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RIGIDITY AND FUNCTIONAL PROPERTIES OF BDg. ()

MARCO CAROCCIA AND NICOLAS VAN GOETHEM

ABSTRACT. We provide a structural analysis of the space of functions of bounded deviatoric defor-
mation, BDgey, which arises in models of plasticity and fluid mechanics. The main result is the
identification of the annihilator and a rigidity theorem for BDge,-maps with constant polar vector in
the wave cone characterizing the structure of singularities for such maps. This result, together with
an explicit kernel projection operator, enables an iterative blow-up procedure for relaxation, homoge-
nization, and integral representation problems, allowing for integrands with explicit dependence on u
as well as E4u. Our approach overcomes several difficulties as compared to the BD case, in particular
due to the lack of invariance of £&; under orthogonalization of the polar directions.
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1. INTRODUCTION

Rigidity for functions satisfying some differential properties in the sense of measures is encom-
passed in the general study of the fine properties of these functions, and serves as a powerful tool to
tackle several problems in mathematical physics and continuum mechanics. In the field of calculus
of variations, rigidity serves in particular to determine blow-ups at some singular points (BV Cantor
points for instance), that are a crucial tool for homogenization and relaxation purposes (see [22]). In
particular, in phase transition problems, image segmentation, material design, or variational frame-
works in solid mechanics involving multi-scale phenomena (like elaso-plasticity), field concentration
often occurs on lower-dimensional sets, such as cracks and dislocations. Typical examples of functions
with differential constraints are the BV functions (see [6]), whose gradient is a finite Radon measure,
or functions of bounded deformations, denoted as BD (see [5, 32, 49]), whose symmetric gradient is
constrained to be a finite Radon measure. This latter space is typically of use in linearized elasticity
models of fracture mechanics or in infinitesimal elasto-plasticity. However, in the field of plasticity
or fluid mechanics (where the shear deformation is the relevant kinematical variable used to define
the viscous stresses), shear deformations are favored and the corresponding functional space is the
space of bounded deviatoric deformations named as BDge,. Note that prominent phenomena such
as crystal plasticity is also mainly governed by shear efforts due to the formation and motion of dis-
locations in shear planes, as plasticity is not affected by traction or compression efforts in the material.

Despite their significance, the fine properties and structural results for the space BDge, remain
much less explored as compared to the classical settings of BV or BD. The aim of the present work is
to address this gap by providing a thorough analysis of BDgey. The main novelty of this manuscript
is the characterization of BDge, maps with constant polar vector lying in the wave cone, which is
useful in the theory of relaxation and homogenization via iterated blow-ups, as in [21], [22], [27]. The
wave cone is the set of directions along which the annihilitor operator looses ellipticity, therefore the
importance of its determination and study. For instance, the curl is the annihilator of the gradient,
and the incompatibility (or Saint-Venant operator), the annihilator of the symmetric gradient. One of
the content of this work is to determine and study the annihilator of the deviatoric symmetric gradient.
This will allow us to establish some of the fine properties and to identify the wave-cone, crucial for
the rigidity result. The role of rigidity in integral representation results will also be discussed.

A notable advantage of this approach with a view to homogenization, based on iterated blow-ups
through rigidity, kernel projection, and integral representation, is that it does not restrict the energy to
depend solely on the deviatoric strain Equ, but also accommodates integrands with explicit dependence
on u itself, up to an L°°- bound.

1.1. The deviatoric operator in continuum mechanics and material science. The deviatoric
operator is of particular importance because it extracts the component of a tensor that is solely
responsible for changes in shape, independently of volumetric deformation. This deviatoric part is the
most physically relevant contribution in several phenomena in continuum mechanics and materials
science (see [40] for a reference on continuum mechanics). For a second-order tensor 1" (such as stress,
strain, velocity gradient, etc.), the deviatoric operator is defined as

tr T

dev T =T — ——1d,

where n is the space dimension, and tr stands for the trace operator; in general, in the applications,
T is symmetric; in mechanics, n = 2 or 3, in general relativity, space-time dimension is n = 4.

This operator splits a tensor into a spherical (also called volumetric) part, given by trnT Id, which
accounts for volume changes, and a deviatoric part, dev T, which accounts for shape changes. This
decomposition is not arbitrary: volumetric and deviatoric deformations arise from distinct physical
mechanisms, and materials often respond differently to each. In mechanics, a key empirical observa-
tion is that plastic deformation and yielding in deformable solids are governed by deviatoric rather
than hydrostatic stress. For example, the von Mises yield criterion depends solely on the deviatoric
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stress, since pure hydrostatic pressure does not induce yielding in ductile metals. Moreover, shear-
driven processes such as slip and dislocation motion are intrinsically deviatoric. Indeed, the deviatoric
operator isolates precisely the stress component responsible for permanent deformation, making it the
appropriate tool for the study of plasticity in ductile materials.

From an energy perspective, the deviatoric operator isolates the part of a tensor that stores or
dissipates energy associated with distortion, rather than pure volumetric change. Some examples
of applications where the governing equations naturally decouple into deviatoric and spherical parts
arise in Navier-Stokes equations: pressure vs shear stress; in linear elasticity: bulk modulus vs shear
modulus, and in particular in Cosserat and membrane models; this decomposition also applies to
viscoplastic flow rules. For all these models, the dissipation is a functional that depends only on the
deviatoric strain.

Another crucial aspect is that mathematicaly it is a projection operator (onto the space of traceless
tensors), and in particular it is linear, idempotent (dev(devT) = devT), and self-adjoint, making this
orthogonal operator particularly well-suited for variational formulations, finite element methods, and
spectral decompositions.

In the following, we provide a precise mathematical definition of the deviatoric operator (Subsec-
tion 1.2), along with selected variational problems in which it appears as the main—or even exclu-
sive—component, in two, three, and four dimensions (Subsection 1.3). So far, these problems have
been rarely studied due to the inherent mathematical challenges posed by the deviatoric operator.
One objective of this work is to tackle these challenges and clarify important properties of the oper-
ator. For example, purely distortional solids do not resist uniform expansion or contraction, so the
associated operators are degenerate on volume-changing modes: in the case of the deviatoric operator,
these modes correspond to rigid body motions combined with non-uniform dilation and shear/stress
modes. We will examine these modes in detail when addressing the characterization of the kernel of
the operator (Subsection 1.5).

Rigidity and fine properties are introduced in Subsections 1.4 and 1.6. In Subsection 1.7 we provide
the structure of the proof to achieve integral representation results, grounded on the rigidity property,
the main result of the present work.

1.2. The space of bounded deviatoric deformations. For a general (n x n)-matrix-valued tensor
T, two classical orthogonal decompositions apply:

T+T: T T tr T tr T
y A , T=T-""1d+ ——1Id.
2 2 n n
S~—— ——
sym T skew T dev T

The first decomposition is into the symmetric and skew (or anti-symmetric) part, with 7¢ denoting the
transpose of 1. The second decomposition is into the shear part and the volumetric part, with tr T’
denoting the trace of the matrix T" and Id the n x n identity matrix. Combining both decompositions,
we get the so-called Cartan decomposition of the Lie algebra gl(n), i.e., gl(n) = (sl(n) N Sym(n)) &
s0(n) @ RId (see e.g., [13]), namely

tr T
T =sym T +skew T = dev symT—FskewT—FLId.
n

Take now T = Du for u : R® — R"” a vector-valued function of bounded variation; one obtains

di
Du = Eu + skew Du = dev Eu + anticurl u + v uId,
n
where u := sym Du = (D“J“TW), anticurl u := skew Du, thus showing a decomposition of the

deformation gradient Du into an infinitesimal rotation term anticurl w, a volumetric term di‘;—“ld,
and a pure shear term dev £u. It turns out that several features in continuum mechanics, such as
fluid mechanics or linearized elasticity, but also in general relativity, involve the deviatoric operator

Equ:=dev Eu = Eu — div u

3
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Equ is defined, in principle, on functions u € C'(Q;R"); but, as for the larger spaces BV and BD, it
becomes relevant to introduce the space of functions of bounded deviatoric deformations:

BD v () := {u € LY RY) | Equ € M(Q; R )} c BD(9).

Symg

where M(Q;R;‘yﬁﬁ)) is the space of finite trace-free, symmetric R™*"-valued Radon measures, where

R™ ™ are the (n x n) matrices of R™ (refer to the beginning of 2 for all the notations).

1.3. Energy minimization problems on BDg.,. As far as variational problems are concerned, in
conventional elasticity or elasto-plasticity, but also soft matter and material engineering, it is classical
to consider the stored elastic energy

/ W(Eu)dz,
Q
and to consider the additive decomposition
W (Eu) = Wyhear(dev Eu) + Wiy (div u),

where the kinematical variables u, dev £u and div u obey some regularity properties, and the densities
Wshear, Whuik some growth properties. Here, the energy density splits into two complementary parts:
the energy due to shape changes, or shear, writing as Wgpear := GWy, where G is the shear modulus, and
the energy due to volume changes, Wy := KW, where K is the bulk modulus; in the quadratic
case, Wy(E) := E - E and Wy (v) = %vz. Let us recall that G is a measure of the elastic shear
stiffness of an elastic material (i.e., the resistance to forces acting parallel to a surface), K describes
the material’s response to uniform hydrostatic pressure, while the Poisson’s ratio, whose symbol is v,
is a measure of the expansion or contraction of a material in directions perpendicular to the direction
of loading; for an isotropic, linear elastic material, Poisson’s ratio can be expressed in terms of G and
Kasv= 2§I§g For stable isotropic linear elastic materials, Poisson’s ratio satisfies —1 < v < 0.5.
Most solids exhibit 0.2 < v < 0.4 (metals typically ¥ ~ 0.3). Auxetic materials have v < 0 and expand
laterally under tension. Note that as v — —1, we have K — 0.

However, simply setting Wy = 0 (or K = 0) is not a reasonable assumption for any conventional
material, as it would imply a vanishing bulk (compressibility) modulus—an unphysical property.
Nevertheless, this assumption becomes meaningful as a limit case, and it has attracted growing interest
in the context of metamaterial design. In particular, it is relevant to the fabrication of tunable-stiffness
materials, whose effective elastic properties—such as bulk modulus, shear modulus, Poisson’s ratio,
or anisotropy—can be adjusted on demand. These modern artificial solids or fluids, including cellular
solids, colloidal crystals, and polymer foams, display a wide range of unusual mechanical behaviors,
thereby opening new avenues for advanced industrial applications [23, 31, 41, 14, 51, 36]. Many of
these properties are related to materials with negative Poisson ratios [39, 46], like auxetic materials,
which, in contrast to classical materials, exhibit a reverse deformation mechanism.

The wide diversity of mechanical properties observed in both natural and engineered materials can
be effectively illustrated by plotting the bulk modulus K against the shear modulus G. Materials with
a small Poisson’s ratio are more easily compressed than sheared, corresponding to a small ratio K/G,
whereas materials with a large Poisson’s ratio strongly resist compression relative to shear, resulting
in a large K/G. In the limiting regime K /G < 1—which corresponds to Poisson’s ratios approaching
the lower bound v — —1—materials become extremely compressible and exhibit pronounced auxetic
behavior. In this case, the material can change volume readily while strongly resisting changes in
shape. Representative examples include polymeric re-entrant foams with tailored microstructures
[39, 43] and 3D-printed mechanical metamaterials, with applications ranging from soft robotics to
biomedical implants.

A prototypical example is the class of so-called Cosserat (micromorphic) continuum ([24, 34]; for
recent references [15, 47]), where the energy depends on both the macroscopic displacement u and an
independent micro-distortion field P(z) € R3*3 that describe the substructure of the material which
can rotate, stretch, shear and shrink (in some simple Cosserat models, the micro-distortion is a pure

infinitesimal rotation). Introduce the elastic distortion e := Vu — P and ¢ := sym e. Decomposing
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1
the relative strain e into volumetric and deviatoric parts, € = —(tre)l + £9®V  the elastic energy

3
— deviatoric

volumetric

in the isotropic setting can be expressed as [47, Eq. (2.16)]

K
/ [G €9V |1> + = (tre)®+  G.llsym P> + £%|curl P|* |dz,
Q 2 ——— ———

clastic energy microstrain self-energy  dislocation energy

where G, is the Cosserat couple modulus, and £ is a characteristic length scale associated with the
density of dislocations curl P (if P is a pure rotation, the curl is usually replaced by the rotation
gradient). In the auxetic limit where one reaches the (effective) Poisson limit v — —1, the bulk mod-
ulus K — 0, rendering the volumetric strain energetically unconstrained. Consequently, the energy
is dominated by deviatoric distortions and rotational modes, which capture the mechanism-driven
lateral expansion characteristic of auxetic metamaterials. Crucially, these rotational mechanisms are
accompanied by macroscopic volume changes: as the cells rotate, the distance between neighboring
cell centers changes, leading to a global expansion or contraction of the structure without energetic
cost. Consequently, volumetric (hydrostatic) strain becomes energetically unconstrained, while shape-
changing (deviatoric) deformations are still resisted by the stiffness of the structure. At the continuum
level, this behavior corresponds to a vanishing bulk modulus with finite shear modulus, and yields
an effective Poisson ratio approaching —1. Applications to concrete material are typically granular
media, where grains can rotate independently, shear is transmitted along chains, and therefore bulk
deformation is dominated by shear and rotation effects.

Summarizing, these three-dimensional examples arise for mechanism-dominated material, meaning
that the macroscopic deformation is governed primarily by geometric mechanisms of the microstruc-
ture, not by the elasticity of the base material. Thus, certain deformation modes cost very little or
zero energy (like rotations, and hence volumetric strain), while other modes, typically shear/deviatoric
distortions, still require energy. For this class of materials, one is lead to study homogenization prob-
lems with energy densities like W, (Eu) = G(e)Wy(Equ) + K (€)Wyoi(div u) where K(g)/G(e) — 0 as
e — 0. At the limit, no bound on div u exists, and for linear growth Wy as C~1|¢| < Wy(€) < C[¢],
the relevant space is thus BDgey.

Examples can also be found in other dimensions. Let us briefly mention two variational problems
appearing in models in dimension two and four. In theoretical physics, in dimension four, the problem
of minimizing

/ (Wshear(gdu) —f- u) dx
Q

is relevant in general relativity (GR-specifically for the study of black holes” momentum and spin),
for the so-called “momentum constraint” (see [26] and the references therein; the canonical reference
for the deviatoric operator and the functional-analytic structure of the momentum constraint is [52]).
Note that in GR the deviatoric operator is called conformal Killing operator, and, by definition, the
so-called Killing vectors lie in the kernel of the deviatoric operator; physically, they are related to the
symmetries of the black hole.

A membrane is a two-dimensional body embedded in R3. It cannot sustain transverse normal stress
and has negligible bending stiffness. The in-plane (membrane) strain tensor is e, = % (Vsu + VSuT),
£s € R?*? and where V denote the surface gradient. A typical isotropic membrane energy density is

K
Wy = Gyl | + 52 (e,
where G, is the surface shear modulus, and K, is the surface bulk modulus. The latter measures
the energetic cost of changing the local surface area of the membrane. In particular, large K means
that area change is strongly penalized, i.e., the membrane is (almost) inextensible, whereas small K
implies that area change costs little energy and hence the membrane is easily extensible.
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In many physical membranes (e.g. lipid bilayers, soap films), local area change is accommodated by
thickness variation or molecular rearrangement. Hence, taking K; — 0, the energy reduces to

Ws = Gs ”sgev||2~

In this model, area-preserving distortions cost energy, but pure area change is energetically free: the
membrane resists shear but not dilation. This yields a purely deviatoric variational problem that
remains well posed because the eliminated volumetric mode corresponds to a physically irrelevant
degree of freedom.

In terms of functional spaces, one has BDgey D BD D BV, and, as we said, the mechanics of
the phenomena under analysis do not always allow one to consider the full deformation gradient Du
as a kinematical variable on its own in any mathematical model, i.e., one often has no control on
all components of the full gradient. Now, suppose for instance we have a functional F : S(2) x
Bor(2) — [0,400] (here Bor(2) is the family of Borel sets of ) defined on the functional space
S(©) = BV(Q2),BD(Q2), or BDgey(€2), lower semicontinuous on S, and satisfying the bound

0 < F(u) < Clul(), (1.1)

for some C' > 0, and where p = Du, Eu, or Equ, respectively, with |u| the total variation measure of .
Then, according to the physical problem under study, the analysis of F and in particular the question
of the existence of an integral representation for F arises naturally in each S (see Subsection 1.7 for
additional details on this topic). This issue is prominent if, for instance, F arises from a relaxation
process, since then it will be lower semicontinuous, even if its integral expression is not known, or even
if it would exist. Also, in homogenization processes, one might wish to pass to the limit with respect
to a small scale parameter present in the deviatoric part of the energy Wiuk(Equ) and eventually
determine the integral form of the limit. For BV, the pioneering work can be found in [18], while in
BD it was recently achieved by the authors in [21]. It thus became natural to raise the question of an
integral representation for F as defined in BDgey,. An entire subsection is dedicated to this question,
see Subsection 1.7.

