
are exactly superimposed.

Figure (2) shows the evolution starting from a more complex initial shape, at different successive
times.
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Figure 2. Evolution of a shape: left at times t = 0, 20, . . . , 200, right at times t =
0, 25, 50, . . . , 250 and then t = 375, 500, . . . , 1250.

4. Extension: general convolution kernels

4.1. Convolution kernels. Our idea is now to generalize the algorithm in (2.5) as follows: given sd0,εi

defined upon an initial set E0, we define for all k:

(4.1)
uk+1,ε = Kε ∗ sdk,ε

sdk+1,ε = sd[uk+1,ε]

where the discrete convolution ∗ is defined for u, v : εZN → R as

(u ∗ v)i =
∑

j∈εZN

ujvi−j ,

Kε is a convolution kernel and sd[·] is one of the redistancing operations defined in (2.1) or (2.2). In the
next Section 4.2 we introduce the properties of the kernels Kε for which convergence is expected. Our
main result is the following.

Theorem 4.1. We assume that E0 is such that the generalized mean curvature flow E(t) starting from
E0 is uniquely defined and denote dE(t) the signed distance function to ∂E(t).

Assume that Kε satisfies (4.2), (4.3), (4.4) and (4.5) below. Then provided h ≳ ε2 as ε, h→ 0,∑
i∈εZN

sd
[t/h],ε
i χi+[0,ε)N → dE(t)

locally uniformly in RN for all t ≥ 0 but a countable number.

The proof of this result, based on an adaption of the proof of Theorem 2.3 will be developed in
Sections 4.3, 4.4.

4.2. Kernel properties. For any ε > 0 we consider kernels Kε
j , j ∈ εZN , with:

Kε
j = Kε

−j ≥ 0 for all j ∈ εZN ,(4.2) ∑
j∈εZN Kε

j = 1,(4.3)

h = h(ε) := 1
2N

∑
j∈εZN |j|2Kε

j → 0 as ε→ 0.(4.4)

We introduce the discrete Fourier transform, for ξ ∈ RN :

K̂ε(ξ) := εN
∑

j∈εZN

Kε
j e

−2iπj·ξ , K̃ε := ε−NK̂ε

which is a 1/ε-periodic function with |K̃ε| ≤ 1 = K̃ε(0), and we assume in addition that:

(4.5) lim
ε→0

1− K̃ε(ξ)

h
= 4π2|ξ|2

for any ξ ∈ RN .
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We need (4.5) in order to ensure that (Kε ∗ η − η)/h goes to ∆η as ε→ 0 for any test function η. In
particular, the reason for the definition of h in (4.4) is precisely that for η = |x|2, ∆η = 2N . We observe
that (4.4) is equivalent to:

(4.4′) h = h(ε) := −∆K̃ε(0)

8π2N
→ 0 as ε→ 0.

Remark 4.2. We remark that the Euler’s explicit algorithm considered in the previous Section 3.3 falls
in the present framework. We fix a time step τ(ε) converging to 0 as ε→ 0+ and we start by observing
that (2.5) (with τ in place of h) can be rewritten as in the first equation of (4.1), with the kernel Kε

given by

Kε =
(
1− 2Nτ

ε2

)
δ0 +

τ

ε2

N∑
k=1

(δεek + δ−εek).

Here (δj)i = 1 if i = j and 0 otherwise and we require 0 < τ ≤ ε2

2N . Note that Kε ≥ 0, it is symmetric,∑
j∈εZN Kε

j = 1 and

(4.6) h :=
1

2N

∑
j∈εZN

|j|2Kε
j =

τ

Nε2

N∑
k=1

|εek|2 = τ,

so that, in particular, (4.4) is satisfied. Lastly, let us check (4.5). Since

K̃ε(ξ) =
∑

j∈εZN

Kε
j e

−2πij·ξ =
∑

j∈εZN

Kε
j cos(2πj · ξ) = 1 +

2τ

ε2

N∑
k=1

(cos(2πεek · ξ)− 1),

using also (4.6), we deduce

1− K̃ε(ξ)

h
=

2

ε2

N∑
k=1

(1− cos(2πεek · ξ)) → 4π2|ξ|2

as ε→ 0.

Remark 4.3. Assume that a kernel Kε satisfies (4.2)-(4.4). Since K̃ε has a maximum at 0, DK̃ε(0) = 0,
D2K̃ε(0) ≤ 0 and we have:

(4.7)
K̃ε(ξ)− 1

h
=

(
1

h

∫ 1

0

(1− s)D2K̃ε(sξ)ds

)
ξ · ξ

=
1

2h

(
D2K̃ε(0)ξ

)
· ξ +

(
1

h

∫ 1

0

(1− s)(D2K̃ε(sξ)−D2K̃ε(0))ds

)
ξ · ξ.

In particular, by (4.4)′ it follows that2

(4.8) 0 ≤ 1− K̃ε(ξ)

h
≤ 4π2N |ξ|2

for any ξ ∈ RN . In addition, in case the kernels satisfy also that for all ξ ∈ RN , D2K̃ε(ξ)−D2K̃ε(0) =

o(h) as ε→ 0, and 1
2hD

2K̃ε(0) → −A where A is some positive semi-definite symmetric matrix, we find

K̃ε(ξ)− 1

h
→ −(Aξ) · ξ

as ε→ 0 for any ξ ∈ RN ; eq. (4.5) corresponds to the case A = IN .
In particular, if (4.2)-(4.4) hold, and if Kε is symmetric under coordinate permutations and reflections

in each coordinate, then: ∑
j∈εZN

j ⊗ jKε
j =

 1

N

∑
j∈εZN

|j|2Kε
j

 IN ,

which can be written as:

(4.9)
1

2h
D2K̃ε(0) = −4π2IN

2It is easy to check using the definition that D2K̃ε(ξ) ≥ D2K̃ε(0).
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for all ε > 0. Then (4.7) yields:

K̃ε(ξ)− 1

h
= −4π2|ξ|2 +

(
1

h

∫ 1

0

(1− s)(D2K̃ε(sξ)−D2K̃ε(0))ds

)
ξ · ξ

Therefore, in case the kernels satisfy also that for all ξ ∈ RN , D2K̃ε(ξ) − D2K̃ε(0) = o(h) as ε → 0,
then (4.5) follows. This can be verified by an explicit computation for the kernel Kε associated with
Euler’s explicit scheme (cf Remark 4.2).

4.3. Control of the balls. To obtain convergence of the algorithm for general kernels Kε, we first need
to show an equivalent of the estimate in Lemma 3.3 (to obtain compactness in time of the distances).
We first show the following estimate.

