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RIGIDITY AND FUNCTIONAL PROPERTIES OF BDg. ()

MARCO CAROCCIA AND NICOLAS VAN GOETHEM

ABSTRACT. We provide a structural analysis of the space of functions of bounded deviatoric defor-
mation, BDgey, which arises in models of plasticity and fluid mechanics. The main result is the
identification of the annihilator and a rigidity theorem for BDg4ey maps with constant polar vector in
the wave cone characterizing the structure of singularities for such maps. This result, together with an
explicit kernel projection operator, enables an iterative blow-up procedure for relaxation and homoge-
nization problems, allowing for integrands with explicit dependence on u as well as Equ. Our approach
overcomes several difficulties compared to the BD case, in particular due to the lack of invariance of &4
under orthogonalization of the polar directions. Applications to integral representation and material
science are discussed.
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1. INTRODUCTION

Functional spaces have long occupied a foundational role in modern analysis, furnishing a natu-
ral and robust framework for the formulation and resolution of both abstract and applied problems
across Mathematics and theoretical Physics. Their power stems from the capacity to encode, within
a unified formalism, properties of functions—such as regularity, integrability, and decay—often in a
manner that reflects the intrinsic geometry and symmetries of the underlying structures or physical
systems under consideration

The importance of choosing an appropriate functional setting becomes evident when dealing with
problems characterized by singularities, multi-scale phenomena, or by the presence of differential con-
straints, as in continuum mechanics, materials science, or image processing. In these contexts, rigidity
properties play a central role: they capture the extent to which the imposition of certain differential
constraints limits the possible structure of admissible functions, especially at singular points or along
lower-dimensional sets where concentrations may occur.

Rigidity for functions satisfying some differential properties in the sense of measures is encompassed
in the general study of the fine properties of these functions, and serves as a powerful tool to tackle
several problems in Mathematical physics. In the field of Calculus of Variations, rigidity serves in
particular to determine blow-ups at some singular points (Cantor points for instance), that are a
crucial tool for homogenization and relaxation purposes (see [13]). In particular, in phase transition
problems, image segmentation, material design, or variational frameworks in continuum mechanics
involving multi-scale phenomena, field concentration often occurs on lower-dimensional sets, such
as cracks and dislocations.. Typical examples of functions with differential constraints are the BV
functions (see [3]), whose gradient are defined in the sense of measures, or functions of bounded defor-
mations, denoted as BD (see [2, 21, 32]), whose symmetric gradient is constrained to be a finite Radon
measure. This latter space is typically of use in linearized elasticity models of fracture mechanics or
in infinitesimal elasto-plasticity. However, in the field of Plasticity or Fluid mechanics (where the
shear deformation is the kinematical variable used to define the viscous stresses), shear deformations
are favored and the corresponding functional space is the space of bounded deviatoric deformations
named as BDgey. Note that such a prominent phenomena as crystal plasticity is also mainly governed
by shear efforts due to the formation and motion of dislocations in shear planes, as plasticity is not
affected by traction or compression efforts in the material.

Despite their significance, the fine properties and structural results for the space BDgey remain
much less explored compared to the classical settings of BV or BD. The aim of the present work is to
address this gap by providing a thorough analysis of BDge,. The main novelty of this manuscript is
the characterization of BDge, maps with constant polar vector lying in the wave cone, which is useful
in the theory of relaxation and homogenization via iterated blow-ups, as in [12], [13], [16]. A notable
advantage of this approach to homogenization, based on iterated blow-ups through rigidity and kernel
projection, is that it does not restrict the energy to depend solely on E4u, but also accommodates
integrands with explicit dependence on w itself, up to an L* bound.

1.1. The space of bounded deviatoric deformations. For a general (n x n)-matrix-valued tensor
T, two classical orthogonal decompositions apply:

T+T: T-T° tr(T trT
Tt : 77 T 0Ty
2 2 n n
—— —_——
symT’ skewT devT

The first decomposition is into the symmetric and skew (or anti-symmetric) part. The second de-

composition is into the shear part and the volumetric part, with tr7" denoting the trace of the matrix

T and Id the n x n identity matrix. Combining both decompositions, we get the so-called Cartan

decomposition of the Lie algebra gl(n), i.e., gl(n) = (sl(n) N Sym(n)) @ so(n) ® RId (see e.g., [8]),
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namely
tr’l
T =sym T + skew T' = dev sym T + skew T + Ir—Id.
n

Take now T" = Du for u a vector-valued function of bounded variation; one obtains
a4
Du = Eu + skew Du = dev Eu + anti curlu + ﬂId7
n

D“%D“t), anti curlu := skew Du, thus showing a decomposition of the

where u := sym Du = (

deformation gradient Du into an (infinitesimal) rotation term, anti curlu, a volumetric term, diT‘L’“Id,
and, eventually, a pure shear term, dev Eu.

It turns out that several issues arising from continuum mechanics, such as fluid mechanics or
linearized elasticity (but also in general relativity), involve the deviatoric operator

div(u)

Equ:=dev Eu = Eu — Id.

Equ is defined, in principle, on functions u € C'(Q;R"); but, as for the larger spaces BV and BD, it
becomes relevant to introduce the space of functions of bounded deviatoric deformations:

BD ey () := {u € LY RY) | Equ € M(Q; M )} c BD(9).

symg

where M(€2; Mii' ) is the space of finite trace-free, symmetric M"*"-valued Radon measures.
1.2. Energy minimization problems in Materials science. As far as variational problems are
concerned, in elasticity or elasto-plasticity, but also soft matter and material engineering, it is classical
to consider the stored elastic energy

/ W (Eu)dx

and to consider the additive decomposition W(Eu) = Wghear(devEu) + Wiy (divu) with some growth
properties on each kinematical variable. Simply putting Wy (divu) = 0 is not a reasonable choice, at
least for any natural material, since it implies the unphysical assumption of a material with vanishing
bulk (compression) modulus. However, it might be of interest and studied as a limit case for the
fabrication of some metamaterials, within the challenging field of material synthesis. These modern,
artificial solids or liquids, like colloidal crystals, polymer foams, or unscreened metals, exhibit plenty of
surprising properties and therefore open the way to many modern industrial applications [14, 20, 26].
Many of these properties are related to materials with negative Poisson ratios [25, 30], like auxetic
materials, which, in contrast to classical materials, exhibit a reverse deformation mechanism [30]. The
huge diversity of mechanical properties of modern and natural materials can also be viewed in plots of
the bulk modulus B versus shear modulus G. For instance, materials with a small Poisson’s ratio are
more easily compressed than sheared (small B/G), whereas those with a high Poisson’s ratio resist
compression in favour of shear (large B/G). As a limit case, when B/G < 1 (hence with Poisson’s
ratio at its lower bound, ¥ — —1), materials are extremely compressible, examples being re-entrant
foams and molecular structures [25].

As a matter of fact, one may be interested in studying homogenization problems like W, (Eu) =
g(e)Wo(Equ) + b(e)Wyoi(divu) with b/g(e) — 0 as € — 0. At the limit, no bound on divu exists,
and for linear type Wy as C~1[¢] < Wp(€) < C¢] the relevant space is thus BDgey. In mathematical
physics, the problem of minimizing

/ (Wshear(gdu) - f- u) dx
Q

is relevant in general relativity (specifically for the study of black holes), for the so-called “momentum
constraint” issue (see [15] and the references therein).

In terms of functional spaces, one has BDgey D BD D BV, and, as we said, the mechanics of
the phenomena under analysis do not always allow one to consider the full deformation gradient Du
3



as a kinematical variable on its own in any mathematical model, i.e., one often has no control on
all components of the full gradient. Now, suppose for instance we have a functional F : S(2) x
Bor(2) — [0,400] (here Bor(2) is the family of Borel sets of €2) defined on the functional space
S(©2) = BV(2),BD(Q2), or BDgey(€2), lower semicontinuous on S, and satisfying the bound

0 < F(u) < Clul(52), (1.1)

for some C' > 0, and where p = Du, Eu, or Equ, respectively, with |u| the total variation measure of .
Then, according to the physical problem under study, the analysis of F and in particular the question
of the existence of an integral representation for F arises naturally in each S. This issue is prominent
if, for instance, F arises from a relaxation process, since then it will be lower semicontinuous, even
if its integral expression is not known, or even if it would exist. Also, in homogenization processes,
one might wish to pass to the limit with respect to a small scale parameter present in the deviatoric
part of the energy Wy (Equ) and eventually determine the integral form of the limit. For BV, the
pioneering work can be found in [10], while in BD it was recently achieved by the authors in [12]. It
thus became natural to raise the question of an integral representation for F as defined in BDgey .

The strategy developed in [12] goes through an iterative blow-up procedure that is based on rigidity
properties of BD maps with constant polar vectors and a specific projection operator onto Ker(€)
appearing in the Korn-Poincaré inequality. Actually, as shown in [13], where the authors refined a
double blow-up technique for this purpose, these two ingredients are enough to tackle homogenization
and integral representation problems.

We here provide a rigidity property for maps with constant polar in BDge, and a specific projection
operator R : L' — Ker(&,). With these two results at hand, we will establish the two main ingredients
needed to solve integral representation and homogenization problems in BDgey -

1.3. Rigidity result. Given a map u € BDge,(K), suppose that

Equ=Mpu, pe M(K;R") (1.2)
for ;1 a real-valued non-negative Radon measure and M € M;‘yxmno a constant matrix. Then what can

be said about u? Actually, for the purposes of the present analysis it is not necessary for M to be a
generic matrix, but just a matrix in the wave cone A 4: a specific subspace of M?yﬁlo depending on the
differential operator A annihilating &; (such that A&; = 0). Indeed, with classical tools (as done in
[17]), it is easy to show that if M ¢ A 4, then w must be actually C*° and thus the relevant case from
the technical point of view is the case M € A 4. Not only this: given u € BDgey(£2), we can consider

the Radon-Nikodym decomposition
d&qu
dcr
Blowing up u at some absolutely continuous point z, we have convergence to an affine map given by
y — eq(u)(z)y + u(z) (here eq(u) := e(u) — 11d, e(u) = W%W’ where Vu(z) is the approzimate
differential of u at = that exists L£"-a.e.). But for integral representation and homogenization, a
characterization of the blow-ups on spt(&£ju) is also required. A celebrated result (valid for any elliptic
differential operator) due to De Philippis and Rindler [16] implies that
d&ju
d|E5ul
If we then consider a blow-up at = € spt(£ju) on a specific convex set K:

u(z + ey) — Ri[ul(y)

Equ = L" + Eju.

€ Ay for |Ejul-ae. z € Q.

UK esy) = [Equ] (K= (2)) ’ (1-3)
‘K‘En—l
we see that ug ., — v where
d&ju
Ev = d
dav d]Eju]( )’ d ‘



Thus, in order to characterize the blow-ups, we need to study the structure of solutions to (1.2) in the
case when M € A 4.

Note that the annihilator of a differential operator is not unique, since if A annihilates £; then 0;A
still annihilates £;. But it is true that Ay C Ap, 4. In particular, to constrain as much as possible
the polar of the singular part, one wants to find the annihilator A of £; of lowest order. We are able
to compute such an annihilator, and with this differential operator at hand we can focus our rigidity
result only on M € A 4.

Remark 1.1. A major challenge in the present setting, compared to the classical BD case, arises
from the fact that the deviatoric operator £; does not behave well under changes of variables that
orthogonalize the vectors a and b. Such changes are routinely used in the BD case to simplify the
analysis, but are not available here. This fundamental obstacle is one of the main sources of technical
complexity in our proof.

We recall the notation:

cob.= 280+b®a
2
Theorem 1.2. Let n > 3. There exists an annihilator A for &g of order 4 for which it holds
b
Ay = {a@b—mn)ld a,beR"}.
Moreover, for any u € BDgey (K) satisfying
Equ = <a ©b— MId) i (1.4)
n

for some a,b € R"™, p € M(K;R"), one of the following two cases holds:
1) If a and b are not parallel, then there exist two functions 11,1s € C(R) and v € (a,b)* such

that
u(x) = YP1(z - a)b+ Pa(z - b)a+ Q(z) + L(x) (1.5)
for some L € Ker(&y) and for some homogeneous third-order degree polynomial QQ solving
_ _ (a-b) _ - Lo 2
EiQ=(a®b - Id) | (v-z)+n(a-x)(b-x) 192(37 wj) (1.6)
j=3
where 1,9 € R, v € {a,b)" and {ws, ..., w,} is an orthonormal basis of {a,b)*;

2) If b = Xa then there exist functions F' € BVio(R), {Pj}1_y C W, (R) with P} € BV,
G e I/Vli’cl (R) with G' € BV ,(R) such that

= w; - x)?
u=F(a-x)a+ ZP]{(a-x)(wj-x)—l—MG'(a-x) a

— 2
= (1.7)
— > ((wj-2)G(a-z) + Pi(a- x))w; + 0Q(x) + L(x)
=2
for {wa,...,w,} an orthonormal basis of a*, for some L € Ker(&;), 0 € R and for some

homogeneous third-order degree polynomial Q solving

C;zhd> (w2 - 2)* = (w3 - 2)?). (1.8)

SdQ:)\<a®a—

Moreover, if n > 4 then o = 0.



The operator A is explicitly computed in Proposition 3.2.

In both cases, 1) and 2), there is a one-dimensional part with BV regularity, a part orthogonal to
a,b with W1 regularity, and a polynomial part. The main difference between the BD and the BDgey
case is the polynomial part, which is non-trivial for BDge, maps and arises from the fact that (1.6),
(1.8) have non-trivial solutions (explicitly computable).

Remark 1.3. The constraint n > 3 is actually quite important, since for n = 2 the operator &; lacks
a fundamental property called C-ellipticity, required for several structural properties (as, for instance,
the existence of traces, as shown in [11]). The difference between n > 4 and n = 3, as made explicit
in the condition on g in part 2) of Theorem 1.2, is actually quite common throughout the proofs.
Heuristically speaking, the number of differential equations satisfied by a u solving (1.4) depends on
the dimension: for n = 3 there are simply fewer conditions on w, making the proof of the rigidity
structure more challenging. For n = 3, when a is parallel to b, we lose an additional equation in (1.4),
resulting in the presence of the polynomial part. These considerations seem to strongly indicate that,
for n = 2, there might be too few equations to constrain the solution of (1.2) for M € A4 to have
such one-dimensional BV parts.