The strategy developed in [21], and summarized in Subsection 1.7, goes through an iterative blow-up
procedure that is based on rigidity properties of BDge,-maps with constant polar vectors and a specific
projection operator onto Ker(&;) appearing in the Korn-Poincaré inequality. Actually, as shown in
[22], where the authors refined a double blow-up technique for this purpose, these two ingredients are
enough to tackle homogenization and integral representation problems.

1.4. Rigidity result. We here provide a rigidity property for maps with constant polar in BDg., and
a specific projection operator R : L' — Ker(&,). With these two results at hand, we will establish the
two main ingredients needed to solve integral representation and homogenization problems in BD ey -

Given a map u € BDgey(K), for a compact convex set K, suppose that
Equ=Mp, pue€ M(K;RT) (1.2)

for p1 a real-valued non-negative Radon measure and M € R{7" a constant matrix. Then what can
be said about u? Actually, for the purposes of the present analysis it is not necessary for M to be
any matrix, but just a matrix in the wave cone A 4: a specific subspace of ngﬁg) depending on the
differential operator A annihilating &y (i.e., such that A&y = 0). Indeed, with classical tools (as done
in [28]), it is easy to show that if M ¢ A4, then uw must be actually C* and thus the relevant case
from the technical point of view is the case M € A 4. Not only this: given u € BDgey(92), we can

consider the Radon-Nikodym decomposition

d&qu
dcn
where £ stands for the n-dimensional Lebesgue measure, and £ the singular part of the measure

with respect to L™ (cf. Corollary 3.7). Blowing up u at some Lebesgue continuous point x, we
6
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have convergence to an affine map given by y — eq(u)(z)y + u(z) (here eq(u) = e(u) — %Id,
t
e(u) = Y4V where Vu(z) is the approzimate differential of u at x that exists L"-a.e.). But
for integral representation and homogenization, a characterization of the blow-ups on spt(£ju) is also
required. A celebrated result (valid for a generic A-free measure u, with A a linear constant-coefficient
differential operator) due to De Philippis and Rindler [27] implies that
d&ju
d|E5ul
If we then consider a blow-up at = € spt(£ju) on a specific compact convex set K:
u(z +ey) — Ric[u)(y)

uK,a,w(y) = [€qul (K- (z)) ) (1.3)
‘K‘En71

€ Ay for |Ejul-ae. z € Q.

(the projection operator R i and the rescaled set K. are defined in Theorem 1.4) we see that ux ., — v
in L' as ¢ — 0, where

Thus, in order to characterize the blow-ups, we need to study the structure of solutions to (1.2) in the
case when M € A 4.

Note that the annihilator of a differential operator is not unique, since if A annihilates £; then 0;A
still annihilates £;. But it is true that Ay C Ap, 4. In particular, to constrain as much as possible
the polar of the singular part, one wants to find the annihilator A of &; of lowest order. We are able
to compute such an annihilator, and with this differential operator at hand we can focus our rigidity
result only on M € A 4.

Remark 1.1. A major challenge in the present setting, compared to the classical BD case, arises
from the fact that the deviatoric operator £; does not behave well under changes of variables that
orthogonalize the vectors ¢ and b. Such changes are routinely used in the BD case to simplify the
analysis, but are not available here. This fundamental obstacle is one of the main sources of technical
complexity in our proof.

We recall the notation:

cob= 180+bBa
2
Theorem 1.2. Let n > 3. There exists an annihilator A for E; of order 4 for which it holds that
- b
Ag = {a@b— (an )14 a,beR”}.

Moreover, for any u € BDgey (K) satisfying
-b
Equ = (a@b— (an)ld) " (1.4)

for some a,b € R", u € M(K;R"), one of the following two cases holds:
1) If a and b are not parallel, then there exist two functions 11,1s € C(R) and v € (a,b)* such

that
u(z) = Y1(z - a)b+ Ya(z - b)a+ Q(z) + L(x) (1.5)
for some L € Ker(&;) and for some homogeneous third-order degree polynomial Q solving
_ _ (a-b) _ - A2
£aQ=(a®b——=1d) | (v ) +nla z)(b- ) 9> (z-wy) (1.6)
j=3
where 1,9 € R, v € {a,b)* and {ws, ..., w,} is an orthonormal basis of {(a,b)*;
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2) If b = Xa then there exist functions F' € BVo(R), {Pj}]_y C VVl})’cl(R) with P € BV,
G e I/Vllo’c1 (R) with G' € BV(R) such that

s w; - x)?
u=F(a-x)a+ Zlﬂ(a-x)(wj-x)—kuG’(a-x) a

— 2
= (1.7)
=Y ((w; - 2)G(a- ) + Pj(a-z))w; + 0Q(x) + L(x)
j=2
for {wa,...,w,} an orthonormal basis of a*, for some L € Ker(&;), 0 € R and for some
homogeneous third-order degree polynomial Q solving
2
EaQ = A <a ©a— (;‘Id) ((wo - z)? — (ws - ;v)2) . (1.8)

Moreover, if n > 4 then o = 0.

The operator A is explicitly computed in Proposition 3.2.

In both cases, 1) and 2), there is a one-dimensional part with BV regularity, a part orthogonal to
a,b with W11 regularity, and a polynomial part. The main difference between the BD and the BDgey
case is the polynomial part, which is non-trivial for BDge, maps and arises from the fact that (1.6),
(1.8) have non-trivial solutions (explicitly computable).

Remark 1.3. The constraint n > 3 is actually quite important, since for n = 2 the operator &; lacks
a fundamental property called C-ellipticity, required for several structural properties (as, for instance,
the existence of traces, as shown in [19]). The difference between n > 4 and n = 3, as made explicit
in the condition on g in part 2) of Theorem 1.2, is actually quite common throughout the proofs.
Heuristically speaking, the number of differential equations satisfied by a u solving (1.4) depends on
the dimension: for n = 3 there are simply fewer conditions on u, making the proof of the rigidity
structure more challenging. For n = 3, when a is parallel to b, we lose an additional equation in (1.4),
resulting in the presence of the polynomial part. These considerations seem to strongly indicate that,
for n = 2, there might be too few equations to constrain the solution of (1.2) for M € A4 to have
such one-dimensional BV parts.

1.5. Kernel projection. While the rigidity result presented above constitutes the main analytical
cornerstone of our approach, the development of a comprehensive blow-up strategy in the space BD ey
requires a further structural ingredient. In particular, although the following result has a somewhat
less pronounced impact compared to the rigidity theorem, it remains an essential tool in iterative
blow-up procedure as clarified in Subsection 1.7. Here and in the sequel we denote by P(K) the
distributional perimeter of K (i.e. P(K) = H" 1(0K) for regular sets) and we intend K to be a set
of finite perimeter (i.e. P(K) < 400). We refer to [44] for specific properties of such an object.

Theorem 1.4. Let n > 3 and K be a center-symmetric convex body'. Set
1

siu] == "R Jon ul AD™ g (y) (1.9)
Aglu] == SR 6K(u®l/K —vg @u)dH L (z) (1.10)
el = o | v (111)
bic[u] = P(lK) /a wdH () + skl (1.12)

1Meaning that K is invariant under reflection through some point ¢ € R™. In other words, there exists a center of
symmetry of K.
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where

P(K) 2
and bar(K) = f;- xdx Let us define the map Ry : BDgey(2) — Ker (&) as
Rilul(y) := (Ax[u] + vk [u]ld) (y — bar(K))

— bar(K)[*
TK = 1/ <|yb(K)|Id — (y — bar(K)) ® (y — bar(K))) dH" " (y)
oK

— bar(K)|? (1.13)
+ (srelu] - (y — bar(E)(y — bar(E)) — sy 2Py
is a linear, bounded operator satisfying Ri (L) = L for all L € Ker(Ey). As a consequence,
lu —Riulll 1) < cl€qu|(2)  for all u € BDgey(£2). (1.14)

Note that the Poincaré inequality is actually well-known for a whole series of operators (see [30,
Theorem 3.7]), holding for any linear, bounded kernel projection operator. Here we simply restrict
ourselves to computing a specific kernel operator.

1.6. Fine properties. Once the annihilator is computed, as a corollary we can derive a structure
theorem for Eju in the spirit of the one holding for BV. In particular, (see Section 4) we can prove
that |Equ| < H™ !, and obtain the specific structure of the jump part (see also [19]):

n

Equ = eq(u) L™ + <[u] O vy — ([u]mld) H L, + (a(m) O b(z) — WM) |EGul

where |EGu| is the Cantor part and a,b: R” — R" are Borel-measurable vector fields. We recall that
for u € LlloC the so-called jump set J,, is defined as the set of points x for which there exists a triplets
(ut(x),u™(z),vy(z)) such that u* # u~, 1, € S*! and

_ 1 -
0=l f (o) = @)y

where
B, (x) :={y € By(x) | y - vu(e) <0}, Bl (z):={y € B(x) | y-vu(x) = 0}.

Let us spend a few words about a major difference that we actually encounter when looking at the
decomposition of E;u compared to the decomposition of Eu or Du. Calling S, the set of points where
w is not approzimately continuous (i.e., z is not a Lebesgue point for u), it is known that BD and BV-
maps charge this set almost all on .J,, namely |Eu|(S, \ J.) = 0 for BD, and H* (S, \ J,) = 0 for BV.
It is actually an open problem whether the same property holds for BDge, maps: [Equ|(Sy, \ Ju) = 07
The slicing technique developed in [7], as a generalization of [5], seems not to work for E;u due to a
specific missing property of the operator: £ u does not satisfies a specific mizing property ([7, Property
(m) in Theorem 1]). This property is crucial in ensuring that the operator can be decomposed into
one-dimensional slicing. Due to its structure, it seems not true in general that £; can be recovered
as the integration of one-dimensional slices, actually the only tool available to prove approximate
continuity at Cantor points.

As a corollary of Theorem 1.4, by applying an argument similar to the one developed in [5, 42], we
can rewrite the integral operators defining si, Ax,yx and bx (in (6.3)-(6.6)) as nonlocal interaction
integrals against Equ. This allows us to control the infinitesimal behavior of these quantities, providing
quasi-continuity |Ejul-a.e. for BDge, functions, a weaker notion than approximate continuity.

We therefore report this very natural conjecture about the fine properties of BDge, functions.

Conjecture 1.5. For all u € BDgey (2) it holds that |Equ|(Sy \ Ju) = 0.

The conjecture might be true only for n > 3, since in n = 2 the operator fails to be C-elliptic,
although it is not clear how important this property is for the |Ejul-a.e. approximate continuity.
9



1.7. The role of Theorems 1.2 and 1.4 for integral representation results. In recent decades,
following the pioneering work of [18], the quest for an integral representation of local functionals,
over variationally and mechanically relevant functional spaces, has become one of the most powerful
tools in the modeling process (here a - definetely partial - list of some topic-related contributions
(2, 3, 4, 12, 11, 18, 17, 20, 25, 45]. In particular, with regard to the case of BDgey (see also [21] and
[33] for the BD case), in this framework we consider an abstract functional F : BDgey (2) x O(2) — R
satisfying the following assumptions.

(H1) Lower semicontinuity. For every A € O (£2) the map

u— F(u, A)
is sequentially lower semicontinuous with respect to L' (4;R™) convergence.

(H2) Linear growth and coercivity in £ju. There exists a constant C' > 1 such that for every
A€ O(9) and every u € BDgey (£2) one has

% Equ| (A) < F (u, A) < C (L (A) + |Equl (A)).

(H3) Measure property and locality. For every u € BDgey (€2), the set function A +— F (u, A) is
the restriction to O (2) of a Radon measure on 2 (denoted again by F (u,-)), and F is local in the
sense that if u = v L™-a.e. on A, then

F(u,A) = F (v, A).

(H4) Kernel invariance. For every Lipschitz set A CC Q, every u € BDgey (2), and every R €
ker (£;) N W1 (4;R™) one has

F(u+ R; A) = F(u; A).
We then ask whether the functional F admits an integral representation of the form

i A) = x,eq(u))dx x dEqu x Jul(x
Fuid) = [ floeau)dot [ o (o @) ) digiula) (1.15)

The consequences of such a characterization are quite broad: the identification of I'-limits over the
considered space of functions, the identification of the homogenized functionals and the identification
of relaxed local energies.

As a matter of fact, if one combines the ideas emerging from the work [18] with the iterative blow-
up technique (see [28]), one can develop a specific technique (that the author started to implement
in [21] in the BD setting) to derive an integral representation as in (1.15), a technique that relies
only on the following two ingredients: a) a well-defined functional space, with the sought fine proper-
ties (and this is typically ensured by the C-ellipticity of the underlying differential operator—in our
case &y is C-elliptic for n > 3); b) a strong rigidity structure for functions with constant polar, i.e.
Equ = Py implies some one-dimensionality of u (and this is precisely the role of our main contribution).

We briefly indicate how an integral representation can be obtained in our setting. First, a cell
problem is defined:

m(u; A) := inf {F(v; A) | v € BDgey(A), v =u on 0A}.
Afterwards, by abstract (general) measure theory, it is shown that
0 uQa) 0 Q)
for p = L™ 4 |Eju|. The argument in this part is not very sensitive to the differential operator &;

used, and the tools already developed in [18], [33] are quite enough to secure this step for all operators
satisfying H2. Also, m turns out to be continuous with respect to strict convergence in BDgey .

10



After this, by blowing up at points x which are Lebesgue points of ¢4(u), and exploiting approximate
differentiability, we can characterize

=1 1.16
f(xv Gd(u) (l‘)) 51_13’(1) L:n(QE(l')) ( )
by means of the cell function, since f is indeed defined as
M(- —
f(z, M) := limsup m(M( - ), Qg(z))’ (1.17)

e—0 en
where M is a generic symmetric matrix. This provides a very useful characterization, since it means
that the behavior of the energy around regular points can be almost captured by its behavior over the
affine functions M (- — x). Due to the kernel invariance of the energy, of course the function f turns
out to be also invariant with respect to sums of matrices of the type A + SId (skew-symmetric plus
constant diagonal), thus depending only on the deviatoric part of M, devM.

To identify the contribution of F around singular points, we then make use of our refined iterative
blow-up techniques [22]. By picking a point = € spt(£ju) and blowing up around x at specific scales,
we see that (up to a subsequence)

Q™!
UQae(y) = m(u(l’ +ey) — Rolu(z + 5')]@)) = v(y), yE€Q,
g
in L' as ¢ — 0. The blow-up v now enjoys a constant polar property
d&qv
= b
d|(€d'U| a ®gd Y

thus (by means of our rigidity result) yielding a structure of the kind
v=11(a-y)b+ha(b-y)a+ Whlregular terms

(we also consider the parallel case a = b, with a unique description). A further blow-up of v at a
specific point y in @ yields (by means of an additional application of our rigidity theorem) that (again
up to a subsequence)

v 5(2)':7@‘5”71
QU el (Qs(y))

The role of a,b might turn out to be eventually swapped. Crucially, the profile g consists of a single
one-dimensional oscillation 1 (a - z)b plus an affine part Mz. This is the “good” blow-up selected by
the iterative procedure: it is canonical enough to be compared with the affine boundary datum in the
cell formula, and it is the only place where the constant-polar rigidity enters. Now three interesting
phenomena take place:

(v(y +02) — Rolv(y + 5)](z)) = g(z)=v¢(a-2)b+Mz. z€Q

1) since blow-ups of blow-ups are blow-ups, we can find a specific sequence &; such that

uQze; (y) = 9(y) = Pla-y)b+ My, yeq,

in L' as e — 0.

2) Since Rg(uQu.e;) = 0, we have Rg(g) = 0, giving a specific coupling relation between (1, M);
3) The strict continuity of the cell problem with respect to BDgey—strict convergence, the coupling
relation on (v, M) coming from Rg(g) = 0, and the invariance of m with respect to kernel
elements imply that, at the scale of |£ju|, the one-dimensional BV oscillation ¢ becomes

energetically negligible. More precisely, one is led to
&3 s
———(z) =limin ,

d|E5ul i l0 |Equl(Qe, (2))

so that only the affine datum survives, with the diverging amplitude ¢; := w T 4o00.

In particular, this is exactly the regime in which the cell formula probes the recession of f.
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It is now immediate to link this quantity to our f. By means of (1.17) and a specific one-dimensional
geometric construction (that we will comment on later; see also [18, Lemma 3.11] or [21, Lemma 5.4])
we can show that

|€5ul(Qe, (2))
fadaseh) = fao) o m (P s i - 2).04(0)
< lim inf
A ;40 |€du‘(Q6i (7))

for all A > 0. By taking the limit as A — +o0o we thus get
—ps (@),

d|E5ul
where f. is the so-called recession function of f, defined as

M
fool(x, M) := lim sup M
A——+o00 A

(1.18)

fOO(x7 a ®5d b) S

The other inequality is simply obtained from

m (129D g b(- — 1), Qs () m (tia D, b(- = ), Qc, (@)

lim inf =lim inf
10 €5ul(Q-, (@) o tiep
< liminf M + 0(1)
tit+oo ti

= fOO(xa a ®5d b)7
(We are cutting corners a bit in explaining the whole machinery: to correctly obtain the result,
a double-limit procedure is required, accounting for a shrinking of Q% = e, ([—Qj, 0] x [-1, 1]”_1)
along the direction a (or b), which we neglect here in order to keep the general picture clear, without
noisy technical details). So, in the end, we also get

dF(u;-), | d&ju
ezl ) _f°°< g
which, combined with (1.16), gives

F(u; A) /f x,eq(u )da?—i—/Afoo <.CC, digj:;(aﬁ)) d|Eju|(z).