Lemma 4.4. Let Kε satisfy (4.2), (4.3), (4.4), and let R > 0. Then for any i ∈ εZN with |i| ≥ 3R
4 it

holds

(Kε ∗ | · |)i ≤ |i|+ 6N

R
h

Proof. We write:∑
j∈εZN

Kj |i− j| ≤
∑

|j|≥R/2

Kj(|i|+ |j|) +
∑

|j|<R/2

Kj |i− j|

= |i|+
∑

|j|≥R/2

Kj |j|+
1

2

∑
|j|<R/2

Kj(|i− j|+ |i+ j| − 2|i|).

We have, using (4.4): ∑
|j|≥R/2

Kj |j| ≤
2

R

∑
|j|≥R/2

Kj |j|2 ≤ 4Nh

R
.

For |i| ≥ 3R/4, |j| ≤ R/2 we also have:

|i− j|+ |i+ j| ≤ 2|i|+ 2

R
|j|2

(reasoning as in (3.3) in the proof of Lemma 3.3), so that∑
|j|<R/2

Kj(|i− j|+ |i+ j| − 2|i|) ≤ 2

R

∑
|j|<R/2

Kj |j|2 ≤ 4Nh

R

using again (4.4). The result follows. □

Corollary 4.5. Assume h(ε) ≥ ε2. Then there exists C > 0 such that for any R > 0, there is ε0 > 0
such that if ε ≤ ε0,

sd[Kε ∗ | · | −R]i ≤ |i| −R+
C

R
h ∀i ∈ εZN .

This results directly from Lemma 4.4 and the estimate on the redistancing established in the proof of
Lemma 3.3.

4.4. Consistency. We will show the following convergence result, which has Theorem 4.1 as a corollary.

Theorem 4.6. Let E0 ⊆ RN be closed and consider the algorithm (4.1). As ε → 0, the function dε,
defined for t ≥ 0 and i ∈ εZN by dε(t)i = sd

[t/h],ε
i , converge up to subsequences, for almost all times and

locally uniformly in space to a function d(x, t) such that d+ = max{d, 0} is the distance function to a
supersolution of the (generalized) mean curvature flow starting from E0, and d− is the distance function
to a supersolution starting from E0∁. In particular, if the mean curvature flow E(t) starting from E0 is
unique, then dε(t) converges to the signed distance function to E(t), up to extinction.

Again, we expect that with our assumptions, it should not be too difficult to show consistency in
the viscosity sense. This requires to show a (locally continuous) convergence of Kε−δ

h ∗ η|εZN to ∆η as
ε → 0, for smooth tests η. It seems however that proving consistency with the distributional solutions
of Definition 3.1 is a bit more direct.
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Proof. For k ∈ N let j ∈ εZN with sdk+1
j > 0. Starting from (4.1) and since sdk+1,

j ≥ uj by Lemma 2.1,
we deduce:

sdk+1,ε
j − sdk,εj

h
≥
(
Kε − δ

h
∗ sdk,ε

)
j

,

where δ = (δj)j∈εZN is defined by δ0 = 1, δj = 0 for j ̸= 0. We write this inequality as:

dε(t+ h)− dε(t)

h
≥ Kε − δ

h
∗ dε(t)

for any t ≥ 0 where as before, dε(t) = sd[t/h],ε. Thanks to the estimate in Corollary 4.5, we obtain, as
in Section 3.3 (see (3.6)), the same compactness as in [12, Prop. 4.4]. Therefore, up to a subsequence, dε
converges locally uniformly in space and for all times but a countable number (and until an extinction
time T ∗ ∈ (0,+∞]), to d(x, t) = dist(x,E(t)) − dist(x,A∁(t)), where E is the Kuratowski limit of
{(j, t) : dε(t)j ≤ 0} and A ⊂ E the complement of the Kuratowski limit of {(j, t) : dε(t)j ≥ 0}. We will
show that E is a superflow, A a subflow, and in case E0 does not develop “fattening” (that is, the mean
curvature evolution from E0 is unique), A = E̊, E = A and d(x, t) = sdE(t)(x).

By symmetry of the statements, it is enough to show that E is a superflow. Let η ∈ C∞
c (E∁ ∩ (RN ×

(0, T ∗));R+), then for ε small enough, since η > 0 implies dε > 0, we can write:∫
R+

εN
∑

j∈εZN

η(j, t)
dεj(t+ h)− dεj(t)

h
dt

≥
∫
R+

εN
∑

j∈εZN

∑
j′∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
dεj′(t) dt

The convergence of the left hand side does not raise any difficulty:

lim
ε→0

∫
R+

εN
∑

j∈εZN

η(j, t)
dεj(t+ h)− dεj(t)

h
dt = −

∫
R+

∫
RN

∂η

∂t
d dxdt,

and we want to show convergence also for the right hand side:

(4.10) lim
ε→0

∫
R+

εN
∑

j∈εZN

∑
j′∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
dεj′(t) dt =

∫
R+

∫
RN

d∆η dxdt.

We note that there exists C > 0 such that, for all t such that the support of η(·, t) is not empty,
|dεj(t)| ≤ C(1 + |j|). Let R0 ≥ 1 such that spt(η) ⊂⊂ B(0, R0) × (0, T ∗). If ε > 0 is small enough then
for any R > 2R0 and t < T ∗,

εN

∣∣∣∣∣∣
∑

j′:|j′|>R

∑
j∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
dεj′(t)

∣∣∣∣∣∣
= εN

∣∣∣∣∣∣
∑

j:|j|<R0

η(j, t)
∑

k:|j−k|>R

Kε
k − δk
h

dεj−k(t)

∣∣∣∣∣∣(4.11)

≤ |B(0, R0)|∥η∥∞
∑

k:|k|>R−R0

|k|2Kε
k

h

C(1 + |k|+R0)

|k|2 ≤ 2N
3C|B(0, R0)|∥η∥∞

R−R0
→ 0

as R→ ∞ (uniformly in ε), using (4.4) for the second inequality.
We fix t ∈ (0, T ∗) and we now show that for any φ ∈ L1(RN ),

(4.12) εN
∑

j∈εZN

∑
j′∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
φε
j′ →

∫
RN

∆η(x, t)φ(x) dx

as ε→ 0, where φε
j′ = ε−N

∫
j′+[0,ε)N

φdx for any j′. Denoting

uεj′ =
∑

j∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
,

we observe that uε ∈ ℓ1(εZN ) ∩ ℓ∞(εZN ), φε ∈ ℓ1(εZN ), and that Plancherel’s formula holds:

εN
∑

j′∈εZN

uεj′φ
ε
j′ =

∫
[− 1

2ε ,
1
2ε ]

N

ûε(ξ)φ̂ε(ξ)dξ.
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This follows from the calculation∫
[− 1

