QUANTITATIVE STABILITY CONTROL OF THE FULL SPECTRUM OF THE
DIRICHLET LAPLACIAN BY THE SECOND EIGENVALUE

ALEXIS DE VILLEROCHE

ABSTRACT. Let Q C R? be an open set of finite measure and let © be a disjoint union of two balls of
half measure. We study the stability of the full Dirichlet spectrum of €2 when its second eigenvalue
is close to the second eigenvalue of ©. Precisely, for every k € N, we provide a quantitative control
of the difference |\x(Q2) — Ax(©)] by the variation of the second eigenvalue C(d, k)(A2(£2) — X2(0))<,
for a suitable exponent « and a positive constant C(d, k) depending only on the dimension of the

space and the index k. We are able to find such an estimate for general k and arbitrary 2 with

a= ﬁ. In the particular case when \g(€2) > Ax(©), we can improve the inequality and find an
1

estimate with the sharp exponent a = 3.

1. INTRODUCTION

We work in the Euclidean space R?, for some d > 2. Let us denote by wy the volume of the unit
ball of R? and set

A={Qc R4 | © open and [Q] = wq}.
In the following, by B € A we denote a ball of radius equal to 1 and by ©® € A a union of
two disjoint balls of measure wy/2. The position of the balls does not affect the spectrum of the
Dirichlet Laplacian, however, in our analysis their position may play a role. This will be specified,
when necessary.

For any Q € A, let us consider the k-th eigenvalue of the Dirichlet Laplacian, multiplicity being
counted. For k > 1,

v 2
(1) Ae(©) =  min sup fﬂ‘iﬁ
SkCHY(Q) uesSh, ut0  Jo U

where Sy is a subspace of H}(£2) of dimension k. The associated eigenfunctions which achieve the
minimum are denoted by uj and solve

(2) —Auk = )\k(Q) U in Q,
U = 0 in 0N).

If not otherwise specified, we consider them normalized in L?(€2).

Minimizing Ag(Q2) for Q € A is an important question in spectral geometry, as it is related to the
celebrated Polya conjecture stating

2
VE>1,¥Q €A M\(Q) > 4w2(ﬁ)d.

Wd

One strategy to understand the conjecture is, for given [ € N, to solve the minimization problem
min{\/(Q) : Q € A},

precisely to characterize solutions and find their properties. The key element, is that the Polya
conjecture is known to hold for some particular class of domains and so, a suitable characterization
of the solution may provide useful information.
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Assume Q is a minimizer of \; in A and ©Q € A is a set such that A\;(€2) approaches the minimal
value A\;(€2). We aim for a sharp control of the variation of the k-th eigenvalue by the variation of
the I-th eigenvalue. Precisely, is the following inequality true

(3) VE e N,VQ e A, |Ae(Q) — X\e(Q)| < C(d, k)[N(Q2) — ()] ?
Above, « is a suitable exponent and C(d, k) is a constant depending only on the dimension and k.
At the moment, the minimizers Qf are analytically known only for I = 1 and [ = 2 and are

respectively the ball B and the union of two disjoint equal balls, that we denote ©. This is a
consequence of the Faber-Krahn and the Krahn-Szegé inequalities (see for example [10] and [11]).

For [ > 3 some qualitative results are known. For instance, Bucur [7] and Mazzoleni and Pratelli [16]
proved that a minimizer exists in the larger class of quasi-open sets of measure wgy. The minimizers
are bounded and of finite perimeter. Moreover, the structure of their reduced boundary was analyzed
by Kriventsov and Lin in [14, 15|, but the qualitative information about their global geometry is
missing. Thus, since so little is known in the case [ > 3, we expect to be able to find stability
estimates like those in (3) only for the cases | =1 and [ = 2.

The case [ = 1 has already been studied in the literature. As we already stated, we know that the
ball B is the minimizer to A; as asserted by the Faber-Krahn inequality

(4) v e A7 AI(Q) > /\1(3)7
with equality if and only if 2 is a ball.