All ingredients except the constant-polar rigidity Theorem 1.2, are available in the existing BV /BD
integral-representation literature; in a forthcoming paper we will combine these tools with 1.2 to ob-
tain the full representation under (H1)—(H4).

From the technical point of view, the iterative blow-up is not merely a convenient way of extracting
a limit: it is the mechanism that selects a blow-up profile which is simple enough to be inserted into
the cell formula and, at the same time, rich enough to encode the polar. Concretely, after the second
blow-up we reduce to profiles of the form

9(z) =Y(a-2)b+ Mz,

with a single one-dimensional oscillation 1. This is the decisive simplification: because of kernel in-
variance and the coupling constraint Rg(g) = 0, the cell problem cannot distinguish v at the scale
relevant for |Eju|, and it “collapses” onto the affine datum t;(a ®¢g, b) with ¢; T co. This is exactly
why the singular density is identified with the recession function f..

There is also a more structural reason why such one-dimensional blow-ups are necessary in the
comparison step (1.18). To prove (1.18) one must compare the energy of the blow-up sequence with
that of an explicit competitor imposing the affine boundary condition v(z) = t;(a ®¢, b)z on 0Q), while
generating a purely Cantor-type contribution in the interior. All currently available geometric con-

structions producing Cantor measures with prescribed constant polar are intrinsically one-dimensional
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(Cantor staircase, slicing/stratification along (n — 1)-planes, and variants thereof). Therefore, the re-
duction to a one-dimensional oscillation in the blow-up is what makes it possible to implement the
required “Cantor competitor” and to close the link between the singular density and the recession f.

The present work, which will be combined with the preparatory paper [22] exploring and refin-
ing the iterative blow-up procedure over abstract functional spaces, represents therefore the key and
most important step in the development of such an integral representation for local functionals over
BDgev. Moreover, by setting up, such an approach, we aim to establish a roadmap for running a solid
machinery also for further applications to more general function spaces BVA—with A a C-elliptic
operator—that relies indeed on rigidity arguments.

Finally, let us underline that the global method approach, by working on blow-ups at the level
of u and not at the level of Eju, allows one to potentially account also for functionals with a mild
dependence on u. Note indeed that what cuts out functionals with explicit dependence on u is
hypothesis H4. By weakening H4 a bit (as done in [21]), is it possible to preserve the general picture
and allow functionals depending also on u. This however requires a stronger knowledge of the fine
properties of BDgey functions and, in particular: 1) the validity of Conjecture 1.5 for u and 2) a deeper
knowledge of the kernel operator Ry appearing in the blow-up sequence. Whereas the first ingredient
is still an open problem, the second ingredient is precisely Theorem 1.4 placing ourselves already in
the position to extend the method as soon as fine properties are available. The main difference that
this would imply is that in obtaining the function f we would have

oy FQe(@)) _ . m(u(x) + eq(u) (@) (- — 2); Qc(w))
f<x7u<x)7 ed(u)(x)) a i—>0 ‘Cn(Qa(x)) g—>0 En(Qe(m))

with

f(z,v, M) := limsup m(v + M(- —2), Qa(ﬂf)).

e—0 en
Clearly then, when double blowing-up we would need to trace also the point-wise value of u(z), and
this is where a finer knowledge of the quantities involved in R is required, together with the validity
of Conjecture 1.5 for the function u. However, let us stress that this is only a technical improvement
within the roadmap of the global method, which can be here easily understood in the u-independent
case.

So, to summarize, with this work at hand we are in the position to provide two integral represen-
tation results on BDgey: 1) a complete one for functionals independent of u (or satisfying H4, in the
abstract setting) and 2) a partial one for u-dependent functionals, holding on all functions u satisfying
|Equ|(Sy \ Ju) = 0.

1.8. Strategy of the proof for the rigidity. The most important result, where the highest non-
triviality lies, is the proof of the rigidity part in Theorem 1.2. The proof is quite computational, so
we spend a few words to explain the underlying strategy, which is fully developed in Section 5.

We first consider a general function u € C°°(K;R"™) satisfying
- b
Equ = (a@b— (an)ld> g (1.19)

for some g € C®(R™;R). We exploit this structure of &u and apply Schwarz’s theorem to the
differential relation

- <W—Wt>w_ — Bi((Eaw)e;) — O5((Equ)es) + O, (diz “) e;— 0, (div “) .

2 n

(which is a variant of the differential relation exploited for the rigidity of BD maps with constant
polar vector). This leads to some general considerations and to a set of PDEs (listed in Lemma 5.1)
13



that u must solve. In particular, we give these equations in terms of u, g, and f := %_(a'b)g, which
quantifies how much w fails to satisfy BD rigidity, since

Eu=(a®b)g+ fId

(f = 0 implies that u has the BD rigidity [28, Theorem 2.10]). To perform this computation, we use
specific coordinates. Having established this set of PDEs in Lemma 5.1, for v € C* solving (1.19),
we proceed to treat separately the cases a |fb and a || b.

The first case, treated in Subsection 5.1, which is the most technical one, is handled by showing
that the set of PDEs in Lemma 5.1—after suitable manipulation—actually leads to wave equations
for 0,9 and Jpg. The D’Alembert formula then implies the one-dimensionality of d,g and Jdyg up to
a polynomial remainder. This characterizes g as being the sum of two waves plus a polynomial part,
and this gives the precise structure (1.5) for v € C*°. This is done in Subsection 5.1.1. Now, for a
general u € BDgey (2) solving (1.4), we consider a mollification u. := u* g. € C°°. Since mollification
preserves the structure of (1.4), u. will solve (1.19) (with g- = p % g-). Thus the mollified u. must
have the claimed structure — being C>° — and the main point now consists in showing that such
a structure is stable when taking the limit as ¢ — 0. The most difficult part here is handling the

div us—ge

polynomial part Q.. Indeed, the coefficient of Q). will involve the quantity 7. = J1o ( >, and

such a quantity might in principle have no limit as € — 0, since div u. might not converge for BDgey
maps (Egu does not provide any control on div u). However, the constant polar structure of Eju
suggests that a u solving (1.5) is somewhat more than just BDgey. Thus, in Subsection 5.1.2, with an
explicit computation of (part of) the polynomial remainder @), we gain control on 7. and are able to
pass to the limit in Subsection 5.1.3.

The second case, when a || b, is treated in 5.2, where we again argue first for v € C*°, and we see
that the equations given by Lemma 5.1 are easily integrable, yielding a g which has a one-dimensional
part plus a purely polynomial part plus a mixed term, which is a polynomial in z; for 7 > 2 with
coeflicients depending on x1. Again, once g is identified, the shape of u follows. For a general function,
we again need to pass to the limit, and we need to handle the floating constants that might diverge.
We obtain the required control by testing (1.5) against specific test functions. In this part, we find it
convenient to treat separately the case n = 3 and n > 4 due to a slight difference between the two cases.

In the end, being able to pass to the limit somehow amounts to showing that u is actually more
regular than BDge, (at least BD). This fact should not be a surprise, since £4u has constant polar
vector, and a posteriori, as Theorem 1.2 clarifies, such a u is actually in BV.

1.9. Organization of the paper. In Section 2, we introduce the main ingredients required to fully
treat the topics contained herein. Section 3 is devoted to computing Ker(£;) and the annihilator
A. Section 4 exploits the annihilator to derive some fine properties of Equ, in the spirit of [28], and
lays the basis for the general analysis in Section 5, where the proof of the rigidity Theorem 1.2 is
completed. Section 6 in turn provides the explicit computations leading to the identification of the
kernel operator R in Theorem 1.4. Finally, in Section 7 and the Appendix 8, we provide some well-
known computations based on the non-local approach from Kohn [42], giving infinitesimal information
on the quantities defining Ry and also implying quasi-continuity |Eul-a.e. on Q.
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UID/04561/2025. The authors thank Adolfo Arroyo Rabasa and Franz Gmeindeder for numerous
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2. PRELIMINARIES AND MAIN RESULT

2.1. General notations. The letter n will always denote the ambient Euclidean space dimension.
We will denote by B,(z) the ball of radius r and centered at x. Whenever z = 0 we just write B,
as well as in the case r = 1 when we simply write B(z). More in general, given a convex body K we
denote by K,(x) := x + rK. We denote by R™*" the set of n x n matrices. The notation e; stands
for the i-th vector of the canonical basis of R", Id denotes the n x n identity matrix. With RE5R,
R o R7" we denote the subsets of R™*"™ made respectively by all symmetric matrices, all trace
free symmetric matrices and skew-symmetric matrices. The space Lin(X;Y") denotes the family of all
linear maps between the two vector spaces X and Y. We will use the notation (a,b) to denote the
linear space spanned by the vectors a and b, i.e. (a,b) := span{a,b}. Given v,w € R™ we will often

consider the rank-one matrix v ® w acting as (v ® w)z = v(w - z) for all z € R" and the matrix

The notation £7, H"~! stand for the n-dimensional Lebesgue measure and the (n — 1)-dimensional
Hausdorff measure on R™ while M(; V) is the space of all finite V-valued Radon measures on € and
all V.
For u : R™ — R™ we specify that
8jul
Oju = : eR™, Vu:=(0u,...,0u) € R™*", (2.1)

8jum

For the matrix-valued function F': R™ — R™*" we define its gradient as
(VE)imj = (0;F)im = 0 Fim,

while its divergence is define as the row-divergence operator, namely the vector field
n
div F'- €, = Z@Fw
j=1

2.2. Maps of bounded deformation. For u € C°(R";R") the symmetric gradient is defined as

Su— Vu+ Vi
2
The adjoint operator on F' € C*°(R"; Ry ), reads
E'F =div F.
We also define, for § € R", the symbols E[{] : R™ — R{7R as
El{lw = 0w for all {,w € R". (2.2)
The symmetric gradient measure Eu € M (£2; ngxn?) is defined as
/ o(x) - déu(z) == / div (p(x)) - u(z)dz ¥V ¢ € CZ(QRE,).
Q Q

and the space of function with bounded deformation is

BD(Q) := {u e L' (GR") | Eue M(QRLSM)} C BV(Q).

sym
Several properties are already well-studied for this operator. In particular see [5] or [28] for a more

recent approach, closer to the one in this paper. It is well-known that the kernel of £ is made by
anti-symmetric affine transformations:

Ker(€) := {Az +b| A€ RY" b e R, (2.3)

skew?
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Moreover, for u € BD(2) we have that u is L™-a.e. approximately differentiable and the gradient
decomposition is in force

Eu=e(w)L"+ ([u] © vV)YH" L), +Eu

where e(u) , Ju is the jump set, [u] is the jump of u and E°u is the Cantor part®. Recent
development on this topic [27] allows also to say that the Cantor part has a very rigid polar vector
field

_ Yut+Vul
- 2

d&u

d|&cul
for some a,b : 2 — R™ |£°| measurable Borel vector-fields. The Saint- Venant compatibility condition
are also a well-established fact: setting

(z) = a(z) © b(x),

(SV(M))j == i OiMij + 03j My, — O Myy — 0;i My, for all j,k=1,...,n, (2.4)
i=1
for M € C(Q;R,Y), it holds that
SV(Eu) =0, for all u e C(;R").
Note that its symbol is given by
SV[EIM = [(M&) @ € + € ® (ME)] — tr (M)(§ ®€) — [€]* M.

2.3. Maps of bounded deviatoric deformation. Now we define the set of functions with bounded
Eg-variation. For u € C*°(R™;R"™) we consider the differential operator

tr Eu div u

Id=Eu— Id.

Equ=Eu —
n

The adjoint operator on F' € C*°(R"™; R"*"), reads
V(tr F)

EF =div (sym F) — ——=.
n

We also define, for £ € R™, the symbols E4[¢] : R” — R2%" as

symo
(§-w)

n

Eglflw =€ 0w — Id, for all £, w € R™. (2.5)

We will often use the notation introduced in [19]
v ®g, w = Egv]jw = Eqlw]v.

We can define then the measure Egu € M(Q;R2X" ) as

sYymo

/Q@(x) - d&qulz) == /Q <div (sym () — V(“‘I’)) cu(z)dz V& e C°(QR™™),

n

Remark 2.1. Since yu takes values in RY 7P . it only acts on the deviatoric symmetric component

of a matrix field: for every ® € C2°(Q2; R™*™) one has
/ O(x) - dEqu(z) = / (div (sym ®(z)) — ) cu(z)dx
Q Q

= —/ div (dev sym ®) - u(x)dz = / dev sym ®(x) - d€qu(x).
Q Q

V(tr @)

n

In particular, to extract the required property (as we will do in Section 6) it is often enough to test
Equ against fields ¢ € C°(Q; REX" ).

symo

2By definition, the Cantor part £°u is concentrated on points where u is approximately continuous, but the measure
E°u is singular and not representable by a density with respect to £™. In particular, it gives no mass to the jump set.
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Given this notation we consider the space
BDdey () := {u € L' R") | Equ € M(RSE )} C BD(Q).

symo
Let us report the following results, proved in [19, Theorem, 4.20] for general differential operators,
and clarifying the relation between £; and E,.

Proposition 2.2. Let n > 3. Let u € BDgey(Q). Then for any H" -rectifiable set R C Q there
erists a trace u’R. Moreover, for any u € BDgey (2), F € C*°(R™; R™*™) it holds that

/Q P dgu(z) = — /Q w- E1F(x)dz + / (Eavol(u) - FdH"(z)

[2}9]

= —/ u-EF (z) dx—}—/ (vo ®g, u) - FAH" (z). (2.6)
Q o0

Remark 2.3. In [19] the result is proven for any C-elliptic operator A : C*®(Q;R™) — C*(Q;V)
for some vector space V. The notion of C-ellipticity can be stated as the injectivity of the symbol
AE] : C" —» V +4V as a linear map from C™ into V + iV, for all & # 0. Actually, C-ellipticity is
a very important property in order to ensure structural properties to the operator and its functional
spaces. In particular for instance, the existence of the trace cannot be guaranteed for non C-elliptic
operator. We refer the interested reader to [19] and the literature therein for more details on C-
ellipticity and functional spaces.

Remark 2.4. It is a simple computation to show that Eg[¢] : C* — Rg7m + iRY - is C-elliptic for
all n > 3 while it is not C-elliptic for n > 3. This is probably one of the main reasons for the failing
of a lot of properties in n = 2, such as for instance the existence of trace (see [19]). Also our rigidity
Theorems 5.3 and 5.11 are proven for n > 3. It is not clear though whether n = 2 still allows for
a rigidity structure. Our computation - and the full proofs - seem to strongly suggest that probably
there are not enough equation in dimension 2, to derive a strong rigidity structure on a u with constant

polar vector in the wave cone.

A simple algebraic computation yields the following Leibniz rule, together with a useful property
of the adjoint operator:

Ei(pu) = €qu + E4[Volu, p e CC(R"),u e C*(R";R"); (2.7)
(Eqlé)z) - M = z - Ej[¢] M, zeR" M € R?yxﬁo,ﬁ e R™. (2.8)

2.4. Poincaré-Sobolev and compactness. Finally we underline that as a consequence of several
general results in the literature on C-elliptic operator we have also the following Poincaré-Sobolev
inequality. In the following, IV : L'(U;R™) — Ker(&£;) stands for a bounded linear projection
operator onto the kernel of £&;. We refer to [38, Proposition 2.5], [22, Proposition 2.5, Remark 2.6]

Proposition 2.5 (Poincaré-Sobolev inequality). Let n > 3 and K be a center-symmetric convez set.
Then there exists a constant ¢ depending on n and K only such that

llu — HKT(x)“”L%(KT(x);R") < c|Equ|(Ky(x)) (2.9)

for allz € R", r > 0 and u € BDgey (R").
The space BDgey(€2), endowed with the norm |lul|gp,,, = |Equ|(2) + ||u| 1, is a Banach space. The

Poincaré-Sobolev inequality in 2.5 provide a standard argument, by following for instance the ideas in
[42] (combined with the extension argument in [37] to prove the following compactness theorem.

Theorem 2.6 (Compactness Theorem). Let 2 C R"™ be an open bounded set with Lipschitz boundary
and n > 3 be a first order linear operator. Let {uy}ren C BDgey(R2). Suppose that

sup{ [|lux |l BDg., } < +o0.
keN

Then there exists u € BDaev(Q) and a subsequence h(k) such that upy — w in L' and Equp,—* Equ.
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The notation Equpp)—* Equ stands for the standard weak™ convergence of Radon measures (see [35]
or [44]).