2ε ,
1
2ε ]

N

ûε(ξ)φ̂ε(ξ)dξ = ε2N
∑
j,j′

∫
[− 1

2ε ,
1
2ε ]

N

uεje
−2iπj·ξφε

j′e
2iπj′·ξ dξ = εN

∑
j

uεjφ
ε
j

which obviously holds for finite sums, and then in the limit. We denote (ηεj )j∈εZN the restriction of η(·, t)
to εZN . Then, we have:

ûε(ξ) = εN
∑

j′∈εZN

∑
j∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
e−2iπ(j+(j′−j))·ξ = η̂ε(ξ)

K̃ε(ξ)− 1

h

where as before K̃ε = ε−NK̂ε. In particular thanks to (4.8), |ûε(ξ)| ≤ 4π2N |ξ|2|η̂ε(ξ)|, and thanks
to (4.5), ûε(ξ) → −4π2|ξ|2η̂(ξ, t) as ε → 0 for all ξ ∈ RN , where η̂(·, t) denotes the Fourier transform in
RN of η(·, t). Lemma A.1 then shows that ûε, extended by 0 out of [− 1

2ε ,
1
2ε ]

N , is rapidly decaying with
estimates independent of ε. We note that the constants in these estimates depend only on the regularity
of η(·, t) and can also be chosen to not depend on t. In particular there exists M > 0 independent of t
such that for all ξ ∈ [− 1

2ε ,
1
2ε ]

N ,

|ûε(ξ)| ≤ M

1 + |ξ|N+1
,

which shows that

(4.13)

∣∣∣∣∣∣
∑

j′∈εZN

η(j′, t)
Kε

j′−j − δj′−j

h

∣∣∣∣∣∣ = |uεj | =
∣∣∣∣∣
∫
[− 1

2ε ,
1
2ε ]

N

ûε(ξ)e2πiξj̇dξ

∣∣∣∣∣ ≤ CM

for some dimensional constant C > 0.
On the other hand, the functions φ̂ε are such that for any ξ ∈ RN ,

|φ̂ε(ξ)| ≤ ∥φ∥L1(RN ), φ̂ε(ξ) → φ̂(ξ).

From Lebesgue’s dominated convergence theorem we deduce:∫
[− 1

2ε ,
1
2ε ]

N

ûε(ξ)φ̂εdξ
ε→0−→

∫
RN

−4π2|ξ|2η̂(ξ, t)φ̂ dξ =
∫
RN

∆η(x, t)φ(x) dx.

This shows (4.12).
We now fix δ > 0 and consider a spatial cut-off ψ ∈ C∞

c (RN ; [0, 1]) with ψ ≡ 1 on B(0, R), where
(using (4.11)) R is such that, for ε > 0 small enough,

(4.14)

∣∣∣∣∣∣
∫
R+

εN
∑

j′:|j′|>R

∑
j∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
dεj′(t) dt

∣∣∣∣∣∣ ≤ δ,

and R > R0 with spt(η) ⊂⊂ B(0, R0) × (0, T ∗). We let φ(x, t) := ψ(x)d(x, t) and as before φε
j(t) =

ε−N
∫
j+[0,ε)N

φ(x, t) dx for any j. Using (4.12) for all t ∈ (0, T ∗) and the uniform bound (4.13), we
obtain

(4.15) lim
ε→0

∫ T∗

0

εN
∑

j∈εZN

∑
j′∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
φε
j′(t) dt =

∫ T∗

0

∫
RN

∆η(x, t)d(x, t) dxdt

thanks to Lebesgue’s theorem, and using that φ = d in the support of η.
By the locally uniform convergence of dε to d and the continuity of φ one also has that φε

j(t) −
dεj(t)ψ(j) → 0 uniformly as ε → 0, and vanishes at distance

√
Nε of the support of ψ. Hence, splitting

dεj′(t) = φε
j′(t) + (ψ(j′)dεj′(t)−φε

j′(t)) + (1−ψ(j′))dεj′(t) and using (4.13), (4.14) and (4.15), one obtains

lim sup
ε→0

∣∣∣∣∣∣
∫
εN
∑

j∈εZN

∑
j′∈εZN

η(j, t)
Kε

j−j′ − δj−j′

h
dεj′(t) dt−

∫∫
∆η(x, t)d(x, t) dxdt

∣∣∣∣∣∣ ≤ δ

and since δ is arbitrary we deduce that

−
∫ ∞

0

∫
RN

∂η

∂t
d dxdt ≥

∫ ∞

0

∫
RN

d∆ηdxdt

that is,

(4.16) ∂td ≥ ∆d

in E∁ in the distributional sense. □
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5. Nonlinear redistancing: applications to deep learning based approximation
algorithms

In this section we give a partial explanation to the good numerical results produced in [7] by fully
learned approaches for the mean curvature flow. There, the authors propose to learn a Neural Network
whose structure mimicks a convolution-redistancing scheme. Starting from a discrete 2D or 3D image,
supposed to approximate a phasefield

u(x, t) = γ

(
1

σ
sdE(x, t)

)
,

where γ is the Modica-Mortola optimal profile and σ > 0, their simplest network is implementing a
convolutional filter followed by a nonlinear operation. The convolutional filter approximates ρ ∗ u for
some (learned) nonnegative kernel ρ, while the nonlinear operation is supposed to rebuild from the
convolution a profile V ≈ γ( 1σ sdE(x, t+ h)) after a time-step h > 0. Except for the non-linearity, which
is a pointwise update, this is quite close to the process described in this paper. Our approach seems
to justify that learning the filter is easy and robust: indeed, we have seen that basically any symmetric
enough filter is able to approximate the mean curvature flow, with an appropriate redistancing (see
Remark 4.3). In addition, it is not difficult to check that this flow is also characterized by the property
that v defined above is a super/sub solution of the heat flow in/out the evolving shape, see below for
details. It means that one could imagine to replace the signed distance function with such a non-linear
profile in the scheme. In this section, we show how to make this heuristic rigorous.

5.1. Algorithm and control of the balls. We denote γ the optimal profile of some Cahn-Hilliard
(a.k.a. Modica-Mortola) energy ∫

σ

2
|∇u|2dx+

1

σ

∫
W (u)dx

where 0 < σ ∈ R and W is a (smooth) two-wells potential, with W (t) > W (−1) =W (1) for t ̸∈ {−1, 1}.
This means that γ : R → (−1, 1) is the minimizer of∫ +∞

−∞

1

2
(γ′(s))2 +W (γ(s))ds

with γ(0) = 0, lims→±∞ γ(s) = ±1, which satisfies both γ′′(s) = W ′(γ(s)) and γ′(s) =
√
2W (γ(s))

for s ∈ R, see for instance [2]. For simplicity, we use the standard choice W (t) = (1 − t2)2/2. In this
instance, one finds that

γ(s) = tanh(s),

in particular |γ| ≤ 1, and that it holds

γ′(s) = 1− γ2(s) ≥ 0, γ′′(s) = −2γ(s)γ′(s).