1.4. Kernel projection. While the rigidity result presented above constitutes the main analytical
cornerstone of our approach, the development of a comprehensive blow-up strategy in the space BD ey
requires a further structural ingredient. In particular, although the following result has a somewhat
less pronounced impact compared to the rigidity theorem, it remains an essential tool in iterative
blow-up procedure as clarified in Subsection 1.5.

Theorem 1.4. Let n > 3 and K be a center symmetric convex body. Upon defining the integral
operators s, Ak, Vk,brx and Ti (see Section 6 for detail (6.3),(6.4),(6.9), (6.6)), let us define the
map R : BDgey(2) — Ker(&y) as

Rilul(y) := (Ax[u] + v [u]ld) (y — bar(K))

— bar(K)|? (1.9)

+ (sl - (9 — bar(K)))(y — bar(E) — syefu] L2 4y

is a linear, bounded operator satisfying R (L) = L for all L € Ker(&Ey). As a consequence,
lu —Riulll 1) < cl€qu|(2)  for all u € BDgey(£2). (1.10)

Note that the Poincaré inequality is actually well-known for a whole series of operators (see [19,
Theorem 3.7]), holding for any linear, bounded kernel projection operator. Here we simply restrict
ourselves to computing a specific kernel operator.

1.5. The role of Theorems 1.2 and 1.4 in homogenization. As can be seen by looking at the it-
erative blow-up procedures [12], [13], [16], the most important part relies on having a one-dimensional
structure on the BV part and a specific structure for R (for computational reasons). The other
terms in the rigidity theorem can be easily handled due to their better regularity (namely W' and
polynomial). Let us sketch the BD case along the milestones in [10, 12].

As seen in Subsection 1.2 Given a local, lower-semicontinuous energy F : BD(2) x Bor(Q2) — R we
seek an explicit characterization of
dF(u;-) (z0) = lim F(u; Be(x0))
\€u| e—0 \Su\(BE(mo))
at |Eul-a.e. zo € 2, that would yield an integral representation of F (in terms of |Eu|, which has a
well-known structure). This is done by understanding the blow-ups of u at z.

(1.11)

We have that an annihilator of € is called the Saint-Venant operator (or curlcurl’, [29]), and we
denote it by SV. First, by [16]:
Asy :={a®b]abeR"},
6



Second, if
Ev=(a®bpu on K
then the shape of v must be [17]:

v(y) = bnly - a) + avha(y - b) + L(y), (1.12)
for some 91,19 € BV(R), L € Ker(€). Finally, a kernel projection operator fixing Ker(&) is
1
Ri[u](z) = A u:z:+/ u(y) dH H(y 1.13
clil(a) = Axlulo + i [ upar ) (113)

with Ag[u] defined in (6.4). The iterated blow-ups strategy for relaxation can now be described as a
repeated application of a rigidity structure theorem as 1.2 and the knowledge of the operator R’ as
follows.

1) If z¢ is a point of approximate differentiability or a jump point, then blow-ups are given by
the approximate differential e(u)(z)y or by a jump function;

2) If ¢ is neither a jump point nor an approximate differentiability point then, by [16], we still
have that -9£°% must belong to Agy:

d|Esul
2.1) We consider a blow-up v, L-limit of ug ., = u(mﬁzz‘)&if)[)u] ®) (which exists by means of
[Ke ()]

a Poincaré inequality similar to (1.10) for BD), given R’ as in (1.13). This blow-up will
have the property of satisfying

Ev=(a®b)|Ev| on K,

2.2) The rigidity (1.12) will now yield information on the shape of v. In particular (in the BD
case), we have
v(x) = by (- a) + aha(x - b) + L(x);
2.3) By selecting a specific point y on the domain, we perform a second blow-up on v, which
linearizes one direction, resulting in one blow-up of the form (for some ¥ € BV,,.)

w(z) = ka(b-z) +Y(z-a)b;

2.4) By employing that R, (w) = 0 and the knowledge of R'y, the constant x is computed,
together with some useful properties of v;
2.5) By a general principle (blow-ups of blow-ups are blow-ups, see also [13, Proposition 3.6]),
we conclude that w must be a blow-up of v at x, namely that along a specific sequence
{5i}i€Na UK,e;x — W-
At |Eul-a.e. point we then have either convergence to an affine or a jump function, or convergence to
a partially linear map. This information is now all that is required to identify the limit in (1.11).

Therefore, rigidity theorem 1.2 and kernel projection 1.4 provide the main steps for running the
same strategy also on local, lower-semicontinuous energies on BD ey -

The main advantage of this approach is that it allows the energy F to depend also on u and not
only on Eu.

1.6. Fine properties. Once the annihilator is computed, as a corollary we can derive a structure
theorem for £u in the spirit of the one holding for BV. In particular, we can prove that |Equ| < H" !,
and obtain the specific structure of the jump part (see also [11]):

. b
Equ = eq(u)L" + <[u] o, - L) ”“)1d> H L, + <a(w) o b(z) - W2 Hz) Wm) E5ul
n n

where |E5ul is the Cantor part. Let us spend a few words about a major difference that we actually
encounter when looking at the decomposition of £;u compared to the decomposition of Eu or Du.
Calling S, the set of points where u is not approximately continuous (i.e., x is not a Lebesgue point
for u), it is known that BD and BV-maps charge this set almost all on J,,, namely |Eu|(Sy, \ Ju) = 0 for

7



BD, and H" (S, \ J.) = 0 for BV. It is actually an open problem whether the same property holds
for BDgey maps: [Equ|(Sy \ Ju) = 07 The slicing technique developed in [4], as a generalization of [2],
seems not to work for E;u due to a specific missing property of the operator: it is not true in general
that—mnot even in some special directions—the one-dimensional slices of a general BDye, function are
BV functions.

As a corollary of Theorem 1.4, by applying an argument similar to the one developed in [2, 27], we
can rewrite the integral operators defining si, Ax, vk and bx (in (6.3)-(6.6)) as nonlocal interaction
integrals against Eyu. This allows us to control the infinitesimal behavior of these quantities, providing
quasi-continuity |Equl-a.e. for BDgey functions, a weaker notion than approximate continuity.

We therefore report this very natural conjecture about the fine properties of BDge, functions.
Conjecture 1.5. For all u € BDgey(2) it holds |Equ|(Sy \ Ju) = 0.

The conjecture might be true only for n > 3, since in n = 2 the operator fails to be C-elliptic,
although it is not clear how important this property is for the |Ejul-a.e. approximate continuity.

1.7. Strategy of the proof for the rigidity. The most important result, where the highest non-
triviality lies, is the proof of the rigidity part in Theorem 1.2. The proof is quite computational, so
we spend a few words to explain the underlying strategy, which is fully developed in Section 5.

We first consider a general function u € C°°(K;R™) satisfying

Equ = (a@b— (aﬁb)ld) g (1.14)

for some g € C*°(R™;R). We exploit this structure of E;u and apply Schwarz’s Theorem to the
differential relation

v (TS, = @) - + o (1) ¢ -0, (T )

n

(which is a variant of the differential relation exploited for the rigidity of BD maps with constant polar
vector). This leads to some general considerations and to a set of PDEs (listed in Lemma 5.1) that

u must solve. In particular, we give these equations in terms of u, g, and f := M, which
quantifies how much w fails to satisfy BD rigidity, since

Eu=(a®b)g+ fId

(f = 0 implies that u has the structure of (1.12)). To perform this computation, we use specific co-
ordinates. Having established this set of PDEs in Lemma 5.1, for u € C* solving (1.14), we proceed
to treat separately the cases a |f'b and a || b.

The first case, treated in Subsection 5.1, which is the most technical one, is handled by showing
that the set of PDEs in Lemma 5.1—after suitable manipulation—actually leads to wave equations
for 0,9 and Jdpg. The D’Alembert formula then implies the one-dimensionality of d,g and Jdyg up to
a polynomial remainder. This characterizes g as being the sum of two waves plus a polynomial part,
and this gives the precise structure (1.5) for v € C*°. This is done in Subsection 5.1.1. Now, for a
generic u € BDgey (€2) solving (1.4), we consider a mollification u. := u* g. € C*°. Since mollification
preserves the structure of (1.4), u. will solve (1.14) (with g. = u x 0-). Thus the mollified u. must
have the claimed structure — being C*° — and the main point now consists in showing that such
a structure is stable when taking the limit as € — 0. The most difficult part here is handling the

polynomial part Q.. Indeed, the coefficient of Q. will involve the quantity 7. = 012 (%), and

such a quantity might in principle have no limit as ¢ — 0, since div(u.) might not converge for BDgey
maps (Egu does not provide any control on div(u)). However, the constant polar structure of Egu
8



suggests that a u solving (1.5) is somewhat more than just BDgey. Thus, in Subsection 5.1.2, with an
explicit computation of (part of) the polynomial remainder @), we gain control on 7. and are able to
pass to the limit in Subsection 5.1.3.

The second case, when a || b, is treated in 5.2, where we again argue first for u € C*°, and we see
that the equations given by Lemma 5.1 are easily integrable, yielding a g which has a one-dimensional
part plus a purely polynomial part plus a mixed term, which is a polynomial in z; for j > 2 with
coeflicients depending on x1. Again, once g is identified, the shape of u follows. For a generic function,
we again need to pass to the limit, and we need to handle the floating constants that might diverge.
We obtain the required control by testing (1.5) against specific test functions. In this part, we find it
convenient to treat separately the case n = 3 and n > 4 due to a slight difference between the two cases.

In the end, being able to pass to the limit somehow amounts to showing that u is actually more
regular than BDgey, (at least BD). This fact should not be a surprise, since E;u has constant polar
vector, and a posteriori, as Theorem 1.2 clarifies, such a u is actually in BV.

1.8. Organization of the paper. In Section 2, we introduce the main ingredients required to fully
treat the topics contained herein. Section 3 is devoted to computing Ker(&;) and the annihilator
A. Section 4 exploits the annihilator to derive some fine properties of Equ, in the spirit of [17], and
lays the basis for the general analysis in Section 5, where the proof of the rigidity Theorem 1.2 is
completed. Section 6 instead provides the explicit computations leading to the identification of the
kernel operator Rg in Theorem 1.4. Finally, in Section 7 and the appendix 8, we provide some well-
known computations based on the non-local approach from Kohn [27], giving infinitesimal information
on the quantities defining R and also implying quasi-continuity |Eul-a.e. on Q.

1.9. Acknowledgments. MC acknowledges the financial support of PRIN 2022R537CS ”Nodal op-
timization, nonlinear elliptic equations, nonlocal geometric problems, with a focus on regularity,”
funded by the European Union under Next Generation EU. NVG was supported by the FCT project
UID/04561/2025. The authors thank Adolfo Arroyo Rabasa and Franz Gmeindeder for numerous
stimulating discussions and valuable feedback on the topic over the past years.

2. PRELIMINARIES AND MAIN RESULT

2.1. General notations. The letter n will always denote the ambient Euclidean space dimension.
We will denote by B,(z) the ball of radius r and centered at x. Whenever z = 0 we just write B,
as well as in the case r = 1 when we simply write B(z). More in general, given a convex body K we
denote by K,(z) := x + rK. We denote by M™*" the set of n x n matrices. The notation e; stands
for the i-th vector of the canonical basis of R™, Id denotes the n x n identity matrix. With MgZ5m,
ngﬁoMZ{fL we denote the subsets of M"™*™ made respectively by all symmetric matrices, all trace
free symmetric matrices and skew-symmetric matrices. The space Lin(X;Y") denotes the family of
all linear maps between the two vector spaces X and Y. Given v,w € R" we will often consider the

rank-one matrix v ® w acting as (v @ w)z = v(w - z) for all z € R™ and the matrix

VYWt WU

—

The notation £, H"~! stand for the n-dimensional Lebesgue measure and the (n — 1)-dimensional

Hausdorff measure on R™ while M(€2; V') is the space of all finite V-valued Radon measures on €2 and
all V.

vVOwW =

For u : R™ — R™ we specify that
6ju1
dju == : eR™, Vu:=(du,...,0,u) €M™ (2.1)

8j Um,



For the matrix-valued function F': R® — M"™*™ we define its gradient as
(VE)imj = (0jF)im = 0 Fim,

while its divergence is define as the row-divergence operator, namely the vector field

n
divF - €; = Z ajFij.
j=1

2.2. Maps of bounded deformation. For u € C°°(R"™;R") the symmetric gradient is defined as

_ Vu+Viu

Eu 7

The adjoint operator on F' € C*°(R™; M x"), reads

sym
E*F = divF.
We also define, for £ € R™, the symbols E[¢] : R™ — MZX" as

sym

E¢jlw=¢ 0w forall {,,w € R". (2.2)

The symmetric gradient measure Eu € M(Q; M2 is defined as

sym

/ o(x) - déu(z) = / div(z) - u(z)dz Vo € C(Q2; Mg ).
Q Q
and the space of function with bounded deformation is

BD(Q) := {u e L'(QLR") | Eue M(QML)} C BV(Q).

sym
Several properties are already well-studied for this operator. In particular see [2] or [17] for a more
recent approach, closer to the one in this paper. It is well-known that the Kernel of £ is made by
anti-symmetric affine transformation:

Ker(€) == {Az +b | A € MM b e R"). (2.3)

skew’

Moreover, for v € BD(£2) we have that u is L™-a.e. approximately differentible and the gradient
decomposition is in force

Eu=e(w)L"+ ([u] © v)YH" L), +EU

where e(u) = WJFTW7 Jy is the jump set, [u] is the jump of u and E is the Cantor part. Recent

development on this topic [16] allows also to say that the Cantor part has a very rigid polar vector
field
d&u
d|&cul

for some a,b : Q — R™ |E° | measurable Borel vector-fields. The Saint- Venant compatibility condition
are also a well-established fact: setting

(z) = a(z) © b(x)

d
(SV(M))Jk = Z 8’Lk’(M)’Lj + 813(M)zk - ajk(M)” - 8Z(M)]k for all j, k= 1, ce ,d (24)
=1

for M € C°°(Q; Mg,) then it holds
SV(Eu) =0 for all u e C°(;R"™).
Note that its symbol is given by

SVIEIM == [(M&) ® € + £ ® (ME)] — tr (M)(E®€) — €M
10



2.3. Maps of bounded deviatoric deformation. Now we define the set of functions with bounded
Eg-variation. For u € C*°(R™;R"™) we consider the differential operator

t di
gau=£u— TWg g, - Wy
n n
The adjoint operator on F' € C*°(R"™; M7, reads

EJF = div(F)
We also define, for £ € R™, the symbols E4[¢] : R” — MZ2X"  as

symo
(§-w)

Eglélw = 0w — Tld for all &, w € R". (2.5)

We will often use the notation introduced in [11]
v ®g, w = Eg[v]w = Eqlw]v.