In 2006, Bertrand and Colbois in [3] where able to prove stability estimates near the ball. Precisely,
they prove that for any Q € A such that

A1) < (A +e)(B),
it holds, if € < € small enough,

_1

(5) IAe(Q) = Ak(B)| < Cyy, €504,

Clearly, the exponent Wld is not optimal, and later in 2019, Mazzoleni and Pratelli [17] improved
the result and obtained for A1(Q2) < A\;(B) + 1 and for any n > 0

(6) ~CapyM(Q) = M(B)5 " < \e(2) = Ae(B) < Cagoy (M () — Ai(B)) =277,

and they are able to improve the exponent in dimension 2.
The sharp estimate has been obtained in 2023, by Bucur, Lamboley, Nahon and Prunier in [8], where
they prove for any Q2 € A and k

(7) Ae(2) = Ae(B)] < Cak® a1 (2)7 (A(R) — Mi(B))?

A key ingredient of the proof is the quantitative Faber-Krahn inequality proved in 2015 by Brasco,
de Philippis and Velichkov in [4],

(8) VQEA  A(Q) > M(B)(1+CqgFi()?).
where F1(2) denotes the Fraenkel asymmetry
QAB
Fi(Q) = min{| B B C R? ball with |B| = |Q|}.

We point out that inequality (7) can be improved for some specific values of k. Precisely, if A (B) is
simple, then the exponent % on the right hand side can be replaced by the exponent 1. This result
is very fine and relies on the analysis of a degenerate free boundary problem of vectorial type. The
key point is that if A\ix(B) is simple then the ball is a critical set for \g, as for A\;. Intuitilvely this
makes that the variation of A, is of the same order as the variation of ;.



FULL SPECTRUM CONTROL BY THE SECOND EIGENVALUE 3

Our goal is to analyze the case [ = 2 and to prove an inequality similar to (7) with the variation of
the second eigenvalue on the right hand side, variation with respect to its global minimizer which is
0. Indeed, we know from the Krahn-Szegd inequality that © minimizes A in A,

9) VR EA () > Aa(0),

with equality if and only if Q = ©. Moreover, a quantitative inequality has been proved by Brasco
and Pratelli [5] in 2013.

(10) VR EA, () > Aa(O) (14 Cy Fo()H),
Here, F»(Q) is the Fraenkel 2-asymmetry defined as follows for any open set Q C R?
QA(B1 U Bs) Q
F2(Q) = inf { ’(|IQ|U2| Bi, By C R? balls, |B; N By| =0 and |By| = |By| = H} .

Below we state our main results.

Theorem 1. There exists a dimensional constant Cq > 0 such that for any Q € A, and for any
k> 1, it holds,

1

4 _d_ 1
AR(Q) = A(©)] < Cak? a Xa(Q)FT (A2(Q) — Aa(©)) FH
In general, we do not expect the exponent +1 to be sharp. We are able to improve the exponent

to the sharp one % in the case that Ax(Q2) > Ax(©). Our second result reads

Theorem 2. There exists a dimensional constant Cq > 0 such that for any Q € A, and for any
k> 1, it holds,

N[
[\.’MH

(A() = Ak(©)). < Cak® 1 Xo(9)
where by (a)4+ we denote the positive part of the number a.

(A2(22) — A2(9))2,

As an intermediate technical step, we prove the following more general result.

Theorem 3. There exists a dimensional constant Cy > 0 such that for any Q € A and any pair of
disjoint open subset of Q, QT and Q= verifying Ao(Q) > max(A1(27), A\1(27)), it holds for all k > 1

Me(QTUQT) = Me(©)] < Ca k2T Ma(2)2 (Ma(Q) — Aa(0))2.

Remark 4. Notice that such couples of subsets 27, Q~ indeed do exist. For instance, we can choose
them to be the two nodal sets of the second eigenfunction of 2, but other choices could be more
relevant in specific situations.

2. PRELIMINARY RESULTS

To fix the terminology, below we recall some results useful along the proofs.

We begin with the definition and a few properties of the torsional rigidity and of the torsion function.
For any ) € A let us define the torsional rigidity of 2, T'(Q

(11) T(Q) = max / 2u — / |Vul?.
ueHL ()
The function which achieves the maximum is the unique weak solution in Hg(Q) of

—Au=1 in§,
u=20 in 0f).

We denote the solution by wq and call it torsion function. Then

T(Q):/QMQ—/QWwQP:/QwQ.