We consider a kernel Kε satisfying (4.2), (4.3), (4.4) and define the following algorithm. Given u0,ε :=
sd0,ε defined upon an initial closed and non empty set E0 ⊆ RN , we define for all k ∈ N

(5.1) uk+1,ε = sd[γ−1(Kε ∗ γ(uk,ε))].
Let us note that the algorithm above is well-defined, in the sense that if u : εZN → R is 1- Lipschitz
and Kε is non-negative and

∑
i∈εZN Kε

i = 1 then γ−1(Kε ∗ γ(u)) is still 1-Lipschitz. Indeed, consider
f, g : R → R 1-Lipschitz and t ∈ (0, 1). We have∣∣∣∣ ddxγ−1(t γ(f(x)) + (1− t) γ(g(x)))

∣∣∣∣ =
∣∣∣∣∣ tγ′(f(x))f ′(x) + (1− t)γ′(g(x))g′(x)

1−
(
t γ(f(x)) + (1− t) γ(g(x))

)2
∣∣∣∣∣

≤ tγ′(f(x)) + (1− t)γ′(g(x))

1−
(
t γ(f(x)) + (1− t) γ(g(x))

)2 ,
where we used that γ′ ≥ 0. By convexity, (tγ(f(x)) + (1− t)γ(g(x)))2 ≤ tγ(f(x))2 + (1− t)γ(g(x))2 so
that

tγ′(f(x)) + (1− t)γ′(g(x))

1−
(
t γ(f(x)) + (1− t) γ(g(x))

)2 ≤ tγ′(f(x)) + (1− t)γ′(g(x))

1− t γ(f(x))2 − (1− t) γ(g(x))2
.

Recalling γ′ = 1− γ2 we get∣∣∣ d
dx
γ−1(t γ(f(x)) + (1− t) γ(g(x)))

∣∣∣ ≤ 1− tγ2(f(x))− (1− t)γ2(g(x))

1− tγ2(f(x))− (1− t)γ2(g(x))
= 1.
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Thus, considering u, v : εZN → R 1-Lipschitz, we can extend them to functions defined on RN and by
the estimate above we deduce that γ−1(t γ(u) + (1− t) γ(v)) is 1-Lipschitz on εZN . This allows to show
that γ−1(Kε ∗ γ(u)) is 1-Lipschitz on εZN . Therefore, the term sd[γ−1(Kε ∗ γ(u))] appearing in (5.1) is
well-defined.

We then prove an estimate on the evolution speed of balls.

Lemma 5.1. Assume that h(ε) ≥ ε2. There exist two constants R0, c > 0, such that the following holds.
For every R ∈ (0, R0) and for h small enough it holds

(5.2) sd+
[
γ−1(Kε ∗ γ(| · | −R))

]
≤ | · | −R+ c h

R .

Proof. Let us fix 0 < R0 ≤ 1 such that γ′(R0) ≥ 1
2 . We denote

v := Kε ∗ γ(| · | −R).

We start remarking that the thesis follows once we show that in the region {v ≥ 0} it holds

(5.3) d+[γ−1(v)] ≤ | · | −R+ ch
R ,

as then sd+ is the smallest 1-Lipschitz function lying above d+ where it is non-negative.
We will in fact prove the following inequality

(5.4) v ≤ γ(| · | −R+ ch
R ) for all |i| ∈ (R4 ,

R
2 ),

for R ≤ R0 and h, ε small.
Proof of (5.2) assuming (5.4). If (5.4) holds, then we deduce that

(5.5) v ≤ 0 in BR/2 ∩ εZN .

Indeed, from (5.4) this inequality already holds in the region (BR/2 \ BR/4) ∩ εZN . Then, consider a
point i ∈ BR/4 ∩ εZN : there exists j such that |i − j| ≤ R/4 +

√
N ε and |j| ∈ (R/4, R/4 +

√
N ε). By

the 1-Lipschitz property, we obtain

vi ≤ vj +
R
4 +

√
N ε ≤ γ

(
− 3R

4 +
√
N ε+ ch

R

)
+ R

4 +
√
N ε.

Moreover, assuming ε, h small so that γ′(− 3R
4 +

√
N ε + ch

R ) ≥ γ′(−R0) ≥ 1/2, by the equation above
and the convexity of γ in {γ ≤ 0} we get

vi ≤ γ
(
− 3R

4 +
√
N ε+ ch

R

)
+ γ′

(
− 3R

4 +
√
N ε+ ch

R

)(
R
2 + 2

√
N ε
)

≤ γ
(
−R

4 + 3
√
N ε+ ch

R

)
.

The right-hand side can be made negative by choosing ε, h sufficiently small. This concludes the proof
of (5.5).

With (5.5) in hand, we can follow the argument from Lemma 3.3 to establish (5.3), and thus complete
the proof of the lemma. Specifically, since (5.5) holds in BR/2 ∩ εZN , it remains to prove (5.3) for
|i| ≥ R/2. For such i, we apply the definition of d+ from (2.1), restricting the infimum to the region
where |j| ∈ (R/4, R/2). Using the bound from (5.4), we obtain an estimate analogous to the right-hand
side of (3.4). Since |i| is bounded from below, the conclusion follows exactly as in Lemma 3.3.
Proof of (5.4). To show (5.4), we fix i ∈ εZN with |i| ∈ (R/4, R/2) and estimate

vi = (Kε ∗ γ(| · | −R))i ≤
∑

|j|≤R/8

Kε
j γ(|i− j| −R) +

∑
|j|≥R/8

Kε
j

(
γ(|i| −R) + |j|

)
≤

∑
|j|≤R/8

Kε
j γ(|i− j| −R) +

∑
|j|≥R/8

Kε
j γ(|i| −R) + 8h

R ,
(5.6)

where in the first inequality we used that γ is 1-Lipschitz and in the second one we used (4.4). We need
to estimate the term

(5.7)
∑

|j|≤R/8

Kε
j γ(|i− j| −R).

Recalling (3.3), for i, j ∈ εZN with |i| ≥ R/4 and |j| ≤ R/8, by a Taylor expansion it holds

|i± j| ≤ |i| ± i · j
|i| +

1

|i| − |j|
|j|2
2

≤ |i| ± i · j
|i| +

4

R
|j|2.
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Therefore, we can rewrite the term (5.7) as follows:∑
|j|≤R/8

Kε
j γ(|i− j| −R) =

1

2

∑
|j|≤R/8

Kε
j (γ(|i− j| −R) + γ(|i+ j| −R))

≤ 1

2

∑
|j|≤R/8

Kε
j (γ(|i| −R− j·i

|i| +
4
R |j|2) + γ(|i| −R+ j·i

|i| +
4
R |j|2)).