As a consequence of [30, Theorem 3.7] or [22, Proposition 2.8] we have the following Poincaré
inequality.

Proposition 2.7 (Poincaré inquality). Letn > 3, K C R" be a fized convex set. Let R : L'(K;R") —
Ker(&y) be a linear, bounded operator such that R(L) = L for all L € Ker(Ey). Then there ezists a
uniform constant ¢ = ¢(R, K,n) depending on n, R and K such that

lu = Rlulll L1 (krny < ediam(K)[Equ|(K). (2.10)
3. KERNEL AND ANNIHILATOR
In this section we present the kernel and the Annihilator of &,.

3.1. Kernel. It is a well-known fact that the kernel of &; is made by Killing vector fields

2
Ker(€)i= { L) = (A 1)y + 5% — (s )y 40 |4 € RYD, b€ B 9 € R},

skew’

Since the proof of the kernel structure and the ingredients required are quite enlightening, in order to
deepen the approach used to prove rigidity we present here the proof of this result.

Set, for u € C*°(A4;R") the quantity Wu := V“%W and observe that

V(Wu)i; = 0i((Eau)ej) — 95((Equ)ei) + 0; (di:; u) ej — 0; (div u) €. (3.1)

n

Proposition 3.1 (Kernel structure). Let n > 3, u € C®(;R"™) with Q@ C R"™ a connected set.
Suppose that Equ = 0. Then there exists s,b € R", A € R",)" v € R such that

skew’

2
u(y) = (A+~I1d)y + s‘y2| —(s-y)y + 0.

Proof. Because of (3.1) and Equ = 0 we have for all 7 # j
di di
V(Wu)w = 8Z < al u) €; — 8]' ( al u) €;.

n

In particular, by taking the curl we get

O0udiv u + 0j;div u =0 for all j #1¢ (3.2)
and

Okidiv u =0 for all k # i. (3.3)
Since we have n > 3 we have at least another index m # i # j for which
Ommdiv u + 0ydiv u =0, Oppdiv u+ 0j;div u =0, 0;div u+ 0;;div u = 0.
But then
O0udiv u = —0Opmdiv v = 0j;div wu,
from which it follows 9;;div u = 0;;div v = Opmdiv v = 0. By combining this with (3.3) we have
V (0;div u) =0,

this being true for every fixed ¢ = 1,...,n. Then, since €2 is connected, for some s € R"

div u

0; =5, V(div u) = ns,
n

which again implies that div u =n(s-y + ) for s € R", v € R. This implies

O:Su—dw U

Id = Su=(s-y+y)Id.
18
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s@ + h
5 + vy we have

Ep(y) = (s -y +)1d,

and thus £(u — p) = 0. By now invoking the characterization of the kernel of £ we conclude that, for

nxn
some A € R},

Observe that, setting p(y) := (s-y)y —

u(y) —ply) = Ay +b = u(y) = Ay + p(y) + b,
as claimed. |

3.2. Annihilator. Given a function F' € C*°(€; R 1) we seek for an operator A such that AF =0
whenever F' = E4u for some potential u. In particular the existence of such an object for C-elliptic
operators is always guaranteed by a result of Van Schaftingen [50, Remark 4.1, Lemma 4.4] (see also
[9, Proposition 17| for an extension of Van Schaftingen’s construction). The results in the papers are

abstract and not constructive.

The annihilator, together with the powerful result in [27], will allow us to determine the structure
. d&ju .
of the singular measure A Indeed, setting
d

Aa:= | Ker(alg)), (3.4)
l§l=1
then (cf. with [27, Theorem 1.1])
dd|ZZZ| (x) € Ay for |Ejul-a.e. x € Q. (3.5)

Since the annihilator is not unique (think about curl and V(curl) both annihilates Vu) we need to
seek for the operator with the lowest possible order so as to have the kernel of its symbol (and thus
its wave cone) the smallest possible in order to find the sharpest constraint on the polar vector of the
singular part.

Proposition 3.2 (Annihilator). Define for F' € C*°(; R0 ) the fourth-order operator A : C*°(; Rg70) —

symo

n n
(AF)jk := Y BisjeFre + OiineFrs — Y OsiueFi
il=1 if=1

n— 2 n n
e > OujnF; > Ojitm Fom- (3.6)
=1 im=1

Then, if u € C*°(R™;R"™)it holds that
A(Sdu) =0.
Proof. 1t is verifiable via a direct computation or by arguing on the symbol as explained in Remark

3.3. We report, for the sake of completeness, the main step of the computations where we make
repeated use of Schwarz’s theorem.

n 1 n 1 n )
‘;1 aiijg(gdu)kz + 8iikg(5du)gj 25 ~;1 an'je (aéuk + 8kué) - ﬁ Z; aiijkdlv U

+ 5 Z 822]@[ 8[“/] + a uf Zankjdlv U

zfl

- Z 61155 8 U + 8ku]

zZl

”Jkdlv u,
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1 n
- Z Diiee(Eau)jr = = 5 > iier (Djuk + Ouy) + Z 0iiOpediv u,
i 0=1

1,0=1 i,0=1
n—2 < n—
- Z Oitjr(Equ)ie = — Z Oiejk (Oiug + Opus) + Z Ojijrdiv u
n-153 2(n_1z£1
iijkdiv u,
—Lk Zn: Oy (Edu)g . 6 Z Oy agu + 0, UZ Z Ogipediv 1
/]'Lf]_ 21em m 2(77/71) 7,7,m m m (12
i,£,m=1 ifm=1 zf 1
=— Ok Xn: Ojieediv u
n ‘ 2 .
i,0=1
Now by simply adding up the above relations we obtain A(Ezu) = 0. O
Remark 3.3. Notice that the symbol of A is given by A[¢] : RE " — R
— 1|2 4 (&' M¢) 2
A[M = [EF(ME @+ @ ME) — [€'M — =—2[(n = 2)€ @ £+ [¢[1d] (3.7)
Notice also that (3.6) is a very natural choice since, starting from
Eyf€u = SR
n
e (1) (w8 Edw
n—1 u-& E(Eql&]u)é
E = .
EEAE = |- KR =SB
Thus
1 EN(Eq[€]u)é
Ealflu)§ = £+ ulg 75
(Eleue = 5 (- € + i) - Szt 8
_ (0-2) € (EluE P
2(n—1) ¢ 2

yielding also

u = 2 [(Ed[ﬁ]u)g _ (n—2) ft(Ed[duﬁg}

€ 2 1) ¢
and
2 im e o e (=2 EE0E, ] & Eague
Ealelu = 17 |(Ealgh)g) o - 5D ECHIE o of £ Culdhleyy
Multiplying by |£|* we get
n — t u
0 = 2B 0 — =T € Bl o ¢ ~ €S I el Bile

= AE](Eq[]w).
So somehow the fourth order seems the minimum required in order to find a linear function A[¢] for
which Ey4[¢]u € Ker(A[¢]). In some sense, from the wave-cone point of view, as clarified by Proposition
3.6, the operator A is minimal indeed, i.e. provides a wave cone that is indeed minimal (recall that
the jump part has surely the claimed shape, by means of the rectifiability result [19]).

Remark 3.4. Note that A(F) in (3.6), for F' € C®°(; RZX" ) can be expressed also as

symg

-2
A(F)ju = A (9(div F)y + O(div F);) — A2F, — %aﬂc (div (div F)

20
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Remark 3.5. The computations in Remark 3.3 are consistent with the Saint-Venant condition (2.4)
annhilating u. Indeed

Eflu=u©g, tr(E¢u)=(u-§),

and
2(EIE = (0 O+l = w= (B - “oE,
yielding
(El€J) = 5 (Blghu)e) & € - “|‘§'|§> (o6,
and

0 = 2((E[gJu)€) © € — tr (E[E]u) (€ © &) — E[]ulé]” = SV[E](E[¢]u).
So the second order is the minimum required to find a linear function SV[¢] for which E[¢Ju €
Ker(SV[¢]) In the deviatoric operator the control on (u - §) requires an additional |£|?, differently
from the symmetric case.

We can now compute the the wave cone of A.
Proposition 3.6 (Wave cone of A). If M € R7*" and || =1 then

symo

_ _ (v-§) n

AEIM =0 & M=v06{—-—>Id for somev € R".
n

In particular

AA:{UQL:—WId' vER", g;&o}.

Proof. f M =v®&— %Id for some v then, computing as in Remark (3.3), it follows that A[{]M = 0.
So we prove the other implication. Up to a rotation we can assume without loss of generality that
& =e1. Then Ale;]M = 0 implies, from (3.7)

(e1Me1)

M= (Mer®e1+e1® Mey) — ]

[(n—2)e; ®ep +1d].

This gives us
Y

My = (i Mey) =: 0, My =0 fori#j,i,j>1, Mii:—ﬁ, i> 1.
n —
Thus, setting w; := Mj; = Mj; for j > 1 we have that
Y w2 Wnp,
w2 —% 0
M = - 0
: : : : 0
W, 0 0 —-%
By now choosing v; := 2w; for j > 1 and v1 = ;4 we get also 27 = “* and thus
w(-3) % *
v _n 0
2 n ( B )
. ’l} .
M = %1 0 =v®e — U1d
: : 0
50 0 -u
and the claim follows. O
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Corollary 3.7 (Polar vector of Equ). Let u € BDgey(S2). Then there exists two Borel vector fields
a,b: Q — R" such that, for |Ejul-a.e. x €

d€su
d|E5ul

where Eju is the singular part in the Radon-Nikodym derivative of Equ, with respect to L.

(@) = alx) @ b(z) - DMy o0) ),

Proof. Due to (3.5) we must have
dgdu
d\é'du|

Thanks to Proposition 3.6 we conclude. U

(x) € Ay for |Ejul-a.e. x € Q.

The above Corollary gives a precise structure to blow-ups around singular points and motivates
Theorem 1.2 (see Section 5).

4. FINE PROPERTIES FROM THE ANNIHILATOR

4.1. Structure of the gradient. For any u € L'(Q;R") the Lebesgue point theorem ensures that
for L™-a.e. x € there exists a precise representative u(x) such that

lim u(y) — u(x)|dx = 0.
i f )~ o)

The set of points where this property fails is denoted as S, and is the discontinuity set of u. For
x € Q\ Sy, the value u(z) is also called the approzimate limit of w.

We recall that v € L'(Q; R") is said to be approzimately differentiable at x € 0\ S, if there exists
a matrix L € R™ " such that

o [ Ju(@) —u() ~ L - y)

dy = 0.
r—0 B, (z) T

In this case L is also called the approximate gradient and the notation Vu(z) = M is adopted.
Thanks to [48, Theorem 1.1] (see also [1, Theorem 3.4], that requires a non-local representation of the
involved quantity in the spirit of Proposition 8.2 in the Appendix) we can deduce that u € BDgey (2)
is approximately differentiable at £™-a.e. x € ). Moreover the same result ensures that

Ui 4) — eau)@),  eatue) = efu)(a) — DD g

Vu(z)+(Vu(x))*
5 .

where we recall that e(u)(x) =

Thus, by Corollary 3.7 we have
Equ = eq(u)(z)L" + a(xr) @e, b(x)|Ejul

for two measurable vector fields a, b : 2 — R™.

We recall that for w € L] the set J, is defined as the set of points = for which there exists a triplet

loc

(U+(.T),U_(.Z')7Uu(1')) such that 'LL+ ;ﬁ U_, vy € Sn_l and
— 1 B +
0= tim 7o, i) — v @)l dy
where
B (¢) = {y € Br(a) | y-vule) <0}, BJ(2):={y € Bi(w) | y-vula) 2 0.

Clearly J, C S,. A recent result [29] shows that .J,, is always n — 1 rectifiable and that v, is the
unitary vector field orienting .J,, (nameley v, (z)* = Tan(J,, ), the approximate tangent plane to J,
at x, for H" ta.e. x € Jy, cf. [6]).
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4.2. Structure of the jump part. Define

@u::{xGQ

lim sup
r—0

rnfl

We make use of the results in [8] and [19] to prove that |E4u| < H™ ! and a reasonable structure
result for the gradient on the jump set. Set

A= U ker(A9).
veER™ g\ {0}
Proposition 4.1. Let n > 3, u € BDgey () and A be the annihilator given by Proposition 3.2. Then
ATt = {0} (4.2)

As a consequence we have that:

1) |Equ| < H* L

2) |Equ| ({:c € Q | limsup,_, Wii(x)) = —i—oo}) =0;

3) H Y (©,A,) =0 and

-1
gdUL@u = 5duLJu = [u] RKeg, vy H" LJg,-

We underline that, thanks to the deep result in [8], properties 1)-3) follows immediately from (4.2).
Before proceeding to the proof we first provide a simple Lemma from linear algebra that will simplify
our argument in computing Az_l.

Lemma 4.2. Let a,§ € R™\ {0} with |§| = 1. Then

1) If a and & are not parallel then a ® & has two distinct eigenvalues

_ (a-&) +al _(@a-8§ —laf

2 ) 2 2 )
2) If a and £ are parallel then a ® £ has one eigenvalue
pr = (a-§) =lal.

Proof. We treat the two cases separately.

Case 1). Without loss of generality we can suppose that £ = e; and that a € span{ej,ea}. Note
that

. (a-e2)
a® €1 = (CL . 61)61 ® e -+ (a . 62)61 ® ey = ( (C(Laei§) (2) > . (43)
2
To find the eigenvalues we need to solve
a-ep)? a-ep)?
0=det(a®e; —uld) =—((a-e1) — p)p— ( 42) :MQ—/J(CL'Gl)— ( 42) 7

whose solutions are precisely

_(are)Ey/(a-e1)?+ (a-e2)?  (a-e1)+]al
H12 = 9 - ’

which are the claimed values.

Case 2). Without loss of generality we can suppose that £ = |{|e1, a = |ale;. Then, the only
eigenvector is e; itself with eigenvalue

p1 = lallé] = (a-£).
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Proof of Proposition 4.1. It is enough to prove (4.2). From this relation indeed, by [8, Corollary 1.4,
Theorem 1.5] and a simple application of the theory in [19], we will conclude properties 1)-3).

Proof of (4.2). Let A € AZ_I. Then, by Definition of AZ_I and by Proposition 3.6 in particular
4¢ (N U {a@f—wld aeR"}.
veR" gcut\ (0} !
Fix any v € R" and let £ € v\ {0}, a € R™ be such that
(a/ ) g) Id X
n

A=a0&—
Without loss of generality, up to redefining a, we can assume that |{| = 1. Denote by
elg(A) = {Al, )\2, )\3, ey An}
the family of eigenvalues of A. Note that the eigenvectors of A are given by the eigenvectors of
M := a ® & and by a base of Ker(M). All the eigenvectors v € Ker(M) have the same eigenvalue
—@. Note that Ker(M) has dimension either n—2 (for a |J§) or n—1 (f?arg | £), (as shown in [27]).

In any case A has at least n — 2 coincident eigenvalues A3 = ... = X\, = ——>*. Let v;, be eigenvectors

relative to Ag. For i = 1,2,3 let now & € vt \ {0} and a; € R™ be such that
n
By fixing z € at N aiL we get
—MMQ =2'Az = —MMQ = _lai&) A3 foralli=1,2,3.
n n

n
Now note that (since &; - v; = 0)

Avg = Avg = W +A3v2 = (az-v2) =0, A2 = As,
and
vy = Avy = 61((1122)1) + A3v1 = (a1 . 1)1) =0, A\{ = As.
In particular \y = Ao = ... = A,. Now, by Lemma 4.2, if a || { we just observe that
n—2 |l n—2 |al
AL = 5 (a-§&) 5 Ao = 5 (a-{)—i-?
while for a || £
n—1
)\1 = ( )|a|
n

In the first case, from A\; = A2, we immediately have |a| = 0. In the second case, from A\; = A3 we
(n—1 _ lal

have —)|a| = — 1 which again implies @ = 0. In particular A = 0 is the only possibility and (4.2)

n

holds true. O

So, by means of Proposition 3.2 and [27] we conclude that the measure E;u can be split in a
singular part with a specific structure of the polar. By means of Proposition 4.1 we have a further
characterization of the singular part and we also conclude that, for u € BDgey (€2), we have the splitting
in three mutually singular measures

Equ = eq(u)L" + [u] ®e, H" ' Ly, + a(2) ®e, b(x)|Eul
where |ESu| is the Cantor part. Note that also by invoking [19] we could have derived the structure of

the Jump part.
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While for BD it is known the further important property |Eu|(Sy \ Ju) = 0 (for BVit holds that
in the stronger form H"1(S, \ J,) = 0) this is actually not known in the BDge, context. At the
current state it seems technically difficult to be established and the available technology, such as [5],
[7] does not seem to apply to the deviatoric operator since it does not satisfy a one-dimensional slicing
property. We refer the reader to [10] for a partial result in this sense.

5. PROOF OF RIGIDITY THEOREM 1.2

In this Section we prove the rigidity structure for maps with constant polar vector field, i.e., that
satisfies
Equ=(a®g, b)p, p€ M(QRY), a,beR"
In homogenization problem this scenario is the only one that occurs when dealing with Cantor points
where the characterization of the blow-up is required. It is also the most challenging from the technical
point of view.