(12)
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We recall the Saint-Venant inequality (see for instance [10] and [11])
(13) VQ e A, T(Q) <T(B),
with equality if and only if £ is a ball, up to a set of zero capacity.

And we also recall the Talenti inequality (see [18, Theorem 2|) that states that the supremum of the
torsion function is also maximized at the ball

(14) vl € A, lwallze () < [lwsllL~(s)-

We recall from [7] the following estimate, which shows that one can control the difference of the
eigenvalues by the difference between torsional rigidities, between an open set {2 and a subset (V.

Lemma 5. For any Q € A and ' C Q open, it holds for all k > 1,
1

1 /
0= ™ ey = capll/(m) kA (Q)Y2(T(Q) — T()).

We also quote a result by Cheng and Yang (see [9, Theorem 3.1]|) which comes as an improvement
of an older less general result form Ashbaugh and Benguria [1] that gives a control of the maximal
ratio between the k-th and the first eigenvalues of a given open set.

Lemma 6. For any Q € A, and for all k > 1,

Me(Q) < <1 + 3) ki A\ (Q).

We also recall the Kohler-Jobin inequality for any open set of finite measure  C R?, see [12] and
[13],

d+2 d+2
2

(15) AM(Q)FTQ) > M (B) ET(B).

Notice here that the exponent %52 is such that the functional Q — Al(Q)%T(Q) is scale invariant.

We present below some results that are specific to the second eigenvalue As. They play a fundamental
role in the proof of Theorem 1. For [ > 3, such results are not available, so that it is not possible to
adapt the proof of Theorem 1 to higher eigenvalues A; with [ > 3.

We start by recalling a decomposition result for the second eigenvalue proved in [5, Lemma 3.1].
Lemma 7. Let Q € A. There exists two disjoint subsets QT, Q™ C Q such that

A2(2) = max{\1(Q7), \(Q7)}.
Note that if © is connected, then QT and Q~ correspond to the nodal sets of an eigenfunction s
associated to A\2(f2), namely Q7 = {us > 0}, Q7 = {uz < 0}. In that case X\2(Q) = A\ (QT) =

A1(Q7). If Q is disconnected, the construction of Q1 Q™ may (or not) use two different connected
components, possibly making that the difference Q\ (QT U Q™) is a set of positive measure.

At the end this section we recall a Kohler-Jobin type inequality for the second eigenvalue

d+2 d+2

(16) VQC A M) FT(Q) > Aa(0) T T(0).

This inequality comes as a consequence of [2, Lemma 6|, yet we give it here a simple proof for the
sake of completeness.
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Proof. Take Q in A, by Lemma 7 there exists two disjoint open subsets of Q, Q" and Q™ such that
A2(€2) = max{\; (), A\ (27)} and also, by inclusion, T(Q) > T(Qt) + T(Q~). Then, take BY/? a
ball of volume wy/2 we have by the Kohler-Jobin inequality (15),

d+2

A(QT) T T(QY) > A (BY2) T T(BY?),
A (97) X

TTOQ) > M(BY2)ET(BY?).
Then, we can compute
d+2 L d+2

A2(Q) 2 T(2) = max{A (QF), M (Q7)} 2 (T(QF) +T(Q))
> A\ (D) FTO) + M(Q) 1)
> 2\ (BY2)" T(BY?)
= A2(0)F°T(0).
O

Remark 8. Note that a Kohler-Jobin type inequality for higher order eigenvalues would have its
a+2

own interest. However, it is very unclear even for [ = 3 if a minimizer does exist for A3(Q2) 2 T'(Q2)
in the class A.

Remark 9. Yet the case of the associated maximization problem for the first eigenvalue
max { A (Q)PT(Q) | Q€ A},

has been studied in [6] by Briani, Buttazzo and Guarino Lo Bianco, where they proved existence of
an optimal shape for p > p; > 1 large enough. In [8], it was proved that the ball is the maximizer
for p > po for some psy larger than p;.