We can define then the measure &5 € M(Q; M2 ) as

symo

/ o(z) - déqu(x) == / divp(x) -u(z)dx V p € CSO(Q;M?J,;LO).
Q Q

Given this notation we consider the space

BDaey () := {u € L' (G R") | Equ € M(QML )L C BD(Q).

symo

Let us report the following results, proved in [11, Theorem, 4.20] for general differential operators,
and clarifying the relation between &; and E,.

Proposition 2.1. Let n > 3. Let u € BDgey(Q). Then for any H" '-rectifiable set R C Q there
exists the trace u’R. Moreover, for any u € BDgey (Q2), F € C(R™; M35 ) it holds

symo

/QF- d&qu(z) = —/Qu -EGF (x) dx +/ (Eqlva)(u) - FAH" ()

o0N

__ / - E1F(x)dz + / (vo @, u) - FdH™ () (2.6)
Q [2}9]

Remark 2.2. In [11] the result is proven for any C-elliptic operator A : C*®(;R") — C>®(Q : V)
for some vector space V. The notion of C-ellipticity can be stated as the injectivity of the symbol
AlE] : C" — V +4V as a linear map from C" into V + iV, for all £ # 0. Actually, C-ellipticity is
a very important property in order to ensure structural properties to the operator and its functional
spaces. In particular for instance, the existence of the trace cannot be guaranteed for non C-elliptic
operator. We refer the interested reader to [11] and the literature therein for more details on C-
ellipticity and functional spaces.

Remark 2.3. It is a simple computation to show that Eg[¢] : C* — M{7<h + iMg 0 is C-elliptic for
all n > 3 while it is not C-elliptic for n = 2. This is probably one of the main reason for the failing of a
lot of properties in n = 2, as for instance the existence of trace (see [11]). Also our rigidity Theorems
5.3 and 5.11 are proven for n = 2. It is not clear though wether n = 2 still allows for a rigidity
structure. Our computation - and the full proofs - seem to strongly suggest that probably there are
not enough equation in dimension 2, to derive a strong rigidity structure on a uw with constant polar

vector in the wave cone.

A simple algebraic computations yields the following Leibniz rule, together with a useful property
of the adjoint operator:

Ea(pu) = pEqu + Eq[Vlu ¢ € C*(R"),u € C*(R™R") (2.7)
(Eql€]2) - M = z - EX[¢|M 2 €R", M € MI" € € R™. (2.8)

11



2.4. Poincaré-Sobolev and compactness. Finally we underline that as a consequence of several
general results in literature on C-elliptic operator we have also the following Poincaré-Sobolev inequal-
ity. In the following, IIV : L*(U;R™) — Ker(&;) stands for a bounded linear projection operator onto
the kernel of £;. We refer to [24, Proposition 2.5], [13, Proposition 2.5, Remark 2.6]

Proposition 2.4 (Poincaré-Sobolev inequality). Let n > 3 and K be a center-symmetric convez set.
Then there exists a constant ¢ depending on n and K only such that

Jlu — IR ) < cléqul (B (2)) (2.9)

L7 (K, (2);R™
for all z € R, 7 > 0 and u € BDge, (R).

The space BDgey (2), endowed with the norm |lul|gp,,, = |Equ|(2) + ||u| 11, is a Banach space. The
Poincaré-Sobolev inequality in 2.4 provide a standard argument, by following for instance the ideas in
[27] (combined with the extension argument in [23] to prove the following compactness Theorem.

Theorem 2.5 (Compactness Theorem). Let 2 C R™ be an open bounded set with Lipschitz boundary
and n > 3 be a first order linear operator. Let {uy}ren C BDgey(2). Suppose that

Sup{ Huk HBDdev} < +OO
keN

Then there exists u € BDgey(2) and a subsequence h(k) such that upg) — u in L' and Equp(ry—" Equ.

The notation Egupy)—* Equ stands for the standard weak™ convergence of Radon measures (see [22]
or [28]).

As a consequence of [19, Theorem 3.7] or [13, Proposition 2.8] we have the following Poincaré
inequality.

Proposition 2.6 (Poincaré inquality). Letn > 3, K C R" be a fived convex set. Let R : L'(K;R") —
Ker(&y) be a linear, bounded operator such that R(L) = L for all L € Ker(Eq). Then there ezists a
uniform constant ¢ = ¢(R, K,n) depending on n, R and K such that

v = Rlulll 1 (kg mny < cdiam(K)|Equl(K). (2.10)

3. KERNEL AND ANNIHILATOR

In this section we present the Kernel and the Annihilator of &;.

3.1. Kernel. It is a well-known fact that the Kernel of £; is made by Killing vector fields

2
Ker(&y) := {L(y>=<A+vId>y+s‘yQ'—(s-y>y+b AeMEd, sbeRY, VGR}-

skew’

Since the proof of the Kernel structure and the ingredients required, are quite enlightening in order
to deepen the approach used to prove rigidity we here present the proof of this result.

Set, for u € C*°(A;R") the quantity Wu := V“%W and observe that

div(u div(u
V(Wu)w = 8,((551’11,)6]) — 8]((5du)ez) + 0; < n( )> €j — 8j < n( )> €;. (3.1)
Proposition 3.1 (Kernel structure). Let n > 3, u € C®°(Q;R™) with Q@ C R™ a connected set.
Suppose that Equ = 0. Then there erists s,b € R", A€ M"" v € R such that

skew’

2
u(y) = (A+~Id)y + s‘y2| —(s-y)y +0.
12



Proof. Because of (3.1) and Equ = 0 we have for all i # j
V(WU)U = az (le(U)) €; — 8j <d1V<U)> €;.

n n

In particular, by taking the curl we get

Oiidiv(u) + 0j;div(u) =0 for all j # 4 (3.2)
and

Okidiv(u) =0 for all k # 1. (3.3)
Since we have n > 3 we have at least another index m # ¢ # j for which
Ommdiv(u) + Oydiv(u) =0,  Ommdiv(u) + 0;5div(u) =0, 0Oyudiv(u) + 0j;div(u) = 0.
But then
0;4div(u) = —Ommdiv(u) = 0;;div(u)
from which it follows 9;;div(u) = 0;;div(u) = Ommdiv(u) = 0. By combining this with (3.3) we have
V(0;div(u)) =0

this being true for every fixed ¢ = 1,...,n. Then, since € is connected, for some s € R"

05 di\;l(u) =s;, V(div(u)) =ns

which again implies that div(u) = n(s -y + ) for s € R”, v € R. This implies
. div(u)

n

0=¢

Id = Su=(s-y+y)Id.

2
Observe that, setting p(y) := (s-y)y — s% + vy we have

Ep(y) = (s y+y)d

and thus £(u — p) = 0. By now invoking the characterization of the kernel of £ we conclude that, for
some A € M)

skew?
u(y) —ply) = Ay +b = u(y) = Ay +p(y) +b
as claimed. |

3.2. Annihilator. Given a function F' € C°°(Q; Mg/} ') we seek for an operator A such that AF' =0
whenever F' = & u for some potential u. In particular the existence of such object for C-elliptic op-
erators is always guaranteed by a result of Van Shaftingen [33, Remark 4.1, Lemma 4.4] (see also [6,
Proposition 17] for an extension of the Van Shaftingen’s construction). The result in the papers are

abstract and not constructive.

The annihilator, together with the powerful result in [16], will allows us to determine the structure
. d&ju .
of the singular measure A5 Indeed, setting
d

Ay

Il
_
=
D
=%
>
™~

(3.4)

then (cf. with [16, Theorem 1.1])
deu
d\Sdu\

Since the annihilitor is not unique (think about curl and V(curl) both annihiling Vu) we need to
seek for the operator with the lowest possible order so to have the Kernel of its symbol (and thus its

wave cone) the smallest possible in order to find the sharpest constraint on the polar vector of the
singular part.

() € Ag for |Ejul-a.e. x € Q (3.5)

13



Proposition 3.2 (Annihilator). Define for F' € C°°(S; Mg 0 ) the fourth-order operator A : C°°(€; Mg R ) —

sYymo

n n
(AF))jk =Y BiieFre + OuneFij — > OiieeFii
if=1 il=1

0k -
iejnFie — - 1 > BiitmFom. (3.6)
Z,ﬁzl i7£7m:1

T n—1
Then, if u € C*°(R™;R"™) it holds
A(Equ) = 0.

Proof. 1t is verifiable via a direct computation or by arguing on the symbol as explained in Remark
3.3. We report, for the sake of completeness, the main step of the computations where we make

repeatedly use of Schwarz’s Theorem.

n

n 1 1 n '

Z Oiije(Equ) ke + Osire(Equ)e; =3 Oiije (Oguy, + Opug) — — Z Ojijidiv(u)

i 0=1 i 0=1 i3
1 n
+ 5 Z Ositet (agu] + 6 i) Z 8“kjd1v
i0=1
1 n—2 .
25 | &m(ajuk + 8ku]') + T Z @,’jkdlv(u) ,
1,0=1 i=1
n 1 n 5jk n .
- Z Oiive(Equ) jr, = — 5 Diiee (Ojur, + Opuy) + —— Z 03iO0gediv(u) ,
=1 =1 i =1
n—2 <« n—
R Z Oijk(Equ) i = (7 Z Diejk (Oiue + Opuy) + Z Diijrediv(w)
if=1 if=1
ijhdiv(u)
_(Sj%k zn: 8ii€m(gdu)fm = - 57 Z azzfm 8fum + amuf Z azzéfdlv
n—1. 2(n—1)
if,m=1 i,4,m=1 z€ 1
5]1{: = .
- == Z Oiigediv(u)
"=
Now by simply adding up the above relations we obtain A(Eyu) = 0. O
Remark 3.3. Notice that the symbol of A is given by A[¢] : M h — Mgp~<h
o 2 4 (éth) 2

AEM = P (ME @ €+ @ Me) — [g'M - S [(n-2)¢we+[gP1a) . (37)

Notice also that (3.6) is a very natural choice since, starting from

Eqltlu=u® ¢ — (“T'l’S)Id

we have
(n -1 (u-8&)  E(EalgJu)é

14




Thus

(Ealgls = § (- 06 +ulg?) — e
 (n—2) SEuE, | uleP
Tano1)  |¢P e

yielding also

2 n—2) E(Eqlélu
= | @ale - o3 e
and
2 =) R, ] Bl
Ealglu = o3 (@ o ¢ - 7 =2 EClEe o ] _ Cldluleyg
Multiplying by |¢|* we get
0= 2B 06 — =T € Bl o ¢ ~ 16 I - el Bile

= A[E](Ea[€]u).

So somehow the fourth order is the minimum required in order to find a linear function A[{] for which
Ealélu € Ker(A[€)).

Remark 3.4. Note that A(F) in (3.6), for ' € C*°(; M 1) can be expressed also as
S

A(F)jx = A (9;div(F) + pdiv(F);) — A’ Fj — Jﬂ(ﬁwmmy

”:f@amwmwpn

Remark 3.5. The computation in Remark 3.3 are consistent with the Saint-Venant condition (2.4)
annhilating u. Indeed

Eflu=u0©g, tr(E[]u) = (u-§)

and
A = (- O+ ulel, = 0= -
yielding
(Eléh) = (Bl 0 - 0o
and

0 = 2((E[gJu)§) © € — tr (E[E]u) (€ © &) — E[]ulé]” = SV[E](E[¢]u).
So the second order is the minimum required to find a linear function SV[{] for which E[{]u €

Ker(SV[¢]) In the deviatoric operator the control on (u - £) requires an additional [£|2, differently
from the symmetric case.

We can now compute the the wave cone of A.

Proposition 3.6 (Wave cone of A). If M € My h and |§| =1 then

AIM =0 < sz@&—(vn.g)ldforsomeveR".

In particular
@&
n

15
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Proof. ft M =v® & — %Id for some v then it is immediate that A[{]M = 0. So we prove the other
implication. Up to a rotation we can assume without loss of generality that £ = e;. Then Afeq]M =0
implies, from (3.7)

(e1Me1)

M= (Me; ®@e1+e1 ® Mey) — 1

[(n—2)e; ®ep +1d].

This gives us

Mllz(eﬁMel)::Q7 MZJZO fOTZ;’é],Z,‘]>17 MZZ:_( Ql),Z>1
n p—
Thus, setting w; := My; = Mj; for j > 1 we have that
0 w2 Wnp,
w2 —% 0
V- 0
: : : 0
Wy, 0 0 —-%
By now choosing v; := 2w; for j > 1 and v1 = 4 we get also 27 = % and thus
1 n
v ( - ) 5 3
D : (v-e1)
M = : : -1 0 =vQ®e — &Id
n
: 0
50 0 -
and the claim follows. U

Corollary 3.7 (Polar vector of Equ). Let u € BDgey(2). Then there exists two Borel vector fields
a,b: Q — R" such that, for |Ejul-a.e. x €

d&ju (s .
e () = @) © 4@

_ Wld = a(z) ®¢, b(x)

where Eju is the singular part in the Radon-Nikodym derivative of Equ, with respect to L.

Proof. Due to (3.5) we must have
dEdu
d\Edu\

Thanks to Proposition 3.6 we conclude. O

() € Ayg for |Ejul-a.e. x € Q

The above Corollary gives a precise structure to blow-ups around singular points and motivates
Theorem 1.2, Section 5.

4. FINE PROPERTIES FROM THE ANNIHILATOR

4.1. Structure of the gradient. For any u € L'(2; R") the Lebesgue point Theorem ensures that
for L™-a.e. x € there exists a precise representative u(z) such that

lim lu(y) — u(x)|dz = 0.
r—0 By(z)

The set of points where this property fails is denoted as S, and is the discontinuity set of u. For
xz € 2\ Sy the value u(z) is also called the approzimate limit of wu.

16



We recall that u € L'(£;R?) is said to be approzimately differentiable at x € Q\ S, if there exists
a matrix L € M"™*" such that

lim
r—0 By(z) r
In this case M is also called the approximate gradient and the notation Vu(z) = M is adopted.
Thanks to [31, Theorem 1.1] (see also [1, Theorem 3.4], that requires a non-local representation of the
involved quantity in the spirit of Proposition 8.2 in the Appendix) we can deduce that u € BDgey (2)
is approximately differentiable at £L™-a.e. x € ). Moreover the same results ensures that

((i;‘zl: (z) = ea(u)(@), ea(u)(z) := e(u)(z) - tr(d::z)(x))ld
where we recall that e(u)(z) = w

Thus, by Corollary 3.7 we have
Equ = eq(u)(x)L" + a(x) ®¢, b(x)[Equl

for two measurable vector fields a, b : 2 — R™.