(5.8)

Let x, y ∈ R. Since γ′′ is bounded from above, by a Taylor development we get

γ(x+ y) = γ(x) + γ′(x) y +
|y|2
2

∫ 1

0

γ′′(x+ sy)(1− s) ds ≤ γ(x) + γ′(x) y + c|y|2.

We thus use this estimate to get

γ(|i| −R+ 4
R |j|2 ± j·i

|i| ) ≤ γ(|i| −R+ 4
R |j|2)± j · i

|i| γ
′(|i| −R+ 4

R |j|2) + c|j|2

≤ γ(|i| −R)± j · i
|i| γ

′(|i| −R+ 4
R |j|2) + |j|2(c+ 4

R )

where in the last inequality we used the 1-Lipschitz property. Plugging the inequality above in (5.8) and
using that |i| ≥ R/2 and R ≤ 1, we have bounded the term (5.7) as follows∑

|j|≤R/8

Kε
j γ(|i− j| −R) ≤

∑
|j|≤R/8

Kε
j γ(|i| −R) +

ch

R
,

where c is a positive constant. Therefore, by (5.6) we get

(Kε ∗ v)i ≤ γ(|i| −R) +
ch

R
,

where c denotes a positive constant. Since |i| ∈ (R/4, R/2) then γ′(|i| − R) ≥ γ′(−R0) ≥ 1/2, and
therefore

(Kε ∗ v)i ≤ γ(|i| −R) + 2c
h

R
γ′(|i| −R) ≤ γ(|i| −R+ 2ch

R ),

where the last inequality holds by convexity as long as |i| −R+ 2ch
R ≤ 0, which holds for h small. □

5.2. Consistency. The link between the algorithm (5.1) and the motion by mean curvature is provided
by the following variant of Soner’s characterization of the mean curvature flow [36].

Lemma 5.2. Let σ > 0 and consider E ⊂ RN × [0, T ) for T > 0, a closed set. Set d(x, t) := dist(x,E(t))
for x ∈ RN , t ∈ [0, T ), where E(t) := {x ∈ RN : (x, t) ∈ E}. Then d is a viscosity supersolution to
the heat equation in E∁ ∩ {t > 0} if and only if u(x, t) := γ(d(x, t)/σ) is a viscosity supersolution to the
Allen-Cahn equation:

(5.9) ∂tu = ∆u− 1

σ2
W ′(u)

in the same set.

Proof. The proof is standard and follows from the fact that if φ(x, t) is a smooth test function touching
from below the graph of u(x, t) at (x̄, t̄), then φ(x̄, t̄) ∈ (−1, 1) so that in a neighborhood of (x̄, t̄),
φ̃(x, t) := σγ−1(φ(x, t)) is a smooth test function touching from below the graph of d(x, t). Assuming
that d is a viscosity supersolution in {d > 0}, one has

∂tφ̃(x̄, t̄) ≥ ∆φ̃(x̄, t̄).

Moreover, it holds φ(x, t) = γ(φ̃(x, t)/σ) and, at (x̄, t̄) we have

∂tφ =
1

σ
γ′
(
φ̃

σ

)
∂tφ̃ ≥ 1

σ
γ′
(
φ̃

σ

)
∆φ̃,

since γ is increasing. Now, note that

∆φ = div
[
1
σγ

′( φ̃σ )∇xφ
]
=

1

σ2
γ′′
(
φ̃(x, t)

σ

)
|∇xφ|2 +

1

σ
γ′
(
φ̃

σ

)
∆φ̃.

Since d(·, t̄) is a distance function, it is standard that a smooth contact from below at x = x̄ implies that
|∇xφ(x̄, t̄)| = 1. Thus, using γ′′ =W ′(γ) we conclude

1

σ
γ′
(
φ̃

σ

)
∆φ̃ = ∆φ− 1

σ2
W ′
(
γ

(
φ̃

σ

))
= ∆φ− 1

σ2
W ′(φ)
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The thesis follows. The reverse implication is shown in the same way. □

As a consequence of the previous lemma, if u is a viscosity super solution to (5.9) in {u > 0}, it is a
subsolution in {u < 0}, and the set {u = 0} does not develop fattening, then {u ≤ 0} evolves by mean
curvature. We can show, however, a stronger result.

Lemma 5.3. Let E ⊂ RN × [0, T ), T > 0, be a closed set and set d(x, t) := dist(x,E(t)) for x ∈ RN ,
t ∈ [0, T ), where E(t) := {x ∈ RN : (x, t) ∈ E}, and v(x, t) = γ(d(x, t)/σ) for some given σ > 0.
Then if v is a viscosity supersolution to the heat equation in E∁ ∩ {t > 0}, then also d is (and hence,
by Lemma 5.2 v is a supersolution to Allen-Cahn in the same set), and E is a superflow for the mean
curvature motion.

Proof. Indeed, if φ touches the graph of d from below at some point (x̄, t̄) ∈ {d > 0}, we have φ̃ := γ(φ/σ)
touches the graph of u from below at the same point and

∂tφ̃(x̄, t̄) ≥ ∆φ̃(x̄, t̄).

In addition, |∇xφ(x̄, t̄)| = 1. Hence, as before, at (x̄, t̄) it holds

∂tφ ≥ ∆φ+
1

σ

γ′′(φ/σ)

γ′(φ/σ)

Note that γ′′/γ′ =W ′(γ)/
√
2W (γ) = (

√
2W )′(γ), that is, with our choice, −2γ, hence

∂tφ ≥ ∆φ− 2
σ φ̃.

We recall that, still with our choice, γ(s) = tanh(s), so that the last term is 2
σ tanh( 1σd(x̄, t̄)) and thus d

is a viscosity supersolution of

∂td ≥ ∆d−
√
2
d

σ2
in {d > 0}.

Yet this implies that d is also a supersolution of the heat flow in {d > 0}. Indeed, for every s > 0 the
function d is a viscosity supersolution to ∂td ≥ ∆d −

√
2 s
σ2 in {0 < d < s}. By classical computations

(see for instance [36, p. 366]), it then holds that ∂td ≥ ∆d −
√
2 s
σ2 in {d > 0}, in the viscosity sense.