3. PROOF OF THEOREM 1

The proof of Theorem 1 is based on a sharp approximation of the torsion of a set by the torsion of
the best overlapping of the set by two equal balls of half measure. If such an approximation is rough
in general, one can reasonably expect that the approximation becomes sharp if the set has a second
eigenvalue close to its minimum, on the set ©. The set © is the union of two disjoint balls of half
of the measure of {2, and their positionning has to be done in a optimal manner, we will actually
choose them such that they are close to a minimum for the Fraenkel 2-asymmetry.

In [8, Lemma 3.2 |, the authors got a control of the difference of the torsional rigidies between
a set and the intersection of the set with a ball. The following lemma is in the same spirit, and
gives control of the difference of the torsional rigidities between Q and 2 N © by the volume of the
symmetric difference.

Lemma 10. Let Q € A. Then

1 1
_ <[ =
() T(Qm@)_<d+23d2

) 10\ Q).

Proof. For simplicity, we denote by w the torsion function of 2 and v the torsion function of ©. Let
us denote

u = min(w, v).
Notice that u € H} (2N ©), then

T(OQNO)> / 2u — / |Vul?.
QNe QNe
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S0,

T(Q)—T(Qm@)+/ Vw|2§/ 2w+/ 2(w—u)+/ (|Vul? — |[Vw|?)
\e 0\ Qne Qne

:/ 2w+/ 2(w —v)4 — V(u+w) - V(w—u).
0\0 Qne Qne

For any real numbers a, b it holds (a + b)(a — b) < 2b(a — b), then we deduce

T(Q)—T(Qm@)+/ |Vw|2§/ 2w+/ 2(w—v)+—/ 2V - V(w — v) 4.
2\e \e Qne Qne

Notice that on 2N O,
Vu-V(w—0v)y =V - (w—v):Vv+ (w—12v)4,

so by divergence theorem,

T(Q) —T(Qﬂ@)+/ Vw|? < / 2w—/ (w—v) 4 Vo -ndH??
0\e 0\e 8(2NO)

:/ 2w—|—/ (w —v) 4| V| dHI?
o\e 90

< 2|2\ ©| supw + sup |V wdHI L,
Q 00 00

Next, we use the trace inequality

/wd?—[,d_lg/ V|
C) 0\e

followed by the Jensen inequality to obtain
TQ)-T(QNO) < (2 sup w + sup ]Vv\2> |2\ O].
Q 00

It now only remains to express the constant. We know for the ball B(0,1) the expression of its
torsion function wp:
1— |z
wp(zx) =
B() 5

1

=— and from the Talenti
2d d?

Then, since © is a disjoint union of two balls of radii 2_5, supye |Vo|? =

inequality (14), we get supgw < Q—Id. O
We may now tackle the proof of Theorem 1.

Proof. (of Theorem 1) Along the proof we will denote by Cy a purely dimensional constant which
may increase from line to line.

Take © in A and © a disjoint union of two balls of volume wy/2 and fix k > 1.

First, if A2(2) > 2 A2(0©), we know from the spectral inequality given by Lemma 6 that

[SYIN)

@) = (@) <8 (14 ) (@) + 2a())



FULL SPECTRUM CONTROL BY THE SECOND EIGENVALUE 7
and then we can compute

IMe(Q) — M(©)] < 2 (1 T 3) ki Aa(Q)

d+2 1

< 9t (1 + j) ke Ag ()T (Ag(Q) — Ao(0)) 7T

< ORI M) (M\a(Q) — Ao(©)) 7.
Assume now A2(€2) < 22(0), by Lemma 5, since 2N O C Q and 2N O C O, we obtain

Azjﬁ) - )\k(le 5y < eop(1/(4m) kM (@) (T(Q) - (2N 6)),
1 1

®)  m@ne) S cep(/(Um)kx(©)7(T(6) - T(2n6)).

We combine this with Lemma 6 and the minimality of © for Ay to get

< exp(1/(4m)) k? (1 + 3) ’ A(Q)YH(T(Q) - T(QNO)),

1
M(Q) (N ©)
1

M(©) )\k(Qlﬂ 5) < eap(l/(4m) ¥ (1 - fz) T n@Y(1(©) - T(@n ).

And we deduce, adding these two inequalities

1 _ 1
() A(O)

which rewrites, using Lemma 6 again, as

() = M(O)] < Cak®* i M) (T(Q) + T(©) — 2T(2N O)).