A very important difference between rigidity in BD (cf. [28]) and rigidity in BDgey(2) is that we
cannot, in the proof, perform a change of variable that will make a L b. Indeed while for u(z) =
Au(Alz)it holds that

e()(x) = Ae(u)(Alz) A

we cannot express E;U as a linear transformation of £;(u). So somehow the operator &; does not
behave well under change of variables. However, if the matrix A is a rotation then we can infer

gd('ll) (1‘) = ASd(u) (At.%')At.

This property allows us, without loss of generality, to rotate the coordinates in order to have a more
explicit relation between a and b. In particular without loss of generality we can assume that a = ey,
b = ae; + Pes. In this way, by selectively chosing o = 0, or § = 0, we can deal with the case of
perpendicular vectors, parallel vectors or general position vectors, respectively.

We find convenient to introduce a function f, quantifying how much w is far from being a BD rigid.
Lemma 5.1. Let n > 3 and u € C*°(R™;R™) be such that
e
Equ=|e1 © (aey + Pes) — Eld] g

for some g € C>°(R™). Setting f = W, then the following set of equation hold

BO21g — g — Ooaf — 011 f =0 (5.1)
8jjg§ + o1 f =0 Jor all j > 3, (5.2)
O f+ 05 f + adjjg =0 for all 7 > 3, (5.3)
g@ljg - Oéagjg - azjf =0 fO?“ allj > 3, (5.4)
O f+ 0j;f =0 for all j > 3, (5.5)
82jg§ - 61jf =0 fOT allj > 3, (5.6)
Okjg =0 for allk,j >3, k # 7, (5.7)
Ok f =0 for allk # j and j > 3, (5.8)
Oiif + Ojjf =0 foralli,j > 3,1+ 7. (5.9)
If 8 # 0 we further get

82jg :81]'9 =0 fO?“ all ] > 3, (5.10)

2
djg = — 8;2f1‘j + v; for all § > 3, (5.11)
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for some vj € R and Hess(f) is constant.

Proof. Observe that
e e
(Eaqu)e = | exadyy + é[6152k +e201k] — —er ) g=(e1 |adix + ééQk + 6255116 ——er g
2 n 2 2 n
Then, by recalling that Wu := w, combining the above with (3.1) we have

V(WU)Z‘J’ = <€1 |:Oz51j + 552]':| + 622(513‘ — Z€j> 0;

— (61 I:Oz51i + 6(521‘] + 62§512‘ — a€i> 6jg + 0; (dlv u) €j — 8]' (dlv u) €;.
2 2 n n n

We can rewrite the above as

V(Wu)ij =eq [(Ozélj + 2(52]‘) 0ig — (04(511‘ + 5(521') 8jg:| + egg [(51]‘82'9 — 51i8jg]

e, <d1v u—ag> =0, <d1v u—ag> ’ (5.12)
n n
this being valid for all 4,7 = 1,...,n. Thus
VOVu =er (3019~ adug - ouf )~ ex (Jorg - 0n1 ) (513)
V(Wu)lj =—e1 (Oéajg + ij) — egg@-g + ejﬁlf, for all 7 > 3, (5.14)
V(Wu)g =— e1§8jg +ej0of —e20;f, for all j > 3, (5.15)
V(Wu)w :ejaif - eiij, for all i,j Z 3. (5.16)

By considering the curl of (5.13) we get (5.1). By taking the curl of (5.14) we get (5.2),(5.3) and
(5.4). By considering the curl of (5.15) we get (5.5), (5.6) and (5.7). By considering the curl of (5.16)
we get (5.8) and (5.9).

If thence 8 # 0, by (5.8) and (5.6) we obtain
Oojg =0 for all j > 3,
and this combined with (5.4) (still for 8 # 0) yields (5.10). Finally (5.10), (5.7) and (5.2) implies
2
B

From this we immediately get Ox12f = 0 for all k& (it is immediate if n > 4 while in dimension n = 3
we obtain it by deriving in do the relation d13f = 0 given by (5.6)). This yields (5.11). By deriving in
01 (or o) (5.3) for j =3 we get 0111f = 0 (or d211f = 0) that yields V(f11) = 0, thanks to (5.7) and
(5.8). By doing the same on (5.5) we get also V(f;;) =0 for all ¢ > 2. As a consequence we also have
V(fij) =0 for all 4, j and thus Hess(f) must finally be a constant matrix. O

V(9;9) = (O12f)ej for all j > 3.

We now treat two separate cases, depending on 3 being zero or different from zero. Before proceeding
let us recall some well established facts in the next Remark.

Remark 5.2. Observe that it is immediate to verify that if w solves
Ew=(a®b)g,
then it will solve also div w = tr (Ew) = (a - b)g and thence

Eqw = (a ®g, b)g.
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Since (see for instance [28, Theorem 2.10, Assertion (i)]) the function
w=ai1(b-z)+be(a-z)+ (v-x)[alb-z)+bla-z)] —v(ia-z)(b-z), (5.17)
where 11 2 are scalar functions, and v is a fixed vector, solves— for a, b not parallel-
Ew = (a0 b)(¥1(b-7) +Py(a-z) +2(v- 2)),

and thus
Eaw = (a ®g, b)(Y1(b-x) +s(a-z) +2(v - x)). (5.18)

With this established we can now state and proceed.

5.1. Rigidity for non parallel vectors (5 # 0). In this Section we provide the proof to the following
Theorem.

Theorem 5.3. Let u € BDyey(A) for a connected open set A C R™. Suppose that
Equ = (a ®¢, b)v, (5.19)

for some a,b € R™, a }f b and some positive Radon measure v € M(A;RT). Then there exists two
functions V1,19 € BV,(R) and v € (a,b)* such that

u(w) = ¥1(z - )b+ va(z - ba+ Qx) + L(x) (5.20)

for some L € Ker(&y) and for some third order degree polynomial Q solving

EaQ = (a®g,b) | (v-x)+na-z)(b-x) —ﬂZ(m-wj)Q , (5.21)
j=3
where 1,9 € R, v € {a,b)* and {ws, ..., w,} is an orthonormal basis of {a,b)> .

The proof of Theorem 5.3 is achieved by arguing first on regular functions and then by a density
argument. In order to correctly pass to the limit we need to gather control on 7,6. To do this some
features on the general integral of the polynomial equation (5.21) must be found.

5.1.1. Rigidity for regular functions.
Proposition 5.4. Let A C R™ be a connected set and u € C*°(A;R"™) be such that
Equ = (a®g, b)g, (5.22)

for some a,b € R", a f b, g € C°(A;RT). Then there exists two functions 11,12 € C®(R) and
v € (a,b) such that

u(z) = P1(z - a)b+ Ya(z - b)a+ Q(z) + L(z), (5.23)
for some L € Ker(&;) and for some Q solving
EaQ = (a®g, b) | (v-z)+nla-z)(b-x)— 192(37 ~wi)? |, (5.24)
j=3
where 1,9 € R, v € {a,b)* and {ws, ..., w,} is an orthonormal basis of {a,b)> .

Proof of Proposition 5.4. We place ourselves in the coordinate a = ey, b = aey + fes for § # 0. Recall
that, by Lemma 5.1 we have Hess(f) is a constant. By (5.1):

¢ = Bdi2g — adayg, (5.25)
where ¢ € R is a constant. Also (5.10), (5.7) and (5.11) imply that
Okig=0 forall k #4,1>3, 0jg=—27x; +v; j=>3,
for some 7 = 015 f € R. We need just to identify 019 and dog. Let us now consider separately the case

a=0and o # 0.
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The case a =0 (a L b). Up to replace g with g (keeping the same notation) there is no loss of
generality in assuming 5 = 1. From (5.25) we get 0129 = . From this and (5.10) we derive that

8lg:h1(.%'1)+77x2, 6292h2($2)+77x17
for some functions hi, hg € C*°(R). Thus

Vg = e1(h(z1) +nz2) + e2(h(z2) +nz1) + Z(Uj — 2715)e;, (5.26)
j=3

and thus
n
g = Hi(x1) + Ho(x2) + nr1me + Zvjwj — T:L'jQ-,
j=3
with Hy, Ha such that H{ = hy, H) = he. In particular according to Remark 5.2 we have that, setting
Yy = Hy, ¥ = Ha, u as in (5.23), with @ solving

n
EiQ = (e1®¢, e2) | (v-z) +nr129 — ch? ,
=3

must solve
Equ = (e1 ®g, e2)g.

The case o # 0. By (5.25) we now show that the following wave equations are in force.

B2011(029) — a®022(029) =0 (5.27)
B2011(019) — a*093(D1g) =w(x1). (5.28)

for some w : R — R. Indeed, (5.27) comes from

B2011(02g) = BO1(BO129) = aBd1(D229) = aDa(BDr2g) = 0*D2(Da9).
Equation (5.28) just comes from the fact that (by (5.10))
0;(52011(019) — a®Da2(Dhg)) =0 for all j >3
and
92 (B2011(019) — a*092(019)) = 01 (B°911(029) — 0*922(029)) =(5.27) 0. (5.29)

Notice that 01 g, 029 are functions depending only on z1, z9 (by (5.10)). By the well-known D’Alambert
formula for the general solutions of the planar wave equation we thus conclude

g =fo(w1) + fi (ax1 — Baa) + ff(awy + fr2) (5.30)
Oag =fa (a1 — Bxa) + f5 (w1 + Baa). (5.31)

We now integrate Vg from (5.30), (5.31). We first observe the relation di219 = 0129 implies

—B(f1) (awy = Brz) + B(fT) (awr + Bas) = a(fy) (a1 — Bra) + a(f3) (awr + Br)

which yields by computing on ax; = Bxs and ax; = —fxo:
—BI) =afs(t)+er BI(E) = af3(t) + e

Then, accounting for (5.11) and the above we have

T

n
2
ﬁij + vz + 5

Jj=3

1
+ /0 U (ty)z + FL(Homs — Bra))e + FR(Hamy + Bra))er] db
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g(x) :/0 Vy(tx) - xdt = —



1
+ / L (tHaws — Bra))zs + F3(Hay + Bara))s) dt

1 n
:/ Vy(tx) - xdt = —%Z$?+Uj$j+7j
0

1
;/0 f21 (t(axy — Pxe)) (axy — Prg) dt

= 2 (tamn + Ba) (0w + Bas) dt
BJo 7?

and thus
g(x) = hi(x1) + ha(axy + fxa) + ha(ax — Pxs) — Z B\:Uj\ +v-x+7,
=3
n
where hi 23 are functions obtained from the above antiderivatives of f,i, and v := Z’yj, and for

=3
v € span{ey, e2} . By exploiting (5.25) again we also derive that
—208%hf(axy — Bas) = C.

Since a # 0:
¢
4o 32

hs(t) = — +ot+75
By observing that

(azy — Br2)? =(az1 + Bxa)? — 4aBf172
ary — Bre =2axy — (axy + fr2)

and up to redefining hy, we can rewrite g as

( ) h1($1)—|—h2(0él‘1 +,8$2)+ $1l‘2— *Z|.’1§j|2+1} x

=hy(z1) — C2 xi + ha(axi + Bre) + CZ 1(axy + Pra) — -z Z z)? +v-z
3 3 P
=h1(z1) + he(az1 + Bz2) + 523: (axy + Pro) — — Z 2] +v-x (5.32)

Setting
u:=Y1(x-a)b+P2(x - b)a
with ¥ (t) = hi(t), ¥5(t) = ha(t) we have

Eqt = [61 © (aer + Bez) — %Id} (hi(z1) + ho(aw: + Ba2)).

Thus Q := u — u satisfies
EaQ = [61 © (aer + Pea) — %Id} ((iﬁ -v) + nz(axy + Brg) — 192553) :

and hence u = u + @ + L as claimed Withn:%,ﬂ:%. O
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5.1.2. Features of the polynomial solutions. In this section we derive some specific features of the
polynomial @ satisfying (5.24). This is required in order to pass to the limit in our density argument.
To do this we observe that, since

w=(v-x)ab-z)+bla-x)]—v(a-z)(b-z),
due to Remark 5.2 solves
Eqw = (a ®g, b)(2v - z),
we are just left to compute the solution to

n

E4P = (a ®¢, b) |n(a-z)(b-2) =9 (w;-x) (5.33)
Jj=3

for {w;}7_5 orthonormal basis of (a, b)*. We will not need the explicit solutions but just the features
required to pass to the limit from C'*° solutions of (5.22) to BDge, solutions of (5.19).

Proposition 5.5. Set a = e1,b = ae; + Pea, f # 0 and consider the equation

E4P = e1 ®g, (aer + Pea) |nz1(axy + Ba2) — 79256? . (5.34)
=3

Then any particular solution P € C? of (5.34) is a third order degree polynomial and satisfies
209 — 13>
—

Remark 5.6. We underline that, for n > 4 a slightly stronger result - not needed in the purpose of

computing the limit - holds: for n > 4 (5.34) has a solution if and only if n = 260‘—219 Indeed for n > 4
from (5.5), (5.9) we get 0;;f = 0 for all i > 2. Suppose now that we have a solution P € C? for n > 4

and set as in previous computation

O123P3(x) = 9B, Oga3P3(x) = (5.35)

= div P — «
g = nr1(axy + fr2) — 1923:?, f= avr—ag

n
j=3
Then (5.3) gives 011 f = 2a. This, plugged in (5.1) and combined with the fact that dseof = 0, gives
2a0)
200 = BO1ag — adpg =B = n= 3

This is not the case in n = 3 where a particular solution to (5.34) can be provided even for independent

n, V.
Proof. Let P be a particular solution of (5.34). We start by observing that, having set M := (a®g, b

Ei(O1P) =Mnazy + (axy + fx2)] (5.36
Sd(ébP) :Mﬁnl‘l (5.37
£4(0;P) = — M29z; j >3 (5.38

All these equations have the structure of (5.18). Being &; a differential linear operator we have that
the space of solution of £su = f is described by {u, + R | R € Ker(&q)} where w,, is any particular
solution for Equ = f. Thus all the solutions must be given, up to some element of Ker(&;), by Formula
(5.17). In particular this tells us that 0P is a second order degree polynomial. Once integrated we
get that P is a polynomial with degree less or equal to 3. Note that, since the right hand side of (5.34)
is a second order degree polynomial and &; is a first order differential operator, P needs to have at
least one term of third degree: so P is a third degree polynomial. We now focus on the proof of (5.35).
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Formula (5.17) gives the exact structure:

axy + Bro)? ar?
0P =n (a1 2ﬁ 2) er+ 21(0161+ﬂ62) + Li(x)

Do P :%1‘%(%’1 + Be2) + La(x)
0;P = —VYlei(axy + fr2)x; + (e + Ber)xiz; — ejri(axy + Ba)] + Li(x) j >3

for L; € Ker(&y). Since L;i(z) = Ajx + (s; - )z — si@ + b; for some s;,b; € R", A = R; + ~;1d with
R; € R?gfrgov ~v; € R then
OxLi(z) = Ajer, + (s; - ex)x + (si - x)eg — Sixk.
Then
O123P = Ufe3 + O12L3(x), 0O123P3 = 93 + O12L3(x) - e3.
Since
O12L3(z) = (s3-ez)er + (s3-e1)ex
Then we have immediately
D123 P35 = V.

Also

Ooo3 Py = Oaa(L3(x) - e3) = —(s3 - €3). (5.39)

To compute this value we now take advantage of Schwarz’s theorem to derive information on s1, s, s3.
In particular by 013P = 031 P we obtain

—d]eraxs + (aey + fes)rs — e3(2axy + Bra)] + 01 Ls(x) = 3L (x).
By computing in x = 0 we get rid of the affine part Aze; = Ajes and
—deraxs + (aey + fez)xs — es(2axy + fr2)] + (s3-e1)x + (s3 - x)er — s3x1
= (s1-e3)xr+ (s1-x)eg — s1x3.
and computing in x = e, * = ez and = = e3 gives
(s1-e3)er + (s1-e1)es
(s1-e3)ea+ (s1-e2)es

2(51 . 63)63 — S1.