The claim follows. □

Starting from the algorithm (5.1), the idea is then to define

vk,ε := γ(uk,ε)

and characterize the evolution of the function vk,ε. Indeed, for every j in the region where sdk+1,ε > 0
it holds

vk+1,ε
j − vk,εj

h
≥
γ
(
γ−1(Kε ∗ vk,ε)j

)
− vk,εj

h
=

(
Kε − δ

h
∗ vk,ε

)
j

,

where δ = (δj)j∈εZN is defined by δ0 = 1, δj = 0 for j ̸= 0. We write this inequality as

vε(t+ h)− vε(t)

h
≥ Kε − δ

h
∗ vε(t)

for any t ≥ 0 where vε(t) := v[t/h],ε. Thanks to the estimate in Lemma 5.1, reasoning as in Section 4.4
we obtain the same compactness as in [12, Prop. 4.4] for the function dε := u[t/h],ε. Therefore, up to a
subsequence, dε converges locally uniformly in space and for all times but a countable number (and until
an extinction time T ∗ ∈ (0,+∞]), to d(x, t) = dist(x,E(t))− dist(x,A∁(t)), where E is the Kuratowski
limit of {(j, t) : dε(t)j ≤ 0} and A ⊂ E the complement of the Kuratowski limit of {(j, t) : dε(t)j ≥ 0}.
Moreover, up to a subsequence, by definition the function vε converges locally uniformly in space and
for all times but a countable number to γ(d), with d as above.

From this, we can follow the proof of Section 4.4 to conclude that

∂tγ(d) ≥ ∆γ(d)

in E∁, in the distributional sense. Using Lemma 5.3 we then conclude that γ(d) is a supersolution of
the Allen-Cahn equation, and thus d is a supersolution of the heat equation. This means that E is a
superflow. We have shown the following result.
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Theorem 5.4. Let E0 ⊆ RN and consider the algorithm (5.1). As ε → 0, the function dε, defined
for t ≥ 0 and i ∈ εZN by dε(t)i = u

[t/h],ε
i , converge up to subsequences, for almost all times and

locally uniformly in space to a function d(x, t) such that d+ = max{d, 0} is the distance function to a
supersolution of the (generalized) mean curvature flow starting from E0, and d− is the distance function
to a supersolution starting from (E0)

∁.

6. Applications: discrete heat flow, implicit Laplacian

In this section we list two examples of numerical schemes whose associated resolvent operator is a
kernel satisfying the assumptions listed in Section 4.2. Note that the kernel associated to the explicit
Euler scheme has been investigated in Section 2.2.

Implicit Laplacian scheme. We start by considering the fully discrete implicit Euler’s scheme that
reads as follows. The idea is to use as kernel Kε associated to the resolvent operator for

(6.1) u− τ∆εu = g in εZN .

Note that if g ∈ ℓ2(εZN ), there exists a unique solution u ∈ ℓ2(εZN ) of the equation above, and a
comparison principle holds. Rewriting (6.1) in the Fourier variable we deduce that Kε satisfies

K̃ε(ξ) =
1

1− τ∆̃ε

,

where, with a slight abuse of notation, ∆̃ε denotes the Fourier transform of the kernel associated to ∆ε.
Recalling that

(6.2) ∆̃ε(ξ) =
2

ε2

N∑
k=1

(cos(2πεξ · ek)− 1),

see Remark 4.2, we obtain

K̃ε(ξ) =
1

1− 2τ
ε2

∑N
k=1(cos(2πεξ · ek)− 1)

.

Note that the regularity of the Fourier transform of the kernel implies that Kε is rapidly decaying, so
that Kε ∗ d is well-defined when d ∈ Lip(εZN ). Therefore, we can define our algorithm as

uk+1,ε = Kε ∗ dk,ε

sdk+1,ε = sd[uk+1,ε],

where the first equation above implies that

uk+1,ε − τ∆εu
k+1,ε = dk,ε in εZN .

Positivity of Kε follows from the comparison principle holding for (6.1), while symmetry follows from
the symmetry of K̃ε. Moreover, since K̃ε(0) = 1, it holds

∑
j∈εZN Kε

j = 1. It remains to check that
the time-step τ(ε) coincides with the natural time-step h(ε) defined in (4.4). In order to compute h, we
recall (4.4’) i.e. h = −∆K̃ε(0)

8π2N . By a straightforward computation we check that

∆K̃ε(0) = −8Nπ2τ,

hence h = τ . In particular, (4.4) is satisfied. Lastly, using the explicit expression of K̃ε, one can check
that (4.5) holds.

We conclude by noting that, while the hypothesis on the kernel Kε are satisfied for any τ(ε) = h(ε)
going to 0 as ε → 0, Corollary 3.3 requires h(ε) ≳ ε2. In conclusion, if h(ε) ≳ ε2, the theory developed
in the previous section applies and Theorem 4.1 holds.

Discrete heat flow scheme. Another interesting example is the discrete heat flow. We define Sε(t)
the semigroup generated by the discrete Laplacian, that is Sε(·)u = v with v solving

(6.3)

{
vt −∆εv = 0 in εZN × [0,+∞)

v(0) = u,

for u ∈ ℓ2(εZN ). We consider a parameter τ = τ(ε) with τ → 0, and define the kernel Kε as satisfying
Sε(τ)u = Kε ∗ u for every u ∈ ℓ2(εZN ). To find a solution to the equation (6.3), we pass to the Fourier
variable in space

˙̃v(ξ, t)− ∆̃ε(ξ)ṽ(ξ, t) = 0, in [0, 1ε )
N × [0,+∞),
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where ∆̃ε is defined in (6.2). Therefore, we find S̃ε(τ)u(ξ) = ṽ(ξ, τ) = K̃εũ(ξ) where

K̃ε(ξ) = exp

(
2τ

ε2

N∑
k=1

(cos(2πεξ · ek)− 1)

)
.

Then positivity of Kε follows from the comparison principle, symmetry and condition (4.3) (equivalent
to K̃ε(0) = 1) are easily checked, while an explicit computation of ∆K̃ε(0), arguing as for the previous
example, yields h = τ , and thus also (4.4) is satisfied. Similarly, condition (4.5) is a simple computation
using that h = τ .

Again, note that the regularity of K̃ε implies that Kε is rapidly decaying, so that Kε∗d is well-defined
when d ∈ Lip(εZN ). Therefore, we can define our algorithm

uk+1,ε = Kε ∗ dk,ε

sdk+1,ε = sd[uk+1,ε].

As before, if h(ε) ≳ ε2, the theory developed in the previous section applies and Theorem 4.1 holds.

7. Numerics

We now present some numerical experiments performed using the algorithm (4.1): we have implemen-
ted (6.1), using libfftw33 in C, in order to efficiently solve the implicit equation which is diagonalized in
Fourier domain (we use in practice a Neumann Laplace operator which is diagonalized with the DCT).
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Figure 3. Evolution of the radii for an initial disk of radius 50, ε = 1, and h = 5, 10, 20
(the explicit scheme needs h = .25). The precision remains quite good for small values
of h. Compare with Figure 1, right.
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Figure 4. Evolutions of a disk of radius 50 with h = .25 (explicit scheme as in Fig. 1)
and h = 5, 10, 20 (implicit scheme (6.1)).