We recall that for u € Llloc the set J, is defined as the set of points x for which there exists a triplets
(u+(x),u’(x), Vu(x)) such that ’U,Jr ;ﬁ uf’ vy € Snfl and

_ 1 - =
0= lip f ()~ @)ldy

where
B (z):={y € Bo(z) |y -vu(x) <0},  Bf(2):={y € B(x) | y-vu(z) >0}
Clearly J, C S,. A recent result [18] shows that .J, is always n — 1 rectifiable and that v, is the

unitary vector field orienting .J, (namley v, (z)* = Tan(Jy,,z) for H" l-a.e. z € J,, cf. [3]).

4.2. Structure of the jump part. Define

lim sup
r—0

@u::{xGQ

[€aul(Br(2)) _ 0}. (4.1)

rn—l

We make use of the results in [5] and [11] to prove that |E4u| < H™ ! and a reasonable structure
result for the gradient on the Jump set jump set. Set

A=) U ker(A9)).
vER™ gevt\{0}
Proposition 4.1. Let n > 3, u € BDgey () and A be the annihilator given by Proposition 3.2. Then
ATt = {0} (4.2)
As a consequence we have that:
1) [Equ| < H* ' ;
2) |equl ({z € @ | timsup, p £ — 400 }) — 0
3) H1(©,AT,) =0 and
Equl e, = Eul g, = ['LL] Reg, I/an_l LJ,-
Before proceeding to the proof we first provide a simple Lemma from linear algebra that will simplify

. . —1
our argument in computing Az .

Lemma 4.2. Let a,& € R"\ {0} with |{| = 1. Then
17



1) If a and & are not parallel then a ® & has two distinct eigenvalues

@9+l (@&
2 7 2
2) If a and & are parallel then a ® & has one eigenvalue
p = (a-§) =lal

Proof. We treat the two cases separately.

Case 1). Without loss of generality we can suppose that £ = e; and that (e1,a) = (e, ea). Note
that

. (a-€2)
a@er = (a-eer ©er+(aex)er ©ey = ( @ a) 2 ) | (4.3)
2
To find the eigenvalues we need to solve
a-ep)? a-ep)?
0:det(a®61 —/,LId) = —((ael)_ﬂ>ﬂ_(42) :MQ_,U/<CL'61)— ( 42) 7

whose solutions are precisely

g = (a-er) £ \/(a-e1)’ +(a e2)® (a-e1)+]al
) 2 2 )

which are the claimed values.

Case 2). Without loss of generality we can suppose that & = |{|e1, a = |ale;. Then, the only
eigenvector is e; itself with eigenvalue

p1 = lal[é] = (a-£).
]

Proof of Proposition 4.1. It is enough to prove (4.2). From this relation indeed, by [5, Corollary 1.4,
Theorem 1.5] and a simple application of the theory in [11], we will conclude properties 1)-3).

Proof of (4.2). Let A € AZ_I. Then, by Definition of AZ‘I and by Proposition 3.6 in particular
Ae N U {a@{— (@-8) g ae]R”}.
veRn gevl\ (0} "
Fix any v € R" and let £ € v\ {0}, a € R" be such that
(a-§)
n

Id.

A=a0& -
Without loss of generality, up to redefine a, we can assume that |{| = 1. Denote by
eig(A) = {)\1, )\2, /\3, ey )\n}

the family of eigenvalues of A. Note that the eigenvectors of A are given by the eigenvectors of
M := a®¢ and by a base of Ker(M). All the eigenvectors v € Ker(M) has the same eigenvalue _ (@),

n

Note that Ker(M) has dimension either n — 2 (for a |J ) or n — 1 (for a || ), (as shown in [16]). In

any case A has at least n — 2 coincident eigenvalues A3 = ... =\, = _(an;g). Let vi, be an eigenvectors
relative to Ag. For i = 1,2,3 let now & € v;- \ {0} and a; € R™ be such that
A=0aq;0& — Mld.
n

By fixing 2 € a* Naj- we get
(a'€)|z|2 g, (@i &) o (ai - &)
n

- ———z]" = ———== )3 foralli=1,23.
n n

18



Now note that (since &; - v; = 0)

Aovg = Avg = &3(ag - v2) + Azvg = (az-v2) =0, Ay = A,

and
)\11)1 = A’Ul = fl(al . Ul) + )\31)1 = (a1 . ’Ul) =0, )\1 = )\3.
In particular A\; = A2 = ... = \,. Now, by Lemma 4.2, if a |[f £ we just observe that
n—2 |lal _n—2 |al

AL = m (a-§) DR A2 = om (a f)“‘?

while for a || £
n—1
)\1 = ( )|CL|

In the first case, from A; = \a, we immediately have |a| = 0. In the second case, from \; = A3 we

(n—1 _M

have T)|a| = — 1 which again implies @ = 0. In particular A = 0 is the only possibility and (4.2)

holds true. U

In view of Proposition 4.1 we conclude that, for u € BDgey (£2) we have the spltting in three mutually
singular measures

Equ = eq(u)L" + [u] ®g, v H" 1L 5, + a(z) ®¢, b(2)|E5u|

where |EJu| is the Cantor part. While for BD it is known the further important property |Eu|(Sy \
Ju) = 0 (for BV it holds in the stronger form H"~1(S, \ J,) = 0) this is actually not known in the
BDgey context. At the current state it seems technically difficult to be established and the available
technology, such as [2], [4] does not seem to apply to the deviatoric operator since it does not satisfy
a one-dimensional slicing property. We refer the reader to [7] for a partial result in this sense.

5. PROOF oF RicIDITY THEOREM 1.2

In this Section we prove the rigidity structure for maps with constant polar vector field, i.e., that
satisfies

Equ = (a R, bju, pe M(Q;R+)7 a,beR"

In homogenization problem this scenario is the only one that occurs when dealing with Cantor points
where the characterization of the blow-up is required. It is also the most challenging from the technical
point of view.

A very important difference between rigidity in BD (cf. [17]) and rigidity in BDgey(2) is that we
cannot, in the proof, perform a change of variable that will make a L b. Indeed while for a(z) =
Au(Alz) it holds

e(@)(z) = Ae(u)(Alz) A"

we cannot express £4U as a linear transformation of ;(u). So somehow the operator £; does not
behave well under change of variables. However, if the matrix A is a rotation then we can infer

Eq(U)(z) = AEq(u)(Alz)AL.

This property allows us, without loss of generality, to rotate the coordinates in order to have a more
explicit relation between a and b. In particular without loss of generality we can assume that a = eq,
b = ae; + Pes. In this way, by selectively chosing & = 0, or § = 0, we can deal with the case of
perpendicular vectors, parallel vectors or general position vectors, respectively.

We find convenient to introduce the function f = %)_ag, quantifying how much w is far from
satisfying a BD rigidity.
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Lemma 5.1. Let n > 3 and u € C*°(R™;R") be such that
«
Equ = |e1 © (e + Pes) — gld] g

for some g € C>°(R™). Setting f = W, then the following set of equation hold

Ba1g — abarg — Ooaf — 011 f =0 (5.1)
ajjgg + 01 f =0 for all j >3, (5.2)
onf+ 05 f + adjjg =0 Jor all j = 3, (5.3)
g@ljg — adojg — 0o f =0 for all j > 3, (5.4)
O f +0;;f =0 for all j > 3, (5.5)
angg — 0 f =0 forall j >3, (5.6)
Okjg =0 forallk,j >3, k +# 7, (5.7)
Ok f =0 for allk #j and j > 3, (5.8)
duf + 055 =0 foralli,j>3,i#j. (5.9)
If B # 0 we further get
029 =0159 =0 for all j >3, (5.10)
;9 = — 2822]637]- + v; for all j >3 (5.11)

for some v; € R and Hess(f) is constant.

Proof. Observe that

o Q@
(Sdu)ek :elaél,k + 2[61(52,]9 + 62517k] — —er = e a(517k + ééz,k + 625(517;C — —e.
2 n 2 2 n
Then, by recalling that Wu := w, combining the above with (3.1) we have

V(Wu)i,j = <61 |:04517j + 2527]‘:| + €2§51J — a€j> 0ig
n
— (el |:Oz(51¢ + é(52 z:| + egééli — aei) 6jg + 8, (le(u)) €; — 8j <dlv(u)> €;.
’ 27 27 n n

n

We can rewrite the above as
o LB Vo B Va4 Bis o ’y
V(Wu)z,j =€l 0451,] + 552,] 819 - adl,z + 552,1 8_79 + 625 [51,j829 - 51,28jg]
T 0 (W) e, <W) (5.12)

this being valid for all 4,7 =1,...,n. Thus

Vi =1 (00— athg - 0uf ) — 2 (Goug — auf). (513)
V(Wu); =—e1 (adjg+ 0;f) — eggajg +e;01f, for all j > 3, (5.14)
V(Wu)g; =— elgajg +e;0of —ex0;f, for all j > 3, (5.15)
V(W’U,)Z',j :ejﬁif - e,@jf for all i,j Z 3. (5.16)
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By considering the curl of (5.13) we get (5.1). By taking the curl of (5.14) we get (5.2),(5.3) and
(5.4). By considering the curl of (5.15) we get (5.5), (5.6) and (5.7). By considering the curl of (5.16)
we get (5.8) and (5.9).

If thence 3 # 0, by (5.8) and (5.6) we obtain
O2jg =0 forall j >3
and this combined with (5.4) (still for 5 # 0) yields (5.10). Finally (5.10), (5.7) and (5.2) implies
2
8

From this we immediately get Ox12f = 0 for all k (it is immediate if n > 4 while in dimension n = 3
we obtain it by deriving in d5 the relation di3f = 0 given by (5.9)). This yields (5.11). By deriving in
Oy (or y) (5.3) for j = 3 we get O111.f = 0 (or D211 f = 0) that yields V(f11) = 0. By doing the same
on (5.5) we get also V(f;;) =0 for all i > 2. As a consequence we also have V(f;;) = 0 for all 7, j and
thus Hess(f) must finally be a constant matrix. O

V(0;9) = (O12f)e; forall j > 3.

We now treat two spearate cases, depending on 8 being zero or different from zero. Before proceeding
let us recall some well established facts in the next Remark.

Remark 5.2. Observe that it is immediate to verify that if w solves
Ew=(a®b)g
then it will solves also div(w) = tr (Ew) = (a - b)g and thence
Eqw = (a ®g, b)g.
Since (see for instance [17, Theorem 2.10, Assertion (i)]) the function
w=ai1(b-z)+ba(a-z)+ (v-x)ab-z)+bla-z)] —v(ia-x)(b-x) (5.17)
- for a, b not parallel - solves
Ew = ()W (b 2) + Yhla- ) +2(v-2))

and thus
Eqw = (a®g, b)(W) (b~ x) +Yhy(a-z) +2(v - z)). (5.18)

With this established we can now state and proceed.
5.1. Rigidity for non parallel vectors (5 # 0). In this Section we provide the proof to the following
Theorem 5.3. Let u € BDgey(A) for a connected open set A C R™. Suppose that
Equ = (a ®g, b)v (5.19)

for some a,b € R", a # \b and some positive Radon measure v € M(A;RY). Then there erists two
functions 1,12 € BV,e(R) and v € (a,b)* such that

u(x) = YP1(z - a)b+ Pa(z - b)a+ Q(z) + L(x) (5.20)
for some L € Ker(&y) and for some third order degree polynom Q solving

EaQ = (a®g,b) | (v-z)+n(a-x)(b-x)— ﬁZ(w “wj)? (5.21)
j=3
where 1,9 € R, v € {a,b)* and {ws, ..., w,} is an orthonormal basis of {a,b)> .

The proof of 5.3 is achieved by arguing first on regular functions and then by a density argument.
In order to correctly pass to the limit we need to gather control on 7,6. To do this some features on
the general integral of the Polynomial equation (5.21) must be found.

21



5.1.1. Rigidity for reqular functions.
Proposition 5.4. Let A C R™ a connected set and u € C°(A;R™) be such that
Equ = (a ®g, b)g (5.22)

for some a,b € R", a # \b, g € C®°(A;RT). Then there exists two functions 1,12 € C°(R) and
v € (a,b) such that

u(x) = P1(z - a)b+ Pa(z - b)a+ Q(z) + L(x) (5.23)
for some L € Ker(&y) and for some Q solving
£4Q = (a®eg, b) | (v-2) +nla-2)(b-2) =0 (z-w))? (5.24)
j=3
where 1,9 € R, v € {a,b)* and {ws, ..., w,} is an orthonormal basis of {a,b)> .

Proof of Proposition 5.4. We place ourselves in the coordinate a = e1, b = aej + Sey for 5 # 0. Recall
that, by Lemma 5.1 we have Hess(f) is a constant. By (5.1):

¢ = BOi2g — adaag. (5.25)
Also (5.10), (5.7) and (5.11) implies that
Okig=0 forall k#4,71>3, 0jg=—2T1x;+v; j=>3

for some 7 = O1of € R. We need just to identify d1g and J2g. Let us now consider separately the case
a=0and a#0.

The case a =0 (a L b). From (5.25) we get 012g = 1. From this and (5.10) we derive that
g = hi(z1) +nx2, 029 = ha(w2) + a1
for some function hy, hg € C*°(R). Thus

d
Vg = ei(h(z1) + nz2) + ea(h(x2) + nz1) + Z(vj —21xj)e; (5.26)
§=3
and thus
d
g = Hi(w1) + Ha(x2) + nw120 + Zvjxj — 75
j=3

with Hy, Ha such that H{ = hy, H) = he. In particular according to Remark 5.2 we have that, setting
Yy = Hy, ¥y = Ho, u as in (5.23), with @ solving

n
EiQ = (e1®¢, €2) | (v- ) +nr12e — ZT&U?
j=3

must solve
Equ = (e1 Vg, €2)g.