20aes + 2(s3 - e1)e] — s3 =
Y¥Bes + (83 . 61)62 + (83 . 62)61
—2ae; — IfBea + (s3-€e1)es + (s3 - e3)ey

This gives

Sg-e1=81-€3, S3-ea=0, (s1-e2)=9p (5.40)
and

s1 = (200 — (s3 - €3))e1 + VPea + (s1 - e3)e3 (5.41)

s3 = (s1-e3)er + (2a — (s1-€1))es (5.42)

From 0o3P = 032 P we get
—¥[Bxze; — Besx| + 02 Ls(x) = O3Lo(x).
Again computing at x = 0 allows to ignore the part Ases = Ases and obtain
—J[Bzzer — Besw1]| + (s3- e2)r + (s3 - )ea — s3z2
= (s2-e3)x + (s2 - x)eg — saxs.
Computing at x = e1, x = e2 and x = eg yields
UBes + (s3-e2)er + (s3-e1)ez = (s2-e3)er + (s2-e1)es
(s3-e2)ea+ (s3-ex)ea —s3 = (s2-e3)ea + (s2-€2)es
—9Be1 + (s3 - e2)es + (s3-e3)ea = (s2- e3)es + (s2 - e3)es — s2
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that results in
(s3-€1) =0, (s3-e2)=(s2-e3)=0
which combined with (5.40), (5.41) and (5.42) gives

s9 = 1VPe; — (83 - €3)es (5.43)
53 = —(s2-ez)es.
Finally by 021 P = 012P we get, still after neglecting the affine part Ajeqs = Ase;
nBlazy + Bra)er + (s1-e2)z + (s1- x)e2 — s172
= nBx1(aer + Bea) + (s2 - e1)x + (s2 - x)eg — saxy.
computing in x = e; yields finally
nBaer + (s1-ez)er + (s1- e1)ex =nB(aer + Pea) + 2(s2 - e1)er — s2
which implies by means of (5.40), (5.41) and (5.43), that
so =0fe1 + (nB% — (s1-e1))ea.
The above combined with (5.43) and (5.42) gives

(s2-e2) = —(s3-e3) = (B% = (s1-e1)) = —(s3-e3) = —(2a0 — (51 - e1))

that gives
2009 + nB? 2000 — 12
(s1-€1) = — (s3-e3) = —
By plugging (s3 - e3) into (5.39) we conclude. O

Remark 5.7. Observe that, with (a discrete amount of) patience the approach proposed in the proof
of Proposition 5.5 allows one to build a complete particular polynomial solution of the PDE (5.34).
Indeed the choice of s1, s2,5; are forced by the gradient structure of VP and thus, once identified it
is possible to choose {A4;}7. C RI<"  {b;}7; C R" so that we can integrate VP to get P. By doing
so it is possible to observe that there is a choice (A; = 0, b; = 0) so that a particular solution P is

also a homogeneous polynomial of degree 3.
5.1.3. Approxzimation argument. The following is a standard approximation argument.

Lemma 5.8 (Approximation Lemma). Let u € BDge (R™). Let o. € CX(B:(0)) be a family of
mollifying kernels. Then it holds that u. := u* 9. € C*° and

(1) Ealuc)(x) = (Eau* 0c)(x) ;
(2) ue = u in L (R™).

loc

Lemma 5.9. Let s.(x) = ¢e(x - £) for some ¢ € R™ and for some sequence of measurable functions
Ve € BVioe(R). Suppose that se — s in L (R"™). Then s(x) = ¢(z - £) for some measurable function
Y € L (R).

loc

Proof. Suppose without loss of generality that £ = e;. Since ¥, € BV)o.(R) then s. € BV),(R") with
Ds. = e1Dip.(dz1) @ L (das . .. dzy,). Here we recall the notation

p(dzy) @ v(deg ... dzy,)(p) == / edu(xy)dv(zs) ... dv(zy).
For ¢ € C°(R™) we also have for k # 1:
/ sOpp dx = lim $:0ppdz = —lim (e1-ex)pdDip.(dxy)dzs ... dzg = 0.
n > R" > R"

Thence, distributionally diys = 0 for all £ # 1. This implies that s(z) = ¥(z - e;) for a measurable
function ¥ : R — R. O

Finally, to handle the polynomial part we need to employ the following Lemma.
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Lemma 5.10. Let Q. : R" — R be a family of polynomials in x1,...,x, of degree k. Suppose that
Q: = Q in Llloc for some Q € L . Then Q is a polynomial of degree at most k and the coefficients

loc®

of Q< converge to the coefficients of Q.
Proof. Fix an open bounded set A C R™ and note that the space
S:={Q: A— R | Q is a polynomial of degree at most k}

is a closed finite-dimensional vector space. Let i € {0,1,...,k}" be a multindex and, for @ € S, CZQ
be denoting the coefficient of @ in front of a monomial zt := z%* ...z, |i| =4y + ... + 4, < k. Then
the application
N
T:5—=R"Y, TQ):= (C?)je{o,l,...,k}"
is a linear application between finite-dimensional vector spaces and hence is continuous. Thus, since
Q- is converging in L], we have Q. — @ in L'(A) for some @ € S. Thence

IT(Qe) = T(Q)] < C7]|Qe — Qllr — 0.
By the very definition of 7" we have that the coefficient of (). converges to those of Q. O
We are now in the position for proving Theorem 5.3.
Proof of Theorem 5.3. Let u € BDgey(R™) satisfy
Equ = (a ®g, b)v.

Since a,b are not parallel, without loss of generality, we can assume that a = e1,b = ae; + Bes for
8 # 0 and a € R. Consider u. the approximation as in Lemma 5.8 and note that

Eque = Equx 0 = (a ®g, b) (v * pc)(z).
We invoke Proposition 5.4 with g. = (v x 0c) € C* and we conclude that
ue(z) = ayi(x - b) + by5(x - a) + Q=(x) + L.(x).

with Q. solving (5.24). We just need to show that the claimed structure is stable under the limit as
€ — 0, yielding the thesis also on u. Notice that u. — v in LllOC and since

sup{|€a(ue — Le)[(A)} < +oo,

we have u. — L, — 1. Since
Equ = W:‘;l%)m Eque = W:::liom Ei(us — Le) = Equ,
where w*-lim denote the weak star limit, we have also that L := u — u € Ker(&;) and that
L.=u;— (us—L:) »>u—u=0L.

We now complete the proof by separately analyzing the polynomial part and the one dimensional part.

Step one: limit of the polynomial part. Suppose that a = ej, b = aey + Sea. We know that (up to
an element of Ker(&y)) it must hold (cf. Remark 5.2)

Qe (x) = (ve - x)[e1(ax + fr2) + (aer + Pes)x1] — vexi(axy + Bag) + Pe(z),

for some v. € (eq,e2)" and for some P. solving (5.34)
n
_ 2
EqP: = 1 ®¢, (aer + Beg) | newi(amy + Brg) — 0 Y )
j=3

Since (ue — L.) — @ in L' for any j > 3 we have
Qe(z)-ej = (ue — L) -ej — (@-ej) in L',
But

Q:(x) - e = —(ve - €j)z1(axy + fx) + P: -
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We use Proposition 5.5 to infer that a solution to (5.34) must be of the form

+ Z (%(7767 795) : 63) xt

i€{0,...,3}"\{(1,1,1,0...,0),(0,2,1,0,...,0)}

.73%1’3

(Pa(x) : 63) =0 Br12003 — (20“95 - 77662)

and hence
Qe - e3 = — (v - e3)z1(axy + Pro) + V. fa12003 — (2000 — = 5%) 1

* Z (ci(ne,Ve) - e3) ot

i€{0,...,3}"\{(1,1,1,0...,0),(0,2,1,0,...,0)}

By means of Lemma 5.10 we have that the coefficients of Q). - e3 must converge to something and thus
Ne, ¥ and (v - e3) converges to something. In particular we have that v. — v, ¥. — ¢ and . — 2.
Since the coefficients of (). are all expressed as polynomial functions of 7.,9. and v. we have that
Q: — Q for @ solving (5.24).

Step two: limit of the one-dimensional part. Set w,. := u. — Q. — L.. Thanks to Step one, two and
a standard compactness argument we know that w. — w := 4 — Q in L! for some Q solving (5.21).
Since
we(z) = ayi(z - b) + by5(z - a),
pick now z € bt for which a - z # 0 and note that
z

$2(x) i = — w. =¢Yj(x- b

@)= =)
where 9§ is actually smooth since w. is smooth. Since w. — w in L} (R™) hence sZ — = - w. From
the other side, by applying Lemma 5.9 we conclude sZ — s(x) = ¢1(x - b) for a measurable function

Y1 € L (R) independent of z (since sZ(x) = ¢ (x - b)). Thence

z-w=(a-2)¢(x-b) forall z e bt (5.44)
Analogously, starting from h € a* we conclude

h-w=(b-h)py(x-a) forall heat, (5.45)
for some measurable function o € LlOC( ). We now choose z1, ..., z,—1 orthonormal basis of b1 and

hi,...,hn_1 orthonormal basis of a+. Observe - by (5.44) - that

m)zgzxzi-wmw(‘;- wle)) 4 = Zzza it o)+ (@)

By also expressing
n—1
b < b ) < b a > a
JE— E — . h; h + _
b = \[b] o] lal/ |al

and using (5.45), we can further write
n—1
b b b a a b
) % b hz . T TN T TNl
Z” (@ z)vale- D)+ 3, (o) s wteng+ () (o)

2
=ar(x-b) +a(z - a \bPZ (b~ hi)? + o(z - a)‘b’2 (b-a>

lal

i) G o) i =t (o) = ot ()

=a)y(x - b) + bipa(z - a)
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+ <|; : ’ZO ’l;' [(é“ : w(:n)) — laly1 (@ - b) — (b- &) ol - a)} : (5.46)

We immediately conclude if b-a = 0. Otherwise we multiply (5.46) by h € a' and, using (5.45), we
have

(b-R)pa(z - a) =(b- h)pa(z - a)

() | ete) e 0= (o ot

(’; : @) bwh [(& .w(a;)) — |afg (- b) — (b- &) ¢2(a:-a)] —0 forall h€at.

By selecting an h for which (b - h) # 0 (which exists since a }f b) we conclude

(15 0@) ~laiatav) - (05 ate- )] =0

which implies, by (5.46)

yielding

w(z) = apr(x - b) + bipa(x - a).

Step three: bounded variation of the one-dimensional part. We are just left to show that the 1)'s
are BV),.. We thus express (for the sake of simplicity) a = ej, h = e3 and b = aeq + [Seg. Then

u(w) = e1[1(axr + Bra) + arhe(w1)] + Beatha(w1).

We choose ¢ € C°([—1,1]) with [|¢|l < 1 and n,n3,...,7, € CZ(R) with [n;dt = 1. We consider
thus

(z) == p(z1)n(z2)ns(z3) ... M (T0) (€1 © €2).
Note that

2div (®(2)) = p(21)n (z2)n3(23) - . . 9 (z0))e1 + @ (x1)ma(x2)n3(23) . . . Nn(20))ea.
We thus apply (2.6) and the fact that [7; = [n =1 to infer

2/ O - dEju(x) —2/ (div @ - u)dz
= [ e @mes) com(o i do+ [ G anem(an) o)z do

- / (@) (e2)r (0zy + Bia) + agpa(ay)] day da + B / o (21)a(1) day.
R2 R

By rearranging the above relation, setting K = spt(®), K := spt(¢n) C R2, we obtain

/90/(371)1/12(351)d1?1
R

< 0 [l )+ [ (jata +Bra)| + loa(an) o ]
K>

with the constant C' possibly depending on 7, n} but not on ¢. For any fixed T > 0, the right hand side

is independent of ¢ € C2°([-T,T]) with ||¢]lcc < 1-being K C [T, T] xspt(n) xspt(ns) x...xspt(ng)

- yielding that ¥9 € BV (R).

Writing a = (a - %)% + (a- 2)z for some z € b*) (setting again without loss of generality b = |bley,
z = ey and a = «je; + ages for some aj,ag) and replicating the above argument (since we have -

formally - inverted the role of z1, x2 we can test with the same ®(z)) we obtain also ¢1 € BVio(R). O
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5.2. Rigidity for parallel vectors (f = 0). In this Section we instead provide the proof to the
following

Theorem 5.11. Let u € BDgey(A) for a connected open set A C R™. Suppose that

Equ = (a ®¢, a)v,
for some a € R", and some Radon measure v € M(A;R). Then there exists functions F' € BV,.(R)),
{Pj}r_y € Wi (R) with Pl € BV, G € Wit (R) with G' € BV 6e(R) such that

loc

= w; - x)?
u=F(a-x)a+ Z]ﬁ(a-:z)(wj-a:)—k(g)G'(a-x) a

=2 (5.47)
— Z((wj -x2)G(a-x)+ Pj(a-z))w; + 0Q(x) + L(z),
j=2
for {wa, ..., w,} orthonormal basis of a*, for some L € Ker(&;), o € R and for some third order
degree polynomial Q) solving
E4Q = (a®¢, a) (w2 - z)? — (w3 - :I})z) . (5.48)

Moreover if n > 4 then o = 0.

Remark 5.12. Note that since having 5 = 0 results in fewer controls on the relevant quantities (cf.
Lemma 5.1) there is no surprise that we have a more complex structure on the u, compared to the
case 8 # 0. However still the lowest regularity informations is on the one directional part along a
which is only BV and no more.

As before, we place ourselves in coordinates so that a = e; and we focus first on the C* case.

Lemma 5.13. Let u € C*°(R™;R"), g € C*®°(R"™) be such that

1
Equ = [61 ®er — nld} g. (5.49)
Then necessarily, for some ¥, h,p; : R — Rat holds that
g="h(z1)+ > pi(@1)z; + (1) 33 + o(z5 — x3), (5.50)

j=2 Jj=2
and consequently

u:(H(.%j) —\I/(acl))el—i— ZPJ{(xl)xj+5j‘P//(x1) e
=2 (5.51)
n
= (29 (x1) + Pj(z1))ej + 0Q(x) + L(x),
=2
for L € Ker(&;), W,H,P; : R — R such that ¥" =4, H' = h, P/’ = p; and for a polynomial Q
solving
EaQ = (e1 ®g, e1) (73 — 23) . (5.52)
Moreover, if n >4, o = 0.
Proof. We now split the proof in three steps: the first two to compute g depending on whether n = 3
or n > 4, and the last one to conclude. Just restricted to this proof will be useful the notation: for

w: R™ — R™ write w(&;,,...,2;, ) to emphasize that the function w does not depend on the variable
Zi,,...x; (but possibly depends on all the others).
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Step one: computing g for n > 4. In this case, as already observed in Remark 5.6, we have (due
0 (5.5), (5.9)) 0;;f =0 for all j > 2. Also, by invoking Lemma 5.1 (for o = 1, 5 = 0) we obtain the
relevant set of equations

onf + Ownf =— 02y, (5.53)
a1 f =0, (5.54)
—sjg — Oy f =0, for all j > 3, (5.55)
Daaf + 0j; f =0, for all j > 3, (5.56)
_0y,f =0, for all j > 3, (5.57)
g =0, for all k,j > 3, k # 7, (5.58)
O f =0, for all k # j and j > 3, (5.59)
y (5.59) and (5.55):
Oyif =0 j=3, O59=0 j=3. (5.60)

The above and (5.54) implies
V(0af) =0, V(0if)=(-0jj9)er j >3, V(9;f)=0 j=>3. (5.61)
and (5.53) gives additionally

—0209 =0 f.
Since (5.54), (5.57) yields 0k (011 f) = 0 for k # 1 it follows that
O2g = 0559 = P(z1) j > 3. (5.62)

for some 1) : R — R. Thence, for some ps, it must hold

Dag = p2(22) + Y(21)22.
By (5.60) we now must have ps(Z2) = p2(x1) and (for some G),

9 = G(22) + p2(w1)w2 + xjﬁ’("ﬁ)
By (5.58) and (5.62) we have 0;;G(Z2) = v¥(x1) for j > 2 and 0;G(Z2) = 0. Thus, for some p;,
0;G(&2) = pj(z1) + Y(z1)zj, j =23, G =0.
In particular )
Gli2) = by, 2) + i)y + v 23,
for some h;, which means

P(@1) = 75

n—2 2
7=3

) ) 1 O
G(in) = h(in) + — > pilwr)z; +
j=3

where h(#2) = 15 > i—g hj(Z2,25). Since 0;G(&2) = ¥(21)x;+pj(z1) we immediately have d;h(i2) =
0 for all j > 3 and thus h(f2) = h(x1). Hence, up to rename 1, p; to include the factor —15):
n n 33‘3

g =h(xy) +Zp](z1 zj + (a1 Z?
j=2

j=2

Step two: computing the g for n = 3. In this case the relevant set of equation from Lemma 5.1
reduces to

O f + Onf = — Oa2g, (5.63)
021 f =0, (5.64)
O11f + O33f + 0339 =0, (5.65)
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*8239 - 823f :0, (5.66)
O f + 033f =0, (5.67)
—013f =0, (5.68)

Oas f =0. (5.69)

From (5.64) and (5.68) we get

donif =01f =0 = ouf=51(z1).
From (5.64) and (5.69) we get

Oaaf =0322f =0 = Onf = Sa(z2).
From (5.68) and (5.69) we get

Ossf =0Oassf =0 = Os3f = Ss(z3).