< exp(1/(4r)) k? (1 + 2) ’ Ao (Q)%/2 (T(Q)+T(©)—2T(QN0O)),

It remains to estimate the factor T'(Q) + T(©) — 2T(22N O), to do so, we rewrite it
T(©) —T(Q)+2(T(Q) — T(2NO)).

In Lemma 10 we have already computed

T(Q) - T(QNO) < (iﬁ 221d2> 2\ 6.

Choosing rightfully the two balls that compose © we get
|2\ O < wy Fa(2).
Then we have by the quantitative Krahn-Szegé inequality (10),

26 < Cara(©) 7T (ha(®) — Xa(0)) 1.
Combining the two we get that
2(T(Q) - T(QNO)) < CgAa(©) T (Ag(Q) — Ao(O)) T,
Now, from the Kohler-Jobin inequality for the second eigenvalue (16) and since A2(€2) < 2 X2(©),

we obtain e
()"
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Then, from Saint-Venant inequality (13), for B a ball of radius 1, we obtain
d+2

{ETET(B) 2a(0) T [Na(9) — Ma(O)] 7

< CgMa(©) T [Ag(€) — Ao(©)] 7.

T(0) - T(Q) < 2

[
Finally, we obtain using the upper bound on Ay(£2

M(Q) — (M<%W“Mmfg 2(0) T (Aa(Q) — Xo(©)) T

< Cyk2ta \(Q) - a ( 2() — X(©)) 7.

4. PROOF OF THEOREMS 2 AND 3

The statement of Theorem 2 is a consequence of the more technical Theorem 3. We will prove first

Theorem 3 and get, as a consequence, Theorem 2.

The idea is that using the two subsets Q1 and Q= we are able to benefit from the sharp estimation

(7) that was proved for the first eigenvalue and thus obtain the sharp exponent 1/2.

Proof. (of Theorem 3) Take Q2 in A and © a disjoint union of two balls of volume wy/2 and fix k£ > 1.
Now take QF and Q™ two disjoint open subsets of Q such that A3(Q) > max(A(Q1), A\ (Q7)). We
know the existence of such sets by the decomposition lemma 7. Finally consider two disjoint balls
BT and B~ of respective volumes |Q21] and |Q~|, we will specify their position later in the proof.

First, as in the proof Theorem 1, if A2(£2) > 2 A\2(©), we know from Lemma 6 that

(1 + 3) M (QTUQT) + A2 (O)),

v

Me(QTUQT) — M(O)] <k

v

<k

(1 + 2) (A2(92) + X2(0)),
and then, by a similar computation,
(T UQT) = \()] < Ca ki Xa ()7 (Ma(2) — Aa(©))2.
Now, consider A2(£2) < 2A2(©), then
Me(QTUQT) = M(O) < IM(QTUQT) = A(BTUBT )|+ | M(BTUB™) —
For each term, as in the previous proof, by Lemma 5 we obtain the two estimates

A (QTUQT) = \(BYTUB)

m\»—t

< Ok 0 (Q)2T 8 (T(QTUQ ) + T(BYUB™) —2T((QYUQ™) N (BT UBM))),

and,

(BT UB™) = \(©)] < CR> i My(Q)%H: (T(BT UB™) + T(0) —2T((B* UB~) N O)).

We start by working with the first term, since the torsion is an increasing functional for the inclusion

of sets,
T(QTUQ )N(BTUB ) >TOQ T NBY)+T(Q NB),
and we only have to estimate separately the two terms
T(Q") +T(BY)—-2T(Q" N B™),
TQ )+ T(B )—-2T(Q NnB7).
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We know, from [8, Theorem 1.1], applied to each set Q7 and Q= that we can choose the two balls
BT and B~ such that

T(QF) +T(BT) —2T(Q" N B7) < OM() — M(BT))z,

TQ)+T(B7)-2T( Q" NB7) <C(M(Q7) —M\(B7))z,
then, since A\p(2) = min(A1(Q7), A1(27)), we deduce that

T(QT) + T(BT) —2T(QF N BT) < C(Aa(Q) — M (BT))z,

T(Q ) +T(B™)—2T(Q" NB~) < C(A\a(Q) — M (B7))z.