The case o # 0. By (5.25) we now show that the following wave equations are in force.
B2011(029) — a®D2(029) =0 (5.27)
B2011(019) — a®022(019) =w(x1). (5.28)
for some w : R — R. Indeed, (5.27) comes from

32011(0ag) = BO1(B0129) = a301(Da2g) = ad2(BO12g) = a*Da2(Dag).
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Equation (5.28) just come from the fact that (by (5.10))
0;(B%011(019) — a*O22(19)) =0 for all j >3
and
0o (62811(81g) — a2822(8lg)) =0 (62811(829) — a2822(829)) =(5.27) 0. (5.29)

Notice that 91 g, O2g are functions depending only on z1, z2 (by (5.10)). By the well-known D’Alambert
formula for the general solutions of the planar wave equation we thus conclude

O1g =fo(z1) + fi(axy — Baz) + f7 (w1 + Pxg) (5.30)

Oag =[5 () — Bxa) + f3 (a1 + By). (5.31)
We now integrate Vg from (5.30), (5.31). We first observe the relation ds219 = 9129 implying
—B(f1) (a@1 = Baz) + B(f7) (ar + Bra) = a(fy) (a1 — Baz) + a(f3) (ax1 + fa)

which yields by computing on az; = Bxs and ax; = —f[xo:

B =afs(t) +er BIE) = af3(t) + e

Then, accounting for (5.11) and the above we have

1 d
g(z) :/0 Vy(tzr) - zdt = —% Zx? + 05 + 7
=3

1
n /O U (taa)er + f (s — Bra))ay + F2(Hawn + Bara))ay] dt

+ /O [f2 (tazy — Br2))z2 + f3 (t(aws + Baz))z2] dt

1 d
-
—/ Vg(tz) - xdt = 3 Zx? + T+
0 .
7=3

+ /01 <fg(t:c1)x1 - <C1 - C;) :z;1> dt

1
- ; /0 f(t(am — Br2)) (amy — Bra) dt

2 [ e+ e (0 + )
B Jo
and thus

d
9(:1,‘) = h1($1) + hz(al’l + ﬁlL‘z) + hg(OéiL'l — ﬁxg) — Z %L’EHQ +v-z4y
=3

for v € (e1,e2)*. By exploiting (5.25) again we also derive that
—2a%hy(axy — frg) = C.

Since a # 0:
G
hs(t) = 4a62t +ot+n

By observing that
(az1 — Br2)? =(az1 + Br2)? — 4afz 172
ary — fry =20z — (axy + fx2)
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and up to redefine hy and hy we can rewrite g as

g(z) =h1(z1) + he(az1 + Sx2) + gxlxg - %Z |z +v-x

=hy(z1) — 22 xy + ho(axy + Bxa) + BCQm (axy + Prg) — Z z)? +v-z
=3
=Hi(z1) + Ha(axy + Bx2) + ﬁgx (axy + Bxa) — = Z 2| +v- (5.32)

Setting
u:=Y1(x-a)b+P2(x - b)a
with o] (t) = Hi(t), ¢4(t) = Ha(t) we have

«
Equ = |:€1 ® (ael + ﬁeg) — Eldi| (Hl(xl) + HQ(OKLU1 + ﬁxg)) .
Thus Q := u — u satisfies

n

&iQ = [61 © (aer + Bez) — %Id} (z-v) + nzi(axy + frg) — ﬁzf’ﬁ
=3

and hence u = 4 4+ @ + L as claimed with n = 52’ Y= O

E

5.1.2. Features of the polynomial solutions. In this section we derive some specific features of the
polynom @ satisfying (5.24). This is required in order to pass to the limit in our density argument.
To do this we observe that, since
w=(v-z)ad z)+bla- z)—via z)b- ),
due to Remark 5.2 solves
Eqw = (a®g, b)(2v - x),
we are just left to compute the solution to

EaP = (a®g, b) n(a-2)(b-2) =9 (w;-x)° (5.33)
j=3

for {w]} _, orthonormal basis of (a,b). We will not need the explicit solutions but just the features
required to pass to the limit from C'* solutions of (5.22) to BDge, solutions of (5.19).

Proposition 5.5. Set a = e1,b = ae; + Pea, f # 0 and consider the equation

E4P = e1 ®g, (aer + Pea) |nz(axy + Bag) — 79256? . (5.34)

Then any particular solution P € C? of (5.34) is a third order degree polynom and satisfies
2009 — nB?
5 .

Remark 5.6. We underline that, for n > 4 a slightly stronger result - not needed in the purpose of
computing the limit - hold: for n > 4 (5.34) has a solution if and only if n = 25‘279. Indeed for n > 4
from (5.5), (5.9) we get 0;;f = 0 for all i > 2. Suppose now that that we have a solution P € C? for
n > 4 and set as in previous computation

O123P3(x) = 0B, Opo3P3(x) = — (5.35)

. div(P) — a
9= 77371((1=’E1+,6$2)—19Zx?, f;:M
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Then (5.3) gives 011 f = 2a4). This, plugged in (5.1) and combined with the fact that daof = 0, gives

20}
2000 = B012g — adng = B’y = n= B
This is not the case in n = 3 where a particular solution to (5.34) can be provided even for independent
n, V.

Proof. Let P be a particular solution of (5.34). We start by observing that, having set M := (a®g¢, b)
E4(01 P) =Mnlaxy + (axy + fx2)) (5.36)
Ei(DP) =M pnzy (5.37)
Eq(0jP) =— M20x; j >3 (5.38)

All this equation have the structure of (5.18) and thus the solutions are all given, up to some element
of Ker(&;), by Formula (5.17). In particular this tells that dxP is a second order degree polynom.
Once integrated we get that P is a polynom with degree less or equal to 3. Note that, since the right
hand side of (5.34) is a second order degree polynom and &; is a first order differential operator, P
needs to have at least one term of third degree: so P is a third degree polynom. We now focus on the
proof of (5.35).

Formula (5.17) gives the exact structure:

azxy + frs)? az?
P =n (az1 Qﬂ 2) e1+ 21(C¥€1+,362) + Ly (x)

0,P =212%0er + fes) + Lo(e)
(9]'P =— 19[61 (aa:l + 51’2)1']' + (0461 + ,362)36‘1.%]‘ — ejxl(aa:l + ﬁ&m)] + L (a?) j=>3

for L; € Ker(&y). Since L;i(z) = Ajix + (s; - @)z — sl| LI b; for some s;,b; € R", A = R; + 7;1d with
R; € Mg 5, vi € R then
OxLi(z) = Ajer, + (s - ex)x + (si - x)eg — S;xk.
Then
O123P = ez + O12L3(x), O123P3 = U3 + O12L3() - e3
Since
O12Ls(x) = (s3-e2)er + (s3 - e1)er
Then we have immediately
D123 P35 = V.

Also

O223P3 = O22(L3() - e3) = —(s3 - €3). (5.39)

To compute this value we now take advantage of Schwarz Theorem to derive information on sy, s9, s3.
In particular by 013P = 031 P we obtain

—¥leraxs + (aey + Pes)xs — es(2axy + Pro)] + 01 Ls(x) = 3L (x).
By computing in x = 0 we get rid of the affine part Aze; = Ajesz and
—V]eraxs + (aey + fea)rs — ez(2axy + Bra)| + (s3-€1)x + (s3 - x)er — s3zq
= (s1-e3)x+ (s1-x)eg — s123.
and computing in x = e, * = ez and = = e3 gives
20aes + 2(s3 - e1)er — s3 = (81 -e3)er + (s1 - e1)es

VPes + (s3-e1)ea + (s3-e2)er = (s1-e3)ea + (s1 - ea)es
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—2ae; — Ifeg + (s3-€1)es + (s3-e3)e;r = 2(s1 - e3)ez — 1.

Giving
S3-e1=81-€3, Sz-ea=0, (s1-e2) =90 (5.40)
and
51 = (20 — (s3 - e3))er +Vfea + (s1 - e3)es (5.41)
s3 = (s1-e3)er + (200 — (s1 - €1))es (5.42)

From do3P = 032 P we get
—19[51’361 . ,363331] + 82L3(.T) = 83L2(1I).
Again computing at x = 0 allows to ignore the part Ases = Ases and obtain
—19[,856361 — ﬂegl‘l] + (83 . 62)$ + (83 . 1,‘)62 — 83T
= (82 . 63)1‘ + (82 . $)63 — 8273.

Computing at x = e1, x = e2 and x = e3 yields

VPes + (s3-e2)e1 + (s3-e1)ea = (s2-ez)er + (s2-e1)es

(s3-€2)ea + (s3-e2)ea — s3 = (s2-ez)ea + (s2- e2)es
—vUpe1 + (s3-e2)es + (s3-e3)ea = (s2 - e3)es + (s2 - e3)es — So
that result in
(s3-€1) =0, (s3-e2)=(s2-e3)=0
which combined with (5.40), (5.41) and (5.42) gives
S9 = 19561 — (Sg . 63)62 (5.43)
S3 — —(82 . 62)63.
Finally by 021 P = 012 P we get, still after neglecting the affine part Ajes = Aseq
nB(axy + Bra)er + (s1 - ea)x + (s1 - x)ea — s122
= nBxy(aer + Bea) + (s2 - e1)x + (s2 - x)ey — s2x1.
computing in x = e; yields finally
nBaer + (s1-ea)er + (s1 - e1)ea =nf(ae; + Bea) + 2(s2 - e1)er — so
which means by (5.40)
so =0Be1 + (nB* — (s1 - €1))e

The above combined with (5.43) and (5.42) gives

(s2-€2) = —(s3-e3) = (B> —(s1-€1)) = —(s3-€3) = —(2a9 — (51 - €1))

that gives
201 + 132 2009 — >
(s1-e1) = 22T (s eg) = 2201
By plugging (s3 - e3) into (5.39) we conclude. O

Remark 5.7. Observe that, with (a discrete amount of) patience the approach proposed in the proof
of Proposition 5.5 allows one to build a complete particular polynomial solution of the PDE (5.34).
Indeed the choice of s1, s2, s; are force by the gradient structure of VP and thus, once identified it is
possible to choose {A4;}7. c M . {b;}7; C R? so that we can integrate VP to get P. By doing so
it is possible to observe that there is a choice (A; = 0, b; = 0) so that a particular solution P is also a

homogeneous polynom of degree 3.
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5.1.3. Approxzimation argument. The following is a standard approximation argument.

Lemma 5.8 (Approximation Lemma). Let u € BDge (R™). Let . € C(B:(0)) be a mollifying
kernel. Then it holds us == u* 9. € C*° and

(1) &a(ue)(x) = (Equ* 0c)(x) ;
(2) ue — u in Li (R™).

loc

Lemma 5.9. Let s.(x) = ¢e(x - £) for some ¢ € R™ and for some sequence of measurable functions
Ve € BVioc(R). Suppose that se — s in L (R™). Then s(x) = ¢(x - £) for some measurable function
Y € L (R).

loc

Proof. Suppose without loss of generality that ¢ = e;. Since ¥, € BVo.(R) then s. € BVio.(R™) with
Ds. = e;Dip.(dzy) @ L (dao ... dzy,). Here we recall the notation

p(dey) @ v(dey. .. dz,)(p) == / edp(zr) dv(za) ... dv(zy).
For ¢ € C°(R™) we also have for k # 1:
/ sOppdr = lim/ $:0ppdx = — lim (e1 - ex)pdDvpo(dxy)dxs ... dxg = 0.
n 3 Rn 3 Rn

Thence, distributionally dys = 0 for all k& # 1. This implies that s(z) = ¥(z - e1) for a measurable
function ¢ : R — R. O

Finally, to handle the polynomial part we need to employ the following Lemma

Lemma 5.10. Let Q. : R™ — R be a polynoms in x1,...,x, of degree k. Suppose that Q. — Q in
Ll for some Q € L} . Then Q is a polynom of degree at most k and the coefficients of Q. converges

loc loc”

to the coefficient of Q.

Proof. Fix an open bounded set A C R™ and note that the space
S:={Q: A— R | Q is a polynom of degree at most k}

is a closed finite dimensional vector space of finite dimension. Let ¢ € {0,1,...,k}" be a multindex and,
for@ € S, cf be denoting the coefficient of @ in front of a monom 2% := (! ... 2, |i| = i1 +...+i, < k.
Then the application

T:S—RY, T(Q) = (D)icfo,..k}n
is a linear application between finite dimensional vector spaces and hence is continuous. Thus, since
Q- is converging in L} | we have Q. — Q in L'(A) for some Q € S. Thence

loc?
IT(Q:) = T(Q)] < Crl|Qe = QI — 0.
By the very definition of T' we have that the coefficient of Q. converges to those of Q. O
We are now in the position for proving Theorem 5.3.
Proof of Theorem 5.3. Let u € BDgey(R™) satisfying
Equ = (a ®g, b)v

Since a,b are not parallel, without loss of generality, we can assume that a = e;,b = ae; + Bes for
8 # 0 and a € R. Consider u. the approximation as in Lemma 5.8 and note that

Eque = Equ* 0: = (a ®e, b) (v * 0c)(z).
We invoke Proposition 5.4 with g. = (v x 0) € C* and we conclude that
ue(x) = avi(z - b) + by5(x - a) + Qe (x) + Le(z).

with Q. solving (5.24). We just need to show that the claimed structure is stable under the limit as
€ — 0, yielding the thesis also on u. Notice that u. — u and since

sgp{\gd(ue — L)|(A)} < +o0
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we have u, — L, — u. Since

Equ = wh-lim Egu. = w*-lim Eg(u. — L.) = Equ,
e—0 e—0

where w*-lim denote the weak star limit, we have also that L := u — u € Ker(&y) and that
Le=u.— (us —L.) »>u—1u=L.

We now complete the proof by separately analyzing the polynomial part and the one dimensional part.

Step one: limit of the polynomial part. Suppose that a = e1, b = aej + Sea. We know that (up to
an element of Ker(&y)) it must hold (cf. Remark 5.2)

Qe(z) = (ve - @)[e1(axr + Br2) + (cer + Bez)z1] — veri(axy + Brg) + Pe(w)
for some v. € (e, e2)® and for some P. solving (5.34)

n

EaP = e1 ®g, (aer + Bea) |newi(axy + Bra) — 0. Y af
=3

Since (ue — L.) — @ in L' for any j > 3 we have
Q:-()-ej = (ue — L.) -ej — (- ej) in L.
But
Qs($) “€j = _(Us : €j)l’1(0£1131 + 61'2) +F; - €
We use Proposition 5.5 to infer that a solution to (5.34) must be of the form

T S (ci(ne, 92) - e3)

i€{0,-,3}"\{(1,1,1,0...,0),(0,2,1,0,...,0)}

:U%l‘g

(P:(z) - e3) := 9. Lr12003 — (2000, — 77&52)

and hence
CL‘%IL’g

4

Q: - e3 = — (v - e3)x1(axy + Br2) + I priT003 — (200, — ngﬂQ)
* Z (Ci(nsa V) - e3) 2L,

§€{0,....3}"\{(1,1,1,0...,0),(0,2,1,0,...,0)}

By means of Lemma 5.10 we have that the coefficients of Q). - e3 must converge to something and thus
Ne, Ve and (vg - e3) converges to something. In particular we have that v. — v, 9. — 9 and 7. — 7.
Since the coefficient of ). are all expressed as polynomial functions of 7.,9. and v. we have that
Q: — Q for Q solving (5.24).