But because of (5.67) clearly Sa(z2) = o, S3(z3) = —p for some constant ¢ € R. Thus setting ¢ = S}
we have from (5.63) and (5.65):

—0229 =p(z1) + 0, (5.70)
—0339 =1(z1) — 0. (5.71)
From (5.70) and 0239 = 0 (obtained by combining (5.69) and (5.66)) we get
=029 = p2(x1) + (Y(21) + 0)72, (5.72)
and thus )
—g = ha(z1,23) + pa(z1)32 + (Y(21) + 0) %
From (5.71) and again 0239 = 0 we in turn get
—03g = p3(x1) + (Y(21) — )3, (5.73)

and
2

x
—g = ha(x1,22) + p3(z1)z3 + (Y(21) — 0) 33
Thus, we have (setting h(x1,z2,x3) = ha(x1, 23) + hs(x1, 22)),

2 2
—2g = (Y(x1) + o) % + (Y¥(x1) — 0) % + pa(x1)xe + p3(x1)r3 + h(x, x2, x3),

but the relations (5.72), (5.73) also implies 02k = 03h = 0 and thence (up to a renaming of 1, p;, o
and h )

3

3 2
g =v(z1 ZEJ x2 — 22) + h(z)) +Zp]$1
Jj=2 7j=2

Step three: computing u. It is now a simple computation to check that a special solution to (5.49)
with a g as in (5.50) is given by

n 2
w= (H(x1) — V(x1))e1 + €1 ZPJ’»(Jcl)x] ] U (1) Zej (21) + ;9 (21)) + 0Q,

j=2
with H' = h, U" =4 e P/ = p;, and where Q solves
£4Q = (e1 ®g, e1)(x3 — ). (5.74)

Indeed

72
Vw :(H'(«Tl) -/ (:L'l))el ®e+e ®er Z < xl)x] 23\1////(1,1))
7j=2
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+Z€1®€g ) + a0 26’]@61 m1)+1:J\I’"(:c1)))

_Ze]®e] fL‘l +QVQ’

n 2 n

x4
Ew= | (H'(z1) — V(1)) + ZP]{’(zl)xj + ?]\IJ/”(:cl) e1®ep — Z e; @ e; V' (x1) + 0£Q
=2 =2

=(g(x) — o(z3 — 23) — V'(z1))e1 ® eg — Z e; ®e; V' (x1) + 0€Q
=2
=(g(x) — g(x% — x%))el ®e; — ¥ (x)Id + 0€Q.

Since
tr (Ew) =g(x) — g(:c% - x%) —n¥'(z1) + otr (EQ),
we conclude by (5.74) that

Eaw =(9(a) — ol ~Der © ey — W1 — I LB T ZnV )y g

=(g9(z) — o(x3 — 23))e1 R, e1 + 0£4Q = g(x)e1 R, e1.

Thus v must be equal to w up to a kernel element L € Ker(&;) achieving the structure as in (5.51)
and concluding the proof. O

We can now prove the rigidity structure for parallel vectors.

Proof of Theorem 5.11. Without loss of generality we can assume that a = e;. Thus by mollifying
ue 1= u x g and applying Lemma 5.13 we get that

ge = he(z1) + Zps,j(l‘l)ﬂ?j + ¥e(21) Z # + 0-(a3 — a3),

j=2 j=2
and that
2
ue =(He(x1) — We(z1))er + Z j(x1)x; + ?J\Ilg(ml) el
(5.75)

- Z 2; VL (21) + P j(21))ej + 0:Q(2) + Lo (),
with P, = p j, U2’ = 1, Hé = h,.

All is left to do is to compute the limit. Note that as before we conclude immediately that L. —
L € Ker(&;) (as in the proof of Theorem (5.3)) so without loss of generality we can neglect the term
in L. in computing the limit and assume right away that u. — u in L'. Recall also that g.L"—* v
and thus

sup{||ge| 1} < 4o0.
e>0

Up to redefining the functions H,, ¥, P ; and operating a translation we can restrict ourselves to
consider the convergence on the compact set [—1,1]™.
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We now split the proof in two steps, depending on n being 3 or bigger than 3.

Step one: the case n > 4. In this case we do not have to handle the polynomial term @ since
0e = 0. Let n; € C2°([—1, 1]) be such that

7 >0 foralli=1,...,n,
/ ni(t)dt =1 foralli=2,...,n.
[7171]
Set also

t2
= / tn;(t)dt, s;:= / —ni(t)dt fori=2,...,n.
[~1,1] [~1,1] 2

Let us denote by 1;(Z;) 1= m(z1) ... nj—1(2j-1)nj+1(xj41) . . . (2n). Since for a fixed j > 2 we have
(Eque)1; = 0 we get —0;(ue - €1) = 01 (ue - €5):

_ /[1,1]” (e - el)n;(a:j)nj(:%j) dz :/ (e - €)1 (1) (21) A

[,1’1]n

=_ /[ 1 1]2(:Cj\1/5(331) + P j(z1)n; (21)nj(2;) daq da;

— /[ ) dr - / Pe (w0 (a1) dar.

[71’1]

By selecting an even function 7n; we get r; = 0 and therefore

[ Pasteien dn
[_171]

Sl [ e

)

Since u. - €1 — u - e it follows that
sup {[|PL ;[ } < C. (5.76)
€

By integrating (5.75) against e;jona ...n, for j > 3, ¢ € L>®([—1,1]) and even n; € C, i > 2 we get
o) engterminds == [ Peywptenan
Q -1,1
and thus, for all e > 0, j = 2,...,n, by duality

;1= sup
llell oo <1

Thence, the above combined with (5.76), we have P. ; — P; (up to a subsequence) in L' and with
Pj € BV([-1,1]). By observing that u. -ej; — u-e; in L' we deduce also that z;¥.(z1) — (u-ej) — P;
in L'. By integrating over a rectangle for which z; # 0 we get ¥. — G for some G € L' and thence

||Pe,j

/[ ]Pa,j(ﬂ?l)w(xl)dﬂfl } < Cllug|p < C.
1,1

ue - e — x;G(x1) + Pj(1) = u - ey,

and
sup {|| V.|| } < +oo. (5.77)
3

Fix 0 < s < 1. We now choose n; = 12 for all j > 2 with 73 even so that s; = so = s and r; = 0 for
all j > 2 and this yields

/ g (1) .- (zn) dz =
Q

- /Q helwn) + 3 peg(@)a + (o) D0 2+ 0o@3 = ad) | m(@) .. i) da
=2 j=2
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— /[—1,1] he(z1)n1(21) doy + ; /[_1’1} Ye(x1)m (z1) Z sdxg

j=2
= Hl(x1)m(z1)dzy + s(n — 1) / U (21)m (x1) dz;y.
[-1,1] [-1,1]
Note that this means that, for all 0 < s <1, there is C = C(s) such that
sup {[[s(n — 1)@ + Hl|[;1} < C(s).

By selecting two different values for s we can decouple the uniform bound as

sup{HHéHD} < +o00, sup{H\If’E"Hy} < +o00. (5.78)

Fix now any j > 2. By now selecting 7.s for ¢ > 2 to be all equal and even except for i = j (so that
si=8,r; =0for i # j,i>2). Then

/ gem (1) ... (zy) dx =s(n — 2) /[ ] U (z1)m (z1) dzy + s; /[ ] U (z1)m (x1) dzy
Q -1,1 —1,1

+7"j/[ ]Péfj(m)m(wl)dxﬁr/[ ]Hé(xl)"h(“’l)dxl’
11 ~1,1

and thus
1Pl e < CUND g + [[HZ o + llgellnr),
yielding
sup{[| Pj[|z1} < +oo  for all j > 2. (5.79)
g

Analogously considering ¢ € L* and even 7; = 7 for all j > 2 we get

[ e e0ponmie) ) = [ (Ho(w) = W) da
Q

[_171]
+s(n—1) / U (21)p(z1) dry,
[_171]

meaning
sup{||He — e + s(n — D)WL 1} < C(s).
e>0

By selecting two different values for s we can decouple the uniform bound as

sup{||H: — ¥.||;1} < 400, sup{||[¥”| 1} < +oo. (5.80)
e>0 e>0

By combining (5.80), (5.78) and (5.77) we get that
H. -V, —F 9 G inlL'
for some F € BV([-1,1]), G € WbH([-1,1]), G’ € BV([-1,1]). By combining (5.76) and (5.79) we
get also that
Pl;— P} in L',
with P/ € BV([-1,1]) and the final limit u has the claimed structure.

Step two: the case n = 3. The main issue here is in deducing the convergence of g. and then
everything follows exactly as in Step one. By choosing ns = 13 even, integrating g.n1m2n3 over @ we
can obtain again (5.78) since the polynomial part cancels out. By now considering ¢ € L* and only
n2 to be even (and still integrating g.n1mans over Q) we conclude that

/[ 1 1]( Y3(w1) + 0:(s2 — s3))p(a1) daa | < Clsz, s3)(1HI [ + 19X 20 + lglloo)-
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By selecting specific s9, s3 we can again decouple the bound as
sup{[|P/3]|1} < C, sup{ec} < C.
€ €

In particular This implies that 9. — ¢ and thus p.Q — 0Q. Now, by considering w. := u. — 0-Q and
by applying the exact arguments of Step one to w. we conclude that u — pQ) has the claimed structure.
The proof is complete. O

Proof of Theorem 1.2. It comes as a consequence of Proposition 3.2, Theorem 5.3 and Theorem 5.11.
O

6. PROOF OF KERNEL PROJECTION THEOREM 1.4

We now provide a proof of Theorem 1.4, yielding an explicit map Ry which is particularly useful
in homogenization and integral representation problems.

For any given convex set K we recall the intrinsic quantity defined in Theorem 1.4:

— Dar 2
S P(lK) /a ) (Wld — (y — bar(K)) © (y - bar(K))) A" (y).

where P(K) is the distributional perimeter of K (see [44])

bar(K) : / y dy.
K]

and we denote by vk the outer unit normal (defined H" !-a.e. on 9K). For such sets the distributional
tangential derivative of vk is a matrix-valued Radon measure [35, Theorem 2, Section 6.3]. We will
denote it as D™ v € M(OK;R™ ™), we recall that it is supported on dK and

/ Fi(y)dDM™ v (y) == — / V() (VIR EY ()dH(y)  for all F € C®°(R™;R"), (6.1)
oK oK

where we have defined
VI F(y) := VF(y) — VF(y)vk (y) ® vk (y).

Remark 6.1. If K has C? boundary the D* vy can be made explicit in terms of K as follows: let
Hpk (y) be the scalar mean curvature of 0K at y and define the vector Hx (y) := (n — 1) Hg (y)vi ().
Then we recall that (see [44, Theorem 11.8]) for such regular sets we have the Gauss-Green formula
on surfaces
/ v/ Tan (v-vK) dH" ! = Hyv - vgdH™ 1,
oK oK
in force for all v € C*°(R™; R™). In particular since

v (y . vg) = 0! VT 4t VTN,
we have

/ vie (V) dH™ ! = Hyv - v — o' (Vg ) dH L (6.2)
oK 0K
Thus

DTanUK = (VTanI/K —Hrg® I/K) HT[ 81K

According to our convention, the mean curvature Hy is always positive for convex sets K. As a title

of example we recall that, for K = B, we know that Hyp, = "T_l

Remark 6.2. If K has only piece-wise C? boundary then DTz might contains parts orthogonal
to H"L . Consider, as a title of example, K = [~1,1]2 in R?. Then, still as a consequence of the

LOK"
Gauss-Green formula on surfaces (with the boundary terms accounted with the conormal as in [44,

Theorem 11.8]):

DTanVK =|—(e1 + 62)7'[?_ a1 = (e1 — 62)7'[?_ (1,-1) + (e1 + 62)7‘[?_ (—1,-1) — (—eq + GQ)HOL (7171)] X VK,
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which is nothing but the mean curvature measure (supported only on the vertexes of @) tensorized
with vg.

Given these intrinsic quantities, now for u € BDgey(2), z € R™ and for K a convex set we recall
the Definition of the relevant quantities

1

silul == S DIE] o ut dAD™ g (y), (6.3)

Axclu] = 2|1K| [ (wove—vgen) ), (6.4)

v |u] = n|1K| 8K(u v ) dHH (y), (6.5)

by [u] := P(lK) /8Kud7-[”_1(y) + Trsk (], (6.6)

and we set
Rilu](y) == (Ax[u] + yx[u]ld) (y — bar(K))
_ bar(K)|2 (6.7
+ sl - (= bar(K)))(y — bar(E) —syefal L 2SIy gy OO0

This correction with bar(K’) makes the quantity R x depend only on the shape and the size of K and
not on the position. We now prove Theorem 1.4.

Proof of Theorem 1.4. The Poincare inequality (1.14) comes from Proposition 2.7 as soon as we show
that Ry is linear, bounded and fixes Ker(&;) (see [22, 19]). Thus we focus on the first part of the
statement.

Clearly R is linear. Since the convergence in BDge, implies the convergence of the traces, and
since the elements identifying R x are defined on the traces, the continuity (and thus the boundedness)
follows at once. We focus on showing that R fixes the elements of £&4. For L € £; we have

ly*

b
oy T

Liy) = (A+Id)y+ (s-y)y — s

for some R € R™" v € R,s, b € R™. Let us split

skew’
2
L{y) = M(y) + Bw). M(y) = (A+ 1)y +b, Bly)=(s-y)y s
It is straightforward to see that, for u € BV (€Q)it holds that
1 t
Aglu] = M(DU(K) — Du'(K)), (6.8)
1
= ——tr (Du(K .
] = Lt (Du(K)), (69)

implying
Ag[M] = A, yx[M] =1~.

Due to the very definition of sx we also have, for regular maps v € C*(R"; R") that

sklv] = 7 ! !

CENEe Vic(y) V™ o (y) a1 (y).

In particular we have
ViV M (y) = (Vg A+ i) — (VicAve)vie (y) — i (y) = vig A — (Vi Avi vk (y).
Since K is center-symmetric, this facts immediately implies

SK[M] :0, bK[M] =b.
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Moreover, since
DB=(s-y)ld+y®s—s®uy,
then, again by center-symmetry, DB(K) = 0, and thence we have (recalling (6.8), (6.9)):
AK[B =0, ~x[B] =0,

Furthermore (setting to alleviate the notation v = v)

Vg = (s-y)ld +y®s—s@y—[(s-y)(v@v)+ (s-v)y@v —(y - v)s 1],
and thus

VIVIIB = (s y)v + (v-y)s — (v-s)y — (s y)v + (s- V) (v -y)v = (y - v)(v - s)V]

=(v-y)s—(v-s)y.

Therefore
1

(n=D|K| Jox

1

YV BAH  (y) = ———=
(n = DIK] Jox

si[B] = (v-y)s — (v-s)y)dH" " (y).

Since, clearly

[ stwevyay=3"e [ aiv vy = nlKls,
oK - JK

/ y(s'y)dy:Zei/ div ¥(y;s)dy = s|K]|,
oK - /K
then

1

sk[B] = CEI (

n|K|s —s|K]|)s = s.
Finally, this also shows that
bg|[B] = —Tks + Trsk[B] = 0.

Summarizing
SK[L] = SK[B] + SK[M] =38,
Vi [L] = vk [B] + yx[M] =,
bK[L] = bK[B] -+ bK[M] =b
yielding Ri[L] = L. O

Before concluding the Section we state a Lemma which turns out to be quite useful in the blow-
up theory. We recall the notion of pushforward measure (see also [16] for additional details). Let
p € M(A;;R™ ™) and f : Ay — Ay be a p-measurable function. The pushforward measure fupu €
M(Ag; R™ ™) is defined as

fup(B) == pu(f~H(B)) for all y-measurable B C A,.
We recall that the following integral formula holds

/ o(x) d(fap) () = / o(f(2)) du(a). (6.10)
B 1-1(B)

u(z+oy) c

Lemma 6.3. Let K be a center symmetric conves body. If u € BDgey (Ko(2)) then vy(y) :== ==,

BDgev(K) and
|Eavol(K) = o™ "[Equ|(Ky(2)),

Riclog](y) = R, () [ul(z + Qy).
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Proof. We can suppose without loss of generality that bar(K) = 0. If u € C*°(K,(x)) we have

Eavoly) = &4 (1‘(;@”) — (Eu)(z + o)

and thence,

Eav,|(K / (Eau)(z + oy)| dy

_ o / Eau(2)] dz = 0" Equl(K ().
Ke(ﬂﬂ)

By approximation in the strict convergence (see [19, Theorem 2.8]) we now pass to the whole BDgey
. We now check the scaling properties of Rx. We consider

1
A =
Kool = 50T Jox

2|K1( ) Jok () {u(z) QK <Z;5’3> Tk (2;m> ®u(z)] aH" ()

1 -
ARG Jore) [1(2) ® vie (@) (2) = Vi, (@) (2) @ u(2)] dH" 7 (y)

= Ag,(x)lul, (6.11)

[u(z + 0y) ® vk — vk @ u(z + oy)] dH" " (y)

since
zZ—x

VK, (z) (2) = vk (

The exact same computation also yields

> for all z € 0K ().