N[

[NIES

Now, if [QT],|Q7| < wq/2 we have since the eigenvalue is decreasing for the inclusion of sets that
A (BT),A1(B7) > X2(0) and we can conclude. So it only remains to consider the case [Q7| <
wa/2 < |QF|, we still have the same argument working for || and we claim that

(17) X2() = M(BT) <2 (X2(Q) — X2(0)),
then we have showed that
(T UQT) = \(BTUB™)| < CEFa M\ (2)272 (Ag(Q) — \a(0))2,
and using the upper bound A2(2) < 2 \2(©), we deduce
Me(QF UQT) = M(BTUB™)| < CK>T Mg(2)7 (Aa(Q) — Ma(0))7.

To prove this claim we just compute, for B any ball of radius 1, and any 0 <t < 1,

N

choosing + = 22! we obtain +7 Ay (B) = A(BT) and (1— )74 \(B) < M(B™) < A(). And
then, we get

which proves the claim.

We now consider the second term. Note that since the torsion functional and the eigenvalues are
invariant by translation of each connected components, we can consider that B™ and B~ are disjoint.
Once again we need to consider two cases depending on the volume. If |[B*| < wy/2 and |B™| < wgq/2,
we choose the two balls B! and B? composing O such that Bt ¢ B! and B~ C B? and then we are
left with estimating the term

T(BY) - T(B%) + T(B*) — T(B").
Then, by Kohler Jobin inequality (15)
T(B') = T(B*) + T(B*) = T(B™) < Ca(M(B") = 22(0) + M(B™) — 22(©))
< 2Ca(A2(2) — A2(9)).

If we have |B~| < wgq/2 < |B*| by choosing B! € Bt and B? D B~, we are left with estimating
T(B") —T(B™) and once again, using the Kohler Jobin inequality and inequality (17) we obtain,

T(BY) = T(B™) <2C((2) - 22(0)),
and then we have showed
A(BY UB™) = \(©)] < Cak? i M(92)2 (Ma(2) — A2(0)),
and once again using the upper bound A\2(£2) < 2 X2(0), we deduce
IMW(BTUB™) = M(©)] < Cyk?Ta 2275 25(0)2F205(Q)2 (Aa(Q) — Aa(0))2.

N
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Wich we rewritte

(NI
[SIE

(B UB™) = A(©)] < Cak® 3 2(02)7 (Ma(R) — A2(O))3,
and this concludes the proof O

From Theorem 3 we can now deduce Theorem 2 wich comes as a direct corollary.

Proof. (of Theorem 2) Consider Q € A and choose two disjoints subsets QF, Q™ of 2 satisfying the
eigenvalue condition A2(2) > max(A(Q7),A\1(27)). Since the eigenvalues are decreasing for the
inclusion of sets, it holds for all k in N,

Me(Q) < (2T UQT).
Then we can deduce
(AR() = X (0)) . < (M(QTUQT) — Ak(®))+ < (P UQT) = A (0)].
Finally, we can apply Theorem 3 and obtain
(A6(9) = M(©)) 4 < Cak™d 2a()7 (Aa(Q) — 12(6))2.

NI

5. FURTHER REMARKS AND OPEN QUESTIONS
As a conclusion, a few remarks are in order.

Remark 11 (Sharpness of the exponent %) We have claimed that % should be the sharp exponent
in our inequality. By this we mean that one cannot find an exponent a* > % such that for all Q € A

(18) AR() = M (0)] < C R 2(9)17 (2a(9) = Xa(0)),

1

and that the inequality should be true for a* = 3.

Even though we are not able to prove that the inequality is true for the exponent % Theorem 2 gives
good hope that it should be, and we can actually show that we cannot expect a better exponent.

Suppose that (18) is true for some a* > %, for any Q and k. We can take 2 € A. Denoting by
QY2 11 Q2 the disjoint union of two copies of € rescaled to have measure wy /2 we have for any £k,

IN(Q) = A(B)| = 277 [Ag(QY2 L QM2) — Mg (©)].

We then deduce from inequality (18)

*

IMe(Q) — A(©)] < 275C (2k)2Ha Ag(QY2 LI QY210 (Y2 L QY2) — A (0)).