Step two: limit of the one-dimensional part. Set w. := u. — Q. — L.. Thanks to Step one, two and
a standard compacntess argument we know that w. — w := 4 — Q in L! for some Q solving (5.21).
Since
we(z) = ayi(z - b) + bY5(z - a),
pick now z € b+ for which a - z # 0 and note that
s2(@) = —— - w. = ¥i(x - b)
where v is actually smooth since w, is smooth. Since w. — w in LllOC (R™) hence sz — = - w. From

the otherside, by applying Lemma 5.9 we conclude s — s(z) = ¢1(x - b) for a measurable function
Y1 € L (R) independent of z (since sZ(z) = ¥5(z - b)). Thence

loc
z-w=(a-2)¢(x-b) forall z € bt (5.44)
Analogously, starting from h € a we conclude
h-w=(b-h)y(x-a) forall heat, (5.45)
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for some measurable function o € LIOC( ). We now choose z1, ..., z,—1 orthonormal basis of bt and
hi,...,hy—1 orthonormal basis of a*. Observe - by (5.44) - that

x>:§zi<z¢.w(x))+<‘;. o)) i - Zz’“ o)+ (G (o) g

By also expressing
n—1
b ( b ) < b a ) a
— = — - hi | hy + —
o~ 2\ 5l Tl ) Tal

and using (5.45), we can further write

- Eeasiern o8 G w5 7) (i)

b L b a\?
=ai(x - b) + Yoz - aﬁz —H/Jga: a)’b|2 <b>

|al

() (&‘M)tz—wﬂx-b%a-&)@—w2<x-a>&<b-@>2

=a)1(z - b) + bipa(z - a)

o R ) o B

We immediately conclude if b-a = 0. Otherwise we multiply (5.46) by h € a* and, using (5.45), we
have

(b h)pe(z - a) =(b- h)a(z - a)
=) 7 L) o= (o g e -
vielding

<’Z’ . Q) bb‘h (ﬁ! w(x)) — laln(z -b) - (b- &) wm.a): —0 forall h € at.

By selecting an h for which (b- h) # 0 (which exists since a # Ab) we conclude

:(a .w(:c)> — laly1(z - b) — <b- a) (- a): 0

lal lal

which implies, by (5.46)
w(z) = apr(z - b) + bipa(z - a).

Step three: bounded variation of the one-dimensional part. We are just left to show that the 1)'s
are BV),.. We thus express (for the sake of shortness) a = ej, h = e2 and b = aey + fBez. Then

u(z) = er[Y1(axy + Baa) + aha(x1)] + Bearpa(x1)
We choose ¢ € C°([—1,1]) with [|¢|l < 1 and n,n3,...,7, € C(R) with [n;dt = 1. We consider
thus
O(x) := p(z1)n(z2)ns(x3) ... nn(zn)(e1 © e2).
Note that

2div(®)(z) = @(x1)n (x2)n3(x3) . . . nn(2n))er + @' (@1)n2(z2)n3(x3) . . .0 (20))e2.
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We thus apply (2.6) and the fact that [7; = [n =1 to infer
2/ ¢ - dEqu(x) = 2/ (div(®) - u) dz

= /n o(x)n (z2)n3(x3) . . . (xn) )ur d33+/ ¢ (x1)n(z2)ns3(23) . . . N (2n) Jug da

n

- / (@) (e2) [ (w1 + Bas) + avby(a)] day das + B / o (1) o a) dzy.
R2 R

By rearranging the above relation, setting K = spt(®), Ky := spt(¢n) C R?, we obtain

/ @' (x1)h2(21) day | < C {&lu\(K) +/ (|11 (a1 + Bag)| + |2 (z1)]] doy dzg
R Ko

with the constant C' possibly depending on 7, 7} but not on ¢. For any fixed T' > 0, the right hand side
is independent of p € C°([—T,T]) with ||¢]lcc < 1-being K C [T, T]xspt(n) xspt(nz) x...xspt(nq)
- yielding that ¥9 € BV (R).

Writing a = (a - %)% + (a- 2)z for some z € b) (setting again without loss of generality b = |b|ey,
z = ey and a = aje] + ages for some «aq,a9) and replicating the above argument (since we have -
formally - inverted the role of z1, x2 we can test with the same ®(z)) we obtain also ¢1 € BVio.(R). O

5.2. Rigidity for parallel vectors (f = 0). In this Section we instead provide the proof to the
following

Theorem 5.11. Let u € BDgey(A) for a connected open set A C R™. Suppose that
Equ = (a ®g, a)v

for some a € R™, and some Radon measure v € M(A;R). Then there exists functions F' € BVo.(R)),
{Pj}n_y C Wit (R) with Pl € BVioe, G € Wy, (R) with G’ € BV 6e(R) such that

- w; - )2
u=F(a-x)a+ Z}’j{(a~x)(wj~x)+uG'(a-$) a

= 2
= (5.47)
= ((wj-2)G(a-x) + Pi(a-z))w; + 0Q(x) + L(w)
=2
for {wa, ..., w,} orthonormal basis of a*, for some L € Ker(&), 0 € R and for some third order
degree polynom Q) solving
£4Q = (a ®¢, a) (w2 - z)? — (w3 - 95)2) . (5.48)

Moreover if n > 4 then o = 0.

Remark 5.12. Note that since having § = 0 result in fewer controls on the relevant quantities (cf.
Lemma 5.1) there is no surprise that we have a more complex structure on the u, compared to the
case 8 # 0. However still the lowest regularity info’s is on the one directional part along a which is
only BV and no more.

As before we place ourself in coordinate so that a = e; and we focus first on the C* case.

Lemma 5.13. Let u € C*°(R™;R"), g € C®(R"™) be such that
1
Equ = |:61 ®er — nld} g. (5.49)

Then necessarily, for some ¥, h,p; : R — R it holds

g=h(x1)+ ) pj(e0)z; + (@) Y 5+ olaf —3) (5.50)

=2 j=2
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and consequently

u=(H(z1) — ¥(x1))e1 + Z P;(:cl)xj + ?]\Il”(xl) el
j=2

(5.51)
— > (V' (1) + Pj(x1))e; + 0Q(x) + L(x)
=2
for L € Ker(&;), ¥, H, Pj : R — R such that V" =+, H' = h, P’ = p; and for a polynom Q solving
EqQ = (e1 ®g, e1) (x% - m%) ) (5.52)

Moreover, if n > 4, o = 0.

Proof. We now split the proof in three steps: the first two to compute the g dependently on weather
n = 3 or n > 4, and the last one to conclude. Just restricted to this proof will be useful the notation:
for w : R® — R" write w(Z;,,...,%;,) to emphasize that the function w does not depend on the
variable x;,,...z;, (but possibly depend on all the others).

Step one: computing the g for n > 4. In this case, as already observed in 5.6, we have (due to
(5.5), (5.9))0;;f = 0 for all j > 2. Also, by invoking Lemma 5.1 (for « = 1,3 = 0) we obtain the
relevant set of equations

O f + Oenf =— O2g (5.53)
021 f =0 for all j > 3, (5.54)
—0259 — 025 f =0 for all j > 3, (5.55)
O f +0j;f =0 for all j > 3, (5.56)
—015f =0 for all j > 3, (5.57)
Okjg =0 for all k, 7 >3, k # j, (5.58)
Ok f =0 for all k # j and j > 3, (5.59)
By (5.59) and (5.55):
Dojf =0 j=3, O9=0 j=3. (5.60)

The above and (5.54) implies
V(02f) =0, V(Oif) = (=0j59)e1 j =3, V(9;f)=0 j=3. (5.61)
and (5.53) gives additionally

—0209 =0 f.
Since (5.54), (5.57) yields 0k (011 f) = 0 for k # 1 it follows that
0229 = 0j59 = (1) j = 3. (5.62)

for some 1) : R — R. Thence, for some ps, it must hold

Dog = p2(Z2) + (z1)2.
By (5.60) we now must have pa(&2) = pa2(x1) and (for some G)
2
g9 = G(&2) + pa(w1)w2 + %1/1(961)-
By (5.58) and (5.62) we have 0;;G(Z2) = v (x1) for j > 2 and 0;G(Z2) = 0. Thus, for some p;,
ajG(fEQ) = pj(xl) —+ w(azl)xj, j >3, 0oG =0.

In particular

N

xTs

<

G(Z2) = hj(Z, 22) + pj(w1)zj + P (21)
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for some h;, which means

1 ¢ (21) o= 7
P D BICH T R Biy
7=3 7=3

<

G(22) = h(#2) +

where h(#2) = 15 > j—3 hj(#2,2;). Since 0;G(22) = Y(z1)z;+pj(21) we immediately have 0;h(22) =

0 for all j > 3 and thus h(Zs) = h(z1). Hence, up to rename 1), p; to include the factor —1):

n—2
g=nh(@1)+>_pil@)z; + 1) 5

=2 j=2

Step two: computing the g for n = 3. In this case the relevant set of equation from Lemma 5.1
reduces to

onf + Onf =— 0xg (5.63)

Oa1f =0, (5.64)

Onf + Os3f + 0339 =0, (5.65)
—0Oa3g9 — Oz [ =0, (5.66)

D22 f + 033 f =0, (5.67)
=3 f =0, (5.68)

Dz f =0. (5.69)

From (5.64) and (5.68) we get

Do f=031f=0 = Onf=5i(z1)
From (5.64) and (5.69) we get

O122f = O32f =0 = Oaaf = Sa(w2).
From (5.68) and (5.69) we get

Oi33f = Oagsf =0 = Os3f = S3(w3).

But because of (5.67) clearly Sa(z2) = o, S3(z3) = —p for some constant ¢ € R. Thus setting ¢ = S}
we have from (5.63) and (5.65):

—0229 = (1) + 0, (5.70)
—0339 =1(z1) — 0. (5.71)
From (5.70) and 0239 = 0 (obtained by combining (5.69) and (5.66)) we get
—0ag = p2(x1) + (Y(21) + 0)22 (5.72)
and thus
75

=9 = ha(z1,23) + pa(w1)z2 + (Y1) + 0) 5
From (5.71) and again 0239 = 0 we instead get

—039 = p3(21) + (Y(z1) — 0)ws (5.73)
and ,
—g = ha(a1,72) + pa(w)as + (b(a1) — 0) 2.
Thus, we have (setting h(z1, x2,x3) = hao(z1, x3) + hg(x1, x2))
2 2
—g9 = (Y(x1) + 0) % + (Y¥(x1) — 0) % + pa(x1)x2 + p3(x1)r3 + h(wy, x2, 23)
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but the relations (5.72), (5.73) also implies Oxh = d3h = 0 and thence (up to a renaming of ¥, p;, 0 )

3
g=1v 1712
=2

Step three: computing the u. It is now a simple computation to check that a special solution to
(5.49) with a g as in (5.50) is given by

2 3

—23) + h(z) + Y pjlan)z;
j=2

w\h

n {E2
w=(H(x1) — V(x1))e1 +e1 ZP]{(xl)xj + ] U (x1) Ze] i(x1) + a;J\IJ’(a:l)) + 0Q
j=2

with H' = h, ¥"" =4 e P/ = p;, and where Q solves
£4Q = (e1 ®e, e1) (x5 — 23).

Indeed
d 22
Vw =(H'(z1) — V' (21))e1 ® e1 4+ €1 @ ey Z (z1)x; + ;w”’(ggl)
=2
d n
+ter@ej | Y Pi(an) + 29" (1) | —ej@er | Pilwn) + Y a0 (21))
=2 =2
—Ze] ®e; V(1) +0VQ
and thus
d 2 n
Ew= | (H'(z1) —V'(z1)) + ZPJ{'(xl)mj + EJ\I/”’(xl) e1®e; — Z ej ®e; V' (x1) + 0€Q
j=2 j=2
=(g(z) — (a5 — 23) — V(x1))er @ e1 — ¥ e; @ ;W (1) + 0£Q
j=2
=(g(z) — o(z5 — 22))e1 ® ey — ¥/ (21)Id + 0EQ
Since

tr (Ew) =g(x) — Q(xg - a:%) —n¥'(z1) + otr (£Q)
we conclude

g(z) — o(@} — a) — nW'(z1)

Id + 0&€4Q

Eqw =(g(x) — g(a;% — :c%))el ®er — W (xq)Id —

=(g(z) — o(a — a3))e1 g, e1 + 0£4Q

=g(r)e1 ®g, e1 + o(z3 — x3)er ®e¢, €1 = g(z)e1 Vg, €1.
Thus v must be equal to w up to a Kernel element L € Ker(&;) achieving the structure as in (5.51)
and concluding the proof. O

We can now prove the rigidity structure for parallel vectors.

Proof of Theorem 5.11. Without loss of generality we can assume that a = e;. Thus by mollifying
ue 1= u x 0. and applying 5.13 we get that
9e = he(21) + Zp&j(xl)xj + the(21) Z EJ + 0c (23 — a3)
Jj=2 Jj=2
33



and that

2
xT“
ue =(He(z1) — Ve(z1))er + Z xl )z + ?J\I/’E’(xl) e1

(5.74)
— Z Ve (z1) + P-j(x1))ej + 0:Q(x) + Le(z)

with P, = pej, W = v, H; = he.

All is left to do is to compute the limit. Note that as before we conclude immediately that L. —
L € Ker(&;) so without loss of generality we can neglect the term in L. in computing the limit and
assume rightaway that u. — u in L'. Recall also that g.£?—* v and thus

sup{||ge[lz1} < +o0.
e>0

Up to redefine the functions H., ¥, F; ; and operating a translation we can restrict ourselves to
consider just to check the convergence on the compact set [—1,1]™.

We now split the proof in two steps, depending on n being 3 or bigger than 3.

Step one: the case n > 4. In this case we do not have to handle the polynomial term @ since
0e = 0. Let ; € C°([—1,1]) be such that

n >0 foralli=1,...,n
/ ni(t)dt =1 foralli=2,...,n

Set also

2
= / tn;(t)dt, s;:= / t—m(t) dt fori=2,...,n.
[~1,1] [—1,1] 2

Let us denote by 7;(2;) := n1(x1) . .. nj—1(¥j—1)nj+1(zj4+1) - . . (an). Since for a fixed j > 2 we have
(5dua)1j =0 we get —0, (ue - e1) = O (ue - ej):

e e = [ e en(n) da
[_171]n [_171]n
= [ ) Py ) s da
1,1
=— rj/ Ul (z1)n)(z1) doy — / P j(z1))ny (z1) da.
[—1,1] [—1,1]

By selecting an even function 7n; we get r; = 0 and therefore

/ P. j(21))n (x1) da
[_17]-]

< \\n§!!oo/[ . |(ue - e1)] d.