We also compared the flows starting from the Mask pattern of Figure 2, running the explicit scheme
(h = .25) and the implicit one for h = 5: Figure 5 shows that the differences are hardly visible except at
the smaller scales.

3See [20] and https://www.fftw.org/.

https://www.fftw.org/
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Figure 5. Evolutions of the mask pattern, comparison between the explicit and implicit
schemes. Left two plots: explicit vs implicit (h = 5) evolution, times 0, 5, . . . , 100; Right
two plots: same for times 0, 100, 200, . . .

8. Concluding remarks

8.1. Restricting the computations on a strip. In this subsection we consider the following modifica-
tion of the redistancing operations d±, sd± defined in (2.1), (2.2). Consider a (fixed) positive parameter
M > 0, and assume that M > ε. Given E ⊆ εZN , we define SME := {i ∈ E : ∃k ∈ εZN \E, |i−k| ≤M}.

We consider u : εZN → R 1-Lipschitz. For every i ∈ εZN we set:

(8.1)

{
dM,+[u]i := infj∈SM{u<0} (uj + |j − i|) ,
sdM,+[u]i := supj∈SM{u≥0} ( d

M,+
j − |j − i|)

and analogously dM,−, sdM,−. Clearly, the functions defined above are both 1-Lipschitz. By the same
arguments used in Lemma 2.1, one can show that dM,+[u] = u in SM{u < 0} and dM,+[u] ≥ u in
{u ≥ 0}, thus sdM,+[u] = dM,+ ≥ u in SM{u ≥ 0} and sdM,+[u] ≤ dM,+[u] ≤ u in SM{u < 0}. In
particular,

(8.2) sdM,+[u] ≤ u in SM{u < 0}, sdM,+[u] ≥ u in SM{u ≥ 0},
showing a local comparison between sdM,+[u] and u in the “strip”

SM{u < 0} ∪ SM{u ≥ 0},
instead of the global one satisfied by sd+[u]. As for definitions (2.1), (2.2), we note that (8.1) is coherent
(i.e., the inequalities in (8.2) hold) even if {u < 0} = ∅ or {u > 0} = ∅.

Furthermore, we can show that this redistancing operation relates well with sd+[u], at least in the
strip.

Lemma 8.1. Given u : εZN → R 1-Lipschitz, for every i ∈ SM{u < 0} ∪ SM{u ≥ 0} it holds

sdM,+[u]i ≤ sd+[u]i +
4N

M
ε2,(8.3)

| sdM,+[u]i − di| ≤ (4
√
N + 1)ε,(8.4)

where d = minj∈{u≥0} |i− j| −minj∈{u<0} |i− j|.

Proof. Let i ∈ SM{u ≥ 0}, then sdM,+[u]i = dM,+[u]i and sd+[u]i = d+[u]i. Moreover, by definition it
holds d+[u] ≤ dM,+[u] on εZN . We thus estimate, using that uk − uj ≤ |k − j|,

dM,+[u]i − d+[u]i ≤ sup
j∈{u<0}

inf
k∈SM{u<0}

(|k − j|+ |k − i| − |j − i|)

≤ sup
j∈{u<0}\SM{u<0}

inf
k∈S3M/4{u<0}\SM/4{u<0}

(|k − j|+ |k − i| − |j − i|) ≤ 4N

M
ε2

where we used
sup

j∈SM{u<0}
inf

k∈SM{u<0}
(|k − j|+ |k − i| − |j − i|) = 0,

and for the last inequality we reasoned as for the last inf in equation (3.4) (see the proof of (3.5)). On
the other hand, for i ∈ SM{u < 0} by definition of sd+[u] and the inequality above, we have

sd+[u]i ≥ sup
j∈SM{u≥0}

( d+[u]j − |j − i|) ≥ sdM,+[u]i −
4N

M
ε2
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and we conclude (8.3). Concerning (8.4), the bound

sdM,+[u]i ≤ di +
√
Nε

follows from (2.3), (2.4). The other estimate can be proved as follows. Consider i ∈ SM{u < 0} and let
j̄ ∈ {u ≥ 0} realising the min in the definition of di. Note that j̄ ∈ SM{u ≥ 0}, thus

sdM,+[u]i − di = sdM,+[u]i + |i− j̄| ≥ dM,+[u]j̄ ≥ 0.

If instead i ∈ SM{u ≥ 0}, by the previous arguments sdM,+[u]i = dM,+[u]i ≥ d+[u]i. Thus the
conclusion follows using (8.3), (2.3) and (2.4). □

We can then modify the proposed algorithm (4.1) as follows: given sd0,M,ε defined upon an initial set
E0, we set for all k ∈ N:

(8.5) sdk+1,M,ε = sdM,+[Kε ∗ sdk,M,ε].

Following Section 4, we can establish the following result.

Theorem 8.2. Theorem 2.3 holds for sdk,M,ε replacing sdk,ε.

We now proceed to outline the main step of the proof of Theorem 8.2, which closely follows the proof
of Theorem 2.3, highlighting only the key differences.

Note that the Lemma 8.1 and Corollary 4.5 imply, in particular, that there exists a suitable constant
C ≥ 1 such that for every R < M

sdM,+[Kε ∗ (| · | −R)] ≤ | · | −R+
C

R
ε2 in B2R ∩ εZN ,

as soon as ε/R is small enough. This, in turn, yields an estimate on the evolution speed of balls under the
scheme assuming h(ε) ≥ ε2: one step of the algorithm applied to BR contains BR−C

Rh, as long as R < M ,
ε/R is small enough and R− C

Rh ≥ R/2. By comparison and translation invariance, one concludes that
one step of the algorithm applied to BR, for any R > 0, contains4 BR− C

R∧M h, as long as ε/R is small
enough and R− C

R∧M h ≥ R/2.
Reasoning as in the proof of [9, Cor. 4.13] and Section 3.3, one can show that if for some k, sdk,M,ε

i ≥
R > 0 at i ∈ εZN , then

sdℓ,M,ε
i ≥ R− C

R ∧M (ℓ− k)h =⇒ sdℓ,M,ε
i ≥ sdk,M,ε

i − C

R ∧M (ℓ− k)h

for ℓ ≥ k, ε/R small enough and as long as the right-hand side is larger than R/2. This allows to follow
the arguments of Section 3.3 and show convergence (up to subsequences) as ε→ 0 of the sequence

{ dM,ε(t) :=
∑

i∈εZN

sd
[t/h],M,ε
i χ[0,ε)N } → dM ,

locally uniformly on RN and for a.e. t ∈ (0,+∞). Thanks to (8.4), the function dM satisfies

( dM )+(·, t) = dist(·, EM (t)) on {0 < dM < M},

( dM )−(·, t) = dist(·, (AM )
∁
(t)) on {−M < dM < 0},

where EM , AM are space-time tubes satisfying the same properties of E,A defined in (3.7). Let us set

d(·, t) =


dist(·, EM (t)) on (RN × (0,+∞)) \ EM (t)

− dist(·, (AM )
∁
(t)) on AM (t)

0 otherwise.