Which implies that
() = AR(©)] < 2270 C R A () (AM(92) — Mi(B)*.
Since this inequality would then be true for any 2 € A and k£ > 1, it is in contradiction with the
fact that % is the sharp exponent for the stability inequality by the first eigenvalue near the ball.
In the setting of the first eigenvalue, the sharpness of the exponent % can actually be easyly observed.
Since the second eignevalue is not critical on the ball B, one can find a smooth volume preserving
deformation of the ball €; such that A2(€2) — A2(B) = c2t + o(t) and by minimality of the ball for
the first eigenvalue, A\ (€2;) — A1 (B) = ¢1t2 + o(t?), where ¢1 and ¢ are two positve constants. Then
having
[A2(2) = A2(B)] < C(Ai(S%) — Ai(B))”,

for ¢ small implies § < %
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Remark 12 (General estimate with exponent %) We proved in Theorem 2, for any 2 € A
(19) (AR(Q) = Ak(©)), < CR*a2a(Q)2 (Aa(2) — A2(O))3.

which is of course non trivial only when Ai(2) — A\x(©) > 0. To obtain the full inequality with
exponent %, it remains to prove an inequality of the form

(20) Me(©) = Me(Q) < Cuk2Td Ag()2 (Aa(2) — Ma(©))2.

Taking into account Theorem 3 and Lemma 5 this reduces to the following question:
Is there a dimensionnal constant Cy such that for any Q € A, statisfying \2(2) < 2X2(0), the
following quantitative Krahn-Szeg6 inequality holds

() = Xa(0) <T(Q) —T( U 92))2
A(©) T T(€) ’
for some Q; and Qy disjoint subsets of Q satisfying maz{A1(21), A\1(Q2)} < Aa2(Q)?

(21)

Remark 13 (About the restriction on the sets 2). In order to simplify the notations in the proofs,
we fixed the volume of €2 to wy but all the inequalities we proved are actually scale invariant and
remain true for any € of finite measure as long as © is chosen with the same volume. As for the
restriction to open sets, by continuity for the y-convergence of the eigenvalues, the theorems remain
true for any quasi open set of finite measure.

REFERENCES

[1] M.S. Ashbaugh and R.D Benguria. “Bounds for Ratios of Eigenvalues of the Dirichlet Lapla-
cian”. In: Proceedings of the American Mathematical Society 121.1 (May 1994), pp. 145-150.
DOI: 10.2307/2160375.

[2] M. van den Berg and M. Iversen. “On the Minimization of Dirichlet Eigenvalues of the Laplace
Operator”. In: Journal of Geometric Analysis 23 (Apr. 2013), pp. 660-676. DOI: 10. 1007/
s12220-011-9258-0.

[3] J. Bertrand and B. Colbois. “Capacité et inégalité de Faber-Krahn dans Rn”. In: Journal of
Functional Analysis - J FUNCT ANAL 232 (Mar. 2006), pp. 1-28. por: 10.1016/j . jfa.
2005.04.015.

[4] L. Brasco, G. De Philippis, and B. Velichkov. “Faber-Krahn inequalities in sharp quantitative
form”. In: Duke Mathematical Journal 164.9 (2015), pp. 1777-1831. DOIL: 10.1215/00127094-
3120167.

[5] L. Brasco and A. Pratelli. “Sharp Stability of Some Spectral Inequalities”. In: Geometric and
Functional Analysis 22 (June 2013), pp. 107-135. DOIL: 10.1007/s00039-012-0148-9.

[6] L. Briani, G. Buttazzo, and S. Guarino Lo Bianco. “On a reverse Kohler-Jobin inequality”. In:
Rev. Mat. Iberoam. 40.3 (2023), pp. 913-930. DOI: 10.4171/RMI/1455.

[7] D. Bucur. “Minimization of the k-th eigenvalue of the Dirichlet Laplacian”. In: Archive for
Rational Mechanics and Analysis 206 (Oct. 2012), pp. 1073-1083. DOI: 10.1007/s00205-012-
0561-0.

[8] D. Bucur et al. Sharp quantitative stability of the dirichlet spectrum mnear the ball. arXiv
preprint. 2023. URL: https://arxiv.org/abs/2304.10916.