Since u, - e1 — u - e it follows that
sup{H il < C. (5.75)

By integrating (5.74) against e;jons ... 0, for j > 3, ¢ € L®([—1,1]) and even n; € C, i > 2 we get

/ (ue() - )0l (31) dz = — / P j(x1)p(e) do,
Q [-1,1]
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and thus, for all e > 0, j = 2,...,n, by duality

;1= sup
llell oo <1

Thence, the above combined with (5.75), we have P. ; — P; (up to a subsequence) in L' and with
Pj € BV([—1,1]). By observing that u. -e; — u-e; in L' we deduce also that z;¥.(z1) — (u-ej) — P;
in L'. By integrating over a rectangle for which z; # 0 we get ¥. — G for some G € L' and thence

||P6,j

/[ ]Pa,j(ﬂfl)ﬁp(xl)dﬂfl } < Cllue||r < C.
1,1

ue - e = xjG(x1) + Pj(z1) = u - ¢

and
sup {||WL][11} < +oo. (5.76)
g

Fix 0 < s < 1. We now choose 7; = 1 for all j > 2 with 72 even so that s; = sy = s and r; = 0 for
all 7 > 2 and this yields

/ gem (1) - () do = — <S(n - 1)/ W (z1)m (1) da
Q (—1,1]

+ H,(x1)m (1) dx1>
[71’1}

Note that this means that, for all 0 < s <1, there is C' = C(s) such that
sup {||s(n - v + HéHLl} < C(s).
3

By selecting two different values for s we can decouple the uniform bound as

sup{HHéHD} < +o00, sup{H\If’E”Hp} < +o00. (5.77)

Fix now any j > 2. By now selecting n/s for i > 2 to be all equal and even except for i = j (so that
si=s,1; =0 fori# j,i>2). Then

/Q gem (1) . nn(arn) dz =s(n — 2) / Oy (1) ey + 5, / Oy ) (1) iy

[_171] [_171]
+ 7”]‘/ P (z1)m(21) dey + H(z1)m (x1) dzy
[-1,1] [—1,1]
and thus
1Pl < CUNL e + 1H 21 + N9l 1)
yielding

sup{[|Pj[|z1} < +oo  for all j > 2. (5.78)
g

Analogously considering ¢ € L* and even 7; = 72 for all j > 2 we get

/ (e - e1) (1) (@) .1 () = / (H(11) — e (1)) plr) dy
Q [-1,1]

ts(n—1) / V(1) () day
[_171]

meaning

sup{||H: — Y. + s(n — 1)\11/5/HL1} < C(s).
e>0

By selecting two different values for s we can decouple the uniform bound as
sup{[|Hz — Wel|1} < +o0, sup{|| P11} < +o0. (5.79)
e>0 e>0
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By combining (5.79), (5.77) and (5.76) we get that
H. -V, F 9 -G inL
for some F' € BV([-1,1]), G € Whi([-1,1]), G' € BV([-1,1]). By combining (5.75) and (5.78) we
get also that
Pl;— P} in L'
with P} € BV([-1,1]) and the final limit u has the claimed structure.

Step two: the case n = 3. The main issue here is in deducing the convergence of p. and then
everything follows exactly as in Step one. By choosing 1o = 13 even, integrating g.ninsn3 over @ we
can obtain again (5.77) since the polynomial part cancels out. By now considering ¢ € L* and only
n2 to be even (and still integrating g.n1m2n3 over Q) we conclude that

/[ X 1](Ps'f3(f'31) + 0:(s2 — s3))p(x1) dy| < C(s2, s3)(IHI 2 + (197 || 2 + gl £1)-

By selecting specific sg, s3 we can again decouple the bound as
sup{[[P/3]l1} < C, sup{e-} < C.
g g
In particular This implies that 9. — ¢ and thus p.Q) — 0Q. Now, by considering w. := u. — 0-Q and

by applying the exact arguments of Step one to w. we conclude that u — pQ) has the claimed structure.
The proof is complete. O

Proof of Theorem 1.2. It comes as a consequence of Proposition 3.2, Theorem 5.3 and Theorem 5.11.
O
6. PROOF OF KERNEL PROJECTION THEOREM 1.4

We now provide a proof of Theorem 1.4, yielding an explicit map Ry which is particularly useful
in homogenization and integral representation problems.

For any given convex set K we recall the intrinsic quantity defined in Theorem 1.4:

— bar(K)|?
TK = P(IK) /aK <‘yb2(K)’1d — (y —bar(K)) @ (y — bar(K))> dH" " (y).

where P(K) is the distributional perimeter of K (see [28])

bar(K) := / y dy.
|K]

and we denote by vy the outern unit normal (defined H" !-a.e. on 9K). For such sets the distribu-
tional tangential derivative of vk is a matrix-valued Radon measure [22, Theorem 2, Section 6.3]. We
will denote it as D™ v € M(R™; M™*"), we recall that it is supported on K and

/ F(y)ldD™ v (y) = — / v () (VI E) (y)dH" 1(y) for all F € C®(R™;R™) (6.1)
oK 0K

with z! denoting the transpose of ofz € R® and where we have defined
VIE(y) = VF(y) — VF(y)v(y) © vi(y).

Remark 6.1. If K has C? boundary the D'y can be explicitize in terms of K as follows: let
Hpk (y) be the scalar mean curvature of 0K at y and define the vector Hx (y) := (n — 1) Hg (y)vi ().
Then we recall that (see [28, Theorem 11.8]) for such regular sets we have the Gauss-Green formula
on surfaces
/ v (. pg)dH T = Hyv - vgdH™ !
0K

0K
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in force for all v € C*°(R™; R"). In particular since
v (y.vg) = 0!V 4t VT
we have
/BK vhe (VTanv) dH" ! = Hyv - v — o' (V) dH L (6.2)

oK
Thus

DTanl/K = (vTanUK —Hrg® VK) HT_(,;{

According to our convention, the mean curvature Hy is always positive for convex sets K. As a title
of example we recall that, for K = B, we know that Hp, = %

Remark 6.2. If K has only piece-wise C? boundary then DTz might contains parts orthogonal
to ”HTE);(. Consider, as a title of example, K = [~1,1]? in R2. Then, still as a consequence of the
Gauss-Green formula on surfaces (with the boundary terms accounted with the conormal as in [28,

Theorem 11.8]):
DTanVK = |:—(61 + 62)7‘[? (11) (61 - CQ)HOL (1,-1) + (61 + CQ)HOL (—1,-1) — (—61 + 62)7‘[?_ (_1’1)} R VK

which is nothing but the mean curvature measure (supported only on the vertexes of Q) tensorized
with vg.

Given these intrinsic quantities, now for u € BDgey(2), z € R™ and for K a convex set we recall
the Definition of the relevant quantities

1

sklu] == DK o ut dAD™ vk (y) (6.3)

Agclu] = 2\11(| [ wovk—vcou)di (@) (6.4)

il = e | v (6.5)

by [u] := P(lK) /aKud’H"_l(y) + Tresk [ul, (6.6)

and we set
Riclu)(y) == (Ak[u] + vk [u]ld) (y — bar(K))

(K2 6.7

+ (sl - (= bar(K)))(y — bar(i) — syl L 2RIy gy O

This correction with bar(K') makes the quantity Rx depending only on the shape and the size of K
and not on the position. We now prove the Theorem 1.4.

Proof of Theorem 1.4. The Poincare inequality (1.10) comes from 2.6 as soon as we show that Ry is
linear, bounded and fixes Ker(&g) (see [13, 11]). Thus we focus on the first part of the statement.

Clearly Ry is linear. Since the convergence in BDge, implies the convergence of the traces, and
since the elements identifying R k- are defined on the traces, the continuity (and thus the boundedness)
follows at once. We focus on showing that Ry fixes the elements of £4. For L € &4 we have

ly|?
AUl

2+b

Ly) = (A+~1d)y + (s y)y —

for some R € M™" v € R,s, b € R". Let us split

skew

2
L(y) == M(y) + B(y), M(y):=(A+~1d)y+b, Bly):=(s-y)y— 3’1/2|_
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It is straightforward to see that, for u € BV () it holds
1

Al = 51

(Du(K) — Du'(K)), (6.8)

Vi [u] = tr (Du(K)) (6.9)

1
n|K|
implying

Ag[M] = A, yg[M] =1.
Due to the very definition of sx we also have, for regular maps v € C*(R"; R") that
1

= DIK]| Jox vic(y)'V ™ o(y) dH" (y).

sklv] = —

In particular we have
ViV M(y) = (Vi A +vi) — (Vi Avi v (y) — i (y) = vicA = (vic Avi)vi (y).
Since K is center-symmetric, this facts immediately implies
sg[M] =0, bg[M]="b.
Moreover, since
DB=(s-y)ld+y®s—s®uy,
then, again by center-symmetry, DB(K) = 0, and thence we have (recalling (6.8), (6.9)):

Ag[B] =0, ~x[B]=0.
Furthermore (setting to alleviate the notation v = vy)
VB = (s-y)ld +y®s—s0y—[(s-y) (v @) + (s v)y@v — (y-v)s @ V]
and thus
VTTE = (s g (v s — (v sy — [(s- 9w + (5 ) - ) — (g 0)(w - )]

Therefore

sk[B] = —

(n = DIK| Jox

1

Vthaan%nfl y) =
W)= DK Jox

(v y)s = (v s)y) dH " (y).
Since, clearly

/ s(y-v)d :Zez div(s;y) dy = n|K|s
oK

=1 K

3

y(s-v)dy = e; | div(y;s)dy = s|K
| > I

=1 K

then
1

B = iR

(n|Kls — s|K]) s =
Finally, this also shows that
bK[B] = —TKS + TKSK[B] = 0.

Summarizing
sk[L] =sk[B] +sg[M]=s
Ak[L] = Ag[B] + Ax[M] = A,
V& [L] = vk [B] + vk [M] = 7,
br[L] =bg[B]+bx[M] =10
yielding Ry [L] = L. O



Before concluding the Section we state a Lemma which turns out to be quite useful in the blow-
up theory. We recall the notion of pushforward measure (see also [9] for additional details). Let
p e M(A; M™™) and f : A1 — Ay be a p-measurable function. The pushforward measure fup €
M(Ag; M™ ™) is defined as

fan(B) := pu(f~1(B)) for all y-measurable B C As.
We recall that the following integral formula holds

[ @ dtam@ = [ gre) duta). (6.10)
B f=1(B)

Lemma 6.3. Let K be a center symmetric convex body. If u € BDgey(K,(x)) then vy(y) := @ €
BDgev(K) and
|Eave|(K) = 07" |Equl (Ky()),
R, ul(z + oy)
- 0
Proof. We can suppose without loss of generality that bar(K) = 0. If u € C*°(K,(x)) we have

Eavoly) = &4 (1‘(;9‘”) — (Eu)(z + ov)

Ric[vol(y)

and thence

E40,] (K) = /K () (x + o)| dy

- Q_H/ [Equ(z)| dz = 07" |Equ| (Ko ().
Ko(x)

By approximation in the strict convergence (see [11, Theorem 2.8]) we now pass to the whole BDgey
. We now check the scaling properties of Rx. We consider

1

AK[vg]Zm 8K[U(l“+@y)®VK—VK®U(w+Qy)}d’H"_1(y)
-t u(z) @ v S —v S u(z n—l
= 2K, aKg@{“@ (7)) o] )
1

= m oK (x) [u(z) @ VKQ(;E)(Z) — VKg(x)(Z) ® u(z)] danﬂ(y)

= Ak, (x)[u] (6.11)
since
z—x
VK, (2)(2) = VK ( . > for all z € 0K ().
The exact same computation also yields
Vi [Vo] = Vi, () [U]- (6.12)
Moreover, setting ¢“¢(y) := = + o0y, g"¢(0K) = 0K,(x) we have from (6.10)
| @ dep0™ e = [ r(a) dD™ ) (613)
0K, (x) 0K
Therefore
1 t T:
Skl =— —————= v(x + d(D*"v
K[ Q] (n — 1)Q’K| oK ( 0y) ( K)(y)
1

= v(2)t z,0 yTan,, p .
=T DR o ) D)) (6.14)

39



Since

VI (F(z + oy))) = o (V™ F) (z + oy)

we have
/ Vie(w) (VP F) (2 + 09) dH" ' (y) = / VicW)V (F (2 + oy)) dH" ™ (y)
oK 0 Jok
1 t an 1 t x,0 an
== | P ap™uow = | o W A D ) ),

where the last equality follows from (6.13). Also

t Tan n—1 _ 1 v Z—=Z ! Tan p n—1 p
| ) (F5) (@ + o) (y)_é'"l/azq,(x) K( - )(v F) (2) dH™1(2)
1

- /8 . )F (2) A(D™ v () (2)-

in particular we deduce that
/ F(2)! d(DTanVKg(x))(z) = Q"_2/ F(y)* d(g;fggDTanyK)(y) for all FF € C(R™;R").
0K ,(z) K o ()
Thence g:;gDTanyK = 92’"DT3“1/KQ($). Thus, from (6.14):

sklv] = = ! o(2)! d(g DTwc) ()

n —1)olK| Jok @)
0

= —m S v(z)td(DTanng(z))(z) = 0SK,(2)V]- (6.15)

Finally we note that

2 2
Ko@) = By / W4~y ey ) anni(y) = g
)7 P(K) Jor \ 2 ’

and
1 u(x+Qy) n—1 _ 1 wlz n—1 Py
P Ly e T = pe) /aw () & 2).
Thus
_ 1 ne: n—1 P TK@(C"’)S v
010 = ST} g )+ skl
- u(z =iy Ms U
= TR Dy T+ o
_ ;ng(x) . (6.16)

In particular, by collecting (6.11),(6.12),(6.15), (6.16) and the very definition of Ry, R, (») we con-
clude
| Rigyolul(z + o)

Ri[vo](y) . :
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7. VANISHING PROPERTIES OF THE PROJECTION

The final Proposition of this Section states a key property, usually required in the application, for
the map Rg.