Vi [Vo] = VK () [1- (6.12)
Moreover, setting ¢™¢(y) := = + o0y, g"%(0K) = 0K,(x) we have from (6.10)
[ 1@ dep 0™ = [ o) A0 ) (6.13)
0K, (x) oK
Therefore
_ 1 td DTan
Sk [Vo] = — m—1)aK]| aKU(m + 0y)" d( vi)(y)
— _ ; t ,0 Tan 2
Since
VI (F(z + 0y))) = o (VI*"F) (x + oy)
we have
| i) (FF) (o o) @l ) =+ [ k@)Y (P (ot ) 4 )
0K 0 Jok
1 t an 1 t z,0 an
== [ P+ ap™ 0w = | oy F @) A D)),

where the last equality follows from (6.13). Also

/ V}((y) (VTanF) (x + Qy) dan71<y) _ 1 / Vi <Z — $> (vTanF) (Z) dHnil(Z)
oK 0K, ()

ot 0
1 / ¢ T
=— F(z) d(D*vg ) (2).
7 oo (2)" d( K,(2))(2)
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in particular we deduce that
/ F(2)" d(D™ g ())(2) = 9”2/ F(y)! d(g;;"gDTanuK)(y) for all F € C*°(R™;R").
0K, () 0K, (x)

Thence g;fggDTanuK = 0> "D™ vy (). Thus, from (6.14):

s lv. | = 7; v(z t z,0 TanV 5
$0el = ~CTTGIRT o gy V) AOE D))
= DR Sy " AP 0) () = ) (6.15)

Finally we note that
2

0 w . n—1 _ 2
Ko@) = B(E) /zm( 5 1d y®y> dH"™ (y) = 0”7k,

and
1 U(J,‘ + Qy) n—1 _ 1 w(z n—1 Py
P e )= ) g MO
Thus
V,| = - u(z n=liy Ms v
brelve] oP(K () /eng(x) (2) dH(2) + 0? &l

1 w2 Ay () 4 He@

~ oP(K,(x)) /8Kg(a:) (=) A1 (=) + Ko(o)

= ;ng(ac) [u] (6.16)

In particular, by collecting (6.11),(6.12),(6.15), (6.16) and the very definition of Ry, R, () We con-
clude
7?*Kg(ac) [u] (:B + Qy)

Ri[vel(y) = P .

7. VANISHING PROPERTIES OF THE PROJECTION

The final Proposition of this Section states a key property, usually required in the application, for
the map Rg.

Proposition 7.1. Let K be a center-symmetric convex body and let u € BDyey(2). Then, for any
x ¢ O, (as in Definition (4.1) )it holds that

. 2 1 s _
Al)m"ég ISk, () [ul] = él)lr% 0| A g, (@)Ul = ém% 0| VE () [ul] = 0. (7.1)
and
lim —br (z dy = 0.
gl 0k, u(y) Ko )[U” Y

In particular the above slightly extend a result for quasi-continuous points for BD4e, maps, proved
firstly in [10] in the general context of elliptic operators. We recall that a map wu is said to be
approzimately quasi-continuous at xg € € if

lim, min {]ig(xo) u(y) — bl dy} =0.

With the following Proposition we can ensure that BD4., maps are approximately quasi-continuous
at H" la.e. x €.
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Let us underline that this notion of continuity is weaker than the notion of approximate continuity,
for which fewer things are known. To obtain this fact we will exploit the specific case K = B, in
particular the following Proposition.

Proposition 7.2. Let ¢ > 0, u € BDgey (). Then for all x ¢ ©,, (as in Definition (4.1) )it holds that

. 2 . .
lim o[, (o) ull = lim, el A, (o) [ull = lim elvp, (o) [ull = 0 (7.2)
and
li ~b dy = 0.
) u(y) — b, () [ull dy

In particular u is approximately quasi-continuous at H" '-a.e. point x € Q.

The proof of the above Proposition is based on an useful characterization of Ap (4}, VB,(x)s SB,(x)
developed in the spirit of [5], [42]. The proof is quite technical and the techniques are well-known
therefore we postpone it to the Appendix. We instead report here the proof of Proposition 7.1.

Proof. Let xy ¢ ©,. The strategy is to start from R B,(zo) and replace each quantity with the one under
analysis. For example, to deduce the correct decay rate on sy, (4,) we consider the linear application

5 - o oy
Roaolu] :=(5K, o) [u] - (¥ = 20))(y = 20) = =575k, (a0) [U]

+ (ABQ(Z‘O)[U] + ’YBg(aco)[u]Id)(y - .’E()) + bBQ(:C())[u]

which is basically Rp,(,,) where we replaced sp,(yq)[u] With sk, (4e)[u]. The same computation as
exploited in the proof of Lemma 6.3 tells us that

Ruolu(zo + 0)](y) = Rozoul(zo + 0v),

while the same arguments in the Proof of Theorem 1.4 in Section 6 yields R, ., [L] = L for all L € .
In particular Proposition 2.7 combined with these two facts, as in Proposition 2.7, leads us to say that

[u = RowolulllL1(B, (o)) < col€al(By(x0)) for all u € BDyey($2)

for a constant ¢ > 0 depending on R1 only. Hence

2
_ Yy—x
1w = Reoo [ulll L1 (B, (a0)) Z/B o) (8K (xo) U]+ (¥ — 0))(y — o) — ‘20|5Kg($0)[u] dy
e(Zo
Bo(0)
[ Jutw) b )] .
By (o)
Moreover, for v € R"it holds that
E 2|2
/ (v-(y—:co))(y—xg)—yQMU dy:gn/g2 (U'Z)Z—|2‘U dz
By (z0) B
2 1
> o2 / [(v c2)z — Mv] dz| = o"2 / t”“/ [(v -2)z — B} dH" 1 (2)
B 2 0 OB 2
= " 2C(m) o],

Hence

|€au|(B,(x0))

QZ‘SKQ(wo)[u” <c Qn_l

+ K (]é (z0) ‘U(y) - bBQ(Io)[UH dy + o ‘ABQ(zO)[u] + ’YBQ(xO)[U]Id ’) .
oo
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Thanks to Proposition 7.2 and the fact that zo ¢ ©, we get

. 2 o

ég%g |8k, (o) [1]] = 0.
The other quantities can be treated similarly by applying the previous argument to the linear appli-
cation Rp, (zy), where we have replaced Ap,(z,) by Af,(zo);

5 o e R
Rozo[u] =8B, (o) [u] - (¥ — 20))(y — 20) 5 5By(xo)[Y]

+ (AK, (20) (U] + VB, (o) [W1d ) (y — T0) + b, (20) [Ul,
and to the linear application RBQ(x0)7 where we have replaced YB,(xo) by YK o (o)

> — ol . _\?J*$0|2
Reowolu] = (58, (xo)[u] - (y = 20))(y = 20) = =8B, (a0) 1]

+ (AB, (o) U] + VK (o) (W1 ) (y — 20) + DB, (a0) [ul-

8. APPENDIX
We here provide a proof for Proposition 7.2. In order to do this we set up the lighter notation
AQ,CE = AB,_,(a;)a Yo,x *= VB,(x)s
Sp,x = SBQ(x)a bg7$ = ng(z)-

Moreover, in this case we can explicitely compute the above quantities.

Lemma 8.1. It holds

el = gt ) = (L2 a)) L2 i),

1 Yy— Yy—x _1
A, ul = / [u ® — Ru } dH™ ,
o, [ ] 20}77,@” OB, (x) (y> \y—m\ ‘y—ﬂﬁ‘ (y) (y)
1 / < y—LE) n—1
zlu] = u-—— | dH Y),
Yealt] nwno" JoB,(z) ly — z| (@)
1 n—2 9

bpelu] = Ly A )+ T Rl

nwy, anl

Proof. For Ay 4, vz it is enough to translate the definition given in (6.4), (6.5). Also b, can be
obtained by confronting it with (6.6) and by observing that

2
= [ [T - - e -] e )
e oy L 2
_ 92 / |:1Id . (y — SL’) ® (y — :L‘):| d/anl(y)
nwp "1 OB, (x) 2 ly — | ly — x|
2 2 2 2
-2
:&Id _ 2 / zZ® zd?—ln_l(z) = Q—Id — Q—Id — QQMM
2 nwn Jon 2 n 2n

since
/ z®2zdH" 1 (2) = |B|Id.
0B
We also compute s, , starting from (6.3) and by recalling also Remark 6.1 :

1 / t Tan < y—x ) n—1
Sox = u' (y)V dH Y
T (n— Dwne™ Job, @) (@) ly — x| (@)
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1
(n = Dwng*! /aB

1
(n — Lwy, Q”H 9B,(

o
~(n = Dwne" Jop,

oo .
(n_ 1)wn9n OBy (x

y—x

1 N -
“<n~—1>wngn+1/23dm) )(y){ki

G T /[,BA L= (e

T () e
= )
oD (=) = e
W =) ) P
W () e
{ (=) =] oo

Yy—x

O

The next Proposition allows us to re-write A, ., Yoz, S, il terms of a non-local interaction. These
computations have been done by mimicking the approach in [5], [42].

Proposition 8.2. Let u € BDge, (R™).

Then, for any 7 > 0, and 0 < p < 7 it holds that

) dgdu( ) + rYT,I[u]:[da

d&qu(y) + srz[ul,

(M)

1 r
Agolu) = —— PO=2) 4o uy) + Aralul,
wWn JB,(@)\By(a) |V — 7]
1 E(y —
Yor|u)Id = —/ ——
¢ (n —Dwn JB, @)\B,(=) 1Y — |

1 Ty —x)
Sox|U] = —/ —

¢ (n = Dwn JB, (@2)\By(a) [¥ — 2|*T!

where I'(z), E(2) : REG — R™ ™ are the zero homogeneus tensors acting as
Mz®@z 2QMz
L'z)M := —
= T
tM M
s = (EM2) DY
|22 n
and Y(z): ngﬁ’f — R” is the zero homogeneus tensor acting as
Mz (:*Mz) =z
T(z)M—2——( +2) Z ot
2| 2 |zl

Proof. Set, without loss of generality, x = 0. Recall that for f : R - R, M : R" —

following chain rule formula holds:

div o (f(y)M
We now split the proof in three steps.

(y)

) = fy)div (M

(v)) +

2|

M(y)Vf(y).

Step one: Proof of (8.1). Define the trace free symmetric matrix-valued map

() = WD IO ¢ oo (e o) R
Then we claim that
{ (Eq [ﬁ u) - Yij(y) = i o ‘yffm)ij
Ebi; =0 on R™\ {0}
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Indeed, since 9;; is symmetric and trace free we can compute the adjoint operator
Eq(y) =div (¥i;(y)),
where recall that div M is meant to be the row divergence. Hence, since
div (yaler @) = yn(n + ey,
div (ya(y ® €7)) = yonr + yner,
div (ya(er ©y)) =yn(n + 2)er + yonr,

we have

i Yi 1 n+ 2
div (]y\njﬂ( Qy)> |‘n+2[yj(n+2)€i+y5ij]_W(yjyiy"f‘ei‘y’Q)'

The above expression is symmetric in 4, j and thus

div (13(y)) = div (wn‘z@ﬁ(ei@w) ~ div (W(w@y)) = 0.

Moreover

(o ) ) o0 = s (oo gy = (v ) 0] - @00 -ty o
:wn|y1\n+2( ||> (yj(ei ©y) —yile; ©y))

and

<u@|z|> (iei ©y) —yile; ©y)) = yj <U®|z,) (e Oy) =y (woy): <€j®lzl>

Yy
= QIJ‘(uz\yF (u-y)ys) — 2l |(uj\y|2 (u-y)y;)

IW<®y_®>

2 lyl 1yl i
since

Yj (u@ !y\> (ei®y) = 4‘7; (uRy+yu) (6Ry+y®e)
y

which finally prov(8.4). Finally note that

T'(y)M

Vii(y) - M = (e; @ e;) - w(y]:)g\” , forall M € Rij0. (8.5)

With such a 1);; at hand we observe that, for 0 < ¢ < 7 we have thanks to (8.5),(2.6) and (8.4) that
I'(y
(e; ®ej) / idé’du( )= / Yij(y) - d€au(y)
B-(0) Br(0)\B,(0)

N I
- / (Ealiu) - i () K™ ()
(B~ (0)\By(0))

= [ (B i) ) s
- /839(0)) (Ed [Iyl] u> ) ST

! / (u® v(y) — vy) © u)y; dH(y)
8B, (0)

2w, T
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1 n—
" 2wn 0" / (0)(u ®v(y) — v(y) ® u)i; dH " (y)

=(ei @e¢j) - (Argfu] = Aglul).

Step two: Proof of (8.2). Define the trace free symmetric-matrix valued map
% { Yo Id]

Vi) = G D T "
and again notice that
Yy
_ s (em)
(Ba ] ) -vitv) = buagpe . (8.6)
Eibi; =0 on R™\ {0}
Indeed
. Yy Yy Y Yy
d1V¢< >:—n—|—2+ n+1 =
|y[n 2 ( ) |y[+2 ( ) ly[+2 T [y[nt2
. 1 Yy
div Id) =-
o () =
giving for y # 0
Eqtij(y) =0

Moreover

(i) e) vo0 =g (o) - (o= 24)
_n—lwn|y|n[< |yr> Jyl éri@iﬁ)]

_nwn|y|" ( | )

which finally proves (8.6). Notice that

E(y)M nxn
Wylw) - M) = (@ ) oy e for any M€ i,

and hence, again due to (2.6), (8.6) and (8.7) we get

(ei @ ej) - (n_ll)wn/BT(O)\Bg Ty(ln) d&qu(y) = /T(O)\BQ(O) Yij(y) - d€qu(y)
oo (24 i) ) vt
‘/w (i) ) vt

=(Vrz [u] — Yo,z U [u] )0ij.

Step Three: Proof of (8.3). Given the trace free symmetric matrix defined as
2e, Oy — (”+2)Z/k| | ®W +yk1d>

1
Uel) = G Ty (

we have

) EOY ek (n+2)
2div w<| W) 1)y = R el )
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y (n +2)?

. Ye Y Y
e v (i e ) =+ Dt +
e (n+2)
vy <| rmld) T g Y
Hence we immediately see that
Eqr(y) =div 1y = 0.
Also
1 y Yy Y
Ui (y ]Edu[ } (Zek(Dy— n+2yk®+yk1d>-<u®>
W) B || = = Dl (4 211 © m

— 1 —(n %u %u
Gy (b4 )= B + )

= =t (i ()
(n — 1)wy|y|"+ |y |yl
1 y y} >
= Id—m*=® -Z|u
(n — Dwp|y|* 1 ([ lyl |yl k

Since we see that

€k - T(y)M _ nxn
(n — Dwp|y[*+1 Vrly) - M for any M€ Re,
we conclude again as in Step one and two. [l
Proposition 8.3. If x ¢ ©,, then
. 2 . .
lim 0%l = lim, 0l = lim el lul] = 0.

Proof. We assume z = 0 without loss of generality and we also write A,, 7,, s, in place of A, 0, 7.0,
S0,0- We notice that, the condition 0 ¢ ©, can be translated into

i sup EIBLO)
T—0F t€(0 T) 2
We start by showing the key fact
lim hmsupg/ —d|&qul(y) = (8.8)
=0t 0+ B (0)\B,(0) !y\

This comes as a consequence of the layer-cake representation for the measure

= |€aul B, (0)\B,(0)s

since
1 +oo 1
[ el = [ st = [ ({ e a
B (0)\B,(0) Yl R [yl 0 Y|
+oo
p{lyl < s}
= TL/Ov Tds
o [ BBV, £l B0\ BO),
Moreover

o [ ERABONBD) oy g B 17 g,

1 -1
0 s"F t€(0,7) "
52



=n su
te(0,7)

p 1E0UBO) (11

tn—1 o T

Therefore

|€aul(B:(0))

1
limsupg/ 0 o d|€aul(y) < n sup fn—1 ’
L (0)\B,

00+ B,(0) 1YI" te(0,7)
yielding (8.8), since 0 ¢ ©,. By now using the representation (8.1), (8.2), (8.3) we see that (by
definition)
W)+ =W+ [T < C,
giving that

QPlsolud] + ol lu]| + elvolul| < Co / L diggul() + on(r),

B, (0)\B,(0) [Y|"

where x(7) is a constant depending on 7 only. We now first take the limit in ¢ and then in 7, which
by exploiting (8.8), achieves the proof. O

We are now ready to prove Proposition 7.2.

Proof of Proposition 7.2. Without loss of generality set = 0. Relation (7.2) comes from Proposition
8.3. We now set R, = Rp, (o) and we first invoke Poincaré ineqality 2.7 to see that

! E4ul(B(0))
Wy 0" /BQ(O) ]u(y) - RQ[U] (y)‘ dy < CT’

for a universal constant ¢ independent of 9. Moreover

f \u(y)—Rg[u](y)ldny u(y) — dolu]| dy
B,(0) By(0)

—[f |Rg[u]y|dy+f wg[umdy]
By(0) By(0)

4

— K

][ [($olu] - 4)y — solul /%] dy
By (0)

2][ [u(y) — do[ul| dy — £ [o| Ro[ul| + o|v,[ull] -
B,(0)
for a universal constant x > 0. Hence

][ [u(y) — dolul] dy < ][ u(y) — Rolul(y)| dy + & [0 Rolul| + olvolu]| + ¢°|so[ul]
B, (0)

B, (0)
< | EEO iR+ gl + Pl
By taking the limit as ¢ — 0 and by exploiting x ¢ ©,,, together with Proposition 8.3 we achieve the
proof. O
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