[9] QM. Cheng and H. Yang. “Bounds on eigenvalues of Dirichlet Laplacian”. In: Mathematische
Annalen 337 (Jan. 2007), pp. 159-175. pOI: 10.1007/500208-006-0030-x.

[10] A. Henrot. Extremum problems for eigenvalues of elliptic operators. Frontiers in mathematics.
Birkhéauser Basel, 2006.

[11] A. Henrot and M. Pierre. Variation et optimisatin de forme. Une analyse géométrique. Math-
ématiques et Applications. Springer Berlin, Heidelberg, 2005.


https://doi.org/10.2307/2160375
https://doi.org/10.1007/s12220-011-9258-0
https://doi.org/10.1007/s12220-011-9258-0
https://doi.org/10.1016/j.jfa.2005.04.015
https://doi.org/10.1016/j.jfa.2005.04.015
https://doi.org/10.1215/00127094-3120167
https://doi.org/10.1215/00127094-3120167
https://doi.org/10.1007/s00039-012-0148-9
https://doi.org/10.4171/RMI/1455
https://doi.org/10.1007/s00205-012-0561-0
https://doi.org/10.1007/s00205-012-0561-0
https://arxiv.org/abs/2304.10916
https://doi.org/10.1007/s00208-006-0030-x

12

[12]

[13]

[14]

[15]

[16]

[17]

[18]

REFERENCES

M.T. Kohler-Jobin. “Une méthode de comparaison isopérimétrique de fonctionnelles de do-
maines de la physique mathématique I. Premiére partie: une démonstration de la conjecture
isopérimétrique PA? > 7rj§/2 de Polya et Szegd”. In: Journal of Applied Mathematics and
Physics 29 (1978), pp. 757-766. DOI: 10.1007/BF01589287.

M.T. Kohler-Jobin. “Une méthode de comparaison isopérimétrique de fonctionnelles de do-
maines de la physique mathématique II. Seconde partie: cas inhomogéne: une inégalité isopé-
rimétrique entre la fréquence fondamentale d’une membrane et ’énergie d’équilibre d’un prob-
léme de Poisson”. In: 29 (1978), pp. 767—-776. DOI: 10.1007/BF01589288.

D. Kriventsov and F. Lin. “Regularity for Shape Optimizers: The Nondegenerate Case”. In:
Communications on Pure and Applied Mathematics 71.8 (2018), pp. 1535-1596. DOI: 10.1002/
cpa.21743.

D. Kriventsov and F. Lin. “Regularity for Shape Optimizers: The Degenerate Case”. In: om-
munications on Pure and Applied Mathematics 72.8 (2019), pp. 1678-1721. por: 10.1002/
cpa.21810.

D. Mazzoleni and A. Pratelli. “Existence of minimizers for spectral problems”. In: Journal de
Mathématiques Pures et Appliquées 100 (2013), pp. 433-453. DOIL: 10.1016/j .matpur.2013.
01.008.

D. Mazzoleni and A. Pratelli. “Some estimates for the higher eigenvalues of sets close to the
ball”. In: Journal of Spectral Theory (2019), pp. 1385-1403. DO1: 10.4171/JST/280.

G. Talenti. “Elliptic equations and rearrangements”. In: Annali della Scuola Normale Superiore
di Pisa - Classe di Scienze 3.4 (1976), pp. 697-718. URL: http://www.numdam.org/item/
ASNSP_1976_4_3_4_697_0/.


https://doi.org/10.1007/BF01589287
https://doi.org/10.1007/BF01589288
https://doi.org/10.1002/cpa.21743
https://doi.org/10.1002/cpa.21743
https://doi.org/10.1002/cpa.21810
https://doi.org/10.1002/cpa.21810
https://doi.org/10.1016/j.matpur.2013.01.008
https://doi.org/10.1016/j.matpur.2013.01.008
https://doi.org/10.4171/JST/280
http://www.numdam.org/item/ASNSP_1976_4_3_4_697_0/
http://www.numdam.org/item/ASNSP_1976_4_3_4_697_0/

	1. Introduction
	2. Preliminary results
	3. Proof of Theorem 1
	4. Proof of Theorems 2 and 3
	5. Further remarks and open questions
	References