Proposition 7.1. Let K be a center-symmetric convex body and let u € BDgyey(2). Then, for any
x ¢ O, (as in Definition (4.1)) it holds

lim ¢ ISk () [u]| = lim 0| AR, () ]| = lim 017K (@) lu]| = 0. (7.1)
and
lim — by (m[u]|dy = 0.
QLO K() u(y) Ko )[U” Yy

In particular the above slightly extend a result for quasi-continuous points for BD4e, maps, proved
firstly in [7] in the general context of elliptic operators. We recall that a map w is said to be approzi-
mately quasi-continuous at xg € € if

lim min { ]ﬁ( o ) = dy} — 0.

With the following Proposition we can ensure that BDg., maps are approximately quasi-continuous
at H" lae. x €.

Let us underline that this notion of continuity is weaker than the notion of approximate continuity,
for which fewer things are known. To obtain this fact we will exploit the specific case K = B, in
particular the following Proposition.

Proposition 7.2. Let o > 0, u € BDgey(2). Then for all x ¢ ©,, (as in Definition (4.1)) it holds

. 2 . .
L 078, o) [ul] = 1 ol A, (o) u]| = lim o] yp, (o) [u] = 0 (7.2)
and
li — by, (o |u]|dy = 0.
020 . [u(y) — bp, () [u] dy

In particular v is approximately quasi-continuous at H" '-a.e. point x € Q.

The proof of the above Proposition is based on an useful characterization of Ap (4}, VB,(x)s SB,(x)
developed in the spirit of [2], [27]. The proof is quite technical and the techniques are well-known
therefore we postpone it to the Appendix. We instead report here the proof of Proposition 7.1.

Proof. Let xy ¢ ©,. The strategy is to start from R B, (o) and replace each quantity with the one under
analysis. For example, to deduce the correct decay rate on sy, (,,) we consider the linear application

5 _ e o ly— ol
,R’Q@O[u] '_(SKQ(JJ())[U] (y .CEo))(y l'()) 9 SKQ(Q?U)[U’]

+ (AB, (o) U] + VB, (20) [U]1d ) (Y — 0) + b, (20)[U]

which is basically Rp,(,,) where we replaced sp,(4)[u] With sk, (z)[u]. The same computation as
exploited in the proof of Lemma 6.3 tells that

Raolu(@o + 0)1(y) = Ry [ul(z0 + ey),

while the same arguments in the Proof of Theorem 1.4 in Section 6 yields R, 4, [L] = L for all L € .
In particular Proposition 2.6 combined with these two facts, as in Proposition 2.6, leads us to say that

||lu — ﬁg[u]HLl(Bg(xo)) < col&4|(Bo(xo)) for all u € BDgey(€2)
for a constant ¢ > 0 depending on 773170 only. Henceforth

_ ly — 2o|?
2

(8K, (o) ¥ - (¥ — 20))(y — z0) SK (o) U] | dy
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- / 0 ‘ABQ(J?O)[U’] + ’YBQ(xo)[u]Id | dy
Bo(z0)

—/ () — b oy ]
Bg(mo)

Moreover, for v € R™ it holds

/B@(IO)

— 0l?
(v (v~ o))y — z0) — L=20

[ [0 ] ]

= 0""2C(n)v|.

Henceforth

+ 5 (é o [u(y) = b, (o) [l Ay + 0 |Ap,(a0) [u] + VB, (@) [u]1d ‘) .
oo

Thanks to Proposition 7.2 and the fact that =g ¢ ©,, we get

Lim 0|k, (wo) [ul] = 0.
The other quantities can be treated similarly by applying the previous argument to the linear appli-
cation Rp, (»,) where we have replaced Ap,(4y) With Ag,(z)

5 ._ o oy =l
R g0 (U] '_(SBQ(xo)[u] (y — 0))(y — o) T SBQ(J:())[U]

+ (Ak, (o) W] + VB, (20) [u]1d ) (¥ — T0) + b, (20) [uls
and to the linear application RBQ(xO) where we have replaced VB, (o) with VYK o (o)

5 _ e o ly— ol
RQ@O[U] '_(SBQ(J?())[U] (y .To))(y .%'0) 9 SBQ(JJ())[

+ (AB, (wo) U] + Vi (o) (W1 ) (y — T0) + DB, (20) [ul-

u]

8. APPENDIX
We here provide a proof for the Proposition 7.1. In order to do this we set up the lighter notation
Aoz = AB,(z), Vo = VB,(x)
So,.x = SB,(x)> bos = bBQ(x).

We can Moreover, in this case we can explicitely compute the above quantities.

Lemma 8.1. It holds

_ 1 y—r y—-z n—1
Aoalul = 2wn 0" /aBg(:c) [u@) Y=l ly—al ®u(y>} )

1 / ( y—z ) n—1
Yo,z = v —— | dH Y
¢ [ ] nwn 0" OBy (x) ‘y - QJ‘ ( )

1 n—2
b = — d n—1 . 2‘
0. U] g /a - u(y) dH (y)+72n So.|Ulo
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Proof. For Ay s, v it is enough to translate the definition given in (6.4), (6.5). Also b, can be
obtained by confronting it with (6.6) and by observing that

1 /{)BQ(JJ) [y—Q AR (y x)@(y—x):| dH" " (y)

Nwy, 0" 1

TBo(z) =

 nwp ! Iy—wl \y—fv\
2 2 2 2
—2
2 ° / c@zdH"N(2) = 21d - 21d = Q2M1d
2 nwn Jon 2 n 2n

since
/ 2®zdH"(2) = |B|Id.
oB

We also compute s, , starting from (6.3) and by recalling also Remark 6.1 :

e =G "' () 0
_W/aw) e (,z:; '“@)) W)
g Ly 1 ] )
_W/BBQ(:B)(”_D <\3_i uy )> sz:cl H )

=T s = (- =) =y e
e Loy, () =G

(n — l)an"“ OB, ( y—a " ly — x|

_(n—l)LQJF/BB[ (=) gy e

The next Proposition allows us to re-write A, ;, Yoz, Sp,» in terms of a non-local interaction. These
computations have been done by mimicking the approach in [2], [27].

O

Proposition 8.2. Let u € BDgey (R™). Then, for any 7 >0, and 0 < o < 7 it holds that

1 T
Agolu] = —— Y02 e u(y) + Arelu (8.1)
Wn JB,(@)\By() 1Y — |
Ypalulld = —— 1 / EW 1) e yu(y) + ymalulld (8.2)
(n = Dwn JB, (2)\B,(=) ¥ — 7
1 / Ty —x)
Soxlu] = ——— 7d5u + 8- 2[u 8.3
o, [ ] (TL— 1) Br (2)\ By (2) |y—.’L'|n+1 ( ) [ ] ( )
where I'(z),E(2) : Mggint — M™*" are the zero homogeneus tensors acting as
Mz®@z 2QMz
L(z)M = EEE—P
t
Z()M = ('Mz)  tr(M) Id
|22 n

43



and Y(z): Mg — R™ is the zero homogeneus tensor acting as

T(oM = 2M2 (4 ) EME) 2

2]

Proof. Set, without loss of generality, x = 0. Recall that for f : R* — R, M : R® — M"*™ the
following chain rule formula holds:

div(f(y)M(y)) = f(y)div(M(y)) + M(y)V f(y)-

We now split the proof in three steps.

+ tr (M) =

ECIREl E

Step one: Proof of (8.1). Define the trace free symmetric matrix-valued map

Yij(y) == yj(e’Qy)Mjﬁgej 0y C=(R™\ {0}; M)

Then we claim that v
{@4]>wm>=mﬁﬁﬁm (8.4)
Eiij =0 onR™\ {0}
Indeed, since 1); ; is symmetric and trace free we can compute the adjoint operator
Eqv(y) = div(¥y(y))

where recall that div(M) is meant to be the row-divergence. Henceforth, since

div(yn(er @ y)) = yn(n + Ler

div(yn(y @ €r)) = YOnr + yner

div(yn(er © ¥)) =yn(n + 2)er + yop,

we have

iv (24 1 (n+2)
div <| |nj+2 (€ © y)) :W[%’(” + 2)e; + ydi;] — W(?Jﬂ/iy +eily[?).

The above expression is symmetric in 4, 5 and thus

vt av (Zegler o)) - die (g on ) =0

Moreover
(Ba | ] ) st = s [we = % (e 2 ) 1] Gyt o) = ity ©1)
= wn|y1|"+2 ( " |> (yj(ei ©y) —yile; ©y))
and

<u@§|) (yi(ei ©y) — vile; ©y)) = yj <“@|y,) (e Oy) —p(woy) <ej®|zy/!>

y] 2 Yi 2
= u; |y u-Y)yi) — w— (uly|” + (v - y)y;

2
Jw<®y_y®>
2 lyl 1yl i
Y

Yj
yj<u®|y|> (ei®y) = m( uRy+y@u)- (e Qy+yQe)

_ Y
2ly|

since

(wily* + (u - y)ys)
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which finally prov(8.4). Finally note that

I'(y)M nxn
Vij(y) - M = (e; @ e;) - oyl for all M € Msyxm (8.5)

With such a 1);; at hand we observe that, for 0 < o < 7 we have thanks to (8.5),(2.6) and (8.4) that

['(y)
€i®e--/ g / Yii(y) - d€qu(y
( 3) B (0)\B,(0) Wn|y|" T2 auly) = B (O)\B,(0) i(y) - d€qu(y)

- / (Ealvlu) - 33 (y) dH* ()
(B~ (0)\B,(0))

= [ (Bai] ) s
B /(93@(0)) (Ed LM] > ) )

1
2wy, T
— u®u(y) —v(y) @u)i dH™ (y

oo BRUE LR LR )

=(e; ®ej) - (Aralu] — Ap[ul)

(u@v(y) —v(y) ©u)ydH"(y)
9B, (0)

Step two: Proof of (8.2). Define the trace free symmetric-matrix valued map

o dij [?J y_Id]
VW) = oo T S

and again notice that

Y
(v )
(Ed [ﬁ} U @bzg (y) ij nwn|2|n (8 6)
Ebi; =0 on R™\ {0}
Indeed
. (y®y > y Yy Yy
div =—Mn+2)—=+n+1 =
() == e D + 04 Vi =

giving for y # 0

Moreover

(=a[)) Wy)—n_lm'n( ) (e =)

_n—lwnw K |yr> j 55(“3)]
s (1)

which finally proves (8.6). Notice that

E(y)M nxn
(’lp”(y) . M) = (ei ® 6]) . m, for any M S Msyino (87)
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and henceforth again due to (2.6), (3.6) and (8.7) we get
(e ®ej) (n—ll)/B (0\Bo(0) T;\”) dEanly) = /B et TE T o)
oo (B ] ) et o0
el e

ly
=(ralu] = vplul)dij.

Step Three: Proof of (8.3). Given the trace free symmetric matrix defined as

00) = s (2 0y (2 e L)
we have
(ekr%) 0+ e~ e eyl o)
~in+2)div <\y|n+2 ol |y\) -+ 2y + (ny|+n+24) ey
i (el ) =~ s e

Hence we immediately see that

Eqr(y) =div(y) = 0.
Also

Y 1
g d)-
w00 B | <y e (20w = 0 2o et ) (o )
1

N (n — 1wy, |y[t2 < elyl + |y!( wy) - (n+2)%(u’y) + yk(u'y)>

|y Y|
1 v ()
= U —n— | U
(n — 1)wy|y|"+ ( |yl |yl

1 y oy } >
= Id—-—n=—® =|u
(n — Dwp|y|" ([ lyl ] /)

Since we see that

ex - Y(y)M
W (n— 1)05 |)y|"+1 Yi(y) - M for any M € Mg
n
e conclude again as in Step one and two.

Proposition 8.3. If x ¢ ©,, then
. 2 1 1 _
lim, 0%|sg.c{ul| = lim 0| Ag.a[ull = lim o]yez[ull = 0.

Proof. We assume x = 0 without loss of generality and we also write A,, 7,, s, in place of A, 0, 7.0,
S0,0- We notice that, the condition 0 ¢ ©, can be translated into

|€au|(B:(0))

lim 1 = 0.
70+ tE(O ’T) t
We start by showing the key fact
lim hmsupg/ —d|Equ|(y) = (8.8)
=0T os0t  JB(0)\B,(0) |y\
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This comes as a consequence of the layer-cake representation for the measure

= |€aul B, (0)\B,(0)

since
1 1 +oo 1
/ o d[Equl(y) =/ T de(y) =/ f <{n >t}> dt
B (0)\B,(0) lyl re |Vl 0 |yl
+oo
n({lyl < s}
= TL/O\ T dS
T B, B B, B
o [ BV BAO) o B0\ Bo0)
Moreover
T Bs B T
o [(EBONBO) oy, g EUBO) [ o,
0 " te(0,7) ¢ 0
iy BB (11,
te(0,7) 3 % T
Therefore
limsupg/ ind\é’duKy) <n sup w
00+ J B (0)\B,(0) |Vl e,y "

yielding (8.8), since 0 ¢ ©,. By now using the representation (8.1), (8.2), (8.3) we see that (by
definition)

T+ EW]+ [T <C
giving that

0’ lso[ull + ol Agul| + oly,lul| < CQ/ 1

—d[Equl(y) + or(T)
B, (0)\B,(0) |Vl

where £(7) is a constant depending on 7 only. We now first take the limit in g and then in 7, which
by exploiting (8.8), achieves the proof. O
We are now ready to prove Proposition 7.2.

Proof of Proposition 7.2. Without loss of generality set x = 0. Relation (7.2) comes from Proposition
8.3. We now set R, = Rp,(g) and we first invoke Poincaré ineqality 2.6 to see that

! E4ul(B,(0))
W 0" /BQ(O) [u(y) — Rolu](y)dy < =

for a universal constant ¢ independent of 9. Moreover

f \u(y)—RQ[u](y)ldyzf u(y) — dolu]| dy
B,(0) By(0)

—[f |Rg[u]y|dy+f m[umdy]
By(0) By(0)

4

— K

][ [(solu] - )y — solul /%] dy
By(0)

2][ |u(y) = dolul| dy — & [o| Rolul| + ele[ull] -
By, (0)
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for a universal constant x > 0. Henceforth

][ lu(y) — dolul|dy < ][ u(y) = Rolul(y)| dy + & [0 Ro[ul| + olvo[ul| + 0*|so[ull]
B,(0) B,(0)

|€qu|(B,(0)) 2
< | ERO) 1 gl + ol + Plsall
By taking the limit as ¢ — 0 and by exploiting « ¢ ©,,, together with Proposition 8.3 we achieve the
proof. O
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