Then, employing the inequalities between sdε[u] and u holding in a strip, one can follow the argument
of Section 4.4 to show that ∂t d ≥ ∆d on {0 < d < M}, and ∂t d ≤ ∆d on {−M < d < 0}, in the
distributional (and viscosity) sense. By standard arguments, this in turn implies that the two inequalities
are satisfied, respectively, on (RN × (0,+∞)) \EM and AM . The other properties follow reasoning as in
Section 4.4, concluding the proof of Theorem 8.2.

4Where R ∧M := min{R,M}
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8.2. Relating our redistancing operator with fast solvers for distance functions. The main
drawback of our proposed scheme is the computation cost of the redistancing operator sd, although
the previous Section 8.1 showed how to reduce computations in practice while maintaining consistency.
Ideally, one would use well-known fast numerical solvers for computing the distance function to a given
set in our setting. A natural candidate is the class of fast-marching techniques [32, 34, 30, 14, 33].
However, a major challenge lies in the lack of precise error estimates and regularity properties for the
distance function computed with these methods, which are crucial in our framework. In particular, it is
unclear whether the key inequality in item (2) of Lemma 2.1 holds (up to controlled errors) when using
such schemes.

On the one hand, the error can generally be estimated as O(
√
ε), as shown in [29, Sec. 9]. On the

other hand, a precise convergence rate for the scheme is only required in Lemma 3.3, where we compare
the redistancing operator applied to a distance function that is smooth outside a single point (the signed
distance to a ball). In this specific context, higher-order implementations of the fast-marching scheme
[35, 1] could provide interesting insights.

8.3. Partitions. Our redistancing can be used to define a scheme for the evolution of partitions, similarly
to [16, Sec. 5.3] and [15, 18]. Thanks to the linearity of the convolution part, one way to implement
this is to track at each iteration the non-signed (non-negative) distance function (uℓi)i∈εZN to the phase
ℓ ∈ {1, . . . , L}, and alternatively (i) diffuse each uℓ with the convolution kernel, (ii) recompute uℓ as the
positive distance to the negative values of uℓi −max{uℓ′i : ℓ′ ̸= ℓ}. This seems to produce results similar
to the schemes in [16, 15], yet we have no convergence proof (when two phases only are present, this is
the same as the scheme studied in this paper, yet the behavior near points where more than two phases
meet would have to be analyzed).

Appendix A. An estimate on the decay of the Fourier transform of discretized rapidly
decaying functions

Let η ∈ C∞
c (RN ), ε ∈ (0, 1), we let ηεj = η(j) for j ∈ εZ (that is, ηε = η|εZN ), and we consider the

(1/ε)-periodic Fourier transform
η̂ε(ξ) = εN

∑
j∈εZN

η(j)e−2πij·ξ.

Lemma A.1. For any p > N , there exists C such that for any ε ∈ (0, 1]:

(A.1) sup
ξ∈[− 1

2ε ,
1
2ε ]

N

|η̂ε − η̂| ≤ Cεp

and for any ξ ∈ [− 1
2ε ,

1
2ε ]

N it holds

(A.2) |η̂ε(ξ)| ≤ C

1 + |ξ|p .

Proof. By Poisson’s summation formula, η̂ε is the (1/ε)-periodic version of η̂, that is:

η̂ε(ξ) =
∑

j∈ 1
εZN

η̂(ξ + j).

Since η̂ is in the Schwartz class, for p ≥ 1, there exists C> 0 such that for ξ ∈ RN ,

(A.3) η̂(ξ) ≤ C

1 + |ξ|p .

Consider ξ ∈ [− 1
2ε ,

1
2ε ]

N , that is, |ξ|∞ ≤ 1
2ε . We write:

η̂ε(ξ) = η̂(ξ) +
∑

j∈ 1
εZN ,j ̸=0

η̂(ξ + j)

and

e :=

∣∣∣∣∣∣
∑

j∈ 1
εZN ,j ̸=0

η̂(ξ + j)

∣∣∣∣∣∣ ≤
∑

j∈ 1
εZN ,j ̸=0

C

1 + |ξ + j|p ≤
∑

j∈ 1
εZN ,j ̸=0

C

|ξ + j|p∞

possibly increasing the constant C in the last term. We have

|ξ + j|p∞ ≥ 21−p|j|p∞ − |ξ|p∞.
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If |j|∞ ≥ 1
ε then |ξ|∞ ≤ 1

2ε ≤ 1
2 |j|∞, hence

21−p|j|p∞ − |ξ|p∞ ≥ 2−p|j|p∞ ≥ 1

2
(2−p|j|p∞ + |ξ|p∞).

Hence, assuming p > N ,

e ≤
∑

j∈ 1
εZN ,j ̸=0

C

2−p|j|p∞ + |ξ|p∞
=

∑
j∈ZN ,j ̸=0

C2pεp

|j|p∞ + 2pεp|ξ|p∞

≤ C
∑
j≥1

2pεpjN−1

jp + 2pεp|ξ|p∞
≤ Cεp

(A.4)

(increasing again C), which shows (A.1). In addition, one can estimate the sum as follows: if p > N , for
any a ∈ (0, 1], ∑

j≥Jp

jN−1

ap + jp
≤
∫ ∞

0

tN−1

ap + tp
dt

for some Jp ≥ 1 (which is such that t 7→ tN−1

ap+tp is decreasing for t ≥ Jp, hence one may use Jp = (N−1)1/p).
Then, ∫ ∞

0

tN−1

ap + tp
dt =

1

ap

∫ ∞

0

tN−1

1 + (t/a)p
dt = aN−p

∫ ∞

0

sN−1

1 + sp
ds.

It follows:
e ≤ C

|ξ|p + C2pεp(2ε|ξ|∞)N−p =
C

|ξ|p + εN
C

|ξ|p−N
.

Since ξ ∈ [− 1
2ε ,

1
2ε ]

N , we deduce e ≤ C/|ξ|p (up to increasing C), which we combine with (A.4) and (A.3)
to deduce (A.2). □
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